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1 | INTRODUCTION

In the past century, the classical Calderén-Zygmund theory has been developed in the Euclidean setting and, more gen-
erally, on spaces of homogeneous type, see among others [6, 16, 36]. In the following years, many efforts have been made
to generalize such theory in various nondoubling settings, both of polynomial and exponential growth (see, e.g., [3, 7, 8,
11, 17, 28, 30, 32, 39, 40, 42, 45]).

In this paper, we are specifically interested in the approach of one of the contributions listed above. Namely, the seminal
paper [17] of some 20 years ago by Hebisch and Steger, in which they introduced an abstract Calderén-Zygmund theory
based on the following definition.

Definition 1.1. A metric measure space (X, d, u), with u(X) = oo, has the Calderén-Zygmund property (CZP) if there
exists C, > 1 such that, for every f € L'(u) and « > 0, there exist a countable family of sets £(f,a) = {E i}, positive
numbers r, and points x; € X for which f = g + Zj bj, in such a way that, for every j € N,

(a) |g| £ Cpa u-almost everywhere;

(b) bj =00n X\ Ej;

(© X lIbjlly < Collfll1 and ij bjdu=0;

(d) E;j € B(xj,Cyrj);

(@) X, uE) < 2SIl where EY = {x : d(x.E;) <rj}.

Insuch case,welet & = {E € &(f,a) : f € L*(u), a > 0}, and we say that (X, d, «) has the CZP with respect to the family
&, and that &€ is a CZ family for (X, d, w).

Observe that properties (a), (b), and (c) in Definition 1.1 only concern (X, ) as a measure space, and do not depend in
any way from the choice of a metric d on X. We will say that L'(«) admits a CZ decomposition with respect to the family
& if (a), (b), and (c) hold true.

In [17], the authors provided evidence that spaces enjoying the CZP constitute a fertile environment to develop harmonic
analysis (in particular singular integrals theory) which goes beyond the comfort zone of the spaces of homogeneous type.
Indeed, while all spaces of homogeneous type have the CZP, the class of spaces with the CZP is strictly larger, and it even
includes some natural and well-studied spaces of exponential growth. In the discrete setting, a first example of such a
class is provided by homogeneous trees with the natural distance and the canonical flow measure [17]. It was later shown
in [24] that the CZP actually extends to any tree (non-necessarily homogeneous) with any locally doubling flow measure
(not necessarily the canonical one). Also in the continuous setting, on which we focus in this paper, there exist nontrivial
examples of spaces of exponential growth enjoying the CZP. Consider the group G = N X A, where N is a stratified Lie
group and A = R, acts on N via automorphic dilations. Let d; be a suitably chosen Carnot-Carathéodory metric on G
and p a right Haar measure on G. Then, (G, dg, p) has the CZP. This result was first proved in [17, Lemma 5.1] for the case
N = R" (i.e., when G is a so called ax + b group), and then extended to the general case of arbitrary stratified Lie group
N in [28, Theorem 3.20].

The aim of this paper is to enrich further the fauna of noncompact Lie groups of exponential growth treatable in the
context of the abstract Calderéon-Zygmund theory described above. Our setting is the following. We consider the same
groups G as in [28] and a class Z of left-invariant vector fields having nonvanishing vertical component. Given a vector
field Z € Z, we say that a measure u is a Z-flow if it is absolutely continuous with respect to p and its Radon-Nykodim
derivative g is right-invariant with respect to the multiplication by exp(tZ), t € R. We introduce the class 7, of measures
1 on G that are Z-flows and such that (N, dy, uy) is doubling, where duy(n) := ¢(n, 1)dn (see Section 2) and dy is a
Carnot-Carathéodory metric on N. We then construct an associated family D of subsets of G, and we define a flow
metric d; (see Sections 3, and 5, respectively, for their precise definitions). It is important to point out that the space
(G, dyz, 1) has exponential growth, and hence it is nondoubling, at least when ¢ is bounded away from zero on G. Our
main result is the following.

Theorem 1.2. For every vector field Z € Z and any measure u € F, the metric measure space (G,d, u) has the CZP with
respect to the family D”.
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Theorem 1.2 is strictly more general than the result of [28] previously cited. Indeed, right Haar measures belong to ¥,
for any Z € Z, so that in Theorem 1.2 one can always choose, in particular, u = p, as in [28]. In general, F is a large class
of measures, we refer to Remark 2.3 for a specific example. Moreover, (see Section 6) when Z is the vertical vector field
X (see Section 2), then d; = dg. That said, [28, Theorem 3.20] can be rephrased saying that (G, d, u) has the CZP with
respect to the family D? if Z = X,, and u = p.

We point out that our proof of Theorem 1.2 is new (even in the known case in which d; = d; and u = p), since we
cannot exploit the left-invariance of the metric nor that of the measure.

As mentioned before, having the CZP is a key ingredient to develop a theory of singular integrals on a metric measure
space. In particular, Theorem 1.2 implies boundedness properties for a class of linear integral operators on (G, d, 1) whose
kernels satisfy a Hormander-type condition, see Theorem 5.4. A first natural project in this direction would be the study
of the boundedness properties of the Riesz transform associated with a flow Laplacian on G (i.e., a Laplacian operator self-
adjoint on L?(u)). Such boundedness has already been studied on the ax + b group (in [14, 17, 27, 34]), on homogeneous
trees (in [17, 22]), and on nonhomogeneous trees in [29]. We are not addressing this or other applications here, leaving it
for a possible follow-up work or for other interested mathematicians.

We now briefly describe the structure of the paper. In Section 2, we recall the basic notions on stratified Lie groups and
their rank one extensions, and we introduce the family of vector fields Z and the class of measures 7, where Z € Z.

In Section 3, we introduce the class of admissible cylinders in G, which resembles the class of admissible sets first
appeared in the ax + b group in [15], which in turn inspired [17, 28]. Note that part of the difficulty here is to find a
natural geometric shape for such sets, while in different nondoubling settings (see, e.g., [32, 39]) the underlying manifold
is Euclidean space equipped with a nondoubling measure, so that cubes are the standard cubes with sides parallel to the
axes and dilations are used to define the subclass of cubes that is suitable for the CZ theory. We then prove thatif u € 7,
then (G, u) admits a family D? of (admissible) dyadic sets (Theorem 3.9). As a consequence, we deduce that L'(u) admits
a CZ decomposition with respect to D? (Theorem 3.10).

In Section 4, we consider the problem of the boundedness of the Hardy-Littlewood maximal function associated with
the admissible cylinders introduced in Section 3. By means of a covering lemma for admissible sets (Proposition 4.4), in
Theorem 4.2 we are able to show that the maximal function is of weak type (1,1).

In Section 5, we introduce a flow metric d; and, by means of some geometric lemmas, we are able to show that (d) and
(e) in Definition 1.1 are satisfied on (G, d, 1) by the sets in D?. This, together with Theorem 3.10, completes the proof of
our main result, Theorem 1.2.

In Section 6, we compare our result with those previously available in the literature. First, we observe, as mentioned
before, that when the vector field Z is vertical then d, = dg, and therefore the result of [28] (and, a fortiori, that of [17])
can be improved to: (G, dg, ) has the CZP with respect to the family D? for any u € F (and not only u = p) if Z is the
vertical vector field. Next, we prove that when N = R" we can even say more. Indeed, we show that in this case d; is
equivalent to d; for any Z € Z. Hence, we can improve the result of [17] further to: for N = R", (G, dg, u) has the CZP
with respect to the family D? for any Z € Z, and any u € F,. We dedicate the last part of the section, and of the paper, to
investigating whether, always with d; as underlying metric, the same level of generality in the choice of the family of sets
and of the measure can be attained also when N is nonabelian. We give a negative answer to this question by providing a
counterexample in the extended Heisenberg group H., also known as the shearlet group [10]. In particular, in Theorem 6.9
we consider a particular vector field Z and we show that (H_, ng , ), which is known to have the CZP with respect to the
family Do already from [28], does not have the CZP with respect to D?.

Throughout the work, we write f(x) < g(x) if there exists a uniform constant C > 0, such that f(x) < Cg(x), for every
x, and we write f(x) ~ g(x) if it is both f(x) < g(x) and g(x) < f(x). Constants carrying a numerical subscript, such as
C1,C,, ... are meant to maintain their value across the whole paper, while C will be used (typically in proofs) for a generic
constant whose value may change from line to line.

2 | PRELIMINARIES AND NOTATION

A Lie algebra n is said to be stratified of step S € N, S > 1, if it admits a vector space decomposition

S

n= @nj, with [n;,n;] Cny;.
j=1
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Every n;isalayerand M := 2521 Jjdim(n;) is called the homogeneous dimension of n. A stratified Lie algebra n can be
equipped with a derivation d such that n; is the eigenspace of d corresponding to the eigenvalue j. A stratified Lie group
N is a simply connected Lie group whose Lie algebra n is stratified.

