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There is something weird and magical about Mathematics.
One sits, starts to think and gazes into the void.
And universes unfold before their eyes.






Abstract

This thesis is devoted to study various global properties of pseudo-
differential and Fourier integral operators on R?. We focus on the
investigation of continuity results for pseudo-differential and Fourier
integral operators in the context of Orlicz spaces, global hypoellipticity
and solvability properties of time-periodic evolution partial differential
equations and Schatten-p properties of pseudo-differential operators in
the Weyl-Hérmander calculus.

We first extend continuity results for pseudo-differential operators
from LP spaces to Orlicz spaces employing a Marcinkiewicz-type inter-
polation theorem. We also establish continuity properties for Fourier
integral operators and define a version of global wave-front set based
on Orlicz-Sobolev spaces.

We then investigate the global hypoellipticity and solvability of a
certain class of time-periodic evolution operators. Our approach em-
ploys Fourier expansions in eigenfunction bases associated with elliptic
operators, extending some results to the class of Gevrey-type Sobolev-
Kato spaces.

Finally, we explore Schatten-p properties of pseudo-differential op-
erators in the Weyl-Hormander calculus. By means of the analysis of
certain convenient spaces, known as Wiener-Lebesgue spaces, we derive
sufficient conditions on symbols to ensure that the corresponding oper-
ators belong to the Schatten-p class, in the quasi-Banach case 0 < p < 1,
extending known results for p > 1.






Sommario

Questa tesi ¢ dedicata allo studio di alcune proprieta globali di op-
eratori pseudo-differenziali e operatori integrali di Fourier in R?. Tl
focus riguarda ’analisi di risultati di continuita degli operatori pseudo-
differenziali e integrali di Fourier nel contesto degli spazi di Orlicz, di
proprieta di ipoellitticita e risolubilita globale riguardanti alcune PDEs
periodiche nel tempo e di proprieta di Schatten-p di operatori pseudo-
differenziali nel calcolo di Weyl-Hormander.

In primo luogo, estendiamo i risultati di continuita per gli operatori
pseudo-differenziali negli spazi LP agli spazi di Orlicz, utilizzando un
teorema di interpolazione di tipo Marcinkiewicz. Illustriamo inoltre
proprieta di continuita per gli operatori integrali di Fourier e definiamo
una versione globale del fronte d’onda basato sugli spazi di Orlicz-
Sobolev.

Studiamo poi l'ipoellitticita e la risolubilita globale di una certa
classe di operatori di evoluzione periodici nel tempo. Il nostro approc-
cio si basa sull’espansione in serie di Fourier associata a un operatore
ellittico, estendendo alcuni risultati precedenti alla classe degli spazi di
Sobolev-Kato di tipo Gevrey.

Infine, esploriamo le proprieta Schatten-p degli operatori pseudo-
differenziali nel calcolo di Weyl-Hérmander. Attraverso I'analisi di
alcuni spazi che risultano utili, noti come spazi di Wiener-Lebesgue,
deduciamo condizioni sufficienti sui simboli per garantire che gli op-
eratori corrispondenti appartengano alla classe Schatten-p, nel caso
quasi-Banach 0 < p < 1, estendendo risultati noti per p > 1.
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Introduction

In this thesis we study various properties of classes of pseudo-differen-
tial and Fourier integral operators globally defined on R¢. Namely, we
prove continuity results for certain pseudo-differential operators and
Fourier integral operators in the context of Orlicz spaces (see Chap-
ter , study the global hypoellipticity and solvability properties of a
class of time-periodic evolution PDEs on suitably defined functional
spaces, whose properties we also examine in detail (see Chapter [3)),
and, finally, investigate Schatten-p properties for pseudo-differential
operators in Weyl-Hérmander calculus (see Chapter . We remark
that all the results discussed in this thesis relate to the global be-
haviour on RY of solutions of PDEs and/or of symbols of operators.
All the involved pseudo-differential operators belong to suitable Weyl-
Hormander classes. They are characterised by some control/decay at
spatial infinity of their symbol and/or of the associated weight function.
The same is true for the elements of the involved spaces of functions
or distributions. We summarise below the results we achieve in each
one of the dedicated chapters. Definitions and basic properties that we
refer to in the sequel of this introduction can be found in Chapter [I]

Orlicz spaces L® were first introduced by W. Orlicz in 1932 in [88|
in order to generalize the usual LP spaces. The advantage of employing
Orlicz spaces lies in the fact that they are more convenient when solving
certain problems where LP spaces are insufficient. As an example,
consider the entropy of a probability density function f given by

B(f) =~ [ F(©)1og 1(6) de.

In this case, it may be more convenient to work with an Orlicz norm
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Chapter 0. Introduction

estimate, for instance with ®(¢) = tlog(1 +t), as opposed to L' norm
estimates.

Orlicz spaces have been widely studied, see e.g. |1}, [50} |73, |74} 85,
89] and the references therein. In some recent investigations, pseudo-
differential operators have been also extended to the framework of Or-
licz modulation spaces (cf. [122], and [96, |111] for further properties
on Orlicz modulation spaces).

In Chapter 2] we employ a Marcinkiewicz interpolation-type the-
orem, proved by Liu and Wang in [72|, to extend continuity prop-
erties of pseudo-differential operators acting an LP to the context of
Orlicz spaces. Namely, we obtain Hérmander’s improvement of Mih-
lin’s Fourier multiplier theorem (cf. [51]) in the context of Orlicz spaces
(see Theorem [2.37). In a similar manner, in Theorem we obtain
continuity results for pseudo-differential operators of order 0 in Orlicz
spaces as well.

We then further extend this set of results in Theorem [2.38| showing
the continuity on Orlicz spaces of a broad class of Fourier integral
operators, under a condition on the order of the amplitude (that is, a
loss of derivatives and decay).

The analysis focuses also on investigating the role of the so-called
Orlicz-Lebesgue exponents pe and ¢g, introduced in [72|, and con-
structed from the Young function ®, which play a crucial role in the
interpolation theorem.

Finally, we study a version of global wave-front set involving classes
of Sobolev spaces modelled on Orlicz spaces, and investigate its prop-
agation from data to solutions of some Cauchy problems associated
with first order hyperbolic equations.

In Chapter [3| we investigate the properties of global hypoellipticity
and solvability for operators of the type

Lth+WOp(p)7 Dt:_iat,tET:Tl,WEC, (01)

where the symbol p belongs to a class S™# of (weighted) symbols,
satisfying global estimates on R x R¢,

14



Our approach is based on the study of the Fourier expansions of a
class of time-dependent weighted Sobolev spaces on T™ x R? by means
of a basis of eigenfunctions associated with a positive, normal, elliptic
operator having positive order components.

Many authors have explored characterisations of functional spaces
through Fourier expansions generated by elliptic operators. Notably,
Seeley investigated this topic in the context of smooth and analytic
functions on vector bundles in [103, 104]. For Hilbert spaces and closed
manifolds, we refer to the work of Delgado and Ruzhansky [37]. Similar
ideas have been developed for ultradifferentiable classes on compact
manifolds and Lie groups by Dasgupta and Ruzhansky [36], as well as
by Kirilov, Moraes, and Ruzhansky in [64, 67]. Additionally, Greenfield
and Wallach explored related aspects in [46]. In the context of Gelfand-
Shilov classes in Euclidean spaces, a similar approach was introduced
by Cappiello, Gramchev, and Pilipovié¢ 24, |44].

Furthermore, the Fourier expansions on compact product mani-
folds, and their applications to periodic evolution equations, have been
explored in recent studies. For instance, Avila, Gramchev, and Kirilov
analyzed in |7] smooth functions and distributions on T x M, where M
is a smooth closed manifold, using this kind of expansions to investigate
the global hypoellipticity of such equations. In [64} [67], the authors ex-
tended this framework to compact Lie groups and their products. The
non-compact case T x R? has been examined by Avila and Cappiello
in [4, 5] within the context of Gelfand-Shilov classes, with applications
to hypoellipticity and solvability problems. Further extensions of this
approach to the setting T™ x X, where X is a d-dimensional manifold
with ends or, more generally, an asymptotically Euclidean manifold,
will be the subject of future extensions of the theory we develop in this
chapter.

A related relevant contribution is due to Hounie in [58], where he
studied the global properties of the evolution operator £ = D, + A.
There, A represents an unbounded, densely defined, positive operator
on a separable complex Hilbert space H, with eigenvalues tending to
+00. Hounie proved that the spectral structure of A does not influence
the regularity of solutions when ¢ lies within an interval in R. However,

15



Chapter 0. Introduction

in the periodic case where t € T, the spectrum of A plays a crucial role.

This dependence on spectral properties is strongly linked to the so-
called Diophantine approxzimations, which relate to Liouville numbers
and their generalisations. These ideas have been widely studied in the
context of global properties of operators on the torus (see, for example,
|11}, 138, 44} 45, 92| and the references therein).

In this chapter, we first establish a characterisation of the Sobolev-
Kato spaces H™” and of the Schwartz space . by means of Fourier
expansions with respect to the sequence {¢; } ;e of the eigenfunctions of
an elliptic operator Op(p), p € S™#, m,u > 0, under suitable assump-
tions. We then introduce and study Gevrey time-periodic Sobolev-
Kato spaces on T" x R% and their duals, and characterise their elements
again by means of Fourier expansions associated with the sequence
{¢;}jen. At the end of the chapter, this theory is applied to the study
of the hypoellipticity and solvability of operators of the form (0.1)).

Finally, in Chapter [4, we explore the Schatten-von Neumann prop-
erties of pseudo-differential operators within the Weyl-Hormander cal-
culus. Such operator classes naturally arise in the study of continuity
and compactness properties. In fact, a key objective is to establish
suitable conditions on the symbols that guarantee L2-continuity and
compactness properties of the corresponding operators.

A thorough analysis of compact operators is possible within the
framework of Schatten-von Neumann classes, denoted by {7} e(0,00]-
For a linear and continuous operator 7" on L*(V'), T € .#,, if and only
if its singular values

o ={0;}5321 ={0;(T)}3%

belong to ¢P. (Recall that if T" is compact on L?(V'), then the singular
values of 7" are the eigenvalues of |T'| in decreasing order.) Conse-
quently,

Tesd, = o,<Cj>. (0.2)
We have that Z,, %, and #; are the sets of continuous, Hilbert-
Schmidt, and trace-class operators on L?(V'), respectively. As p ap-
proaches zero, the class ., more closely resembles the set of finite rank
operators.

16



Our goal here is to state sufficient conditions on symbols in the
Hormander class S(m, ¢) in order for corresponding pseudo-differential
operators to be Schatten-von Neumann operators of degree 0 < p < 1 on
L?. More generally, we assume that our symbols belong to Sy(m,g),
where similar regularity conditions are imposed, but only for deriva-
tives up to order N.

In the case that 1 < p < oo, investigations related to ours can be
found in [115} 22 23]. It is then assumed that the weight function m
fulfills different types of LP-type conditions. More precisely, suppose
that g is strongly feasible on W, p € [1, 0], and m is g-continuous and
(o, g)-temperate. In [115] it is then proved that

mel? << Op“(a)e.#,, when aecS(m,g), (0.3)
and in [23], (0.3) it is proved that

ael’? < Op“(a)e.¥, when hlg/Zm €eL” aeS(m,g).
(0.4)

We observe that (0.3)) deals with Schatten-von Neumann properties
for the whole symbol class S(m,g), while (0.4)) is focused on more
individual symbols. In the case p € (0, 1], the right implication

mel?P = Op“(a)e.#,, when aecS(m,g), (0.5)
in (0.3) was proved in [119]. We also remark that the right implication
ael? = Op“(a)e.,, when h*melP aeS(m,g), (0.6)

in (0.4)) was deduced already in [53| in the case p = 1, and in [115] for
general p € [1,00]. For p < 2, it suffices to assume that g should be
feasible instead of strongly feasible, in order for (0.5 and to hold.

We recall that the .7, spaces are Banach spaces when 1 < p < oo,
but only quasi-Banach spaces which fail to be locally convex when
0 < p < 1. This presents some obstacles when reaching and
in the case 0 < p <1, which are absent in the case 1 < p < oo.

In this chapter, we improve (0.5) and obtain a version of in
the case p € (0,1], and with Sy(m,g) in place of S(m,g) for suitable

17



Chapter 0. Introduction

N > 0. We introduce Wiener-Lebesgue spaces WLZ" with respect to a
slowly varying metric g. By replacing L?P with VVL;’p in and ,
we obtain stronger results than in previous investigations, because we
neither need to assume that m is g-continuous nor (o, g)-temperate. At
first glance, it might seem that we are more restrictive, since WL;’p is
contained in LP when p € (0,1]. However, this is not the case. Indeed,
if in addition m is g-continuous, which is the case in [119|, then m € L,
if and only if m € WL, as we show in Lemma .
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Chapter 1

Weyl-Hormander calculus of
pseudo-differential operators

In this introductory chapter we recall the basic definitions and the
standard concepts concerning the so-called Weyl-Hérmander pseudo-
differential calculus. We also include some preliminary results which
concern certain properties of the operators investigated in the subse-
quent chapters which are defined by means of specific classes of Weyl-
Hormander symbols.

1.1 Symplectic analysis

1.1.1 Integrations on real vector spaces

Let V be a real vector space of dimension d and let V' be its dual.
Denote by (eq, ..., eq) abasis of V and by (e1,...,g4) the corresponding
dual basis of V', so that

{ej er) = djk,

where (-,-) = (-, )y, denotes the duality map between V' and V. For
any f e L1(V), we denote

/fdxz/---[f(x161+---+:cded)d:c1...dq:d.
v R JR
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Chapter 1. Weyl-Hormander calculus

Definition 1.1. Let f € L'(V). Then, the Fourier transform on the
vector space V' is defined by

FNE =T =0t [ caj@yde, eV

Remark 1.2. It follows that § restricts to a homeomorphism from
(V) to L (V'), which in turn is uniquely extendable to a homeo-
morphism from ./(V') to .#/(V'), and to a unitary map from L?(V)
to L2(V').

1.1.2 Symplectic vector spaces

Definition 1.3. Let W be a real vector space of dimension 2d < co. A
bilinear form o on W is said to be symplectic if it is skew-symmetric,
that is

o(X,Y)=-0(Y,X) forevery X, YeW

and non-degenerate, that is
o(X,Y)=0 forevery Y eW implies X =0.

Definition 1.4. The real vector space W of dimension 2d < oo is called
symplectic if it is endowed with with a symplectic form . Moreover,
the coordinates X = (x,&) are called symplectic if the corresponding
basis (e1,...,eq,€1,-..,&4) is symplectic, that is, for any j,k=1,....,d,
it satisfies

(i) o(ej en) =o(ej,ex) =0;

(11) U(ej,gk) = _5jk:~

Notice that W may be identified in a canonical way with R¢@ R =
R4 x R? with o given by

U(X7Y)=(y>5>_<$777> (11)

where X = (x,£) e W, Y = (y,n) e W and (-,-) denotes the usual scalar
product on R<.
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1.1. Symplectic analysis

Remark 1.5. Consider the projections on the first and second variable
m and 7o, defined as

7-(-1(1‘75) =T and 7T2(.Z’7£) 257
and set V =mW and V' = W, which are identified with

Vi={(x,0)eW : 2eV},
Vo= {(0,6)eW : £eV').

Then the dual space of V' may be identified with V'’ through the sym-
plectic form o, and W agrees with the cotangent bundle (or phase

space) T*V =V e V'

Remark 1.6. If instead V is a vector space of dimension d < co with
dual space V' and duality (-,-), then W =V @ V"’ is a symplectic vector
space with symplectic form given by (1.1).

Definition 1.7. Let T be a linear map on W. Then T is called sym-
plectic if o(TX,TY) =0(X,Y) for every X, Y e W.

Remark 1.8. Let (ey,...,eq4,61,...,6q4) and (€y,...,64,E1,...,Eq) be
any pair of symplectic bases. Then, there exists a unique linear sym-
plectic map 71" such that Te; = ¢; and Te; = ; for every j =1,...,d.
On the other hand, if 7" is a linear and symplectic map on W and
(e1,...,€4,€1,...,Eq4) is a symplectic basis, then (Tey,...,Tey) is also
a symplectic basis. Consequently, a one-to-one relation has been es-
tablished between linear symplectic mappings and representations of
W as cotangent boundles T*V.

Definition 1.9. We define the symplectic volume form by dX = o¢/d!.
Moreover, if U ¢ W is measurable, then we shall denote by |U| the
measure of U with respect to d.X.

Definition (1.9 implies that the quantity

/ f(X)dX:f fxrer+---+x4eq
w ReR ReR
+€1€1+~~~+£d€d)d$1...dl’d dgldgd
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Chapter 1. Weyl-Hormander calculus

is independent of the choice of symplectic coordinates X = (z,£) when
f e LY(W). As a consequence, the space 2'(W) and its usual sub-
spaces only depend on ¢ and are independent of the choice of symplec-
tic coordinates.

Definition 1.10. We define the symplectic Fourier transform on . (W),
denoted by §,, via the formula

F.a(X)=a(X)=n" fW 27X (V) dY,

when a € .7 (W).

Remark 1.11. The symplectic Fourier transform §, is a homeomor-
phism on ./(W') which extends to a homeomorphism on .&#/(W), and
to a unitary operator on L?(W). Moreover, §2 is the identity opera-
tor. Notice also that §, is defined without any reference to symplectic
coordinates, hence it is independent of them. Finally, by straightfor-
ward computations, it follows that the usual relations between Fourier
transform and the convolution, denoted by =, hold true, namely:

Fo(a * 0)(X) = na(X)b(X),
o (ab)(X) =7 ~(@=D)(X),

when a € /(W) and be.7(W).

1.2 Weyl-Hormander calculus

In this section we introduce the main elements of the Weyl-Hormander
calculus. We first give an overview of some useful properties concerning
the metric g, then we present the symbol classes with respect to the
metric and the related symbolic calculus. Finally, we describe the cal-
culi of pseudo-differential operators that we employ in the subsequent
chapters.
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1.2. Weyl-Hérmander calculus

1.2.1 Weight functions and feasible metrics

Let g be an arbitrary Riemannian metric on the symplectic vector space
W, and denote by 0 <m € L2 (W) a so-called weight function. In this
section we state some important properties with respect to the weight
function m and the metric g on W. We specifically refer to [57]. In

particular, the next property follows from Section 18.6 therein.

Proposition 1.12. For each fixed X € W, there exist symplectic co-
ordinates Z = (z,() which diagonalize gx, that is gx takes the form

gX(Z):;)\j(X)(z?+C]2), Z=(z,0)eW, (1.2)
where
AM(X) 2 (X)) 22 (X)) >0 (1.3)

only depend on gx and are independent of the choice of symplectic
coordinates which diagonalize gx.

Next, we introduce two important concepts which will be essential
in our subsequent analysis in Chapter [4]

Definition 1.13. Let g be a Riemaniann metric and o a symplectic
form. Define the dual metric g° with respect to the metric g and the
symplectic form o by

5(2) =sup (—";)fgif).

Definition 1.14. Define the Planck’s function h, with respect to the
metric g by

he(X) = “”’z‘i%@;g;)m

Proposition 1.15. Suppose that the conditions (1.2)) and (1.3)) are
fulfilled. Then it follows that h,(X) = A;(X) and

d
gg((Z):Z;/\j(X)‘l(z%g?), Z=(2,0)eW. L2y
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Chapter 1. Weyl-Hormander calculus

We remark that the assumption
hy(X)<1 <= gx<g%, XeW, (1.4)
is called the uncertainty principle.

Definition 1.16. The metric g is called symplectic if gx = g% for every
XelW.

Proposition 1.17. The metric g is symplectic if and only if
AM(X)=-=X(X) =1

in equation (1.2). Moreover, if gx is given by (1.2)), then the corre-

sponding symplectic metric is given by

d
9%(Z) = Z;(Z?%?),

which is defined in a symplectically invariant way (see [115]).

Definition 1.18. The Riemannian metric ¢ on W is called slowly
varying if there exist positive constants ¢ and C' such that for every
X, Y e W satisfying

gx(Y-X)<c

it follows
Clgy(Z2)<gx(Z)<Cgy(Z) for every ZeW. (1.5)
We can introduce also the definition of slowly varying symbol with

respect to a metric g.

Definition 1.19. Let g be a Riemannian metric and m a weight func-
tion. Then m is called slowly varying with respect to the metric g if
there exist positive constants ¢ and C' such that for every X,Y ¢ W
satisfying

gx(Y-X)<c

it follows

C'g % <C. (1.6)
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1.2. Weyl-Hérmander calculus

Remark 1.20. In the literature, a slowly varying weight function m
is also called admissible.

Definition 1.21. Consider two Riemaniann metrics g and G. The
metric G is called g-continuous if there exist positive constants ¢ and
C such that for every X,Y € W satisfying

gx(Y-X)<c

it follows

Cl'Gy(2)<Gx(Z2)<CGy(Z) forevery ZeW. (1.7)

Definition 1.22. A positive function m is called g-continuous if there
are positive constants ¢ and C' such that for every X,Y e W satisfying

gx(Y-X)<c

it follows

Cm(Y) <m(X) < Cm(Y). (1.8)

Definition 1.23. The metric g is called o-temperate if there are pos-
itive constants C' and N such that

g (Z2)<Cyx(Z)(A+g (X -Y))Y, XY, ZeW.
Moreover, we have the following terminology.

(i) The metric g is called feasible if it is slowly varying and satisfies

[).

(ii) The metric g is called strongly feasible if it is feasible and o-
temperate.

Definition 1.24. The weight function m is called (o, g)-temperate if
there are positive constants C' and N such that

m(Y)<Cm(X)(1+g(X -Y))N, X, YeW.
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Chapter 1. Weyl-Hormander calculus

1.2.2 Symbol classes, symbolic calculus and pseudo
- differential operators

We recall here the definition of the symbol classes and their properties
in the Weyl-Hérmander calculus, following [53), 54, [57].

We will consider an integer N > 0, a finite-dimensional symplectic
vector space W and shall denote by €~ (W) the set of continuously
differentiable functions up to order N on W. Also, for a € €N (W), g
an arbitrary Riemannian metric on W, and 0 < m e L (W), we will
employ the following notation: for each k=0,..., N, let

jalf () =sup{la® (X3 Y1, Vi)

1.9
Vi, YieW, gx(Y;)<1,¥j=1,... k}, (1.9)

where the notation a*) stands for D%a, for any multi-index o such
that |a] = k and ) (X;Y,...,Y}) denotes the k-th differential of a at
the point X evaluated on the vectors Y7,...,Y,. Also set

ol = 32 sup (laff(X)/m(X)). (1.10)

Definition 1.25. The set of symbols differentiable up to order N with
respect to the weight m and the metric g, denoted by Sy(m,g), is
defined as

Sn(m,g) ={ae €Y (W): |aly,, < oo} (1.11)
Moreover, we let

S(mag) = Soo(mag) = m SN(mag)'

N0

Remark 1.26. The set Sy(m,g) turns out to be a Banach space
endowed with the norm |-||%;,,, while the set S(m, g) turns out to be a
Fréchet space endowed with the family of seminorms {| - (%, : NV € N}.

