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Abstract

The goal of this paper is to investigate how the marginal and dependence structures
of a variety of multivariate Lévy models affect calibration and pricing. To this aim,
we study the approaches of Luciano and Semeraro (J Comput Appl Math 233:1937—
1953, 2010) and Ballotta and Bonfiglioli (Eur J Financ 22:1320-1350, 2016) to
construct multivariate processes. We explore several calibration methods that can
be used to fine-tune the models, and that deal with the observed trade-off between
marginal and correlation fit. We carry out a thorough empirical analysis to evaluate
the ability of the models to fit market data, price exotic derivatives, and embed a rich
dependence structure. By merging theoretical aspects with the results of the empiri-
cal test, we provide tools to make suitable decisions about the models and calibra-
tion techniques to employ in a real context.

Keywords Multivariate Lévy processes - Calibration - Pricing - Dependence - Exotic
derivatives

1 Introduction

Non-Gaussian Lévy processes have demonstrated to be of massive interest in a num-
ber of areas in which stochastic factors need to be modeled. Most notably, they com-
bine a high mathematical tractability with a sophisticated dynamics that allows for
jumps. The laws of these processes are usually specified through explicit, or semi-
explicit, characteristic functions that, for example, allow for relatively fast model
calibrations (see, e.g., Cont and Tankov 2006). Also, efficient simulation schemes
are available (see, e.g., Broadie and Kaya 2006), which are useful, among other pur-
poses, to estimate sensitivities of financial options (see Glasserman and Liu 2010).
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As such, Lévy processes are suitable candidates for pricing problems whose solu-
tions require numerical methods. A well-known case is represented by the valuation
of exotic derivatives, among which we highlight the optimal stopping problem of
early-exercise contracts (see, e.g., Boyarchenko and Levendorskii 2002, and Li and
Linetsky 2013).

The presence of jumps is of great importance, for example, in modeling extreme
scenarios and hedging discontinuous payoff functions. As these types of issues
are hardly tackled by the traditional sensitivity-based hedging, some authors have
resorted to flexible optimization frameworks in which jump processes can be eas-
ily cast. Among these, we mention the stochastic programming formulation of the
hedging problem developed by Camc1 and Pinar (2009), which use the optimal port-
folio solution to deduce the fair price of the option to be hedged. Villaverde (2004)
and Blomvall and Hagenbjork (2022) use similar techniques in the context of hedg-
ing and portfolio management, and they specifically represent some of the risk fac-
tors via Lévy processes. Dynamic programming formulations in presence of jumps
are provided by Bertsimas et al. (2001) and Godin (2016). Further decisions prob-
lems under Lévy dynamics can be found in the risk-related studies of Fu and Yang
(2012) and Tang et al. (2023), and in the context of production management (see
Chiarolla et al. 2015).

In many of the aforementioned works, extending the problems to higher dimen-
sions is theoretically possible and of great importance, given that real-world risk
factors are typically correlated. However, developing sound and tractable multivari-
ate Lévy processes is not an easy task (see Bianchi et al. 2022 for a non-exhaustive
list of these models). As opposed to their univariate versions, the construction of
these processes needs to provide flexibility of marginal and dependence structures
and deal with possible trade-offs between them, especially in the calibration stage.

Our work fits the above-reported strand of literature by studying multivariate
Lévy processes for the valuation of exotic derivatives. In particular, we explore the
two model constructions introduced by Luciano and Semeraro (2010) and Ballotta
and Bonfiglioli (2016), respectively. The process of Luciano and Semeraro is a mul-
tivariate version of famous one-dimensional time-changed Brownian motions, such
as the Variance Gamma (Madan et al. 1998) or Normal Inverse Gaussian (Barndorft-
Nielsen 1997), and is designed to keep one-dimensional marginal returns in known
distribution classes. The construction is done by linear combination of subordina-
tors, a technique that allows to model nonlinear dependence. On the other hand, the
model proposed by Ballotta and Bonfiglioli is constructed through a parsimonious
two-factor linear representation of the log-return dynamics. As discussed by the pro-
posers, building the multivariate log-return process via linear combinations provides
a flexible characterization and an intuitive economic interpretation of the models,
which are broken down into an idiosyncratic and a systematic part.

However, the model of Luciano and Semeraro and that of Ballotta and Bonfigl-
ioli have core theoretical differences. The former is built to preserve marginal pro-
cesses in a given class. The latter, in its general formulation, has marginal processes
belonging to unspecified classes, although proper convolution conditions can be
imposed to change this feature. Convolution conditions were initially imposed in the
article where the model has been introduced, but then removed in subsequent works
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(see Ballotta et al. 2017 and Ballotta et al. 2019), as the authors asserted that such
conditions were unnecessary to improve tractability. Also, the construction proposed
by Luciano and Semeraro allows to model nonlinear dependence separately from
correlation. As such, its margins can be mutually uncorrelated but still dependent.
On the contrary, when the margins of Ballotta and Bonfiglioli model are uncorre-
lated processes, they are also independent.

Besides the natural constructions of Luciano and Semeraro (2010) and Ballotta
and Bonfiglioli (2016) models, we examine alternative formulations that could pro-
vide some advantages in terms of calibration. In particular, we explore a version of
Luciano and Semeraro process that relaxes convolution constraints on subordina-
tors. In this way, model parameters lose some interpretability, but extend to wider
domains, making model fitting potentially easier. This approach, that lets the mar-
ginal log-return processes to be of unknown class, was taken for example by Guil-
laume (2013), which introduced an unconstrained version of the a-Variance Gamma
model of Semeraro (2008). Also, in addition to considering the unconstrained Bal-
lotta and Bonfiglioli model, in this work we study the original version that imposes
margins to be of given class, noting that this construction can, for instance, reduce
the computational effort of the calibration. Overall, we analyze processes with
constrained and unconstrained structures, and with Variance Gamma and Normal
Inverse Gaussian underlying laws, for a total of eight models.

Our motivation for selecting the Gamma and the Inverse Gaussian as subordi-
nators can be summarized in three points. First, these processes belong to the cel-
ebrated class of tempered stable subordinators (see, e.g., Kiichler and Tappe 2013),
which has been recognized to well-model the trading activity of financial assets.
Secondly, they are the only tempered stable subordinators with characteristic func-
tion in explicit form. Moreover, a Brownian motion subordinated to a Gamma is a
process with finite activity of jumps, as opposed to the Normal Inverse Gaussian
which is of infinite activity. Thus, by employing both designs we can assess whether
or not a particular jump structure significantly outperforms the other, when it comes
to fit equity log-returns.

As anticipated, a crucial issue to consider is model calibration. In the context of
option pricing, estimation needs to be carried out under the risk-neutral measure,
which is why the model is typically fitted to quotes of liquidly-traded options. As
a matter of fact, as the prices of liquid contracts can have different orders of mag-
nitude (depending on their maturity and moneyness), it iS a common practice to
minimize the distances between the Black-Scholes volatilities implied from quoted
prices and those implied from prices computed with the model of interest. This pro-
cedure is, in fact, used to determine the marginal dynamics. However, as multi-asset
products are usually not liquid, it is hard to extract information about the expected
joint dynamics of log-returns. It is then customary to fit the dependence structure by
matching the model correlation and a proxy of the market-implied correlation that is
not necessarily recovered from prices of exchange-traded options.

Also, the procedure to fit the whole multivariate dynamics can follow dif-
ferent mechanisms. It can be quite simple for constrained models, that allow
for a two-step scheme: first, marginal parameters are fitted to liquid volatility
surfaces, and then dependence parameters are found by matching model and
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market correlations. This procedure has the practical advantage that marginal
parameters can be estimated once and then applied to a range of different multi-
asset products. Also, handling multiple marginal calibrations is not heavy from a
computational point of view. However, marginal and dependence fits can be sub-
ject to a trade-off, especially in constrained models. As such, we analyze some
techniques that can be applied to distribute calibration errors on one side or the
other. Mainly, they consist of running joint calibrations (i.e., calibrating correla-
tion and marginals at the same time; see e.g., Marena et al. 2018b), or allowing
convolution conditions to be satisfied just up to a least-square approximation.

On the other hand, calibrating unconstrained models always requires the joint
procedure, as dependence parameters are included in the marginal parametri-
zation. Joint calibration requires an optimization problem with a considerable
number of variables, and can be then more difficult to handle with respect to
the two-step procedure. However, as unconstrained models remove convolu-
tion restrictions on marginals, their joint calibration is relatively simplified by
the exclusion of stricter constraints. Most importantly, not only the more flex-
ible parametrization of these models reduces the computational effort of joint
calibration, it could also find solutions that would not be found in constrained
models due to the restricted parameter domains. To verify whether this happens,
we assess the ability of unconstrained models to reduce the marginal vs correla-
tion fitting trade-off in a real context. Also, we discuss whether a more flexible
parametrization justifies the suppression of convolution conditions from a global
viewpoint.