Any stratified Lie algebra, and then group, is nilpotent, hence unimodular. The push-forward of the Lebesgue mea-
sure on n via expy : n — N is a left and right Haar measure on N, which we fix and denote by dn. The formula
D, = expy((log a)d) defines a family of automorphic dilations (Dy)4c4 on N. Hence, the Lie group A = (R, ) acts on
N via D, : N — N and we can consider the corresponding semidirect product G = N X A, namely the product N x A
endowed with the multiplication

(n,a)(n’,d’) := (nD,(n'),aa’), n,n’ €N, a,a’ € A.

The neutral element of G is 15 = (1y,1) and the inverse of (n,a) € G is (n,a)™! = (Dl/a(n‘l), 1/a). The group G is a
solvable Lie group, and the Lie algebra g of G is naturally identified with the semidirect product of Lie algebras n X a (see
Sections 3.14- 3.15 in [44]), namely g = n @ a, with

(Y, (XL Y], o= (X, X ], + 0y X' —0yX,0), XX €en,Y,Y €a,

where Jy denotes the differential at Y € a of the map a — D,, hence a derivation of a. A left and a right Haar measures
A and p on G are given by

dA(n,a) = a M ldnda do(n,a) = a”'dnda,

respectively. In particular, G is not unimodular.

We put g; =dimnj, 1 < j < S, and consider a basis X ji + 1 <i<gq;}of nj. We fix a scalar product on n that makes
X ji +1<j<S,1<i<gq;}an orthonormal basis of n. Consequently, X110 ,Xl,q]} is an orthonormal basis of n; and
provides a subbundle HN C TN that is called horizontal. We say that a curve yy : [0,1] = N of N is horizontal if
yn(t) € HN for every t € (0,1). The Carnot-Carathéodory distance dy(n,n’) between two elements n,n’ € N is given
by the infimum of the lengths of the horizontal curves joining n and n’. Since the horizontal distribution that makes
X 115 X 1,¢, into an orthonormal basis is bracket-generating, the distance dy is finite and induces on N the usual topol-
ogy. Moreover, the distance dy is left-invariant and homogeneous with respect to the automorphic dilations D,, namely
dy(D,(n),D,(n")) = aMdy(n,n'), for every n,n’ € N and a € A.

The vector fields X ;i € nintroduced before can be lifted to left-invariant vector fields on G by the formula

Xj,il(n,a) = an,i|n for jzl,...,S, l=1”q]
Let X, = adi be the canonical basis on a. We lift it to G by
a
XOl(n,a) = X0|a~
The system {X(, X1 1, ..., X1 ¢, } generates the Lie algebra g and defines a sub-Riemannian structure on G with associated
horizontal distribution HG, sub-Riemannian metric g and left-invariant Carnot-Carathéodory distance d. The following

relation between the Carnot-Carathéodory distances on G and N is proved in [28, Proposition 2.7].

Proposition 2.1. Forall (n,a),(n’,a’) € G,

cosh (dg((n,a),(n’,a’))) = cosh <log %) + dy(n,n')?. )

1
2aa’
Now, we consider the scalar product (-,-) : g X g = C that makes

XJU{X;; 1 1<i<q;,1<j<S}
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an orthonormal basis of g. We consider the vector fields with nonvanishing, hence normalized, vertical component,
namely

Z:={Zeg:(Z,Xy) =1}
Observe that for every Z € Z,
Z-Xoe{Xoy =span{X;; 11<i<q;1<j<S}=n@{0}Cg.
Since for every t € R, exp(tX,) = (1y,e"), there exists n(t) € N such that
(n(t),1) = exp(t(Z — X)) = exp(tZ) exp(~tXo),
namely,
exp (tZ) = (n(t),e"), teR.

Definition 2.2. Given Z € Z, we say that a Borel measure u on G is a Z-flow measure if it is absolutely continuous with
respect to the right Haar measure p, and the Radon-Nikodym derivative ¢ : N X A — [0, +o0) is such that

p(n,a) = p((n,a)exp(tZ)), forevery(n,a)€ G, teR. @)
Clearly, if  is a Z-flow measure, then
W(E exp(tZ)) = w(E), for every Borel set E C G, t € R. 3)

We associate to 4 a measure on N given by

un(F) = /go(n, 1)dn, forevery Borelset F C N.
F

In this paper, we will only consider Z-flow measures u such that (N, dy, uy) is a doubling metric measure space. Therefore,
we put

F, :={Z-flow measures u : (N,dy, uy) is doubling}.
We recall that a measure v on a metric space X is doubling if for every C > 1 there exists a constant D(v, C) > 1 such that
v(B(x,Cr)) < D(v,C)v(B(x,r)), foreveryx e X,r > 0. 4)

Observe that the right Haar measure p is in 7, with respect to any vector field Z € Z, since ¢ = 1 satisfies Equation (2).
Furthermore, in such case, py is a Haar measure of N, which is doubling with respect to a Carnot-Carathéodory metric
on N.

Remark 2.3. Observe that, for any Z € Z, any doubling measure u, on N which is absolutely continuous with respect to
dn, can be associated with some Z-flow in the sense of the above definition. Indeed, if ) : N — [0, +0) is the density of
duy with respect to dn, then it is not difficult to see that the function ¢ : G — [0, +o0) defined by p(n, a) = Pp(nn(loga)™)
is such that ¢(n, 1) = ¥(n) and satisfies Equation (2), so that the measure on G having ¢ as a density is in 7, and uy is
its associated measure on N. See, for example, the case N = R. Fix the generator X = d,, € n. If we consider the vector
field Z = X + Z, € g, then exp(tZ) = (e' — 1,¢"), hence n(t) = e’ — 1. The Haar measure on N is the Lebesgue measure
dx = dn. Given a doubling measure duy(x) = (x)dx on R, we have

o(x,a) = P(x — n(loga)) = P(x —a +1).
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Hence, the value of ¢ at a point of the upper half-plane only depends on its projection to N X {1} = R x {1} through the
lines of the vector field Z. This implies that

dxda
a

F, = {d/x(x, @)= 9(x —a + 1D (R, dg, pdx) is doubnng},

where dp, is the Euclidean distance on R.

3 | ADMISSIBLE CYLINDERS AND DYADIC PARTITIONS

In this section, we first define a family of sets in G which we call cylinders and we discuss a number of useful properties
they enjoy. Then, we introduce the subfamily of the admissible cylinders. Finally, we prove the existence of a family D of
dyadic partitions of G made of admissible cylinders, which leads to a CZ decomposition for functions in L'(w).

3.1 | Cylinders

Definition 3.1. Let E be any subset of N, r > 1 and a € A. The cylinder P, p(a) is defined by
P, x(a) = {(n, Dexp(tZ) : n€E, t € U,(a)},
where
U.(a) = (log <%> log(ar)) CR. 5)
We say that E is the base set of P, p(a).
The next proposition collects some properties enjoyed by cylinders which will be useful in the following.
Proposition 3.2. Forany Z € Z, everys € R, r,r,r, > 1,a,0a;,a, € A, E,E;,E, C N, m € N, the following hold:
() P, g(a)exp(sZ) = P, g(ae’);
(i) exp(sZ)P,g(a) = P,y p)(ae’®), where py(m) := n(s)D,s(m)n(s)~";
(iit) (m, 1P, g(a) = Py mp(a);

(iv) two cylinders P; = P, . (a;), i = 1,2, intersect if and only if E N E, # @ and U, (a;) N U}, (ay) # &;
(v) let P, = P, p(a;),i=1,2. Then,

E(@ay), where W, (E'):= () (B
teU,(a)

PP, D Prlrz,E1~lI’

r.ay

(vi) if uis a Z-flow measure, then

u(Py p(a)) = 2un(E)logr.

Proof. Property (i) is immediate since
P,.p(a)exp(sZ) = {(n, Dexp((t+5)Z):neE,t+seU(a)+ s}

and

U,(a) + s = U,(ae’). (6)
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To prove (ii), first observe that
exp(sZ)(n, 1) = (n(s)Desn, e°) = (Pg(n)n(s), e*) = (Py(n), 1) exp(sZ).
Clearly n € E if and only if ,(n) € 3,(E). Hence we have, by Equation (6)
exp (sZ)P, p(a) = { exp(sZ)(n, 1) exp (tZ) : n €E, t € U,(a)}

- {(zps(n), Dexp((s+0)Z) i n€E, s+t e U,(aeS)}

- {(n’,1) exp(t'Z) : n' € py(E), t' € U,(aeS)}

= P, (p(ac®).
It is straightforward to get (iii):

(m, 1)P, 5(a) = {(m, D(n,1):ne€Ek, te Ur(a)}
- {(mn, 1): mnemE, te U,(a)} = P, n(a).

