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ABSTRACT

Spacecraft formation flight is increasingly pivotal in the design of new space missions. This demands an
high level of autonomy to optimize science time, and the development of advanced mission concepts to
surpass current technological limitations. Recently, Low Earth Orbit (LEO) has been explored as solution for
experimental validation of novel formation flight technologies. LEO is related to proximity formation flight
missions, which require active guidance algorithms to ensure mission success and safe operations. An efficient
guidance algorithm is proposed to enhance the autonomy of proximity formation flight missions, enabling
variable formations and reconfiguration while ensuring safety. The optimal formation trajectory problem, con-
ceptualized as Circular Relative Orbit, addresses the relative motion with respect to a reference orbit. Rigorous
Lyapunov design is proposed to ensure convergence to the desired trajectory, guaranteeing closed-loop system
stability. It incorporates an Artificial Potential Field function to deal with the formation flight problem. Initial
simulations are conducted to assess the effectiveness of the proposed approach within the restricted Two-Body
dynamics framework. The algorithm is applied to accomplish a space interferometer deploying mission in
LEO, demonstrating its efficacy through a compact implementation. Finally, the algorithm’s general and wider

effectiveness is validated with elliptical and L2 Halo reference orbits.

1. Introduction

Recently, spacecraft formation flight is getting the attention of new
space mission design. Having multiple spacecraft working as a single
large virtual structure allows to overcome spacecraft size limitations.
The main advantages of formation flight are improved flexibility and
redundancy of the space mission, allowing adaptation to mission, tar-
get and number of elements, and requiring less manual intervention.
Main formation flight space missions make reference to telescopes
with long focal length (PROBA-3 [1], PRISMA [2], VISORS [3]) and
interferometers. For what may concern space interferometers, these
missions carry multiple challenges for the Guidance Navigation and
Control subsystem. Generally, an interferometer mission consists of (at
least) three spacecraft which are required to stay in formation with
high accuracy and for long period of time. The Laser Interferometer
Space Antenna (LISA) and the Deci-hertz Interferometer Gravitational
Waves Observatory (DECIGO), consider three spacecraft in triangular
formation for the purpose of studying and measuring gravitational
waves of different frequency. Both missions requires to achieve high-
accuracy formation to guarantee laser links for all the science time.
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These missions are more detailed in [4,5]. The Large Interferometer
For Exoplanets (LIFE), details are given in [6], is another example of
future five spacecraft formation flight mission design which includes
the requirement of reconfiguration of the formation. In the general
case, space interferometer missions select beyond-Earth orbits, where
disturbances are smaller, and less intervention for formation keeping is
required. Therefore, high level of autonomy must be guaranteed in or-
der to maximize science time and/or the overall success of the mission.
More details on purpose and requirements of different formation flight
missions are reported in [7].

The possibility to take advantage of Low Earth Orbit (LEO) for ex-
perimental validation of new formation flight technologies is proposed
in [8-10]. The reason is mainly practical and economical, but LEO
formation flight opens new challenges in terms of safety and formation
accuracy. Past researches on interferometer missions mainly address
the autonomous attitude stabilization and control, as in [11-16]. For
what may concern position, the typical approach for formation guid-
ance is based on trajectory tracking design or leader-follower approach,
as in [17-19]. This approach may be effective for interferometers with
large separation distance, but LEO formation flight missions consist of
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proximity maneuvers, and an active guidance is needed to guarantee
safety and collision avoidance. Moreover, leader—follower approach
consists of tracking the relative position with respect to the leader
spacecraft, and this limits autonomy and formation reconfiguration
capabilities.

In the last years, APF method has been intensely studied in space
application, like in [20-22] for rendezvous and proximity maneuvers,
and in [23] for gathering more spacecraft in a chosen formation.
However, in both cases, the method is used to reach (and keep) a
priori-known target location. This limits formation capabilities, forcing
each spacecraft to reach a specified location, which is independent
from the current state of the swarm (following the leader—follower
approach). Lately, the concept of generalized formation approach and
variable-swarm formation have been investigated using Optimal Con-
trol and Artificial Potential Field (APF). The generalized formation
approach implies the spacecraft to get in a final configuration which
is autonomously determined as function of the current state of the
swarm. In [24], each spacecraft choose is final location following an
assignment criteria between a set of target locations, while in [25,26],
the formation shape and configuration is defined regulating spacecraft
inter-distance and formation center. Having a generalized formation
framework allows to describe each spacecraft motion with respect to
a reference orbit, and without a fixed dependency with others. This
framework simplifies formation adaptability to the number of elements
and reconfiguration, since it is already included in the guidance al-
gorithm design. In [25,27], Model Predictive Control is used both for
guidance and control for variable-swarm formation approach. Perfor-
mance and computation effort are strictly related to the definition of
the prediction horizon. In [26,28], an APF function has been defined
in order to attract a group of spacecraft to reach and keep the desired
inter-distance. In general, in previous studies, problem statement does
not comply with limitations related to actuators and fuel consumption.
However, the APF method is computationally efficient, and it is possible
to combine different APF function to comply with complex problem
statement. Moreover, considering a realistic mission scenario includes
actuators and fuel consumption constraints, leading to a final non-
static configuration. For these reasons, the APF method needs to be
further investigated to address guidance algorithm for non-static forma-
tion configurations, and within the generalized formation framework.
Past studies on proximity formation flight do not address directly the
guidance algorithm design while considering mission constraints.

