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A B S T R A C T

This paper introduces a novel hybrid method for uncertainty quantification (UQ) combining
the benefits of polynomial chaos expansion (PCE) and Gaussian process regression (GPR). The
proposed method features a GPR formulation that leverages special implicit kernels involving an
infinite sequence of some of the orthogonal polynomials from the Wiener-Askey scheme. These
kernels enable the closed-form calculation of PCE coefficients by analytical integration of the
GPR posterior, thereby leading to a Bayesian estimation in terms of both expected value and
covariance matrix. Notably, the Bayesian definition allows associating confidence information
to the computed coefficients, which is then propagated to the classical closed-form estimates
associated to PCEs, i.e., first- and second-order moments and Sobol’ sensitivity indices. The
advocated method helps mitigate some long-standing shortcomings of PCEs in terms of training
efficiency and scalability to higher dimensions, while providing an accurate quantification
of the intrinsic model uncertainty. Moreover, it allows for a nonparametric computation of
PCE coefficients, since the basis functions do not need to be selected a priori. A simple and
effective multi-output formulation, involving the tuning of a single set of hyperparameters, is
also discussed. The hybrid PCE-GPR method is extensively illustrated and validated based on
both synthetic examples and high-dimensional application test cases in the field of electrical
engineering, for which it is shown to substantially outperform state-of-the-art PCE methods
such as least-angle regression, orthogonal matching pursuit, subspace pursuit, and Bayesian
compressive sensing.

1. Introduction

Uncertainty quantification (UQ) and, specifically, uncertainty propagation,1 is attracting an ever-growing interest in many field
of science. This is particularly true in the design of modern mass-production electronics, since the increasing miniaturization is
stressing the impact of process variations on the electrical performance [1]. Manufacturing tolerances are currently one of the main
bottlenecks to further scaling towards sub-nm technologies [2]. Safe design margins are usually set via extensive Monte Carlo (MC)
simulations [3], which significantly slows down the design phase. In this framework, polynomial chaos expansion (PCE) emerged
as a primary alternative tool for UQ owing to its efficiency, optimal convergence rate, and model interpretability [4].
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1 The term ‘‘uncertainty quantification’’ is somewhat ambiguous in the scientific community. The meaning in the context of this work will be clarified later
on.
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Fig. 1. Number of research items per year indexed by Scopus and containing the keyword ‘‘polynomial chaos’’.

While several alternative approaches have been proposed for UQ and sensitivity analysis (e.g., [5–7]), PCE offers several
advantages, ranging from an analytical evaluation of first- and second-order moments and sensitivity indices [8] to an exponential
convergence rate for finite-variance functions [9]. The key aspect in PCE-based simulations is the calculation of the expansion
oefficients. A variety of methods have been proposed to accomplish this task [10,11]. Galerkin-based approaches [12] modify

the stochastic governing equation to produce an augmented deterministic equivalent in the unknown PCE coefficients. They are
regarded as the most accurate, yet they are intrusive and difficult to extend to nonlinear systems. Spectral or projection-based
approaches approximate the exact integral calculation of the coefficients using suitable quadrature rules, usually relying on sparse
grids [13]. As such, they only require to simulate the system at the quadrature nodes. However, the number of quadrature nodes
ncreases superlinearly with the number of unknown coefficients, even for sparse schemes, thereby leading to an excessive amount of
imulations in high-dimensional settings. Regression-based methods fit the PCE model using either standard least-square approaches
r sparse schemes [14–16]. For instance, least-angle regression (LAR) [17] identifies a subset of important coefficients and the
umber of data samples can be smaller than the (total) number of unknown coefficients, which however may have a detrimental
mpact on the accuracy. Furthermore, an important limitation is that the uncertainty involved in the estimation of PCE coefficients
s not quantified [18].

Since its modern conception in Xiu and Karniadakis’s work of 2002, the PCE has been increasingly adopted in many domains
of science including, but not limited to, electronics [19], fluid dynamics [20], and structural reliability [21]. Fig. 1 shows the
number of research items per year containing the keyword ‘‘polynomial chaos’’ (source: Scopus). Despite the burgeoning of machine
learning methods, polynomial chaos still represents a very active field of research, particularly targeting training efficiency and high
imensionality (e.g., [22–33]).

In general, most state-of-the-art PCE-based methods share one common limitation that reduces their efficacy for high-dimensional
problems: the PCE is in essence a parametric method, whose model form is determined a priori by the expansion order and the input
dimensionality. This leads to a number of regressors that increases exponentially with these two parameters, which in turn causes
an increase in the amount of data required. This is a limitation for virtually any engineering system that is expensive to simulate.
Moreover, the regressors must be built a priori, even for sparse methods, which may lead to memory issues for large expansions.

Along with PCE, kernel machine learning methods such as Gaussian process regression (GPR) and support-vector machines
ere recently investigated as alternative surrogates for expensive simulators in UQ and optimization tasks [34–40]. Since they

are nonparametric, i.e., they build on data rather than on a predefined model form, they typically achieve a good accuracy with
a limited amount of training data, even for high-dimensional problems. However, they typically lack any special properties in UQ
scenarios, and as such they are usually employed as mere surrogates in a MC-based simulation.

Among the various kernel methods, GPR, also known as Kriging, leverages a Bayesian inference framework [41] and exhibits the
attractive feature of embedding an estimate of the model uncertainty due to the limited availability of data [42]. The uncertainty
information is typically used to assign confidence intervals to model predictions and/or to drive the acquisition of additional training
amples in an active learning scheme [43–48]. GPR is usually more flexible and parsimonious in terms of training data [18].

However, propagation of uncertainty from inputs to outputs usually needs to be carried out numerically.
GPR has been applied to UQ, e.g., in [49–58]. In [49–51], semi-analytical estimates were provided for statistical moments and

sensitivity, which require to compute several bulky integrals in the input probability space. Therefore, the calculations are only
viable for low-dimensional problems. In [52], a treed multi-output GPR model was put forward that is able to identify discontinuities,
local features and unimportant dimensions in the solution of stochastic differential equations. The approach was later extended to
an efficient and fully Bayesian framework in which correlation between distinct outputs as well as space and/or time are explicitly
modeled [53]. An approach that uses an infinite mixture of Gaussian processes was introduced in [54] to simultaneously address
the difficulties arising from a limited availability of data, the scaling to higher dimensions, as well as multivariate and correlated
responses that exhibit localized features and/or discontinuities. High-dimensional UQ was further addressed in [55] by means of a
GPR formulation with built-in dimensionality reduction based on active subspaces and in [57] via the projection of training points
nto a Grassmannian manifold. In [58], the convergence was improved by incorporating physical constraints. The case in which
igh dimensionality originates from a truncated Karhunen-Loève expansion was tackled in [59]. In [60], the prediction confidence
2 
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is propagated to UQ measures when the GPR model is used as a surrogate in a MC analysis, which allows extending the method
to higher dimensions and assigning confidence bounds to estimated statistical moments and probability distributions. However,
the uncertainty propagation requires to explicitly compute the covariance matrix of all MC samples, which limits the calculation
efficiency if their number is large and poses a trade-off with the accuracy.

A new paradigm that combines the advantages of PCE and kernel machine learning methods was recently introduced in [61]. The
approach reformulates the calculation of PCE coefficients as a least-square support-vector machine regression problem by leveraging
special kernels built from an infinite sequence of Hermite and Legendre polynomials. In this paper, we utilize similar kernels to put
orward a novel formulation that hybridizes the PCE and GPR methods. The proposed hybrid PCE-GPR technique first builds a GPR

model using suitable kernels for Gaussian and uniform variables (possibly mixed). The GPR model is then converted to a PCE by the
analytical integration of its posterior, which is made possible thanks to the special kernel definitions. This results in a compact set
of equations, similar to posterior calculations in standard GPR settings and providing the expected value and covariance matrix of
the estimated PCE coefficients. Confidence information on the PCE coefficients, which was not available in [61], is readily obtained
and propagated to statistical moments and sensitivity indices (analytically) and to distribution functions (numerically). Therefore,
he model borrows the training efficiency and confidence information from the GPR component and the statistical interpretability
rom the PCE one. While a similar idea was proposed in [62], the formulation relied on a covariance function explicitly constructed

from the inner product of the orthogonal basis functions. The limitations in terms of accuracy and scalability of this approach in
the kernel construction were already discussed and illustrated in [61].

A multi-output model is also introduced, which readily generalizes the formulation to multiple quantities of interest and involves
the optimization of a single set of hyperparameters for all output components. While providing a more efficient training, this
approach is shown to provide comparable results against alternative compression techniques based on principal component analysis
PCA) or similar strategies like proper orthogonal decomposition [63–66], sufficient dimension reduction [67], or polynomial

dimensional decomposition [68].
The advocated technique is first illustrated based on two simple synthetic functions. It is then applied to real-life application

est cases in the field of electrical engineering, involving high-dimensional and/or multi-output simulations in time or frequency
omain. The examples demonstrates that the PCE-GPR method achieves accurate results with a number of training samples that is
ower than the state-of-the-art LAR, orthogonal matching pursuit (OMP), subspace pursuit (SP), and Bayesian compressive sensing
BCS), as well as comparable performance against standard GPR, while also providing accurate and closed-form statistical and
onfidence information. The impact of the hyperparameters is also investigated.

The remainder of the paper is organized as follows. Section 2 briefly states the problem. Sections 3 and 4 provide the necessary
background of PCE and GPR methods, respectively. The proposed hybrid method is outlined in Section 5 and extended to multiple
outputs in Section 6. Section 7 illustrates the method based on two analytical examples, whereas Section 8 discusses real-life
application test cases. The accuracy and training efficiency are further investigated in Section 9. Section 10 discuss an additional
est case with 54 uncertain parameters. Finally, conclusions are drawn in Section 11.

2. Problem statement

Let us introduce a target quantity of interest 𝑦 that depends on a set of 𝑑 uncertain design parameters 𝒙 = (𝑥1,… , 𝑥𝑑 ) ∈  ⊆ R𝑑
with known probability distribution 𝜔 ∶  → R+. We express the generic input–output relationship as

𝑦 = (𝒙), (1)

where  ∶  → R denotes the computational model or code that is run in order to obtain 𝑦 for a given configuration of the
parameters 𝒙.

We aim at performing UQ of 𝑦 by leveraging a surrogate representation of . In engineering, UQ is usually considered as the
rocess of estimating statistics and distribution of the output 𝑦 given those on the inputs 𝒙. This is sometimes more properly referred
o as (forward) uncertainty propagation and is the primary focus in this work. However, we also address the intrinsic uncertainty
ntroduced by the approximation of  with the surrogate, which is part of the more general scope of UQ.

We first assume the output of  to be scalar and real-valued. In Section 6, we discuss an extension to multiple and possibly
omplex-valued outputs. We further assume the uncertain input parameters to be independent. This is a typical assumption in PCE-
ased methods. Extensions to correlated inputs are available, and they are trivial in the Gaussian case [10]. In the next sections,
e introduce the baseline PCE and GPR frameworks as needed to develop the advocated hybrid method.

3. PCE

The PCE approximates the functional relationship (1) using an expansion of special orthogonal polynomials based on the
distribution of the input parameters 𝒙 [9], i.e.,

𝑦 ≈ 𝑦̂ = PCE(𝒙) =
∑

𝜿∈
𝑐𝜿𝛹𝜿 (𝒙). (2)

The multivariate orthogonal polynomials 𝛹𝜿 are built as the product combination of standard univariate polynomials [10], i.e.,

𝛹𝜿 (𝒙) =
𝑑
∏

𝜓 (𝑖)
𝜅 (𝑥𝑖). (3)
𝑖=1
𝑖

3 
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The univariate polynomials 𝜓 (𝑖)
𝜅𝑖 are orthogonal based on the inner product

⟨𝑓 , 𝑔⟩ = ∫𝑖
𝑓 (𝑥𝑖)𝑔(𝑥𝑖)𝜔𝑖(𝑥𝑖)𝑑 𝑥𝑖, (4)

where 𝜔𝑖(𝑥𝑖) is the probability density function (PDF) of 𝑥𝑖, whereas the multi-indices 𝜿 = (𝜅1,… , 𝜅𝑑 ) ∈  ⊆ N𝑑 describe the degree
of the polynomial in each input dimension, since deg

(

𝜓 (𝑖)
𝑘

)

= 𝑘. For example, in a three-dimensional expansion, 𝜿 = (1, 0, 2) indicates
the product of a linear, constant, and quadratic polynomial in the first, second, and third variable, respectively.

The orthogonality of multivariate polynomials is readily inherited from the univariate ones thanks to their product definition (3),
which make 𝛹𝜿 satisfy the orthogonality condition

⟨𝛹𝜿 , 𝛹𝝊⟩ = ∫
𝛹𝜿 (𝒙)𝛹𝝊(𝒙)𝜔(𝒙)𝑑𝒙 = 𝛿𝜿 𝝊, (5)

where 𝛿𝜿 𝝊 denotes the Kronecker’s delta and 𝜔(𝒙) = ∏𝑑
𝑖=1 𝜔𝑖(𝑥𝑖) is the joint probability density of the input variables 𝒙.

In the following, we will restrict the discussion to Hermite and Legendre polynomials, which are orthogonal based on the
aussian and uniform distribution, respectively [9]. These are the two most common distributions that cover the vast majority

of PCE applications. We denote the univariate (probabilists’) Hermite polynomials as 𝐻𝑘(𝑥) and the Legendre polynomials as 𝑃𝑘(𝑥).
We further assume the polynomials to be orthonormal, so that ‖

‖

𝛹𝜿‖‖ = 1, ∀𝜿. This is readily achieved by a proper renormalization
f the univariate polynomials, i.e., 𝐻̃𝑘(𝑥) = 𝐻𝑘(𝑥)∕

√

𝑘! for the Hermite polynomials and 𝑃𝑘(𝑥) =
√

2𝑘 + 1𝑃𝑘(𝑥) for the Legendre
olynomials.