Proposition 1.27. Let g be a feasible metric on W. Let m, my be
two admissible weights (see Remark [1.20]) with respect to the metric g
and let a; € S (m;,g). Then,

ajas €S (m1m279) .
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1.2. Weyl-Hérmander calculus

We also introduce the sharp product (or Leibniz product) of two
symbols, which relates with the symbol of a composition of operators.

Definition 1.28. Let g be a Riemaniann metric on W, my, my two
weight functions, a; € S(mq,g) and as € S(msy,g) two symbols. Then,
we define the sharp product a1#as (or Leibniz product) of a; and as by

(a#b)(X) = ()2 ffw A (V) b (1) dYidYa. (112)

Proposition 1.29. Suppose that g is a strongly feasible metric on
W, my are g-continuous and (o, g)-temperate weight functions and
ay € S(mg,g), k=1,2 are symbols. Then,

(a#b) €S (m1m27g) ’

that is,
S(m1,9)#S(me,g) € S(mima, g). (1.13)

Consider a symplectic vector space W and recall that, by Remark
, the space W can be identified as T*V, where V = { (x,0) e W : x €
mW }. Then, given a symbol a € S(m,g) we can define the pseudo-
differential operator Op“(a) associated with the symbol a by

Op"(@)(x, DYu(w) = (2 [ eterla (T2 ) u(y) dy e,
a7
(1.14)
u e L(V). We will give a definition of pseudo-differential operators
with symbol in .’ in the next Section [1.2.3]

We conclude this section with the definition of an operator of special
interest, which will be useful in the subsequent analysis in Chapter
(in particular, in Section 4.3.1)).

Definition 1.30. Let X € W be fixed, and let g = gx. Then we can
define the operator A, by means of

8a(Agf) =497 F
when f e "(W).
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Chapter 1. Weyl-Hormander calculus

Notice that the operator A, is related to the Laplace-Beltrami op-
erator for g, and is obviously defined in a symplectically invariant way,
since similar facts hold for §, and ¢°. If Z = (z,() are symplectic
coordinates such that holds, then it follows by straightforward
computation that

d
Dge = YN (X)H +02).
j=1 ‘

1.2.3 The calculus of pseudo-differential operators

In this section we present some of the main features of the pseudo-
differential calculus. Consider a real vector space V of dimension d
and a function a € . (V x V’). Suppose also that A belongs to £ (V),
the set of all linear and continuous mappings on V. In the special case
VxV'=REIxRE L(V) shall be denoted by M(d,R), the space of

invertible d x d matrices with entries in R.

Definition 1.31. The pseudo-differential operator Op4(a) is defined
as the linear and continuous operator on . (V'), given by

(Opa(@ (@) = @) [[ s a(e = Ale = y).6) () dyde.
(1.15)
when f e (V).

This definition can be extended to general a € .#/(V x V') in the
following way.

Definition 1.32. Let a € .#/(V x V'). Then the pseudo-differential
operator Op 4(a) is defined as the linear and continuous operator from

(V) to (V) with distribution kernel given by

Koa(z,y) = )73 (Fla) (@ - A -y),z-y).  (L16)

Here FoF is the partial Fourier transform of F'(z,y) € &/ (V x V') with
respect to the y variable.
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1.2. Weyl-Hérmander calculus

This definition is valid because the mappings
S and F(x,y)— F(z-A(z-y),z-y) (1.17)

are homeomorphisms on ./(V x V') and on ./(V x V'), respectively.
In particular, the map a — K, 4 is a homeomorphism from ./(V x V")
to L/(V x V).

An important special case appears when A =t-1, with ¢ € R. Here
I = Iy denotes the identity map on V. In this case we write

Op,(a) = Op,.((a).

The normal or Kohn-Nirenberg representation, a(x,D), is obtained
when t = 0, and the Weyl quantization, Op“(a), is obtained when
t = 3. That is,

a(x, D) = Opy(a) and  Op®(a) = Op;py(a).

Remark 1.33. We recall that if A € Z(V), then it follows from the
kernel theorem of Schwartz and Fourier’s inversion formula that the
map a — Opy(a) is bijective from .#/(V x V') to the set of linear and
continuous mappings from . (V) to .#/(V’) (cf. e.g. [54, [120]).

We refer to |57, [120] for the proof of the following result, concerning
transitions between different pseudo-differential calculi.

Proposition 1.34. Let aj,as € .7"(V x V') and Ay, Ay € Z(V). Then

Opy,(a1) =O0py,(a2) <= eiA2Deln) gy (3, €) = etMPeDalq (1, €).
(1.18)

Note here that the latter equality in ([1.18]) makes sense since it is
equivalent to

ei(Agx,S)fb(g, {L‘) - 62’(141%@71\1(5, l‘),

and that the map a — e%4%€)q is continuous on #/(V x V') (cf. e.g.
[120]).
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Chapter 1. Weyl-Hormander calculus

Definition 1.35. For any A € Z(V), the A-product a#,b between
ae " (VxV')and be . (V x V') is defined by the formula

Op(a#ab) = Opy(a) o Op,(b), (1.19)

provided that the right-hand side makes sense as a continuous operator

from .Z (V') to (V).

Notice that, when a; € S(my,g),as € S(ma, g) and my, my, g are as
in Definition Definition agrees with Definition [1.28] Since
the Weyl case is especially important, we denote by # the particular
case when A =31y,

As a consequence of Proposition [1.29] we have the following result.

Proposition 1.36. Suppose that ¢ is strongly feasible, m; are g -
continuous and (o, g)-temperate, and that ay € S(myg, g), k = 1,2. Then
there is a unique a € S(myma, g) such that

Op“(a1) o Op“(az) = Op“(a).

1.3 Hormander’s symbols classes S; s(RY x
R7)
Let p,0 € R be such that 0 <6 < p < 1. Then the symbol class S;(S(Rd x

R9) is the set of all a € € (R? x R?) such that

(9507 a)(a, )] 5 (£)7+0le-PP. (1.20)

Namely,
Sps(RYxRY) = S(m, )

when

m(z,€) =(€)" and  geg(y,n) = (€)Wl + (&) P,

where (y) = /1 + |y|?,y € R%. Notice that, in this case, the metric g is
slowly-varying and the weight m is g-continuous and (o, g)-temperate.
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1.4. The SG calculus

Also, if we denote by (ey,...,€q4,€1,...,6q4) a symplectic basis on W
and by k = |a| +|5|, then we have that

(0207a) (x,€) =

- 2 Qoo e (T, 6) (€77 €l )
aj+-tan+B1++Bn=k

where aq,.. . a,p..5, 15 @ k-multilinear form. Hence the condition
(1.10) reads as

|a(k)(X : e?l,...eﬁ"xfl, : ‘-Eg")|

< Capl€)™ TT e () TT gog ()"

1<jgn 1<jgn

= Cle)(€)el() 7
= Cyg)rrolai-aid,

returning ([1.20]) as expected.

1.4 The SG calculus

We recall here some properties concerning the so-called SG calculus as
well as some relevant results.

The SG symbol classes, and the related SG pseudo-differential op-
erators, are a special case of the Weyl-Hormander calculus S(m, g)
with

_ﬁ+ﬁ and m(z,§) =(z)"(§)”
9o e(y,m) = TEARTIE d m(z,§) = (x)"(§)". (1.21)

Notice that, in this case, the metric g is strongly feasible and the
weight m is g-continuous and (o, g)-temperate.

Since these operators are of major interest in this work, especially
in the analysis in Chapter [2] and Chapter [3, we present here the pecu-
liarities of SG calculus independently (see [26] and [90] for details).
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Chapter 1. Weyl-Hormander calculus

Definition 1.37. The class S™# = Sm#(R9) = S™# (R x R?) of SG
symbols of order m, 1 € R is given by those functions a(x,§) € €°°(R?x
R9) satisfying the property that, for any multi-indices o, 5 € N¢, there
exist constants C, > 0 such that

0205 a(z,&)] < Cap(€)m 1o ()10, (1.22)
We have that

(i) if a € S™r and be S™#' then abe Sm+m'm+';

(i) if a € S™# and b e S™ ' then a+b € S™ where m = max{m,m’}
and f1 = max{p, u'}.

Proposition 1.38. For m,u € R, £ € N, the seminorms given by

llal[;* = max sup (z)"* &) 520 a(x, &), ae S™,
la+BI<E 4 ecra

define a Fréchet topology on S™#.

Definition 1.39. The corresponding classes of SG pseudo-differential
operators Op(S™#) = Op(S™#(R)) are given by

(Op(a)u)(z) = (a(;, D)u)(x) = (27T)_df ¢ Da(w, €)a(€) d, (1.23)
where a € S™#(R?),u € (R?) and extended by duality to #/(R%).

Notice that the operators in ([1.23) form a graded algebra with
respect to composition, that is,

Op(S™1H1) o Op(S™>#2) € Op( ST Hm2pitiz),
Definition 1.40. For any given sequence of symbols
(a;); € S™HHI(RY),  jeN,
we write

a(:z:,{) ~ Zaj(x>£) (124)

jeN
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1.4. The SG calculus

if, for every N > 1,
N-1
a- Y ajeSmNHN(RY), (1.25)

7=0

The right-hand side of ([1.24) is called asymptotic expansion of a, while
the left-hand side is called asymptotic sum of the sequence (a;);.

Proposition 1.41. The symbol ¢ € S™itm2:m1t12 of the composed op-
erator Op(a) o Op(b), a € S™# b e S™2r2 admits the asymptotic
expansion

gled
c(x,&) ~ ZJD?Q(J;,@ D%b(z,§), (1.26)
which implies that the symbol ¢ equals a-b modulo S™i*m2=buitua=1,

We have that

ST e(RYxRY) = () S™#(RYx R?) = Z(R? x RY),

m,ueR

and
G000 — GMp - 58,0'7 m, s, [, o € R,

whenever m < s, u < o.

Definition 1.42. We define the Sobolev-Kato (or weighted Sobolev)
spaces by

H' = H2(RY) = {v e 7/ (RY: ol = () (DYl e < 00}, (1.27)

where (D)? = Op(),) is the pseudo-differential operator with symbol
Ao(€) = (€)7.

We have that the spaces H" are Hilbert if equipped with the norm
||, associated with the inner product

(u, v) are = (()(D)1u, () (D) v) 2.

Proposition 1.43. Let r,r’',p,p’ € R and suppose that r > ' and
p>p. Then H» « H™*" with continuous embedding. Moreover, if
r>r’ and p > p’ the embedding is compact.
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Chapter 1. Weyl-Hormander calculus

Notice that H™» = (- H% = (-)r H?, where H? = HP(R?) denotes
the usual Sobolev space of order p € R. Then, by the Sobolev em-
bedding theorem, it follows that H™* — €*(R?), k € N, provided that
p>k+4.

Moreover,

N H™*(R?) = H==(R") = 7 (R?),

r,peR

U H#(RY) = Hm(RY) = 7 (RY),

r,peR

(1.28)

as well as, for the space of rapidly decreasing distributions, see |101}
Chap. VII, §5],
L' (RY o = (U H™(RY). (1.29)

reR peR

Proposition 1.44. Let a € S™* m,u € R. Then Op(a) is a linear
continuous operator from H"?(R?) to Hr—™r~#(R?). Moreover, the
map Op(a) : H"*(R%) — H"»'(R?) is compact whenever r -1/ > m
and p—p' > .

More precisely, the following result holds true.

Theorem 1.45 (|26, Chap. 3, Theorem 1.1]). Let a € S™#(R%), m, €
R. Then, for any r,p € R, Op(a) € Z(H"*(R4), H™~m™r=#(R?)), and
there exists a constant C' > 0, depending only on d, m, i1, r, p, such that

|Op(a) | 2 rro may,rr-mop-n(ray) € C|||a|||[ng’f+1, (1.30)
where |t| denotes the integer part of ¢ € R.

The class O(m, ) of the operators of order m, p is introduced as
follows, see, e.g., [26, Chap. 3, §3].

Definition 1.46. A linear continuous operator A:.(R?) — ' (R%)
belongs to the class O(m,u), m,u € R, of the operators of order

m, v if, for any r,p € R, it extends to a linear continuous operator
A, ;s HP(R?) — Hr-mr-r(RY).

We also define
O(o0,00) = | O(m,pn), O(-o0,-0)= ) O(m,u).

m,ueR m,ueR
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1.4. The SG calculus

Remark 1.47. The following holds true:

(i) any AeO(m,u) admits a linear continuous extension
A oot L (RY) — 7' (RY).
In fact, in view of (1.28)), it is enough to set

AOO,OO |H7”1P(Rd) = Ar,p;

(ii) Theorem implies Op(S™#(R%)) c O(m, i), m,p e R;

(iii) the spaces O(o0, 00) and O(0,0) are algebras under operator mul-
tiplication, O(—oc0, —00) is an ideal of both O (o0, 00) and O(0,0),
and O(my, 1) o O(ma, pe) € O(my + ma, pig + fi2).

We have also this useful characterization of the class O(—o0, —00).

Proposition 1.48 (|26, Ch. 3, Prop. 3.4]). The class O(-o0,-00) co-
incides with Op(S—°=>(R?)) and with the class of smoothing opera-
tors, that is, the set of all the linear continuous operators A: .'(R?) —
< (R%). All of them coincide with the class of linear continuous oper-
ators A admitting a Schwartz kernel k4 belonging to . (R2?).

The next Theorem is a consequence of Theorem 5.1 in [26].

Theorem 1.49. Let m, <0 and a € S™#(R9). Then Op(a) : H>* —
Hs~mo-1t is a compact operator.

We now introduce an important concept in the subsequent analysis.

Definition 1.50. An operator A = Op(a) and its symbol a € S™H are
called elliptic (or S™H-elliptic or mu— elliptic) if there exists a constant
R > 0 such that

Cla)y™(e) <la(z, &), |a|+[g]> R, (2,6 eR'xRY (1.31)

for some constant C' > 0.
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Chapter 1. Weyl-Hormander calculus

Proposition 1.51. Let A be an elliptic SG operator of order m, p.
Then A admits a parametrix B € Op(S~™*) such that

BA=1+R,, AB=1+R,,

for suitable Ry, Ry € Op(S—°7).

Moreover, if A is elliptic, then it turns out to be a Fredholm oper-
ator on the scale of functional spaces H™?, r, p € R.

Proposition 1.52. If A € Op(S™*) is elliptic and B € Op(S™#") with
m’ <m,u' < pu, then A+ B is also elliptic.

Basic examples of SG-elliptic operators are those given by A, , =
Op(Arp), also known as the (standard) SG order reductions. Addi-
tionally, it is also possible to consider the SG order reductions defined
by

Hmvﬂ = <D>M/2<>m<D>#/27 m, € R.

It follows that II,, , is self-adjoint and invertible, hence elliptic with
constant R = 0. Indeed, the operators (D)* and (-)™ are self-adjoint,
which yields that II,, , is self-adjoint as well. Ellipticity is straightfor-
ward. Moreover, for m, u >0, ue H™#,

(Mo gett, w) = (()2{DY P, (Y 2DY ) = JullFpn o > 0,

which shows that II,, , is also positive.

1.4.1 The calculus of SG-classical symbols

We present here a subclass of the SG operators, namely the SG-classical
operators. We begin by giving some definitions of classes of homoge-
neous functions.

Definition 1.53. Let b € €~ (R%\ {0}) be a function, which takes
values in a Fréchet space E. b is said positively homogeneous of degree
zeCif

b(ty) =t*b(y), Vt>0. (1.32)
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1.4. The SG calculus

Definition 1.54. The space of all positively homogeneous functions
on R4~ {0} is denoted by s27(R? \ {0}).

Definition 1.55. (i) The space

(iii)

AR = (b 6= (R x (R~ {0))) :
b(x,t&) = t'b(z,§) for all t > 0}

denotes the space of the smooth functions positively homoge-
neous of degree p with respect to &.

The space
A (RY) = {be %™ (R~ {0}) xRY) :
b(tx,&) =t™b(z, &) for all t >0}

denotes the space of the smooth functions positively homoge-
neous of degree m with respect to z.

The space
AR RY) = (be 6™ ((RY {0) x (RI~ {0))) :
b(sx,t&) = s™t'b(x, &) for all s>0,t >0}

denotes the space of all smooth functions positively homogeneous
of degree m € R and p € R with respect to x and &, respectively.

We now give the definition of SG symbols which are classical with
respect to a variable.

First, recall that a 0-excision function is a real-valued function y €
%> (R?) such that x(z) =0 in B,.(0), and x(z) = 1 outside Bg(0),0 <
r < R, where B,(x9) = {x € R?: |z — x| < r} denotes the open ball of
radius r centered in xg.

Definition 1.56. Let a € S™#(R?% x R¢). Then:

(i)

a belongs to the class i) (R? x RY) if there exist am-;.(2,§) €
AmH(RY),i € N, homogeneous functions of order m — i with
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Chapter 1. Weyl-Hormander calculus

respect to the variable x, smooth with respect to the variable &,
such that, for a 0-excision function Y,
N-1

a(z,§) - Z X(T) i (x,€) € STNH(REIxRY), N eN;

1=0

(i) a belongs to the class S (R? x R?) if there exist a.,-x(2,§) €

A “#(R4),k e N, homogeneous functions of order p -k with
respect to the variable &, smooth with respect to the variable z,
such that, for a 0-excision function Y,

N-1
a(,6) = 3 x(€)a s, ) € SN (RIXRY), N eN
=0

We now give the definition of classical SG symbols.

Definition 1.57. A symbol a is SG-classical, and we write a € ST . (R¥x
R?) = STV (R4 x R) = STH ) if:

(i) there exist apm-;.(x,§) € ji’;m_j(Rd) such that, for a 0O-excision
function x, x(2)am-;. (2, &) € 53" (R x R?) and

a(z,§) - ]\ilx(x)am,ﬁ.(x,f) e S N(RIxRY), NeN,

J=0

(ii) there exist a.,_p(z,&) € %”g“_k(]Rd) such that, for a O-excision

function x, x(§)a. -k (x,§) € Sz(’g)_k(Rd x R4) and

0@,6) = 3 (E)apn(, €) € STV (RIxRY, N eN.
k=0

Writing
(04 a) (2,€) = x(€)au-r(,€)
and
(o0 a)(x,€) = x(@)am-i,(z,),
it holds
ag_ka;"_za = cr;"_iaf;}_ka = a;'f:’“_ka.
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1.4. The SG calculus

Definition 1.58. The class of all SG-classical symbols is defined as

Sd(xé) (Rd X Rd) = U Sgl(’:jg) (Rd X Rd)
m,ueR ’

Proposition 1.59. Let a € S{; (R?xR?). Then, the homogeneous

components with respect to & can be obtained as:

af,,(,€) = (o) (x,€) = lim A a(z, AE);
0t (2,€) = (o} a) (2,€) = Jim A+ [a(z, 06) - x(2, A8)aS, (2, M)];

an(,) = (6#™a)(,€)

N-1
— T —ptn 3 .
- )\IEEO ATHT a(x, )‘6) - X('rv )‘5) ; a-,,u,—z‘(xa )\5) )

Analogous formulae are valid for finding the homogeneous components
with respect to x and those homogeneous with respect to both vari-
ables.

Definition 1.60. The triple (0y(a),0.(a),0y.(a)) is called the prin-
cipal symbol of a.

1.4.2 Eigenvalues asymptotics for elliptic SG - op-
erators

In this section we recall some eigenvalue properties which will be useful
in the analysis carried out in Chapter [3

Consider a classical, positive, self-adjoint, elliptic SG-operator P €
Op(S;*) with order components m, ;> 0. In [78] it has been proved
that N(A) = Np(X) = [{\; < A : A, eigenvalue of P}|, the spectral count-
ing function of the operator P, is well-defined and, for A — +o0,

C )\d/min{m,u}7 m# i,

1.33
Cy N¥mog \, m= . (133)

N() ~ {
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Chapter 1. Weyl-Hormander calculus

The constants C', Cy depend on the principal symbol of P. Further
improvements to the associated Weyl formula for such operators, on
manifolds with cylindrical ends and, more generally, on asymptotically
Euclidean manifolds, have been subsequently proved in |8} |27} 32].

By the asymptotic behaviour ([1.33)) of the counting function N
it is possibile to obtain, as usual, the asymptotic behaviour of the
eigenvalues \;, as showed in the next Theorem

Theorem 1.61. Let P € Op(S"*) be a classical, positive, self-adjoint,
elliptic SG-operator with order components m, > 0. Then, for j — oo,
it follows that there exist constants C; and C5 such that

61 jmin{m,,u}/d’ m + I,

Aj o~ & ( j )m/d B (1.34)
2 I . 9 m = ,LL
log j

Proof. The case m # u follows from analogous argument to Proposition
13.1 in [105]. We then focus here on the case m = p. Let us first

observe that the function f(\) = ()\% log A)~! is strictly decreasing on
the interval I = (1,+00), since f’(\) <0on I. Then, its inverse function
f~1 is strictly decreasing and continuous as well. By definition of N (),
it follows that, for sufficiently large j,

(1-e)Coi < f(N)<(1+e)Cojt,
which, by continuity, implies

FHC ™) =< ((1+e)Cri ™) <N <
SIMA=-e)Coi ™) < fHCLG™Y) +5,

that is, \; ~ f71(Cy571), j — oo. To conclude, it is enough to prove
that, for t — 0F,

a3

() ~ h(t) = (—%tlogt) . (1.35)

In fact, ((1.35) implies, for j — oo,

m

7 . , o~ P \d
)\ij‘l(ij‘l)N(%C’Q) ja(logj—logCy)~d NO2(10{gj) ,
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1.5. Fourier integral operators of SG type

as claimed. To prove (1.35)), we compute

LM )
S8R e h(IO)

. A
- ,\LHPOQ -1 179
[—%(Ai log)\) 1og(A% log)\) ]
. A
= lim —m
ATrreo )\ [%(log A)1 (% log A + log log /\)] d
= lim (1+@logk’gA) T,
A—+o0 d logA
which concludes the proof. O

1.5 Fourier integral operators of SG type

We present here some properties of a class of Fourier integral operators
of SG type on R4, following [34].

Definition 1.62. Let ¢ € €°(R? x (R?\ 0)). Then ¢ is called a
phase-function if:

(i) it is real-valued,
(ii) it is positively 1-homogeneous with respect to &,
(iii) it satisfies, for all z,£ e R4, £ £0, and a € N?
det (2,6 > C > 0,
Ogp(w,€) 5 (z)'7lel,

(pe(x,8)) < (),
(0 (2,€)) = (&)

(1.36)

The set of all such phase functions will be denoted by J3hom.
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Definition 1.63. For any a € S™#(R?%xR?%) and ¢ € PBhom the Fourier
integral operator Op,(a) of type I is defined as the linear and contin-
uous operator from . (R4) to .'(R9) given by

(Op(@)N)(@) = [ e 9a(e, (), fes (®RY. (137

The next Theorem provides the composition properties be-
tween Fourier integral operators of SG type and SG pseudo-differential
operators.

Theorem 1.64. Let ¢ € Phom and assume a € S5 (R? x R?) and b €
Smor (R% x R?). Then,

Op(a) o Op¢(b) = Op@ (c1+1m) = Opsv (¢1) mod Op (S™),
Op,(a) o Op(p) = Op,, (¢c2 +12) = Op,, (cz) mod Op (S™%),

for some c¢; € Sm*spto (R x R?) ;e S (RIx R j=1,2.

