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1. Introduction
1.1. The problem of Fresnel integrability

The theory of oscillatory integrals is a classical research topic in harmonic analysis
[32], with countless connections to different branches of pure and applied mathematics.
Originally introduced by Stokes and Kelvin in the context of wave diffraction, oscillatory
integrals were extensively studied by Hérmander in relation to the microlocal analysis
of Fourier integral operators [24,25], resulting in a rich and elegant framework with
significant applications to regularity theory for partial differential equations and the
propagation of singularities [12].

Fresnel integrals are oscillatory integrals (of the first kind) with quadratic phase,
namely of the form

/ el f(a)da, (1)

Ra

where f: R — C is a Borel measurable function and A a positive parameter, playing
here the role of inverse frequency. According to Hérmander’s approach, such an integral
must be computed by means of a suitable regularization procedure. To be precise, f is
said to be a Fresnel integrable function if, for all p € S(R?) with ¢(0) = 1, the limit

/eﬁlmﬁf(x)do: = liﬁ} (2mif) =4/ / eﬁlmpf(x)‘?(ax)di

R4 R4

exists and does not depend on ¢. We shall denote by Fr(R?) the space of Fresnel inte-
grable functions on R%.

As a consequence, while Fr(R?) can be proved to be much larger than L'(R%) and to
include several elements that are important in applications, its full characterization is still
an open problem. Partial results in this direction include the Fresnel integrability of the
so-called Hormander’s symbols, namely C* functions whose derivatives have a suitably
controlled growth at infinity [9,25]. More recent results [1,13,26] rely on techniques of
Fourier analysis and provide the Fresnel integrability of all the functions belonging to
the Banach algebra FM(RY) of Fourier transforms of finite (i.e., with bounded total
variation) complex Borel measures on R?. A Parseval-type representation formula for
the Fresnel integral plays a central role in this context: if

f(x) = / e Vdu(y) € FM(RY)

Rd
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is the Fourier transform of the measure p, then one has

/eﬁ‘mﬁf(x)dx = /ef%mZdu(z). (2)
R4 R4
More details can be found in Section 3 below.

This result is particularly significant since it paves the way to the extension of the
theory of oscillatory integrals to the case where the underlying integration domain R¢
is replaced by an infinite-dimensional space. Besides the relevance of this problem in
the framework of abstract integration theory, infinite-dimensional Fresnel integrals are
a key ingredient of the mathematical theory of Feynman path integrals. Introduced in
the 1940s [18,19], Feynman path integrals are heuristic representations of the solutions
of the Schrédinger equation in terms of oscillatory integrals over an infinite-dimensional
space of paths. The rigorous analysis of path integrals is a longstanding challenge for the
mathematical community, due to several possible approaches and the diverse toolset of
techniques needed to encompass even the most basic physical models [3,20,26].

In fact, from a mathematical point of view, it would be interesting to give a meaning
to expressions like (1) where R? is replaced by an infinite dimensional Hilbert space. This
is not an easy task, as witnessed by the failure [11,34] of traditional techniques of infinite
dimensional integration based on the Kolmogorov existence theorem — which allows
for the construction of probability measures on infinite dimensional spaces as projective
limits of probability measures starting from their values on finite dimensional subspaces
[10,8]. Indeed, as detailed in [6,34], these techniques cannot be readily extended to the
case where probability measures are replaced by complex measures in order to obtain
one of the latter whose finite dimensional approximations are Gaussian measures with
complex covariance of the form (2wz)d/26*%dx, with z € C, Re(z) > 0 and Im(z) # 0,
since the resulting complex measure would have infinite total variation.

The no-go results just discussed imply that the construction of infinite dimensional
oscillatory integrals calls for alternatives to the standard Lebesgue theory, in order to
circumvent the lack of an underlying “flat” measure similar to the Lebesgue measure
in finite dimensional spaces. A more flexible approach, whose roots are to be found in
Daniell’s integration and the Riesz-Markov-Kakutani representation theorem, provides
that integration should be developed in terms of linear continuous functionals defined
on a suitable class of functions. The theory of infinite dimensional Fresnel integrals by
Albeverio and Hgegh-Krohn precisely embraces this point of view [3]. In their work,
Fresnel integrals on a (real, separable) infinite dimensional Hilbert space (H, (-, ")) are
designed using a linear continuous functional £ on the Banach algebra FM(H) of Fourier
transforms of complex Borel measures on ‘H. More precisely, the definition is given again
in terms of a generalized Parseval-type equality: if f(z) = [, @ du(y) € FM(H),
then we set (following [3])

(= [ertl e = [ au(a)

H H
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The integration theory developed in this way (see also [1,13] for related extensions) is
quite robust and still encompasses most of the properties that hold in the finite dimen-
sional context, yet leaving open the problem of the full characterization of the largest
class of Fresnel integrable functions Fr(H). Several attempts have been made to prove
Fresnel integrability results beyond the FM(H) scenario, both in finite and infinite di-
mensions [4], but a general theory is currently unavailable and only few examples have
been proposed so far — which are ultimately related to particular physical models and
special representations formulae based on an analytic continuation technique [5,2].

1.2. Fresnel integrability for the Sjostrand class

In this note we address the problem of Fresnel integrability, in both finite and infinite
dimensional settings, of a broader class of functions, which in the finite dimensional case
is strictly larger than FM(R?). More precisely, in R? we consider the Sjistrand class
M (R?) of temperate distributions f € S'(R%) satisfying the following condition: given
a Schwartz function g € S(R?) \ {0}, called window, we have that f € M°1(R?) if and
only if

g = [ sup 1FT=m) 0 < . Q
Rd

where F stands for the Fourier transform and ¥ for the complex conjugate of v € C.
The expression above defines the M°!(R%)-norm of f and turns M°!'(R?) into a
Banach space. It is then not difficult to realize (see Section 2.3 for details) that any f €
M>-*(R?) is a continuous, bounded function whose Fourier transform roughly behaves
like a L' function — in particular, f locally enjoys the same weak regularity of the
Fourier transform of an integrable function.

A condition similar to (3) appeared in Sjostrand’s paper [31] to design an uncon-
ventional class of symbols whose quantization is stable to composition and still leads
to bounded pseudodifferential operators on L?(R?). In fact, conditions in the same
spirit already appeared in the pioneering works by Feichtinger on modulation spaces
[17], since the regularity of f is characterized by means of a mixed L>® — L! con-
straint on a phase space representation of f obtained by the windowed Fourier transform
Vof(x,&) = F(fg(- — x))(§), relative to g, also known as the Gabor transform or short-
time Fourier transform in the time-frequency analysis literature [21]. The choice of this
special function space is not fortuitous, since it already played a significant role in some
recent advances on mathematical path integrals powered by techniques and ideas of
Gabor analysis [16,28,29,35] — see also [27] for a broad overview of this approach.

It was already proved in [28] that FM(RY) € M°>1(R?), and in the same reference
it is also recalled that C°(R?) C M°1(R?), where C2°(R?) is the space of smooth,
bounded functions with bounded derivatives of any order — see Example 3.5 below for
explicit instances of a function in C°(RY) \ FM(R?). Our first main result is The-
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orem 3.4, where we prove that M°1(RY) C Fr(RY) and also provide a phase space
generalization of the Parseval-like formula in (2) — roughly speaking, the Fourier trans-
form is now replaced by the Gabor transform. Such a representation formula is flexible
enough to allow for the extension of the notion of Fresnel integrability to distributions
in FM>'(R?), a topic that is discussed in Section 3.2.

These results rely on a careful analysis of the time-frequency features of the Fresnel
function ez l*l” (see Section 3), which may be of independent interest — we plan to
investigate the analogous properties of higher-order Fresnel functions like eznl?l" with
k > 2 in a forthcoming paper.

1.8. Infinite dimensional Fresnel integrals at the Sjostrand reqularity

In the second part of the paper we discuss some results concerning the Fresnel inte-
grability of functions in the Sjéstrand class in the infinite dimensional setting where R¢
is replaced by R® = RN. To this aim, we resort to the general theory of projective sys-
tems of functionals and their limits [6], that generalizes the Daniell-Kolmogorov theory
of projective limits of probability measures [8] and unifies oscillatory and probabilistic
integration in infinite dimensional spaces. All the technical preliminaries are reviewed in
Section 2.4 and the application to Fresnel integrals is discussed at length in Section 4
for the benefit of the reader.

With the aid of a suitable sequence of Gaussian window functions (g, )., we extend the
definition of the M°*1(R%)-norm in (3) to an infinite dimensional setting by constructing
a M°>1(R*°)-norm defined on a subset Cy of cylinder functions f: R® — C, i.e., those
maps which depend explicitly only on a finite number of variables. Furthermore, we
show that it is possible to unambiguously define a bounded linear continuous functional
Luin: Co — C in terms of the finite dimensional Fresnel integrals on M°>1(R™) studied
in Section 3. The backbone of this result is a detailed analysis of the family of functionals
Ly : M°1(R") — C with respect to the dimension parameter n € N, where

Lo(f) = / e 1o f (2)da.

R~

In Theorem 4.1 we were able to compute the exact norm of these operators, hence
obtaining sufficient conditions such that they are uniformly bounded with respect to n.

As an interesting byproduct, in Section 4.2 we discuss how this result can be used
to compute the ezract norm of the free Schrédinger propagator as an operator from
M>1(R"™) (with Gaussian window) to L°>°(R™). It is indeed well known that the free
particle propagator is not bounded L*°(R™) — L°°(R™), hence leading one to replace
L>°(R™) with a smaller space (M°!(R™), in this case), according to a common practice
in harmonic analysis, where several classical LP — LP inequalities fail to hold in the
endpoint cases p = 1,00 and one thus replaces L'(R") with the Hardy space H' (or



[ S. Mazzucchi et al. / Journal of Functional Analysis 289 (2025) 111009

weak-L!) and L with the space BMO of functions of bounded mean oscillation — see
[32] for additional details.

The aforementioned results are further developed in Section 5, where we introduce an
extension of Lyin: Co — C in terms of a linear continuous functional L: Cy — C defined
on the closure Cy of the set Cy of cylinder functions in the M°!(R>)-norm. A detailed
analysis of the elements in the domain Cy of L is provided, along with some examples.

Finally, in Section 6 we present a sequential approach to design an alternative linear
functional L': D(L’) — C that eventually results in a larger extension of Ly,;,. In partic-
ular, we prove that the domain Cy of L and the Albeverio-Hgegh-Krohn class FM (¢?)
of Fourier transforms of complex Borel measures on ¢? are both strictly included in the
domain D(L’) of I, the latter thus providing a non-trivial extension of the class of Fres-
nel integrable function in infinite dimensions. A detailed description of some examples

is given in order to concretely substantiate this result.

Summary of the main results. We provide here, for the convenience of the reader, a short
list of the most relevant results contained in this note.

(1) Theorem 3.4, concerning the Fresnel integrability of functions in the finite-dimen-
sional Sjostrand class M>!(R9), along with its applications (Example 3.5) and
generalizations (Theorem 3.6).

(2) Theorem 4.1, on the exact norm of linear continuous Fresnel-type functionals on the
Sjostrand space M°-1(R™).

(3) Theorem 4.3, where we obtain sharp L*° bounds for the solution of the free
Schrédinger equation with initial datum in M°*1(R™).

