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Summary

This thesis is divided into five main chapters, preceded by a short introduc-
tory chapter that briefly recalls some preliminary concepts. Each chapter is
self-consistent, although the last three share some underlying questions and

concepts.

The first chapter is, for the most part, taken from [57], and its argument
lies in descriptive set theory. A particularly effective tool in descriptive set
theory is games, specifically infinite two-player, perfect information games.
Unlike game theorists, who typically seek to find equilibrium strategies, set
theorists are interested in the existence of winning strategies for either of the
two players and in the implications that this has on the mathematical entities
(e.g., topological spaces, functions, measure spaces) involved in the game. This
chapter introduces a game that characterizes Baire class 1 functions between
separable metrizable spaces. We show that the determinacy of our game (i.e.
the statement “one of the two players has a winning strategy”) is equivalent to
a generalization of Baire’s characterization theorem for Baire class 1 functions,
and that both these statements hold under AD (the axiom of determinacy) and

in Solovay’s model.

The second chapter is largely derived from [6], co-authored with Alessandro
Andretta. This chapter is about the relationship between two weak variants
of the axiom of choice, specifically the axiom of countable choice (AC,) and
the axiom of dependent choice (DC). These two axioms have a local version:
given a set X, AC,(X) asserts that every countable collection of nonempty
subsets of X admits a choice function, while DC(X) asserts that every binary
and total relation on X has an infinite chain. It is well-known that DC implies
AC,,. We show that it is consistent with ZF that there exists a set A C R such
that DC(A) holds but AC,(A) fails.
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The third chapter lies at the intersection of lattice theory and combinatorial
set theory. It addresses an open question posed by S. Z. Ditor in 1984 [22]:
Given a positive integer n, is there a lattice of cardinality N, whose principal
ideals are finite and whose elements have at most n + 1 lower covers? We show
that such lattices exist in the constructible universe and, therefore, that their

existence is consistent with ZFC.

The fourth chapter is for the most part taken from [7], co-authored with
Alessandro Andretta. In this chapter, we generalize a result of A. Toérnquist
and W. Weiss [70] by studying the connection between the existence of Xj
Sierpinski’s coverings of R™, and a numeric invariant of the join-semilattice of
constructibility real degrees known as breadth. Additionally, we investigate the
relationship between the breadth of the constructibility real degrees and the

size of the continuum.

In the last chapter, we analyze the structure of the constructibility real de-
grees in the side-by-side Sacks model. The key feature of Sacks forcing is adding
a particularly tame generic real of minimal degree of constructibility. Hence, it
is natural to seek an understanding of the structure of the constructibility real
degrees in models of ZFC obtained by forcing (over the constructible universe)
with products or iterations of Sacks forcing. Much is already known regarding
iterations and finite products. In this chapter, we address the case that has
been less explored: the structure of the constructibility degrees of the reals in
the model of ZFC obtained by forcing over L with a countable-support product
of infinitely many Sacks forcings. Among other results, we show that, in such a
model, the join-semilattice of the constructibility real degrees is rigid, meaning

that it has no non-trivial automorphisms.
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Chapter 0O
Preliminaries

We briefly discuss some preliminary notions that are used across different

chapters.

Trees

Let us recall the basic operations on finite sequences and the definition of a
(descriptive) tree. All the relevant notations and definitions in this section are

taken from the monograph [47].

Let X be a nonempty set. We denote by <“X the set of finite sequences of
elements of X, with () being the empty sequence. Let u € <“X and v € =¥ X. If
u C v we say that u is an initial segment of v, and we say that v extends u. For
each n < length(u), we let u[n be the initial segment (u(0),u(1),...,u(n —1))

if n > 0; otherwise, we let it be the empty sequence.

The concatenation of u with v is the sequence u~v obtained by listing all
elements of v and then all elements of v. Clearly, v C v v. Given an x € X,
we write v~z instead of u”~(z). Sometimes we use the notation § to denote a

sequence.
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A tree! T on X is a subset of <“ X closed under initial segments, i.e. for every
u,v € <YX with u Cwv, if v € T, then uw € T. If u is an initial segment of v € T’
and length(v) = length(u) + 1, then we say that v is an immediate successor
of u in T. A tree is said to be pruned if all its nodes have a proper extension.
The body of a tree T, denoted by [T, is the set {r € “X | Vn r[n € T}, whose
elements are called branches of T. A tree T is well-founded if [T] = 0; otherwise,
it is ill-founded.

The Baire space “w and the Cantor space “2

Our main reference for descriptive set theory is the monograph [47]. The Baire
space “w is the space of all infinite sequences of natural numbers endowed with

the topology generated by the prebase { Ny | s € <“w}, where
Ny:={re“w|sCr}.

Each Nj is called a basic open set of “w. The Cantor space “2 is the space of
all infinite binary sequences endowed with a topology generated by a prebase
analogous to the one of the Baire space. Since we can associate in a natural way
to each infinite binary sequence a subset of w and vice-versa, we also sometimes
identify the Cantor space with P(w), i.e. the space of all subsets of w endowed
with the topology induced by the natural bijection with the Cantor space.

Both the Baire and the Cantor spaces are Polish spaces, i.e. separable
completely metrizable spaces. Moreover, the fact that they have a base made
of clopen sets makes them a combinatorically convenient setting for descriptive
set theory, especially since many questions that arise in this area are invariant
under Borel isomorphisms and any two uncountable Polish spaces are Borel

isomorphic (see [4, 47]).

The Baire space “w, the Cantor space “2 (the power set of w) and the
Euclidean line R are not only Borel isomorphic, but they are effectively Borel-

isomorphic (i.e. A}-isomorphic) [55]. This is why, following set-theoretic

'Note that this definition comes from descriptive set theory [47, Definition 2.1], and is
not to be confused with the more general order-theoretic notion of trees as posets whose
principal ideals are well-ordered [40, Definition 9.10].



practice, we sometimes tacitly identify the three spaces and refer to infinite

sequences of natural number or to subsets of w as “reals”.

Join-semilattices

The monograph [29] is our reference for all classical definitions and results in
lattice theory. We treat join-semilattices as posets (i.e. partially ordered sets)
or algebraic structures, depending on what representation is more suited for

the given context.

Given a join-semilattice (P, <) and a set F' C P, we denote by P | F
and P 1 F the sets {¢ € P | ¢ < pforsomep € F} and {g € P | ¢ >
p for some p € F'}, respectively. Sometimes, instead of P | F' we write < | F
or simply | F', when no ambiguity arises. If F' = {p}, for some p € P, then we
write P | p instead of P | {p}. A nonempty subset D C P is downward-closed
if for every p € D, | p C D. Recall also that a nonempty subset S C P is
called an sub-join-semilattice of P if it is closed under joins. Furthermore, a
sub-join-semilattice which is also downward-closed is called an ideal. Note that
P | pis an ideal of P for every p € P; such ideals are known as principal ideals.
An ideal I that does not coincide with the whole join-semilattice is called a

proper ideal.

The greatest element (resp. least element) of a join-semilattice P, if it
exists, is denoted by 1p (resp. 0p), or simply 1 (resp. 0) if there is no risk of
ambiguity. If we write \/ (), we are tacitly assuming that P has a least element,
and therefore that \/ ) = 0. Furthermore, an element a € P is an atom if 0 < a
and there is no b € P with 0 < b < a. More generally, given two elements
p,q € P, qis a lower cover of p (or, equivalently, p is an upper cover of q) if
g < p and there is no x € P with ¢ < z < p. In particular, the atoms are the

upper covers of 0.

Given two posets (P, <) and (Q, <), amap f : P — @ is monotone if p < p
implies f(p) < f(p') for every p,p’ € P. A map f: P — (@ is said to be an
order-embedding if it is monotone, injective, and its inverse is monotone. An
isomorphism is a surjective order-embedding. Furthermore, when P and () are

join-semilattices f is an homomorphism if f(p VvV p') = f(p) V f(p') for every
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p,p’ € P. An injective homomorphism is called an embedding. Note that every
homomorphism is monotone and that every embedding is an order-embedding,

but the converse is not true in general.

Let us briefly review the notion of quotient join-semilattice. Given a join-
semilattice (P, V) an equivalence relation ~ on P is a congruence relation if for

all o, x1,Y0,y1 In P,

xo~ Yo and x1 ~y; = oV 1 ~ Yo V Y1.

Given a congruence relation ~ on P, we can define the join operator V on
the quotient P/~ as follows: for every z,y € P,

[2] V [yle = [z Vyle

It is easy to check that this operator satisfies all the properties of a join.
The resulting join-semilattice P/~ is called the quotient join-semilattice of P

modulo ~. We denote the quotient map by 7. : P — P/~.

Any ideal I of P induces the following natural congruence relation ~; on P:
for x,y € P, x ~ y if there exists a z € I such that xV 2z =y V z. In this case,
we simply write P/I and 7y instead of P/~ and 7.,. Not every congruence

relation on a join-semilattice is induced by an ideal.

Definition (Breadth). Let P be a join-semilattice and n € w. We say that P
has breadth at most n if, for every nonempty finite subset X of P, there exists
Y C X with at most n elements such that \V X = \/ Y. The breadth of P is the

least n € w such that P has breadth at most n, if such n exists.

Note that a join-semilattice P has breadth 0 if and only if P = {0}, and

has breadth at most 1 if and only if it is a linear order.

Lemma. Given a join-semilattice P and ann € w, the following are equivalent:
(1) P has breadth at most n.

(2) For every X € [P]"*!, there exists Y € [X]" such that V X =V Y.

Proof. The only direction to be proven is (2) = (1). Fix a nonempty finite
subset X of P, towards finding some Y C X of size at most n such that



VY =V X. If | X| < n there is nothing to prove, as we can set Y = X. Hence,
suppose X = {xg,x1,..., 2} for some k > n. We inductively define a finite
sequence of sets Yy, ..., Y, in [X]™ as follows: first let Yy € [{xo,...,z,}|" be
such that \/ Yy = gV V... Vx,, which exists by hypothesis; for each 1 < k—n,
let Yiiq € [Yi U{@nsip1}]™ be such that VY1 = (VY:) V 1441, which, again,
exists by hypothesis. Note that the set Yj;_, is such that Y;_, € [X]" and
VYi_, =V X. Thus, P has breadth at most n. O

Forcing

Forcing was first introduced by Paul Cohen in his breakthrough work [18] to
prove the independence of the continuum hypothesis from Zermelo-Fraenkel set
theory ZF. Since then, it has become one of the fundamental tools of modern
set theory to prove consistency results. The monograph [50] is our reference

for all classical results and notions in forcing theory.

If P is a forcing notion, i.e. a preordered set with a maximum 1p, we convene
that p <p ¢ means that p is stronger than ¢, or, in other words, that p extends
q. When there is no danger of confusion, we drop the subscript P. Dotted
letters @, 7, ... vary over the class of P-names, ¥ is the canonical P-name for x,
while G is the P-name for the generic filter. In practice, we often abuse the
notation by dropping the hacek and confusing a set = in the ground model with
its name Z. If F' is a set of P-names, then, following Karagila’s notation [44],
F* is the P-name {(&,1) | ¢ € F'}. This notation extends naturally to ordered
pairs and sequences, so (z,9)® := {{z}*,{Z,9}*}* and so on. If G is P-generic

over V, then Z¢ is the object in V[G] obtained by evaluating & with G.

Let P be a forcing notion. Every automorphism 7 € Aut(P) acts canonically

on P-names as follows: given & a P-name,

mi = {(7y,7p) | (¥,p) € i}

The following classical lemma will play an important role in Chapter 2.



6 Preliminaries

Lemma (Symmetry Lemma, [40, Lemma 14.37]). Let P be a forcing notion,

m € Aut(P) and i1, . .., %, be P-names. For every formula p(x1,...,x,),

plE (i, ..., &,) <= 7pltp(riy, ..., 7d,).

Constructibility degrees

The monograph [20] is our reference for all classical definitions and results
regarding the constructibility hierarchy and the constructible universe L. The

constructibility preorder <. on the universe of sets is defined by
r <.y < z € L(y).

Let =, be the induced equivalence relation. We are interested mainly in the
restriction of the contructibility preorder <. on P(w). The quotient P(w)/=.
with the induced order is the set of constructibility real degrees, and it is denoted
by D.. We will often refer to the constructibility real degrees simply as real
degrees. Given a set a C w, we denote in bold a its equivalence class [a],. If
a € D, then set L[a] to be L[a] for some/any a € a. Note that (D, <.) is
a poset with minimum 0 = P(w) N L, every degree a has size (¥;)M2 < R,
and {b | b <. a}, the set of all predecessors of a € D, has size < (N;)"a] < R;.
Our official definition of <. takes place on P(w), but since the Cantor space
and the Euclidean line R are Al-isomorphic, we could have used the “true”
reals without any problem. The poset D, is actually a join-semilattice, with
aVb=[a®b], for some/any a € a and b € b, where

a®db={2n|ne€alU{2n+1|neb}.

More generally, if (-,-): w X w — w is a recursive bijection, and a,, C w, then
letting
Brco tn = {(n, k) | n €wand k € a,}

we have that a; <. @,,c., a, for all © < w. Thus D, is o-directed—any countable
set of elements {a, | n € w} has an upper bound [@,,¢,, an].. On the other

hand {a,, | n € w} need not have a least upper bound, i.e. D, need not be a



o-complete join-semilattice [71]. Again in [71], it is also shown that D, need

not be a meet-semilattice.

The structure of D, is highly non-absolute, being very sensitive to the
ambient model. If V = L, then D, is the singleton {0}, while if V = L[r] where

r is a Cohen real, then D, has the size of the continuum and a rich structure [2].

Adamowicz [67] has shown that for every constructible, constructibly count-
able and well-founded join-semilattice with a lowest element, there is a generic
extension of the constructible universe in which D, is isomorphic to the given

join-semilattice—see [33, 64] for stronger results and more discussion on this.

Even though there is not yet a general result @ la Adamowicz for uncountable
join-semilattices, there are some scattered, yet interesting, results in this regard:
in the iterated perfect set model, also known as iterated Sacks model, the
continuum is Ry and D, is well-ordered of order-type wy [11, 30]; Groszek [31]
has shown that D, can, consistently with ZFC, be isomorphic to the reverse

copy of wy + 1; see also [42, 43] for similar results.



Chapter 1

A game for Baire’s grand

theorem

1.1 Introduction

This chapter is, for the most part, taken from [57]. Given two topological
spaces X, Y, a function f : X — Y is said to be Baire class 1 if, for every open
subset V of Y, the pre-image f~'(V) is an F, subset of X, i.e. a countable
union of closed subsets. If X is metrizable, then the open subsets of X are also

I, subsets. All continuous functions with metrizable domain are Baire class 1.

A classical result concerning this class of functions is the following theorem
of Baire—known as Baire’s grand theorem—which provides a characterization
of Baire class 1 functions from a Polish space to a separable metrizable space
(e.g. see [47, Theorem 24.15]).

Theorem (Baire). Let X be a Polish space, Y a separable metrizable space,
and f: X =Y. Then the following are equivalent:

1) f is Baire class 1

2) fIK has a point of continuity for every compact K C X

Actually, the separability hypothesis on X can be avoided (e.g. see [51, Ch.
I1, §31, X] and [26]), but here we are interested in the separable case.
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We note that Baire class 1 functions have been, and still are, sometimes
defined as pointwise limits of continuous functions—e.g. [36, 58, 59], Baire
himself originally stated his grand theorem for pointwise limits of continuous
real functions [8]. This definition and ours are equivalent only under certain
hypotheses—e.g. see [47, Theorem 24.10] and [46].

In this chapter, we study the generalization of Baire’s grand theorem in
which the domain’s hypothesis is weakened from Polish to separable metrizable,
and its relationship with the determinacy of a two-player game. The use of
infinite two-player, perfect information games to characterize certain classes of
functions has a long and established history—e.g. [3, 9, 14, 15, 23, 24, 48, 72],

see [56] for a detailed introduction on this subject.

In Section 1.2, we define our game G(f), where f is a function between
separable metrizable spaces. We prove that Player II has a winning strategy
in G(f) if and only if f is Baire class 1 (Theorem 1.2.2). Then we show that
Player I has a winning strategy in G(f) if and only if there is a compact K C X
such that f[K has no points of continuity (Theorem 1.2.3).

In Section 1.3, we discuss the determinacy of our game. We start by
observing that the determinacy of our game for every function is equivalent
to GBT, the generalization of Baire’s grand theorem in which the domain’s
hypothesis is weakened from Polish to separable metrizable (Corollary 1.3.1).
We note that AC (i.e. the axiom of choice) and GBT are mutually inconsistent
(Proposition 1.3.2). Then we show that GBT is equivalent to a separation
property coming from descriptive set theory (Theorem 1.3.4) and that both
these statements hold under AD, the axiom of determinacy, and in Solovay’s

model.

1.2 The game

Given X a topological space and (U, ),e. @ sequence of open subsets of X, we
say that (U, )new is convergent if it is decreasing with respect to C, and if it is

a local basis of some x € X. In that case we write lim,,_,,, U,, = x.
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Definition 1.2.1. Let X, Y be separable metrizable spaces and let f : X — Y.
In our game G(f), at the nth round, Player I plays a nonempty open subset
U, of X, and then Player II plays y, € ran(f),

I U U, U,
II Yo (0 Y2

with the rule: U, C U, for each n € w. At the end of a game run, Players [
and IT have produced a sequence (U, ),e, of nonempty open subsets of X and
a sequence (Y, )new in ran(f), respectively. Player II wins the run if either the
sequence (Up,)new 18 not convergent or it converges to an = € X and (¥, )new

converges to f(x).

This game is an elaboration of Kiss’ game [48] and a further generalization
of Duparc’s eraser game [23]. A partial play of Player I (resp. Player II) in G(f)
is a nonempty finite sequence of open subsets of X decreasing with respect to
C (resp. a finite sequence of elements of ran(f)). A strategy for Player I (resp.
Player II) in G(f) is a function that maps each partial play of Player II (resp.
Player I) to a nonempty open subset of X (resp. to an element of ran(f)). A
strategy o for Player I is winning if for every infinite sequence ¥ = (Y, )new Of
elements of ran(f), Player I wins the run of the game in which at each turn n
Player I plays o(¢ | n) and Player II plays y,,. Winning strategies for Player 11

are analogously defined.

Kiss [48] used his game to characterize Baire class 1 functions between
separable complete metric spaces. The following theorem generalizes this result
by providing an analogous characterization for Baire class 1 functions between

arbitrary separable metrizable spaces.

Theorem 1.2.2. Let X,Y be separable metrizable spaces and f : X — Y.
Then Player II has a winning strategy in G(f) if and only if f is Baire class 1.

Proof. (<=): Assume that the function f is Baire class 1. As every separable
metrizable space embeds into “R (i.e. the space of infinite sequences of real
numbers with the product of the Euclidean topology), we can assume Y C “R

without loss of generality.

By a theorem of Lebesgue, Hausdorff and Banach [47, Theorem 24.10] there

exists a sequence (f,,)ne, of continuous functions from X to “R (with range not
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necessarily in Y') converging pointwise to f. Fix such a sequence, and also fix
a compatible metric d on “R and a sequence (¢, )new C ran(f) dense in ran(f).
Given two nonempty A, B C “R, we let d(A, B) be inf{d(29,21) | 20 € A, 21 €
B}.

In the next paragraph, we define by induction a map ¢* that maps partial
plays of Player I into Y x w. Then 7y o ¢* is shown to be a winning strategy
for Player II, where 7y, 7, are the canonical projections. We denote by o3 and

o the functions 7y o o* and 7, o 0*, respectively.

Here is the definition on ¢* by induction on the lengths of Player I's partial
plays: set 0*(Up) = (qo, 0) for each nonempty open subset Uy of X; fix k € w,
suppose that we have defined o* for all Player I's partial plays of length up to
k and consider a partial play U Uy of length £ + 1, then

—

1) if there is an n > o(U) such that diam(f,[Uy]) < 27™: fix an n satisfying
the condition and an m such that d(g,,, f[Ux]) < d(ran(f), f,[Ux]) +27";
set o*(U~Ug) = (g, 1)

2) otherwise: we set o*(U~Uy) = o*(U).

We now show that o3 is a winning strategy for Player IT in G(f). Fix an infinite
play (Uy)gew of Player Iin G(f). If (Uy)gew is not convergent, then Player II wins.
Assume that (U)gew converges to an z € X, and set yy = o3 (Up, . .., Ug), ng =
o5 (Uo, ..., Ug) for each k € w. We need to show limy_,o yx = f().

Claim 1.2.2.1. The sequence (ng)rew s nondecreasing and unbounded in w.

Proof. The fact that (ng)re. is nondecreasing is a direct consequence of the
definition of ¢*. Next, note that, for all n € w, the diameters of the sets in the
sequence (f,[Ux])rew converge to 0, as f, is continuous and (Uy)xe,, is a local

basis of x, decreasing with respect to C.

Fix a k € w and an n > n;. By the previous observation, there exist a
k' > k such that diam(f,[Uy]) < 27". Fix one such k’, there are two cases:
either ny_1 > ng or np_1 = ny. In the latter case, the first condition in the
inductive definition of o* happens at the k’-th round, hence ny > np_1 = ny.
In either case, ny > ny. We just proved that for every k there is a &' > k such

that ng > ny, therefore (ng)e, is unbounded. O
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Let k be the least k such that ny > 0.
Claim 1.2.2.2. For all k >k, d(yp, fn, () < d(f(x), fo, (x)) + 217",

Proof. Fix a k > k and pick the smallest [ < k such that n; = n,. Note that
Yr = Y1, as from the [-th round to the k-th ¢* does not change its response. From
the minimality of [ it follows that the first condition of the inductive definition of
o* happens at the [-th round, therefore d(y;, f,,[Ui]) < d(ran(f), fn, [Ui]) +27™
and diam(f,, [U;]) < 27™. Since we assumed x = lim,,_, U,, = belongs to U,
and f,, (x) belongs to f,,[Ul], hence d(ran(f), fn, [Ui]) < d(f(x), fn,(x)), and,

overall,

d(yl, fm (ZE)) < d(yl7 fnz[UlD + dlam(fm [Ul]) < d(f(l’), fnz ([E)) + 21,

As n; = n;, and y; = y; we are done. O

Then, for each k > k,

d(yr, f(2)) < d(fo,(2), [(2)) + d(yp, fa,(2)) < 2d(fo, (), f(2)) + 277

Since (ng)kew is unbounded and the f,’s converge pointwise to f, these inequal-
ities imply that (yg)rew converges to f(z) and therefore o3 wins the run. As
(Uk)kew was an arbitrary play of Player I, we have shown that o} is a winning
strategy for Player II in G(f).

(=>): Suppose that Player II has a winning strategy in G(f), we show that

the function f is Baire class 1.

Fix a winning strategy o for Player Il in G(f) and fix a compatible metric
d on X. As X is separable, there exists a scheme (Uy)se<w,, of open subsets of

X satisfying the following properties:
1) Uy = X.
2) For all s € <“w, U, Us~, = Us.

3) For all s € <“w, diam(U,) < 27'ensth(s),
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For each s € <“w let
Ys = U(£Lﬂ07£@[hljéma"'al@)'

In other words, y; is the response of Player II following ¢ to the partial play
(Uso, - - -, Us) of Player I. For every x € X, let T}, be the tree {s € ““w | z € Us}.
It follows directly from properties 1) and 2) of the scheme that all such trees

are nonempty and pruned.

Claim 1.2.2.3. For all x € X and all open neighborhoods V' of f(x), there is
an s € T, such that for allt € T, if s Ct theny, € V.

Proof. Assume towards a contradiction that there is an x € X and a V', open
neighborhood of f(z), such that for all s € T, there is a ¢t € T, that extends
s and such that y; ¢ V. Then there exists a branch r € [T,] such that
{n € w|yym ¢V} is infinite. Fix one and note that Player I wins in G(f) by
playing the sequence (Uyp)new, as, by property 3) of the scheme, this sequence
converges to x, while the corresponding play of Player II according to o does
not converge to f(z). Since we have assumed o to be a winning strategy for

Player II, we have reached a contradiction. O

Fix V open subset of Y and a sequence (V},),e. of open subsets of V' such

that V = U,ew Vi = Unew Va-
Claim 1.2.2.4.

Ffy=U U (UA\U{U [t 2sand g ¢ V,}) .

new se<¥w

Proof. Take x in the set on the right-hand side. By definition, there exists an
n € w and an s € <“w such that s € T, and for all t € T, extending s, y; € V,,.
Fix a branch r € [T,] N N, then the sequence (y,x)kew is eventually in V,,, i.e.
Yrie € V,, for all k greater than some m € w. As (U,;)ke, converges to z by
property 3) of the scheme, and o is a winning strategy for Player II, we have
limg o0 Yrix = f(x), and therefore f(x) € V,, C V.

Now pick an z in f~*(V). There must be an n such that f(x) € V,,. By
Claim 1.2.2.3, there exists an s € <“w such that for all ¢ € T, extending s,
y; € V,. But this means that x belongs to the set on the right-hand side. [J
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Since the set on the right-hand side is an F, subset of X and V was an
arbitrary open subset of Y, we have shown that pre-images of open subsets of
Y by f are F, sets. So f is Baire class 1. O]

Theorem 1.2.3. Let X,Y be separable metrizable spaces and f : X — Y.
Then Player I has a winning strategy in G(f) if and only if there exists a
compact set K C X such that f]|K has no points of continuity.

To prove this theorem, we need the notion of pointwise oscillation of a
function. Given X a topological space, Y a metric space and f: A — Y for

some nonempty A C X, we define osc(x) for each z € X as
oscy(x) := inf {diam(f[U N A]) | U € X open neighborhood of x}

The function oscy is upper semi-continuous, i.e. for every e€ > 0 the set
{z € X | oscs(z) > €} is closed.

Lemma 1.2.4. Let X,Y be separable metric spaces, € > 0 and f : X — Y
such that oscg(x) > € for all x € X. Then there is a countable Q C X such
that oscyig(z) > € for all v € X.

Proof. Let dy be the metric on Y and fix a sequence (y,)new dense in Y. For
each n,m € w, let Q,,,, be a countable and dense subset of f~(B(y,,2™™)).
We claim that the countable set Q = U, ,;, @n,m has the desired property.

Fix x € X, m € w and an open neighborhood U of x. By assumption, there
are g, x; € U such that dy (f(xo), f(x1)) > € —27™. Let ng,n; be such that
f(x;) € B(yn;,27™) for i = 0,1. In particular, U N f~1(B(y,,,27™)) # 0, and
therefore U N Qp,m # 0 for i = 0,1. Pick g, q1 in U N Quym and U N Quy m,
respectively. Then,

dy (f(q0), f(q1)) > dy (f(z0), f(z1)) — dy(f(20), f(q0)) — dy (f(21), f(q1))
>(e—2"M) —2lmm ol — ¢ _5.27™

Indeed, for i = 0,1, f(z;) and f(g;) both belong to B(y,,,2~™), and therefore
their distance is less than 2'=™.

We have shown that for each z € X, for every open neighborhood U
of x and for all m there are qo,q; € U N Q such that dy(f(q), f(q1)) is
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greater than ¢ — 5 -27™. In particular, diam(f[U N Q]) > e. Hence, for all
r € X, oscrg(x) > €. O

Proof of Theorem 1.2.3. (<) : Fix a compact set K C X such that f[K has
no points of continuity. The winning strategy for Player I that we define is
essentially the one defined by Kiss' in [48], the only difference being that we

deal with a bit more care the amount of choice used in the construction (see
Remark 1.2.5).

Fix a compatible metric dx on X and dy on Y. Since f[K has no points

of continuity, it follows that oscsx(x) > 0 for every x € K. In particular,
K =U, K,, where

1
K, = {m € K | oscpi(z) > }
n
By Baire’s category theorem, there is a nonempty open U C X and an n
such that K,, "U = K NU. Let C be the closure of K,, NU and € = 1/n, then
oscio(z) > € for every x € C.

By Lemma 1.2.4, we know that there is a countable ¢ C C such that
oscrig(z) > € for every x € Q. Let (¢n)new be an enumeration of (). We now
define a winning strategy 7 for Player I by induction on the lengths of Player
IT’s partial plays. In particular, the map 7 ranges among the open balls of X
centered in @, i.e. open sets of the form B(z,p) for some x € @ and radius
p > 0: first set 7(0) = B(qy,1)—we are setting the first move of Player I;
fix k € w, suppose that we have defined 7 for all partial plays of Player II
of lengths up to k£ and consider the partial play i ~y, of length k + 1 with

B(anapk’> = 7_(27)7 then

1) if dy (Y f(gni)) < €/8:
let ny41 be an n such that g, € B(qy,, pr) and dy (f(gn), f(qn,)) > €/3;
let p be the greatest p < p; such that B(qy,,,.p) € B(qn,,px) and set

(Y “yr) = B(qnyyr, 0/2)-

2) otherwise:
(7 "yk) = Bdny Pr/2)-

IKiss’ strategy, in turn, is based on the one defined by Carroy in [15].
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We now prove that 7 is a winning strategy for Player I. Fix an infinite play
¥ = (Yr)rew of Player 1T and set By, = B(xy, pr) = 7(§ | k) for every k € w. First
we show that the sequence (By)re, converges to an x € K. Indeed, it follows
directly from 7’s inductive definition that N, By = N Bx; the compactness of
K guarantees that K N (ﬂk E) # (; finally, the radii of (By)ge, converge to

0, hence K N (ﬂk Bk) is a singleton {x} and (By)ke, converges to x.

