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COMPRESSED SENSING FOR INVERSE PROBLEMS AND THE
SAMPLE COMPLEXITY OF THE SPARSE RADON TRANSFORM

GIOVANNI S. ALBERTI, ALESSANDRO FELISI, MATTEO SANTACESARIA,
AND S. IVAN TRAPASSO

ABSTRACT. Compressed sensing allows for the recovery of sparse signals from few
measurements, whose number is proportional to the sparsity of the unknown signal,
up to logarithmic factors. The classical theory typically considers either random
linear measurements or subsampled isometries and has found many applications,
including accelerated magnetic resonance imaging, which is modeled by the sub-
sampled Fourier transform. In this work, we develop a general theory of infinite-
dimensional compressed sensing for abstract inverse problems, possibly ill-posed,
involving an arbitrary forward operator. This is achieved by considering a gen-
eralized restricted isometry property, and a quasi-diagonalization property of the
forward map.

As a notable application, for the first time, we obtain rigorous recovery estimates
for the sparse Radon transform (i.e., with a finite number of angles 6y,...,60,,),
which models computed tomography, in both the parallel-beam and the fan-beam
settings. In the case when the unknown signal is s-sparse with respect to an or-
thonormal basis of compactly supported wavelets, we prove stable recovery under
the condition

m 2 s,

up to logarithmic factors.
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1. INTRODUCTION

1.1. State of the art. Compressed sensing (CS) [38| [48] 51 54], 52] has been a very
active research area within applied mathematics over the last two decades, character-
ized by a fruitful exchange between theoretical analysis and technological advances.
The focus of CS is the recovery of sparse signals, namely those that can be expressed
as a linear combination of a small number of vectors from a reference dictionary.
Leveraging sparsity allows for obtaining stable recovery results with a smaller num-
ber of measurements than in standard sampling theory.

Over the years, in CS theory there has been a transition from the finite-dimensional
setting to the infinite-dimensional one [8, 5] [I, 14} [9]. This shift was largely stimulated
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by the need to encompass increasingly challenging sensing tasks, which happen to
be more faithfully framed in an analog world in terms of suitable operators and
function spaces. In fact, the analysis of problems where one aims at recovering a
physical quantity given some indirect measurements is the main focus of the theory
of inverse problems (IP), with a long tradition in mathematical and numerical analysis
[73, 82], 92, [65]. Most IP are described by integral or differential equations, and are
therefore naturally modeled in an infinite-dimensional setting.

The reconstruction guarantees currently available in the mathematical literature on
IP rely on the assumption that an observer has access to an arbitrarily large number
of measurements, except for a limited number of special cases (see [13] (63, (15} [11] and
references therein, in which, however, no sparsity information is exploited, but only
the finite-dimensionality of the unknown). It is clear that in real-life scenarios one
can only take a finite number of measurements, usually corrupted by noise and also
suffering from limited control on the procedure due to experimental constraints. This
discussion calls for the development of a sample complexity theory of ill-posed IP,
namely, a study of the minimum (finite) number of measurements needed to achieve
stable and accurate reconstruction.

It is intuitively clear that the principles of CS could play a role here. Indeed, if
the unknown quantity is sparse in some dictionary, then one could approximately
locate the signal in some finite-dimensional subspace of the domain of the measure-
ment operator. In other words, a sparsity condition comes along with an inherently
finite-dimensional setup. Not surprisingly, such a reduction step is quite delicate and
may eventually destroy important information on the genuine infinite-dimensional
structure. The framework of generalized sampling [6l, 8, [7, [5] addresses this issue, as
it relies on finding appropriate sampling and sparsity truncation bandwidths in order
to perform the finite-dimensional reduction in a stable way.

Although ideas from CS have influenced the analysis of IP (e.g., sparse regulariza-
tion [17, 59, [58]), the state of the art is still far from being completely satisfactory,
mostly due to technical limitations and a case-by-case approach aimed at leverag-
ing the peculiar features of each model. Despite a large body of literature on the
numerical analysis of sparsity-promoting approaches for inverse problems (see, e.g.,
[66], (70, [55]), rigorous theoretical guarantees are missing (see [64] 14, 12] for some
results in this direction).

1.2. Main contributions.

1.2.1. Summary. The purpose of the present article is to move the first steps towards
a unified framework for the study of the sample complexity of ill-posed IP under
realistic sparsity constraints, by extending the current theory of CS. The main goal
is to find the connection between the number of samples needed to achieve recovery
of a signal and its sparsity with respect to a suitable dictionary.
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In addition to the formulation of the general framework for studying the sample
complexity, we present an application to the sparse angle tomography problem. Ba-
sically, the goal is to obtain information on the inner structure of an object from
the knowledge of a limited number of projections obtained via the Radon transform.
Tomographic techniques appear in a variety of real-life situations, including nonde-
structive testing, biomedical and geophysical imaging, and analysis of astronomical
signals. The analysis of tomography IP is a well-established topic and still a very
active research area [83], 84, 03, 92| 62].

While the sparse Radon transform has been thoroughly studied from the numerical
point of view and ideas of CS have found applications to tomographic imaging shortly
after its appearance [94) [71l (61 [70} [69], rigorous results on the sample complexity
for the Radon transform and the related technical challenges have been beyond the
reach of the CS theory so far. Our main contribution in this respect is to show
that signals supported in the unit ball of the plane, assumed to be compressible in a
suitable wavelet dictionary, can be reconstructed with high probability if a sufficiently
large number of samples of the corresponding Radon transform at different angles is
available — see Theorems [£.4], and below. We consider both the parallel-beam
and the fan-beam settings. In simplified terms, we obtain the estimate

number of angles = sparsity,

up to logarithmic factors.
Let us briefly illustrate the key aspects of both the abstract sample complexity
framework and its application to the sparse Radon inversion.

1.2.2. Sample complexity of sparse ill-posed IP. Let Hi, Ho be separable complex
Hilbert spaces. We assume that the measurements are represented by a family of
uniformly bounded linear maps (F})iep: H1 — Ha, indexed over a measure space
(D, i) endowed with a probability distribution v such that dv = f,du for a density
function f, € L'(u), ||f,||zx = 1, satisfying f, > ¢, for some 0 < ¢, < 1. The
forward map F': H; — Li(D;Hg) of the model is thus naturally defined by the
relationship Fyu = Fu(t), for almost every t € D. This setting encompasses both
scalar measurements given by inner products with respect to a certain dictionary and
by pointwise evaluations. Moreover, we consider measurements taking values in a
Hilbert space; this is related to the use of block-sampling strategies in CS [86], 20].

We fix once for all an orthonormal basis (¢;);er of H; as a reference dictionary, and
let ®: H; — (*(T") be the corresponding analysis operator — here I' is an (at most)
countable index set, e.g., I' = N or I' C N x Z. The signals we consider will be sparse
with respect to (¢;);.
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The dictionary, the measurement operators and the probability density are assumed
to be intertwined by a coherence bound of the form

||F’t¢l||7-l2 S B fv(t)a te D, RS Fa

for some B > 1.

Consider now an unknown signal uf € H;. We assume that there exists a finite
subset of indices A C T, with |A| = M, such that ||P{z'| is small, where we set
27 := ®u' and P, denotes the orthogonal projection on span{e; : i € A}, (¢;)ier being
the canonical basis of £2(T"). Therefore, A should be thought of as a rough estimate
of the support of 7. One could consider more general forms of tail decay rates for
| Piat]]2, which are usually linked to the regularity of u' and ®. We will exploit
this connection in Sections [Bl and @ in order to discuss applications to relevant signal
classes. For simplicity, here we assume Piz! = 0.

Given m i.i.d. samples ty,...,t, € D drawn from v, the corresponding measure-
ments are

yk:F’tkuT_l_gka kzla"'ama

where the noise vector € € H}' is such that |ex|3, < 5 for some § > 0, for every k
— in other words, we have that the measurement indexed by t; comes with a noise ¢
that is uniformly bounded over the samples.

We attempt to reconstruct o' (and, consequently, u’ = ®*z) via the /'-minimization
problem

1 m
1 i L= | F O — 3, < B
(1) Jin =l n 2 1F5. @ = yill30, < 57

The transition to a finite-dimensional setup is performed via a stable truncation of
the forward map F' of the model. To be more precise, we consider the M x M matrix
given by

G = \/PAOF*F®*P;.

Stability ultimately reduces to the invertibility of GG, which can be ensured if I satisfies
a restricted injectivity assumption known as the FBI property, which is usually met in
many IP of interest — for example whenever the operator F' is injective, see Definition
below for further details. More generally, this condition can be relaxed if a form
of elastic net regularization is introduced in the minimization problem (), so that G
can be replaced by G, = \/PACDF*F(I)*PA* + a2l for a > 0, so that the invertibility
of GG, is no longer a concern. For simplicity, this generalization will not be treated in
this work.

A largely simplified version of our abstract result for the sample complexity of
abstract inverse problems (Theorem [B.5) reads as follows.
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Theorem. Under the assumptions outlined so far, there exist universal constants
Co, C1, Cy > 0 such that, for any integer 2 < s < |A|, if T € 2(A\) is a solution of the
minimization problem ([Il) and the number of samples satisfies

m > CoB?||G7 s,

up to logarithmic factors, then the following recovery estimate holds with overwhelming
probability:
o),

|z =2, < Cy 5

+ o, 2 GTHIB,

the term oy(z"); = inf{||z" — 2|1 : 2 € £2(T"), | supp(2)| < s} representing the error of
best s-sparse approzimation to x’.

Most of the subsequent efforts are directed towards keeping the quantity |G|
under control, in light of its role in the previous result. In Section we discuss
several strategies to provide explicit bounds for ||G™!||, ultimately in connection with
the singular values of F'®*P}. In the case where the singular values are not accessible,
we introduce a workaround relying on a compatibility condition that is typically met
in practice, namely that the measurement operator of the IP approximately acts as a
diagonal operator on (¢;);er, similarly to the wavelet-vaguelette decomposition [46].
Roughly speaking, the quasi-diagonalization condition introduced in Definition [3.7]
captures how the forward map affects the sparsity of the signal, hence it allows us to
obtain bounds for ||G™!| by mimicking a singular value decomposition.

Moreover, in the spirit of statistical inverse learning [21], 27, 29] (see Section [[3]
below for a brief account), it is possible to further optimize the recovery estimates
to make them dependent only on the parameters that can be tuned by the observer,
namely the noise level 5 and the number of samples m. More precisely, under suitable
conditions on the linear and nonlinear approximation errors of u with respect to the
dictionary (®;); (typically met if u' belongs to certain classes of signals, such as
cartoon-like images — see the end of §1.2.3] for more details), provided that m is
suitably chosen as a function of the noise, we obtain estimates of the form

ot~ < 8% flat Bl < e
m

up to logarithmic factors, for a suitable constant ¢ > 0. Here, a,a’ > 0 depend
explicitly on the linear and nonlinear approximation errorrates and on the degree of
ill-posedness of the forward map F'. The above estimates hold with high probability,
but it would be possible to derive similar estimates for the error in expectation.

We address the reader to Section [3] for further details and comments on these
results, as well as to Sections [5.2] and [5.4] for a detailed exposition of how the
standard techniques of CS (in particular, the restricted isometry property and its
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consequences) must be generalized in order to accommodate the difficulties arising in
ill-posed IP.

1.2.3. The sparse Radon transform. In Section [ we discuss how recovery results from
finite samples can be obtained for the inversion of the sparse angle Radon transform.
Precisely, we consider the reconstruction of a signal supported in the unit ball in R?
from samples of the Radon transform along angles 6 € [0, 27).

Recall that the Radon transform along the angle 6 € [0, 27) of a square integrable
signal v with compact support in the plane is defined by

Rou(s) = /L u(y + sep)dy, s €R,
7
dy being the 1D Lebesgue measure on the slice . The full Radon transform Ru €
L3([0,27) x R) is defined by Ru(s, 0) = Reyu(s).

Let us describe the dictionary with respect to which the unknown signal u" € L?(B;)
is assumed to be sparse/compressible. We consider an orthonormal basis of suitable
2D wavelets (¢;n)(jn)er wWith compact support. We assume that there exists A C I'
of size |[A| = M such that suppa! C A (recall that 2T = ®u’) — hence ||Pia']|, = 0.
In particular, it is natural to assume A = A;; = {(j,n) € I' : j < jo} for some j, € N,
namely u' belongs to a subspace of signals with finite, finest scale j, in the multiscale
decomposition associated with the wavelet basis.

Our goal is to provide recovery estimates for u given m samples of the corre-
sponding Radon transform at different angles 6, ...,0,, € S', drawn i.i.d. uniformly
at random from S!. We consider here only the parallel-beam setting, the fan-beam
sampling pattern is discussed in Section 4l

Setting W = diag(27/ ?);n, the nonlinear recovery of u comes through the solution
of the minimization problem

. _ 1 &
(2) min ||V 'ull; EZIIReku—ka%z(R)éﬁ?,
k=1

where the minimum is taken over span(¢;.)(jn)e A;,» the sparse-angle measurements
are given by y, = Ry, u' + &g, and the noise e € (L*(R))"™ satisfies the uniform bound
ekl 2m) < B for every k.

