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 A B S T R A C T

The reconstruction of the displacement field from discrete strain sensors, known as shape-
sensing, is becoming an essential tool for realizing an efficient Structural Health Monitoring 
framework. In fact, monitoring displacements during service life can provide crucial information 
to guide preventive maintenance operations and can lead to the realization of the digital twin 
paradigm for the monitored structure. The shape-sensing method that has seen more success in 
the open literature is the inverse Finite Element Method. Although it has numerous successful 
applications, an obstacle to the definitive affirmation of its role as an applicable monitoring 
system for operating structures is the demanding requirements for numerous installed sensors. In 
particular, for thin-walled structures, the standard formulation of the method requires installing 
sensors on both faces of the structure. This configuration increases the number of sensors and 
is often impractical. In this work, a new Single Sensor Based inverse Finite Element (SSB-
iFEM) formulation is proposed to allow the reconstruction of the deformed shape of thin-walled 
structures instrumented with strain sensors only on one face. The SSB-iFEM is tested numerically 
on a plate and on a rectangular-section box, and both numerically and experimentally on a C-
section beam. The results show that extreme accuracy in monitoring can be achieved with both 
back-to-back and single-sided sensor configurations, thus expanding the possible applications 
of iFEM and opening new perspectives for its application to real operating structures.

. Introduction

Structural components of aircraft, civil, and marine structures are prone to deterioration and require complex and costly 
aintenance activities. In this context, Structural Health Monitoring (SHM) techniques are rapidly evolving to provide critical 
nformation to increase safety and reduce maintenance costs [1]. Among SHM techniques, the monitoring algorithms based on 
isplacement field reconstruction from discretely measured strains [2] have recently experienced wide success. These approaches, 
ften referred to as shape-sensing methods, can compute in real-time the displacement, strain, and stress fields, which can be used 
or damage diagnosis or prognosis [3,4], fatigue life evaluation, or as a feedback system for the control procedure of morphing 
tructures [5]. Moreover, the real-time capabilities of these methods make them strong candidates for the implementation of the 
tructural digital twin paradigm.
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Several shape-sensing approaches have been developed in the open literature. They use the same inputs, the strains provided by 
sensors in some discrete locations, to give the same output, the displacement field, but they are based on different principles [2]. 
Some approaches are based on assumed spatial functions and unknown coefficients to describe the displacement field of the structure, 
where the coefficients are determined in order to fit the reconstructed strains to the experimental ones. In particular, the Modal 
Method adopts mode shapes as basis functions [6,7] that come either from a numerical model of the structure or from experimental 
tests. The evaluation of mode shapes often results in an onerous process, and an energy-based criterion is, therefore, necessary 
to select those that mainly participate in the reconstruction of the displacement field [8]. The adoption of an optimal sensor 
configuration can lead to accurate results even when few sensors are available [9] and recent developments include the analysis 
of a highly flexible wing undergoing large deformations [10]. Another important class of shape-sensing approaches is based on 
the integration of discretely measured strains, mainly for one-dimensional structures and using classical beam assumptions. The 
approach belonging to this category that has been mainly investigated is Ko’s Displacement Theory. The key idea is presented in [11], 
i.e., the reconstruction of the deflection of a beam-like structure from double integration of axial strains measured by sensors (strain 
gages, optical fibers) aligned on a ‘‘sensing line’’ with a known distance from the neutral axis. Further to simple bending, torsional 
deformation can be reconstructed by either using strain gages oriented along the 45◦-helical (principal) direction or by using a two-
line strain-sensing system. In [12], Ko’s Displacement Theory is applied to the FE model of the doubly-tapered wing of the unmanned 
Ikhana aircraft. In [13], an experimental assessment of Ko’s shape-sensing approach is presented. Ko’s Displacement Theory has also 
been used for the monitoring of the deformed shape of a cantilevered swept-plate wing [14] and of CFRP laminates [15]. One method 
that has gained increasing success in recent years is based on the Finite Element discretization of the structural domain, the inverse 
Finite Element Method (iFEM).

The iFEM has been introduced in [16] where, as the standard FEM, the strain field is approximated using the derivatives 
of known shape functions and unknown nodal degrees of freedom (DOFs). The unknown DOFs are computed by minimizing a 
weighted least-squares functional measuring the error between the strains due to the reconstructed displacements, discretized using 
finite elements, and the experimentally measured ones, in some discrete locations. The formulation is only based on the strain–
displacement relations, thus it requires no information on materials or loading conditions. The iFEM was originally introduced 
for thin-walled structures by using the First-order Shear Deformation Theory, with the development of a three-node, triangular 
inverse element (iMIN3) [16], followed by quadrilateral four-node (iQS4) [17], curved eight-node [18] and iso-geometric inverse 
elements [19,20]. Further two-dimensional iFEM developments have been non-linear formulations for large displacements [21,22] 
and special formulations for multilayered composite and sandwich structures with highly heterogeneous stacking sequences [23–25]. 
A class of one-dimensional inverse elements based on the Timoshenko beam theory was also formulated for truss and beam 
structures [26] and further extended to beams with variable [27] or complex cross-sections [28]. Hybrid iFEM strategies (with 
a combination of one- and two-dimensional inverse finite elements) have been successfully applied to stiffened structures [29]. The 
inverse Finite Element Method has shown its wide applicability by finding several applications for aircraft [30–33], marine [34,35] 
and civil structures [36,37]. Moreover, the iFEM can be directly used to implement SHM strategies, as shown in some recent papers 
where iFEM-based damage-detection techniques are presented [4,38–41]. In [38,41], simple strategies are proposed to provide 
useful information regarding the presence, position, and orientation of damages (cracks, delaminations, debonding) in thin-walled 
structures. In [39], the iFEM and PeriDynamics are coupled for real-time shape-sensing analysis and crack propagation monitoring 
of plate structures. In [40], the focus is on internal/external defects in composites, e.g., delamination and surface debonding. A 
similar approach is adopted in [4], but starting from strain data coming from the harmonic and random vibrations of composite 
shells.

Comparative investigations available in the open literature [2,33,42,43] indicate that the Modal Method and the iFEM are the 
more versatile and effective shape-sensing approaches for general/complex structures. In particular, the iFEM seems to be potentially 
more accurate even in the presence of uncertainties but at the cost of a high number of strain input data (and corresponding strain 
sensors) [42,43]. For this reason, several works have been presented to tackle this limitation. An enhancement of the iFEM was 
presented in [44] in order to allow shape-sensing also when sparse strain data are available, in particular by including inverse shell 
elements without strain data by means of a penalization strategy. Moreover, some papers have investigated the optimization of 
sensor locations [42,45] in order to maximize the accuracy of the displacement field reconstruction for a given number of sensors. 
Another strategy to counterbalance the lack of a sufficient number of strain measurements is to pre-extrapolate the strain field prior 
to providing the input data to the iFEM [46–50]. Nevertheless, in all the formulations and applications for thin-walled structures 
available in the open literature, the iFEM weighted least-squares error functional is computed with respect to the membrane and 
bending strain measures. These quantities need strain measurements coming from sensors installed in a back-to-back configuration to 
be computed, thus they inherently require pairs of sensors and greatly limit the possibility of reducing their number. Moreover, the 
sensorization of both faces of a thin-walled structure is often impractical, if not impossible. Best to the authors’ knowledge, the only 
strategy proposed in the open literature to deal with this issue is present in [42] where a composite wing-box is analyzed, sensors 
are present on the external surface only, and the assumption is made that the strain is through-the-thickness constant. It is clear that 
the ‘‘constant strain’’ assumption may lose its applicability when the plate thickness is not negligible with respect to the overall size 
of the structure, or in such cases (open cross-section and torsional loads) when the strain is far from being through-the-thickness 
constant.

The present work proposes a Single Sensor Based iFEM formulation (SSB-iFEM) to address the long-standing problem related to 
the application of the iFEM to real structures with a limited number of sensors. In fact, it formulates a new weighted-least-squares 
error functional that, instead of the strain measures, directly considers the strain measurements provided by the sensors on the structure 
and compares them with the analytical ones. This solution eliminates the requirement of a back-to-back sensor configuration and 
2 
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Fig. 1. Kinematic variables of FSDT [29].

offers the possibility to employ a single-sided one, reducing the number of sensors needed for the iFEM reconstruction without 
compromising its accuracy. The new SSB-iFEM formulation is presented and tested on three numerical examples: a thin-walled flat 
plate and two built-up, thin-walled structures, a rectangular section box, and a C-section beam. Additionally, to further corroborate 
the numerical results, an experimental campaign is conducted for the C-section beam. In these applications, the SSB-iFEM proves to 
be a more flexible approach than the iFEM for a wide variety of sensor configurations. In fact, it shows the same level of accuracy 
as the standard formulation when employing back-to-back sensor configurations. Furthermore, in the case of the built-up structures, 
the tests reveal that even when the sensors are deployed only on one face of the structures, the SSB-iFEM retains high accuracy, 
especially when compared with the iFEM, which needs back-to-back sensors to perform with comparable accuracy or experiences 
worse results when applied with the ‘‘constant strain’’ assumption.

This paper is structured as follows. In Section 2, the standard iFEM and the new SSB-iFEM formulation are illustrated, and 
the difference between them is highlighted. The proposed numerical and experimental test cases are described in 3 and 4, and 
the resulting improvements introduced by SSB-iFEM for these applications are also reported. Finally, the concluding remarks are 
formulated in 5.

2. Methodology

The novel 2D Single Sensor Based iFEM (SSB-iFEM) formulation introduced in this work is based on the 2D iFEM formulation first 
presented by Tessler et al. [16]. In this section, the original and the novel versions of the iFEM and their mathematical framework is 
discussed. To distinguish between the two formulations, the novel one is referred to as SSB-iFEM, whereas the original formulation 
is simply termed ‘‘iFEM’’.

2.1. iFEM formulation

The iFEM formulation is based on the minimization of a least-squares error functional over a discretized finite element domain. 
In the following subsection, the ingredients used for the iFEM functional are presented: the analytical and the experimental strain 
measures, and the expression of the iFEM functional itself.