1.6 Global wave-front set

In this section we recall some aspects of the theory of global wave-front
sets developed in [29]. First, we introduce the following definition of
type-k invertibility (see Definition 1.10 in [29]).

Definition 1.65. Let a € S™#(R%). Then,

(i) a is called locally or type-1 invertible with respect to (m,pu) at
the point (zg,&p) € R? x (R?\ {0}), if there exist a neighborhood
X of xp, an open conical neighborhood T' of £, and a positive
constant R such that

la(z,§)] 2 (x)™(€)"
for x € X, €T and ] > R.

(ii) @ is called Fourier-locally or type-2 invertible with respect to
(m, ) at the point (zg,&) € (R4~ {0}) x R?, if there exist an
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1.6. Global wave-front set

open conical neighborhood I' of z(, a neighborhood X of &, and
a positive constant R such that

jaz, &)[ 2 ()™ (§)"
for zel')|z| > R and £ € X.

(iii) a is called oscillating or type-3 invertible with respect to (m, u)
at the point (z9,&) € (R~ {0}) x (R4~ {0}), if there exist open
conical neighborhoods I'y of x4 and I's of &y, and a positive con-
stant R such that

ja(z, )] 2 ()™ (5"
for z €Ty, |z| > R, €Ty and |¢] > R.
Definition 1.66. If a is not type-k invertible at (¢, &), then the point

(z9,&p) is called type-k characteristic for a with respect to (m, ). The
set of type-k characteristic points for a is denoted by Chark(a).

The global set of characteristic points, namely the characteristic
set, for a symbol a € S™#(RR?) is

Char(a) = Char'(a) u Char®(a) u Char®(a)

We now introduce two classes of cut-off functions.

Definition 1.67. Let X ¢ R4 be an open set, I' € R\ {0} be an open
cone and consider zg € X and & eI

(i) A function ¢ € €~ (R?) is called a cut-off function with respect
to xg and X, if 0 < p <1, p € 65°(X) and ¢ = 1 in an open
neighborhood of xy.

(ii) A function ¢ € €(R9) is called a directional cut-off function
with respect to & and I, if there is a constant R > 0 and open
conical neighborhood I'; € T" of & such that the following is true:

(a) 0<¢ <1 and supp(v) €T
(b) ¥(t&) =1 (&) when t > 1 and |¢| > R;
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Chapter 1. Weyl-Hormander calculus

(¢) ¥(&) =1 when £ €Ty and [¢| > R.

We have the following property for the cut-off functions.

Proposition 1.68. Let X ¢ R¢ be an open set and let I',T'{, I’y ¢
R4~ {0} be open cones. Then we have the following.

(i) Pick zg € X, & € I" and let ¢ be a cut-off function with respect to
o and X and let ¢ be a directional cut-off function with respect
to & and T'. Then, the function ¢; = ¢ ® b belongs to S%0(R?),
and it is type-1 invertible at (xg,&p).

(ii) Pick zg e I',& € X and let ¢ be a directional cut-off function with
respect to g and I" and let ¢ be a cut-off function with respect
to & and X. Then, the function ¢, = 1) ® ¢ belongs to SO0(R?),
and it is type-2 invertible at (xg,&p).

(iii) Pick zg € I'1,& € 'y and let ¢; be a directional cut-off function
with respect to zy and I'y and let 1, be a directional cut-off
function with respect to &y and I's. Then, the function c3 = ¢ ®1)
belongs to S9(R?), and it is type-3 invertible at (xq,&o).

We also introduce the following convenient notation:

O =R x (RN {0}), Qy=(R?\{0}) xR,
Qs = (RY\ {0}) x (R*~ {0}). (1.58)

We can now give the definition of global wave-front set (see Defini-
tion 2.1 in [29)]).

Definition 1.69. Let f € ./(R?), let B a Banach or Fréchet space
such that .(R?) ¢ B ¢ .'(R?) and denote by ©%(f) the set of all

type-k regular points for f, that is the set of points (zg,&y) € i for
which Op(cy) f € B, for some ¢, as in Proposition We then define:

(i) the type-k wave-front set of f e .#’(R9) with respect to B as the
complement of ©%(f) in Q, which is denoted by WFg(f);
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1.6. Global wave-front set

(ii) the global wave-front set WEg(f) ¢ (R% x RY) \ 0 as the set

WEs(f) = WFg(f) u WEg(f) u WEg (f) (1.39)

The sets WFg(f), WEE(f), WFE(f) are called local, Fourier-local
and oscillating wave-front set of f with respect to B, respectively.

1.6.1 Propagation results for global wave-front sets

We recall here propagation results about global wave-front sets which
will be further investigated in the context of Orlicz spaces in Chapter
2l We follow [29] (see also [30] [31] for the general theory).

Definition 1.70. Let t € R, B be a topological vector space of distri-
butions on R4 such that

7 (RY) c Bc.s (RY)

with continuous embeddings. Then B is called SG-admissible if Op,(a)
maps B continuously into itself, for every a € S%0 (R?).If B and C are
SG-admissible, then the pair (B,C) is called SG-ordered if the maps

Op,(a):B—C and Op,(b):C—B
are continuous for every a € S™# (R%) and b e S~ (R?).
Proposition 1.71. Let B be SG-admissible, and let f € .’ (R¢). Then
feB <«— WFz(f)=2.

Proposition 1.72. Let k€ {1,2,3},t € R, a € S™* (R?) be SG-elliptic
and let f €. (R?). Moreover, let (B,C) be SG-ordered. Then

WE¢ (Opy(a)f) = WFi(f)

Definition 1.73. Let ¢ € Bhom be a phase function. The canoni-
cal transformation, denoted by ¢, of the phase space T*R¢ into itself
generated by ¢ is defined by the relations

()=o) = { LD AN g
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Chapter 1. Weyl-Hormander calculus

Definition 1.74. Let ¢ € Phom and let ¢ be the canonical transforma-
tion generated by ¢. Let k € {1,2,3} and € defined by

0, =R x (R {0}),
0, = (R4~ {0}) x RY, (1.41)
Q3 = (RT\ {0}) x (R4~ {0}).
For any R >0 and k € {1,2,3}, we also set
Ql,R = {(I’,é) € Ql : |€| 2 R}a
Qor={(x,£) eQy:|z| > R}, (1.42)
Q3 p={(2,8) eQs:|z,[§| > R}.

Then,

(i) ¢ is called 1-admissible at (yo,70) € €2 if, for every 1-cone X xI'
containing ¢ (yo, 7o) and r > 0, there is a 1-cone Y xI'y containing
(Y0,m0) and R > 0 such that

¢(y777) € (X x F) N Ql,r when (yv 77) € (Y x I‘0) n Q1,R-

(ii) ¢ is called 2-admissible at (yo,70) € €2o if, for every 2-cone I' x X
containing ¢ (yo, 7o) and r > 0, there is a 2-cone 'y x Y containing
(Y0,m0) and R > 0 such that

o(y,n) € (Cx X)n €y, when  (y,n) € (Lo xY) Ny p.

(iii) ¢ is called 3-admissible at (yo,10) € Q3 if, for every 3-cone I'y x
Iy containing ¢ (yo,n0) and r > 0, there is a 3-cone I'g; x I'g2
containing ( yo,no ) and R >0 such that

#(y,m) e (T xT2)nQs,  when  (y,1) € (Lo xLo2) N Qs k.

Furthermore, ¢ is called k-admissible if it is k-admissible at all
points (y,n) € Qy, and ¢ is called admissible if it is k-admissible for all
k=1,23.
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1.6. Global wave-front set

Definition 1.75. Let ¢ € ST (R?) be a regular phase function, and
B,By,B5,C,Cq,Cs, be SG-admissible. Let also €2 € R? be open. Then
the pair (B,C) is called weakly-1 SG-ordered if the mapping

Op,(a):B—C

is continuous for every a € S™# (R%) which is supported outside R?x (3.
Similarly, the pair (B,C) is called weakly-1I SG-ordered if the mapping

Op,(b):C — B

is continuous for every b € S™# (R?) which is supported outside € x
R?. Furthermore, (By,Cy,Bs,Cy) are called SG-ordered if (By,Cy) is a
weakly-1 SG-ordered pair and (Bs,Cs) is a weakly-1T SG-ordered pair.

Theorem 1.76. Let ¢ € Phom be k-admissible, k € {1,2,3}, a €
Smi (RY), supported outside (R? x ), € R? open. Denote by ¢; :
z = (pg) " (2,€) and ¢o: & — ()7 (2, &) and assume that

(@1 (z,m +n2))™(E)" < {1 (1)) ™ (E)" (1.43)
for any x,&, 11,72 € RY, uniformly with respect to 7y € R, and
()™ (D2 (&, m + M) S ()™ (D2 (&, m))" (1.44)

for any x,&,m1,m2 € R, uniformly with respect to 7, € R%  Assume
also that a is SG-elliptic and (B,C) is a weakly-1 SG-ordered pair with
respect to (r, p,wo, ¢, ). Then,

WE¢ (Opy(a)f) = ¢ (WFg(f)), fes"(RY)

where ¢ is the canonical transformation generated by .
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Chapter 2

Continuity of
pseudo-differential operators
and Fourier integral operators
on Orlicz spaces

The results presented in this chapter have been published in |19).

2.1 Orlicz Spaces

This first section of this chapter is devoted to recalling the notion of
Orlicz space and provide some preliminary results which are needed
in order to state our continuity theorems with respect to classes of
pseudo-differential operators and Fourier integral operators acting on
Orlicz spaces.

2.1.1 Young functions

The first fundamental concept we need here is the notion of Young
function. (See [50, 93]).
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Chapter 2. Continuity on Orlicz spaces

Definition 2.1. A function ® : R — Ru {oo} is called convex if it
satisfies

OOt +(1-0)ty) <OD(ty) + (1-0) P(12)

whenever ¢; € R and 0 € [0,1].

It is worth remarking that ® might not be continuous, because the
previous Definition allows oo as function value. For example, for
any a,c € R, the function

¢, whent<a
O(t) =

oo, whent>a

is convex but discontinuous at the point ¢ = a.

Definition 2.2. Let ® be a function from [0, c0) to [0,00]. Then & is
called a Young function if it satisfies the following properties:

(i) @ is convex,
(if) @(0) =0,
(iii) ®(t) < oo for some ¢ > 0,

(iv) lim ®(t) = +oo0.

t—o0

We highlight the fact that point (iii) has been introduced in order
to avoid the function

0, whent=0
Py (¢) =
oo, whent>0

to be considered a Young function.
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2.1. Orlicz Spaces

Remark 2.3. Notice that, according to the previous Definition 2.2 ®
is non-decreasing. In fact, if we take 0 < ¢; < ¢y and choose 6 € [0,1]
such that t; = 0t,, then

D(t1) =D(O0ta+(1-6)0) <OD(t2) + (1 -6) P(0) < D(t2),
since (0) =0 and 0 € [0,1].

We now introduce the definition of conjugate Young function as
well as some conditions which will be important in the sequel.

Definition 2.4. For any Young function, the conjugate Young function
is the function from [0, 00) to [0, co], given by

O*(t) = sup (st — D(s)). (2.1)

5>0
Remark 2.5. Notice that ®* is also a Young function. Indeed,
O (0t +(1-0)ts) =sup(s(ft;+(1-0)ty) - D(s))
>0
= sug) (0 (st —(s)) + (1-0) (sta —P(s)))
<O sup (st; — P(s)) + (1 -0) sup (sty — P(s))
>0 5>0

=0 (t1) + (1-0) ®*(¢2)

which shows that ®* is convex. The proof of the remaining properties
is immediate.

Definition 2.6. The Young functions ®; and &, are called equivalent,
if there is a constant C' > 1 such that

C7rDy(t) < D1(t) < ODy(t), te[0,00). (2.2)

Definition 2.7. A Young function is said to fulfill the As-condition if
there exists a constant C' > 1 such that

B(2t) <CDB(t),  te[0,00). (2.3)

It is clear that if ® satisfies the As-condition, then ®(¢) < co when
t20.
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Chapter 2. Continuity on Orlicz spaces

Definition 2.8. A Young function is said to fulfill the A-condition if
there exists a p > 1 such that

O(ct) < PB(t),  te[0,00), ce(0,1]. (2.4)

The A-condition is also called the lower Matuszewska-Orlicz index
in the literature (cf. p. 117 in [61]).

The following characterization of Young functions fulfilling the Ao-
condition follows from the fact that any Young function is increasing,
that iS, (I)(tl) < (I)(tg) when tl < tz.

Proposition 2.9. Let ® be a Young function. Then the following
conditions are equivalent:

(i) @ satisfies the Ay-condition;

(ii) for every constant ¢ > 0, the Young function ¢ — ®(ct) is equiv-
alent to ®;

(ili) for some constant ¢ >0 with ¢ # 1, the Young function ¢t — ®(ct)
is equivalent to ®.

Proof. Since any Young function is increasing, that is, ®(¢;) < ®(t2)
when ¢; < to, it immediately follows that (ii) = (i) = (iii). It remains
to prove that (iii) = (ii).

First, notice that if the Young function ¢ — ®(ct) is equivalent to @,
then also t — ®(c't) is equivalent to ®. Hence it is not restrictive to
assume ¢ > 1 and it is sufficient to prove the result only for t — ®(cqt)
when ¢y > 1.

If ¢; < ¢, it follows that there exists C' > 1 such that

Co(t) <D(t) < P(ert) < D(ct) <CP(1)

showing that the functions t — ®(c;t) and & are equivalent. For
c1 > ¢, choose n € N such that ¢® > ¢;. Then,

CT®(t) < O(t) < D(ct) < (i) < D(c't) < CP(t)
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2.1. Orlicz Spaces

showing again that the functions ¢ — ®(cit) and ® are equivalent.

[]

We introduce now the Lebesgue exponents related to a Young func-
tion which will give a useful characterization of the corresponding Or-
licz spaces. First, denote by ®’ and ®’ the right and left derivatives
of ® and set

D' (t;) =D (ty) =00 when o>t 2tg=sup{t>0: ®(t)<oo}.

Evidently, if the left limit ®(¢;) of ® at t, is finite, then @’ (t¢) is
well-defined and finite. If instead ®(¢;) = oo, then we let

I _ T (I)(t0+h)_q)(t6)
e - Hem0)

respectively.
Definition 2.10. For any Young function ®, let €2 be the set
D=Q={t>0:0<P(t) <o0}. (2.5)

Then the upper and lower Lebesgue exponents pg and qe are defined

as
@/
Sup(t i(t))a Q:R+7

po =4 0 \ (1) (2.6)
00, Q+R,,
where R, = (0, 00), and
!/
inf M , Q+g,
o = 4 te (P(t) (27)

00, O=g.

These exponents are essential in several investigations of Orlicz
spaces and are often called the Simonenko indices (see e.g. |75, |76,

7).

Notice that, since ® is convex, the right and left derivatives ®’, and
®’ are well-defined on ().
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Chapter 2. Continuity on Orlicz spaces

Remark 2.11. It is possible to equivalently define the exponent pg so

that
1D’ (t
sup (1) ;|9 = oo,
po =1 tea \ O(t)
00 |Q| < 00.

Y

2.9

Proposition 2.12. When pg < 0o, we observe that for any ry,r, >0,

e <B(t) St when t<r (2.8)
and
t9* S P(t) StP* when ¢ > 7o. (2.9)

Proof. The desired inequalities follow by an argument which will be
employed also in the sequel.

By ([2.6) we obtain that

1oL (1) o)\
oy sV = (tT@)go'

+

Hence ®(t) = tP2h(t) for some decreasing function h(t) > 0. This gives
D(t) = tr*h(t) > t'* h(ry) 2 t'®

for ¢ <r; and
D(t) = tP2h(L) < P2 h(ry) § 1P°

for t > r5. This shows the relations between tP* and ®(¢) in (2.8) and
(2.9). The remaining relations concerning t4¢ and ®(t) follow by the
same argument in analogous way. O

In our investigations below we need to assume that our Young func-
tions are strict in the sense of the following Definition [2.13]

Definition 2.13. The Young function ® from [0, c0) to [0, o] is called
strict or a strict Young function, if

(i) ®(t) < oo for every t € [0, 00),
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(ii) ® satisfies the Ay-condition,

(iii) @ satisfies the A-condition.

In what follows, we characterize conditions (ii) and (iii) in Defini-
tion in various ways. In particular we show that (ii) and (iii) in
Definition are equivalent to pg < co and g > 1, respectively (see

Proposition [2.24)).
It will also be useful to rely on regular Young functions, which is
possible due to the following Proposition

Proposition 2.14. Let ® be a Young function which satisfies the As-
condition. For every c € (0, 1), there is a Young function ¥ such that
the following is true:

(i) W is equivalent to ® and ¥ < ;
(ii) ¥ is smooth on R,;
(iii) c¢®’,(0) < ¥’ (0) < . (0);
(iv) g <qu.
Proof. Let ¢ € €5° ([0,1]) be such that ¢ > 0 and [01 o(s)ds=1. Set
W(t) = fo LB(t - Lst)p(s) ds. (2.10)

By straightforward computations it follows that ¥ is a Young function.
Let C' > 1 be as in (2.3). Since ® is increasing we obtain that

Z0(1) <®(30) < [ Bt~ Lst)o(s) ds = W(1)

and
W(t) = f01q>(t—§st)¢(s)ds<folé(t)gb(s)ds:q)(t),

which shows (i).
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Chapter 2. Continuity on Orlicz spaces

By (2.10) we obtain that

W(t) - /t/:(I)(s)gb(Q—Zs/t)%ds,

which is evidently smooth on R,. This gives (ii).
By differentiating ([2.10]) we obtain

W)= [ (-1~ 3)ols)ds < [ BL0(s)ds = @ (1)

On the other hand, by choosing the support of ¢ to be sufficiently close
to the origin, we obtain

1
WL(0)= [ BL0)(1-)o(s)ds > @ (0),
and (iii) follows.

By (2.10) we also get
(1) = f (t - Lst) D' (t - 1st)p(s) ds >
2 qo fo D(t - 5st)d(s) ds = g U(1),

which implies
tw’ (1)
Q<I> X
w(t)

(2.11)

The assertion (iv) now follows by taking the infimum of the right-
hand side of (2.11)). O

Remark 2.15. It follows that ¥ in Proposition fulfills the Ag-
condition, since ® does and V¥ is equivalent to .

2.1.2 Orlicz spaces

We can now give the definition of Orlicz spaces with respect to Young
functions. We will also highlight the analogies and relations with the
usual Lebesgue spaces.

First, we recall the definition of weak LP spaces.
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Definition 2.16. Let p € (0,00]. The weak LP space wLP(R?) consists
of all Lebesgue measurable functions f : R¢ — C for which

|z = supt (s (1)) (212)

is finite. Here p1¢(¢) is the Lebesgue measure of the level set {z e R? :

[f(@)] >},

Remark 2.17. Notice that the wLP-norm is not a true norm, since the
triangular inequality fails. Nevertheless, one has that | f|wrr < || f]ze-
In particular, LP(R?) is continuously embedded in wLP(R%). We will
adopt this slight abuse of notation in the sequel.

Definition 2.18. Let ® be a Young function. Then, the Orlicz space
L®(R?) consists of all Lebesgue measurable functions f : R? — C such

that
||f||mzinf{A>o:fRdcb(@)dx@}

Definition 2.19. Let ® be a Young function. The weak Orlicz space
wL®(R?) consists of all Lebesgue measurable functions f : R — C
such that

is finite.

|Mmdézhﬁ{A>O:am(@(%)uﬂﬂ)gl}

t>0

is finite. Here pis(¢) denotes the Lebesgue measure of the set {z e R? :

[f (@) >},

As with the usual Lebesgue spaces, f,g € wL®(R?) are equivalent
whenever f =g a.e.

Remark 2.20. Suppose that p € [1,00]. Then, L®rI(R?) = LP(RY),
when

ad 0, 0<t<l,
by (t) = —, p<oo and Pp(t) =
P oo, t>1.

Y
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Chapter 2. Continuity on Orlicz spaces

Moreover, let py,ps € [1,00] and

Ly 0<t<l,
@(t)z p2

D1
t_+L_i’ t>]_’
p1 p2 p1

where £ is interpreted as

oo p 0, 0<t<l,
— =lim — =

oo, t>1.

Then @ is a Young function and it turns out that
L*(R?) = LP'(RY) + LP2(R?),  p1 <pa,

and

L*(RY) = LM (R?) n LP2(R?),  p2 <pu.

In particular, for a general Young function ®, it follows from ([2.8))

and (2.9)) that
LPe(RY) n L% (RY) ¢ L*(R?) ¢ LP*(R?) + L% (RY). (2.13)

Remark 2.21. Notice that the assignment pg = oo when [ < oo in
’ is justified by . The assignment gg = oo when 2 = @ in ([2.7))
is justified by the observations in Remark and the fact that for
D(t) = Opy () = %, we have

1/ (t
io= 2 _

— 00, asp— oo.

oy P

2.2 The role of upper and lower Lebesgue
exponents for Young functions

In this section we investigate the Orlicz Lebesgue exponents pg and ¢g
and link conditions on these exponents to various properties of their
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Young functions ®. In particular, we show that neither of the two
implications in

go > 1 < & is strictly convex (2.14)

can be true, in contrast with what it is stated in [72] (see Proposition
2.26). Instead we deduce other conditions on ® which characterize
ge > 1 (see Propositions [2.22 and [2.24). We also remark that our
investigations are related to the achievements in [69].

In the following Proposition [2.22| we list some basic properties of
relations between Young functions and their upper and lower Lebesgue
exponents.

Proposition 2.22. Let ¢ be a Young function with €2 as in (2.5)), and
let pp and ge be as in (2.6) and (2.7). Then the following is true:

(i) 1<gs <pa;
(ii) pe =1, if and only if ® is a linear map;
(iii) pe < oo, if and only if @ fulfills the Ay-condition;

B(t)

P 1mcreases.

(iv) g > 1, if and only if there is a p > 1 such that

Remark 2.23. Taking into account that ® in Proposition [2.22 is a
Young function, we find that (iv) is equivalent to

(iv)" qo > 1, if and only if there is a p > 1 such that % increases,

lim &;) =0 and lim (1) =00

t—at ¢ t—oo P

for some a > 0.

Most assertions in Proposition [2.22] and Remark [2.23] are well-
known (see e.g. |17, |75, |76, 77]). For completeness, we include a
proof here.
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Proof of Proposition[2.22 If Q = @, (i) is trivially true. Assume there-
fore that Q2 # @, and let t € 2. By the fact that ® is convex on 2, we

obtain
(1) _ (1) - B(0)

t t

SPL(1) < L(1).

This gives (i).
If ® is linear, then g—g? =1 for all t € R,, giving that g = ps = 1.
Suppose instead that pg =1. Then 2 =R, and

toL(t)
o)

L,

for all £ € R, in view of (i) and its proof. This implies that ®(t) = Ct
for some constant C, and (ii) follows.