A simplified form of our main result (Theorem (5] on the sparse Radon recon-
struction reads as follows.

Theorem. Under the assumptions outlined above, there exist constants Cy, Cy,Coy >
0 depending only on the wavelet basis such that, for any 2 < s < |Aj|, if u €
span(d;n)(jnyen;, 5 a solution of the minimization problem (2)) and the number of
samples satisfies

m > (s,
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up to logarithmic factors, then the following recovery estimate holds with overwhelming
probability:

N o (WLt .
||uT _ U||L2 < 01230/2% + 022Jo/25.

Let us emphasize that the use of weights allows us to obtain a recovery estimate
with a smaller number of samples than the ones required when the abstract result
above is applied to the Radon setting — see Theorem [£4l

Finally, we wish to provide a brief exposition of the result proved in Theorem [Z.6l
If we relax the assumption ||PAlJ_O 21|y = 0 to a tail bound HPALJ_O x|l < C27%° for some

a,C > 0, and the signal u' satisfies the compressibility condition o (®ul); < Cs'/?7?
for some p > 0, then the recovery estimates reduce to

ap

R 2a_ R 1 a+p
il < 825, Jlut =l < c (a) ,

up to logarithmic factors. These estimates hold under the assumption that the noise is
deterministic. Assuming the noise to be a random variable, under natural assumptions
(e.g., see [21]) it would be possible to obtain more refined estimates in expectation.
This result is particularly useful for signals from classes with known regularity with
respect to a multiresolution dictionary. For instance, it is known that such sparsity
constraints in wavelet space with a = p = 1/2 corresponds to the class of cartoon-like
images, consisting of 2D piecewise smooth functions apart from mild discontinuities
along curves [47, [75, 80]. As a result, the reconstruction of a cartoon-like image uf
from m = 372 (see Theorem [L6]) noisy samples of the Radon transform at different
angles via sparse minimization as above is successful with an error ||[u—u'||;: < CBY2.

1.3. Related research. Let us briefly discuss other works in the literature that share
some common features with the present contribution.

Several approaches to obtain recovery guarantees for sampling and reconstruction
in infinite-dimension can be found in the literature. The framework of generalized
sampling was developed in [4] [10] to obtain guarantees in separable Hilbert spaces.
This setting allows one to recover an element of a finite-dimensional subspace given
finitely many inner products with the elements of an arbitrary frame. The issues
related to the stability of the reconstruction were addressed by introducing the bal-
ancing property [8], which is well suited in the case of measurements modelled by a
unitary operator. Several works have investigated this issue for a variety of nonlinear
problems in different scenarios — we mention [I3], 63, 15, [IT] in this regard.

One of the main results in this paper (Theorem [B.5)) generalizes several previously-
known coherence-based CS results in finite [32] and infinite dimension [64} 8, [5, [14] [I]
in many respects. Indeed, our theory is able to deal with linear ill-posed problems,
generally involving compact operators with anisotropic and possibly vector-valued
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measurements. Since our framework is based on a very weak definition of the sam-
pling/measurement map, which is able to encompass at once both scalar products and
pointwise evaluations, this result also intersects the scope of approximation theory,
especially in connection with sparse approximation with polynomials [91] and sparse
high-dimensional function approximation [3], 26], [45] 2].

The main notion that allows us to handle the ill-posedness of the forward map
and the geometry of the measurements is the generalized restricted isometry property
(g-RIP) (see Section [5.3]), an extension of the classical restricted isometry property
(RIP), which has been widely studied in CS due to its fundamental relevance — see
for instance [39] [38] 33]. A number of variations on the theme can be found in the
literature. In particular, we mention the D-RIP [36], [74], which takes into account
possible redundancy in the dictionaries; the RIPL [16], which is suitable for signals
with sparsity in levels; and the G-RIPL [1], which is suited to deal with infinite-
dimensional signals. The g-RIP considered in this work corresponds to the G-RIPL
without levels, and with a weighted sparsity. The role of the matrix G is slightly
different in this work, where the main objective is to take into account the ill-posedness
of the inverse problem. Alternative approaches to the RIP in CS have been proposed
in the literature — see for instance [19, 37]. In [59] an interesting comparison is carried
out between the RIP and the weaker notion of source conditions; however, it might
be difficult to verify if the latter are satisfied in practical scenarios.

The g-RIP is employed here to exploit an approximate diagonalizability condition
that is met in many cases of interest in applications — see Definition [3.7] of quasi-
diagonalizability. In fact, similar approaches have already appeared in the literature,
a prominent example being the wavelet-vaguelette decomposition (WVD) introduced
in [46] and further developed in [35] 4] for more general dictionaries. Let us also
point out that in [64] the authors exploit diagonalization properties related to a
WVD of the forward map in order to obtain recovery estimates, although the setting
and the results differ in several respects from our approach. Moreover, the exact
diagonalizability assumption of [64] is too strict for most cases of interest, especially
for the sparse Radon transform discussed in this work.

We were able to derive refined estimates in Theorem [B.11] by leveraging a notion of
coherence across scales that is tailored to the multiscale structure of the sparsifying
dictionary (¢;n)(jn)er — see Assumption B.I0L Alternative approaches that use mul-
tilevel information on coherence are available in the literature. For instance, nonuni-
form coherence patterns were already observed in some works on MRI [76, [78], [79], and
have been considered together with multilevel sampling schemes [96, [, [5, [77]. Our
approach considers a modified notion of coherence — see Remark — that extends
these approaches by taking into account the presence of ill-posedness quantified by a
certain decay of the singular values of the forward map.
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The main application of our abstract framework — the inversion of the sparse Radon
transform — is a well-known challenge for the IP community. A sparsity-promoting
method with respect to wavelets based on a Besov-norm penalty has been considered
in [61], where numerical results are also presented, showing substantial improvement
with respect to more classical approaches such as filtered back-projection (FBP) and
Tikhonov regularization. Other wavelet-like dictionaries (e.g., shearlets) have been
used in the literature to tackle the problem of reconstructing a signal in tomography
from sparse data — see [30, 88, 28]. The reconstruction in [49] is performed via
sampling in the frequency domain along lines of a signal that is given by a linear
combination of Dirac deltas. Under suitable assumptions, it is proved that the number
of samples required for exact reconstruction is proportional to the number of deltas.
In [70, 68], a numerical study is pursued to investigate how many samples are needed
for accurate reconstruction in terms of the sparsity of tomographic images, where
sparsity is meant here as the number of nonzero pixels. The numerical experiments
presented show that the number of scalar samples required for accurate reconstruction
is proportional to the sparsity of the signal.

Finally, we mention an alternative approach to derive recovery guarantees for IP
that are similar in spirit to those presented in this paper, which is given by statistical
inverse learning theory, a field that lies at the interface between IP and statistical
learning. In a nutshell, the formulation of the problem goes as follows. Let H; and
Hs be Hilbert spaces, Ho consisting of functions defined on some input space (X, v),
where v is a probability distribution on X. Let F': H; — Hs be a linear operator.

Given u € Hq, if Xq,..., X, EY v, consider
Yk:FU(Xk)—F&?k, kzl,...,m,

where ¢ are independent noise random variables. The goal is to recover u from the
observed values Y7,...,Y,,. The case ' = Id reduces to the classical nonparamet-
ric regression problem. Reconstruction estimates in this scenario are obtained, for
instance, in [21), 89, 00, [57].

1.4. Discussion and open questions. Let us discuss here some limitations of our
approach and potential directions for future research.

e The methods presented in this paper, as well as most of the literature on CS
(for some exceptions on specific models, see [85, 22, 23| 56, [18]), are suited
to treat only linear problems, and so are applicable only to linear inverse
problems. Nonlinear inverse problems appear in many domains, especially
in parameter identification problems for partial differential equations [73, [65].
Notable examples are the Calderén problem for electrical impedance tomogra-
phy [24, 97] and the inverse scattering problem [42] 31]. It would be interesting
to develop a theory of nonlinear CS to handle these nonlinear problems.
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e We consider a fixed deterministic noise ¢ € H1', representing a worst case
scenario. A common model used in statistical inverse problems [72] [95] and in
statistical inverse learning theory [21l 57] considers statistical noise, namely,
each ¢y is sampled i.i.d. following a probability distribution on H,. Under-
standing how this different setting would affect our method and our recon-
struction estimates is an intriguing issue. In particular, since our approach
allows us to use variable-density sampling strategies, it would be interesting
to study optimality rates for a class of probability distributions.

e In this work, we assume that the unknown signal u' is sparse with respect
to an orthonormal basis (¢;)er of Hi. We expect that the whole machinery
would work also under relaxed assumptions, for instance, if (¢;);er is a frame
and/or a Riesz basis, as in [87, 14, 26]. Such generalizations would allow us to
consider dictionaries that are more general than wavelet orthonormal bases,
such as curvelets or shearlets, which are known to provide better rates for the
nonlinear approximation error [34, 60, [75]. As a consequence, this is expected
to give better sample complexity estimates. We leave this extension for future
research.

e In the model of the sparse Radon transform we considered a finite number
of angles 6, but, for each fixed angle, we sample the Radon transform for
every translation s € [—1,1]. As such, this is a semi-discrete model for the
measurements, and it is natural to wonder whether the same estimates, or
similar ones, hold true with a sampling also in the variable s. The work [49]
contains some results in this direction, but with sampling in frequency and
and in the setting of Dirac delta spikes.

e We have opted to present only one application (the sparse Radon transform) of
the abstract sample complexity result for inverse problems. However, the pro-
posed approach is flexible enough to encompass a number of classical problems,
including the recovery of wavelet coefficients of a L? signal from its samples
in the Fourier domain, as well as deconvolution problems with finite samples.
To the best of our knowledge, this is the first time that IP so different in
nature (namely, involving “discrete” and “continuous” samples) can be han-
dled at one time by specializing the same abstract framework. We decided to
postpone this analysis to a separate contribution.

1.5. Structure of the paper. Let us briefly illustrate the organization of the con-
tents. In Section [2] we offer a detailed treatment of the preliminary notions that are
necessary to frame and state the main results. After such a preparation, in Section
Bl we formulate our general result for the sample complexity of ill-posed IP under
sparsity constraints. The main application is the sparse angle tomography problem,
which is thoroughly discussed in Section 4l All the proofs of both main and ancillary
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results can be found in Section B with the exception of the proof of a key technical
result (Theorem [B.7)), which can be found in Appendix [Al

2. SETUP

2.1. Weighted setup and notation. Let N denote the set of positive integer num-
bers. For n € N, we denote the set of the positive integers up to n by [n], namely

n] ={1,...,n}.

Let I' be a finite or countable index set, e.g., ' = Nor I' C N x Z. In our setting, it
is the index set of the dictionary representing the unknown signals. We will consider
also a finite subset of indices A C I', which stands for the index set where the signal
reconstruction is carried out. We denote by P, the orthogonal projection on ¢?(T")

defined by

P i = .

) {o (¢ )
The image of P, is thus (3 (T') := span{e; : i € A}, (€;)ier being the canonical basis
of /2(T"). With an abuse of notation, we often identify ¢% (T") with £2(A) or with CM,
where M = |A|. We denote the corresponding adjoint map by ¢4, that is the canonical
embedding /% (T') — ¢3(T"). We also set Pi- := I — Py, where I is the identity operator.

We say that a sequence w € R is a vector of weights if w; > 1 for every i € I'. The
weighted size of a set S C I' is defined by

w(S) = Z w?,
i€s
whenever S is finite. Denoting by |S| the cardinality of a set .S, the following inequal-
ities are immediately verified:

S| < w(8) < |S|supw;.
€S

For 0 < p < 2 we introduce the set
P T)={zcC": ||y, < oo},
where the w-weighted /P norm is defined by

1/p
[2lpw = <Z |xi|pwi2_p> .

iel
The limit case p — 0 leads to the notion of weighted sparsity. To be precise, denoting
the support of x € C' by supp(x) = {i € I': z; # 0}, we say that x is s-w-sparse if

[zlow = w(suppz) <s.
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Note that in the unweighted case (i.e., w; = 1 for all ¢ € ') we obtain the usual P
norm ||z||, and the cardinality of the support ||z||o = | supp z|.
We also introduce the error of best w-weighted s-sparse approximation of x € (*(T)
with respect to the weighted /7 norm:
05(2)pew = f{ ]|z = yllpw : y € C", [yllow < s}
Equivalently, we have that
05(2)pw = Inf{||zse|pw: S CT, w(S) < s},

where zg = Pgz and S¢ =T\ S. If S C I is a set such that o(z),. = |25 ]|y and

w(S) < s, we say that xg is a best s-w-sparse approximation to x with respect to 7.
Note that x5 is not unique in general.

2.2. Dictionaries, measurements and the minimization problem. The Hilbert
spaces appearing below are assumed to be complex and separable.

Hilbert spaces. Let Hy and Hy be Hilbert spaces. We will refer to H; as the space of
signals and to Hs as the space of measurements.