2.1.1. Kinematic assumptions and finite element approximation
The iFEM formulation is based on the kinematic relationships of the First-order Shear Deformation Theory (FSDT) for plates 

or shells. According to the FSDT, the Cartesian components 𝑢𝑥, 𝑢𝑦, and 𝑢𝑧 of the displacement vector are related to the kinematic 
variables 𝐮 = {𝑢, 𝑣,𝑤, 𝜃𝑥, 𝜃𝑦}𝑇  via the following relations: 

𝑢𝑥(𝑥, 𝑦, 𝑧) = 𝑢(𝑥, 𝑦) + 𝑧𝜃𝑦(𝑥, 𝑦)
𝑢𝑦(𝑥, 𝑦, 𝑧) = 𝑣(𝑥, 𝑦) − 𝑧𝜃𝑥(𝑥, 𝑦)
𝑢𝑧(𝑥, 𝑦, 𝑧) = 𝑤(𝑥, 𝑦)

(1)

where, as represented in Fig.  1, 𝑢 and 𝑣 are the mid-plane surface displacements, respectively in the 𝑥 and 𝑦 direction, 𝑤 is the 
transverse deflection, and 𝜃𝑥 and 𝜃𝑦 are the rotations about the 𝑥 and 𝑦-axes.

Combining Eq. (1) with the linear strain–displacement relations, the FSDT strain field equations are obtained: 

𝜺𝑝 =
⎧

⎪

⎨

⎪

⎩

𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑥𝑦

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝑢𝑥,𝑥
𝑣𝑦,𝑦

𝑢𝑥,𝑦 + 𝑣𝑦,𝑥

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝑢,𝑥
𝑣,𝑦

𝑢,𝑦 + 𝑣,𝑥

⎫

⎪

⎬

⎪

⎭

+ 𝑧

⎧

⎪

⎨

⎪

⎩

𝜃𝑦,𝑥
−𝜃𝑥,𝑦

𝜃𝑦,𝑦 − 𝜃𝑥,𝑥

⎫

⎪

⎬

⎪

⎭

= 𝐦(𝐮) + 𝑧𝐤(𝐮) (2)

𝜸𝑠 =
{

𝛾𝑥𝑧
}

=
{

𝑢𝑧,𝑥 + 𝑢𝑥,𝑧
}

=
{

𝑤,𝑥 + 𝜃𝑦
}

= 𝐠(𝐮) (3)

𝛾𝑦𝑧 𝑢𝑧,𝑦 + 𝑢𝑦,𝑧 𝑤,𝑦 − 𝜃𝑥

3 
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Fig. 2. Sensor instrumentation [29].

where the in-plane strains 𝜺𝑝 are expressed in terms of the in-plane strain measures 𝐦 and 𝐤, which represent respectively the in-plane 
stretching and bending of the reference mid-plane and, similarly, the transverse shear strains 𝜸𝑠 are written in terms of the transverse 
shear strain measures, 𝐠.

As for the FEM procedure, in the iFEM the structure is subdivided into a series of finite elements, where, inside each element, the 
displacements are a function of the nodal degrees of freedom (DOFs) of the element and its shape functions. In particular, considering 
the four-node inverse finite element, the iQS4 introduced in [17] by Kefal et al. the strains within an element are approximated as: 

𝜺𝑝 =
⎧

⎪

⎨

⎪

⎩

𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑥𝑦

⎫

⎪

⎬

⎪

⎭

= 𝐦(𝐮𝑒) + 𝑧𝐤(𝐮𝑒) =𝐁𝑚𝐮𝑒 + 𝑧𝐁𝑘𝐮𝑒 (4)

𝜸𝑠 =
{

𝛾𝑥𝑧
𝛾𝑦𝑧

}

= 𝐠(𝐮𝑒) =𝐁𝑔𝐮𝑒 (5)

where 𝐮𝑒 is the vector containing the DOFs of the iQS4 element and 𝐁𝑚, 𝐁𝑘, and 𝐁𝑔 are the matrices of shape functions derivatives 
of the inverse quadrilateral element (interested readers may refer to [17] for the expression of these terms).

2.1.2. Experimental strain measures
In the iFEM, shape-sensing is made possible by assuming that, inside the elements, a discrete number of strain sensors are 

present, so that the corresponding strain measurements are known, and the related strain measures can be computed. Considering 
surface-mounted strain sensors (linear strain-gauges, rosettes, or fiber-optical sensors), Fig.  2, the top-bottom experimental in-plane 
strain measurements, measured by back-to-back sensors placed at 𝑧 = +𝑡 and 𝑧 = −𝑡, are 

𝜺+𝑝 =

⎧

⎪

⎨

⎪

⎩

𝜀+𝑥𝑥
𝜀+𝑦𝑦
𝛾+𝑥𝑦

⎫

⎪

⎬

⎪

⎭

, 𝜺−𝑝 =

⎧

⎪

⎨

⎪

⎩

𝜀−𝑥𝑥
𝜀−𝑦𝑦
𝛾−𝑥𝑦

⎫

⎪

⎬

⎪

⎭

(6)

respectively, and the corresponding experimental in-plane strain measures, 𝐦𝜀 and 𝐤𝜀, can be evaluated as: 

𝐦𝜀 = 1
2
(𝜺+𝑝 + 𝜺−𝑝 )

𝐤𝜀 = 1
2𝑡
(𝜺+𝑝 − 𝜺−𝑝 )

(7)

On the other hand, since the experimental measurement of the transverse shear strains is not possible, the experimental transverse 
shear strain measures, 𝐠𝜀, are always to be considered unavailable (in the next section, a proper explanation of how to handle this 
problem will be provided).

2.1.3. iFEM least-squares error functional
The definition of both the analytical strain measures of Eq.  (4) and Eq.  (5), and the experimental strain measures obtained with 

Eq.  (7), allows to build, for each element of the inverse finite element discretization, the iFEM least-squares error functional: 
𝛷𝑒(𝐮𝑒) = 𝝀𝑚Φ𝑚(𝐮𝑒) + 𝝀𝑘Φ𝑘(𝐮𝑒) + 𝝀𝑔Φ𝑔(𝐮𝑒) (8)

where 𝝀𝑚, 𝝀𝑘, and 𝝀𝑔 are the vectors of penalization factors and Φ𝑚, Φ𝑘, and Φ𝑔 are the vectors of the individual element error 
functionals corresponding to the membrane, curvature and transverse shear strain measures. In particular, the explicit form of the 
individual error functionals of Eq.  (8) is the following:

Φ𝑚 =

⎧

⎪

⎨

⎪

𝛷1
𝛷2
𝛷

⎫

⎪

⎬

⎪

= 1
𝐴𝑒 ∫𝐴𝑒

[

𝐦(𝐮𝑒) −𝐦𝜀]◦2 𝑑𝐴𝑒 = 1
𝐴𝑒 ∫𝐴𝑒

⎧

⎪

⎨

⎪

[

𝑚1(𝐮𝑒) − 𝑚𝜀
1
]2

[

𝑚2(𝐮𝑒) − 𝑚𝜀
2
]2

[ 𝑒 𝜀]2

⎫

⎪

⎬

⎪

𝑑𝐴𝑒 (9)
⎩

3
⎭ ⎩

𝑚3(𝐮 ) − 𝑚3 ⎭

4 
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Φ𝑘 =

⎧

⎪

⎨

⎪

⎩

𝛷4
𝛷5
𝛷6

⎫

⎪

⎬

⎪

⎭

=
(2𝑡)2

𝐴𝑒 ∫𝐴𝑒

[

𝐤(𝐮𝑒) − 𝐤𝜀
]◦2 𝑑𝐴𝑒 = 1

𝐴𝑒 ∫𝐴𝑒

⎧

⎪

⎨

⎪

⎩

[

𝑘1(𝐮𝑒) − 𝑘𝜀1
]2

[

𝑘2(𝐮𝑒) − 𝑘𝜀2
]2

[

𝑘3(𝐮𝑒) − 𝑘𝜀3
]2

⎫

⎪

⎬

⎪

⎭

𝑑𝐴𝑒 (10)

Φ𝑔 =
{

𝛷7
𝛷8

}

= 1
𝐴𝑒 ∫𝐴𝑒

[

𝐠(𝐮𝑒) − 𝐠𝜀
]◦2 𝑑𝐴𝑒 = 1

𝐴𝑒 ∫𝐴𝑒

{

[

𝑔1(𝐮𝑒) − 𝑔𝜀1
]2

[

𝑔2(𝐮𝑒) − 𝑔𝜀2
]2

}

𝑑𝐴𝑒 (11)

where 𝐴𝑒 is the area of the element and the operator (⋅)◦2 is the Hadamard power, that is, the square power based on the Hadamard 
product. This operation is also known as the element-wise multiplication that, given two vectors of the same dimensions, returns a 
vector of the multiplied corresponding elements. The vectors of penalization factors are used to control the degree of enforcement 
between the analytical and measured strain measures, thus allowing to take into account the presence or absence of back-to-back
strain measurement inside each element: if strain measurements are available within an element, the components of the vectors of 
penalization factors are set to 1 whereas, if strain measurements are unavailable, a small value, for instance 10−5, is employed and a 
value of 0 is used for the corresponding strain measurements’ components. In particular, for 𝝀𝑚 and 𝝀𝑘, if the same component of the 
back-to-back in-plane strain measurement vectors, 𝜺+𝑝  and 𝜺−𝑝 , is known, the corresponding component of the penalization factors is 
set to 1. For instance, in the case of back-to-back strain rosettes this results in 𝝀𝑚 = 𝝀𝑘 = {1, 1, 1} as back-to-back tri-axial strains are 
known. On the other hand, in the case of back-to-back strain fiber measurements, where, for example, only 𝜀+𝑥𝑥 and 𝜀−𝑥𝑥 are known, 
𝝀𝑚 = 𝝀𝑘 = {1, 10−5, 10−5}. Lastly, in the case where in-plane strain measurements are unavailable, 𝝀𝑚 = 𝝀𝑘 = {10−5, 10−5, 10−5}. 
As anticipated in the previous subsection, since transverse shear strain measures cannot be evaluated experimentally, 𝐠𝜀 is always 
assumed to be 𝟎, the corresponding penalization vector is always set to 𝝀𝑔 = {10−5, 10−5}, and the error functional related to the 
transverse shear measures is computed as: 

Φ𝑔 =
{

𝛷7
𝛷8

}

= 1
𝐴𝑒 ∫𝐴𝑒

𝐠(𝐮𝑒)◦2 𝑑𝐴𝑒 (12)