So we are left to prove that the sequence (Y )xe., does not converge to f(x).
Suppose first that condition 1) of 7’s inductive definition happens only finitely
many times during this game run. This means that there exists an n such that
for all k > n, x; = x, and therefore dy (y, f(x)) > €¢/8 for all £ > n. In this

case (Yr)kew certainly does not converge to f(z).

Now suppose otherwise, and let the increasing sequence (k,)ne, be such
that condition 1) happens at the k,+1-th round for each n. More precisely,
(kn)new is the increasing sequence such that dy (yx, f(zx)) < €/8 if and only if

k = k,, for some (unique) n. For every n,

Ay (Yhos Yrnia) 2 Ay (f (@), F(@h,10)) = dy (F(@r)s Uka) = dy (F(Thpi0) s Yoin)

= dy (f(zr,), f(@h,11)) = dy (f(@h,)s Yko) — dy (F (Thi1)s Unin)
>€/3—€/8—¢/8=¢/12

where the equality follows from ., = x,41, which holds because in the
rounds between k, + 1 and k1 the strategy 7 does not change the center of
its balls; the last inequality follows directly from the definition of 7. Therefore,

as (kn)new is unbounded, the sequence (yx)re., does not converge.

In either case (yx)re, does not converge to f(z), therefore 7 wins the run.
As (yr)rew Was an arbitrary play of Player 11, we have shown that 7 is a winning

strategy for Player I in G(f).

(=) : Suppose that Player I has a winning strategy in G(f), we want to
prove that there exists a compact set K C X such that f]|K has no points
of continuity. We show instead that there exists a compact K C X such that
Player 1 has a winning strategy in G(f[K). Indeed, if we do so, it would
mean that the function f[K is not Baire class 1, as otherwise Player II would

have a winning strategy in G(f[K) by Theorem 1.2.2. Then, by Baire’s grand
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theorem—which can be applied as K, being a compact separable metrizable
space, is a Polish space—there would be a compact K’ C K such that f[K’

has no points of continuity.

Fix a winning strategy 7 for Player I and also fix an enumeration (¢, )new
of a countable dense subset of ran(f). Denote by S the tree {s € <“w | s(n) <
n for all n < length(s)}. Note that [S] is a compact subset of the Baire space.

Consider the following map:

p:[S]— X

r— lim 7(¢r0), (1) - - -5 Gr(n))-

Since we are assuming 7 winning for Player I, the limits in the definition always
exist, and the map ¢ is well-defined. We now show that ¢ is continuous. Given
an r € [S] and V open neighborhood of ¢(r), there exists an n € w such that
7(¢r0), 4r(1)s - - - Gr(n—1)) € V/, by definition of limit of sequences of open sets.
But then the rules of the game force every t € [S] N N,p, to be mapped by ¢
into 7(gr(0); ¢r(1)s - - - » Gr(n—1y) € V. Therefore ¢ is continuous and K = ran(yp)
is a compact subset of X.

Next, we show that Player I has a winning strategy in G(f[K). Fix dy
compatible metric on Y. For each y € Y and k € w, pick an n < k such that
dY(Qm y) = minmgk dY(Qma y) and let Q(yu k) = ({n-

We define the strategy 7’ for Player I in G(f[K) as follows: for each
(Yo, - - -, yx) partial play of Player 1T in G(f[K), we let

TI(Z/anla cee 7yk> = T<q(y07 0)7 q(yh 1)7 s 7q(yk7 k)) nK.

We claim that 7' is a winning strategy for Player I in G(f[K). Take an
infinite play (yx)reo, of Player I1. For each k, let n; be such that ny < k and
Gn, = q(yr, k). Then (ng)re. belongs to [S], and the limit of the sequence
(7" (Yo, - -+, Yk) ) kew 18 ©((ng)rew) € K, by definition of ¢.
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If (yg)rew is not convergent, then Player I wins the run. So suppose that

(Y )rew converges to y € ran(f). Then,

dy (q(yx: k), y) < dy (yr, y) + dv (q(ys, k), y) = dy (yx, y) + min dy (g, yi)

< 2dy (yx, y) + min dy (gm, y)-

Since limg o yx = y by assumption, and limg_,o min,,<g dy (¢m,y) = 0 by
the density of (¢,)nen in ran(f), it follows from the above inequalities that

(q(yg, k))rew converges to y. Therefore,

lim gy, = lim q(ys, k) 7 f(lim 7(q(y0,0), - -, 4y, k))) = f(Im 7"(y0, - - ).

k—o0

The # follows from having assumed 7 winning strategy for Player I in G(f),

and the last equality instead comes directly from having defined 7/(yo, ..., yx)
as T(CI(Z/(J, 0)7 ce 7Q(yk7 k)) nK.

Hence (yx)reo, does not converge to f(limy_ oo 7'(v0, - - - Yx)), and 7" wins the
run. Since (yx)rew Was an arbitrary play of Player II, 7/ is a winning strategy
for Player I in G(f[K). O

Remark 1.2.5. The careful reader may have noticed that in this section we did
not use the axiom of choice, or even the axiom of dependent choice, in their full
potential. Indeed, all the proofs contained or cited in this section go through
assuming only AC,(R), the axiom of countable choice over the reals: “Every

countable family of nonempty subsets of R has a choice function”.

1.3 On the determinacy of G(f)

Recall that a two-player game G is determined if either Player I or Player II has
a winning strategy. Carroy [15] proved that Duparc’s eraser game G.(f), which
characterizes Baire class 1 functions from and into “w, is determined for every
function f, and used this determinacy result to give a new game-theoretic proof
of Baire’s grand theorem restricted to functions between 0-dimensional Polish
spaces. On the other hand, Kiss [48] used Baire’s grand theorem to prove the
determinacy of his game. Our game G(f) is a further generalization of both

these games, and, again, a strong relationship between its determinacy and
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Baire’s grand theorem emerges as a direct corollary of the two main theorems
of the previous section. Let us introduce the following statement, which is the
same as Baire’s grand theorem with the hypothesis on the domain weakened

from Polish to separable metrizable:

For all X, Y separable metrizable spacesand f : X — Y,
(GBT) f is Baire class 1 if and only if f[K has a point of

continuity for every compact K C X.

The following is a direct corollary of Theorems 1.2.2 and 1.2.3.

Corollary 1.3.1. The following are equivalent:

1) G(f) is determined for every f.

2) GBT

But unlike Duparc’s and Kiss’ games, ours is not determined in general, as

the next folklore proposition shows.

Proposition 1.3.2. (AC) GBT is false.

Proof. Under the axiom of choice, there exists a set of reals with cardinality
of the continuum that does not contain any uncountable closed set. Let X be
such a set. Since the family of the F, subsets of a second countable space has
at most the cardinality of the continuum, it follows from Cantor’s theorem that
there must be a subset A C X which is not an F,, subset of X.

The function 14 : X — 2, with 14(x) = 1 iff x € A, is not Baire class 1, as
A is not an F, subset of X. Nonetheless, we claim that 14[K has a point of
continuity for every compact K C X. Fix a compact K C X, then K needs to
be countable, as we have assumed X not to contain any uncountable closed
set. But then K, being a countable and compact subset of R, has an isolated

point, which is, in particular, a continuity point of 14 K. O

A separable metrizable space is (absolutely) analytic precisely when it is the
continuous image of a Polish space. Gerlits and Laczkovich [26] showed that

Baire’s grand theorem holds if the domain is assumed only to be an absolutely
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analytic metrizable space—actually, they stated this generalization for real
functions, but their argument goes through assuming only separable metrizable
codomains. From the theorems of the previous section, it follows that the game

G(f) is determined for every function f with analytic domain.

We cannot hope to extend tout court this determinacy result to functions
with co-analytic domains, where a separable metrizable space is said to be
co-analytic if it is homeomorphic to the complement of an analytic set in
a Polish space. In fact, the existence of a co-analytic set of cardinality of
the continuum that does not contain any uncountable closed set is consistent
with ZFC—in particular, it follows from V = L, see [41, Theorem 13.12]—and
the example defined in Proposition 1.3.2 would give us a function f with
separable metrizable co-analytic domain witnessing the failure of GBT and the

undeterminacy of G(f).

We now focus on GBT, which, by Proposition 1.3.2, is inconsistent with AC.
We first introduce a couple of statements coming from descriptive set theory
that are strictly related to GBT. We recall that, given three sets A, B, S, we
say that S separates A from Bif AC S and BNS = 0.

For every disjoint A, B C “w such that there is no F, set
(HSP) separating A from B, there is a Cantor set C C AU B
with C N B countable and dense in C.

where HSP stands for Hurewicz’ Separation Property. The fact that the trace
of Bon C (i.e. BNC) is countable and dense not only means that BN C is
F, in C, but also that it is F,-complete [47, Theorem 22.10]. HSP is known to
hold under AD (see [47, §21.F] and [16, Theorem 4.2]).

Fact 1.3.3. HSP is a strong statement, in the sense that HSP + DC is equiconsis-
tent with the existence of an inaccessible cardinal. Indeed, HSP 4+ DC implies
PSP, the perfect set property for every subset of “w, and it is well-known that
PSP + DC implies the consistency of an inaccessible cardinal [41, Propositions
11.4 and 11.5]; on the other hand, Todorc¢evi¢ and Di Prisco [21] proved that

HSP holds in Solovay’s model, hence the equiconsistency.
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Consider now this seemingly weaker statement:

For every disjoint A, B C “w such that there is no F, set
(WHSP) separating A from B, there is a Cantor set C C AU B
with C N A dense and codense in C.

This statement is clearly a consequence of HSP, but it does not tell us anything
about the definability of the trace of A or B on C.

Theorem 1.3.4. The following are equivalent:
1) GBT
2) WHSP

Proof. 1) = 2): let A, B C “w be disjoint subsets of the Baire space such
that A cannot be separated from B by an F, set. Equivalently, A is not
F, with respect to the relative topology on A U B. Therefore, the function
Ia: AUB — 2, with 1a(x) = 1 iff z € A, is not Baire class 1, and by
GBT there exists a compact set K C AU B such that 1,[K has no points
of continuity. This means that A N K is both dense and codense in K, as
otherwise 14 would have a point of continuity. Finally, notice that K, being a
compact and perfect subset of “w, is actually a Cantor set [47, Theorem 7.4].
Hence WHSP holds.

2) = 1): let X,Y be separable metrizable spaces and f : X — Y a
function which is not Baire class 1. Every Polish space is the image of “w by a
continuous and closed map [25]. As every separable metrizable space embeds
into a Polish space, there exists a closed and continuous surjection g : X’ — X
for some X’ C “w. Since the image of a closed set by a closed function is
still closed by definition, images of F, sets by a closed function remain F.
Therefore, the function h = fog: X' — Y is still not Baire class 1.

As h is not Baire class 1, there is an open set V' C Y such that h=1(V) is not
an F, set of X’. Fix such V' and also fix a sequence of closed sets (F},)ne. such
that V = U,, F,,. It must be the case that, for some n, h~'(F},) is not separable
from =1 (Y'\ V) by an F, set, as otherwise h~!(V') would be a countable union
of F, sets, which is still F,,. Fix such an n, then, by WHSP, there is a Cantor
set C C X’ with both A~ (F,)NC and h=*(Y \ V) N C dense in C.
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By continuity of g, the set g[C] is compact in X and f~(F,)Ng[C], f~H(Y'\
V) N g[C] are both dense in ¢[C].

We claim that the function f[g[C] has no points of continuity. Take an
x € g[C], and fix two sequences (Ty)kew C [ (Fy) Ng[C, () )kew C FHY\
V) N g[C] converging to z. Such sequences exist because f~!(F,) N g[C] and
fHY \ V) N g[C] are both dense in g[C]. If the sequences (f(zy))re, and
(f(x},))kew converged in Y, they would converge in F,, and in Y\ V| respectively,
as both these sets are closed. Thus, even if their limits were to exist, they
could not coincide. In particular, x is not a point of continuity of f[g[C]. Since

x € g|C] was arbitrary, we have that no x € g[C] is a continuity point of f[g[C].

Given a function f : X — Y between separable metrizable spaces which
is not Baire class 1, we have found a compact K C X such that f[K has no
points of continuity. On the other hand, if f : X — Y is Baire class 1, then
the classical argument used in the proof of Baire’s grand theorem shows that
fTK has a point of continuity for every compact K C X (e.g. see [47, Theorem
24.15]), with no need to invoke WHSP. Hence GBT holds. O

As HSP, and in particular WHSP, holds under AD (see [47, §21.F| and
[16, Theorem 4.2]) and in Solovay’s model [21], we can say the same of GBT
and the full determinacy of our game, by Corollary 1.3.1 and Theorem 1.3.4.
However, the precise consistency strength of these three statements (+DC) is

still unknown.

WHSP, compared to HSP, seems to be weak enough to be proved consistent
relative to ZF, with no large cardinals needed (see Fact 1.3.3). Hence, the

following conjecture.

Conjecture 1.3.5. GBT + DC is consistent relative to ZF.

Lastly, notice that the definition of our game (Definition 1.2.1) does not rely
on the separability or the metrizability of the function’s domain and codomain,
and it would make perfect sense to study it on broader classes of functions.
Future research can shed light on how our game behaves on the class of functions
with metrizable (not necessarily separable) domains and separable metrizable
codomains. Would our results of Section 1.2 still hold? How much choice would

be needed to prove them?



Chapter 2

Does DC imply AC, uniformly?

2.1 Introduction

This chapter is largely derived from [6], co-authored with Alessandro Andretta.
The axiom of choice AC is the statement VX AC(X), where

(AC(X)) X £0=3f: P(X) > X VAC X (A£0= f(A) € A).

The function f is a choice function for X. Observe that AC(X) holds if
and only if X is well-orderable. By restricting the choice function we have

AC(X) = AC/(X), where

For any sequence (A;);e; of nonempty subsets of X there is

AC (X
(AC/(X)) (a;)ier such that Vi € I (a; € A;).

Of particular interest is the case when I = w: the aziom of countable choice
AC, is VX AC,(X).

Let R be a binary relation on a set X.

e An R-chain is a sequence (x,)ne, of elements of X such that x; R ;44

for all 7 € w.

e An R-cycle is a finite sequence (z, ..., x,) of elements of X such that

x; Rx;yq for all i < n and x, R x.

e R is total on X if for every x € X there is a y € Y such that = R y.
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The aziom of dependent choice DC is VX DC(X), where

(DC(X))  For any nonempty and total R C X? there is an R-chain.

The axioms DC and AC,, are ubiquitous in set theory and figure prominently
in many areas of mathematics, including analysis and topology. They are
probably the most popular among weak forms of the axiom of choice, since
they are powerful enough to enable standard mathematical constructions, yet
they are weak enough to avoid the pathologies given by AC. We refer to the
monograph [54] for a comprehensive treatment of the history of the axiom of

choice and its weakenings.

It is well-known that DC = AC,, so one may ask if this result holds

uniformly: is the statement
(2.1) VX (DC(X) = AC, (X))

a theorem of ZF? The main result of this chapter is that the answer to this

question is negative.

Theorem 2.1.1. It is consistent with ZF that there is a set A C R such that
DC(A) and -AC,(A).

Section 2.2 discusses some preliminary facts about the relationship be-
tween AC,(X) and DC(X), and also discusses a variation of the axiom DC(X).
Section 2.3 is a brief introduction to symmetric extensions, the key notion
involved in the proof of Theorem 2.1.1. Section 2.4 is devoted to the proof of

Theorem 2.1.1 while Section 2.5 contains some complementary results.

2.2 Basic constructions

For the reader’s convenience, let us recall a few notions and results that will be
used throughout the chapter. Our set-theoretic notation is standard: we write
X &~ Y if there exists a bijection between X and Y, and we write X 3 Y if

there exists an injective function from X to Y.
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A set X is finite if X =~ n for some n € w; otherwise it is infinite. A set X
is Dedekind-infinite if w =< X; otherwise it is Dedekind-finite. Every finite set is
Dedekind-finite, and assuming AC,, the converse holds. It is consistent with ZF
that infinite Dedekind-finite sets exist (see Section 2.3.1). By [45], it is even

consistent that every set is the surjective image of a Dedekind-finite set.

Let R be a binary relation. With abuse of notation, we write

R(z):={y |z Ry}

for the set of all ys that are related to z, and
RIA:=RnN(AxA)

for the restriction of R to the set A. The transitive closure of R

R* = {(z,y) | 3yo, .- yn) ( Ryo Ry R--- Ry, Ry)}

is the smallest transitive relation containing R. The next few results are folklore.

Proposition 2.2.1. Let X be a set.

(a) IfY is the surjective image of X, then DC(X) = DC(Y).

(b) DC(X) is equivalent to the seemingly stronger statement: For any nonempty
and total R C X x X and for any a € X, there is an R-chain (z,)new

with Top = a.

(¢) Given (Ap)new with O # A, C X and A, N A, =0 for all distinct n,m,
then DC(X) implies that (Ap)new has a choice function.

(d) DC(X x w) = AC,(X).

Proof. (a) Assume DC(X) and let R be a total relation on Y and let F': X — Y
be a surjection. The relation S = {(z,2') € X? | (F(x), F(2')) € R} is total
on X, so by assumption there is an S-chain (z,)ne,. Then (F(x,))ne, is an
R-chain.

(b) Suppose R C X? is nonempty and total and let a € X. Observe that
S = R[R"(a) is total on R (a). By part (a), DC(R*(a)) holds, hence there
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is an S-chain (y,)neo- Let (xq, ..., x5 1) witness that yg € R (a), i.e. 29 = a,
Ty = Yo and x; R x4 for all ¢ < k: then (zo, ..., 25)" (Yn)new is an R-chain

starting from a.

(c) Let R be the relation on U, A, C X defined by
rRy&dncw (ze A, Ny € Apyr)

By part (a), DC(U,, A,) holds, hence by part (b) there is an R-chain (a,),e, in
U, A, with ag € Ag. Observe that any R-chain (ay,)ne, with ag € Ay is such
that a,, € A,, for all n € w.

(d) Given ) # A, C X, let A, = A, x {n} C X xw. By hypothesis and part

(c), there is a sequence (ay, " )ne, such that (a,,n) € A,, hence a, € A,. O

The gist of part (c) of Proposition 2.2.1 is that we can use dependent choice
rather than countable choice whenever the sets we choose from are disjoint.

Here is an example of such an application.

Lemma 2.2.2. Suppose that X is a first countable Ty space and that A C X
is not closed in X. If DC(A) holds, then A is Dedekind-infinite.

Proof. Since A is not closed, we can fix some a € cl(A)\ A. Let {U,, | n € w} be
a neighborhood basis for a, with U, C U, for every n. Given that X is Ty, we
can assume, by passing to a subsequence if needed, that A, = (U, \ Uy41) N A
is nonempty for every n. Since the A,s are pairwise disjoint and nonempty, by
Proposition 2.2.1(c) there is a sequence of (a,)nen of distinct elements of A

such that a, € A, for every n. In particular, A is Dedekind-infinite. O

Lemma 2.2.3. Let X be a set.
(a) X x2Z3X=XxwiX.
(b) If X #£0, then <*(~*X) 2 <X, so ““X x 2 3 <¥X.

(¢) VX3V (X CY A<0Y <Y).
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Proof. (a) If fy, fi: X — X are injections with ran(fy) Nran(f;) = 0, then
define an injection F': X x w — X as follows:

F(z,0) = fo(x), Flx,n+1)= fio---o fiofo(x).

n+1 times

(b) If X is a singleton, then <“X = w, and the result follows at once. If X

has at least two elements, the result follows from [5, Proposition 2.1].

(c) Given X take Y =V, with sufficiently large limit A. O

From Lemma 2.2.3 and Proposition 2.2.1(d) we obtain at once:
Proposition 2.2.4. (a) If X x2 2 X, then DC(X) = AC,(X). In particu-
lar: DC(R) = AC,(R).
(b) VX IV (X CY A (DC(Y) = AC,(Y)).
(¢) DC = AC,.
Lemma 2.2.5. (a) Let A CR. Then AC,(A) implies that A is separable.
(b) AC,(R) & VA C R (A is separable).

(¢) Suppose A C R contains a nonempty perfect set, and assume DC(A).
Then DC(R) holds, and hence AC,(A) holds.

Proof. As A is second countable, part (a) of Lemma 2.2.5 follows.

(b) The direction (=) is a direct consequence of part (a). For the other
direction, fix a sequence (A,,)ne, of nonempty subsets of “w and consider the
set A= {(n)"z|n€wandx € A,}. From an enumeration of a dense subset

of A (which exists by assumption), we can extract a choice function for (A, )neq-

(c) If P C A is perfect, then P ~ R, and since A surjects onto P, then
DC(R) holds, and hence AC,(R) holds. O

Note that the implication in part (a) of Lemma 2.2.5 cannot be reversed: if
A C R is a witness of the failure of countable choice, then the same is true of
the separable set AU Q.
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2.2.1 Real reflection

In this section we prove that if (2.1) fails, then we can find a witness of the
failure already among the sets of reals. This is precisely the content of the

following proposition.

Proposition 2.2.6. Suppose that for all X C R, DC(X) = AC,(X). Then
for all X, DC(X) = AC,(X).

Proof. Assume that for all X C R, DC(X) = AC,(X). Fix a nonempty set
Y such that DC(Y) and fix also a sequence (Y},)ne. of nonempty subsets of Y

towards showing that the sequence (Y},),e. has a choice function.

Let F : UpewYn — Pw), Fly) = {nc€w | y€Y,} and let A4, =
{a € ran(F) | n € a}. Observe that for all y € U, Y, and all n € w

yeY, e Fy) € A,.

In particular, ) # A, C P(w) for all n € w. By Proposition 2.2.1(a),
DC(ran(F’)) holds, and therefore also AC, (ran(F")) holds, by assumption. Pick

a choice sequence (a,)new for (An)new, i-e. a, € ran(F) and n € a, for all
n € w. Let Z, = F~'({a,}). Then

Zn={y| Fly) =a.} ={y | {m |y € Vin} = a.},

and since n € a,, then Z, CY,,. The sets Z, need not be distinct as the a,s
need not be distinct, but if a,, # a,,, then Z, N Z,, = 0.

Let I C w be such that {Z, | nel} ={Z,|n€w}and Z,NZ, =0
for every distinct n,m € I. If we can find y, € Z, for all n € I, then we can
extend this to a choice sequence y,, € Z,, CY,, for all n € w as required. If [ is
finite, then the y;s can be found without any appeal to choice. If I is infinite,

then I ~ w so we can find the y,s by Proposition 2.2.1(c). H

Since the proof of Proposition 2.2.6 does not use the axiom of foundation,
an important consequence of Proposition 2.2.6 is that we cannot prove Theo-
rem 2.1.1 using solely Fraenkel-Mostowski permutation models [38]. This is

because the kernel of any such model would reflect (2.1). Thus, employing a
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symmetric extension (see Section 2.3) is, arguably, necessary to prove Theo-
rem 2.1.1. Furthermore, as a direct corollary of Proposition 2.2.6 we obtain

the following:

Corollary 2.2.7. Assume AC,(R), then VX (DC(X) = AC,(X)).

2.2.2 Some considerations on (2.1)

By Proposition 2.2.4 and Corollary 2.2.7, the statement (2.1) follows from

either one of the following assumptions:

e X x 22 X for all infinite X,

.« AC.(R).

Sageev in [61] proved that “X x 2 =< X for all infinite X” does not imply
AC,(R), while Monro in [53] proved that DC (and hence the weaker AC,(R))
does not imply “X x 2 < X for all infinite X”. So neither assumption implies
the other.

Suppose now that (2.1) does not hold. By Proposition 2.2.6, there exists a
set A C R such that DC(A) holds but AC,(A) fails. What can we say about
A? By Lemma 2.2.5(c), any such A cannot contain a nonempty perfect set.
Moreover, such a set A also needs to be Dedekind-infinite: indeed, A cannot be
closed, as otherwise, by the usual Cantor-Bendixson argument, it would either
be countable, contradicting —AC, (A), or else it would contain a nonempty
perfect set, which we already excluded; therefore A is not closed, and, by
Lemma 2.2.2, A is Dedekind-infinite.

It can be shown that (2.1) holds both in Cohen’s first model (Proposi-
tion 2.3.3) and in the Feferman-Levy model (Proposition 2.5.3). Thus, these
two classical models of ZF + =AC do not directly yield Theorem 2.1.1, even

though Cohen’s first model has a crucial role in its proof.
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2.2.3 An equivalent formulation of DC
For every (nonempty) set X let
(DC, (X)) Any nonempty pruned tree on X is ill-founded

and let DC, be VX DC,(X). As DC is equivalent to DC, (Corollary 2.2.9
below), the axiom of dependent choice is often stated as DC,. The advantage

of this formulation is that it can be generalized to ordinals larger than w.

Proposition 2.2.8. DC,(X) < DC(<“X) for every nonempty set X.

Proof. (=) Suppose R is a binary relation on <X such that Vs 3t (s R ). If
0 R (, then ((,,...) is an R-chain as required, so we may assume otherwise.
Let R C R be the sub-relation on <“X defined by

s Rt s REAVY (s Rt = length(t') > length(t)).
The relation R’ is total and any R’-chain is an R-chain. Then
T = {te“"X | 3s0,...,sn (DR s R ... R' s, A tgso”sl“...“sn)}

is a pruned tree on X, so it has a branch by hypothesis. By the minimality
assumption of R, given a branch b of T one can construct inductively an

R'-chain (s,)new such that sp”s17 ... s, C b for all n.

(<) If T is a pruned tree on X, let R C T x T be defined by
s Rt < s CtAlength(s) + 1 = length(?).

As T C <X then DC(T') holds, and since R is total on 7', as T is pruned, there
is an R-chain. Any such chain yields a branch of 7' O

Corollary 2.2.9. DC < DC,,.

Proposition 2.2.10. Let X be a set.

(a) DC,(X) = DC(X).

(b) DC,(X) = AC,(X).



2.3 Symmetric extensions 31

Proof. X injects into <“ X so part (a) holds by Proposition 2.2.8.

For part (b) argue as follows. If (A,),cw is a sequence of nonempty subsets
of X, then {(zo,...,zp_1) | Vi <n(x; € A;)} is a pruned tree on X, and any

branch of it is a sequence (ay,)new such that a, € A, for all n € w. O

In light of Proposition 2.2.10, our main result, Theorem 2.1.1, tells us it
is consistent with ZF that there is a set A C R for which DC(A) holds but
DC,(A) fails.

2.3 Symmetric extensions

The model we construct in Section 2.4 to prove Theorem 2.1.1 is an iterated
symmetric extension. For the reader’s convenience, let us recall a few facts

about symmetric extensions.

Let P be forcing notion and let G be a subgroup of Aut(P). A nonempty
collection F of subgroups of G is a filter on G if it is closed under supergroups
and finite intersections. A filter F on G is said to be normal if for every H € F

and 7 € G, the conjugated subgroup mH7~! belongs to F as well.

We say that the triple (P, G, F) is a symmetric system if P is a forcing
notion, G is a subgroup of Aut(P) and F is a normal filter on G. Given a
P-name 2, we say that & is F-symmetric if there exists H € F such that for
all m € H, m& = . This definition extends by recursion: = is hereditarily
F-symmetric, if & is F-symmetric and every name y € dom(z) is hereditarily
F-symmetric. We denote by HSz the class of all hereditarily F-symmetric

names. The fundamental theorem of symmetric extensions is the following.

Theorem 2.3.1 ([40, Lemma 15.51]). Suppose that (P,G,F) is a symmetric
system and G is a P-generic filter over V. Denote by N the class {i¢c |
& € HSx}, then N is a transitive model of ZF, and V. C N C V[G].

The class N is also known as a symmetric extension of V. Symmetric
extensions are often used to produce models of ZF in which the axiom of choice
fails. We focus on this notion by discussing the construction due to Cohen

of a symmetric extension in which there is an infinite, Dedekind-finite set of
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reals. This model will be the first step in the forcing iteration in the proof of
Theorem 2.1.1.

2.3.1 The first Cohen model

Let Py be the forcing that adds countably many Cohen reals, i.e.
Py = {p |3 Cw(p: [ — =¥2,and [ is ﬁnite)},

with p < ¢ if dom(p) 2 dom(q) and p(n) 2 ¢(n) for all n € dom(q). Although
this is not the standard presentation of such a forcing, this way of defining P
will become useful in Section 2.4. Let @, be the canonical name for the n-th
Cohen real, that is

(2.2) an = {((k,1),p) | p € Py and n € dom p and p(n)(k) = i}.

Observe that A := {a, | n € w}* is forced to be a dense subset of “2.

Every permutation 7 on w induces an automorphism of Py as follows: given
p € Py, we let mp € Py be defined by

Vi € dom(p) (rp(rn) = p(n)).

We conflate the notation by using the same symbol 7 to denote both the
permutation and the automorphism on P it induces. Let Gy be the group of
all such automorphisms. For every finite £ C w, let Fix(F) be the subgroup of
Gop of all those automorphisms induced by permutations that pointwise fix the
set E. Let Fy be the filter on Gy generated by {Fix(E) | £ C w finite}. It is
easy to check that Fy is actually a normal filter on Gy, and hence (Py, Gy, Fo)
is a symmetric system. Let G be a Py-generic filter over V, and let Ny be the

corresponding symmetric extension, which is known as the first Cohen model.