In designing the empirical test of the models, we consider a calibration set-
ting tailored to our case study. In particular, we extensively discuss our choices
about the optimization algorithm, the market data, and the calibration proce-
dures employed to fit processes. As constrained models have more interpret-
able parametrizations and more homogeneous marginal structures among each
other, we assess them primarily. First, we calibrate such models at several trad-
ing dates, report marginal parameters, and provide a thorough comparison of
the fitting performances. Thereafter, we employ models to price selected worst-
performance derivatives issued by Intesa Sanpaolo bank and examine the ability
of the models to replicate market-quoted prices. We further perform a sensitivity
analysis to show the effect of linear and nonlinear dependence on the valuation
of exotics, rewarding models that better capture these features. After that, we
test unconstrained models and discuss their results alongside those of the con-
strained versions. We finally highlight the implications of the empirical results
at a more general level than the present application. The paper is then outlined
as follows. In Sect. 2, we report the theory behind the multivariate models intro-
duced by Luciano and Semeraro (2010) and Ballotta and Bonfiglioli (2016) in
their numerous versions. In Sect. 3, we explore the risk-neutral calibration meth-
ods to fit multivariate processes. In Sect. 4, we describe the exotic derivatives
employed in the analysis. We design the empirical test and discuss results in
Sect. 5, and draw conclusions in Sect. 6.
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2 Log-return processes

This section analyzes the approaches proposed by Luciano and Semeraro and by Bal-
lotta and Bonfiglioli to construct multivariate processes. We present such models in
their multiple versions, preserving or not well-known marginal laws, and embedding
Variance Gamma or Normal Inverse Gaussian components. For each multivariate pro-
cess, we report the time-1 marginal characteristic function and the correlation coeffi-
cient used for the calibrations described in Sects. 3 and 5. Appendix A reports a more
detailed description of the models and points out some relevant features. Also, we
report the parametrizations in Table 1 and summarize some core features of the models
in Table 2, which provides an overview of the pros and cons of these constructions
against each other and against comparable models in literature. For sake of simplicity,
for any stochastic process {A(#)},»(, we let A := A(1) and recall that any Lévy process
has characteristic function fully derivable by their time-1 distribution.

2.1 LS models

In this subsection we recap the main steps to build the factor-based processes intro-
duced in (Luciano and Semeraro 2010), that we name LS processes. Let {B(f)} 5
and {B’ (8)},50 be multivariate Brownian motions with Lévy triplets (u,X,0) and
(u?,X*,0), respectively. In particular,

H= (,ul,...,yn), Y = diag (O'f,...,az), H; € R, 6_/->0,j= 1,..,n.

n

Consider further the multi-parameter s = (s, ..., s,,)T € Ri and the multi-parameter
process introduced by Barndorff-Nielsen et al. (2001), corresponding to the above
defined Brownian B(7), that is

B(s) = {(By(sy), ..., B,(s,)),s € R}, .1

with the partial order on R},

s't<s? o 5; <sf, j=1,..n.
Table 1 Model parameters
cVG uVG cNIG uNIG
LS
Parameters  p,0,K,a,{p;} w0y k0.0, {p;tisi Br6yv.a.{p;}iy B,6,v,a,a,{p;}s

#parameters 1 +3n+n(n—-1)/2 1+4n+nn—-1/2 1+4+3n+nn-1/2 1+4n+nn-1)/2
BB

Parameters  {p;, 6., K;} -y 7, b {n1.01. 5} 1x 2. b {1817/} 1=x.2- b {B1:81.¥/}1=x 2> b
#parameters 4n+3 4n+3 4n+3 4n+3

LS and BB stand for Luciano and Semeraro (2010) model and Ballotta and Bonfiglioli (2016) model,
respectively. cVG (uVG) stands for constrained (unconstrained) Variance Gamma. cNIG (uNIG) stands
for constrained (unconstrained) Normal Inverse Gaussian
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Multivariate Lévy models: calibration and pricing

Moreover, let {X(?)},,o be a multivariate subordinator, with independent compo-
nents and {Z(#)},5 be a subordinator, independent from X(z).

With these processes, we can then define the multivariate log-return process of
Luciano and Semeraro as

B (X, (D) + B{(Z(1))

Y(1) = BX(0) + B*(Z(1)) = ; (2.2)

B,(X,(1)) + B(Z(1))

where B(X(¢)) and B”(Z(r)) can be considered as the idiosyncratic and the system-
atic risk components of the dynamics of the assets. Also, we set

W= (K K

‘712’<1 P125152\/’<_1\/’<_2 P1n010n\/’<_1\/’<_n
¥ = P120'1‘72\/K_1\/K_2 Ug’fz p2n626n\/K_2\/K_n
- ’

2
P1,010, V K V Kp P2,020, V K V Kp - 6, Ky

with K> 0,j=1,...,n, in such a way that each marginal log-return process j is a
Brownian motion with drift Hjs diffusion o;, and subordinated by a factor-based
subordinator

G(1) = X,(t) + K, Z(1). 2.3)

In particular, Luciano and Semeraro (2010) proved that
d -
Yi(0) = wG;(0) + 0;B,(G;(D)), 24)

where Bj is a standard Brownian motion.

By means of Theorem 30.1 in (Sato 1999), and Theorem 3.3 in (Barndorft-
Nielsen et al. 2001) for the multivariate case, we are able to derive the time-1 char-
acteristic function of the subordinated process as

¢y(u) = exp { Z lx/.(Wg].(’f,’)) + L (yp () }, u€eR”, 2.5)
J=1

where /() and y(-) are the Laplace exponent and the characteristic exponent, respec-
tively. Also, pairwise correlations are given by

E(B]IE(B]IV(Z) + Cov(B], B)EIZ]  pnxixV(2) + p0,0;1/K\ [GEIZ]

A/ V() \/ VI)V(Y)

where E[-], V(-) and Cov(:,-) denote the expectation, variance and covariance,
respectively.

Given the general LS construction provided above, we now present the model speci-
fications employed in the analysis. We report their marginal characteristic functions

pY(l’.]) =
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and correlation coefficients, denoted with qui(-) and py(i,j) respectively, in the list

below. The ranges and constraints of the parameters can be seen in Egs. (2.8), (2.11),
(2.14), and (2.17).

o (Constrained LS-Variance Gamma

By, () = (1 — g, + %uzaj?xj) / 2.6)

“(“i”jKin + Pij”i"j@\/@)
py(A,)) = 2.7
V(@ + 1K) + i)

W ER. 05> 0. k5> 0. 0<a<min(l/x), ’pijysl 2.8)
e Unconstrained LS-Variance Gamma

) 1 ) 5 —(o+a)
d)yj(u) = (1 —upk; + zu o; K‘j> 2.9)

a(”i/‘.i’fi’fj + Pij"i"j@\/@)
py(,)) = (2.10)
\/Kl-((ll- + a)(cri2 + MizKi) Ki(a; + a)(O'j.2 + ﬂszj)

yjelR, 0j>0, Kj>0, aj>0, a>0, |pij|§l 2.1

e Constrained LS-Normal Inverse Gaussian

by 0 = exp (=6, (/77 = 5+ w2 = \[r> = 52)) 2.12)

alpan e yR)
pr)) = (2.13)
120 = B e - B

6;>0, y,>0, ‘ﬂj’<yj, 0<a<rgjin<5j,/yj2—ﬂ]?), |pij|31 (2.14)

e Unconstrained LS-Normal Inverse Gaussian

by =exp (=51 -+ =i - 52)(a,+ay5)).  weR 2.15)
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a( BN, + pydi /K26 )
py(i.j) = (2.16)
V@ +ayRr2802 = B2 @+ ayRpr2e i = B

6;,>0, 7,>0, |ﬂj’<yj, a; >0, a>0, |pij|§l 2.17)

More detailed descriptions of the above specifications are provided by Appendices A.1,
A2,A3,and A4.

2.2 BB models

We are now ready to present the second class of models, introduced by Ballotta and
Bonfiglioli (2016). The authors proposed a multivariate process constructed by a con-
volution of two Lévy processes, without the need to pass through subordinators. We
call processes of this kind as BB processes, that are of the form

X))+ b, Z(1)
YO)=X)+bZ(t) = ,
X, (1) +b,Z(t)

where b € R”, and X, (¢), ..., X,,(?), Z(¢) are R-valued mutually independent Lévy pro-
cesses. Time-1 characteristic function is then

¢by(@) = exp { D w4 + ufz<2 b,-uj> } ueR", (2.18)
=1 =1

where () denotes the characteristic exponent. Also in this case, it is natural to con-
sider X(¢) and Z(¢) as the idiosyncratic and the systematic risk factors, respectively.
The pairwise correlations are given by

bbV(2)

SV

As opposed to LS, BB models do not necessarily suffer trade-offs between mar-
ginal and dependence fit. However, to obtain one-dimensional margins belonging
to a known class (e.g., VG, NIG), we would have to first set the distributions for
Yj(t), j=1,...,n, and then imposing the following convolution conditions on mar-
ginal distributions,

pY(l’.]) =

wy, () = wy () +wz(bu),  j=1,...n (2.19)

Specifically, the fitting procedure of constrained BB models consists of first esti-
mating Y; (t) parameters, and then finding combinations of X; (t), b; and Z(t) param-
eters that reflect market correlation, while still being marglnally distributed as Y; (D).
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However, such convolution conditions can require restrictive constraints on param-
eters, likely to be satisfied only up to an approximation.