This study objective is to design an effective guidance algorithm to
increase the autonomy of proximity formation flight missions, allow-
ing variable-swarm formation and reconfiguration, and guaranteeing
safety. For this study, specific requirements are considered: (i) Limited
actuation authority. (ii) Ability to change the spacecraft formation
from a certain configuration to another. The guidance algorithm is
designed under the assumption of the restricted Two-Body problem.
The generalized formation framework is defined as relative motion
with respect to a virtual point moving on circular orbit around the
Earth. The control availability imposes tight requirements in how the
spacecraft are kept in formation. First, the dynamics motion to keep
a triangular formation is related with the available control input.
This allows to understand how trajectory affects the required control
input to keep the formation, and to identify the optimal trajectory for
three (or more) spacecraft formation mission. In order to minimize the
control input to keep the formation, a Circular Relative Orbit (CRO) has
to be defined. Therefore, the maximum input to keep the formation
is related to the main characteristics of the CRO trajectory: radius,
inclination, and angular speed. This allows to relate fuel consumption
to each CRO characteristic that may be changed according to mission
requirements. For this study, the optimal CRO trajectory is considered.
A novel guidance algorithm is designed to make the spacecraft attracted
to the desired CRO trajectory. It consists of the definition of a velocity
field using the Lyapunov Guidance Vector Field (LGVF) method. It is
based on the work done in [29], where the problem of keeping an
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Unmanned Aerial Vehicle hovering over a target on a circular trajectory
is addressed, and in [30-32], where it is combined with the Interfered
Fluid Dynamical System method, and used for trajectory planning and
collision avoidance maneuvers. The algorithm is adapted to the current
problem formulation in order to generate a velocity field to track
the desired CRO trajectory. The guidance formulation is augmented
defining an adaptive regulation of the CRO radius. The adaptive law
is based on [33], and its design guarantees the convergence and the
asymptotically stability of the tracking problem of any CRO trajectory.
Closed-loop system stability is guaranteed in presence of disturbances
by rigorous Lyapunov analysis. Finally, the novel CRO guidance algo-
rithm is combined with the APF function defined in [26,28] to fully
address the formation flight problem. Using the proposed guidance al-
gorithm, different proximity formation flight maneuvers are addressed
in a compact implementation: formation deploying, formation keeping,
formation reconfiguration. The effectiveness of the proposed guidance
design is verified by means of a simulation campaign. First, the novel
adaptive guidance to address CRO tracking problem is evaluated and
compared with baseline LGVF-based implementation. Then, the combi-
nation with the formation function is evaluated for accurate formation
flight in CRO, and in a feasible space interferometer deploying mission
scenario. This mission scenario is conceptualized to test the effective-
ness of the guidance algorithm for LEO applications. It consists of three
main phases: (a) first spacecraft deploying in CRO trajectory, (b) second
spacecraft deploying, and reaching linear formation, (c) third spacecraft
deploying, and reconfiguration (triangular formation). The proposed
guidance algorithm allows to address all the phases of the mission using
a compact implementation.

Main studies on formation flight address elliptic reference orbits,
[34-36], and beyond-Earth orbits, [37-39]. For this reason, the rele-
vance of the proposed guidance algorithm design is emphasized con-
sidering numerical validation with different models. Elliptic reference
orbits are considered to evaluate algorithm robustness and effective-
ness under orbit eccentricity perturbation. L2 Halo reference orbit
performance is also analyzed proving the generality of the method
and its possible application in different space mission scenario. This
analysis proves that, even if the guidance algorithm design is based on
the restricted Two-Body problem and LEO applications, when stability
conditions are satisfied, the applicability of the method is wider and
more general.

The major contributions carried out in this study are: (i) The evalu-
ation of required maximum input for formation keeping and/or reori-
entation for different characteristics of CRO. (ii) The design of novel
adaptive guidance to address spacecraft deploying in CRO. (iii) The
combination of the proposed guidance with formation flight function
to address formation flight and formation reconfiguration in CRO.
(iv) Theoretical design to guarantee closed-loop system convergence
and asymptotically stability. The effectiveness of the proposed design
is proved for a space interferometer deploying mission in LEO, and
results are extended validating the performance for elliptic and L2 Halo
reference orbits. Even if accuracy is not been discussed in this paper
since ideal sensors are considered, the results prove the capability of
the algorithm to deal with an advanced problem formulation, in terms
of actuators requirements and mission feasibility, and its effectiveness
for different space dynamical models.

The paper is organized as follow. In Section 2, the translational
dynamics is discussed and related to the CRO definition. In Section 3,
for each term contributing to the final definition of guidance algorithm,
the design and the relationship to performance and stability is analyzed
in detail. Simulation study and results discussion is reported in Sec-
tion 4. In Section 5, the validation of the algorithm performance for
elliptic and L2 Halo reference orbit is carried out by means of numerical
simulations. Finally, in Section 6 conclusive remarks are given.
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2. Translational dynamics

In this section, the dynamical model based on the restricted Two-
Body problem is discussed and related to LEO environment. Under the
assumption of circular orbit, it is possible to express the spacecraft
motion using the relative position with respect to a reference frame
moving on the reference orbit. Starting from this assumption, Hill’s or
Clohessy-Wiltshire (HCW) equations [40], are defined with respect to
the origin of a Local-Vertical-Local-Horizontal (LVLH) reference frame.
The LVLH reference frame is centered on the reference circular orbit of
radius r,, with x-axis oriented as the orbital velocity direction, z-axis
pointing to the center of the Earth, and y-axis completing the terns. The
reference object is taken as a virtual point as the origin of the LVLH
frame orbiting the Earth, where the position dynamics of more space-
craft can be propagated with respect to it. The complete description of
the derivation of Hill’s equations from inertial equations is extensively
described in [40,41], while, in the following, it is reported as the final
formulation. The position dynamics is expressed as