In order to prove (iii), we first suppose that pg < co. Then

oL (1) :
(1) <R < t9 (t)-RP(t) <O,

for some R > 0. Since ®(0) =0, we obtain
O(t) = tlh(t), t>0,
for some positive decreasing function h(t). This gives
®(2t) = (2t)Fh(2t) < 2%t h(t) = 27P(1),

and it follows that ® satisfies the As-condition when pg < oco.

Suppose instead that ® satisfies the Ag-condition. Then 2 = R,.
By the mean-value theorem and the fact that ®’(¢) is increasing we
obtain

O (1)t <P(2t) —P(t) < D(2t) < CP(1),

for some constant C' > 0. Here the last inequality follows from the fact
that ® satisfies the As-condition. This gives

tRL(t)
d(t)
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which implies pg < C < oo, and we have proved (iii).

Next we prove (iv). Suppose that g > 1. Then there is a p > 1 such
that
td’ (1)
(1)

for all t € 2, which gives
td®’ (t) — p®(t) > 0.

Hence
trd’ (1) - ptr~1d(t)
t2p

((I)(t)) > 0.
(L) -

Hence, the desired result holds. If we instead suppose that —= is
increasing for some p > 1, then applying the arguments above in reverse
order yields g > p > 1. O

>0,

or equivalently

We observe that, besides point (iii) in Proposition [2.22] there are
several contributions on characterizations of the Ay-condition (see e. g.
[17, 169, |75, [76, 77]).

For the equivalence in (iv) of Proposition we can prove further
results.

Proposition 2.24. Let ® be a Young function with {2 as in (2.5)), and
let g¢ be as in (2.7). Then the following conditions are equivalent:

(i) gs > 1;

(ii) there is a p > 1 such that (bt(;) increases;

@)
t

. .. d(t
>~ increases near the origin and )

ta

(iii) there are p,q > 1 such that
increases at infinity;

(iv) @ fulfills the A-condition.
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Proof. The result is obviously true when 2 = @. Therefore, suppose
that Q # @. The equivalence of (i) and (ii) was established in Propo-
sition Trivially, (ii) implies (iii). Moreover, (bt(;) increases if and
only if for any ¢ > 0 and any c € (0, 1],

() (1)
(ct)r = t»

which is equivalent to (iv), hence (ii) is equivalent to (iv). We now
show that (iii) implies (i), yielding the result.

Suppose that (iii) holds. First we also suppose that |Q| = co. Then,
there are Ry, Ry > 0 such that q)(t) is increasing in ©; = (0, R;)n {2, and

that q)(,,) is increasing in {2y = (RQ, 00) N ). By test of differentiation,
we obtain

¢ = t‘éﬂf1 (tq)l((§)) >p>1 and ¢ = t1€Qf2 (tq)l((i)) g>1. (2.15)

Let

(L)
= f =
9.2 tﬁlfrlllz ( (I)(t)

) . where 5=[Ry,Ra]n Q. (2.16)

We intend to show that go > 1, which in turn yields

g =min{qi, ¢12,¢2} > 1

, completing the proof in this case. Here we set inf @ = oco.

Let ¢1(t) = kit —my and @o(t) = kot — mo, with k; = @, (R;) and
m; chosen so that p;(R;) = ®(R;), j =1,2. Given that ® is a Young
function, is convex, and fulfills (3), it is clear that k; < ko, my < mao,
and m; >0 for j =1,2.

We now approximate ®(t) by linear segments forming polygonal
chains for Ry <t < Ry. Pick points Ry =ty <t <---<t, = Ry and define
functions f;(t) = a;t—b; such that f;(t;) = ®(¢;) and f;(tj+1) = P(¢j41).
Let ®,,(t) be the polygonal chain on [ Ry, Rs] formed by connecting the
functions f;, meaning ®,,(t) = f;(¢) whenever ¢ € [t;,;.1].
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2.2. Upper and lower Lebesgue exponents for Young functions

Since ® is convex and increasing, we have ki < a; < bk and m; <

bj <mg forall j=1,...,n. Hence, for any j=1,...,n,
t(fi)L(t b;
inf ML) inf (14— )14
e[t tjr1] fj (t) te[tj,tie1] ajt - bj (D(RQ)

where the last inequality follows from the fact that b; > m; and a;t; -
bj = fi(t;) < fu(tn) = (R2). From this, it is clear that

inf (t(q))(t)) .
ek, Pu(t) )T B(Ry)

4, =

independent of the choice of n and the points ¢;, j =1,...n -1, and

therefore
mi

(R2)
This gives (i), completing the proof when || =

> 1.

¢2 = lim gg, 21+

Next we consider the case when || < co. Then a = sup( is finite
because ® is increasing. First suppose that

lim ®(t) < oo.

t—a~

Letting Ry = a, ¢, and ¢ 2 be as in and (| - the same
arguments as in the previous case show that q12 > 1. This gives

¢ = min{q1,q12} > 1, and (i) follows, giving the result in this case
as well.

[t remains to consider the case where || < oo and

lim ®(t) = oo.

t—a~

We may assume that Ry < a, and we let a. = a—¢ when € € (0,a - Ry).
By convexity we have

D(a) - O(R) _

- Ry h

@’ (ac),

which gives

) 1- 2R
a- P’ (a.) S ( @(as)) L 1,
®(a.) a. — Ry a- Ry
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as € — 0+. Hence, if c € (1, ;5 ), then there is a 6 € (0,a - R;) such

that
td’ (1)

(1)

>c>1, when te(a-4,a). (2.17)

Let Ry =a-4, 2y be redefined as Q5 = (a-9,a), and let ¢;, ¢o, and
¢12 be as in (2.15)) and (2.16). Then by the same arguments as in the
first case in combination with (2.17)), we obtain

qz2p>1, q2>1, and ¢ >1.

This gives ¢ = min{qi, q12,¢2} > 1, leading to (i) in this case as well.
This completes the proof. n

Remark 2.25. Due to Proposition [2.24] and its proof it is evident
that p in point (iv) of Proposition is strongly linked to the lower
Matuszewska-Orlicz index, given in e.g. p. 117 in [61]. It follows that
parts of Propositions [2.22] and [2.24] follow from some of the established
properties on p. 118-121 in [61], after suitable computations.

The following proposition shows that the condition q¢ > 1 cannot
be linked to strict convexity for the Young function .

Proposition 2.26. Let ® be a Young function, which is non-zero
outside the origin, and let go be as in (2.7)). Then the following is true:

(i) if gp > 1, then there is an equivalent Young function to ® which
is strictly convex;

(ii) ® can be chosen such that g > 1 but ® is not strictly convex;

(iii) @ can be chosen such that g = 1 but @ is strictly convex.

Remark 2.27. In [72] it is stated that (i) in Proposition can be
replaced by

(i)' g > 1, if and only if & is strictly convex.

This is equivalent to the following conditions (see the remark after (1.1)
in [72]):
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2.2. Upper and lower Lebesgue exponents for Young functions

(ii)" if go > 1, then & is strictly convex;
(iii)" if @ is strictly convex, then g > 1.

Evidently, the assertion in [72] is (strictly) stronger than Proposi-

tion (). On the other hand, Proposition (ii) shows that (ii)’
cannot be true and Proposition (iii) shows that (iii)’ cannot be
true. Consequently, both implications in (i)’ are false.

Proof of Proposition[2.26. We begin by proving (i). Therefore assume
that go > 1. By Proposition 2.14] we may assume that ® is smooth
on R,. Suppose that ¢ fails to be strictly convex in the whole interval
(0,¢), for some € > 0. This implies that ®(¢) = ¢t when ¢ € (0,¢), for
some ¢ > 0, which in turn gives g¢ = 1, violating the condition g4 > 1.
Hence ® must be strictly convex in (0,¢), for some choice of € > 0.

Let .
U(t) = [ O(t—s)e*ds.
0
Then

¢ ¢
U7(t) =" (0)e™ + f O"(t-s)e*ds > / Q" (t-s)e*ds >0,
0 t—e

since ®”(t - s) > 0 and is continuous when s € (t — ¢,t). This shows
that U is a strictly convex Young function.

Since ® is increasing we also have
U(t) < e(t),

because

U(t) = /th)(t— s)e *ds < ®(t) fote‘s ds < P(1) /(;ooe‘s ds =®(t).

It follows that
O(t) =D(t) + W (t)

is a Young function equivalent to ®(¢). Since ¥ is strictly convex,
®, is strictly convex as well. Consequently, ®; fulfills the required
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Chapter 2. Continuity on Orlicz spaces

conditions for the searched Young function, and we have shown that

(i) holds true.

In order to prove (ii), we choose
2t2, when t <1
O(t) =44t -2, when 1<t<2
t2+2, whent>?2

which is not strictly convex. Then

o (to(2)
qo ‘i?g( 0) )

. (A7) . 4t ) 212 4
= min {mf(—) , inf (—) ,inf (—)} ==>1,
<1 \2t2 ) T1st<2\ 4t =2 ) "2 \ 2 + 2 3

which shows that & satisfies all the desired properties. This gives (ii).

Next we prove (iii). Let
O(t)=tIn(1+t), t>0.

Then ® is a Young function, and it follows by straightforward compu-
tations that g = 1. We also have ®”(¢) > 0, giving that ® is strictly
convex. Consequently, ® satisfies all the desired properties and (iii)
follows. This completes the proof. O

The exponents g¢ and pg can also be related to corresponding expo-
nents for the conjugate Young function as in the following proposition,
which slightly generalizes (2.11) in [69).

Theorem 2.28. Suppose P is a Young function and ¥ its correspond-
ing conjugate Young function. Then
1 1

—+—=1
Py g8

Proof. Suppose that for every t =ty € (0,00) there is some sy = s(t)
such that
U(t) = st —D(s).
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2.2. Upper and lower Lebesgue exponents for Young functions

Observe that, necessarily, W(t) < co. Since for any h € R,

U(to+h) =sup(s(to+h)—D(s)) > so(to+h) — P(s0),

we obtain

\I/(to + h) - \I/(t()) < s
h
when h <0 and

\I/(to + h) — \If(t()) S
h 70

when h > 0. By taking limits, we therefore have W’ (ty) < sg < V. (tg).

Hence
tO\I//_(to) < toSo < toqu(to)
\If(to) toSo - CI)(S()) \Ij(t())

and therefore

1 <1_ (I)(SQ) < 1

By rewriting W(to) = toso— P(so) as P(sg) = soto— ¥(to) and repeating
the arguments above, we obtain (for the same sg, o) that ®’ (s¢) <o <
®’ (s0). Hence, for every t;, and corresponding sy, we arrive at the
inequalities

S S QR (2.18)
() ()
and
1 1

(2.19)

- <
(SO‘I”_(SO)) h (to‘If’_(to) ) ’
@(s0) W(to)
By minimizing the right-hand side of (2.18) and then maximizing the
left-hand side, it is clear that

LIPS
qu Do

The same procedure applied to (2.19) yields
1 1

1-— < —.
Py qu
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This completes the proof when the supremum of (st—®(s)) is attained
for some s € R, for every t € R,.

Now suppose instead that there is some t =ty € R, such that
U(tg) =sup (stg — P(s)) = lim (stg— P(s)).
5>0 §—00

Then
U(tg+e) > lim (stg— P(s) +es) = o0,

meaning py = co. Moreover,
sty - ®(s) = Wto), 5 — o,

implies that

(I)(S) — 1y, S§— 00,
s
meaning
sp
for all p> 1. Hence ¢go = 1 by Proposition [2.22|(iv). This completes the
proof. O

Corollary 2.29. Let ®; and ®5 be equivalent Young functions. Then
the following is true:

(i) pe, < oo if and only if pg, < oo;
(ii) ge, > 1 if and only if ¢g, > 1.

Proof. If pg, < oo, then by Proposition m (3), ®; fulfills the Ao-
condition. Since @, is equivalent to @, ®, also fulfills the A,-condition.
This proves (i).

Suppose go, > 1. Then, by Theorem [2.28 py, < oo, where ¥, is
the conjugate Young function to ®;. Since W, is equivalent to W,
where Wy is the conjugate Young function to @9, we get py, < oo by
(i). Applying Theorem again gives qg, > 1. This completes the
proof. O
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2.3. Continuity results and applications to PDEs

2.3 Continuity results and applications to
PDEs

In this section we extend properties on LP continuity for various types
of Fourier type operators into continuity on Orlicz spaces. Especially
we perform such extensions for Hormander’s improvement of Mihlin’s
Fourier multiplier theorem (see Theorem [2.37). We also deduce Orlicz
space continuity for suitable classes of pseudo-differential and Fourier
integral operators (see Theorems [2.36)and [2.38)). Our investigations are
based on a special case of Marcinkiewicz type interpolation theorem
for Orlicz spaces, deduced in [72]|. Subsequently, we introduce a scale
of Sobolev spaces modelled on Orlicz spaces, and show boundedness
results involving them, relying on our L® continuity results and on lift
properties. Finally, we illustrate a notion of (global) wave-front set
associated with Sobolev-Orlicz spaces, along the lines in [29] (see also
[30]), and show its propagation for suitable classes of PDEs.

2.3.1 Continuity results on L?
We recall continuity results already known on L? for pseudo-differential
opeartors, Fourier multipliers and Fourier integral operators.

The first result concerns pseudo-differential operators acting on LP-
spaces (see, e. g., [132]).

Proposition 2.30. Let p € (1,00), A € M(d,R), and a € S (R?).
Then Op,4(a) is continuous on LP(R?).

In the next proposition we essentially recall Hormander’s improve-
ment of Mihlin’s Fourier multiplier theorem.

Proposition 2.31. Let pe (1,00) and a € L* (R~ {0}) be such that

sup (R_d+2|°‘| /AR |0%a(€)? df) (2.20)

R>0

is finite for every a € N® with |a| < [¢] + 1, where Ap is the annulus
{€eR: R<|{|<2R}. Then a(D) is continuous on LP(R?).
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Chapter 2. Continuity on Orlicz spaces

The next Theorem [2.32] concerns LP boundedness of SG Fourier
integral operators (see [34] and recall Section for definitions and
notations).

Theorem 2.32. Let p e (1,00) and mo, 49 € R be such that
1 1
<-(d-1)|--=]. 2.21
ma. i < ~(d=1) | 5] 2:21)

Suppose that ¢ € Phom and a € Smo#0(R2) is such that || > ¢, for
some ¢ > 0, on the support of a. Then Op,(a) from .7 (R%) to .7"(R?)
extends uniquely to a continuous operator from LP(R?) to itself.

Remark 2.33. If p(z,¢) = (z,&) in Theorem 7 then Op,(a) be-
comes a pseudo-differential operator with symbol a, which we still de-
note by Op(a). In this case, Proposition is a strict improvement
of Theorem For p # 2 and general @ € PBhom uniform boundedness
of the amplitude a is not enough to guarantee that Op(a) maps L?
continuously into itself, even if the support of f is compact (see [102]).
In , the condition on the z-order mg can be viewed as a loss of
decay. Similarly, the condition on the &-order iy can be considered a
loss of smoothness. Notice also that no condition of compactness of
the support of f is needed in Theorem (see [34] and the refer-
ences therein for more details). We also mention [39], where further
local and global LP-boundedness results for Fourier integral operators
have been proved, under hypotheses different from those assumed in

Theorem 2.32

2.3.2 Continuity results in Orlicz spaces

We now state and prove our continuity results on Orlicz spaces. We
first recall the following Marcinkiewicz type interpolation theorem on
Orlicz spaces. Notice that the result is a special case of |72, Theorem
5.1].

Proposition 2.34. Let ® be a strict Young function and pg, p; € (0, o0]
be such that py < ¢ < pe < p1, where pp and g are defined in
and . Also let

T: LP(RY) + LPY(R?Y) — wLPo(RY) + wLP (RY) (2.22)
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2.3. Continuity results and applications to PDEs

be a linear and continuous map which restricts to linear and continuous
mappings

T:LP(RY) — wlP(R?Y) and T: LPY(RY) — wLP'(RY).
Then (|2.22]) restricts to linear and continuous mappings
T: L*(RY) — L*(RY) and T:wL®(R?) — wL®(RY). (2.23)

Remark 2.35. Let ® and T be the same as in Proposition [2.34. Then
the continuity of the mappings in (2.23) means

ITfle s 1flee,  feL®(RY)

and

ITflwre S | fluwzes  fewL®(RY).

A combination of Propositions [2.30] and [2.34] gives the following
result on continuity properties for pseudo-differential operators on L®-
spaces.

Theorem 2.36. Let ® be a strict Young function, A € M(d,R), and
a €Sy y(R?®). Then

Op,(a): L*(RY) — L®(RY) and Opy(a): wL®(R?Y) — wL®(RY)
are continuous.
Proof. By Propositions [2.22] and [2.24] it follows that ¢¢ > 1 and pg < oo.

Choose po, p1 € (1, 00) such that py < ge and p; > pe. In view of Remark
and Proposition [2.30]

10p(a) fllurrs <IOp(a)f o < Clfpwi,

feLri(RY), j=0,1. (2.24)

Then it follows that Op 4(a) extends uniquely to a continuous map from
LPo(R4) + Lr1(R?) to wLPo(RY) + wLPr(R9Y) (see e.g. [15]). Hence the
conditions of Proposition are fulfilled and the result follows. [
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By using Proposition [2.31] instead of Proposition [2.30|in the previ-
ous proof we obtain the following extension of Hérmander’s improve-
ment of Mihlin’s Fourier multiplier theorem.

Theorem 2.37. Let ® be a strict Young function and a € L= (R%\ 0)

be such that

sup (R‘d+2|°‘| [ orao)r dg) (2.25)
R

R>0

is finite for every a € N? with |a| < [4] + 1, where Ag is the annulus
{€eR?: R<[¢| <2R}. Then a(D) is continuous on L?(R?) and on
wL®(RY).

Finally, employing Theorem [2.32] we prove the following continuity
result for Fourier integral operators on L®-spaces. Here we let
1 1‘

Log=(d-1 max(
va= (d=1)max (|

1 1|)
———1]. 2.26
o 2 (2.26)
Theorem 2.38. Let ® be a strict Young function, £ 4 be as in ([2.26))
and m, u € R be such that

m < —,Qq;d and 12 < _£<I>,d7 (227)

with strict inequalities when ¢¢ < pe. Suppose that ¢ € Phom and
a € S™H(R??) is such that || > ¢, for some € > 0, on the support of a.
Then Op,,(a) from .7 (R?) to .#”/(R?) extends uniquely to a continuous
operator from L®(R?) to itself, and from wL®(R?) to itself.

Remark 2.39. In contrast to condition (2.21)) in Theorem [2.32} strict
inequality is required in (2.27]) when g¢ < pe.

Proof. First suppose that ¢gs = ps = p. Then 1 < p < o0, L® = LP,
wL® = wLP and the result follows from Remark [2.20, Theorem [2.32]
and Proposition [2.34]

Next suppose ¢o < pp. As above, by Proposition it follows that
go > 1 and pg < co. Choose pg, p1 € (1,00) such that py < ge, p1 > pe
and

c—(d-1)|2 1‘ 0,1
m, < —= - — — 5l J=Y, L
pi 2
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2.3. Continuity results and applications to PDEs

Notice that this is possible since, in view of (2.26)) and ([2.27)), for any
€ >0 we can choose 9,0’ > 0 such that
1 1 D
———|]<e

. ( 1 1 ‘ 1 1 ‘) (
min -, - —|] - max
Py + o 2 4o — o 2 qdo 2
In view of Remark and Theorem [2.32]
[0p,(a) fluwrrs < 10D (@) flirs <Cflpes,  feLP(RT), j=0,1.

ZUcb_5

1 1 ‘

(2.28)
By Proposition [2.34] the claim follows, arguing as in the final step of
the proof of Theorem [2.36] O

2.3.3 Sobolev-Kato-Orlicz spaces, adapted global
wave-front sets, and applications to PDEs

We introduce here the notion of Sobolev-Kato-Orlicz spaces. The next
Definition is a natural one, in view of the results in the previous
section.

Definition 2.40. Let 5,0 € R, ® be a Young function and ¥, ,(x,&) =
(z)*(€)°. Then the Sobolev-Kato-Orlicz space H?, (R?) is given by

Hy,(RY) ={f e (RY) : Op(Vso)f e L*(RY) },
with topology induced by the norm
[ f e, = 10D(Fs0) fLo-

By straightforward computations it follows that H2 (R?) is a Ba-
nach space. Obviously, Hgo(R?) = L®(R?).

The next result is a consequence of Theorems and (see,
e.g., [29 31]), in view of the calculus of SG FIOs (see Section [1.5)).

Theorem 2.41. Let ® be a strict Young function, £4 4 be as in ([2.20),
I\, m,u, s,0 €R be such that

m < [ - 2q>,d and 12 < A— gcp’d, (229)

with strict inequalities when ¢ < pg. Suppose that A € M(d,R),
p € Phom and a € S™H#(R?2?). Then the following is true:
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Chapter 2. Continuity on Orlicz spaces

(i) the map Opy(a) on .#'(R?) restricts to a linear and continuous
map from HY,, .. (RY) to HE (R?);

(ii) if, additionally, [£] > &, for some € > 0, on the support of a, then,
Op,(a) from 7 (R?) to #’(R?) extends uniquely to a continuous
operator from H®, . (R¢) to H2 (R?).

Proof. We prove only (ii), since the assertion (i) follows by similar
arguments. Let f e H®, | and u = Op(¥ssosn)f. Then, u e L?,

s+l,o+
[flaz, ., = lulre, and
|0pa(a) flz, = |0D(¥5.0) O, (@) (OP(Pssrn)) 1t o

<[Op(950)Op, () (OP(Vsir.000)) oy - 1l o
= [Op,(0) + Kl eczey - [l a

where K is an operator with kernel in .(IR?®) (see Theorem [1.64)).
In particular, K is continuous from .#/(R?) to .(R%). Hence
gives ||IC||z(z#y < 0o. By Theorem , we have b € S™Lr=A " Since b
is the asymptotic sum of an expansion involving a, ¥s 5, U516+, their
derivatives, and suitable compositions with ¢}, and ¢ (see [31]| and
the references therein), on its support it holds || > &’ > 0, and the
hypotheses of Theorem [2.38| are satisfied. We conclude that it also
holds [[Op,,(b)] z(z#) < 00, and the claim follows. O

(R?) in Theorem is SG-
(R4), H?,(R?)) is SG-ordered

N )
s+l,0+\

Remark 2.42. We observe that H?,
admissible and that the pair (Hg,, .,
with respect to (m, ).

We recall that here this means
Op(a) : Hypgep(RY) — HY,(RY)
continuously for any a € S™#(R?),
Op(b) : HI,(RT) — H{,pp v (RY)
continuously for any b € S~™~#(R?%) and

Op() : H' 5o (RY) — HE 5 (RY),
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2.3. Continuity results and applications to PDEs

Op(c) : Hiy(RY) — H,(RT),

continuously for any ¢ € S%9(R?) (the detailed theory has been devel-
oped in |29, 30, [31]).

It is then possible to apply the theory of global wave-front sets
developed in [29] and [31], choosing the Sobolev-Kato-Orlicz spaces
from Definition [2.40] as reference spaces.

We adapt Definition to define the global wave-front set as

follows.