3.1. Truncation

If  ≡ N𝑑 , the PCE representation (2) is exact for the functions with finite variance, since the orthogonal polynomials form a
complete basis on 𝐿2. However, for the practical implementation, the PCE is typically truncated by defining a multi-index set  in

hich a suitable norm of the multi-indices is bounded by a maximum expansion order 𝑝, i.e.,

 = {𝜿 ∶ ‖𝜿‖𝑢 ≤ 𝑝}. (6)

The most popular strategy uses 𝑢 = 1 and retains all polynomials whose total degree is at most 𝑝, leading to || =
(𝑝+𝑑
𝑑

)

=
𝑝 + 𝑑)!∕(𝑝!𝑑!) expansion terms. Alternative strategies use 𝑢 = ∞, retaining all terms up to order 𝑝 in each variable (tensor product
runcation), or 𝑢 < 1, which neglects higher-order interactions thereby leading to a sparser expansion (hyperbolic truncation).

3.2. Statistical information

A peculiar property of the PCE is that statistical moments and sensitivity indices are analytically derived from the model
oefficients, thanks to the orthogonality of the basis functions. Indeed, the expectation and the variance of 𝑦 are readily found

as

𝜇𝑦 ≈ E (𝑦̂) = 𝑐𝟎 (7)

(i.e., the coefficient of the constant term) and

𝜎2𝑦 ≈ Var (𝑦̂) =
∑

𝜿∈∖𝟎
𝑐2𝜿 , (8)

respectively [10]. The total Sobol’ sensitivity indices, describing the individual impact of each random input on the output variance,
are instead obtained as [69]

𝑆𝑇 𝑖 ≈
∑

𝜿∈𝑖 𝑐
2
𝜿

Var (𝑦̂)
=

∑

𝜿∈𝑖 𝑐
2
𝜿

∑

𝜿∈∖𝟎 𝑐2𝜿
, (9)

where 𝑖 = {𝜿 ∈  ∶ 𝜅𝑖 ≠ 0} ⊂  denotes the subset of multi-indices with non-zero 𝑖th component. Hence, the total index 𝑆𝑇 𝑖 for
he 𝑖th variable is proportional to the sum of the squared coefficients of the basis functions that are non-constant in the 𝑖th variable.

3.3. Calculation of the coefficients

Since (2) is an orthogonal expansion, the rigorous calculation of its coefficients is by projection onto the basis functions [10],
i.e.,

𝑐𝜿 = ⟨, 𝛹𝜿⟩ = ∫
(𝒙)𝛹𝜿 (𝒙)𝜔(𝒙)𝑑𝒙. (10)

In practice, the above calculation is often unfeasible because the dimensionality is high and/or (1) is expensive to evaluate, which
is the case of interest here. Therefore, several alternative strategies were devised in the literature.

The stochastic Galerkin method (SGM) is an intrusive approach by which stochastic system variables are expressed by their
respective PCEs (2) and the projections (10) are performed directly on the governing equations [12]. The resulting integrals only
involve the basis functions and are resolved analytically. The result is a ||-times augmented and coupled deterministic system in the
unknown PCE coefficients. This numerical approach is considered to be the most accurate [10], yet it is only applicable to relatively
4 
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simple systems for which the governing equations are accessible (and, typically, linear). The SGM has been extensively applied
o physics and engineering problems (e.g., [70–76].) In the context of circuit simulations, a modular element-wise approach was
roposed [19], in which an augmented equivalent companion was created for stochastic elements and used to assemble the overall
GM circuit, whose simulation provided the sought-for expansion coefficients. This technique will serve as one of the reference
ethods for the application examples.

Non-intrusive approaches are more flexible as they only require to know some input–output data, thereby applying to black-box
and/or nonlinear systems as well. In quadrature-based pseudo-spectral methods, the projection integral (10) is approximated by

eans of a suitable quadrature rule, e.g., a full tensor Gauss quadrature or a Smolyak’ sparse grid quadrature [13]. In both cases,
(10) is computed as a weighted sum of the model observations evaluated at the 𝑄 nodes specified by the quadrature rule, i.e.,

𝑐𝜿 ≈
𝑄
∑

𝑞=1
(𝒙𝑞)𝛹𝜿 (𝒙𝑞)𝑤𝑞 (11)

Typically, however, 𝑄 ≫ ||, even for sparse schemes. Hence, the number of simulations is larger than the augmentation factor in
the Galerkin case, although each problem can be solved independently.

While collocation methods require to carry out simulations at predefined points, regression-based approaches are purely data-
riven and fit the coefficients by minimizing the quadratic model error based on a given dataset of observations  = {(𝒙𝑙 , 𝑦𝑙)}𝐿𝑙=1,

with 𝑦𝑙 = (𝒙𝑙) for 𝑙 = 1,… , 𝐿, using the well-known least-square solution

𝒄 = arg min
𝒄∈R||

⎛

⎜

⎜

⎝

1
𝐿

𝐿
∑

𝑙=1

(

∑

𝜿∈
𝑐𝜿𝛹𝜿 (𝒙𝑙) − 𝑦𝑙

)2
⎞

⎟

⎟

⎠

=
(

𝜳𝖳𝜳
)−1 𝜳𝖳𝒚, (12)

where 𝒄 = (… , 𝑐𝜿 ,…)𝖳 is the vector of PCE coefficients, 𝜳 is the matrix of the basis functions evaluated at the data samples,
with entries 𝛹𝜿𝑙 = 𝛹𝜿 (𝒙𝑙), for 𝜿 ∈  and 𝑙 = 1,… , 𝐿, whereas 𝒚 = (𝑦1,… , 𝑦𝐿)𝖳 is the vector of the observations. As opposed to
quadrature-based approaches, the sampling points are not predetermined. They are usually drawn randomly according to the input
distribution, so that the ‘‘loss function’’ that is minimized in (12) becomes a MC approximation of the 𝐿2 error and the solution
approaches the rigorous computation by projection as the number of data samples is increased.

For ordinary least-square schemes, the number of samples must be 𝐿 > || for the regression system to be overdetermined
typically, 𝐿 ≥ 2|| is recommended [4]). Sparse approaches, such as LAR [17], introduce a penalty related to the 1-norm of the
oefficients to enforce low-rank solutions and identify a subset  ⊆  of most relevant coefficients, i.e., they solve

𝒄 = arg min
𝒄∈R||

⎛

⎜

⎜

⎝

1
𝐿

𝐿
∑

𝑙=1

(

∑

𝜿∈
𝑐𝜿𝛹𝜿 (𝒙𝑙) − 𝑦𝑙

)2

+ 𝜆 ‖𝒄‖1
⎞

⎟

⎟

⎠

, (13)

where 𝒄 is now a subset of coefficients (the others are assumed to be zero). Theoretically, there is no lower limit on the number
of observations 𝐿, but the number of identifiable coefficients is upper bounded by 𝐿, i.e., || ≤ 𝐿. Hence, as we will show in the
numerical examples, using a low amount of data samples may lead LAR to miss relevant coefficients, thereby causing a detrimental
loss of accuracy.

Alternative approaches include OMP [77], SP [78], and BCS [79,80]. OMP aims at minimizing the approximation residual using a
greedy iterative strategy, in which the active set of regressors is updated by including the polynomial basis that is most correlated to
the current approximation residual. SP is sparse regression algorithm that identifies a subset of non-zero elements in the coefficient
vector by means of iterative ordinary least-square solutions. BCS recast the regression in a Bayesian framework in which likelihood
and priors are selected to promote sparsity in the regression coefficients, which are calculated via a maximum-a-posteriori estimate.
We refer to [16] and [81] for additional details on these methods.

3.4. Limitations

As discussed in the previous section, the number of PCE terms || increases with the expansion order 𝑝 and/or the problem
dimensionality 𝑑. This in turn determines the size of the problem to be solved for the calculation of the coefficients, thereby leading
to the so-called ‘‘curse of dimensionality’’. Even with sparse methods like LAR, the complete set of basis functions must still be
constructed based on a predefined truncation scheme, which may lead to memory issues and – as we will show – has an impact
on the prediction accuracy. Furthermore, the uncertainty in the estimation is usually not quantified, unless a Bayesian approach is
used [6,28,41,82,83]. In this regard, machine learning methods are more advantageous as they typically benefit from a model-free
and data-driven nature. These include GPR, which inherently provides a Bayesian framework and is outlined next.

4. GPR

In this section, we introduce the second key ingredient for the proposed hybrid method. GPR is a kernel method that assumes
he target function to be a specific realization of a prior Gaussian process [42], i.e.,

𝑦 = (𝒙) ∼ 
(

𝜇(𝒙), 𝜎2𝑟(𝒙,𝒙′)) . (14)

The kernel 𝑘(𝒙,𝒙′) = 𝜎2𝑟(𝒙,𝒙′) plays the role of prior covariance function, whereas 𝜇(𝒙) is the prior mean function or trend. We outline
ere the general regression framework, in which each observation is possibly affected by a Gaussian homoschedastic noise [84],
5 
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i.e., 𝑦𝑙 = (𝒙𝑙) + 𝜖, with 𝜖 ∼  (0, 𝜎2𝑛 ). Assuming noise on the training data helps avoid overfitting when the number of samples is
arge, whereas setting 𝜎𝑛 = 0 provides an exact interpolation of the data. Moreover, for our purposes, we assume 𝜇(𝒙) = 0, which is

a rather common assumption also in general settings [42].
The posterior model is obtained by means of Bayesian inference, conditioning the prior to the available observations. This leads

to a stochastic posterior function

GPR(𝒙) ∼ 
(

𝑚(𝒙), 𝜍2(𝒙,𝒙′)) (15)

that also follows a Gaussian process distribution. The model predictions are provided by the posterior mean, which reads [84]

𝑦 ≈ 𝑦̂ = 𝑚(𝒙) = E (

GPR(𝒙)
)

=
𝐿
∑

𝑙 ,𝑚=1
𝑦𝑚

[

𝑹̃−1
]

𝑙 𝑚 𝑟(𝒙,𝒙𝑙), (16)

where

𝑟(𝒙,𝒙𝑙) = (1 − 𝜏)𝑟(𝒙,𝒙′), (17)

𝑹̃ = (1 − 𝜏)𝑹 + 𝜏𝑰 , (18)

𝜏 =
𝜎2𝑛

𝜎2 + 𝜎2𝑛
(19)

is the ‘‘noise ratio’’, and 𝑹 is the correlation matrix of the training samples, with entries 𝑅𝑙 𝑚 = 𝑟(𝒙𝑙 ,𝒙𝑚), 𝑙 , 𝑚 = 1,… , 𝐿. Notably, the
posterior covariance

𝜍2(𝒙,𝒙′) = cov (GPR(𝒙),GPR(𝒙′)
)

= 𝜎2t ot𝑐(𝒙,𝒙′), (20)

where 𝜎2t ot = 𝜎2 + 𝜎2𝑛 and

𝑐(𝒙,𝒙′) = 𝑟(𝒙,𝒙′) −
𝐿
∑

𝑙 ,𝑚=1
𝑟(𝒙,𝒙𝑙)

[

𝑹̃−1
]

𝑙 𝑚 𝑟(𝒙𝑚,𝒙
′), (21)

is an expression of the model uncertainty due to the limited amount of data used for the inference. In particular, the probabilistic
rediction at a given point 𝒙∗ is Gaussian random variable with expected value 𝑚(𝒙∗), given by (16), and standard deviation 𝜍(𝒙∗,𝒙∗),
omputed from (20).

One fundamental difference that renders the GPR model (16) more attractive than the PCE model (2) is that the complexity is
dictated by the amount of available training data 𝐿 rather than by the size || of the polynomial basis, potentially with 𝐿 ≪ ||.
This is one aspect of the so-called ‘‘kernel trick’’ in machine learning methods.

The prior correlation function 𝑟(⋅, ⋅) often depends on a set of independent hyperparameters 𝝆. Popular choices for generic
applications are the squared-exponential and the family of Matérn correlation functions [42,84]. The hyperparameters and the
oise ratio 𝜏 ∈ [0, 1) are usually estimated using either maximum likelihood (ML) or cross-validation (CV). In the latter case, several
odels are trained using mutually exclusive subsets of the training samples {𝑘}𝐾𝑘=1 ⊂ , with 𝑘 ∩ 𝑗 = ∅, ∀𝑘, 𝑗 = 1,… , 𝐾. The
yperparameters and the noise ratio are then obtained by minimizing the cumulative CV error between the subsets, defined as

𝜖CV =
𝐾
∑

𝑘=1

∑

(𝒙𝑙 ,𝑦𝑙)∈𝑘

(

𝑦𝑙 − 𝑚−𝑘(𝒙𝑙)
)2 , (22)

where 𝑚−𝑘 denotes the posterior trend (prediction) of the model trained without the samples in subset 𝑘. The total variance is
estimated as [84]

𝜎2t ot =
1
𝐿

𝐾
∑

𝑘=1

∑

(𝒙𝑙 ,𝑦𝑙)∈𝑘

(

𝑦𝑙 − 𝑚−𝑘(𝒙𝑙)
)2

𝑐2−𝑘(𝒙𝑙 ,𝒙𝑙)
, (23)

where 𝑐−𝑘 denotes the posterior correlation (21) of the model trained without the samples in subset 𝑘. The kernel variance 𝜎2 and
the noise variance 𝜎2𝑛 are readily derived from (19) as 𝜎2𝑛 = 𝜏 𝜎2t ot and 𝜎2 = (1 − 𝜏)𝜎2t ot , respectively. Alternatively, the total variance
an be obtained using the ML estimate [84]

𝜎2t ot =
1
𝐿
𝒚𝖳𝑹̃−1𝒚. (24)

Special cases are hold-out CV, which considers a single subset with only a fraction of the available training samples, and leave-
one-out CV (LOO-CV), which operates over 𝐾 = 𝐿 subsets (folds), each with one sample out. This is perhaps the most popular and
robust method, whose efficiency however reduces for larger datasets. For LOO-CV, (22) and (23) simplify to

𝜖CV =
𝐿
∑

𝑘=1

∑

𝑙≠𝑘

(

𝑦𝑙 − 𝑚−𝑘(𝒙𝑙)
)2 , (25)

and

𝜎2t ot =
1
𝐿

𝐿
∑

𝑘=1

∑

𝑙≠𝑘

(

𝑦𝑙 − 𝑚−𝑘(𝒙𝑙)
)2

𝑐2−𝑘(𝒙𝑙 ,𝒙𝑙)
, (26)

respectively, where subset  is understood to contain only the 𝑘th training sample.
𝑘
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Standard GPR has been applied to forward UQ in several works. In [49], statistical information was extracted via numerical
integration of the posterior over the input probability density. Albeit rigorous, this approach is only feasible for a moderate number
of uncertain parameters. In [60], GPR was applied to surrogate the actual system (1) in a MC analysis. Closed-form results were
derived for the expected value, the variance, and the distribution of the MC predictions of the first two statistical moments, i.e., the

ean and the variance of the output. Confidence bounds for the PDF of the output were obtained numerically based on posterior
ealizations. However, the accuracy and the efficiency of the calculations was limited by the amount of MC samples considered.