X —2wz=a,
j5+w2y=a,’y @
Z - 30’z + 20% = a; .

where w = ‘/M/rg is the orbital angular rate, with x as the standard
gravitational parameter, a, = [4,,, a,,. a,,]" is the external accelera-
tion acting on the system. In the general case, the external acceleration
is expressed as the contribution of actuators thrust (a) and external
disturbances (a,), a, = a + a,. For a formation flight mission in LEO,
external disturbances are mainly related to atmospheric drag and J2
effect. In [8], typical disturbance environment is analyzed. At altitudes
below 600 km and with spacecraft separation distances greater than 0.2
km, the combined effects of these disturbances can exceed magnitudes
of 10 m s=2. In contrast, for medium Earth orbits and high Earth
orbits, the influence of atmospheric drag diminishes significantly, and
perturbation effects are typically lower than 10~7 m s~2. When focusing
on proximity formations, where spacecraft separation distances are
on the order of ~0.1 km, it is crucial to account for disturbance
magnitudes ranging from 107%5 ms=2 to 107° m s=2. LEO presents
unique challenges for formation flight missions, including shorter oper-
ational lifetimes and increased difficulty in maintaining precise control
due to strong disturbances. Low-thrust electric propulsion systems, as
discussed in [9], offer promising solutions for addressing the reduced
lifetime issue. For this reason, this study is carried out proving sys-
tem feasibility for continuous low-thrust, and assuming a maximum
available acceleration of 10~ m s2, chosen in compliance with the
maximum disturbances acting on the system. Considering a formation
of three (or more) spacecraft, it may consist of a linear or planar
formation flight problem. Including the requirements of keeping the
formation for long period of time (as for interferometers) limits the
way the formation can be achieved. Looking at Eq. (1), it is evident
that having a static triangular formation (as for interferometers) is
unfeasible both for actuators thrust and fuel availability. Keeping a
certain Az and Ay, with x = y = z = 0, requires a continuous accel-
eration from thrusters. In the LVLH reference frame, in order to keep
the desired separation distance for long periods of time minimizing
fuel consumption, each spacecraft needs to move on the same circular
trajectory, which is formulated as CRO. Fig. 1 shows the trajectories of a
triangular formation of three spacecraft moving on the CRO trajectory:
(left) Earth Centered Reference Frame, and (right) LVLH reference
frame. In the ideal case, disturbances are neglected and the acceleration
is given just by the actuators thrust.

Assumption 1. Each spacecraft is moving on the same circular tra-
jectory around the origin, and with constant angular rate n > 0. The
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general trajectory is given as

x(t) = —p,cos(nt)
y(t) = p,sin(nt)
z(t) = p,sin(nt)

(2)

where /p2 + pi +p? = R, and R is the circular radius, while p,, p, and

p, denote the design parameter of the relative orbit, as in [42].
Under these assumptions, combining Eqgs. (1) and (2) the accelera-
tion required to track the desired trajectory is found as
cos(nt) [pxn2 - anpz] =a,
sin(nt) [-p,n* + @%p,| = a, 3
sin(nt) [—pzn2 -3w?p, + Zconpx] =a,
The way the spacecraft moves on the trajectory is related to accelera-
tion bounds expressed by

(ax)max = |pxn2 - Za)ﬂpzl

(ay)max = | - pyn2 + w2py| (4)
(az)max = | - ﬂznz - 360201 + anpxl

Choosing

h=® px=R=2p, Py:\/gﬂz )

allows to have control-free circular trajectory.

Definition 1. The CRO is defined as the circular trajectory of radius R
centered in the origin of the LVLH reference frame, and contained in a
plane rotated around the x-axis of an angle ¢ = /6.

Remark 1. If the spacecraft is tracking the CRO trajectory with an
angular rate n = w, Eq. (2) is a natural solution of Eq. (1). This
implies that, in absence of external disturbances, a spacecraft moving
on the CRO, stays on the CRO. Optimal CRO motion is expressed by
the relationship

x(t) = 2wz(t)
o) = —\Box(1)/2
2(t) = —x(1)/2
In order to change the radius of the CRO, it is required to comply
with actuators limits. An easy approach to realize this maneuver is

keeping angular motion constant, n = w, and having linear radial
velocity, with p; = . This leads to a spiral trajectory expressed by

©

x = —pcos(nt)
_ Y
y = pcos(¢)sin(nt) = - psin(nt) )
z = psin(¢)sin(nr) = 1 psin(nr)
p=p
Combining Egs. (1) and (7) allows to define the maximum radial
velocity to comply with thrusts limits, and it is given as

U

ﬂS@ ®

where U > 0 is the maximum acceleration provided by the actuators.
The value of § can be used to identify a convergence bound for the
radial velocity. If p(r) < g for each r > 1, it can be assured that thrust
limit is never reached, and the closed-loop system converges to the
desired CRO.