We now prove (iv). Two cylinders P; = P, . (a;), i = 1,2, intersect if and only if there exist n; € E; and ¢; € U, (a;) such
that

(n1,1) = (ny, D exp((t, — £1)Z) = (nyn(t, — tp),e271),
This is possible if and only iff; = £, and n; = n,. Therefore, Py N P, # #ifand only if By 1 E, # $and Uy, (a1) N Uy, (a2) #

@, which is (iv).
We now turn to (v). First, observe that by means of (ii) and (iii) we have

(n,1)exp(tZ)P, = (n, 1Py, y (5,)(az€") = Py ny,,)(a2€").
Therefore, we can write

PP, = U xP, = U U (n,1) exp(tZ)P,

x€P; nek; teu,, (ar)
= U U Prz,mﬁz(Ez)(aZet) = U Pr2,51¢[(52)(a26t).
nek, tev,, (a1) t€U} (a1)

But for any t € U, (a;) we have E¥,(E,) D E\¥,, 4, (E,), and hence

PP, = U Py, gy, (aze’)
[EUrl (a1)

U {(m, Dexp(sZ) : m € E;Y,(E,), s € U,Z(aze‘)}

t€U,, (ar)

> {mD)exp(s2) - m € By¥y, o, (B, s€ | Unlae)},
tEUrl(al)
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where ¥, , is defined as in the statement. Hence, (v) follows from the fact that

U Ur2(azet) = Urlrz(alaZ)-
tEUrl (a1)

Finally, by (i), Equation (3), and the change of variables (n, a) = (n’,1) exp(tZ), one has

u(Pyp(a)) = u(Py p(1) exp(log aZ)) = u(P, £(1))

logr
= / o((n,1)exp (tZ))dndt
—logr JE

logr

=/ dt/go(n,l)dn
—logr E

= 2logruy(E),

which gives (vi) and completes the proof. O

3.2 | Admissible cylinders

In order to introduce the family of admissible cylinders, we need to recall a celebrated result by Christ, which guarantees
the existence of systems of dyadic cubes in any doubling metric space. We will apply the result to the doubling space

(N,dn, un)-

Theorem 3.3 [4]. Let (N, dy, un) be a doubling metric space. There exist a family Q :={Q € Qy, : k € Z} of open sets of
N and constants § € (0,1), Cy,c > 0, such that for each k € Z, Q,, consists of countably many pairwise disjoint subsets of N
enjoying the following properties:

@) ,uN(N \ l—lQer Q) =0, foreveryk € Z;
(ii) for every Q € Qy, there exists a unique set px(Q) € Qy_; such that Q C pn(Q), while Q N Q' = @ for any other Q' €
Qk_l,'
(iii) for each Q € Qy there exists a point ng € Q such that

By(ng,c6*) € Q C By(ng, C,8%);

(iv) foreach Q € Q, un(pn(Q)) < Crun(Q) and if we put sy(Q) :={Q" € Q : Q = pn(Q")}, then #s5(Q) < C;.

We refer to the properties (iii) and (iv) as eccentricity condition and volume control condition, respectively. It is immediate
that (iv) is a consequence of (iii), and #sy(Q) < C; follows by ux(pn(Q)) < C;u(Q). For simplicity and without loss of
generality, we shall assume C; > 3 and #s5(Q) > 2 for every Q. Furthermore, if Q;, Q, are such that p5(Q;) = Q,i = 1,2,

then, by (iv) we have un(Q;) < un(Q) < C;un(Q,). Hence,

un(Q) pn(Q") #sn(Q) —1 1
un(Q1) Q'esn(Q) un(Q1) G G
Q'#Q
which gives us
1 / /
@2 (145 @), Q€@ ™)
1
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In short, we say that N admits a Christ decomposition, which from now on will be intended to be the family of sets Q
prescribed by Theorem 3.3. We refer to these sets as Christ cubes and we say that Q € Q. has generation k € Z. We will
compare this result with the dyadic decomposition we provide in Theorem 3.9.

Definition 3.4. Fixy > 5, and 1 > ¢*/8. We say that the cylinder P = P, o(a) is an admissible cylinder if Q is a Christ
cube of N of generation k, for some k € Z, and one of the following holds:

(1) r > eand ar? < 8% < Aar?, and in this case we say that P is a large admissible cylinder;
(2) 1 <r <eandae’logr < 8% < lae?logr, and in this case we say that P is a small admissible cylinder.

We now provide a canonical way to partition an admissible cylinder as the disjoint union of smaller admissible cylinders
of comparable measure.

Definition 3.5. Given an admissible cylinder P = P, (a), we define the associated cylinders

a

PV = P\/;,Q< \/_), PN =P o(aV/D).
r
Then, we define the set s(P) of the sons of P as follows:

(i) s(P) ={PV,P"},if PV and P" are simultaneously admissible;
(i) s(P) ={P,(a) : Q" € sy(Q)}, otherwise.

Proposition 3.6. Let Z € Z, u € F; and P be an admissible cylinder. Every P! € s(P) is admissible and
1 / /
(14 & )P < u®) < Cope®, ®)

Proof. Let P = P, o(a) be an admissible cylinder. We need to analyze separately different cases.
CASE 1: P is small admissible. In this case, P¥ and P” cannot be large admissible. On the other hand, it is easy to see
that they are simultaneously small admissible unless

;
(i) 6% < iaez logr or (ii) 8% > L/lae2 logr.
2 241

But (i) cannot hold, since it contradicts the small admissibility of P. It remains to check that if (ii) holds, then P, o/(a) is
small admissible for some (hence, for any) Q" € sy (Q), that is, that

ae’logr < 81 < dae*logr.

The inequality on the right is implied by P being small admissible (since §¥*1 < &¥). For the other, one can use (ii), 51 > e3
and r < e to see that

g 5 O g2 logr > Laeor logr > ae?logr.
24/r 2

CASE 2: P large admissible. In this case, we need to distinguish two sub-cases.
CASE 2.1: ¥ > €. In this case, PV and P" cannot be small admissible. On the other hand, it is easy to see that they are
simultaneously large admissible unless

() 8k < ar¥? or (i) 8 > dar-V/2,
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But (i)’ cannot hold, since it contradicts the large admissibility of P. It remains to check that if (ii)’ holds, then P, o/(a) is
large admissible for some (hence, for any) Q" € sy (Q), that is, that

ar? < 8K+ < par?. ©)

The inequality on the right is implied by P being large admissible (since §¥*! < §%). For the other, one can use (ii)’, 54 > e3
and y > 5 to see that

S > §2ar=D/2 > @3ar? > ar?.

CASE2.2:e < r < e2.In this case, PV and P” cannot be large admissible, and we know from CASE 1 that they are simulta-
neously small admissible unless either (i) or (ii) hold. But once again, (i) cannot hold. Indeed, since SUP, 02 r3/2 logr =

e~3/2_we have

" 0?1 _e -3/21 2 V8 o2
—-ae ogr—?(r ogr)ar < S-ar’ <ar?,

which makes it clear that (i) contradicts the large admissibility of P. It remains to check that if (ii) holds, then P, s (a) is
large admissible for some (hence, for any) Q" € sy(Q), that is, that Equation (9) holds true.

The inequality on the right of Equation (9) is implied by P being large admissible (since 65! < 8%). For the left
inequality, one can use (ii), 51 > ¢* and the fact that inf(, . r=>/?log r = 2¢~° to get

w

gt s O g logr > L ges logr = e—(r‘5/2 logr)ar? > ar?.
24/1 24/r 2
Finally, Equation (8) follows by (vi) in Proposition 3.2, Equation (7), Theorem 3.3 (iv), and the fact that C; > 3. O

Definition 3.7. Given an admissible cylinder P = P, ;(a), we define the associated cylinders

a
p(P) = P,3,Q(r—2), pi(P) = Paglar), p=(P) =P, 0)(a).
Proposition 3.8. LetP = Pr,Q(a) be an admissible large cylinder, r > e, Q € Q;, a € A. Then,

(1) ifar? < 8% < 8Aar?, then p=(P) is a large admissible cylinder;
(2) ifAar’ < 8 < Aar?, then p*(P), p*(P) \ P, p'(P), p'(P) \ P are large admissible cylinders.

Furthermore, whenever P € {p=(P), p*(P), p' (P)},
1 -
(1+ & )uP) < uP) < o).
1

Proof. Let P = P,(a) be an admissible large cylinder, Q € Qy. If ar? < 8% < SAar?, then p=(P) = P, (@), with
pn(Q) € 94, is large admissible since

ar? < 8k < §¥71 < Jar.

This proves (1). If SAar” < 6 < Aar?, then the fact that p'(P) and p'(P) are large admissible follows from the fact that
51 > e and y > 5. Indeed, we have

art < Sdar’ < 8K < dar’ < dar’ 2, ar’ < Slar’ < &% < dar’ < Aar?ti,
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Note that

a
PPNP=Prg(%).  PIPI\P=Pgar)
and, as above, they are large admissible because, by 54 > e¢* and y > 5
ar < Sdar? < 8k < dar’ < dar?73,  ar’ < Siar’ < 8 < Aar’ < Aar’t2.