Dictionary. Let (¢;)icr be an orthonormal basis of H;. Let ®: H; — ¢*(T) be the
corresponding analysis operator, namely ®u = ((u, ¢;)%, )ier- The corresponding
synthesis operator ®*: (*(I') — M, is given by ®*z = >, [ x;4;.

Measurement space. Let (D, u) be a measure space. We think of D as a space of
parameters associated with the measurements. Indeed, we perform random sampling
with respect to a probability measure v on D that is absolutely continuous with
respect to 1 — namely, there exists a positive function f, € L'(u) such that || f, ||z = 1,
and dv = f,du. The choice of the probability distribution turns out to be crucial in
order to obtain an optimal sample complexity; however, it will not be very relevant
for the purpose of the present work. We will investigate this matter further in future
work.

Measurement operators and forward map. Let (F})ep: Hi — Ha be a family of uni-
formly bounded linear maps, with || F;|| < Cp for every ¢ € D, modelling the mea-
surement operators in our problem. We suppose that

D>t Foue Hy

belongs to the Bochner space LZ2(D;Hs) for every u € H;. We define the forward
map

F: My — L2(D; Ha), (Fu)(t) = Fu,
for almost every t € D. We assume that F' is bounded with || F'[|3, 12 (p.,) < Cr.
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The attentive reader will notice that assuming (non-uniform) boundedness of the
measurement operators would affect only the estimates involving the truncation error
— see Proposition 5.8 Nevertheless, as the uniform boundedness assumption is sat-
isfied in the context of the applications discussed below, we prefer to trade off some
generality for consistency.

Noise. Letting u' € #H; denote the unknown signal and if ¢1, ..., t,, are i.i.d. samples
from the distribution v on D, the noisy measurements may be written as

Y = FtkuTjLek, k=1,...,m,
with e, € Hs. We assume the following uniform bound on the noise:
(3) max [|ex[lw, < 5,
for some 3 > 0.

Truncation error. Let A C I' be finite. We assume that there exists r > 0 such that
| Pzt < r, where 27 = ®u'. The truncation error | Piz'||; is often referred to as
linear approximation error [44]. We show below (see Example B.7)) that, if uf and ®
are sufficiently regular in a sense to be specified, then the decay rate of || Piz'|| can
be explicitly given in terms of M = |A|.

Minimization problem. We consider the following minimization problem:

1 m
4 min ||z e F, ®*ipax — yill?,. < n?,
(1 min el 3N~ el <
for some n > 0, where we recall that 1y = (P,)*. Since the problem involves the
minimization of a convex functional under a quadratic constraint, there exists at
least one solution — unless the constraint condition is empty.

Remark 2.1. The ¢! minimization problem (#) is known in the literature as the syn-
thesis formulation. An alternative approach is the so-called analysis formulation

. 1m
min [@ully o — Y Fu— il <07
k=1

where the minimum is taken over span(e;);ea.

For general dictionaries, the two approaches are not equivalent — see for instance
[50]. However, equivalence holds for orthonormal bases, which is the case in the
present work. Indeed, ® and its inverse ®* are isometric isomorphisms of H; and
(*(T"). We adopt the synthesis approach in the statement of theorems of the current
section as this formulation is more natural in the context of compressed sensing and
the restricted isometry property — see Section Instead, in Section 4] we opt for
the analysis approach, which best fits the spirit of inverse problems.
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Two examples. We now briefly discuss two examples of problems that fit into our
framework: the reconstruction of the wavelet coefficients of a sparse signal from
Fourier measurements and the recovery of a sparse function in a basis of polynomials
from a finite number of pointwise evaluations. Even though they have been thoroughly
studied — see, for instance, [54, Section 12.1] — our framework generalizes compressed
sensing in bounded orthonormal systems in many respects, including the introduction
of a possibly ill-posed forward map and the presence of more general vector-valued
measurement operators.

Example 2.2 (Reconstruction of wavelet coefficients from Fourier samples).
We consider the problem of reconstructing the wavelet coefficients of a signal sup-
ported in T = [0, 1] by sampling the Fourier coefficients in an appropriate bandwidth
[N]l+ :={-N,—-N+1,...,N — 1, N}; we refer the interested reader to |38 [79, [7§].

In this context, we have that H; = L*(T) is the space of signals and H, = C is the
space of scalar measurements. We consider an orthonormal basis (¢;)ier = (¢j,n) (jn)er
of boundary ([J40]) or periodic (|81, Section 3.11]) Daubechies wavelets. The index
set I' C N x Z here includes all the possible scales, indexed by j € N, and all the
possible values of the translation parameter, indexed by n € Z. In general, the range
of n depends on the scale j.

As measurement space for this model we consider (D, u) = ([V]4,¢), where ¢ is
the counting measure. The forward map F': L?(T) — C?*N*! is given by F = Py.F,
where F: L?(T) — (*(7Z) is the Fourier transform

Fu(t) = /u(x)e_z’rm dz, teZ,
T

and Py: (*(Z) — C? *1 is the projection on the components indexed by [N].. For
every t € [N]i, the measurement operators Fy: L?*(T) — C are given by Fyu =
Fu(t) = Fu(t). We choose f,(0) := 1/C, and f,(t) = 1/(|t|C,) for t # 0, where
c, =1 +Zivz 1 2/t is a normalizing constant; see (i) in Remark 3.2 for further insights
on this choice.

The truncation bandwidth A C T is the subset of indices (j, n) such that j < jo. In
other words, we approximate the original signal with one having a finite finest scale

Jo-

Example 2.3 (Approximation with polynomials). We consider the classical
problem of reconstructing a polynomial of degree at most M that is sparse with
respect to an orthonormal basis of polynomials, given a finite number of pointwise
samples [91].

Let L2(—1,1) be the space of square-integrable functions with respect to a weight
w: [—1,1] = R, where wdz is a probability measure. Let (p;);en be an orthonormal
basis of polynomials of L2 (—1,1). We fix the dictionary (¢;)ier = (pi)ier, I = [M+1],
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and define the space of polynomials of degree at most M by Py = span(p;)ier C
L2 (—1,1). The model under consideration is represented by H; = Py and Hy = C.

The measurement space is given by (D, u) = ([—1,1],wdz). The forward map
coincides with the identity (F' = I) and, for every t € [—1,1], the measurement
operators Fy: Py — C are given by Fyu = u(t). We choose A = T" and f, = 1, so
that v = pu.

3. A GENERAL RESULT ON SAMPLE COMPLEXITY

3.1. Main result. In order to state our main result we need to introduce a few
assumptions.

Assumption 3.1. The following coherence bound is satisfied:

||Ft¢i’|7‘l2 <B fl/(t) Wi, te D7 1€ Fv

for some B > 1, where f, was defined in Section and w; > 1.

Remark 3.2. Let us discuss the occurrence of this bound in the two examples already
discussed.

(i) Consider the Fourier-wavelet sensing problem discussed in Example It is
known from [67, Theorem 2.1] that the following estimates hold under suitable
regularity assumptions on the scaling functions of the wavelet dictionary:

‘f¢J7n(O>| S Cv (j? n) S Fv
C
Foin(t)] < —=,

for some C' > 1. Letting C, == 1+ SV, 2/t, f,(0) = 1/C, and f,(t) =
1/(|t|C,) for t # 0 and B := C+/C,, then the above estimate can be recast in
the form of Assumption B.1] with w; = 1.

(7i) Consider the problem in Example 23l In the case of approximation with
Legendre polynomials (p;);eny on [—1, 1] (see [91] or [98] pag. 504]), we have

pilloe < V2i—1, i€N.

Assumption B.I] can thus be satisfied provided that the weights are chosen in
accordance with the constraint w; > /27 — 1.

teZ\ {0}, (4j,n) el

Assumption 3.3. The following estimate is satisfied for some ¢, > 0:
o< f, <L
Remark 3.4. The inequality is a rather technical assumption and, as will be clear

from the proof of Theorem [3.5] it is related to the fact that we suppose to have only
a uniform bound on the noise level for the samples, see (3]). By strengthening the
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requirement on the noise, this assumption can be dropped, as will be shown in future
work. We do not include this extension here as it is not relevant for the sparse Radon
problem treated in this work.

If A is a matrix or an operator, we let ||A|| denote its operator norm.

Theorem 3.5. Consider the setting of Section[2.4. Let Assumptions 3.1 and[3.3 be
satisfied. Set M = |A| and define the following M x M matriz:

PAq)F*Fq)*LA.

We assume that G is invertible.

Let ' € (*(T') be such that | Pix'||s < r. Consider m i.i.d. samples ty,... t,, € D
drawn from the probability distribution v. Let yy = Fy, ®*2' + &g, fork =1,...,m,
with maxg ||5k||7-[2 < ﬁ

There exist absolute constants Cy, Cy,Cy > 0 such that the following holds. Let
T € *(A) be a solution of the minimization problem

O w3 IR, < (5 GG

Fiz s € [M] with s > ||w||% /4 and set T == B?|G7Y|*||G||*s. For any v € (0,1), if
m > Cor max{log® 7 log M, log(1/7)},

then, with probability exceeding 1 — v, the following recovery estimate holds:

2" = 2w < Crog(Paat)ie + Cov/se, 2(IGTHIB + Cor) + [ Pral 1o,

os(Prz’)1 0 _ _
P | o 1675+ Car)

where C3 == 0;1/204(||F(I)*LF\A||||G_1|| + 1), and Cy depends only on C.

|2t —Z, < Cy

Theorem presents a recovery guarantee of nonuniform type, i.e., valid with
overwhelming probability for a fixed unknown signal. Nonetheless, all the tools used
in the proof are inherently suited for uniform recovery except for Proposition [5.§ only,
which is necessary to obtain refined estimates on the truncation error. It is possible
to obtain a uniform recovery result (that is, valid for a whole family of suitably sparse
signals) by replacing the term |[|G™!||3 4 Csr in the estimates with the possibly worse
bound ||G7||(B + r). In particular, the two terms coincide if T is supported in A
and therefore r = 0, leading to uniform recovery estimates for this class of signals.

The factor log® 7 appearing in the estimates is known to be suboptimal — see for
instance [26]. Optimizing the exponent of the logarithm would lead to a substantial
increase in the length of the proofs and falls outside the scope of the present work.



18 G. S. ALBERTI, A. FELISI, M. SANTACESARIA, AND S. I. TRAPASSO

In order to apply this result to specific cases of interest, several quantities must be
explicitly computed, the most crucial one being |G~!||. This will require new tools
and will be the focus of §3.2] below; we anticipate here a few general observations.

A sufficient condition for the invertibility of GG that is typically satisfied in several
inverse problems of interest is a restricted injectivity property for I, as detailed below.

Definition 3.6. Let H be a complex and separable Hilbert space. A linear operator
V: (2(T') — H is said to possess the finite basis injectivity (FBI) property if, for every
finite family of indices A C T, the restriction of V' to £2(A) is injective.

Given an orthonormal basis (¢;);er of a Hilbert space H; with analysis operator
®, an operator F': Hy — H is said to possess the FBI property with respect to ® (in
short: ®-FBI) if F'®* has the FBI property.

Suppose that F'is ®-FBI. Then we have that F®*i, is injective for every finite
A C T, which implies that G € CM*M ig positive definite and thus invertible.

As already observed in [25], the FBI condition is quite natural in the context of
inverse problems with sparsity constraints — in fact, it is less restrictive than full
injectivity, even if the latter is more common in the IP literature. An elementary
example of a non-injective FBI operator on £2(N) is the following one:

Vei:{zjcjej (1=1)

~
Y
N
~

€i—1 (

where (e;);en is the standard basis of 2(N) and (¢;) ey is any complex sequence such
that >°|c;|* < oo and ¢; # 0 for every j.

Another quantity that needs to be explicitly computed in order to apply Theo-
rem [3.5]is C3 = 6;1/204(||F(1>*LF\A|| |G7Y| +1). We find that under reasonable condi-
tions (see Theorem B.11]), the quantity C3 can be bounded by a constant depending
only on Cp, on ¢, and on the quasi-diagonalization bounds.

3.2. Quantitative bounds on ||G7!|| and quasi-diagonalization. We have al-
ready shown that if F' is ®-FBI then the matrix GG is non-degenerate. In order to
make the estimates of Theorem [3.5 effective, we now derive explicit bounds for [|G™1||.
In the literature on infinite-dimensional compressed sensing, such bounds were ob-
tained with the so-called balancing property [8], which is well suited in the case of
measurements modeled by a unitary operator. Here we somewhat exploit the (pos-
sible) ill-posedness of our forward map as well as a quasi-diagonalization property,
introduced below, that is satisfied by many forward maps of interest, including the
Radon transform. We then derive ad hoc bounds that are of a different flavour com-
pared to the ones obtained with the balancing property. Potential combinations of the
balancing property with the quasi-diagonalization property are left for future work.
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We note that ||G!|| can be explicitly bounded using the singular values of F®*.
Indeed, we have that

IGTHI < oa(FP*ea)
where oy (F®*1y) is the M-th singular value of F®*1y, with M = |A|.

