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Abstract

A significant challenge in the field of Artificial Intelligence lies in addressing the sequential
decision-making processes of multiple rational agents operating concurrently within a shared
environment. Algorithmic Game Theory provides a compelling framework combining a rigor-
ous game theoretical approach with a computational one; the main questions it addresses are
to characterize equilibrium behavior and to compute optimal strategies efficiently. Significant
results have been obtained in the well-understood two-player zero-sum setting with imperfect
information. Experimentally effective techniques apply learning procedures to compute ap-
proximated optimal strategies, obtaining superhuman performance in large-scale games such as
Poker or Diplomacy.

On the other hand, only a small amount of progress has been made in dealing with a
larger number of players. This dissertation focuses on the team setting with imperfect infor-
mation where two teams with multiple players have opposite utilities. This setting presents a
coordination-competition dilemma. On the one hand, players desire to play simple strategies
whose actions reveal their private information to team members; this would allow more effective
cooperation. On the other hand, revealing private information increases the risk of exploitation
by opponents. The tension between these opposite incentives is the common thread throughout
the dissertation.

While previous approaches navigate the complexity with a progressive expansion of the
correlated strategy space of each team, we reformulate the problem as an equivalent two-player
zero-sum game between team coordinators. This formulation relies on novel efficient construc-
tions. We can therefore adopt the scalable learning approaches developed for the two-player
zero-sum setting, which can be adapted to better exploit the structure of our representations.
We apply this approach to propose novel efficient representations for adversarial team games,
where the teams are known before the start of the game, and, therefore, pre-play coordination
allows team members to jointly sample their strategies. This representation also allows the
definition of a team-maxmargin algorithm for solving subgames rooted at arbitrary points of
the game. We also extend our analysis of team games to a novel setting called hidden-role



vi

games. The particularity of this setting is that teams are sampled randomly at the start of the
game, and players can usually communicate to coordinate and deceive the others, as seen in
games like Mafia and Avalon. Experimental results show that our approaches enable faster and
more scalable computation of equilibrium strategies.
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Chapter 1

Introduction

Recent years have been characterized by multiple instances of superhuman performances of
autonomous agents in decision-making problems: examples of this trend in tabletop or card
games are [65, 9, 13, 81, 79, 73, 80], with interesting applied results obtained in [87, 6, 60].
These successes are characterized by a learning approach to the computation of optimal
strategies within the framework of Algorithmic Game Theory, which provides a principled
way of approaching learning against an adversary trying to exploit the agent. In this setting,
two-player zero-sum games with imperfect information and the Nash equilibrium solution
concept offer a clear framework to achieve robustness to exploiting behavior while being
computable in polynomial time with respect to the size of the game instance. The learning
approach consists in iteratively refining each player’s strategy after repeated plays of the game.
The main benefits consist of the updates being uncoupled between players and in the possibility
of forgetting past plays because the strategy is sufficient. This allowed the development of
scalable algorithms to optimize strategies, which have been employed in the settings mentioned
earlier.

The dynamics change significantly whenever the two-player zero-sum imperfect-information
setting is generalized to either include multiple players or allow for general-sum payoffs. In
this case, theoretical results are often negative (PPAD-completeness of computing a Nash in the
general case [23]), and practical positive results [11] depend on game-specific characteristics
that make it similar to two-player zero-sum games.



2 Introduction

1.1 The Team Games Setting

The main objective of this dissertation is to investigate team games, a specific setting of
multiplayer games where two teams of players face each other in a zero-sum interaction with
constrained communication. In other words, we lift the assumption of two players while
maintaining a zero-sum interaction at a two-team level. In this case, coordination between team
members is challenging due to imperfect information available to only some players. The team,
therefore, cannot act as a single player; instead, it is crucial to find means of communicating
this information to team members while satisfying the constraints on communication imposed
by the game rules. Coordination can be achieved: i) by having team members reveal as much
private information as possible through communication; or ii) by playing simple strategies
whose observable actions leak this information. However, private communication is often
banned during play and the presence of an exploiting adversary strongly punishes revealing
information too openly. This establishes a coordination-competition dilemma.

The difference between the two-player and the two-team settings can be made explicit by
considering an equivalent point of view where an imperfect-recall coordinator for each team
plays in place of each team’s members. The coordinator is imperfect-recall because it must pick
actions while accessing only the information available to the active team member, in order not
to break the constraints on communication. Under this view, team games are a generalization
of two-player zero-sum games where the two players (i.e. the coordinators of each team) have
imperfect recall. This connection is made formal in Sections 2.1 and 2.4.

Team games are an interesting benchmark that involves a mix of cooperation and competi-
tion among the agents in an environment. Any success in these mixed settings would bring
the research closer to extend the superhuman performance seen in two-player zero-sum games
to the complex real-world settings of negotiation, team cooperation and swarm techniques.
Team games have therefore attracted the interest of different researchers sharing the objective
of generalizing the results seen in the two-player zero-sum setting. Interesting applications
include card games such as Bridge and Dou Dizhu [56], real-world settings such as patrolling
[3], network security, or military applications.

The study of team games is not entirely novel. An important area of previous works
focuses on adversarial team games, in which the teams are known and fixed in advance. They
were introduced by von Stengel and Koller [90] in the normal-form setting and extended by
Celli and Gatti [18] to the extensive-form setting. The available communication among team
members influences the coordination capabilities and thus determines the solution concept. The
most studied solution concept is the team-maxmin with correlation (TMECor), where team
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members communicate and correlate their strategies before the start of the game. However, they
have no means of communication during the game; they only play and observe information
according to the game’s rules. Traditional approaches focus on efficiently representing the
correlated strategy space of the members. TMECor is a solution concept that is different from
the team-maxmin (TME), which assumes no communication capabilities, and the team-maxmin
with communication (TMECom), which instead assumes the availability of communication
channels anytime. A more detailed review can be found in Section 3.1.