Substituting Eqs. (9), (10), and (12) into the definition of the element error functional provided by Eq.  (8), the element error 
functional depends only on the element DOFs, 𝐮𝑒. This means that, by minimizing the error functional with respect to the nodal 
DOFs, a set of linear algebraic equations is obtained 

𝜕𝛷𝑒(𝐮𝑒)
𝜕𝐮𝑒

= 𝐊𝑒𝐮𝑒 − 𝐟𝑒 = 0 ⟹ 𝐊𝑒𝐮𝑒 = 𝐟𝑒 (13)

where the only unknowns are the element nodal DOFs 𝐮𝑒 and where the coefficient matrix 𝐊𝑒 and the constant vector 𝐟𝑒 are computed 
as: 

𝐊𝑒 = 𝐊𝑒
𝑚 +𝐊𝑒

𝑘 +𝐊𝑒
𝑔

𝐟𝑒 = 𝐟𝑒𝑚 + 𝐟𝑒𝑘 + 𝐟𝑒𝑔
(14)

where 
𝐊𝑒

𝑚 = 1
𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑚)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑚)𝐁𝑚] 𝑑𝐴𝑒

𝐊𝑒
𝑘 =

(2𝑡)2

𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑘)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑘)𝐁𝑘] 𝑑𝐴𝑒

𝐊𝑒
𝑔 = 1

𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑔)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑔)𝐁𝑔] 𝑑𝐴𝑒

(15)

and 
𝐟𝑒𝑚 = 1

𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑚)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑚)𝐦𝜀] 𝑑𝐴𝑒

𝐟𝑒𝑘 =
(2𝑡)2

𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑘)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑘)𝐤𝜀
]

𝑑𝐴𝑒

𝐟𝑒𝑔 = 1
𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑔)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑔)𝐠𝜀
]

𝑑𝐴𝑒 = 𝟎

(16)

Transforming from the local-element to the global-structure coordinate system, as in a typical FEM procedure, the contribution of 
each element matrix 𝐊𝑒 and constant vector 𝐟𝑒 is assembled, producing the following set of global algebraic equations 

𝐊𝐔 = 𝐅 (17)

where 𝐔 contains the nodal displacements of the whole discretized structure. The global matrix 𝐊 and vector 𝐅 depend only on the 
sensor locations and measured strain values. Therefore, a priori knowledge about the material properties and loading conditions of 
the structure is not needed, and the iFEM reconstruction is possible both in static and dynamic test cases.

2.2. Single sensor based iFEM (SSB-iFEM)

As explained in Section 2.1.3, the iFEM error functional is based on the least-squares error between the analytical and the 
experimental strain measures. As a consequence, the computation of experimental strain measures is required in order to carry 
5 
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out the iFEM analysis. However, in Section 2.1.2, in particular in Eq.  (7), it was highlighted how experimental back-to-back strain 
measurements are always necessary to build the experimental membrane and curvature strain measures, 𝐦𝜀 and 𝐤𝜀. This may 
represent a constraint in real applications where the installation of top-bottom sensor configurations may be difficult or even 
impossible. Therefore, in the following section, the SSB-iFEM, a new iFEM formulation that does not require back-to-back sensor 
strain measurements, is presented. In order to introduce the SSB-iFEM, the kinematic model equations presented in Section 2.1.1 
are first rewritten to facilitate the reader through the comprehension of its formulation and to better highlight its differences and 
similarities with the iFEM formulation.

2.2.1. Kinematic assumptions and finite element approximation
The SSB-iFEM is based on the same FSDT displacement field, Eq. (1), and related strain field, Eqs.  (2) and (3). The in-plane 

strains are now rewritten in an equivalent form as: 

⎧

⎪

⎨

⎪

⎩

𝜀𝑥𝑥
𝜀𝑦𝑦
𝛾𝑥𝑦

⎫

⎪

⎬

⎪

⎭

=
⎡

⎢

⎢

⎣

1 0 0 𝑧 0 0
0 1 0 0 𝑧 0
0 0 1 0 0 𝑧

⎤

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑢,𝑥
𝑣,𝑦

𝑢,𝑦 + 𝑣,𝑥
𝜃𝑦,𝑥
−𝜃𝑥,𝑦

𝜃𝑦,𝑦 − 𝜃𝑥,𝑥

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(18)

In compact form, Eq. (18) can be written as: 

𝜺𝑝(𝑧,𝐮) = 𝐙𝜀𝑝 (𝑧)
{

𝐦(𝐮)
𝐤(𝐮)

}

(19)

where 𝐙𝜀𝑝 (𝑧) =
[

𝐈 𝑧𝐈
] and 𝐈 is the 3x3 identity matrix. Introducing the iFEM discretization via the iQS4 shape functions [17] into 

Eq. (19), yields: 

𝜺𝑝(𝑧,𝐮𝑒) = 𝐙𝜀𝑝 (𝑧)
[

𝐁𝑚

𝐁𝑘

]

𝐮𝑒 = 𝐙𝜀𝑝 (𝑧)𝐁
𝑚𝑘𝐮𝑒 (20)

Eq.  (20) defines the analytical expression of the in-plane strains as a function of the nodal DOFs of the iQS4 elements, 𝐮𝑒, through 
the matrix 𝐁𝑚𝑘 of shape function derivatives. In particular, Eq.  (20) highlights the dependence of 𝜺𝑝 from the thickness Cartesian 
coordinate 𝑧 via the 3 × 6 matrix 𝐙𝜀𝑝 (𝑧).

2.2.2. SSB-iFEM least-squares error functional
The SSB-iFEM least-squares error functional is defined as: 

𝛹 𝑒(𝐮𝑒) = 𝝀+𝑝Ψ
+
𝑝 (𝐮

𝑒) + 𝝀−𝑝Ψ
−
𝑝 (𝐮

𝑒) + 𝝀𝑔Ψ𝑔(𝐮𝑒) (21)

where, as for the iFEM formulation, 𝝀+𝑝 , 𝝀−𝑝 , and 𝝀𝑔 are the vectors of penalization factors and Ψ+
𝑝 , Ψ−

𝑝 , and Ψ𝑔 are the vectors of 
the individual element error functionals. The explicit form of the latter is presented hereafter:

Ψ+
𝑝 =

⎧

⎪

⎨

⎪

⎩

𝛹1
𝛹2
𝛹3

⎫

⎪

⎬

⎪

⎭

= 1
𝐴𝑒 ∫𝐴𝑒

[

𝜺𝑝
(

𝑧+,𝐮𝑒
)

− 𝜺+𝑝
]◦2

𝑑𝐴𝑒 (22)

Ψ−
𝑝 =

⎧

⎪

⎨

⎪

⎩

𝛹4
𝛹5
𝛹6

⎫

⎪

⎬

⎪

⎭

= 1
𝐴𝑒 ∫𝐴𝑒

[

𝜺𝑝 (𝑧−,𝐮𝑒) − 𝜺−𝑝
]◦2

𝑑𝐴𝑒 (23)

Ψ𝑔 =
{

𝛹7
𝛹8

}

= 1
𝐴𝑒 ∫𝐴𝑒

𝜸𝑠(𝐮𝑒)◦2 𝑑𝐴𝑒 = 1
𝐴𝑒 ∫𝐴𝑒

𝐠(𝐮𝑒)◦2 𝑑𝐴𝑒 = 𝜱𝑔 (24)

where 𝜺𝑝
(

𝑧+,𝐮𝑒
) and 𝜺𝑝 (𝑧−,𝐮𝑒) represent the analytical strains computed at the same in-plane location within the element (same 

(𝑥, 𝑦) coordinates) but for two different 𝑧 coordinates. For the sake of simplicity, the two 𝑧 coordinates are assumed henceforth as the 
ones of the top and bottom surface of the element, that is, 𝑧+ = 𝑡 and 𝑧− = −𝑡. Consequently, as in Section 2.1.2, 𝜺+𝑝  and 𝜺−𝑝  represent 
the back-to-back experimental strain measurements, retrieved at the same (x,y) location of the analytical strains. As observed in 
the previous subsection, the analytical transverse shear strains 𝜸𝑠(𝐮𝑒) are identical to the transverse shear strain measures 𝐠(𝐮𝑒). 
Furthermore, since, as already explained in Section 2.1.2, it is not possible to measure experimentally the transverse shear strains, 
the expression of Eq.  (24) is identical to the one of Eq.  (11). Thus, the individual error functional 𝜳 𝑔 = 𝜱𝑔 represents a common 
term between the iFEM formulation and the SSB-iFEM formulation.

Although the expression of the SSB-iFEM element error functional in Eq.  (21) is apparently very similar to the one of the iFEM 
error functional presented in Eq.  (8), with even a common term represented by 𝜳 𝑔 = 𝜱𝑔 , the explicit form of the individual 
error functionals of Eqs. (22) and (23) highlights the main and substantial difference between the two formulations: while in the 
iFEM formulation the individual error functionals are based on the strain measures, the individual error functionals of the SSB-iFEM 
formulation contain the least-squares difference between the strain measurements. On one hand, in the iFEM formulation, the vectors 
6 
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of penalization factors 𝝀𝑚 and 𝝀𝑘 depend on whether back-to-back sensors are present, since back-to-back sensors are needed to 
compute the in-plane strain measures. As a consequence, it always happens that 𝝀𝑚 = 𝝀𝑘, assuming either the same small component 
values when back-to-back strains are unavailable, or a value of 1 when back-to-back measurements are present. On the other hand, in 
the SSB-iFEM formulation, the vectors of penalization factors 𝝀+𝑝  and 𝝀−𝑝  are used to take into account the presence of single strain 
measurements. Therefore, 𝝀+𝑝  and 𝝀−𝑝 , can be different, as it is possible to have strain measurements only on one of the surfaces 
(either top or bottom) of the inverse finite element. For example, if on the top surface of an element a strain rosette is present, 
while on the bottom surface sensor instrumentation is missing, the two vectors of penalty factors will be set so that 𝝀+𝑝 = {1, 1, 1}
and 𝝀−𝑝 = {10−5, 10−5, 10−5}. In the case of a back-to-back configuration, 𝝀+𝑝 = 𝝀−𝑝  and the procedure used to assign the values to the 
vector of penalization factors related to the in-plane strain measurements is identical to the one previously presented in Section 2.1.3 
for 𝝀𝑚 and 𝝀𝑘. Moreover, since 𝜸𝑠(𝐮𝑒) = 𝐠(𝐮𝑒), the vector of penalization factors related to the transverse shear strains, 𝝀𝑔 , is identical 
between the iFEM and the SSB-iFEM formulation. Therefore, as previously explained in Section 2.1.3, its components are always set 
to small values, that is, 𝝀𝑔 = {10−5, 10−5}. The new definition of the individual error functionals and of the vectors of penalization 
factors thus represents the main difference between the iFEM formulation and the SSB-iFEM formulation: since it is not necessary to 
compute the strain measures, which always require back-to-back strain measurements, the SSB-iFEM error functional can be defined 
and minimized even when sensors are located on one face of the element and, in the same way, the vectors of penalization factors 
can be evaluated independently from one another, removing the necessity of a back-to-back sensor configuration on the structure.

