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1. Introduction

Concentrated nonlinearities for the Schrédinger equation were introduced in the
nineties of the twentieth century with the aim of effectively modeling several physical
phenomena. In [44], a model with a concentrated nonlinearity was proposed to describe
the nonlinear effects arising when a bunch of electrons experiences resonant tunneling
through a double-well potential. In that case the effect of the trapped electrons inside the
well was described by a nonlinearity that vanishes outside the well. Since the double well
arises along one direction only, the problem resulted in the analysis of a one-dimensional
system. In [37], the spatial range of the nonlinearity was reduced to a single point, so that
the interaction was described as a nonlinear point interaction also called nonlinear delta,
namely a delta potential whose strength depends on the function to which it applies.
In [42], a short-range nonlinearity was studied in the context of open quantum systems
using a more abstract mathematical framework.

Generally speaking, a nonlinear point interaction is supposed to be useful for the sake
of describing the action of a nonlinear layer whose transverse dimension is much smaller
than the typical wavelength of the incoming particle.

Formally, the model is realized by the Schrédinger equation

0wy = “ —uf + plugPuyg . (1.1)

Here the Dirac delta on the right-hand side acts as a multiplicative factor, working as a
potential concentrated at a single point. It is often said that such a term describes the
effect of an impurity characterized by a range that is much smaller than the wavelength
of the particle described by the wave function w;.

Despite its apparent simplicity, this model proves to be nontrivial to define in dimen-
sions two and three, where it is necessary to apply the theory of self-adjoint extensions of
symmetric operators [9]. The result of the rigorous construction does not coincide with
the ordinary notion of a delta distribution, and this is the reason for the use of quotation
marks in (1.1).

The rigorous analysis of the Schrédinger equation with a nonlinear point interaction
was initially carried out in dimension one [8], three [3], and finally in dimension two [17].
In these works well-posedness is established in appropriate functional spaces and it is
demonstrated that the main feature of the models is the reduction to nonlinear integral
equations with singular kernels. Further investigations provided results on the existence
of blow-up solutions [1,4,30], on the presence of standing waves with their orbital and
asymptotic stability [2,6,7,14,33], and on supercritical scattering [5].

In contrast to the case of the standard nonlinear Schrédinger equation (NLS) or
Hartree equation, however, a rigorous derivation of (1.1) as the effective dynamics for
a quantum system has not been previously accomplished. Indeed, in the only available
mathematical results of this kind, i.e. [15] for dimension one and [16] for dimension
three, equation (1.1) is derived as the limiting behavior of a predefined short-range
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nonlinearity. Thus the question of how the concentrated nonlinearity arises from an
underlying fundamental linear model remained untouched.

Here we present the first rigorous derivation of (1.1) from a many-body quantum
dynamics in the special case p = 2, i.e. we rigorously deduce a cubic equation with a
pointwise nonlinearity. We limit our analysis to the one-dimensional setting, however
we plan to explore the corresponding problem in dimensions two and three in the near
future. Furthermore, here we treat the case of defocusing nonlinearity. This choice is due
to the fact that the target equation is L2-critical and for the moment we prefer to focus
on the derivation of the pointwise nonlinearity avoiding to deal with issues related to the
existence of blow-up solutions.

The purpose of this paper is to demonstrate that, analogously to the standard NLS
and Hartree equations, (1.1) can be constructed as the effective dynamics for a quantum
system consisting of a large number N of identical bosons. This result links the equa-
tion for an N-body linear quantum system with the equation for a one-body nonlinear
dynamics.

Let us point out that the choice of bosonic symmetry in the initial state does not
prevent the model from being applied to the resonant tunneling of electrons. As explained
in [44], one can assume that the initial state of the electrons factorizes into a longitudinal
and a transversal component.

One can assume that the longitudinal component exhibits bosonic symmetry, thus it
can be factorized in the single-electron variables. Specifically, for @y o(x1,...,xn), the
initial state of the system of N electrons (where the boldface denotes x; = (x;,v;, 2;),
the position variable in three dimensions of the j-th electron), we have

(I)N’()(Xl, e ,XN) = Lp(l‘l) .. QD(.%‘N) Q(yl,zh e 7y]\],ZN).

Here, ¢ represents the longitudinal component of the initial state of each electron, while
Q is the collective transversal component, which is assumed to be totally antisymmetric
under variable exchange, i.e.,

Q(yw(l)a Za(1)s -+ Yn(N)» ZT((N)) = (_1)Sgn(ﬂ)9(y1a Zly- -5 YN, ZN))

for every permutation 7 of the set {1,..., N}. This ensures that the overall initial wave
function ®x,p to be antisymmetric, thereby respecting the Pauli’s principle for an N-
electron system.

This shows that the one-dimensional nature in this model is intrinsic and not just a
simplification of higher dimensional model. Throughout the paper, we focus on describ-
ing the longitudinal evolution only, under the assumption that it decouples from the
transversal component.

The characteristic feature of the present model is the way bosons interact with one
another. Indeed, instead of experiencing a usual two-body interaction, every pair of
particles undergoes an interaction mediated by a third body, that is an impurity, whose
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position is fixed. In other words, in order to derive a nonlinear point interaction, we use
a three-body interaction potential that acts on triplets made of a pair of bosons and the
impurity.

In terms of scaling, we consider for the potential a mean-field regime together with a
short-range limit. This means that the strength of the interaction scales as the inverse
of the number of particles N, so that the kinetic and potential energies scale in the same
way as [N grows and simultaneously the range of the interaction shrinks to a single point.
However, the short-range limit is slower than the mean-field.

Concerning the initial data, we make use of a factorized state, so that all bosons share
the same quantum state . Then the N-body dynamics we consider is

N
00 (Xn) = = 3 A Una(Xn) + 5 D Welean, w0 Uao(Xn)

j=1 1<k<t<N (1.2)

Uno(Xn) = ¢®M(Xy) = o(z1)...0(zN)

where:

 x; is the spatial coordinates of the j-th boson and A, = 82.)_;

e Xy = (21,...,7x5) € R¥ is the string of the coordinates of the N bosons;

o Uy is the wave function at time ¢ of the system made of IV identical bosons;

o The initial data is the Nth tensor power of the same function ¢ € H'(R), that
satisfies the normalization condition [ dz |¢(2)[* = 1;

e 1> 0 denotes the strength of the interaction;

e The short-range parameter € depends on N. In order for our techniques to work, we
assume that

et =o(log N).
So, to fix ideas, one can take, e.g.,
e:= (log N)"2; (1.3)

o W, is the three-body potential that describes the interaction between couples of
bosons and the impurity, located at the point c. One can think of it as of

-1 -1

We(e,xp, x¢) := we(c — zp)we(c — x¢), with w.(z):=e w(e ),
where w is positive, even, and in Schwartz class.
Furthermore, placing the origin of the coordinates at the position of the impurity,

one gets ¢ = 0, so the potential simplifies to

We(xk, ) = We(0, 28, 2¢) = we(zr)we(wr); (1.4)
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e Denoting by Hy the Hamiltonian operator that generates the dynamics of the N-
body system in the presence of the impurity, namely

N
Hy ==Y Ap+4 > Welanao), (1.5)
=1 1<k<t<N

one can express the system (1.2) in the shorthand way

._ —itHn, . QN .
\I’N,t =€ NQO )

e Since both the initial data and the Hamiltonian are symmetric under exchange of
coordinates, at any time the solution Wy ; preserves the same symmetry.

 As we choose the one-particle initial data ¢ as an element of H*(R), we are interested
in the so-called mild solution to the problem (1.2), namely the solution in the energy
space H'(R™), that strictly speaking solves the integral version of (1.2).

We can now state our main result.

Theorem 1.1. Given a function ¢ € H'(R), normalized in L*(R), let ¥ be the mild

solution to the Cauchy problem (1.2) with p > 0. Define the one-particle reduced density

matric 7](\% as the integral operator whose kernel is defined by

7§V{>t(x, y) = / AZ U o (y, Z) VU 4(z, Z). (1.6)
]RN—l

Let ¢y be the mild solution to the equation

i0pe = —¢i + plod 00 (1.7)
with initial data o = @, namely, the solution to the integral equation

t

oo = Ug—in [ dsUE = 9)leu o (1)
0

where U(t) denotes the free Schrodinger propagator in dimension one.
Then, for 0 < € < 1, there exist positive constants C' and K such that the following
bound holds:

1 C 1 1 1
Tr 'Y](V?t - |<Pt><<ﬁt|’ < N (1 + g?’w + E%TN + TN

Jexp (K (1+271)t) + O/ ekt
(1.9)

where |¢4)(pt| denotes the projection operator to ¢y in L*(R).
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The following immediate Corollary points out the convergence in trace norm:

Corollary 1.2. With the same assumptions as stated in Theorem 1.1, we have

Tr 71(\% — ) {ptl| = 0 as N = o0

when ¢ — 0 as N — oo satisfies that =1 = o(log N) and 0 < t = o(loge).

)

Let us point out the following remarks:

As usual the notation X = o(Y") is used to express that X grows at a much smaller
rate than Y as N — oo. This is crucial for obtaining the convergence of the first
term in (1.9).

The existence and uniqueness of the mild solution to (1.8) have been proven in [8].
For the second term in (1.9), the exponent 1/4 of € can be chosen to be any 7 €
(0,1/2) so that

1 C 1 1 1 B
Tr ’ng,)t — |()0t><()0t|’ S N (1 -+ m + 5377—N + W) exp (K(l + € l)t) —|—C(€77 eKt'

(1.10)

To describe the three-body interaction that takes place between the bosons and the
impurity, one may employ an interaction potential that involves direct interaction
between the bosons, like e.g.

Wele, z, m0) =q2qrqe we(c — T)we(c — T4) + qeqrge we (¢ — i )ve (T) — T0)

+ qc‘]kqg We (C - iL’g)UE (xk - xé)

where ¢, gk, qe denote the charge with which the impurity located at ¢ and the
particles at x; and z, interact. Moreover, we considered two different potentials:
w, for the interaction between the impurity and the bosons, and v. the interaction
among the bosons, to distinguish between different physical cases.

If we assume that the interaction is electromagnetic and the charge of the impurity
considerably surpasses that of the bosons, e.g. g. = N and qi,q¢ = N~', we can
disregard the interaction terms with v.. This results in the interaction potential
described above. Furthermore, we expect that for the case where ¢. and all g are
of same order, one can follow the strategy given in this paper to derive (1.7) with a
coefficient slightly different from pu.