Other lines of research are related to the team setting but adopt different frameworks. This
is the case with multi-agent reinforcement learning [102], mean-field games [55] and more
classical algorithmic game theory [70]. This dissertation maintains the classical extensive-form
games framework as the previous works on superhuman AI in games.

The main challenge addressed by previous approaches is that full strategy representation for
the team is exponentially large with respect to the size of the games, which poses critical mem-
ory complexity challenges when implementing practical algorithms. Traditional approaches
are based on custom optimization procedures that iteratively explore the space of correlated
strategies. An unanswered challenge in the literature is whether a learning-based approach can
be used to approximate optimal strategies in a team setting; this is a nontrivial question because
they usually need a full representation of the strategy space. We answer this question positively:
it is possible to efficiently represent team games as two-player zero-sum games in the case of
both ex-ante correlation and hidden-role games. As we will show, doing so enables the use of
state-of-the-art learning techniques to approximate optimal play. These contributions open a
novel research direction, based on generalizing techniques from the two-player to the two-team
setting. We believe these contributions can be pivotal in the development of superhuman AIs
that play in team settings.

1.2 Original Contributions

We briefly summarize the main original contributions of this dissertation. Our focus is charac-
terizing rational behaviors and learning-based methods to compute those behaviors in extensive-
form games with imperfect information and a team structure. In particular, we develop:

• A novel representation and algorithmic framework for the computation of TMECors
in adversarial team games and timeable imperfect-recall two-player zero-sum games.

• Novel complexity results on the problem of computing a TMECor in a team-vs-team
setting.
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• An experimental evaluation of learning techniques on the novel representation of the
correlated team strategy space.

• An efficient subgame solving procedure tailored to adversarial team games and
imperfect-recall games.

• A novel model of agent rationality in hidden-team setting, which are called hidden-role
games.

• A comprehensive study of the computational complexity of computing equilibria in
hidden-role games.

• A large-scale, exact computation of equilibrium values in Avalon with communication
and study of the computed equilibrium.

We remark that in light of the equivalence of team games with timeable imperfect-recall
two-player zero-sum games, our results immediately generalize to this setting as well.

1.3 Dissertation Structure

The main contents of the dissertation are structured as follows.

Chapter 2 defines the preliminary notions at the base of the work presented. The chapter
focuses on the formal representations of games and strategies, on the definition of solution con-
cepts for two-player and two-team settings and on the use of learning algorithms to approximate
equilibria.

Chapter 3 introduces a novel representation of the strategy space of a coordinated team. This
is achieved by explicitly reasoning on beliefs of the team and the construction of an equivalent
representation for the decision process faced by the team. The proposed solution is theoretically
analyzed and learning algorithms to approximate optimal strategies are developed. Empirical
evaluation shows state-of-the-art performance on most of the game instances customarily
employed.

Chapter 4 enhances the representation introduced in Chapter 3 with a subgame solving
procedure, inspired by similar algorithms in the two-player zero-sum setting[64, 8]. Subgame
solving is a learning-based, iterative, refinement procedure of a precomputed strategy limited
to a specific part of the game that is reached during play. In team games, this algorithm can be
adapted by carefully managing the reach probabilities of the teams to various parts of the game.
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Experimental results show encouraging refinement capabilities, analogous to the performances
in two-player zero-sum games.

Chapter 5 steps back from considering a known, fixed, coordinated team of agents and
instead considers hidden-role games, where players are randomly assigned to teams at the
start of the game. In this setting, communication plays a central strategic role since it allows
players to discover and negotiate with possible teammates but also allows for deception and
betrayal. We formally define this novel game setting, analyze the complexity of computing
optimal behavior under different assumptions, and then apply our solution concept to large-scale
instances of the board game Avalon. Exact equilibria are computed and analyzed.

Chapter 6 summarizes the main contributions and presents interesting future directions of
the work presented in the dissertation.



Chapter 2

Preliminaries on Games and Learning

In this chapter, the main game-theoretical notions needed for the remainder of the work are
presented. In particular, Section 2.1 introduces the concepts of game, strategy, equilibrium with
a focus on classical results regarding strategy representation. Those concepts play an important
role when extending the classical results from the setting of perfect-recall games to imperfect-
recall and adversarial team games. Section 2.2 introduces max-min optimization problems
and highlights their relation to the computation of optimal equilibria. It also presents how
online learning techniques can be applied to approximate those equilibria whenever the strategy
spaces of the players are convex polytopes. Section 2.3 rigorously defines what it means for
two games to be strategically equivalent. Equivalence across games allows one to find an
equilibrium by computing one in an equivalent game and then converting it. Section 2.4 defines
adversarial team games, which are the class of games addressed by this work. Importantly,
the equivalence between adversarial team games and two-player imperfect-recall games is
established.

This chapter’s content is adapted with minor modifications from a forthcoming first-author
journal article currently under review at the Journal of AI (JAI).

2.1 Games and Strategies Representations

2.1.1 Extensive-Form Games

A classical representation for sequential games is the one of extensive-form games (EFG). In the
following, we introduce the notation adopted to describe their different components. A crucial
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aspect is that players have imperfect information about the state of the game during gameplay.
That is, they may not know the exact point of the game that has been reached; instead, they
have to consider a set of possible candidates that fit the information they know. These sets are
called information sets (in short infosets).

Definition 2.1.1 (Extensive-form game). An extensive-form game G is a tuple (N ,H,Z,
A, I,p, u) that describes a sequential game, where

• N is the set of players in the game. A special symbol N ∈ N is used to indicate nature
player (also called chance). Nature encodes all the stochasticity of the environment
known a priori, and therefore it picks actions according to a fixed probability distribution.
We commonly use a letter i to indicate any player i ∈ N , while we will use−i to indicate
N \ i.