Hence, we proved (2). The statement on the measures follows by Proposition 3.2 (vi), Equation (7), and Theorem 3.3 (iv).
Indeed,

(1+ Cil)u(p) < u(p~ (P) = 2log run(pn(Q)) < Cyu(P),

u(p*(P)) = 3u(P), u(p'(P)) = 2u(P).

3.3 | Dyadic and Calderén-Zygmund decompositions
We start by constructing a dyadic decomposition of the measure space (G, 1) made of admissible sets.

Theorem 3.9. Forany Z € Z and any u € F, there exists a family D* = {P € Di : k € Z} such that for each k € Z, Di
consists of pairwise disjoint admissible cylinders enjoying the following properties:

) /,¢<G \ Upep? P) =0, forevery k € Z;
k
(ii) forevery P € Di there exists a unique cylinder p(P) € Df_l such that P C p(P), while P n P’ = { for any other P’ €
Dz

k-1
(iii) for almost every x € G there is a, necessarily unique, cylinder P;{‘ S Di which contains x for any k € Z and for any such

X

AT HPO= koo, lim kP =0

(iv) forevery P € D?, u(p(P)) < Cyu(P) and #{P' € D? : P = p(P")} < C,.

Observe that (iv) above essentially extends the volume control condition ((iv) of Theorem 3.3) from the group N to the
group G. However, while in doubling metric spaces the volume control condition is a trivial consequence of the eccentricity
condition ((iii) of Theorem 3.3), this is not the case, in general, in nondoubling metric spaces and, a fortiori, in our case
where the eccentricity condition, and more in general any metric condition, is not even available at all. Hence, having
the volume control condition (iv) in Theorem 3.9 is noteworthy and it has to be proved from scratch. Our construction is
inspired by the one developed for ax + b groups equipped with a right Haar measure in [26].

Proof. Fixalarge admissible cylinder Py = P, o (1)andletP; := p(Py). Here, we are defining p(P) as follows: p(Py) =
p(P,) whenever admissible, then for the smallest k such that the latter is not admissible we set p(P;) = p'(P}), for the
next value of k such that p=(Py) is not admissible we set p(P;) = p'(Py), and then we keep on alternating p' and p' in
this way.

We set P = P,, o, (ai) for some r > e, j(k) € Z, Qi € Qjq), ax € A. By Proposition 3.8, it can neither happen that
p"(Py) = p~(p"1(Py)) for all n € N nor that p*(Py) # p~(p" (Py)) for all n € N. Hence, there is an alternation of all
the three choices that makes r;, — +o00 and j(k) - —oco as k — +o0, so that

G=JPe
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Now, we introduce the following notation: if P = P, (a), where Q € Q j» then the family of its siblings is
S(P) = {Pr(a) : Q' € Q.

For every k € N, we define the families S, := S(P;) and

3, = S(Prs1 \ Pp), if Py € {p"(Py), p* (P},
g, if Pyy = p= (Py).

By Proposition 3.8, all the cylinders in S, and S are large admissible. Furthermore, the setsin S, U (J o5k Sp)are disjoint
and their union has full measure in G with respect to u.

Fix k € N and take ¢ > k such that S, # @. For every P € S, we iterate Definition 3.5, by putting s'(P) = s(P) and
s™H(P) 1= s(s™(P)), for every m € N, m > 1, and we put

St :={P' e s™(P) : P € 5}.

Clearly, the disjoint union of the sets in S'}f” has full measure in the union of the sets in S, with respect to u. We define

D%, =S, U5 U (U §§‘k>.
t>k

By construction, the sets in D{k are disjoint and their union has full measure in G with respect to u. For P € S;, C D{k,
we define p(P) to be p~(P), p'(P) or p*(P), when p(Py) is given by p=(Py), p' (Py) or p'(Py), respectively. Observe that
p(P) € Sp41 C ka_l. When P € Sy, there is P’ € S such that P = p(P") \ P’ and then we put p(P) := p(P') € Sy, C
D?, . In both cases u(p(P)) < C;u(P) by Proposition 3.8. Finally, if P € §§‘k for some ¢ > k, then we write p(P) for
the unique set in §g_k_1 C D{k_l such that P € s(p(P)). The control of the measures follows by Proposition 3.6. The
properties (i), (ii), and (iv) have been proved to be satisfied by sets in {D* i Jkens since the last inequality in (iv) follows by
the control of the measure, as already observed. Coming to the “positive generations,” we define inductively

D! :={P' es(P): PeD!_}, k eN.

For every P! € Df, we put p(P’) = P where P € Di_l is such that P’ € s(P). Note that (i), (ii) and (iv) follow by the
construction above and by Proposition 3.6.
We showed that

uvi)=0, Vi:=G\ |JP kez

peD?

Furthermore, V; C V,; and then

V)= lim Vi) =0, V.= Vi.
u() k_}ﬂo,u( k) kLeJZ k

It remains to prove (iii). Let x € G \ V. For every k € Z, there exists P, € Df such that x € P;. Clearly, {P; }yen is a

sequence of elements of D such that p(Plf) = Pz_l, then by Propositions 3.6 and 3.8, we have that

upr_) > (1+ Cil)/,a(P;;).

Hence, since 1 + ci > 1, by iterating the inequality we prove (iii). O
1
A natural consequence of Theorem 3.9 is that L' () admits a CZ decomposition with respect to the family D?. The proof
follows classical lines, but we include it here for the convenience of the reader.
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Theorem 3.10. Forany Z € Z and any u € F, the space L' () admits a CZ decomposition with respect to the family D?.
Namely, for every f € L'(u) and a > 0 there exists a family of disjoint sets E(f, &) = {P;}, with P; € D? and functions g, b
suchthat f =g+ Zjbj and

J

(a) |g| £ Cia u-almost everywhere;
(b) bj=00nG\P; and/Pj bjdu=0;

(© 2;1IIbjll < 2C111f 1l
Conversely, any set P € D? belongs to £(f, &) for some f € L'(u) and some o > 0.

Proof. Let f € L'(u), and consider the dyadic Hardy-Littlewood maximal operator associated with D? applied to f, that
is,

1
MPf(x)= sup —
z pen?,pox M(P)

/ flde,  x€G.
P

Leta >0andE, ={x € G : M?f(x) > a}. Let V C G be the null measure set as in the proof of Theorem 3.9. For every
x € E, NV, let P* be the set of maximal measure in D” among those containing x such that

| fldu > a.
w@) S 19

Such set exists because, by Theorem 3.9 (iii), if x € P, € Df then u(P;) — 400 as k — —oo. The family {P*},¢g, is at
most countable and we denote it by {P;}. We then have that | | P; has full measure in E,, and
J

U(E) = ;#(Pj) < ;/P, flde < 21 f . (10)
Moreover, for every j,
o [ s and s [ fldusa ()
u(®P)) Jp, KPP Jpp))
We define now
1

du, if P,
g(x) = { u(P)) /ij o BXEY
f(x), else,

/ fdu)xP,.(x).
Pj

Clearly (b) holds. Moreover by Equation (11) and Theorem 3.9 (iv),

1
bj(x) = (f(X) -

bl <2 / fldu <2 / 11k < 20(p(P) < 2Csak(P,) 1)
Pj ij

Item (c) follows from Equations (10) and (12). To prove (a), assume first that x € E,. Then, by Equation (11) and
Theorem 3.9 we have

1 o)
d —_— d Cia.
6001 < s [ e s s [ s cia

BSUSO1T SUOWWOD ARSI 3gedl|dde auy Ag paueAob aJe e YO (88N JO SaINJ 10} ARIq1T BUIUO AB]IM UO (SUORIPUOD-PUB-SWIBH D" AB| 1M ARIq 1BUTIUO//STNY) SUORIPUOD PUe SWB | 8U} 89S *[5Z02/70/0T] uo ARiqiauliuo AB]IM ‘ounoL 1a 1iod PA (a1 SIS 0uLio L IQ 091uxdlIod AQ 6670020 BUW/Z00T OT/I0P/L0d™A3] 1M Arelq1fpul|uo//Sany woy papeojumoq ‘T ‘S20e ‘9T9222ST



126 MATHEMATISCHE MARI ET AL.
NACHRICHTEN

On the other hand, since for almost every x we have the pointwise bound |f| < MZZ) f, it follows that for almost every
x¢&E,,

18 = f ()] < MPf(x) < a.

This proves that for any f € L'(«) and any a« > 0 we can choose £(f, «) C D? with the desired properties, and therefore
E={&f,a): f €LY (w),a >0} C D*.