The studied specifications of the BB construction are indicated as follows. Let
qﬁyf (+) and py(i,j) denote the marginal characteristic function and the correlation

coefficient, respectively. Then, the model specifications are reported as follows.

o (Constrained BB-Variance Gamma

d)yj(u) = (1 - iu,ujrcj + %uzajzrcj> ' (2.20)

bibj(aé + ,L{%KZ)
py(.)) = (2.21)
\/(61.2 + /zl.zlci)(zyj2 + Mj.sz)

Hj» Hx» Hz € R, 0j,0x,0, >0, K ky,kz >0, b;>0 (2.22)

2 2 2
KJMj = Kij/’lZ’ Kjo'j = bij UZ (223)

2 2 2 KX]KZ
M=y +bipg,  0; =y /"'x/. +bioy, K= P (2.24)
J

e Unconstrained BB-Variance Gamma

-1 -
Kz

by (u) = (1 — iupy Ky + %“2‘7)2(/’9(,> K (1 — iubjpzx, + %uzb_?a%lcz) (2.25)

2 2
b,-bj(O'Z + ﬂZKZ)

py(i,)) = (2.26)
\/[6)2(’ + ;4)2(’ Ky, + b?(cr% + ;4%1(2)] [0')2(,_ + M?(]KXI + bjz(oé + M%KZ)] ’
Mxisﬂz (S R, O-X,-’GZ > 0, KX/’ Ky > 0, bj >0 (2.27)
e Constrained BB-Normal Inverse Gaussian
by ) = exp (=5,(([r2 = B+ w2 =\ = 52) ) (228)

bibjj/ééz(}/é - ﬂé)_3/2
py(i,)) = (2.29)
V78 = B e - B
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8;,0x.67> 0, ¥vx:vz >0, b;> 0, |By] <yan A=) X2 (2.30)
Bi=b"6s v, =07y, (2.31)
B = ﬂxj = bj_lﬁza 6, = 5)(, +bidy, v, = Tx, = bj_lh (2.32)

e Unconstrained BB-Normal Inverse Gaussian

by, () =exp <—5X,<\/7)2(j =By + iu)? — \/7;%. - ﬁ?{/))

- . — (2.33)
: exp _52 \/yZ - (ﬁZ + lubj)2 - \/yz - ﬁz
- biby;6,(r; — B
py(i.)) = 2.34)
1 \/73, 50,03, = B2 + Doy = 1" |
m=i,j
662> 0, 172> 0, |By| < w182 <71z ;>0 2.35)

where Egs. (2.22), (2.23), (2.24), (2.27), (2.30), (2.31), (2.32), and (2.35) show the
ranges and constraints of the parameters. A more thorough overview of the above
models is given by Appendices A.5, A.6, A.7 and A.8.

3 Calibration methods

In this section, we illustrate the calibration methods that can be employed to fit mul-
tivariate models to market data. In terms of asset prices, we calibrate an R"-valued
asset price process {S(?) } >, with margins given by

S;t) =exp{(r—q;+gpt+ Y0}, j=1..n

where Y,(7) is the j-th marginal of any of the multivariate log-return processes
{Y(2)} 5 introduced in Sect. 2. Also, r is the risk-free rate, g; is the j-th continuously
compounded dividend yield and g; = ~¥y, (u = —i) is the j-th mean correction to

assure the martingale condition, needed in the risk-neutral context.

As described by Marena et al. (2018b) and Ballotta and Bonfiglioli (2016), when
LS and BB models impose margins of known Lévy class, they allow for a two-stage
procedure: first, marginal parameters are calibrated by exploiting liquid volatility
surfaces; then, dependence parameters are found by matching model and market
correlations.

Marginal calibration consists of finding, for each asset j = 1,...,n, the set Mj of
marginal parameters as
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2
M = argmin — ) [y mOd(M ) — mk[]
! Mo N ,Z 3.0

subject to M; € ./\/lj

where v™4(M;) and v™™, I = 1,...,N;, are Black-Scholes implied volatilities from
model and market prices, respectively, /Vj ={ H; € R; o; > 0; K; > 0} is the set of
constraints when margins are VG, whereas ﬂj = {—yj < ﬁj <7 5j > 0; Y > 0}is
the set of constraints when margins are NIG.

In the above expression, N; is the number of market quotes used to fit the j-th
margin and w;, [ =1, ... N] are arbitrary weights, fixed in advance. The choice of
the quotes and their weights can follow multiple criteria. First, it is preferred to only
use quotes of highly traded products; in these cases, such quotes can be considered
accurate proxies of the fair values of these products, and provide reliable informa-
tion about the log-return distributions of the underlying assets. In addition, it can
be convenient to assign larger weights to the quotes that are more relevant for our
objective; if we are only interested in pricing, say, exotic products with short-term
maturity, then we should calibrate our model mainly on short-term options. This is
computationally more efficient and in general improves the calibration performance.
A further discussion on this matter is reported in Sect. 5.1, in which we focus on our
case study.

Once the optimized marginals { M7, ..., M} are obtained, dependence param-
eters D are fitted by solving

D = i
e n(n n(n —1)

33 I M M D) = G
i=1 j>i (32)

subjectto D € D

where D is a model-specific feasible region to be specified in Subsection 3.1. Also,
assuming the availability of a single quoted price (for each pair of assets) from a
liquidly-traded multi-name instrument, pyk‘(z J) is the Black-Scholes implied corre-
lation from that quote. Analogously, pm"d(z J>» D) would be the implied correlation
from the model price of the multi-name product. Multiple correlations along strikes
and maturities might be available, but it is more frequent to dispose of a restricted
number of them, or even just one derived from a single quote estimated according to
the beliefs of traders, rather than an actual liquid quote. Another common situation
is to have no quoted prices at all, in which case kat(l J) is sometimes approximated
by the historical correlation, and p';,“’d(z, J, D) is approximated by the theoretical cor-
relation (see, e.g., Eq. (2.7)), abandoning the risk-neutral measure.

3.1 Model-specific calibrations

Having presented the commonly used two-step calibration, we now examine
alternative formulations that can help models to reduce the observed trade-off
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between marginal and dependence fit. To this aim, we show tailor-made cali-
bration settings of constrained LS and BB processes. Also, we specify the only
possible fitting procedure for unconstrained models, that are supposed to reduce
trade-off by construction.

In the constrained LS models, dependence parameters are D = (a, {p,_-,»}i#),
while the feasible region is given by

D={0<a<min(x5"): —1<p<LVi#j}.
where m = 1 in the LS-VG case, and m = 0.5 in LS-NIG. As anticipated, the above
bounds on a lead to a potential trade-off between correlation range and marginal
kurtosis fit. As marginal parameters are calibrated before dependence ones, calibra-
tion error is likely to be concentrated on correlation. To better distribute the error,
Marena et al. (2018b) propose to run a joint calibration instead, consisting of per-
forming marginal fit of all the assets at the same time, while imposing a maximum
level of correlation gap allowed, € > 0. In particular,

n N;
(M, M D) = argmin 32 3 [ — v
My My D52y Y=

subjectto M, eM,,.. M,eM,,DeD
| PR, k, D) — p™(, k)| <e, i#k
(3.3)

As it can be seen, Eq. (3.3) does not include dependence parameters in the objective
function. This might lead to situations where marginal kurtosis are already low, and
we prevent calibration from finding a correlation error lower than e. In practice, joint
calibration is preferably run only after the (less expensive) two-stage calibration
has failed to reach an acceptable correlation fit. In such cases, the trade-off between
marginals and correlation should push correlation error to get closer to €. Another
approach to deal with the mentioned trade-off can be to run the usual two-stage cali-
bration, but adding a suitable upper bound on «; to the feasible region /Vj, j=1.,n
This could avoid the need for a joint calibration, whose optimization problem could
struggle with high dimensionality. However, choosing such upper bound requires to
have some previous knowledge of the market condition, which can be non-trivial.

Concerning the constrained BB-VG model, the dependence parameters are
given by D = (b, ..., b,, 7,0, k,) and the feasible region is

-
D ={b; € RV} uy € Ri 0, > 0;x, > 0}

n {O'j2 - bjoé >0,V k7 — ;> 0,V)} (3.4)
N {Kip; = kzb;47,VJ; KjO'j2 = k,b*62,Vj}.

A

In the constrained BB-NIG model, D = (b, ...,b,, f,,6,,7,) are the dependence
parameters, while the feasible region is
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D={b; €R,Yj: =y, <Py <178, >0y, >0}
N {6, — bjo, > 0,Vj} (3.5)
N B = b7,y = b7 v, V).

The first and second sets of constraints of (3.4) and (3.5) ensure that parameters
of the systematic and the idiosyncratic components satisfy their domains. The third
sets, that we resume from (2.23) and (2.31), are needed to meet convolution condi-
tions (2.19). Ballotta and Bonfiglioli (2016) observed that such equality constraints
are often satisfied only up to a least squares approximation.