• H is a rooted tree of nodes (also called histories) of the game. There is exactly one acting
player picking an action at every node, apart from the terminal nodes Z ⊂ H, which
represent possible game endings after which nobody plays anymore. H\Z is partitioned
into sets {Hi}i∈N representing nodes in which player i is the player choosing an action.
We use h to indicate a generic node h ∈ H, z to indicate a generic terminal node z ∈ Z ,
and ∅ to indicate the root node of the game tree. Moreover, we use the symbol H−i

to indicate the nodes at which player i is inactive, that is, nodes in which other players
j ∈ N \ i are playing.

• A is the set of actions in the game. A non-empty set of actions Ah ⊆ A is available to
i in any h ∈ Hi node. By assumption, each player knows the actions available at each
node. Playing an action a at h leads to a node h′ which we denote as ha ≡ h′.

• I is the set of all information sets. An information set I ⊆ Hi is a set of nodes that
are indistinguishable by the active player i. It is assumed that players know the actions
available to them whenever they are active, so it is required that for each I ∈ I , all h ∈ I

have identical Ah. This common action set is denoted AI . I is partitioned into {Ii}i∈N\N
which are the sets of information sets of a player i. Exactly one information set Ih ∈ Ii
contains every node h ∈ Hi where each player is active.

• p ∈ [0, 1]Z is a vector encoding nature’s fixed strategy. p[z] denotes the probability that
nature plays all the actions leading to z ∈ Z . The overloaded notation p[h] :=

∑
z≽h p[z]

indicates nature’s reach probability at any node h ∈ H, defined as the sum of the reach
probability of each terminal having h as ancestor.
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• ui : Z → R is the utility function, associating each terminal node to the payoff player
i ∈ N \ N receives when the game reaches such terminal node.1

In the rest of this paper, we will use the following shorthand to indicate structural relation-
ships on a game tree.

• The symbol | · | denotes the length of a node h, that is, the depth of the node from the
root. The root node ∅ has length 0 and for each h ∈ H \ Z and a ∈ Ah, it holds that
|ha| = |h|+ 1. The depth of G is the length of the longest node in G.

• a set of nodes S (usually S will be an information set) precedes another set S ′, denoted
S ≼ S ′, if there are nodes h ∈ S, h′ ∈ S ′ such that h′ is a descendant of h (or h′ = h). If
one of S and S ′ is a singleton, we omit the braces; for example, h ≼ I means there is a
path from h to some node h′ ∈ I .

In the following, we analyze the information structure of extensive-form games. This
is achieved through the concept of sequences. Sequences characterize the structure of the
information revealed to a player at any node of the game.

Definition 2.1.2 (Sequence). The sequence σi(h) of player i at node h is the ordered list of
pairs of infosets reached and actions played, by player i, on the ∅ → h path, excluding the
information set of h. A special sequence ∅ corresponding to an empty list is also considered
for each player.

The set containing all sequences of all players and of a single player are respectively
denoted Σ and Σi, with Σ ≡

⋃
i∈N\NΣi. We use the notation σi + (I, a) to indicate the

sequence obtained by extending σi by adding an (infoset, action) pair (I, a).

Other important notions are those of public state and subgame. Intuitively, a public state
is a set of nodes such that all players can detect whether a node in the set has been traversed
or not. This is translated on a closure property on the information sets, which won’t include
nodes not traversing the public state from the public state on. A subgame is the part of the
game rooted at a public state and including all the following nodes. This cut of the game does
not separate nodes on different information sets.

Definition 2.1.3 (Public State). A public state P ⊂ H is a set of same-depth nodes such that
P ≼ I implies P ≼ h for all h ∈ I, I ∈ I.

1Whenever the scale of the utilities matters for complexity results, we assume a utility function that is
normalized so that ui : Z → [−1, 1]. The normalization of the utility functions can be done WLOG in any game.
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Definition 2.1.4 (Subgame). A subgame SP rooted at P of a game G is defined by reducing
the node set of G to {h ∈ H s.t.h ≽ P}.

We remark that, in general, a subgame is not an extensive-form game. All nodes h ∈ P

have no parent in the subgame, and therefore, there may be no unique root of the game.

This paper focuses on extensive-form games that satisfy some regularity properties.

Definition 2.1.5 (Timeability). An extensive-form game G is timeable if any path from the
root to any node in the same infoset has the same length (equivalently, all nodes belonging to
the same infoset have the same depth). Formally, G is timeable if for every infoset I ∈ I and
every h, h′ ∈ I , we have |h| = |h′|.

As an assumption, we will consider timeable games throughout the paper. Intuitively,
this corresponds to assuming that all players know the number of actions played in the game
anytime they play.

Definition 2.1.6 (Perfect recallness). A player i has perfect recall if all nodes in the same
infoset of that player have the same sequence. Formally, player i has perfect recall if for every
infoset I ∈ Ii and every h, h′ ∈ I , we have σi(h) = σi(h

′). The common sequence is denoted
σI .

When a player has perfect recall, its nonempty sequences are uniquely identified by the
last infoset-action pair contained within them. Thus, when player i has perfect recall, we will
use Ia ∈ Σi to indicate the sequence of player i that ends with playing action a at infoset I .
Intuitively, assuming that all the players have perfect recall corresponds to assuming that each
of them never forgets information they previously acquired during the game’s unfolding. A
game is said to be perfect recall when all players in the game have perfect recall. We say the
player/game is imperfect recall whenever the perfect recall condition does not hold.

We remark that the timeability assumption excludes absentmindedness. That is, players
never have nodes on the same path belonging to an identical information set. Intuitively,
knowing the number of actions played in the game allows the player to distinguish nodes on
the same path.