3. Guidance algorithm

In this section, guidance algorithm design is discussed. The optimal
CRO trajectory tracking is expressed by Eq. (6) as velocity track-
ing problem. Therefore, control problem is formulated as a velocity
feedback controller, given as

)]

u=—K@-—u,,)
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Fig. 1. Three spacecraft interferometer formation in CRO.

where v = [x,y,z]" is the instantaneous velocity vector, K € R is
diagonal gain matrix, with K = kI3, and v,,, is given by the guidance
algorithm. In presence of actuator constraints, the available control
action is bounded by «; € [-U, U], and given as

Uu uy2>U
a; =satw,)=qu; -U<u;<U 10)
-U u; <-U

where sat() is the saturation function. The guidance algorithm is de-
signed using an APF-based approach, generating a velocity field as
function of the instantaneous position of each spacecraft. The velocity
field is designed as

Uges = Ucro + 40 an

and accounts for two contributions: (i) attraction to the CRO (vcge),
and (ii) attraction to the formation (4v). The spacecraft is guided
along the CRO trajectory using the LGVF method, incorporating an
adaptive term to ensure convergence to the desired trajectory de-
spite actuator constraints. The formation control strategy employs an
attractive-repulsive potential function to reach and maintain the de-
sired inter-satellite separation distance. In the following, the design of
each term is discussed in detail.

3.1. CRO attraction function

The CRO is defined as a circular trajectory in an inclined plane. The
CRO reference frame is defined from the rotation of an angle ¢ around
the x-axis of the LVLH reference frame. The rotation matrix from the
CRO to the LVLH reference frame is defined as

1 0 0
ks =10 cos¢)  —sin(¢) (12)
0 sin(¢) cos(¢p)

The CRO attraction function is designed in the CRO reference frame,
and starting from the LGVF algorithm introduced in [29,30]. Final
formulation of the velocity field is expressed as

e VETE T

St = MR

u* = 6" [—x"‘(r2 - R+ 2y*rR]
vt =6* [—y*(r2 —R%) - 2x*rR]
w* = 6* [—Ar(z* — H)]

13)

where p* = [x*, y*, z*]7 is the spacecraft position in the CRO reference
frame, n and R are the CRO parameters, and A > 0 is a constant gain.
In the LVLH reference frame, the tracking velocity is given as

T

Ucro =QézéH [u* v* w*] (14

The main characteristic of the proposed guidance is that the desired
velocity is normalized, and |[vcgoll, = nR. Assuming the controller to

16

track the proposed guidance, the stability of the closed-loop system in
proximity of the CRO trajectory is analyzed.

Proof. Let us consider the Lyapunov candidate function

1
V=30- vero)’ (U= Ucro) 1s)
The closed-loop system is asymptotically stable if
V =@ - vcpo) 0= cpo) <0 (16)

Considering the optimal CRO trajectory (n = w, ¢ = z/6) with radius R,
and assuming the spacecraft to be in proximity of the CRO, with r ~ R
and z* ~ H, Eq. (13) is rewritten as

2wz

= —\/§/wa

r~R,z*~H - (17)
—1/2wx

Ucro

In this conditions, and including actuators limitations, as control input
saturation, Eq. (16) is expressed as

V = — (x — 2wz)sat (K (x — 202)) +
-+ V3/20xsat (K + V3/20x) ) +
— (2 + 1/20x)sat (K(z + 1/20%)) +
+ V3200 + V3 /20x)G - 20z) — 3/20(% + 1/20x)G — 20z)

(18)

where sat() is the saturation function. Considering a bounded error on
the linear velocity such to have

|x —2wz| <6
17+ V3/20x| <6 19)
|z+ 1/ 2wx| <6

the Lyapunov function derivative is bounded by

V < =36U + V3/208 + 3205 (20)

The closed-loop system is asymptotically stable if V' < 0. In proximity of
the CRO, the velocity error bound for guaranteeing closed-loop system
stability is identified, and it is given from Eq. (20) as

055<L
G+V3w

Assuming the spacecraft to be in proximity of the CRO and 6 to be
small such to not have control saturation, stability of the closed-loop
system in presence of bounded disturbances ||a,||,, < A, is analyzed.

=5 (21

Proof. Starting from condition of Eq. (20), and assuming Ké < U and
in presence of disturbances, Lyapunov function derivative is bounded
by

V < —3K6% +3A,6 + \V3/206% + 3 /2062 (22)
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The closed-loop system stability impose a relationship between control
gain K and feedback error §, given by

V3+3
2

Eq. (23) determines the minimum value of K required to ensure closed-
loop stability. Eq. (23) leads to

5 [(-31( + ‘/5; 3(0) 5+ 3Ad] <0.

Since 8, A; > 0 for definition, necessary condition for Eq. (24) to admit
a feasible solution is for

V3+3
2

3K56% > 34,46 + wé?. (23)

(24)

3K + <0, (25)
identifying the minimum value for the feedback gain
K>K,, = ‘/§6+ 3 0, (26)

In absence of external disturbances (4, = 0), K > K,,;, guarantees
closed-loop system asymptotical stability. In presence of external dis-
turbances (4, > 0), close-loop system stability can be guaranteed for a

certain value of K > K,,;,, for
_Ad
62 ———. (27)
K+ @w

Including the stability condition in Eq. (21), the stability range is given
by

_Ad

<8<5. (28)

_K+@w

Eq. (26) establish a theoretical minimum value of K to guarantee
the existence of closed-loop system stability properties. In presence
of disturbances, the minimum value of K,;, need to guarantee the
existence of Eq. (28). In this case, the minimum value of K is given

as
A 3+3
K>K =T"+\/_—+a).

min 5 6 (29)

Eq. (28) identifies the values of § for which V < 0. This implies
that the closed-loop system asymptotical stability cannot be guaranteed
in presence of external disturbance. However, the closed-loop system
is stable and the system converge to the reference with a tracking
accuracy

—A,

ot >0)L —— =p

-K + \/§6+3a)

The choice of K influences system’s responsiveness. Practical approach
to choose the value of K is to guarantee a certain tracking accuracy
Tol < 6. In this case, K is given as

A +\/§+3
" Tol 6

(30)

o. (31

Remark 2. The guidance algorithm expressed by Eq. (13) addresses
spacecraft attraction to CRO trajectory of radius R. Closed-loop system
asymptotically stability is guaranteed in absence of disturbances (4, =
0), if the initial value of & satisfies Eq. (21), and if K satisfies Eq. (26). In
the general case, with A, > 0, closed-loop system stability is guaranteed
if K satisfies Eq. (29), and the system converges to the reference with
the tracking accuracy given in Eq. (30).