One can add to the N-body model a standard mean-field term as well as a short-scale
potential, and obtain, as a result of the scaling limit, equation (1.7) with additional
Hartree and NLS term, namely (V * |p?)p; and |p:|?¢;. However, our aim is to
rigorously derive from a microscopic dynamics the nonlinear point interaction, which
is the novelty of our work, therefore we omit such terms.
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Analogously, in order to focus on the mathematically rigorous derivation of the non-
linear delta term, we restricted to an interaction between the impurity and couples
of particles, neglecting a possible action between the impurity and single particles.
Including such a term in the dynamics one obtains the N-body Hamiltonian

N N
HN :—ZAIJ—FZUE(C_.]:J)“‘% Z WE(C7$1€7$£)7
j=1 j=1 1<k<{<N

where the potential v. describes the interaction of the impurity with every individual
particle and tends to a Dirac’s delta in the limit ¢ — 0. It is well-known from the
theory of the approximation of delta interactions by regular potentials [9, Section
1.3.2], that the one-particle Hamiltonian —A + v, converges in the strong resolvent
sense to the delta-interaction Hamiltonian —A + «d, where o = f v. Including such
interaction in the model reduce then to adapting a known argument, so we decided
not to consider this issue.

We model the fact that the interaction range is small by letting € go to 0. A similar
procedure was often followed in the literature on two-body interaction models in
2D or 3D, e.g. in [11,10,41,43], where the gap between the mean-field and Gross-
Pitaevskii regimes had to be bridged by considering an intermediate regime. More
specifically, for the Hamiltonian

N —d
g
HN75 = — E ij —+ —N E V(e_l(a:k — xz)),

j=1 1<k<t<N

the most common regimes are defined as follows:
e Mean-field regime: When € = 1 for any dimension d = 1, 2, 3.
e Gross-Pitaevskii regime:
— For2D:d =2, =eN.
— For3D:d=3,¢e=N"1
o Intermediate regime:
— For 2D: d =2, = N™® with a > 0.
—For3D:d=3,e=N"*with0O<a<1.
We adopt a similar approach, replacing N~% with €. Then, since there is no agreed-

upon Gross-Pitaevskii scaling in 1D, we prove that when 7!

~ +/log N, we achieve
the limiting equation as shown in Corollary 1.2.

The hypothesis of factorization is often referred to as condensation, as it describes
the collective state of a Bose-Einstein condensate, one of the most prominent re-
search areas where factorization naturally applies. From a theoretical perspective,
the concept of exactly factorized states has been explored for several decades (see,
e.g., [46] and the subsequent research on mean-field limits). Note that the factor-
ization holds exactly only in the infinite-particle limit, although it can approximate

well for a sufficiently large number of particles.
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In one-dimensional systems, where condensation is a more delicate phenomenon,
the existence of factorized states was proven in [36]. The proof is provided for fully
factorized initial data, and it is expected that this result could be extended to other
initial data that approximate fully factorized states.

Let us show heuristically how equation (1.7) is related to (1.2). Putting ¢ = 0 as in
Theorem 1.1, the N-body energy for the factorized state cpl‘?N reads

Z/dm] |} (2 |2+LN Z /dxkdw (ko) |pe(xn) e () [
1<k<t<N

Now we equally distribute the energy among the N particles. To this aim, we rewrite
the interaction term in the energy as follows:

E(pP™) = /d% 0 () 2 + AN > /dxkde (@, o) oe () [P pr () [*-

1<k <N
kAT

Exploiting the symmetry of the system, we can focus on the contribution of the energy
of the first particle, namely

N

1

3 [ @ + 15 S [ doda Wator ol Plonten
=2

1

5 [[an it + ([ anunelete?)( Z/wwwuwmw

2
5 [ ol + 4 S ([ dnwteladel)

Now, taking the limit N — oo, and recalling that ¢ — 0 as N — oo, the previous
expression converges to:

1
5 [ daleitanf + oo

which coincides with the one-particle energy of the solution of (1.7).

However, as well understood in this kind of problems (see [43]), the limit to be per-
formed is conveniently formulated in terms of the reduced density matrixz, because proving
L2-convergence for the wave function, i.e. Uy ; ~ ¢P" in the L?norm, is out of reach:
if we consider an N-body wave function ¥y = @®N-1 v o with ¢+ orthogonal to

we find indeed that the distance between Wy and @®V =1 v ol equals v/2 because
the two N-particle states are orthogonal. Therefore, an uncontrolled behavior of one sole
particle could result in the maximal distance between two quantum states, even though
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all other particles reside in the same state ¢. On the other hand, if one proceeds like
in Theorem 1.1 and considers the trace norm distance between the one-particle reduced
density matrix associated to p®(N=D v ! with the one associated to ¢®V, then it can be
checked that the trace norm distance is bounded by C N~!. Moreover, from the physical
point of view the trace class norm proves to be meaningful as it provides convergence of
the expectation values of bounded observables.

Our strategy consists in separating the mean-field and the short-range limit. Specifi-
cally, the mean-field limit N — oo is achieved by adapting to our problem the techniques
of [22,34]. Eventually, one obtains the following one-body equation

i0;ur = —ul + we(we * |ue]?)(0)us, (1.11)

to which we will refer as to the concentrated Hartree equation, since it is a Hartree-
type equation whose nonlinear term is concentrated by the presence of the factor w..
Exactly because of this localization of the interaction, (1.11) cannot be straightforwardly
derived using previous results. Furthermore, notice that in (1.11) the convolution term is
evaluated at the origin, where the impurity is located. Introducing the bracket notation
(-,-) for the hermitian product in L?(R), we can rewrite equation (1.11) as

0u; = —u) + we(we, |ue?)uy. (1.12)

We stress that, notwithstanding the localization at zero of the convolution term, equation
(1.12) remains nonlocal, since the value of u; at every point contributes to the hermitian
product. At this stage, equation (1.12) can be considered as an intermediate problem
between (1.2) and (1.7).

Once obtained (1.12), as a second step we perform the limit € — 0. Such a step relies
on comparing two different one-particle evolutions, and this is carried out by employing
a method inspired by [15]. Again, the limit we perform is new and techniques already
known have been suitably adapted.

Consistently with the two steps just described, we estimate the error by splitting the
limit in two parts, through the triangular inequality

Te]y 3 = leo (| < Tejy) = fue el | + T

|te,t) (e | — [pt) (pt] (1.13)

where ., is the mild solution to the intermediate equation (1.12) with initial data ¢,
and by estimating the two terms in the r.h.s. separately, following a strategy similar to
that in [11,10,41,43].

We warn the reader that, even though conceptually the limit in N precedes that in ¢,
in order to make the paper more readable we proceed in the inverse order.

Concerning the techniques, we follow the recent achievements on mean-field and Gross-
Pitaevskii limits. In particular, we make use of the breakthrough results in [45] where,
inspired by [24,25,29], the authors employed the coherent state approach in Fock space
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to derive the mean-field limit of the dynamics of many-body quantum systems with two-
body interactions. The gain with respect to previous derivations (e.g. [46]) lies in the
estimate of the width of the fluctuations around the limit. Later, in [32] another strategy
to derive mean-field limit with an estimate of the error was developed. The optimal
convergence rate for Gross-Pitaevskii limits was finally obtained in [13], while in [27,28]
the authors employed the Bogoliubov transformation to derive second-order corrections
to mean-field evolution of weakly interacting bosons. Results on approximation in norm
were obtained in [12,38,39].

The large N-limit of the dynamics of N-body quantum systems with three-body
interaction was rigorously studied in [21] where the Gross—Pitaevskii limit of a Bose gas
with three-body interactions was achieved using the method of the BBGKY hierarchy,
obtaining the quintic nonlinear Schrédinger equation (qNLS). Later, in [23,34] the mean-
field limit of three-body interacting Bose gas was obtained, and in [41], Gross—Pitaevskii
limit of three-body interactions was obtained using Fock space method. Complementarily,
in the recent paper [40] the ground state energy of a low-density Bose gas with three-body
interactions was investigated.

From the technical point of view it is worth remarking that we employ only the
Weyl transformation rather than Bogoliubov transformations in the language of second
quantization. We believe that, together with the two-step strategy illustrated before, this
choice streamlines the discussion, reduces computational costs, and necessitates fewer
concepts. While this approach sacrifices the speed of the scaling limit, in our opinion it
enhances clarity and simplicity of the derivation.

The paper is organized as follows: Section 2 contains results on the well-posedness
and on the conservation laws of the dynamics generated by the target equation (1.7)
and that generated by the concentrated Hartree equation (1.12); in fact, while for the
former we just quote results from [8], for the latter the results are new and their proof
is given in detail. We notice that, owing to the one-dimensional character of the model,
the theory can be easily developed in the energy space H!(R).

Section 3 is devoted to the proof of the convergence from (1.12) to (1.7) as e vanishes,
that encodes the transition from nonlocal to local nonlinearity at the one-body level.

In Section 4 we introduce the second quantized formalism and provide several notions
and results that prove useful for microscopic derivation. Since second quantization is
sometimes considered as complicated and cumbersome, we privilege self-containedness
and assume sometimes a pedagogical attitude. In particular, we establish some a priori
estimates, define Fock spaces and recall some of their basic properties, delve into unitary
operators and their generators, and introduce the fluctuation dynamics. Part of the
content of this section has the character of a quick review.

Lastly, Section 5 presents the proof of Theorem 1.1.

Along the paper we denote by (-, -) either the standard Hermitian product in L?(R)
or the inner product in Fock space. Consistently, || - || may represent either the standard
L?(R)-norm or the norm in Fock space. The context will avoid every possible confusion
or ambiguity caused by this abuse of notation. As in the statement of Theorem 1.1, we
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use the Dirac ket-bra notation |f)(f| to denote the orthogonal projection in L?*(R) on
the linear span of the function f.

We use the symbol U(¢, z) to denote the integral kernel of the unitary group generated
by the free Schrédinger equation in one dimension, i.e.,

Ult,z) = —— (1.14)

so that for every f € L?(R) it holds

{e=w)?

- f(y).