2.1.2 Strategies

Extensive-form games represent the sequential interaction among players that are required
to take an action given a specific information state. The description of a possibly stochastic
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behavior of a player in a game is called strategy. The strategy space of a game is the set of all
possible strategies that players can play. It is denoted by X , while the strategy space of a player
i ∈ N is denoted by Xi.

Useful strategies in games are found by optimizing an objective function over the strategy
space. Therefore, it is convenient to represent the strategy space in a way that allows efficient
optimization procedures. Common optimization objectives employ reach probabilities, defined
as the probability that a player plays to reach a terminal node z. Realization-form representation
of strategies addresses this need by representing the probability of a player playing all actions
leading to each terminal.

Definition 2.1.7 (Realization-form strategy). A realization-form strategy is a [0, 1]Z vector,
where each terminal z is associated with the probability that a player plays all the actions on
the ∅→ z path.

It is to be noted that, in general, a realization-form strategy is not a probability distribution
over Z .

Realization-form strategies provide a general representation of a strategy through its con-
tributions to reaching terminal nodes. However, they characterize the players’ behavior only
for their effects on the terminal nodes, leaving unspecified the actual behavior creating such
a contribution on the terminals. This behavior can be characterized according to different
definitions, which can then be mapped to their compact, definition-agnostic realization form.
The main notions of strategy that will be described in the following are pure strategy, mixed
strategy, behavioral strategy, and sequence-form strategy.

A pure strategy is a deterministic selection of one action at each infoset. We consider only
reduced pure strategies, where actions are undefined (⊥) in any infoset that cannot be reached
considering previous actions taken by the player.

Definition 2.1.8 (Pure strategy). A pure strategy π for player i is a vector indexed by informa-
tion sets where π[I] ̸= ⊥ if it exists h ∈ I such that for all (I ′, a′) ∈ σi(h) we have π[I ′] = a′.
The realization form of a pure strategy is the vector x ∈ {0, 1}Z where x[z] = 1 if and only if
the strategy prescribes all player actions on the path ∅→ z.
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We use Πi to indicate the set of pure strategies in realization form of player i. This set can
be formally defined as:

π ∈ Pi ⊆×I∈Ii AI ∪ {⊥} Pure strategies domain

ρ(π, h) =

 1 if ∀(I, a) ∈ σi(h) π[I] = a

0 otherwise
Reach at a history h

π[I] = ⊥ ⇐⇒ ∀h ∈ I ρ(π, h) = 0 Constraint on ⊥
Πi :=

{
x ∈ {0, 1}Z : ∃π ∈ Pi s.t.x[z] = ρ(π, z)

}
Pure strategies set in realization form

The definition of reduced pure strategies allows us to rigorously define the notions of played
sequence and reached infoset.

Definition 2.1.9 (Played sequence). A sequence σi(h) is played by pure strategy π if for all
(I ′, a′) ∈ σi(h) we have π[I ′] = a′.

Definition 2.1.10 (Reached node). A node h ∈ Hi is reached or played to by π if σi(h) is
played. By extension, an infoset I is said reached if any h ∈ I is reached.

The set of pure strategies Π ≡ {Πi}i∈N\N is finite, and so is the set of possible realization-
form containing all possible realization form-vectors obtained by enumerating all pure strategies
and considering their reach.

Definition 2.1.11 (Mixed strategy). A mixed strategy is a distribution over pure strategies. The
realization form of a mixed strategy is the vector x ∈ [0, 1]Z obtained through the convex
combination of pure strategies.
We use Xi to indicate the set of mixed strategies in realization form. Formally, we have:

Xi := coΠi

Definition 2.1.12 (Behavioral strategy). A behavioral strategy describes a player’s behavior
as independent local distributions over the actions available at each information set. The
realization form of a behavioral strategy is obtained by multiplying the probability of picking
each player’s action on the path ∅→ z.
We use B̂i to indicate the set of behavioral strategies, while X̂i in realization form. This set can
be formally defined as:

B̂i :=×I∈Ii ∆
AI Behavioral strategies set

ρ(b, h) =
∏

(I,a)∈σi(h)
b(I)[a] Reach at a history h

X̂i :=
{
x̂ ∈ [0, 1]Z : ∃b ∈ B̂i s.t. x̂[z] = ρ(b, z)

}
Behavioral strategies set in realization form
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By definition, the set of mixed strategies in realization form is a convex, compact set, with
pure strategies (in realization form) as vertices. In contrast, the set of behavioral strategies in
realization form is, in general, non-convex since not all combinations of mixed strategies can
be formulated as a combination of probabilities at each information set.

A (mixed) strategy profile is a tuple x = (x1, . . . ,xn) ∈ X1 × · · · × Xn consisting of
one mixed strategy for each player. The expected utility of player i is ui(x) := Ez∼x ui(z),
where z ∼ x denotes sampling a terminal node z by following the profile x, that is, ui(x) :=∑

z∈Z ui(z)p[z]
∏

j∈N\N xj[z]. A crucial property of the realization form, which we will use
repeatedly, is that the utility functions ui : X1 × . . .Xn → R are linear in each xi.

A classical question is to characterize the strategy spaces given their definitions and find
the conditions guaranteeing the equivalence of the different notions. In particular, the local
decomposability at each infoset offered by behavioral strategies offers efficiency advantages
when describing strategies over an extensive-form game. Luckily, the only condition required
for their equivalence is that the considered game is perfect-recall, as stated in the following
classical theorem.

Theorem 2.1.1 (Kuhn’s theorem, [53]). In every extensive game with perfect recall, for each
mixed strategy, there is a behavior strategy that has the same realization form. That is, X̂i = Xi.

2.1.3 Tree-Form Decision Problems

This subsection describes tree-form decision problems, originally introduced by Farina et al.
[27]. They are highly efficient representations of the strategy space of a specific player in the
game. In games with perfect-recall, tree-form decision problems lead to the sequence-form
representation of the strategy space, first noted by Romanovskii [76] and later rediscovered by
von Stengel [88]. The tree-from decision problem will later be generalized to DAG structures
arising from imperfect-recall games.