Specifically, considering a large number of MC samples ensures a good accuracy but also leads to a prohibitive size of the covariance
atrix to be handled. The situation worsens for the MC-based calculation of sensitivity indices, which requires an even larger amount

f samples [85].

5. Hybrid PCE-GPR method

In this section, we outline the proposed hybrid PCE-GPR method. The approach consists of three main steps: (1) the training
of a GPR model with specifically designed kernels; (2) the post-processing and closed-form calculation of PCE coefficients; (3) the
xtraction of statistical information from the PCE coefficients.

5.1. GPR settings

The hybrid method features a GPR formulation with a zero trend 𝜇(𝒙) = 0 and special correlation functions that are constructed
from the orthogonal polynomials of the Wiener-Askey scheme. The special kernels for Hermite and Legendre polynomials were
originally introduced in the framework of least-square support-vector machine regression [61]. While this paper focuses on Gaussian
and uniform variability, it is very likely that similar kernels can be found also for other orthogonal polynomials.

The univariate Hermite kernel is the probabilists’ version of Mehler kernel [86], which reads [87]

𝑟(𝑥, 𝑥′; 𝜌) =
∞
∑

𝑘=0

𝜌𝑘

𝑘!
𝐻𝑘(𝑥)𝐻𝑘(𝑥′) =

∞
∑

𝑘=0
𝜌𝑘𝐻̃𝑘(𝑥)𝐻̃𝑘(𝑥′) = 1

√

1 − 𝜌2
exp

(

−𝜌2
(

𝑥2 + 𝑥′2
)

− 2𝜌𝑥𝑥′
2(1 − 𝜌2)

)

, (27)

where 𝜌 ∈ (0, 1) is a hyperparameter. Similarly, the univariate Legendre kernel reads [88]

𝑟(𝑥, 𝑥′; 𝜌) =
∞
∑

𝑘=0
𝜌𝑘𝑃𝑘(𝑥)𝑃𝑘(𝑥′) =

∞
∑

𝑘=0

𝜌𝑘

2𝑘 + 1𝑃𝑘(𝑥)𝑃𝑘(𝑥
′) = 𝐾(𝑢)

𝜋
√

𝑎 − 𝑏
, (28)

where

𝑢 =
√

2𝑏
𝑏 − 1 , (29)

𝑎 = 1 − 2𝑥𝑥′𝜌 + 𝜌2, (30)

𝑏 = −2𝜌
√

1 − 𝑥2
√

1 − 𝑥′2, (31)

and 𝐾(𝑢) is the complete elliptic integral of the first kind, i.e.,

𝐾(𝑢) = ∫

1

0

𝑑 𝑡
√

(1 − 𝑡2)(1 − 𝑢2𝑡2)
. (32)

Notably, both kernels are constructed from an infinite sequence of orthogonal polynomials, i.e., from the complete 𝐿2 basis.
The multivariate kernel is built as a separable function [89], leading to

𝑟(𝒙,𝒙′;𝝆) =
𝑑
∏

𝑖=1
𝑟𝑖(𝑥𝑖, 𝑥′𝑖 ; 𝜌𝑖) =

𝑑
∏

𝑖=1

( ∞
∑

𝑘=0
𝜆(𝑖)𝑘 𝜓

(𝑖)
𝑘 (𝑥𝑖)𝜓

(𝑖)
𝑘 (𝑥′𝑖)

)

, (33)

where 𝑟𝑖 denote the kernel for the 𝑖th variable (Hermite or Legendre, depending on the distribution of 𝑥𝑖) and 𝜓 (𝑖)
𝑘 are the

corresponding orthonormal basis polynomials (𝐻̃𝑘 or 𝑃𝑘). The coefficients 𝜆(𝑖)𝑘 are

𝜆(𝑖)𝑘 = 𝜌𝑘𝑖 (34)

for the Hermite kernel and

𝜆(𝑖)𝑘 =
𝜌𝑘𝑖

2𝑘 + 1 (35)

for the Legendre kernel. As in classical GPR, the kernel is said to be isotropic if the same hyperparameter 𝜌 is used for each input
imension. It should be noted that, in its original formulation [61], the kernel variance was simply assumed to be 𝜎2 = 1. However,

while this has little effect on the prediction, it does affect the posterior covariance (20) and is therefore fundamental to correctly
auge the prediction uncertainty.

The comparison with (3) allows observing that the multivariate kernel (33) contains all possible product combinations of the
polynomials, up to order infinity. Therefore, it can be expressed in terms of the multivariate basis (3) as

𝑟(𝒙,𝒙′;𝝆) =
∑

𝜆𝜿𝛹𝜿 (𝒙)𝛹𝜿 (𝒙′), (36)

𝜿∈N𝑑
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where

𝜆𝜿 =
𝑑
∏

𝑖=1
𝜆(𝑖)𝜅𝑖 . (37)

It should be noted that 𝐿2 functions implicitly satisfy the fundamental GPR assumption, i.e., they are well represented by a linear
combination of the above-defined kernel functions.

With the above definitions, the GPR model is readily trained as outlined in Section 4. We recast the model prediction (16) as

𝑦 ≈ 𝑦̂ = 𝑚(𝒙) =
𝐿
∑

𝑙=1
𝛼𝑙𝑟(𝒙,𝒙𝑙), (38)

where the kernel coefficients

𝛼𝑙 = (1 − 𝜏)
𝐿
∑

𝑚=1

[

𝑹̃−1
]

𝑙 𝑚 𝑦𝑚 (39)

have been introduced.
Overall, the model prediction is a linear combination of kernel functions centered at the training samples. At this stage,

predictions can be generated with (38) and the model be used to surrogate a MC analysis. However, in the next section, we show
that the model can also be inexpensively converted into a PCE of arbitrary order by means of a simple post-processing step. This
readily allows obtaining PCE coefficients as well as related statistical information with the inclusion of confidence bounds.

5.2. Post-Processing Calculation of the PCE coefficients

We now want to derive the PCE coefficients probabilistically, by fully exploiting the Bayesian definition of the GPR model.
According to (10), the GPR-based PCE coefficient with multi-index 𝜿 is obtained by projecting the model onto the corresponding
asis function 𝛹𝜿 , i.e.,

𝑐𝜿 = ∫
GPR(𝒙)𝛹𝜿 (𝒙)𝜔(𝒙)𝑑𝒙. (40)

Since GPR(𝒙) is a stochastic function, we are interested in computing the expectation of (40) as well as the covariance between the
various PCE coefficients. The calculation is carried out analytically thanks to the special structure of the kernel function introduced
in Section 5.1.

5.2.1. Expected value of the PCE coefficients
The expected value of (40) is readily computed as

E
(

𝑐𝜿
)

= E
(

∫
GPR(𝒙)𝛹𝜿 (𝒙)𝜔(𝒙)𝑑𝒙

)

= ∫
E
(

GPR(𝒙)
)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
=𝑚(𝒙)

𝛹𝜿 (𝒙)𝜔(𝒙)𝑑𝒙

=
𝐿
∑

𝑙=1
𝛼𝑙 ∫

𝑟(𝒙,𝒙𝑙)𝛹𝜿 (𝒙)𝜔(𝒙)𝑑𝒙 =
𝐿
∑

𝑙=1
𝛼𝑙

∑

𝝊∈N𝑑
𝜆𝝊𝛹𝝊(𝒙𝑙)∫

𝛹𝝊(𝒙)𝛹𝜿 (𝒙)𝜔(𝒙)𝑑𝒙
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=𝛿𝝊𝜿

= 𝜆𝜿
𝐿
∑

𝑙=1
𝛼𝑙𝛹𝜿 (𝒙𝑙) (41)

where (5) and (38) have been used. An important feature to point out is that (41) allows retrieving any PCE coefficient with an
arbitrary multi-index 𝜿 from the GPR coefficients 𝛼𝑙, regardless of its polynomial degree, by merely evaluating the corresponding
asis function at the training samples. This is possible because the PCE-GPR kernel (36) embeds all basis functions of any order,

which therefore does not need to be preset.
While the PCE coefficients can be retrieved individually, the calculation is more conveniently performed for a set of basis

functions {𝛹𝜿}𝜿∈ and expressed in matrix form as

𝝁𝒄 = E (𝒄) = 𝜦𝜳 𝜶, (42)

where

𝜶 = (1 − 𝜏)𝑹̃−1𝒚 (43)

is the vector of kernel coefficients, 𝜳 is again the matrix of the basis functions evaluated at the training samples as defined in
Section 3, whereas 𝜦 is a diagonal matrix with entries 𝛬𝜿 𝜿 = 𝜆𝜿 . The above equation provides a very simple formula to retrieve the
most likely prediction of the PCE coefficients (in Bayesian terms) in post-processing.
8 
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5.2.2. Covariance between PCE coefficients
The GPR model not only provides the most likely prediction, but also the estimate of the prediction uncertainty, which is given

by (20). This is reflected into the covariance between two arbitrary PCE coefficients 𝑐𝜿 and 𝑐𝝂 . In order to derive it, let us first recall
that the following relation holds for the covariance between two random variables 𝑋 and 𝑌 :

cov (𝑋 , 𝑌 ) = E (𝑋 𝑌 ) − E (𝑋) E (𝑌 ) . (44)

Therefore,

cov
(

𝑐𝜿 , 𝑐𝝂
)

= E
((

∫
GPR(𝒙)𝛹𝜿 (𝒙)𝜔(𝒙)𝑑𝒙

) (
∫

GPR(𝒙′)𝛹𝝂 (𝒙′)𝜔(𝒙′)𝑑𝒙′
))

− E (

𝑐𝜿
)

E
(

𝑐𝝂
)

= ∬×
E
(

GPR(𝒙)GPR(𝒙′)
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝜍2(𝒙,𝒙′)+𝑚(𝒙)𝑚(𝒙′)

𝛹𝜿 (𝒙)𝛹𝝂 (𝒙′)𝜔(𝒙)𝜔(𝒙′)𝑑𝒙𝑑𝒙′ − E (

𝑐𝜿
)

E
(

𝑐𝝂
)

, (45)

where we further combined (44) with (20). Since

∬×
𝑚(𝒙)𝑚(𝒙′)𝛹𝜿 (𝒙)𝛹𝝂 (𝒙′)𝜔(𝒙)𝜔(𝒙′)𝑑𝒙𝑑𝒙′ = E (

𝑐𝜿
)

E
(

𝑐𝝂
)

, (46)

the term cancels out in (45) and the calculation of the covariance reduces to
cov

(

𝑐𝜿 , 𝑐𝝂
)

= ∬×
𝜍2(𝒙,𝒙′)𝛹𝜿 (𝒙)𝛹𝝂 (𝒙′)𝜔(𝒙)𝜔(𝒙′)𝑑𝒙𝑑𝒙′ (47)

By combining (21) and (36), we obtain

cov
(

𝑐𝜿 , 𝑐𝝂
)

=𝜎2t ot (1 − 𝜏)∬×
𝑟(𝒙,𝒙′)𝛹𝜿 (𝒙)𝛹𝝂 (𝒙′)𝜔(𝒙)𝜔(𝒙′)𝑑𝒙𝑑𝒙′

− 𝜎2t ot (1 − 𝜏)2
𝐿
∑

𝑙 ,𝑚=1

[

𝑹̃−1
]

𝑙 𝑚∬×
𝑟(𝒙,𝒙𝑙)𝑟(𝒙𝑚,𝒙′)𝛹𝜿 (𝒙)𝛹𝝂 (𝒙′)𝜔(𝒙)𝜔(𝒙′)𝑑𝒙𝑑𝒙′

=𝜎2t ot (1 − 𝜏)
∑

𝝊∈N𝑑
𝜆𝝊 ∬×

𝛹𝝊(𝒙)𝛹𝝊(𝒙′)𝛹𝜿 (𝒙)𝛹𝝂 (𝒙′)𝜔(𝒙)𝜔(𝒙′)𝑑𝒙𝑑𝒙′

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝛿𝜿 𝝊𝛿𝝂 𝝊

− 𝜎2t ot (1 − 𝜏)2
𝐿
∑

𝑙 ,𝑚=1

[

𝑹̃−1
]

𝑙 𝑚
∑

𝝊,𝜼∈N𝑑
𝜆𝝊𝜆𝜼𝛹𝝊(𝒙𝑙)𝛹𝜼(𝒙𝑚)∬×

𝛹𝝊(𝒙)𝛹𝜼(𝒙′)𝛹𝜿 (𝒙)𝛹𝝂 (𝒙′)𝜔(𝒙)𝜔(𝒙′)𝑑𝒙𝑑𝒙′

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝛿𝜿 𝝊𝛿𝝂 𝜼

= 𝜎2t ot (1 − 𝜏)
(

𝜆𝜿𝛿𝜿 𝝂 − (1 − 𝜏)
𝐿
∑

𝑙 ,𝑚=1

[

𝑹̃−1
]

𝑙 𝑚 𝜆𝜿𝜆𝝂𝛹𝜿 (𝒙𝑙)𝛹𝝂 (𝒙𝑚)

)

. (48)

The covariance matrix for the coefficients of a set of basis functions is conveniently computed as

𝜮𝒄 = cov (𝒄, 𝒄) = 𝜎2t ot (1 − 𝜏)
(

𝜦 − (1 − 𝜏)𝜦𝜳𝑹̃−1𝜳𝖳𝜦
)

. (49)

Notably, the result is similar to the posterior covariance matrix for an ensemble of predictions [42], with the kernel matrix evaluated
at the training samples replaced by the matrix of the basis functions evaluated at the same points.