In practice, dependence calibration of constrained BB models can be reformu-
lated as a relaxed problem where restrictions (2.23) or (2.31) are shifted to the
objective function as follows:

Z DG M MDY = )+ R Y (¢ + )
=1

11]>1

D= argmin

subj. to D €D\ (2.23),(2.31)
(3.6)

where

{ iy = KjH; — llczbjyz, Cjp = Kjajzl - bij?oé for VG
Ci1 = ﬂj - b]_ Bz, Cp=V— bj_ Yz for NIG

for some 4 > 0. An alternative approach that avoids the arbitrary parameter # is to
consider an objective function that only includes the convolution-related penalty
term, while the correlation term is expressed as a constraint. The optimization prob-
lem would then become

D* = argmin (c +c
en Z

subj. to D e D \ (2.23),(2.31) G0

lo;md(i, k, D) — p™(i, k)| <e, i#k

Although a trade-off between marginal and dependence fit is not apparent in BB
theoretical construction, it is still possible to encounter it in practice, when we try
to meet convolution conditions. For this reason, either the penalty coefficient 4 in
(3.6) or the maximum correlation error allowed e in (3.7) should be suitable tuned
to shift calibration error on one side or the other. The resulting convolution errors
of (3.6) or (3.7) can be then measured as differences between marginal moments of
the laws of Y] and Xj + ij , J=1,...,n, or comparing calibration fits of the these two
distributions.

With regard to the unconstrained versions of LS and BB models, dependence
parameters enter the marginal parametrization. A two-stage calibration to fit these
models is then improper, since each marginal calibration would subsequently change
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the value of a dependence parameter. The only way to estimate these processes is by
means of a joint calibration as in (3.3), with the important difference that the feasi-
ble region D only includes domain-related restrictions.

4 Worst-performance derivatives

Before testing the calibration and pricing skills of the models, we describe the exotic
products to be priced in the analysis, whose payoffs are also relevant to make suit-
able calibration choices. We consider three multi-asset derivatives issued by Intesa
Sanpaolo bank: Standard Long Barrier Plus Worst Of Certificates; Standard Long
Barrier Digital Worst Of Certificates; Standard Long Autocallable Barrier Dig-
ital Worst Of Certificates with Memory Effect. From now on we call them WPI,
WP2, WP3, respectively, as their payoffs depend on the worst performance (WP)
among underlyings. Also, they can be seen as a strategy involving a long position
in a coupon bond and a short one in a down-and-in put option. Payoff details are
described in what follows, while a graphical representation of the payoff at maturity
is depicted in Fig. 1.

Let {#,, ..., t,,} be a set of relevant contract dates and S = (S}, ..., S,)) be a vector of
underlying assets, so that {S(?)} ., represents the joint process of the assets. Let also
the performance vector be defined as

P(t,)=(P1(r,-),...,P,l<r,->>=(S‘(t") S"(t")), =1

Si(to)" 7 S, (1)
along with the associated worst-performance assets

w; = argmin{P,(z)}, i=1,..m
jetl,ny

Define also the barrier events as

Fig. 1 Payoff structure at set- WP settlement payoff
tlement date of the three WP

products, excluding the last

coupon and a possible early
redemption. It can be seen as a

strategy involving a long posi-

tion in a bond and a short one in |
a down-and-in put option. / =
issue price. b = terminal barrier

Payoff

Worst Performance
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E={P,, (t,) <b},
Eg;={P, ) <by;}, i=1,..m
E;={P,(t)>b,}, i=1..m

where b,b; ;... b, . b, 15 ..., b, are predefined barriers (in percentages). Denoting
by I the issue price and by k the periodic coupon payment, we get WP1 and WP2
payoffs respectively as

yp, = km + =,

m
HWP2 =k Z ]lE;,i + T

i=1
where

/1 Swm ([m)
T, g+ Swm (o) E>
and the superscript ¢ denotes the complement event. Note that the payoff presented
here assumes we are pricing the derivative at the issuing date, while it is often the
case we buy it at a future date, missing some intermediate earnings (e.g., coupons).
WP3 keeps a similar structure as WP2, but it adds a memory effect and redemp-
tion features. The first means that at each date i, provided that the worst performance
is above the barrier b, ;, the investor gains the current coupon plus the previous cou-
pons that have not been paid. The second implies that at the first date on which the
event E, ; is verified, if it does happen, the investor receives the issue price and the
contract expires. For sake of completeness, we report the algorithm needed to com-
pute the discounted WP3 payoff for a single Monte Carlo trajectory in Appendix B.

5 Empirical analysis

At this point, we have all the elements to perform an empirical test of the analyzed
Lévy models, with the aim of evaluating the ability of such models to fit market data
and produce a fair valuation of the exotic derivatives.

We start this section by describing our dataset. Regarding calibration data, as it is
generally the case, quotes of liquid multivariate instruments are not available. As a
consequence, calibration data includes two distinct parts. The first consists of liquid
implied volatility surfaces of single-asset options, needed to fit marginal laws. The
second involves an estimate of market correlation between log-returns of the assets.
For each pair of assets, only a single market implied correlation is available, that
is assumed to be constant over maturities and moneyness. Also, such correlation
is implied by an ideal price estimated by traders, rather than the market price of a
liquidly traded product. We consider such calibration data for 13 monthly-distanced
calibration dates (from 30/11/2021 to 30/11/2022), in order to assess model perfor-
mance under various market conditions.
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Concerning pricing data, the actively-traded WP derivatives that we price with
Lévy models have the following characteristics, besides the payoff features described
in Sect. 4:

o  WP1 is written on EURO STOXX 50 and FTSE MIB indexes, it has been issued
in 28/03/2019 and expires in 28/03/2023.

o  WP2 is written on EURO STOXX Select Dividend 30 and FTSE MIB indexes, it
has been issued in 30/03/2020 and expires in 30/03/2026.

o WP3 is written on RWE AG, Electricité de France SA and Iberdrola SA shares, it
has been issued in 16/11/2021 and expires in 18/11/2024.

For these instruments, market bid prices are available at all dates where models
are calibrated, even if the liquidity of WP products is relatively scarce. As a conse-
quence, it is possible to compare WP prices computed by the models with bench-
marks provided by market data.

5.1 Calibration choices

As a starting point for our calibration analysis, we report some preliminary deci-
sions on the adopted strategies to fit models. Depending on the specific cases, such
choices derive from theoretical considerations and/or a first run of calibration and
pricing, useful to get a flavour of the dataset.

Concerning the optimization techniques employed in the calibration problem,
we decide to use a stochastic search algorithm to fit model parameters, as done for
example by Cont and Ben Hamida (2004). Specifically, we use a versatile Differen-
tial Evolution algorithm (Storn and Price 1997), available in scipy Python library.
We then refine the solution provided by the pure DE by employing a local opti-
mizer. Differently, other authors (e.g., Cont and Tankov 2004 and Alfeus et al.
2020) employ multi-start methods for the calibration problems. As these algorithms
exploit the gradient of the objective function, they can often converge to solutions
relatively quickly. However, as non-Gaussian Lévy distributions are likely to display
a highly non-convex objective function (see VG case in Cont and Tankov 2004),
using a multi-start algorithm risks to excessively depend on the grid choice. Another
approach adopted by researchers is to fit models via surrogate-like optimization (see
Ruf and Wang 2020 for a literature review of Artificial Neural Networks for pricing
applications). These techniques are normally used when objective function is com-
putationally expensive. However, in our case the objective function only consists,
for marginals, of computing a few prices via Fourier techniques (we use the COS
method of Fang and Oosterlee 2009) and their implied volatilities. Still, ANNs have
the benefit to shift computational burden offfine, but this can be more desired in a
context of frequent recalibrations, while our study just involves a few time-distanced
calibrations. Similarly, we decide not to employ regularization techniques (see e.g.,
Cont and Tankov 2006; Egger and Engl 2005; Crépey 2010, and Dai et al. 2016),
as these are more needed in presence of frequent recalibrations. To be surer that
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regularization can be avoided, we apply small data perturbations to a first run of
calibration, finding out that results are stable enough to such perturbations.

A second important decision regards the points of the volatility surfaces to use
for model fitting. As WP payoffs are largely linked to the underlying asset prices
at settlement date, it can be convenient to assign larger weights (see Eq. (3.1)) to
calibration points close to WP settlement dates. In fact, as Lévy processes have i.i.d.
increments, we cannot expect them to perfectly fit whole volatility surfaces, as such
surfaces reflect the well-known non-stationarity of realized log-returns. As a con-
sequence, concentrating calibration effort on a lower number of volatility surface
points seems reasonable. After these preliminary considerations and looking at a
first run of calibration and pricing, we actually notice that the best strategy is to
just calibrate models on 2-3 volatility smiles close to WP settlement dates. Indeed,
although intermediate contract payments risk to be poorly predicted by the so-cal-
ibrated processes, we evidence that the overall pricing performance of the models
benefit from our strategy.