In the general case, when the spacecraft is not close to the CRO,
the stability of the closed-loop system cannot be guaranteed. Due
to actuators limitations, following the proposed guidance may lead
to unfeasible trajectories. For this reason, the problem of getting to
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desired CRO is addressed as moving on an infinite number of CRO
trajectories with different radius, where the instantaneous radius is
changed according to an adaptive law.

Remark 3. Designing K satisfying Eq. (23) guarantees closed-loop
stability along the CRO trajectory and in presence of disturbances.
In the general case, disturbances may include external and internal
disturbances. For the stability problem, the perturbations related to
CRO radius changing and tracking the formation term Av are considered
as internal disturbances, and included in the definition of A,.

3.2. Adaptive guidance

An adaptive law based on [33] is included to cope with actuators
limitations. The adaptive law regulates the desired CRO radius R vari-
ation, from the initial value R; to the final value R, according to the
actual state of system. This relationship is expressed by

R =Projjg z) [~Gh (v=v.s) =7 (R~ Ry)]

where R < min(R;, R,) and R > max(R;, R)), and G,y > 0 are constant
gains. The function 4 = h(x) gives the element x; of the vector x which
satisfy |x;| = ||x|lo,- Considering the spacecraft motion from R; to R,
with R, > R;, in order to comply with the stability condition given
in Eq. (21), the radius is increased when

(32)

R>0 if max (‘u — Upey ) <né (33)
with 0 < 7 < 1. and it leads to
0<—-Gné—y(R—R;) < —Gné—y(R—R) (34)

This consideration allows to design G guaranteeing stability during
radius increasing, and it is given as
R-R

né
Similar consideration is done for the definition of y using the condition
expressed in Eq. (8) for control input saturation. It is given as

‘ [ R-R ] . p
R<y|-—=6—(R-R| <yR-R)<f —~ 7==
n

G>y

(35)

(36)

R-R

Remark 4. The proposed guidance algorithm, combining Egs. (13) and
(32), allows to make the closed-loop system converge to desired CRO
trajectory. Assuming the spacecraft being in proximity of a feasible CRO
trajectory which is related to the initial conditions (with radius R;), and
with the initial velocity error satisfying Eq. (21), following the proposed
guidance, the spacecraft reach autonomously the desired CRO with
radius R,. If the adaptive law gains are designed according to Egs. (35)
and (36), the stability of the closed-loop system for each R € [R;, R 71
is guaranteed, and the control input is within the saturation bounds.
Same conditions hold for R; > R;.

In practice, the maximum R value is related to R = R and § =
0. Therefore, the design proposed in Eq. (36) is really conservative,
and it leads to long maneuvering times. Time-performance trade off
is achieved considering an intermediate design condition, § = €§. It is
expressed by

R<y* [— _5_65+(R—5)] =r'R-B1-¢/m<p 37)
n

which leads to

y<r*< B (38)

=T = R-BA-e/n)

with 0 < e < 7. Closer is €/n to 1, higher is the possibility to have the
controller operating in proximity of the saturation bounds.
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3.3. Formation attraction function

The guidance function attracting the spacecraft to formation is
expressed by two main contributions. First, the swarm gathering is ad-
dressed using the equilibrium shaping method, introduced in [26,28].
This leads to the definition of an attractive-repulsive function with the
purpose to reach the desired distance between the spacecraft. For the
ith spacecraft, it is expressed starting from the potential function

N-1 X
a r ch __ii’Y
Eguni = E %% + S (39)
J#i

where x;; € R? is the relative position vector pointing from ith to jth
spacecraft, and a, b, ¢ > 0 are constant gains. In particular, a is defined
as

&2
a=be ¢

(40)

where d € R is the desired separation distance. Following the APF
approach, the potential field defined in Eq. (39) is used to define the
velocity field

N-1

a2 x;’;.xu
Av; = -VE,,p = — Z x;bl e e —em e

J#i

(41)

that goes to 0 when xizj,- ;= d?. Tracking the velocity field makes the
spacecraft reach the desired separation distance. Gain design is based
on the characterization of the function for the one dimensional (1D)
case. The linearization around the origin of Eq. (41) leads to
a2

x—0 Aui:b<1—e_7>x (42)
Considering the limitation of the linearized function in the interval
x € [-d/2,d /2], it is possible to design b such to have

b< as

B (1 —e_¥> d/2

The design of c¢ is based on the qualitative representation of Eq. (41)
for the 1D case, Fig. 2, where b is designed according to Eq. (43). In
practice, the application of this approach in the considered problem
leads to long settling time. Settling time performance of the formation
attraction term are improved augmenting Eq. (41) with a term based
on formation mean position. It is designed using an attractive-parabolic
APF function given as

|4v;| < ab (43)

N T
>
4 N

1
E, = 5 Lo
Jj=1

44)
where k,, > 0 is an attractive gain, x; is the position of the jth
spacecraft, and N is the number of spacecraft in formation. The fi-
nal formulation of the formation attraction velocity field for the ith
spacecraft is given as

Nl d2 XijNij
Av; = =V(Egp; + Eg) == . x;b( e —e™ 7
Jj=1

N X,
J#i ) ~fan Z ﬁ “>
As discussed in the previous sections, the condition to guarantee the
stability of the closed-loop system is tight due to the actuators limita-
tions. Moreover, moving outside of the optimal CRO trajectory increase
significantly fuel consumption. In order to limit the effect of the forma-
tion attraction function, Eq. (45) is evaluated considering jth spacecraft
in-plane projection on the current ith spacecraft CRO trajectory. This is
shown in Fig. 3, where the dots denote the projection. In this case, the
desired separation distance d is not constant, but it is changed with R
as

with N =2

a=1{R (46)
T\ RV3 with N=3
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Fig. 2. 1D formation attraction function.