1
Ut f)x) = [ dyUt,z—y) fly) = — [ dye
R/ \/47r1tR/

It is well-known that for every ¢ € R, U(t) is a unitary operator in all Sobolev spaces
H:(R).
We define the Fourier transform f of the function f as follows:

~

fit) = o= [ 1@ an
R

so that it is a unitary operator in L?(R).
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2. Properties of one-body dynamics
In this section, we give results on the two one-body nonlinear dynamics (1.7) and

(1.12). As anticipated in Section 1 we are interested in finite energy states, therefore we
aim at studying mild solution rather than strong solutions. Mild solutions are solutions
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to the integral version of the equations obtained through the Duhamel’s formula, namely,
for (1.7) one gets (1.8), while for (1.12) one has

t

Uer = U(t)p — i,u/ds Ut — s)we(we, |u€,s|2>u5,s. (2.1)
0

For the definition of the first model (1.7) as well as for the proof of global well-posedness
in H'(R) and of conservation laws of L?-norm and energy, we refer to [8], from which
we borrow the following results:

Lemma 2.1 (Global well-posedness and Conservation Laws for the NLS with pointwise
nonlinearity). Consider the Cauchy problem given by equation (1.7) with u > 0 and the
initial data € H'(R). Then

1. There exists a unique mild solution ¢, € C°(R,H'(R)) (Global well-posedness
[8, Theorem 14]).
2. The solution ¢; satisfies

||80t|\L2(R) = ||S0||L2(R)

(Conservation of the L?-norm [8, Theorem 7].)
3. Defined the functional

1 %
E(pr) == §H<PQ||2L2(R) + Z\@t(0)|4a

there holds

E(pr) = E(p)

(Conservation of the energy [8, Theorem 13].)

In Section 2.1 we provide detailed proofs of well-posedness and conservation laws for
the concentrated Hartree equation (2.1).

2.1. Concentrated Hartree equation in the energy domain

In this section we prove global existence and uniqueness of equation (2.1) with the
initial one-particle state ¢ in H(R). We follow the usual path starting with local well-
posedness, that we prove on H? with o > 1/2, then showing the conservation laws of
L?norm end energy, and finally using them to prove global well-posedness. In order to
prove the conservation of the energy we need to consider at first initial data ¢ € H?(R),
then through an approximation argument we obtain the conservation of the energy in
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H'(R), from which we get uniform estimates in ¢ which are used to show global well-
posedness.

Lemma 2.2 (Local well-posedness). Let o > % and ¢ € H?(R). Moreover, let e > 0 be
fized. Then the integral equation (2.1) is locally well-posed, i.e. there exists T > 0 such
that a unique solution u. € CO([0,T), H°(R)) exists for (2.1).

Proof. Let T > 0 to be specified later. In the space X := C°([0,T], H°(R)), consider
the closed ball X, of radius p > 0 centered at U(-)p, namely

X, ={v € X, |[v-U@)¢llx <p},

where we considered the standard norm [lulx := sup;cp 1y [|uel| o (r). As well-known,
X, is complete as a metric space.
We introduce in X the map &, defined by

t

(Pv)y = U(t)p —ip / ds U(t — s)w. (w., |vs|*)vs. (2.2)
0
Since o > 1/2, the space H?(R) is an algebra, therefore

t t

[ asUt = e oo < [ dstur oo Pllwe e )
0 Ho(R) 0
¢ (2.3)
< Clfwlsfolemy [ as o lllodl oo
0
< CTlv%-
Thus by (2.2) one obtains
[®v - U()pllx < C|o|%T (2.4)
and by
lvllx < [lv=UQE)ellx +IIUCellx < p+ llollaem)s
one gets

|20 =UC)ellx < C(p+llellmem)’T (25)

so that, provided
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p

T < ,
C(p+llellu-(r))

(2.6)

one concludes that ® maps X, into itself. We look for further conditions on 7' that
guarantee that @ is a contraction of X,. Consider { and ¢ elements of X, and notice
that

IEllx < 1E=UOellx +1UCelIx < p+llellaem) (2.7)

and the same for ||(]| x.
Then

t
H((I)f)t - ((I)Ot”Ha(]R) < C”“’EHH"(R) /ds ||<ws, ‘€S|2>§s — (we, |CS‘2>CS||Ha(]R) . (2~8)
0

We split the last factor in the integral as follows

H<w67 |€S|2>§s - <w€’ |Cs|2><SHH0‘(R)
< H<w57 |£s‘2>(§s - CS)HH“(R) + ||<w5, |§s|2 - |Cs|2><sHHg(R) (2.9)
< {we, [€) 168 = Call ) + [(wes 1€ = G| 16l o m) -

Using [dzw.(z) =1

’(wg, |€S|2 - KS|2>’ = /dst ([€s ()] + [Cs(@)]) (1€ ()] = |Cs()])

) ([ (@)] + 1€ (2)]) [ () = Cs ()] (2.10)

IN
%\ =
o,

8
g

m

IN

(s lloe + I¢slloc) 1€s = Cslloo
Clgllx +lclix) 1€ = ¢llx

IN

that, together with (2.8) and (2.9) yields

1(@€), = (@C)ll gy < Cllwell- @) T (I€1% 1€ = Cllx
+1¢lx (lellx + NI¢hx) 1 = ¢lix)
< OT (Jlel% + ICI%) 11 = ¢llx
< CT (p+ el o)) I — Cllx-

(2.11)

Thus, owing to (2.6) and (2.11), if
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1
T < min( 5 P 3>, (2.12)
Cp+lleluem®)” C(p+ el m))

then the map @ is a contraction of X, into itself and by Banach-Caccioppoli fixed point
theorem it admits a unique fixed point, that is a unique function u.; such that

¢
Ueyr = (Pue)y = U(t)go—i,u/dsU(t—s)w5<w€7|u€’s|2>u5,s, (2.13)
0

then uc, is the unique solution to (2.1), which is then well-posed in the space H?(R)
and the proof is complete. 0O

Notice that the existence time T" depends on € through the constant C, which in turn
contains the norm in H?(R) of the function w,, that diverges as e vanishes. This is
unavoidable as we need to obtain a delta potential in the limit. Of course, this feature
is absent in standard Hartree models.

In order to pass from local to global existence, one needs to exploit the conservation
laws of the L?-norm and of the energy. For the latter it is required to have more regularity,
namely it must be o > 1.

Lemma 2.3 (Conservation laws, Global well-posedness). Let ¢ > 0 be fized. Consider
¢ € HY(R) and let u.; denote the solution at time t of equation (2.1) with initial data
Ue 0 = @, whose existence is guaranteed by Lemma 2.2. Then, the following statements
hold:

1. The L*-norm is conserved by the flow, i.e. ||uc || = ||¢|-
2. The Energy
E ( _ 1 / 2 1 2\ 2 2 14
e “E,t) = 5”“5,1:” + Z<w€a |u5,t| ) (2.14)
is conserved by the flow, i.e. Ec(ust) = Ec(p).
3. The solution u.+ can be extended to a global solution.

Proof. As a solution to (2.1), the function u. ; satisfies d;u. ; € H~*(R). Then, one can
compute

Otlluetl® = 2Re(ucy, Opucy) = 2Im{ucy, —u?,) + 2Im p(we, [ue [*)> = 0, (2.15)

so conservation of the L?-norm is proven at every time of existence of the solution.

To prove the conservation of energy, let us first suppose more regularity for the initial
data, say ¢ € H?(R). Then, given the definition (2.14), straightforward computations
yield
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O E.(uzy) := Re (<U/5,t7 atu'g’» + plwe, |u€,t|2><w€,@8tue,t>) (2.16)

The first term in parentheses can be computed as follows

Re(u, ;, 0. ;) = —Im{ul,, —ul, + peweue ;) = —pelm(ul ,, weue ) (2.17)

where we denoted ¢ := (we, |uc ¢|*) to avoid cumbersome expressions and used the fact
that u., € H*(R). On the other hand, for the second term in the parentheses of (2.16)
one immediately has

peRe(we, Te10pue,e) = pelm(we, ey (—uly + peweue )
= pelm(we, =z u ;) (2.18)

= peIm(ul , weue r)

Therefore, from (2.16), (2.17), and (2.18), one concludes
8tE€(u5,t) = 0. (219)

Owing to the positivity of the interaction, conservation of energy immediately gives that
the solutions are global. Indeed, from (2.12) it appears that a solution in H' can always
be prolonged for a time T that depends on the H'-norm of the solution only. Now, due
to the expression (2.14) of the conserved energy of the system and to conservation of the
L?-norm, one has

Juetllm®) < V2E:(0) + llol? (2.20)

so that the solution can be always extended for a further time given by

1
T. = —min

P
2\ (o4 VIETFTRR) € (p+ VB F o)

which depends on ¢ and e. Thus, iterating the extension, at each step the solution is

. (221)

extended by the same amount of time 7., so globality in time is eventually reached.

To allow for initial data in H*(R) we exploit the continuity of the solution with respect
to initial data. Let us drop the auxiliary hypothesis ¢ € H?(R) and consider a sequence
(™ € H?(R) such that p(™ — ¢ in the topology of H'(R). Denote by uint) the solution
to (2.1) with initial data (™ and as usual by u. ; the solution to (2.1) with initial data ¢.
We stress that the solution w. ; is initially defined in an interval [0, T], with T" satisfying
the condition (2.12). On the other hand, being solutions in H?(R), the functions ug})

are defined at every ¢t € R. Furthermore, the quantity ||u§7?|\ H1(R) can be bounded by a
constant C' independent of €, n and ¢:
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n n n n I n n
[l 15y < 2B + eI < ™Y 1P+ Sle™ Il + o™ < C,

where we used (2.20), [w. dz = 1, and the fact that the H'-convergence of the sequence
©(™ entails the boundedness of ||(©™) ||, |©™ s, and |[(™]].

On the other hand, by Lemma 2.2 one has [u. (|| g1 gy < C-: for every t € [0,T], but
the dependence on € cannot be ruled out until we prove conservation of energy.

From (2.1) one has

||u§nt) — Ue ¢ || 51 (R)
t

< 6™ = iy + s [ d e (G, [P = G e,

’HI(R)

0
t
< Gt el [ ds (e ol B0l = el
0
+ <wsv ||u§ns)‘2 - |“€,S‘2|>”U678”H1(R)) (2.22)
t
< Cut C [ ds (WO P - el
0
+ (||U§7,1s H%Il(]R) + ||us,s||12ql(R))|U£:7fs)(0) — e 5(0)])
¢
< C’n—i—Cg/dsHug? —u57s||H1(R), vVt € [O,T]
0
Now, by Gronwall’s estimate
Hug,? — Uil (R) < Cree’, vt € (0,7 (2.23)
and, since C,, := || — ¢l g1 () vanishes as n — oo, we conclude that
US? = Ue,t, n — oo, vt € [0,77].

Finally, since the energy functional is continuous in H'(R), one has

Blusy) = lm B(u)) = lm B(p™) = B(g),  vte[0,T],
n—00 ’ n—o00

then conservation of energy is proven up to time 7. It is now possible to proceed as we

did for the H?-solutions, namely extend the solution ue ¢ in H'(R) for a time T given

by (2.21) infinitely many times, obtaining then a global solution in H*(R). O
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3. From nonlocal to local nonlinearity

In the present section we prove that, as the number IV of particles grows to infinity
and then e vanishes, the solution u.; of (1.12) converges to the solution ¢; of the mild
version (1.8) of the target equation (1.7). There are some similarities with the analogous
result proved in [15], but first, here the starting equation (2.1) is different from that of
[15], and second, here we aim at estimating the error for large times, whereas in that
work the result was given for times of order 1.