Another calibration choice lies in the context of dependence fit. That is, we decide
to use theoretical correlation (see, for example, Eq. (2.7) in the case of constrained
LS-VG) as a proxy of model-implied correlation (i.e., Black-Scholes implied corre-
lation from model price). In fact, as market correlation is implied from an estimated
market price (see the introduction of Sect. 5), the most natural calibration choice
would be to employ model-implied correlation to fit dependence structure. However,
we notice that using either model-implied or theoretical correlations yields nearly
the same exotic prices produced by the calibrated models. Therefore, as the compu-
tational time required to calculate theoretical correlation is substantially lower than
that of model-implied correlation, we use the former.

To conclude the set of preliminary choices, we report our decisions concerning
the calibration methods employed to fit the specific Lévy models, discussed in the
introduction of Sect. 3 and in Subsection 3.1. Regarding constrained LS models,
as two-step calibration is normally faster than joint calibration, we first employ the
former, and only when trade-off between marginal and dependence fit is strong, we
perform a joint calibration to distribute calibration errors proportionally (similarly to
Marena et al. 2018b). For constrained BB models, as their correlation coefficients do
not make the trade-off clear from a theoretical perspective, we first set a tiny maxi-
mum correlation error allowed (see Eq. (3.7) and the discussion below), and when
this strategy leads to excessively large convolution errors, we let correlation error
increase. Finally, as the theoretical structure of unconstrained models requires joint
calibrations as in Eq. (3.3), for this models we always follow the joint procedure,
initially imposing a low bound on correlation error and increasing it if necessary.

5.2 Calibration results
Having introduced the calibration setting, we are now ready to report results. In
order to show the variety of market conditions encountered in the analysis and to

provide useful benchmarks to future researchers, we illustrate some statistics of the
calibrated marginal parameters of constrained models in Table 3. Such parameters
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belong to well-known univariate laws such as Variance Gamma and Normal Inverse
Gaussian, which are embedded by both LS and BB constrained models, as such
models preserve margins of known classes by construction. Note though that BB
processes are subject to convolution errors in the second stage of the two-step
calibration, so parameters of Table 3 only approximately represent BB marginal
distributions.

Going into detail, Table 3 reports the minimum, mean and maximum values of
marginal parameters over the 13 calibration dates of the analysis. A relevant point
comes from observing that minima (or maxima) are sometimes similar across under-
lying assets. This happens because we arbitrarily restrict parameters to take values in
reasonably narrow ranges. According to the aforementioned first run of calibration,
we notice that such an approach is useful for at least a couple of reasons. First, and
not surprisingly, it increases the stability and convergence speed of the calibration
algorithm. Secondly, it often reduces the overall calibration error, as correlation and
convolution fit are likely to suffer from too small, or too large, values of marginal
parameters. Although tightening parameter bounds might seem a strong limitation
to marginal fit, the non-identifiability of parameters, typical of non-Gaussian Lévy
distributions, is likely to help models to still find combinations of parameters that
well-reflect market data.

After displaying the statistics of marginal parameters, we can now present
the calibration errors of constrained LS and BB models, in order to evaluate
their fitting performances and explore a possible trade-off between marginal and
dependence structure. We display the average root mean square error (RMSE)
between model and market implied volatilities of WP underlying assets in the

Table3 VG and NIG marginal parameters of underlying assets. We report their minimum, average and
maximum over the 13 calibration dates

Underlying min mean max min mean  max min mean  max
u o K
EURO ST. 50 —0.3062 —0.1922 —0.1223 0.1665 0.203 0.2196 0.7068 1.7768 2.997
FTSE MIB (a) —0.3326 —0.2206 —0.1318 0.1669 0.2238 0.2586 0.4452 1.562 2.9988
EURO ST. SD30 —0.1559 —0.1484 —0.1364 0.0061 0.0628 0.1602 2.9917 2.9986 2.9998
FTSE MIB (b) —0.1902 —0.1706 —0.1504 0.0059 0.0525 0.1866 2.997 2.9991 3.0
ELEC. DE FR. SA —1.0136 —0.2551 —0.1782 0.1204 0.2984 0.3545 0.0865 0.6599 1.7835
IBERDROLA SA —0.1929 —0.1538 —0.1299 0.1898 0.2184 0.2457 0.8713 1.5145 2.592
RWE AG —0.8346 —0.1337 —0.0798 0.0055 0.3155 0.3865 0.1194 1.874 2.9927
B 6 Y
EURO ST. 50 —4.9999 —4.7559 —3.7211 0.1 0.1594 0.2359 4.7087 6.1767 6.6663
FTSE MIB (a) —4.9998 —4.346 —2.3517 0.1013 0.1934 0.322 3.0398 5.8379 6.6664
EURO ST. SD30 —4.6967 —4.1135 —3.6941 0.1 0.1 0.1001 4.7693 5.2626 5.7746
FTSE MIB (b) —3.1203 —2.7794 —2.1365 0.1 0.102  0.1095 2.9566 3.6037 3.9245
ELEC.DEFR.SA  —3.335 —22754 —1.4409 0.2406 0.3686 0.4997 2.9628 4.4852 59827
IBERDROLA SA —4.9961 —3.5964 —2.2539 0.1282 0.1759 0.2221 3.4076 5.3033 6.6655
RWE AG —2.7009 —1.0942 —0.7129 0.1616 0.2203 0.2812 1.6059 2.5039 3.7091
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left-hand side of Figs. 2 and 3, and between model and market correlation, in the
right-hand side. In our first calibration and pricing run, we notice that the effect
of correlation error on the exotic price is of the order of magnitude of about one
tenth of volatility error. As a consequence, we keep this ratio of scales between
marginal and dependence plots of Figs. 2 and 3, so that the reader can assign
nearly the same importance to all error bars.

According to Fig. 2a, ¢ and e, the marginal calibration of multivariate
VG models normally yields lower errors for LS-VG than for BB-VG. This is
expected, as BB adds convolution errors to the marginal calibration errors out-
putted by the first part of the two-step calibration (note, however, that in some
cases convolution error could accidentally improve marginal fit). However, we
notice in Fig. 2b and f that the better marginal calibration of LS-VG comes at the
expense of correlation fit, that become significant in a few cases, remarking the
presence of fitting trade-off. On the other hand, the exceptionally good depend-
ence calibration of BB-VG, coming from setting a small € = 0.01 in the optimi-
zation problem of Eq. (3.7), seems to offset the excess marginal error in most
cases. To summarize, while the results on WP1- and WP2-linked calibrations
are somewhat ambiguous, BB-VG performs better than LS-VG in WP3 case.

Concerning calibration results of multivariate NIG models, some considera-
tions can be made by observing Fig. 3. Similarly to VG case, we detect a poorer
marginal fit of BB-NIG with respect to LS-NIG. This is particularly evident in
the WP3-linked marginal calibration errors of Fig. 3e, where we still use a cali-
bration method that imposes a maximum correlation error allowed of 0.01. In
WPI1- and WP2-linked calibrations, in order to avoid huge marginal errors, we
are forced to relax the constraint on correlation fit. The effect of such decision is
clear from Fig. 3b and d, where BB dependence calibration errors get consider-
ably larger than the other cases. To sum up, we observe an overall better fit of
LS-NIG model with respect to BB-NIG. Also, while LS-VG and LS-NIG enjoy
relatively similar results among each other, we evidence a significant difference
between BB-VG and BB-NIG fitting performances. Such outcome is likely to be
due to the sensitivity of BB model construction to the marginal law assigned to
the process. In fact, as can be seen from Egs. (2.23), (2.24), (2.31) and (2.32),
the convolution conditions needed to preserve marginal laws can be quite differ-
ent between VG and NIG cases, so is the ability of BB models to satisfy such
conditions.

An important and more general consideration is that a trade-off between
marginal and dependence fit exists in practice and can even be strong in some
cases. As trade-off is, at least in part, produced by the convolution conditions
of constrained LS and BB models (recall, for example, the bounds on correla-
tion parameter a in Eqs. (2.8) and (2.14)), we then decide to test unconstrained
versions of LS and BB models in Subsection 5.5, to find out whether they can
significantly improve calibration fit.
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Fig.2 Constrained LS-VG and BB-VG calibration errors for the 13 considered times to maturity. Left-
hand side figures represent average RMSEs between model and market volatilities of the basket of under-
lyings of each WP. Right-hand side figures represent average RMSEs between model and market correla-
tions of the set of underlying pairs of each WP (colour figure online)

5.3 Pricing

Having calibrated the constrained models, we are now ready to price WP instru-
ments, in order to investigate the ability of the models to produce a fair valuation
of such derivatives. Because of the exotic features of WP contracts, valuations
are carried out via Monte Carlo methods, simulating enough sample paths to get
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Fig.3 Constrained LS-NIG and BB-NIG calibration errors for the 13 considered times to maturity. Left-
hand side figures represent average RMSEs between model and market volatilities of the basket of under-
lyings of each WP. Right-hand side figures represent average RMSEs between model and market correla-
tions of the set of underlying pairs of each WP (colour figure online)

suitably small MC errors. As previously said, for sake of completeness we report
the MC algorithm needed to price WP3 in Appendix B. As market bid quotes of
WP products are available, we display them together with model prices in the
left-hand side of Fig. 4. The right-hand side shows instead the percentage differ-

ences between model and market prices.
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As a first level of comparison, we look at the differences between Lévy prices.
It is clear from the plots that models enjoy comparable results among each other.
Also, percentage differences of the four models seem to follow a similar path over
valuation dates, evidencing a homogeneity between model results. However, an
observation concerns WP2 pricing (see Fig. 4c, d), where LS-VG replicates bench-
marks particularly well, while BB-NIG produce the worst results among models.
Such evidence is, in fact, consistent with the results shown in the calibration plots
(Figs. 2 and 3) and the related discussion, remarking the link between calibration
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Fig.4 Prices and percentage differences between model and market prices, on the 13 considered times
to maturity. Prices are expressed as percentage of the issue price. Percentage differences are computed as
(Price — Market Price) / Market Price X 100 (colour figure online)
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and pricing. Overall, although LS and BB models have different theoretical con-
structions, they preserve a similar ability to price exotics.

