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Abstract—In this paper, we present a novel and unified small-
signal modeling technique for Pulse-Width Modulated (PWM)
DC-DC Buck converters with Ripple-Based Constant On-Time
(RBCOT) control. In fact, despite the spread of RBCOT-based
converters in several applications requiring tight dynamic per-
formances and a low architectural complexity, their description
through small-signal models is not always as reliable as that
of fixed-frequency PWM control architectures, and a general
and exact modeling framework is not well established. The
proposed methodology is grounded on the DC-DC converter
state-space representation and thus, differently from other mod-
eling techniques, it permits to fully characterize the dynamic
behavior of generic RBCOT converter topologies with arbitrary
complex power stage and ripple injection networks. As a case
study, we derive the small-signal model for a Buck converter
embedding a widely used ripple injection network in industrial
applications. The validity of the theoretical results is confirmed
through direct comparison with SIMetrix/SIMPLIS simulations
and experimental measurements in practical application scenar-
ios, confirming the accuracy of the model even well beyond the
converter switching frequency.

Index Terms—RBCOT Buck Converter, PWM DC-DC Con-
verter, Small-Signal Modeling, Sampled-Data Model

I. INTRODUCTION

N the last few decades, Pulse-Width Modulated (PWM)

Buck converters with variable-frequency Ripple-Based
Constant-On-Time (RBCOT) control demonstrated to be the
optimal solution for many scenarios, mostly thanks to their
architectural simplicity, higher efficiency at light-loads and
shorter transient response time compared to conventional
Fixed-Frequency Control (FFC) architectures, e.g., Voltage
and Current Mode Control (VMC and CMC, respectively).
Benefits of COT control are reviewed in [4] and [1], [S]-[7].

Indeed, despite the simplicity of the architecture, whose
block schematic is shown in Fig. 1(a), extracting an equivalent
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small-signal model is not as well consolidated as in the case of
DC-DC converters featuring FFC [8]-[11]. Concerning design
and analysis of DC-DC converters, small-signal models are
of paramount importance from a practical engineering per-
spective [12]-[15] to capture the converter dynamics around
a specific cyclostationary operating point so as to obtain a
small-signal Linear Time-Invariant (LTI) circuit model.

The averaging technique [16]-[18] yields physical insight
into the low-frequency dynamic behavior of the circuit but it
intrinsically neglects the presence of a ripple signal when the
averaging operator is applied. Although averaging is typically
employed for designing traditional VMC converters [10], [13],
[19], [20], it fails to accurately describe the RBCOT DC-DC
converter dynamics in the whole frequency range because, in
this case, the dynamical evolution of the RBCOT converter
essentially depends on the presence of a non-negligible ripple
signal. For example, a major limitation of the averaging
method is that it cannot predict high-frequency effects such as
subharmonic instability occurring at half-switching frequency
in CMC architectures [21]-[23]. Recently, an improved
averaged high-frequency model has been proposed in [24]
and applied to PWM RBCOT converter, exploiting moving
Fourier coefficients. Fourier series is used in [25] to provide
RBCOT small-signal models considering the presence of an
outer feedback loop. The sampled-data small-signal modeling
techniques, firstly presented in [26], rigorously explicate the
sampling effect of the converter modulator in the small-signal
limit, allowing to predict fast-scale instability in the current-
programmed architecture directly from a canonical small-
signal model. Based on this theory, subsequent works [21],
[23], [27] provide simplified and easy-to-use equivalent small-
signal circuit models based on the traditional averaging tech-
nique, but additionally incorporate the sample-and-hold effect
into the converter inner current loop. This enables predicting
fast-scale phenomena through compact averaged small-signal
models. Unfortunately, an equivalent and directly identifiable
sample-and-hold effect does not exist for RBCOT converters.

The Describing Function (DF) method is used due to
the quasi-linear behavior of converters [28]-[30]. RBCOT
Buck converters with both current-mode and V2 control have
been modeled through the DF technique in [31], [32]. This
technique has been further developed to handle feedback
signals with exponentially-varying slope [33] and to extract
a loop gain model for RBCOT converters [34] to investigate
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Fig. 1. DC-DC Buck converter with RBCOT control. (a) General functional block schematic of a RBCOT architecture; (b) a RBCOT Buck converter with

a widely used ripple injection network ( [1]-[3]).

stability and bandwidth. In [7] and [35], a DF-based modeling
approach for multiphase and series capacitor trans-inductor
COT regulators has been presented, respectively. In [15], [36],
the DF is applied to more intricate RBCOT architectures.
In all these models, RBCOT modulator, inductor and power
switches are treated as a single entity since the beginning
of the modeling process. Consequently, it is not possible to
identify the impact that individual converter parts have, and
the final results can only be used to describe a specific closed-
loop transfer function (TF). Indeed, the derivation is strongly
dependent on the topology analyzed and it is based on direct
calculations made on the converter perturbed waveforms in
time domain. Furthermore, the DF modeling technique is not
easily adaptable to other RBCOT architectures [1], [37]-[40].

The sampled-data modeling approach [21], [26] has been
recently extended to RBCOT converters in [6]. Focusing on
the sampling characteristics of the modulator, the fundamental
difference compared to FFC architectures is the number of
sampling instants in each switching period: RBCOT converters
take two samples (spaced apart by Ty, i.e., the length of
the ON pulse) in a switching period rather than a single
one. However, although in this case the COT modulator is
separately analyzed and a compact small-signal model is pro-
vided, the expression for the static modulator gain factor F,,, is
introduced without a clear theoretical foundation. As it will be
shown in the next sections, fixing F},, a priori results in several
inaccuracies in both the modulator and the closed-loop small-
signal TFs. Furthermore, the presented model is incomplete, as
only the control-to-output TF is given. The derivation of other
relevant features such as audio-susceptibility and output/input
impedance is still lacking. These limitations hamper the estab-
lishment of a complete topology-independent modeling tool
and motivate further investigations.

In this paper, we propose a novel exact small-signal mod-
eling method aiming to develop a unified and general theory
for RBCOT Buck converters. The purpose of this work is
to provide an improved model of well-established RBCOT
architectures. The presented technique is grounded on the

converter state-space representation and it thus enables com-
plete evaluation of the system dynamics, irrespective of its
architectural complexity (i.e., it can be potentially exploited
to determine any TF of an RBCOT converter with arbitrarily
intricate circuit networks). Differently from the pioneering
works in [6], [31], [32], the complete modulator small-signal
model is derived without either invoking in advance the
modulator sampling characteristics or fixing the expression
of F,,. Furthermore, the derivation process does not require
any assumptions on the time-domain converter evolution in
response to external perturbations. In fact, both the final
structure of the small-signal model and the F,, expression
turn out to be a by-product of the detailed methodology and
need not be assumed beforehand. As a concrete application
example, the proposed modeling technique is validated by
considering the RBCOT architecture shown in Fig. 1(b), which
is a DC-DC converter topology widely used in industrial
applications [1]-[3]. To the best of the authors’ knowledge,
an exact and complete small-signal model for this RBCOT
converter has never been derived up to now. The validation
process is conducted through the use of the SIMPLIS simulator
engine. Specifically, an . AC analysis of the RBCOT converter
operating in a Periodic Operating Point (. POP) is performed,
allowing for a comparison between the simulated frequency
response and the results derived from the proposed analytical
model. A detailed comparison between the proposed modeling
method and the ones in [6], [31], [32], [34] is also conducted.