(4) Example 5.1 focuses on the characterization of the domain of a non-trivial extension
(L,D(L)) of (Lmin, D(Lmin))- To this aim, the trace-type result in Proposition 5.2
(with sharp bound (36)) and Theorem 5.5 play a key role.

(5) In Examples 6.1 and 6.2 we discuss the difficulties related to integration of non-
cylinder functions in the Fresnel algebra F(¢2(N)).

(6) The rest of the paper is devoted to extending the integration domains beyond
F(?(N)) and FM(¢?(N)), which is obtained by constructing a different linear
continuous functional (L', D(L')) that extends (L, D(L)) — cf. Theorem 6.4. A con-
crete function f: R — C in D(L’) is exhibited, along with useful representation

formulae (Lemma 6.5).

To the best of our knowledge, the results discussed so far substantiate the general
abstract framework developed in [6] with novel concrete examples, unraveling new classes
of Fresnel integrable functions and allowing for the first steps of Gabor analysis beyond

the finite dimensional Euclidean setting.
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2. Preliminary materials
2.1. Notation

In this note we choose the following convention for the inner product on L?(R%):

(f.9) = / FWa@)dy,  f.g € AR,
]Rd

The duality pairing between a temperate distribution f € S’(R¢) and a function g €
S(R?) in the Schwartz class is still denoted by (f, g), upon agreeing that (f,g) = f(g)
for the sake of consistency.

Given the parameter i € (0,1], the Fourier transform of f € L*(R?) is defined here
by setting

F(6) = F(1)(€) = (2nh) /2 / e HET f (),

Rd

FHH(@) = (2nh) = /e%xff(ﬁ)d&

Rd

with obvious extensions to temperate distributions. The Parseval identity thus reads
(f.9) ={F.9)-

Given A € R\ {0} and f: R — C, we set f o \(z) == f(A\x).

Given A, B € R, we occasionally write A < B to mean that the inequality A < CB
holds, where C' > 0 is a constant that does not depend on A, B — but may depend on
the parameter A, in which case we write A <) B.

The inhomogeneous magnitude of y € R? is defined as follows: (y) == (1 + |y|*)'/2.
The symbol * denotes convolution, as usual.

2.2. Basic toolkit of Gabor analysis

Let us briefly review some results of time-frequency analysis that will be used below.
The reader is addressed to 21,27] for proofs and further details.

Given z € R? and ¢ € R4 ~ R?, the translation and modulation operators T} and
M,, acting on f: R — C, are defined by

Tof(y) = fly—x),  Mcf(y) = (2nh)"V2eiVf(y),  yeR.

The phase space shift of f along (z,&) € R? x Re ~ R is thus defined by 7(x,&) =
MT,.

The Gabor/short-time Fourier transform (STFT) of f € S’(R%) with respect to the
window g € S(R?) \ {0} is defined by
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Vof(@,€) = (f,m(x,&)g) = F(f-Te9)(€), (2,8 € R*.

We also set, for later convenience,

Vyf(.€) = VyF (. €) = (2h) /2 / eV f(y)g(y — x)dy = Vy (. ).

R4

It is not difficult to show that V, f is a continuous function in R?¢ with at most polynomial
growth (that is |V (2)] < C(1 + |2[)V for some C > 0 and N € N, with z € R??). We
recall for later use a couple of basic properties of the STFT:

e The Fourier transform relates with a right-angle rotation in phase space, according
to the pointwise identity

Vof(z,€) = e 778V, f(€, —a). (4)

« The following inversion formula for the Gabor transform: if f € S’(R%) and g, €
S(R?) are such that (v, g) # 0, we have

1
;= WR/ V,f (2)m(2)vdz, (5)

where the identity holds in the sense of distributions.

It is intuitively clear that the regularity of a function/distribution can be measured in
terms of the decay/summability of its phase space representations. This principle moti-
vates the introduction of the so-called modulation spaces. To be precise, the modulation
space MP4(R%) with 1 < p,q < oo contains all the distributions f € S’'(R?) such that,
for a given g € S(R?) \ {0}, the mixed Lebesgue norm

s = Wado-Olsgan = (| ([ Woseopa)ae) ™)

Rd R4

is finite — with obvious modifications if p, ¢ = co. As a rule of thumb, f belongs to M?4
if it roughly behaves as an LP function, while its Fourier transform f loosely enjoys the
regularity of a L? function.

It turns out that (MP4(R%), || - ||Mg°q’)q) is a Banach space for every p, ¢, and the norms
[ 1] M and ||-|] mp are equivalent for every choice of a different window v € S(R4)\ {0}.
We also have S(RY) ¢ MP4(RY), with dense embedding if p,q < oco. Remarkably,
M?2(R%) coincides with L?(R9). Moreover, modulation spaces are increasing with the
indices, meaning that MP?14(R?) C MP292(R?) as long as p; < p2 and q; < go.
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As far as duality is concerned, the form (f, g) in S x S extends to modulation spaces
as follows: if f € MP4(R%) and h € M (R%), where p/,q’ are the Hélder conjugate
indices of p,q respectively (hence satisfy 1/p + 1/p’ = 1/q + 1/¢’ = 1), then for all
9,7 € S(RY) such that (g,7) # 0 we have

1 -
(o f)e = 7o [ Vit V5T duds (7)

(9,7
RQd
Note in particular that (g,7)(h, f)« = [goa Vyh(z, )V, f(x, &) dzdE.
Swapping the integration order in (6) is linked to the Fourier transform by means of
the identity (4). To be precise, setting

[ llwza = VoS (@ OllLg g = (/ (/\ng(x,g)\z)dg)q/?dx)l/q7

R4 Rd

it is easy to see that Hf||M(p>q = ||f||W(p)q In general, the Wiener amalgam space
g g
Wra(R4) = FMP4(R?) contains all the distributions f € S'(R?) such that Hf||W(p)q < 00
g

for some (hence any) non-trivial g € S(R%).
2.8. The Sjostrand class

A distinguished role among modulation spaces is played by M>!(R%), also known as
the Sjostrand class — after [31], where this space appeared in disguise as a non-standard
symbol class for pseudodifferential operators, which actually enjoy a number of nice
properties (such as boundedness on L? and stability under composition and inversion,
later revisited from a time-frequency angle in [22]).

Recall that f € M°1(R?) if, for some g € S(RY) \ {0},

£l = [ sup [Vaf )l < .
(9) z€R4
Rd

It is a straightforward consequence of the definition that f is a bounded and continuous
function on R, locally enjoying the regularity of a FL! function. More precisely, since
the right-hand side of the inversion formula (5) is a well-defined Lebesgue integral, we
have a pointwise identity implying boundedness:

(2mh) /2
o < —F— 00,1,
171~ < S sl

Resorting again to (5) shows that f is uniformly continuous on R?, in view of the bound

If(y+u) = f(y)] <

h —d/2 .
% / Vo f (2, 6)lle™ * "y (y + u— ) — 7 (y — ) |dde,
R2d
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hence vanishing as © — 0 by dominated convergence.

A well known feature of M°!(R?) is that it is a Banach algebra for pointwise multi-
plication [30]. We also recall that two relevant subsets of the Sjostrand class are given by
the space C°(R?) consisting of infinitely differentiable bounded functions with bounded
derivatives of any order (in fact, Cf(R?) C M°1(R) holds for k > d, see [21, Theorem
14.5.4]), and the space F M (R?) of Fourier transforms of finite complex Borel measures
on R? (see [28, Proposition 3.4]).

We remark for later use that if (f,,),, is a sequence in M°>! such that || f,,— f || pre.1 — 0
as n — 00, then f, — f uniformly on compact subsets of R%. To prove this fact, note
that if K C R? is an arbitrary compact subset and gx € S(R?) is a bump function such
that g =1 on K, then

1(fn = Dgxllze < |F((Fn = Fgx)) Ol = [Ver (fa = )0, )| 1

Nevertheless, the norm topology associated with || - || Mgyt can be quite restrictive as far
as limiting arguments are concerned. For this reason, Wéq introduce the convenient notion
of narrow convergence: we say that f,, — f narrowly if f, — f weakly in S'(R?) (hence
Vy fn — V,f pointwise on R??), and there exists a controlling function h € L'(R?) such
that, for some (hence any) window g,

sup |V fn(z,8)| < h(§), (Lebesgue) a.e. £ € RY,
zeRd

uniformly with respect to n.

It is proved in [31] that S(R?) is densely embedded in M°!(R%) with respect to
the narrow convergence, and also that if f,, — f narrowly then f,(y) — f(y) for every
y € R4 — this follows easily by combining the inversion formula (5) with dominated
convergence, since

(2mh)~ /2

|fuly) = fFW)I < ool

Il / sup [V, (fu — N)(@,€)lde,  y € RY.
R zeRd

2.4. Infinite dimensional integration and projective systems of functionals

This section is devoted to a systematic description of a general integration theory on
infinite dimensional spaces based on the notion of linear functional.

Recall that the Riesz-Markov theorem states a one-to-one correspondence between
complex Borel measures and linear continuous functionals on the space of continuous
functions vanishing at infinity. However, the latter result relies upon the local compact-
ness of the underlying topological space where the Borel measure is defined, a condition
that generally is not fulfilled in an infinite dimensional setting. Moreover, Kolmogorov
existence theorem (which is one of the cornerstones of modern probability theory, and
provides the construction of probability measures on suitable infinite dimensional spaces
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[8] out of their finite dimensional approximations) does not extend trivially to the case
of complex or signed measures [34]. Indeed, the necessary requirement of finite total
variation of the resulting measure can be hardly fulfilled in the most interesting cases —
see [11,23] for some particular examples and [34,6] for a systematic description of these
and related issues.

We review here the recent theory of projective system of functionals [6], which gen-
eralizes the theory of projective systems of measures and their extensions [10,34], hence
providing a unified setting for infinite dimensional integration of probabilistic and os-
cillatory type. The construction of the infinite dimensional space, the companion set of
integrable functions and the associated functionals will be presented in the general setting
of projective families and their limits, generalizing Bochner’s approach to Kolmogorov’s
construction [10].

2.4.1. Projective limit spaces

Let us start by considering a directed set A, i.e., a set equipped with a partial order
< such that for any J, K € A, there exists R € A satisfying J < R and K < R.

A projective (or inverse) family of sets {E;, 75} kea is a collection {E;}jca of
(non-empty) sets E; labeled by the elements of the directed set A and endowed with a
corresponding collection of surjective map 75 : Ex — E;, with J;K € A and J < K,
satisfying the following conditions:

(1) 7Tf§ is the identity on Ek.
(2) et =nKonl forall J< K <R, R€ A.

The projective (or inverse) limit E4 = lim E; of the projective family {E;, 75} Kkea
is defined as the following subset of the Cartesian product of the sets {E;}jca:

Ey = {(xJ) € X Ey:xy=nl(zg)forall J <K, J,KEA}. (8)
JEA

The projective family {EJ,T(‘LI](}J Kea is called topological if each Ej, J € A, is a
topological space and the maps 7 71 Ex = E;, J < K, are continuous. In this case
Ea = lim E; is equipped with the coarsest topology making all the projection maps
wy: Ea — Ej continuous.

Example 2.1. A basic example of the construction above is obtained in the case where
A =N and E; = R’, with J € A. The corresponding projective limit space E, is then
isomorphic to the space RN of real-valued sequences, which will be also denoted by R>
from now on.