Denote by A the realization of the name A in V[G], i.e. the set Ag. Note
that every a,, is in HSz, and so is A.

Proposition 2.3.2 ([40, Example 15.52]). Ny E “A is Dedekind-finite”.

In NV, the set A, being infinite and Dedekind-finite, is certainly not separable

as a subspace of R—indeed, every infinite, separable T; space is Dedekind-
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infinite. Moreover, DC(A) also fails, as otherwise A would be Dedekind-infinite
(see the penultimate paragraph of Section 2.2.2).

The simultaneous local failure of both AC, and DC is not accidental—the
next proposition shows that, in the first Cohen model, a statement stronger
than (2.1) holds.

Proposition 2.3.3. N F VX (DC(X) = AC(X)).

Lemma 2.3.4. Let X be a linearly ordered set, and let Y C [X|<“. IfY is
Dedekind-infinite, then so is JY .

Proof. Let < be a linear ordering of X, and let (Z,),e, be a sequence of
distinct elements of Y. By passing to a subsequence, we may assume that
Zni1 € ZyU---U Z,, and that Zy # 0. Let z be the <-least element of Z,
and 2,41 be the <-least element of 7,1 \ (ZoU---U Z,) for every n. The z,s
are distinct, and belong to JY. In particular, UY is Dedekind-infinite. O]

Lemma 2.3.5. If DC(Y) with Y C [R|< infinite, then UY is Dedekind-

infinite.

Proof. If JY has no limit points, then it is discrete, so w = UY. Suppose
otherwise, and let x € R be a limit point of J Y. It is enough to show that w XY
and then apply Lemma 2.3.4 with X = R. Without loss of generality, we may
assume that {x},0 ¢ Y. Forall Z € Y let d(z, Z) = min{|r —z| | r € Z \ {z}}
be the distance of z from the rest of Z. Let R C Y? be the binary relation
defined as follows: for every Z, W €Y,

R(Z,W) & d(z,W) < d(z, Z).

The relation R is acyclic, and, by our hypothesis on x, it is total. It follows from
DC(Y) that R has an infinite chain, and hence, since R is acyclic, w JY. O

Proof of Proposition 2.3.3. In the first Cohen model, for every set X, there is
amap sx: X — [A]<¥, known as the least support map, such that s~'({B})
is well-orderable for every B € [A]<“ [38, Theorem 5.21, Lemma 5.25].

Let X be such that DC(X) holds. Then also DC(ran(sx)) holds. If ran(sy)

were infinite, then letting ¥ = ran(sy) in Lemma 2.3.5 we would have w 3
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Uran(sx) C A, against the fact that A is Dedekind-finite. Hence ran(sy) is

finite, and X, being a finite union of well-orderable sets, is well-orderable. [J

2.4 The main result

This section is devoted to the proof of Theorem 2.1.1.

2.4.1 Outline of the proof

We prove the theorem via an iteration of symmetric extensions of length w.
We start the iteration with the first Cohen model Ny, with A € Nj being the
generic Dedekind-finite set of reals (see Section 2.3.1). As noted right after
Proposition 2.3.2, in Nj the set A is not separable (in particular AC,(A) fails)
and DC(A) fails. Next, we define a chain of models Ny C NV} C --- C N, such
that, for each n, NV, is a symmetric extension of N, that contains a generic
set of chains for all binary relations in N, that are total and acyclic on A. At
the final stage, N,,, which is our model, is going to be something resembling
“the model of sets definable from finitely many elements of U, N,”. If we do
the construction properly, we can prove that in A, we have added enough
countable subsets of A (or, equivalently, enough sequences over A) to guarantee
DC(A) (Theorem 2.4.9), but A is still not separable, in particular AC,(A) fails
(Corollary 2.4.7).

Actually, we don’t only show that A is not separable in our model, but we
give a topological characterization of its separable subsets: among the subsets
of A, the separable ones are precisely those which are scattered with finite
scattered height (Definition 2.4.4, Theorem 2.4.6).

2.4.2 The symmetric system

We define recursively a sequence (P,,, G,,, F)neo of symmetric systems. Let
(Py, Go, Fo) be the symmetric system defined in Section 2.3.1, i.e. the one that
induces the first Cohen model. For each n, we denote by <, I, the ordering

and the forcing relation of P, respectively, and by HS,, the class HSg , i.e. the
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class of all hereditarily F,-symmetric P,-names. We also let
(2.3)  Ru:={REHS,|Viedom(R)Im,k €w (&= (am )},

where the @;s are as in (2.2). Then, R, is the set of all “good” hereditarily

Fn-symmetric P,-names for binary relations on A.

Recursively on n, we define P, 11 to be the set of all the sequences p = (py, |
k <mn+ 1) such that

1) pln+1eP,,

2) pps1: dom(pryi) = Ry X ““w with dom(p,1) a finite subset of w,

3) For each k € dom(p,11) with p,y1(k) = (R, (mq, ..., my)) we have

pln+1Ik, “R is total, acyclic and @y, R (my R...R Ay,

where, at stage n = 0, we identify the conditions p € Py with their singleton

sequence (p).

For each p € P, and k € dom(p,11) with p,.1(k) = (R, s), we denote R
and s by pf, (k) and pi_,(k), respectively. Given p,q € P,41 we let p <,11 ¢
if and only if

e pin+1<,qIn+1,
o dom(ppy1) 2 dom(gyi1),

« Vk € dom(gp+1) (pfﬂ(k) = g1 (k) and p; 4 (k) 2 qiﬂ(k))

This defines the forcing P,, ;. Now we are left to define the subgroup G, of
Aut(P,41), and the filter F, ;.

Consider a sequence 7 = (m, . .., m,+1) with each m; being a permutation of
w. By induction hypothesis!, 7 [ n + 1 induces an automorphism 7@ [n+1 € G,,.
Note that, as in Section 2.3.1, we conflate the notation by using the same

symbol to denote both sequences of permutations and the automorphisms they

LAt n = 0 we identify each m € Gy with the singleton sequence (7).
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induce. Now, the sequence 7 induces an automorphism on P,,; as follows:

given p € P, .1, we let Tp be the condition in P, ; such that
(p)In+1=(FIn+1)(pIn+1)
and, for each k € dom(p,;) with p5, (k) = (mq, ..., ms) and pf, (k) = R,

)iy (a1 (k) = (® [ n+ 1) (R),
(TP )ns1 (g1 (k) = (mo(mo), - - ., mo(mn))-

Let G,1 be the group of all such automorphisms on P, 1, i.e. the ones
induced by sequences (of length n + 2) of permutations of w. For each sequence
H= (Hy, ..., Hp,y1) of subsets of w, we let Fix(ﬁ) be the subgroup of all those
7T € Guy1 such that 7 pointwise fixes Hy for all £ < n + 1. We define F, ;1 as
the filter on G, generated by {Fix(H) | Hy is finite for all k < n + 1}. From

now on, we use the symbol H to denote finite sequences of finite subsets of w.

This ends the inductive definition of the sequence (P,, G, Fn)new. Note
that, for each n < m, there is a natural complete embedding %, ,,: P,, = Py,
and a natural embedding j, n,: G, — G,. Thus we let P and G be the direct
limits of the forcings P,, and of the groups G, respectively.

We now define the normal filter F on G in the expected way: we let F be
the filter generated by

{Fix(ﬁ) | Hy is finite for all k£ < length(ﬁ)},

where, given any H , Fix(ﬁ ) is the subgroup of G made of all those 7 such that
T pointwise fixes Hj, for all k < length(H).

A condition p of the direct limit P is a finite sequence (py, . .., p,), and it
is identified with (pg,...,pn,0,...,0) and with (po,...,pn,0,0...), that is a
sequence obtained by concatenating p with a finite sequence of empty sets or

with the infinite sequence of empty sets. We treat analogously the Hs.

Henceforth (P, G, F) is our symmetric system, with HS being the class of
all F-symmetric P-names and <,IF being the ordering and the forcing relation

of P, respectively.
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Remark 2.4.1. Our iterative construction fits into the general framework devel-

oped by Asaf Karagila [44] to deal with iterations of symmetric extensions.

Given an & € HS, we say that His a support of & if 7 = & for all

7 € Fix(H). Also, given p = (po,...,pn) € P and H = (Ho,...,Hp,), we
write p [FI to denote the sequence (py [ Ho, . ..,p, | H,). Note that the latter

sequence does not necessarily belong to P.

Lemma 2.4.2 (Restriction Lemma). Let p(z1,...,x,) be a formula, and let
Z1,...,%, € HS. For any p € P and for any FI, zfﬁ s a support for each I;
and, for all m > 0, for all k € H,, N dom(p,,), Hm is a support for pE (k)
and ran(p, (k) € Hy, then p| H € P and

Ik (i, ... in) < plHIF @i, ..., @)

Proof. We prove the lemma by induction on the length of H. Let’s first assume
H = (Hp) for some finite Hy C w, then p [FI € Py. Assume towards a
contradiction that p | H I @o(&1,...,2,), then there is a ¢ < p | H such that
qlF—p(iy,...,&,). Let T € G such that 7y pointwise fixes Hy and such that
mo[dom(go)] N dom(pg) = Hy N dom(py) and 7, [dom(gy,)] N dom(p,,) = O for
all m > 0. In particular, 7 € Fix(ﬁ ). By hypothesis, Hisa support for all the
t;’s. Thus, by the Symmetry Lemma, 7q IF —¢(Z1,...,&,). However, p and

7q are compatible, contradiction.
Now let’s assume that H = (H, ..., H,).

Claim 2.4.2.1. p[ H € P,,.

—

Proof. By induction hypothesis, p [(H [ m) € P,,_y. Fix a k € H,, N dom(p,).
Let R = p2(k) and (ng,...,ns) = pS, (k). Then, by assumption, H | m is a
support of R and n; € Hy for every i < h, or, equivalently, Hy is a support for
(p,. By definition of P,,,

pmIF “R is total, acyclic and (g Ran, R... R Q"
By induction hypothesis,

(p [[—7) fm=np [(ﬁ f'm) I “R is total, acyclic and Qg R (i, R...R Q)"
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Therefore, p [FI eP,. m

Assume towards a contradiction that p [ﬁ I o(&1,...,%,), then there is a
qg<p [FI such that ¢ IF =p(21,...,4,). Let ¥ € G such that m pointwise fixes
H, for each | < m and such that m[dom(g)] N dom(p;) = H; N dom(p;) for all
I <m and m[dom(g)] N dom(p,) = 0 for all I > m. In particular, 7 € Fix(H).
Thus, by the Symmetry Lemma, 7q IF —p(&1,. .., 2y).

Claim 2.4.2.2. p and 7q are compatible.

Proof. Tt suffices to show that p*(k) = (7¢)F(k) and that the sequence p; (k) is
extended by (7q);(k), for every [ < m and for every k € dom(p;) N dom((7q),).
Note that dom((7q);) = m[dom(q)]. Fix an [ < m and a k € dom(p;) N
m[dom(g;)]. By the way we chose 7', we must have k € H;. Also, as we assumed
q < p, we have ¢(k) = pF(k) and ¢(k) 2 pj(k). Moreover, we assumed
H Il to be a support for p(k), and we have picked 7 so that ¥ € Fix(ﬁ). In
particular, (7 [1) (pfi(k)) = pf*(k) and m;(k) = k. Therefore, by the definition

of the induced automorphism 7 € G,

(Fq)*(k) = (7 11) (¢ (' (K))) = (7 11) (@" (k) = (7 1) (0" (k) = p" (k).

Moreover, since we assumed ran(pj(k)) C Hy, and 7y € Fix(Hy), we have, for
every i < length(p;(k)),

(7q); (k)(i) = mo(q (m; " (k))(i)) = mo(q7 (k) (i) = mo(p; (K)(2)) = p} (k)(3),
and therefore (7q); (k) 2 p; (k). O

As before, the fact that p and 7g are compatible yields the desired contra-

diction and concludes the proof. O

2.4.3 The model

For each n, k € w, we let

fok = {((lv, am)®,p) | I,m € wand p € Ppyy and p; ., (k)(1) = m},
B, = {fnk | k€ w}..
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Note that, for each 7@ € G, ﬁ(fnk) = fn,wnﬂ(k)- In particular, both fnk and F),
belong to HS for every n, k € w. These P-names, together with A and the a,s,
are the (hereditarily symmetric) names for all the generic sets we are interested
in. Observe that fnk is a P, ;-name for an R-chain belonging to N, 1, where
R is the relation with P, j-name {(pZ ,(k),p) | p € Ppi1}.

Fix a P-generic filter G over V and, for all n, let N, be the symmetric
extension obtained from (P,,G,,F,), and N be the symmetric extension,
obtained from (P, G, F). Clearly we have

VCNyCMN C---CN =N, CV[G].

For each P-name (e.g. A), we let its symbol without the dot (i.e. A) be its

evaluation according to G (i.e. Ag).

Lemma 2.4.3. For every n € w, for every total and acyclic binary relation
R e N, on A, there is an an R-chain in N, 1.

Proof. Let p € G and R € HS,, such that
plF R C A x A total and acyclic,

and without loss of generality we may assume that p € P,,. We show that
Re = Sg for some S € R, as in (2.3). Let

S = {((m, @)*,q) | m, k € w,q € Py, and q I ap R ).

It readily follows that S is in R, and p I R = S. Fix any ¢ € P,,; with ¢ < p.
Pick an m € w\ dom(g,,+1) and consider the finite sequence ¢’ such that ¢; = ¢
for every I #n+1and ¢, = g1 U{(m, (S,0))}. Then ¢’ € P11, ¢ < g and

¢ IF fpm is an S-chain, and S = R.

By density,
plF 3f € F, which is an R-chain.

Since F), € N,,41 we are done. O
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Since A is not closed as a set of reals, there exists a total and acyclic binary
relation over A in Ny (see Lemma 2.2.2). Therefore, by Lemma 2.4.3, the set A
becomes Dedekind-infinite already in A;. However, the next proposition tells
us that the range of any generic chain introduced by the iteration is far from
being dense in A. This result is crucial in showing that A is not separable in
N. But before stating this key proposition, we need to recall the well-known

notion of scattered space (e.g. see [63, §8.5]).

Definition 2.4.4. Given a topological space X, we let by ordinal induction

X0 = x
Xt — {$ € X@ | z is a limit point of X(a)},
X = ﬂ X (@ for A a limit ordinal.

a<<A

For every space X there is necessarily an ordinal a such that X(® = X(e+1)

and we call the least such ordinal the scattered height of the space. A topological
space X is scattered if there is an « such that X(® = ().

It is easy to check in ZF that every second countable scattered space is
countable [63, Proposition 8.5.5]. If ) # X C R is dense in itself, then X = X

and X is not scattered. In particular, A is not scattered.

For each t € <“2, we denote by N the canonical name for the basic open
set N, of “2. Furthermore, we denote by cl, the closure with respect to the

subspace topology of A.

Proposition 2.4.5. For each n,k € w, N E (clA(ran(fnvk)))(nH) = (.

Proof. In other words, we want to show that in N (or, equivalently?, in V[G]),
for every n, k, the closure with respect to A of the range of f, s is scattered of

height at most n + 2. For any H C w, let us introduce the P-name

(2.4) Ay = {am | m € H}*.

ZNote that the formula ¢(z,y,a) := “a is an ordinal, z C y are sets of reals and cl,(z) is
scattered of height < a” is a A%F-formula. In particular, it is absolute between models of ZF.



2.4 The main result 41

Let (1) be the statement ¥n € w (1), where (}), is the following statement:

Let k € w, p = (po,...pa) € P,, R € R, with support H =

(Hy, ..., H,) such that p I- R is total and acyclic”. Assume also

that, for all i« < n, dom(p;) = H;, and, for all 0 < i < n, for all
()n  j e H;, Hiis asupport for p?(j). Then

(R0} (iGan(fni)" € AU ) ran(fiy).

Remark. (a) The condition p~{(k, (R,®))} in the statement of (1), belongs
to P, 41 and it is obtained by extending p with the function with domain
{k} C w such that k — (R,0) € R, x <“w.

(b) Note that p~{(k, (R,0))} is the <-maximum among the conditions ¢ < p
such that ¢% (k) = R. Therefore, for any fixed n, k, the set of conditions
p~{(k,(R,0))} we are considering in (1), is pre-dense in P, (and also
in P).

Claim 2.4.5.1. Assume (). For each n,k € w, IF (CIA(ran(fn’k)))(nH) = .

Proof. We prove the claim by induction on n. Let n = 0 and fix k € w, p € Py,
R € Ry, H = (Hy) satisfying the hypotheses of (1)o. By (1)o,

™ {(k, (R, 0))} IF (cLi(ran(four))® S Ag,.

Since Hj is finite, we have that I+ “AHO is finite”, so our condition forces that
cla(ran(f, x)) has scattered height < 2, that is

(2)

p{(k, (R, 0))} I+ (cly(ran(fur))) = 0.

By density (see the remark right after the definition of (), ), the base case

follows.

Now the induction step. Let n > 0 and fix k € w, p € P,, R € R,,
H= (Hy, ..., Hy,) satisfying the hypotheses of (1),. By (f)x,

k(R 0)} I (iGan(fni)" € AU U ran(fiy).
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As the H;s are all finite,

N . . (n+2) (n+1)
p~{(k, (R,0)} I (cl(ran(fo ) ) c U (cliran(fy)))

Jellff?ﬂ

By induction hypothesis, for all i < n and all 7 € H; 4

. (n+1)

I+ (CIA(ran(fi,j))) =0,

and hence, )

- . . n+2

p{(k, (R, 0)} IF (clj(ran(foi))) " = 0.
By density, the induction step follows. O

The statement (f) is proved by induction on n € w. Let n = 0 and fix

—

kew pePy, Re Ry, H=(H,) satisfying the hypotheses of (1)o.
Claim 2.4.5.2. p~{(k, (R,0))} IF ran(fox) \ An, is discrete.

Proof. Assume towards a contradiction that there are ¢ < p~{(k, (R,0))} and
[ € w such that

qIF for(l) ¢ Ay, and fo (1) is a limit point of ran(fox) \ Ag,.

Without loss of generality suppose that length(¢f(k)) > I + 1 and let m =
¢ (k)(1), t = go(m)—in particular, m ¢ Hy and ¢ IF fo(l) = am € N;. From
our assumption and from the fact that Hy is a finite set, it follows that there

must be a z < g and an A > [ such that
z Ik f()’k(h) € Nt \ AHO-

Assume without loss of generality length(z;(k)) > h and let m' = z5(k)(h),
' = z(m')—in particular, m’ ¢ Hy, t' D t and 2y IF @m RT amy. Note
that m/ # m, as otherwise z, would force R to have a cycle, which is a

contradiction, as z, extends p and by hypothesis p forces R to be acyclic. Let
pli= 2o [(w\ {m}) U{(m, 1)}

Subclaim 2.4.5.2.1. p/ IF 4, BT .
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A quick observation: since zy < qo, 2o(m) surely extends ¢ = go(m), but a priori
2p(m) could be incompatible with ¢ = zo(m’) = p’(m), making p’ incompatible

with z5. Thus, our subclaim needs some care.

Proof of the Subclaim. Let mg, my,...,mp_; € w be such that m; = z§(k)(l+1)
for all i < h —[. Note that mg = m = ¢j(k)(l) and m; = ¢;(k)(l + 1), since
2z < q. Moreover, my_; = m/, by definition of m’. We can assume that the m;s

are all distinct, as otherwise z, would force R to have a cycle.

Clearly qo IF am, R (m,- By the Restriction Lemma, gy [ Hy U {mg, m1}

forces the same.

On the other hand, 2y IF @, R (g R...R Qm, _,- Again by the Restriction
Lemma, 2 [ Hy U {mq, mq,...,my_;} forces the same.

The condition p’ = zy [(w\ {m})U{(m,t")} extends both qo [ HoU{mg, m}
and zo [ Hy U {my, ma, ..., my_;}—here use the fact that mg ¢ Hy and that all

the m;s are distinct. Hence p’ forces dyp,, R (my R (g R...R (- O

Let mp: w — w be the permutation that swaps m and m’ fixing everything
else—in particular, 7y € Fix(H,) and myR = R. Then, by the Symmetry
Lemma,

mop = p' & @ RT G,
but then p’ both extends p and forces @, RT @,,, which is a contradiction, since

we assumed that p forces R to be acyclic. [

By Claim 2.4.5.2, condition p~{(k, (R, %))} forces that the limit points of
ran(fox) (in ran(fox)) belong to the finite set Apy,. The next claim shows that

the same is true for the larger set cly(ran(fo)).

Claim 2.4.5.3. p{(k, (R,0))} IF (cLy(ran(for)))"” € Ay

Proof. Suppose towards a contradiction that the claim is false. Then there is a
q < p~{(k,(R,0))} and an m ¢ Hy such that

(2.5) q IF @y, is a limit point of ran(foy).
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Note that, since Hj is finite, ¢ actually forces a,, to be a limit point of
ran(fox) \ Ag,. Hence, it follows from Claim 2.4.5.2 that ¢ forces a,, not to be
in the range of fo. In particular, m ¢ ran(gj(k)).

The condition ¢’ := (qo, ¢1 [{k}) extends p and, by the Restriction Lemma,
still forces (2.5). Let t be go(m)—in particular, ¢’ IF a,, € N;. We now show
that ¢’ I- N; C cl(ran(fox) \ Ag,), which clearly contradicts Claim 2.4.5.2, as
every discrete set of reals is nowhere dense. Pick any z < ¢ and a t’' D ¢. Fix
an m' ¢ HyUdom(z) Uran(g;(k)). Define 2’ to be the condition such that
2y = 2o U{(m/,t")} and z, = z; for every ¢ > 0.

Now, 2’ clearly extends z. Moreover, if we let 7y be the permutation of w that
swaps m and m’, 2z’ also extends (my)q’. Indeed, since ¢’ D ¢, it’s clear that z
extends mqp. But since both m and m’ do not belong to HyUran(¢;(k)), we also
have ((m0)q')1 = ¢}, and therefore (z{, z1) = (2{, z1) extends (m)q" = (m0qo, q1)-

Overall, 2’ extends (my)¢’. By (2.5) and the Symmetry Lemma,

(0)q" IF Gy € cl(ran(fojk) \AHO).

Since 2’ extends (mo)q" and 2’ I+ G, € Ny, we have
2 IF Ny ncl(ran(for) \ Am,) # 0.

By density,
¢ - N, Ccl(ran(for) \ A, ). O

We have just proven (t)o. Here comes the induction step: fix an n > 0 and
suppose (1); holds for every ¢ < n, towards proving (f),. Fix k € w, p € P,,
ReR,, H=(H,,..., H,) satisfying the hypotheses of (1),. The next claim
is the analogue of Claim 2.4.5.2.

Claim 2.4.5.4.
p{(k, (R,0))} IF ran(fz) \ (AHO u U ran(f.,-,j)> is discrete.

i<n
JEH+1
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Proof. Suppose towards a contradiction that there are ¢ < (p, {(k, (R,0))})
and [ € w such that

qIF fur(l) ¢ Ag, U U ran(f; ;) and f, () is a limit point of

<n

JEH;+1 ran(fmk) \ (AHO U U ran(ﬂ',j))‘
jeZIfI:LH

Suppose without loss of generality that length(q;,,(k)) > [+ 1 and let m =
¢ 1(k)(1), and t = go(m)—in particular, g IF f, 1(I) = a,, € N;. By assumption
there must be a z < ¢ and an h > [ such that

zIF fui(h) € Ny \ (AHO u U fan(fi,j))-
jé§?+1
Assume without loss of generality length(z> (k) > h and let m’ = 27, (k)(h),

and t' = zy(m/)—in particular ¢’ D ¢t and z [n + 1 IF G, RT @yy. Since

2 g, ¢ (AHO u U ran(f},j))
i<n

JEH +1

then, in particular,

(2.6) m,m' ¢ HyU |J ran (zf+1(]))
j€11<f?+1
Now let

P = {20 [(w\{m}P) U{(m,t")}, 21 | H1,..., 2, | H,).

By the Restriction Lemma, p’ € P,,. Moreover, by an argument analogous to

the one used in the proof of Subclaim 2.4.5.2.1, we can show that
P IF am RT Gy

If we let mo: w — w be the permutation that swaps m and m/, then (my)p’ = p'.
Indeed, it directly follows from the definition of p’ that mopy = pj. Moreover,

by (2.6), both m and m’ do not belong to Hy, hence (my) € Fix(H). As such,
({(mo)p)E = (p')E for every 1 <i < n. Again by (2.6), m and m’ do not belong
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to the range of (p')i(j) for any 1 <1i <n and j € dom(p,) = H;, and therefore
((mo)p"); = (p'); for every 1 <i < n. Overall, (mo)p" = p'.

Next note that (mg)R = R, as (m,) € Fix(ﬁ). By the Symmetry Lemma,
(m0)p' = P/ IF Gr R G,

but then p’ both extends p and forces @, RT @,,, which is a contradiction, since

we assumed that p forces R to be acyclic. O]

Claim 2.4.5.5.

plF Ag, U U ran(f; ;) is closed in A.
j€H

Proof. Fix ¢ < p and m such that

gl €cly (AHO u U ran(f'i,j)).
jesz?ﬂ

We would like to prove that there is a condition z < ¢ such that

z Ik a,, € AHO U U ran(f.i,j),
<n
JE€EH; 11

so, to avoid trivialities, we assume

- AN
qlF a, € (clA (AHO u U raﬁ(ﬁa))) :
jelflzrl

As the H;s are finite, there exists a z < ¢, an ¢ < n and some j € H;,; such

that z IF a,, € (cli(ran(f;;)))V. But then, by (1); (here we use our induction
hypothesis),

o _ -
C A, U {J ran(fia).

I<i
hEHH_l

z I+ a,, € (CIA(ran(f@j)))

By density, the claim follows. O

The next claim is the analogue of Claim 2.4.5.3.
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Claim 2.4.5.6.

A (RO} IF (clsran(fi) " € AU U ran(fiy)
jefis
Proof. Suppose towards a contradiction that this is not the case, then there is
aq<p{(k (R,0)} and an m such that

q IF ay, is a limit point of ran(f,) and a,, ¢ Ay, U U ran(f; ;).
jEH

From Claim 2.4.5.5 it follows that
(2.7) qIF Gy, is a limit point of ran(f, ) \ (AHO U U ran(f'i,j)).

i<n
]GHi+1

But then, by Claim 2.4.5.4, q also forces a,, not to be in the range of fnk

In particular,

(2.8) m ¢ HyUran(g,,4(k)) U U ran(q;,(j))-
jéﬁ?ﬂ
Let

q’ = <QO;Q1 [Hy, ... qn an,C]nJrl f{k’}>

Then ¢ extends p and, by the Restriction Lemma, still forces (2.7). Let ¢ be
qo(m)—in particular ¢ IF a,, € N;.

We now show that

¢ IF N, C Cl(ran(fmk) \ (AHO U U ran(f'i,j)>),
J'Glff?ﬂ
which contradicts Claim 2.4.5.4. Pick any z < ¢’ and ¢ D t. Fix an m' € w
such that

(2.9) m' ¢ HyUdom(z) Uran(g,,(k)) U U ran(q; (7))
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Define 2’ to be the condition such that z{, = zo U {(m/,#')} and z, = z; for all
i > 0. Now, 2’ clearly extends z. Moreover, if we let mg be the permutation of
w that swaps m and m’, 2’ also extends (mg)¢’. Indeed, since t' D ¢, it’s clear
that z{, extends mqo. But from (2.8) and (2.9), it follows that ((m)¢'); = ¢; for

every 1 <i <n+ 1, and therefore 2’ extends (m)q'.
By (2.7) and the Symmetry Lemma,
(70)q & @y € Cl(ran(f‘n,k) \ (AHO u U ran(fm))).
jé§?+1

Since 2’ extends (mo)q’ and 2 I d,, € Ny, we have

2 I+ Ny N cl(ran(fn,k) \ (AHO U U ran(ﬁﬂ)) # (.

jEZfI:LJrl
By density,
¢ IF N, C cl(ran(fnvk) \ (AHO U U ran(fi7j))>. O

i<n
]GHi+1

This completes the proof of (}),, so by induction (1) holds. By Claim 2.4.5.1,

we are done. O

In light of Proposition 2.4.5, we can prove that in N every separable subset
of A is scattered with finite scattered height.

Theorem 2.4.6. In the model N the following holds: for every separable
S C A there is an n € w such that S™ = ().

Proof. Let S € N be a separable subset of A and fix in A a function f: w — A
such that S C cl(ran(f)). Then there must be a p € G such that

pll—f:w—>/l,

where f € HS is a symmetric name for f, with support H = (Ho,...,H,). We

can assume without loss of generality that dom(p;) = H; for each ¢, and that
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for all i > 0, for all j € H;, H | is a support for pE(j). We claim that

plkran(f) C Ay, U |J ran(fi;),
j€11<{?+1
where Ap, is the P-name as in (2.4). If we manage to do so, then Proposi-
tion 2.4.5 ensures that cly(ran(f)) is scattered of height < n+2, and, a fortiori,

that S™*2) = (), as required.

Suppose that the claim is false, then there exist ¢ < p and [, m € w such
that

(2.10) qIF f() = am ¢ A, U U ran(f; ;).
jéfg?ﬂ

In particular,

(2.11) m ¢ HoU J ran(gy (4))-
jEZEZLl
Let ¢ = {(qo,q1 | H1,-..,qn | Hy). Then, by the Restriction Lemma, ¢’ still
forces (2.10).