Fig. 3. Spacecraft projection on CRO.

In this way, when the spacecraft is on the desired CRO, the effect of
dragging it out of its trajectory is reduced, and the formation gathering
maneuver results to be similar to a re-phasing maneuver on the CRO
trajectory.

4. Numerical simulations for LEO two-body problem

In this section, simulation study is carried out to evaluate the
effectiveness and the performance of the proposed approach. Consid-
ering the Two-Body dynamics, Eq. (1), a novel guidance algorithm for
formation flight mission is designed in order to guarantee closed-loop
system convergence and asymptotically stability to CRO trajectory. The
guidance algorithm is summarized in Algorithm 1. First, the attraction
of a single spacecraft to the desired CRO trajectory is evaluated. This
is achieved combining LGVF, Eq. (13), with an adaptive law, Eq. (32),
to regulate CRO radius increasing. Then, the guidance function is aug-
mented with Eq. (45) to address formation flight problem. Simulation
study is divided in three main parts: (i) single spacecraft tracking
the CRO trajectory. (ii) three spacecraft formation in proximity of the
desired CRO. (iii) Interferometer deploying mission scenario.

The first simulation scenario consists of single spacecraft deploying
in different CROs. Fig. 4 shows spacecraft trajectories considering
different CRO’s radius R;. It is observed a limit in the application of
LGVF guidance, Eq. (13), which leads to closed-loop system instability.
The inclusion of the adaptive radius, Eq. (32), overcomes this limita-
tion increasing the applicability of the proposed approach. Moreover,
maximum values of § are reported in Table 1. The proposed approach
reduces significantly the value of 5. For the LGVF (R = 50 m) case, even

if 6, exceed § = 15.4 mm s~!, the closed-loop system is converging
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Algorithm 1: Adaptive LGVF for formation flight in CRO
Data: p, U, Dijs R

Result: a, R

Update:

Ucro < Ucro(P: R ;
Av < Av(p;;) ;

/* Equations (13)-(14) */
/* Equation (45) */
Uges < Ucro + 4v;
R« R(0, 04,5, R R));
Compute:
U~ —K(U = Ug,5);
a «sat(u) is applied to the spacecraft;

/* Equation (32) */

to desired value. This implies that stability condition given in Eq. (21)
is conservative. The proposed approach leads to longer maneuvering
time, but control input is smoother, and this behavior is preferred for
continuous thrusters. The effect of ¢ is shown in Fig. 5. Closer is €/5
to 1, more reactive is the guidance. This allows to reduce the time
required to complete the maneuver, but the control input is higher, and
may reach saturation bounds more often.

Control and guidance algorithms’ parameters are summarized in
Table 2. For the considered parameters, convergence radius expressed
in Eq. (30) is p = 0.19 pm s~!, while in simulation tracking accuracy is
0.10 ym s~!. In Fig. 6, the performance of the combination of the CRO
guidance and the formation term are shown. A triangular formation
of three spacecraft with d = 100 m separation distance is considered.
Each spacecraft is assumed to be in proximity of the CRO with an

19

Table 1
Maximum 6 for single spacecraft deploying in CRO.

Guidance (CRO radius)

Spax [mMm s71]

LVGF (R =50 m) 41.2
LVGF (R =60 m) o
LVGF + Adaptive R (R; = 50 m, € = 0) 0.0714
LVGF + Adaptive R (R, =50 m, ¢ = 0.4) 0.0761
LVGF + Adaptive R (Rf =50 m, ¢ =0.6) 3.40
LVGF + Adaptive R (R; =60 m, € = 0.6) 3.90

error of the order of magnitude of m for position and mm s~! for
velocity. Formation accuracy is not discussed because ideal sensors are
considered, and the formation parameters converge to desired value in
reasonable time.

Finally, a possible autonomous interferometer deploying mission
is considered. It consists of three main phases: (i) first spacecraft
deployment in CRO (ii) second spacecraft deployment, and linear for-
mation (iii) third spacecraft deployment, and triangular formation.
Initial condition is set as x-direction release, and it is expressed as
0 0o  x=[-ax 0 o0 B

x = [4x x3=[0 0 0

(47)

and v; = [0, 0, 0]" with i = 1,2,3. Fig. 7 shows spacecraft trajectories
for each mission phase, and in Fig. 8 time variation of the main data is
reported. The results show that the proposed design is able to comply
with all the phases of the mission in a compact implementation, dealing
both with linear and triangular formation in CRO.
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Table 2
Guidance and control parameters.
Parameter Value Parameter Value
K 10 a 0.25
n 0.8 c 5000
€ 0.6 b 8.90 x 1073
¥ 2.08 x 107 Kot 1.66 % 10~
G 0.97 U 10x 1070
r 8378 [km] Ay 10763

5. Numerical simulations with different models

In this section, the results presented for the Two-Body problem
are extended considering algorithm performance validation with dif-
ferent dynamical models. First, the effects of Earth orbit eccentricity

20

is evaluated considering Tschauner-Hempel (TH) model. Then, Three-
Body problem is addressed considering motion around the Earth-Moon
second Lagrangian point (L2).