Given the coordinate projection 7;: X ;.4 Ej — E;, we shall denote by 7, := TrlEa
its restriction to E4. It is easy to verity that the projection maps {7} jea satisfy
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ny=nKorg VJKecAJ<K. (9)

2.4.2. Cylinder functions

For any J € A we denote with the symbol E; the space of complex valued functions
f7: E; — C, and similarly with E4 the family of maps f: E4 — C. For any J,K € A
with J < K we can define the extension Sj(: EJ — E‘K by setting

55((f1)(WK) = fJ(Wﬁ((WK))a f1 € By, wg € Ek.

A function f; € EJ, J € A, can be extended in a similar way to a function 5j‘fJ =
Ej‘(fJ) € E 4 on the projective limit space E4:

Efr(w) = fi(mw), we€ FEa.

In view of (9), the extension maps £4: E; — E4 satisfy the following condition for any
J, K € A, with J < K:

EF=ERo &K (10)

The functions on F 4 obtained as the extension of some f; € E; will be called cylinder
functions and denoted by the symbol C:

c:=J&MNE).
JeA

In particular, in the case of Example 2.1 the cylinder functions are those depending
explicitly only on a finite number of variables.

2.4.8. Projective systems of functionals

Definition 2.2. Consider, for every J € A, a linear complex-valued functional L : E‘f} —
C with domain £Y ¢ E;. The collection of such functionals {Ls, ES} sea forms a pro-
jective system of functionals if, for all J, K € A with J < K, the following projective (or
coherence or compatibility) conditions hold:

(1) EX(fs) € B, Vfs € EY,. )
(2) (Lr)(EF(f1) =Ls(f1), Vs € E].

Example 2.3. As a prominent example of the construction above, consider the case where
each element (Ej)jca of the projective family {E;, 7%} is endowed with a o-algebra
3.7 of subsets of E; and all the projection maps {7[1,( }s<k are measurable. Moreover,
each measurable space (E;, 3 ) is endowed with a finite measure p s, and the collection
{1y} e satisfies the consistency property
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™ux =p; VI <K, (11)

where 75 iy stands for the image measure of ju through the action of the map .
As a consequence of the consistency property (11), it is easy to verify that the collec-
tion of functionals {L;, EY} e defined by

ES = Ll(EJaZJ7NJ), LJ(f) = /fd,LLJ, fGEg, (12)
E;

is a projective system of functionals.

2.4.4. Extensions of projective systems of functionals
We denote by Cy C C the subfamily of cylindrical functions consisting of those maps
fe E 4 that are obtained as extensions EffJ, for some J € A and some f; € ES:

Co = J E}EY).

Definition 2.4. A projective extension (L, D(L)) of a projective system of functionals
{L;,E9} jea is a functional L with domain D(L) C E4 such that:

(1) Co € D(L).
(2) L(ES f1) = Ly(f2), for all f; € EY.

If {E;, 75} Kkea is a perfect inverse system! then a projective extension (L, D(L))
exists, given by the functional

D<L> ::C(Jv L(f) = LJ(fJ), f:é':]qu, fJEES.

This functional is “minimal”, meaning that any other extension (L', D(L')) will satisfy
(by definition) the conditions D(L) C D(L’) and L'(f) = L(f) for all f € D(L).

Besides the minimal extension, it is interesting to investigate the existence of larger
extensions (L, D(L)). Consider for instance the setting of Example 2.3; if all the measures
of the consistent family {u;}sc4 are probability measures and the probability spaces
satisfy a suitable set of sufficient conditions (e.g., (E s, ¥ ;) are topological spaces endowed
with the Borel o-algebra and the measures p; are inner regular), then the Kolmogorov
existence theorem [10,36] implies the existence of a unique probability measure p on the
projective limit space E 4, equipped with the smallest o-algebra ¥ 4 that makes all the
projections 7;: E4 — Ej measurable, in such a way that

! Recall that a projective family {E;, 75X} ; xea is said to be a perfect inverse system if for all J € A,
xy € Ej, there exists © € E4 (cf. (8)) such that z; = wyz. Every projection is thus surjective in this
setting. The projective family described in Example 2.1 is a perfect inverse system.
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By =Tjl VJ € A. (13)

A natural extension of the projective system of functionals (12) is thus given by

D(L) = L*(EA,%a,p), L(f) ::/fdu, f € D(L). (14)
Ex

However, in the case where {5} jca is a consistent family of complex measures, a nec-
essary condition for the existence of a complex measure p: ¥4 — C satisfying condition
(13) is the existence of a uniform bound on the total variation of the measures belonging
to the consistent family, that is:

sup |pg| < oo. (15)
JeEA

In other words, if condition (15) is not fulfilled, then a projective extension of the form
(14) cannot exists — see [34] for further details.

An alternative construction of a projective extension relies on a topological argument.
Assume that the space E, is endowed with a topology 7 such that (EA, 7) becomes a
topological vector space. The minimal extension is said to be closable in 7 if the closure
of the graph

g(Lmin) = {(f7 Lmin(f)) S EA X (C: f € D(Lmin)}

in £4 x C with respect to the product topology 7 X 7¢ is the graph of a well defined
functional — here 7¢ denotes the standard topology in C. In this case we define the
closure of Lymin in 7 as the functional L, whose graph satisfies Q(ET) = G(Lin)- In
particular, if Ly : Co — C is continuous in the 7 topology on Cy, then L, is closable
— see [6] for additional details.

3. Fresnel integrability of functions in M °-1

Let us start by recalling the definition of Fresnel integrability in R from Section 1.1.

Definition 3.1. A function f: RY — C is said to be Fresnel integrable if, for all p € S(R9)
with ¢(0) = 1, the limit

/eﬁmzf(x)dx = lim (2m‘h)—d/2/e%ﬁ'w‘zf(a:)@(sx)dw (16)
R4 R4

exists and is independent ¢. The class of Fresnel integrable functions on R¢ is denoted
by Fr(R9)
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As a consequence of the Parseval identity, the function f = 1 belongs to Fr(R?) and
the corresponding Fresnel integral is normalized:

/e%‘x‘zdm = lifg (27m'h)_d/2id/2/e_%legpgﬁ(f)df = (2rh)~Y2(27h) Y% (0) = 1.

Rd Rd

It was proved in [1,13] (see also [26, Theorem 5.2]) that Fr(R¢) includes the space
FM(R?) of (inverse) Fourier transforms of finite complex measures on R?, i.e., the
maps of the form

fa) = / T (€),  zeRY,

Rd

for some complex Borel measure iy on R?. The space FM(R?) is actually a Banach
algebra for pointwise multiplication with norm || f||Fza = |py|, where |us| is the total
variation of the measure jif.

The Fresnel integral of f € FM(R?Y) can be computed in terms of the following
Parseval-type equality (see, e.g. [3,13] and [26, Theorem 5.2]):

76§|$|2f(m)dx - /e—%lw\zdu@), (17)

Rd Rd

which is a crucial tool in the extension of the theory to the case where R? is replaced
by an infinite dimensional Hilbert space, with relevant applications to the mathematical
theory of Feynman path integrals [3].

Motivated by the embedding F M (RY) C M>1(R?) (see [28, Proposition 3.4]) already
recalled in Section 2.3, we plan to extend formula (17) beyond the realm of Fourier
transforms of measures. To this aim, a preliminary time-frequency analysis of the Fresnel
functions

F,(z) = 2mih)~ Y2z’ F_(z):= (2rik)~Y2e ="’
is needed. It is easy to realize that }/7_: = i%2F_ and, thanks to the particular form of
the map F, in the case of a Gaussian window function g the Gabor transform of F
can be computed explicitly, as shown in the following lemma.
Lemma 3.2. Set g(y) := (Wh)’d/‘le*ﬁ‘yﬁ, y € R%. Then, for every z,¢ € R?,

ViFy (x,€) = (2mh) Y2 (xh)~¥/4(1 4 i)~/ 2ean (o 2w It omarla—el® — (1g)

In particular, Fy, F_ € (MY*°(RY) N WL (RY)), but Fy, F_ ¢ M°1(R?).
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More generally, for all g € S(R?) and N € N there exists Cy > 0 such that
VoFy(2,)] < On (o — )72 (19)

Proof. Formula (18) can be proved by straightforward calculations, and the function
space belonging follows immediately — see for instance [7, Theorem 14]. Concerning
(19), we need to prove the boundedness of

(& — €NV, Fy(2,€)| = (2mh) / (i — €PN e hEvedi v g )y

d

Note that (z —&)2N = (x —y+y —€)?N = > latp|<an Cap(T —y)*(y — €)P, for suitable
Ca,p > 0 with o, 8 € N9, It is then enough to prove that

/ (v — €°6(4.6)(x — )9y — 2)dy| < Cap,

d
for some Cy g > 0, where we set ¢(y,§) = e~ #EVezn v’ We highlight that
3 i\ 18l 5 .
6.8 = (3) =9 6.8+ ky(y—)6(.8),
v<B
for suitable coeflicients k., € C, v € N¢. Integration by parts yields

L/ (W — %y, £)(z — v)*g(y — D)dy

d

=7l L/(ﬁy& y (@ —y) gy —)]dy — Zkv/(y €)70(y.6)(x — y)*g(y — x)dy

¥<B RrRd

/(a@y | ay+| Y by [ - 70,9 - )50y~ Ddy

y<B8 R4

)

<Chp+ Y Ikl L/ (y—€)7é(y, &) (z — y)*g(y — x)dy

¥<B d

for some constant C' B> 0, hence a recursive application of the same argument proves
the claim. O

The following lemma provides some technical results to be used later on.



S. Mazzucchi et al. / Journal of Functional Analysis 289 (2025) 111009 17

Lemma 3.3. Let f € M°1(R?) and g, € S(R?). For 0 < e < 1, set p.(x) = @(ey) for
all y € R, There exists H € L'(R%), independent of ¢, such that

swp Vo(fee)(r, O < HE), R, (20)
sup |V, (Foe)(@,6)| < H(z), o eR™. (21)
£eRd

Proof. Let us prove (20) first. Resorting to the Parseval formula it is easy to prove
the following identity for the Gabor transform of the product of hi,hy € L>®(R%), or
hi € S/<Rd) and hy € S(Rd):

Vy(hy - ha)(,€) = (Vo ha(w, ) % Vs ha(2,))(€), (2,€) € R*, (22)

where g1,92 € S(RY) are such that ¢ = g1g2 — the existence of two Schwartz func-
tions whose product coincides with a given one of the same type is guaranteed by the
factorization properties of such class [33]. As a consequence, we infer

sup Vy(Fipe) €)1 < (( sp 1V @ )1)  ( sup Wauioe(:)]) ) ©)

zeR4

so that it is enough to prove the existence of H € L'(R?), independent of ¢, such that

Sup |V92<)08(x7£)| S FI(&)’
zeR4

hence (20) follows with H = Hy = (sup,ega [Vy, f(2,)]) * H.
Recall that for any N € N we have the identity

(1= Ay)Ve B8V = (L [¢/h*)Nem hev.