Quasi-diagonalization. The previous estimate depends on the singular values of F'®*1,.
In practical scenarios, estimating oy (F'®*1,) is non-trivial. For this reason, we now
discuss an alternative approach for estimating |G|, which is a consequence of a
condition that is typically met in several contexts — more precisely, a condition that
holds when it is possible to identify a dictionary that approximately diagonalizes the
action of the forward map of the model.

We consider now (orthonormal) multiresolution dictionaries (¢;,)(njer With two
indices (e.g., orthonormal wavelets). The parameter j represents the scale, and we
use the convention that higher values of j correspond to finer scales.

Definition 3.7. We say that F' satisfies the quasi-diagonalization property with re-
spect to (®,b), b > 0, if there exist ¢, C' > 0 such that

(6) c Z 2_2bj‘xjyn‘2 S HF(I)*:CH%ﬁ(D,Hz) S C Z 2_2bj‘xj,n‘27 = 62(1‘1>

(4,n)erl (4,n)erl

Roughly speaking, the previous property entails the fact that the action of the for-
ward map on the elements of the dictionary (¢;.)(jn)er approximately coincides with
that of a diagonal operator with dyadic coefficients depending only on the parameter
b and the “scale” index j: as a rule of thumb, the larger b is, the more smoothing F'
is — hence, the ill-posedness of the corresponding inverse problem gets worse.

We now provide a set of conditions ensuring that the quasi-diagonalization property
is satisfied. Recall that H°(R?), b € R, is the Sobolev space of distributions u € &'(R?)
such that (I — A)Y2y € L*(RY), while H*(T?) is the Sobolev space of distributions
u € S'(T?) such that (I — A)2u € L*(TY), where (I — A)*? corresponds to the
Fourier multiplier (1 + | -|?)"2 on R? or on Z?, respectively.

Proposition 3.8. Let H; be either L?(T?) or L*(RY). Assume that there exist ¢, C >
0, b > 0 such that:

e The forward map F satisfies

(7) cllullf-s < IFullz o) < Cllullfy-s,  w € Ha.
o The dictionary (¢jn)(n)er is an orthonormal basis of Hy such that
(8) cllullfs < D 27w, bin)rel’ < Cllullfo,  we Hy,
(4,n)er

which we will refer to as the Littlewood-Paley property of the dictionary.
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Then F' satisfies the quasi-diagonalization property (@) with respect to (®,b).

Remark 3.9. If (¢;,)n)er is a g-regular wavelet system (in the sense of [81], Section
2.2]), then the Littlewood-Paley condition (§)) is satisfied for every —¢ < b < ¢ — see
for instance |81, Theorem 8 in Section 2.8 and Section 3.11] and [80, Theorem 9.2].
Compactly supported g-regular wavelet system exist for every fixed value of ¢ € N —
see [81, Theorem 3 in Section 3.8].

Coherence bounds across scales. The results of Theorem can be improved in the

quasi-diagonalization regime with respect to (®,b) as soon as additional coherence

bounds are available, tailored to the multiscale structure of the dictionary (qu’n)(j’n)ep.
In particular, we consider the following tighter version of Assumption Bl

Assumption 3.10. The following coherence bound is satisfied:

fo(t)

w.
J,m
djn

’|E¢j,n||?—[2 S B te D7 (.]7 n) el
for some B > 1,1 < d;,, < 2% where b is the constant appearing in the quasi-
diagonalization (@), f, was defined in Section and w;, > 1.

Remark below gives further insights on the role of the parameters d ,,.

We can take advantage of such refined coherence information to substantially reduce
the number of samples that are needed to achieve recovery in Theorem [B.5 retaining
the same recovery rates.

For j € N, we introduce the index subsets with finest scale j

(9) Aj=A{{"\n) el j <j}.

Moreover, we always assume that |A;| < +oo.

Theorem 3.11. Consider the setting of Section [2.2. Let (¢;,)n)er be a multires-
olution (orthonormal) dictionary that satisfies [@). Let Assumptions[310 and[3.3 be
satisfied. Fiz jo € N and set M = |A;,].

Let 27 € (2(T) be such that ||PAlexT|| < r. Consider m i.i.d. samples ty,... t,, € D
drawn from the probability distribution v. Let y, = F,, ®*z' + e, for k =1,...,m,
with maxy, ||eg||u, < 5.

There exist constants Cy, C1, Cy, Cy > 0, which depend only on the quasi-diagonalization

bounds in ([0) and on Cr, such that the following holds. Let ¢ € [0,1] and W =
diag(2bj)(jvn)eAjO. Let T be a solution of the following minimization problem:

ZBEZQ (AjO

: _ 1 & . o
(10) min W] E;HFM@ iy = Yellde, < (8+Cy27%r)”,

where C5 = 051/204.
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Fiz s € [M] with s > |lw||% /4 and set

7= B? max (d;i22bj)22(1_<)bj°s.
(Um)€hjo 7

If

(11) m > Cor max{log® 7 log M, log(1/7)},

then, with probability exceeding 1 — v, the following recovery estimate holds:

s(Pr,, Wz,
NG

Jo

g . .
||VV_CSL’Jr — W_CZU\HQ S Cl + 022_Cb]00;1/2(2bj05 + Cg?”).

In particular, we have that

W_CZET)LW
NG
Remark 3.12. When (¢;,);, is a wavelet-like dictionary, the parameter M = [A; | in
Theorem [3.11] usually satisfies M =< 2% for some positive integer ¢ — see, for instance,

equation (5] below. In these cases, the quantity log M in the sample complexity can
be therefore replaced with cjg.

S(PAjO

e )
||SL’Jr — /SL’\HQ S 012<b]0 + CQC;1/2 (2bj0ﬁ + Cg?”) .

Remark 3.13. Thanks to the quasi-diagonalization property (@), the quantities related
to the matrix G in Theorem assume an explicit form in Theorem B.11l Moreover,
thanks to refined information about the coherence given by Assumption .10/ and the
flexibility given by the parameter {, the sample complexity improves in Theorem B.1T]
from Theorem B3} indeed, the sample complexity in the previous scenario was given
by m = m(7), where it is possible to show that

7= B*|G7Y|*s = B22%io g,
which, recalling that d;,, > 1 and ¢ € [0, 1], is in general larger than

7:= B?> max (d;i22bj)22(1_<)bjos.
(Gm)ENjy
In practice, this will lead to significant improvements in the estimates for the Radon
transform, as will be shown in Section @l

The tunable parameter ¢ in Theorem B.11] shows that there is a trade-off between
the sample complexity of the problem and the reconstruction error: larger values of
correspond to a lower number of measurements, but to a possibly larger reconstruction
error. We now discuss two extremal cases of special interest of Theorem [3.11]in the
choice of the parameter (. First, we consider the case ( = 0, which yields the largest
number of measurements, but possibly the best bound for the reconstruction error.
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Corollary 3.14. Consider the setting of Theorem [311], and suppose that the same
hypotheses are satisfied. Let T be a solution of the following minimization problem:

. 1 - % —bj 2
02 i ol o3 IR® 0wl < (5+ 02’

ZBEZQ (AjO

If

7= B? max (d]-_222bj)22b3°s.
(]7n)€Aj0 ’

and
m > Cyr max{log® 7 log M, log(1/7)},
then, with probability exceeding 1 — v, the following recovery estimate holds:

R os(Py. af w .
||1»T _ x||2 S Cl% + 026;1/2(213]05 + Cglra).

Next, we consider the case ( = 1 in Theorem [B.11], which yields the smallest number
of measurements, but a possibly larger bound for the reconstruction error.

Corollary 3.15. Consider the setting of Theorem [3.11], and suppose that the same
hypotheses are satisfied. Let T be a solution of the following minimization problem.:

. _ 1 Zm . o,
mm ) ||W 11'”1’0‘) : E ||F’tk¢ LAjOI - yk‘”%lz S (6 _l_ 032 bjoT) 5
k=1

zel2(Aj,
If
13 7= B? max (d;?2%)s
(13 Jmax (4;22)
and
(14) m > Cor max{log® 7 log M, log(1/7)},

then, with probability exceeding 1 — v, the following recovery estimate holds:
O'S(PAjOW_l.Z’T)Lw

[Fo* 2t — FO*Z| L2 (ps) < Ch 7

+ Cac, V(B + 270 Cyr).

v

In particular, we have that
W_IZL'T)l

NG

_04( Py, w .
|zt — 2|, < C12%% ( Ao — + C’gc,jl/2(2b’°ﬁ + Csr).
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As a direct consequence of Corollary B.15] we obtain the following exact recov-
ery result. If there is no truncation error (zf € A, i.e. 7 = 0), if 2T is s-sparse

(0s (PA],O W‘le)l = 0, (2'), = 0) and if there is no noise (3 = 0), then
T =z,
provided that m satisfies (I4).

Remark 3.16. Let us comment on the sample complexity appearing in (I3]) and (I4)).
Consider for simplicity the case where f, = 1, w;,, = 1 and ¢ = 1. In classical
CS, where (F});ep are the measurement operators and F' is an isometry, a relevant
quantity appearing in the sample complexity is the coherence B > 0 of the system,
such that
max ||Fioinlly, < B.
B 1Fidl
When a source of ill-posedness is introduced (e.g., if F' is a compact operator), this
quantity must be suitably normalized with the L? norm of F¢;,. Note that in this
setting Assumption B.I0 reads ||[Fipjnlln, < ij_,rlb. On the other hand, the quasi-
diagonalization property implies that [|F'd; | 2, = 27%. We are led to consider
the notion of relative coherence of the system, that is
max (Bd;12%).
ma Ajo( in2”)
It is evident from (I3]) and (I4]) that the relative coherence of the system plays the
same role of the usual coherence in classical CS, where the recovery guarantees are
given for m > B2s, up to logarithmic terms.

3.3. Analysis of the recovery error. We now derive explicit estimates in terms of
the noise  and the number of measurements m. To accomplish our goal, we need to
impose additional assumptions on the growth of the parameters d;, in Assumption
and on the regularity of the signal zf. The latter includes a certain decay
of the truncation error ||P/t_0xTH2 in terms of |A;,| — namely, HPALjoxTH2 < C27%o,
where |A;,| < 29 — and of p-compressibility for some p > 1/2, which means that
os(xh), < Cs'/?7P,

Those estimates are natural in many problems where the signal z' is assumed to
belong to a specific class of signals. For instance, in the case of cartoon-like images,
we have a = 1/2 and approximate p-compressibility with p = 1/2; in a sense to be
specified — see Example [£.7

Theorem 3.17. Consider the setting of Theorem and suppose that the same
hypotheses are satisfied. Suppose that the following estimates hold:

Al <C29) dy, > 29,
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os(zh)y < CsM2P, HPAijT||2 <C279,
for some a,c,p,C >0 and 0 < d < b.

Fiz~y € (0,1) and let p € (0,1) be sufficiently small. Let jo == [1/(a+b)log(1/8)]
and let m be sufficiently large.

There exist constants Cy, Cy > 0 depending only on a,b,c,p, C, on B appearing in
Assumption [0, on the quasi-diagonalization bounds in ([Bl), on Cr and logarithmi-
cally on v, such that the following holds.

Let T be a solution of the minimization problem (I2)). With probability exceeding
1 —~, the following recovery estimate holds:

N log?/?(1 .
o —3lly < &, (2 UP) | g )
[ ate Py
In particular, if
) (2b7d)_ a 4
m = LCOB atb ~ p(atb) lgg (1/ﬁ)J’

then

|zt — 22 < C1B#,

or, equivalently,

=" =2l < C (10g4m)ﬁf2‘“’
r — T2 & Uy .

Remark 3.18. Following a favored approach in the statistical inverse learning lit-
erature — see [21], for instance — and for simplicity of the exposition, we adopted
an asymptotic formulation in Theorem B.I7] where § is sufficiently small and m is
sufficiently large. Analyzing the proof of the Theorem, it is possible to make this
statement quantitatively precise.

4. THE SPARSE RADON TRANSFORM

We now consider the problem of reconstructing a function supported in the unit
ball B; C R? by sampling either the corresponding Radon or the fan beam transform
along angles 6 € S*.

The Radon and the fan beam transform. Let us recall the definition of the two-
dimensional Radon transform.

Definition 4.1. Let K C R? be a compact set. Let u € L?*(K) and 6 € [0,27). The
Radon transform along the angle 0, Ry: L*(K) — L*(R), is defined by

Rou(s) = [ uly+ seo)dy

0
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where dy is the 1D Lebesgue measure on e; and ey := (cosf,sin ).
The (full) Radon transform R: L*(K) — L*([0,27) x R) is defined by Ru(6, s) ==
Rou(s).

With an abuse of notation, we will write Ry even when § € S, with the natural
identification between [0, 27) and S'.

To be precise, Ryu is defined for functions in a dense subspace of L?(K) at first,
in such a way that the integral expression makes sense, for instance C°(K). The
continuous extension to L?(K) and the well-posedness of both Ry and R are ensured
by the following result.

Lemma 4.2 ([83] Theorem 1.6]). Ry and R are well-defined continuous operators.
Moreover, the norms of R and {Rg}ecst can be uniformly bounded by a constant
depending only on |K|.