On the other hand, clearer evidences can be captured by comparing Lévy models
as a whole against market quotes. Apart from short-maturity cases, we observe a
tendency of the models to underestimate bid prices. This is partly due to the cali-
brated model correlation not reaching the market level, that leads to a higher value
of the embedded put option of the contract (recall WP payoff structure from Fig. 1),
and so a lower overall price. Whenever correlation enjoys a good fit, the overesti-
mate of the put does not completely disappear. This is possibly due to Lévy distri-
butions bearing fatter tails than those assumed by valuation models that concur in
forging benchmark quotes. In this regard, we remark that as WP products are not
exchange-traded, their benchmark prices can significantly differ from their fair val-
ues; thus, the differences between model prices and benchmarks are not necessarily
given by a poor valuation performance of the Lévy models.

Looking in detail at the specific contracts, models enjoy the best results when
pricing WP1 (see Fig. 4a, b), where market bid quotes are replicated quite accurately,
even with a slight and desirable high bias. Such good performance is consistent with
the well-known ability of jump processes to price short-term options, even far from
at-the-money positions. Concerning the other contracts, WP2 is priced at longer
times to maturity (see Fig. 4c, d), making the correlation mismatch more effective.
As a result, percentage (absolute) differences increase. Also, differently from WP1,
WP2 payoff contains some path-dependency (see Sect. 4), which is another source
of inaccuracy if we price via stationary processes such as Lévy ones (as observed,
for example, by Ballotta and Bonfiglioli 2016). Regarding WP3 (Fig. 4e, f), model
and market prices diverge more for all models, for at least two reasons. First, the
exotic features of the contract increase substantially (as can be observed from the
pricing algorithm in Appendix 1). Second, WP3 underlyings are stocks, with more
irregular and less liquid volatility surfaces with respect to the underlying indexes
of WP1 and WP2. As a consequence, the link between calibration data and exotic
quotes is more prone to mismatches.

Overall, except some pricing inaccuracy coming from the path-dependent fea-
tures of the exotics, a significant source of error is likely to be calibration fit. Espe-
cially if we look at the connection between LS-VG good pricing performance of
WP2 product (Fig. 4d) and its relatively accurate fit (comparing all WP2-related
calibrations in Figs. 2c¢, d, 3c and d), it seems logic to try to improve model fitting to
produce more accurate valuations. This again points to test unconstrained models in
Subsection 5.5, and check whether these models can better replicate market quotes.

5.4 Sensitivities

In order to have a better understanding of WP payoffs and to get the impor-
tance of making an accurate dependence calibration, we run a sensitivity-to-
correlation analysis, by observing correlation effect on price in Fig. 5. As exotic
products have comparable payoffs, we restrict the analysis to WPI1 instru-
ment. Also, we just consider constrained LS-VG model, since models enjoy
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mutually similar sensitivities. Furthermore, we fix marginal parameters to
W= -0.15, o; = 0.25, K; = 1.60, j = 1,2, representing a commonly-observed mar-
ket situation according to Table 3. Looking at Fig. 5a—c, as expected from the pay-
offs of WP products, the price sensitivity to correlation increases for higher maturi-
ties and when moneyness gets closer to one. Moreover, in all instances sensitivity
rises for very high correlation levels (commonly observed in the index market), evi-
dencing a nonlinear effect on price and the importance of using models and calibra-
tion methods able to capture wide dependence ranges. On a general level, it is clear
from the plots that correlation has a large effect on WP1 price, remarking the need
to distribute calibration errors in a proportionate way between marginal and correla-
tion parameters.

To explore the effect of nonlinear dependence on the valuation of exotics, we
examine the price sensitivity to such feature in Fig. 6, recalling that it can only be
observed in LS models. Again, we just consider WP1 product, constrained LS-VG
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(a) Correlation effect on WP1 price for time (b) Correlation effect on WP1 price for time
to maturity 1.0 and moneyness 2.0, 1.6, 1.2. to maturity 2.5 and moneyness 2.0, 1.6, 1.2.
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(c) Correlation effect on WP1 price for time (d) Correlation effect on WP1 price for time
to maturity 4.0 and moneyness 2.0, 1.6, 1.2. to maturity 4.0 and moneyness 2.0.

Fig.5 Correlation effect on WP1 price, using constrained LS—VG model and fixed marginal distributions
W= —O.lS,aj = 0.25,Kj =1.60, j=1,....n. In Fig. a—¢, each point represents the percentage differ-
ence between a price - with a certain combination of correlation and moneyness - and the average price
between those with the same moneyness, as a function of py. Figure d shows prices as a function of py in
the realistic case where T=4.0 and MN=2.0, that is where WP1 is valued close to issue date. T = time to
maturity. MN = moneyness (initial underlying price divided by strike) (colour figure online)
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model and fixed marginal laws with W= -0.15, o; = 0.25, K; = 1.60, j =1,2. We
observe the effect of nonlinear dependence by computing WP1 price for multiple
values of parameter a (see e.g., Eq. (2.8)). a is the only parameter that affects nonlin-
ear dependence in constrained LS models, but it also drives part of the correlation.
As a consequence, in order to isolate the effect of nonlinear dependence, we move a
while keeping py (from Eq. (2.7)) constant, by changing accordingly the other corre-
lation drivers pl-j,Vi # j. The calculation is repeated for different correlation values,
and for different levels of moneyness, as shown in Fig. 6a—c. We observe that when
underlying asset prices are far from the barrier (Fig. 6a), there is a negative relation-
ship between a and prices when py is very high, while relationship flattens and even
become positive as we progress towards lower correlations. As moneyness decreases
(Fig. 6¢), we observe a clearer negative dependence for each level of py. As a first
point, we then establish that there exists some link between nonlinear dependence
and WP1 price. However, as py increases, we note that the domain of a shrinks,
because we cannot set high correlations without a high a. This eliminates the pos-
sibility to observe the whole relationship between nonlinear dependence and price.
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Fig. 6 Nonlinear dependence effect on WP1 price, using constrained LS—VG model and fixed marginal
distributions M= —0.15,5_,» =0.25, K; = 1.60, j = 1, ..., n. In Fig. a—c, each point represents the percent-
age difference between a price—with a certain combination of correlation and moneyness— and the
average price between those with the same moneyness, as a function of a. In Fig. d we plot prices as a
function of a for one of the considered instances, where price is relatively sensitive to nonlinear depend-
ence. T = time to maturity. MN = moneyness (initial underlying price divided by strike) (colour figure
online)
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In general, as expected, the order of magnitude of the effect of nonlinear dependence
on price is much lower with respect to that of correlation, as can be seen compar-
ing Figs. 5d and 6d. On the one hand, the visible link between nonlinear depend-
ence and price rewards LS models for their ability to capture such feature. Also, the
small admissible range of parameter a encourages to try to construct models that can
accommodate larger nonlinear dependence ranges.

5.5 Constrained vs unconstrained margins

Having shown results for constrained LS and BB models, it is now time to calibrate
unconstrained Lévy models and produce the respective prices of the exotic products.
This test has the aim of investigating the ability of unconstrained models to reduce
the fitting trade-off between marginal and dependence structures. As anticipated, the
calibration of unconstrained models requires a joint procedure as described in Eq.
(3.3), because of the increased interconnection between marginal and dependence
parameters. Also, as a result of our first run of calibration, we mostly set ¢ = 0.1,
and when marginal fit results too poor, we use ¢ = 0.2. Note that joint calibration
can hardly set lower maximum correlation errors allowed, such as the € = 0.01 of
the dependence calibration of constrained BB models (Eq. (3.7)), because it is a
high-dimensional problem with computationally expensive objective functions.

In order to provide a visible comparison between constrained and unconstrained
models, each calibration plot displays fitting errors of a constrained Lévy model
and its unconstrained version, as shown in Figs. 7, 8, 9 and 10. As can be seen,
in most cases the two approaches produce comparable performances, which is also
evidenced by the pricing results of Fig. 11. However, a notable exception is given by
BB-NIG, whose calibration plots (Fig. 10) show a better fit of its unconstrained ver-
sion. In essence, the goal of unconstrained models to reduce the marginal vs depend-
ence trade-off on LS models is not fully reached. However, the results of BB models
reward the unconstrained structure, at least from the point of view of pure model
fitting. As a matter of fact, not only the authors of BB processes started preferring
the unconstrained versions of their model in recent works (as Ballotta et al. 2017
and Ballotta et al. 2019), but the convenience of choosing such construction also
has theoretical explanations. In fact, constrained BB embeds exigent restrictions (see
Egs. (2.23) and (2.31)) to preserve known marginal laws, as opposed to the simpler
bounds on parameter a for LS models (see Eqs. (2.8) and (2.14)). Overall, removing
constraints in BB models is a more valid choice than it is for LS models.