Preliminarily, we highlight an important uniform estimate:

Remark 3.1. For the sake of taking the limit of u.; as ¢ — 0 while keeping fixed the
initial data ¢, it is essential to notice that

1
||Us t||H1(R) < \/HuetH2 + 2E ust V H‘PHQ + 2E \/|<P|| HL(R) + 5”947”%0

that is a uniform bound in € and ¢. As a consequence, one has the uniform estimate
2 2
(we, lue,[”) < fluellse < C.

Before proving the main result of the section, we give a Gronwall-type inequality,
suited for our purposes.

Lemma 3.2. Let w : [0,+00) — R be a non-negative and continuous function satisfying
the bound

w(t) < A(t)+B/ds w(s) (3.1)
0

where A : [0,+00) — [0, 4+00) is continuous and B > 0.
Then, the following inequality holds:

t

w(t) < D(t)+nB%e™B’ / ds D(s)e "B, (3.2)
0
where
[ A
D(t) = A(t)+ B [ ds
0/ t—s
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Proof. Tterating the Gronwall-Abel inequality (3.1) one finds

w(t) < A(t)+Bo/ds\/t_+BQ/\/m e

Exchanging the integrals in s and s’ and recalling that

one gets

w(t) < D(t)—FTFBQ/dS/’LU(S/)
0

that, by the classical Gronwall inequality, yields the result. O
We prove the following

Theorem 3.3 (Convergence of the one-body dynamics). Let p € H'(R) and w in the
Schwartz class. Then, for any t > 0,

1
e — il Fzm) < Ce™e, VW t, 0<n< 510, (3.3)
where C is independent of € and t.

Proof. First, we split u.; — ¢, into four terms, namely

uer — @p = (I) + (II) + (III) + (IV), (3.4)

where

—
—

N
Il

t
_i/~L / ds U(t - 8) (wsus,s<'w€a |us,s|2> - 5us,s<'wsa |us,s|2>)
0
t
(H) = _iﬂ/ds U(t - 3) (5ue,s<wav ‘ua,s|2> - 5ue,s|ue,s(0)|2)
0

(III) = _i/J' ds U(t - 8) (5u5,s|u€,s(0)|2 - &psl@s (0)‘2) (35)

o—
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t

V) = —ig / AsU(t — ) (8alpal® — Gpalia(0)2).
0

We preliminarily show that (IV) = 0:

t

(IV) = —ip / dsU(t — 5) (Spslpal® — Boslipa(0)2)
0

= *iu/ds Ps (/ dyU(t — s,z —y) (3(y)]es(y)|* — 5(y)sos(0)|2)) 5

0 R
= iy / ds s (Ut = 5,2) (J0s(0) — lp.(0)2))
=0,

thus the quantity we have to estimate reduces to (I) 4 (II) + (III).
Let us first estimate (I). To this aim, we use the strategy outlined in [16]:

t

M = —ip / 5 {we, lue s[?) / Ut — 5,2 — y) (e (4)tie.o(y) — 6tz (1))

i / ds (e, e o) (( [ v s - puwue.) —U(t—s,xms(m)

0
i / ds (e, e,o) ( / dyU(t—s,x—ey)w(y)ua,xay))—U(t—s,x)ua,s«n)
0 R
(3.7)

where we performed the change of variable y — ey and used the definition of w.. Fur-
thermore, since f w = 1, we have

1= - iu/ds(wg7 |ue,s|?) /dyw( Yue s(ey) (Ut — s,z —ey) = U(t —s,z))

R

W/ds ws,\u59| U(t—s,x /dyw (ue s(ey) — ue 5(0))
0

= (Ia) + (Ib)
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We estimate the L?-norm in the variable z of the terms (Ia) and (Ib). We preliminarily
introduce the shorthand notation

Fy) = nw(y) ue,s(ey) (we, [ues|?), (3.9)

[(Ta)||* = /dx / dsds'/dy/dy'?y)f(y’) (U(t—s,x—ay)—U(t—s,x)) X
R R R

X (U(t—s,x—ey)-Ult—5,2).
(3.10)

Since f does not depend on x, by exchanging the integrals one is led to compute

/(U(t—s,x—ay)—U(t—s,x)) (Ut—s,x—ey)-Ut—5,z)) du.
R

We notice that

1 : 2
=—— [ dkeFne R T,
V2T /

R

Then, by standard computations

/U(t—s,x—sy)U(t—s’,x—ay’)dm
R

_ zi /dx ks de e=ik(a—2n) ik (t=3) (ié(o—ey) (=i€(1=s')
T
_ /dkeiak(y—y’) e—ikz(s—s/)
=V2rU(s —s,ey —v)),
thus

/de (t—s,x—ey)Ut—5,2)=V2rnU(s— 5 ey)
R

/det—s ) Ut -5 x—¢ey)=V2rU(s— s, —ey)
R

deU(t —s,2)U(t — s, x) =21 U(s — &, 0). (3.11)

B
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Plugging the previous estimates in (3.10), one gets

Gl = ver [ asas [ayay Tirty >( (s— s ey — ) — Uls — o', ey)

[0.4]2
—U(s—s',—ey)+U(s— ¢, 0))

< Var / dsds / dydy' | w)]1/ ()] (|U<s ey~ o)~ U(s — & e)]
[0,t]2
+|U(s =", —ey') —U(s — s',O))
(3.12)

In order to estimate the two last terms we use the elementary inequality

. 1
e — 1] < |z|7, VzeR,0<n<§

and obtain

oz Clly 1+ 151" ol + 1"

!/ / !/
U(s—s",e(y—9y"))—U(s— s, ey)| < s s S P

V(s — o', —ey/) ~ Ul - 0] < e

- |s — s/|ztn
(3.13)

so that
dsds

I(Ta)* < Ce / m/dydy’lf(y)If(y’)(|y|2"+|y’l2”)- (3.14)

[0.4]2
By (3.9) and since ||ue s|lco < C,
lfW)] < Clw(y)]
and, since w is rapidly decaying, the integral in (3.14) is finite, so that we conclude
(Ia)||> < Ce212m, (3.15)

Let us now estimate the term

t

) = u / ds(uws, |ue YUt — 5, 2) / Ay w(y) (e o (ey) — uz.4(0))

0 R
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Using Cauchy-Schwarz inequality we notice that

ey
|ue,s(€y) — ue,s(0)] = /dtu;,s(t) < Velylllul ll < Velyl llue sl < Celyl,
0

(3.16)

so that

)] < Cve

/dy lylw(y) ‘ H/tdsms,lus,f)U(tSw) : (3.17)
0

To estimate the second factor in (3.17) we pass to the Fourier space:

2

¢ t 2
/d8<u)€7 |U575|2>U(t -5 ) - /d8<w57 |Us,s‘2>6_ik2(t_s)
0 0 L
t

ds <ws,‘us,s|2>/d8/<w5,|us,s/|2>/dk6_ik2(5_5/)

0

t
ds/ds/ (we, |u€,s|2><w€, |u5,8/|2>
VAEREd

I
o

IN
Q
o\ﬂ

0
!
<c / dsds
s — |
[0,£)?
—C 2
(3.18)
Therefore, by (3.17) and (3.18) one gets
|@)* < Cet?
that, together with (3.15), yields
1
M2 < Ce¥1(t2"+¢3), 0<np<-=. (3.19)

2

Let us now estimate term (II) in (3.5). We rewrite it as
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(H):-%u/di/@U@—&x—w<&wwAw(/dM%@W@A@2)
0

6@%wmw@ﬁ

- iu/tds Ut — s,x)ue s(0) ((/dzws(z)Ius,s(z)2) - |Us,s(0)|2>
0

1u/d8Ut—sx§E(),
R

(3.20)

where we denoted

sl(s) = X[0,6)Ue,s(0) <(/dzw5(z)|uss(2)|2) _ |u5,s(0)|2>
= X[O,t]ue,S(O) /dz we(2) (|u555(2)|2 - |u5,s(0)|2) )

with x; the characteristic function of the interval I.
As a first step we prove a uniform bound for ¢!:

c(s)] < |ue,s(0)|/d2we(2) |lute,s (2)* — Jue,s (0) ]
= |ue,s(0)] /dzwe(z) (lue,s ()] + |ue,s (0)]) [|ue,s(2)] = Jue,s ()] (3.21)

< Clfucally [ d210e(a) e () = e 0)].

Then, proceeding like in (3.16),

IﬂﬂSQMN%/MW@Wd

= O\/EHUe,sHSH;/dZw(z)\/m (3.22)
= O\/E7

Going back to the estimate of the L?>-norm of (II), one obtains
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2 2
P :u/ [asvtt-sad)| = [ar| [asee
R R R
- 2
= 2u2/dk /dseik Scl(s)
o R (3.23)
1
= 2,u2/dk‘ /dseikzsgé(s) + 22 /dk: /dselk Scl(s)
0 R
%) ~t 9
—Cat2+27r,u /d |<£(\/g)| ,
1

where for the first term we used (3.21) and the fact that ¢! vanishes outside the interval
[0, ¢], while in the second we denoted by ¢! the Fourier transform of ¢!. Now, exploiting
the Plancherel’s formula and the fact that w > 1,

IID* = Cet® +2mp? |l < Ce(t+12), (3.24)

where in the last inequality we used (3.22) and that ¢! is supported in [0, ¢].
Let us now estimate ||(III)||. Define the function

he(s) = [ue,s(0)]*ue,s(0) — s (0)]*04(0),

so that
(I0T) = —i,u/dsU(t—s) (Gtes|tte s (O) = 505 lips(0)2) = —iu/dsU(t—s,x)hg(s)

then, by (3.11) we bound

2

(T = ,uz/dx /dsU(t—s,x)hE(s)

= p? / dsds’he(s)hs(s’)/de(t—s,x)U(t—s’,:c)

(0.2 (3.25)
= V2mu? / dsds’ he(s)h-(s)U(s" — s,0)
[0,¢]2

co [ aoae Bl

= [Ot]2 |S_8/|
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To estimate |h.(s)| we first use the triangular inequality and Remark 3.1:

[h(s)] < [lue,s(0) Pue,s (0) — 05 (0) P05 (0)

= [ (lue,s (O = |95 (0)*) tte,s (0) + |25 (0) [ (ue,5 (0) = 25(0))]