We also consider the fan beam transform, which is more relevant in the applications.

Definition 4.3. Let 0 < d < p. Let u € L*(B;) and 6 € [0,27). The fan beam
transform from the angle 0 € [0,2m) at distance p, Dy: L*(Bs) — L*(—3,%), is
defined by

Dyu(a) = /u(peg + tegrq)dt.
R

The (full) fan beam transform D: L*(Bg) — L*([0,27w) x (—=5,%)) is defined by
Du(f, ) == Dou().

This is nothing but a different parametrization of the Radon transform. We con-
sider functions whose support is contained in the ball of radius d, and take radial
lines with centers on the sphere of radius p.

Compactly supported wavelets. Let us briefly review a standard construction of an
orthonormal basis (¢;,,);, of L*(R?) consisting of compactly supported wavelets —
see [43] for a comprehensive discussion.

We start with a preliminary construction in L?(R). For j € N and n € Z, given a
compactly supported scaling function y € L*(R) and a mother wavelet ¢ € L?(R),
we define

Xn = TnX; Yjm = ‘D}—lan7
where D} f = 2//2f(21.) is a dyadic dilation of f in 1D and 7,f = f(- — n) denotes
a translation by n.
For an appropriate choice of x and v, we have that {x,}» U{t;.};n is an orthonor-

mal basis of L*(R) — see [43, Chapter 6]. Moreover, as shown in [81, Theorem 3 in
Section 3.8], x and ¢ can be taken in C*(R) — see Remark [3.9] for further details.
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We now build an orthonormal basis using the standard construction of orthonormal
separable wavelets — see for instance [80, Section 7.7]. Recall that the tensor product
of functions f, g of one variable is defined by (f ® g)(z,y) = f(2)g(y). For j € N and
ni, No € 7, we set

1
Xni,n2 = Xmy X Xnas ¢é,7)7,17n2 = ¢0,n1 & Xnas
2 3
7vb((],r)u,nz = Xny ® ¢07n27 w((],BLl,’rLQ = 7vbO,nl ® wO,nz
and 5, = D35, .., where D7 f = 27 f(27.) is the dyadic dilation of f in 2D. It
can be proved that
{thm }m,nz U {@DJ('?H,M }jmhm,&a RS {1> 2a 3}>

is an orthonormal basis of L*(R?).

Finally, we obtain the orthonormal basis (¢;,);, by rearranging the wavelets de-
fined above, according to the following rule: for j = 0, n = (ny,ny) € Z* and, for
j>1,n=(ny,ngce) €Z*x{1,2, 3}, set

¢O,n = Xni,nz2s ¢j,n = ,lvbfr)Ll,nQ'
Let T' be the set of indices (j,n) such that supp ¢;, N By # (), namely,

I'={(j,n) € ({0} x Z*) U (N x (Z* x {1,2,3})) : supp ¢;,, N By # 0}.

In what follows, we will consider the space H; = span(¢;n);njer.- Notice that
L*(B;) C H,. It is easy to realize that
(15) {('\n)eTl: j'=34}=2%  jeN

Indeed, by construction, the number of wavelets at scale j+ 1 is approximately given
by the corresponding number at scale j multiplied by 22. In light of (@), this implies
that |A;] < 2%.

Finally, we choose 0 < d < p such that suppu C By for every u € H;, so that Du
is well-defined for every u € H;.

Main results. Our main recovery results for the sparse Radon transform read as fol-
lows.

Theorem 4.4. Consider a wavelet dictionary (¢;,)jner defined as above and the
corresponding analysis operator ®: H; — (*(T'). Let F be either R or D. There
exist constants Cy, Cy,Co, C3 > 0, which depend only on the chosen wavelet basis in
the case of the Radon transform and also on d and p in the case of the fan beam
transform, such that the following holds.

Fiz jo € N. Let u' € L*(By) be such that HPAL],O@uTHg < r. Consider m i.i.d.

samples 0y, ..., 0, € [0,27) drawn from the uniform distribution on [0, 27).
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Let yy, .= Fpul + ey, for k =1,...,m, with maxy, ||e||z2 < 8. Let @ be a solution
of the minimization problem

. 1 & y )
(16) IIlullchI)UHl . E; ||ngu —ka%Q < (5+032 ]0/27,) ’

where the minimum is taken over span(@jn)jn)en;, -
Let s € [|Aj,]], s > 2, and set T == 27°s. For any v € (0,1), if

m > Cor max{jolog” 7,log(1/7)},

then, with probability exceeding 1 — ~y, the following recovery estimate holds:

os(Py. Pul .
(17) |l — a2 < C’l% + Co(2°28 + 7).

The above result corresponds to the case ¢ = 0 in Theorem B.11] (see Corollary B.14)),
in which a smaller reconstruction error is obtained by making more measurements.
In the next theorem, we consider the case with a minimum number of measurements
(i.e., the case where ¢ = 1, considered in Corollary B.15]), proportional to the sparsity
s up to logarithmic factors. This is best suited for the recovery of Fu' and for the
exact recovery of u' in absence of noise, but yields worse error bounds in general.

Theorem 4.5. Consider the setting of Theorem [{.4] and suppose that the same as-
sumptions are satisfied.

There exist constants Cy, C, Cy > 0, which depend only on the chosen wavelet basis
in the case of the Radon transform and also on d and p in the case of the fan beam
transform, such that the following holds. Let W = diag(2j/2)j,n. Let u be a solution
of the minimization problem

1 « ,

min W bufy o — S 1o — yill2e < (8 + Cy270/2r)
k=1
where the minimum is taken over span(g;n)n)ea
Let s € [|A)l], s > 2. If
(18) m > Cps max{jolog® s, log(1/7)},

then, with probability exceeding 1 — v, the following recovery estimate holds:
O (PAjOW_lfbuT)

\/g

Jjo *

||FuT — Fﬁ”[ﬁ(ngR) S Cl L + Cg(ﬁ + 2_j0/27“).

In particular, we have that
(Pa,, W' dul)
NG

(19) Jul — @2 < Cy2i/2 Lt Co(226 4 7).
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As anticipated, in Theorem we have a lower number of measurements than in
Theorem [£.4l On the other hand, the error estimate (I9) is possibly worse than the
estimate (I7), because of the quantity 27°/2 multiplying the first term of the right
hand side. However, it should be observed that o, (PAjOW_1CI>uT) ) < o, (PA],O <I>uT) X
and so the comparison is not straightforward.

As a direct consequence of Theorem [4.5, we obtain the following exact recovery
result. If there is no truncation error (u' € span(d;n)(jnyen,, s -6, 7 = 0), if Pu' is
s-sparse (o (PAjo W‘lq)uT)l =05 ((I)UT)l = 0) and if there is no noise (5 = 0), then

= uT’

)

provided that m satisfies (I8]).
As in Section 3.3, we now derive explicit estimates in terms of the noise 5 and the
number of measurements m.

Theorem 4.6. Consider the setting of Theorem and suppose that the same hy-
potheses are satisfied.
Suppose that the following estimates hold:

o, (Pul), < Os'/?7P, |Py,®ulll, < C279,

for some a,p,C' > 0.

Fiz~y € (0,1) and let 5 € (0,1) be sufficiently small. Let jo = [2/(2a+1)log(1/5)]
and let m be sufficiently large.

There exist constants Cy, C7 > 0 depending only on the chosen wavelet basis and on
a,p,C, logarithmically on v (and on d and p in the case of the fan beam transform)
such that the following holds.

Let T be a solution of the minimization problem (L6). Then, with probability ez-
ceeding 1 — 7y, the following recovery estimate holds:

log*?(1 20
|W—mwsq<ﬁLL@M¢w).

Binl mp

In particular, if
m = o550 log(1/) .
then
Juf =2 <GB,

or, equivalently,

ap

log* m) atp

lut — @l < C (
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Analogous estimates have been obtained for the sparse Radon transform in the
context of statistical inverse learning [27, 29]. These are similar in spirit to the
ones presented above, but comparison is non-trivial since the setting is substantially
different as sparsity is not considered there, while here it plays a crucial role.

Example 4.7 (Cartoon-like images). In the case of cartoon-like images supported in
B, (see [80) Section 9.2.4] — in short, C? signals apart from C? edges), with reference
to the notation of Theorem [4.6] we have that a = 1/2 and p-compressibility holds with
p = 1/2 up to logarithmic terms — see the end of Section (.7 There exist constants
Cy, C7 > 0, which only depend on the chosen wavelet basis in the case of the Radon
transform and also on d and p in the case of the fan beam transform, such that the
following bound on the L? error holds, up to logarithmic terms:

1
(20) Jul — @2 < O <7 + 61/2> .

B1/2m1/2

Choosing m = |Co~21og*(1/3)], we get that, up to logarithmic terms,
1\ 1/4
||U]L — a||L2 S 0151/2, ||uT — a||L2 S Cl <—) .
m
We refer the reader to Section (.7 for a proof of (20]).

5. PROOFS OF THE MAIN RESULTS

In this section, we will usually write X < Y if the underlying inequality holds up to
a positive constant C' > 0, that is X < CY. Similarly, we write X 2 Y if X > CY for
some C' > 0. In particular, X =< Y means that both X <Y and X 2 Y hold. These
constants may depend in general on other quantities related to the results from which
the inequalities are inferred, the dependence being made explicit in the corresponding
statements.

5.1. Preliminary results. Determining the best s-w-sparse approximation of a vec-
tor with respect to (P introduced in Section 2.1] is a quite challenging problem in
practice. A surrogate notion of quasi-best sparse approximation has been introduced
in [91] Section 3]. In fact, the latter construction happens to be powerful enough for
the purposes of the proofs given below, hence we briefly review the basic facts in this
connection for the benefit of the reader.

Given x € (*(T'), w € [1,+00)" and a positive integer s, consider the permutation
7: ' — T associated with the non-increasing rearrangement of (|z;|w; ')ser. Let

19 € I' be the largest index such that
w(Si) <, Sy ={m(1),...,7(i)}.
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We thus define zg,, to be the quasi-best s-w-sparse approzimation to x. Notice that
this notion does not depend on a ¢? norm, whereas the companion error of quasi-best
s-w-sparse approzimation to x € (*(T') with respect to (P is defined by G4(z),., =
ngico ||lpw- From the very definition we have that

US(x)pw < 58(1')107&0'

For later use we recall the following Stechkin-type inequality — see [3, Lemma 3.12]
for a proof. If s > 0 and 0 < p < ¢ < 2, then

(21) 05(2)g0 < Fo()ge < 8TV, @ € £2(D).

To simplify the notation in the proofs, in what follows we will also introduce the
following sampling operator A: ¢*(T') — H3" associated with a sample (t1,...,t,) €
D

1 * *
Az = — (F,, 9"z, ..., F, P*x).

ND
With an abuse of notation, we will use A to denote also the restriction A: £2(A) — HT

to some finite A C I.
Moreover, with reference to problem (), we define ¢ := \/—% (e1,...,em) and y =

\/% (Y1, - -+, Ym)- Notice that the condition maxy, ||ex||3, < 8 implies that

1 m
el = — > llexllf, < 8%
k=1

Moreover, the following identity holds for = € ¢*(A):

I & i}
1Az — yl5 = - D IE " i — i,
k=1

where y, = Fy ®*af + &, for k = 1,...,m, as defined in Section 2.2

5.2. The robust null space property. The typical strategy to obtain recovery
estimates in a RIP-based setting requires to initially introduce a suitably designed
version of the robust null space property (RNSP), the latter being crucial to ensure
stable distance bounds and thus uniform recovery results. We recall that all the
Hilbert spaces are assumed to be complex and separable, unless otherwise noted.

Definition 5.1. Let H be a Hilbert space and let A be a finite or countable set.
Consider a vector of weights w € [1,+00)", an integer s > 1, and real parameters
0<p<1, k>0 An operator A € L((*(A),H™) is said to satisfy the robust null
space property (RNSP) with respect to (w, p, , s) if

|zsll2 < %nxscnl,w + k| Azlpm, Yz € Z(A), SCA:w(S)<s
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Remark 5.2. A sufficient condition in order for A to satisfy the RNSP with respect

to (w, p, k, $) can be stated as follows: there exists 0 < p/ < 1/2 and &’ > 0 such that
/

(22) lzsls < %nxnlw 4 K| Az|lm, Yz € (), SCA:w(S) < s.

This is indeed an easy consequence of the estimate

210 = |zslliw + l|Zsell1w < Vsllasl2 + [|zse

which follows in turn by the Cauchy-Schwarz inequality. The relationships between
the involved constants are given by

1,ws

/ /
p=—"L_ k="

1—p 1—p
We now show that the RNSP implies suitable distance bounds. Indeed, the proof
of the following results is largely inspired by standard arguments in the theory of
compressed sensing — see for instance [53, Theorem 5] and [91, Theorem 4.2]. The
proof is essentially identical to [2 Lemma 6.24]; adapting it to the case of Hilbert-

valued measurement requires only some minor modifications.