5.1. Elliptical reference orbit

For a highly elliptical reference orbit, HCW Equations are not valid.
Alternative models have been developed dealing with orbit eccentricity
0 < e < 1. TH model provides a linear time varying model for prox-
imity relative motion on elliptic orbits. As shown in [43-45], typical
approach is to consider the target true anomaly v, as an independent
variable. The linearized TH model is given as

X = (w% — @)X + 2072 — ypz +a,
j=—-wly+ a, (48)

Z= (a)% +20%)z = 207X + ypx +a,
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where w; is time derivative of vy, and it is defined as

Via, (1= &)

2
Ir

wr (49)

with a, as the major semi-axis, and r; is the target instantaneous radius,
with

a,(1 —é?

rp= 21 =€) (50)
1 +ecosvp

and w = \/”/rsr' The parameter y; is the second time derivative of

target true anomaly, and it is given by

_ 2uesinvy

3
It

T = (G20)]
The reference frame is defined as the LVLH reference frame centered on
a virtual point moving on the reference elliptical orbit. It is defined with
z-axis pointing to the main body, y-axis parallel to the orbit angular
momentum, and x-axis completing the right-handed set.

The TH model, Eq. (48), can be traced back to HCW model, Eq. (1),
where the following terms are included as disturbances

a,, = (a)%. —0?)x + Awr — @)z —yrz
a,,=0 (52)

a,, = (w% - @0?)z = 2Awr — @)X + yrx

Orbital disturbances related to eccentricity are bounded between
apogee and perigee, with

a(rp =r,)=a, <a, <a, = a,(rp =1,) (53)

21

Considering the spacecraft moving on the CRO trajectory from Eq. (2)
with n = @ = o(r, = r,), perturbation bounds can be determined as

d, = (@r® — ®})R cos(@1) — 7T§ sin(@r)

_, (54)

p—)

Q

rr ey = 0

a, , = (@2 — 4@r® + 302) 5 sin(@1) — 77 R cos(@1)

However, moving with n @ in proximity of the apogee (where
® = ) introduce an additional perturbation, which is related to the
CRO tracking with different angular velocity, and expressed in Eq. (3).
Therefore, in the apogee the total orbital perturbation acting on the
spacecraft is

Rcos(@1)(@* — dw)
\/;R sin(@1)(—@% + w?)
R sin(@n)(-a? - 30* + 40i)

ae,t(r = rﬂ) = ae + (55)

while a,,(r = r)) = 4, < a,,(r = r,). Perturbation term related to
orbit eccentricity is bounded, satisfying the first assumption for the
stability condition. Therefore, if the perturbation terms do not exceed
the available control input, and if Eq. (23) is satisfied, closed-loop
system stability is guaranteed, and the tracking error converges to the
convergence radius p, defined in Eq. (30).

CRO trajectory tracking performance are evaluated in relationship
with the perturbation introduced by the elliptic orbit (with orbit incli-
nation i = 0). In Figs. 9 and 10, the effect of the perturbation is shown.
Having a low orbit formation is not compatible with high eccentricity,
because the perturbation exceeds actuator bounds. Indeed, in Fig. 9,
the system successfully tracks the desired CRO trajectory for e = 0.2.
However, for e = 0.4, the actuators are unable to fully counteract
the time-varying orbital perturbations. In this scenario, the proposed
algorithm dynamically adapts the CRO radius, preventing the closed-
loop system from becoming unstable. The bottom plot illustrates the
time variation of the trajectory radius R, which decreases in response
to the thruster acceleration reaching its saturation limit, ensuring con-
trollability despite actuator constraints. This is possible because the
perturbations effect is limited, and does not drive the system to 6 > 4.
In case of a larger perturbation, tracking error may exceed § leading
the system to critical instability. Considering high Earth orbit allows
to track the CRO trajectory also in case of high eccentricity. For the
considered examples, the maximum perturbation related to model error
D,, is related to convergence radius p, and values are reported in Table
3. Finally, in Fig. 11, formation performance are evaluated considering
High-Earth orbit with high eccentricity. In particular, this simulation
scenario considers three spacecraft getting in triangular formation start-
ing from the initial condition of Eq. (47). Results confirm the capability
of the algorithm to cope with perturbations, while satisfying formation
and collision avoidance requirements.
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Table 3 generalized introducing characteristic values
Convergence accuracy and maximum tracking error for Elliptic reference orbit.
Reference orbit Bmax D, p 8(t > ) s « s
(Semi-axis, Eccentricity) [mm s~1] [pm s72] [pm s~'] [hm s~'] L =Rl + IRollz,  m™ =my+my, 7= (56)
a, = 17056 km, e =02 0.4 6.5 1.0 0.10 . . L.
a,=26532 km, e = 0.4 6 13 _ _ where R; is the position of the primaries in the reference frame S, and
a,=65484 km, e =0.6 0.00006 7.7 0.5 0.06 G, is the universal gravitational constant. In this way, the equation of
motion in the reference frame S is defined by means of dimensionless
e . quantities, and, as in [37], it is given by
008 8
/ . . (=p)xs+u)  plxg=1+p)
/ Xg=2y5+xg— 3 - = +ag
0.06 - /\/ ] | 13 23 *
o . —U U
ooal | \ Js=-2%s+ys— = ¥s— 5 ystasy 67
X \ . "13 23
\ 5 —H “
L Vo Zs=—73 Zs~ 3 Zstds;
0.02 \ 3 a3
|
g o O * j 1 where ps = [xg, ys, zg]” is the spacecraft position in S reference
002l | frame, the dimensionless time derivative is computed with respect to
T =1t/t*, y = my/m* is the mass ratio, and r; and r,; are dimensionless
0041 \ / relative distance with respect to the two primaries, and defined as
-0.06 [ Halo orbit \V 1
[ IMoon \ rl3:\/(x3+y)2+y§+z§, r23:\/(x5—1+;4)2+y§+z§ (58)
* L2
-0.08 1
098 1 102 108 106 108 11 112 114 116 118 Reference orbit p‘; (Fig. 12) is selected as Earth-Moon L2 Halo orbit,

rs

Fig. 12. L2 Halo reference orbit.