< e s ()7 = s (0)]?] e, (0)] + [0 (0)[ Jute, 5 (0) = 25(0))|

< lue,s(0)] = |5 (O)]] (ue,s(0)] + |5 (0)]) e s (0)] + |05 (0)[? e, (0) — 5 (0)]
< ute,s(0) = 05 (0)] (Juue,s (0)] + [ (0)]) e s (0)] + [0 (0)

|ue,s(0) — @5 (0)]
|

IN

(lue,s (0)1* + [ue,s (0) | (0)] + 195 (0) ) fue, 5 (0) — 05(0)
C |u5’5(0) — Ps (0)| )

IN

(3.26)

then, in order to bound |uc s(0) — ¢5(0)|, we evaluate at = 0 and ¢ = s the terms in
(3.5). We start by (I). Specializing (3.8) at = 0 and ¢ = s we obtain

S

(IO) = - lluf/dsl <ws7 |u5,51 ‘2>/dyw(y)us,51 (6y) (U(S — S1, *5y) - U(S — S1, O))
0 R

S

- /d51 <w67 |u5 91‘ 5 — 51,0 /dyw uz—: s1 €y) Ue, s, (0))
R

0
= (Ia0) + (Ib0)

(3.27)
Proceeding like in (3.13) one has
211,,12n 1
U(s — s1,—ey) — U(s —s1,0)| < o—W" oL
|S — 81|§ n 2
so we immediately conclude
7 3
I(Ta0)] < Ce20 / dsy % / dylyPw(y) < Ce2nshn. (3.28)
— 51
0
To estimate |(Ib0)[, by (3.16) we obtain
F 3
0] < ove fan el fay lug) < ovs o)
0

Let us now estimate |(I10)|, namely the value of (II) at « = 0 and ¢ = s. From (3.20) we
get
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(110) = —iu/dsl U(s —51,0)62(s1)
0

and by (3.21)

d51

s - C/es. (3.30)

(I0)| < CVe /
0

It remains to estimate the term (ITI0) defined as the evaluation of (III) in (3.5) at z = 0

and t = s, namely

ha(sl)

VAri(s — s1)

Thus, collecting (3.26), (3.28), (3.29), and (3.30), we get

(I110) = —iu/dsl

0

|h€(s)| <C |us,s(0) - 805(0)‘
< C(|(Ta0)[ + [(Ib0)[ + |(110)[ 4 |(II10)])

S

< CeMghn 4 Ofes + C/d51
0

he(s1)

S — 81

1

i

s The(s)l
<C 14+C|d
0

where we set 7 = 1. By Lemma 3.2 with A(t) = Cy/zti, and since by well-known
properties of Abel integral operators [26] D(t) = C\/2(t% +t1), one gets

S

|h(s)] < Cy/e s%+s%+ecs/dsl s%e’cs1 < Cye (s%eCSJrs%) < Cyfesies
0
(3.32)

where we used s > 0, fos e~ %*1ds; < C, and possibly modified the value of the constant
C from line to line. Now, plugging (3.32) in (3.25) for h(s) and for h(s’) yields

S

/ , h(s))
[(IID)|? < C [ ds|h(s)| [ ds
O/ /

Vs — s
0
t s
N E O (3.33)
< Ce dssiecs/ds'L
- b/ 0 s

< Cet?ect
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Together with (3.19) and (3.24), the last inequality gives

1
\|u€7t—<pt|\% < 052’7(t+t2)60t 0<n< 571520.

By using the fact that exponential function dominates polynomial, we get the result. O

4. From the N-body to the one-body problem: microscopic derivation

This section is the core of the present work, as it is devoted to the proof of the

transition from the N-body, linear dynamics driven by (1.2) to the one-body regime

identified with the concentrated Hartree equation (1.12). As proved in Section 3, such a

solution converges to the solution of (1.7) as e vanishes.

As the structure of the proof is quite involved, for the convenience of the reader we

list here the main steps to be followed in the next sections.

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

Step 8:

First, in Section 4.1, we prove an a priori lower bound for the powers of the
N-body energy.

Second, we introduce the formalism of second quantization. For the sake of self-
containedness, we review some established results on Fock spaces and on creation
and annihilation operators. This is detailed in Section 4.2.

We rephrase the N-body dynamics and the reduced density matrix in the for-
malism of the Fock space. After introducing coherent states and Weyl operators,
we modify the reduced density matrix by introducing the coherent states (Sec-
tion 4.3).

Exploiting the fact that the coherent states are eigenstates of the annihilation
operator, we express both creation and annihilation operators in terms of the
associated eigenvalues. This method is often referred to as the c-number substi-
tution (see (4.21)).

After the c-number substitution, in order to prove Theorem 1.1 we are led to
control the number operator fluctuation dynamics of an alternative generator,
related to the dynamics of Weyl operators (outlined in (4.22)).

Because this new generator does not conserve the parity of particle numbers and
this makes it harder to control the number operator fluctuation dynamics, we
further modify the new generator as in (4.23).

Since the modified generator is still hard to be investigated directly, we consider
another modified generator which approximates the modified generator given in
(4.27) in the large N limit, see Section 4.4.

By controlling the number operator fluctuation dynamics associated with the
generator given in Step 7 and providing the vicinity of each approximation to
its predecessor, we conclude the proof of the main theorem.
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4.1. A priori estimate

We second quantize the system. Then we consider a Fock space evolution with a co-
herent state. To do so, we will need to modify either Proposition 3.1 of [31] or Proposition
2.1 of [21].

Lemma 4.1 (Lemma 2.2 of [21]). For any W : R x R — R in LP(R2), the estimate

(1, W1, 22)1h2) < Cpl[W |1z

x1,T2

[¥nllzz, ., {02,) (s )]l L2

r1,T2 r1,T2

holds for any p > 1.

Proposition 4.2 (A priori energy bounds). There exists a constant C' > 0, and for every
k, there exists No(k) such that for all N > No(k),

(U, (Hy + N)*¥) > C*NF(W, (1 - 02))...(1— 02 )¥)
for all W € L2(RY).

Proof. We proceed by a two-step induction over £ > 0. For k = 0 the statement is trivial
and for k = 1 it follows from the positivity of the potential. Suppose the claim holds for
all kK < n. We prove it holds for £k = n + 2. In fact, from the induction assumption, and
using the notation S; = (1 — 92,)'/2, we find

(¥, (Hy + N)""2¢) > C"N™(¢, (Hy + N)ST ... Sq(Hn + N)o) . (4.1)

Now, writing Hy + N = hy + ho, with

N k N
= Z S]2 and he = Z sz + % Zs”w(sfl(xi)) w(e™(z5)),
j=k+1 j=1 i<j

it follows that
(W,(Hn + N)"2y)
> C"N"(1,h1S; ... S2h1))
+CMN™ ((1h, h1SF ... Sphot) + (4, haST ... SEhit)))
> C"N™(N —n)(N —n—1){¢,S7 ... S2.50)

+ C"N"™(N —n) (¢, 54s§ L S2Y) (4.2)
+CmNn _ 722 (¥, S1 +1w( 1(xi))w(571(xj))¢>

+ complex conjugate) .
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Because of the permutation symmetry of ¢, we obtain

(,(Hn + N)" %)
> CTL+2NTL+2< 752 n+2w>+cn+1NTL+1<,¢) S452 +17j}>
+ OPNTIE R (N (V1) (9, 52 ... Sy 0(e™ (ns2)) w( (ns3)) ) Hecc)
OO N =0+ 1) (52 S wle (o)) (e (ns2)) ) + )
+C"N" e (N —n)(n+)n (¥, 57 ... 82 jw(e (1) w(e™Hza)) ) + c.c.).
(4.3)

The last three terms are the errors we need to control. First of all, we remark that the
first error term is positive, and thus can be neglected (because we assumed w > 0). In
fact, since w(e ! (2p12)) w(e ™ (2,13)) 1Y) commutes with all derivatives Si,...,S,, we
have

(8% ... Shprw(e™ (wng2)) w(e™ (Tn43)) ¥))
= /dx w(e™ (@nt2)) w(E™ (@n43)) YISt - - Supat))(X)|* 2 0
As for the second error term on the r.h.s. of (4.3), we bound it from below by

CN" (N = (4 1) (6,83 S w(e () w(e™ (2ar2)) 6) + )

> —C(TL)N”+1 —2 ’(’Lﬂ Sn+1 . 5251 [Sl, w(e (l‘l))] SQ . Sn+1 w(E_l(l‘nJrQ)) ’(/)>‘
> —C(n)N" e (¥, Spp1... 9281w (g7 (1)) So. .. Sny1 w(e™H(@ng2)) V)|
> —C(n)N" e (u(y, 74y - S35T [w(e™ (ns2))* ¥)
P, Sy - 8o | W/ (e (@) [P S ~-Sn+1w>)
> —C)N" e 0y, 87,870 - S357)
(4.4)
for a constant C(n) independent of N. Using Lemma 4.1 and
(¥, w(@)p) < Cllwllp(y, (1 - 82))
for every p > 1, we find
Cnanlzg*?(N — n)Q(n + 1) (<1/J, Sl 52+1w( 1(x1)) w(sfl(xn+2)) 1/1) + C.C.) (4 5)

> —C()N""'e2 5y, 8182 ,9)

for arbitrary e > 0. On the other hand, the last term on the r.h.s. of (4.3), can be
controlled by
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C"N" e 2(N —n)(n+ L)n ((¢, St ... 52 qw(eHz1)) w(e (22) ¥) + c.c.)
—C(n)N"s_2 |<1Z),Sn+1 5251 [5152, ( ($1))’w(€_1(£ﬂ2))]Sg...SnJrl’(/)M
> —C(n)N"5_4 ’<w, Sn+1 . 5251 w (8_ (.’131)) wl(€_1($2>) 53 . Sn+1’(/J>’

—C(n)N™e™* ( |0, 501 ... S7)]

vV

Y

— (¥, Sngr - Sz |w' (e (@) w' (67 (22))]? S5 -~5n+11/)>)

(4.6)
The second term is bounded by
— C(n)N" "y, S:-H Sz fw' (67 (1)) w' (€7 (@2)) P S5 S ¥)) @
> —C(n)N"e™ "5 (4,87 ... 50 19).
Inserting (4.7) on the r.h.s. of (4.6), we find
CPN" NP (N —n)(n+1)n ((, 57 ... 82 w(e (21) w(e™ (@nia)) ¥) + c.c) s

> —C(n)N"e (), 82... 82, 1) — C(n)N"e 15 (1), 5253 ... S2 1),

Inserting (4.5) and (4.8) on the r.h.s. of (4.3), we see that all error terms can be controlled
by the two positive contributions, and the proposition follows. O

4.2. Definitions and properties of Fock space

To investigate the system of N-bosons, we want to embed our the system into bosonic
Fock space as in [15,20]. The bosonic Fock space is a Hilbert space defined by