Theorem 5.3 (RNSP = distance bounds). Let H be a Hilbert space and assume
that A € L(F*(N),H™) satisfies the RNSP with respect to (w,p,k,s) as in Defini-
tion[5.1. Then, for all x,z € (L (A),

|2 = 2l < & (12w = 2]l1w + 206(2)1.0) + VS| A( — 2)|lgm,
where we set

Moreover

C1
[z — 22 < 7 (lzllrw = 2ll1w + 205(2)10) + 2l A(z — 2)[l3¢m,

where
aa=((p+1)d, c=(E+1)d+k.

5.3. The generalized restricted isometry property. We now define a generalized
version of the standard restricted isometry property (RIP), which corresponds to the
G-RIPL without levels, and with a weighted sparsity, introduced in [I], Definition 3.5].

Definition 5.4 (g-RIP). Let H be a Hilbert space. Given G € L({*(A)), 0 < 4§ <
1, A > 0 and a vector of weights w € [1,+00)%, we say that A € L((3(A),H™),
m € N, satisfies the generalized restricted isometry property (g-RIP) with respect to
(G,w,d,\) if

(1= 0)IGz[l; < [[Az[l3n < 1+ D)Gzl3, @ € 2(A), lzflow < A



32 G. S. ALBERTI, A. FELISI, M. SANTACESARIA, AND S. I. TRAPASSO

Remark 5.5 (Diagonal invariance of the g-RIP). Consider the case where A is
finite. Let Z := (z;);ea be a diagonal matrix with z; # 0. Since supp(z’) = supp(Zz'),
we have [|2'[|on = ||Z2/||0w- As a result, after the change of variable x = Z2/, it is
clear that A satisfies the g-RIP with respect to (G,w,d, A) if and only if AZ satisfies
the g-RIP with respect to (GZ,w, d, ).

We now provide sufficient conditions under which the g-RIP implies the RNSP. We
also refer the reader to [I, Theorem 5.5] for a version of this result adapted to sparsity
in levels.

Theorem 5.6 (g-RIP = RNSP). Fiz p/ € (0,1/2) and 6 € (0,1). Assume that
A€ L(F(N),H™) satisfies the g—RIP with respect to (G,w,d,\) for some invertible
G € L(L*(A)), weights w € [1,+00) and A € RY. For any s > ||w||% /4, if
S 9 5149
— p/2 1—
then A satisfies the RNSP with respect to (w, p, k, s), where

A ool
Ly T U vise
Proof. In view of Remark [5.2] it suffices to prove that (22)) is satisfied.

Fix z € (*(A) and S C A with w(S) < s. Consider zg.. Having in mind the
construction of the quasi-best A-w-sparse approximation to z in Section (.1 we now
proceed as follows.

Let m: N — S¢ be the enumeration yielding the non-increasing rearrangement of
(|a:k|wk )kese, so that |z, |w )= |7 (i41) |wﬂ(l+1 Set ig = 0 and for j > 1 iteratively
define ¢; € N to be the largest mdex such that 7; > 4;_; and

w(€y) < A, Q= {r(ijo1+1),...,7(i)},

751G IPIGIs,

p:

where
~ 41+
(23) A= R SIGTIPIGIs:
Note that A > X + Y LIEGY2||G|?s > X + s since p' € (0,1/2). We stress that

cach Q; is non-empty, thanks to the the fact that A\ > 4s > ||lw||%, by assumption,
and it is finite since w; > 1.

It is straightforward to realize that U;>1§); = S°. Moreover, for j > 1, it follows
from the definition that zq; is the quasi-best Sx—w—sparse approximation to z(q;un
The Stechkin-type inequality (2I]) gives

1)

(24) lza,lle = 05 (2@, 100;)2 < \foC ey llie, 7 2=2.
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Since xg + xg, = — ijz Tq, by construction, the g-RIP for A yields

losllz < los + 2,2 < (GG (2s + 20,2

G-1
< B& Lyaces o)l
(25) 1-
G—l
<l > Az, g + | Azll3n | -
1—6 \“
7>2
Now, by (24]), we have
(26)
| Az, s < VIT 3Gl < VIT |Gl 12 < VIFIIG] fnm ol
We have
@7) S o, oo € 3 o, + oo, 1w < 2ol
Jj=2 Jj=2
Combining (28), (26) and (27)) we obtain
YED) 25 1 <&l
G~ [ Az||3m.

[zslle < 2]l10 +
Vi=s s Vo
It is now enough to realize that (IZS]) implies
a2 = o
V1— VA
The proof of ([22]), hence of the claim, is concluded. O

5.4. Sufficient conditions for the g-RIP via subsampling. We now provide
sufficient conditions for the g-RIP to be satisfied by the sampling operator of the
model.

Theorem 5.7 (Sampling = g-RIP). Consider the setting of Section[2.2. Suppose
that Assumptions [3.1 and[3.3 are satisfied. Define

PA(I)F*F(I)*LA.

Suppose that G is invertible.
Let (t1,...,t,) € D™, m € N, be independent and identically distributed samples
from v (with possible repetitions to be kept). Let A be the sampling operator associated

with (t1,...,ty,), namely
1 m
A=|—F,®"
(\/ﬁ t LA) k:l7
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and introduce the operator

(28)  QeLH™). Q... hm) = (folt)Phe s foltn) ™ 2hun).
Set M = |A| and X\ € [M]. Assume that T = B?*||G7'||?X\ > 3. There exists a
universal constant C' > 0 such that, for any v, € (0,1), if
(29) m > Co~ 21 max{log® 7 log M, log(1/7)},
then QA satisfies the g-RIP with respect to (G,w, 0, \) with probability exceeding 1 —y.

The proof of this result follows a well-established pathway in the theory of com-
pressed sensing, aimed at obtaining probabilistic bounds for § — see for instance the
arguments and techniques used in the proofs of [I, Theorem 3.6], [74, Theorem 3.1],
[77, Theorem 3.2] and [91, Theorem 5.2]. We refer the reader to Appendix [Al for a
proof of Theorem [5.7]

5.5. Proof of Theorem [B.5l The last ingredient needed to obtain the proof of
Theorem is the following estimate on the error arising from the truncation of the
infinite dimensional unknown ' to the finite-dimensional set A.

Proposition 5.8 (Truncation error). Consider the setting of Theorem 33 Sup-
pose that || Pix'||s < r and

(30) m > |GG P Gal* log(1/7)

for some invertible M x M matrices G1,Gy such that one of these conditions is
satisfied:

(1) Gy = Go,

(2) |G7| > ¢ for some constant c.

Let Q be defined as in [28)). Then, with probability exceeding 1 — v, we have that
G2 QAP |3y < Crey V2 (IIF@ malll| G2+ 1) 7,

where Cy > 0 is a constant depending only on Cr (and on c in the second case).

Proof. Let up == ®*Pia' and cp = ||[F®*ip\al|. We apply Lemma [Al to the ran-
dom variables Y, (t) := ||QF, ugl3, — [[Furl?- (D:y) 1 the case where the family of
13 )

functions f, consists just of the identity mapping; as a consequence, we obtain as a
special case the classical version of Bernstein’s inequality. Notice that, in this case,

1 & B
||QAPAle!|%gL = Ezf”(t’f) Y Fy, url3,-
k=1
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We claim that E(f, (tx) | Fyurll3, — HF“RH%g(D;HQ)) = 0. Indeed, by definition of
F', we have that
IRl dn(®) = | Pullypy, v e,

which is equivalent to the claim. Moreover, we have that

[fo ()T I Py urll3y, — 1Furllis o < e 1 Fyurll, + 1Furlzz o)
<2C%c'r* = K,
where we have used the fact that ||Fy||, |F'|| < Cp. Finally, we have that

Elf, (te) " 1 Fourlli, — 1 Furlzz oo |

2
= B £, ()2 Fuunlel* = (BIFunly oo, )
< Crey 'rELf (t) ™| Fyuglle
= C’%c;lr2||FuR||%i(D;H2) < Cieterrt = Y2
By the Bernstein inequality (Lemma [A.T]) applied to em in place of €, we obtain

P (| QAur|? > | Furl3s pae) + )

=P (Z Folte) N Fourlip, = mll Furlis g, + m€>

k=1

< 1 m?2e?
<exp|——=
C mC%c,tckrt + mCie;'rick + Cie, 'r?me

- 1 me?
exp | — :
= &P CC%c;t chrt +r2e

where C' > 0 is an absolute constant.

Therefore, with probability exceeding 1 — ~, the following estimate holds:
|QAug]

g{én S ||FUR’|%%L(D7H2) +€’
provided that

~cirt 4+ rie
m = CFT log(1/7),
where C' = CC%¢;
We now invert the relation between m = m(e) and ¢, obtaining € = £(m). Then,
the inequality above will be trivially satisfied for m as in ([30) and £ = e(m). We have
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that € = (m) is given by

C~'log(1/7)7"2 + \/5'2 log?(1/y)rt + 4C log(1/7)ctrim

e =
2m
Therefore, we obtain that, with probability exceeding 1 — v,
1QAuR|3y < ||FUR||%5(D;H2) +e

Clog(l/v)r2 N Clog(l/v)cﬂz
m m

< C% 4 CC% i \/ CC%CF 0_17’2

- IGTPIGE PG IGTHINGS Gl

e
We now distinguish between the two cases in the statement of the Proposition.

Gl = G2 = G, then
CcC? /CC%cp
2. < | AIGY?*+ E + E c; tr?
e ( N 1o Tel R el

< <c§;||G_1||2 + CC% + cp||G7H|4/ CC’%) c;tr?

<O (RGP +1) ¢,
with C} depending only on Cr.
On the other hand, if |G| > ¢, we get that

002 \/CCQCF
20 < | ANG P+ i — + Y EE G )
" ( 2 e RIG R T e G

< c?;r2 +

IG 1P QAu]

IG5 7l QAux|

< (63" 1P + CCRe 1G5 P + ey JOCR IG5 )
< CF (cpllG 1" +1) ¢,
with C; depending only on Cr and c.

If

O

The proof of Theorem follows by a concatenation of the results already proved

in this section.
Proof of Theorem [3.1. We have that m satisfies (29) in Theorem .7 for
A= GollGTHPIG]s.

As a consequence of Theorem [B.7 we have that QA, where @ is defined as in (28],
satisfies the g-RIP with respect to (G,w,d, \), with § = 1/2. Using Theorem
(with § = 1/2 and p’ = 1/3), we have that QA satisfies the RNSP with respect to
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(w, p,k,s) with p = 1/2 and k = 2\/%HG_lﬂ = %HG_lH. We have that Cy =
p%(l +0)/(1—46) =135.
Notice that 2t € ¢2(T"), while the g-RIP property of QA holds on the finite dimen-
sional subspace ¢2(A) C £*(T'). We can split the error term as follows:
=" =&l < | Paz’ = Zllo + || Pya’]ls < || Pazt = 2|2 +

We now estimate the first term. With reference to the 2 bounds in Theorem (.3
applied to Pyz! in place of 2T we get the following estimate:

~ c ~ _ o~
IPaa =l < T ([l = IPaaT s+ 20, (Pra i) + ol 67 QAP =)y

for absolute constants c¢;, c; > 0. Notice that Py’ satisfies the constraint of problem
(@); indeed, we can exploit Assumption B3] and Proposition applied in the case
Gy = Gy = G to conclude that the following bound holds with probability exceeding

1—:

1 m . 2
(E > IF, @ ar — yk||3{2> = [[APyz" — yllpyp

k=1
< [[Az" = yllup + | APy |

< B+ [Q7M|QAP ']
< B+ GG

m
H 2

m
H 2

Using the fact that Z is a minimizer of (fl), we get that

2 ~
%Us(PA!L"T)l,w + &[G [|QA(Prat — ) |2z

We can split the last term on the RHS of ([BI]) as follows:
IQAPrz! = T)llyg < QAZ" = Qullng + QAT — Qyllng + QAP 2]

The first term satisfies

(31) [Paz’ — 2> <

m.
H?

1QA" — Qyllagy < ;2B
by the assumption on the noise level and by Assumption[3.3] The second term satisfies
1QAZ — Qyllwg < ¢ *(8+ Csl|GTH M)
because T satisfies the constraint of problem (B). Finally, the third term satisfies
QAP sy < CollG™H 7 < 2G5 G|
with probability exceeding 1 —~ by Proposition 5.8 applied in the case G; = Go = G.
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These bounds together imply the following bound on the last term in the RHS of
BI):
IGT IQA(PAx" — 2)laep < 26 2(IGH|8 + Car).