Introducing Eq. (20) in Eqs. (22) and (23), and after setting proper values for 𝑧+ and 𝑧−, it becomes apparent that the SSB-iFEM 
element error functional of Eq.  (21) depends only on the nodal DOFs of the elements. Thus, as in the iFEM, the minimization of the 
error functional with respect to the nodal DOFs leads to a system of linear algebraic equations: 

𝜕𝛹 𝑒(𝐮𝑒)
𝜕𝐮𝑒

= (𝐊′)𝑒𝐮𝑒 − (𝐟 ′)𝑒 = 0 ⟹ (𝐊′)𝑒𝐮𝑒 = (𝐟 ′)𝑒 (25)

where, once again, 𝐮𝑒 represents the sole unknown of the problem and where the coefficient matrix and constant term are termed 
(𝐊′)𝑒 and (𝐟 ′)𝑒 to distinguish them from the ones obtained with the iFEM formulation. Their explicit expression is presented in the 
following relations: 

(𝐊′)𝑒 = (𝐊+
𝑝 )

𝑒 + (𝐊−
𝑝 )

𝑒 +𝐊𝑒
𝑔

(𝐟 ′)𝑒 = (𝐟+𝑝 )
𝑒 + (𝐟−𝑝 )

𝑒 + 𝐟𝑒𝑔
(26)

where 

(𝐊+
𝑝 )

𝑒 = 1
𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑚𝑘)𝑇 (𝐙𝜀𝑝 (𝑧
+))𝑇 𝑑𝑖𝑎𝑔(𝝀+𝑝 )𝐙𝜀𝑝 (𝑧

+)𝐁𝑚𝑘
]

𝑑𝐴𝑒

(𝐊−
𝑝 )

𝑒 = 1
𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑚𝑘)𝑇 (𝐙𝜀𝑝 (𝑧
−))𝑇 𝑑𝑖𝑎𝑔(𝝀−𝑝 )𝐙𝜀𝑝 (𝑧

−)𝐁𝑚𝑘
]

𝑑𝐴𝑒

𝐊𝑒
𝑔 = 1

𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑔)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑔)𝐁𝑔] 𝑑𝐴𝑒

(27)

and 

(𝐟+𝑝 )
𝑒 = 1

𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑚𝑘)𝑇 (𝐙𝜀𝑝 (𝑧
+))𝑇 𝑑𝑖𝑎𝑔(𝝀+𝑝 )𝜺

+
𝑝

]

𝑑𝐴𝑒

(𝐟−𝑝 )
𝑒 = 1

𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑚𝑘)𝑇 (𝐙𝜀𝑝 (𝑧
−))𝑇 𝑑𝑖𝑎𝑔(𝝀−𝑝 )𝜺

−
𝑝

]

𝑑𝐴𝑒

𝐟𝑒𝑔 = 1
𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑔)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑔)𝐠𝜀
]

𝑑𝐴𝑒 = 𝟎

(28)

Comparing Eq. (26) with Eq.  (14) it is evident that, while the terms related to the transverse shear strains are identical between 
the two formulations, the coefficient matrix terms related to the in-plane strains do not depend only on the derivatives of the shape 
functions, as in the iFEM formulation, but also on the transverse location of the sensors via the 𝐙𝜀𝑝 (𝑧

+) and 𝐙𝜀𝑝 (𝑧
−) matrices (in 

particular it is assumed for simplicity that 𝑧+ = 𝑡 and 𝑧− = −𝑡). In the same way, also the corresponding constant terms, (𝐟+𝑝 )𝑒 and 
(𝐟−𝑝 )

𝑒 depend on the local transverse 𝑧 coordinate. Furthermore, in the SSB-iFEM, the constant terms are computed with the strain 
measurements, 𝜺+𝑝  and 𝜺−𝑝 , instead of the strain measures, 𝐦𝜀 and 𝐤𝜀, employed in the iFEM.

As in the iFEM procedure, exploiting the FEM assembly strategy, the local contribution of each element coefficient matrix and 
constant term is used to construct the global coefficient matrix and the global constant term, leading to the following set of global 
linear algebraic equations 

𝐊′𝐔 = 𝐅′ (29)

where 𝐔 contains the nodal displacements of the whole discretized structure. The global matrix 𝐊′ and vector 𝐅′, like the global 
coefficient matrix and constant term of the iFEM, depend only on the sensor locations and measured strain values. Hence, the SSB-
iFEM formulation retains the advantages of the iFEM formulation: the SSB-iFEM formulation does not require any prior knowledge 
of the material characteristics of the structure nor of its loading conditions. Furthermore, by computing the error between the strain 
measurements rather than between the strain measures, the SSB-iFEM functional can be solved even without employing back-to-back 
sensor configurations, removing a constraint of the iFEM formulation.
7 
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3. Numerical tests

This section contains the results of the numerical analysis run to test the SSB-iFEM formulation and to compare its performance 
with the original iFEM, considering flat and built-up thin-walled structures with different sensor configurations. The flat structure 
tested is a plate, while the built-up structures examined are a C-section beam and a rectangular section box. All of the structures 
are made of Aluminium 6060 (𝐸 = 68030  MPa, 𝜈 = 0.335) and are chosen since, on one end, in the literature, the flat plate is a 
benchmark structure for the iFEM analysis and, on the other end, the considered built-up structures, the beam and the box, are 
relevant for aerospace applications, as they represent respectively a simplified model of a stringer and of a wingbox. To reconstruct 
the shape of these structures via the iFEM, back-to-back sensor configurations are considered, since, as explained in Section 2, back-
to-back strain measurements are always compatible with both the iFEM and the SSB-iFEM analysis. As anticipated in Section 1, 
however, these sensor configurations are often impractical and costly: in the case of the wingbox, the interior surfaces of the thin-
wall structure may be inaccessible; on the other hand, back-to-back measurements on a long stringer would require an excessive 
number of sensors, which may be unavailable or too expensive. As a consequence, sensor configurations with sensors placed only 
on one surface of the thin-walled structures are also investigated in this section. These sensor configurations are always compatible 
with the SSB-iFEM formulation. On the other hand, the iFEM formulation cannot be employed with these sensor configurations, 
unless an assumption is made on the trend of the strains through the thickness: for instance, it could be assumed that the strains 
are through-the-thickness constant. This assumption was employed by Esposito in [42] to successfully reconstruct the shape of a 
thin-walled wingbox using strain sensors only on the external surface of the structure. In this section, the results obtained using the 
original iFEM formulation and the assumption of constant strain along the thickness are labeled as CS iFEM (constant strain iFEM) 
and they are used for comparison with the SSB-iFEM results as, for the tested structures and the considered loading conditions (which 
will be presented in a dedicated subsection), it is reasonable to expect an almost constant trend of the strains through the thickness of 
the structure. Therefore, the CS hypothesis allows to employ the iFEM reconstruction even when back-to-back sensor configurations 
are unavailable. It is important to note that the comparison between the two formulations is not employed to demonstrate the flaws 
or potential of the hypothesis on which CS iFEM is based. Rather, the comparison is carried out to highlight the wider range of 
applications of the SSB-iFEM formulation with respect to the iFEM formulation, on which CS iFEM is based.

3.1. Notation

To simulate the structural response of the plate, the C-section beam, and the rectangular section box for a specific set of loads 
and constraints, a FE model is developed for all of them, resulting in a certain number of elements, 𝑁𝑒, and nodes, 𝑁𝑛 (for all the 
structures, specific details on the FE models are provided later, in a dedicated subsection). In particular, the FE models allow to 
compute three structural parameters:

• the first is the matrix containing the nodal displacements of the structure, which is assumed as the reference solution when 
evaluating the iFEM reconstruction performance 

𝐔𝑟𝑒𝑓 =
[

𝐔𝑋,𝑟𝑒𝑓 ,𝐔𝑌 ,𝑟𝑒𝑓 ,𝐔𝑍,𝑟𝑒𝑓
]

(30)

where 𝐔𝑋,𝑟𝑒𝑓 , 𝐔𝑌 ,𝑟𝑒𝑓 , and 𝐔𝑍,𝑟𝑒𝑓  are the 𝑁𝑛 × 1 column vectors of reference displacements components along the global 
coordinate system (𝑋, 𝑌 ,𝑍), that is, 

𝐔(⋅),𝑟𝑒𝑓 = {𝑈1
(⋅),𝑟𝑒𝑓 ,… , 𝑈 𝑗

(⋅),𝑟𝑒𝑓 ,… , 𝑈𝑁𝑛

(⋅),𝑟𝑒𝑓 }
𝑇 (31)

where the superscript 𝑗 is used to refer to the generic node of the FEM discretization;
• the second parameter is represented by the matrices used as input for the iFEM analysis, which contain the top and bottom 
in-plane strain measurements evaluated at the centroids of the FEM elements: 

(𝜺+𝑝 )
𝑒 =

[

(𝜺+𝑥𝑥)
𝑒, (𝜺+𝑦𝑦)

𝑒, (𝜸+𝑥𝑦)
𝑒
]

(𝜺−𝑝 )
𝑒 =

[

(𝜺−𝑥𝑥)
𝑒, (𝜺−𝑦𝑦)

𝑒, (𝜸−𝑥𝑦)
𝑒
] (32)

where (𝜺+𝑥𝑥)𝑒, (𝜺+𝑦𝑦)𝑒, (𝜸+𝑥𝑦)𝑒 and (𝜺−𝑥𝑥)𝑒, (𝜺−𝑦𝑦)𝑒, (𝜸−𝑥𝑦)𝑒 are the 𝑁𝑒 × 1 column vectors containing the top and bottom in-plane 
centroidal strain measurements components with respect to the local (𝑥, 𝑦, 𝑧) coordinate system of the finite elements. For 
each strain component, these vectors are represented with the following expression: 