Definition 2.43. Let f ¢ ./(R?) and denote by ©™ (f) the set

H2, (RY)
of all type-m regular points for f, that is, the set of points (xg,&p) €
for which Op(c,,,) f € H?,(R?), for some c,, as in Proposition We
then define:

(i) the type-m wave-front set of f € .#/(R?) with respect to HZ,(R?)
as the complement of ©7 (f) in €, which is denoted by

HE o (RY)
WFZgg(Rd)(f);

(ii) the global wave-front set WF ya_gay(f) € (R¥xR%) \ 0 as the set

WF e ray(f) = WF?,(f)
= WF}{?}'U(Rd)(f) U WFésg(Rd)(f) U WF?&?’U(Rd)(f)
(2.30)

We have the following characterization of Sobolev-Kato-Orlicz spaces
in terms of the global wave-front sets as a consequence of the general
theory (see Theorem 2.6 in [29]).

Theorem 2.44. Let f € ./(R?). Then,

feH? (RY) — WFL,(f)=2.

We show now two results about propagation of singularities with
respect to the H?, spaces. These follow by Theorem and by the
theory developed in |29} 30} [31].
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The first result concerns mapping properties of wave-front sets of
pseudo-differential operators with symbols in SG classes and is a direct
application of Theorem 3.1 in 29| (see Section [1.6.1]).

Theorem 2.45. Let a € S™+(R?), fe H®, (R?), u e " (R?), m,s,u,0 €
R, and consider the equation Op(a)u = f. Then,

WEFT,(f) € WE? (u) € WFL,(f) uChar(a). (2.31)

S+m,o+u

In addition, if @ in Theorem is elliptic, then Char(a) = @ and

[231) gives

WF§+m,U+u(u) = WFig(f)

The next two results concerns properties of solutions to hyperbolic
Cauchy problems. We employ the notation introduced in Section [1.5]

Proposition 2.46. Let h € S'(R?) be such that h = h, + hg, h, €
SLH(RT) real-valued, hg € ST°(R?), ug € Hi%’d’ﬁ%’d (R4), with s,0 €

R and £¢ 4 as in (2.26). Then, the solution of

u(0) = up, (2.32)

{DtU(t) = Op(h)ul(t), t& [-T.T].T >0,
is given by
u(t) = Opyy(a(t))uo mod (€= ([-1",1"];.7(RY))), te[-T",1"],
for suitable families of regular phase functions ¢(¢) and symbols a(t)
of order (0,0).

Under the same hypotheses as Proposition 2.46] but neglecting low
frequencies via a suitable cut-off function

0, >R,
x(£)={ (2.33)
L ¢ <,

for the solution u of the Cauchy problem , Theorem implies
that (1 - x(D))u € €=([-1",17"]; H2,(R%)). Moreover, Theorem 5.2
in [34], combined with Theorem and the theory developed in |29,
30, 31] (see Section [1.6.1)), implies the next Theorem [2.47, with which

we conclude this chapter.
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Theorem 2.47. Let u be the solution of (2.32)) from Proposition [2.46]
and x € 65°(R?) satisfy (2.33)) for some suitable R > 0 and r € (0, R).
Then

WEC((1-x(D))u(t)) = V(t)(WFie, ,ove, ,(w0)), t € [-T",T"],

where W(t) is a smooth family of transformations, generated by the
smooth family of phase functions ¢(t).

Remark 2.48. Notice that local counterparts of Theorem [2.45 Propo-
sition [2.46] and Theorem [2.47] in terms of Hérmander’s classical wave-
front sets, also hold true, when = belongs to a bounded open subset of
R4,
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Chapter 3

Gevrey time-periodic Sobolev -
Kato spaces and global
hypoellipticity and solvabilty
of evolution operators

In this chapter we introduce a class of Gevrey time-periodic weighted
Sobolev spaces and study hypoellipticity and solvability properties of
a naturally associated class of evolution operators, with coefficients
growing polynomially with respect to the space variable.

By employing a strategy based on Fourier decomposition, we con-
sider an operator P = Op(p) on R?, associated with an elliptic sym-
bol p € S™#(R%) and satisfying suitable assumptions (see Section
below). Using the corresponding orthonormal basis of eigenfunctions
{¢;}jen+, we derive expansions

u(t) = ui(t)oy, (3.1)

JeN*

where u;(t), j € N*,N+ = N\ {0}, is a suitable sequence of Gevrey
periodic functions.

We subsequently employ representations of the form (3.1 in the
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Chapter 3. Time-periodic weighted spaces and evolution operators

study of the equation
(Dy +wOp(p)) ult) = f(1), weC,

in the above-mentioned spaces.

3.1 Eigenfunction expansions in weighted
Sobolev spaces on R?

In this section we aim at characterising the Sobolev-Kato spaces by
means of the eigenfunction expansions related to a suitable elliptic,
normal SG operator P. This approach was originally considered by
Seeley |103, 104] in the context of smooth and analytic functions on
vector bundles, and by Cappiello, Gramchev, Pilipovi¢ and Rodino
in |24, |44] in Gelfand-Shilov classes on the Euclidean spaces. Here,
we precisely characterise smoothness and polynomial decay of temper-
ate distributions on R?, in terms of the behaviour at infinity of the
coefficients of eigenfunction expansions, related to the corresponding
behaviour of the eigenvalues of P. As a byproduct, we also similarly
characterise when a temperate distribution is actually a rapidly de-
creasing Schwartz function.

Let P € Op(S™*#) be an elliptic, normal SG operator with order
components m, > 0. By Theorem 4.1, Section 3.4 in |26, we have
that

ker P = ker P* c ..

Moreover, the ellipticity of P implies that it is Fredholm, and then it
follows that
dimker P=N < o0

and
ind P =dimker P — dimker P* = 0.

Let now {¢; }jj\i 1 € be an orthonormal basis of ker P and consider
the operator Py with kernel

K(z,y) =}, 0;(2)¢;(y) € (R xRY),

j=1
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3.1. Eigenfunction expansions in weighted Sobolev spaces on R?

that is, the orthogonal projection on ker P. We then get
N
Pou= [ K gyulo)dy = 330.07) 6

so that Py € Op(S—~>) and it is a compact operator Py: L2 — L2.

Notice that the operator P=P+Pe Op(S™H#) is elliptic, normal
and injective with ind P = ind P. Therefore, P: H™# — L2 is bijective
with inverse @ € Z(L?, H™#). In particular, @ € Op(S~—™#) is normal
and compact (see Theorem [I.49). Therefore, we have proved that
the next Proposition holds true (see, e.g., |87, Chapter 3|, (3.1.8),
(3.1.9), for the last statement).

Proposition 3.1. Let P € Op(S™#(R%)) be an elliptic, normal SG
operator with order components m, > 0. Denote by Fy the orthogonal
projection on ker P and let P = P + Fy. Then,

u e H™*(R?) <= Pu e L*(R%)

and B
]| g ety = |OP (A )u] L2y X | Pl £2(may.

Since ): L? — L? is a compact normal operator, there exists a ba-
sis {¢; } jen+ of orthonormal eigenfunctions, associated with eigenvalues
{;}jen+ such that

p; — 0, J— oo.

The injectivity of ) ensures that p; # 0, for all j € N*. We claim that
¢; is still an eigenfunction of P, with eigenvalue \; = u;l. Indeed,

and, since ¢; € Im(@Q) = H™#* = dom P, and PQ =1d on H™", we get
?¢j = M}lﬁbg‘ = \jd;.

We can of course choose an orthornormal basis {¢;},en+ which com-
pletes the basis {¢;} Y, of ker P, so that, clearly,

Qo; = MJQS]:)/’LJQS P¢] ¢j=>,/\\,j=,u]_-1=1, 7=1,...,N,
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Chapter 3. Time-periodic weighted spaces and evolution operators

and
Then, the eigenvalues Xj of P are given by

1, j=1,...,N,

Y. = 3.2
J {)\J j?]\]'-i-l7 ( )

where {\;};>n+1 are the non-vanishing eigenvalues of P and, of course,
A1 =A== Ay =0. Finally, lim p; =0 = lim |\;| = cc.
]—)00 ]—)oo

Definition 3.2. Let P € Op(S™*#(R%)) be an elliptic, normal SG op-
erator with order components m, i > 0, and denote by {¢;},en+ a basis
of orthonormal eigenfunctions of P. Given f € . (R?) we set

fj = (f7 ¢j)L2(Rd)7 j € NX’?

which implies f = Y ey« f;¢;. By duality, for u € #/(R?) we set

uj =u(e;) = {u. ¢;), (3.3)
which implies v = } ey ;95

Remark 3.3. Indeed, since {¢;} e is also a basis for L2, for any

Ve s (RY)

wid={o S @E8E)- S [r6)( 5 woro).

JeN* JeN* jeN*

In the next Theorem we show that a temperate distribution
belongs to a certain Sobolev-Kato space if and only if its associated
Fourier coefficients {u;},en+ satisfy a certain behaviour for j — oo, in
relation with the eigenvalues {\;};en+ of P.

Theorem 3.4. Let P € Op(S™#(R?)) be an elliptic, normal SG op-
erator with order components m, ;1 > 0, and denote by {¢;}en+ a ba-
sis of orthonormal eigenfunctions of P with corresponding eigenvalues
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3.1. Eigenfunction expansions in weighted Sobolev spaces on R?

{A\;j}jens. Let 7 € N. Then, u € .#'(R?) belongs to H™™#(R?) if and

only if
2 i < oo,
jeN

with u; defined in (3.3]). Moreover,

ll gy < 2 T PG (3.4)
jeN*

with the eigenvalues {X] }jens of P = P+ P,, P, the projection on ker P,
given in (3.2)).

Proof. Let u =73y« ujp; € &' Then,

2

[ Prul2, = 3 [(Pru, @) = D | ui (P ow, &5)

jeN* jeN* [keN
2
= 20 (2w (Brs0))| = Y Ty PN
jeN* | keN jeN*

By normality of P, and the fact that P, is the projection on ker P,
PP0=P0P=0=»?”=(P+P0)’"=P””+P(§”=P’”+P0,
and the claims follow, in view of Proposition (3.1 O]

Remark 3.5. Notice that (3.4) actually holds true for v e ./, r € Z.
Indeed, for r € Z, r < 0, we have |u|grmru X |Q"ul 2. Incidentally, we
also observe that,

No[ X[ < gl mrmon < Ni[X;I7, G €NF,r e Z,
with constants Ny, Ny > 0 depending only on P,r,d, m, .

Corollary 3.6. Under the same hypotheses of Theorem [3.4] we have,
for u e ./’ (R?),

ue S(RY) <= > |u]’IA M < oo for any M e N.

jeN*
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Proof. Tt follows immediately by Theorem [3.4] in view of the equality
S = () H™ (see Chapterand [26, Chapter 3]). O

r,peR

The next Corollary follows by combining Theorem with
results concerning the spectral asymptotics of self-adjoint SG classical
operators and the properties of their fractional powers (see, e.g., [79|,
[87, Chapter 4] and the references quoted therein).

Corollary 3.7. Let P € Op(S)*(R%)) be an elliptic, invertible, self-
adjoint, positive, classical SG operator with order components m, u > 0,
and denote by {@;} jen+ a basis of orthonormal eigenfunctions of P with
corresponding eigenvalues {\;}jen+. Let 7 € R. Then, u ¢ .%/(R%)
belongs to H™™#(R%) if and only if

. 2rmin{m,u} .
Sl oo, i m g,

jeN ,

. Tdm
Sl (i) <o itmep
jeN log j

with u; defined in (3.3]). Moreover,

P oo, it

jeN
Hu”ip‘m,r,u,(]Rd) = Z |u]|2|)\j|27‘ X j 27('1771
T Z|Uj|2(—.) <oo, ifm=y.
jeN log j

(3.5)

Proof. The operator PT is self-adjoint and it holds P € Op(S.™"™)
(cf. [79]). It has eigenfunctions {¢;} e with eigenvalues {A}}jav,
and satisfies P'u = Yy« Ajuj¢;. It is then bijective as an operator
Pr: H™ v — [2) so that, for any u € H™ " |ul| grmre X | PTul 2. The

claims follow by |P"ul?. = ) |u;[|A;/*", as in Theorem taking
JeN*

into account ((1.34)) in Chapter .
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3.1. Eigenfunction expansions in weighted Sobolev spaces on R?

Remark 3.8. Under the hypotheses of Corollary [3.7] we observe that,
forreZ, j — oo,

jrmin({im,u} : lf m ?é ILL’
|| rrm.r = |Ag]" % ( i\ (3.6)

d
) , ifm=p,
log 5

where the constants tacitly involved in (3.6]) depend only on P,r,d, m, u.

The next Lemma is a property of the kernel of the powers PM
of a SG operator of negative orders, for sufficiently large M € N.

Lemma 3.9. Let P € Op(S™#(R?%)) be an SG operator with order
components m, it < 0. Then PM is Hilbert-Schmidt for any M € N such
that max{Mm, Mu} < -4.

Proof. Denote by Kj/(x,y) the Schwartz kernel of the operator PM
and by py(z,€) its symbol. In order to prove that PM is Hilbert-
Schmidt we have to show that the kernel

() = @) [ o0 (a.6) g

satisfies

[f |KM(Jz:,y)|2 dz dy < oo.

By the calculus, PM™M#~ is an operator of order Mm, Mu, hence it
follows that pys(z,&) € L2(R??), since

[f!pM(x,é“)dedfs[f(x)Qng)?Mﬂdxdg@o.

Moreover, notice that Ky (z,y) = (Sgix_pr) (z,-) =b(x,2) € L2(R??),
which yields

[/|KM(x,y)|2 dxaly:_/f|b(x,z)|2 drdz < oo,

showing that PM is Hilbert-Schmidt. O
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We now prove a characterization of the elements of the space .7 (R9)
by means of uniform convergence of series generated by SG operators.
This is an analogue of Theorem 10.2 in [103].

Theorem 3.10. Let P € Op(S!"*(R?)) be an elliptic, normal operator
with order components m,u > 0 or m, < 0, and denote by {@;}jen
a basis of orthonormal eigenfunctions of P. Then, f ¢ . (R9) if and
only if
T 10 0)roce] [(46) (@) B (37)
JeN*

converges uniformly on R? for every SG operator A.

Proof. Notice that, since involves only the eigenfunctions of P,
it is possible to consider the operator P = P + P, € Op(S™*#) in place
of P as the eigenfunctions are the same, with eigenvalues {Xj}jeN*.
Then, it is not restrictive to assume P invertible, and even with order
components m, < 0. Indeed, if that is not the case, since P has
no vanishing eigenvalues, we can instead employ @ = (P + Fy)~! €
Op(S~™~#), which has again the same eigenfunctions, with eigenvalues
{X;l} jen+. Having negative order components, as an operator from L?
to itself, P is then compact. Finally, PM M € N, has again the same
eigenfunctions of P, P+ Py, and (P+Fy)~!, with eigenvalues {\}} jen-.
Summing up, for this proof we may assume that P is also Hilbert-
Schmidt (cf. Lemma , that is,

d
m,,u<—§$ Z|/\j|2<00, )\j#O,jEN*,
jeN*

and the topology of HM™:M¢ ig given by the equivalent norm || PMu| 2,
MeZ, M<0.

Recall that, by the embeddings of the Sobolev-Kato spaces (cf.
Chapter |1| and [26, Chapter 3|) and Sobolev’s Lemma, for ¢t > 0, 7 > %l,
one has . & H™ - HO7 = H™ & [*,

Assume A € Op(SPm»Pr) peZ, p < 0. Again, this is no restriction,
given the inclusions among the SG symbols and operators spaces. It
follows that, for any j € Z, u € HUP)m.(+p)n,

||Au||Hjm,ju S ”U”H(ﬁp)m,(ﬁp)u;
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3.1. Eigenfunction expansions in weighted Sobolev spaces on R?

and, by the observations above,

((Ag)(@)| < |Ads] L S | Adj | tr-mn S (D] srmio-1 -1
2| PPy e = NP

Now, in view of Corollary [3.6] the sequence {|(f,®;)||A\;[P~3}jene is
bounded for any f € .%: indeed, its elements are the terms of a con-
vergent series. We then conclude

2o @I 5 3 1009l I P
JeN* JeN~
S Y P <o, zeR
jeN*

We have showed that, for any f € .% and any SG operator A, (3.7) is
totally convergent, which implies the first part of the claim.

Conversely, assume that converges uniformly for every oper-
ator A € Op(S5%7), s,0 € R. Then we can take A = M*D#8:.¥ — &,
where D = (=i)Iflof and, for ¢ € .7, (M*¢)(z) = x2¢(x), z € RY,
a,f € Z2¢, so that A € Op(S‘C(f""ﬁ'). In principle, we assume f € .’
and the coefficients (f,¢;) understood in the sense of . However,
defining

fas(@) = - (f,6;) (M*DP ;) (x) = 3 (f,¢;) a° D (), x € RY,

jeN* jeN*

(3.8)
the hypotheses clearly imply that f,5 € ¢, and actually, setting g = foo,
it also follows g € €= and M*DPg = f.5, a, 5 € Z¢. Moreover, by the
hypothesis of uniform convergence on R? of , we also see that for
any «, 3 € Z¢ there exists v,5 € N such that, for any N > vz,

sup
zeRd

D g(x) - 2@2 6,) 29 Do, (x)

<L

> (f,¢5) 22D ;(x)

j=N+1

= sup
zeR4

Since ¢; € ., j € N*, it follows that, for any «, 5 € Z¢, choosing
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N > v,p, there exists C,g > 0 such that

N
sup [ D7 g(z)| <sup |3 (f, ¢;) 2D, (x)
zeR4 zeRd |j=1
+sup | > (f,¢;)2*D ¢;(2)| < Cap,
zeR9 [j>N+1

that is, g € . ¢ L?. Since g and f have the same Fourier coefficients
(f,¢;), j € N*, we conclude f =g e.”, as claimed.

The proof is complete. O

3.2 Gevrey-periodic weighted Sobolev spaces
on T" x R4

In this section we introduce a classes of Gevrey time-periodic Sobolev-
Kato spaces and investigate their properties. Our goal consists in char-
acterizing these spaces by means of eigenfunction expansions generated
by an elliptic, normal SG operator, see below Theorem and its
corollaries, Theorem [3.22] and Theorem [3.26]

3.2.1 Gevrey classes on the torus

We begin by recalling the standard characterisation of the Gevrey
classes on the n-dimensional torus T?. Given >0 and o > 1, Go" =
Gon(T") denotes the space of all smooth functions u € € (T") such

that there exists C' = Cy,, > 0 for which

sup 0] u(t)| < CyPl(y))7, v eZY.
teTn
The space G is a Banach space endowed with the norm

e = sup {supH1(31) <107
YeZ \teTn
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3.2. Gevrey-periodic weighted Sobolev spaces on T" x R4

The space of periodic Gevrey functions of order ¢ is defined by
Go(T") = ind lim G*"(T™).
7n—+00
The dual space (G7(T™))" is defined as the set of all linear maps

0:G°(T") — C with the property that (cf. |94]) for every n > 0 there
exists C' = C,, > 0 such that, for any u € G7",

(0, < € sup {suprr (o) l7u(b)]} = Clulgen.

veZ} \teTn
3.2.2 Inductive limits of Gevrey time-periodic Sobolev-
Kato spaces and their duals

We now define families of Banach spaces of smooth maps on the torus,
taking values in weighted Sobolev spaces, and satisfying Gevrey-type
estimates with respect to the variable ¢ € T™.

Definition 3.11. Let ¢ > 1 and r,p € R be fixed. Given a constant
C > 0 we denote by

oqyC _— ooqyC n d
GTHE = GTHC (T x RY) (3.9)
the space of all functions u € € (T"; '(R%)) such that

Ju GIHE (T xRd) = lullocrp

3.10
= suZp {C’"“"(’y!)“’ flqlrp H&Zu(t)HHr,p(Rd)} < +00. (3.10)
YL} eTn

If we G HE | then:

)
(i) for any v e Z7 it is well defined the map
T" >t +— 0 u(t) e H™; (3.11)

in particular, u(t) e H™ for all t € T™;
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(ii) for any v eZ? and r,p € R there exists ) , >0 such that
1 o
sup 9] u(t) |- < O (1),
teT™
implying a Gevrey estimate to (3.11)).
We now investigate the topological properties of these spaces. First,

notice that G7H{, is a Banach space endowed with the norm |-, -, ,
given by (3.10)). Moreover, we have the immediate inclusions

GTHE, c GMHE,, 1< o<y, (3.12)
G"HS, c G"HE,, 0<C < C, (3.13)
g"%fp cGOH{., t<rand 7 <p. (3.14)

Definition 3.12. For ¢ > 1 and r, p € R we define the spaces
goH'r,p — g”'Hr,p(T” % Rd) = U gaHC

.09
C>0

and

o>1 o>1 \C>0

GH,p=GH, (T"xRY = | JGH,,= (U gwgp), (3.15)
equipped with the induced inductive limit topologies.

In this way, GH., , turns out to be an inductive limit of an inductive
limit, which is (mildly) inconvenient. However, in view of the next
Theorem [3.13] we may see it as an inductive limit of Banach spaces,
that is, as an (LB)-space.

Theorem 3.13. For each r,p € R the following equality holds true,
both among sets as well as topological spaces:

GH, o (T" xRY) = | GTHT, (T x RY), (3.16)

o>1

where the set in the right-hand side is endowed with the induced in-
ductive limit topology.
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3.2. Gevrey-periodic weighted Sobolev spaces on T" x R4

Proof. Since g"?—[;’f Q"Hrp, with C, = 0 =1 > 0, we see that the
right-hand side of (| is a subset of the left-hand side of -
Conversely, let u € Q’HW. Then, u € G°HS ,, for some o > 1 and C > 0.
If C<o-1, then

ueG HE, c GTHI,

in view (3.13). On the other hand, if o < C'+ 1, we obtain

= gcffHC c gC+1fH

.00

in view of - Hence, u € QJHW , where § = C'+1 > 1. Therefore,
we have proved the claimed equality as sets.

Now, let {u;} be a convergent sequence in |_J g"H;:;l. Then, u; — 0
o>1
in QU’HW, with C, = 0 — 1, implying the convergence in GH, ,. On the
other hand, suppose now that {u;} is a convergent sequence in G, ,
defined as in (3.15)), namely, there are 0 > 1 and C' > 0 such that

lim | sup CM(41) "sup 107 w; ()| e | = 0.

j—o0 ,YEZTL
If C<o-1, then
6 QJHC c ngH ] c N*,

T‘p’

and

(o= 1) ()7 sup [0 (1) |+
<CM(y) 7 sup 0] u; () Lo,
teT™
which yields
hm SUZP(U 1)) USUP 107 w; () | zrre gy | = 0.
,-ye n

If o <C+1, then

C C+l9yC .
u] € go-an c g " ,H'/‘7p7 ] € NX’)
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and
C~PI (A D sup 07 w; () | s
teTn

< C_"Y‘(/y!)_a sup H(?zuj(t) ||HT»Pa
teTn
which implies

lim | sup C~M(4!)~(¢+D sup 107w ()| grro(ay | = 0.

]—)OO ,yezn

Therefore, u; — 0 in | J G7H7,

o>1

as desired. This completes the proof.

]

T‘p?