The bound given by Proposition holds together with QA satisfying the g-RIP
with probability exceeding 1 — 2. This concludes the proof in the ¢ case. The ¢}
case is dealt analogously. O

5.6. Quantitative bounds on ||G™!||. We prove the results stated in Section 3.2
Proof of Proposition[3.8. The assumptions imply that
1Pl iy = s = 3 2729w, 0 2
(j,n)er

Consider now = € ¢*(I') and set u = ®*z. Since (¢;,)(jn)er is an orthonormal basis
by assumption, we have z;, = (u, ¢;,)r2. Then

||F(I)*x’|%i('D;H2) = HFUH%ﬁ(D;Hg Z 272 (u, Bjon) [ Z 2" 2@‘55%‘2
(j,n)er (j,m)erl
hence F' satisfies the quasi-diagonalization property as claimed. 0

Proposition 5.9. Suppose that an operator F satisfies the quasi-diagonalization

property (@) with respect to (®,0) b > 0. Let G = VPAPF*F®*1y and Z =
diag(zjn)nen be a diagonal matriz, with z;, > 0 for every (j,n) € A. Then the
following estimate holds:

I(GZ)7|* = max (232%),

(jn)eA “in

where the implicit constants depend on the quasi-diagonalization constants in ([@)). In
particular, if zj, =1 and A = A;,, then

IG~H)* < 2%
Proof. Set W := diag(2")jmea. By (6) we have that
1GZal = IF @ 1 Zaliy paey 2 W™ Zal; 2 ¢ min (5,27) ol

Combining these two estimates yields

1
[l < < (max (2] 2 GZal3.

This proves the upper bound on ||[(GZ)
On the other hand, let (j',n') € A be such that

25 2" 25" = min (22,27 267
(]TL)EA

—1“2.
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Then we have that
G Zey | < CIW ™ Zeyll§ = € min (23,272,

RO
GZej/’n/

Let fjrn = TG e The previous bound implies that || fj /]2 < 1.
Therefore, we have that
1
1G22 = swp (G2 9l12 = 1G2) ™ Fyrw 3 = — =
lyll2<1 ! 2 C mlﬂ(j,n)eA(Z]2-7n2_2bJ)
This proves the lower bound on ||(GZ)7!|%. ]

Proof of Theorem[3.11. Let D = diag(d;n)(jn)es,, and let D be the operator acting

on span(@;,)ner by f)gbm = d; 0 for (j,n) € Ay, [)gbm = ¢,;, otherwise, so
that ®*D = D®*. Moreover, we extend W, and therefore W¢, to an operator on
(%(T), setting W = diag(w,,);n, where

2bj lf (j, n) - Ajm
Wijn = .
o 1 otherwise.

Similarly, set W¢ = ®*W¢@. )

Consider the measurement operators given by (FyD). The companion forward map
is given by F'D, while the truncated matrix (i.e., playing the role of G) is given
by G = vV D*G*GD and the corresponding sampling matrix is AD. Furthermore,
(G~ = I(GD)~H.

The following bounds hold by Proposition and by the quasi-diagonalization
property:

(32)  [(GD)T'P = max (d;22%), [(GWO)~!|? = 2200 lawe| S 1,

(j:n)EAjo

where the implicit constants depend on the quasi-diagonalization constants. Let A be
defined by

A= Col GWEPI(GWE) %,
where Cy = 135 is the constant appearing in the expression for A in Theorem with
d=1/2and p/ =1/3.

Using these bounds, we deduce that, if Cj is large enough, the sample complexity
m in ([ satisfies (29]), namely,

m > %T max{log® 7log M, log(1/7)}

with 7 = B?||(GD)7||?A > 3. By Theorem (.7, we conclude that QAD satisfies the
g-RIP with respect to (GD,w,1/2,\) with overwhelming probability. The diagonal
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invariance of the g-RIP proved in Remark shows that the latter result implies
that QA satisfies the g-RIP with respect to (G,w,1/2, ).

By virtue of the diagonal invariance of the g-RIP illustrated in Remark (5.5, QAW
equivalently satisfies the g-RIP with respect to (GW¢,w,1/2, ). Theorem now
implies that QAW satisfies the RNSP with respect to (w, p, k, s) with p = 1/2 and
k= ]| (GWO) 1| S 20-Oki,

The following identity holds:

y= AW +¢,
where 27 := W21, Notice that HPAL],O 2Ms = HW‘CPALjoxT||2 < 2760y = ¢/ Let Z be
a solution of the problem

?21(11{1 )||Z||1,w1 ||AW<z _ ?J||72L¢gl < (ﬁ + CSQ(C—l)bjoT/)2 — (ﬁ + 032—13]'07,)2’
ze Jo

where Cj is a constant to be assigned later. We also introduce the notation 7 := W¢Z.
The change of variable z = W¢z shows that this problem is equivalent to ([I0).
We now proceed as in the proof of Theorem [3.5. Since

W=t = W=<aly = |27 = 22 < |Pa, 2" = 2] + 7,

it is enough to obtain a bound for || Py, 2" — Z]|,.

The companion forward map associated with the measurement operators (F,WW¢)
is given by FW¢. Using the quasi-diagonalization property @), we deduce that
|FW¢|| < C, where C is the constant in the quasi-diagonalization upper bound;
therefore, an upper bound Cpy;¢ associated with this forward map is given by C'. Us-
ing Proposition 5.8 applied in the case G; = GD and Gy = GW* (indeed notice that,
by B2), |[(GD)7!] is bounded from below by a constant depending on the quasi-
diagonalization bounds, since d;, < 2%), we get that, with probability exceeding
1 — 7, the following bound holds:

IQAWC P =Ml < Ce PIIGW )M (IF R W S tra,, IIGW )| + 1) o
= O, (|FO W, || + (GW) )
< 00;1/22(4—1)5]'07J — 00;1/22_bj07“,

where C' > 0 depends only on the quasi-diagonalization constants; we have also used
B2) to bound |[(GW)~L||7t < 2(~Dbo and the quasi-diagonalization property to
bound [|F&* Wi, || S 2¢7D%0. We set Cs = Cec,*?. Arguing as in the proof
of Theorem [3.5, we can infer that z' satisfies the constraints of the minimization
problem; using the distance bounds from Theorem [5.3] we conclude. 0

Proof of Corollary[3.1. 1t is enough to apply Theorem B.11]in the case ¢ = 0. O
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Proof of Corollary[313. Tt suffices to apply Theorem B.I1l in the case ( = 1 and to
notice that, by the quasi-diagonalization property (@),

|FO* et — FOT| 1 (pasy = Wt — W5, O
Proof of Theorem [3.17 We first introduce the convenient notation
m = m/(CyBlog® rlog M) > m/(CoBcjylog® 1),

where Cy = Cylog(1/7) and Cy, B are the constants appearing in Theorem B.14] and
7 .= 25 for some s > 3. Notice that, by the choice of jy, we have j, < log(1/8) and

log T < 2bjg + log s < bjy + log M =< jo < log(1/5).
We conclude that
(33) m 2z m/log!(1/5).
Suppose that £ is sufficiently small so that log® 7log M > log(1/y) — recall that
Jo = jo(B). By Theorem [3.14], if

i > 220009 g > max (d;2%7)2%0s
(]7")6Aj0

then, with probability exceeding 1 — y, the following error estimate holds:

. oy (zt ,
Iuﬁ—ﬂhSCh(—%§E+2%5+r).

(20—d)

Suppose that 27%0 =< 3¢ for some ¢ > 0. Therefore m = 372 ¢s and
|zt — ]y < Cy (s77+ B¢ + B5¢) .
Imposing 1 — ¢ = a( /b, we get that ¢ = b/(a + b), which yields 27%0 < ﬁa%b.
Combining the expressions for s and ¢ with the estimates, we get

g
|zt —Z|s < C4 e + Bart |

p

Using (33)), the first estimate in the claim follows.
L (2b— _o(2b—d) a4
Moreover, if i = 72 aFb ar P<a+b> then m? = 8~2 am P~ats and therefore

(2b—d)
/8_2 a+b p

— Ba«kb

mp
The second estimate follows.
The last estimate is obtained by inverting the relation m = m(), using again (33)
and observing that logm =< log1/4. O
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5.7. The sparse Radon transform. We recall some notation from Section [l

The space of signals for both problems is given by H; = span(e;,)n)er, while
H, = L?(R) is the codomain for the Radon transform at a fixed angle 6 € [0, 27) and
Hy = L*(—m/2,7/2) is the codomain for the fan beam transform from the angle 6.
Let K be the compact set defined by

K= [ suppgjm,

(j,n)er

so that H; C L*(K).

A suitable measurement space for this model is (D, ) = ([0, 27), d#), where df is
the uniform probability measure on [0,27). For every 6 € S', Fy: H, C L*(K) —
L?(R) is given by either the Radon transform at a fixed fixed angle F = Ry or
the fan beam transform from a fixed angle Fy = Dy. The forward map F': Hy; C
L*(K) — L*([0,27) x R) is represented by either the Radon transform F = R or
the fan beam transform F' = D. Notice that the codomain of the Radon transform
L?([0,27) xR) fits into our framework via the canonical identification L?([0, 27) xR) &
L?(]0,27), L*(R)), and the same applies to the fan beam transform.

Lemma 5.10. The following inequalities hold for some constants c1, C7 > 0 depending
on K:

crllull -2 < ||Rullre < Cillullg-12, u € L*(K).

Proof. The proof is analogous to [83, Theorem 5.1], where the inqualities are proved
for u € L*(B,). O

Quasi-diagonalization. Theorem [5.10/ implies that the Radon transform satisfies con-
dition ([7]) with b = 1/2. On the other hand, if the wavelets are sufficiently regular as
detailed in Remark B.9] the Littlewood-Paley property (&) holds with b = 1/2. Then,
Proposition 3.8 yields the following quasi-diagonalization property:
(34) 1 Z 27|20 |? < [|R®* 2|3 < C) Z 272 n)?, @€ (D).

(jn)er (4,m)erl

We now prove a quasi-diagonalization property for the fan beam transform using
the following identity (see, for instance, [83, Section II1.3] or [92, Section 16.3]):

Du(f, o) = Ru(0 + a — m/2, psin ).
We have that

w/2
| Dul|7: = /S1 / B |Ru(f + o — 7/2, psin o) [*dad

w/2
= / / |Ru(f, psin o) [*dadd
St

—7/2
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T 9 1
= IR(0, s)|" ——=dsd#,
stJ—r p? — s?
which implies that
(35) p P Rull 2 < |Dullre < (0 = &)~V Rul| 2.

This, together with Lemma[5.I0and (B34]), implies that D satisfies the quasi-diagonalization
property with b = 1/2, with constants depending on the chosen wavelet basis and on
d and p.

Coherence bounds. We notice that, by construction, for every line ¢ C R?, supp ¢;,N¢

is contained in a segment of length €277, where C' depends only on the chosen wavelet
basis. We then have that

||R9¢j7n||%2(R) = /R ' /@L Gjn(y + seq)dy

<o / / 65,0y + se9)dyds
R JOL
= O27||pjml 722y = C277.

2

ds

In the same way, we have that

/2 2
I Dodjnll72 = / B /R Djn(peg + teora)dt| da
- rm/2
<(C27/ / / ‘¢j,n(ﬂ€9 + t€9+a)|2 dtdo
—7/2 JR
) /2 1
= (277 / / |pjn(pes + tegra)|* t = dtda
—7/2 JR t
< c2 /W/2 / |pin(peg + tegra)|* t dtd ¢z
= in\PEH €h+a a = .
p—dJ zpJr ’ " p—d

Assumption B.I0lis then satisfied in both cases by d;,, = 2//? and a constant B, which,
in the case of the fan beam transform, depends on d, p and the chosen wavelet basis:

B )
(36) | Fopjnllz < YL 0 €10,2n), (j,n) €.

In both cases, the quasi-diagonalization property, together with Proposition [5.9], im-
plies the following estimates:

[(GD)7!]? < C max (2277) =C,

(jvn)eAjo
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and
IG7H]? < C27°.
Moreover, by (IH), we have that log M =< 2jj.

Proof of Theorem [{.4). 1t suffices to apply Corollary B.14] to the Radon setting, using
the quasi-diagonalization properties (34]) and (33]) and the coherence bounds (36]). O

Proof of Theorem [{.5. It suffices to apply Corollary B.I5] to the Radon setting, using
the quasi-diagonalization properties (34]) and (33]) and the coherence bounds (36]). O

Proof of Theorem[{.6. 1t suffices to apply Theorem [3.17 to the Radon setting, using
the quasi-diagonalization properties (84]) and (B5) and the coherence bounds (36). O

Proof of (20). We mainly follow the arguments used in [80], Section 9.3.1]. From the
construction of the basis of compactly supported wavelets, we have that |[¢; [ z: =1
and |supp(¢;,)| = C27%. Therefore, we get that

(!, djn)| < 'z | 0jnllie < €277

On the other hand, in view of Remark B9 with b = —2, we have that | (uf, ¢; )| < 27%
if supp(¢;..) does not intersect the discontinuities of u.

Let 2]1- be the set of indices of wavelets at scale j whose support intersects the
discontinuities of u', and E? be the set of indices of wavelets at scale 7 whose support

does not intersects the discontinuities of u'. It is possible to see, arguing as in the
part on NonLinear Approximation of Piecewise Regular Images of [80, Section 9.3.1],
that [¥}] =< 27 and |X3| < 2%. Therefore we have that

1P, @ulllz =) > I{ul, éju)f?

J>jo n

=30 3 WP+ YD [l gr)P
i>jo \(j.n)ex} (Gm)ex?

S (@2 42Xy Lo,
J>Jjo

This implies that ||PAlJ Pul||y < C27% is satisfied with a = 1/2.