Fix an m’ € w such that

(2.12) m' ¢ HyUdom(qo) U |J ran(g},,(5)).

jgﬁ?ﬂ
Let 7y be the permutation of w that swaps m and m’, then (m)¢ and ¢
are compatible. Indeed, since m’ ¢ dom(q)), then ¢ and myq are clearly
compatible. Moreover, it follows from (2.11) and (2.12) that ((m)q’); = ¢; for
every 1 <i <n, and therefore (my)q’ and ¢’ are compatible. By the Symmetry

Lemma,
(mo)q" IF f(1) = apy.

So ¢' and (m)¢/, while being compatible, force f to take different values at [,
but they both extend p, which forces f to be a function. Contradiction. [
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Corollary 2.4.7. N E -AC,(A).

Proof. Assume towards a contradiction that AC,(A) holds, then A is certainly
separable. By Theorem 2.4.6, A would be scattered. But A has no isolated

points. Contradiction. O

Now we are left to prove that DC(A) holds in . Let A, be the canonical

name® for the intermediate model N,,.

Lemma 2.4.8. Let n € w and & € HS with support H = (Hy,...,Hy,), then
F& CN, =3 €N,.

Proof. Fix (,p) € &. As the set of gs such that either ¢ I- 7 € N, or else
ql-y ¢ N,, is dense below p, there is a maximal antichain Dy py below p and a
map hyp: Dyp — HS, such that, for each ¢ € Dy ), either ¢ IF 9y = h(y ) (q)
or q - g ¢ Ny Let Dy, ) = {q € Dy | ¢ - § € N} and let

(g.p
O = {#(hn(0)) | (4.0) € &, q € Diyy, 7 € Fi(H) .
Consider the following P,,-name:
w:={(y,q) |yeC, geP,and qlFy € i}.

Claim 2.4.8.1. w € HS,, with support H.

—

Proof. Let @ € Fix(H) and (y,q) € w. By definition, ¢ IF § € &, hence

7q |F Ty € &. Since 7y € C, this means that (7y, 7q) € w. Hence 7w = w. [
Fix p € P such that p I+ & C N,

Claim 2.4.8.2. plFw = 1.

Proof. Let ¢ < p and 2 € HS such that ¢ IF 2 € £. By definition of C' and
our hypothesis on p, there is an r < qg and a y € C such that r IF 2 =y € 7.
By the Restriction Lemma, r [n 4+ 11F g € &, hence (¢,7 [n+ 1) € w and, in

3N, is not a name in the standard sense, as it would be a class-sized name. Formally,
the “name” N, is a constant of the forcing language, with p I+ @ € N, if and only if
Vg<p3dr<q3IygeHS, (rlki=y).



2.5 Some complementary results 51

particular, r IF 2 = ¢ € w. By density, p IF £ C w. The other inclusion is

immediate from the definition of w. m
Therefore p IF & € N,. By density, I & C N, = & € N,,. O]

Theorem 2.4.9. N E DC(A).

Proof. Since every binary relation R € AN/ on A is a subset of A x A € Ny, it

follows from Lemma 2.4.8 that R € N, for some n. Now, either R is cyclic,

but then it surely has a chain, or it is acyclic, but then Lemma 2.4.3 says that

in V,11 € N there is a chain for this relation. O

This finishes the proof of Theorem 2.1.1.

2.5 Some complementary results

We collect some facts related to our main results, and conclude the chapter

with an open question.

2.5.1 Dependent Choice is closed under finite unions.

By Proposition 2.2.1, the axiom DC(X) is closed under surjective images and,
hence, under subsets. The next result shows that it is also closed under finite

unions.
Theorem 2.5.1. DC(X) ADC(Y) = DC(X UY).
Corollary 2.5.2. DC(X) = DC(X x n), for all sets X and alln € w.
The natural progression from Corollary 2.5.2 would be to prove that
DC(X) = DC(X x w), but this cannot be established in ZF, since DC(X X w)

implies AC,, (X)) (part (d) of Proposition 2.2.1) and we know from Theorem 2.1.1
that DC(X') does not necessarily imply AC, (X).

If a binary relation R is such that ran(R) C dom(R), then it is total on its
domain. The largest R C R such that ran(R’) C dom(R') is

D(R) =/ {S C R|ran(S) C dom(S)}.
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By part (a) of Proposition 2.2.1 it is easy to see that
(2.13) DC(X) « VR C X* (D(R) # () = there is a D(R)-chain).

Proof of Theorem 2.5.1. Suppose DC(X) and DC(Y), and let R C (X UY)?
be total, towards proving that there is an R-chain. Without loss of generality,
we may assume that X and Y are nonempty and disjoint. If D(R [ X) # 0,
then by DC(X) and (2.13) there is a D(R [ X )-chain, which is, in particular
an R-chain. Similarly, if D(R[Y') # (), then there is an R-chain. Therefore,

without loss of generality, we may assume that R is acyclic, and that

(2.14) DRI X)=D(RIY) =0.

Recall that RT is the smallest transitive relation containing R. If x €
X UY and Rt (z) C X, then R[ R"(x) would witness that D(R [ X) # 0,
against (2.14). Similarly R (x) cannot be included in Y. Therefore

(2.15) Vo € XUY (R*(x) € X and R*(z) £ Y).

Here is the idea of the proof. By (2.14), any R-chain (2, )ne, must visit both
X and Y infinitely often, so (z,)ne, can be seen as the careful merging of two
sequences (Tp)new in X and (Y, )new in Y. The sequence (x,,),e, is obtained
by applying DC(X) to a total relation Rx on X such that R[ X C Ry C R™.
Using (z,)new, @ suitable total relation Ry on some Y’ CY is defined, and by
DC(Y") the required sequence (y,)ne, is obtained.

Let Rx be the relation on X given by R [ X, together with all pairs (z,z")
such that * Ryo Ry1 R--- Ry, R x’ for some finite sequence of elements of
Y:

Ry = (RIX)U{(z,2) € X*|Im >13s €™y
(z R s(0) and s(m —1) Rz" and Vi < m —1(s(i) R s(i + 1)))}

It is immediate that Rx C R™.
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Claim 2.5.2.1. Rx is total on X.

Proof. We must show that dom(Rx) = X. Let z € X. If R(z) N X # 0, then
z € dom(R | X) C dom(Ry). Now suppose otherwise. By (2.15) R*(z) £ Y,
so there are yg,...,y, € Y and &’ € X such that z Ryo R ... Ry, R x’. Thus
(x,2') € Rx, so x € dom(Ry). O

By DC(X) there is an Rx-chain (z,,)ne,-
Claim 2.5.2.2. Vn3m > n—(z, R Tpmi1)-

Proof. Towards a contradiction, suppose that there is n € w such that z,, R
Ty for every m > n. Then R [{z,, | m > n} is total on {z,, | m > n} and
contained in R [ X, against (2.14). O

Let (ng)rew be the increasing sequence enumerating the set of ms such that
—(Zy R Tpy1). By the definition of Ry, each x,, is linked to z,,+1 via R
through some finite path in Y, and let Y}, be the collection of all places visited
by these paths:

Y = U{ran(s) | Im (S € ™Y and z,, R s(0) and s(m) Rz, and
Vi< m(s(i) Rs(i+1)))}.

Claim 2.5.2.3. The Yis are nonempty, pairwise disjoint subsets of Y.

Proof. For each k we have (z,,,%,,+1) € Rx \ R. This means that there is
some (Yo, - . -, Ym) € ““Y such that z,, Ryo R ... R Ymm R x,, +1. In particular,

Ve 0.

Towards a contradiction, suppose there are indices k£ < j such that Y, NY; #
0. Pick y € Yy NY;. Then y R" xn, 11 RT x,, RT y, if 2p, 11 # xy,, Or
Yy RT xp, 1 = T, R* y otherwise. Either way, this contradicts our assumption
that R is acyclic. O

Now we let Ry be the following relation on Ue,, Yi:

Ry = U (R1Yy) U U {(y,9) €Y X Y1 |y R @ppqq1 and x,,, RY'}.

kew kEw
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It readily follows from the definition that Ry C R*.

Claim 2.5.2.4. Ry is total on Upe,, Yi-

Proof. Pick k € w and y € Y, towards proving that y € dom(Ry ). Then there
is a finite sequence (yo, ..., Ym) of elements of Y, such that x, Ryo R--- R
Ym R xp, 41, and y = y; for some 0 < ¢ < m. If ¢ < m, then y R y;4;. If
i = m then y Ry y' for any y' € Yj4y such that x,,,, R y'. In either case
y € dom(Ry). O

By DC(Y'), there is an Ry-chain (y,)ne,- By part (b) of Proposition 2.2.1
we can suppose that yo € Yy and that z,, R yo. As the Y}s are disjoint, for
every n there is a unique k such that y, € Yy, and let i(n) be this k.

Claim 2.5.2.5. The set I, = {n € w | i(n) = k} is a finite interval of natural

numbers.

Proof. By definition of Ry it follows that either i(n+1) = i(n) or else i(n+1) =
i(n) + 1, so it is enough to show that [ is finite. Towards a contradiction,
suppose [j is infinite, for some k € w. This means that there is 2 such that
i(n) = i(n) for all n > n, that is {y, | n > n} C Y;. But then R [{y, | n > n}
would be a total on {y, | n > n} and contained in R [Y, against (2.14). [

Let my = max([y) so that Iy = [0;mg| and Iy 1 = [my + 1;myyq]. Then

<x07 A 7xn0>/—\<y07 A 7ym0>,\<‘rn0+17 A 7$n1>ﬁ<ym0+17 R 7ym1>A e

: 'A<xnk+17 s 7xnk+1>/\<ymk+17 s 7ymk+1>,\ e

is the required R-chain. O

2.5.2 The Feferman-Levy model

Feferman and Levy showed that the following statement is consistent relative
to ZF:

(FL) R is the countable union of countable sets.
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We refer the reader to [38, p. 142] for an exposition of the Feferman-Levy model.
In this section, we prove that FL implies (2.1).

Proposition 2.5.3. FL implies that if DC(A) holds with A C R, then A is

countable.

Lemma 2.5.4. Assume FL. Then there is a sequence of nonempty, countable,
pairwise disjoint sets (X, )new such that R = U,, X,,, and no infinite subsequence

of (Xp)new has a choice function.

Proof. Fix a bijection 7: R — R“, and for each m € w let 7,,: R — R be
defined as m,,(2) = (). Y CRand f: w — Y is surjective, then Y, the

closure of Y under the m,,s, is also countable, as

f:<ww><w—>}~/ ((no, ..., nE), M) > Ty, ©--- 0y, o f(m)

is surjective. By FL, let (Y},)new be a sequence of countable sets such that
R = U, Y., and without loss of generality we may assume that each Y, is closed
under every m,,. Then let X,, =Y, \ U cn Yo for each n € w. If necessary, we

can pass to a subsequence to get them to be nonempty.

We claim that no infinite subsequence of (X, ),e, has a choice function.
Otherwise there would be an infinite sequence (z,)nc € R whose range
intersects infinitely many X,s. Let z € R be such that 7(z) = (2,,)new. Then
x € X CY, for some k € w, and hence

Vn € w (z, =mp(x) €Y, C XoU---UXg)

as Y} is closed under the m,s. But this contradicts the assumption that

{z, | n € w} intersects infinitely many X,s. O

Proof of Proposition 2.5.3. Fix (X,,)ne, as in Lemma 2.5.4. Let A C R such
that DC(A) holds, and let I ={n €w | AN X,, # 0}. If I is infinite then, by
part (c) of Proposition 2.2.1, DC(A) would imply the existence of a choice
function for the family {AN X, | n € I}, which is, in particular, a choice
function for {X,, | n € I}, against Lemma 2.5.4. So I must be finite, that
is A C XgU---U X, for some k. But the finite union of countable sets is

countable, so A is countable. n
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Corollary 2.5.5. Assume FL. Then VX (DC(X) = AC, (X))

Proof. Immediate by Proposition 2.2.6 and Proposition 2.5.3. O

2.5.3 Definability of the counterexample

Theorem 2.1.1 shows that the negation of (2.1) is consistent with ZF. The set
A constructed in the proof of Theorem 2.1.1, witnessing the failure of (2.1), is
a set of Cohen reals, so it is not ordinal definable in our model. But what is

the possible descriptive complexity of a set A as above?

Recall that a subset of R is I} if it is the complement of a X!, and it is
! if it is the projection of a IT} | set C C R x R, where ITj is the collection
of closed sets. The lightface hierarchy X} IT! is obtained by replacing ITj with
11}, the collection of recursively-closed sets, see [41, Ch. 3, §12]. Working in
ZF, every X! set is either well-orderable, or else it contains a perfect set by a
theorem of Mansfield and Solovay [41, Ch. 3, Corollary 14.9]. But by part (c)

of Proposition 2.2.5, the set A cannot contain a perfect set. Hence, we obtain:

Corollary 2.5.6. If A C R is X5 and DC(A) holds, then AC,(A).

We conclude with the following question.

Question 2.5.7. Ts it consistent with ZF that there is a 7 set A C R such that
DC(A) and —-AC,(A)?



Chapter 3

Squares and ladders

3.1 Introduction

We use Grétzer’s monograph [29] as our reference for all classical definitions
and results in lattice theory. For a positive integer n, an n-ladder® is a lattice
whose principal ideals are finite (i.e. a lower-finite lattice) and whose elements
have at most n lower covers [29]—see Chapter 0 for the definition of lower
cover. In 1984, S. Z. Ditor proved that every (n + 1)-ladder, for some n € w,
has cardinality at most W, [22]. More generally, he proved that every join-
semilattice of breadth at most n 4+ 1 whose principal ideals have cardinality
< K, for some infinite cardinal k, has cardinality < ™ (see Theorem 3.2.1).
He then posed the following questions, which ask whether his cardinal bounds
are sharp ([22] and [29, p. 291]):

(A) For each n € w and infinite cardinal k, is there a join-semilattice of
breadth n + 1 and cardinality k™ whose principal ideals have cardinality
< K?

(B) For each n € w, is there an (n + 1)-ladder of cardinality X, ?

Since every n-ladder has breadth at most n [22, Proposition 4.1] (see
Lemma 3.3.3 for a more general result), (B) can be regarded as a more demand-

ing version of (A) when k = Ny.

IThis notion was first introduced by S. Z. Ditor in [22] as n-lattice. We stick to Gritzer’s
terminology and refer the reader to [74, p. 387] for a brief history of the name n-ladder.
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The case n = 0 is trivial for both (A) and (B). Ditor answered both
questions positively when n = 1 and k is regular. Recently, progress was
made in addressing the remaining cases. F. Wehrung [73] provided a positive
answer in ZFC to question (A) when r is uncountable regular, and, under some
additional set-theoretic assumptions, to question (B) when n = 2. These set-
theoretic assumptions consist of either MA(Ry; precaliber N;)—i.e. a weakening
of Martin’s axiom MA(R;)—or the existence of an (wy, 1)-morass. Notably, the
non-existence of (wy, 1)-morasses implies that wy is inaccessible in L [20], and

therefore the same holds for the non-existence of 3-ladders of size N,.

In this chapter, we introduce a generalization of the notion of n-ladder
that encompasses join-semilattices that are not lower-finite. In particular, we
introduce the concepts of (n, k)-semiladder and (n, x)-ladder, where x is an
infinite cardinal and n € w (Definition 3.3.5). By definition, an (n, )-semiladder
(resp. (n, k)-ladder) is a join-semilattice (resp. lattice) whose principal ideals
have cardinality < x, and that satisfies a property similar to “every element
has at most n lower covers”. The notion of (n,¥y)-ladder coincides with the
standard notion of n-ladder, and each (n, k)-semiladder has breadth at most n
(Lemma 3.3.3).

Here are the main results of this chapter:

Theorem 3.1.1. Let k be an uncountable reqular cardinal and n € w. Then,

there exists an (n + 1, k)-semiladder of cardinality k*".

Theorem 3.1.2. Let k be a singular cardinal and n € w. If Bytm > holds

for every m < n, then there exists an (n + 1, k)-semiladder of cardinality k™.

Theorem 3.1.3. Let k be an infinite cardinal and n € w. If Ug+m holds for

every m < n, then there exists an (n+ 1, k)-ladder of cardinality k™.

In particular, Theorem 3.1.3 implies that Ditor’s questions (A) and (B)
have positive answers in the constructible universe:
Corollary 3.1.4. Assume V = L. Then:

a) For every n € w and infinite cardinal k, there exists a join-semilattice of

breadth n + 1 and cardinality k™™ whose principal ideals have cardinality
< K.
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b) For every n € w, there exists an (n + 1)-ladder of cardinality X,,.

Furthermore, since it is well-known that the failure of [J,, implies that w,
is Mahlo in L, we obtain the following strengthening of Wehrung’s consistency

result as an immediate corollary of Theorem 3.1.3:

Corollary 3.1.5. If there is no 3-ladder of cardinality Ny, then wo is Mahlo in
L.

In Section 3.2, we discuss some preliminary results. In Section 3.3 we
introduce and examine (n, x)-ladders. In Section 3.4, we prove Theorem 3.1.1.
In Section 3.5 we introduce the notion of special (n, k)-ladder, which is crucial
for employing the square’s machinery to prove Theorems 3.1.2 and 3.1.3. The
proofs of Theorems 3.1.2 and 3.1.3 are contained in Sections 3.6 and 3.7,

respectively.

3.2 Ditor’s Theorem

We have already mentioned the following theorem at the beginning of the
introduction, as it underpins questions (A) and (B). It shows that the breadth,
together with cardinality of the principal ideals, provides a neat upper bound

on the cardinality of the join-semilattice.

Theorem 3.2.1 (S. Z. Ditor, [22]). Given some n € w and an infinite cardinal
K, if P is a join-semilattice of breadth at most n+ 1 whose principal ideals have

cardinality < k, then

(8) |P| < K", and

(b) |I| < k™ for every proper ideal I of P.

As an application of Theorem 3.2.1, let us prove the following proposition,
which states that every join-semilattice witnessing the sharpness of Theo-
rem 3.2.1(a) for some n and some cardinal x, must be cf(x)-directed. Recall
that a poset P is said to be u-directed, for some infinite cardinal p, if every

subset of P of cardinality < p has an upper bound.
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Proposition 3.2.2. Given some n € w and an infinite cardinal k, every join-
semilattice of cardinality k*™, breadth n + 1 and whose principal ideals have

cardinality < k is cf(k)-directed.

Proof. We prove the statement by contraposition. Let (P, V) be a join-semilattice
of breadth at most n + 1 and whose principal ideals have cardinality < x which

is not cf(k)-directed, towards showing that |P| < k™.

If n = 0 the claim is easy. Indeed, in this case, P is a linear order, and saying
that it is not cf(k)-directed is equivalent to saying that it has a cofinal subset
of cardinality < cf(x). But this, together with the fact that every principal
ideal has cardinality < k, implies that P itself has cardinality < k.

So assume n > 0 and fix a subset A C P of cardinality < cf(x) which is
unbounded above. Let J be the ideal generated by A, i.e.

J:—U{l\/F [Fe [A]<w}.

Let us focus on the quotient P/J. Since |P| < max(|P/J|, k), we are done
once we show that |P/J| < k™. Let us first observe that every principal ideal
of P/J has cardinality < k. Indeed, for every p € P,

(31) Wl =7 | ULV (FU ) | F e 4=}

and the cardinality of the set on the right-hand side of (3.1) is < &, being the
union of < cf(k)-many sets of cardinality < k. Moreover, we claim that P/.J
has breadth at most n. This, together with Ditor’s Theorem 3.2.1(a), implies
that |P/J| < k"1 < k1™

Suppose towards a contradiction that there exists a set X € [P/J]"™! such
that for all Y € [X]", VY # V X. Fix a K € [P]""! such that m;[K] = X.
Now fix any p € A. It follows from our assumption on X and from the definition

of the quotient join that, for every L € [K]",

Ty (pV\/K) =7;(p) vV K] =\ X
#\/ 7L
=7y (\/L) Vry(p) =7y (p\/\/L)
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In particular, p VvV V K # pV \ L for every L € [K]". Consequently, p ¢ K or,
equivalently, K U {p} has size n + 2. Since P has breadth at most n + 1 by
hypothesis, at least one of the following must hold:

a) VK =pV VK.

b) There is an L € [K]" such that pvVV L=pV VK

Only a) is possible by our previous considerations. Thus, we have shown that for
every p € A,V K = pV 'V K or, equivalently, that \/ K is an upper bound of A.

However, we assumed A to be unbounded above, hence the contradiction. [

3.3 Generalizing ladders

An n-ladder is a lower-finite lattice whose elements have at most n lower covers
[29]. For lower-finite lattices, the property of having at most n lower covers
for each element is (strictly) stronger than the property of having breadth
at most n [22, Proposition 4.1]. However, this implication does not hold in
general for join-semilattices that are not lower-finite. For example, consider
the set of rational numbers Q with its usual ordering: it is, in particular, a

join-semilattice of breadth 1, yet no rational number has a lower cover.

In this section, we present a notion that generalizes the one of n-ladders by
comprising (join-semi)lattices that are not lower-finite, while retaining all the

main features of n-ladders. This notion is being (n + 1)_-free.

Given a set X, we slightly modify? Davey and Priestley’s notation [19] and
denote by X; the join-semilattice whose domain is X U {1} and such that
xVy =1 for all distinct z,y € X U {1}. For example, given an n € w, the

Hasse diagram of n is depicted in Figure 3.1.

Fig. 3.1 Hasse diagram of ny

2The correct notation would be X+, but it quickly becomes cumbersome when the
underlying set (i.e. X) has a long expression.
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The join-semilattice n+ is the unique, up to isomorphism, join-semilattice
of cardinality n + 1 and length® at most 1. We call a join-semilattice n--free if

it does not have a sub-join-semilattice isomorphic to n-.

Let us also introduce the notion of lower covering, not to be confused with
the one of lower cover. Its connection to n--free join-semilattices is the content

of Proposition 3.3.2.

Definition 3.3.1. Given a join-semilattice (P, <) and an element z € P, a
lower covering of x is a set T of ideals of P such that {y € P |y <z} =UZ.

Every upper-bounded ideal of a lower-finite join-semilattice is a principal
ideal. Therefore, if P is a lower-finite join-semilattice, then every lower covering
of some p € P is made of principal ideals. In particular, the assertion “p has at
most n lower covers” is, in this case, equivalent to “p has a lower covering of

size at most n”.

Proposition 3.3.2. Given a join-semilattice (P, <) and ann € w, the following

are equivalent:

(1) Ewvery element of P has a lower covering of size at most n.

(2) P is (n+ 1) -free.

Proof. (1)=-(2): Suppose that every element of P has a lower covering of size
at most n and assume towards a contradiction that ¢ : (n+ 1), — P is an
embedding. By assumption, we can pick a lower covering Z of ¢(1) of size
at most n. By the pigeonhole principle, there must be some I € 7 and two
distinct 7,7 < n such that ¢(i),¢(j) € I. Since [ is an ideal, ¢(i) V ¢(j) € 1,
but ¢(i) Vé(j) = ¢(i V j) = ¢(1), and hence ¢(1) € I, which is a contradiction,
as it means that ¢(1) < ¢(1).

(2)=(1): Suppose that P is (n+ 1) -free. Pick any = € P and let m be
the greatest natural number such that there exists an embedding ¢ : m+ — P
with ¢(1) = x. Clearly, m < n. Fix an embedding ¢ : m; — P with ¢(1) = z.
Now, for each k < m let

Iy ={yeP|yVok) <z}
3The length of a poset P is defined as sup{|C| — 1| C is a chain of P}.
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We claim that {[; | K < m} is a lower covering of z. Let us first prove
that the s are ideals of P. They are all downward-closed. We now show that
I,,_1 is closed under joins, as the same argument applies to all Iys. Towards a
contradiction, suppose that there are yo,y; € I,,_1 such that yoVy; & I,,_1, or
equivalently, such that yo V41 V ¢(m — 1) = x. Let ¢ : (m + 1), — P be the
map defined by: ¢(i) = ¢(i) for every i <m —1; p(m—1) = yo Vp(m —1) and
e(m) =y; V ¢(m —1). Then, ¢ is an embedding, against the maximality of m.

We left to show that U, Ix = {y € P | y < z}. Pick some y < z and
assume towards a contradiction that y & [, for every k < m. Equivalently,
yV ¢(k) = z for every k < m. We can extend ¢ to ¢ : (m+1). — P by
setting (k) = ¢(k) for every k < m and ¢(m) = y. Again, ¢ is an embedding,

against the maximality of m. m

Lemma 3.3.3. An (n+ 1) -free join-semilattice has breadth at most n.

Proof. By contraposition, let (P, <) be a join-semilattice of breadth greater
than n, towards showing that it is not (n + 1), -free. Fix some X € [P]"*! such
that for every Y € [X]™, V X # VY. Fix an enumeration Sy, 51, . .., S, of [X]".
Consider the map ¢ : (n+ 1) — P defined by ¢(1) =V X and ¢(k) =V Sk
for every k < n. It immediately follows that ¢ is an embedding. O]

Suppose that an element of a join-semilattice has a finite lower covering. In
that case, the following lemma tells us that, among the finite lower coverings of

the given element, one exists that is least with respect to the inclusion relation.

Lemma 3.3.4. Given a join-semilattice (P, <) and some p € P, if p has a
finite lower covering, then there exists a (unique) lower covering Z of p such

that T C J for every finite lower covering J of p.

Proof. Fix a finite lower covering Z of p which is C-minimal—i.e. such that
there is no finite lower covering Z’ of p with 7/ C Z. We want to prove that
I C J for every finite lower covering J of p. To this end, fix an [ € Z and
some finite covering J of p towards showing that I € 7.

We first claim that there exists some J € J such that I C .J. Suppose
otherwise towards a contradiction and for each J € J pick a py € I\ J. Then,
V{ps | J € T} € I, since J is finite and I is closed under joins. Moreover, since
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J is a lower covering of p, there exists W € J such that \/{p,; | J € T} € W.

As W is downward-closed, we must have py, € W, hence the contradiction.

So fix a J € J such that I C J. We now claim that I = J. By the same
argument of the previous paragraph, an I’ € 7 exists such that J C I’. In
particular, I C J C I'. If I C I’, then we contradict the minimality of Z, as

the family Z \ {/} would still be a lower covering of p. Hence, I = I', and
therefore I = J € J. O

We are ready to introduce the main notion of this chapter.

Definition 3.3.5. Given an n € w and an infinite cardinal x, a nonempty join-
semilattice (resp. lattice) is said to be an (n, k)-semiladder (resp. (n, k)-ladder)

if it is (n + 1),-free and its principal ideals have cardinality < k.

In particular, it directly follows from Proposition 3.3.2 and our remark
after Definition 3.3.1 that the notion of (n,Xy)-ladder coincides with the one of
n-ladder.

The notion of being n -free behaves as expected with respect to products:
for every two join-semilattices P and @) that are n-free and m--free, respec-
tively, their product P x @ (with the product ordering) is (n + m — 1) -free.
Therefore, the product of an (n, k)-semiladder with an (m, A)-semiladder is
an (n 4+ m, max(k, A))-semiladder. However, in the following sections, we will
be interested in combining an (n, k)-semiladder with an (m, A)-semiladder to
produce an (n + m, min(k, \))-semiladder. This is done by using the following

weaker notion of product.

Definition 3.3.6. Let (X,V) and (Y,V) be two join-semilattices. A join-
semilattice (X x Y, V) is said to be a quasi-product of X and Y if the following

conditions hold:

(ql) For every z € X, the map F, : Y — X xY, y — (x,y) is an order-
embedding.

(q2) The canonical projection mx : X X Y — X is an homomorphism.

Note that if we were to substitute (ql) with the stronger requirement “The
canonical projection my is a homomorphism,” then we would end up with the

standard definition of product join-semilattice.
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Lemma 3.3.7. For every two join-semilattices X,Y, for every v € X and

every quasi-product of X and Y, the map F, is an embedding.

Proof. Fix a quasi-product (X xY,V)of X and Y. Fixalsox € X andy,z € Y
towards showing that (z,y) V (z,2) = (z,y V 2). Let (p,q) € X x Y be such
that (z,y) V (z,2) = (p,q). From (q2), it follows that x = p. But then, it
immediately follows from (ql) that ¢ =y V z. ]

The following proposition shows that the notion of being n,-free behaves

also well with respect to quasi-products.

Proposition 3.3.8. Let X and Y be two join-semilattices and let n,m be
positive integers such that X and Y are ny-free and m+-free, respectively.

Then, every quasi-product of X and Y is (n +m — 1)_-free.

Proof. Fix a quasi-product (X xY, V) of X and Y and suppose by contraposition
that there exists a £ € w and an embedding ¢ : k+ — X X Y towards finding
n,m € w and two embeddings px : ny — X and ¢y : m+ — Y such that
n+m=k.

Let
A= {l <kl|mxop(l)=mx oap(l)}.

By treating A, and (k \ A), as sub-join-semilattices of k+, we define the maps
ox :(k\A), > X and ¢y : Ay =Y asnmxyop [ (k\A), and my o [ A,
respectively. We claim that both maps are embeddings, which suffices to finish

the proof.

By definition of A, we have 7y o ¢ [ A = FW_Xlw(l) op [ Ar. Since ¢

is an embedding by hypothesis, and F ! | ¢[A+] is an embedding by

Lemma 3.3.7, we conclude that ¢y is eml;(egipding.