5.2. Restricted three-body dynamics

The Three-body Problem, as in [46], consists of relating the position
of a small body (with mass m;) with two primaries (m; and m,).
The mass is restricted such that m; > m, > m;. In addition, and
assuming the motion of m, with respect to m, to be circular, the motion
of m; and m, is Keplerian. Therefore, the motion of m; is described
considering the rotating reference frame S centered in the center of
mass. The axes are defined with xg pointing toward m,, z¢ parallel
to the angular velocity vector related to the Keplerian primary orbits,
and ys completing the right-handed set. The equation of motion is

and it is defined considering free motion (ag = 0) and the initial
condition provided in [47]. So, as in [38,39,48,49], the spacecraft
motion is described by the relative position p’ with respect to a virtual
point moving as the reference trajectory pg. The spacecraft position is
given as

ps=p%+p (59)
Assuming the spacecraft to move in proximity of the reference orbit,
and p’ to be small with respect to pg., the relative position p’ =
X', ¥, 217 = pg —pos is expressed as

I—p 1 _

—F=x
3 Xg
"3

/

S oyt r_ U
X =2y +x r23x5+a51x

o o / I—u oy
Vo= 2xg+ys— SV~ Vs tas, (60)
13 23
P e O A 'R
Ig=—73 253 zgtag,
13 23

22
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where r|; ~ 13 and ry; =~ rg3. The relative motion is expressed in

the LVLH reference frame considering the z-axis pointing to L2, y-axis
parallel to the orbit angular momentum, and x-axis completing the
right-handed set. LVLH reference frame is reported along with the L2
Halo trajectory for different values of p° in Fig. 12.

Relative trajectories in the LVLH reference frame are reported in
Fig. 13, for a single spacecraft tracking the CRO trajectory, and for the
triangular formation scenario. In Fig. 14, CRO tracking performance
for a single spacecraft motion with respect to Halo reference orbit are
evaluated. Thrusters acceleration is zoomed, highlighting the difference
between the initial acceleration, and the steady-state action to coun-
teract orbital perturbations. The algorithm is effective and it allows to
reach the CRO trajectory in short time. It is tracked for all the orbital
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period. Residual acceleration to stay on the CRO trajectory is affected
by the CRO angular speed » and inclination ¢. The values of n and ¢
are not optimized for this problem, because it is out of the purpose
of this study. However, model error is evaluated in simulation and
in comparison with HCW model, considering CRO tracking velocity

= 0.035 mrad s7!, and @ = n. Maximum perturbation during CRO
tracking related to model error is D,, = 0.15 pm s~2, which corresponds
to convergence radius p = 0.015 pm s~!. Maximum tracking error is
8max = 0.02 mm s71, and the CRO tracking accuracy is 0.008 pm s~!.
Formation flight performance are evaluated in Fig. 15, and considering
the simultaneous release of three spacecraft starting from the initial
conditions given in Eq. (47). Spacecraft gets in triangular formation in
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short time. Results confirm the generality of the algorithm, proving that
its application can be extended to different dynamics.

6. Conclusions

Recent studies have proposed the possibility to take advantage of
LEO for improvement and validation of new formation flight technolo-
gies. Considering LEO environment and limited thrust leads to prox-
imity operations formation flight problem, which requires an active
guidance algorithm to guarantee mission success and safe operations.
In this context, the design of an autonomous guidance approach for
formation flight mission in LEO is addressed. Formation keeping of
three (or more) spacecraft for long periods of time, while minimizing
fuel consumption, is formulated as CRO trajectory tracking problem.
A novel guidance algorithm based on LGVF is designed to deal with
formation flight problem in CRO. The convergence of the spacecraft
trajectory to the CRO and closed-loop system stability is guaranteed
by the design of an adaptive term. This guidance algorithm is com-
bined with an APF function to address the formation flight problem.
Simulation study is carried out to evaluate the performance of the
proposed approach. First, convergence and stability of the closed-loop
system are verified for the CRO trajectory tracking problem. Then, the
combination with formation flight problem is addressed. Low-thrust
space interferometer deploying mission scenario is conceptualized to
evaluate the performance of the algorithm for different mission phases.
The considered mission scenario consists of three main phases: (a)
first spacecraft deploying in CRO trajectory, (b) second spacecraft de-
ploying, and reaching linear formation, (c) third spacecraft deploying,
and reconfiguration (triangular formation). The proposed guidance al-
gorithm allows to address all the phases of the mission using a compact
implementation. Moreover, the relevance of the proposed approach is
emphasized considering the application in different space scenarios.
Numerical simulation are carried out to verify guidance algorithm ef-
fectiveness for elliptical orbits and Earth-Moon L2 Halo orbit. Accuracy
has not been discussed in this paper since ideal sensors are considered.
However, the results prove the feasibility to deal with an advanced
problem formulation, in terms of actuators requirements and mission
feasibility.
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