Now, we show that, conversely, for every P € D? there exists a function f € L'(u) and a number « > 0 such that P €
E(f, a), which proves that & = D?. To see this, fix an arbitrary set P, € D?, let S € s(P,) and let R be the set of minimal
measure in D among those properly containing P,. Set f = xg and a = u(S)/u(R). Then,

PnS
MP2f(x)=sup uPnS)
penzpsx  M(P)
Hence, if x € S we have MZD f(x) = 1> a, while for x ¢ S, denoting by P’ the smallest element of D containing both x
and S, we have MZD f(x) = u(S)/u(P"). But according to Theorem 3.9, the smallest set in D” containing S is P,. It follows
that MZDf(x) = u(S)/u(Py) > a if x € Py \ S, while MZDf(x) < u(S)/u(R) = a if x & Py. It follows that E, = {x € G :
M? f(x) > a} = P,. Following verbatim the above construction, one obtains a CZ decomposition for f where the family
{P;} consists of a single element, which is P, O

4 | THE MAXIMAL HARDY-LITTLEWOOD OPERATOR

Along the lines of the proof of Theorem 3.10 in the previous section, it is proved that the dyadic Hardy-Littlewood maximal
function is of weak-type (1,1). In this section, we provide a covering lemma for admissible cylinders which allows us
to deduce that also the Hardy-Littlewood maximal function associated with the family of all admissible cylinders (not
necessarily dyadic) is of weak-type (1,1).

This result fits into a quite active line of research, since in the last years many authors investigated the L? and weak-type
(1,1) boundedness of Hardy-Littlewood maximal operators in nondoubling metric measure spaces, such as Lie groups and
manifolds of exponential growth [1, 12-14, 18, 38, 41], nondoubling infinite graphs [9, 17, 23, 25, 33, 35], and, more generally,
nondoubling measure metric spaces [19, 20, 31, 37].

Definition 4.1. Given a constant C > 1 and a cylinder P = P, (a) its C-envelope is defined as

P©) :=P.co(a).
Fix Z € Z and u € F. Observe that by Proposition 3.2 (vi)

H(P©)) = Cu(P). (13)

It is well known that in a metric measure space of homogeneous type the Vitali covering Lemma implies the weak-type
(1,1) boundedness of the Hardy-Littlewood maximal function, see, for example, [5, Theorem 2.1]. Hence, it is natural in
our context to check whether one can obtain appropriate covering lemmas for admissible cylinders which, together with
Equation (13), imply the weak-type (1,1) boundedness for the Hardy-Littlewood maximal function

1

My f(x) = su —/||d, eL! (v, xed,

zf pefPZ#(P) Pf K feL, (u
P>x

where PZ denotes the family of all admissible cylinders.
In this section, we carry out this program and we are able to prove the following maximal theorem.

Theorem 4.2. ForanyZ € Z, u € Fz, a > 0and f € L'(w),

Wlx €6 1 MyfG)> ) < 2l

with C, = 3max{y + 1 + log 4, 1e3}.
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The next result is a fundamental step in obtaining a covering lemma for admissible cylinders, from which Theorem 4.2
will follow as a rather direct consequence.

Lemma4.3. LetP; =P, o, (aj), j = 1,2, be two admissible cylinders such that P, N P, # ). Denote by k; the generation of
Q;. Ifky < ky, then P, P,

Proof. Letl; := U,j(a ), defined as in Equation (5). By Proposition 3.2 (iv), Q; and Q, must intersect, hence due to the
properties of dyadic sets and k, > k; it must be Q, C Q;, and I; NI, # @, hence

a a )
<r—1,a1r1> N <r—2,a2r2> #@, thatis, a; <ayrir,, (14)
2

1
a, < a;rir,. (15)

For every interval I = (t —R,t + R) C R and C > 0 we put I® := (t — CR,t 4+ CR). Hence, it is enough to prove that I, C
Ilc2 = U c,(ay), or equivalently, that
1

log(ar,) < C,logry, a:=max{ﬂ,ﬂ}.
a; @

Ifr; > r, the result is easily proved: by Equations (14) and (15), we have
log(ar,) < log(ryr3) < 3log(ry).

Hereinafter, let r; < r,. By the same argument we have log(ar,) < 31log(r,). To prove the result, it is therefore sufficient
to show that 3logr, < C,logr;. In order to do that, we distinguish three cases. If P, is small then also P; is, and

a,e’logr, < 82 < 6K < Aa,e?logry,
which together with Equation (14) gives
logr, < Arirylogr; < Ae*logr;.
If P; and P, are both large, then
azrg <ske < sk < /1a1r}1/,

which together with Equation (14), and the fact that, since r; > e, 4 < rllogl, gives

+1 +1+log A
P i,

ry < Ar
which in turn implies
logr, < (y +1+1logd)logr,.
Finally, if P, is large and P, is small, then
ar? < 6% <68 < 2a,e?logry,

which together with Equation (14) gives

logr, <r, < Arje*logr; < Ae’logr;.
Summing up, in any case, if P; and P, are admissible then

3logr, < C,logry,

where C, = 3max{y + 1 + log A,1e3}, since 1e3 > 1, and this concludes the proof. O

From this technical geometric result, a Vitali-like covering lemma for admissible cylinders follows.
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Lemma 4.4 (Covering lemma for admissible cylinders). Let C be a family of admissible cylinders such that
ko :=minfk € Z : P, 5(a) €C, Q € @} > —c0.

Then, there exists a countable subfamily G C C such that the cylinders of G are pairwise disjoint and for each P € C there exists
R e GwithPNR # @ and P c R, In particular,
U PcC U R,

peC Reg

Proof. Choose a cylinder P, € C with base set of generation k. For every i > 1, among all the sets of C not intersecting P;
for any j < i (if any exists), let P; be one with base set of minimal generation, say k;. The elements of the resulting family
G = {P;}? , are pairwise disjoint. Moreover, for any P € C there exists an index i such that P N P; # {J. In particular, if P;
is a cylinder with base set of minimal generation among those of G intersecting P, then the generation of the base set of P
must be > k;. In fact, either P € G, in which case it must be P = P;, or P ¢ G, and since P does not intersect elements of
G having base sets of generation < k;, the generation of its base set cannot be < k;, since otherwise P would belong to G.
Hence, by Proposition 4.3, P C Pi(CZ). |

We are now in a position to prove Theorem 4.2.

Proof of Theorem 4.2. Letx € E; ={x € G : Mzf(x) > a}, and choose an admissible cylinder P, containing x such that

/ Fldu > au(P).
Py

Let K be a compact subset of E,,. Then, {P, : x € K} is a covering of K. Since K is compact, there exists a subcovering C
of K made by a finite family of admissible cylinders. Since the family C is finite, we can extract from it a subfamily ¢ with
the properties prescribed by Lemma 4.4. Then,

Iz Y, [ 1fldpza Y u®) = 5 3 k@) 2 S ).

PeG’P PeG 2 peg

By the inner regularity of the measure, passing to the supremum over all compact subsets K of E, we obtain the desired
result. O

5 | THE CZP FOR THE DISTANCE d,

In this section, we prove our main result, Theorem 1.2, by showing that for any Z € Z and any u € F, the family D? of
dyadic admissible cylinders constructed in Theorem 3.9 is a CZ family for (G, d, u). Here, d, denotes a metric on G which
takes into account the action of the vector field Z, defined by

dy((n,a),(n’,a")) := dG((nn(log a7, a), (n'n(log a’)_l, a’)), (16)

for every (n, a), (n’, a’) € G. We call this metric a Z-flow metric.
Observe that the symmetry of d; follows from the symmetry of dg, as well as the triangular inequality. If
dz((n,a),(n’,a’)) = 0,then a = a’ and

nn(loga)”" = n'n(log a’)_1 = n'n(loga) ",

which implies n = n’.
We shall denote by Bg(x, R) the ball centered at x € G with radius R > 0 with respect to d.

Lemma 5.1. There exists a constant C3 > 0 such that for every admissible cylinder P = P,,Q(a)’
P C B%((ng, 1) exp((log a)Z), C; logr),

where n, is defined in Theorem 3.3 (iii).

BSUSO1T SUOWWOD ARSI 3gedl|dde auy Ag paueAob aJe e YO (88N JO SaINJ 10} ARIq1T BUIUO AB]IM UO (SUORIPUOD-PUB-SWIBH D" AB| 1M ARIq 1BUTIUO//STNY) SUORIPUOD PUe SWB | 8U} 89S *[5Z02/70/0T] uo ARiqiauliuo AB]IM ‘ounoL 1a 1iod PA (a1 SIS 0uLio L IQ 091uxdlIod AQ 6670020 BUW/Z00T OT/I0P/L0d™A3] 1M Arelq1fpul|uo//Sany woy papeojumoq ‘T ‘S20e ‘9T9222ST



, MATHEMATISCHE
MARI ET AL NACHRICHTEN 129

Proof. Let x = (n, 1) exp(tZ) be a point in P. By Equation (1) and the fact that e’ € (a/r, ar), we get

cosh(dz (x, (g, 1) exp((log @)2)) ) = cosh(dg((n,€), (ng, @) )

2

et 1 2 dy(n,ng)

= cosh <10g E) + ﬂdN(n,nQ) < cosh(logr) + —a "

If r > e, since P is admissible dy (n, nQ) < sk < C;Aar?, by Theorem 3.3 (iii). It follows that there exists C > 0 such
that for every r > e

2,2
cosh(dz(x, (ng,1) exp((loga)Z)) >< cosh(logr) + 12 p2r+l < vt

and then
dz(x,(ng,1)exp((loga)Z)) < arcosh(Cr?) <log(2C) + (2y + 1)logr < logr.