Since, by (q2), mx is an homomorphism, the map ¢ is an homomorphism.
Therefore, in order to show that px is an embedding, it suffices to prove
that mx [ ¢[(k\ A)-] is injective. Suppose otherwise. Then there must exist
two distinct 4,5 € k '\ A such that 7x o (i) = 7x o ¢(j). Then, by (q2),
mx (i) V (3)) = mx 0 p(i), but (i) V ¢(j) = ¢(1), and thus mx o ¢(i) =
7x © (1) which contradicts i ¢ A. O
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3.4 Proof of Theorem 3.1.1

This section is devoted to the proof of Theorem 3.1.1. The following proposition

does all the work.

Proposition 3.4.1. Given an uncountable reqular cardinal k, an n € w and a
well-founded (n, k)-semiladder (P, <), there exists a quasi-product of P and k

whose principal ideals have cardinality < k.

Proof. We define inductively a system (J,, | p € P) of join-semilattice orderings
such that:

i) dom(<,) = (P | p) x k.
ii) (p,a) <, (p,B) if and only if a < f.
iii) The principal ideals of <, have cardinality < k.

iv) If p < ¢ then <9,=<,[ dom(<,) and dom(<,) is an ideal of J,.

Suppose we have defined such a system and let < := J,cp <,. We denote
the join operator associated to <, and < by V, and V, respectively. We also
denote the join operator of P by V, but this does not lead to ambiguities in

what follows.

Claim 3.4.1.1. (P x k, Q) is a quasi-product of P and k whose principal ideals

have cardinality < k.

Proof. By condition iv), (P x k,<) is a direct limit of join-semilattices. In
particular, (P X k, <) is a join-semilattice. Furthermore, as a direct consequence

of iii), its principal ideals have cardinality less than .

Let us show that (P x k, <) is a quasi-product of P and x. Condition (ql)
directly follows from ii). In order to show that (q2) holds, fix (pg,ag) and
(p1, 1) in P X k towards proving that there exists a § € k with (py V p1, 5) =
(po, o) V (p1,1). Let ¢ € P and § € k be such that (po, o) V (p1, 1) = (g, 5).
By i), (po, a0) and (p1, o) belong to the domain of J,.,,. By iv), also their
join (in (P x &, 9)) belongs to the domain of <, \,,. In particular, ¢ < po V ps.
On the other hand, by iv) again, (po, o) and (pi, ;) must belong to the
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domain of <,, and thus, by i), po, p1 < g, or equivalently py V p; < ¢. Therefore

q = po V p1 as we wanted to show. []

We proceed with the inductive definition. We carry out the induction over
(P, <), i.e. over the set of indices ordered by <, which is well-founded by
hypothesis. First let (p, a) <, (p, 8) for every minimal p € P and every o < f3.

Now fix a p € P and suppose that we have defined <, for every ¢ < p,
towards defining <,. By hypothesis and Proposition 3.3.2, p has a lower
covering of size at most n. We assume for simplicity that the lower covering of

p has size exactly n. Thus, fix a lower covering {Iy, I1,...,I,_1} of p.

Claim 3.4.1.2. There exists a sequence (J | i < n,a < k) such that, for every

¢,z€ Pand a,B,y < k and i < n:

a) Uaen J = 1; X K.

b) If a < 3, then J. C JZ;.

c) |Ji| < k.

d) If (¢,8) <. (2,7) € Ji, then (¢,8) € J,.

e) If qVz € I, and (q,8), (z,7) € JOU...UJ2™Y then (q, B) Vovs (2,7) € J..
Proof. We construct this sequence by induction on o < k. First, for each
i < n fix an enumeration ((qh,7s) | o < &) of I; x k. Set Jg = Jai 1 (g5,7)-

Suppose we have defined Jé for every 1 < n and § < a. Define the sequence
(H: |i<n,k € w) as follows: for each i < n, let

Hé = (S]q}1 1 (QLV(Z)) U U ‘]é‘

B<a

Then, for each i, k € w, we let inductively

Hlf:-i—l = HIZg U U {§z0Vz1 { ((207 60) Vaovz (Z17 51)) ‘

(20, Bo), (21, 81) € | H. and 2z V 2 € I}

I<n

Finally let J' = Ui, Hi- The sequence (J! | i < n,a € k) satisfies a)-e):

properties a) and b) directly follow from our construction; properties d) and e)
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are guaranteed by the way we defined the H}s; finally, to see that also property c)
holds, note that each H} has cardinality less than x by the regularity of s,
and that J, being the union of the Hjs, has cardinality less than x since & is

uncountable and regular. O

We are ready to define <,

o Let (p,a) 9, (p, 5) for every a < 8 < k.
o Let <, [ dom(g,) = 4, for every g < p.

o Let (¢,8) <, (p,a) for every a < k, i < n and (q,3) € J..

By induction hypothesis, <, = <, | dom(<,) for every r < ¢ < p. Therefore
<, is well-defined.

It follows from the transitivity of 9, for ¢ < p and from properties b) and
d) of the Jis that <, is transitive. Since <, is reflexive, we conclude it is a

partial order. Moreover, for every o € k, we have, by construction,

9 4 (pa) = ({p} x (@+ 1)U JL
i<n
which has cardinality less than k by ¢). In particular, every principal ideal of

<, has cardinality less than .

Towards showing that <, is an join-semilattice, fix (qo, 5o), (¢1, 81) with
do, @1 < p. Suppose first that goV¢q; < p. We claim that that (qo, 5o)Vgevae (@1, 51)
is the <J,-least upper bound of {(qo, 5), (q1,f1)}—note that the claim also
implies that dom(<,) is an ideal of <, for every ¢ < p. It suffices to show that
if (g0, Bo), (41, 61) <p (p, ) for some a, then (qo, So) Veova, (a1, 61) <p (P, ).
By hypothesis and by definition of <,, there must be %, 7,k < n such that
wVaq € I, (g, o) € J2 and (q1, 41) € JF. But then, it follows from property e)

of the JQS that (QOJ 50) qu\/q1 (q17 ﬁl) € J& ThUS, (QO7 60) vqo\/q1 (qh ﬁl) S]p (p7 Oé)
by definition of <J,,.

If, on the other hand, ¢y V ¢1 = p, then

(pomin {a € £ (qo: o). (a1. 80) 3 ()}
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is easily seen to be the <,-least upper bound of {(qo, o), (g1, 81) }—note that, by
property a) of the Jis, there always exist an o €  such that (qo, 8o), (q1, 51) <,
(p, @). O

The proof of Theorem 3.1.1 follows by a repeated application of Proposi-
tion 3.4.1.

Proof of Theorem 3.1.1. Let k be an uncountable regular cardinal and n € w
some natural number. We inductively define a finite sequence (P;);<, of join-
semilattices such that P; is a well-founded (i+1, s %)-semiladder of cardinality

k1" for every i < n. The definition goes as follows:

o Let Py = k™™ with its usual ordering—in particular, Py is a well-founded

(1, k*™)-semiladder.

o For every i < n, let Py, be a quasi-product of P; and k™ *~! whose
principal ideals have cardinality less than ™"~ which exists by Propo-
sition 3.4.1. Since a quasi-product of two well-founded join-semilattices is
still well-founded, and since P; is well-founded, P, is also well-founded.
Moreover, as P; is (i 4+ 2)-free, it follows from Proposition 3.3.8 that
P11, being a quasi-product of P; and a linear order, is (i + 3)-free. Thus,

Py, 1 is a well-founded (i + 2, s " !)-semiladder of cardinality x™™.

At the end, P, is an (n + 1, k)-semiladder of cardinality x*". O

3.5 Special ladders

In Section 3.4, we have proven Theorem 3.1.1 by iterating the construction of
an (n + 1, k)-semiladder as a quasi-product of P and s, where P is an (n, x™)-
semiladder. To prove Theorems 3.1.2 and 3.1.3 we follow a similar strategy:
we iterate the construction of an (n + 1, k)-semiladder as a quasi-product of
|P|* and P for some (n, k)-semiladder P. These quasi-products are induced by

maps from [|P|*]? into P that satisfy certain triangular inequalities that are
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reminiscent? of the ones satisfied by Todorcevi¢ p-functions [69]. Consequently,

we adopt his terminology in the following definition.

Definition 3.5.1. Consider a join-semilattice (B, <), an ordinal y and a map
o0:[y]*> = B, then:

e pis a said be transitive if o(a,0) < o(a, B) V o(3,0) for every a < 8 <
0 <.

o o is said to be subadditive if o(c, B) < o(a, 0) V o(,0) for every a < 5 <
0 <.

Given a < 3 < v and amap ¢ : [y]> — B, we simply write o(c, 3) instead of
o({a, B}), and we write g | « instead of ¢ | [a]?. Moreover, it will be convenient
to assume that B has a least element and to convene that o(a, a) = 0 for every

a <.

For each v < v and p € B we let

ht(a, p) :
Dy(a.p) = {n < a | oln.) < p}.

a,

We are interested in the following binary relation <, on v x B induced by p:

for every p,q € B and o, 5 < 7,

(3.2) (a,p) <, (B,q) if and only if & < g and p V o(a, 5) < gq.

The relation <, is locally close to the product ordering. In particular, if
o0: [y]* — B is constant with value 0, then <, is exactly the product ordering of
~v and B. The next proposition studies the relationship between the properties
of p and the properties of the induced relation <,. We drop the subscript p
from < and D(«, p) as the map p is fixed.

41t is unclear to us if and to what extent our Definition 3.5.1 and the subsequent results
fit into Todorcevié’s Walks on ordinals framework [69].
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Proposition 3.5.2. The structure (7 x B, <) is:

1) a poset if and only if o is transitive.

2) a join-semilattice if and only if o is transitive and subadditive. In this

case, it is a quasi-product of v and B.

3) a lattice if and only if o is transitive and subadditive, B is a lattice,

0(0,) = 0 and D(a,p) is closed in « for every a < and p € B.

Proof. 1): Let us first prove the “only if” direction. Pick some o < § < § < 7.
By definition of g,

(o, 0(cr, B) V 0(3,0)) 2 (B, 0(a, B) V 0(B3,0))

and

(8, o, B) V 0(B,0)) 2 (6, e(ev, B) V 0(B,9)).

Since we are assuming that < is transitive, it follows

(@, o(ev, B) V 0(3,0)) < (6, o(ex, B) V 0(83,9)),

and therefore, by definition of <, o(a,d) < o(a, B) V 0(5,0). Hence, o is

transitive.

Now to the “if” direction. Pick o < § < < v and p,q,r € B such that
(a,p) < (B,q) < (9,r), towards showing that (a,p) < (d,7). Since < on B is
transitive, the only non-trivial case to check is when o < 8 < §. From the
definition of < and our assumption it follows that p < ¢ < r and p(«, 5) < g
and o(f,9) < r. By transitivity of o, o(«,d) < o(a, 5) V o(8,6) < r, and
therefore (a, p) < (9,7). Hence, < is transitive.

2): Let us first prove the “only if” direction. Suppose that (y x B, <) is
a join-semilattice towards showing that o is subadditive. First, we need the
following claim, which amounts to saying that (y x B, <) satisfies condition

(q2) of being a quasi-product (see Definition 3.3.6):

Claim 3.5.2.1. The map ht : (y x B, Q) — (v, <) is an homomorphism.

Proof. Fix a < f < v and p,q € B. Let n < v and z € B be such that
(o, p) V (B, q) = (1, z). By definition of <, (8,pVqV o(«, 3)) is an upper bound
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of {(a,p), (8, )} Therefore, (n,2) < (8,pV gV o(a, §)). Tn particular, < .
On the other hand, as (3, q) < (1, 2), it follows that § < 5. Therefore, n = (.

We have shown that ht is an homomorphism. O

Note that (v x B, <) satisfies also (ql) by definition of <. Therefore,
(v x B, <) is a quasi-product of v and B.

Going back to the “only if” direction, fix @ < < § < v and let p =
o(a,d) V o(B,9). By Claim 3.5.2.1, there exists some z € B such that

(3.3) (a,p) V (B,p) = (B, 2).

Note that p < z. By p’s definition, («,p),(5,p) < (6,p). It follows that
(8,z) < (d,p). Then, z < p and we conclude that z = p. This, together with
(3.3), implies that (o, p) < (B, p), and thus o(a, 8) < p = o(a,d) V o(B,d). We
have shown that o is subadditive.

Let us prove the “if” direction. The transitivity of ¢ and case 1) of this
proposition imply that < is a partial order. Now pick p,q € B and a < g < v
towards finding a <-least upper bound for {(«,p),(5,q)}. We claim that
(B,pV qV o(a, 3)) is the <-least upper bound of {(«, p), (8,q)}.

From <’s definition, («,p), (8,q) < (B,pV qV o(a, 3)). Now suppose that
(e, p), (B,q) < (d,r) for some § < v and r € B. In particular, o, 5 < ¢ and
pVo(a,d) <randqVo(B,J§) <r. From the subadditivity of ¢ it follows that
o(a, B) < r. Altogether, we have pV qV o(a, 5) V 0(B,9) < r, and therefore
(B,pVqVola,B)) <(d,r). Thus, our claim is true.

3): Let us first prove the “only if” direction. Towards showing that B
is a meet-semilattice, fix some ¢, € B and let us find a <-greatest lower
bound of {¢,r}. Let p € B and a < v be such that (a,p) = (0,¢) A (0, 7).
By <s definition, we must have p < ¢,r and a = 0. We claim that p is the
<-greatest lower bound of {¢,r}. Pick any z € B such that z < ¢,r. Then,
(0,z) < (0,q),(0,r). It follows from (0,p) being the greatest lower bound
of (0,q) and (0,r) that (0,z) < (0,p). In particular, x < p. Thus, p is the
<-greatest lower bound of {q,r}.

Next, fix an a < 7 toward showing that o(0,«) = 0. This immediately
follows once we note the following: by definition of < (see (3.2)), (0,0) is a
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minimal element of (y x B, <); but since we are assuming (v x B, <) to be
lower-directed, this implies that (0,0) is actually the minimum of (y x B, <).
Hence, for every a < =, (0,0) < («, 0) or, equivalently, (0, «) = 0.

Now fix an a < v and some p € B towards showing that D(a,p) is a
closed subset of a. Fix some n < « such that n = sup(D(a,p) N'n). We
want to prove that n € D(«,p). Fix a v € D(a,p) Nn. By definition of D,
o(v,a) < p. Since we are assuming (y X B, ) to be lattice, it follows from
claim 2) of this proposition that o is subadditive. By the subadditivity of
0, o(v,n) < o(v,a) V o(n,a). Combining these last observations, we get that
o(v,n) < pV o(n,a). Therefore,

(3.4) Vv e D(a,p)Nn, (v,p) < (a,p) A(n,pV o(n, a)).

Let < v and q € B be such that (u,q) = (a,p) A (n,pV o(n, @)). Clearly,
p < n. Moreover, it follows from (3.4) that p > sup D(a,p) Nn. But since we
are assuming sup D(«, p) Nn = n, we conclude p = n. From (1, q) < (a, p) and
the definition of <, we have o(n, a) < p, or, equivalently, n € D(«, p), as we

wanted to show.

Let us prove the “if” direction. Fix £, < v with § < § and ¢, € B,
towards showing that there exists a <-greatest lower bound for {(5,q), (d,7)}.
If =4, it is straightforward that (3, g Ar) is the greatest lower bound. Hence
suppose that 7 < 6.

Note that the set (D(5,q) U{B}) N D(d,r) is a closed nonempty subset of
J: it is easy to see that it is closed, as by assumption both D(f,q) U {8} and
D(6,r) are closed in d; moreover, since p(0,3) = 0(0,0) = 0, it follows that
0€ (D(B,q) U{BHND(,1)#0.

Let a be the maximum of (D(8, ¢)U{8})ND(4,r), which exists since the set
is nonempty, closed and bounded in §. We claim that (o, ¢ Ar) is the <J-greatest
lower bound of {(5,¢), (§,r)}. Indeed, pick an n < v and some p € B such
that (n,p) < (5, q), (0,7) towards showing that (n,p) < (a, ¢ Ar). By definition
of 9, p < g Ar. Moreover, as 7 must belong to (D(5,q) U{S}) N D(6,r), we
conclude that n < a. If n = «, then (n,p) = (a,p) < (o, ¢ A r). So suppose
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n < a. The following holds:

o(n,a) < o(n,B) Vola, B) < q,

where the first inequality comes from the subadditivity of o and the second one

follows from both 7 and « belonging to D(/3,q). Analogously,

o(n,a) < o(n,d) vV o(a,d) <7

Thus, o(n,a) < g Ar. As we already noted that p < g A r, we conclude
(m,p) < (g AT). O

Corollary 3.5.3. If B is an n--free join-semilattice and ¢ : [y]*> — B is

transitive and subadditive, then (v x B, <,) is an (n + 1) -free join-semilattice.
Proof. Immediate by claim 2) of Proposition 3.5.2 and Proposition 3.3.8. [

Consider now the following recursive definition, where a special (0, x)-

semiladder is simply the trivial join-semilattice {0}.

Definition 3.5.4. Given a positive integer n and an infinite cardinal x, an
(n, k)-(semi)ladder S is special if there exists an ordinal v, a special (n — 1, K)-
(semi)ladder B and a map ¢ : [y]* = B such that S = (y x B, <,).

Note that a join-semilattice (P, <) is a special (1, k)-semiladder if and only
if there exists an ordinal a@ < k such that P = a x {0} with (v,0) < (5,0)
if and only if v < 8 < «a. This is the reason why we sometimes identify the
special (1, k)-semiladders with the ordinals less or equal to x in the following

sections.
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3.6 Proof of Theorem 3.1.2

In this section, we prove Theorem 3.1.2. Let us first recall the definition of the

combinatorial principle B, >, where , and x are infinite cardinals and x < &:

There exists a sequence (C, | a < £ and cf(a) > x) such that:
(i) C, is a closed and unbounded subset of «;
(i) otp(Ca) < 1
(iii) If 8 € Lim(C,) and cf(5) > x, then Cs = C, N B.

(E]H,ZX>

The principle B, >, originally due to Baumgartner (see e.g. [13]), is a
weakening of Jensen’s [, and as such holds in L for every infinite cardinals
X < k. Furthermore, note that for every infinite cardinal s, the principle By, >,
is precisely [,, and that By >, trivially holds in ZFC.

Theorem 3.1.2 follows from the following theorem.

Theorem 3.6.1. Let s be an infinite cardinal and n € w. If Byim >cp(x) holds

for every m < m, then there exists a special (n + 1, k)-semiladder of cardinality
K17

Proof. Let us fix an infinite cardinal k. We prove the result by induction on n €
w. The case n = 0 is trivially true, as k is, in particular, a special (1, x)-ladder
of cardinality . So let us fix a special (n+1, k)-semiladder (B, <) of cardinality

—+n

T and a Bn sem)-sequence (Co | @ < £ and cf (o) > cf(k)) towards

constructing a special (n + 2, k)-semiladder of cardinality <™ *1. Without loss

of generality, we can suppose that B has a least element.

We want to define a map o : [x™"1]> — B such that, for every a < g1
and p € B:

(a) o is transitive and subadditive.
(b) [Dy(ev, p)| < pl + No.

(©) [Dole, p)| < 5.
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Note that (b) implies (c) when « is uncountable, as we are assuming that
the principal ideals of B have cardinality < x. Indeed, condition (c) plays a

role only when k = .

Let us first argue that if we manage to construct a map p satisfying (a)-
(c), then the induced (k™' x B, <,) is a special (n + 2, k)-semiladder. By
Corollary 3.5.3, (¢! x B, <,) is an (n + 3)_-free join-semilattice. We are
left to argue that its principal ideals have cardinality < . If o < k™! and
p € B, then, by definition of <,

L ) (@, p) = (Dyla, p) U{a}) x (Ip).

It follows from condition (c¢) and our hypotheses on B that the principal ideal
of (a,p) in (k™! x B, <,) has cardinality < k.

We define o | v by induction on v < k"1, and in doing so, we make sure
that conditions (a)-(c) are satisfied by o [ 7. For clarity, when we say “p [ v
satisfies (a)-(c)” we mean that the map o [ v satisfies statements (a)-(c) for all
a<vyandpe€ B.

We fix a well-ordering < on a sufficiently large set, which will be used to

guarantee uniformity in our choices during the inductive construction.

If A is limit and we have defined p | 7 so to satisfy (a)-(c) for every v < A,
then clearly o [ A = U,<y 0 [ 7 still satisfies (a)-(c). Thus, let us take care of
the successor case. Suppose that we have defined g on [y]? towards extending

it to [y + 1]?. There are two cases:

Case 1 cf(y) < cf(k): Fix an increasing sequence (7, | v < cf(7y)) cofinal in ~.
Let p, be an upper bound in B of the set

{00 ) 1< v < cf(y)]

such that ||p,| > cf(y). Note that such an upper bound always exists as
B is cf(k)-directed by Proposition 3.2.2. For each a < v, let v < cf(y)
be the least such that a < =, and set o(a,v) = p, V o(, ).

Case 2 cf(y) > cf(k): Let 0_; = (6,(v) | ¥ < A\,) be the monotone enumeration
of C,. We inductively define a sequence p., = (p,(v) | v < A,) of elements
of B as follows:
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(i) Let p,(0) = 0.
(i) If cf(v) < cf(k), then let (v, | ¢ < cf(v)) be the <-least increasing
sequence cofinal in v and let p,(v) be the <-least p € B such that p

is an upper bound in B of the set

(3.5) {p«y(%) \% Q(QVO/L)’@W(V)) |0 < Cf(’/)}y

and such that p # p,(p) for every p < v. Such a p always exists: as
B is cf(k)-directed, there exists a p’ € B which is an upper bound
of the set (3.5); moreover, since 1p’ has cardinality «™, and since
lv| < k™", we can find a p € B such that p’ < p and p # p,(u) for
every pu < v.

(iii) If cf(v) > cf(x), then let p,(v) be the <-least p € B such that
p # py(p) for all p < v.

Now that we have defined the sequence p.,, we can extend p: for each
a < 7, let py(a) be the least v < A, such that a < 6,(v) and set

o(a,7) = py(py (@) V o(a, 0, (11, (@)
We assume that o [ v satisfies (a)-(c). The rest of the proof consists of

showing that ¢ [ v+ 1 also satisfies (a)-(c).

Claim 3.6.1.1. Suppose that cf(y) > cf(k). Then 0(6(1),0,(v)) < py(p) V
P~y (V) for every p < v < A,.

Proof. We prove our claim by induction on v. It vacuously holds when v = 0.

Suppose v > 0 and cf(v) < cf(k). Pick any ¢ < cf(v) such that p < v,. By
transitivity of o | 7,

Q(ev(ﬂ)a GW(V)) < Q(ev(ﬂ)7 GW(VL)) \ 9(97(%)7 67(”))'

By induction hypothesis, o(6,(x), 6+(v,)) < p (1) V py(v,). Moreover, p,(v,) V
0(0(v,),0,(v)) < py(v) by definition of p,(r) (see (3.5)). Combining these
observations, we get 0(6~ (1), 0,(v)) < py (1) V py(v).
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Finally, suppose that cf(rv) > cf(k). By the properties of our square
0.

sequence, we have Gigw(y) =0, | vand py ) = py | v. The following holds:

(3.6) 06 (1), 0,()) = (0o, v) (1), 0+()) = po, ) (1) = Py (1),

where the first and last equalities follow from the abovementioned properties of
our square sequence, and the middle one comes directly from the definition of o |
6, (v)+1. It follows from (3.6) that o(6, (), 0,(v)) = py (1) < py(p)Vp,(v). O

Claim 3.6.1.2. Suppose that cf(y) > cf(k). For every a <~y and every v with
py(a) S v < Ay, we have py(pq(a)) < py(v) Voo(e, 04(v)).

Proof. We prove the claim by induction on v. Clearly, the claim holds when
V= [iy ().

Suppose that p, () < v and cf(v) < cf(x). Fix some ¢ < cf(v) such that
py() < v,. By induction hypothesis, p, (i (a)) < py(v,) V o(e,0,(v,)). By
subadditivity of o [ v, we have o(c,0,(v,)) < o(a,0,(v)) V 0(64(v,),0+(v)).
But since, by definition, p,(v,) V 0(6,(v,),6,(v)) < py(v), we conclude that
Py(p(@)) < py(v) Vol 64 (v)).

Finally, suppose that p,(o) < v and cf(v) > cf(k). By definition of
ol 0,(v)+1, we have

(3.7) o(@, 0,() = po, ) (1o, ) (@) V 0(, 09, ) (110, 1) ()))-

—
—

By the properties of our square sequence, 6y, () = 5a I'vand Py, () = Pa | V.

In particular, (3.7) becomes:
o(a,0,(v) = py(py(a)) V o, 0, (py ().

Thus p, (1 () < o(a, 6,(v)) and, a fortiori, p, (1, (a)) < py(v) V o(e, 0,(v)).
[

Claim 3.6.1.3. ¢ | v+ 1 is transitive.

Proof. Since we are assuming that o [ 7y is transitive, it suffices to show that
o(a,y) < oa, B) V o(5,7) for every a, 8 with a < 5 < . Hence, fix «, § with
a< fB <.
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First suppose that cf(y) < cf(k). Let u, v be the least such that o < v,
and § < 7,, respectively. Clearly, p < v. If 4 = v, our claim follows
straightforwardly from the transitivity of o [ 7. Indeed we would have

oo, v.) < ola, B) V o(B,7,) = o(a, B) V o(B,7v), and thus
o(a,7) = py V ola,v) < py Vola, B) Va(B,v) = ola, B) V o(B,7),

where the equalities hold by definition of o [ v + 1. Hence suppose that p < v.
In this case v, < 8 must hold by the minimality of v. The following holds:

where the first and last equality hold by definition of o [ v 4+ 1; the two
inequalities follow from the subadditivity of ¢ [ ~ and, lastly, the second
equality holds because o(7,,%,) < py by definition of p,.

Now suppose that cf(y) > cf(k) and g (o) = p,(3). By the transitivity of
o | v we have

o(a, 0, (py(a))) < o, B) V o(B, 04 (114(c)))

and thus

o(a,7) = py(py (@) V o(e, 0, (1 (0)))

where the second equality comes from the hypothesis p. (o) = p,(8) and the
other two equalities hold by definition of o [ v + 1.
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Finally, suppose that cf(y) > cf(x) and p(a) < i (3). Note that 6, (1 (cv))
must be strictly less than § by the minimality of s, (/). The following holds:

(3.8)
(e, y) = py(py(@)) V o(ev, 0y (14 ()
< py(py(@) Voo(a, B) V 0(0, (11, (), B)
< py(py (@) Voola, B) V 0(0, (114 (), 0 (114 (B))) V 0(B, 0, (11+(8B)))
< py(py (@) Voola, B) V py (14 (B)) V 0(B, 05 (14(5)))
= py(py (@) V o(a, B) V 0(B,7),

where the first two inequalities hold because of the subadditivity of g | v, while
the last inequality holds by Claim 3.6.1.1. To finish the argument, note the

following:
Py (py () < py(p4(8)) V 0(e, 04 (114(B)))
(3.9) < py(1y(B)) V o, B) V o(B, 04 (11,(8)))
= o(a, B) V o(B,7),

where the first inequality holds by Claim 3.6.1.2 and the second inequality
follows from the transitivity of o | 7. By combining (3.8) and (3.9) we get

o(a, ) < ola, B) V o(8,7). 0

Claim 3.6.1.4. o [ v+ 1 is subadditive.

Proof. Since we are assuming that o [ v is subadditive, it suffices to show that
o(a, B) < ola,y) V o(B, ) for every «, B with a < 8 < . Hence fix some «, 3
with a < 5 < 7.

First suppose that cf(y) < cf(k). Let u, v be the least such that o < v,
and 8 < 7, respectively. If 4 = v, our claim follows from the subadditivity of

o [ 7. Indeed we would have o(a, 8) < o(a,7,) V (B, Vu) = o(a; ) V o(B,7)
and, a fortiori,

o(e, B) < oo, v,) V o(B,7) V py = 0(e,7) V 0(B,7),

where the equality directly follows from the definition of o [ v+ 1. Suppose
now that p < v. In this case, v, must be strictly less than 3 by the minimality



3.6 Proof of Theorem 3.1.2 81

of v. The following holds:

(0, 7u) V o(p, B)

(@, 7) V o(v, 1) V 0(B, )
(@, %) V oy V(B )

(a,7) V e(B,7),

where the first inequality holds by the transitivity of o | v, the second inequality
instead holds by the subadditivity of o | 7, and the last one follows from
0(Vus Yv) < Do, which holds by definition of p,.

Now suppose that cf(y) > cf(x) and p, (o) = p1,(5). By assumption and
the subadditivity of o [ 7,

and, a fortiori,

o(a, B) < o(a, 0, (11 () V 0(B, 05 (11 (8))) V Py (1 ()
= o(a,7) V o(8,7).