Definition 2.1.13 (Tree-form decision problem). A tree-form decision problem is a rooted tree
of nodes representing an interaction between a player and an environment. Each node s is one
of the following types:

• decision points s ∈ D, at which the player takes an action;

• observation points s ∈ S, at which the environment selects the next state.

We assume WLOG that the root node (∅) and all terminal nodes are observation points
and that decision points and observation points alternate. At a decision point s, the set of legal
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actions is denoted As. Each action a ∈ As leads to a different observation node, denoted sa.
The observation node parent of s is denoted ps. For notational simplicity, when x ∈ RS is any
vector indexed by observation points and s is a decision point, we use x[s∗] ∈ RAs to denote
the subvector of x indexed only by the children of s.

Similar definitions of strategy notions as those from extensive-form games hold in tree-form
decision problems. A pure strategy is an assignment of one action to each decision node. Pure
strategies are associated with vectors in x ∈ {0, 1}S in the following way: for a node s ∈ S,
x[s] = 1 if and only if the player plays every action on the path from the root to s. We will
call such vectors tree-form (pure) strategies. A tree-form mixed strategy x ∈ Q is a convex
combination of tree-form pure strategies.

The set of tree-form mixed strategies has a natural description as a set of linear inequalities.
Namely:

Proposition 2.1.2. Q is the set of nonnegative vectors q ∈ RS satisfying the following
constraints: 

q[∅] = 1 (2.1a)

q[ps] =
∑
a∈As

q[sa] for all s ∈ D. (2.1b)

The tree-form constraints are probability flow constraints: the probability of reaching a
node starts at 1 at the root (2.1a), and is split at each decision point on the available actions
(2.1b).

There is an important connection with extensive-form games whenever a player i has perfect
recall. In this case, a tree-form decision problem can be extracted from the game by considering
the point of view of player i. We have that information states are the decision points, and
every contribution to the game the player observes is associated with observation points. More
formally, this corresponds to having one observation point per sequence, where the infosets
reached when playing that sequence are the possible observations. We obtain a tree-form
decision problem where D = Ii and S = Σi. In this case, tree-form strategies correspond
to the so-called sequence-form strategies, and there is a natural correspondence between the
tree-form strategies and the realization-form strategies.

Definition 2.1.14 (Sequence-form strategies). In a game with perfect recall, consider a player i
and let Q defined according to Proposition 2.1.2, with D = Ii and S = Σi. A sequence-form
strategy q ∈ Q of player i associates to each σ ∈ Σi the probability that the player plays
all actions in σ. The realization-form strategy xi ∈ Xi of a sequence-form strategy q is
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xi[z] = q[σi(z)] since that is the probability that the player plays all actions on the path to a
terminal node z ∈ Z .

This is a much more compact representation than the naive one offered by the definition
of mixed strategy. Mixed strategies maintain a probability distribution over an exponential
number of pure strategies. On the other hand, sequence-form strategies have one element per
sequence, which corresponds to an infoset-action pair, similar to behavioral strategies.

2.2 Learning Equilibria in Games

2.2.1 Nash Equilibrium and Max-Min Strategies

After deciding the most suitable representation for strategies in a given problem, an objective
to be optimized to find the optimal strategy is required. This is done through solution concepts,
which describe the characteristics that make a strategy optimal in a context. One solution
concept that is relevant for the paper is the Nash equilibrium:

Definition 2.2.1 (Nash equilibrium). A Nash equilibrium is a mixed strategy profile x such
that no player has a profitable deviation. That is, for every player i and every x′

i ∈ Xi, we have
ui(x

′
i,x−i) ≤ ui(x).

The most studied type of extensive-form games are two-player zero-sum games. In this
class of games, two players face each other in a setting where a payoff for anyone is a cost
for the other. In this section, we define two-player zero-sum games and explore some basic
solution concepts for them.

Definition 2.2.2 (Two-player zero-sum game). An extensive-form game is two-player zero-sum
if

• the player set contains nature and two players, called ▲ and ▼, namely N = {N,▲,▼},
and

• the utilities of the two players are opposite, namely u▲ = −u▼.

In this case, we will use a single utility function u = u▲ = −u▼ and use X and Y to
represent the mixed strategy sets of the two players. In two-player zero-sum games, Nash
equilibria (x,y) ∈ X × Y are the saddle-point solutions to the bilinear saddle-point problem

max
x∈X

min
y∈Y

x⊤Uy = min
y∈Y

max
x∈X

x⊤Uy (2.2)
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Algorithm CFR Counterfactual regret minimization on tree-form decision problems Q. For
each decision point s,Rs is a regret minimizer on ∆(As).

1: procedure NEXTSTRATEGY

2: xt[∅]← 1
3: for each decision point s, in top-down order do
4: rt

s ← Rs.NEXTSTRATEGY()
5: xt[s∗]← xt[ps]r

t
s

6: return xt

7: procedure OBSERVEUTILITY(ut)
8: vt ← ut

9: for each decision point s, in bottom-up order do
10: Rs.OBSERVEUTILITY(vt[s∗])
11: vt[ps]← vt[ps] + ⟨rt

s,v
t[s∗]⟩

12: t← t+ 1

where U = diag({u(z)p[z]}z∈Z) so that x⊤Uy = Ez∼(x,y) u(z). The Nash value u∗ of a
two-player zero-sum game is the value for ▲ in any equilibrium. As discussed in the previous
subsection, in games with perfect recall, mixed and behavioral strategies are equivalent by
Theorem 2.1.1. In games without perfect recall, the above definition of Nash equilibrium is
still valid; however, it will also be useful to define the behavioral max-min strategy:

Definition 2.2.3 (Behavioral max-min strategy). In a two-player zero-sum game, a behavioral
max-min strategy x ∈ X̂ is a solution to the optimization problem

max
x∈X̂

min
y∈Ŷ

x⊤Uy.