The paper is organized as follows. After formalizing the
problem of TF computation in Sec. II, we proceed with
the main developments in Sec. III, where the closed-form
analytical expressions of the main small-signal TFs embedding
the converter sampling process are derived. Based on these
fundamental results, a complete converter small-signal model
is provided in Sec. IV. Then, practical application examples
and a comparison with other modeling techniques are dis-
cussed in Sec. V. Finally, we draw the conclusions.
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II. PROBLEM STATEMENT AND NOTATION

A general architecture for a RBCOT Buck converter is
shown in Fig. 1(a). The fixed input voltage Vi, is chopped
through the action of the High-Side (HS) and Low-Side (LS)
switches SW 1, both driven by a control signal d(t). The
signal produced on the SW node is applied to a Power Stage.
This includes the converter output filter generating the desired
output voltage level V,, (see, for instance, Fig. 1(b), where a
typical LC filter made up by the elements L, Coy¢ and Rc, .
is employed). From the Power Stage, a set of signals is sensed
and sent to the Ripple Injection Network, which synthesizes a
feedback signal y(¢). This signal might be directly extracted
from the Power Stage (e.g. it might be the inductor current
i, (t) or the output voltage wvoy4(t)) or, alternatively, it can
stem from a more complex circuit network, such as the one in
Fig. 1(b). The signal y(¢), featuring a certain switching ripple,
determines the time evolution of the RBCOT converter. Indeed,
a modulator K senses a feedback signal y(t) and produces a
pulse whenever it reaches a certain reference threshold value
Viet. The main feature of switching converters with RBCOT
control is that the feedback loop produces a control signal d(t)
consisting in a sequence of rectangular pulses of fixed duration
Ton, generated by a T, Timer. To formalize this behavior, we
introduce the time instants ¢y, indexed by k € Z, to denote
the time when the k-th pulse begins. This sequence satisfies

Y(tr) = Viet, VE€Z 6]

and the duty cycle control signal is thus a sequence a pulses
starting at tg,

d(t) = pr,, (t—tr) )

kEZ

where pr, (t) = 1if 0 < ¢ < T,, and zero otherwise.
Throughout this paper, we adopt the notation that lower-
case letters indicate network quantities (e.g. in Fig. 1, voy,
im, d, etc.) that are typically time-varying. Their capitalized
versions denote constant values (e.g. Vi, and Vs are the values
of the DC component of the input and reference voltages,
respectively). A barred letter like g(¢) denotes the steady-state
response of the variable ¢ in periodic steady-state operation,
when no perturbation is applied and external excitations are
kept constant. When perturbations are applied to the network
sources for the sake of computing TFs, the symbol ¢ denotes
the (small-signal) deviation of ¢ from the unperturbed steady-
state q(t), i.e. there is a decomposition ¢(t) = q(t) + §¢(t).
By analogy and in accordance with the standard definition,
the small-signal TF H? from an independent excitation u to a
network variable w (e.g. output voltage, duty cycle signal, etc.)
links the first-order response w(t) due to a harmonic excitation

U(t) = acoswpt 3)

at a given frequency w,, and the corresponding Fourier
component of the input @(t). In particular, we consider that
the COT converter works around a periodic operating point,
corresponding to constant Vin, Iout, Vier, With period T so
that any given network variable w has a periodic response
w(t) when no small-signal perturbation is applied. Upon
applying the perturbation @(t), the response becomes w(t) =

w(t) + w(t). It is assumed that the small-signal response
w(t) is quasi-periodic with a discrete frequency spectrum. In
particular, since there are two periodic input signals involved,
the response will be exactly periodic only if the periods 7" and
T, =2m / wp have a common multiple or, in other words, only
if there are two positive integers £1,¢5 such that (T, = (5T,
Following the theory of describing functions [29], we focus on
the fundamental harmonic component at the same frequency
wp as the driving input, that we denote [w];. We adopt the
following definition of TF H} (jw,) from the excitation u to
the output quantity w,

HY (jw,) = lim

@)
w(t)=a coswpt

In words, the TF value at jw,, is found by exciting the system
with the harmonic disturbance # in (3) and then considering
the gain from this input to the fundamental (i.e., the spectral
component at the same input frequency w,,) Fourier coefficient
of the response w(t) as the amplitude a — 0 (small-signal
conditions).

The circuit topology used in our analysis is depicted in
Fig.1(a). The filtering stage following the power switches
is regarded as an LTI circuit, denoted as G, driven by the
voltage vgw (t) = d(t)vin(t) at the SW node, where vy, (t) =
Vin + Oin(t). Taking this linear sub-network aside, it is useful
to consider its TF G(s) = HY_ (s) from vsw to the feedback
signal y. Following the state-space approach of [26], G can
be represented as

c A -
G- {sc x + bdv; 5)

y=cz

where A € RY*” is the state matrix and € R” is the
hidden state vector, b € R” is a column vector, ¢ € R” is a
row vector. Equation (5) combined with (2) defining d and,
most importantly, with the implicit condition (1) defining the
switching instants ¢; form a complete description of the COT
converter that, in principle, could be solved to find the response
y. Note that, differently from other approaches [6], [31], [32]
where the derivation of the small-signal TF is strongly reliant
on a priori approximations of the time-domain waveform of y
(linear or parabolic), we do not make simplifying assumptions
on the network G at this stage. This arbitrariness allows us to
address several topologies at once, including traditional V2
COT control architectures [31], [32], [41] and more advanced
COT topologies adopted in industry applications [2], [3].

In the following sections we will need to evaluate the
response y to a given signal d(¢)vi,(t), i.e. the output of the
system (5). To this aim it is useful to recall that, if the state at
some initial time ¢ is @(to), then the well-known convolution
formula gives the state at a later time ¢,

t
x(t) = eA(t_tO)a:(to) —|—/ eA(t_T)bd(T)vin(T)dT (6)

to

In case the input signal is defined for all times,

t
2(t) = / A=) b7 )i (7)dr 7
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Similarly, the feedback variable is y(t) = fioo g(t —
7)d(T)vin (T)d7, where g(7) = ceATb is the impulse response.