Owing to the linearity of (40), the PCE coefficients predicted by the hybrid PCE-GPR method follow a multivariate Gaussian
istribution with mean vector (42) and covariance matrix (49). The (co)variance describes the estimation uncertainty related to the

limited amount of training data used for the calculation.

5.3. Propagation to UQ measures

The probabilistic information on the PCE coefficients derived in the previous section is in turn propagated to UQ measures on
he output quantity. According to (7), the mean 𝜇𝑦 predicted by the PCE coincides with the zero-order coefficient 𝑐𝟎. As such, its

distribution is Gaussian with expected value and variance obtained from (41) and (45) as

E
(

𝜇𝑦
)

= E (

𝑐𝟎
)

=
𝐿
∑

𝑙=1
𝛼𝑙 , (50)

and

Var
(

𝜇𝑦
)

= cov (𝑐𝟎, 𝑐𝟎
)

= 𝜎2t ot (1 − 𝜏)
(

1 − (1 − 𝜏)
𝐿
∑

𝑙 ,𝑚=1

[

𝑹̃−1
]

𝑙 𝑚

)

, (51)

respectively, since 𝜆𝟎 = 1 and 𝛹𝟎 = 1.
The variance 𝜎2𝑦 is instead given by (8), i.e., the sum over the remaining coefficients squared. Hence, it can be trivially expressed

as the quadratic form
2 𝖳
𝜎𝑦 = 𝒄−𝟎𝒄−𝟎 (52)
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where 𝒄−𝟎 denotes the vector of PCE coefficients excluding the zero-order one. Following the properties of quadratic forms [90],
the expected value and the variance of (52) are computed as

E
(

𝜎2𝑦
)

= t r
(

𝜮𝒄−𝟎

)

+ 𝝁𝖳
𝒄−𝟎

𝝁𝒄−𝟎 (53)

and

Var
(

𝜎2𝑦
)

= t r
(

2𝜮2
𝒄−𝟎

)

+ 4𝝁𝖳
𝒄−𝟎

𝜮𝒄−𝟎𝝁𝒄−𝟎 , (54)

respectively, where 𝝁𝒄−𝟎 and 𝜮2
𝒄−𝟎

denote the mean vector (42) and covariance matrix (49) of the PCE coefficients with the zero-order
coefficient removed.

It should be noted that the results for the variance applies because the posterior distribution of the estimated PCE coefficients is
aussian. Moreover, the expected value of the variance is not just the sum of the squares of the expected values of the coefficients, but

there is an additional contribution due to the trace of the covariance matrix. Finally, it is relevant to mention that the distribution of
 quadratic form such as (52) is a generalized chi-square [91] and can be derived analytically [60]. Nevertheless, we will show that

the variance already provides a good indication of the confidence level, especially when the number of training samples increases.
A similar reasoning is used to obtain the expected value and variance of the Sobol’ indices, by considering in the quadratic

form only the subset of coefficients indexed by the pertinent subset 𝑖. For the sake of simplicity, we calculate the result for the
non-normalized indices, corresponding to the numerator of (9). Accounting for the denominator, which is also stochastic, would be
highly non-trivial, as no closed-form properties are available for the ratio of two random variables. However, this is not a limitation
since one is typically interested in ranking the indices rather than assessing their absolute value. This information is not affected as
the denominator is common to all indices. The result is

E
(

𝑆𝑇 𝑖
)

= t r
(

𝜮𝒄𝑖

)

+ 𝝁𝖳
𝒄𝑖
𝝁𝒄𝑖 (55)

and

Var
(

𝑆𝑇 𝑖
)

= t r
(

2𝜮2
𝒄𝑖

)

+ 4𝝁𝖳
𝒄𝑖
𝜮𝒄𝑖𝝁𝒄𝑖 , (56)

where 𝝁𝒄𝑖 and 𝜮𝒄𝑖 denote the mean vector and covariance matrix of the PCE coefficients indexed by the multi-indices in subset 𝑖,
which are a suitable selections of rows and columns of 𝝁𝒄 and 𝜮𝒄 .

At this point, it is important to highlight a fundamental difference with the approach in [60], which is based on MC sampling
and whose accuracy and efficiency are therefore affected by the MC sample size (which is, however, not accounted for by the
redictive variance). Here, the calculation is analytical and the only source of uncertainty is in the training sample size (besides the

estimation of the hyperparameters). In this regard, it is important to recall that the expansion order (which also affects the accuracy
of the prediction) can be increased at will, e.g., until the magnitude of the coefficients drops below some tolerance. Therefore, the
predicted statistics are directly comparable to their exact value rather than to their MC estimates, as we will show in the application
examples.

Finally, it is worth mentioning that the probabilistic model also allows for a convenient numerical calculation of confidence
bounds for the PDF of 𝑦. As we will shown in the application examples, one can generate random realizations of posterior GPR
rajectories for an ensemble of MC predictions or, equivalently, of PCE coefficients and evaluate repeatedly (2). In either case, each
ealization produces a different estimate of the PDF, and confidence bounds or statistical moments are readily obtained from the
nsemble of predictions.

6. Multi-output model and implementation

So far, we assumed the output of (1) to be a scalar. We now extend the analysis to a multi-output system. Therefore, we assume a
training dataset for the multiple outputs be available in the form of a matrix 𝒀 ∈ R𝐿×𝑃 , where 𝑃 is the number of output components.
For example, the dataset 𝒀 could collect different system variables and/or a transient response evaluated at several time points for
each training configuration of the uncertain system parameters.

The first observation is that (39) is readily extended to a matrix dataset by replacing the training vector 𝒚 with 𝒀 , thereby
producing a matrix of kernel coefficients

𝑨 = (1 − 𝜏)𝑹̃−1𝒀 (57)

of size 𝐿 × 𝑃 , where each column represents the vector of GPR coefficients for the corresponding output component. At this point,
the main issue becomes the tuning of the hyperparameters. We propose a simple approach in which a single set of hyperparameters
s trained for all outputs by means of a simple modification of the LOO-CV error (25), i.e.,

𝜖CV =
𝑃
∑

𝑝=1

𝐿
∑

𝑘=1

∑

𝑙≠𝑘

(

𝑌𝑙 𝑝 − 𝑚−𝑘,𝑝(𝒙𝑙)
)2 , (58)

where 𝑚−𝑘,𝑝 denotes the prediction of the 𝑝th output provided by the GPR model trained without the 𝑘th training sample. In fact,
the error is cumulated over all output components. The hyperparameters 𝝆 and the noise ratio 𝜏 are computed by minimizing the
above error, and the total variance is obtained for each output in analogy with (26):
10 
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𝜎2t ot,𝑝 =
1
𝐿

𝐿
∑

𝑘=1

∑

𝑙≠𝑘

(

𝑌𝑙 𝑝 − 𝑚−𝑘,𝑝(𝒙𝑙)
)2

𝑐2−𝑘(𝒙𝑙 ,𝒙𝑙)
. (59)

It should be noted that the denominator 𝑐−𝑘 in (59) is the same for each output component, as (21) depends only on the location
of the training samples, but not on the corresponding output observation. Moreover, it is important to point out that, even though
the same noise ratio 𝜏 is considered for all outputs, the kernel and noise variances will differ as they are proportional to (59). The
lternative ML estimation (24) is also readily extended to multiple output data. Once the model is trained, the expected values of

the output-dependent PCE coefficients are obtained by replacing 𝜶 with 𝑨 in (42). A common correlation matrix is obtained from
(49) by neglecting the total variance, which is then included to individually retrieve the covariance matrix for each output.

The outlined approach offers a viable solution with a fast training, even for a large number of outputs. Possible alternatives
nclude training a separate model for each output, which is however rather inefficient, or using PCA to compress the dataset 𝒀 and

training a separate model for each principal component [61]. A comparison between the aforementioned strategies will be provided
for one of the application examples.

The PCE-GPR method is implemented in MATLAB via user-defined codes. In this case, the hyperparameters are estimated by
minimizing the LOO-CV error using Bayesian optimization (BO). Alternatively, any GPR toolbox that allows the definition of a
custom kernel function can be used to train the model. For instance, the Kriging module in UQLab [84] is an effective option that
provides tools for estimating the hyperparameters using either ML or CV with any number of folds, as well as several optimization

ethods. However, it does not support BO or the training of a multi-output model as described above. In the following, we will
se the custom implementation to illustrate the simpler test cases, while we will take advantage of the well-consolidated UQLab
oolbox for the high-dimensional examples.

7. Illustrative examples

We first illustrate the method based on two simple analytical functions, which allow carrying out extensive analyses and
omparisons.

7.1. One-dimensional function

We define the synthetic function

𝑦 = 1(𝑥) = 𝑒−10∕𝑥 (2 cos(𝑥) + sin(𝑥)) , (60)

with 𝑥 ∼  (1, 9). The function is representative of the response of an underdamped second-order dynamical system. The exact
expected value and variance of (60) are computed with an accurate numerical integration to be 𝜇𝑦 = 0.0703 and 𝜎2𝑦 = 0.0572,
espectively.

We aim to compute the same statistical information using a Legendre PCE. For the numerical methods, we consider three training
atasets with 𝐿 = 5, 𝐿 = 7, and 𝐿 = 10 samples, linearly spaced within the uncertainty interval. We shall compare the results of

the proposed PCE-GPR method against the state-of-the-art LAR, OMP, SP, and BCS methods, which are all implemented via the PCE
module in UQLab [92]. The SP is implemented in conjunction with a LOO-CV, since it was shown in [16] to provide better results
compared to using a lower number of folds. To simplify the investigations, in this first analysis we neglect noise on the training
ata (i.e., we set 𝜎𝑛 = 0). The only hyperparameter 𝜌 is estimated via LOO-CV error minimization and BO. The total variance is
omputed with (26).

7.1.1. PCE coefficients, statistical moments, and distribution
Fig. 2 illustrates the prediction of the target function (60) (solid blue line) based on the different training samples (red dots).

The top panels compare the kernel-based prediction provided by (38) (green dash-dotted lines), corresponding to a PCE of infinite
order, against the predictions with the expansion coefficients retrieved in post processing up to order 𝑝 = 3 (▵), 𝑝 = 5 (◦), and 𝑝 = 10
(□). It is interesting to note that, for 𝐿 = 7 and 𝐿 = 10, the model of order 10 is indistinguishable from the full kernel model of order
infinity, which suggests that the former provides virtually the same accuracy as the latter. This is a possible criterion to determine,
 posteriori, the maximum expansion order up to which to calculate the coefficients. For the case with 𝐿 = 5 instead, the kernel
odel turns out to be less smooth in order to interpolate the few training data (as implied by setting 𝜎𝑛 = 0), and therefore it is not

ery well represented even by a high-order expansion.
The bottom panels show the 95% confidence interval of the predictions instead. The green area with solid bounds indicate the

classical confidence interval of the kernel model obtained from the posterior covariance (20). The red area with dashed bounds
s instead obtained numerically from the tenth-order expansion model (2) after drawing a large number of random posterior
ealizations of the coefficients according to their expected value (42) and covariance matrix (49). It is observed that the two

confidence interval match except for the case with 𝐿 = 5, again to due the limited accuracy of the tenth-order approximation
in that case. This comparison provides an indirect validation for the posterior model of the PCE coefficients. Overall, the prediction
is already very good for 𝐿 = 7, and the confidence interval shrinks significantly around the target function for 𝐿 = 10.

Using a similar random sampling of the PCE coefficients, we assess the dispersion of the PDF resulting from the uncertainty in
he estimate of such coefficients. To this end, for each random realization of the coefficients, the PCE model (2) is evaluated for a
et of 1000 MC samples, and a kernel density estimate of the distribution is produced. Confidence bounds are then obtained from
11 
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Fig. 2. PCE-GPR prediction of function 1 in (60) with different training set sizes. The actual function is shown by the solid blue lines, whereas the red dots
indicate the training samples. The top panels show the prediction of the full kernel model (dash-dotted green lines) and of the model (dotted lines) truncated to
order three (▵), five (◦), or ten (□). The bottom panels show the 95% confidence interval of the full kernel model (shaded green area with solid edges) and of
the tenth-order expansion model (shaded red area with dashed edges). (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

Fig. 3. PDF of function 1. The 95% confidence interval of the PCE-GPR prediction for different training datasets (shaded green area) is compared against the
reference MC distribution (solid blue line).

the ensemble of predictions. The results are shown in Fig. 3, where the solid blue line indicates the reference distribution obtained
y sampling the actual function with the same MC samples. The green shaded area represents instead the 95% confidence interval
f the tenth-order PCE-GPR prediction. Also for the distribution, it is found that the confidence interval shrinks around the correct
istribution as the number of training samples is increased. This is the case also for 𝐿 = 5, although the confidence interval is rather
ide to reflect the large model uncertainty.