If1 < r <e,since P is admissible dy (n, nQ) < C,8% < CyAae? logr, by Theorem 3.3 (iii), there exists C > 0 such that

cosh(dz (x,(ng, 1) exp((loga)2)) ) < cosh(logr) + i 24 i (logr)*r
< cosh(Clogr).
So, we proved
dz(x,(ng, 1) exp((loga)Z)) < logr,
as desired. O
Lemma 5.2. Let P = P, (a) be an admissible cylinder. We have that
P* i={x €G : dz(x,P) <logr} C Pp2 g, c:sk)(), a”n

where C* = C; + \/5 In particular, if D(uy,C* /c) > 0 is as in Equation (4), then

k

U(P*) < Cuu(P), where C4=2D <,uN, %)
Proof. Letx = (n,1)exp(tZ) € P* and y = (m, 1) exp(sZ) € P such that d;(x,y) < logr. Then,
cosh(logr)> cosh (d(x,y)) = cosh(dG ((n,e"), (m, es))>

1
= cosh (|t —s|) + WdN(n’ m)>2. (18)

On the one hand, this gives |t — 5| < logr, which implies ¢t € U,2(a). On the other hand, if P is large admissible, from
Equation (18) one gets

dy(n, m)2 < 2e'*S cosh(logr) < 2a%r* < 28K,

while if P is small admissible, again starting from Equation (18) but using a finer estimate we get
logr 2
dy(n, m)* < 2e+5(cosh(logr) — 1) = de!*s <Sinh <Tg>>

4 4
<4a’rlog’r < g(ae2 logr)? < 252".
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Hence, for any admissible P, dy (n,m) < \/55". Since m € By(ng, C,8%), it follows that n € By (ng,(Cy + \/5)5"). This
proves Equation (17). The inequality involving the measures now simply follows from Proposition 3.2 (vi), Equation (4),
and Theorem 3.3 (iii). Indeed

u(P*) < 4log r/xN(BN(nQ,C*ék))
c*
< 4logrD<,uN, )uN(BN(nQ,cé )
c*
< 410grD (i, & ) (@) = 2D (s, S ). O
We are now ready to complete the proof of our main result.

Proof of Theorem 1.2. Set C; = max{C;,C3,C4} and let P; = =Prq; (a;) be the sets in D? for which, according to
Theorem 3.10, items (a), (b), and (c) of Definition 1.1 hold. By means of Lemma 5.1, we know that

with x; = (an, 1)exp((loga)Z) and R; = logr;. Now, let P;f ={x : dz(x,P;) <R;}. By Lemma 5.2 and the construction
oij’s in Theorem 3.10, we get

C C
Y uP) < Y upy < S 2/ f1dw < S
J J J P

which is item (e) in Definition 1.1. O
It is immediate to see that, for any Z € Z and any u € F, the space (G, d, 1) with the family D” satisfies what in

[28, Definition 3.3] is called condition (C) (take R’ = R = D? in that definition). This implies that one can introduce a

suitable Hardy space H'(u) and a corresponding space BMO(u) as in [43].

Definition 5.3. An atom is a function a € L'(u) such that

(1) aissupported in an admissible cylinder P;

@ llall, < uP)V/%

3) fP adu = 0.

The Hardy space H'(u) is the Banach space

HY (w) :={fel(w: f= leaj, a; atoms, 1; € C, 2 |4;] < oo}
Jj Jj
endowed with the norm

I Nl :=inf{2|/lj| D f =) 4a;, a;atoms, 4 ec}.
J J

Analogously, we introduce BMO(u) in the natural way that makes it the dual space of H'(u), as expected (see [5]
for details). By [17, Theorem 1.2] see also [28, Theorem 3.2] and [43, Theorem 3.10]), as an immediate consequence of
Theorem 1.2 we have the following result concerning the boundedness of a class of integral operators on (G, d, u).

Theorem 5.4. LetZ € Zandu € Fy. Let T = Zjez T; be a linear operator bounded on L?(u), where the T;s are integral
operators with kernel K; and the series converges in the strong operator topology on L?(u). Assume that there exist positive
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constants b, B,c and C > 1 such that

/ IK (e y)I(1+ Cldy(x, )Y du(x) < B,y €G.,
G

[ 1Ki3) - Ky 2du() < BCd 0,2 3.z €.
G

Then, T extends from L'(u) N L?>(w) to an operator of weak-type (1,1), bounded on LP(w), for 1 < p < 2 and bounded from
H'(u) to L' (w).

By duality, one can also obtain boundedness on LP(u) for 2 < p < oo and from L™ to BMO(u) for a class of operators
whose kernels satisfy a dual version of the integral Hormander condition appearing in the above theorem.

6 | THE CZP AND THE d; METRIC

This section is devoted to discussing the relationship between the metric d, introduced in the previous section and the
Carnot-Carathéodory metric dg. In the first subsection, we will see that, in the general case of N nonabelian, d; = d if
Z = X, and if N is Abelian, d; is equivalent to dg; forall Z € Z. This implies that for Z = X, (and any u € Fy, ) the metric
dz can be always substituted by d; in Theorem 1.2. If N is Abelian, such a substitution can be made for any Z € Z. One
may wonder if, indeed, also when N is nonabelian d, can be substituted by d; for any Z € Z. In the second subsection
we prove that the answer to the above question is negative, even for ¢ = p. This, somehow, justifies our use of the new
metric d, which turns out to be more adapted to the context.

6.1 | Comparison with known results

Let Z = X, be the vertical vector field. In this case, n(t) = 1y for every t € R and then d; = d. Then, as a special case of
Theorem 1.2, we immediately have the following result.

Theorem 6.1. The measure metric space (G, dg, w) has the CZP with respect to the family DX° for every u € Fx,-

This result was previously known only for u = p [28, Theorem 3.20]. Hence, Theorem 6.1 can be considered, at the same
time, a generalization and a new proof of the result by Martini et al.

The rest of the subsection is devoted to showing that if N is Abelian then the vector field X, in Theorem 6.1 can be
substituted by any Z € Z.

Theorem 6.2. If N = R™, then the measure metric space (G,dg, w) has the CZP with respect to D? for every Z € Z and
every u € F.

This result was previously known only for Z = X, and for u = p [17, Lemma 5.1]. Hence, Theorem 6.2 can be considered,
at the same time, a generalization and a new proof of the result by Hebisch and Steger.

We begin the discussion which will lead to the proof of Theorem 6.2. The semidirect group G = R™ X A is the affine
group of R™*+! obtained from translations by vectors of R™ and by homogeneous dilations. The group G can be realized
as group of matrices in GL(m + 1) as

G= {g(n,a): [13 ’;] ‘ne [Rm,A=diag(a,...,a)eGL(m),aeA},

indeed the semidirect product is preserved by the matrix multiplication. The Lie algebra g of G is then

g= {[ﬁ )é] : X e R™, D = diag(s, ...,5) € M(m),s € IR}.
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Furthermore, if we fix the canonical orthonormal basis X 15 e X m of ny = n ~ R™, then the Carnot-Carathéodory metric
on N coincides with the Euclidean metric and the lifting X, of X, is such that

1 (L)) = (6,m +1),

Xe)ij =
€1 0 otherwise,

forevery 1 < ¢ < m.Letdg be the Carnot-Carathéodory induced by the vector fields X, X1, ..., X, where Xo|n.0) = Xola»
XO = 5a € a.
A vector field Z € g with (Z,X,) = 1 has the form

m
Z=Xo+ D BeXe.  BriiBn€R. (19)
t=1

By direct computation, one can easily obtain that for every t € R

exp(tZ) = [diag(ef’ e (e =1 |

0 0
where 8T := (84, ..., B,n) € R™. In particular, this means that

n(t) = (¢! — 1)B. (20)
Proposition 6.3. IfG = R™ X A and Z is as in Equation (19), then the distance d is left-invariant and is equivalent to d ;.