In view of Theorem [3.13], we are allowed to consider the space GH,. ,
equipped with the equivalent inductive limit topology defined by ((3.16).
In particular, we denote by

GH;, = GH; ,(T" x RY) = (GH,.,(T" x R?))’

the space of all linear and continuous maps 0:GH, , — C. Then, for
every o > 1, there exists A = A, > 0 such that

(6,0l < Asup { (7= 1) PI(30) = sup |7 u(D) e

YEZL}

for every u € G7H7 !, which is equivalent to the assertion that, for
every o > 1,C > 0, there exists B = B,¢ > 0 such that

(6, u)| < Bsup{c Pi(y1)” 7sup ||87u(t)||Hrp}

YL}
for every u € GZHS . Therefore, the next Proposition holds true.

Proposition 3.14. A linear functional 6:GH, ,(T" x R?) — C is an
element of GH, (T™ x R?) if and only if, for every o > 1,C > 0, there
exists B = B,¢ > 0 such that, for any u e G7HE (T x R9),

(6,0l < Bsup {C1(31) 2 sup 1074 (t) vy |

YeLL
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3.2. Gevrey-periodic weighted Sobolev spaces on T" x R4

We can actually describe GH, , as a projective limit, dual to the
inductive limit definition (3.16) of GH,.,.

Theorem 3.15. For each r,p € R we have
GH,. ,(T" xR?) = (Y (G7HT,H(T" x R7)),
o>1
equipped with the projective limit topology.

Proof. 1f 6 € GH; ,, then 6 is well defined as linear map on G°H.,. ,, for

each ¢ > 1. Hence, for ¢ > 1 and C' > 0 there is B = B,¢ > 0 such that
(6, u)| < Bsup {me)a sup Hagu(t)”mp} |
YELT teT™

for all u € QUHSP. This shows, in particular, that the restriction of 6
to G7HE, belongs to (G7HI,!)'.

r.p
Conversely, let 0 « ﬂ(g”%g;l " Then, for each ¢ > 1 we have
o>1
that 6 ¢ (g"?—l?’;l " 'and that 6 is well defined on GH, ,. Moreover, if

u,v € GH, ,, there exists a ¢ such that u,v € G, , and for every o € C
we have

(0, au+v)=a(l,u)+ (0, v).
Then, 6 is linear on GH, ,. Also, given ¢ > 1 and C > 0, there is

B = B,¢ > 0 satistying

(0. )l < B sup {€ ) 7 sup | (@)l s | we GTHE,

YeL:

Therefore, 0 € GH,. . O

3.2.3 The spaces .% and %’

We introduce now the target spaces with respect to our analysis, namely
those spaces which will be considered in studying the hypoellipticity
of suitable operators in Section below.

We observe that, in view of (3.14)), we have
gHr,p c gHt,Ta

whenever t <7 and 7 < p.

95



Chapter 3. Time-periodic weighted spaces and evolution operators

Definition 3.16. We define the space .% as

F=F(T"xRY) = () GH,,(T"xR?), (3.17)

r,peR
endowed with the projective limit topology.

In particular, f; — 0, j — oo, in .# if, and only if, for each r,p e R
there is 0 = 0,, > 1 such that

lim f;=0 in G°H,,
J—o0

By .#’ we denote the space of all linear continuous functionals 6: # —
C. Tt follows, by [68, (6), page 290|, that

F' = F(T"xRY) = | GH,(T" x RY), (3.18)

r,peR

endowed with the inductive limit topology.

3.2.4 Eigenfunctions expansions in .%

In this section we characterise the elements of the space .# in terms of
the behaviour of their time-dependent coefficients of the eigenfunctions
expansion generated by a SG operator of the type considered in Section
B.1] Indeed, as above, here we will often denote by P € Op(S™*#) a
normal, elliptic SG operator with order components m, > 0, and by
{9} .o+ € 7 its associated orthonormal basis of eigenfunctions, with
JE
eigenvalues {\;}jen+.

Remark 3.17. Notice that if we also assume P € Op(S;™"), self-
adjoint and positive, both in the case m # p and in the case m = p, we
have that, for a suitable choice of g, o’ > 0 and constants K, K’ >0

K/]'g' S |)\]| :)‘j §Kj97 j — 0Q.

Moreover, p, o’ can be chosen such that ¢ — o' < ¢, for any € > 0 (see

Section |1.4.2)).
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If fe.#, then for all 7, p € R there are 0 =0,,>1 and C =C,, >0
such that

| fllrpoc = sup {C‘”(V!)“’ sup | 9] f (t)HHw} < +00.
YELY teTn

Since, for any vy € Z7,

T"st— 9] f(t)e (| H* =7,

r,peR

we see that f e €<(T";.%) and for all ,p € R there are ¢ > 1 and
C >0 as above such that, for all v € Z7,

sup 107 £ ()| e < CHIFE (A1)
E n

Given f € .%#, we then have, for any t € T", the Schwartz function
f(t):R4 — C. Its Fourier coefficients f; : T* — C, given by

f](t) = (f(t),g%), ] € N*, (319)
are well-defined, we actually have f; € €°°(T") and, for any vy € Z?,
[ (@) = (9 f(t),¢5) = 9] (1) (3.20)

Indeed, denoting by || ||x, N = 0,1,..., the N-th seminorm of .,
namely,

lgllv =2 suplz®d?g(z)l, ge7,

|a+BI<N zeR4

for any fe.#, veZ?, N=0,1,..., we of course have

167 f (@)l € € (T") = sup 197 ()l v = max |07 f ()| v = Sx < oo
Then,

07 f(t,2)| < S)y (L +]2)))™, feF,veZ? NeNteT" zeR?,

and ([3.20]) follows by dominated convergence. We have shown, for any
feF yeln, teTr,

Nft)=0] Y fit)yo; =Y f1({t)o; = Y 0 f;(t)¢s, (3.21)

jeN* jeN* JeN*

The next Theorem [3.18] together with its Corollaries [3.19} [3.20]
[3.21] is our third main result of this chapter.
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Chapter 3. Time-periodic weighted spaces and evolution operators

Theorem 3.18. Let P € Op(S™*#(R9)) be a normal, elliptic SG op-
erator with order components m,u > 0. Then f € .Z(T" x R?) if and
only if it can be represented as

ft) =72 fi(t)o,

JeN*
with f;(t), j € N*, defined by (3.19) satisfying the condition

for every M € N there exist c=0,;>1 and C'=C);>0 such that
sup Z X?J‘Z[|agfj(t)|2 = ?Up Z X§M|f]7(t)|2 < 02(\v\+1)(7!)207 )

teT™ jeN* €T™ jeN*

for every v e Z7.

Proof. Let f e Z. By (3.21)), for any v € Z? we can write

0/ f(t) = 3, f](t)e;,

JeN*

with f7(¢) in (3.20). Moreover, denoting by Py € Op(S=*~>) the
projection on ker P by the definition of .# and Corollary [3.6]

feF —=VVMeN feGHymmu
<= VM eN3do =0y, >1,C =C)y; >0 such that Vy e Z"

sup |97 f (8) Fyasmaan € C*PHD (1)

€ n

<= VM eN3o>1,C >0 such that VyeZ?
sup (P + Po)™ 8] f(#)|7, < C*OFD (41)
teTn

<= VM eN3o>1,C >0 such that VyeZ?
sup [ | PY 9] f(t) + P 0] f(#)[7.] < OO (y1)>7
teT™

2
L2

+
L2

<= VM eN3o >1,C >0 such that Vv e Z"
>, [ ({t)PY¢;

2
sup
teT™ | {[j>N+1

< 02(\'y|+1)(,y!)2a’

N
Z;f](t)Pé%j
=
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which yields

fe# < VM eN3o>1,C >0 such that Vy e Z?
N
| T WPIROP+ S OF| <Gy
teT™ [ j>N+1 g=1

<= VM eN3do >1,C >0 such that VyeZ?
sup Y [N PMIf7 (P < G20 (1),

teTn ]EN*
as claimed. O
Corollary 3.19. Let P € Op(S"*(R%)) be a self-adjoint, positive,

elliptic SG operator with order components m,u > 0. In this case,
condition (¥) in Theorem is equivalent to the condition

for every M € N there exist o=0);>1 and C'=C};>0 such that
sup |0 £ ()] = sup | /7 ()] < O ()77 (%)
for every j e N*, v e Z7.

Proof. The implication @ = @ is immediate, and it holds true even
under only the less restrictive hypotheses of Theorem [3.18 To show
that the opposite implication (F¥) = () holds true as well, recalling
Remark [3.17] we first observe that for any M € N there exists M’ =
M;, € N such that

0< > A
JeN*
Then, for any M € N we choose M’ e N satisfying (3.22) and, by
hypothesis, there are 0 = o) > 1 and C' = Cyr > 0 satisfying condition
@ which implies
sup Z )\2M|f’¥(t)|2 Z 'XJZM sup |fj’Y(t)|2 < Z X?M02(|7|+1)(7!)20’}\’;2M’
teT n]EN* jeN* teTn jeN*

_ C2(|'y|+1)(,y!)20 Z )\?(M*M') _ SCQ(MH)(’Y!)QU.

JeN*

VR —S=SMMI<OO. (322)

It follows that @ holds true for any v € Z7 with C in place of C,
setting C=C if S<1or C=S5Cif §>1. O
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Chapter 3. Time-periodic weighted spaces and evolution operators

Corollary 3.20. Assume that f € .Z(T" x R?).

i) Under the hypotheses of Theorem [3.18| for every M € N there
exist 0 = oy > 1 and C = Uy > 0 such that

| £illgreqmny <CIGITM,  jeN. (3.23)
ii) Under the hypotheses of Corollary [3.19| for every M € N there
exist 0 = oy > 1 and C' = C); > 0 such that
| fillgecry < CjM2, j — oo,

for some p > 0. In particular, {f;} e+ c G71(T").

Proof. 1) By the proof of Theorem and the definition of G&¢ (cf.
Section |3.2.1)), it immediately follows that for every M € N there exist
o=o0y>1and C =Cj; >0 such that

ftqlrplf](t)l SCHFLANTN™M, jeNT yeZr,
€ n

that is, {f;}jen+ € G7¢ and
| fillgee <CINITY, 5 e N,

ii) Recalling Remark the estimates for the Gevrey norms of the
f; with respect to j — oo follow from the previous point. In particular,
for M =1, from \; — oo, we obtain j, € N such that

sup 7 (O] < CLCME (N7 > o,y € Z.

teTn

On the other hand,
fl']]i‘p |f](t)| D Olc’c’|7|+1(7!)01’ ] = 17 s 7j0 - L'Y € Zﬁa
€ mn

where C’ = max{xj‘.l j=1,...,jo—1}. Therefore, {f;}jen+ cGor. DO

Corollary 3.21. Under the hypotheses of Corollary|3.19, let { f;}jen+ C
G7¢(T™) be a sequence with the property that for every M’ € N there
exists B = By > 0 such that

||f‘7Hgo',C(’]1‘n) < _Bj_]\4’7 ] — OQ.
Then, setting f(t) = ¥ ;o fi(t)@;, t € T, it follows f e F (T x R9).
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Proof. For any M € N, choose M’ = M, € N so that - §2(Me-M") <
oo, recalling that, in view of Remark , it holds Xj < Kje j — oo.
Then, for a suitable jj € N,

f%p Z X§M|agfj(t)|2 < Z A?MCQ(MH)(7!)2032j_2M’
€™ 5250 Jzjo
< K2M02(|7|+1)(7!)20B2 Z j2Mg—2M'
Jzjo

<MD (), yezy,

which implies the claim. ]

The next Theorem [3.22]is the analogue for the space % of Theorem
for the Schwartz space .#: it is a consequence of Theorem [3.18
and its corollaries.

Theorem 3.22. Let P € Op(S™*#(R9)) be a normal, elliptic SG op-
erator with order components m, ;> 0 or m, <0, and let {¢,} be a
corresponding orthonormal basis of eigenfunctions.

(i) For any f €.Z the series

DR (F (B 8 r2me)| [Agi ()], veZi,  (3.24)
jeN
converges uniformly on T xR? for every SG operator A and there
exist B = Bapng >0, 0 = 0appa > 1, C = Cappg > 0, depending
only on A, P,n, and d, such that the sums S, 4 of (3.24) satisfy

the condition

S, a(t,x) < BCPH(41)7 te T z e R (3.25)

(i) Additionally, assume P € Op(S™#(R9)), m,pu > 0, to be self-
adjoint, positive and SG classical. Then, for f e € (T", L?2(R%))
the converse of the implication in point above holds true as
well.

Proof. Following the proof of Theorem we may assume P in-

vertible, with order components m, p < —%, and so Hilbert-Schmidt,
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Chapter 3. Time-periodic weighted spaces and evolution operators

with nonvanishing eigenvalues {\;} ;e such that ¥ ;v [A;]* < oo, and
AeOp(SPmer), pelZ, p<0so that [Ag;(z)| < BI\;P-!, z e RY, B >0,
and B depends only on A, P,n, and d.

(i) Assume f € .#. Then, by Theorem [3.18, for any M e Z, for
suitable o > 1, C' > 0,

sup 9] (f(1), 6)| < COIVO)TIG[, - e 2.

Choosing M =p -3, we then find, for any t € T?, x € R, ~ e Z7,
AT (f (1), )| [Ag; ()| < 3 COFD ()7 |7 Bl P!
jeN jeN*

<BOMI ()7 3 A =BG (1,

jeN*
which proves the claim.

(ii) We proceed as in the second part of the proof of Theorem m,
setting A= MeD8, o, 3 e 72,

fzﬁ(twr): Z @?(f(t)ﬁa) (MaDngj)(:E), 7€Z:La

JeN*

and g = f§,- By the hypotheses, it follows g € €°°(T" x R?), with
fos(t,z) = 9 [x*D2g(t,z)]. As in the proof of Theorem [3.10} we
actually find g € € (T",.), and, of course, g = f. It then also
follows

a;yf](t) = 8g(f(t)7¢j) = (a;yf(t)>¢j) = f;y(t)a le Tna] € N*,’Y € Z:L
For any M € N there exist o > 1, C'> 0, such that

> &) P,

| PM 7 f ()2 < Cq

s o[ 4]+2
<y > sup| ). fi @) M*DPPMg,
la+Bl<2[4]+2 R ljeNe

~

<Ca ), sup ) | (O [MDPPY gyl

la+B|<2[ £]+2 Re jeN*

Bu T BuomaCllihy (Foms < PR ()7 Ty e 2
|a+6|<2[%]+2
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It follows that for any M € N there exist ¢ > 1, C'> 0 such that

107 £ NIM =107 £ (6122 = | PMOTL(f(E), )51 12
<[PMYf(t) ]2 < CPIFY (1), te T, j eN*, v e Z7
< sup|0d; f;(t)] < Chl+ (7!)U|Xj|_M, jeN* ~veZ.

teTn

By Corollary [3.19] this proves f € .#.

]

Remark 3.23. Since, for any g € ., Op(\,)g = (D)g = (D)rg, it
also follows

DYy = (Dyg = lglarr = lglarr, ge"rpeR.

Then, by Definition 3.11) u € G°HY, < u € G"HE,, with |u]scyrp =
|tls.crp, for arbitrary o > 1, C' > 0, 7,p € R, and, of course, f €
F < fe.7. Recalling that also {¢;} ey« is an orthonormal basis, and

observing that

f](t) = (f(t)aaj) = [Rd f(t) ¢j = (T(t)v(bj) = ?j(t)a te Tna] € N*af € y:
we notice that the statements of Theorem and Corollaries [3.19
3.20) hold true also with the coefficients f; in place of the coeffi-
cients f;, j € N*. This will be useful in the subsequent Section [3.2.5]

3.2.5 Eigenfunctions expansions in .%’

Let 0 € .’ and M € Z such that 0 ¢ Q”HMWMH. For any 1 € G7(T™) we
consider ¢ ® ng_J € G7H pim, vy Dy setting

T 5 ¢+ (t)d;: R — Ciw v (t)di(x), jeN*.
Then, there are well-defined linear maps 6; : G7(T") — C, given by

(0;,0)= (0,0 ®d;), jeN*. (3.26)
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We claim that 6; € (G°(T"))’. Indeed, given any constant C' > 0, by
Proposition there exists B = B,¢ > 0 such that

{6, 0)| =10, ¢ © )
< Bsup {1 (91) 7 sup |07 0 (1) v |

YLy

_ (3.27)

= BIG L sup {1 sup 70 (1)
YELR teTn

= Bloslmmmons [¥lgoc < B filgoe, 7 €N

which proves the assertion, recalling Remarks and[3.23] This allows
us to decompose any 6 € %' into a series of tensor products, whose first
factors satisfy the estimates , as shown in the subsequent Lemma
.24 Next, we study convergence in .Z'.

Lemma 3.24. Let 6 € #'(T" x R%). Then

0= 0,90, (3.28)

JeN*
with {6;}en- ¢ (G7(T™))" given by (3.26), and so satisfying (3.27).

Proof. Since also {gb_j}jeN* is an orthonormal basis, for any f € .% we
can write

ft2) = S (W35 = | [, 166, dy |55

jeN*

Then, recalling the properties of tensor products of distributions, for
any f €%,

> (0,805, f) = g\; <9j7 [Rdf(yy)tbj(y)dy>

= 2 (0.(70).6) @ 65(-)
- (9, ZN*(f(.),(E) ®¢_j(--)> =(0. 1),
as claimed. =
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Theorem 3.25. Let {7;},en- ¢ Z/(T" x RY) be such that {(7;, f)}jen=
is a Cauchy sequence in C, for all f € #(T" x R%). Then there exists
7€ Z'(T" x R?) such that 7 = lim 75, that is,

J*}OO

(r )= im (. ), feF(T"xRY),

Proof. By hypothesis, it is well defined the linear map 7 :.% — C given
by
(. f) = lim (7, f), feZ.

]—)OO

In order to verify the continuity, we first recall that

%=Ugwaﬂme$1.

r,peR r,peR Lo>1

Hence, for each j € N* we can find 7}, p; € R such that 7; ¢ (g"’H;ij})j !
for any o > 1. Now, let {fs}sn be a sequence in .Z converging to 0.

This means that for every r, p € R there is o = 0,., > 1 such that
fo—0 in GrroHT

. , N |
In particular, {f;}sn converges to zero in each G Hr;fjpj . Con-
sider the complete metrizable space

oy Oripi 1
B = ﬂ gUTJ‘p]HT,,p]j J Cﬁz,

jeN*
and define by w; the restrictions
wj=Tjlg: B—C, jeN,

which clearly are linear and continuous. Notice that {(w;,b)} is a
Cauchy sequence in C, for every b € B. Therefore, by the Banach-
Steinhaus theorem, {w;} en+ is equicontinuous. Since f; converges to
zero in B, for every € > 0 there exists some ¢y € N such that

(wjs ol <5, €24, j €N (3.29)

DN ™
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Now, by (7, fe) = lim; (7}, f¢), we may assume that for ¢ > ¢, there
exists an index j, satisfying

(7, 1) = {730 )] < 5. (3.30)

Finally, for all ¢ > 4y, it follows from ([3.29) and (3.30]) that

(7, fo)l <7, fo) = {Tip, fod| + ({7 fo)
= (7, fe) = (75 f)| + [wjy, fo)

<€,

that is, 7 € .#'. The proof is complete. O

The subsequent Theorem [3.26| provides a sufficient condition on the
coeflicients of an expansion with respect to the basis {¢; } jen+ to indeed
produce an element of .%’. Together with Lemma [3.24]it completes the
characterisation of .%" in terms of eigenfunctions expansions associated
with a classical, self-adjoint, positive SG operator, and is a further main
result of this chapter.

Theorem 3.26. Let P ¢ Op(S"*(R?)) be an elliptic, self-adjoint,
positive, classical SG operator with order components m,u > 0, and
denote by {¢;}en+ a basis of orthonormal eigenfunctions of P with
corresponding eigenvalues {\; }jen+. Let {9} jen € Nys1(G7(T™))" be a
sequence such that there exist M € Z, B > 0, satisfying

(0,9 < Bl |gocom XM, 5 e N,
for all 0> 1, C' >0, ¢ € G»¢(T"). Then
U=> 9;®¢; ¢ F'(T"xR). (3.31)

jeN*
Moreover,
(05,0) = (0,0 ®¢;), ©eGo(T),jeN".

Proof. Set, for each J e N,

J
CJ:Z’ﬁj@quEﬂ,.
j=1
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Then, choose M’ € Z such that ZjeN*jQ(M‘M') < +o0o. Recall that, by

Corollary and Remark , for any f =3 ;e Egzﬁ_] € .Z there are
o=oy>1and C =C)yp >0 such that

| Fillgee <CINTM, jeNr.

Then, for arbitrary ¢ > 0, suitable Jy = Jy(¢), any J > Jy and £ > 1,
recalling also Remark

J+0 . . J+0 ~
(re =< OIS D0 20 W0k Fidll{w 0i)l = D° > KOk, Fidl (k. ;)]
k=J+1 jeN* k=J+1 jeN*

J+L . J+e .
= 2 W fl<B Y [ fillgrel
k=J+1 k=J+1
J+0
< BOKM-M' 3N joM=M) o
k=J+1

Hence, {(ss, f)}sen is a Cauchy sequence in C. Therefore, by Theorem
3.25], there exists 1 € %’ such that

(W.f)=lim (), feF =0=3 9,00

jeN*
It also follows, for any 1 € G, j € N*,

(ﬁ’¢®¢_j> = Z<ﬁk®¢k7w®$j> = Z<0k7w><¢k”¢_y>

keN keN
= > {0k, ) - (e, 05) = (U5, 0).
keN
The proof is complete. O

3.3 Periodic evolution equations and hypoel-
lipticity on T x R¢

In this section we discuss the global hypoellipticity on T x R of the

operator
L=D,+wP, teT, zeR? (3.32)
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where w = a +if € C, and P = Op(p) € Op(S™H) is a positive, self-
adjoint, elliptic SG operator with order components m, u > 0.

More precisely, we study the global regularity on T x R? of the so-
lutions u € %’ of the equation Lu = f. Our strategy is based on the
Fourier expansions of v € .’ and f € .# with respect to the eigenfunc-
tions of the operator P. Therefore, writing, for ¢t € T,

u(t) = 0 ui(t)e; = 3, ui(t) @9

jeN* jeN*
and

f@) =2 i) = 3 fit) @,

JeN* JeN*

we obtain that the equation Lu = f is equivalent to the infinite system
of ODEs

Dtu]'(t) + W)\]Uj(t) = f](t), te T, j e N*, (333)

Definition 3.27. We say that the operator L defined in (3.32]) is glob-
ally hypoelliptic on T x R4 if

ue Z'(TxRY) and Lue.Z(TxR?) = ue.Z(TxR?).

By standard arguments, it follows that the solutions of (3.33)) are
given by

s (1) = ugoexp (~iget) +i [ “exp (iAw(s—1) f5(s)ds,  (3.34)

for some u;y € C, j e N*.