Therefore, integration by parts yields

sup [V, (¢e) (2, &) = (2mh)” 2 sup

z€R zeRC

/e’%g'ysﬁ(ey)g(y - x)dy’

< (20h)~V2(1 + |¢/RP)" sup / (1= AN (plen)gly — o)) |dy,

meRd

and the latter integral is easily seen to be bounded, uniformly with respect to e € (0,1).
The desired result follows after setting H (&) = (2rh)~%2Cn (1 + |€>)~Y, which is an
integrable function for N sufficiently large.
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The proof of (21) is similar. Starting from (22), we have

sup [Vy(Fe)(@,€)] = |[Vy, f(@, ) * Vgype (@, )|
£eRd

o~

< ||th]1f(1'7 ')||L°°||th290€(xa ')HLI'

If f € M*Y(RY) then f € WL(RY), hence ||V, f(z,-)||z~ € LL(RY). It is enough to
prove that sup,cga || Vg, @e(2, -)||L1 is bounded, uniformly with respect to €, to obtain
the claim with H(z) = Ha(x) = (supyerq [|Vg,¢: (2, ~)|\L1)\|Vglf(x, Ilzee. In fact, we
already proved above that |V, (¢c)(x,€)| < (27h)~42Cn (1 + [£]2)~", hence the claim
immediately follows. O

3.1. Main result

We are now ready to show the Fresnel-integrability of all functions f belonging to the
Sjostrand class M>-*(R9), along with a novel representation formula of Parseval type
in phase space.

Theorem 3.4. Every f € M1 (R?) is Fresnel integrable, and for every g,y € S(R?)
such that (v, g) # 0 we have

Zrlal? _
/e f(z)dx <779>R4 VoFy (2, 6)Vy f (2, &)dxd.

Rd

Proof. Let f be a function in M°>}(R9) and fix g,y € S(R?) with (v, g) = 1. Given ¢ €
S(R?) with (0) = 1, consider the following family of functionals indexed by & € (0,1):

T.(f) = (2mih) /> / e#l7V f(2)p(ex)dx. (23)

R4

Note that T.(f) is a well defined Lebesgue integral since Fy f € L>°(R%) and ¢ € L*(R?).
We prove below that T.(f) converges as € | 0 and provide a representation formula
for the limit I(f), namely

1(f) = (Fy, oo = ﬁ / Vo F (2, €V, £, €)drd.
RQd

First, we prove that the integral in (23) coincides with the pairing between fp. €
M>1(R?) (we set ¢.(z) = @(ex) for brevity) and F, € M%>*(R%), namely it does
coincide with the functional

L(f) = (Fy, foe)s =

ﬁ / VoFy (2, )V, (foe)(w, €)dade.
R2d
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Note that I.(f) is a well-defined Lebesgue integral in view of Lemmas 3.2 and 3.3, since

Vo Foi (2, 6)|Vs (fpe) (. )] < Onar — €72V H (),

that is a function in L'(R2?) provided that N is taken sufficiently large.
The proof that I.(f) = T-(f) then follows by the Parseval equality:

I(f) = SV (fope) (z, §)dxdE
(7,9 / /fF+ To9)(€)F[fee - w](ﬁ)dﬁ)dx
= <%19> / (/F+(y)f(y)<ps(y)7(y—x)g(y—_x)dy)dx

Rd

/ e (y)dy
T.(

f)-

Finally, we claim that

lim 1.(f) = lim = / V,Fy (1, )V, (foe) (i €)dude

— / VoFy (2, )V f (z,€)dad

We argue by dominated convergence, resorting to Lemma 3.3 after noting that, since
foe — f in the sense of temperate distributions as € | 0, we have

Vo (foe)(x,8) = Vyf(x,€), forall (z,6) e R*. O

The significance of this result is related to the fact that, as already anticipated,
the Sjostrand class M°!(R) is strictly larger than the Banach algebra FM(R?). We
present below a concrete example of a smooth function with bounded derivatives (hence
in M1 (R9) — see Section 2.3) that does not arise as the Fourier transform of a measure.

Example 3.5. Consider the function f: R — R given by f(z) = cos|z|, which clearly
belongs to C2°(R%) € M°>(RY). We claim that f ¢ FM(R?) as long as d > 1. In fact,
we will consider only the case where d = 3 here, leaving the details of the analogous
proof of the other cases to the interested reader.



20 S. Mazzucchi et al. / Journal of Functional Analysis 289 (2025) 111009

We argue by contradiction, assuming that there exists u € M(R?) such that f = Fpu,
where the Fourier transform F is here defined as in Section 2.1 with 2 = 1. Recall that
the Fourier multiplier m; (D) := F~1mF with symbol m;(¢) = cos(t[£]), t > 0, £ € R3,
corresponds to the evolution operator associated with the wave equation:

{8,5211(75, x) — Ayu(t,x) =0
u(0,z) = g(x), Ou(0,2) =0,

where g € S(R?), that is
u(t, x) = my(D)g(z) = (F'mFg)(x) = (F'my) xg(x),  (t,2) € Ry xR

In particular, since mq(€) = f(£), we have

u(t,2) = f(D)gle) = pg(a) = [ gla ~ w)duly)
R3
As a result, the functional g — u(1,0) is continuous on the space C.(R?) of compactly

supported continuous functions on R3. On the other hand, the Kirchhoff formula for the
solution of the wave equation via spherical means [14, Section 2.4.1] yields

utt.o) = ot [ g(w)as(w)).

OB(z,t)

where Jﬁa B(z.t) denotes the mean over dB(z,t) with respect to the surface measure dS.
In particular, if g is a radial function, i.e., g(y) = §(|y|), we obtain

u(1,0) = 0, (tg(t))li=1 = §(1) + ' (1),

which fails to be controlled by [|g|lec = sup,cgs |9()|, in general.
3.2. Fresnel integrability of distributions in Woo!

The rest of this section is devoted to the study of the Fresnel integrability of distri-
butions belonging to the Wiener amalgam space W1(R?) = FM>1(R?). Clearly, the
Fresnel integral of a function f € W°1(R%) cannot be defined as in (16), since (23)
generally fails to be a well defined Lebesgue integral in this case.

The proof of Theorem 3.4 suggests an alternative path to circumvent this obstruction.
In particular, we first define the Fresnel integral of f € W1(R%) as follows: for all
¢ € S(R?) with p(0) = 1 and g,v € S(R?) such that (v, g) # 0, we set

~%

a5 |2 — i 1
[ e pa)de = tm ”’%4 Vo P (2, €V (f92) (o, €)dade. (24)

Rd
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The following result shows that this alternative definition allows us to generalize Theo-
rem 3.4.

Theorem 3.6. Every f € W1 (R?) is Fresnel integrable, and for every g,v € S(R?)
such that (v, g) # 0 we have
s .

R/d eﬁ\mﬂf(x)dx = WRZ VoFi (2, 6)Vy f(x,&)dxde.

Proof. We argue by dominated convergence. First, note that the definition in (24) is well
posed in the sense of Lebesgue integration, since by Lemmas 3.2 and 3.3 we have

Vo Pl (2, )|V5 (fpe) (@, )| < On o — €7V H(x),

that is a function in L!(R??) provided that N is sufficiently large. The latter condition
and Lemma 3.3 are enough to obtain the claim, after noting that, since fo. — f in the
sense of temperate distributions as ¢ | 0, we have

Vo(fpe)(@,€) = Vyf(x,€), forall (z,6) € R*. O

4. Towards the infinite dimensional extension

Let us now study the problem of extending Fresnel integration to the case where R? is
replaced with an infinite dimensional space. We already anticipated in the Introduction
that an effective approach relies upon the construction of a linear continuous functional
L: D(L) — C for a suitable domain D(L) of integrable functions. Clearly, this pathway
works (and yields an integral with respect to a o-additive measure) under the assumption
of local compactness of the underlying topological space, which cannot be fulfilled in the
case of an infinite dimensional Banach space, hence in this context the notion of linear
continuous functional effectively extends the one of integral.

We generalize below the construction in [1,3,13] and enlarge the class of infinite di-
mensional Fresnel integrable functions by extending the results of Theorem 3.4 to the
case where R? is replaced by the set R® = RN of real-valued sequences. To this end, we
resort to the recent theory of projective system of functionals that has been recalled in
Section 2.4. Tt is clear that L(f) should reduce to a well-defined (finite dimensional) Fres-
nel integral in the case where the function f depends explicitly only on a finite number
of variables, namely if f is a cylinder function as defined in Section 2.4.2.

4.1. Fresnel integrals as projective system of functionals

Let us consider now the particular case of Example 2.1, where A = N, E; = R”,
J € A, and E4 = RN = R™ is the space of real-valued sequences.
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For m < n, the symbols 7]} and 7, denote respectively the projection maps 7}, : R" —
R™ and 7, : R® — R™. Recalling that E,, = {f: R" — C} and E,, = {f: R® — C},
the symbols &} and &,, similarly denote the extension maps &£ : En— E,and &,: B, —
E. defined by

EN fx) = f(n"x), fekE, R,
Enf(z) = f(mnz), f€E, zeR™.

Let us consider the family of mappings L,,: M°*(R") — C, n € N, defined by

D(Ly) =M>"(R")

Lo(f) = / e 1ol fo)dr,  f e MR, (25)

R~

It is clear that L, is a linear continuous functional in view of Theorem 3.4 and the
following inequality holds for every g,y € S(R™):

i 2 1
[eﬁlw f(z)dz| = <%—9>R2/" VyFy (2, 8)Vy f (2, €)dwd€
1

It is also quite easy to check that the family {L,, D(Ly)}.en is a projective system of
functionals, since the requirements in Definition 2.2 are satisfied.

A suitable choice of window functions paves the way for the extensions of the projective
system {Ly,, D(Ly,)}nen. To be precise, fix a sequence (g;);en of positive real numbers
and consider the family of windows g, € S(R™) of the form

gn(z) = (2mh) /272 (B:Qn7) 4 e R™ (27)

where @Q),, is a positive definite n x n diagonal matrix with strictly positive eigenvalues
q1,- - -5 qn- With this choice and reference to notation introduced in Section 2.2, for m < n
and f,, € M>1(R™), the STFT of the extended function £ f,, is explicitly given by:

Vy 0 (2. €) = (2mh) "2 / e HBOER £ (1)galy — 2)dy
Rn

2
o~ 30 L1 45 (U —75)

(2mh)m/?

= (27Th)7m/2 / 67%2?:1 ngjfm(xla"' axm) dyldym

Rm™
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; — g Y0 i1 €5 (v —x5)?
—(n—m _ixwm—m, o € 2h&i=mA1lIIR J
« | @rhy-(=m2 ]/ ok I vt L
Rnf'm
Vo fin ¢ 5)6_%213"%&e—ﬁ§32w4%*ﬁ £ eR"
= Vg JmiTLs e Tmy S15 o Sm - 7 , T, ERT,
I @mh) = 2T, q;) 12

therefore for all m < n:

1€ Fnlls oy = [ 5D Vo, Exfn €)1
on zeR7

Rn”

= / sup |ngfm(x17“~7mm7§17"'1§m)|d£1“'d§m

zeR™

Rm

= [ fmllaree, @emy-

We have thus obtained that the norm of any map f,, € M°!(R™) coincides with the
norm of its extensions & f,, for all n > m:

o n
Wmllagss oy = 1€ Fmll g - (28)
The previous result allows us to define a norm on the set Cy of cylinder functions

Co = JE M1 (R™).