(𝜺+(⋅))
𝑒 = {(𝜀+(⋅))

1,… , (𝜀+(⋅))
𝑖,… , (𝜀+(⋅))

𝑁𝑒
}𝑇

(𝜺−(⋅))
𝑒 = {(𝜀−(⋅))

1,… , (𝜀−(⋅))
𝑖,… , (𝜀−(⋅))

𝑁𝑒
}𝑇

(33)

where the superscript 𝑖 is used to represent the 𝑖th element of the FE model;
• the third is represented by the matrices of the top and bottom nodal in-plane strain measurements 

(𝜺+𝑝 )
𝑛 =

[

(𝜺+𝑥𝑥)
𝑛, (𝜺+𝑦𝑦)

𝑛, (𝜸+𝑥𝑦)
𝑛
]

(𝜺−)𝑛 =
[

(𝜺− )𝑛, (𝜺− )𝑛, (𝜸− )𝑛
] (34)
𝑝 𝑥𝑥 𝑦𝑦 𝑥𝑦

8 
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made of 𝑁𝑛 × 1 column vectors, containing the evaluation of the in-plane strain measurements components at each node of 
the FEM mesh, in the local (𝑥, 𝑦, 𝑧) coordinate system, as shown below: 

(𝜺+(⋅))
𝑛 = {(𝜀+(⋅))

1,… , (𝜀+(⋅))
𝑗 ,… , (𝜀+(⋅))

𝑁𝑛
}𝑇

(𝜺−(⋅))
𝑛 = {(𝜀−(⋅))

1,… , (𝜀−(⋅))
𝑗 ,… , (𝜀−(⋅))

𝑁𝑛
}𝑇

(35)

The matrices and vectors of Eqs. (34) and (35) allow to define the back-to-back nodal relative difference between corresponding 
strain measurements components as: 

𝛿𝜀𝑗(⋅) =
|(𝜀+(⋅))

𝑗 − (𝜀−(⋅))
𝑗
|

𝑚𝑎𝑥(|(𝜺+(⋅))
𝑛, (𝜺−(⋅))

𝑛
|)

(36)

where, at the denominator, for each strain component, the maximum absolute value of that measured strain component, considering 
both top and bottom measurements, is present. Eq.  (36) is employed to verify the validity of the hypothesis of constant strains 
along the thickness, which, as explained previously, allows to employ the original iFEM formulation even when back-to-back sensor 
configurations are assumed unavailable.

To assess and compare the performance of the iFEM and of the SSB-iFEM, three error parameters are considered: the first one 
takes into account the local reconstruction error by computing the nodal relative error between the reference and iFEM reconstructed 
displacement components. Considering the 𝑗th nodal reconstructed displacement along X, 𝑈 𝑗

𝑋,𝑖𝐹𝐸𝑀 ; Y, 𝑈
𝑗
𝑌 ,𝑖𝐹𝐸𝑀 ; and Z directions, 

𝑈 𝑗
𝑍,𝑖𝐹𝐸𝑀 , the corresponding local relative error for the generic 𝑈

𝑗
(⋅) component is obtained using the following expression 

𝑒𝑟𝑟𝑗𝑈(⋅)
=

|𝑈 𝑗
(⋅),𝑟𝑒𝑓 − 𝑈 𝑗

(⋅),𝑖𝐹𝐸𝑀 |

|𝑈𝑚𝑎𝑥
𝑍,𝑟𝑒𝑓 |

(37)

where |𝑈𝑚𝑎𝑥
𝑍,𝑟𝑒𝑓 | is the maximum absolute value of the reference displacement components along the global 𝑍-axis. As it will be 

shown later in detail, all the structures tested, the flat plate, the C-section beam, and the rectangular section box, are loaded in the 
transverse direction, which coincides with the global 𝑍 axis. Therefore, as the greatest displacements are expected in that direction, 
Eq.  (37) allows to properly rate the relative importance of each displacement component in the evaluation of the reconstruction error, 
avoiding, when the reference displacements components along 𝑋 or 𝑌  are very small, large and non-representative errors related 
to those components. A particular value of the nodal relative error is used for the second error definition, which is represented by 
the nodal relative error corresponding to the maximum displacement component, that is 

𝑒𝑟𝑟𝑚𝑎𝑥(𝑈(⋅)) =
|𝑈𝑚𝑎𝑥

(⋅),𝑟𝑒𝑓 − 𝑈𝑚𝑎𝑥
(⋅),𝑖𝐹𝐸𝑀 |

|𝑈𝑚𝑎𝑥
𝑍,𝑟𝑒𝑓 |

(38)

where the superscript 𝑚𝑎𝑥 denotes the node where the maximum absolute value of the reference displacement component, 𝑈𝑚𝑎𝑥
(⋅),𝑟𝑒𝑓 , 

is registered. This error does not necessarily coincide with the maximum local error. However, it is considered a critical parameter 
as, in the case of the structures examined, high accuracy is required when reconstructing the greatest displacement in the transverse 
direction and, therefore, 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑍 ) in particular has to be carefully monitored. The third error definition is used to measure the 
global displacement reconstruction error and is defined as the root mean square error (RMSE) between the reference and iFEM 
reconstructed displacement components 

RMSE𝑈(⋅)
=

√

√

√

√

√

1
𝑁𝑛

𝑁𝑛
∑

𝑗=1
(𝑒𝑟𝑟𝑗𝑈(⋅)

)2 =

√

√

√

√

√

1
𝑁𝑛

∑𝑁𝑛

𝑗=1(𝑈
𝑗
(⋅),𝑟𝑒𝑓 − 𝑈 𝑗

(⋅),𝑖𝐹𝐸𝑀 )2

(𝑈𝑚𝑎𝑥
𝑍,𝑟𝑒𝑓 )

2
(39)

where the weighting factor is always 1∕
√

𝑁𝑛.

3.2. Plate

The flat plate is the first structure tested for the comparison between the SSB-iFEM and the iFEM formulation. The plate is 2 m 
long, 1 m wide, and it is assumed that its thickness is 13  mm.

3.2.1. Plate models and sensor configuration
To simulate the structural response of the structure a MSC/NASTRAN® FE model is developed. The FE model, which is presented 

in Fig.  3(a), is built using 200 2D CQUAD4 shell elements, resulting in a total of 231 nodes. The structure is clamped at the root 
cross-section and loaded at the tip in the transverse direction by two nodal forces of 100 𝑁 each. Two load cases are considered: a 
pure bending load case, where both forces are applied (𝐹1 + 𝐹2), and a bending-torsion load case, where only the 𝐹2 force in Fig. 
3(a) is applied. Using only 2D quadrilateral inverse finite elements, the iQS4 [17], the FE model of Fig.  3(a) is converted into the 
iFE model of Fig.  3(b). The same number of elements is employed for both models, so that, at the centroid of each inverse element, 
the tri-axial back-to-back strain measurements are known. This set of measurements is obtained, as shown in Fig.  3(b), by assuming 
that 400 strain rosettes are available so that all the elements of the structure are instrumented with back-to-back sensors.
9 
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Fig. 3. Plate models and sensor configuration.

Fig. 4. Reconstructed shape colored with 𝑒𝑟𝑟𝑗𝑈𝑍
 percentage values — bending load case.

Table 1
iFEM and SSB-iFEM results - back-to-back sensors’ configuration.
 Formulation iFEM SSB-iFEM iFEM SSB-iFEM 
 Load case Pure bending Bending+torsion

 𝑅𝑀𝑆𝐸𝑈𝑍
[%] 0.04048 0.04048 0.03711 0.03748  

 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑍 )[%] 0.06971 0.06974 0.09460 0.09850  

3.2.2. Plate results
The comparison between the iFEM and SSB-iFEM results is presented in Fig.  4 and 5, where the reconstructed deformed shape 

of the plate is colored with the nodal transverse displacement error, 𝑒𝑟𝑟𝑗𝑈𝑍
. The two formulations present a similar error distribution 

and produce almost coincident results: both the iFEM and the SSB-iFEM accurately reconstruct the shape of the structure, yielding 
a maximum nodal error of 0.06% for the pure bending load case and 0.09% for the bending+torsion one. These results are further 
corroborated by the ones of Table  1, where the comparison between the RMSE and the nodal relative error related to the maximum 
transverse displacement displays, again, the equivalence and the accuracy of the two reconstructions based on back-to-back sensor 
data.

The results presented, although promising, raise two important questions that require further discussion:

• If the two iFEM formulations seem to be equivalent when using back-to-back sensors, why do they produce non-identical 
results in this case?

• If the reconstruction is so accurate when using back-to-back sensors, would it be possible to use only half of the sensors, 
placing them only on one surface of the structure, so as to reduce the number of sensors required?
10 
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Fig. 5. Reconstructed shape colored with 𝑒𝑟𝑟𝑗𝑈𝑍
 percentage values — bending+torsion load case.

Table 2
Wingbox dimensions.
 Dimensions [mm]
 a 960
 h 460
 L 3000
 2t [2,20]

To answer the first question, interested readers are invited to consult Appendix, which provides an in-depth discussion on why the 
two formulations do not provide identical results in the case of back-to-back sensors.

Regarding the second question, as it was explained in 2, the iFEM formulation requires back-to-back sensor configurations, thus 
the reconstruction would not be possible with sensors placed only on the top or the bottom surface of the elements. On the other 
hand, the SSB-iFEM could be employed with single-sided sensor configurations. However, in the case of a flat structure such as 
the plate, if the strain sensors were to be placed only on the top or only on the bottom surface of the plate, the condition number 
of the SSB-iFEM coefficient matrix would drastically increase, causing, as a consequence, a sharp decrease in the accuracy of the 
reconstruction. Nonetheless, this result is not concerning: the objective of the SSB-iFEM formulation is not to provide a method that 
can be employed with every sensor configuration but, rather, a new iFEM formulation that allows more flexibility when choosing 
the sensor configurations, as it will be proven in the following applications.

3.3. Wingbox

The second structure tested is the rectangular section box, which is used as a simplified model of a wingbox. Hence, for the rest 
of this section, the structure will be referred to as ‘‘wingbox’’.