F=PL®®"=cePLAR"),

n>0 n>1

where L2(R") is a subspace of L?(R™) that is the space of all functions symmetric under
any permutation of xy,s,...,2,. Note that we let L2(R)®° = C for convenience. An
element (or state) ¥ € F is a sequence ¢ = {w(”)}nzo of n-particle wave functions
(™ € L2(R™). The inner product on F is defined by

(W, ) = 3 (W™ 8" pa gy

n>0

:@wéo)—l—z:/dml .dz, 1/11 (wl,..., )1/)5 )(xl,...,acn).

n>0

The vacuum €2 := {1,0,0, ...} € F is describing zero particle state. Note that an element
1 € F is a many body quantum state which can have uncertainty of number of particles.
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Fock space includes the information of the number of particles. Using the following
operators, we can add and remove particle from a state in Fock space. For f € L?(R),
we define the creation operator a*(f) and the annihilation operator a(f) on F by

m%nwW”uhnqxw::53Ejfw»¢wﬂnxhnw%;h%+huwxm (4.9)
j=1

and
(@)™ (z1,...,20) =V + 1/dxmﬂ;("H)(x,xl,...,xn). (4.10)

By definition, the creation operator a*(f) is the adjoint of the annihilation operator of
a(f), and in particular, a*(f) and a(f) are not self-adjoint. We will use the self-adjoint
operator ¢(f) defined as

o(f) = a™(f) + a(f). (4.11)

We also use operator-valued distributions a} and a, satisfying

()= [dof@a ol = [T,
for any f € L?(R). The canonical commutation relation between these operators is

[a(f),a*(9)] = (f.9), la(f),alg)] = [a"(f),a"(9)] =0,
which also assumes the form

[azva;ﬂ =i —-y), [a, ay] = laz, a;;] =0.

Starting from the creation operator and the annihilation operator, we define other useful
operators on F. For each non-negative integer n, we introduce the projection operator
onto the n-particle sector of the Fock space,

Po(¢h) == (0,0,...,0,4™,0,...)

for ¢ = (O, M. .) € F. For simplicity, with a slight abuse of notation, we will use
™ to denote P,1). The number operator N is given by

N = /dxa;aw, (4.12)

and it satisfies (N ’t/))(n) = nep(") . In general, for an operator .J defined on the one-particle
sector L?(R), its second quantization dI'(J) is the operator on F whose action on the
n-particle sector is given by
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n
(n) _ (n)
(@dr ()™ =3 Jv
—

where J; = 1®---® J ®---®1 is the operator J acting on the j-th variable only.
The number operator defined above can be understood as the second quantization of the
identity, i.e., N = dI'(1). With a kernel J(z;y) of the operator J, the second quantization
dI'(J) can be written as

ar(J) = /dmdy J(z;y)asay, (4.13)

which is consistent with (4.12).

Since the annihilation and the creation operator form the number operator, it is
natural to control the former by the latter. To this purpose, we provide the following
lemma.

Lemma 4.3. For a > 0, let DIN®) = {¢p € F : Z:7L21712‘3‘||¢(”)||2 < oo} denote the
domain of the operator N. For any f € L*(R) and any ¢ € D(N''/?), we have

la( )l < IV 2],
la* (Nl < DA + )20, (4.14)

lo(H¥I < 2L £V + 1)1 4

Moreover, for any bounded one-particle operator J on L*(R) and for every 1 € D(N),
we find

1AL ()]l < [TV (4.15)
Proof. See [45, Lemma 2.1] for (4.14). O
4.3. Unitary operators and their generators

After defining bosonic Fock space (we refer Section 4.2), we have to define appropriate
Hamiltonian Hy for our system, that, in some sense, contains the many-body Hamil-
tonian Hpy defined in (1.5). The new Hamiltonian for the Fock space evolution can be
written as

Hy = /dx ai(=0%)a, + % dzdy we (z)we (y)aya,aya,. (4.16)

Since we have (Hy1)N) = HytpY) for ¢ € F, (4.16) can be justified as an appropriate

(1)

generalization of (1.5). The one-particle marginal density le associated with v is
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750 (

Ty U, aragp 4.17
)= iy e (1.17)
Note that ’yl(pl) is a trace class operator on L?(R) and Tr fyl(pl) =1

Heuristically, if ) = () € F were an eigenvector of a, with the eigenvalue v N o(x),

then from (4.17) we get fyl(pl)(ar; y) = p(z)p(y), which is exactly the same with the one-

particle marginal density associated with the factorized wave function p®~. Even though
the eigenvectors of the annihilation operator do not have a fixed number of particles,
they still can be utilized for our goal. These eigenvectors are known as the coherent
states, defined by

Weon (f) = e 117 /22 e~ I12/2 Z

n>0 n>0

Here, for the ease of notation, when we say a function ™) € L2(R") is a function the
Fock space F, we mean that z/J(N (0,0,...,0, PN 0, .. .) € F. For example, we used
f&™ to denote

(0,0,...,0,f®"0,...) € F

whose only nonzero component, f®7, is in the n-particle sector of the Fock space. Closely
related to the coherent states is the Weyl operator. For f € L?(R), the Weyl operator
W (f) is defined by

W(f) = exp (a*(f) — a(f))

and it also satisfies

W(f) = e W2 exp (a* (f)) exp (—alf))

which is known as the Hadamard lemma in Lie algebra. The coherent state can also be
generated by acting Weyl operator to the vacuum as

Yeon(f) = W(H)Q = e W2 exp (a*(f)) @ = e W17/ Z (4.18)

n>0

We collect the useful properties of the Weyl operator and the coherent states in the
following lemma.

Lemma 4.4. Let f,g € L*(R).

1. The commutation relation between the Weyl operators is given by

W(f)W(g) = W(g)W(f)e Zmila) = W(f + g)eH1mila),
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2. The Weyl operator is unitary and satisfies

3. The coherent states are eigenvectors of annihilation operators, i.e.

azp(f) = f(@)9(f) = alg)d(f) = (g, f) 29 (f)-

The commutation relation between the Weyl operator and the annihilation operator
(or the creation operator) is thus

WH(f)aeW(f) = ae + f(z) and W (f)aW(f) = a; + f(2).

4. The distribution of N with respect to the coherent state 1) (f) is Poisson. In partic-
ular,

W) NeDY =12, @) N2 = W), No(f))? = |If]1%.

We omit the proof of the lemma, since it can be derived from the definition of the
Weyl operator and elementary calculations.
Let

Vv N!
dN :

Note that CINY4 < dy < CN/4 for some constant C' > 0 independent of N, which
can be easily checked by using Stirling’s formula.

Lemma 4.5 ([18, Lemma 6.5]). There exists a constant C' > 0 independent of N such
that, for any ¢ € L*(R) with ||| = 1, we have

* N C
o+ v (v D) < 2
Lemma 4.6 (/35, Lemma 7.2]). Let P,, be the projection onto the m-particle sector of

the Fock space F for a non-negative integer m. Then, for any non-negative integer k <
(1/2)N'/3 and any ¢ € L?(R) with ||p| = 1, we have

and

Pt W*(VNo) (a* ()N QH < 2(k + 1)3/2.

VN! dnVN
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Let ’yﬁ?t be the kernel of the one-particle marginal density associated with the time

evolution of the factorized state ¢® with respect to the Hamiltonian # . By definition,

) <€_1HNtQO®N,a,ZCLI€_iHNt

TNt T TmiHN L GON Ne—THNEGONY Ve

_ 1 <(a*(s0))NQ GHNT —mNtMQ>_ (4.20)

V) 1
_ ®N,€1HNtaZ(I G_IHNtLp®N>

a; aze
N

If we use the coherent states instead of the factorized state in (4.20) and expand aja,
around Nu, ¢(y)ue (), then we are led to consider the operator

W*(VNue )MV (a, — VNug y(2))e” PN DWWV N )

= W*(VNue ) e WV Nu, )a,W* (VNue e N EOW (VN ). (4.21)

To understand further the operator W*(v/Nu ;)e 8 =W (/Nu, ), we see that
iatW*(\/Nug’t)e_m’v(t_s)W(\/]Vua,s)
(Z Li(t; s ) *(VNue 1 )e "MV E=DW(VNu, ), (4.22)

where L, contains k creation and/or annihilation operators. The exact formulas for Ly
are as follows:

t
N
=g [ dr (e ucelP,

L
Lo(t;s) = /dz a;(—ﬁi)ax + plwe, |u5,t|2> /dzwe(:c)a;ax
R R

+ / dzdy we (x)we(y) (a;az Ue () Ue, 1 (Y) + Azay Ue () us,t(!/)) )
RxR

L(t;s) = e / dzdy we (z)we(y)a (aZusyt(y) + ayueyt(y)) Gy,
RxR

Ly(t;s) = % / drdy we (z)we (y)ayayaya;.
RxR
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We consider the time evolution

4
i0,U(t;8) = LU(t;s) with L= Li(t;s). (4.23)
k=2
Furthermore, we introduce

Eg(t) = /dx a;( = 5‘3)% + plwe, |u57t|2> /da: we(x)asay
R R

+u / dxdywe(x)wa(y)ua,t(m)ua,t(y)azaw (4.24)
RxR

£ * %
+ ,U/? / drdy we (z)we (y) (us,t(x)us,t (y)a’zay + e () us,t(y)azay)
RxR

and L := L5 + L. Then we define the unitary operator Z;(t; s) by
i0,U(t;s) = L) U(t;s) and U(s;s) = 1. (4.25)
Since £ does not change the parity of the number of particles,
(,U* (;0) ay, U(t; 0)2) = (0,U*(t;0) a* U(t; 0)Q2) = 0. (4.26)

Now, we have the following bounds for Et(l)(J ) and EIEQ)(J ), which will be defined
and Proposition 4.7 and Proposition 4.8:

Proposition 4.7. Suppose that the assumptions in Theorem 1.1 hold. For any compact
Hermitian operator J on L*(R), let

EW(J) = dWN <w*(m¢)%ﬂ,u*(t;O)dr(J)u(t;O)Q> .

Then, there exist constants C, K depending only on ||w||z1(r) and ||w||2®) such that

c 1 1 -
YO < (14 5) (1 o) e (B + D0 1

Proposition 4.8. Suppose that the assumptions in Theorem 1.1 hold. For any compact
Hermitian operator J on L*(R), let

@ . AN (@ @)™ & 5. " ,
EP () = \/N<W (\/Ngo)im Q.U (t;0)p(J E,t)U(t,O)Q>.