Indeed, given a cylinder function of the form f = &, f,, for some f, € M°1(R"), we
define its norm ||f||M((x>),l(Roo) by
g

1 aree ey = W fallarees ey F = Enfn (29)

As a matter of fact, the norm || f]] ME (R) is unambiguously defined since it does not
depend on the particular representation of the cylinder function f. The proof of this
claim relies on a general argument that applies to a generic perfect inverse system, and
goes as follows. Let f be a cylinder function having two equivalent representations, such
as f = Enfm = Enfn for some f,, € E,, = M*HR™) and f,, € E,, = M°'(R"). For
any N > m,n we thus have f = ENEN fr = ENEXN fin, hence ExEN f,, = ENEN f, and
the surjectivity of the projection 7y implies EN f,,, = ENf,. The consistency property
(28) finally gives

anHMfgonl) (R7) — ”fm”M("g";nl)(Rm)’

showing that || f|] MES (R) is unambiguously defined.
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Let us also stress that the operator norm of each functional L, is bounded by means
of inequality (26). In particular, for every window v € S(R™) we have

LN
feMe=1(R")\{0} Hf”]\/{oC 1(Rn)
‘<gn1,w> fRzn Vi Fy (2, 8)Vy, f(x,§)dad
= sup
FeMo=1(Rn)\ {0} ||f||M(o;T~L1)(Rn)

1
< —||F 100 (Tm Y -
= |<gn77>| || +||M(1w) (R™) (30)

I Lnll(g) =

The following result provides the exact value of the operator norm ||Ly||4). When the
context is clear we omit the dependence on the window g and write || L, || to lighten the

notation.

Theorem 4.1. Consider, for any n € N, the linear continuous functional
L,: M>Y(R"™) — C defined in (25). We have

= 1
L, = 2y A= inf ———||F 100 Moy -
H H(q) Jl;[l(q] ) ~ES(R™) |<gn7 >| || +||M(1_Y) (Rn)

Proof. Let us consider a parametric family of window functions v € S(R™) of the form

—1

_a 2
5H 1zl , T € R”

V(z) =e
with real a > 0. By direct computation we get
1E [ g oo ey = 1+
Similarly, we obtain
n
[{gn, Y H (a+qj)) —|—1)_1/4,
j=1

hence

n

=TI (@+q)?+1)"".

j=1

Foll oo mn
| +||Mm (R™)
|{gn>7)|

By virtue of inequality (30), we infer that for any o > 0 the operator norm || L, || satisfies

n
1L, < H (a+q)?+1)"",
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and taking the limit for a | 0 eventually yields

| L] < H (¢ + 1) (31)

Conversely, let us consider the family of Schwartz functions defined by f.(z) = e Sht Il

with € > 0. By direct computation we have

) = ity 2 [ o= e = (i

Rn
Moreover,
(g +ig5=5)
V. fo(2.€) = H
gnle
" \/27rh (¢j +e+1)
j
and

. 1/2
1+e(gi+¢)
_ 2 1/4 j
oo, ny — ] 1 )
e llargs; ey J_Izll((% e+l <€(q]2 +2gje+ 1 +2)

hence for any € > 0 we have

1Eall = AL = ﬁ((%‘ +e)241)" W4 ( 1+¢(gj +¢) >_1/2’

and in the limit regime € | 0 we obtain
1Ll = TT (a5 + 1)1 (32)
j=1

Combining (31) and (32) finally gives ||L,|l = [[}_, (¢} + 1)!/4. Combining this result
with the argument leading to inequality (31) also proves the characterization in the
claim. O

As a consequence of this result, we note that a suitable choice of eigenvalues of the
matrices 0, appearing in the definition of the windows g,, allows one to ensure that the
norms of the functionals L,, are uniformly bounded with respect to n.

Corollary 4.2. With reference to (27), if >, cn ¢a < 00 then sup || Ly|| < oc.
neN
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Proof. By Theorem 4.1, for any n we have

n

1 n
ILall = [T (a5 + D" = exp | 5> log(q] +1)
j=1 =1

Since log(1 + x) ~ x as x | 0, convergence of the series > _ylog(1 + ¢2) is equivalent

neN
to convergence of the series ZnEN 2. O

4.2. Interlude — applications to the Schridinger equation

Let us discuss here an interesting byproduct of Theorem 4.1, namely the exact value
of the M°>1(R™) — L>°(R"™) operator norm for the free particle Schrédinger evolution
associated with the equation

2
thOyu = — %Au.

The solution u(¢, ), with ¢ € R\{0} and « € R"™, such that «(0,z) = f(z) has a standard
integral representation:

iht 1 i |y
uta) = H 45 (@) = s [ @ —yay
Rn

Consider again the function g, € S(R™) given by
gn(x) = (27h) " 2e 3w (@Q%) g c R”
where @ is the n x n diagonal matrix with strictly positive eigenvalues q1, ..., ¢n,.

Theorem 4.3. We have

| % f||Loo R~ "
sup fe® Jlz=®) _ H(thJQ» + 1),
rem=i@on(oy Iflyermny 55
Proof. First of all we observe that, if f € M°1(R™) then e=2f € M°1(R™) since
the Schrodinger propagator is a Fourier multiplier with symbol in W*°(R") (hence
bounded on every modulation space — see e.g., [27 Proposition 3.6.9])), and thus a
1ht
S (@),

bounded continuous function on R™. Therefore, ||e”2" > Af”Loo (Rn) = SUPeRn €2
and

'Lht ih
e 2 fllpemny A f ()]
sup — " =’ — sup sup

feMe1(R*)\{0} H-f||M°° oL (R™) zeR™ feMe-1(R")\{0} ||f||M{’;,;,1)(R").
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Assuming without loss of generality ¢t > 0, we can write

B f(z) = /e% 5 f(x - y)dy,

Rn

where in the Fresnel integral fRn (along with its normalization constant) we now have
kit in place of h. We can compute the supremum over f by means of Theorem 4.1, where
the role of h is now played by At and @ is replaced by tQ) — a similar adjustment is also
needed in the short-time Fourier transform, which is implicitly involved in || f]| ML R
Combining Theorem 4.1 with the invariance of the norm ||- || M (R under translations

and reflections, we infer that, for every x € R",

iht

S e o I ﬁ(tzq]z A

FeM=1(R7)\{0} Hf||M°° 1 (R

j=1

that is the claim. O

5. Infinite dimensional Fresnel integrals as projective systems of functionals —
topological approach

The present section is devoted to the construction and the study of the properties of
a projective extension (L, D(L)) (in the sense of Definition 2.4) of the projective sys-
tem of functionals {L,, D(L,)}nen defined in Section 4. In particular, the construction
presented below relies on Theorem 4.1, Corollary 4.2 and a continuity argument.

Let us fix a sequence (gn)nen of positive real numbers such that > q2 < oo, and
consider the corresponding family of diagonal matrices @Q,,: R” — R™ with eigenvalues
q1,---,qn- In fact, for each n the operator @,, can be regarded as the restriction to R™ of
the Hilbert-Schmidt operator Q: ¢ — ¢2 defined on the Hilbert space ¢?(N) of square-
integrable real-valued sequences = (,,) € £2 by (Qz),, == ¢.x,, n € N. Consider now
the projective system of functionals {L,,, D(L,,)},eN given by

D(L) = (MU R ) - Il = [ 3 fays

]Rn

and its minimal extension (Lin, D(Lmin)) defined as follows:
D(Lnin) = Co = | J &, M (R™),
Lminf = Ln(fn)a where f = gnfn and fn € MOO’I(RTL) (33)

We now construct and study a non-trivial extension (L, D(L)) of (Lmin, D(Lmin))-
First of all, let us define the domain D(L) as the closure D(L) := Cq of the set of cylinder
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functions in the norm |- ||M(oo),1(Roo) defined in (29). In other words, an element f € D(L)
g
is associated with an equivalence class of Cauchy sequences of cylinder functions, say
(fn)nen, and its norm || f|] ME (R) is given by the limit of the norms of the functions
g

in the approximating sequence:

£ argm oey = I (| fnll gt (mmny-

The value of the limit on the right-hand side does not actually depend on the particular
choice of the representative in the equivalence class of sequences associated with f.
The image L(f) of a function f € D(L) is defined, in the same spirit, via the limit

L(f) = lim L(f,), (34)

n—o0

where L(f,,) is given by (33) for f,, € Co. The limit in (34) exists and is finite in view of
Theorem 4.2, which accounts for the boundedness (hence the continuity) of the operator
L on the normed space (D(L), || - ||M(oo),1(Roo)). The same result shows that the right-

hand side of (34) does not depend on the choice of the representative (f,)nen in the
equivalence class of f € D(L).

We have thus defined a linear continuous functional (L,D(L)) that extends
(Lmin, D(Limin))- Before proceeding with the analysis of its properties, it is worthwhile
to examine an explicit example to better understand the construction.

Example 5.1. A special instance of an element of D(L), i.e., a Cauchy sequence (fy,)nen C
Co in the norm || - ||M(oo),1(]Roo) can be constructed as follows:
g

ful) =TT hs(z),  zeR™,
j=1

where the functions h;: R — C, j € N, are in M°!(R) and h,, — 1 in M°>>!(R). To be
concrete, let us consider the case where h; is defined by

hj(z) =1+ aje;(x), x € R,

where ¢e; € M°>YR) and (an)nen C Ry is a sequence of positive reals such that a,, | 0.
Setting

gj(u) = —, u € R,

the norm of the cylinder function f,,, n € N, is bounded as follows:
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n
”fn”M(";)’l(ROO) = H th”Mf;?j;(R)

7j=1
n
<TL(t+ sl my).
j=1 :

Therefore, a sufficient condition to ensure that sup,, || fu |l ME (R) < oo is the conver-
9
gence of the series }_; a;|€;[ /e .1(g) — which holds, for instance, if sup,, [|en|[ .1 gy <
(@5) (5)

oo and ), a, < oo.
Let us now compute ||f, — fm”M(‘x’)’l(Roo); with m < n. To this aim, consider the
9

sequence of functions fn: R"™ — C such that f, =&, fn Then
1fn — meM(f;;l(Roo) = an - STTrLLmeM(O;T’Ll)(RW)'
More precisely, we have

Vgnfn(xag) - Vgngsq,fm(xvg) :ng.fm(xl, ~--7xm7£13 “wgm)

X H V h w]agj H V lxng

j=m-+1 j=m+1
Recalling that hj(z) =1+ aje;(z), we infer
Vo Fr(@,8) = Vg &0 fun(@,€) = Vi frn (@15 s @, €1, -, €m)
X ( ﬁ (Vg; 1z, &5) + a3V e5(x;,85)) — H 5, 1z, 65) )

j=m+1 j=m+1

= Vo frm (@15 oy Tmy €15 oy €m)
n—m k n—m

X Z Z Ham+sz§m+jlem+jz(1m+jl,§m+jl) H V§m+i1(mm+i7§m+i)‘
k=1 1<j1<---<jp<n—n I=1 i=1

Noting that HlHME);)’l(R) =1, we obtain

[ fn — gﬁmeM(O;n»}) (Rn)

k

n—m
= HmeMf;,’nl)(Rm) Z Z HamﬂzHemﬂz”fo’ L ®)

k=1 1<j1<-<jp<n—m Il=1

= HmeMfg";j)(Rm) H (1 +ajHej||M(°;Jj)l(R)) —1],
j=m+1

and the right-hand side vanishes as m — oo if ) ajle; HM(OE”)l(R) < +o00.
9
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By direct calculation, L(f) is given by

L(f) = lim Ln(fa) = [[(1 +a;La(ey)). (35)

n— o0
j=1

In the special case where e;(z) = €% we have ||€j||]VI€>?,;(R) = 1, and the following
5
identities hold: ’

n n

[ fnll = H(l +aj), Lo(fn) = H(1 +aje—%kj).