3.3.1. Wingbox 3D model
The 3D model of the wingbox is shown in Fig.  6, and its dimensions are summarized in Table  2. Different values are considered for 

the thickness of the structure, 2𝑡, which, as shown in Table  2, ranges from 2 to 20  mm. Considering a variable thickness value allows 
to evaluate the performance of the SSB-iFEM and compare it with the CS iFEM: as the SSB-iFEM is independent of the assumption of 
constant strains along the thickness, this test aims to verify whether the SSB-iFEM formulation can improve the results of the iFEM, 
which, in the absence of back-to-back strain data, can only rely on some assumptions on the back-to-back strain field to substitute 
the missing input data.

3.3.2. Wingbox FE model
In order to simulate the structural response of the wingbox and its strain measurements, the 3D model of the wingbox presented 

in Fig.  6 is converted in a corresponding MSC/NASTRAN® FE model, which is shown in Fig.  7. The FE model of the wingbox is made 
of 324 2D CQUAD4 shell elements, which results in a total of 342 nodes. Fig.  7 also shows how the structure is clamped at one end 
(root cross-section) and loaded in the transverse direction at the other end with a concentrated force of 100 𝑁 . The load is applied 
in the shear center of the wingbox, and it is distributed with a rigid body element (RBE2) on the nodes of the tip cross-section.
11 
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Fig. 6. Wingbox 3D model.

Fig. 7. Wingbox FE model.

Fig. 8. Wingbox iFE model and sensor configurations.

3.3.3. Wingbox iFE model and sensor configurations
The iFE model of the wingbox is built using only the 2D quadrilateral inverse finite elements, the iQS4 [17], and coincides with 

the FE model already shown in Fig.  7. This choice guarantees full knowledge of the back-to-back strain field and provides, at the 
centroid of each of the inverse-finite elements, back-to-back tri-axial strain measurements. In particular, for the wingbox, two sets 
of input strain data are examined:

1. 648 tri-axial sensor measurements available. It is assumed that a strain rosette is mounted on the top and bottom surfaces of 
each inverse finite element. This sensor configuration is shown in Fig.  8(a)
12 
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Fig. 9. iFEM analysis results for various thickness values of the wingbox.

2. 324 tri-axial strain measurements available, produced by the same number of strain rosettes, installed only on the top surface 
of every element, which coincides with the external surface of the wingbox. This configuration is considered particularly 
relevant, as in a real test case scenario it may be difficult to place sensors inside the wingbox. This second configuration is 
presented in Fig.  8(b)

3.3.4. Wingbox results
In Fig.  9, the results of the iFEM, the SSB-iFEM, and the CS iFEM analysis are presented, with Fig.  9(a) showing the transverse 

displacement root mean square error, and Fig.  9(b) the nodal relative error related to the maximum transverse displacement. Both 
errors are plotted against the thickness value, considering the two different sensor configurations of Fig.  8. When sensor configuration 
1 is adopted, that is, when all of the tri-axial back-to-back strains are available as input data, as in the case of the flat plate, the 
iFEM and the SSB-iFEM produce almost coincident results (as mentioned previously, further details are presented in Appendix). 
On the other hand, when the measured strains are limited to those provided by sensor configuration 2, the SSB-iFEM formulation 
and the CS iFEM produce completely different results: considering the 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑍 ), the SSB-iFEM formulation maintains an accuracy 
comparable to the one of the test case examined previously, yet employing half of the sensors. On the contrary, the CS iFEM results 
worsen considerably when the thickness rises. The same error trends can be observed when looking at the RMSE plots, with the 
exception of the SSB-iFEM RMSE, which, for low thickness values, is greater than the corresponding CS iFEM RMSE. The explanation 
of this behavior can be found by observing the results of Fig.  10, where for the cases where 2𝑡 = 2  mm and 2𝑡 = 20  mm, the FEM 
deformed shape of the wingbox is colored with the percentage values of 𝛿𝜀𝑗𝑋𝑋 , the nodal difference between the strain components 
along the global 𝑋-axis. Comparing Fig.  10(a) with Fig.  10(b), it is evident that in both cases, at the tip of the structure (𝑋 = 3000
mm), 𝛿𝜀𝑗𝑋𝑋 presents a local peak: in the case of 2𝑡 = 2  mm, this peak causes the SSB-iFEM reconstruction to produce, in the same 
region, a deformation of the cross-section, Fig.  11(a), that is not present in the reference solution. This erroneous reconstruction 
of the tip deformation is responsible for the high percentage values of the nodal transverse relative errors, 𝑒𝑟𝑟𝑗𝑈𝑍

, which, in turn, 
cause the high values of the RMSE of Fig.  9(a). On the other hand, for the structure with the higher thickness, the stiffness of the 
structure itself reduces the effect of the local peak of 𝛿𝜀𝑗𝑋𝑋 : as shown in Fig.  11(b), the local deformation of the tip cross-section, 
although still present, produces smaller percentage values of the nodal relative errors when compared with the ones of Fig.  11(a). 
As a consequence, the RMSE value is reduced, thus resulting in the trend of Fig.  9(a). These observations confirm that the SSB-iFEM 
is independent of the back-to-back strain difference, as the RMSE error trend is influenced by the stiffness of the structure, rather 
than by 𝛿𝜀𝑗𝑋𝑋 .

The colored plots of Fig.  10 also contribute to the explanation of the error trends of Fig.  9(b) associated with the SSB-iFEM 
and the CS iFEM analysis. As the thickness of the structure increases, the back-to-back strain difference also increases. However, 
as the SSB-iFEM is independent of the back-to-back strain difference, the nodal relative error related to the maximum transverse 
displacement of the SSB-iFEM reconstruction remains constant and very small. On the contrary, the CS iFEM continues to receive as 
input data the same strain values for the external and the internal surface of the wingbox, which leads to the rise of the 𝑒𝑟𝑟𝑗𝑚𝑎𝑥(𝑈𝑍 )
related to the CS iFEM reconstruction.

These results highlight how the SSB-iFEM is independent of the thickness of the structure (which is directly related to the back-
to-back strain difference) and, thus, they prove the wider range of applicability of the SSB-iFEM when compared to the iFEM, which, 
in the absence of back-to-back strain measurements, has to rely on an assumption on the through-the-thickness trend of the strain 
data.
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Fig. 10. FEM deformed shape colored with 𝛿𝜀𝑗𝑋𝑋 percentage values.

Fig. 11. SSB-iFEM reconstructed shape colored with 𝑒𝑟𝑟𝑗𝑈𝑍
 percentage values.

Table 3
Stringer dimensions.
 Dimensions [mm]
 a 30.05
 h 45.2
 L 1100
 2t 2.08

3.4. Stringer

The last structure employed for the tests of the performance of the iFEM and of the SSB-iFEM is a C-section beam, which 
represents a simplified model of a stiffening structure, like a stringer, present in aircraft wings. Hence, as for the rectangular section 
box, the C-section beam will be referred to hereafter as ‘‘stringer’’

3.4.1. Stringer 3D model
In Fig.  12, the 3D model of the stringer is presented, and Table  3 contains the dimensions of the structure. Differently from the 

wingbox case study, the thickness of the structure is considered fixed. The reason is that, since open cross-section structures can 
produce a greater variation throughout the thickness of the strain field, the focus of the numerical comparison is shifted toward the 
possible sensor configurations employed to retrieve the strain field.
14 
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Fig. 12. Stringer 3D model.

Fig. 13. Stringer FE model.

3.4.2. Stringer FE model
A MSC/NASTRAN® FE model is used to produce the reference displacements and simulate the input strain measurement. The FE 

model is presented in Fig.  13: it is made of 616 nodes and 550 CQUAD4 elements. The stringer is considered a cantilevered structure, 
clamped at its root and loaded at the tip with a transverse force of 39.24 𝑁 . As for the wingbox, the load is distributed to the nodes 
of the tip cross-section through a RBE2, and it is located at a distance of 11.6 mm from the middle line of the web of the stringer 
(the vertical segment of the section), so that it is aligned with the shear center of the section and, thus, the structure is subject to 
bending only.

3.4.3. Stringer iFE model and sensor configurations
The iFE model of the stringer coincides with its FE model: the structure is discretized with 550 iQS4 [17] elements, so that, at 

every element centroid, the tri-axial back-to-back in-plane strain measurements are known. The complete set of these measurements, 
however, is not always provided as input for the iFEM analysis. To test the effect of different sets of strain data on the iFEM, SSB-
iFEM, and CS iFEM, four different sensor configurations (Fig.  14) are defined, corresponding to four different amounts of input 
strain measurements:

1. 1100 tri-axial strain measurements, corresponding to a sensor configuration where every inverse element is equipped with a 
strain rosette on its top and bottom surface (Fig.  14(a));

2. 1100 mono-axial strain measurements along the global 𝑋-axis. It is assumed that this set of strain data is provided by a 
back-to-back configuration of 20 optical fibers, placed on each row of inverse finite elements along the global 𝑋-axis (Fig. 
14(b));

3. 550 mono-axial strain measurements along the global 𝑋-axis, obtained by considering only the strain measurements on the 
top surface of the inverse elements, that is, assuming that only half of the optical fibers of configuration 2 are available (Fig. 
14(c)). The top surface of each element coincides with the external surface of the structure, which is the one closest to the 
load of Fig.  13;
15 
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Fig. 14. Stringer iFE model, sensor configurations, and LVDT’s location.

4. 220 mono-axial strain measurements along the global 𝑋-axis, corresponding to the set of strain data extracted by four optical 
fibers placed on the external surface of the structure (Fig.  14(d)).

3.4.4. Stringer results
For the first two sensor configurations, the SSB-iFEM reconstructed deformed shapes, colored with the nodal transverse 

displacement errors, are represented in Figs.  15(a) and 15(b). Furthermore, the results, in terms of the RMSE and the nodal relative 
error related to the maximum displacements are summarized in Table  4. Both the colored plots and the results presented in the table 
highlight that the iFEM and the SSB-iFEM produce extremely accurate results (the errors are always lower than 1%). Moreover, the 
conclusions already reached in the plate and in the wingbox case studies are further reinforced: when employing back-to-back sensor 
configurations, the two formulations, the iFEM and the SSB-iFEM, are perfectly equivalent. However, as in the previous test cases, 
it is also apparent that they are not identical (refer again to Appendix for further details).