Table 1 summarizes the main results regarding the prediction of the mean and variance of (60) as well as the root-mean-square
error (RMSE) in comparison with the state-of-the art LAR, OMP, SP, and BCS techniques. The RMSE between the actual function
12 
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Table 1
Mean, variance, and RMSE obtained by LAR, OMP, SP, BCS, standard GPR, and PCE-GPR in comparison with the MC and exact
results.
Observations Method 𝜇𝑦 𝜎2𝑦 RMSE

– Exact 0.0703 0.0572 –

𝑁 = 1000 MC 0.0703 0.0573 –

𝐿 = 5 LAR 0.1152 𝟎.𝟎𝟓𝟓𝟎 𝟗.𝟐𝟔𝟑𝟐 × 𝟏𝟎−𝟐

OMP 0.1152 𝟎.𝟎𝟓𝟓𝟎 𝟗.𝟐𝟔𝟑𝟐 × 𝟏𝟎−𝟐

SP 0.0000 0.0074 2.6403 × 10−1
BCS 𝟎.𝟎𝟖𝟖𝟔 0.0782 1.6386 × 10−1
Standard GPR 0.0048 0.0922 1.7395 × 10−1
PCE-GPR 0.0953 0.0490 1.6568 × 10−1
95% bounds

[−0.0914, 0.2820]
[0.0152, 0.1107]

2-sigma bounds [0.0003, 0.0977]

𝐿 = 7 LAR 0.0168 0.0000 2.4509 × 10−1
OMP 0.0841 0.0467 7.8563 × 10−2
SP 0.0000 0.0677 1.6496 × 10−1
BCS 0.0974 0.0725 1.4303 × 10−1
Standard GPR 𝟎.𝟎𝟕𝟏𝟏 𝟎.𝟎𝟓𝟕𝟑 4.2356 × 10−3
PCE-GPR 0.0714 0.0592 𝟑.𝟗𝟏𝟖𝟒 × 𝟏𝟎−𝟑

95% bounds
[0.0416, 0.1013]

[0.0499, 0.0747]
2-sigma bounds [0.0465, 0.0720]

𝐿 = 10 LAR 0.0959 0.0507 7.2526 × 10−2
OMP 0.0678 0.0586 9.8370 × 10−3
SP 0.0759 0.0736 1.4942 × 10−1
BCS 0.0709 0.0570 1.6007 × 10−3
Standard GPR 𝟎.𝟎𝟕𝟎𝟑 𝟎.𝟎𝟓𝟕𝟐 5.1019 × 10−4
PCE-GPR 0.0702 0.0573 𝟑.𝟓𝟒𝟐𝟔 × 𝟏𝟎−𝟒

95% bounds
[0.0691, 0.0714]

[0.0567, 0.0579]
2-sigma bounds [0.0567, 0.0578]

values 𝑦𝑖 and the model predictions 𝑦̂𝑖 is computed as

RMSE =
√

√

√

√
1
𝑁

𝑁
∑

𝑖=1
(𝑦𝑖 − 𝑦̂𝑖)2 (61)

based on the set of 𝑁 = 1000 MC samples. Boldface is used to highlight the most accurate result. The PCE-GPR predictions are
given in terms of expected value as well as both the 95% and 2-sigma confidence intervals, computed from the tenth-order PCE.
The calculation avoids the need for sampling the GPR posterior for a large number of MC samples, as was instead required by the
approach in [60]. While the two confidence intervals coincide for the prediction of the mean 𝜇𝑦, owing to the Gaussian posterior
istribution, this is not the case for the prediction of the variance 𝜎2𝑦 , which follows a generalized chi-square distribution. The

‘Generalized chi-square distribution’’ toolbox [93] is used to handle the predictive distribution of the variance and, later on, of the
Sobol’ indices.

It is found that the 95% and 2-sigma bounds approach when the number of training samples is increased, a circumstance that
was already observed in [60]. As far as the accuracy is concerned, the PCE-GPR method substantially outperforms the alternative
PCE-based methods for the second and third dataset, for which it achieves an RMSE that is one or two orders of magnitude lower.
The confidence intervals are also well representative of the prediction accuracy, since they always include the reference result and
narrow as the number of training samples is increased. For further comparison, the results obtained using a standard GPR formulation
with a constant trend and a squared-exponential kernel are also reported. It is found that the two methods achieve similar accuracy,
with PCE-GPR yielding a slightly lower RMSE.

Fig. 4 shows the individual PCE coefficients instead. The exact coefficients, obtained by computing the projection (10) via
an accurate numerical integration, are indicated by the blue circles. The red crosses are the coefficients estimated with the best
alternative method according to Table 1, namely LAR for 𝐿 = 5, OMP for 𝐿 = 7, and BCS for 𝐿 = 10. The green asterisks denote the
coefficients retrieved analytically from the PCE-GPR, with the green bars indicating their 95% confidence interval. The proposed
PCE-GPR method achieves a much better result especially for the dataset with 𝐿 = 7 samples, with OMP failing to estimate most
coefficients. Moreover, the confidence interval provides a good indication of the prediction uncertainty, with the correct result
falling always inside it, even for the case with 𝐿 = 5 samples.

7.1.2. Repeated-run analysis
Finally, we perform a repeated-run analysis to assess the robustness of the model predictions against different training datasets.

e consider 100 independent runs. For each run, the training samples are now drawn randomly according to the input distribution.
he aim of this analysis is twofold, since it allows assessing both the dispersion of the prediction error across different datasets and
he actual confidence level of the PCE-GPR method.
13 
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Fig. 4. Coefficients of the tenth-order PCE estimated with PCE-GPR (green asterisks with 95% confidence interval) and LAR, OMP, or BCS (red crosses) using
training sets of different sizes, compared to the exact values (blue circles).

Fig. 5. Boxplot illustrating the dispersion of the RMSE (top panels) and 𝜖𝜎 (bottom panels) across 100 training datasets for the various methods and sample
izes.

For the error analysis, we define two error metrics: (1) the RMSE, computed as in (61); (2) the relative error on the predicted
variance, defined as

𝜖𝜎 =
|𝜎2𝑦 − 𝜎̂

2
𝑦 |

𝜎2𝑦
, (62)

where 𝜎̂2𝑦 and 𝜎2𝑦 denote the predicted variance and the corresponding reference value, respectively. Besides LAR and PCE-GPR with
 tenth-order expansion, we also consider a standard GPR model with a constant trend and a squared-exponential kernel. While
or the first two methods the predicted variance can be compared directly to the exact value, the prediction of standard GPR is
omputed based on the MC samples as in [60], and therefore its reference value is the MC variance. However, as shown in Table 1,

the difference between MC estimations and actual values is minimal.
The boxplot in Fig. 5 illustrates the dispersion of the two error metrics across the various training datasets of increasing size and

or all the methods considered in the analysis. The red line indicates the median, the bottom and top edges are the 25th and 75th
percentiles, respectively, whereas the whiskers indicate the minimum and maximum values. The red crosses are outliers. It should
be noted that, for 𝐿 = 5 and 𝐿 = 7, the BCS results for 𝜖𝜎 contain further outliers beyond the upper limit of the plots, which are
omitted for the sake of graph readability. It is observed that PCE-GPR achieves a significantly lower median error compared to the
14 
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Table 2
Mean, variance, Sobol’ indices, and RMSE obtained by the various methods in comparison with the MC and exact results.

Observations Method 𝜇𝑦 𝜎2𝑦 𝑆𝑇1 ⋅ 𝜎
2
𝑦 𝑆𝑇2 ⋅ 𝜎

2
𝑦 RMSE

– Exact −0.0337 0.0680 – – –

𝑁 = 104 MC −0.0349 0.0685 0.0251 0.0673 –

𝐿 = 25 LAR −0.0350 0.0671 0.0263 0.0657 5.1122 × 10−2
OMP −0.0339 0.0813 0.0359 0.0798 9.4963 × 10−2
SP −0.0382 0.0690 0.0268 0.0684 8.1326 × 10−2
BCS −0.0365 0.0724 0.0278 0.0714 6.5236 × 10−2
Standard GPR −0.0341 0.0701 0.0258 0.0687 𝟏.𝟎𝟏𝟎𝟖 × 𝟏𝟎−𝟐

PCE-GPR −𝟎.𝟎𝟑𝟑𝟖 𝟎.𝟎𝟔𝟖𝟕 𝟎.𝟎𝟐𝟓𝟑 𝟎.𝟎𝟔𝟖𝟎 1.5615 × 10−2
95% bounds

[−0.0373,−0.0304]
[0.0666, 0.0711] [0.0238, 0.0269] [0.0659, 0.0704]

2-sigma bounds [0.0665, 0.0710] [0.0237, 0.0268] [0.0658, 0.0703]

𝐿 = 50 LAR −0.0388 0.0726 0.0273 0.0717 5.9159 × 10−2
OMP −0.0390 0.0785 0.0348 0.0776 7.4573 × 10−2
SP −0.0413 0.0736 0.0311 0.0726 8.8357 × 10−2
BCS −0.0383 0.0801 0.0355 0.0792 7.6400 × 10−2
Standard GPR −0.0349 0.0684 0.0250 0.0672 𝟐.𝟖𝟕𝟑𝟒 × 𝟏𝟎−𝟑

PCE-GPR −𝟎.𝟎𝟑𝟑𝟖 𝟎.𝟎𝟔𝟖𝟎 𝟎.𝟎𝟐𝟓𝟏 𝟎.𝟎𝟔𝟕𝟒 3.3716 × 10−3
95% bounds

[−0.0341,−0.0336]
[0.0679, 0.0681] [0.0251, 0.0252] [0.0673, 0.0674]

2-sigma bounds [0.0679, 0.0681] [0.0251, 0.0252] [0.0673, 0.0674]

𝐿 = 100 LAR −0.0347 0.0684 0.0256 0.0678 1.8528 × 10−2
OMP −0.0325 0.0693 0.0255 0.0686 3.1104 × 10−2
SP −0.0316 0.0706 0.0256 0.0696 6.4845 × 10−2
BCS −0.0331 0.0686 0.0253 0.0679 1.5642 × 10−2
Standard GPR −0.0348 0.0685 0.0251 0.0673 8.9708 × 10−4
PCE-GPR −𝟎.𝟎𝟑𝟑𝟕 𝟎.𝟎𝟔𝟖𝟎 𝟎.𝟎𝟐𝟓𝟏 𝟎.𝟎𝟔𝟕𝟒 𝟒.𝟕𝟒𝟖𝟎 × 𝟏𝟎−𝟒

95% bounds
[−0.0337,−0.0337]

[0.0680, 0.0680] [0.0251, 0.0252] [0.0674, 0.0674]
2-sigma bounds [0.0680, 0.0680] [0.0251, 0.0252] [0.0674, 0.0674]

alternative PCE-based techniques. Moreover, the dispersion is substantially lower for all training datasets. Compared to the standard
PR, the median error is similar, but a smaller dispersion, without the many outliers, is observed for the case 𝐿 = 7. Overall, the
erformance of PCE-GPR is found to be significantly better than the state-of-the-art PCE-based techniques and comparable to or
etter than standard GPR.

This analysis also offers the opportunity to assess the actual confidence level of the PCE-GPR predictions. Results in this regard
re provided in Appendix, where we also assess the posterior distribution of the predicted mean and variance, and the impact of

the hyperparameter 𝜌, and the actual confidence level of the PCE-GPR predictions.

7.2. Two-dimensional function

We define the following modification of (60):

𝑦 = 2(𝑥1, 𝑥2) = 𝑒−10∕𝑥1
(

2 cos(𝑥2) + sin(𝑥2)
)

, (63)

with two independent parameters, 𝑥1 ∼  (1, 9) and 𝑥2 ∼  (5, 1). The exact mean and variance are computed to be 𝜇𝑦 = −0.0337
and 𝜎2𝑦 = 0.0680, respectively.

For this second test function, we compute a mixed Legendre-Hermite PCE up to order 𝑝 = 8. The expansion features || = 45 when
a total degree truncation is used. We consider again three training datasets, with 𝐿 = 25, 𝐿 = 50, and 𝐿 = 100 samples randomly
rawn from the input distribution using a Latin hypercube strategy. For PCE-GPR, we use again 𝜎𝑛 = 0 and an isotropic kernel with
ts hyperparameter 𝜌 estimated via LOO-CV. For standard GPR, we assume a constant trend and an isotropic squared-exponential

kernel.
Table 2 collects the results regarding the prediction of the mean and the variance. The results of a MC analysis based on 𝑁 = 104

samples are also provided for reference. Although not so relevant for a two-dimensional scenario, the non-normalized total Sobol’
indices are also included in the table. In this case, the reference result is provided by their MC estimate, computed as in [85]. Several
observations can be made. First of all, the PCE-GPR method always achieves a lower RMSE compared to the alternative PCE-based
echniques, with the former being two orders of magnitude more accurate for the largest dataset. The confidence intervals of PCE-
PR steadily shrink by increasing the sample size and always include the reference result. The difference between the 95% and
-sigma confidence intervals for the variance and Sobol’ indices reduces again as the number of training samples is increased. An
xcellent accuracy is obtained also for the estimate of the Sobol’ indices. This is particularly relevant, as their MC estimation requires
⋅ 104 function evaluations, whereas it is inexpensive with PCE-based methods.

Compared to standard GPR, the proposed PCE-GPR yields a better accuracy in the prediction of statistical information. In this
regard, it is noted that the mean and the variance predicted by PCE-GPR converge to the exact values, as expected. In contrast, the
prediction of standard GPR relies on a MC sampling of the posterior following to the numerical approach in [60], rather than on
analytical calculations. Therefore, it converges to the MC estimates, which exhibit some difference w.r.t. the exact results due to the
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Fig. 6. Coefficients of the eight-order PCE of function 2 in (63), estimated with LAR or BCS (red crosses) and PCE-GPR (green asterisks with 95% confidence
interval) using training sets of different sizes, and compared to the exact values (blue circles).

Fig. 7. Boxplot illustrating the dispersion of the RMSE (top panels) and 𝜖𝜎 (bottom panels) for the two-dimensional function (60) across 100 training datasets
for the various methods and sample sizes.

very large variability of this test function. The same consideration applies also to Sobol’ indices. Standard GPR appears to compare
etter with the reference results, which however are based on MC sampling. If the same indices are computed numerically by
ampling the PCE-GPR posterior instead of considering their analytical calculation, a lower error is obtained compared to standard
PR.

In Fig. 6, the PCE coefficients estimated with the most accurate state-of-the-art technique (red crosses) and PCE-GPR (green
asterisks with 95% error bars) are compared to the exact result obtained by numerical integration (blue circles). For the ease of
visualization, only the coefficients up to order 6 are displayed. The comparison highlights the remarkable accuracy achieved by the
proposed PCE-GPR method, which produces a very good estimate already with the smallest training dataset. The difference with
the exact result becomes indistinguishable for 𝐿 = 50, whereas the LAR and BCS results exhibit some discrepancy even for 𝐿 = 100
samples.

Finally, we assess the dispersion of the RMSE and the variance prediction error 𝜖𝜎 across different training datasets. To this end,
e perform the simulation for 100 independent runs. As in the previous example, we also consider a standard GPR formulation

with a constant trend and a squared-exponential kernel. The results are summarized by the boxplot in Fig. 7. It is again established
hat the proposed PCE-GPR method achieves both lower error and dispersion compared to all the alternative PCE-based techniques,
16 
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Fig. 8. Schematic of the network with single transmission lines. The cross-section of the microstrip lines is depicted on the top left.

i.e., LAR, OMP, SP, and BCS. The performance is in this case comparable with the standard GPR which, however, does not provide
a closed-form estimation of any statistical information.