The behavioral max-min value is the optimal value of the above problem. Since X̂ and Ŷ
are not necessarily convex sets, the minimax theorem does not apply, so the maximization and
minimization can not necessarily be swapped. Therefore, the behavioral max-min strategy is
not an equilibrium. Further, in games with imperfect recall, the tree-form decision problem
is not a valid representation of the set of realization-form strategies. Therefore, we will need
different techniques to tackle such games.

2.2.2 Online Learning in Games

In this work, we will leverage the online convex optimization [107] (OCO) framework for
modeling repeated interactions between a player and an arbitrary environment. According to
this model, the player iteratively interacts with the environment by selecting at each timestep
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t a strategy xt from a convex, compact set Q ⊆ Rm and observes a linear utility function
ut : Q → [−1,+1] chosen (possibly adversarially) by the environment. Since utility functions
are linear, we will represent them as vectors ut ∈ Rm. Considering an interaction repeated over
T steps, the objective of the player is to minimize the cumulative regret, which is defined as

RT
Q := max

x∈Q

T∑
t=1

〈
ut,x− xt

〉
We say that an algorithm is a regret minimizer if it guarantees that the cumulative regret grows
sublinearly with T , that is, RT = o(T ).

Regret minimization and equilibrium computation in two-player zero-sum games are tightly
connected. In particular, consider the scenario of a repeated two-player zero-sum game in
which ▲ and ▼ sequentially interact for T rounds. Both players use regret minimizers over
their strategy sets X and Y , respectively. Let, at each timestep t, the utility vectors observed
by the two players be ut

▲ = Uyt for ▲ and ut
▼ = −Uxt for ▼. Then, it is known that the

equilibrium gap computed w.r.t. the average strategies x̄ :=
∑T

t=1 x
t/T , ȳ :=

∑T
t=1 y

t/T is
bounded by the cumulative regrets RT

▲ , RT
▼ experienced by the players ▲ and ▼, respectively:

max
x∈X

x⊤Uȳ −min
y∈Y

x̄⊤Uy ≤ RT
▲ +RT

▼

T
.

Thus, if the two players pick their strategies according to a no-regret algorithm, this property
guarantees the convergence of the average strategies x̄ and ȳ to a Nash Equilibrium as T →∞.

We now show how to construct regret minimizers for arbitrary tree-form decision problems
(and thus, in particular, also for zero-sum games of perfect recall). For this problem, we use the
counterfactual regret minimization (CFR) framework [108, 27]. Intuitively, CFR allows one to
build a regret minimizer on a tree-form strategy set Q by running local regret minimizers at
each decision point and combining them in a clever way. The guarantee given by CFR can be
expressed as follows. Call a subset P ⊆ D playable if there is a pure strategy that reaches every
decision point in P , that is, there is a pure strategy x ∈ Q such that x[ps] = 1 for every s ∈ P .

Theorem 2.2.1 ([108, 27]). After the execution of CFR for T rounds, with the set of mixed
strategies Q as decision set, the cumulative regret is at most

max
P

∑
s∈P

RT
s ,

where RT
s is the regret of the local regret minimizer Rs and the maximum is taken over all

playable sets P .
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Local regret minimizers on simplices ∆(m) whose regret scales as O(
√
mT ) or even

O(
√
T logm) are well known; two examples are regret matching [37], which has the former

guarantee, and multiplicative weights, which has the latter guarantee. Picking either of these
algorithms (or, indeed, any of many regret minimizers with similar guarantees), we have:

Corollary 2.2.2. If both players in an extensive-form zero-sum game of perfect recall use CFR
with any efficient local regret minimizer, then after T rounds, the average strategy profile (x̄, ȳ)
will be an O(|Σ▲|+ |Σ▼|)/

√
T -approximate Nash equilibrium.

We refer the interested reader to [10, 29] for further reading on practical state-of-the-art
no-regret-based solvers for two-player zero-sum games.

2.3 Equivalence Across Games

The contributions presented in this work will rely on auxiliary games to represent strategy
optimization problems. In order for the results obtained in the auxiliary game to map to the
original one we want to solve, we need to define what it means for two games to be equivalent.
Let G = (N ,H,Z,A, I,p, u) and G′ = (N ,H′,Z ′,A′, I ′,p′, u′) be extensive-form games
with the same set of players. Let Πi and Π′

i be player i’s pure strategy set in G and G′,
respectively, and similarly let ui and u′

i be player i’s utility function in G and G′ respectively.

Definition 2.3.1 (Strategic Equivalence). Two games G and G′ are strategically equivalent
if there are bijective strategy maps ρi : Πi → Π′

i for each player i such that, for every profile
π ∈ Π and every player i we have ui(π) = u′

i(ρ(π)) where ρ(π) := (ρi(πi))i∈N\0.

This definition is a very strong notion of equivalence: if two extensive-form games are
equivalent in the above sense, then every strategy πi in one of the games is equivalent to some
strategy ρ(πi) in the other game. Thus, in particular, a solution to one game will give a solution
to the other game.

2.4 Adversarial Team Games

The general framework of adversarial team games has first been studied by von Stengel and
Koller [90] in the context of normal form games, while Celli and Gatti [18] first addressed them
in an extensive-form setting. Adversarial team games describe situations where multiple agents
are organized in two teams, receiving zero-sum payoffs. Like the above papers, ours focuses
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Figure 2.1: An example of an adversarial team game. There are three players: P1 and P2 are
on team ▽▽▽, and P3 is on team ▽▽▽. Dotted lines connect nodes in the same information set. The
(total) utility of ▽▽▽is listed on each terminal node. The root node is a nature node, at which
nature selects uniformly at random.

on the setting in which no extra communication channel is available to the players during the
game, but they are allowed to communicate freely before the start of the game. This means that
the only form of coordination across players’ strategies available is preplay coordination; that
is, any coordination has to be prepared before the start of the game.