Finally, suppose cf(y) > cf(x) and p, (o) < py(B). Note that 6, (u())
must be strictly less than S by the minimality of s, (/). The following holds:

o(a, B) < ola, 0y (py(a))) V 0(6y(14(@)), B)
< o, 0, (1 (@))) V 0(0; (14 (), 0, (114(B))) V 0(B, 05 (114(5)))
< o(a, 0, (1)) V py(py (@) V o (117 (8)) V (8, 05 (114(5)))
= o, )V o(B,7),

where the first inequality follows from the transitivity of o [ 7, the second one
follows from the subadditivity of o | 7, while the last holds by Claim 3.6.1.1. [J
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Claim 3.6.1.5. |D,(v,p)| < [Ip| + Ro for every p € B

Proof. Let us assume first that cf(y) < cf(x). If p, £ p then, by definition of
o v+1, Dy(v,p) =0. Thus, we can suppose p, < p. We claim that

(3.10) Do(v,p) = U Doy, ) U{va}-

p<ct(y)

The fact that D,(v,p) is included in the set on the right-hand side directly
follows from the definition of ¢ [ v+ 1. Now we focus on the other inclusion.
Since, by definition of o [ v+ 1, o(y,,7) = py, and since p, < p, we have
directly that v, € D,(v,p) for every pu < cf(y). Now pick some p < cf(7) and
a € D,(v,,p) towards showing that oo € D,(y,p). By transitivity of o [ v+ 1
(proved in Claim 3.6.1.3), we have that

o(a,y) < ola, ) V o(vu, v) = o(a, Yu) V Dy,

Since we are assuming p, < p and g(«a,7,) < p, we conclude that o(«, ) < p,
or, equivalently, a € D,(v,p). Thus, (3.10) holds.

By induction hypothesis, o [ v satisfies (b), and therefore |Dy(v,,p)| <
l[4p| + N for every u < cf(y). This last observation, together with (3.10),
implies that [D,(v,p)| < cf(y) - [Ip| + No. But since, by the definition of p,,
[4py| > cf(7), we conclude that |D,(v,p)| < [4p| + Ro.

Now assume cf(y) > cf(x). We claim that

(3.11) Do(7,p) = U {Do(0 (1), p) U {05 (1)} | po(p) < b}

The fact that D,(v,p) is included in the set on the right-hand side directly
follows from the definition of o [ v + 1. Now we focus on the other inclusion.
Since, by definition, o(0,(1),v) = p,(p) for every p < A, we automatically
have that 6,(n) € D,(v,p) for every p such that p,(u) < p. Now pick some
p < A, and an « such that a € D,(6,(p),p) and p, (1) < p, towards showing
that a € D,(,p). By transitivity of o [ v+ 1 (proved in Claim 3.6.1.3), we
have that

o(a,y) < o, 0, (1)) V 0(0,(1),7) = o(a, 05 (1)) V Py (1)
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Since we picked p such that p, (1) < p and, by assumption, o(a, 6,(1)) < p, we
conclude that o(a, ) < p, or, equivalently, a € D,(v,p). Thus, (3.11) holds.

By induction hypothesis, o [ « satisfies (b), and therefore |D,(6, (1), p)| <
[4p| + Vo for every pu < A,. This last observation, together with (3.11), implies
that

|D@(%p)| < Hu < Ay |pA,(,u) < p} - ol + No.

By construction, p, is injective, and therefore [{p < A, | p, (1) < p}| < |{p].
Thus, we conclude that |D,(v, p)| < [4p| + Ro. O

Claim 3.6.1.6. |D,(v,p)| < k for every p € B.

Proof. 1f k is uncountable, the result follows directly from Claim 3.6.1.5 and

our hypotheses on B. So assume k = Nj.

If v = B+ 1 for some 3, then, by (3.10), D,(v,p) = D,(8,p) U{B}. Since
by induction hypothesis D,(5,p) is finite, we conclude that also D,(v,p) is
finite.

If v is limit, then it follows from (3.11) and from the injectivity of p., that
D,(v,p), being a finite union of finite sets, is finite. ]

]

3.7 Proof of Theorem 3.1.3

This section is devoted to the proof of the following theorem, which implies
Theorem 3.1.3

Theorem 3.7.1. Let k be an infinite cardinal and n € w. If O,.+m holds for

every m < n, then there exists a special (n + 1, k)-ladder of cardinality k*™.

Proof. The proof is very much analogous to the one of Theorem 3.6.1. Moreover,
since the case kK = N already follows from Theorem 3.6.1, we can suppose that

Kk 1s uncountable.

We prove the result by induction on n € w. The case n = 0 is trivially
true. So let us fix a special (n + 1, k)-ladder (B, <) of cardinality ™" and a
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O,.+n-sequence (C, | a < £ and « limit) towards constructing a special
(n + 2, k)-ladder of cardinality s

Let P be the lattice such B is a quasi-product of k™™ and P. We want to
define a map o : [« 1]> — B such that, for every a < "' and every p € B:

(a) o is transitive and subadditive.

(b) [Dyle, p)| < [{p| + Ro.

(¢) Dy(a,p) is closed in a.

(d) 0(0,) = 0.

Note that conditions (c¢) and (d) are new with respect to the conditions used
in the proof of Theorem 3.6.1. With these new conditions, the same argument
used at the beginning of the proof of Theorem 3.6.1 yields that (B x k™1, <,)
is a special (n + 2, k)-ladder.

We define o | v by induction on v < k"1, and in doing so, we make sure
that conditions (a)-(d) are satisfies for o [ 7. As in the proof of Theorem 3.6.1,
when we say “o | v satisfies (a)-(d)” we mean that the map o | v satisfies
statements (a)-(d) for all o < 7.

Fix a well-ordering < on a sufficiently large set, which guarantees uniformity

in our choices during the inductive construction.

If A is limit and we have defined o [ v so to satisfy (a)-(d) for every v < A,
then clearly o [ A = U, <) 0 [ 7 still satisfies (a)-(d). Thus, let us take care of

the successor case.

Suppose that we have defined g on [y]? towards extending it to [y + 1]%.

There are two cases:

Case 1 7 is a successor ordinal: For each oo < 7, set o(c,y) = o(a,y — 1).

Case 2 v is a limit ordinal: Let 9_; = (0,(v) | v < Ay) be the monotone
enumeration of C.,. We inductively define a sequence p., = (p,(v) | v <

Ay) of elements of B as follows:

(i) Let p,(0) =05 = (0,0p).



3.7 Proof of Theorem 3.1.3 85

(ii) If v is a successor ordinal, let p,(v) be the <-least p € B such
that p,(v — 1) V o(0,(v — 1),0,(v)) < p' and ht(p) > ht(p,(v — 1))
and p # p,(u) for all 4 < v. Note that such a p always exists:
first pick a p’ such that p,(v — 1) V o(6,(v — 1),0,(v)) < p; then,
as B is a quasi-product of k™ and P, there exists p” > p’ with
ht(p”) > ht(p'), and, a fortiori, ht(p”) > ht(p,(v — 1)); finally, since
[1p"| = k™ and |v| < k1", we conclude that there exists a p > p”
such that p # p,(p) for all p < v.

(iii) If v is a limit ordinal and® liminf,, ht(p, (1)) < ™", then let

py(v) = (liminf ht(p, (1)), 0p).

p<v

(iv) If v is a limit ordinal and liminf, ., ht(p, (1)) = k™ (we will argue
that this can happen only when n = 0), then let p, () be the <-least
p € B such that p # p,(p) for all 4 < v.

Now that we have defined the sequence p.,, we can extend o: for each
a < v, let py(a) be the least v < A, such that a < 6,(v), and set

o(a, ) = py(py (@) V o(a, 0, (py (0))).

We assume that o [ v satisfies (a)-(d). The rest of the proof consists of
showing that o [ v + 1 also satisfies (a)-(d). If v is limit, then for every p € B

we let
Ay (p) == {v < A | py(v) <}

Claim 3.7.1.1. 9(0,v) = 0p.

Proof. 1f 7 is a successor ordinal, then, by definition of o [ v+ 1, 0(0,7) =
0(0,v — 1). Since we are assuming o(0,v7 — 1) = Op, the claim follows.

Now suppose that v is limit. Clearly, y,(0) = 0; therefore, by definition of
ol~v+1, 000,v) =p,(0)V (0,6,(0)). By construction, p,(0) = Op and, by
assumption, 9(0,6,(0)) = 0. Hence, the claim follows. ]

®Given a sequence (z,,),<y, by liminf, <, x, we mean sup,, ., inf <e<, Te.
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Claim 3.7.1.2. Suppose that v is limit. Then, for each p € B, the set A,(p)

is closed in \,.

Proof. Pick any limit point v of A,(p), towards showing that v € A, (p). There
must be cofinally many g < v such that p,(p) < p. In particular,

(3.12) li%1<iynf ht(p, (1)) < ht(p) < k™",
and hence, by definition of p.,

(3.13) py(v) = <lirun<ilpf ht(p, (1)), Op).

If n = 0, then B can be identified with s (see the remark after Defini-
tion 3.5.4). In particular, the inequality (3.12) becomes

liminfp, () < p <k,

and (3.13) becomes
py(v) = liminf p, ().

p<v

Therefore, p,(v) < p, or, equivalently, v € A, (p).

Now suppose n > 0. Since x*" is regular, pi, | v does not satisfy the
hypothesis of case (iv) of the definition of p, for any v < A,. In other words,
liminf, ., ht(p, (1)) < k™™ for all v < A,. It quickly follows from the definition
of p., that the sequence ht o p, = (ht(p,(p)) | # < A,) is increasing. In

particular,

lim inf 1t (p, (1)) = sup hit(p, (1))
(3.14) n<v

= sup {ht(p, (1)) | p < v and p, () < p},

where the first equality follows from the monotonicity of ht o p, and the second
one from the already noted fact that for cofinally many p < v, p, (1) < p. Since
B is a lattice, then, by 3) of Proposition 3.5.2, {ht(q) | ¢ < p} is a closed subset
of k™. By this observation, by (3.14) and (3.13), we conclude

ht(p,(v)) € {ht(g) [ ¢ < p}.
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Equivalently, there exists a z € B such that ht(z) = ht(p,(v)) and z < p.
Hence, p,(v) = (ht(2),0p). As (B, <) = (k1" x P, <) is a quasi-product of k"
and P, we conclude that p,(v) < z, and therefore p,(r) < p, or, equivalently,
ve A, (p). O

Claim 3.7.1.3. Suppose that vy is limit. Then, for each p € B, |A,(p)| < [{p|.

Proof. Fix some p € B towards showing that |A,(p)| < [lp|. If n > 0, we have
already noted in the proof of Claim 3.7.1.2 that ht o p, is strictly monotone. In
particular, p, is injective, and it directly follows that |A,(p)| < |{p|.

We are left to deal with n = 0. Recall that in this case we identify B with
k. Let

A7 (p) = {V < Ay | py(v) < p and (v successor or 1iIl£l<ianp7(pJ) = li)}
We claim that A, (p) C cl(A7(p)), where cl(AZ(p)) is the closure of the set
A7 (p). This suffices to prove that [A,(p)| < [{p|, as P, [ AZ(p) is injective

;
by definition of p;, and hence, if our claim is true, we have [|p| > |AZ(p)| =

|cl(AS (P))] = [Ay(p)].

We prove that A, (p) Nv C cl(AZ(p)) Nv for all v < A, by induction
on v. As the limit case is trivial, we can fix a v € A, (p) and suppose that
A,(p) Nv C c(AZ(p)) N v towards showing that v € cl(A7(p)). If v is
a successor ordinal or liminf,., p,(u) = &, then v € AZ(p) by definition;
otherwise, p,(v) = liminf, ., p,(¢), and thus liminf, ., p, (1) < p since we are

assuming p,(v) < p. But note that

(3.15) lim inf p, (@) = sup min p, (&),

p<v p<v p<E<v

as B = k is well-ordered. Hence, there must be cofinally many p < v such
that p,(p) < p. In other words, v is a limit point of A,(p). Since we assumed
A, (p) Nv Ccl(A7(p)) Nv, we conclude that v belongs to cl(A7(p)), being a
limit point of it. [

Claims 3.7.1.4-3.7.1.8 are just minor variations of Claims 3.6.1.1-3.6.1.5,

respectively.
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Claim 3.7.1.4. Suppose that v is limit. Then 0(0(1),0,(v)) < py(1) V py(v)
for every p < v < \,.

Proof. We prove our claim by induction on v. It vacuously holds when v = 0.

Suppose that v > 0 and that v is a successor ordinal. By transitivity of
ol
0(0,(1), 0,(¥)) < 0(0 (1), 05 (v — 1)) V 0(0,(v = 1),0,(v)).

By induction hypothesis, o(6,(p),0,(v — 1)) < py () V py(v — 1). Moreover,
py(v—1)Vo(0,(v —1),0,(v)) < p,(v) by definition of p,(r). Combining these

observations, we get o(6, (1), 0,(v)) < py(p) V py(v).

Now suppose that v is limit. By the properties of our square sequence, we

have 0797(1,) = 9_; [ v and py, () = Py | v. The following holds:

(3.16)  0(0y(n),0(v)) = (06,0 (1), 05 (V) = Do, ) (1) = Do (1),

where the first and last equalities follow from the abovementioned properties of
our square sequence, and the middle one comes directly from the definition of o |
6, (v)+1. It follows from (3.16) that o(6, (1), 0(v)) = py (1) < py(0)Vp,(v). O

Claim 3.7.1.5. Suppose that v is limit. For every a < ~y and every v with
py(a) S v < Ay, we have py(py(a)) < py(v) Voo(e, 64(v)).

Proof. We prove the claim by induction on v. Clearly, the claim holds when
V= [iy ().

Suppose that p,(a) < v and that v is a successor ordinal. By induction
hypothesis, p,(py(a)) < py(vr — 1) V o(e,0,(v — 1)). By subadditivity of
o [ 7, we have o(a, 0, (v — 1)) < o(a,0,(v)) V 0(0,(v — 1),0,(v)). But since, by
definition, p,(v—1)Vo(0,(r—1),0,(v)) < p,(v), we conclude that p, (1 () <
py(V) V ole, 0,(v)).

Finally, suppose that p,(«) < v and that v is limit. By definition of
ol 6,(v)+1, we have

(317) Q(Oé, 0’7(”)) = Do, (v) (/’LGW(V)<OC)) \ Q(av 0%(1/)(:“’97(11) (&)))
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—
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By the properties of our square sequence, 6y, () = 0., l'vand py, ) = Pa | V.

In particular, (3.17) becomes:
o(@,0,(¥)) = py(iy(a)) V oa, 6 (5 (a))).

Thus p, (1 () < o(a, 6,(v)) and, a fortiori, p, (i, () < py(v) V o(e, 0,(v)).
[

Claim 3.7.1.6. o | v+ 1 s transitive.

Proof. Since we are assuming that o [ 7 is transitive, it suffices to show that
o(a,v) < ola, B) V o(8,7) for every a, f with v < 8 < «. Hence, fix «, 5 with
a< <.

First suppose that 7 is a successor ordinal. By the transitivity of o | 7,
ola,y—1) < o(a, B) V o(B,7 — 1), and thus

o(a, ) = ola,y = 1) < ola, B) Vo(B,7 — 1) = a(a, B) V o(B,7),

where the equalities hold by definition of o | v + 1.

Now suppose that v is limit and p, () = py(5). By the transitivity of o [ y

we have

o(a, 0, (1, () < o(a, B) V o(B, 0 (114(x)))

and thus

o(a,7) = py(py (@) V o(e, 0, (1 (r)))

where the second equality comes from the hypothesis u., (o) = p,(8) and the
other two equalities hold by definition of o [ v + 1.
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Finally, suppose that v is limit and p,(a) < p,(5). Note that 6, (u,(a))
must be strictly less than § by the minimality of s, (/). The following holds:

(3.18)
(e, y) = py(py(@)) V o(ev, 0y (14 ()
< py(py(@) Voo(a, B) V 0(0, (11, (), B)
< py(py (@) Voola, B) V 0(0, (114 (), 0 (114 (B))) V 0(B, 0, (11+(8B)))
< py(py (@) Voola, B) V py (14 (B)) V 0(B, 05 (14(5)))
= py(py (@) V o(a, B) V 0(B,7),

where the first two inequalities hold because of the subadditivity of g | v, while
the last inequality holds by Claim 3.7.1.4. To finish the argument, note the

following:
Py (py () < py(p4(8)) V 0(e, 04 (114(B)))
(3.19) < py(1y(B)) V o, B) V o(B, 04 (11,(8)))
= o(a, B) V o(B,7),

where the first inequality holds by Claim 3.7.1.5 and the second inequality
follows from the transitivity of ¢ [ 7. By combining (3.18) and (3.19) we get

o(a, ) < ola, B) V o(8,7). 0

Claim 3.7.1.7. o [ v+ 1 is subadditive.

Proof. Since we are assuming that o [ v is subadditive, it suffices to show that
o(a, B) < ola,y) V o(B, ) for every «, B with a < 8 < . Hence fix some «, 3
with a < 5 < 7.

First suppose that ~ is a successor ordinal. By the subadditivity of o [ 7,
ola,B) < ola,y — 1)V o(B,y — 1). It immediately follows by definition of

o[ v+1 that (e, B) < o(a,y) V o(B,7).

Now suppose that v is limit and j, (o) = p1(5). By assumption and the
subadditivity of o [ v
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and a fortiori

o(a, B) < o(a, 0, (1 () V o(B, 05 (11 (8))) V Py (1 ()
= o(a,7) V o(8,7).

Finally, suppose 7 is limit and (o) < p(3). Note that 0., () must
be strictly less than 8 by the minimality of (/). The following holds:

0)
0

)
) v(ﬂw(ﬂ))) Voo(B, 9’7(#7(6)))

—~ T <
2
S
=
3
—~
Q

where the first inequality follows from the transitivity of o [ 7, the second one
follows from the subadditivity of o | 7, while the last holds by Claim 3.7.1.4. [J

Claim 3.7.1.8. |D,(v,p)| < [Ip| + Rg for every p € B

Proof. Let us assume first that v is a successor ordinal. By definition of ¢ | y+1,
D,(v,p) = Dy(v —1,p) U{y — 1}, and therefore the claim follows by induction
hypothesis.

Now assume ~ is limit. We claim that

(3.20) Do(v;p) = U Do(by(1r),p) U{6, (1)}

HEAS(p)

The fact that D,(v,p) is included in the set on the right-hand side directly
follows from the definition of o [ v + 1. Now we focus on the other inclusion.
Since, by definition, o(0,(1),v) = p,(p) for every p < A, we automatically
have that 0.,(u) € D,(v,p) for every p € A, (p). Now pick some p € A, (p)
and an « such that o € D,(0,(p), p), towards showing that a € D,(v,p). By
transitivity of ¢ [ v+ 1 (proved in Claim 3.7.1.6), we have that

o(a,7) < o, 0,(1) V 0(04(1),7) = ola, 0, (1)) V py (1)

Since we picked p such that p, (1) < p and, by assumption, o(a, 6,(1)) < p, we
conclude that o(a,7y) < p, or, equivalently, a € D,(7,p). Thus, (3.20) holds.
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By induction hypothesis, o [ « satisfies (b), and therefore |D,(6, (1), p)| <
[4p| + Vo for every p < A,. This last observation, together with (3.20), implies
that

[Do(7; )| < 1AL ()] - [p] + No.

By Claim 3.7.1.3, [A,(p)| < [{p|. Thus, we conclude that |D,(v,p)| < |[Ip| +
No. ]

Claim 3.7.1.9. D,(v,p) is closed in ~y for every p € B.

Proof. If v is a successor ordinal, then, by definition of o [ v+ 1, D,(v,p) =
D,(y—1,p)U{y —1}. By induction hypothesis, D,(y —1,p) is closed in v — 1,
and therefore D,(v,p) is closed in 7.

Now suppose that v is limit. We first claim that

(3.21) Vi € Ay(p), Do(v,p) N0, (1) = D,(0- (1), p).

Towards showing that (3.21) holds, fix some 1 € A, (p). By (3.20), D,(6,(1), p)
D,(v,p). Now, given some a € D,(v,p) N 6,(n), let us show that o be-
longs to D,(6,(p),p). By (3.20) again, there exists v € A,(p) such that
a € D,0,(v),p)U{0,(v)}. If p < v, then, by subadditivity of o [ 7,

N

o(a, 0,(1)) < o, 0, (¥)) V 0(6, (1), 6, (¥));

if v < p instead, then, by transitivity of o [ ~,

o(a, 8,(1)) < o, 0,(¥)) V 0(6,(v), 0,(11))-

In either case, we may conclude, by Claim 3.7.1.4, that

o(a, 0, (1)) < o, 0,(v)) V py (1) V psy (V).

Therefore p(a, 6,(p)) < p, since both p and v belong to A, (p) and since we
are assuming o(ce, 0,(v)) < p. Thus, o € D,(6,(p),p) as we wanted to show.

We are ready to prove that D,(v,p) is closed in 7. Pick an o < 7 such
that « is a limit point of D,(v, p), towards showing that a € D,(v,p). There
are two cases: either « is a limit point of {6,(x) | p € A,(p)} or it isn’t. In
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the first case, by the closure of A,(p) (Claim 3.7.1.2) and the continuity of (91,
there exists a u € A, (p) such that a = 6, (u); but also in the second case there
must be some 1 € A,(p) such that a < 6, (u), as otherwise, by (3.20), D,(7,p)
would be bounded below «, contradicting o being a limit point of D,(v,p).
Therefore, in either case, there exists a u € A, (p) such that o < 6,(p). Fix one
such p. If @ = 6, (p), then a € D,y(7y,p) by (3.20). If v < 6, (1), then, by (3.21),
a is a limit point of D, (6, (), p). Furthermore, since D,(6,(u),p) is closed in
6, (p) by induction hypothesis, a belongs to D,(6, (i), p) and, by (3.20) again,
we conclude that also in this case a € D,(v,p). Overall, a € D,(v,p), and
thus D,(v,p) is a closed subset of 7. O

]

3.8 Conclusions

There are still many open questions. They can be divided into two groups: the
first one is concerned with whether Theorems 3.1.2 and 3.1.3 can be proved
in ZFC; the second one focuses on finding “simply definable” ladders in the

constructible universe.

3.8.1 Independence

The main question stemming from Ditor’s work [22] and explicitly posed by

Wehrung [74] remains open:
Question 3.8.1 (Ditor’s Problem). Is the existence of a 3-ladder of cardinality
N, a theorem of ZFC?

The next natural questions, in the light of our results, are:

Question 3.8.2. Is the existence of a (2, N;)-ladder of cardinality Ny a theorem
of ZFC?

Question 3.8.3. Is the existence of a special (2, R;)-ladder of cardinality R, a
theorem of ZFC?

Question 3.8.4. Does the existence of a (2,R;)-ladder of cardinality Ry imply

the existence of a 3-ladder of cardinality Ny and vice-versa?



94 Squares and ladders

Question 3.8.5. Does the existence of a (2,N;)-ladder of cardinality Ry imply
the existence of a special (2, R;)-ladder of cardinality Ny?

Question 3.8.1 may also be of interest from a universal-algebraic perspective,
in addition to its intrinsic set-theoretic significance. We refer the reader to [74]

for further discussion on this topic.

It is quite surprising to us that the existence of a 3-ladder of cardinality Ny
can be derived from either OJ,, (Theorem 3.1.3) or from MA(R;) [73]. It means
that the existence of this structure follows from two axioms that are usually

considered, in some sense, “orthogonal”, as already noted by Wehrung in [73].

3.8.2 Definability

In the proofs of our Theorems 3.1.2 and 3.1.3, we have constructed our
(semi)ladders by employing the square principles O,. We feel that, in the
constructible universe, there may be ladders that both witness the sharpness of
Ditor’s Theorem 3.2.1, and that have a much simpler definition than the one

we gave. For this direction, we propose the following test question:

Question 3.8.6. Suppose V = L, and consider the set of all the countable >3-
elementary submodels of (L,,, €) ordered by the membership relation (i.e. €).
Is it a (2,8)-ladder?



Chapter 4

Sierpinski coverings and the real

degrees’ breadth

4.1 Introduction

This chapter is for the most part taken from [7], co-authored with Alessandro
Andretta.

In 1919 Sierpinski proved that CH, the Continuum Hypothesis, is equivalent
to the existence of two sets Ay, A; covering R? and such that every line parallel
to the z-axis intersects Ay in a countable set, and every line parallel to the
y-axis intersects A; in a countable set. Three decades later, in 1951, Sierpinski
obtained another geometric statement equivalent to CH: R? is the union of
three sets Ag, A1, A3 such that every line parallel to e; has finite intersection
with A;, where (eg, ey, e;) is the canonical basis for R3. These results were
generalized to higher dimensions by Kuratowski and Sierpiriski (see [65] for a

detailed account of the history of these results): for all n, k € w

(41) 2% <Ny 3, A (RT2= | 4

i<n+1

and Vi < n +1V0 € L;(R™?) (|4; N {] < Ry)).

Here and below £;(R™) is the subset of all lines in R™ that are parallel to the

vector e;, the i-th vector of the canonical basis for R". Settingn =0 and k =1,
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orn=1and k=0 in (4.1) the two theorems of Sierpinski from 1919 and 1951

are obtained.

The A;s in (4.1) are constructed using a transfinite induction of length
IR|, so their descriptive complexity is bounded by the complexity of the well-
ordering of R. On the other hand, some of the A;s are neither measurable
nor have the property of Baire (Lemma 4.2.1), and therefore they can’t be A
(provably in ZFC, see [41, p. 180]). In Gédel’s constructible universe L, there
is a good Y3 well-ordering of R, and Térnquist and Weiss in [70] proved that

R C L is equivalent to either one of the following statements:

Ao, Ay € X3 (AgU Ay = R? and Vi < 2 VL € Li(R?)(|€N Ai| < Ny))
Ao, A1, Ay € D3(AgU Ay U Ay = R and Vi < 3 VL € Li(R?)(|LN Aif < Xo)).

In other words, Térnquist and Weiss showed that by asking the A;s to be
definable in the best possible way (i.e. X1) in both Sierpiriski’s 1919 and 1951
results, we get the “strongest” version of CH (i.e. R C L).

In this chapter, we generalize their result. In Section 4.3, we study the
relationship between the breadth of the join-semilattice of real degrees and the
size of the continuum (Theorem 4.3.6). In Section 4.4, we generalize Tornquist
and Weiss’ result by showing that the existence of a X covering as in (4.1),
with n+ %k > 1 and k£ <1, is equivalent to the breadth of the join-semilattice of
real degrees having a certain upper bound. Finally, in Section 4.5, we conclude

with some open questions.

Notation

Our notation is standard—see e.g. [40]. When we treat a transitive set M
as a model-theoretic structure, we use the language of set theory, identifying
M with the structure (M, €). We write M <; N to mean that (M, €) is a
Y1-elementary substructure of (N, €).
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4.2 Sierpinski coverings

The theorem of Sierpinski-Kuratowski (4.1) deals with sets Ay, ..., A, such
that U;.,, A; = R™ and such that N A; is small, for any line ¢ with direction
e;. In the applications below, small means being at most countable, or thin
(Lemma 4.2.1). Recall that a set of reals is thin if it does not contain a

non-empty perfect set.

Sets A; as in (4.1) form a Sierpiniski covering of R”. As mentioned in the

introduction, we let
L;(R") :={¢ CR" | ¢ is a line parallel to e;}.
A line ¢ € £;(R™) is uniquely determined by a point p in

Hi =H' = {(x()a"'wxn—l) € R" | Li :0}

(]

the coordinate hyperplane orthogonal to e;. We denote by /;, the line determined
by p.

Lemma 4.2.1. Let n € w and suppose that R" = J,.,, A; and
Vi<n ({p € H, | l,NA; is thin} is comeager in Hi).
Then, the A;s cannot all have the property of Baire.

Proof. Suppose otherwise, and fix i < n. By Kuratowski-Ulam theorem [47,
Theorem 8.41] the set of all the p € H; such that ¢, N A; has the property
of Baire in H;, is comeager in H;. Therefore, there is a comeager set (in
H;) of p’s such that ¢p N A; is thin and has the property of Baire (in H;).
However, a set that is thin and has the property of Baire is necessarily meager.
Therefore, for comeager-many p’s, the set £, N A; is meager. It follows again
from Kuratowski-Ulam theorem that the set A; is meager in R™. However, this
leads to a contradiction, as it implies that R™, being the union of finitely many

meager sets, is meager. [

A similar result holds with Lebesgue-measurability in place of the property
of Baire.
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4.3 The real degrees’ breadth

In this section, we explore the relationship between the breadth of the join-
semilattice of real degrees and the size of the continuum. Consider the following

statement:
(%) VM < Hy, (M| =2% = M =H,,),

where H,, := {z | |TC(x)] < R} is the set of all hereditarily countable sets.
The property (x) may be interpreted as a kind of minimality principle: as
soon as a Yj-elementary substructure of (H,,, €) has size of the continuum, it
already coincides with H,,. This interpretation is supported by the following

result.

Proposition 4.3.1. Assume (x). Then, there are no L-generic Cohen reals.

In order to prove Proposition 4.3.1 we need the following theorem, known

as Lévy-Shoenfield Absoluteness Theorem.

Theorem 4.3.2 (Lévy-Shoenfield [39, Theorem 36]). For every a € R, if
0 =il then

Lg [a] <1 le .

Proof of Proposition 4.3.1. Suppose otherwise towards a contradiction. Then,
it is well-known that there exists a perfect set C C R such that any finite F' C C
is a set of mutually Cohen generic reals over L. It follows that w%m = wl, for

any such F'. Now fix an x € C and consider the transitive set

M= | LulF.
Fele\{z}]<w

By Lévy-Shoenfield absoluteness theorem, L r[F| = L vs[F] <; H,, for every
1 Wy

F € [C]=*. Therefore, M <; H,,. Clearly |M|=|C| = 2", but z ¢ M, which

contradicts (x). O

We next explore the relationship between (x) and the breadth of the real

degrees. We need the following well-known fact.