8. Application examples

This section discusses relevant application examples in the field of electrical engineering and related specifically to the UQ of
electronic circuits affected by manufacturing or design tolerances. The simulations are performed on a workstation equipped with
an Intel® Core™ i7-9700F processor, CPU running at 3 GHz, and 32 GB of RAM.

8.1. Network with single transmission lines

The first application test case deals with the circuit depicted in Fig. 8. The network is a combination of lumped components
and microstrip transmission line segments. The uncertainty is provided by the substrate of the microstrip, which is common to all
line sections, and specifically by the substrate thickness ℎ, the relative permittivity 𝜖𝑟, and the loss tangent t an 𝛿. These parameters
exhibit a Gaussian distribution with nominal values ℎ̄ = 100 μm, 𝜖𝑟 = 4.1, and t an 𝛿 = 0.02, and a relative standard deviation of 10%.

he number of uncertain parameters is thus 𝑑 = 3. The voltage source has a pulse waveform with an amplitude of 1 V, rise/fall
imes of 0.2 ns, and a width of 2.8 ns at half amplitude.

The network is described by a system of ordinary differential equations in the form of

−𝑪 𝑑
𝑑 𝑡𝒚(𝑡) = 𝑮 𝒚(𝑡) + 𝒖(𝑡) (64)

and describing the transient evolution of node voltages and some of the element currents, stored in vector 𝒚. The system matrices 𝑪
nd 𝑮 depend on the circuit element values, and hence also on the uncertain parameters. The forcing term 𝒖 collects the independent
ources, in this case the voltage source to the left, and is considered to be deterministic. We focus the transient analysis on the voltage
𝑣TX(𝑡) transmitted to the bottom right of the circuit and indicated in Fig. 8. The simulations are carried out using the well-known
imulation Program with Integrated Circuit Emphasis (SPICE), specifically a commercial version called HSPICE [94]. The software

allows running simulations for a user-defined sweep of selected variables and it is therefore used as a black-box solver.
We aim at computing a second-order Hermite PCE (𝑝 = 2) with total degree truncation, which features || = 10 terms. For

he PCE-GPR method, we consider two training datasets with 𝐿 = 5 and 𝐿 = 10 training samples drawn according to the input
istribution using a Latin hypercube strategy. We use the multi-output implementation discussed in Section 6 with an isotropic

kernel and 𝜎𝑛 ≠ 0. The kernel hyperparameter 𝜌 and the noise ratio 𝜏 are estimated using LOO-CV. For this circuit, reference results
are computed using the SGM-based method in [19], an element-wise approach that consists in deriving an augmented equivalent
ircuit formed by circuit interpretation of the SGM equations of each stochastic element. The method readily provides a very accurate

calculation of the transient PCE coefficients of the circuit responses by means of a single deterministic simulation.
Fig. 9 shows in the left panel a subset of 100 responses (solid gray lines) from a MC simulation with 104 samples. The mean of

the MC samples (thick blue line) is compared against the estimates provided by the zero-order PCE coefficients computed with the
SGM simulation (dashed red line) and with the proposed PCE-GPR method trained with 𝐿 = 5 samples only (shaded green area,
representing the 95% confidence interval). The inset allows appreciating the accuracy of the PCE-GPR prediction, with a narrow
confidence interval encompassing the reference MC and SGM results.

The right panels of Fig. 9 show instead the transient behavior of the three most relevant PCE coefficients, i.e., 𝑐(1,0), 𝑐(0,1), and
𝑐 . The results of the SGM simulation (solid, dashed, and dotted red lines) are compared to the PCE-GPR predictions obtained
(2,1)
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Fig. 9. Transient transmitted voltage in the network with single transmission lines of Fig. 8. Left panel: subset of MC responses (gray lines) and average response
obtained from the MC samples (thick blue line), with the SGM (dashed red line), and with PCE-GPR (shaded green area). Right panels: transient PCE coefficients
𝑐(10), 𝑐(0,1), and 𝑐(2,1) obtained with the SGM simulation (red lines) compared against the PCE-GPR calculation (shaded green areas) with 𝐿 = 5 (top) and 𝐿 = 10
training samples (bottom). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

with 𝐿 = 5 (top) and 𝐿 = 10 training samples (bottom), provided in terms of 95% confidence interval (green areas of different
shades). It is interesting to note that the confidence bounds accurately enclose the reference SGM result for both training dataset.
The calculation becomes more accurate (the confidence interval narrows) for the largest dataset.

A similar comparison is provided in Fig. 10 for the variance (top panels) and the Sobol’ indices (bottom panels). In the former
ase, the SGM prediction (dashed red lines) and 2-sigma confidence intervals of PCE-GPR (shaded green areas) are compared against
he MC variance (solid blue line). As expected, the SGM provides a very accurate result for this circuit, and the PCE-GPR result
ompares very well. As to the Sobol’ indices, the reference is provided by the SGM-based calculation. The non-normalized Sobol’
ndices 𝑆𝑇1 (solid line), 𝑆𝑇2 (dashed line), and 𝑆𝑇3 (dotted line) refer to the substrate thickness ℎ, relative permittivity 𝜖𝑟, and loss
angent t an 𝛿, respectively. The relative permittivity and the loss tangent are found to provide the largest and the least contribution
o the output variance, respectively, a result that is well expected. Indeed, the relative permittivity mainly affects the propagation
elocity along the microstrip sections, and hence the propagation delay. On the contrary, the loss tangent plays a marginal role
xcept for very high frequency signals. The 2-sigma confidence bounds of the PCE-GPR prediction (shaded green areas) compare
nce again very well with the reference result and provide a good indication of the accuracy of the estimate.

Next, we investigate the impact of various multi-output modeling strategies. Fig. 11 shows the RMSE obtained for the largest
training dataset with the proposed multi-output model outlined in Section 6 (dotted green line), with PCA compression (dashed red
line), and by separately training a single model for each time point (solid blue line). Some interesting conclusions can be drawn.
In principle, training a single model for each output is the least efficient but also, potentially, the most accurate approach, since a
separate set of hyperparameters is estimated for each component. Nevertheless, the behavior of the RMSE over time turns out to be
extremely irregular and spiky, occasionally exceeding the error achieved by the other two approaches. Conversely, both PCA and
the proposed approaches exhibit a much more regular behavior over time. Hence, estimating a common set of hyperparameters for
all outputs (or for a reduced set, as in the case with PCA) seems to smooth out the error across the components. As summarized
in Table 3, the PCA overall achieves the best performance in terms of both average and maximum RMSE. On the other hand, the
multi-output model is the most efficient in terms of computational time, especially when compared to the naive approach that trains
a separate model for each component, since it simultaneously trains a model for all the 1001 time points. In contrast, PCA requires to
train 5 single-output models (one for each ‘‘principal component’’). Therefore, the multi-output PCE-GPR formulation is established
as a viable and efficient method that avoids the truncation involved in PCA, whose effect on the accuracy is in general difficult to
quantify and is not accounted for by the prediction uncertainty.
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Fig. 10. Variance (top panels) and Sobol’ sensitivity indices (bottom panels) of the transient transmitted voltage 𝑣TX. The 2-sigma interval of the PCE-GPR
prediction (shaded green areas) are compared with the reference MC and SGM results. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 11. RMSE over time for three different approaches to handle multiple data: multi-output model of Section 6 (dash-dotted green line), PCA compression
(dashed red line), and single-output model for each component (solid blue line). (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Table 3
Average and maximum RMSE and training time for the various multi-output modeling approaches.
Method Average RMSE (V) Maximum RMSE (V) CPU Time

Multi-output model of Section 6 7.7007 × 10−4 2.7227 × 10−3 6.7 s
PCA compression 5.6701 × 10−4 1.2636 × 10−3 23.2 s
Single model for each output 8.4223 × 10−4 5.2830 × 10−3 4245.9 s
19 
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Fig. 12. Schematic of the network with coupled transmission lines (a) and cross-sections of the embedded microstrip lines (b).

Table 4
Nominal geometrical parameters for the coupled transmission line sections in the network of Fig. 12.

Parameter 𝑤1 𝑤2 𝑤3 𝑑1 𝑑2 𝑑3 𝑔 ℎ 𝑡1 𝑡2 𝑡3
Nominal value 150 μm 130 μm 170 μm 100 μm 140 μm 70 μm 150 μm 200 μm 30 μm 20 μm 40 μm

8.2. Network with coupled transmission lines

This second application example deals with the network of Fig. 12(a), consisting of three coupled transmission line sections
interconnected by lumped elements [61]. The cross-sectional view of the embedded microstrip line sections is depicted in Fig. 12(b).
In this high-dimensional test case, the uncertainty is provided by all the 𝑑 = 26 geometrical parameters therein indicated, assumed
to follow a Gaussian distribution with the nominal values in Table 4 and a relative standard deviation of 10%. The nominal values
re the same for the geometry and position of each trace within a section, but the variation is assumed to be independent for each
onductor. The voltage source on the left produces a 5-V pulse with a duration at half width of 1 ns and rise/fall times of 0.1 ns.
he circuit is implemented in HSPICE. The target quantity of interest is the far-end crosstalk voltage denoted as 𝑣FEXT, i.e., the
oupling occurring between the inner transmission line traces, which are directly connected to the voltage source, and the adjacent
ine at the bottom of Fig. 12(a). References results are obtained based on a MC simulation with 5000 runs, which takes 1 h 21 min,
hereas the SGM-based method used for the previous example is hardly applicable in the large dimensional setting of this example.

We first focus the analysis on a scalar quantity, namely the maximum crosstalk occurring over time. This is computed as the
maximum absolute value of the transient response of 𝑣FETX(𝑡) for a given parameter configuration and describes the worst-case
coupling that can be expected over time for the given voltage source. We use the proposed PCE-GPR method to compute a third-
order PCE. We consider an anisotropic kernel and we train the model in UQLab using ML estimation and the hybrid covariance
matrix adaptation-evolution strategy (HCMAES) optimizer. We compare the performance against LAR, OMP, SP, and BCS methods
as well as a standard GPR formulation with a squared-exponential kernel.

First of all, the performance is assessed based on the RMSE error between the model predictions and the reference MC samples.
To this end, we consider three different sample sizes for training, namely 𝐿 = 40, 𝐿 = 60, and 𝐿 = 80. To assess the dispersion of
he performance across different training datasets, we perform 50 independent runs for each sample size with randomly generated
onfigurations of the uncertain parameters. An instance of the aforementioned modeling methods is trained with each dataset. For
ll the PCE methods, two different truncations are considered: a total degree truncation and a hyperbolic truncation with 𝑢 = 0.7.
hile the former exhibits 3654 expansion terms, the latter reduces the expansion to 404 terms only.
The results are illustrated by the boxplot in Fig. 13. The analysis allows us to make two interesting considerations. First, the

two PCE-GPR results are virtually identical, thereby suggesting that high-order interactions can be safely neglected, as is the case
for the hyperbolic truncation. We remind that these are two different approximations (truncations) of the same full kernel model.
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Fig. 13. Boxplot illustrating the RMSE achieved for the coupled transmission line circuit of Fig. 13 by the various methods over 50 independent runs and for
three samples sizes.

Table 5
RMSE on the maximum crosstalk obtained with the various methods across 50 training datasets.

Method Mean (V) Standard deviation (V) Maximum (V)

𝐿 = 40 𝐿 = 60 𝐿 = 80 𝐿 = 40 𝐿 = 60 𝐿 = 80 𝐿 = 40 𝐿 = 60 𝐿 = 80
LAR 0.0558 0.0390 0.0317 0.0139 0.0075 0.0049 0.0992 0.0689 0.0450
OMP 0.0649 0.0443 0.0344 0.0176 0.0093 0.0061 0.1048 0.0622 0.0560
SP 0.0716 0.0525 0.0379 0.0225 0.0147 0.0105 0.1299 0.0984 0.0648
BCS 0.0490 0.0343 0.0277 0.0130 0.0085 0.0044 0.0766 0.0676 0.0446
Standard GPR 0.0363 𝟎.𝟎𝟐𝟎𝟖 𝟎.𝟎𝟏𝟖𝟒 0.0229 0.0070 0.0128 0.1193 0.0559 0.0974
PCE-GPR 𝟎.𝟎𝟐𝟗𝟓 0.0223 0.0190 𝟎.𝟎𝟎𝟔𝟒 𝟎.𝟎𝟎𝟒𝟓 𝟎.𝟎𝟎𝟑𝟏 𝟎.𝟎𝟓𝟓𝟑 𝟎.𝟎𝟑𝟒𝟏 𝟎.𝟎𝟐𝟔𝟓

On the contrary, the results of LAR, OMP, SP, and BCS for the total degree and the hyperbolic truncation differ significantly, the
latter being more accurate. This is explained by the fact that, while the hyperbolic model virtually provides the same accuracy as
oted above, the coefficients of a smaller basis are estimated by regression methods with a higher accuracy for a given sample size.
t is important to remark, however, that the optimal basis cannot be easily determined a priori. In the case of PCE-GPR instead, the

truncation can be adjusted a posteriori. Second, BCS yields the most accurate results among the state-of-the-art methods. However,
PCE-GPR achieves a significantly lower median error and dispersion across all training set sizes.