Adversarial team games can be modeled as extensive-form games as follows.

Definition 2.4.1 (Adversarial team game). An extensive-form, perfect-recall game (N ,H,Z,
A, I,p, u) is said to be an adversarial team game (ATG), or two-team zero-sum game if

• the player set is partitioned in two sets called teams, symbolized by ▽▽▽and ▽▽▽. Formally,
N =

▽▽▽∪ ▽▽▽ ∪ {N}, and
• the utilities of the players belonging to the same team are identical, and the total utilities

of the two team are opposites. Formally,

ui = uj for all i, j ∈ ▽▽▽

ui = uj for all i, j ∈ ▽▽▽∑
i∈ ▽▽▽

ui = −
∑
j∈▽▽▽

uj.

In adversarial team games, the Nash equilibrium fails to consider that teams can coordinate
among themselves. Indeed, it is possible for there to be a Nash equilibrium in which two
teammates could profit by jointly switching strategies, but no individual player can profit from
a unilateral deviation. To consider these joint deviations, it is most natural to reformulate
an adversarial team game as a two-player zero-sum game of imperfect recall, in which a
team coordinator plays on behalf of all team members. In this manner, deviations of the
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team coordinator correspond to simultaneous, joint deviations of all team members. We now
formalize this conversion.

Definition 2.4.2 (Coordinator game). Let G = (N ,H,Z,A, I,p, u) be an adversarial team
game. The coordinator game G′ corresponding to G is the two-player zero-sum imperfect-recall
game defined G′ = ({N,▲,▼},H,Z,A, I ′,p, u′), where

I ′▲ =
⋃
i∈ ▽▽▽

Ii, I ′▼ =
⋃
i∈▽▽▽
Ii, u′

▲ =
∑
i∈ ▽▽▽

ui, and u′
▼ =

∑
i∈▽▽▽

ui.

The coordinator game merges all members of a team ( ▽▽▽or ▽▽▽) into a coordinator (▲ or ▼).
Therefore:

• Pure strategies of a coordinator correspond to pure profiles of the team.

• Behavioral strategies of a coordinator correspond to behavioral profiles of the members
of the team. Since behavioral strategies enforce actions at different infosets to be
independently sampled, this means that team members can privately sample randomness
for their own personal use but cannot share that randomness with teammates.

• Mixed strategies of a coordinator correspond to correlated strategy profiles of the mem-
bers of the team. In a correlated profile, team members may jointly sample randomness
that they use to correlate their actions.

We remark on the role that preplay coordination has in allowing the coordination capabilities
modeled by the coordinator game. In fact, before starting the game, players are allowed to
jointly sample a pure plan from their coordinator’s mixed strategy and then individually play the
specified actions at the infoset in which they play. This allows the team to play any randomized
strategy of the coordinator effectively.

The coordinator game allows us to define notions of equilibrium specialized for team games:

Definition 2.4.3. A team max-min equilibrium with correlation (TMECor) of an ATG G is a
mixed-strategy Nash equilibrium of G′.

Definition 2.4.4. A team max-min equilibrium (TME) of an ATG G is a behavioral max-min
strategy of G′.

The TMECor value and TME value are defined analogous to the Nash value and behavioral
max-min value. As discussed before, behavioral max-min strategies in G′ are not equilibria in
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Adversarial Team Games Imperfect-Recall Games
Team ▽▽▽▽▽▽ Player ▲▼

Correlated team strategy Mixed strategy
Uncorrelated team strategy Behavioral strategy

TMECor Mixed-strategy Nash Equilibrium
TME Behavioral max-min strategy

Table 2.1: Translation table between terms commonly employed in the adversarial team games
and two-player imperfect recall games. The translation happens through the introduction of
coordinator games (Definition 2.4.2).

G′, so one may wonder about the name “team max-min equilibrium”. However, there is a sense
in which TMEs are equilibria: von Stengel and Koller [90] showed that, at least in the case
where |▽▽▽| = 1, the TMEs are precisely the Nash equilibria of the team in G that maximize the
utility of team ▽▽▽.

An example adversarial team game in which the difference between TME and TMECor is
relevant can be found in Figure 2.1. The coordinator game is constructed simply by erasing
the player labels, creating a two-player zero-sum game. This game is a simple signaling game:
nature selects a bit, which is privately revealed to P1. P1 then communicates a single bit, which
is publicly revealed. Then P2 and P3 both attempt to guess nature’s selected bit, and ▽▽▽wins
if and only if P2’s guess is correct. Therefore, the goal of P1 and P2 is for P1 to “securely”
communicate the bit to P2 without also revealing it to P3. With a behavioral profile, this is
impossible since P1 and P2 cannot correlate their strategies; therefore, the TME value is −1/2.
However, if P1 and P2 are allowed to correlate their strategies, they can do the following:
jointly flip a coin. If that coin landed heads, P1 communicates the true bit, and P2 plays what
P1 communicates. If that coin landed tails, P1 communicates the opposite of the true bit, and
P2 plays the opposite of what P1 communicates. In this way, P2 will always play the true
bit, but P3 (who does not know the outcome of the correlating coin flip) does not learn any
information. Therefore, the value of this strategy for ▽▽▽is 0 (since P2 wins half the time by
randomly guessing the bit).

We have defined equilibrium concepts for team games using an “equivalent” coordinator
game that is a two-player zero-sum imperfect recall. It turns out that, in fact, every two-player
zero-sum imperfect-recall game G′ has an ATG whose coordinator game is G′: indeed, given
such a G′, consider the ATG G in which every information set is assigned to a different player.
Therefore, team games and imperfect-recall games are equivalent in a very strong sense. All of
the results of this work, unless otherwise stated, therefore apply equally to team games and to
two-player zero-sum imperfect-recall games.
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In the remainder of the paper, we consider the point of view of two-player zero-sum games
with imperfect recall, that is the coordinator game from Definition 2.4.2. A summary of the
different equivalent terms that are used in the two settings can be found in Table 2.1.