5.6 Key implications of the empirical results

The results reported in the empirical analysis allow us to draw some implications
that can be relevant for any application of multivariate Lévy models.

First, we highlight the main strengths shared by all the analyzed processes. A core
feature of these constructions is given by the explicit expressions of the characteris-
tic functions, which allow to recover semi-closed formulas for plain-vanilla options,
or more broadly, for the terminal density function. In our analysis, such semi-closed
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Fig.7 LS-VG (constrained) and LS—VGu (unconstrained) calibration errors for the 13 considered times
to maturity. Left-hand side figures represent average RMSEs between model and market volatilities of
the basket of underlyings of each WP. Right-hand side figures represent average RMSEs between model
and market correlations of the set of underlying pairs of each WP (colour figure online)

formulas correspond to calibrations that are fast enough to be employed in real
financial contexts. Also, the factor-based construction via subordination of Brown-
ian motions permits a simple and sound simulation scheme ‘by components’. That
is, we sample from the laws of well-known univariate subordinators, for which effi-
cient simulation algorithms are available, and separately, sample from the Brownian
motions. Moreover, Fig. 11 shows that all the Lévy constructions accurately capture
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Fig.8 BB-VG (constrained) and BB-VGu (unconstrained) calibration errors for the 13 considered times
to maturity. Left-hand side figures represent average RMSEs between model and market volatilities of
the basket of underlyings of each WP. Right-hand side figures represent average RMSEs between model
and market correlations of the set of underlying pairs of each WP (colour figure online)

the tails of the short-term distributions of log-returns. As such, it is a good choice to
employ jump processes to model short-term extreme events in general, even at the
multivariate level.

Second, following the discussion of Subsection 5.1 it is advisable to perform a
preliminary calibration run on the dataset of interest. This is particularly important
to select the domains of the model parameters within reasonable ranges, speeding up
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Fig.9 LS-NIG (constrained) and LS-NIGu (unconstrained) calibration errors for the 13 considered
times to maturity. Left-hand side figures represent average RMSEs between model and market volatili-
ties of the basket of underlyings of each WP. Right-hand side figures represent average RMSEs between
model and market correlations of the set of underlying pairs of each WP (colour figure online)

the convergence of calibrations that can be expensive in high dimensions. Moreover,
it is crucial to identify the time periods in which the distribution of the stochastic
factors is most important. As the payoff of the analyzed exotic options is concen-
trated at maturity, we have selected—supported by the preliminary pricing run—the
calibration weights in order to focus the estimation of the model on the terminal
distribution. If, alternatively, the model is calibrated to the realized measure for risk
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Fig. 10 BB-NIG (constrained) and BB-NIGu (unconstrained) calibration errors for the 13 considered
times to maturity. Left-hand side figures represent average RMSEs between model and market volatili-
ties of the basket of underlyings of each WP. Right-hand side figures represent average RMSEs between
model and market correlations of the set of underlying pairs of each WP (colour figure online)

management purposes, it can be desirable to focus the fit on a particular historical
period. While Lévy models are exceptionally effective in representing a single-matu-
rity law, their stationary nature requires a wise choice of the time period of interest.
Further considerations relate to the marginal constraints of the models. Setting con-
volution conditions keeps parameters highly interpretable, which can be convenient to
better understand the model and to meet possible requirements of regulators. However,
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Fig. 11 Percentage differences between model and market prices, on the 13 considered times to matu-
rity. Percentage differences are computed as (Price — Market Price) / Market Price X 100 (colour figure
online)

the results of Subsection 5.5 have demonstrated that for some Lévy models it is desir-
able to remove marginal constraints. As a general rule, satisfying a few inequality con-
straints (see, e.g., Eq. (2.14)) comes at almost no cost, while in presence of equality
constraints (see Eq. (2.31)) imposing marginals of known class risks to excessively
reduce model fit. If calibration shows a large trade-off between the fit of marginal
and dependence parameters, the user can either remove restrictions, or keep convo-
lution conditions and employ alternative calibration methods (see Subsection 3.1) to

@ Springer



Multivariate Lévy models: calibration and pricing

regulate the amount of error to place between margins and dependence. We believe
these choices mainly stand on the problem-specific desire of interpretability, and the
relative importance between the marginal and the dependence fit (in our case, deter-
mined by the exotic payoffs).

6 Conclusions

In this paper we investigate several multivariate Lévy models following the construc-
tions of Luciano and Semeraro (2010) and Ballotta and Bonfiglioli (2016), and we
study calibration methods to fit them. We perform an extensive empirical analysis to
test the ability of the models to fit market data, give a fair valuation to exotic contracts,
and suitably capture dependence features. Our results suggest that constrained LS
models are a more stable choice than constrained BB models, as BB construction is
sensitive to model-specific convolution conditions. Also, the ability of LS processes to
embed nonlinear dependence makes them richer constructions, better suited to fit the
joint dynamics of log-returns. On the other hand, the unconstrained BB models prove
to be able to reduce the trade-off between marginal and correlation fit observed in con-
strained models. Still, while unconstrained processes retain a flexible structure, they
also have less interpretable parameters and do not allow for two-step calibrations. As a
consequence, choosing to remove marginal restrictions should depend on the priorities
of the user, with regards to model fitting, computational effort and interpretability.

As prices computed by Lévy models tend to lose accuracy on path-dependent prod-
ucts with medium-long maturity, future research could focus on additive non-stationary
processes. For example, it would be relevant to assess and compare versions of LS and
BB models that embed Sato margins (studied by Marena et al. 2018a and Boen and
Guillaume 2019). However, as these processes keep the same dependence structure of
the stationary versions, a further direction for research can be to test models that allow
for more realistic time-dependent correlations (see, e.g., Semeraro 2022; Amici et al.
2025). We finally highlight a relatively recent area of study focused on time-changed
Lévy processes (see, e.g., Ballotta and Rayée 2022, and at the multivariate level, Fon-
tana et al. 2022), which are valid competitors of Sato-like processes in exotic option
pricing.

A Details of the model constructions

A.1 Constrained LS-variance gamma

As it can be seen from the LS process construction of Subsection 2.1, the Lévy class of
Y;(2) is given by the specifications of subordinators. Here we illustrate the case where
each asset log-return follows a Variance Gamma process (Madan et al. 1998). Let
X,(1), ..., X,,(t), Z(t) be Gamma processes such that
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xj~r<l—a,l>, Z~T(a1), with 0<a<m1n<l>, K> 0.

K'j Kj J Kj

Then, by the closure property of convolution of Gamma distributions, and following

Eq. (2.3), we get
G, ~ r(l, l).
Kj K

Luciano and Semeraro (2010) proved that the resulting one-dimensional margin

Y,»(t) follows a VG(ﬂj, o K_,-), i.e.,

—k!
By (W) = <1 — iup i, + %u%jg) " ueR, (A1)
while the multivariate process Y(r) is an LS-VG process with parameters
(u,0,K,a,{p;};) and characteristic function
- 1 ~(x"-a) 1 e
dy(w) = H [1 - Kj<i;4juj - Eajzuj?)] ' [1 - (iuTy" - EuTE"uﬂ ,u e R
j=1

(A2)
The number of parameters of the time-1 distribution is 1 + 3n + @ and the cor-
relation, for each pair (i, j) of assets, is given by

a(”[”j’(ﬂ(j + Pii0;0;A /KA /Kj>

\/ (6] + ui k(0] + p7ky)

py(i.)) =

Bounds on the correlation coefficient are thoroughly discussed by Marena et al.
(2018b). They observed that the maximum achievable level of correlation is linked
to the marginal with the highest k parameter. As x drives the kurtosis, there exists
a trade-off between the kurtosis marginal fit and the correlation admissible range.
However, an interesting feature is that dependence structure allows for non-linear
dependence, which can be easily observed in case of symmetric marginals (i.e.,
#; = ;= 0) and uncorrelated Brownian motions. In this circumstance, we would
get the correlation coefficient equal to O but still have non-zero dependence regu-
lated by parameter a.

A.2 Unconstrained LS-variance gamma

As can be seen from (2.8), parameter a is bounded above from a term related to
k;, that is a driver of marginal kurtosis. The constraint on a comes from the con-
volution condition needed to exclude a from the marginal parametrization and
to get an unbiased gamma subordinator, as in the traditional VG process. As a
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drives part of correlation, this interconnection among parameters is a source of
trade-off between marginal and joint fit. To deal with this issue, the convolution
restriction can be relaxed, at the expense that one-dimensional margins do not
have the traditional VG parametrization. To this aim, we can introduce a new
parameter vector @ = (a, ..., @,), that provides more modeling flexibility, as fol-
lows. Let X,(?), ..., X,,(t), Z(¢) be Gamma processes such that

1

XJNF<“1’;

>, Z ~T1(a,l), with  a, aj, K; > 0. (A3)
J

Then, by the closure property of convolution of Gamma distributions, and following

Eq. (2.3), we get
1
Gj ~T o +a,— |
Kj

As a consequence, the characteristic function of the marginal distribution is

—(aj+a)
) R u e R.