Throughout this paper, we use boldface capital letters (X)
to indicate matrices and lowercase letters for vectors (x). We
use the symbol I to indicate the identity matrix, the letter §(-)
for Dirac’s delta distribution, and j for the imaginary unit.
The transpose of a matrix X is XT. We also use the matrix
exponential eX £ Y77 (k1)71XF (see [42]).

III. DERIVATION
A. Preliminaries: Periodic steady-state operation

In steady-state conditions, we can define the time axis to
conveniently have the switching instant ¢, = 0. With this
choice, we have #;, = kT and Z(fy) = Z(0) £ x. Periodicity
implies that, at the beginning of every switching period, the
internal state is the same so that & () = @¢. Therefore, (6)
applied to the interval [0, 7] implies that the xy and 7" must
satisfy the following periodicity condition

Ton
eAlxy + / AT=TpV, dr = xp ®)
0

together with the COT control law (1), that in this context
reads

g(tr) = cxo = Vier. )

In periodic steady-state operation no external disturbances are
applied to the system, i.e., Ui, (t) = Ope(t) = 0. Therefore,
equations (8) and (9) can be solved simultaneously for the
period T and the state x( to characterize the unperturbed,
steady-state operation. In particular, solving for x( in (8)
yields

xg = —A" NI — e A7) "I — e ATon)p14,. (10)

B. Control-to-duty TF

Let us now consider the closed-loop response to a small
signal disturbance rc¢(t) = acosw,t on top of the reference
value Vief. Applying pe¢(t) causes the circuit to deviate from
the steady-state conditions discussed in Sec. III-A and, as
depicted in Fig. 2, each switching instant ¢; will be delayed or
anticipated by an amount #;, compared to the steady-state %y,

(1)

These deviations are such that the COT control law (1) is
fulfilled

tr =ty —l—ﬁNk.

Y(tk + te) = Vier + acoslwy (T + )], VkeZ (12)
N————

Uret (tk)

Similarly, the duty cycle signal becomes d(t) = d(t) + d(t),
where the difference d(t) = d(t)—d(t) is a sequence of pulses
of duration #;, with every positive pulse followed by a negative
pulse distanced by T, (see Fig. 2, bottom), that is
—+oo

> —pi (t —th) + pp, (t — Ton — 1)

k=—o0

d(t) = (13)

This equation is clarified in Fig. 2, which shows that, upon
applying this disturbance on the reference level V¢ (top panel,

orange line), the intercept with the signal y(t) are shifted.
A positive ?j, implies that the T, pulse is delayed (Fig. 2,
middle) meaning that d lags with respect to d. This implies
that the difference d(t) = d(t)—d(t) with respect to the steady
state includes a negative pulse at ;, of width #;, followed by a
positive one later after the on-time Ty, (Fig. 2, bottom). Vice
versa, a negative 7 signifies that the T,, pulse leads with
respect to the steady state.

We see that, given the switching instants ¢, the signal d(t)
is defined and, consequently, the evolution of G in (5) is
entirely determined. Moreover, the response y at time ¢z only
depends on the earlier values t,, with n < k. Therefore, we
can think of y as a function y(tx) = y(tx; {tn}n<k,a) of the
switching instants {t,}nez that define the signal d(t). With
this notation, condition (12) becomes

Y(te; {tntn<k, @) = Vier + acoswpty, VkeZ. (14)

Since for a given value of disturbance amplitude a the
perturbed switching instants must solve (14), the unknown
sequence of switching instants ¢, = ¢;(a) can be considered
a function of a implicitly defined as the solution of (14). In
a small-signal analysis, we are interested in the behavior of
this sequence for small a. Note that, for a = 0, the solution
is the steady-state with t;, = ¢, and ;, = 0. When a — 0,
we can look at how the solution sequence ¢ is affected by
implicitly differentiating (14) with respect to a and evaluating
the derivatives at a = 0 to obtain

Vk € Z

k—1
A+ > Brmbm = coswply, (15)

m=—0o0

where the coefficients « and Sy_,, arise from using the chain
rule for derivatives, and &, is the sequence we need to solve
for. These are defined as

o= ay(tk7 {tn}ngka a)

16a
8tk a:O)tn:En ( )
OY(tr; {tntn<k,a
B = 2 {a bnsk, @) (16b)
tm U‘=Oatn=5n
Otm
13 da |,_, (16¢)

Note that, in the above, we have tacitly assumed the existence

of the derivatives of ¢;(a) around zero. Explicit expressions
of (16) are postponed to the next section, where it will become
evident why « is indeed independent of k£ and /3 only depends
on the difference £ — m, both because of periodicity of
the steady-state operating point around which the system is
perturbed.

Equation (15) is a linear recurrence in & solvable, for
instance, via z-transform techniques. We remark that, by
linearity, we are only interested in the forced response due
to the terms on the right hand side of (15). Thus, we directly

seek a steady-state solution of the form
&, = 1 E(erT)elwrh T 1 5(emwrT)emiwnk T (17)

Substituting (17) into (15) and rearranging gives a linear
combination of e/“»*T and e~J“»*T that must identically
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Fig. 2. Waveforms of duty cycle d(t) and control signal y(t) in steady-state and perturbed conditions. The fixed reference voltage V¢ is perturbed with a

sinusoidal orange excitation.

vanishing for all k, implying that the coefficients multiplying
the two exponentials must be zero, i.e.

a+25k

m=—0o0

= (6:|:jwp :I:pr m—k)T 1=0. (18)

Solving for Z(el“r?) finally yields
E(ejw,,T) _ [a 4 e—jprB(ejpr)]—l

where B(z) = Y 37, Brp1z "
of the sequence {fSk+1}72-
In order to find the control-to-duty TF HZ (juw,), we should
look at the spectrum of d(t) according to the definition (4).
The Fourier transform of d(t) in (13) is

19)

is the unilateral z-transform

. 1 jwt

dw) = 52 >~ (=) —eTn) Qo)
k=—o00
Using the equality lim, o (1—e“%)/a = Jw%t; Jwék
in (20), we get
A d(jw) 1 X _j _j

N o - o jwTon jwkT

do(ju) = ¢11—>0 afy 2m k; 261 —e Je
2D

Using (17) combined with Poisson’s summation formula,

o0

N 1 i . 2
do(jw) = —7 Z (T [1 — eI Ten]§ (w —wpy — k;)
k=—o00
1 o~ _, _i, e 2t
7?k,7 E(e T [1 — e Ten)§ (erwka)

(22)