Proof. Let (n,a),(n’,a’) € G. By Equations (16) and (20), we have that

n/

cosh(dz((n’,a’)_l(n, a), 1G)) = cosh <dz(<7, %), 1G>>

oe( 7)) + 2 ";" —(——1>ﬁ|

cosh(log( 7)) + 5
cosh(log( 7)) + 3
cosh(log(7) ) +
cosh(

osh 5—1(n—pl@-1) - - B -

o[£

dZ (n9 a)7 (n,s a,)) >,

2aa’

which proves the left-invariance of d.
Since both d; and d are left-invariant, to prove that they define equivalent metrics it is sufficient to check that there
exists a constant D > 1 such that

D_ldz((n, a), 1G) < dG ((n, a), 1G) < Ddz((n, a), 1G)),

for every (n, a) € G. For simplicity, we apply the change of coordinate ¢t = log a. Observe that by Equation (20)

= 2|B|*(cosht — 1).

P _ 18P = 1)?
et

et
Then, by the definition of d, and Equation (1),

cosh (dz((n,e"),15)) = cosh (dg((n — n(1),e'),15)) = cosh(t) + %
|"l|2 |"(t)|2

< cosh(t) + — < Dcosh (dg((n,e"),15)),
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where D = max{2|f|? + 1, 2}. On the other hand,

cosh (dg((n,e"),15)) < cosh(t) +

—n(®)|? |2
[n 1?( )] +Init)|

< Dcosh (dz((n,e"),15)).

Since D > 2, we can choose a constant C such that D cosh x < cosh (Dx) for x > C. Butif |¢| > C, by Equation (1) we have
that both d;((n, "), 15) and d((n, "), 1) are greater or equal to C, and therefore

Sdo((n,e), 16) < dz((n,€),16) < Ddg((n, ), 1), 1] > C.

It is also clear that

dz((n,e"),16) _

im =1, |t|<C.
1% dg((m, €, 10) el

It remains to study the behavior of the ratio of the distances when (, t) tends to (0,0). In this case, we have the asymptotic
estimates

dg((n,e),15) = arccosh(cosh(t) + %lnﬁ)

~ V/2(cosh(t) — 1) + |n|2 ~ V12 + |n|2,
and
d;((n,e"),15) = arccosh(cosh(t) + 2Lef|n + B(e — 1)|2> ~A\/t2 + |n+ Bt|2.

Then, for (n,t) — (0,0) we have

dg((n,e"),15)> 2+n? 1 t=0, on
dz((n,e), 16> 2+ |n+pt]2 cbﬁG) t#0,
where @z @ R™ — [0, +00) is defined by
14 |v)?
P = —_—, e R™M,
s) 1+ v+ B2 Y

Since ®g is bounded from below and from above by uniform positive constants on R™, the same is true for the left-hand
side in Equation (21) for (n, t) in a compact neighbor of (0,0). O

Proofof Theorem 6.2. Since the CZP is invariant for equivalent metrics, by Theorem 1.2 and Proposition 6.3 we immediately
get the result. O

Remark 6.4. A similar discussion to that carried out above also applies to Theorem 5.4, which was previously known
to hold only for d; = d; and u; = p, as consequences of [17, Lemma 5.1] (when N is Abelian) and [28, Theorem 3.20]
(when N is nonabelian). Although we do not provide explicit examples here, we can conclude that Theorem 5.4 provides
boundedness results for a wider class of integral operators than those covered by [17, 28].

6.2 | Optimality of Theorem 6.1

In this section, we show that in Theorem 6.1, in general X, cannot be substituted by an arbitrary Z € Z, even for u = p.
To construct a counterexample, we will consider the extended Heisenberg group, where some recurrent quantities that
were abstract so far, such as n(t) and dy(n, 1y), can be made explicit. In the first subsection, we prove some geometric
lemmas, of possibly independent interest, holding true for vector fields Z € Z,, the subclass of Z made of vector fields with
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nonzero components only in the first layer of g. In the second subsection, we recall some general facts about the extended
Heisenberg group H! and compute the relevant quantities in this setting. Then, we construct the counterexample on
(I]-I]é, ng , ), using a vector field Z € Z;.

6.2.1 | Geometric lemmas for Z,
We introduce the subfamily of vector fields of G having no components in higher layers of n, that is,
Zi1:={Z€Z:.:Zen dacCgl

In other words, for every Z € Z,, there exist 3y, ..., 85, € C such that

q1
Z = XO + ZﬁiXLi.
i=1

Remark 6.5. Forevery Z € Z; and t € R it holds

where ||Z|| = (Z,Z)'/2, and the inner product is defined in Section 2.
Indeed, consider the curve y : [0,t] — G defined by y(s) := exp(sZ), joining 15 and exp(tZ) in G. Now,

. d
7(s0) = ds s=so exp(sZ) = Zlexp(soZ) € HG,

by Theorem 3.31 in [46] and the fact that Z € Z,. Hence, y is a horizontal curve of G. By the fact that Z|eysz) =
(dLexp(sz))1,(Z) and the left-invariance of the metric tensor, we have that

t t
dc(1g,exp(tZ)) S/ lI7(s)llds =/ I1Zllds = [¢]1|Z]]-
0 0

Lemma 6.6. Let Z € Z,. ForeveryR > 0,
Por/cizi gy (1y,8/2)(1) € Bg(1g, R).

Proof. Let n >0 and x = (n,1)exp(tZ), with n € By(1y,7), ¢t € U,(1), be an arbitrary point in P, g (1, ,(1). By the
triangular inequality,

dg(x,1g) < dg(x,(n,1)) + dg((n, 1), 15).
Now, by the left-invariance of dg, Equation (22), and the fact that |¢| < logr for t € U,(1),

dg(x,(n,1)) = dg(exp(t2),16) < | Z|||t] < || Z|| logr,

while by Equation (1),
1 5 n?
cosh (dg((n,1),15) =1+ EdN(n, 1y)* <1+ 5 < cosh7.
Gluing all together and choosing r = eR/ClIZID and 5 = R/2 we get the desired result. O

Lemma6.7. LetZ € Z; and P = P,,Q(a), where Q € Q is a Christ cube in N. For every R > 0,

PreR/(ZHZH),nQ-‘yr’a(BN(lN,R/Z))(a) C {x eG . dG(x,P) < R},

where ¥, , is defined in Proposition 3.2 (v).
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Proof. Let k € Z be the generation of Q. Recalling that, by (iii) of Theorem 3.3, noBy(1y, ¢8%) € Q and applying first
Lemma 6.6 and then Proposition 3.2 (v), we get

{x€G :ds(x,P) <R} = U Bg(x,R) = U xBg(15,R) = PB;(15,R)

x€eP x€ep
D Py By 1y 55 Per/CiziD gy (15,8721
D P,eR/auzu),nQ BN(1N,cak)w,,a(BN(lN,R/D)(a)
D PreR/(ZIIZH),nQ.I{Jr,a(BN(lN,R/Z))(a)’

where the last inclusion simply follows from the fact that 15 € By(1y,c8%). |

6.2.2 | The counterexample

We consider the Heisenberg group H!, that is, R* endowed with the product

1
(@, p,7) 4w (¢, p,7) = (q +q.,p+pt+7 - E(qp’ - pq’))-

The neutral element is then (0,0,0) and (g, p,7)~! = (—q, —p, —7), H! is nilpotent, hence unimodular. A Haar measure
is dqd pdt and we denote by | - | the Haar measure of sets. The Heisenberg group admits the following realization inside
Sp(2, R), namely

1 0 0 0

o .| P 1 0 0],

N = n(q5p,f) L T _q/2 1 _p . q’p9T€ R CSp(zaR)
—q/2 0 0 1

The group law inherited from the matrix multiplication coincides with the classical group law of the one-dimensional
Heisenberg group

n(q, p,n(q’,p’,v") = nl(q, p.7) w1 (@', p’, ).