Lemma 4.3.3. For every M < H,, the following hold:
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(a) M is transitive.
(b) [M]=[MNR].
(¢) IfRC M, then M = H,,.
Proof. (a). Since M <; H,,, we must have w € M. Moreover, since H,, F

“Every set is countable”, the same sentence holds in M. Fix a nonempty x € M,
then there is a function f € M such that

M E f: w — x is a surjection.

Hence the function f is a surjection of w onto x also according to H,, (and V).
Therefore x C M. Thus, M is transitive.

(b), (c). It is well known (e.g. see [66, §VIL.3] or [40, §25]) that the map G
which, given any real that recursively encodes an extensional and well-founded
relation on w, returns the Mostowski collapse of such relation, is A;-definable

over H,,. Moreover,
H,, FVz3Jdy (y Cw and G(y) = x).

Since M <; H,,, the same sentence is satisfied by M, thus (b) and (c) follow. [

Proposition 4.3.4. The following are equivalent:

(a) RCL.
(b) CH+ (%).

Proof. (a)=(b). Since R C L, then H,,, = L, and CH holds. Fix an M <; L.
By a direct corollary of Godel’s Condensation Lemma [20, Lemma 5.10], M = L,
for some a < wi. When a < wy, M is countable, otherwise it coincides with
L., = H,,. Therefore () holds.

(b)=(a). Note that we must have w{’ = w;, as otherwise there would
exists an L-generic Cohen real, against Proposition 4.3.1. By Lévy-Shoenfield,
L., <1 H,,. By CH, L., has size the continuum, and therefore, by (%),
L., = H,,. Hence R C L. [l
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Note that the statement R C L is equivalent to saying that D, has breadth 0.
A direct consequence of Ditor’s Theorem 3.2.1(a) applied to the join-semilattice

of real degrees is the following:

Proposition 4.3.5. Suppose that D. has breath at most n for some n € w.
Then, 2% <N, ;.

However, using the definability of the constructibility preorder, we can say

something more (cf. Proposition 4.3.4).

Theorem 4.3.6. Suppose that D, has breath at most n for some n € w. Then,
either 2% <N, or (x).

Proof. We already proved the case n = 0 in Proposition 4.3.4. So fix an n > 0
and suppose that 2% = R, ; and that D, has breadth n, towards proving (x).

Fix some M <; H,,. By part (a) of Lemma 4.3.3, w; N M is an ordinal
a <w;. Let (DM, <M) be the join-semilattice of real degrees relativized to M.

For every x,y € RN M, we have
(4.2) v <My o aclyyl
There are two cases:

Case 1 a < w;. As the sentence “D, has breadth at most n” is II, over Hy,
and M <; H,,, we have that DM has breadth at most n. By (4.2) and
case assumption, any element of DM has at most countably many <-
predecessors. By part (a) of Ditor’s Theorem 3.2.1, we have [DM| <R,
and therefore [RN M| < [DM]-Ry < N,,. By part (b) of Lemma 4.3.3, we
conclude that |[M] <R, < 2%,

Case 2 o = w;. If z,y € Rand y € M, and = <. y, then z € Ly, [y] so
x <M y by (4.2). In particular, DM is an ideal of D.. By (b) of Ditor’s
Theorem 3.2.1, if DM is a proper ideal, then |DM| < R,. In this case
RN M| < |DM|-R; <R, and therefore |[M| < R, < 2%, Otherwise, we
would have R C M and then M = H,,,.

Either way (%) holds. O
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Remark 4.3.7. Theorem 4.3.6 is a meaningful extension of Proposition 4.3.5
only if it is consistent that 2% = X, ., and that D, has breadth n. The natural
question is whether this assumption is consistent for every n > 0. We know
that for n = 1 this is the case, with the iterated Sacks model witnessing the
consistency (see Chapter 0). It is open whether it is the case also for n > 1
(see Section 4.5.2).

Remark 4.3.8. In the light of Proposition 4.3.4, one may be tempted to think
that 2% = R, + (x) may imply that D, has breadth at most n. This is
certainly true when n = 0 (which is the content of Proposition 4.3.4), but it
fails badly already for n = 1. Indeed, let Q be the countable-support iteration
(Qq | @ < we) such that Q, is forced to be S x S, the product of two Sacks
forcing—see [32, Proposition 2.4] for some general properties of this kind of
forcing. If we let G be a Q-generic filter over L, then it can be shown that, in
L[G], the continuum is Ry and (x) holds, but the breadth of D, in L|G] is 2,
cofinally—i.e. D, has breadth 2 above a for every a € D..

4.4 Definable Sierpinski coverings

The next theorem shows the connection between the existence of X Sierpiriski
coverings and the breadth of the join-semilattice of the real degrees. The
case n = 0 has already been shown by Térnquist and Weiss in [70]—see the

introduction of this chapter.

Theorem 4.4.1. For every n € w, the following are equivalent:

(a) D. has breadth at most n.

(b) There are X3 sets A, ..., Any1 € R"™2 such that R"? = U, 11 A; and
for alli <n+1, for all £ € L;(R"2), £ N A; is countable.

1 n+3 n+3 _ .
0y« -y n = — Uiln 7
(¢) There are X5 sets A Apio € R™ such that R Uicnio Ai and
for alli <n+2, for all € € Li(R™3), £ N A; is finite.

Before delving into its proof, we need the following lemma.

Lemma 4.4.2. Given a ¥y formula p(x,y) in the language of set theory, the
set

{(z,9) eR? |z <.y and Lly] F o(z,y)}
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oyl
s Xy.

Proof. 1t suffices to prove that our set is ¥y over H,, [40, Lemma 25.25]. In
other words, we need to show that there is a 3 formula ¢(x, y) in the language

of set theory such that
(# <cy and Lyl F p(w,y)) & He, Fd(z,y).
By Goédel’s Condensation Lemma, for every z € R N L[y],
Lly] E ¢(z,y) < Ls[y] E p(x,y), for some countable ordinal 4.
Then, for any =,y € R,
(4.3) (v <cy and Lly] F o(x,y)) & Ho, = 36(w € Lsly) and Ls[y] F ¢(,y)).

The sentence “x € Lsly]” is Ay(x,y,0) over H,,. Regarding the sentence
“Lsly] E ¢(z,y)”, it does not matter if we interpret it as a genuine satisfaction
relation [20, Ch. 1, §9] or as a relativization [40, Definition 12.6], because
in both cases, the complexity of the sentence is at most A;(x,y,d) over Hy,.

Hence our set is >; over H,. O

We also need the following theorem.
Theorem 4.4.3 (Mansfield-Solovay, [41, Corollary 14.9]). If X C R is X3(c)
and X ¢ L[c], then X contains a nonempty perfect set.

Now, we are ready to prove our main theorem.

Proof of Theorem 4.4.1. (a)=(b). For each i <n + 1, let A; be the set
{(zo,...,Tpp1) ER™? | Fj A1 (75, 15 <c Dy j Tr and L[@k#yj mk} Fa; <z;)}
where < is the canonical ¥y well-ordering of L[ ; #x]. This is a X definition

by Lemma 4.4.2.

Next, we show that the A;’s cover R"™2 and that for each i < n + 1 and
for each line ¢ € L;(R"*?), £ N A; is countable. Pick any (zo,...,Z,1) € R"™2.
As, by hypothesis, D, has breadth at most n, it follows that there are distinct
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i,j < n+ 1 such that z;, v; <c @y ; vx. Now, either L@y ; x| F z; 1z,
and then, by definition, (2o, ...,%n41) € A, or L[@y; ; %) F 2> 25, and then
(I07 N ,J}n+1) € A] Thus RTL+2 - UZSH+1 AZ

Fix an i < n + 1 and an n + 1-tuple (zo, ..., x,) € R*™'. By definition, for
each y € R,
(Toy ooy Ty, Yy Ty o, ) € Ay &

dj<n (y,mj <c Drxj Tr and L[EB,#J- xk} Fyd xj>.

Since the choices of the js in the formula above are finite, and each initial
segment of <[ R is countable, it follows that the set

{y eR | (x()a'"axi—hy?xia"')xn) S Az}
is countable.

(a)=(c). For each i <n+ 2 let A; be the set

{(%7 o Tpye) ERMP TG A0 (A Land xy, x5, 1 <. Drzi i T and
L{@kﬂﬂ xk} F“z;,x; <z and f(x;) < f(z;), where f is the
< -least bijection between the < -predecessors of z; and w”}
where, as before, < is the canonical ¥; well-ordering of L[@®; j ] These are
X)) sets by Lemma 4.4.2.

Arguing as in case (a), it follows that R"*? = U,c,,,» 4; and that for any
i <n+2, for any (zg,..., T, 1) € R"2 the set

weR | (zo,. ., 1,4, Tis .., Tny1) € Ai}
is finite.

(b)=(a). Towards a contradiction, let B = {[bo], ..., [bn].} be aset of n+1
real degrees such that for every L € [B]", @ L # @ B—if n = 0 this reads as: let
bo € R be such that by ¢ L. Fix an i <n. For w;11,...,ups1 € Lbit1,..., 0],
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the set

Xi(uiJrla . >Un+1) = {(bm cey b, Y Ui, - 7Un+1) | Yy e R} N A;

is countable by assumption, and XJ-definable with parameters in L[Dyz; bx).
A straightforward consequence of Theorem 4.4.3 is that X; (w11, .., ups1) C
L[®yi bi]. As b; & LDy, bi], it follows that

(boy -+« 3 biy Uity -y Un1) & A,
Therefore,
Vi < Vit € Dlbigrs o bo] ((Boy oo bitigns - tingn) € Ai).
As L[biy1,...,b,] CLb;, ..., b,] for all i < n, we have that
Vi <Vt € Lbiga, - ba) (B, bis i, - tng)  Upes Ak

In particular, when i = n, we have Yu,,; € L ((bo, oy bpy ung1) € Upen Ak).
Since, by hypothesis the A;s cover R"*2, it follows that

Vipye1 € L ((50, oy by Upg) € An+1)-

If wl = wy, then this would imply that the line determined by (by,...,b,)
intersects A, in an uncountable set, against our assumption. If wt < w;,
then there is 7, a Cohen real over L. Note that w} = w{“m and that, in L[r],
the breadth of D, is infinite. By Shoenfield, R"*2 N L[r] = U;cp4o A; Where

A; = A;NL[r], and for i <n
Lir] E A; € X3 and V¢ € L;(¢ N A; is countable).

Replacing V with L[r| the argument above can be repeated reaching a contra-

diction.

(c)=(a): Towards a contradiction, let B = {[bo], ..., [bn].} be aset of n+1
real degrees such that for every L € [B]", @ L # @ B. Fix an i < n. Arguing
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as before, for all w; 1,...,Ups2 € L[b;y1,. .., by, the set

Xi(uiJrla . >Un+2) = {(bm ce b, Y Ui, - 7Un+2) | Yy e R} N A;

is finite by hypothesis, and X-definable with parameters in L[®;..; bx]. Since
bi ¢ L[@y; bi], it follows that

Vi <nVuiqr,. .. Unga € L[bi+17 cee 7bn] (<b07 oo b U, ,Un+2) ¢ ngi Ak)-

In particular, Vi, 1, upi2 € L ((bo, e by Ung1, Ung2) € Ur<n Ak>. For each
Unio € R, the set

Xﬂ+1(un+2) = {(b07 BRI bn7 Y, un+2) | y e R} N An+1

is finite by assumption. Thus, the set U,cq Xn+1(q) is countable. As for the

case (b)=(a), we can restrict ourselves to the case w]’ = w;. Therefore, there

exists an * € RN L such that (by,...,b,,7,q) ¢ X,41(q) for all ¢ € Q. It
follows that

\V/q S Q((b()v R bna i‘v q) ¢ ngnJrl Ak)

and since by hypothesis the A;s cover R"™3, it follows that

¥g € Q((bo, - bn, T, q) € Ansa),

but this means that the line determined by (by, ..., b,, z) intersects A, in an

infinite set, against our assumption. ]

Note that Theorem 4.4.1 straightforwardly relativizes to any a € R, with
(a) being “D, has breadth at most n above [a] " and the A;s from (b) and (c)
being X1 (a).

4.5 Open questions

4.5.1 Covering R? with X} clouds

There are several results similar to the theorems by Sierpinski and Kuratowski

asserting the equivalence between 2% < X, and the possibility of covering the
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plane with sets having small intersections with prescribed families of geometric
objects. The following is an example, where a subset A of R? is a cloud if there
exists a point, called the center of A, such that each line passing through it

intersects A in finitely many points.

Theorem 4.5.1 (Komjath, Schmerl). For every n € w, the following are

equivalent:

(a) 2% <N,.

(b) R? is covered by n + 2 clouds with distinct, non-collinear centers.

The notion of cloud was introduced by P. Komjath who proved in [49] the
implication (a)=-(b) for all n, and converse implication for n = 1, while the
general case of (b)=-(a) is from [62]. Note that the plane cannot be covered with
finitely many clouds with collinear centers, so the non-collinearity assumption

is essential.

Then, Térnquist and Weiss in [70] showed the following result:

Theorem 4.5.2 (Toérnquist, Weiss). The following are equivalent.

(a) RCL.

(b) R? can be covered by three X3 clouds with constructible, non-collinear

centers.

In light of Theorem 4.4.1, it is natural to ask:

Question 4.5.3. Let n > 0. Is “D, has breadth at most n” equivalent to R?
being covered by n + 3 X3 clouds with distinct, constructible, non-collinear

centers?

4.5.2 Large continuum and small real degrees’ breadth

The problem of whether the cardinal bound of Ditor’s Theorem 3.2.1(a) is
sharp is, to some extent, still an open problem (see Chapter 3 for a detailed

discussion on the matter). On top of this, we do not know whether the cardinal
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bound of Ditor’s Theorem is optimal when we restrict our attention to the join-
semilattice of real degrees. The iterated Sacks model witnesses the optimality of
the cardinal bound for the join-semilattice of real degrees when its breadth is 1.
However, this is all we know. Hence the following question (see Remark 4.3.7).
Question 4.5.4. Is it consistent relative to ZF that 2% = X3 and that the breadth
of D, is 27

A seemingly easier question in this direction is the following.

Question 4.5.5. Is 2% = Ny + (x) consistent relative to ZF?

4.5.3 Covering R? with constructible continuous func-

tions

Let X beaset,n > 1and f: X" — X. We say that a point (o, ..., z,) € X"

is covered by f if there is a permutation 7 on n + 1 such that

f(ajﬂ(o), e ,xﬁ(n_1)> = Tr(n)-

A family F of functions from X" to X covers A C X" if every point of A is

covered by some member of F.

Abraham and Geschke [1] have shown that, for each n > 2, it is consistent
with ZFC that 2% = X, and that R™ is covered by an ¥, subset of C'(R"~1). In
the iterated Sacks model (in which 2% = N,) the following stronger property
holds (see [35] and [28, Theorem 73]): R? is covered by C'(R)NL, where C(R)NL

is the set of all continuous real functions coded in L.

It is easy to see that, for every n > 0, if R**! is covered by C'(R")NL, then
D, has breadth at most n: indeed, for every n + 1 reals (zo,...,z,) € R*,
there would be a constructibly coded continuous function f : R® — R and
a permutation 7 on n + 1 such that z.4) = f(Zx0),-.-;Trn-1)), and thus
Tr(n) Would be constructible relative to @, x(n) z;- Therefore, our next and
last question is a more demanding version of Question 4.5.4, and a positive
answer would yield a strengthening of Abraham and Geschke’s result (at least
for n = 3).
Question 4.5.6. Is it consistent relative to ZFC that 2% = X3 and R? is covered
by C(R?) N L?



Chapter 5

Real degrees in the side-by-side

Sacks model

5.1 Introduction

In [60], Sacks introduced the perfect-set forcing—i.e. the forcing notion con-
sisting of perfect closed sets of reals ordered by inclusion. This forcing, also
known as Sacks forcing, has been widely used in descriptive set theory due
to its feature of adding a particularly tame generic real of minimal degree of

constructibility.

In [11], Laver and Baumgartner introduced the iterated Sacks model. This
model is obtained by forcing over a model of CH (often the constructible
universe) with a countable-support iteration of we-many Sacks forcings. It has
been the subject of intensive study (see e.g. [12, 27, 52, 75]), mainly due to
its rich combinatorial theory, well enucleated by Pawlikowski and Ciesielski’s
Covering Property Aziom (CPA) [17].

Furthermore, the side-by-side Sacks model, which is obtained by forcing
over a model of CH with a countable-support product of infinitely many Sacks
forcings, has also been studied (see e.g. [10, 34, 37, 68]).

Much is already known on the structure of the constructibility real degrees
in models obtained by forcing over the constructible universe with either an

iteration or a finite product of Sacks forcings: forcing with a countable-support
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iteration of wy-many Sacks forcings results in the constructibility real degrees
being well-ordered with order-type ws [11, 30]; forcing with a product of n
Sacks forcings, for some n € w, results in the constructibility real degrees being

isomorphic to the powerset lattice of n (see e.g. [42]).

This chapter addresses the case that has been less explored: What properties
do the constructibility real degrees satisfy in the side-by-side Sacks model?

The main results of this chapter are the following, which show that an
infinite product of Sacks forcings behaves very differently, at least real-degrees-
wise, compared to a finite product. Here, L[G] is the generic extension of L

obtained by a countable-support product of infinitely many Sacks forcings.

Theorem 5.1.1. In L[G], (D.,<.) is neither a meet-semilattice, nor o-

complete, nor complemented.

Theorem 5.1.2. In L|G|, (D., <.) is rigid, i.e. it has no non-trivial automor-

phisms.

Theorem 5.1.3. In L|G|, apart from the least and greatest (if it exists) real

degrees, no other real degree is definable in (D, <.).

In Section 5.2, we briefly discuss some basic definitions regarding Sacks
forcing and its products. In Section 5.3, we prove a representation theorem for
the join-semilattice (D, <.) in L[G] (Theorem 5.3.1). This representation is
key for the proofs of Theorems 5.1.1-5.1.3, which are presented in Section 5.4.
Finally, in Section 5.5, we prove the following result in ZF showing that, in

some sense, we cannot improve our representation theorem.

Theorem 5.1.4. (P(w), C) is not isomorphic to any ideal of (D.,<.).

5.2 Sacks forcing and its products

We mostly adhere to the notation used in [28]. A tree T' C <“2 is a perfect
binary tree if every node of T" has two incomparable extensions in 7. The poset
of all perfect binary trees ordered by inclusion is known as Sacks forcing, and
it is denoted by S. Clearly, 1g = <“2. The stem of a condition p € S is the
C-maximal node ¢ € p such that, for every s € p, either s Ct or t C s.
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Given p € S and n € w we let p" be the set of all those ¢t € p that are
C-minimal in p with respect to the property of having exactly n proper initial
segments that have two immediate successors in the tree p. For p,q € S and
n € w, we let

p<nq < p<gqandp"=q"
If p € S and n € w, there is a natural way of assigning to each finite binary

sequence o € "2 an element p(o) of p™. Let pxo :={s € p| s C p(o)Vp(o) C s}.

Given a cardinal x, we denote by S the countable-support product of
r-many Sacks forcing. A condition p of S¥ is a map from k to S such that
supp(p) := {a € & | p(a)) # 15}, known as the support of p, is countable. For
any subset D C k, we let S" | D denote the complete subforcing of S* defined
as the set of all the conditions of S* whose support is included in D. Note
that S® | D is isomorphic to SIP!. Given a condition p € S*, we abuse the
notation and denote by p [ D the condition of §* | D defined in the expected
way: (p | D)(a) =p(a) if « € D, and (p | D)(«) = 1s otherwise.

Given p, q € S*, some finite F' C k and some n € w, we let

P<rnq <= p<qandVYa € F (p(a) <, q(a)).

A fusion sequence is a sequence (pp)new Of elements of S such that there exists

a C-increasing sequence (Fy,),e,, of finite sets with

1. pnt1 <g,n pn for every n € w, and
2' Unew Fn = Unew Supp(pn)

For every fusion sequence (p,,)new, we let

F((pwnes) = ( ( pale)

new aER

be its fusion. It is easy to check that a fusion is always an element of S*.

IfpeS, FCkandn €w, and o € ¥'("2), let p x o be such that for all
a€F, (pxo)(a)=p(a)*o(a) and for all « ¢ F, (p*o)(a) = p(a).
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If Kk = w, we write p <,, ¢ instead of p <,,,, ¢, and a fusion sequence is
simply a sequence (p,)new Of elements of S¥ such that p,1 <, p, for every

necw.

5.3 Representing the real degrees in the side-
by-side Sacks model

Let x be an infinite cardinal and fix an S*-generic filter G over L. Let (s, |
a € k) be the generic sequence of Sacks reals added by G, i.e. for each « € &,
Sq is the unique element of N cq[p(a)]. Let S := {s, | @ € x} be the set of
these reals.

In L[G], define the set R as follows:

R2:{$€[I€]Sw|VO&€H(SQSCJ}:>OJGZE)}.

This section is devoted to the proof of the following theorem, which is key
to proving Theorems 5.1.1-5.1.3, as it unravels much of the combinatorics of
the real degrees in L[G].

Theorem 5.3.1. In L|G], (D, <.) = (R, Q).

Before carrying on with the proof, let us highlight that the choice of the
constructible universe as our ground model is not due to its particular properties,
which are not employed in this chapter, but instead to the fact that we are
interested in studying the constructibility degrees of the generic extension.
Indeed, all the results in this chapter also hold if we were to choose a different
ground model V, but then we would need to talk about V-degrees rather than

constructibility degrees.

Given a constructible D C k, we let G | D be the set of all the conditions
in G whose support is contained in D. We denote by G | D its canonical name.
Note that G | D is an S® | D-generic filter over L.

In order to prove Theorem 5.3.1, we first need some preliminary technical

results. The first one tells us that we can often assume x = w without loss of
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generality. This assumption simplifies the construction of fusion sequences, at

least notationally.

A constructible set is said to be constructibly countable if it is countable in
L.

Lemma 5.3.2. In L[G], for every E € [k]=¥ there exists a constructible,
constructibly countable D C k such that E C D and E € L|G | D].

Proof. We work in L. Fix some p € S*, some S*-name E for E and a S"-name
f such that
plF f:w— k with ran(f) = E.

Via a simple bookkeeping argument, we can inductively define a sequence

(Pns Fr)new and a family of ordinals («, | o € ("2) for some n € w) such that

i. (pn)new is a fusion sequence witnessed by (F},)new,
ii. po = p,
iii. for all n € w and for all o € ©("2), ppi1 *x o IF f(n) = oy,

iv. for all n € w and for all o € ("2), a, € F, ;.

Let ¢ be the fusion of the p,s and let D be its support. Then it follows
from our construction that ¢ forces E C D and E € L[G | D]. By density, we

are done. O

Note that for every infinite countable D C k, S® | D = §“. In particular,
Lemma 5.3.2 implies that every real added by S* belongs to some S“-generic

extension.

The next proposition tells us that any countable subset of S can construct

its own enumeration induced by the generic filter G.

Proposition 5.3.3. In L[G], for every A € [S]=%, if we let ea : A — kK be
defined by e(s,) = « for every s, € A, then:

1) €A Sc A.

2) L(A) E “A is countable”
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Proof. By Lemma 5.3.2, there exists a constructible, constructibly countable
D C k such that ran(eq) C D and ran(es) € L|G | D]. Since D is constructibly
countable, 2) directly follows once we prove 1). Moreover, as both A and e4
belong to L|G | D], we can suppose without loss of generality x = w (see the

remark after Lemma 5.3.2).

We now show that there must exist a ¢ € G such that [¢(n)] N [g(m)] =0
for every distinct n,m € w. We work in L. Fix any p € S¥. It is routine to
inductively define a fusion sequence (py,)ne, below p such that for every n € w,
for every distinct k,m < n, [pni1(k)] N [pasi(m)] = 0. Let ¢ be its fusion so
that ¢ extends p and satisfies the wanted property. By density, we can find
such a ¢ in G.

By the properties of the condition ¢ and the fact that ¢ € G, we have
that, in L[G], ea(s) is the unique n € w such that s € [g(n)], for every
s € A. Since this definition is absolute modulo the parameters A and ¢, and
since ¢ is constructible, we conclude that e, is constructible relative to A, i.e.
eq <, A. O

Corollary 5.3.4. In L[G], for every A € [S|=%, there is a real v such that
r=.A.

Proof. If A is finite, then the claim is trivial. So we can assume that A is
infinite. By Proposition 5.3.3, the set A is countable in L(A). Thus, we can
fix a surjection ¢ : w — A in L(A). Let r := @, (k). Clearly, A <. r.
Furthermore, since ¢ belongs to L(A), we also have r <. A. O

Given a S"-name 7 for a real, and some condition p € S*, we let 7, be the
longest initial segment of 7 decided by p. Note that if p does not force 7 to
belong to the ground model, then 7, is a finite sequence. For each o € &, 5, is

the canonical S*-name for the a-th generic Sacks real.

Proposition 5.3.5. Let o € k and p € S* and let 7 be a S*-name for a real.

The following are equivalent:
1) plk s, <.7.

2) plFi ¢ L[G | (5\ {a})].
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3) For every q < p there exist qo,q1 < q with qo [ (k\ {a}) =a | (k\ {a})
such that 74, and 14, are incomparable.

Proof. 1) = 2): By contraposition, suppose that p does not force 7 ¢ L[G i

(k \ {a})]. Then there exists ¢ < p such that ¢ forces € L|G | (k\ {a})].

Then, since $, is always forced not to belong to L[G | (x \ {a})] by mutual

genericity, q forces s, £. 7. Therefore p I 5, <. 7.

2) = 3): Again by contraposition, suppose that there exists ¢ < p such that

for every qo, 1 < q,if g | (k\ {a}) =q¢ | (k\ {a}), then 7y, and 7., are
comparable. Equivalently, for any z < ¢, any initial segment of 7 decided by z

is already decided by z [ (k \ {a}). Thus, ¢ IF7 € LG | (k\ {a})].

3) = 1): Suppose that p and 7 satisfy the hypotheses of 3). By Lemma 5.3.2
and the remark afterward, we can suppose without loss of generality that k = w.
Hence, we will denote o by n so to highlight that we are talking about a natural

number.
By density, it suffices to show that there exists a ¢ < p such that ¢ I s, <. 7.

Claim 5.3.5.1. For every m > n, for every q < p, for every oy,01 € ™("2),
if oo(n) # o1(n), then there exists a z <,, q such that 7,.,, and 7., are

incomparable.

Proof. Fix an m > n, a ¢ < p and 0y, 01 € ™(™2) such that oy(n) # o1(n). By
hypothesis, there are qo,¢1 < g * 09 such that ¢o [ (w\ {n}) =q¢ [ (w\ {n}),
and such that r,, and r, are incomparable.

Let
E = {k cwl|k>mor (k<mand oy(k) = al(k))}.

Now let p' < g0y be defined as follows: for each k, if k € E, then p/(k) := qo(k);
it k € E, then p'(k) := (¢ x 01)(k) = q(k) * o1 (k).

Fix a w < p’ such that 7, is incomparable with either 7, or ;. Suppose
without loss of generality that 7, is incomparable with 7, (otherwise substitute

go with ¢; in what follows). Then let z < ¢ be defined as follows: for every
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k> m, z(k) = w(k); for every k < m, let z(k)™ = q(k)™ and, for every 7 € ™2,

q(k)x7 if 7 & {oo(k),o1(k)}
(5.1) z(k) * T = { qo(k) if k¢ E and 7 = oo(k)

w(k) otherwise

Let us check that z is well-defined. More precisely, by fixing some k£ < m
and some 7 € ™2, we need to verify that ¢(k)(7) is an initial segment of the
stem of z(k) % 7 as prescribed by (5.1): if 7 is different from both o¢(k) and
o1(k) there is nothing to show, as by (5.1) z(k) x7 = q(k) * 7; if k ¢ E and
T = 0o(k), then q(k)(oo(k)) is an initial segment of the stem of go(k) because,
by definition of qo, qo(k) < q(k) *x 0o(k); if k € E and 7 = 0¢(k) = 01(k), then
q(k)(oo(k)) is an initial segment of the stem of w because, by definition of w, p/
and qo, w(k) < p'(k) = qo(k) < q(k) x 00(k); finally, if k£ ¢ E and 7 = o,(k),
then ¢(k)(7) is an initial segment of the stem of w(k) because, by definition of
w and p', w(k) < p'(k) = q(k) * o1 (k).

Clearly, by definition of z, z <,, ¢. Moreover, it directly follows from (5.1)
that z x 01 = w. Once we show z % g9 < gy we are done, as it would imply
that 7y, is an initial segment of 7.,,,, and this, together with the fact that
Tsroy = Tw, Tesults in 7,,,, and 7,.,, being incomparable, by our choice of w.
To see this, pick any k € w: if K > m, then (2 *0¢)(k) = z(k), and z(k) = w(k)
by definition of z, and w(k) < p'(k) = qo(k) by the definition of w and p'; if
k<mand k &€ E, then (z % 0¢)(k) = z(k) * 0o(k) = qo(k), by (5.1); finally, if
k< m and k € E, then (2 x0¢)(k) = z(k) * 09(k) = w(k) by definition of z,
but, since k € E, w(k) < qo(k).