We see that the spectrum do (jw) is made of discrete spectral
lines, with these two summations corresponding to =wp,
respectively arising from the two spectral components in (17).
We are interested in the component [dy); at the same frequency
wyp as the excitation, defined as the coefficient of the £ = 0
term in the first series in (22),

1 .
fE(erpT)(l —

[do]s = — e iwrTon) (23)

~Finally, using (19), we find the closed-form solution for
[do]1, which coincides with the control-to-duty TF,

1 1 — e iwpTon

H? = . .
T o + e—iwpT B(eiwrT)

Vref

(jup) = — (24)

C. Coefficient computations

In this section, we report the calculations to obtain the
coefficients (16), that are the derivatives giving the sensitivity
of the solution y to infinitesimal changes in the individual
switching instants ¢,,. Starting with the definition (16a), the
computation of « consists in finding the effect of a small per-
turbation # around f;. Hence, in this case y(tx; {t,}n<k,a)
is the response of G when the duty cycle control d(t)
d(t) + cZ(t) is perturbed with a pair of pulses of duration %y,
that is d(¢) = =Dz, (t— Ek) + s, (t— te — Ton)-

_ Since all ¢,, are unperturbed except for n = k (i.e. it holds
d(t) =0, Vt < ty_1), the state response x(t) is equal to the
steady state up to the instant ¢ = ¢_1, and we have x(t;_1) =
xo. Using (6) in the interval [tg_1,tg] (With tg > tx_1+Ton),

_ L _
z(ty) :eA(tk*tk—l)wO_’_/ eA(tk*tk—l)b‘/}n dr  (25)

Ekfl

The derivative with respect to tj, evaluated at t,, = ¢,,,Vn is

t
O (tx) — Az (26)
6tk a=0,t,=tn
and the coefficient
a=cAxy,=y(t,) 27

is the slope of the steady-state response 7(t) evaluated to the
left of the switching instant. This follows from the fact that,
at t = t,, the state equation (5) is @(t) = Ax(t), hence

As for the 55 in (16b), we should consider the effect of
perturbing the m-th switching instant #,, by an amount £,
at a later observation time f, with k& > m. This change in
the switching instant is a perturbation on the duty cycle signal
ng (t) = —pz, (t—tm)+p;, (t—Ton—tm). This is an input to
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the subnetwork G defined in (5). Hence its effect on the output
can be found again via the convolution formula as follows

G () = /_ " gl — 1) (r)dr =

(28)
(r)dr

m

Tr B }

=c / AT d;
Z'mfl

Note that we have already isolated the perturbation response

7(t), removing terms associated with %(¢). Using the definition

of Br_m, we get

vz, (tx)

im—0  tm,

Br—m = lim = ceAlhmmT [~ Alon _ [bV4, (29)
This equality can be explained by considering that the limit of
the pulsed function d; (7)/t, as t,, — 0 in the distributional
sense is a pair of Dirac’s deltas 6(t — &y,) — 0(t — Ton — tm)-
Hence, the integration and limit in (28)-(29) can be interpreted
as a sampling operation on the impulse response ¢(t) that
results in B, = —g(kT) + g(kT — Ton).

Using the closed-form expression of § in eq. (29), the func-
tion B(z) can be found explicitly by means of the geometric
series identity, as follows

B(2) = ceAT[I — AT e Aon — 1BV, (30)

At this point we can consider the behavior of the TF (24) at
DC, i.e. as w, — 0, where the denominator becomes a+B(1).
By comparing (30) and (10), we see that

a=cAxy=—DB(1).

This means that the numerator zero in the origin cancels out
with a pole at the same frequency, thus making the control-
to-duty TF finite and non-zero at w, = 0. This can be made
apparent by manipulating (24) using the identity (10) to obtain
the alternative expression

e (o) — ) 1 — e~inTon an
w = — — — T

rer JWp T (9T — 1)cA[elr T — eAT|~1g,

Here, the presence of a pole at w, = 0 is evident. This

result is important because previous modeling techniques such
as [6], [31], [32] are inherently dependent on the straight-
line approximation as an assumption made at the beginning of
the analysis. This invariably leads to a control-to-duty transfer
with a spurious zero in the origin w, = 0.

Another important observation concerns the practical com-
putation of B(z). This is straightforward when the pole-
residue form of the TF G(s) = c(sI — A)~'bVi, is available,

G(s) = ZH(S —p) 7! (32)
i=1

In this case we can introduce a modal realization of G(s), i.e.
AcC”™, beC” ceC” with

A = diag{p1,...,p}, b= (r1

1), (33)

to be inserted in (30). Through algebraic manipulations, this
gives
riePil

B(z) = Z 1 — epiT 5—1 (€77 e — 1)

=1

(34)

which is an expression of B(z), and therefore of the control-
to-duty TF Hffm, in terms of poles and residues of the linear
network G following the power switches.

D. Line-to-Duty TF

The ideas outlined in the above Sec. III-B can be re-used
to obtain the TF Hffi , from the input voltage vj, to the duty
cycle d. In this case the perturbation ¥i,(t) = acos(wpt) is
injected on input voltage so that viy(t) = Viy + Oin(t). As
discussed above, this implies a perturbation of the switching
instants that translates in a deviation d(t) on the duty cycle
signal. Therefore, the state equation (5) now reads

& = Az + bd(t) + d(t)] - [Vin + acos(wpt)]. (35)

Here, Ui, (t) depends directly on the amplitude a, while d(t)
depends on ; only. In this case the COT control law that
implicitly defines the ty, is y(tx; {tn }n<k, @) = Vier. Implicit
differentiation with respect to a leads to

k=1
Akt Y Brombm+W=0

m=—o0

(36)

that is the counterpart of (15) where the right hand side is zero
because there is no disturbance on V,¢, and the new coefficient
v is defined as

Oyt {tn}, a)
Y= ———F%
Oa

This encodes the sensitivity of the output y to small variations
of a. It can be expressed as the derivative with respect to a of
the convolution integral that gives the response y,

(37

a=0,tn =tn

9T | g—iwpT

tr _ _
vy = / ceABpd( T 4 (38)

2
The sequence v, represents the forcing term for the recur-
rence (36), and also in this case it can be recast as the
superposition of two quasi-periodic geometric sequences. In
fact, from (38),

Vi = 120 (jwp )& T 4150 (—jw, e 39e kT (39)

The coefficient I'(jw,) arises from (38) through the evaluation
of a definite integral resulting in

D(jwp) = — cA e AT — T e A Tor —Tb (40)

where A, 2A- jwpll.
Searching for a steady-state solution of the form (17), in
this case we find
I (jwp)
a+ e iwrT B(elwrT)’
Finally, repeating the steps from eq. (19) to eq. (24), one gets
the TF from a line disturbance to the duty cycle,

. 1 D (juwp)(1 — edenTon)
d _ p
H7)i11 (pr) T Ta + e*ijTB(eJ‘WpT) ’

E(erT) = — (41)

(42)
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network G using [43] domain circuit analysis

(A b,c) G(s) =Z_sf'p.