We may assume that the coefficients f; belong to a Gevrey class
G° = Go(T) for all j € N*. Then, by the properties of equation ([3.33]),
also u; is in ¢7 for all j € N*. Now consider the set

Z={jeN"; w\;eZ}. (3.35)

Remark 3.28. Notice that if 3 # 0 the set Z is finite.
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If j ¢ Z, then wujo is uniquely defined and ([3.34) can be written in

either of the two equivalent forms:
1 2m
u;(t) = 1_6_#)%) /0 exp (—i\;ws) f;(t - s)ds (3.36)

or
1 2 )
u;(t) = v [0 exp (i\jws) f;(t + s)ds. (3.37)

We point out that, in view of the Fourier characterisations obtained
in Section to study the solutions of Lu = f we must perform an
analysis of [0Fu;(t)| as j — oo, for all k € Z,. In particular, we need to
consider the size of set Z, as well the growth of the sequences

@j — |1 _ 6727ri)\jw|71 and Fj — |€27ri)\jw _ 1|71’

as j — oo. Loosely speaking, the behaviour of {©;} ey or {I';}jenx
must not destroy the growth of f; and its derivatives. For instance,
when 8 # 0 it is easy to see that both sequences converge to 1 as
J — oo. On the other hand, the case § = 0 is more delicate, and
is connected with the so-called Diophantine approximations. To deal
with this situation, we need the next Definition [3.29

Definition 3.29 (Condition ()). We say that a real number « sat-
isfies Condition (.27) if there are positive constants ¢ and C' such that

|T—a)j|>Cj,
for all (j,7) e Nx Z.
In literature Condition (&) is also known as the property for the
real number « of not being Liouville with respect to the sequence {\;}.

If Condition (&) fails we may obtain that for any C' > 0 and any
d > 0 there exist a subsequence {\j, }ren+ and a sequence {7y }rens C Z,
depending on C' and ¢, such that

laX;, - | < Cjr ™, keN™. (3.38)

Indeed, it is enough to choose a decreasing sequence {Cj }en+ € (0,C).
Actually, it is possibile to obtain a better statement, as we now show.
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Lemma 3.30. If Condition () fails, there are a subsequence {\;, }ren
and a sequence {7 }ren+ € Z such that, for any C' >0 and any n € N,

laX;, — x| <O,k — oo. (3.39)

Proof. We know, by (3.38)), that for any C' > 0 and n € N there exist a
subsequence {/\gf)} ren+ and a sequence {Te(")} c Z such that

X 7 <y, Ce N, (3.40)

Then, employing a diagonalization argument, we define the subse-
quence {Aj, ren+ and the sequence {7y }en+ C Z as

k k
()\jk,Tk) = (/\gk),T’E ))

Hence, for any n € N we get |a\;, — 7| < Cj;", provided that k > n.
This completes the proof. n

The next result will be useful in the final step of the proof of Theorem

[3.32 below.

Lemma 3.31. Let {3;},en+ be a sequence of real numbers. Then, for
each j € N* there exist [(j) € Z such that

|1 -] > 4185 +1(5)]-
Proof. See Proposition 5.7 in [7]. O

We can now characterise the global hypoellipticity on T x R of the
operator L in (3.32). The subsequent Theorem is further main
result of this chapter.

Theorem 3.32. The operator L defined in (3.32)) is globally hypoel-
liptic on T x R if and only if either 3 # 0 or 8 = 0 and « satisfies
Condition (&7).
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First, we observe that if 3 # 0, by the previous considerations,

(3-36) or (3.37) imply

sup [0 u; (t)| S sup|0] f;()[, v €Zs,
teT teT

showing that wu satisfies the same Gevrey estimates of f. The global
hypoellipticity of L on T x R¢ then follows, in view of Corollary [3.19|
Hence, we need focusing our analysis only on the case § = 0.

Second, when = 0 the next Lemma |3.33| provides a necessary
condition for the global hypoellipticity of L on T x R¢,

Lemma 3.33. If § =0 and the set Z defined in (3.35)) is infinite, the
operator L defined in ({3.32)) is not globally hypoelliptic on T x R<.

Proof. Since =0 we consider L = D; + aP. By the hypothesis that Z
is infinite, there is a subsequence {\;, }xen+ such that a);, € Z. Then,
let {u;}jen+ € € (T) be defined, for any j € N*, by

) exp (—iaX,t), Jj=jk keN*,
u; (1) =
! 0, j #* ju, k € N*.

Clearly, u; € G7(T) for every o > 1, and
Dtu]'(t) + )\jCYUj(t) = 0, j e N*.

Moreover, by Theorem , setting u(t) = X e u;(1) ® @5, it also
immediately follows u € .#'. Similarly, Corollary[3.19/shows that u ¢ .7,
observing that |u; (t)] = 1 for all £ € N*. Then, since Lu = 0, we
conclude that L is not globally hypoelliptic on T x R<. O]

It follows that to conclude the proof of Theorem [3.32]it is enough
to prove the next Proposition [3.34]

Proposition 3.34. The operator L = D;+aP, a € R, defined in (3.32))
is globally hypoelliptic on T x R? if and only if a satisfies Condition
().
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Proof. We start showing sufficiency. By Lemma [3.33] the set Z in
(3.35) must be finite. Then we may consider the solutions of equations

Dyuj(t) + adju;(t) = f;(t),

given by (13.36)), for any j large enough. In view of Lemma there
are C'> 0 and € > 0 such that

|1 _ 6—27ria)\j| > Cj_e.

For j large enough and any ~ € Z, we then have

2m .
sup [0 u;(t)| € —— 7 sup 0] f5(1)[ < C'j sup 9] f; ()], teT,
teT |1 —€ 7| teT teT

for another suitable constant C’ > 0. Now, let M € N be fixed and let
N = Ny € N satisfy —-No' + € < =M, where ¢ is given by Remark [3.17]
For this IV, there are Cy > 0 and on > 1 such that

sup |Of £;(D] < O (W)™, ke e,
te

which implies

sup 0] u; ()| < O (W)™ j ™ v e Z,.

teT
By Corollary [3.21], it follows u € .% and we conclude that L is globally
hypoelliptic on T x R¢,

To prove necessity, we proceed by contradiction, that is, we assume
that Condition (&) fails and exhibit a solution v € #’'~ % of Lu = f
with f € .Z. Indeed, by Lemmal[3.30] there exist {\j, }ren+ and {7} c Z
such that for any n € N and for any C' > 0 it holds

0<|mp—a;,| <Cy", k— oo.

Consider the sequences

ent,if = jy ke N,
u;(t) = {

0, lfj#]k,kGN*,
£(t) = (ahj, —m)e ™t if j = g, ke N7,
! 0, if j# jp, ke N*.
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3.4. Periodic evolution equations and solvability on T x R¢

Since |u;, (t)] = 1, k € N*, Theorem and Corollary imply
U =Y N 5 € F' N F. On the other hand, it follows from Remark
that |\;| < Cj¢, j — oo. Since |1,| < 1+ Cyji, we can estimate, for
v €Ly,
v
|7-k|7 = Z( )CMZQ < 27C«v+1 w < Cv+1jk .k — oo,

s=0

for a new constant Cs not depending on v € Z,. Finally, given N ¢ N
we choose n such that yo—-n < -N. Then,

07 f5. (O] < GO < O,

for every 7 € Z,, which shows f € .%#. Since Lu = f, we conclude that
L is not globally hypoelliptic on T x R¢, O

3.4 Periodic evolution equations and solv-
ability on T x R¢

We now discuss the global solvability on T x R? of the operator
L=D,+wP, teT,zeR% (3.41)
where w = a+if € C and P = Op(p) € Op(S;*") is a classical, positive,

self-adjoint, elliptic SG-operator with order components m, u > 0.

First, we point out that if Lu = f € .%, then, by periodicity of u,,
we must have

fo T exp (iIAwt) f;(t)dt = 0, (3.42)

whenever j € Z, where f(t) = ¥+ f(t)9;. Hence, we introduce the
space of admissible functions

E={fe%; (3.42) holds, whenever j € Z}. (3.43)

Definition 3.35. We say that the operator L defined in (3.41]) is glob-
ally solvable on T x R4 if for every f € E there exists u € %’ such that
Lu=f.
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Chapter 3. Time-periodic weighted spaces and evolution operators

The connection between hypoellipticity and solvability is given by
the next Proposition [3.36]

Proposition 3.36. If L is globally hypoelliptic, then it is globally
solvable.

Proof. By Theorem [3.32| we have either 8 # 0, or « satisfies Condition

(o). Employing eventually (3.37)) in place of (3.36]), we can assume,
without loss of generality, that 8 <0, .

Now, let f € E be fixed. If j ¢ Z, we define

1 2 ]
u;(t) = T oie /0 exp (—iAjws) f;(t - s)ds, (3.44)

and for j € Z we put
t
u;(t) = exp(—ijwt) / exp (i\jws) fi(s)ds. (3.45)
0

Clearly, each u;(t) is a Gevrey function on T and
DtUj(t) + )\j(O[ + lﬁ)U,](t) = f](t), Vj e N*.

Since Z is a finite set, cf. Remark [3.28 and Lemma [3.33] estimates

for u;(t) in the case j € Z have no influence. For j ¢ Z we may use
similar arguments as in the proof of Proposition to conclude that
u(t) = X e+ u;(t)¢; € #. Then, by Lu = f, we see that L is globally
solvable. O

To study solvability, we need the following Definition [3.37]

Definition 3.37 (Condition (#)). We say that a real number « sat-
isfies Condition () if there are positive constants e and C' such that

7 -k > O
for all (j,7) e N* x Z such that 7 —a); # 0.

Proposition 3.38. If the operator L is globally solvable on T x R9,
then either 5+ 0 or 5 =0 and « satisfies Condition (£).
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Proof. We employ a contradiction argument, that is suppose that L =
D+ aP and « does not satisfy Condition (#). By Lemma there
is a sequence (jy,7) € N* x Z such that (js), and (|7¢|), are increasing
and

0 < |10 —a),| < j; exp(=0).

Because of Remark the sequence
0, J#Je,
(1) = . ) .
1) { 35/2 exp(£/2)|m — aX;,|exp(=itet), j = jo
satisfies
107 £5,(6)] < C71 5 P exp(=£/2),

where C' does not depend on v € Z,. Given N € N we choose ¢ so
that —£/2+~0 < -N, for all £> {y. Then, f =¥, fj(t)¢; € F. Since
f; =0,7 € Z, we conclude that f e E.

Now, if u € #' is a solution of Lu = f we should have

Z' 27 )
u;, (1) meo exp (=iAj,as) fj, (= s)ds

1 . 2m . .
= oo 6_2%\”&]5/2|Tg -, [) exp (—iAj,as) exp(—ime(t — s))ds
— o
= —jfﬂ exp(é/Z)—m Nl exp(—iTyt).
Ty — )\,

Choosing o > 1, M € N, and ¢ € G7(T) defined as

W(t) = (2m)7 Y exp(=0/4) exp(init),

LeN*

we see directly that
(s YN = XM exp(¢/4) — 00, s £ — oo,

which contradicts (3.27)). So, u ¢ %', which shows that L is not globally
solvable on T x R¢. O

The next Theorem [3.39|is the last main result of this chapter.
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Theorem 3.39. The operator L defined in (3.41]) is globally solvable
on T x R? if and only if either 5+ 0 or § =0 and « satisfies Condition

(D).

In view of Proposition [3.38, we only need to prove that =0 and «
satisfying Condition (£) imply global solvability, which we do in the

subsequent Proposition [3.40]

Proposition 3.40. If 5 =0 and « satisfies Condition (), then L is

globally solvable.

Proof. Consider f € E be fixed. We set

u;(t) = exp(-i\;at) Atexp (iXjas) f(s)ds,

in case j € Z and

?

27
u;(t) = T oa fo exp (—iAjas) f(t - s)ds,

if 7 ¢ Z. Then,
u,(8)] < 2msup |, ()], J € 2.

and
uj ()] < Cfstu%) 1fi@)], ¢ 2.

(3.46)

(3.47)

It follows from Theorem W that u(t) = ¥, u;(t)¢; € F' and

Lu-=f.
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Chapter 4

Quasi-Banach Schatten-von
Neumann properties in
Weyl-Hormander calculus

In this chapter we present the Schatten-von Neumann classes inves-
tigating the Schatten-p properties of pseudo-differential operators for
Weyl-Hérmander calculus in the quasi-Banach context. We first re-
call some basic definitions and results, then examine the properties of
the Wiener-Lebesgue spaces and, finally, state the main results, giving
some examples.

4.1 Schatten-von Neumann classes

Schatten-von Neumann classes are related to the study of the asymp-
totics of an operator. We start by recalling the definition of singular
numbers (or singular values).

Definition 4.1. Let H; and H5 be Hilbert spaces, and let T be a linear
map from H; to Hsy. For every integer j > 1, the singular number of T
of order j is given by

0;(T) =0;(H1, Ha, T) = inf | T = To| 1, 1.,
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Chapter 4. Quasi-Banach Schatten-von Neumann properties

where the infimum is taken over all linear operators Ty from H; to
o with rank at most j — 1. Therefore, 01(7T") equals |||+, —%,, While
0,;(T) is non-negative and decreases with j.

We can now give the definition of Schatten-p classes.

Definition 4.2. Let p € (0, 00]. Let H; and H, be Hilbert spaces, and
let T" be a linear map from #H; to Hs. Then the Schatten-p norm of
the operator T is defined as

177, = 1Ty 0 20y = [{0 (Hoas Ho, T 2 e

(notice that it might attain +o0). The operator T is called a Schatten-
von Neumann operator of order p from Hy to Ho, if |T'] ,, is finite,
that is

{Uj(%l,Hg,T)}jzl efp.

The set of all Schatten-von Neumann operators of order p from H;
to Hs is denoted by .Z, = Z,(H1, Hz).

The next Proposition is an immediate consequence of the prop-
erties of /P spaces.

Proposition 4.3. The spaces .%,(H1, Hs) for p € (0, 00] and K(H1, Ha)
are quasi-Banach spaces which are Banach spaces when p > 1.

We remark that, if p < oo, then .#,(H;, Hs) is contained in K(H1, H2),

the set of linear and compact operators from H; to Hs.

In the next remark we highlight some significative Schatten-von
Neumann classes.

Remark 4.4. We notice that .7, (H1, Ha) agrees with B(H;,H2) (also
in norms), the set of linear and bounded operators from H; to Ha.
Furthermore, % (H1,Hz) is a Hilbert space and agrees with the set
of Hilbert-Schmidt operators from #H; to My (also in norms). We set
Ip(H) = Z,(H,H). The set & (H1,H2) is the set of trace-class oper-
ators from H; to Ha, and | - | s (a5, coincides with the trace-norm.
If in addition H; = Ho = H, then the trace

Try(T) = (T fa, foa)u
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4.1. Schatten-von Neumann classes

is well-defined and independent of the orthonormal basis {f,}, in H.

For the next Proposition [4.5] see, e.g., [108] [117].

Proposition 4.5. Let H,, Ho and Hsz be Hilbert spaces, and let T} be
linear and continuous operators from Hj to His1, k = 1,2. Then, the
Holder inequality

| T2 0 Th ||, (312 15) < T ], (30 202) | T2 ] o, (2 05 (4.1)
holds when
1 1 1
— ===,
br p2 T

In particular, the map (71, 73) — T3 o1} is continuous from .#,(H,,
7‘[2) X jp/(Hl,%Q) to jl(,Hl), glVlng that

(T17 TQ)fz('Hl,’Hz) = TrHl (TQ* © Tl) (42)

is well-defined and continuous from .&,(H1, Hz) x Fy (H1, H2) to C. If
p =2, then the product, defined by (4.2]) agrees with the scalar product
in jg(Hl,Hg).

The next proposition can be found in [16] and [108].

Proposition 4.6. Let p € [1, 0], H; and H, be Hilbert spaces, and let
T be a linear and continuous map from H; to Hs. Then the following
is true:

(i) if g€ [1,p'], then

HTpr(’Hh’Hz) =sup |(T’ To)fz(Hl,Hz)L

where the supremum is taken over all Tj € .7, (H1, Ha) such that
”TUpr/(?-h,Hz) <L

(ii) if in addition p < oo, then the dual of .#,(H;, H2) can be identified
through the form (4.2)).
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In the next investigations, we will be interested in finding necessary
and sufficient conditions on symbols in order for the corresponding
pseudo-differential operators to belong to .#,(H1,Hs), where H; and
Ho satisty

y(V) > 7’[1,7’[2 > yl(V),

where V' denotes a real vector space. Then, we introduce the following
definition.

Definition 4.7. Let H,,Hs be Hilbert spaces satisfying
y(V) > Hl,Hg > y,(V),
and let p € (0,00]. Then, we define

SA,p(le,'Hg) = {CL € 5”’(V X V’) : OpA(a) € fp(Hl,Hg)}

and

lallsa, 32 =1 OP (@) .2, (0,70) - (4.3)

Notice that the map a — Op,4(a) is bijective from .#/(V x V') to
the set of all linear and continuous operators from . (V') to #/(V'). It
then follows from the definitions that the map a — Op 4(a) restricts to
a bijective and isometric map from s4,(#H1, H2) to Z,(H1, Hs). Hence,
we can set

SA7p(W) = 3A7P(H1,H2) when Hl = Hg = LZ(V)

For convenience we also put s¥ = 5,4, in the Weyl case (i.e. when
A= % - Iy). We recall that if T is an affine symplectic map, then the
pullback map a +— T*a is bijective and norm preserving on s% (W),
that is

[a(T) s = lalsy

(see e.g. [115]).
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4.1. Schatten-von Neumann classes

4.1.1 Modulation spaces

Some subsequent investigations in this chapter involve certain proper-
ties for a small class of modulation spaces, defined on the phase space

W =V x V"' (cf. Section |1.1.2] [43| |47] and the references therein).

We first recall the definition of quasi-Banach spaces.

Definition 4.8. A quasi-norm | - |z of order p € (0,1], also denoted
as p-norm, to the vector space B, is a functional on B such that the
following is true:

(i) |Ifls >0, when f e B, with equality only for f =0;
(ii) [ef |5 =lal|f]s, when feB and a eC;

(i) [f+ gl <1l + gl when f,geB.

We equip B with the topology induced by | - |z. The space B is called
a quasi-Banach space of order p, or a p-Banach space, if B is complete
under this topology.

Remark 4.9. It follows that a topological vector space is a Banach
space if and only if it is a quasi-Banach space of order 1.

We then recall the definition of modulation spaces.

Definition 4.10. Let ¢ € (W) ~ {0}. Then the symplectic short-
time Fourier transform of the function u € L'(W), is defined as the
continuous function on W x W, given by

V() =t [0 Du2)oZ =X iz,

where d denotes the dimension of V.

Definition 4.11. Let p € (0,1]. The modulation space MP(WW') con-
sists of all functions w € L'(1W') such that

|ulare = |w]arewy = [ Vol oowwy (4.4)

is finite.
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In the following Proposition [4.12] we recall the essential properties
concerning the spaces MP(W). Their proofs and a more systematic
discussion can be found in [43].

Proposition 4.12. Let p € (0,1]. Then the following is true:

(i) MP(W) is a quasi-Banach space under the quasi-norm (|4.4)),
which is independent of the choice of ¢ € .Z (W)~ {0} in ([4.4).
Furthermore, different choices of ¢ give rise to equivalent quasi-
norms;

(ii) (W) is continuously embedded and dense in MP(W);
(iii) §» is a homeomorphism from MP(W') to MP(W).

A part of our investigations of Schatten-von Neumann properties
later on is based on the following lemma. The result can be found in
e.g. [119].

Lemma 4.13. Let pe (0,1] and A € £ (V). Then MP(W) is contin-
uously embedded in s4,(W), and

lalls, vy € Clal|arawy, aeMP(W), (4.5)

where the constant C' only depends on p, d and ¢ in (4.4). Additionally,
if A=3I, then the constant C' in (.5) does not depend on the choice
of symplectic coordinates.

4.2 Wiener-Lebesgue spaces

In this section we introduce the notion of Wiener-Lebesgue spaces with
respect to slowly varying metrics and investigate their structural prop-
erties.
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4.2.1 Wiener-Lebesgue spaces with respect to slowly
varying metrics

We start by recalling some facts about g-balls, which are given by
Uxp=U,xr={Y eW : gx(Y - X) < R*}, (4.6)

when X € W and R > 0. The following lemma is a consequence of
Lemma 1.4.9 and the proof of Theorem 1.4.10 in [57].

Lemma 4.14. Let g be slowly varying on W and let ¢ and C' be as in
(1.8). Then there exists a sequence {X;}%, such that if

Uj = UXj,R:
for some R >0 such that § < R? <c¢, then the following is true:
(i) gx,(X; - Xi) 2 55 for every j,k=1,2,... such that j # k;
(i) W=U3x, U

(iii) if j € Z, is fixed, then U;nUj, # @ for at most (4C®+1)24 numbers
of k.

Definition 4.15. Let g be slowly varying on W, ¢ and C' be as in
(1.8). Then the family of g-balls {U;}%, in Lemma is called an
admissible g-covering of W.

Remark 4.16. Let {X;}%2, be as in Lemmal4.14} For future reference,
we observe that if Y e W, r, Ry, Ry > 0 satisfy

Ry — Ry

C
2 2
—<Ri<R3;<c, 1< 50

2

and Uy, N Ux; g, # @ for some j € Z,, then Uy, € Ux; R,

As a consequence of Lemma there are at most (4C3 + 1)
numbers of Ux; r, or Ux; r, which intersect with Uy,
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In fact, suppose Z € Uy, nUx, r,. Then, for every X € Uy, we have
that

D=

(gx,(X —Xj))% =(gx,(X - Z+Z - X;))

< (9%, (Z - X)) + (9, (X - 2)3.

By the fact that g is slowly varying, we obtain that gx, < Cgz < C?gy.
Hence, we have

=

(ng(Z—Xj))% + (ng(X - Z))% <Ry +C(9Y(Z_X>)
< R1 +2Cr < RQ,

which shows that X € Ux, r,, and the assertion follows.

Definition 4.17. Let p,q € (0,00], # € R, g be a slowly varying metric
on W, {U;}%2, be an admissible g-covering, and let U ¢ R4 be an open
ball such that {j + U} ez covers R

(i) The Wiener-Lebesgue space WL4P(R?) (with respect to p and q)
consists of all measurable functions f such that | f||yre» is finite,
where

| flwzen = [{1F 1 zageo} seat o oy

(i) The Wiener-Lebesque space WLLE(W) (with respect to p, g, ¢
and g) consists of all measurable functions a such that |a|yzar
g,

is finite, where

lalwzss = [{lalzawy) - [0 ez

We remark that WLqp »(W) is a quasi-Banach space of order given
by min(1,p,q), and mdependent of the choice of admissible g-covering
{U;}jez. in Definition [£.17] (cf. Proposition .18 below). In particular,
it follows that WL#P(IR?) is independent of the choice of U in Definition
4.17) (This follows from [47] as well.) If p,q > 1, then WLZH(W) is a

Banach space.
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For p € (0,1] and ¢ € (0, 00], the choice of parameter 6 =
the WLZ]’Z spaces is of special interest. For this reason we let

1Ly
P g

1 1
WL = WLE’Z when 6=---.
7 p q

4.2.2 Properties of Wiener-Lebesgue spaces

We show here some basic properties for WL% spaces. First, we show
that such spaces are invariantly defined with respect to the choice of
admissible g-covering. Then, we show that such spaces increase if we
replace the metrics with corresponding symplectic metrics.