Hence, 2z x 0y < qg, and we are done. O

Claim 5.3.5.2. There exists a q < p such that for every m > n, for every

00,01 € "(™2), if 0o(n) # 01(n), then T4, and 7g., are incomparable.

Proof. We define by induction a fusion sequence (py,)mes such that: p,, = p for
every m < n + 1; for every m > n , for every oo, 01 € ™("2), if 0¢(n) # o1(n),
then 7, . .o, and 7, . .o are incomparable.

Suppose we have defined p,, with m > n+1, towards building p,,,1. Fix an

enumeration { (a3, 01),...,(cb, o)} of the couples (c¢, o1) of elements of ™(™2)
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such that og(n) # o1(n). By Claim 5.3.5.1, we can define a <,,-descending

sequence (gx)r<n such that gy = p,, and, for every 0 < k < h, r: »and 7

Qi *0 qk*olf
are incomparable. Set p,,+1 = q». Then p,, 11 <, P and satisfies the desired
property.

Now let ¢ be the fusion of the p,,s. For every m > n, for every og, o,
in ™(™2) with oo(n) # o1(n), we have that 7.y, and 7., are incompatible.
Indeed, q¢ <,,11 Pmt1, and since 7, w0, and 7, 4, are incomparable by

construction, we are done. ]

Now that we have proven Claim 5.3.5.2, fix some ¢ < p that satisfies its
statement.

Claim 5.3.5.3. ¢ IF 5, <. 7.
Proof. Let us show that
(5.2) qI-Ym >n Vo € ™("2) (Fgo C i =>4, € (g 0)(n)]).

Once (5.2) is proven, it follows that ¢ IF $, <. 7. Indeed, it directly follows
from (5.2) that

qlF s, = {q(n)(a(n)) | 3m >n (o € ™("2) and 7y C 7'“}.

Suppose towards a contradiction that (5.2) does not hold. Then, there

exists some z < ¢, some m > n and o € "(™2) such that
2k 4o C 7 and s, € [(¢* 0)(n)].

By extending z if necessary, we can assume that there exists a 7 € ™("™2) such
that z < ¢ * 7. In particular, 7, C 7,. The statement z I “rg,, C 7”7 is
equivalent to 7¢., C 7,. Thus, 7, and 74, are comparable. On the other
hand, it follows from z forcing $,, & [(¢*o)(n)] that 7(n) # o(n), and therefore,

by the way we picked ¢, 74+, and 7., are incomparable. Contradiction. O

]

Corollary 5.3.6. Let a € k and p € S* and let 7 be a S*-name for a real. The

following are equivalent:
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1) plk s, L7

2) plFr e LG | (k\{a})].

3) For any q < p there exists z < q such that for every zy,z1 < z, if
20 T (K’ \ {Oé}) =z r (’% \ {Of}), then 7.nz0 = fr“z1'

Proof. Directions 3) = 2) = 1) have already been shown in the proof for
1) = 2) = 3) of Proposition 5.3.5.

1) = 3): Fix some ¢ < p. By hypothesis, ¢ < p I s, £. 7. Hence, by
Proposition 5.3.5, ¢ does not force 7 ¢ L[G' | (k\ {a})]. In particular, there
exists a z < g and a S" | (k \ {a})-name 7' such that z forces 7 = 7', It quickly
follows that 7, = 7, for every 2o, 21 < z with 29 | (k\{a}) =21 [ (k\{a}). O

The following result is key. It implies that any real in L[G] is equicon-

structible with the set of Sacks reals constructible relative to it.

Proposition 5.3.7. In L|G], for every real r, the following hold:

1) For every A€ [S]=*, if {s€ S|s<.r} CA, thenr <. A.
2) {seS|s<.r}<.r.
In particular, r =. {s € S | s <.r}.
Proof. By Lemma 5.3.2 and the remark afterward, we can suppose without

loss of generality that kK = w.

Given a ¢ € "("2) and some m < n, we denote by o [ m the map whose
domain is m and such that (o [ m)(k) = o(k) | m for every k < m. Note that
o [ m is the natural projection of o onto ™(™2).

Fix an S¥-name 7 for a real r and fix a condition p € S¥. Before proving
1) and 2), we first need to define in L, by induction on n, a fusion sequence
(Pn)new along with an auxiliary map 0 : U,e,, "("2) — 2 that satisfy the following
properties:

i) po=p,

ii) For every n € w for every o € "("2), pn41 * 0 decides 7 [ n,
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iii) For every n € w, for every o € "("2), either:
iiia) ppy1 xolk s, <.7, or

iiib) for every qo, ¢1 < pny1 %0, if qo [ (W\{n}) =a¢ | (w\{n}), then

Tgo = Tar-
In the first case we set §(o) = 1; otherwise we set d(c) = 0,

iv) For every m,n € w with m < n, for every og, 01 € "("2), if og(m) # o1(m)
and og [ m =0y [ mand §(oy | m) =1, then 7, ., and 7p ., ., are

incomparable.

Note that iiia) and iiib) are mutually exclusive, as, by Corollary 5.3.6, iiib)

implies p,.1 * o IF $, L. 7. In particular, the map ¢ is well-defined.

Now let us proceed with the inductive construction. Suppose we have defined
Pn, towards defining p, 1. We do it in two steps: we first define a condition
q <, pn that satisfies ii) and iii). Then we define a condition p,1 <, ¢ to take

care of iv).

Fix an enumeration {oy,...,o,} of o € "("2). It is straightforward, using
Corollary 5.3.6, to define a <,-decreasing sequence (qx)r<p such that gy <,, pn,
and, for every k < h, qx * o) decides 7 | n and satisfies either iiia) or iiib).

Given such a sequence, we let ¢ = gp.

We now define the condition p,11 <,, ¢ that takes care of iv). Fix an enumer-
ation {(09, 09, my), ..., (03, 0], m;)} of the triples (oo, o1, m) with o, 71 € ™("2)

and m < n such that
oo [ m =0y | m and o¢g(m) # o1(m) and §(oq || m) = 1.

As before, we define a <,,-descending sequence (zj)r<jt1. Let zp = ¢. Fix
some k < j and suppose we have constructed z;, towards defining z;, 1. Since
§(ok I my) = 1, we know, by §’s definition, that p,,, 11 * (08 [ myg) IF $m, <c 7
Now, since 2 <p, Pn <mpt1 Pmyr1, We have zg x (oF I mi) < ppyi1 * (08 T ma).

Therefore z;, * (05 I my) I 8, <. 7. Finally, we let z;41 <, 2z be such that

7 (;;and7L

150 r are incomparable—such a condition exists by Claim 5.3.5.1
+1 1

Z41*0

of Proposition 5.3.5.
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Let pn41 be zj41. By construction, p,i; satisfies conditions ii)-iv). This
ends the inductive definition of the fusion sequence (p,,)new. Let w be its fusion.
Going back to L[G], we can suppose that w € G, by a density argument. Then,

we claim the following (recall that we are assuming k = w):

Claim 5.3.7.1. For every AC S with{s€ S|s<.r} CA, r<.A.

Proof. Let e4 : A — w be as in the statement of Proposition 5.3.3. For each
m € w, let g, be the unique element of ™(™2) such that w * 7, € G, or,
equivalently, such that s;, € [(w * 7,,,) (k)] for every k € w. We want to prove

the following statement:

(5.3) ¥m €w Vo € ™("2) (Vk <m (k € ran(es) =

(k) = G (k)) = Fug C 7).

Once we show (5.3) we are done, as we would have (in L[G])

r= U {fw*g

dm ew (U € ™(™2) and

Vk <m (k €ran(ey) = ey (k) € [(w * J)(k‘)]))}

Indeed, note that, by condition ii) of our fusion sequence, length(7,.,) > m
for every o € ™(™2). Since, by Proposition 5.3.3, e4 € L(A), we conclude that,
by absoluteness, r € L(A).

Towards showing that (5.3) holds, fix an m € w and a 0 € ™("™2) such that
for all & < m with k € ran(en), o(k) = 6,,(k). From the definition of &, it
directly follows that 7.5, C r. We now build a sequence (7);<., of elements of
™(™2) such that 7o = 0, Ty, = O aNd Fypr,, | = Fuer, for all 4 < m. This proves

that rfﬂw*a’ = f’w*ﬁm cr.

For each i < m, let 7,41 be defined as the element of ™(™2) such that
Tiv1(k) = op(k) for all k < i, and 7,41 (k) = o(k) for all k > 1.

Fix an ¢ < m, and suppose that 7,41 # 7;,. By 7;’s definition, the only
coordinate on which 7;,; and 7; can differ is the i-th. In particular, 7,,(i) =
Tiv1(1) # 1:(i) = 0(i), and 741 [ (m\ {i}) = 7 [ (m\ {¢}). By the way we
picked o, it must be the case that i & ran(e4), or, equivalently, that s; ¢ A. In
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particular, by our hypothesis on A, s; £.r. Thus, 6(7;) = 0, as otherwise, by
0’s definition, p;,1 * o; would force $; <. 7, but this is impossible, as p; 1 * 7,

which is extended by w * 7;, belongs to the the generic filter G.

Note that both w % 7; and w * 7,41 extend p;41 * 7;, and that (w x 7;) |
(w\{i}) = (w*Tiy1) | (w\ {i}). By the fact that §(c;) = 0, we conclude that

Twer; = Twsr,,, and we are done. L
Claim 5.3.7.2. {se€ S|s<.r} <.r.

Proof. Let the ,,s be defined as the beginning of proof of Claim 5.3.7.1. We

want to show the following:

For every m € w, for every o € ™(™2) such that 7., C

r, the following holds:
(1) (1)1 For all k <m, if sp <. r, then o(k) = 7,,(k).

()2 sm <. rif and only if 6(c) = 1.

Once we show () we are done. Indeed, it directly follows from (i) that, in

Lla],

{seS|s<.r}= {U{w(kz)(T(k)) | m >k and 7 € ™(™2) and 7y, C 1}

‘ k€ wand 3o € *(*2) (6(0) =1 and 7y C 7’)}

As w, 7 and § are all constructible, then, by absoluteness, we conclude that
{seS|s<.r}elr.

Towards proving (1), fix an m € w and o € ™(™2) such that 7., C r. We
first want to prove (f);. Suppose towards a contradiction that there exists
a k < m such that sy <.r and o(k) # ,,(k). Let k be the least such. Let
7 € ™(™2) be defined as follows: for every k < m, if k < k, then 7(k) = o(k);
otherwise, 7(k) = 7,,(k).

We want to show that r,,, C r and, moreover, that r,,, and 7., are

incomparable, which would lead to a contradiction, as we are assuming 7., C 7.
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By the minimality of k, we have that 7(k) = 7,,(k) for every k < m such
that sx <. r. Thus, by (5.3) with A ={s € S| s <. r}, we conclude 7., C .
So we are left to show that r,., and r,., are incomparable in order to reach
the desired contradiction. Note that, by the definition of 7, 7 [ k =0 || k.

Subclaim 5.3.7.2.1. §(c || k) = 1.

Proof. We prove the subclaim using an argument analogous to the one used to
prove (5.3) and show that 0(o [ k) = §(0%). Then, as s, <. r, it must be that
d(ox) = 1, and we conclude (o [ k) = d(ay) = 1 as desired.

We build a sequence (p;)i<x of elements of ¥(¥2) such that py = o || k,
pr = 0y and 0(p;) = §(pi11) for all i < k. This proves that §(o || k) = d(ay).

For each i < k, let p;y1 be defined as the element of ¥(¥2) such that
pir1(k) = og(k) for all k < i, and p;11(k) = o(k) [ k for all k& > 1.

Fix an ¢ < k, and suppose that p;11 # p;. By p;’s definition, the only
coordinate on which p;; and p; can differ is the i-th. In particular, o, (i) =
pi+1(i) # pi(i) = o(i) | k, and pigy [ (E\{i}) = pi | (E\{i}). By the minimality
of k, it must be the case that s; €. r. Thus, §(5;) = 0, as otherwise, by 4’s
definition, p;11 * 0; would force $; <. 7, but this is impossible, as p; ;1 * oy,

which is extended by w * 7;, belongs to the the generic filter G.

By the fact that §(c;) = 0, and by ¢’s definition, we conclude that there
exists a §¥ | (w\ {i})-name 7/ such that p; 11 x 7; |- 7 = /. In particular,
for every condition q < p;y1 * 05, the following holds by absoluteness of the
constructibility preorder,

qlFsp <o = q ] (w\ {i}) IF s <7

Thus, since both pyy1 * p; and pgi1 * pi1 extend p;.q1 % 0; and since (pgr1* p;) |
W\ A{z}) = (Prs1 * piv1) T (w\ {2}), we conclude 6(p;) = 0(pi+1). [

By Subclaim 5.3.7.2.1 and by condition iv) of the fusion sequence, we know
that 7, . . and 7, . ., are incomparable. But since w <,,11 pm41, We have
Ppmgrir © Twer a0d 7 wo © Fyue. Therefore, 7y, and 7., are incomparable.

We have reached the desired contradiction, and we conclude that (1), holds.
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Now we want to show (1),. Using (I),, and an argument analogous to the
one used in the proof of Subclaim 5.3.7.2.1, we can show that d(¢) = §(a,,).
Indeed, note that by (I),, (k) # ,,(k) implies s, £, r for every k < m. But
then, since s, <. r holds if and only if §(7,,) = 1, we conclude that s,, <.r
holds if and only if 6(c) = 1. O

]

Proof of Theorem 5.3.1. Consider the following map:

Q: (D, <) — (R, Q)

r— {a€r|s, <.r}

We claim that (2 is an isomorphism. But first, we need to show that it is well-
defined, i.e. that the range of €2 is a subset of R. Fix an r € D.. It immediately
follows from Lemma 5.3.2 that Q(r) € [k]5*. Now fix an o €  such that
So <. Q(r) towards showing that o € Q(r). Let S, :={s € 5 |s <.r}. Note
that Q(r) = ran(eg, ), where the map e is the one defined in Proposition 5.3.3.
By 2) of Proposition 5.3.7, S, <. r. We already noted that S, must be countable.
Finally, from 1) of Proposition 5.3.3 it follows that Q(r) = ran(es,) <. S.
Thus, Q(r) <. S, <. r. Since, by assumption, s, <. Q(r), we conclude that
So <. r and hence a € Q(r) by Q’s definition. Hence, 2 is well-defined.

Claim 5.3.7.3. () is injective.

Proof. Fix two reals a, b and suppose that (a) = Q(b). In particular, S, = Sp,
(see the definition of S, in the previous paragraph) and, by Proposition 5.3.7,
a=. S, =Sp =.b. Thus, a=Db. O

Claim 5.3.7.4. () is surjective.

Proof. Fix an x € R. Let A = {s, | @ € x} and fix a real r such that r =, A—
note that such a real exists by Corollary 5.3.4. We now prove that Q(r) = x.
Clearly,  C Q(r). Now, fix an o ¢ x towards showing that a ¢ Q(r), or,
equivalently, that s, €. A. Since a € x, we have s, £. x, by R’s definition.
It follows from Corollary 5.3.6 that = € L|G | (k \ {a})]. Therefore, also A
belongs to L[G | (x \ {a})], and we conclude that s, €. A. O
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With the following claim, we are done. Indeed, it implies that € is a
join-semilattice homomorphism. Moreover, as a by-product, we get that (R, U)

is a join-semilattice.

Claim 5.3.7.5. For alla,b € D., Q(a® b) = Q(a) UQ(b).

Proof. Clearly, Q(a) U(b) C Q(a @ b). Now fix an o ¢ Q(a) U Q(b) towards
showing that o € Q(a @ b). By Q’s definition, s, £. a,b. By Corollary 5.3.6,
both a and b belong to L[G | (k \ {a})]. Therefore, a @ b also belong to
LIG | (k \ {a})], and we conclude that s, £, a@® b. Thus, a € Qa®b). O

]

5.4 Proofs of Theorems 5.1.1, 5.1.2 and 5.1.3

In this section, we prove our main results, starting with Theorem 5.1.1. As

before, we fix a generic filter G for S* over L.

Recall that a poset (P, <) is said to be complemented if it is bounded and,
for every x € P, there is some (not necessarily unique) y such that x Ay = Op

and xVy = 1p.

Proof of Theorem 5.1.1. By Theorem 5.3.1, we can substitute (D., <.) with
(R, <)

Let s§ := so U {0} and sy := so \ {0}. We first claim that s§ € R and
sg € R. Clearly, s§ =. s5 =. so. Therefore, by mutual genericity of the s,’s,
we have that s is the only element of S which is constructible from s§ and s; .
Since, by definition, 0 € s and 0 € sy, we conclude that s§ € R and s, € R.

Now we proceed with the proof of the theorem.

We claim that in (R, C) the set {s{,w\ {0}} does not have a greatest lower
bound. Suppose towards a contradiction that such a greatest lower bound

exists, and let us name it K. We want to show that the following holds:

(5.4) s5= U} SK Csinw\ {0}) =sp.

nGSO
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The first C follows from having assumed K to be the greatest lower bound of
{sg,w\ {0}}, together with the fact that {n} € R and {n} C sg,w \ {0} for
every n € s;; the second C follows from K being a lower bound of {sg,w\ {0}}.
It directly follows from (5.4) that K = s,. However, s, does not belong to R,

hence the contradiction.

We claim that in (R, C) the set {{n} | n € s;} C R does not have a
least upper bound. If we suppose towards a contradiction that such a least
upper bound exists, and we name it K, then (5.4) would still hold for reasons
analogous to the ones employed in the previous paragraph. Therefore, we would
reach the same contradiction, as K would coincide with sy, which does not
belong to R.

We now prove that (R, C) is not complemented. If £ is uncountable, then
the claim trivially follows since (R, C) is not bounded above. Hence suppose
Kk = w. Since every singleton {n}, with n € w, belongs to R, we must prove
that there exists some x € R such that w\z ¢ R. We have already proven that

s¢ € R. Moreover, w\ s§ € R, as so =. s =.w \sg, while 0 € w\ sf. O

We need the following couple of lemmas before proving Theorem 5.1.2.

Lemma 5.4.1. In L[G], for every map f : kK — K there ezists a constructible,
constructibly countable D C k closed under f such that f | D € L|G | D].

Proof. The proof is very similar to the one of Lemma 5.3.2. We work in L. Fix

some p € S* and some S"-name f such that

pll—f:/ﬁ—wfisamap.

Via a simple bookkeeping argument, define a sequence (p,,, Fy,)new such that
(Pn)new is a fusion sequence witnessed by (F},)ne., With pg = p and such that for
every n € w, for every o € I ("2), for every a € F,, there exists some 3 € F,;;
such that p,.1 %o IF f(a) = 6.

Let g be the fusion of the p,s and let D be its support. Then, by construction,
q forces D to be closed under f and f [ D € L[G I D]. By density, we are
done. O]
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Lemma 5.4.2. In L[G], for every bijection ¢ : k — Kk there exists a con-
structible sequence (Ap)new of pairwise disjoint, finite subsets of K, and a
constructible sequence (o, )new of ordinals in K such that () € A, for every

n.

Proof. By Lemma 5.4.1, we can assume without loss of generality that x = w.
Fix some p € G and a S¥-name ¢ for ¢ such that

plF v w— w is a bijection.

Working in L, we inductively define a fusion sequence (p,,)ne., and a sequence
(Ap)new of finite subsets of w and a sequence (a,)ne, of positive integers such
that:

i) po=p.

ii) For every n € w, for every o € *("2), pns1 * 0 I () € A,.

iii) For every n € w, for every o € "("2), for every k € A,, p,11 * o decides

the value of 1)~ (k).

iv) For all distinct n,m € w, A, N A,, = 0.

Now, we describe the inductive construction. Fix an n € w and suppose we
defined p,, for all m < n and A,,, a,, for all m < n towards defining p,, 1, A,

and «,,. Let
E, = {a €w|Im<nIre™(™2) ke A, (pmﬂ w7 IF h(a) = k)}

Let «,, be any positive integer not in E,—note that this is possible as F,, is
finite. Now, fix an enumeration {oy,...,0,} of "("2). It is routine to define a
<,-decreasing sequence (¢;);<p such that gy <,, p,, and ¢; * o; decides ¢(an)

for every ¢ < h. Given such a sequence, we let
A, = {k ew|3i<h (g xolkan) = k)}

We claim that A, N A,, = 0 for every m < n. Indeed, suppose towards a
contradiction that there exists some m < n with A, N A,, # 0, and fix a k €
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A,NA,,. By definition of A,,, there exists an ¢ < h such that ¢;*o; |- 1&(04”) = k.
By construction, ¢; <41 Pmi1, and therefore ¢; * 0; < ppi1 % (0; | m). By
condition iii), pms1 * (07 || m) already decides ¢~ (k). Thus, it follows that
Pma1 * (o; T m) IF ¢(an) = k. By definition of E,, a, € FE,, which is a

contradiction, as we picked «,, outside of E,,.
Finally, defining a p, 11 <, ¢, that satisfies condition iii) is routine.

The sequences defined in this way satisfy i)-iv). Let z be the fusion of the
pnS. Then z extends p and forces our sequences (A, )ne., and (o, )new to have

the desired properties. By density, we are done. O

Proof of Theorem 5.1.2. By Theorem 5.3.1, we can equivalently prove that
(R, C) is rigid in L[G].

Every automorphism f : /R — R is canonically induced by a bijection
Y : k — Kk such that, for every x € [k]=%, x € R if and only if [z] € R. So let
us assume towards a contradiction that there exists a bijection ¥ : kK — k such
that ¢ # id and, for every x € [k]=*, z € R if and only if ¢[z] € R.

Fix one such 1, and assume 1(0) = 1 just for the sake of simplicity. Fix the
constructible sequences (A, )ne, and (v, )new given by Lemma 5.4.2 for our .
Since the A,s are mutually disjoint, we can assume without loss of generality
that 0,1 ¢ A, for any n € w.

We now define (in L[G]) an r € R such that 1 ¢ r and sy <. ¥~ *(r). To see
why this leads to a contradiction, note the following: ¢ (0) = 1 by assumption;
therefore, as 1 € r, we have 0 & ¢ ~!(r); moreover, since ¢"(r) € R and
so <. ¥71(r), it follows that 0 € ¢~ !(r), and hence the contradiction.

We are now ready to define r. Let

r:={0}U |J A,.
neso
Note that 1 & r. As the A,’s are finite, r € [k]=*. Moreover, since the sequence
(Apn)new is constructible and the A,s are mutually disjoint, we have r =, s.

This implies that r € R, as 0 € r by definition of r. Finally, note that sq is
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constructible relative to ¢~1(r), as the following holds for every n € w:

nesy < A,Cr
— (A CYTH(r)
= a, €y !(r),

where the first equivalence comes directly from the definition of r and the almost-
disjointness of the A,’s, and the last equivalence follows from the properties of
the constructible sequence (o, )new. Hence, we reach the contradiction described

in the previous paragraph. O

A priori, it could be the case that the rigidity of (D, <.) follows from the
definability of many degrees in (D, <.). However, Theorem 5.1.3 tells us that

this is not the case.

Proof of Theorem 5.1.3. First note that (D, <.) has a greatest element only
when x = w. This fact, although being an easy consequence of Lemma 5.3.2,

follows directly from Theorem 5.3.1.

In order to prove Theorem 5.1.3, we can use Theorem 5.3.1, and equivalently
prove that no element of R other than () (and w, in case kK = w) is definable in
the structure (R, C).

In L[G], fix some nonempty a € R with a # k and a formula ¢(z) without
parameters such that (R, C) F ¢(a). We want to find a b € R with a # b such
that (R, C) E ¢(b), thus showing that no parameter-free formula can pick out

a unique element of R other than @ (and w, in case k = w) in (R, C).

Fix some p € G and a S*-name a for a such that
(5.5) plF(R,C)F ¢(a),

where R is the S"-name for R. Moreover, since a is nonempty and different

from k, we may assume that
plF0€aand1¢a,

just for the sake of simplicity.
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From now on we work in L. We want to define an automorphism o €
Aut(S" | p)—i.e. an automorphism on the principal ideal of p in S*—such
that p IF “$g =, 0($1)” and p Ik “$; =, 0($09)”. We define it as follows: let
h: [p(0)] — [p(1)] be the canonical homeomorphism between [p(0)] and [p(1)];
given some ¢ € S* with ¢ < p, we let o(q) be the condition defined by:

q(@) if « #£0,1
Va €k, o(q)(a) = {t € <2 | h[N]n[q(1)] # 0} if @ =0
{te<2[ A Y (N)N[g0)] #0} ifa=1
By construction, o(p) = p. Moreover, it follows from the definition of o that

p forces o($9) = h™'(31) and o($;) = h($o). Since the homeomorphism 7 is

7

constructibly coded, we have p IF “$g =, 0($1)” and p I+ “$1 =, 0(89)” as

desired. Moreover, o($,) = $, for every a > 1.

Let 6 : kK — K be the bijection that simply swaps 0 and 1, leaving every
other ordinal in « fixed. Clearly, # o # = id. Let f be the S*-name for the
function that maps every z € [£]= to f[z]. Clearly, I f = f~!. We claim that

(5.6) plF f | R is an isomorphism from (R, C) to ((R), C).

In order to show that (5.6) holds, let us analyze how o acts on the name R.

By definition of R, we have
pll—Vx(:vET%iffxE [K]=* and Va € K (34 Scx:>a€x)>.
By the Symmetry Lemma (see Chapter 0),
o(p) =plF Vx(x c o(R) iff v € [k and Vo € k (0(84) <cx = a € x)),
But since p forces o($,) =. 56(a), We get
p - Va:(x € o(R) iff x € [K]= and Yo € k (3p(a) <c 7 = 0(a) € f(:r;)))
Finally, as I Vz € [k]= (f(z) =, z), we conclude

p - Va(z € o(R) iff f(z) € R),
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which suffices to prove that (5.6) holds. By the Symmetry Lemma and (5.5), it
follows that

plF (0(R), Q) E ¢(o(a)).

By (5.6),
plk (R, C) F ¢(f(o(a)).

By assumption p I 0 € @ and 1 € a. Therefore, by the Symmetry Lemma,
p forces 0 € o(a) and 1 & o(a). Thus, p forces 1 = 6(0) € f(o(a)), and, in
particular, it forces a # f(o(a)).

Coing back to L[G], if we let b be the evaluation f(o(a)) according to the
generic filter G, then b # a and (R, C) F ¢(b), as we wanted to show. O

Non-real degrees. The situation becomes more complicated if we are in-
terested in the constructibility degrees of L[G], without focusing solely on the
real ones. For instance, consider the set S := {s, | n € w}, i.e. the set of all
the constructibility degrees of the generic Sacks reals. It can be shown, via an
argument very similar to the one employed in Theorem 5.1.3, that the set S is
amorphous in L(S). Recall that a set is said to be amorphous if it is infinite and
it is not the disjoint union of two infinite subsets. This implies, in particular,
that in L[G], the set S is not equiconstructible with any real. If it were, then
L(S) would satisfy the axiom of choice, and thus there would be no amorphous

sets in it.

5.5 Proof of Theorem 5.1.4

By Theorems 5.1.1-5.1.3, we cannot hope to improve Theorem 5.3.1 by devising,
in L[G], an isomorphism between (D.,<.) and ([x]>%,C). This is because
([k]=%, C) is a o-complete lattice and it is far from being rigid, having 2*-many
automorphisms. In this section, we show that this fact is not accidental, as we

prove in ZF that (P(w), C) cannot be isomorphic to any ideal of (D, <.).

Lemma 5.5.1. Suppose that f : (P(w),C) — (D¢, <.) is an order-embedding,
then

{f{n}) | new} < fw) = RCL[f(w)].
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Proof. Fix an order-embedding f : (P(w), <) — (D., <.) such that

A={f({n}) Inew} < flw)

Note that A is the image via f of the set of atoms of P(w). Fix a real x. Since
in L[ f(w)] the axiom of choice holds, we can fix an injection g : w — A such
that g <. f(w). Let

Y= {n EwlImex (f({n}) :g(m))}

Since f is an order-embedding, we must have f(y) <. f(w). But then

r=g'{deAld<, fy)}) <. flw),

where the equality follows from the fact that for any n € w, f({n}) <. f(y)
if and only if n € y, since f is an order-embedding; thus, = is constructible
relative to f(w) because A, g and f(y) are constructible relative to f(w), and
because of the absoluteness of the constructibility preorder. Thus, every real is
constructible relative to f(w). O

Proof of Theorem 5.1.4. Suppose that g : (P(w),C) — (D, <.) is an order-
embedding with ran(g) being an ideal of (D., <.), towards a contradiction.
Consider the map f : (P(w),C) — (D., <.) defined as follows: for every
r € P(w), let f(z) =g({n+1|n € x}). Clearly, f is still an order-embedding,
and its range is still an ideal of D.. Moreover, g({0}) €. g(w \ {0}) = f(w),
since ¢ is assumed to be an embedding. Therefore, the real degree g({0})

witnesses that not every real is constructible relative to f(w). Furthermore,
(5.7) {f({n}) |n e w} ={d <. f(w) | d is an atom of D.} <. f(w),

where the equality follows from ran(f) being an ideal of D, and the second <.
follows from the absoluteness of the constructibility preorder. However, (5.7)
contradicts Lemma 5.5.1. ]

We conclude with the following question, which asks to what extent Theo-
rem 5.1.4 still holds if we weaken the assumption on the range of the isomor-
phism.
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Question 5.5.2. Is it consistent with ZFC that (P(w), C) embeds into (D, <)

as a lattice? As a join-semilattice? As partial order?
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