Jj=1 Jj=1

Moreover, one can directly prove that the limit of the Cauchy sequence (f,,),en is given
by the map f: R> — C, f(z) = [[,;5, hj(z;). Indeed, for any m the norm of the function
f — fm coincides with the limit of the norms of an approximating sequence of cylinder
functions, hence:

”f*fm”M(‘j)’l(]Rw) = lim ||f’fl7fm||]\/[(°g°)’1(Roo)

n—oo
n>m

n

Hfm”M("g";nl)(]Rm) nlggo H (1 + ajHejHM(O;J;)l(R)) -1

nzm \ j=m+1

= ||fm||M(°q°’1)(Rm) H (1+ aj”ej”M(";f}(R)) -1

<II (1 + aj|€j||M(°§j)1(]R)) [T+ asliella @) —1
i 3 9j

j>m

Taking the limit for m — oo makes the term [}, (1 + aj||ej||Mjo,1(R)> to converge to
9j

a finite value, while lim,,_, (Hj>m(1 + ajllej]) — 1) vanishes.
5.1. Characterization of the domain D(L)

We now focus on the description of the properties of the elements f € D(L) obtained
as limit of Cauchy sequences of cylinder functions (f,)nen in the norm || - || MR-
We show that f can be actually obtained as the pointwise limit of the sequencg of the
cylinder functions. To this aim, we need to introduce a preliminary result relating the
norms of restrictions on ML,

Proposition 5.2. For 1 < m < n, consider the splitting R™ = R™ x R"™"™  with coordi-
nates x = («/,2"), ' € R™, 2/ € R"™™. Consider any window ¢' € S(R™) \ {0} and
the window g" € S(R™"™™) given by
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ooy _ —(n—m)/2 ,— 5= (z"",Qz"")
g"(x") = (2mh) e

where @Q is the (n — m) X (n — m) diagonal matriz with strictly positive eigenvalues

dm+15---54n-
Then, regarding R™ as a subspace of R™ wia the inclusion ' — (2/,0), for every
f € M>Y(R") we have flgm € M1 (R™) with

Rm™

I/

oo, m < o, ny- 36
M(g/)l(]R ) - ||f||M(9/ég//)(R ) ( )
Proof. First, we observe that if f € M°!(R"™) then f is continuous, and its restriction
f = flrm is therefore well-defined pointwise. We also highlight that it suffices to prove
(36) for f € S(R™). Indeed, if f € M°>1(R") and f; € S(R™), with fr — f in the sense

of narrow convergence, then f; — f pointwise and kaHM(o;/,ég”) — ”fHMf’:/égu) (by

dominated convergence). Moreover, fi|gr= is a Cauchy sequence in M°1(R™) in light

of (36) (applied to f, — f), hence converges — necessarily to f

Rm because convergence
in M°>! implies pointwise convergence (see Section 2.3 for further details). Therefore,
we assume f € S(R™) hereinafter.

Let v € S(R™™ ™), with (v, ¢”) # 0. By Fubini’s theorem and the Fourier inversion
formula, we can represent the restriction f|gm as

(2ﬂ_h)—(n—m)/2

f',0) = (7, 9")

Vg//f(xl;xl/,w“)’y(fwﬁ) dz" duw'.

R2(n—m)

Taking the short-time Fourier transform V,, and using Fubini’s theorem twice, we obtain

(2,R_h)—(n—m)/2

V/ m x/,w' =
g th ( ) <'}/7g//>

/ Vyag f@, 2" W ")y (—2") da’ dz" dw' dw" .

R2n

It follows that

(2mh) =2y |
(FAEY= ) (R7)"

It lars ey < 1)

Consider now
1

y(@") = ya(a”) = 2ahA~Y) " (mm)2e= g Al xS,

Explicit calculations show that

(2rh) "™ 2|l ”ﬁ” (/\ + iy1/2
(72, 9™ oA ’

hence we infer
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) 1l -

Il gy oy < H

Letting A — +oo then yields (36). O

Remark 5.3. Formula (36) shows that the norm of the restriction operator, as a map
MY R™) — M°H(R™), with windows ¢’ ® ¢” and ¢’ respectively, is not larger than
1. Taking f = 1 shows that the norm is actually 1. We recall that several trace theorems
have been proved for modulation spaces, see for instance [15] and the references therein.
Nevertheless, we stress that the previous result comes with the best constant in the
bound, and this is the most relevant aspect for our purposes.

The case m = 0 in Proposition 5.2 (more precisely, the same proof, with obvious ad-
justments), along with the translation invariance of the M°°! norm, implies the following
result.

Lemma 5.4. For the window g, defined in (27), the following inequality holds for any
f e M1 (R"):

1F 2o < (£ agee:t mny-

Let us consider now f € D(L) = Cy. By construction, f is an equivalence class of
Cauchy sequences of cylinder functions (f,,),en with respect to the norm || - || MES R)-
9

Given k € N, let us consider the subset PyR> of R* of real sequences (), such that
=0 for all m > k, and let f(k) R* — C denote the map related to the restriction of
fm to the finite-dimensional subspace PR, namely

(k)(g:h" '7:Ck) = fm(xlv"'axkvoa"')'

Theorem 5.5. For all k € N the sequence f,(lk) is Cauchy in M1 (R¥). Its limit, denoted
by %), does not depend on the representative of f.

Proof. Let us assume that, for any n, the cylinder function f,, € Cy is the extension of
a map f,: R¥ — C. Without loss of generality we can also assume that the sequence
(dn)nen is strictly increasing. Assuming m < n, the very definition of the norm ||

I MES(R) implies

- 0,1 - f - dn £ 0,1 .
||fn meM(g)’ (Ree) ||fn gdmmeM(gén)(Rd") (37)

Moreover, for n,m sufficiently large, we have & < min{d(n),d(m)}, and Proposition 5.2
yields
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k k _I(F dn F
Hfr(L ) — fr(n)H]\/[(ogO]S(Rk) - ||(fn)|1R’c - (5dmfm)\]Rk||M(°;5(Rk)

- 4, 7
< ||fn - 5,1,,” fm||1\/[(°;0’l1 ) (Rin):

The claim thus follows by (37) and the Cauchy property of the sequence (f)nen. In
particular, there exists a map f*) € M°!(R¥) such that

i E) R oot iy =
Jim [ Y = f ||M(gl;)(]Rk) 0.
If (f])nen is a Cauchy sequence equivalent to (f,), arguing as above we obtain

k
178 = 12 lagees ey < 1 = Fllage ooy

(9x

hence the restricted sequences ( fy(Lk))neN and ( f,’l(k))neN converge to the same limit. O

Remark 5.6. It is clear from the proof and Lemma 5.4 that the sequence ( fy(bk))neN
converges pointwise to the limit function f*).

Corollary 5.7. For every x € R, the limit lim,, o, fn(x) exists and is finite. Further-
more, the limit does not depend on the representative of the equivalence class of f.

Proof. The result follows at once from the pointwise inequality

|fn(3:) - fm(x)‘ < ”fn - fm||Mﬁ:)’1(R°°)'

In order to prove this bound, assume without loss of generality that d,,, < d,,, and apply
Lemma 5.4:

() = fin ()| = |Ea, Fu (@) = Ea fin ()]
= |fn(77dnx) - fm(ﬂdmx”
=|(fu — €32 fin) (7a, )]

. i F

<|lfn— ‘S‘dmfm”M(o"’1 (Rdn)
dp )

= fo = Fnll et @ee)-

Consider now another representative (f},)nen of the equivalence class of f. Arguing as
above, it is easy to see that for all x € R the sequences (fy,(z))nen and (f),(z))nen
converge to the same limit. To be precise, assuming without loss of generality that
d(n) > d'(n), we have
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(@) = fo(@)] = |Ea, fu(@) = Ear fli(2)]
= |fu(ma,®) = f},(7a )|
< an - EjiLf?{L||M€;d’:L)(Rd7L)
= lfn = fallaesr @) O

As a consequence of Corollary 5.7, one can unambiguously associate the equivalence
class f of Cauchy sequences with a map R>* — C, denoted again by f with a slight
abuse of notation, according to the rule

f(z) = lim f,(z), x € R™.

n—roo

In light of Remark 5.6, the function f*) obtained as the limit in M°'(R¥) of the
sequence ( fT(Lk))neN coincides with the restriction f|p,gre of f on the finite-dimensional
subspaces PpR>:

F® @y, a) = f(zy, ..., 28,0,...).

Moreover, the following inequality holds:

(AR fv(zk)||ﬂ/[ﬁ:é;(]Rk) < o = Fllares @ee)- (38)
Indeed, the right-hand side of (38) is given (by definition) by

e = st ey = B fo = finllagee sy

On the other hand, by Proposition 5.2, for every k € N we have

1 fn — meMfg")’l(RN) 2 Hfr(lk) - fr(f)HM(O;,S(Rk)»
and letting m — +o0o eventually yields (38).

6. Infinite dimensional Fresnel integrals as projective systems of functionals —
sequential approach

It is interesting to point out that even rather elementary functions f: R — R
cannot be easily recaptured as the limit in the norm || - || MES (R=) of quite natural
g9

cylinder functions, as shown in the following examples.
Example 6.1. Given k € R*°, consider the map f: R* — C given by

ek ifk.z €R,
o |

0 otherwise.
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Consider the sequence (f,)nen of cylinder functions defined as
fulz) = ke, x € R™, (40)
with k, = P,k. It is easy to realize that f,(x) explicitly depends only on the first n

components of the vector € R*. Recall the choice of windows g¢,, from (27), and (29).
We claim that

| fn — fm||M(oo),1(Rm) =2, for any m,n € N such that k,, # k.

In order to show this equality, assume without loss of generality m < n and denote by
fn the map f,: R™ — C such that f,, = &, f,. We thus have

|frn — meMf;)’l(ROO) = ||fn — ggmfm”M(";;/l)(R")'

In particular, the following identity holds:

aN—n/2 .
v, fulw,€) = 270 "2 (k=) g B b —€.Q (k=)

Vdet Q

Taking n > m and setting ¢ := k,, — k., we have:

N _ (2miR) ™2 i ey (k.0 (ko))
Vq fn(l‘vg)_vq Enfm($7€) :7/ehm " Ee a6 e
9n gn~m detQ

x (e%m‘5e—ﬁ(5,Q’15>e—%((iQ’l(km—&)) _ 1) ’
hence

Vg Fu(@,€) = Vo, &0 fin (@, €)]

2 —n/2 1 -1
e b €@ b0 G T Boa 0/WA0), (41)
€

where we set

p(8) = e 2 (0R18) g7 (0.Q 7 (km—8))

If k,, = k,,, for m, n sufficiently large (i.e., if there exists an M € N such that Pyk = k),
then § = 0 for all n,m > M and the right-hand side of (41) vanishes. On the other hand,
if the vector k € R* has an infinite number of non-vanishing components then § # 0 in
general, and
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sup |Vgnfn(xa€) - Vgngngm(xvgﬂ

zeR”
—n/2
_ (27'('77/) Q/ 6_% b —&,Q°
vdet
(2wh)~"/2

= Tth*ﬁUcmff,Q‘ (km =8 (p(8) 4 1)

—n/2
_ (@7h) / (e—ﬁ<k,,z—s,cz*1<kn—f)> +e—ﬁ<km—$,Q*1<km—s>>> ,

Vdet Q

eventually leading to

(O p(0)2 + 1+ 20(0)

[ 50 Vi Gl = Vi 0 (.l = 2.

zeR™

Therefore, (f,)neN is not a Cauchy sequence. It is thus not surprising that the sequence
also fails to converge in norm || - ||z in the space of the Fourier transform of complex
measures. In particular, for f,, as in (40), we have

£al) = [ €775, o).
Therefore, for k,, # k, we immediately get

Ifrn = fllFat = |0k /5 = Oy /6] = 2,

and the sequence does not converge unless there exists some M € N such that &, = k,,
for all m,n > M, i.e., k has a finite number of non-vanishing components — that is, the
map [ is just a cylinder function.