Complete transfer function model including sampling and T, -
control through the proposed approach, i.e. (24),(34),(42),(43)

or

Sampled-data, switching domain

Fig. 3. Logical steps going from the RBCOT converter circuit to the closed-
loop TF, taking either the state-space [43] or the TF approach.

Note that, similarly to (34), the coefficient I'(jw,) can be
expressed through the modal realization of G(s) in (33), i.e.

v T 1— e(j‘*/'p —pi)Ton

Tljup) = Z (jwp — pi) 1 — eliwp—p)T ’

i=1

(43)

that is an expression of I'(jw,) in terms of poles and residues
of the linear network G.

E. Summary of modeling procedure

The main results of the above derivations are the control-
to-duty TF H{fmf defined by (24) and (30), along with the
line-to-duty TF HZ ~ given by (42) and (43).

In practice, to evaluate these closed-loop TFs for a given
RBCOT converter, the proposed technique starts by consid-
ering the power stage and ripple injection subnetworks as
indicated in Fig. 1(a). These are represented by the linear
network G defined by (5), that is associated with the TF
HY_ . (s) from the voltage vsw (at the SW node) to the signal
y at the input of the Main Comparator. This linear network
is characterized through standard linear network analysis,
and Fig. 3 summarizes two alternative ways to proceed.
The first (left branch) is to compute a state-space model
(A, b, c¢) through the method outlined in [43]. Alternatively
(right branch), Laplace-domain circuit analysis provides the
TF HY, (s).

Once a state-space or TF model of G is found (via either
of the methods in Fig. 3), the closed-loop TFs in (24)
and (42) that include the COT modulator (with its discrete-
time sampling action) are given in exact form. We remark
that the COT modulator is often considered the most hard-
to-model part because it behavior is event-driven (constrained
by (9)).

In practice, the TF G(s) or the state-space (A, b, c) might
be cumbersome to compute in exact form without intricate
algebraic expressions, so that only approximate low-order
expressions might be available. In such case a crucial point
is that no further approximation is involved in going from this
approximate model of G to the closed-loop TFs.

Conversely, existing works [6], [32] crucially rely on ap-
proximations done upfront on the switching waveforms and
are not obviously separated from the sampled-data analysis.
In fact, [32] is inherently dependent on the straight-line ap-
proximation to evaluate the perturbations on the time-domain
waveform. In [6], the same approximation is necessary to

——w(t)

v@®

K ‘_O:_ Uref (t)

Fig. 4. System-theoretic block diagram of the RBCOT converter in Fig. 1(a).

evaluate the static modulator gain and simplifications are in-
evitable to evaluate the infinite mathematical series appearing
in the model. In other words, a strength of our approach
is that potential approximations are done on the LTI TF
G(s), thus enabling designers to choose the most convenient
simplification (e.g. dominant poles, negligible components)
depending on the analysis purposes (e.g. low/high-frequency).
Further details on the advantages of the proposed modelling
technique over existing RBCOT modelling techniques will be
provided in Sec. V-C.

IV. COMPLETE SMALL-SIGNAL MODEL
CHARACTERIZATION

The previous sections provided a closed-form expression of
two key closed-loop RBCOT TFs, namely the control-to-duty
H¢  and the vi,-to-duty H . In this section, we complete the
small-signal characterization of the RBCOT Buck converter
by deriving closed-loop TFs between other important pairs
of network variables, i.e. control-to-output H'° , the output

Uref ?

impedance Z$% and the line-to-output M. This is done by
combining the two previous fundamental results (24) and (42)
with standard network analysis so that derivations like the ones
in Sec. III need not be repeated.

In particular, we consider a generic excitation u(t) injected
in the LTI network following the switches (e.g., u(t) might
be the load current 7o, (t), see Fig.1(b)). Similarly, w(t) is a
generic output quantity probed either from the LTI network or
the switches pair. The objective of this section is to find the
(closed-loop) TF from u to w.

Through the abstraction depicted in Fig. 4, we can view the
operation of the RBCOT as the combination of a feedback
modulator K, and a network P. The block K represents the
sampling action and it controls the duty-ratio based on the
error signal v.(t) = vee(t) — y(¢). The block P represents
both the switches pair SW ; and the LTI network comprising
the power stage and the ripple injection network, as shown in
Fig. 1(a). Note that this representation is consistent with the
ones reported in several other works [6], [23].

In the following analysis we will need to relate the voltages
at the input and output nodes of the switches SWq; of
Fig. 1(a). For this purpose, let us recall that

vsw (t) = d(t)vin(t) (44)

where vi, (t) = Vip + 0in (¢) is the overall converter input volt-
age. When studying the small-signal effect of a perturbation
on the input (line) voltage, the component i, (t) = j,e/*r?
is set to an harmonic stimulus at frequency w,,. Using (44),
the harmonic component of vsy (t) at frequency w, (denoted
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as [vsw (t)]1) is written in terms of the spectral component of
vin(t) and d(t) as follows

[vsw (t)]1 = [d(®)]1[vin(t)]o + [d(t)]o [vin (D)]1

=Vin

(45)

where [d(t)]; = d(jw,) and [vsw ()1 = Dsw(jw,) are the
fundamental components of the duty cycle response and the
switch output voltage, respectively. The quantities [viy(t)]o
and [d(t)]o represent the DC components (average values),
respectively Vi, and D, so that

dsw (jwp) = Vind(jwp) + Disn (jwp)- (46)

These equations are consistent with the traditional PWM
switch model originally described in [44].

From the abstract description of Fig. 4, the small-signal
behavior of the converter can be re-written as

d(jwp) = K (jwp) [Drer (jwp) — G(jwp)]

Q(jwp) = Hgsw (jwp)@SW (jwp) + Hg(jwp)ﬂ(jwp)v
where the term K (jwp,) represents the modulator TF. The
output w(jw,) can be written as

(47)

w(jwp) = H:f;w (jwp)ﬁSW(jwp) + Hg)(jwp)ﬁ(jwp)- (48)
A. Control-to-Output TF
The closed-loop control-to-output TF Hje = characterizes

the output voltage response to variations in V.¢. Referring
to Fig. 1(a), it relates a small-signal perturbation 9ret(jwp) to
Do(jwp). This is helpful in designing an outer voltage feed-
back loop that is typically introduced to guarantee increased
accuracy in output voltage regulation.