From a similar argument (see formula (9.63) in [80]), it follows that |(®u!)®| <71,
where |(®u!))] is the non-increasing rearrangement of |®uf|. It is not possible to infer
a p-compressibility estimate since ®u! might not even be summable and therefore we
cannot resort to Theorem Instead, we will exploit the fact that the sparsity error
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in the recovery estimates of Theorem E.4] depends on the truncated signal Py, du'.
More precisely, for a certain fixed sparsity s > 1, we have that

M M
. 1
04(Py,, @ul)y <D [(@uh)@] <) 7 S log(M/s) < log(M)),

where M = |A;,|. Recalling that M =< 2%° and choosing j, as a function of 3 as in
Theorem (.6, we get that log(M) < log(1/5). Therefore we conclude that

05(Py,, Pu)y S log(1/8)s'/>77

with p = 1/2. The rest of the estimates are deduced in the exact same way as in the
proof of Theorem (.6 which imply (20)). O
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APPENDIX A. PROOF OF THEOREM [5.7]

We first recall a variant of the Bernstein-Talagrand inequality that will be needed
later.

Lemma A.1 (Bernstein inequality [54, Theorem 8.42]). Let f,: C¥ — R, be a
countable family of functions indexed by x € B,. Let Y1,...,Y,, be independent ran-
dom wvariables such that the following conditions are satisfied for every k =1,....,m
and for x € B,:

Efe(Yi) = 0; (Vo) < K as; E|fo(Yi)]? < %2

Consider the random variable

Z = sup E fm(Yk>
TEB« 1
Then, for every e > 0,
2
P(Z >EZ < — .
(Z2zEZ+e)sew < 2(mX2 + 2KEZ) + 2K5/3)

A.1. The case f, = 1. Let us first consider the case where f, = 1, so that yu = v is
a probability measure. Assumption B.I] thus becomes

(37) | Fidill, < Bwi, teD,iel.

Furthermore, we have @) = 1.
Consider the following seminorm on CM*M:

|B||Gwx = sup |(Bz, z)|,
zeB

where we set

B:={xeCM: ||Gzl2 <1, ||lzllow < A}.

A standard argument allows us to characterize the smallest ¢ > 0 for which A satisfies
the g-RIP with respect to (G,w, d, \) as

(38) 5. = |A*A — G*Glgon.

Moreover, let
X; = F,®*1p, teD.
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Elementary computations show that

* 1 G *
(39) AA=— > X; Xy,
k=1
(40) GG =EX; X;.
The goal is now to provide a bound for Ed, = E||A*A — G*G|lgwr. To this
aim, let us introduce a Rademacher vector (eq,...,&,,), independent of the samples
(t1,...,tn), and consider the following random variable, for u € B:

m
Zo= el X ulld,.
k=1

It is straightforward to check that {Z,: w € B} is a centered, symmetric, sub-
Gaussian stochastic process [54, Section 8.6] with respect to the following pseudo-
metric:

m 1/2
d(u,v) = (Z(IlthUIIiQ - IIthUII%2)2> :

k=1

We are thus in the position to use Dudley’s inequality.

Proposition A.2. The following estimate holds:

Eé, < ME/ Vieg N (B, d,y)dy.
0

m

Proof. In light of (38]), (89) and ({40]), we have

1 m
Ej, = EH ~ > (X X, —EX; X))
k=1

G,w,\

Using a standard symmetrization trick (see, for instance, [54, Lemma 8.4]), we get

2 | 2 -
Eé, < =E en X X, = —Esup enl| X w2, .
m ; kg, Aty G m oen ; k” ty ||7-l2
The desired conclusion directly follows from Dudley’s inequality. U

In order to get a manageable estimate for the covering numbers, we first slightly
modify the underlying metric. Before, we need to prove a technical estimate involving
the constant

7 =BG P
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Lemma A.3. Assume that [37) holds. Then

|1 Xiz||ln, < VT, t€D, ze€B.
Proof. Let t € D, x € B. Let S := supp(x). Using (37]), we obtain

1E % ll3, < Y il [ B el < ) Jai] Bwi

€S €S
< [lzllaByVw(S) < [G7Y[|Gz]|:BVA < V7.

For 1 < p < 0o, we define the following seminorm:

m 1/2p
2
el = (zuxtkunqg) uwecM
k=1

We denote the corresponding pseudo-distance by dx .
Lemma A.4. Let 1 <r < oo and 1’ such that % + % = 1. Then we have
d(u,v) < 27022 A A2 o (u,0),  w,v € B.

Proof. By Holder’s inequality, we have that

1/2
2
d(u,v) = (HthuH?-Lz - HthUHg-LQ) )

1/2
(HthuHHz + ||thv||7'l2)2 (HthuH?h - ||thv||7'lz)2>

m

1/2r 1/2r"
(||thu||7'l2 + ||thv||7'l2)2r) <Z(||thu||7'i2 - ||thv||H2)2T,>

k=1

Il
M: I T

<

£
Il

1

m

m 1/2r 1/2r'
< 2sup (Z ||thw||%:2> <Z<||th<u - v>||m>2’“’)
w k=1

k=1

m 1/2r
= 2sup <Z ||thw||3;2) dx o (u,v).
k=1

weB

By Lemma [A.3l and ([B9), we get

m 1/2r m 1/2r
r 2(r—1
sup ( Y [IXpwl3r, | =sup [ Y X wld, | X wl "
weB 1 weB

k=1
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1/2r
S (r—1)/2r sup (Z ||th1U||H2>

weB

_ ,7_(7“ 1)/2r 1/27’||A*A||1/2T =

The relationship between d(u, v) and dx ,(u,v) just proved reflects into an inequal-
ity for the corresponding covering numbers.

Proposition A.5. For any r > 1, we have

/ Vieg N (B,d,y)dy < C(r / \/logNB dx.,y)dy,

where C(r) = 27=D/2r 1/2T||A"<A||1/2r
Proof. Lemma [A. 4] implies that
d(u,v) < C(r)dx,(u,v), u,vebB.
Standard properties of covering numbers (see, for instance, [54]) imply that

N(Ba d> y) S N(B> C(r)dX,r’a y) = N(B> dX,r’a y/C(T))a

and therefore
| VRNE iy < [ \floe N (B.dxu/Clay
0 0

The substitution y’ = y/C(r) finally proves the claim. O

As a consequence of the modification of the metric, we accordingly change the
underlying space. Consider the set

M ={reC": |lzflz < 1, [lzflow < A}
It is easy to prove that
B C||GTH|T.
Proposition A.6. The following estimate holds:

/ \/logN(B,dX,w,y)dyS IIG_1II/ \/logN(TS’M,dX,w,y)dy-
0 0

Proof. 1t suffices to apply the identity N'(B, Cd,y) = N (B,d,y/C) to B C |G| T >
with respect to dx,, then consider the substitution 3’ = y/||G™|. O

The efforts to modify the underlying structure of the covering numbers so far is
repaid by the reduction to an easier setting, which in turn leads us to a convenient
bound. In fact, the proof of the following result is essentially identical to that given
in the proof of [91, Theorem 5.2], up to minimal adjustments, hence is omitted.
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Proposition A.7. The following estimate holds:
/ \/IOgN(TOiVM, dX,T’7 y)dy < Cl \/T/ml/w)\ 10g2 A 1Og M7
0

where Cy > 0 is a universal constant.

At this stage, we are ready to prove the desired bound for EJ,.
Proposition A.8. The following estimate holds:

|7log® Tlog M

where Cy > 0 is a universal constant.

Proof. Combining Proposition with all the estimates proved so far, we ultimately
get

Es, < Cém—l+l/27’+l/2r’7_(7’—1)/27“||G—l||(,r,/)\ log2 AlOgM)lﬂEHA*AH};/i?:)\,
where C} > 0 is a universal constant. Note that m™'T1/2"+1/2" = ;=12 Given the
arbitrariness in the choice of r, let us conveniently set
r=1+(log7)™" = 1 =1+logr.
As a result, we obtain
Sr=1)/2r _ /2 _ _1/2(4logT) < ,1/2

—_ Y

and, using that log7 > log3 > 1,

Vi =/1+logT < vV2+/log 7.

Finally, note that
[A"Allgwar < |A'A = G*Gllgwr + |GGl o
In particular, for x € B we have
(GG, z)| = [|Gzll; < 1,

hence ||G*G||gwr < 1. Therefore,

JA" A2, < (JA"A = G Gllgwa+ D™

< (| A*A = G*Cllgwn + D',
By Jensen’s inequality and (B8)), we conclude that
E|A*A|g2, < E(|A*A - G*Gllgwp + 1) < VES, + 1. O

Given the bound just proved, it is easy to derive a lower bound for the number of
samples m needed in order to make Ed, sufficiently small.
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Proposition A.9. There exists a universal constant C > 0 such that, for any 6 €
(0,1),
m>Co *rlogdrlogM = E6, < 5/2.

Proof. Tt is clear that for any C' > 16C3, the assumptions imply that

3
Oy 7108 Tlog M0
m 4
By Proposition [A.8, this implies that
)
(41) Ed. < ;VEd. +1.

A straightforward computation shows that, if a € (0,1) and z > 0, then
r<avzr+1 = z<2a.
Therefore, from (1l) we infer
Ed,. <6/2,
that is the claim. O
The claim of Theorem [5.7 will be finally proved once a bound on the deviation of

J, is established, in the spirit of the concentration inequality reported in Lemma [A ]l
To this aim, notice first that the map

CMsam |((A"A—-G*G)z,z)| €R
is continuous. Therefore, using B’ to denote a countable dense subset of B, we get
0, = sup [((A"A — G"G)z, ).

zeB’

Moreover, setting P := {£1} allows us to write

0= sup p{(A"A -GGz, x),
(z,p)EB' xP

and (B9) further yields

m

(42) 0. = — sup fop(X),
m(x,p)EB’XPkZ:; P

where we set f, ,(B) == p((B*B — G*G)z, z).
We are now in the position to obtain a tail bound for d,. Indeed, the assumptions
of the Bernstein-type inequality in Lemma [A.T] are satisfied, as shown below.

Lemma A.10. For every k =1,...,m and for (z,p) € B' X P,
Ef%p(th) = O> |fx,P(th)| < T, E|fx7p(th)|2 <7
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Proof. The zero mean property of f, ,(X;,) follows from (E0).
Concerning the bound for |Ef, ,(X;, )|, Lemma [A.3] implies that

||thx||it2 <T, x€B.
On the other hand, we have that
|Gzll3<1<7, x€B.
Therefore, for (z,p) € B' x P, we get that
| fop(Xe)| < max (|| X, 23, — G2l G5 = | Xe2(3,,)
< max (|| Xy, z[l3,, |Gz]l2) < 7.
Finally, we use the inequalities for x € B already proved, namely
IXo2l3, <750 ElXyzl3, =Gzl < 1.
For (z,p) € B’ x P, we thus get
E| fop(Xe,)|* = Ell| Xe, 23, — IG]3]?
= E|X, a4, — (BIX,2l3,)”
< E| X, |}y, — |Galld < =
Resorting to Lemma [AT] gives the desired concentration bound.

Proposition A.11. There exists a universal constant C' > 0 such that, for any
5,7 € (0,1), if
m > Co*rlog(1/y) and ES, <6/2,
then P(5, > 0) < 7.
Proof. Since Ed, < 0/2 by assumption, we have
P(6, > 0) < P(d, > Ed, + /2) = P(mod. > E(md,) + ¢),

where we set € = md/2. Recalling ([@2)), combining Lemma [A.T] (for md,) with the
estimates from Lemma [A. 10, we get

P(md, > E(md.) + ) < oxp (_ o /4 )

2(mT +m7d) + m7d/3

. 1 1 5%m
—P\ 1200 1 o3 1

<ep( 152m)
X S
- cC )’

where C' > 18. The claim thus follows from the assumptions on m. OJ
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A.2. The general case. We are ready to conclude the proof of Theorem [5.7] in full
generality. So far, we have proved that if f, = 1, namely if 4 = v is a probability
measure, then by Proposition[A.9and Proposition[A. 1T we get 0, < 6 with probability
exceeding 1 — . In particular, A satisfies the g-RIP with respect to (G, w,d, A) with
overwhelming probability.

Consider now the case where f, 1. We introduce the normalized measurement
operators I} defined by

Fy = f,(t)7V?F,.
Assumption [3.1 now reads as follows:
[Fi¢ill3, < BV fu(t)wi, t€D, 1€,
the latter being equivalent to
|Fi¢ills, < Bwy, teD, i€l

Moreover, note that F} satisfies the following identity with respect to dv = f,du for
every u € Hi:

/D | Byl 2, dv(t) = /D £l £ (Odpt) = 11l

The proof thus reduces again to the case where f, = 1 for the measurement operators
F; and the companion forward map F'. In particular, with probability exceeding 1—7,
we obtain that A satisfies the g-RIP with respect to (G, w, d, \), where

m

~ 1 - " 1
A= (—=F,0 = —=fo(tx)"V?F, ®* = QA.
(Gefurn),_, = (Ghw hvn) =@
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