For the third sensor configuration, as only the strain measurements on the external surface of the structure are available, the 
comparison between the SSB-iFEM formulation and the CS iFEM is considered. Comparing the reconstructed deformation plots of 
Fig.  16, it can be noticed that, in the one related to the CS iFEM (Fig.  16(a)), the reconstructed shape of the stringer presents 
a torsion that is clearly unacceptable since the structure is loaded in the shear center. The entity of the errors of the CS iFEM 
reconstruction is highlighted by the plot colors, which show how the percentage value of the nodal transverse displacement error, 
𝑒𝑟𝑟𝑗𝑈𝑍

, reaches a peak of over 40%. On the other hand, the reconstructed shape obtained by the SSB-iFEM formulation, shown in 
Fig.  16(b), coherently with the results obtained with the first two sensor configurations, shows a structure subjected to bending 
only, and produces local errors with a peak that caps at less than 0.6%.

The results of Fig.  16 are corroborated by the ones of Table  5. In the transverse direction, both the RMSE and the nodal relative 
error for the maximum displacements are greater than 10% for the CS iFEM. In comparison, the SSB-iFEM formulation continues to 
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Fig. 15. SSB-iFEM reconstructed shape colored with 𝑒𝑟𝑟𝑗𝑈𝑍
 percentage values.

Table 4
iFEM and SSB-iFEM results — sensor configuration 1 and 2.
 Formulation iFEM SSB-iFEM iFEM SSB-iFEM 
 Sensor configuration 1 2

 RMSE𝑈𝑋
 [%] 0.0002 0.0002 0.0006 0.0007  

 RMSE𝑈𝑌
 [%] 0.0061 0.0074 0.1126 0.1023  

 RMSE𝑈𝑍
 [%] 0.0118 0.0135 0.2116 0.2526  

 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑋 ) [%] 0.0003 0.0003 0.0001 0.0002  
 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑌 ) [%] 0.0139 0.0169 0.0232 0.0447  
 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑍 ) [%] 0.0157 0.0173 0.4746 0.5362  

Fig. 16. Reconstructed shape colored with 𝑒𝑟𝑟𝑗𝑈𝑍
 percentage values — sensor configuration 3.

achieve error values lower than 1%, despite employing half of the sensors of configuration 2. Moreover, as the CS iFEM produces 
an unrealistic torsion, the error values related to the displacement component along the 𝑌 -axis rise considerably while they remain 
almost constant for the SSB-iFEM. These results contribute to highlight the independence of the SSB-iFEM formulation from the 
back-to-back sensor measurements, thus showing its greater flexibility when compared with the iFEM formulation, which requires 
an assumption on the strain field (in this case scenario, the CS assumption) in the absence of back-to-back strain data.

Even when reducing the number of sensors to the ones of configuration 4, similar results to the ones presented beforehand can 
be observed: as shown in Fig.  17(a), the CS iFEM reconstructs, again, an unrealistic torsion, producing a maximum nodal transverse 
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Table 5
CS iFEM and SSB-iFEM results — sensor configuration 3.
 Formulation CS iFEM SSB-iFEM 
 Sensor configuration 3

 RMSE𝑈𝑋
 [%] 0.0985 0.0006  

 RMSE𝑈𝑌
 [%] 6.016 0.0933  

 RMSE𝑈𝑍
 [%] 13.11 0.2749  

 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑋 ) [%] 0.2210 0.0003  
 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑌 ) [%] 13.20 0.0562  
 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑍 ) [%] 16.93 0.5536  

Fig. 17. Reconstructed shape colored with 𝑒𝑟𝑟𝑗𝑈𝑍
 percentage values — sensor configuration 4.

Table 6
CS iFEM and SSB-iFEM results — sensor configuration 4.
 Formulation CS iFEM SSB-iFEM 
 Sensor configuration 4

 RMSE𝑈𝑋
 [%] 0.0875 0.0008  

 RMSE𝑈𝑌
 [%] 5.161 0.0866  

 RMSE𝑈𝑍
 [%] 9.67 0.2909  

 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑋 ) [%] 0.2042 0.0002  
 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑌 ) [%] 12.02 0.0804  
 𝑒𝑟𝑟𝑚𝑎𝑥(𝑈𝑍 ) [%] 11.30 0.5797  

displacement error of 30%. On the contrary, the SSB-iFEM proves to be extremely accurate even with this sensor configuration: as 
reported in Table  6, both the RMSE and nodal relative error values do not exceed the 1% threshold.

These results prove again the capability of the SSB-iFEM formulation to deal with multiple sensor configurations, even with those 
employing fewer sensors: since no assumption is made on the back-to-back strain measurements, as, unlike the iFEM formulation, 
they are not required as input for the analysis, the SSB-iFEM is capable of accurately reconstructing the shape of the stringer using 
just the sensors of configuration 4.

This observation is further corroborated by the colored plots of Fig.  18, where the nodal strain difference 𝛿𝜀𝑗𝑋𝑋 is used to color the 
FEM deformations. As shown in the figure, the maximum top-bottom strain difference is greater than 10% and almost comparable to 
the one registered in Fig.  10(b) for the 20  mm thick wingbox, even though the stringer is just 2  mm thick. As a consequence, even 
for low thickness values, the assumption of constant strains along the thickness can lead to a poor iFEM reconstruction. Instead, as 
SSB-iFEM ignores this strain difference, its accuracy remains high, producing, in turn, accurate shape reconstructions.

4. Experimental test

This section contains the results of the experimental test conducted to corroborate the results of the previous numerical analysis. 
In particular, the experimental test focuses on a sensor configuration where no back-to-back strain measurement is present, to show 
the flexibility of the SSB-iFEM and its efficacy in reconstructing the displacement field even when employing a single-sided sensor 
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Fig. 18. FEM deformed shape colored with 𝛿𝜀𝑗𝑋𝑋 percentage values.

Table 7
Experimental results.
 LVDT-1 LVDT-2

 Experimental CS iFEM SSB-iFEM Experimental CS iFEM SSB-iFEM 
 𝑈𝑍 [mm] −3.42 −3.09 −3.46 −3.35 −2.35 −3.32  
 𝑒𝑟𝑟𝑈𝑍

[%] 9.5 1.3 30 1.0  

configuration. The experimental activity has been conducted at the ‘‘LAQ-AERMEC Aeromechanical Structural Systems’’ laboratory 
of the Department of Mechanical and Aerospace Engineering at Politecnico di Torino.

4.1. Experimental setup

The tested specimen is the C-section beam introduced in Section 3.4 and presented in Fig.  12. This structure is considered 
because, as mentioned previously, it represents a typical aerospace stiffening structure. The dimensions of the C-section beam are 
reported in Table  3, and the material is the Aluminium 6060, as in the numerical example (𝐸 = 68030  MPa, 𝜈 = 0.335). The loading 
and boundary conditions are also the same as the ones presented in the numerical example: the beam is tested as a cantilever, by 
clamping the root section, and it is loaded at the tip by a concentrated transverse force, F, of 39.4 𝑁 . The load at the tip is applied 
through an assembly made of two beams, and the position of the load is adjusted so that it is applied in the shear center of the 
C-section beam. Thus the pure bending loading condition of the numerical tests is reproduced. Furthermore, a wooden central core is 
placed at the tip section, to avoid its deformations and to replicate the RBE2 boundary conditions. This loading assembly, as well as 
the clamping one, are shown in Fig.  19. Furthermore, a detailed image of the tip loading assembly is presented in Fig.  20(a), where 
the displacement measuring system is also visible: it consists of two LVDTs, which are placed at 4 cm from the tip of the beam. The 
LVDTs’ measurements are used to verify the accuracy of the iFEM reconstruction and, therefore, are placed in correspondence with 
the iFEM mesh nodes not covered by the loading assembly and closest to the tip of the structure. The iFEM mesh is the same as the 
one employed in the numerical analysis. Together with the LVDTs’ location, it is presented in Fig.  14(d), which, additionally, shows 
the experimental sensor configuration, consisting of 4 optical fibers. The fiber optic sensors are instrumented on the beam as shown 
in Fig.  20(b). Through the Rayleigh backscatter principle [51], they provide highly dense strain measurements in the direction of 
the longitudinal axis of the beam. In particular, as the strain measurements are spaced from one to the other by a gauge pitch of 
1.3 mm, every inverse element along the sensing line is provided with the corresponding strain measurement.

4.2. Experimental results

In Table  7, the results of the experimental test are presented in terms of transverse displacement values, 𝑈𝑍 , and nodal relative 
error, 𝑒𝑟𝑟𝑈𝑧

. The SSB-iFEM results are compared to those obtained through the LVDTs’ measurements and the original iFEM 
reconstruction. As in the previous Section, to employ the original iFEM in the absence of back-to-back measurements, the hypothesis 
of through-the-thickness constant strains (CS) is adopted, thus the results are termed CS iFEM.

The experimental results of Table  7 show that, for both of the LVDTs, the CS iFEM is not able to reconstruct the deformed shape 
of the structure. On the other hand, the low SSB-iFEM errors highlight the accuracy of the new formulation. Thus, these experimental 
results confirm the conclusions of the numerical analysis: the SSB-iFEM formulation provides greater flexibility than the original 
iFEM when choosing the sensor configuration and allows, in the case of built-up structures such as the C-section beam, to reduce 
the number of sensors necessary for highly accurate reconstructions.
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Fig. 19. Clamping and loading assembly.

Fig. 20. Experimental setup details.

5. Conclusions

This work introduces a new Single Sensor Based inverse Finite Element Method (SSB-iFEM) to solve the requirement of back-
to-back sensors for the displacement reconstruction of thin-walled structures. In fact, the standard iFEM formulation is based on 
minimizing the error between measured and analytical strains, computed in terms of membrane and bending strain measures. These 
quantities require sensors on both faces of a thin-walled structure to be computed. On the contrary, the novel formulation introduces 
a new error functional, directly expressing the error between the strain measurement from a single sensor, on one face of the 
structure, and its analytical counterpart.

The SSB-iFEM and the standard iFEM are compared considering three thin-walled structures: a flat plate, a rectangular section 
box, and a C-section beam. Both numerical analyses and experimental tests are presented. The study reveals that the new SSB-iFEM 
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formulation demonstrates equivalent accuracy to the iFEM when back-to-back sensor configurations are adopted. Moreover, when 
considering sensors installed on one face only, the standard iFEM struggles to effectively reconstruct the considered structures’ 
deformed shape. On the contrary, for these sensor configurations, the SSB-iFEM shows consistent and accurate displacement 
reconstructions in every considered condition, thus making it a more flexible and reliable solution for variable sensor configurations.