The closed-loop duty cycle response to Upef(jwp) is given
in (24). Combining this with (46), H o is derived as follows

Uref

d(jwp) Osw (jwp) o(jwp)
Oret(jwp)  d(jw,) Osw(iwp)
= Hiof (jwp)vin Hpow (jwp) .

vsw

2 o) =

Uref

(49)

B. Output Impedance TF

The output impedance TF ZS%(jw,) describes how vari-
ations in the load current affect the output voltage. In this
case, the input is u(jw,) = %Out(jwp). In order to find the
duty cycle response we observe that, in (47), the solution
d(jw,) is unchanged if we replace i(jw,) with an equivalent
perturbation Oref oq(jwp) = —H,iyout(jwp)gout(jwp) and set

4(jwp) = 0. In this way, we find that

d(i“p) = _Hicf (jwp)Hfi“t (jwp)%out (jwp)' (50)

We use (46) to find vgw and finally (48) to obtain

tout (Wp)
= H" (jwp) — HEw (jwp) Vi HY. Gwp)HY (jwp),

VSW

280 Gy) = L)

(51

where H;*" (jwp,) is the open-loop output impedance TF, i.e.
the impedance seen into the output port of the LTI network,
with 0gw = 0 and without feedback.

C. Line-to-Output TF

The line-to-output (or, equivalently, audio-susceptibility)
TF M(jwp) = 9o(ws)/ti(jwp) describes how line voltage
fluctuations propagate to the output voltage. Referring to
Fig. 1(a), it relates an input voltage perturbation at frequency
wp, 1.e., @in(jwp), and the converter small-signal output voltage
Do (jwp).-

The line-to-output TF is derived from (46), (42) and (48),
where W (jw,) = U,(jw,) and only the input signal 9;,(w,) is
activated, thus obtaining

M(jwp) = Hjow (jwp) (D + VinH{;ii,, (jwp)) .

vsw

(52)

V. VALIDATION OF THE PROPOSED TECHNIQUE

This section validates the modeling strategy proposed in
Sec. III in several practical scenarios. In particular, the RBCOT
architecture of Fig. 1(b) is taken as a reference validation case.

A. Architectural Description of the RBCOT Converter with
Artificial Ripple Injection Network

The RBCOT architecture shown in Fig. 1(b) is extensively
exploited in several commercial products [2], [3] due to its
advantages in terms of architectural simplicity and improved
dynamic performance. It is an implementation of the idealized
circuit model presented in [45]-[48], where an AC-coupled
emulated inductor current signal is added to the output voltage
signal and fed back to the Main Comparator.

The topology in Fig. 1(b) involves the introduction of a
ripple injection network that facilitates the use of low-ESR
ceramic output capacitors in the power stage. Indeed, the
circuit synthesizes and injects an artificial signal by directly
integrating the voltage waveform on the switching node SW
through Ry and C¢. The produced ripple is in-phase with
the inductor current iy (¢) and it is propagated to the input
of the Main Comparator through the DC-blocking capacitor
Cp, which extracts the AC component only. Furthermore, the
network is typically designed to entirely propagate the ripple
of the output voltage vout(t) on y(t), while the resistances
Ry set the bias voltage of y(t) in order to guarantee that
Vout = Viet(R1/R2 + 1). The amplitude of the overall feed-
back signal y(t) is chosen to ensure that the capacitive ripple
contribution at the input of the Main Comparator is negligible
compared to the ripple component in phase with the inductor
current signal. This avoids the emergence of the notorious
subharmonic instability issue in COT converters [32], [49]-
[51]. Note that the power stage here considered and shown in
Fig. 1(b) is the most commonly employed in applications, but
it could in principle be more complex (e.g., multiple output
capacitors, parasitic elements like the winding resistance of
the power inductor Ly, etc.).

Various design methodologies have been developed for the
RBCOT converter embedding the ripple injection network
in Fig. 1(b). We address henceforth an exemplary practical
scenario that follows from [2].
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Fig. 5. Closed-loop control-to-duty TF ngef(s).

B. Validation of the Small-Signal Model

We demonstrate the validity of the proposed model on
the RBCOT architecture shown in Fig.1(b). At this time, we
consider the component values according to the typical appli-
cation described in [2], namely Ly = 22uH, Cou = 22uF,
Re,,, = 10mfQ, Rf = 453k, Cf = 3.3nF, C, = 56 pF,
Ry = 453k), Ry = 49.9kQ, Ty, = 834ns, Vi, = 48V,
Rp =40 and Vi = 1.19V

In the state-space (SS) approach, the LTI subcircuit G is
represented by the coefficients (A,b,c). Upon computing
them via standard procedures [43], egs. (24) and (42) directly
yield the closed-loop control-to-duty and line-to-duty TFs. Fig-
ure 5 demonstrates that the proposed model matches SIMPLIS
results both in the low- and high-frequency regions and even
beyond Fj, (Fig. 5 extends up to 3Fg). It is important to
remark that this TF H{f!_ef has no spurious zero at s = 0, an
issue that affects other models such as [6], [32].

Besides the state-space representation, an alternative way to
characterize the LTI subcircuit G is via its TF. For this topol-
ogy, the following TF is derived in [52] using approximations
to simplify the resulting expression

4(s)
ﬁsw(s)
In (53), Hycu () is the power stage TF (from SW to the output

node),
(1+2)

(Z)2+ Zos i1

HY (s)=

vsw

= Hy(s) + H}ov (s)Ha(s).

vsw

(53)

How(s) =

VSW

(54)

while Hi(s) and Hy(s) are the ripple injection network TFs

STy
Hi(s) = ————g——
5\2 4 261 ’
(UJ1) + UJ118+1 (55)
s \2 28>
)+ 25+ 1
Hy(s) 1t (2,) o

" Ri+Ry ()24 25417
wi wi

The newly defined parameters appearing in (54) and (55) are
reported in Table I.

Starting from a pole-residue form of (53), the closed-
loop control-to-duty TF is evaluated by first computing B(z)
according to (34), and then H,ff!_ef via (24). Similarly, the line-
to-duty TF depends on I'(jwy,), that is also expressed in terms
of poles and residues of Hyeut(s) via (43).

The control-to-duty and line-to-duty TFs are sufficient for
a complete characterization of the RBCOT, as discussed

TABLE I
PARAMETERS IN (54)- (55) REFERRING TO THE SCHEMATIC IN FIG. 1(B)

Parameter Name \ Parameter Value

a Cyp(R1 || R2)
T, Té CiRy, CpRy
wo L —
\/Lfcout (1+7g‘2"“ )
w1, W 1 _ 1
’ VToTF 1/7'};7'1'
1
wesr Rcout CO“"/
L
50 1 Rcout Cout+ ﬁé
2 R
\/Lfcout(l+ g‘z‘")
1( [7f oy ) _CeRp
&1 2 ( Ty + T + C;R1[|R2
1( 75, [CuRy
&2 2 ( e + CrRy

in Sec. IV. The TFs HPout(s), ZSk(s), M(s) are given

Vref out

by (49), (51) and (52), respectively. In particular, the eval-

uation of Z$L depends on H ;:1“; and HZ’O .. appearing in (51).