The results are summarized in Table 5 in terms of mean, standard deviation, and maximum of the RMSE across the 50 training
atasets. The results of the LAR, OMP, SP, and BCS methods refer to the hyperbolic truncation. It is noted that PCE-GPR provides
omparable or better accuracy than the standard GPR. In particular, it exhibits a more consistent performance with a maximum
MSE that is less than half for the datasets with 𝐿 = 40 and 𝐿 = 80 samples and a standard deviation that is up to four times lower.
his is appreciated also in Fig. 13, where PCE-GPR does not exhibit any large-error outliers as appearing instead in the standard
PR results. In this regard, we should point out that we do not expect PCE-GPR to necessarily provide a more accurate prediction
ompared to state-of-the-art GPR formulations based on standard choices of the prior covariance, as the main benefit of PCE-GPR

lies in the analytical calculation of moments and sensitivity indices.
Next, we compute the Sobol’ indices to gauge the impact of each geometrical parameter on the variability of the crosstalk. We

generate reference results using a quasi-MC approach based on 𝑁 = 1000 samples [85]. This requires overall the simulation of
𝑁(𝑑 + 2) = 28 000 configurations, which took 7 h 10 min. The results are shown in Fig. 14 for a single realization of the three
datasets of increasing size. The PCE-GPR predictions are compared against BCS and include the 95% confidence interval indicated
by the error bars. In this regard, it is important to remark that the MC indices are an estimate based on relatively low number of
samples (i.e., 1000 per dimension), and the results should be better compared to the ‘‘exact’’ indices, which are however unavailable.
All methods compare well with the reference MC solution and identify the uncertain variables with indices 𝑖 = 8, 15, 19 as the three
most relevant parameters, which correspond to the substrate thickness ℎ, the vertical position 𝑑3𝑟 of the right trace in transmission
line #3, and the gap 𝑔3 between the traces in the same transmission line section. This is reasonable, as crosstalk is primarily affected
by the distance between the traces. Nevertheless, PCE-GPR obtains a more accurate prediction especially with the second and third
training dataset, and the reference MC value always lies within its 95% confidence interval.

We now move to a full transient analysis that considers the entire time-domain response of 𝑣FEXT, which is evaluated at 𝑃 = 1001
time points with the SPICE simulator. We compare the PCE-GPR predictions based on the multi-output formulation of Section 6 to
the results obtained with LAR and BCS in UQLab, which train a separate model for each column when a matrix dataset is provided.
Fig. 15 shows, in the top panels, a subset of 100 samples from the MC simulation (thin gray lines). The mean of the MC samples
is shown by the thick solid blue line and is compared to the LAR (dashed red line) and BCS result (dotted purple line). The shaded
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Fig. 14. Non-normalized Sobol’ indices for the maximum crosstalk in the coupled transmission line network of Fig. 12, computed for three dataset sizes with
MC (blue circles), BCS (red crosses), and GPR (green asterisks with 95% confidence interval).

Fig. 15. UQ of the transient crosstalk in the network with coupled transmission lines. The top panels show a subset of MC samples (gray lines), the mean
computed from the MC samples (thick blue line), with LAR (dashed red line) and BCS (dotted purple line), as well as the 95% confidence interval of the
PCE-GPR prediction of the mean (shaded green area). The bottom panels show the variance of the MC samples (solid blue line), the variance computed with
LAR (dashed red line) and BCS (dotted purple line), and the 2-sigma confidence interval of the PCE-GPR prediction of the variance (shaded green area). The
left and the right panels refer to the smallest and the largest training dataset, respectively. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

green area shows the 2-sigma confidence interval of the PCE-GPR prediction of the mean. The insets allow appreciating the accuracy
of PCE-GPR in predicting the mean transient crosstalk. The bottom panel of Fig. 15 shows, with the same curve identification, the
prediction of the crosstalk variance. The difference between the 2-sigma and the 95% confidence intervals is found to be minimal,
with the former being faster to estimate. Although the MC variance is just an estimate with a finite precision, the PCE-GPR prediction
compares well, with the confidence interval providing a good indication of the prediction uncertainty. Conversely, the LAR and BCS
esults are less accurate and less smooth, as seen in the insets, with the latter being particularly irregular and spiky over time.

Finally, Table 6 provides an estimate of the actual confidence level of the PCE-GPR predictions. For this analysis, we take the
MC estimates as the reference and we count the rate at which they fall within the 2-sigma interval of the PCE-GPR prediction over
50 independent runs with randomized training datasets. Since the rate may differ over the time points, we provide the result in
terms of average, median, and mode. We exclude from the analysis the response before 𝑡 = 6.2 ns, as crosstalk is virtually zero and
mall numerical errors may alter the calculation. Moreover, we consider both (24) and (59) to calculate the total variance of the

PCE-GPR model.
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Table 6
Actual confidence level of the PCE-GPR predictions in terms of average, median, and mode over time.
Variance model 𝐿 = 40 𝐿 = 60 𝐿 = 80

𝜇𝑣FEXT 𝜎2𝑣FEXT 𝜇𝑣FEXT 𝜎2𝑣FEXT 𝜇𝑣FEXT 𝜎2𝑣FEXT
Eq. (24) Average 90% 83% 93% 83% 95% 80%

Median 90% 84% 94% 84% 96% 80%
Mode 88% 86% 98% 90% 96% 78%

Eq. (59) Average 94% 81% 96% 74% 95% 78%
Median 94% 82% 96% 76% 96% 80%
Mode 94% 76% 98% 90% 96% 74%

Fig. 16. Schematic of the low-noise amplifier considered in the third application example.

The figures in Table 6 show that the actual confidence level is very close to the theoretical 95% for the predicted mean, and
ith both estimates of the total variance. Conversely, the confidence level of the predicted variance is slightly lower, with (24)

providing a more conservative result. However, we should keep in mind that the following two factors contribute in making the
actual confidence deviate from the reference 95% value: (1) the calculation is based on the MC estimate of the moments rather
than on their actual value, and the difference may be non-negligible especially for the variance; (2) the 2-sigma interval does not
precisely correspond to a 95% confidence level for the variance due to its non-Gaussian predictive distribution, though it does
provide a reasonable approximation. Overall, this analysis demonstrates with a practical example that the 2-sigma interval, which
is more straightforward to compute, effectively indicates the prediction uncertainty associated with the limited quantity and specific
selection of training samples. Additionally, it confirms that the model in Eq. (24) offers a valid alternative for calculating the total
ariance.

8.3. Low-noise amplifier

The last proposed example concerns the low-noise amplifier whose schematic is depicted in Fig. 16. This is a circuit designed to
amplify an input radio-frequency signal at 2 GHz. The variability is provided by 𝑑 = 25 uncertain parameters, including the resistors
and the capacitors in Fig. 16, the width of the four microstrip sections, and 11 parameters within the BFG425 W bipolar junction
transistors. These parameters are assumed to follow a uniform distribution within ±20% from the nominal value. We refer to [61]
for additional details on this test case.

Just like in the previous example, we first focus the analysis on a scalar quantity, i.e., the amplifier gain at the designed operating
requency of 2 GHz. This corresponds to the magnitude of the scattering parameter 𝑆21, expressed in decibels, which is obtained
ith HSPICE via a small-signal frequency-domain simulation around the bias point. For this purpose, we train a single model for the
ain directly. For the PCE-based methods, we compute a third-order model with either a total degree or a hyperbolic truncation with
= 0.7. The two models feature 3276 and 376 expansion terms, respectively. The performance is also compared against a standard
PR model with an anisotropic squared-exponential kernel. We consider once again three training datasets of increasing size, with
= 30, 𝐿 = 60, and 𝐿 = 90 samples. Reference results are generated with a MC analysis based on 5000 random configurations of

he uncertain parameters, which takes 1 h 3 min.
Fig. 17 illustrates the RMSE obtained by the various methods over 50 independent runs for each of the three dataset sizes.

Similarly to the previous example, the PCE-GPR models with total degree and hyperbolic truncation exhibits similar performance,
meaning that higher-order interactions can be safely neglected also in this example. Conversely, LAR, OMP, SP, and BCS all yield
a more accurate model when the basis functions are pruned a priori to retain only the most relevant terms. Nevertheless, the error
remains significantly larger compared to PCE-GPR, which achieves a median RMSE that is 2.6× to 1.4× lower than the best alternative
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Fig. 17. Boxplot illustrating the RMSE achieved for the low-noise amplifier of Fig. 16 by the various methods over 50 independent runs and for three samples
izes.

Table 7
RMSE on the amplifier gain obtained with the various methods across 50 training datasets.

Method Mean (dB) Standard deviation (dB) Maximum (dB)

𝐿 = 30 𝐿 = 60 𝐿 = 90 𝐿 = 30 𝐿 = 60 𝐿 = 90 𝐿 = 30 𝐿 = 60 𝐿 = 90
LAR 0.4002 0.1697 0.1198 0.1091 0.0298 0.0174 0.5630 0.2596 0.1661
OMP 0.5424 0.1794 0.1371 0.1690 0.0679 0.0237 0.9148 0.6127 0.1927
SP 0.6194 0.1959 0.1475 0.1955 0.0522 0.0320 1.0062 0.3194 0.2061
BCS 0.4221 0.1387 0.1122 0.0760 0.0634 0.0159 0.5649 0.5647 0.1674
Standard GPR 0.2536 0.1145 𝟎.𝟎𝟓𝟏𝟏 0.1468 0.0662 𝟎.𝟎𝟏𝟐𝟏 0.6326 0.4121 𝟎.𝟏𝟎𝟔𝟎
PCE-GPR 𝟎.𝟐𝟎𝟒𝟔 𝟎.𝟏𝟎𝟔𝟖 0.0754 𝟎.𝟎𝟖𝟕𝟏 𝟎.𝟎𝟒𝟐𝟏 0.0179 𝟎.𝟑𝟗𝟏𝟐 𝟎.𝟐𝟕𝟎𝟗 0.1478

Fig. 18. PDF of the amplifier gain computed with MC (solid blue line), LAR (dashed red line), and BCS (dotted purple line) in comparison with the 95%
onfidence interval of the PCE-GPR prediction (shaded green area), for three training datasets of increasing size. (For interpretation of the references to color in
his figure legend, the reader is referred to the web version of this article.)

PCE method. The results for the RMSE are summarized in Table 7. The metrics indicate that PCE-GPR performs similarly to standard
GPR overall but outperforms it on the smaller training datasets.

Based on the previous analysis, we restrict further investigations to PCE models with hyperbolic truncation and in comparison
ith LAR and BCS, which turned out to provide the best performance among the state-of-the-art approaches. Fig. 18 shows the

PDF of the amplifier gain. The distribution of the MC samples (solid blue line) is compared to the predictions obtained with LAR
(dashed red line), BCS (dotted purple line), and PCE-GPR (shaded green area, representing the 95% confidence interval) with the
three datasets of increasing size. While LAR and BCS fail in obtaining an accurate model even with 90 training samples, the PCE-GPR
prediction is already in very good agreement with the reference with 30 training samples only.

Next, we perform a sensitivity analysis of the gain. Fig. 19 shows the non-normalized Sobol’ indices and compares the results
f BCS (red crosses) and PCE-GPR (green asterisks with 95% confidence bars) against the MC reference, computed based on 27 000

configurations of the input parameters (blue circles). The remarkable result is that PCE-GPR allows to correctly identify the most
relevant parameters, with the MC reference falling almost always within its confidence interval. It should be noted that propagating
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Fig. 19. Non-normalized Sobol’ indices for the gain of the low-noise amplifier of Fig. 16, computed for three dataset sizes with MC (blue circles), LAR (red
diamonds), and GPR (green asterisks with 95% confidence interval).

Fig. 20. Frequency-dependent scattering parameters 𝑆11 (left) and 𝑆21 (right). The top panels show the magnitude of a subset of MC responses (thin solid gray
lines) as well as the magnitude of the average response obtained from the MC samples (thick solid blue line) and with the PCE-GPR model (dash-dotted green
lines and shaded green area, representing the 2-sigma confidence interval). The bottom panels show, with the same color scheme, the variance of the MC samples
and the corresponding PCE-GPR prediction. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

the prediction uncertainty to the Sobol’ indices with the MC-based approach in [60] would require to handle covariance matrices
of prohibitive size, whereas it is straightforward with the PCE-GPR method.

Five parameters turn out to be significantly more relevant than others, with indices 𝑖 = 18, 24, 25, 3, 7. They correspond to
one of the two 5.6-pF capacitors, to the widths of microstrip lines TL3 and TL4, to the collector junction capacitance, and to a
parasitic inductance of the transistor package. The same parameters are identified also by PCE-GPR with the smallest dataset already.
Conversely, BCS fails to identify parameters #18, #3 and #7 as relevant when using only 30 training samples.

Finally, we consider the full frequency-domain response of the amplifier in the 1–3 GHz range. To this end, we simulate both
the complex-valued scattering parameters 𝑆11 (input reflection) and 𝑆21 (gain) at 201 equally-spaced frequency points. However,
accounting for complex data directly is non-trivial, since the baseline GPR framework assumes real-valued observations. A rigorous
pproach would require to introduce a pseudo-covariance between the real and imaginary part [95], which in turn would require

to suitably extend and adapt the PCE-GPR framework. On the other hand, it was shown in [96] that using a pseudo-covariance
provides marginal benefits in the modeling of frequency-domain electrical responses compared to modeling the real and imaginary
part separately. Hence, for the sake of mere illustration, we shall adopt this second strategy, for which the outlined framework
applies almost seamlessly. To this end, we recast the complex-valued dataset 𝒀̃ ∈ C𝐿×𝑃 as an expanded real-valued dataset
𝒀 =

(

Re
(

𝒀̃
)

, Im
(

𝒀̃
))

∈ R𝐿×2𝑃 , which is handled with the multi-output formulation of Section 6. Hence, the total size of the
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Fig. 21. RMSE (blue lines) and training time (red lines) for large training datasets in the network with coupled transmission lines and low-noise amplifier test
cases. The performance of various UQLab implementations of PCE-GPR with isotropic or anisotropic kernel and LOO-CV or ML estimation of the hyperparameters
are compared. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

real-valued multi-output training dataset is 𝑃 = 804 (201 frequency points for both the real and imaginary part of each scattering
parameter). The resulting PCE-GPR model will separately provide the PCE coefficients for the real and imaginary of each output
component.