Example 6.2. Another interesting example, similar to the previous one, is related to the
cylindrical approximation of the (non-cylinder) Gaussian function f: R — C given by

_L Zn T”xi if Z 2
e 2h 1 nTnTy < 00,
f(z) = { (42)

0 otherwise,

where (r,)nen is a sequence of positive real numbers with infinitely many non-vanishing
terms. Let us consider the sequence (f,,)nen of cylinder functions defined as

Falz) = e~ 20 Zi=1 TR x € R™.

We claim that the sequence (fy,)nen is not a Cauchy sequence with respect to the norm
|| - [ azoe.1 (Roey- This can be seen after introducing the sequence of functions f,,: R" — C
such that f, = &, fn, for which we have (again for windows as in (27))
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£2 L qimis rigio2
_ -n/2 2h(7‘,-]+qv) _Zh(i,--]}—qj,-) _2n(Jr,-]+é,-)
gfn(x§)—27rh T4’ e it e EAR AR
" 1 VT NERx7] qJ
and
_ ) m 1 __ & i T390
Vo & fn(,€) =(2mh) "/ H7+ e PROGTa) ¢ T ¢ T
. VAR Qj
j=1V'J
n g2
gjoj _ Si
H L e M
j=m+1 qj
We thus infer
|Vgnfn(x7§) - Vs mfm(x g)‘ = Imem(xh -~-,$m,§17~-~7£m)|
8 9% 395
(Qr/Th) H = T ERG e o “R(ryHa) o 2R Fap)
j=m+1 V j +qj
a 1 iy _ g
- L e
j=m+1 \/aj
The last term on the right-hand side can be recast as
n 1 & I L I L L n 1 ieje; &
H e 2hCrj+aj) o 7'ﬁ(TjJrqj‘)e 2h(rj+q;) _ H — e TR e 2h4
iZmr1 VT T j=me1 Ve
n
T T
= |a?+ b? — 2abcos E hq] i3 E 53 J
j=m+1 (T]+qj j=m+1
h Hn 1 T 2R( gJi ) 72;‘:(jquf db:= H 1 72;?2‘
where we set a := o ——C "itdi)e mita) an = —e 93
h j=m+1 NZRET j=m+1 \/_]
ave
n
. T €T
lim |a? + b2 — 2abcos E h(qj jfj E 53 ] =0,
Tr—ro0 T
j=m+1 J qj j=m+1
hence
_ -
sup |Vy, fu(x,&) =V, EN fn(, )| > sup |V, fm (21, ooy Ty €1y oy Em)|
zER zeR™
N |
< (@rhy- i T L

j=m+1

37
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To conclude, we have

/ Sup |V, fo(10,€) — Vg, ED i (0, €)|dE > 1,

z€R”

R~
which shows that (f,)nen fails to be a Cauchy sequence.

The examples above show the difficulties related to the integration of rather simple
non-cylinder functions. Indeed, the domain D(L) = Cy of the functional constructed in
Section 5 appears to be too small to include a sufficiently large class of functions. Besides,
under suitable assumptions on the vector ¥ € R* or the sequence (r,,)nen C RT, the
functions (39) and (42) studied in Examples 6.1 and 6.2 belong to the Fresnel algebra
F(f*(N)) and are thus integrable according to the construction described in [3].

In order to handle a larger class of integrable functions, so to further extend the
domain of the functional, we will consider an alternative construction leading to the
definition of a new extension (L', D(L')) of (Lmin, D(Lmin))-

Given f: R® — C, for all n € N let f("): R® — C be the function defined as

F (.. xy) = f(z1,...2,,0,0,..), (x1,...2n) € R™ (43)
Let us define the functional (L', D(L')) as follows:

e The domain D(L’) is the linear subspace of maps f: R — C such that the following
conditions hold:

(1) The map f(™ belongs to M>'(R") for every n € N.
(2) The limit lim,, o0 Ly, (f™) exists and is finite.

« If f belongs to the domain D(L') as defined above, we set L'(f) = lim,, 00 L (f™).

It is straightforward to verify that the (generally non-cylinder) function (39) with
k € (2(N) belongs to D(L) and L(f) = e~ 2#*" . In a similar fashion, assuming Donn <
oo ensures that the map (42) of Example 6.2 satisfies f € D(L’) and L'(f) = ],(1 +
iry) 12,

More generally, it is easy to prove that the class of integrable functions in this context
includes the algebra of Fourier transforms of complex measures on ¢?(N) (see [1,13,26]).
Indeed, let f: R°° — C be of the form

flz) = Jpp €V duly) @ € £(N),
R z € R®\ 2(N),
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where 1 is a complex Borel measure on £2(N) and h: R°\ £2(N) is an arbitrary function.
In this case, each function f(™): R™ — C of the sequence defined in (43) belongs to
FM(R™) and can be represented as

@) = [ ), s R,
02
where (., is the complex Borel measure on R™ obtained as the pushforward measure of i

under the projection map m,: £2(N) — R”. In view of (17), the Fresnel integral of f()
can be computed in terms of the Parseval type equality:

Ln(f(n)) = /67%”' dﬂn(gj)
]RTL
:/e*%‘””lgdu(z).
ZQ

One can now take the limit of both sides for n — oo, and by dominated convergence
theorem we obtain

L(f) = / e 31 dp(a).

02

Remark 6.3. Direct inspection of the definition of (L', D(L")), as well as of the examples
above, show that the image L'(f) of f € D(L’) depends only on the values that the map
f: R*® — C attains on the set ¢gp of finitely supported real sequences, namely (z,,)nen
such that z,, = 0 for all but finitely many n.

We are now ready to prove that L’ is an extension of the functional L introduced in
Section 5, hence generalizing the topological construction described in Section 5.

Theorem 6.4. For any f € D(L) the following holds:

feD),  L'(f)= L)

Proof. Consider f € D(L), that is an equivalence class of Cauchy sequences (in the norm
|| - HM(OC)@(RQO)) of cylinder functions (f,)nen. Each cylinder map f,: R® — C can be
g

represented as the extension of a function fn: R — C in such a way that f, = &, fn
Without loss of generality, by exploiting identity (10) we can assume that the sequence
(dn)nen is strictly increasing. In fact, it suffices to consider the case where d,, = n —
otherwise, one can construct a sequence (f),en, equivalent to (fy)nen and satisfying
d!, =mn, by setting
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. Jn (m = dy)
" EP fo (dn <m < dny).

Assume then d,, = n from now on. For any m € N, consider the restriction map
fm: R™ — C defined by (43). As discussed in Section 5, f(™) coincides with the limit
in M°1(R™) of the sequence of restricted cylinder functions fém). Hence, due to the
closure of M>1(R™), we get f™ € M°}(R™) and we only need to show that the limits
lim,, 00 L(f,) and lim,, oo L, (f™) do coincide. In order to prove this, by the uniform
boundedness of the family of operators {L,,} (Theorem 4.2), it is enough to show that the
sequences of cylinder functions (f,,), and (£, f™),, are equivalent. Indeed, for n > m
we have:

| fr — 5mf(m)||M;>;;1(Rcc) =|fn— f|PmR°°||M(°;)’1(R°°)
:an - fm + fm - fn‘Pme + fn|PmR°° - f|Pm]ROC HM(O;)J(R%)
<||fa— fm”M(";)’l(]ROO) + [ fm — fn|PmR°°||M<°;)’1(R°°)

+ I falpare = flonres llares @)
_ _ Fo_ g(m)
= fn fm”MF;)vl(]Roo) + I fm = fi ||M(°g°7~i)(Rm)

(m) _ f(m) .
+ 1 fa f ||M(°;"n)(Rm)’

In the last line, the first term |f, — fm||M<o;),1(Roo) converges to 0 for m,n — oo

since (fn)nen is a Cauchy sequence by assumption. Similarly, the third term || f,(Lm) —
fm) ||M(°°’1) ®R™) has the same behavior by virtue of the inequality (38). Concerning the
9m

second term || f, — {m) ||M(oo,1) (Rm)» 1t can be rephrased as
fo_ f(m) — |(E™ T _(f
[ fm = fn HME’Q";;)(]RW) = (& frm)imm (fn)lRm”M(";;nl)(Rm)’

and by Proposition 5.2 it is bounded by

= [(Entm)en = (Fr) e llagzer @y < NEmFm = Fallare s ey = 1 = Fallares o),
hence it vanishes as well for n,m — co. O

A concrete instance of this general result is provided by the function f studied in
Example 5.1. Since f(@) =Tl;5:(1+aje;(x;)), the functions fn: R™ = C are given by
fal@y, . an) = T2 (1 + ajej(@5)) [15, (1 + aje;(0)), where the convergence of the
infinite product [];,(1 + a;¢;(0)) follows from the assumption of the convergence of
[+ aj||ej||M€;),1(R)) and the inequality |le;|loo < Cg‘lejHMF;),l(R) (see Lemma 5.4),
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where Cy > 0 is a suitable constant that depends on the window g. Computing L, ( fn)
yields

Lo(fa) = [T+ a5llesll ) H L+a;La(e;))

i>n

and since lim, o0 [ [, (1 + a/j”ejHM(o;),l(R)) =1 we finally obtain

L(F) = [](1 + a;La(ey)),

j>1
which coincides with (35).
6.1. A new class of integrable functions

Let us now consider a concrete example of a map f € D(L") which does not belong to
the class F(¢2(N)) of Fourier transforms of measures on £2(N), showing then that D(L’)
extends even the Fresnel class FM(£?(N)).

Let h € M>Y(R) and k = (kn)nen € £?(N) be a sequence of real numbers. Consider
the function f: R* — C defined by

_hk-z) xe?(N)
fle) = {0 z € R®\ 2(N)

By construction, f is not a cylinder function unless k € cgp. Moreover, in the interesting
case where h € M>>1(R) \ FM(R) (see for instance Example 3.5), the map f does not
belong to the Albeverio-Hgegh-Krohn class F M (£?(N)) and thus provides a non trivial
example of a new Fresnel integrable function.

We now prove that f € D(L'). To this aim, for N € N set

N
ky Z:TFN]C:(kl,...,kN)GRN, OzN(.I) Z:WNk'$:ij$j, QTERN,
j=1

and consider the sequence of functions (f™)nen, f™: R™ — C, defined by (43). These
can be equivalently represented as follows:

f(") () = h(an(z)), xz eR™. (44)

We now investigate the behavior of the sequence of Fresnel integrals

L) = [ e f e

R~
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To this end, it is convenient to introduce an inversion formula, allowing to compute the
values attained by a map in f € M°>!(R?) in terms of the STFT of its Fourier transform
f . Given w € R?, let 1,: R? — C be the generalized pure tone at frequency w, namely
Vo (y) = (27h) =% 2em v A straightforward computation shows that

Voo (w,€) = (2mh) =2 # (€725, —¢).