For this topology,
H!>(s) = Ry || ((scout)—l + RCDM) || sLy

Tout

HY (s)= H/*"(s)Hy(s).

Tout Lout

(56)

These three TFs are shown in Fig. 6, which indicates that
the proposed model, derived either through the SS or TF
approaches, agrees with SIMPLIS simulations. Quantitatively,
the maximum error observed in these curves is below 0.25 dB.

In case algebraic expressions simpler than (53) are desired,
the proposed methodology allows exploiting different, more
severe, approximations. A possible application-specific alter-
native is described in the following to showcase the flexibility
of this model.

Several applications of the RBCOT converter in Fig. 1(b)
require a short load-transient settling time, which is mainly
influenced by C} [2]. The set of component values reported
in [2] ensure that this requirement is fulfilled. Specifically, it
holds Cy, <« CY, thus enabling the following approximations

1 1 S — Wy
Hy(s) ~ — , Hy(s)m =—=. (57)
Tf S — Wpo S — Wpo
In (57), we have defined w,o = —(R1Ch)™ ', and wyo =

—((RfCy)~1 +[Ch(Ry || R2)]™!). In addition, by neglecting
the presence of a damping term in (54), Hjou (s) becomes

Wi (8 — Wesr)

[ Yout (S) ~

~ . 58
vsw Wesr (S - jWO)(S +jw0) ( )

Although the resulting expression is inaccurate around the
resonant frequency of the power stage low-pass filter wy, it
is accurate everywhere else.

From (57) and (58), an approximate expression for HY
can be computed as in (53). Using the pole-residue form of
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Fig. 6. Validation of the proposed small-signal model of the RBCOT Buck converter in Fig. 1(b) through SIMPLIS simulation results. The model has been
computed via both state-space equations and the circuit TF. The set of circuit parameters used is that shown in the typical application described in [2]. 6(a)
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Fig. 7. Comparison between the exact and the approximated small-signal
models for the RBCOT Buck converter embedding the ripple injection network
shown in Fig. 1(b) and the set of component values in [2]. (a): modulator
TF. (b): control-to-output TF.

this simplified HY_ = in (34), (43) yields the closed-loop TFs.
A comparison between the results offered by the approximate
models and SIMPLIS simulation results is reported in Fig. 7
where, by way of example, both HZ . and H ”0‘;* are shown.
Note that, compatibly with the appr0x1mat10n in (58), the
former is inaccurate around the resonant frequency wy, while
the latter is accurate in the whole frequency range.

In the foregoing section, it is shown that previous modeling
methods [6], [32] implicitly make use of approximations of
this kind, but in an uncontrolled manner. In fact, it is seen
that the proposed more general approach yields the model de-
scribed in [32] as a particular case that is obtained by replacing
the exact HY,  with an high-frequency approximation.

C. Comparison with other modeling approaches

This section provides a comparison against other modeling
techniques available in the literature, specifically with [6],

1 ;lsw1

1 HS.L
e SW N“;Y\ZL () T
Vin$ ; J out
sw0 % =
! RC out H
| IJS‘ out S Rl
J; a.§
d(t) H< n -
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1
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Fig. 8. Buck Converter with V-COT control. Top: schematic, with pertur-
bations (orange) introduced to estimate the closed-loop small-signal TFs.
Bottom: Voltage and current waveforms.

[32], [34]. To this aim, the RBCOT architecture in Fig. 8
is taken as a reference in view of its ubiquity. In [32]
a closed-loop control-to-duty TF is not explicitly provided
since the power stage, switches, and the modulator are treated
collectively as a single entity instead of separate blocks.
The modeling technique in [32] relies on the DF technique,
and it is thus strongly dependent on the examined circuit
topology. Indeed, the complexity of the algebraic expressions
involved in this modeling process increases prohibitively when
additional circuit stages are introduced in the converter control
loop (e.g., refer to Fig. 1(b)), thus limiting its generality.
Additionally, only the closed-loop control-to-output and the
output impedance TFs of the V2 COT in Fig. 8 are given
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Fig. 11. Comparison between the proposed small-signal model (red line),

the accurate model in [34] (green dash-dotted line), the measurement results
extracted from [34, Fig. 30(a)] (black circles) and SIMPLIS simulations (blue
line).

in [32, Eq. (9) and (12)], while the audio susceptibility TF is
not given. Figures 9(a)and 9(c) compare these two TFs with
the proposed ones based on the component values and circuit
parameters listed in [6, Table II]. Next, we show that the model
in [32] is a special case of the one proposed herein.

Let us consider a high-frequency approximation of the
HY,, TF for the Buck converter with V2 COT control (Fig. 8),

HY. (s)~ H, (bis™> +bas™"), (59)

vsw
where H, = Ro/(R1 + R2), b1 = 1/(LsCoyu) and by =
Rc,../Lys. This is a widely used approximation (see, for
instance, both [6], [32]).
Adopting (59) to represent the subnetwork G is equivalent
to using its state-space representation

A=(0,0;1,0), b= (Hb Hyby) ,e=(0 1). (60)

To evaluate (24), we need both B(z) and «. Substituting the
coefficients in (30), we get

B(z) = VinHyb1 Tonz(1 — 2) 1. ©1)

Note that this approximation precludes us from computing
a in (16a) as o« = B(1). However, this is estimated by
taking advantage of the fact that o is the slope of y right
before the switching instant at ¢, , as per (27). Assuming
y(t) ~ H,vout(t) (reasonable for practical ripple injection
network with high input impedance), an analytical expression
of o is computed from the slope of voyu; (¢) at t = ¢, . Resorting
to the small-ripple approximation [21, Ch. 2.2] depicted at
the bottom of Fig. 8, the rising slope of iz, (t) is m; =
(Vin — Vous) /Ly, while its falling slope is mg = —Vout/Ly.
The overall ripple of iy, (1) is Al = mTy,. Assuming the
AC component of the inductor current flows entirely in Cyys
and Rc,,,. i.e. ic,,, (t) = (ir,(t) — Iou), the output voltage
is Tout(t) = Ry icy, (t) + Uc,,, (t). Therefore, considering
iy (1) = Coutc,,, (1), the coefficient oo = H, Uous (¢, ) reads

Ton
a=H, (ngcm — T;é ° ) .
out

(62)
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Fig. 12. Emergence of subharmonic instability in the circuit of Fig. 8(top)
as observed through transient simulation results in SIMPLIS.