The group A acts on H! via the dilations D, : H' — H!, defined for a € A by D,(q, p,7) := (aq,ap, a*7t). In Sp(2, R),
such dilations coincide with the conjugation by the matrices A, := diag(a™',1,a,1) € Sp(2, R), that is

Aqn(q, p,0)A;" = n(aq, ap,a*t) = n(Dy(g, p, 7).
The extended Heisenberg group is the semidirect product H! = H! X A, that is R* X A endowed by the product
(q.p.1:0) 41 (', ' 73 a") = ((q, p,T) 'wr Du(q', ', 7');a0"),
and it is realized in Sp(2, R) by

G :={g(q,p,7;a) :=n(q, p,1)A;" : q,p,T € R,a € A}

al 0 0 0
a’lp 1
= a-lr —q/2 _|iapTERaEA C Sp(2,R),

|
)
S~
~
[\
=)
~
(=)
(=)
—
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endowed with the matrix multiplication. Indeed

g(a. p,t;a)g(q’ p',v'sa) = n(g, p, DA (G, P/, THAAT AL
=n((g, p,7) w Da(q, P/, T'NAL,
=g((q,p.7;0) 49 (¢, P, 7';0")).
The group G coincides with the classical Shearlet group, see [10, 21]. The Lie algebra of Sp(2, R) is:
3p(2,R) ={X € gl(2,R) : XJ +JX = 0},

where J is the standard symplectic form

_ 0 I
= [—12 0]'

The Lie algebra 8p(2, R) is semisimple and has Cartan involution ®X = —tX, relative to which it has the Cartan decom-

position 8p(2, R) = f + p, where £ and p are the +1 and —1 eigenspaces of ©, respectively. The standard maximal Abelian

subspace of p is

—-a 0 0 O
0 —-b 0 O

a= Ha,b = 0 0 a 0 ta,beR
0 0 0 b

The two linear operators on a given by a(H, ;) = a — b and 3(H, ;) = 2b provide a natural basis of simple roots. In fact,

000 O 0 0 0 0
100 0 0 0 0 0
X: ,X:= )
“*“lo 0 0 -1 F-7lo o o0 o0
000 O 0 1/2 0 0
0 0 0 0 0000
0 0 0 0 0000

X, 45 = ,X::
at+p 0 -1/2 0 0 24711 0 0 0
-1/2 0 0 0 0000

satisfy for every H € a
[H, Xy ] = a(H)Xq;
[H,Xg] = B(H)Xg;
[H,Xy1p5] = (a0 + B)H)X o155
[H, X504p] = Qo + BYH)X 044

Furthermore, [X,, Xg] = X, g and [Xg, Xo 48] = Xoqip-
The Heisenberg algebra is

n = span{X,, Xo 18, Xoq4 5} C P2, R).
The extended Heisenberg algebra is

g = span{Xy, X, 5, X005, Hio} C 8p(2,R).
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The Lie algebra n is stratified with two layers and it has homogeneous dimension 4. The first layer is generated by X, and
Xq15- The Carnot-Carathéodory metric associated with X, and X, g is the left-invariant metric induced by the Koranyi
norm

1
(g, . DIy = (@ +p?P+7%  (g,p,0) €W, (23)

that is, dy((q, p,7), 111) = |1(q, p, T)lli: . We refer to [2] for more details on this distance. From now on, we shall adopt a
little abuse of notation, by renaming N and G in Sp(2, R) with H' and H., respectively, and by putting (q, p,7) € H! and

(g,p,7,a) € H..
The following geometric lemma will be useful in the construction of our counterexample.

Lemma 6.8. ForanyR > 0andt € R,
By (141, Ce'R) C $,(Byn (141, R)),
where 1, is defined in Proposition 3.2 and &* = 1/20.
Proof. For every L,M > 0 we put
QM) :=[-L,L)*> x[-M,M] c H!,
and Q(L) := Q(L,L?). It is easy to see that
Q(2¢L) C By (11, L) C Q(2L). (24)
Furthermore, for every t € R, by Equation (27), we have that if (g, p, ) € H!, then
$i(q, p,7) = n(t)D,i (g, p, DIn(®) ™" = (e'q,e'p,e* 7 +e'(e' = 1)),

from which it follows for every L > 0

QL)) = Q(e'L,e*L* + e'|1 — e'|L) D Q(e'L). (25)
Therefore, by Equations (24) and (25),

¥ (B (11, R)) D 9, (Q(2¢R)) D Q(2ce'R) D By (11, e'R),

as desired. O

We are now ready to show that for a suitable vector field Z € Z, the family D? is not a CZ family for the extended
Heisenberg group equipped with a right Haar measure and the Carnot-Carathéodory distance ng . We consider the vector
field

-1 0 0 O
1 0 0 O
0O 0 0 O

Clearly, (Z,H; ) = 1 # 0, so that Z € Z;. Furthermore, || Z]| = \/5 Let t € R. By explicit computation, we have that

et 0 0 0
1—-e* 1 0 0

exp(tZ) = 0 0 o 1-o| (0,e! —1,0,¢") € Hl,
0 0 0 1
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that means
n(t) = (0,e! —1,0) € H. (27)

We recall that p is a right Haar measure of H., which is given by dp = a~'dqdpdrda.

Theorem 6.9. Let Z be the vector field given by Equation (26). Then, D? is not a CZ family for (H., dHé ,P)-

Proof. It is enough to exhibit a sequence of admissible cylinders {P¢} such that

p({x : dHE(x,Pf) < KdiarnPf})
sup - = +o0, foreveryK > 0. (28)
¢ p(P?)

Indeed, if (d) in Definition 1.1 holds, namely, if there exists C > 0 such that for every P! € D? there is R, > 0 such that
diam P’ < CR,, then by Equation (28) one would get

p({x : ng(x,Pf) < Rg}> p({x : dHé(x,Pf) < %diamP€}>
sup > sup = +00,
¢ p(P?) ¢ p(P?)

which is a contradiction of property (e) in Definition 1.1. Hence, (d) and (e) cannot hold together and D is not a CZ family
for (HL, dyg1, ).

We consider the family of dyadic sets D build as in the proof of Theorem 3.9 starting from the family {P; };.cn With Py =
P, 0,(1) for some r > e and some Christ dyadic cube Q, in H'. We consider the subsequence of {P}} such that, for £ > 0,
Py, 11 = pl(Pkf). By simplicity, we denote by r : D? — (1, +o0) the map defined by r(Py or(a’)) :=r'. An immediate
computation shows that

log, r(P,+1\Pe)=4-6", ¢ €N

Now observe that for every P’ € s(P), logrO r(P")isequalto1/2 logr0 r(P) if s(P) is as (i) in Definition 3.5, or to logr0 r(P)
if s(P) is as (ii) in Definition 3.5. We denote by m(¢) € N the smallest number of iterations of the set-valued function s
on Py, 1 \ Py, in which the case (i) in Definition 3.5 occurs exactly |¢ log, 3] + ¢ + 2 times. Then, logr0 r(P") € [1,2] for

every P’ € s™O)(p, +1 \ Pg,). Indeed,

log. r(P) 4.6° ¢
0 ol €1og, 3] +€+2 4.2¢ . pltlog,3] 1¢1og, 3]
and then
t t t
3 3
— N — —
1= <210g23> < logro r(P ) - 2[5 log, 3| < 26 log, 3-1 =2

Furthermore, by the construction of DZ, we have that s(*)(P, 41\ P,) C D~
Again by the construction of the P ’s, one can see that (11, r0_4'6f) € Py, 41 \ Pk, - Then, fix aP’ e sm(f)(PkH_l \ Py,) C

D? such that (1431, 7,"*%") € Pf. We put P! = P, (peyq,(ar) and k(€) € Z such that Q; € Qy¢). Clearly, r(P?) € [ro, ro?].
From the definition of admissible cylinders, it immediately follows that

pt
ar € [ K] clrg e ), (9
r04'6 r(Pf) r04-6

840 € [apr(P’)?, Aarr(PYY] C [agrg?, Aaere™ 1. (30)
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Then by Lemma 6.8, and observing that U, pey(as) = (log(as/ r(P%)),log(a,r(P?))), we have that for every R > 0

W,(Pf),af(BW(lHl,g)): N ¢I<BH1(1H1’§)>

teUr(pt’)(aﬁ)

> N BH1<1H1,%etR>=BH1<1H1,C’afR>,
[EU),(Pg)(ag)

where C’ = &/2ry?, because r(P’) < ry2. Hence, applying Lemma 6.7, recalling that ||Z|| = \/5 and that r(P?) > ry, it
follows that for any R > 0

1. ¢
PeR/<2\/E>,O,an .BHIQHLC,%R)(W) Ci{x €M, : dy(x,P°) <R}

Then, by means of Proposition 3.2 (vi), we get

p(fx @ dyp(x,PY) <R}) > 2<i\/_ + log r0>|BH1(1H1,C’a€R)| ~ agRS,
¢ 2v/2

if R > 1. On the other hand,
p(P") = 210gr(P))|Qe | ~ By (n, ¢8| ~ 6% ~ at,
by Equation (30), from which it follows that
p({x Dy (x,P?) <K diamP€}>
p(P?)

> (K diam P?)°. (31)

Now, we estimate the diameter of P¢ from below. Let
ne 1= ng, - (c89,0,0) € ng, - By (11,689 C Qp.
By Equations (1), (27), and (23), we have
cosh(diam P?) > cosh(ng (nen(logay), ae), (ng,n(logas), ar)))

1 1
> 2—2||n(logaf) 'n;ng, n(loga,)|l?,

a,

1
— 1185, 0,e8¥O(1 - a2,
2a6,

1 c4§4k(0)
= — 282k(¢) — 2
? 16 +c26 1 -ap)
¢
4 2 2
k() k() _
(52) + (52) (5%)
ag aeg are
S
arg

since 6K) /a, > r,? by Equation (30), and a, < ro*° by Equation (29). This implies that diam P’ > 6. Then, by
Equation (31) we get that for any K > 0,

,o<{x : ng(x,Pf) < KdiamP€}>
p(P?)

> K6 — 00, ¢ — . m
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