Then, there exist constants C, K depending only on ||w| 1 (r) and ||w| 2wy such that
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Kt
(2) <O€
E® ()] < —

(14+7*2) )71
The proofs of these propositions will be given in Section 4.5.
4.4. Fluctuation dynamics
The main goal of this subsection is to provide some important lemmata to prove

Propositions 4.7 and 4.8.
First, we introduce a truncated time-dependent generator with fixed M > 0 as follows:

070 = [ draz(-a,
R

+ p(we, |ue ¢)?) /dw we(z)ala, + p / dady we (T)we (Y)ue ¢ (T)ue 1 (Y) ayas
R RxR

+ g / dady we (z)we (y) (ue,t(x)ue,t(y)aiaz + ue,t(m’)ue,t(y)azay)
RxR

e [ dedyu@yn @ (o < M) us )X < M)a;) a,

VN
RxR
+ B dzdy we (2)we(y)aralaya
IN Y We e\Y)0, yUyUz-
RxR

We remark that later, in the proof of Lemma 4.10, M will be chosen to be M = N¢3.
. (M)
Define a unitary operator Uy~ by

UM (t;5) = LU (t:5) and U (s;5) = 1. (4.27)
Then we have the following result.

Lemma 4.9. Suppose that the assumptions in Theorem 1.1 hold and let M](VM) be the
unitary operator defined in (4.27). Then, for any j € N there exists a constant K =
K(||lwl]1, |w]l2,7) > 0 such that for all N e N, M >0, ¢ € F, and t,s € R,

(U™ (100, (N + UL (:5)) < CW, (N +1)9) exp <K <5_1 ! (%>1/2> t) |

Proof. Following the proof of [45, Lemma 3.5], see [45, (3.15)], we have

U (000, O + 1)UL 0)6) = (A + B), (4.25)

where
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A:_uf(i)(—l)klm [ sy (e (@)ue.0)

k=0 RxR
X U (400, (N2 (W + 2)H/2 4 (N + 1) a0y (W +3)/2) U (000)
2 12/
B:= i kZ:O <k> ImR/dwa(x)
x UG (009, ata(w: (Yee) XN < MYN + 1)F2a, N5 2UGD (80)9).

To control the contribution from the first term on the right-hand side of (4.28), we use
bounds of the form

/ dady we (2)we (y)ue o (@)ue () UK (00, (N + 1) 2akal (N +3) UG (¢ 0)0)

xR

/dxdywg(x)wg(y)us,t(fﬁ)ue,t(y)

RxR

x (aa(N + 1) 57 5UQ (#5009, ap (N +3) 5H3uUF0 (1 o>¢>‘
= [{a(wetee) W + D5ULD (1000, @ (weue) W + 3) UL (10)u)|
< [Jaweue )V + 15U 5 0| [|a* (were )V + 1) UG (1000
< uweuedl |V + 1>%u§M>u;o>wH2

e el ||+ 1)

where the last inequality comes from

||w5u57t||2 = /dz |ws(a:)us7t(x)|2 <g ! /dx ”zi)s(av)|u€,t(:c)|2 <e”

because ||we||1 = [|Jw|1 = 1.
On the other hand, to control the second integral on the right-hand side of (4.28), we
use that

/ da w (2) (UL (£:0)0, aZa(we (Yuer) XNV < MYN + 1) 2a, 9200 (#:.0))

R

< / dz we (@) as (W + 12U (1 0)0 | [[a(wee, ) XNV < M) [lacN UG (8 00

R
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_ E+1
< M2 e flwue ||V + 1) 23" (10
— k+1 M
< MY 72 flue o [V + 1) 2" (1500

Then,

U (00, WV + 17U (80)9)

1 .
<23 (1)2e huas eV + 3 F Ul oy

Jj—1

b S (DA o NN+ 15 U 0D

] _ 1 _ I M
k) (26 Hlue oo + g M2 |ue,t|oo) IV +3)2 U™ (4 0)p 2

9 +( M )1/2
o0 Ne&3

. B M \1/2 )
<2.¢ (2s Yueol2 + (575) |us,t|oo) (U (&0, W+ 1)UL (1:0)0).

ew s mtug o]

Applying the Gronwall lemma, one gets

(UG 0w, (W + 1)UL (10)0)

M \1/2
<, N + 1)) exp /dsQ 6 ( e sz + (—) [l s

wes) el
)

¢

M \1/2
< (¢, (N + 1)7¢) exp Cj/ds< 1||u“||2 + (—) l|lue, s
0

Ne3

< (b, (N +1)7¢) exp (K (a Ng?’ 1/2> t) .

Here, for the last inequality,

< |Jtes||gr < C. The proof is
complete. O

Lemma 4.10. Suppose that the assumptions in Theorem 1.1 hold. Let U (t; s) be the uni-
tary evolution defined in (4.23). Then for any 1 € F and j € N, there exists a constant
C =C(j,||lw|1) > 0 such that

1
e t3iN

U(t; )0, NU(t; 5)) < € (1+ ) (W, N+ D)7 g exp (K(1+71)t).
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In this section we modify the proof given in previous articles, for example, [45] or [19]
and the references therein.

We now start with the proof of Lemma 4.10. To prove the Lemma, we compare the
dynamics of U and U™) in Lemma 4.12. To this aim, we recall weak bounds on the U
dynamics.

Lemma 4.11 ([45, Lemma 3.6]). For arbitrary t,s € R and ¢ € F, we have
(W, Ut SNU™ (L5 8)0) < 6 (th, N + N + 1)) .
Moreover, for every £ € N, there exists a constant C(£) such that
(0, U(t; )N U (t; 5)90) < C(0) (b, (N + N)* )

and

(0, Ut HNZHU (8 5)8) < C(0) (b, (W + N)*FHN + 1))
forallt,s € R and ¢y € F.
Proof. The proof can be found in [45]. O

Now we are ready to compare the dynamics of & and Z/{I(\,M).

Lemma 4.12. Suppose that the assumptions in Theorem 1.1 hold. Then, for every j € N
and ¢ € F, there exists a constant C = C(j, ||w|1) > 0 such that for allt,s € R

(U8 0), N7 W (0) ~ UG (:0)) )|

N | 7 (4.29)
< CWH(N+ 17 H[|? exp <K<1 +4/ N_gg)t>

and

UL 0w N (Ut 0) - U (50)) v)|

i | 7 (4.30)
< CWEUQ [N+ 17 1] exp (K (1 +/ N—€3>t>

Proof. To simplify the notation, we consider the case s = 0 and ¢ > 0 only; other cases
can be treated in a similar manner. To prove the first inequality of the lemma, we expand
the difference of the two evolutions as follows:
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(Ut 0)0, N7 (U(t;0) — UG (550)) ) = @U(E 009, NIU(E; 0) (1 — Ut 0) UG (£ 0)) )

_ / ds (U (0, NTU(E 0) (L (5) — L0 () UL (5: 0)85)

0/ s [ detyuntaoy

RxR

ﬂ\t

X (Ut 0)1, NTU(E; 8)ak (e s () ay XN > M)+ue o (y)x(N>M)aZ) a UG (s:0)4)

_\i/iﬁo ds /dxwe(ﬂcﬂad/l*(t; SNTU(L0), a(weue )X N > M)a U (s;0)0)

R
. t
- \l/iﬁ/ /dxw8 “(t; $)NTU(; 0), \(N>M)a* (wette, s Ja U (5 0)).
o R

Hence,

|t 000, N (U(t:0) — U (10|

< lnl— / ds / 4z [laU* (8 $)NU(E 0 | la(wetue Jarx(N > M + 1)UL (5 00

s / ds [ da ot (65 9IAPU(E 00 o” (wete sk (A > MU (5300

R

t
2
<|pl—= [ ds||weues
_WEWO/ wette sl

x / d laald* (1 sYNIUE Ol llas (N + 1) > MU (55 0)0)
R

t

<l / s [wete [N/ (6 S)APU(E 0] [V + DX > MUY (500
(4.31)

Since x(N > M) < (N/M)* for any L > 1, we find that, from [45, (3.30)],

Ut 0), N (U(E:0) — U™ (1:0)) )|
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t
< CNY||(N+1)7+1y| / ds lweue o[ @S (5;0)0, (N + 12N > MYUGD (5;0)1)1/2
< CNjH(NJr 1)j+11/1

x | / ds e V2 w1 [[ue s [l UG (5;0)0, (N + 1) (N > MYUTD (53 0)) /2

t
o 4 N o+ 1)2+2i+2
< CNTe 2| + 1)+ (D (s;0)9, %U&M)(S;O)W”/ds ltte. sl
0

where C' = C(j, ||w||1). By Lemma 4.9, we conclude that

(U(E:0), N7 (W(t; 0) — U™ (1:0)) )|

NI . M
- It1ap02 -
< 081/2Mj+1 [NV + 1) 9] exp <K<1 +y Ngg)t)

To prove (4.30), we proceed similarly; analogously to (4.31) we find
U @00 N7 (U(t:0) — Ui (8:0)) )

ds/drm(awbl(t; s)*NjU](VM) (t;0), a(we(z — .)(pt)x(N>M)aZL{](VM)(s; 0)v)

|
|
S
o\“

ﬂ\t

R
t
/ /drw(aIU(t; s)*J\ij](VM) (t;0), x(N>M)a* (we (z — .)got)axUI(VM)(s; 0)v)
0 R

and thus, by |u| <1, x(N > M) < (%)L for any L > 1, ||w.||2 = N3P/2||Jwl|,
@ (00, N7 (U(ts0) = U™ (1:0)) )

t
C ,
< T [ sl o I Ut AU 1 0) ] IAK > AU (550
0

t
< / s (1) /2 e o oo [N/ 204 (25 5 MU (8 0)0|

A\
< (5) Ul
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t
c 1/27 104, V< Afizg (M) (4. 41 /(M)
< m /dSHus,slloollN U(t;s) NUN (£;0)9|] HN Uy (550)3]] .
0
(4.32)

By Lemma 4.11, Lemma 4.9 and j + 1/2 < j + 1, we have

VY2t )" NIUFD (8 0)0 ]| < 6]V + N + )Y 2NIURD (10)|
< 12NYV2|(W 4+ 1720 (1 0)y|

< ONY2||(N + 1)1/ exp (K (1 +4/ %)t) (4.33)

. M
< ONY2||(NV + 1)7+ 19| exp <K(l - N—63>t>

By Lemma 4.9, we have

INTHYD (5:0)0 ]| < C|(NV + 1)7H 9| exp <K (1 + \/]&)t). (4.34)

Combining (4.32), (4.33) and (4.34), we obtain

UL 1500 7 (U(50) ~ UL (1:0)) )
C . ) M
< VAN NIF2(N 4+ 1)7 79| exp (K (1 + V N—s?’>t> (4.35)

CNJ : M
Jj+1 2
itz [N+ 1)7 ]| exp (K(1+ ”—Ng3)t>'

This gives the desired Lemma. O

Let us now prove Lemma 4.10.
Proof of Lemma 4.10. Let M = Ne3. Then by Lemmata 4.9 and 4.12, we get
(W ()6, MU (1:5) )
= (Ut v NI U=UPD) (65) 0 ) + (U =ULD) () 0 NURY (t5) )
+ <UJ(VM) () 0, NUZ (8 9) w}

;N) <¢, (N 4 1)%+ ¢> exp (Kt) + O, (N + 1Y ) exp (K(1 +271)t)
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<c(1+ ) V4 P72 ) exp (K (L2 71)1)

c3 T3 N

This yields the desired result. O

Recall the definition of I/ (; s) in (4.25). In the next lemma, we prove an estimate for

the evolution with respect to U.