At this point, it is worth recalling some properties concerning a complex-valued random variable 𝑌 = 𝑈 + 𝑗 𝑉 . The expected
value and variance of 𝑌 are computed as

𝜇𝑦 = E (𝑌 ) = E (𝑈 ) + 𝑗E (𝑉 ) = 𝜇𝑢 + 𝑗 𝜇𝑣 ∈ C (65)

and

𝜎2𝑦 = Var (𝑌 ) = Var (𝑈 ) + Var (𝑉 ) = 𝜎2𝑢 + 𝜎
2
𝑣 ∈ R, (66)

respectively [97]. The PCE-GPR model allows computing 𝜇𝑢, 𝜇𝑣, 𝜎2𝑢 , and 𝜎2𝑣 probabilistically, in terms of both expected value and
ariance. Therefore, by applying again (65) and (66), the expected value and the variance of 𝜇𝑦 and 𝜎2𝑦 are obtained as

E
(

𝜇𝑦
)

= E (

𝜇𝑢
)

+ 𝑗E
(

𝜇𝑣
)

(67)

Var
(

𝜇𝑦
)

= Var (𝜇𝑢
)

+ Var (𝜇𝑣
)

(68)

E
(

𝜎2𝑦
)

= E (

𝜎2𝑢
)

+ E (

𝜎2𝑣
)

(69)

Var
(

𝜎2𝑦
)

= Var (𝜎2𝑢
)

+ Var (𝜎2𝑣
)

. (70)

The results are shown in Fig. 20 for a training dataset with 90 samples. The thin gray lines in the top panels are a subset of MC
responses and show the large variability of the scattering parameters, especially the return loss in the neighborhood of the operating
frequency. Nevertheless, the PCE-GPR predictions (dash-dotted green lines) and their respective 2-sigma confidence intervals (shaded
green areas) compare very well with the reference MC results (thick solid blue lines), as can be further appreciated in the insets. It
hould be noted that the exact predictive distribution of the variance, being the sum of two generalized chi-square distributions, is
ifficult to derive in closed form.

9. Training accuracy and efficiency

In this section, we investigate the performance of PCE-GPR in terms of both accuracy and training cost when the number of
training samples is increased. In this regard, it is important to keep in mind that, when targeting the UQ of complex designs, it is
crucial to limit the number of training samples to be competitive against a classical MC simulation. Hence, the designer is usually
constrained to a small-data scenario, with a number of training samples in the order of a few hundreds at most. Specifically, we
focus on the single-output test cases of Sections 8.2 and 8.3 and we consider the UQLab implementation with isotropic or anisotropic
kernels and using LOO-CV or ML for the estimation of the hyperparameters.

The results are provided in Fig. 21 for the network with coupled transmission lines of Section 8.2 (left panel) and the low-noise
amplifier of Section 8.3 (right panel). The plots show the performance in terms of RMSE (left axes, blue lines) and training cost
right axes, red lines) for the different implementations when the number of training samples is doubled from 125 to 2000. In terms
f accuracy, the implementation with an anisotropic kernel and ML estimation (dotted lines) overall achieves the best results.

As far as the training time is concerned, the computational cost increases significantly with the number of samples, a typical
behavior of GPR. For both test cases, the model is trained within a few seconds up to 250 training samples, regardless of the specific
implementation. For the network with coupled transmission lines, the training time remains below 1 minute up to 500 samples with
all implementations, and up to 1000 samples for the anisotropic LOO-CV implementation. However, the training time is comparable
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Fig. 22. UQ of the interconnect delay obtained with PCE-GPR for three training datasets of increasing size. Top panels: 95% confidence interval of the PDF
rediction (shaded green area) in comparison with the distribution of the MC samples (blue lines). Bottom panels: non-normalized Sobol’ indices.

for all implementations, although anisotropic kernels require to solve a minimization problem in 𝑑 dimensions (or 𝑑 + 1, if noise is
onsidered), rather than in one (or two) dimensions. The situation differs for the low-noise amplifier test case, for which the training
ime remains below 1 minute only up to 250 training samples. A detailed analysis reveals that, for problems uniform variability,
he calculation of the kernel matrix for a large number of samples incurs an extra cost due to the evaluation of the elliptic integral
n (32). The post-processing calculation of the PCE coefficients and the prediction of the test samples for the calculation of the

RMSE, which are common to all implementations, are instead negligible (within 1 s) even for the largest training dataset.
All in all, the implementation with anisotropic kernels and ML estimation exhibits a good trade-off between accuracy and training

cost. However, all implementations obtain accurate results with a limited training cost when the number of training samples is below
a few hundreds, which is the case of interest for the intended applications to UQ of complex designs. For larger datasets, the proposed
method could benefit from established techniques for handling large-scale data (e.g., [98]).

10. High-dimensional example

Finally, we apply the PCE-GPR method to a high-dimensional variant of the coupled line network example of Section 8.2. The
additional uncertainty is provided by all the 29 lumped elements (resistors, inductors, and capacitors), by the microstrip trace
width, thickness, and length of all transmission lines, and by their conductivity. The total number of uncertain parameters is thus
𝑑 = 54. A Gaussian distribution with a 10% relative standard deviation from the nominal values in Fig. 12 is assumed. For the trace
conductivity, a nominal value of 58 MS/m (copper) is considered.

Given that interconnect delay is a critical aspect of integrated circuits, we focus our analysis on the delay of the voltage 𝑣TX,
efined as the time at which the voltage crosses 100 mV. We use the PCE-GPR method to compute a third-order expansion based on
hree datasets with 𝐿 = 50, 𝐿 = 100, and 𝐿 = 150 samples. Following the conclusions of the previous section, we keep adopting the
QLab implementation with an anisotropic kernel and ML estimation of the hyperparameters by means of the HCMAES optimizer.

Fig. 22 shows, in the top panels, the 95% confidence bounds of the PDF of the interconnect delay obtained with PCE-GPR (shaded
reen area) in comparison with the distribution of 5000 MC samples (blue lines) for the three training datasets. The confidence

bounds provide once again a good indication of the prediction accuracy, with the reference MC distribution always lying within
them. The bottom panels provide instead the Sobol’ indices describing the individual contribution of each uncertain variable on
the delay. It is found that the most critical parameters are the length of the 5-cm transmission line and the relative permittivity of
he substrate, followed by the length of the 3-cm and 2-cm transmission line sections on the same path, and by the height of the
ubstrate. These parameters are already identified with the smallest training dataset.

Next, we assess the performance over 50 independent realizations of the training datasets. We also compare the results against
the state-of-the-art PCE methods, for which we let the hyperbolic truncation factor to be adaptively selected between 𝑢 = 0.5 and
𝑢 = 0.7, and a standard GPR formulation with an anisotropic squared-exponential kernel. Table 8 provides the results in terms
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Table 8
Performance comparison between PCE-GPR and the state-of-the-art methods across 50 training datasets.
Method Median RMSE (ps) Dispersion (ps)

𝐿 = 50 𝐿 = 100 𝐿 = 150 𝐿 = 50 𝐿 = 100 𝐿 = 150
LAR 22.6572 5.0996 3.5962 9.0208 1.3750 0.3887
OMP 32.5400 8.4972 3.9986 5.9191 9.5288 1.0713
SP 25.1114 4.6808 3.4860 10.7082 1.0876 0.9801
BCS 17.4715 3.9300 3.1014 5.1374 0.4340 0.5113
Standard GPR 19.8310 11.9584 8.6832 3.1943 1.7419 0.7464
PCE-GPR 𝟓.𝟔𝟖𝟔𝟑 𝟐.𝟑𝟔𝟑𝟗 𝟏.𝟔𝟒𝟑𝟕 𝟐.𝟖𝟓𝟏𝟔 𝟎.𝟑𝟏𝟗𝟔 𝟎.𝟏𝟒𝟏𝟔

Table 9
Predicted mean and variance of the interconnect delay and training time for PCE-GPR across various training datasets.

Method Observations 𝜇𝑦 (ns) 𝜎2𝑦 (ns2) Training time (s)
MC 𝑁 = 5000 1.1012 2.6294 × 10−3 –

PCE-GPR 𝐿 = 50 1.1006 2.5800 × 10−3 3.7
(2-sigma bounds) [1.1000, 1.1012] [2.4681, 2.6919] × 10−3

𝐿 = 100 1.1012 2.5786 × 10−3 5.7
[1.1008, 1.1015] [2.5349, 2.6222] × 10−3

𝐿 = 150 1.1010 2.6236 × 10−3 11.0
[1.1008, 1.1011] [2.6010, 2.6461] × 10−3

of median RMSE and dispersion, which we define as the difference between the 75% and 25% quantiles. PCE-GPR is found to
utperform all the alternative methods in both metrics. Lastly, Table 9 provides the results regarding the estimation of the mean

and the variance of the delay with one instance of the training datasets, as well as the training time. The figures further confirm that
CE-GPR achieves very accurate results with a reasonable training time and that the associated confidence bounds are conservative.

11. Conclusions

This paper presented a novel UQ method that effectively combines PCE and GPR. The proposed approach leverages special
implicit kernels that build upon Hermite or Legendre polynomials and inherits the advantages of both techniques, namely analytical
statistical and sensitivity information from PCE and training efficiency, scalability to higher dimensions, and embedded confidence
information from GPR. Therefore, PCE-GPR provides accurate statistical information with a limited amount of training data and the
inclusion of confidence levels.

Closed-form formulas were derived to convert from GPR to PCE model coefficients, and for the expected value and covariance
f the classical statistical information provided by the PCE. One remarkable property is that the PCE coefficients can be computed

individually and up to an arbitrary order, which does not need to be defined upfront and without the need to form the entire
set of basis functions at once. A simple multi-output formulation was also discussed. The standard single-output formulation was
demonstrated to be compatible with the general-purpose Kriging module in UQLab, which offers several established methods for
hyperparameter estimation and optimization.

The method was first illustrated based on two analytical benchmark functions. It was then applied to three test cases in
electrical engineering, namely a network with single microstrip transmission lines, a network with coupled microstrip lines, and
 low-noise amplifier. For all test cases, the advocated PCE-GPR was shown to achieve accurate results and outperform state-

of-the-art PCE-based methods such as LAR, OMP, SP, and BCS, in terms of accuracy and training data required. Repeated-run
analyses over multiple realizations of the training datasets showed that PCE-GPR consistently achieved a lower median error and
a lower dispersion compared to the abovementioned methods. The performance was instead comparable to classical GPR, which
however does not provide statistical information in closed form. Moreover, the analyses also confirmed that the calculated posterior
covariance provides an accurate indication of the actual prediction confidence related to the limited availability of data. The excellent
performance of PCE-GPR was further confirmed for a modified version of the network with single transmission lines, in which the
number of uncertain parameters was increased to 54.

The multi-output formulation was shown to be accurate and viable, although its accuracy was found to be lower than an
lternative and common approach based on PCA. The training efficiency decreased with larger datasets, above a few hundred
amples. This is a common limitation of GPR-based methods. However, in the proposed application examples, this did not impact
erformance, as PCE-GPR achieved accurate results with a small sample size, aligning well with the primary goal of UQ in complex
ystems.

Based on the results achieved, the proposed method shows potential to become a highly effective technique for data-driven PCE.
At the moment, the formulation is limited by the available kernels to Gaussian and uniform random variables only. Future works will
ddress the extension to other distribution types, the investigation of alternative strategies for multiple and possibly complex-valued
utputs, the inclusion of the PCE-GPR in optimization frameworks, and the scalability to larger datasets.
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Fig. A.23. Predictive distribution of 𝜇𝑦 and 𝜎2𝑦 . Solid blue line: numerical estimate; dashed green line: analytical model.

Fig. A.24. RMSE on the prediction of the MC samples for different values of the hyperparameter 𝜌 (blue line). The red star indicates the hyperparameter value
selected by the LOO-CV scheme.
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Appendix. Further results for the one-dimensional illustrative function

Fig. A.23 shows the posterior distribution of the predicted mean and variance of (60). The analytical model obtained from
the mean vector and covariance matrix of the PCE coefficients, i.e., a Gaussian distribution for 𝜇𝑦 and a generalized chi-square
distribution for 𝜎2𝑦 , is shown by the dashed green line. The reference distribution (solid blue line) is calculated numerically based
on a large number of posterior trajectories. The trajectories are then integrated according to (10) to compute the PCE coefficients,
rom which the corresponding samples of the predicted mean and variance are obtained. The results are in excellent agreement and
urther validate the posterior model of the PCE coefficients.

We now investigate the impact of the hyperparameter 𝜌. To this end, we sweep it in the interval (0, 1) rather than optimizing its
value, and we assess the resulting RMSE error on the prediction of the MC samples. The results are shown by the solid blue line in
Fig. A.24. For reference, the red star indicates the location of the hyperparameter value selected through the LOO-CV scheme. This
value is remarkably close to the actual optimum except for the dataset with 𝐿 = 5 samples. However, the variation of the RMSE
error in the hyperparameter range is found to be rather marginal in that case. Moreover, it is reasonable that the LOO-CV estimate
become more and more accurate when the number of training samples is increased.
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Table A.10
Estimate of the actual confidence level of PCE-GPR predictions.

Variance model Training samples 𝜇𝑦 𝜎2𝑦 𝑐0 𝑐1 𝑐2 𝑐3 𝑐4 𝑐5 𝑐6 𝑐7 𝑐8 𝑐9 𝑐10

Eq. (24) 𝐿 = 5 100% 93% 100% 100% 100% 60% 84% 100% 100% 100% 100% 100% 100%
𝐿 = 7 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%
𝐿 = 10 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%

Eq. (26) 𝐿 = 5 100% 96% 100% 100% 100% 70% 94% 100% 100% 100% 100% 100% 100%
𝐿 = 7 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%
𝐿 = 10 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100% 100%

Finally, we assess the actual confidence level of the PCE-GPR predictions based on the results of the repeated-run analysis. Since
the posterior variance is a measure of the uncertainty related to the specific choice of the training samples, the actual confidence level
is estimated by counting the rate at which the reference result actually falls within the 95% confidence interval of each prediction.
Table A.10 reports the result over the 100 runs for all the predicted quantities of interest, i.e., the individual PCE coefficients as
well as the mean and the variance (recall that the mean and the coefficient 𝑐0 actually coincide). In this analysis, we compare the
wo alternative calculations of the total GPR variance 𝜎2t ot , i.e., the ML estimate (24) and the LOO-CV estimate (26). It is observed
hat the actual confidence often exceeds the theoretical value of 95% up to a 100% rate, thereby indicating a slight overestimation
f the prediction uncertainty. There is an exception for the coefficient 𝑐3 and the training dataset of size 𝐿 = 5. It is also noted that
26) provides a more accurate estimate in that case. In general, it is reasonable that the estimation of the prediction uncertainty

improves by increasing the number of data samples.

Data availability

Data will be made available on request.
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