In conclusion, the proposed SSB-iFEM is an equivalent strategy to the inverse Finite Element Method that, however, can strongly 
reduce the requirement of strain sensors and extend the field of application of the iFEM to thin-walled structures where the number of 
available sensors is small and their installation on both sides of the structure is impractical. It is worth noting that, when employing 
sensor configurations that do not consider back-to-back sensors, the SSB-iFEM reconstruction is successful only if built-up structures, 
such as the rectangular section box or the C-section beam, are considered: the deformed shape of the flat plate, with sensors placed 
only on one of its faces, would result impossible to reconstruct even for the SSB-iFEM as, with those input data, the accuracy 
of the reconstruction would sharply decrease. Nonetheless, this result is not concerning, as the objective of the SSB-iFEM is not 
to comprehend every possible sensor configuration that can be installed on a structure, but rather to expand the search space of 
possible sensor configurations when monitoring that structure.

In this regard, the study of the SSB-iFEM formulation should continue by comprehensively addressing the method’s sensitivity 
to different sensor configurations, investigating optimization analysis to obtain optimal sensor patterns and strain expansion 
strategies to further reduce the number of required sensors, so to develop an efficient shape sensing procedure. In future works, the 
experimental validation of the formulation should also be considered.
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Appendix. In-depth comparison between the iFEM and the SSB-iFEM formulation

The results presented in Section 3.2.2, 3.3.4, and 3.4.4 highlight that, when back-to-back strain measurements are provided as 
input data for the analysis, the iFEM and the SSB-iFEM formulation produce equivalent and yet non-identical results. To investigate 
the factors that influence this outcome, the equations of the coefficient matrix and the constant term of the SSB-iFEM formulation 
(Eqs.  (27) and (28)) have to be rewritten in order to explicit the same terms contained in the expressions of the coefficient matrix 
and the constant term of the iFEM (Eqs.  (15) and (16)), so to obtain an equivalent expression. Before even beginning to work on 
the equations, it can be immediately observed that, for both the coefficient matrix and the constant term, the two formulations 
share the terms related to the transverse shear strains. Therefore, in order to compare the two formulations, only the terms of the 
SSB-iFEM formulation related to the in-plane strain measurements have to be rewritten. Furthermore, observing the expressions of 
Eqs. (27) and (28), it is evident that the terms related to the top and bottom measurements have an identical formulation. As a 
consequence, the objective becomes simply to rewrite these expressions: 

(𝐊𝑝)𝑒 =
1
𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑚𝑘)𝑇 (𝐙𝜀𝑝 (𝑧))
𝑇 𝑑𝑖𝑎𝑔(𝝀𝑝)𝐙𝜀𝑝 (𝑧)𝐁

𝑚𝑘
]

𝑑𝐴𝑒 (A.1)

(𝐟𝑝)𝑒 =
1
𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑚𝑘)𝑇 (𝐙𝜀𝑝 (𝑧))
𝑇 𝑑𝑖𝑎𝑔(𝝀𝑝)𝜺𝑝

]

𝑑𝐴𝑒 (A.2)

where the dependence of the vector of penalization factors, 𝝀𝑝, and of the in-plane strain measurements, 𝜺𝑝, from the z coordinate 
is omitted and where a generic value of 𝑧 is considered for the expression of 𝐙𝜀𝑝 .

The first step to rewrite Eqs.  (A.1) and (A.2) is to explicit the terms 𝐁𝑚𝑘, 𝐙𝜀𝑝 (𝑧) and 𝜺𝑝, which were presented respectively in Eq. 
(20), (18), and (4).

After introducing all the proper explicit expressions, Eqs.  (A.1) and (A.2) are rewritten as:

(𝐊𝑝)𝑒 =
1
𝑒

[

(𝐁𝑚)𝑇 (𝐁𝑘)𝑇
]

[

𝐈𝑇
𝑇

]

𝑑𝑖𝑎𝑔(𝝀𝑝)
[

𝐈 𝑧𝐈𝑇
]

[

𝐁𝑚

𝑘

]

𝑑𝐴𝑒 (A.3)

𝐴 ∫𝐴𝑒 𝑧𝐈 𝐁

21 



V. Biscotti et al. Mechanical Systems and Signal Processing 232 (2025) 112700 
(𝐟𝑝)𝑒 =
1
𝐴𝑒 ∫𝐴𝑒

[

(𝐁𝑚)𝑇 (𝐁𝑘)𝑇
]

[

𝐈𝑇
𝑧𝐈𝑇

]

𝑑𝑖𝑎𝑔(𝝀𝑝)(𝐦𝜀 + 𝑧𝐤𝜀) 𝑑𝐴𝑒 (A.4)

Computing the matrix and vector products of Eqs. (A.3) and (A.4), the following expressions are obtained:

(𝐊𝑝)𝑒 =
1
𝐴𝑒 ∫𝐴𝑒

⎛

⎜

⎜

⎜

⎝

(𝐁𝑚)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑝)𝐁𝑚+

+2𝑧(𝐁𝑚)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑝)𝐁𝑘+

+𝑧2(𝐁𝑘)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑝)𝐁𝑘

⎞

⎟

⎟

⎟

⎠

𝑑𝐴𝑒 (A.5)

(𝐟𝑝)𝑒 =
1
𝐴𝑒 ∫𝐴𝑒

⎛

⎜

⎜

⎜

⎜

⎜

⎝

(𝐁𝑚)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑝)𝐦𝜀+

+𝑧(𝐁𝑚)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑝)𝐤𝜀+
+𝑧(𝐁𝑘)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑝)𝐦𝜀+

+𝑧2(𝐁𝑘)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑝)𝐤𝜀

⎞

⎟

⎟

⎟

⎟

⎟

⎠

𝑑𝐴𝑒 (A.6)

where now the terms 𝐁𝑚, 𝐁𝑘, 𝐦𝜀, and 𝐤𝜀 of the iFEM formulation appear explicitly. The expressions of Eqs. (A.5) and (A.6) are 
to be specialized for the top and bottom surface in order to compute the equivalent expression of the coefficient matrix and the 
constant term of the SSB-iFEM formulation. Moreover, as mentioned previously, the equivalence between the two formulations 
requires back-to-back sensor configurations as input for the analysis. Assuming for simplicity the case where back-to-back strain 
rosettes are employed for all the elements (this choice is non-restrictive), the vector of penalization factors specialized for the top 
and the bottom surface of each element, 𝝀+𝑝  and 𝝀−𝑝 , are identical and equal to unit vectors. Therefore, the terms of the coefficient 
matrix, (𝐊+

𝑝 )
𝑒 and (𝐊−

𝑝 )
𝑒, as well as the ones of the constant term, (𝐟+𝑝 )𝑒 and (𝐟−𝑝 )𝑒, can be simply obtained from Eqs. (A.5) and (A.6) 

by simplifying the diagonal matrix terms and setting 𝑧 = +𝑡 for the terms of the top surface and 𝑧 = −𝑡 for the terms of the bottom 
surface. Thus, adding each contribution as shown in Eqs. (26), the equivalent expressions for the coefficient matrix and the constant 
term of the SSB-iFEM formulation are obtained:

(𝐊′)𝑒 = 1
𝐴𝑒 ∫𝐴𝑒

⎛

⎜

⎜

⎜

⎜

⎝

(𝐁𝑚)𝑇𝐁𝑚+

+𝑡2(𝐁𝑘)𝑇𝐁𝑘+

+1
2
(𝐁𝑠)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑔)𝐁𝑠

⎞

⎟

⎟

⎟

⎟

⎠

𝑑𝐴𝑒 (A.7)

(𝐟 ′)𝑒 = 1
𝐴𝑒 ∫𝐴𝑒

(

(𝐁𝑚)𝑇𝐦𝜀+

+𝑡2(𝐁𝑘)𝑇 𝐤𝜀

)

𝑑𝐴𝑒 (A.8)

where, considering that the nodal displacements are computed as (𝐊′)𝑒𝐮𝑒 = (𝐟 ′)𝑒, both terms were simplified by multiplying them 
by factor of 1∕2.

Eqs.  (A.7) and (A.8) can be now compared to the original iFEM expressions of Eqs. (15) and (16). However, it is convenient to 
first rewrite the latter, to obtain the following expressions:

𝐊𝑒 = 1
𝐴𝑒 ∫𝐴𝑒

⎛

⎜

⎜

⎜

⎝

𝜁 (𝐁𝑚)𝑇𝐁𝑚+

+(𝜔𝑡)2(𝐁𝑘)𝑇𝐁𝑘+

+𝜉(𝐁𝑠)𝑇 𝑑𝑖𝑎𝑔(𝝀𝑔)𝐁𝑠

⎞

⎟

⎟

⎟

⎠

𝑑𝐴𝑒 (A.9)

𝐟𝑒 = 1
𝐴𝑒 ∫𝐴𝑒

(

𝜁 (𝐁𝑚)𝑇𝐦𝜀+

+(𝜔𝑡)2(𝐁𝑘)𝑇 𝐤𝜀

)

𝑑𝐴𝑒 (A.10)

where each individual contribution of Eqs. (15) and (16) is added together to produce the iFEM coefficient matrix and constant 
term, and where the factors 𝜁 , 𝜔 and 𝜉 are introduced to facilitate the comparison between the two formulations. In the original 
iFEM formulation, 𝜁 = 1, 𝜔 = 2, and 𝜉 = 1.

Immediately, the term-to-term comparison of Eqs. (A.7) and (A.9), and of (A.8) and (A.10) highlights that to obtain a unique and 
identical formulation, the three factors would have to be set so that 𝜁 = 1, 𝜔 = 1 and 𝜉 = 1∕2. Thus, this comparison demonstrates 
why the iFEM and the SSB-iFEM produce, in the case of back-to-back configurations, results that are slightly different from one 
another: the ‘‘weight’’ of the contributions to the elements coefficient matrices and constant terms, 𝜁 , 𝜔 and 𝜉, are different between 
the two formulations. In particular, the dimensional coefficient (2𝑡)2 of the iFEM formulation appears to emphasize the contribution 
of the bending terms more than the equivalent term, 𝑡2, of the SSB-iFEM formulation.

Data availability

Data will be made available on request.
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