Lemma 4.13. Suppose that the assumptions in Theorem 1.1 hold. Then, for any ¢ € F
and j € N, there exists a constant C' = C(||wl||1) > 0 such that

(U (t:8) 0, NTU (t; 5) ) < CeXH, (N + 1) ).

Proof. Let 1Z =U (t; s)1 and assume without loss of generality that ¢ > s. We have

(0, W+ 1)79) = (0, (L2 + La), (N +1)']4)

CL‘Q,

-~

 eIm / dardy we (2)we (y) e o (x)1ue o (9) (@, a2, (N + 1)7]0)

RxR

~

— =t [ dody ) (y) e (o)ue () (D (N + 37 = (V4 17))

RxR

—=eIm / da?dyWg(x)we(y)us,t(x)uf,t(y)
RxR

~

X (N 4 3) 0D 20,45 a, (N + 3)TD2(N +3) — (N 4 1)7)).

Then, one gets

GOW+179) <& [ dody luo)uaw)llues@ llac @IV + 39 0,5)

RxR

X flay (N +3) T2 +3) — (N +1)7)4|

. o N1/2
< Nl [ do v +3)971/20,512)
R

< ([ awllay +3)02 (0 3y -+ 1))

R

Since, for all j € N, one can see that [(N +3)7 — (N + 1)7)| < C;(N +1)77 for some
C; > 0, one gets
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<17( 8, (N + LYU(E 8)8) < Cjllue o3IV + 172U (8 s)v|?

Q—-|CL

2 Ut ), (N + 1)UL s))).

Here, note that C; can change from line to line. Applying Grénwall’s lemma, we conclude
that

Ut 70, (N + DU(E:8)9) < (b, (N + 1)79) .
Hence, we get the result. O

Lemma 4.14. For all p € F and f € L*(R), we have the following inequalities with a
constant C = C(JJw||1, |[w]|2) > 0. Then

IV + 172L5 ()| < %nua,tnm I + 1) 2 g (4.36)
IV + 1772 (La(t) = L2(D)) 9]l < Cllue o | WV + 1)), (4.37)
and
Ce 11l

[N+ 1)772 (U (£ 0)6(f) U(t; 0) — U™ (£ 0)b(£)U(£0)) Q|| < (4.38)

53/2\/N ’

Proof. For (4.36), the proof is the same as in [35, Lemma 5.3] with ||w. |2 = e~'/2|jw]|2.
Furthermore, for (4.37), we follow the proof from [35, Lemma 5.3] with ||W,|1 = ||w]|1,
and we replace L3 by

~ 1—¢
Ly — Ly = p—r— dzdy wa(m>ws(y) (us,t(x)ua,t(y)a;a* + U£7t(x) ua,t(y)amay)-
2 Y

RxR

From (4.38), we follow the proof of [35, Lemma 5.4] with Lemma 4.13, (4.36), and
(4.37). O

4.5. Proof of Propositions 4.7 and 4.8

Proof of Proposition 4.7. Preliminarily, et us recall that

a* N
EM () = <W*(\/—(p)( (¥)

T Q,L{*(t;O)dF(J)M(t;O)Q>.

We start by noting that



R. Adami, J. Lee / Journal of Functional Analysis 288 (2025) 110866 47

a* N
ED()| = ‘%NM*(W@%Q,M*@;o)dr(J)U(t;o)m(

< By T I o+ oo,

Furthermore, by Lemma 4.5,

H(N+ 1) 2W*(VNg) “%NQ” <

and, applying Lemma 4.10 twice and Lemma 4.3,

[N+ 1)U (£ 0)dT () Ut 0)|

<c(1+ E )exp(K(1+€_1)t) [N+ 1)2dD(J) Ut 0)Q
ez N
< (1t o) exp (K(+270) 1 + 1)U 000
ez N
1 1 -1 137 (1.
<O(1t ) (U o) e (K +90) 11O + 1) 2u(:0)9)
B 1 1 o
—C(1+€%N><1+€%N>exp([((1+a ) 11711,
we obtain
(1) % 1 1 -1
BO )< 5 (14 o3) (L ) o2 (K +270) 1]

which is the desired result. O

Proof of Proposition 4.8. Let

R(f) = U (1:0)6(f) Ut 0) — U* (t;0)p(f)U(t; 0).
Then

1B ()] = %W‘(WW%W*@;0>¢<Jus,t>ﬁ<t;0>9>
dn

. (a*(p)N
+ﬁ<w (VNy) Yoo Q,R(Jug,t)§2>

< DS+ ) 2R (V) D+ 02 @006 01
k=0 '

. j%HU‘” D (VR ) W}%%H v+ DERCTu 0| (4.39)
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Let K = %Nl/?’. By Lemmata 4.5 and 4.6, one gets

o0

H > W 1)§P2k+1W*(\/NSD)W\/§I_)!)NQH2

K
-5 VN (a*(@))N 2
<’;)H(N+l) PopaW*( N@)i\/ﬁ QH

n % ki_ol:( H(/\/+ 1)_1/2P2k+1W*(m¢)%QH2

. C C 12900 (@@ 2. C
< (;(k+1)zd%N) +N4/3H(N+1) Y2)p%(\/Np) T QH < N

Furthermore, Lemmata 4.13 and 4.3 yield,

IOV + 1) 327 (£ 0)p(Jue U (E 0)Q] < CHS (N +1)3 ¢ (Jue U (¢ 0)Q|
< OtF || Jue || (N + 2)%U(t; 009 < CEIT||WV + 2)%Q| = CtX 1],

For the second term on the right-hand side of (4.39), we use Lemma 4.5 and (4.38), for
f = Jpi. Altogether, we have

IV +1)2R(HQ) < C|lT[le=*2N 2
which is the desired conclusion. 0O
5. Proof of Theorem 1.1

Proof of Theorem 1.1. First, recall that
« N X N
Wy L[ (a(p) itnt x ittt (@7(9))
YN (TY) = N <7 mﬂ,e NMayage TN mQ . (5.1)

From the definition of the creation operator in (4.9) and of dy in (4.19), one easily finds

(0.0, 0.5 0.3 — @@
J0,...,0,0%V,0,..) = Nl (5.2)

where the function ©®V on the left-hand side is in the N-th sector of the Fock space.
Recall that Py is the projection onto the N-particle sector of the Fock space. From
(4.18), one finds

()™, VNI

= = VNN PxW(VN@)Q = dy PhW(VNp)Q.
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Since H does not change the number of particles, we also have

N a, Ay

R W () RPN T i el @)™
7§V,)t(x7y)__< \/ﬁ Qe% Y " \/ﬁ Q>

=|=

<MQ Huto* ame Nt PAW(VN, )Q>
m e a,aze N 2

==

(a*(<p>)N iHNT > —iHnNt
<WQ7P et Qe H W(\/Ngo)ﬂ>

_ d_N (a*(gp))NQ ei'HNta*a e_irHNtW(\/N@)Q
N \/ﬁ ’ YT ’

where we used that Py (a}%)lv 0= (ai}%)N Q in the last step. To simplify it further, we
use the relation

eMNta e INE = W(VNQ)U* (£0)(an + VN (2)) U)W (VN ), (5.3)
which follows from the first equality in Lemma 4.4(4), the definition of ¢ in (4.23) and

the unitarity of the Weyl operator (see Lemma 4.4(2)). By (5.3) and the analogous result
for the creation operator, we obtain

d a* N i * —i
71(\},)t(m;y):WN<( (¥) Q’eHNta/yaIe HNtW(\/NSO)Q>

VA
= (O /)4 50) o N e ) N ) 600
Thus,
20 (a1y) — T ea @) = DT 0 3 R 1 (5 0)a it (:0))
N\ €,t €,t N \/ﬁ ’ ) yYz )
+u (y)d—N<MQ W N)U*(t;0)azld(t; 0))
e,t \/ﬁ \/ﬁ ) T )
$ @) (@O o Vo R (1 00 (10}
e,t \/N m 7

(5.4)

Recalling the definition of Et(l)(J) and Et(z)(J) in Propositions 4.7 and 4.8, for any
compact one-particle Hermitian operator J on L?*(R), we have

Tr (J (%(w |te,¢) (e 4] )= / dzdy J(z;y) (7§v)t(y;w)—ua,t(y)um(w))
RxR
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= dWN <%Q, W(\/NSD) U*(t;0)dT(J)U(t; 0)Q>

dy [ (a* ()" Y '
* VN <WQ’W(W¢)U (t70)¢(JU5,t)U(t,0)Q>

=EM() + EP ().

The second step can be carried out by using the expression for dI'(J) in terms of operator-
valued distributions in (4.13), the definition of annihilation and creation operators in
terms of operator-valued distributions in (4.9) and (4.10) and the definition of ¢ in
(4.11). Thus, from Propositions 4.7 and 4.8, we find that

Then
T |30 = ) (e |
< % ((1 + e;N) (1+ 6%71N) exp (K(1+e7)t) + ¢ (1+ 5—3/2)> : >
By the triangle inequality and the Cauchy-Schwarz inequality we have
Tt el = L) | = Tt el = e el + ) (el = o) o
= Tr||ue,e) (ur — | + |uet — 0i) (e (5.6)

< 2l|ue,t — @¢ll2
< Ceelt
for 0 < 1 < 1/2 where we have used Theorem 3.3. For the last inequality, we have used

Theorem 3.3. Then combining (5.5) and (5.6) and noting that 0 < e < land 0 < 5 < 1/2,
we have

Te |70 = oo erl | < T |20 = e bl | + T e ] = lon) (|

< % <(1 n 6%711\[) exp (K(1+c1)t) + eKt<1 n 53/2)>
Cve(l+1t)

+

C 1
< = _—
- N(1+€3/2+6%N+537N2

) exp (K(1+e")t) + Ce e

which concludes the proof of Theorem 1.1. O
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