Proposition 4.18. Let p,q € (0,00], § € R, and ¢ be slowly varying
on W. Then WLTH(W) is independent of the choice of admissible g-
covering {U; }Jez+ in Definition 117

Remark 4.19. Since WLq’p »(W) is defined through quasi-norm esti-
mates, it follows from Proposmon .18 that different admissible cover-
ings give rise to equivalent quasi-norms for WL (W).

Proof of Proposition[{.1§ We only prove the result when p < ¢ < oco.
The other cases follow by analogous arguments. By considering b(X) =
la(X)|9, we reduce ourselves to the case when ¢ =1 and p < 1. We may
also replace 6 by 0/p.

Let U = {U;} ez, and V = {V} }kez, be admissible g-coverings, let

jalty =35, tacolax) e,

ol = = (e ax) s

By [57, Lemma 18.4.4], there is a bounded sequence {¢y}%2, in S(1,9)
such that ¢y > 0, supp px € Vi for every k, and Y7o pr = 1.

and let
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We have

p
a X>|dx) U

[ee)
lalg =2

]:

[e=]

00 p
> len(z)a(X)[dX ) [U;1°
i k=0

[/
S

1M8
S

p

(f, prconacoiax)

p

. ii( [ le@aiax) pp,

Mx
M3

k=0

.
Il
[e=]

where the last relation follows from the fact that |Uj;| 2 |V,| when U, n
Vi # @ in combination with the fact that ¢ is slowly varying. Since
there is an upper bound of intersections between U; and V}, in view of

Remark [4.16], we obtain
) p
(Z( [ lertoractax) war)
0 \j=0 \YU;

<33 (f, leraxax) il

M8

ol 5

bl
Il

oo p
< ([ laolax) i
k=0 \/ Vi
= [al- O
Next we show that WLG" (W) is contained in WLZY (W), when g is
feasible. For that reason we need the following proposition.

Proposition 4.20. Let g be a slowly varying metric on W, G be a g-
continuous metric such that g <G, and let {Ux; r}32, be an admissible
g-covering of W. Then there exists an admissible G-covering {Uq 1 }72,

of W given by
UG’,k’:UG,Yk,r:{XEW : Gyk(X—Yk)<’l"2}, keZ.,
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such that

\Ux;, g \Ux;, gl

O N < 0y L (4.7)

|UGX r| |UG’X 7”|

when Nj is the number of Ug, intersecting Ux, r, and the constants
C1,C5 > 0 are independent of j € Z,.

Proof. Let Ux, r, and Ux, g, be as in Remark .16 If r > 0 is chosen
small enough, then there is an admissible G-covering of W, given by

UG7]§={X€W:GYIC(X—Y]€)<T2}, k€Z+

such that Ugy, € Ux; g, when Ug, intersects Uy, gr,. The fact that G
is g-continuous and g < G guarantees that such r exists. Also, let 2,
be the set of all k € Z, such that Ugy intersects U; and let N; =[€;].

We have

UX Ry = U UGkCUXyRQ
ke

Since the balls {Ug  }rer form an admissible covering of W, there is an
upper bound M of overlapping Ug . This gives

1
— 2 Uil <Ux;ml - = ) Ukl < M|Ux, R, |-
M kGQj ker

Since G is g-continuous, we have

C3|UG,X]-,T| < |UG,k| < C4|UG,Xj,r|

for some constants C'3, Cy > 0 which are independent of k. A combina-
tion of these estimates gives

C3N;|Ua x, +| = C3l| |Ug x; | < Z |Uck| < M|Ux; Ry,

]CEQ]'

which leads to the second inequality in (4.7]).

We also have

U Uk

kGQj

< Y Ukl € CaN;jUg x, 4],
k‘EQj

|UXj7R1| <

giving the first inequality in (4.7), which in turn gives the result. [
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Since all g-balls are of the same size when ¢ is symplectic, the
previous proposition takes the following form.

Corollary 4.21. Let g be a feasible metric on W and let {Ux; r}%,
be an admissible g-covering of W. Then there exists an admissible
go-covering {U2}%°, of W given by

UD={XeW :gy(X-Y)<r?}, keZ,

such that N; < C|Ux, g|, where Nj is the number of U intersecting
Ux; R, and the constant C' > 0 is independent of j € Z,.

Proposition 4.22. Let g be a slowly varying metric on W and let
G be a g-continuous metric such that g < G. Also, suppose that and
0<p<g<oo. Then

WLEP(W) € WLEP (W),

Proof. Let py =2 € (0,1] and b(X) = |a(X)|?. The inequalities in (4.7)
shall be combined with

N N po
M%NIW(Z%) TN 20, (4.8)
k=1 k=1

which follows by concavity of ¢t — tPo.
We use the same notations as in the proof of Proposition[4.20] Since

p we obtain

lalizar = 1817, 100

oo po
([ Z ([ |b(X)|dX) |Ug 10
G k=1 \YUck

S5 (L o] )

]=1 k‘EQj

Po
sz(mjv-po(z J. |b<X>|dx) |Ua,k|1-po),
j ke G,k

=1

<
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where the last inequality follows from (4.8)). Since there is a bound M
of overlapping Ug y,

Ux, m| 2 |Ux;rol,  and  |Ugi| = [Uc,x;, x|,

when Ug,, intersects with Ux; g, , Proposition gives

ol g0 53 (M) > [ meojax " W
W j=1 |UG,Xj,7“| keQ; Ug,k I

0o Po
<3 ((M Ji |b(X>|dX) |ij,R2|1‘p°)
Ux;.ry

j=1
b1 1 = Ll
and the result follows from these estimates. O]

Since g° is g-continuous and g < g° whenever g is feasible, the
following corollary is an immediate consequence of Proposition [4.22]

Corollary 4.23. Let g be feasible on W and 0 < p < ¢ < oo. Then

WLIP (W) € WLLP (W),

4.3 Quasi-Banach Schatten-von Neumann
properties in pseudo-differential calcu-
lus

In this section we deduce Schatten-von Neumann properties, with re-
spect to p € (0,1], for pseudo-differential operators with symbols in
S(m, g) and with m or a belonging to V[/L;’p(W). At the beginning,
in Section [4.3.1 we deal with Weyl operators, where in the first part
the assumptions on m and ¢ are minimal, and the operators are acting
on L?(V). The second part of Section is devoted to operators
acting between (different) Bony-Chemin Sobolev-type spaces H(m, g).
Here, we restrict ourselves and assume that m and ¢ satisfy the usual
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conditions in the Weyl-Hérmander calculus. Subsequently, in Section
4.3.2) we consider more general pseudo-differential calculi, but with
some additional restrictions on g.

4.3.1 The case of Weyl-Hormander calculus

First we have the following result, related to |119, Theorem 4.1]. Here
|t] is the integer part of ¢ > 0. That is, |¢] is the largest integer smaller
than or equal to t.

Theorem 4.24. Let p € (0,1], N > 2[%] + 1 be an integer, g be fea-

sible on W, and m € WLy?(W) be a positive function on . Then
Sn(m,g) c sw(W).

Theorem agrees with [119, Theorem 4.1], except that the as-
sumption

m e WLy* (W)
in Theorem [4.24] is replaced with

me LP(W) and m is g-continuous.

In view of Lemma below, it follows that [119, Theorem 4.1] is a
special case of Theorem [4.24

For the proof of Theorem we need the following lemma on
embeddings between s%(WW') and Sobolev-type spaces of distributions
with suitable numbers of derivatives belonging to WL (W).

Lemma 4.25. Let p € (0,1], W be a symplectic vector space of di-
mension 2d, g be a constant symplectic metric on W, and N > 2[%] +1

be an integer. Also let a € ¥ (U) with
U={X:g(X-Xy)<r?},

for some r >0 and Xy € W. Then there is a constant C' > 0 which only
depends on p and d such that

s <C Y0 05al o). (4.9)

lal<N

a
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For the proof we recall that C' and |la|w in (4.5)) are independent of
the choice of symplectic coordinates. Hence, if ¢ € (W) \ 0 is fixed,
then (4.5)) can be refined as

[T alsy = llalsy
| * * &3
<Cmin ([Vsal v, [Vo(T"a) | Lo, [Vr<sal o, [V (T*a) | r)
for some constant C' > 0 which is independent of the choice of affine
symplectic map T

Proof. Let N be chosen as small as possible, still satisfying N > 2[§J+1.

Then N = 2n, for some integer n > %. Let T be a linear and symplectic
map such that

WTV) =) Y-@meW. (410

=1
Also let ¢ € €5°(W) N 0 be fixed, and let b be such that a = 7*b. Then
Jga=T"(0%) and suppbcQ,

where €2 is the open ball with radius r and center at T'X,, with respect
to the Euclidean metric on the right-hand side in (4.10)).

Let K =supp¢. By |(4.5)’} we obtain

lalZy = 1015 < Clol5
_C [f ( fQ W(2)B(Z = X )e2o ) dZ)dedY
_C [/ ((Y)‘Z” /Q W(Z2)(Z — X) (1~ LA )b (V:2) dZ)dedY
> fm([Q|aab(Z)||aﬁ¢(z-X)|dz)de

|a+B|<N

<cs(iKvalsupovolr)) 3 ([ peuczaz)

la|<N

-0y ¥ ([ pazaz)

lo|<N

which gives (4.9)), and the result follows. O
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Proof of Theorem[{.24 By g < g°, Corollary [4.23] and the fact that
S(m, g) increases with g, it suffices to prove the result with g in place
of g. Hence we may assume that ¢ is symplectic.

Let {U;}%2, be an admissible g-covering and let {ip;}52, be a bounded
sequence in S(1,¢) as in the proof of Proposition with supp ¢; €
U;. Also, let g; = gx,. By Lemma we obtain

lalSy =

<S5 % ([ @0l

sg’ j=i j=1 al<2N

s il .<2N( /, |(a;;a)<x>1dx) s uaupz( /. \m(X)|dX) |

Here [a| = [a|},,, the norm of a in Sy(m,g). Since there is a
bound of overlapping Uj, it follows from these estimates that

p
w S |a|? X)dX | = |a|? P
jalf 5 lalp () 1mCOIX) = el
which gives the result. O]

The next result improves Theorem [4.24] It also extends [53, Theo-
rem 3.9].

Theorem 4.26. Let pe (0,1], N > 2[%] +1 be an integer, g be feasible
on W, m be a positive function on W such that h§/2m e WLy* (W) for
some integer k € [0, N, and suppose a € Sy(m,g) n WLy”(W). Then
aesy(W).

For the proof we need the following lemmas.

Lemma 4.27. Let p € (0,00], g€ [1,00], N € N and f € WL%P(R%) n
%N (R?). Then there exists a constant C' > 0 such that

Haaf”WLqp N (||f|I/VLq,p + Z ”aﬂfngl/[/q,p)a |a| < N (411)
|Bl=N
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Lemma 4.28. Let g be a feasible metric on W, « € [0,1] and set
G = h,~g. Also, assume that N > 0 is an integer which is fixed, m > 0
is a weight function on W, a € €N (W), and set

N-1 Ve
mg = Z |a|§+hg 2.
n=0

Then the following statements are true:
(i) if p€e(0,1], then

alN /2
Imolyrpe < Cllalygsn + 1hg P mlypne);  (412)

(i) if a e WLLP(W) and heNPm e WLLP (W), then mo € WLLP(W).

Proof of Lemma[{.27 Let U be as in Definition[4.17} Then there exists
a constant C' > 0 such that, for any || < N and j € Z¢,

18I=N

10%FlLaggevy < C (Hf [ogeoy + 5 10°f \mmm)-

(See e.g. |10].) Hence for a (possibly new) constant C' > 0, we obtain

”8afH]£q(j+U) < C (Hf|1£q(j+U) + |5z_:N ”aﬁf|iq(j+U)) :

Summing up with respect to j € Z¢ we have

10° F Wzaw = 22 10 F a0

jeza

< C( 2 M ooy + 22 22 ||3ﬁf|\iq(j+v>)

jezd jezd |Bl=N

=C(|f|%¢q,p+ > ||3’3f||€m,p)- O

|8l=N
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Proof of Lemma[{.28 Tt suffices to prove (i). By [115, Lemma 6.1], it
follows that |a|¢ < C'myg for some constant C' > 0. Let V; = U;, and let
@; and Uj for j € Z, be as in the proof of Proposition .18 Also, let
{4}, be a bounded sequence in S(1,g) such that ¢; € 65°(U;) and
¥; =1 in the support of ¢;. Lastly, let g; = gx, and G; = Gx,;. Then
|g0ja|§j = h;‘j]v/2|g0ja|% < Chng/ijm,

where the constant C' is independent of j € Z,. For every j € Z,, let
G define the Euclidean structure on W. By Lemma[4.27] and the fact
that C' in is invariant under changes of symplectic structures on
W, it follows that

Gj N
Hesala [0 < C(lpsale + g dsmlun),

where the constant C' neither depends on j € Z, nor on n € {0,..., N},
We have
[ G p 00 et G p
ety =[S =5 [l rax) 1,
g I=1 "l =1 \YU T n

Since there is a bound of overlapping sets U; when j € Z,, we get

(/Uj ‘ g@pla S(X) dX)p e (; [Uj |G|g(X)dX)p’

where the constant C is independent of j. By Lemma [4.27, and the
fact that there is a bound of overlapping U;, we obtain

() n p
alf17,1, < C1 Y (Z | 1alf 0 dx) U
9 §=1 \k=0 Y Uj
CQZ

<G (i ( A |a<X)\dx) U

(i om ax) )

7=1
< all 1+ Lgml?,

IN

(fu (la(X)] +|alF (X)) dX) U7

<
—_

1,p>
g
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for some constants Cy and C3. This gives (4.12), and the proof is
complete. ]

Remark 4.29. By the proof of Lemma [4.27] it follows that the con-
stant C' in (4.11]) only depends on the dimension of W and on N.

In particular, by changing the coordinates in suitable ways, and
using that there is a bound of overlapping Uj, it follows that

Jll? 55 < © (||a|€mg:g + H|a|?vHﬁng;g) k=01, N.  (4.13)

Proof of Theorem[{.26, Let G and mg be as in Lemma We ob-
serve that if a € S(m,g), then a € S(mg, G), in view of |115, Lemma
6.1]. The result now follows from Theorem [4.24] O

If the involved weight functions are g-continuous, we can replace
the conditions on them as in the next two theorems, where the first
one agrees with [119, Theorem 4.1] when p < 1.

Theorem 4.30. Let p € (0,1], g be feasible on W, and m € LP(W) be
a positive g-continuous function on W. Then S(m,g) ¢ s¥(W).

Theorem 4.31. Let p € (0,1], g be feasible on W, m be a positive

g-continuous function on W such that h];/ *m e LP(W) for some k > 0,
and suppose a € S(m, g) N WLy (W). Then a € s¥(W).

Theorems and are straightforward consequences of The-
orems [£.24] and [£.26], combined with the following Lemma [£.32] We
omit the details.

Lemma 4.32. Let p,q € (0,00], g be slowly varying, and m be g-
continuous on W. Then

melP(W) <= meWLIP(W).
Proof. Suppose m € LP(W), and let {U;};ez, be an admissible g-

covering of W with centers in X; e W, j € Z,. Since m is g-continuous
and ¢ is slowly varying, it follows that

[m7, = > m(X;)P|U;].
j=1
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By using the g-continuity again, it also follows that

o0 p o0
||m||§,Lg,§ X Z;m(Xj)P|Uj|q|Uj|9P = Z;m(Xj)ijL
o= j=
and the asserted equivalence follows from these relations. O

Remark 4.33. Suppose that, in addition to the assumptions of The-
orem , the metric g and the weight m are o-temperate and (o, g)-
temperate, respectively. Then there is a natural extension of Theorem
to Weyl operators acting on Sobolev-type Hilbert spaces, H(m, g),
introduced by Bony and Chemin in [21], which is especially suitable
for the Weyl-Hormander calculus. (See also Section 2.6 in [71].)

We recall here the definition of such spaces along with some neces-
sary preliminary concepts (cf. [21]).

Definition 4.34. Let g be a feasible and o-temperate metric and m g-
continuous and (o, g)-temperate. Then the spaces of confined symbols
within the balls Uy, denoted by Conf(g,Y,r), is the space .7(W)
endowed with the family of semi-norms given by

|k;Conf(g,Y,r) = sup |CL|Z(X) (1 + gg’ (X - UYJ‘))IC/Q

SKjA €

a

Definition 4.35. A family of symbols (ay,), indexed by Y and (pos-
sibly) by another parameter A, is said to be uniformly confined within
the balls Uy, if the norms |ay x| k;cont(g,v,-) are bounded by constants
C) that are independent of Y and .

For instance, a family of symbols (ay) supported in (Uy, ), which
is bounded in S(1,g), is uniformly confined within the balls (Uy).

Theorem 4.36. Let (ay) be a family of symbols uniformly confined
within the balls Uy,. Then, there exist a constant C' independent of
(ay) such that, for all r sufficiently small there exist functions by, and
cy,, belonging to .7 (W), for Y e W and v € N, such that the following
decomposition holds true

o0
ay = Z bY,l/#CY,V
v=0
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and for all N e N, the families (1+v)"Vby, and (1+v)N ¢y, are uniformly
confined within the balls Uy.¢,.

We can give the following definition.

Definition 4.37. Let g be a feasible and o-temperate metric and m
g-continuous and (o, g)-temperate. Then the Sobolev space H(m,g)
is the space of u € ' (W) satisfying:

VZ:() [/V m(Y)2 He}ﬂ/}:’/uH;(W) |gY|1/2 dY < o0

The space H(m,g) turns out to be a Hilbert space, equipped with
the inner product:

S w w 1/2
(0 = 3 [ ) (03,10, 08,0) o lov | Y < o0
v=0
Now, suppose that m and mg are g-continuous and (o, g)-temperate,
and a € S(m,g). Then
Op“(a) : H(mo,g) — H(mo/m, g)

is continuous. In |21} [71] it is also shown that there are ay € S(m,g)
and by € S(1/m, g) such that

Op“(bo) = Op"(ao)™,  ageS(m,g), boeS(1/m,g).  (4.14)
Especially, it follows that
Op*(ao) : H(mo,g) — H(mo/m,g)
and
Op*(bo) : H(mo/m, g) — H(mo,9)

are continuous bijections, which are inverses to each other. In particu-
lar, from these mapping properties it follows that equality is attained

in (L13)
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Now let p € (0,1], g be strongly feasible on W, and m, m;, and
ms be positive g-continuous and (o, g)-temperate functions on W such

that
mom

e LP(W).

my
A combination of Theorem [4.30 and (4.14)) then gives

S(m,g) € sap(H1,Hz2), when Hy=H(mi,g), Ha=H(ma,g).

(See also [119, Theorem 4.4].) Since H(1,g) = L2(V'), in view of |21
71|, we regain Theorem in the case when m is g-continuous and
(o, g)-temperate, by choosing my = mgy = 1.

4.3.2 Split metrics and more general pseudo - dif-
ferential calculi

In order to state analogous results for more general pseudo-differential
calculi, we impose further restrictions on the metric g and weight func-
tion m.

We recall that a feasible metric g on W is called split if there are
global symplectic coordinates Y = (y,n) such that

9x(y,-n) = gx(y,m),

for all X e W.

The next proposition follows from [57, Theorem 18.5.10| and its
proof.

Proposition 4.38. Let A, Be.Z(V), g be strongly feasible and split
on W =T*V and let m be g-continuous and (o, g)-temperate weight
function. Then

OpA(S(m,g)) = Opp(S(m, g)).

A combination of Theorem Theorem [4.31, and Proposition
gives the following.
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Theorem 4.39. Let Ae Z(V), pe(0,1], g be strongly feasible and
split on W, and m e LP(W) be a positive g-continuous and (o, g)-
temperate function on W. Then S(m,g) € s4,(W).

Theorem 4.40. Let A e Z(V), p € (0,1], g be strongly feasible and
split on W, m be a positive g-continuous and (o, g)-temperate function

on W such that hlg/gm e LP(W) for some k > 0. Also, suppose a €
S(m,g) nWLyP(W). Then a € s4,(W).

4.4 Applications to special families of pseudo
- differential operators

In this section we apply the results from previous sections to ob-
tain Schatten-von Neumann properties for pseudo-differential opera-
tors with symbols in the well known Shubin classes and SG classes (see
[107]).

Remark 4.41. Let p € (0,1]. For the Shubin and SG symbol classes,

we observe the following.

(i) If r € R, then S(m,g) = Sh"(R??) when

—M and mi(x ={(x T
gx,f(yan)_ <(SL’,£)>2 d ( 75) <( 75)) : (415)

Furthermore, h,(z,§) = ((z,£))2 and
2d

h§/2m e LP(R*),  when k>r+—;
p

(ii) As in Section[1.4] if r, p € R, then S(m,g) = S"*(R>®) when

= m + m and m(x,&) ={x)"(£)°
Furthermore, h,(z,§) = ({(x)(£))~! and

2d
h’;/Qm e LP(R*®), when k>2max(r,p)+—.
b
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In both (i) and (ii), g is strongly feasible and m is g-continuous and
(o, g)-temperate.

In the next result we show how Lemma [£.321 and Theorem .40}
can be combined with Remark |4.41} in order to obtain quasi-Banach
Schatten-von Neumann properties for the Shubin classes and the SG
classes.

Proposition 4.42. Let p € (0,1], A be a real dxd-matrix, and r, p € R.
Then the following is true:

(i) if m and g are given by (4.15]), then

Sh"(R*%) n WL, P (R??) € 54, (R??);

(ii) if m and g are given by (4.16]), then
S™P(R*) n WLEP(R*™) € 54, (R*).

Example 4.43. Let pe (0,1],

_2d _4d+1 . . ,
a(X) = (X) P (log(l + <X))) » 6z(log(l (X)) :

Y 2
ox(Y) = g and m(X) = (X)7

Then a € WLyP(R24), and h,(X) = (X)~2 and by observing that

1-4d

|0gal < (X)f%d(log(l + (X)))\ozl(r—l)+T

_ k
we obtain a € Sh_%(RQd) = S(m,g). Since hZm e WLy?(R2) for
k =2, we obtain a € s4,(R?) by Proposition [4.42]

Example 4.44. Let W =R, pe (0,1], t <2d(1-3), g(Y) = [Y]?,

1

j["  whenever |X - j| < &,

0 otherwise

mj(X):{
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for j € Z?4\ 0, and

m(X)= > m;(X).

j€Z24\0
Let N > 2[;—5] + 1 be an integer, let r € R fulfill » + N < ¢, and let

a(X) = ) 1il"'e;(X),

jez2d

where ¢;(X) = ¢(|7|(X - j)) for some smooth positive function ¢
with support in the unit ball. Then m is not g-continuous, but m e
WLy?(W). Since for |a| < N,

[0 a(X)]| < ¢ L=m(X),

we have a € Sy(m,g) so that a € s¥(W) by Theorem m Hence
Op”(a) is a Schatten-von Neumann operator on L?(R?) of order p.

Observe that this conclusion cannot be reached with [119, Theorem
4.1]. In fact, neither is m g-continuous, nor does a belong to S(m, g),
both of which are necessary conditions in [119, Theorem 4.1].
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