Lemma 6.5. For every f € M>1(R?) and g,v € S(R?) such that (g,~) # 0, we have the
representation formula

1 iy —
" WR/ Vol ¥l Syt (45)
Ly d
- <779>R4 Vo f (2, )V (x, §)dadé, t e RY.

Proof. First, let us note that the integral is well defined:

Vo (2, Voo (w, &) = (20h) V2|3 (—€ — £)||Vy f(w, €)| € L (R?Y),

since |V, f(z,€)| € L (L) by assumption.
The representation formula (45) holds if f € S(R?) as a consequence of the Parseval
theorem. Indeed,

1 N 1 -
—<%9>R‘2/d ng(l‘,f)vth(ai,g)dxdf = mkl ng(ai,f)VW’L/J,t(:L‘,f)dxdf

= L [ A T T e

R2d

L / 7 Tog (€ 0T () dude
R2d

(7, 9)

— (2rh) 2 / F(e)ertsae

Rd
= f(t).
In general, let (f,), be a sequence in S(R?) such that f, — f in the narrow convergence

sense. Then, in view of the pointwise bound |ng;(:c, &)| < H(x) for an integrable function
H ¢ L'(RY) that does not depend on n, we argue by dominated convergence:

/ Vol (2. )Vythu(, §)dudg = / (Jim VoFale, ) ) Ve, ) dadg

R2d R2d
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= lim [V fula, OVytbe(w, ) duds
de
= (7.9) lim_f,(t)

= (7,9 f(t),

43

where in the last step we used the fact that if f, — f narrowly in M°>! then f, — f
pointwise — in fact, uniformly over compact subsets of R¢: given a compact subset

K c R% and ¥ € S(R?) such that ¥ =1 on K, then

1(f = fr)¥lloe < Ve (f = fa)(0,)llr = 0. O

Coming back to the computation of the Fresnel integrals L, (f (")), with f(") given by
(44), using (45) with g = v and ||g||z2 = 1 (for instance §(y) = (wh)~/4e~2m V") we

have

Laf) = [ 1 )y

R~

= lim (2m'h)—"/2/ez*"nlyfh(an(y))w(ey)dy
Rn

m(2m'h)_"/2/e#ly\Q(/Vgﬁ(x,f)%w_an(y)(x,£)dxd§)cp(5y)dy.

=1
el0
R™ R2
It is straightforward to note that the function

F.(y,2,€) = e Vo h(z, ©)Vyth_a, () (2, E)p(ey)

belongs to L*(R™ x R x R) for every fixed ¢ > 0, hence by Fubini’s theorem we have

Ln(f™) = hﬁ} (27rih)_"/2/ (/e%ﬁlylegw,an(y)(x,§)<p(€y)dy> Vgﬁ(xf)dxd«f.
RQ Rn
By explicit computation (see Appendix A) we get

. 2
(2min) "2 / e WPV e B pley)dy
]Rn

= eh®(2nh) 7! / e~ 2 Ntk ehul® o) 72 g (N dwd . (46)

R~ xR

By dominated convergence, exploiting the fact that ¢(0) = [, @(w)dw = 1, we finally

obtain:
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Lo(£0) = (2ay 1 [ | [ e PN kg 0)an | Ve, €)dodg
R2 R

= (et [ | [ einegly — o)y | Vi, €)dode
R2 R

(zﬁh)_l/ /eﬁ|k"|2y2€’%yfg(y—m)dy ngz(x,f)dxdg
R2 \R

[ S T D @ Vs, o
R2

To sum up, in light of (7), we have the explicit formula

Lo(5) = [eitt 00 @)

R~

= [ Ve V(s o b, dode
R2

= (h, F}y o ||mnk|)) .
We are now concerned with the limit lim,, oo L, (f (”)), and we claim that

L'(f) = lim L,(f™) (47)

n—oo

= [ Vifte VT o TR, s
R2

= (b, Fy o ||kl e2)-,
cf. (7). Let us highlight that if n is such that 7w,k = 0 then

Lo(f™) = / Voh(z, )V 1(z, E)dwde
RQ

Actually, the claim in (47) is a consequence of the following general result in the case
where H(x,&) = Vyh(z,§) — the proof being postponed to Appendix B.
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Proposition 6.6. In the setting introduced above, consider the family of linear functionals

T,: LLE)RY) > € Tu(H) = [ Ha OV, o [k e Eduds,
R2

and similarly set

T: L(LF)(R*) = C,  T(H):= /H(x,ﬁ)‘/g(FJr o [[k[[)(z, §)dadg.
R2

Then:

(1) The functionals T,, are uniformly bounded with respect to n.
(2) There exists a dense subspace X C L;(L?)(Rz) such that T, (H) — T(H) for all
HeX.

As a result, we have T,(H) — T(H) for all H € Ly (LZ)(R?).
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Appendix A. Proof of formula (46)

Let g € S(R), ¢ € S(R"), v € R™ and f € FM(R"), ie., of the form f(z) =
fRn e Ydu(u) for some complex Borel measure p on R™. Then, for any £ > 0, A > 0,

rin) /2 el pepay = [ e Hel pududat,
R~ Rn xR"
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where () = [p. €7 “@(u)du, x € R™. Indeed:

(27rih)_"/2/eﬁ‘y‘zewyf(y)w(sy)dy

R~

= (27Tih)_"/2/eﬁlylzei”'ygo(gy) /ei“'yd,u(u) dy.

R n

By Fubini’s theorem, the latter is equal to

62h|y| z(v+u).
/ /27Tzh n/2¢ Yo(ey)dy | du(u)

/ o2 |w+u+v|25—"¢;(w/5)dw dp(u)

m w4u+v
/ vt o (w)dw | dps(u).
R~

Let us now consider the integral
I a g = (2mih) "/ / e Vo ) (@, Opley)dy, .6 €R,
Rn”

where

Vol an () (@, €) = (2mh) "V 2ehaEran®g(—a,, (y) - €),

with o, (y) =k, -y, ky, == mk = (k1,..., k). The integral I, ; ¢ can be recast as

I pe = €= (2mih)~/2 / e7n W ¢ £ (y) o (ey)dy,
Rn

where v = zk,, /h and f is the map given by
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= (Zﬂﬁ)_l//ei“"yéukn/h(w)e%“Eg(u)du.

R ]Rn

In particular, since f € FM(R"), we have the representation f(y) = Jrn €Y dp(w)
with dp = (2mh) ™! [ e7“¢g(u)d,x, /ndu. Then, by (48) we have

L gc =eH ¢ / e~ Flutekn /Mol o o) dudp(u)

R xR™
e (2mh) / ¢ B luekn /Il 5 ) R g () dwbse, (1)
R xR™ xR
ze%wf(%rh)_l / e_%I’\k"/h+$k"/h+5w|2@(w)e%/\gg()\)dwdA
R xR

—e w7 (2mh) ! e |>‘k"+zk"+5hw|2@(w)e%)‘gg()\)dwd/\.

R xR

Appendix B. Proof of Proposition 6.6

Step 1. Uniform boundedness of the family {T,}.
Assuming k # 0, let thus N be the smallest integer such that |7xk|| # 0. It follows
by direct computation that

Vo(f o N)(2,€) = A" WVyor-1 fF(Az, A71E).

In particular, arguing as in the proof of Lemma 3.2, if 0 < A < XA < B we have for all
m € N:

|th](F+ ° /\)($,§)| = )‘71|Vgo)\*1F+(>‘xa /\71§)|
Semoa Az + ATHE) A

Moreover, after noticing that A%z belongs to the interval [—B?|z|, B|x|], we have

Az +ATHE) T = (L A2+ Noaf?) T
< (14 B 2|6+ X2z?)™
S (I)m,B(m7€)7

where we introduced the function

2 T
Py, 5(z,€) = {1 (1§ < B2|z])

(1+ B2 min{l¢ — B2, |¢ + B2}~ (|| > Ba).
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For future reference we emphasize that a straightforward tail bound shows that, for
m > 1,

/ B, (1, €)dE < (). (49)

R

To sum up, we have obtained

|Vq(F+ © )‘)(xvf)l Sm,A,B (I)m,B(xvg)'

This is precisely the case under our attention: setting A, = ||m, k||, we have 0 < |ky| <
An < ||k||g2 for all n > N, hence for all m € N

Vo(Fy 0 |mkl) (@, )] Sim,a Az — A€ 72"

S A+ B2+ \af)™™ (50)
Sm,A,B q)m,B(xag)v (51)
where we set A = |ky| and B = ||k|;2 — in particular, the implicit constants do not

depend on n.
As a result, for all H € Li(Lgo)(IW) and m > 1, by (50) we have

T (H)| < / \H (2, )V (Fr o k)@ ©)|derd
R2

S [suplr o)l R/ (14 B2g + Xeaf?)~de ) o

R
R £€
< ClH| ey,
for a constant C' > 0 that does not depend on n and H. We thus conclude that the
family of operators (T,) is uniformly bounded.
Step 2. Dense subspaces X, of Li(Lg).
Given g > 0, consider the space

Xg={H:R*> = C: (2)9H(x,£) € LL(L)(R?)}.

It is clear from the very definition that X, is a subspace of L} (L?)(Rz), with continuous
embedding. We now prove that X, is a dense subset in Ll (L?)(RQ).
Let ¢ be the function

oft) = {1 (<), g

eIt (] > 1),
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and consider the associated sequence (¢p,)n,en Obtained by ¢, () == @(t/n).

Let H € L}E(Lgo)(]R2) and set H,(x,&) = H(x,&)pn(z). It is easy to realize that
H, € X, for every n € N and g > 0, since

/<x>q<p(ac/n)(sup H(z,§))dr < oc.

¢eR
R

Moreover, by dominated convergence we have

lim ||~ Ho 0y = lim [ (sup [H(@, ) (1~ gu(a))dz = 0,

n—00 n—00 ¢eR
R

hence proving the density of X, as claimed.

Step 3. Convergence T, — T on X,.

Given ¢ > 1, we prove now that T, (H) — T(H) for every H € X,. To this aim, by
dominated convergence we infer

lim |1, (H) — T(H)|

n—oo

lim / Vo (Fy o [mnkl) (2, &) = Vo (Fy o [|klle2) (, || H (2, §) dwdE

n—oo
R2

= [ i V(s o makl) o €) = Vo(F o bl) (o €)1 H (. )l dodg
R2

=0.

Indeed, oo Vy (Fy o[ k) (@,€) = Vy (Fy o] 2) (2, €) for all (z, ) € R2 Moreover,
by effect of (51) we have

[Va(Es o Ikl (@,€) = Vo((Fy o [[kll )z, )1 H (z,€)

<(IVa (B o llmakl) (@, O] + [Va(F o Iklle2) (@, )] ) (sup |H (€)1
EER

5%,3(%6)(22@ IH(x,E)\)

—=G(a,).

By (49) and given that H € X,, we have

IGler < [ (e, (sup ()]

Re £eR
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< [ (sup G 01) ([ ntr. i) do
R

R

S /<x>(§1€1£ |H(I,§)|>daﬁ < o0.
R
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