The control-to-duty TF according the proposed model is
evaluated by replacing the expressions (61), (62), along with
the well-known CCM voltage conversion ratio [14, Ch.2]
‘/out/‘/in = on/T in (24)7

R Y (e | ()
Uref T—T,n T+Toy _sT
<1+2@mmm)_(1_2amR%m)e g

(63)

We wish to compare (63) with [32], which only gives the
control-to-output TF vout /v, ¢ = (4/v,er)(Vout/d). The transfer
function in [32, Eq. (9)] can be written as

@out(S) _ dA(S) ﬁout(‘S) _

{)ref(s) B N

d(s) - Dout (8)
@ref(s) 1n’DSVV(5>

- > (64)
Uref(s) d(s)
The last factor %out(s) /osw (s) is the TF from vsw to the output
voltage and can be expressed as

sCowRr, +1 1
= _ . (65
§2LCouy Ly <RL I (RC‘M + sCOut>) (65)

The TF in (65) appears explicitly as a factor in [32, Eq. (9)].
Hence, based on (64), we observe that the remaining factor
appearing in [32, Eq. (9)], that is d(s)/s..:(s), is exactly equal
to (63) derived with the proposed model (with H, = 1).
Hence, the model in [32] is implicitly based on the high-
frequency approximation of HY  (s) in (59), and so it is a
particular case of the proposed more general model.

Furthermore, we can also derive the output impedance given
in [32, Eq.(12)] through the proposed model (51). In fact,
using the approximate TF H;°"(s) = H/ (s) = Rc,,, +
(sCout) ™! together with (63) and (65) in (51) yields the same
equation as [32, Eq.(12)].

The proposed model allows to predict the emergence of
subharmonic instability. In fact, it can be shown that if
Re,o Cout < Ton/2, HE (s) in (63) has unstable poles. The
poles of (63) are aligned on a vertical line in the complex
plane [26], all with the same real part o. Fig. 12 shows the
time-domain simulation results corresponding to stable and
unstable conditions.

Other related models are presented in [6], [8], where all
the main stages of the converter architecture are directly
mapped into a small-signal equivalent. According to that
approach, a two-step strategy is proposed, consisting in a)
computation of the static modulator gain F},, (formally defined
in [8, Egs. (2), (4) and (5)]), and b) analytical or numerical
evaluation of a mathematical series including all the replicas
of HY. (s) [6, Eqgs. (7), (16)]. Step b) is a non-negligible
limitation, as it requires computing a non-trivial mathematical
series. This brings the need to derive a simplified form of the

ﬁout (3)
dsw (s)

HY.., TF (see [6, Egs. (9) and (17)]), with an unavoidable
impact on the accuracy of the final result. Also, evaluating an
analytic expression of F;,, becomes cumbersome for complex
topologies (e.g., the one in Fig. 1(b)), and it further requires
approximations in order to estimate the slopes of the signals
around the sampling instant.

A small-signal model for the V-COT Buck converter shown
in Fig. 8 is found in [6], where HY_ (s) = H, H,2:(s). From
the main results given therein (specifically, from [6, Table III]
and the block diagram in [6, Fig. 4]), the closed-loop control-
to-duty TF is derived as

Fm(l _ e—STon)
HY? =
Uref (S) 1+ FmHUVinQS(S)’

with @(s) £ 33720 Hou (s — 1278y (1 — eUF F=9)Ton) This
is here compared with the proposed model and SIMPLIS
results in Fig. 10 using the component values in [6, Table
II]. Also in this case, the actual evaluation of the model
in (66) is infeasible without assuming a simplified expression
for Hyeu (s), that appears in the series. In particular, an high-
frequency approximation similar to (65) is the key to obtain
a manageable closed-form expression in [6]. In addition, the
slopes needed for computing the F,,, coefficient in (66) are
derived through the straight-line approximation.

In Fig. 10, we provide a comparison between the control-
to-duty TFs obtained with the proposed model, with [6] and
through SIMPLIS. It is clearly visible that (66) is inaccurate in
the low-frequency range as a result of the approximations used
in [6, Eq.(17)] and [8, Eq.(32)]. In particular, the evaluation
of (66) through steps a) and b) relies on high-frequency
approximations that are inadequate at low frequency. Conse-
quently, the SIMPLIS simulation results shows a finite and
non-zero static gain of the closed-loop control-to-duty TF,
while the model [6] has a spurious zero for s — 0.

Concerning the control-to-output TF, also presented in [6],
a different low-frequency behavior is observed. This TF is
computed as in (49) exploiting an approximate Hjou (see [6,
Eq. (17)]), and the corresponding results are compared with
SIMPLIS in Fig. 9(a). Intriguingly, despite the inaccuracy
of the control-to-duty TF, the model matches the numerical
simulation. This is because the low-frequency asymptotic
behavior of the approximate duty-to-output TF (a double pole
at s = 0) compensates the zeros at s = 0 of the control-
to-duty TF. Note that, unlike the complete model described
herein, only the control-to-output TF is derived in [6]. Finally,
Fig. 9(a) confirms that the approach of [6] leads to the same
result as [32], a fact also shown in [6, Appendix I].

Moreover, we also compare the proposed model with the
one presented in [34], which presents a technique to ana-
lytically derive the loop gain of RBCOT Buck converters.
Specifically, referring to Fig. 8(top), the loop gain TF is
defined as Fioop(s) = vy (s)/vx(s). The loop gain is related
to the closed-loop TF Hyeut. In fact, it holds Fioop(s) =
Hpeue(s)/(1 — Hpeue(s)), a familiar relationship arising in
feedback control systems [21, Ch.9] corresponding to unity
feedback gain H, = 1. The measured samples of Fioop(s)
are extracted from [34, Fig.30(a)] and used to validate the
proposed model. The RBCOT topology under study is the one

(66)
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in Fig. 8(top). The results are shown in Fig. 11, suggesting a
good correlation with measurements.

To sum up, this comparison with previous modeling tech-
niques [6], [32], [34] shows that the proposed flow allows a
complete and exact dynamical characterization of any RBCOT
converter, regardless of the architectural complexity and with-
out the need for approximations to be imposed at the beginning
of the derivation phase. This ensures the validity of the model
across the entire frequency range, enabling the analysis of both
slow and fast-scale phenomena, as well as system loop gain
relevant for evaluating bandwidth and stability margins.

VI. CONCLUSION

In conclusion, an exact and complete sampled-data mod-
eling approach for RBCOT Buck converters is proposed that
provides all relevant converter TFs. The formal derivation of
the model is validated through SIMetrix/SIMPLIS simulations
as well as experimental measurements. Finally, a comparative
analysis with other modeling techniques is performed.
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