. 1
by () = (1 — iupk; + Euzajz;cj

The characteristic function of the resulting multivariate process Y(¢) follows from
(2.5), and the correlation, for each pair (i, j) of assets, is given by

a<yi,ujlcl-l(j + PiiC;0;A /K;A /Kj>

\/Ki(ai + a)(O'l.2 + yl.zKi) Ki(a; + a)(o'j2 + ,uszj)

py(i.)) =

Note that here a does not impact on the correlation range as it does in the con-
strained LS-VG model, since it is part of the marginal parametrization and now also
appears in the denominator of py(i, /). Therefore, having removed the original upper
bound on a does not, per se, increase the correlation admissible range. However, we
are still interested in checking whether the interaction between these unconstrained
parameters can, in practice, produce a more flexible dependence structure.

A.3 Constrained LS-normal inverse Gaussian

Another well-known type of Lévy process is given by Normal Inverse Gaussian
process (Barndorff-Nielsen 1997). Here we show how an LS process can be built
such that its margins are NIG processes. Let X, (?), ..., X, (¢), Z(¢) be Inverse Gauss-
ian processes,

X/-~IG<1—a K'j,L>, Z ~1G(a,1), with 0<a<min L , k> 0.
. o
V5

J K. J
J
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Then, by the closure property of convolution of Inverse Gaussian distributions, and

following Eq. (2.3), we get
1
G ~IG| I,— |.
VK

Luciano and Semeraro (2010) proved that the resulting one-dimensional margin
Y;(2) follows a NIG(B;, 6;, v;), with—y; < B; <y, 6, > 0,7; > 0, i.e.,

By () = exp {—@(\/yj? — (B + iy — \/yj? - ﬁf) } HeER, (A4

where, applying relations
=B, 0;=6, k= [87(r} = PO,

we get the same expression of Eq. (2.4). Y(¢) is then a LS-NIG(f, 8,7, a, { pii}i#i)

with 1 + 3n + "(" D parameters, time-1 characteristic function

- 1 1
d)Y(u):exp{—; (1 —a\/Ej)<\/ (;/315214 - 52 2) oo ﬁ)}
-exp{—a<\/—2(iuTW’—%uT2"u>+1— 1>}, u e R",

and correlation coefficient

a(B828528, + pydi /K26,
78 = Bl s - B

pY(l’])

As far as the dependence structure is concerned, considerations similar to those in
Subsection A.1 can be made.

A.4 Unconstrained LS-normal inverse Gaussian

As in the VG case, it is possible to weaken the constraints on a to try to reduce
the trade-off between marginal and dependence fit of the NIG specification. Let
X, (), ..., X, (1), Z(t) be Inverse Gaussian processes such that

Xj ~ IG(aj, L), Z ~1G(a, 1), with a, a;, K; > 0. (A5)
Kj

Then, by the closure property of convolution of Inverse Gaussian distributions, and
following Eq. (2.3), we get
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1
G, ~IG<aj+a\/Zj,%>.
7

As a consequence, the characteristic function of the marginal distribution is

by =exp{=5,(\[r2 =G+ =[P - F)(q+ayK) | ueR,

where K; [62(;/ ﬂ}?)]‘l. The characteristic function of the resulting multivariate

process Y(t) follows from (2.5), and the correlation coefficient is
a<ﬂ 52Ki;67K; + p[jai\/zaj\/fj)
V(@ +ayRr2,7E = B (ay + ay e v} - B

pY(l’])

A.5 Constrained BB-variance gamma

The construction of a BB model of VG type is made by assuming that each com-
ponent follows a VG process. Getting the resulting process with VG margins
requires some convolution conditions that follow from Eq. (2.19), and that have
been found by Ballotta and Bonfiglioli. In  particular, let
Y VG(M,, o, J) X~ VG(,qu, o> K'Xj), Z ~VG(uy, 0,4, k,), with characteristic
functlons as in Eq. (A.1). Then, to satisfy Eq. (2.19), the following constraints
must hold:

K':uj = KZb'MZ’ j= 1, e n,

Kja = bijz %, j=1,..n, (A.6)
from which we obtain relations
b 2 b262 KXfKZ . 1
/lj—ﬂXj-l- Mz o; = ‘/O'Xj+ jO'Z, K; = Kx,.+’<z’ Jj=1..,n
(A.7)

The resulting multivariate process Y(¢) is then a BB-VG(uy, oy, Ky, b, tiz,0,,k,)
with 4n + 3 parameters, characteristic function

n -1

X

. 1 .
dy(u) =H <l — Wpy Kx + —M?G)Z(jK)(/> .

J
j=1 2

n n 2 z
1 —iuyx, Z bju; + %O‘ék‘z<z b]-uj) , ueR”",
=1

and correlation coefficient
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blbj(oé + ;4%1(2)

2 2 2 2 )

pY(l’.]) =

A.6 Unconstrained BB-variance gamma

Removing the convolution conditions in Egs. (A.6) and (A.7), we can simplify the
BB-VG construction. Let X; ~ VG(,uX S 0x,» KX) Z ~ VG(uy, 04, k), with character-
istic functions as in Eq. (A. 1) Then, Wlthout makmg any further assumption, the char-
acteristic function of Y; is given by

—x:!

- 125 % 2 z
(,byj(u) = (1 — iupy Ky, + S O'X/K'Xj> ( — iub, HZKZ+ u b 6 Z) ,

with u € R. The characteristic function of the resulting multivariate process Y (¢) fol-
lows from (2.18), and the pairwise correlation coefficient is

b,bj(oé + ﬂ%KZ)

py(i.)) =

2 2 202 2 2 2 202 2
[GXi + Hy Kx, + b[. (o7 + yZKZ)] [axj + ﬂXjKXf + bj (o-Z + ,uZKZ)]

A.7 Constrained BB-normal inverse Gaussian

Ballotta and Bonfiglioli (2016) originally formulated a multivariate NIG with unbiased
subordinator, with parametrization similar to BB-VG. Here, for sake of comparison
with LS construction, we present a new version that keeps the same marginal distribu-
tions of the constrained LS-NIG. Let
Y; ~ NIG(B;, 6, 7)), X; ~ NIG(ﬁXj, 5X,-’ yX,-)’ Z ~ NIG(p,,6,,77), with characteristic

functions as in Eq. (A.4). Then, to satisfy Eq. (2.19), the following constraints must
hold,

p; = bj_lﬁz, ji=1..,n,
yj = bj_lyz, j= 1, N,

from which we obtain the relationships
=Py, =b "By 55=8y +bos  y=ry=blvs  j=lan

The resulting multivariate process Y(#) is then a BB-NIG(By, 6y, vx.b. B, 6,,7,)
with 4n + 3 parameters, characteristic function
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n 2
v =L { o, (V3 - () - 775 ) }
=1 ‘

2
n
-exp4 =6, y;—(ﬂz+i2bjuj> -\r:—-B |y ueR’,
=1

and correlation coefficient
bibﬂééz(yé - ﬂé)—3/2

V78 = B e — B

pY(lvj) =

A.8 Unconstrained BB-normal inverse Gaussian

Also for the NIG case, the unconstrained version is simpler than the constrained one
and it is reported here below. Let X; ~ NIG(,BXj , 6X/” yXf), Z ~ NIG(f,, 64,7,), with
characteristic functions as in Eq. (A.4). Then, without making any further assump-

tion, the characteristic function of ¥; is given by
by ) =exp { =8 (/12 = By + w7 =\ J13 =82 ) }-

eo{-5(Va-Grunr-\3-%)} uer,

with u € R. The characteristic function of the resulting multivariate process Y (¢) fol-

lows from (2.18), and the pairwise correlation coefficient is
b,-bj}é(sz(}/; - ﬁé)—S/Z

1 \/73, 0,03, = ) + B3 - )"

m=ij

py(i.)) =
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B WP3 Discounted payoff algorithm

Algorithm 1 WP3 discounted payoff algorithm

1: Initialize discounted payoff: II < 0
2: Initialize counter: ¢ < 0
3: fori=1,...,mdo
5: w; < argmin {P;(t;)}
je{1,...n}
6: if PU% (tz) 2 bd,i then

M+ II+ei(c+ 1)k

8: c+0

9: else

10: c+—c+1

11: end if

12: if P,,(t;) > b.; then
13: M I+e ]
14: return I

15: end if

16: end for

17: Pj(tm) — Sj(tnl)/Sj(t())., V_] = 1, . n

18: Wy, < argmin{P;(t,,)}
je{l,...n}
19: if P, (t,) > b then

20: M+ M+4emm]

21: else

22: O+ M+ e P, (tn)]
23: end if

24: return II
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