Chapter 3

Efficient Computation of Team and
Imperfect-Recall Equilibria

This chapter’s main objective is to present a novel contribution to the efficient computation
of mixed-strategy equilibria in two-player zero-sum imperfect-recall games (or, equivalently,
TMECors in adversarial team games). It consists of a novel algorithm transforming any game
in these classes into a strategically equivalent two-player zero-sum perfect-recall decision
problem called Team Belief DAG (TB-DAG). This structure allows one to find an equilibrium
using already existing efficient techniques. Other novel contributions are the proof of ΣP

2 -
completeness and ∆P

2 -completeness of the problem of finding TMECors and TMEs. The
theoretical results are accompanied by some experiments that show how the presented approach
achieves state-of-the-art performance on a broad set of benchmark games.

The most interesting aspect of the proposed approach is that coordination among team
members is represented in the converted game structure rather than as constraints on the joint
strategy space or in the algorithm’s logic. This approach is both interpretable and efficient,
leading to state-of-the-art equilibrium computation in team games.

We remark that thanks to the equivalence between adversarial team games and two-player
zero-sum imperfect-recall games presented in Section 2.4 (summarized in Table 2.1), it is
equivalent to pick both the team and imperfect-recall perspectives. We, therefore, opt for the
imperfect-recall framework to present our results, as this leads to a cleaner formalism while
falling back to the team setting for some examples whenever those provide a better intuition.

The structure of the chapter is as follows. Section 3.1 presents a complete analysis of
the related works from both the imperfect-recall games and adversarial team game literature.
Sections 3.2.1 and 3.2.2 present a preliminary, interpretable algorithm that converts any two-
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player zero-sum imperfect-recall game into a strategically-equivalent perfect-recall game
which we call the belief game. In Section 3.2.3, we formally prove that strategic equivalence
is preserved during the conversion, and Section 3.2.4 presents worst-case bounds on the size
of the belief game in terms of the number of nodes of the original game. In particular, the
worst case the number of histories of the belief game is O(bdk), where b is the maximum
branching factor of the original game, d is its depth, and k is a parameter we introduce called
the information complexity, which intuitively measures the amount of information that the
player can forget —or, in the case of team games, the amount of information asymmetry
between players on the team. Section 3.3 introduces a notion of DAG-form decision-making
that we use to generalize counterfactual regret minimization (CFR) beyond tree-form games. In
Section 3.4, we use DAG-form decision problems to efficiently represent each player’s strategy
space in the belief game through a construction we call the team-belief DAG (TB-DAG). We
show that the TB-DAG representation of a game with imperfect recall can be exponentially
smaller than the size of the belief game and that it can be constructed directly from the original
game without first constructing the belief game, thus leading to exponentially faster algorithms
in the worst case. This construction improves the worst-case efficiency1 of our technique to
O(|H|(b + 1)k+1), where |H| is the number of nodes in the original game. We also show
that this bound is essentially optimal: under reasonable computational assumptions (namely,
the exponential time hypothesis), we show that there cannot exist an algorithm for solving
even single-player games of imperfect recall whose runtime is of the form f(k)poly(|H|), for
any function f . Section 3.5 investigated the computational complexity of computing mixed
Nash equilibria with imperfect recall. We prove that computing a max-min strategy in mixed
or behavioral strategies in games where both players have imperfect recall is ∆P

2 -complete
and ΣP

2 -complete respectively. Section 3.6 presents further discussions comparing different
notions presented in the paper, providing additional insights on the technical decisions made.
In Section 3.7, we evaluate our methods empirically by benchmarking our construction on a
standard testbed of imperfect-information games, compared to state-of-the-art baselines. Our
technique allows much faster equilibrium computation when the information complexity k of
the game is low.

This chapter’s content is derived almost verbatim from a forthcoming first-author journal
article currently under review at the Journal of AI (JAI). Such a journal publication com-
bines, synthesizes, and improves upon the results from the following three conference papers:
Carminati et al. [15], Zhang and Sandholm [96], Carminati et al. [16], Zhang et al. [99].

1By efficiency here we mean the size of the representation of the players’ strategy spaces. Algorithms such as
CFR have per-iteration complexity that scales linearly in this size.



24 Efficient Computation of Team and Imperfect-Recall Equilibria

3.1 Related Research

This section describes the most important related works on computing Nash equilibria in
imperfect-recall and team games. We start by reviewing the results in the literature on imperfect-
recall games. To the best of our knowledge, there are no previous works concerned specifically
with efficient algorithms for computing mixed-strategy Nash equilibria in imperfect-recall and
timeable games, which, instead, is our primary objective. A similar approach to ours is taken
by Tewolde et al. [84], investigating imperfect-recall games without the timeability assumption;
that is, they include the absent-minded case; however, their solution concept is weaker than
ours, and their setting is more difficult.

A stream of works studies the computational complexity of finding Nash equilibria in
imperfect-recall games. Koller and Megiddo [45] study the NP-hardness of computing mixed
Nash equilibria in imperfect-recall games. In particular, they proved that computing Nash
equilibria in imperfect-recall games is NP-hard and that computing a max-min equilibrium
in pure strategies is ΣP

2 -complete. Our results from Section 3.5 refine those results proving
∆P

2 -completeness and ΣP
2 -completeness of computing Nash equilibria in mixed or behavioral

strategies, respectively.

Gimbert et al. [34] study imperfect-recall games with or without absentmindedness and
one or two players. In particular, they connect the problem of computing optimal values in
behavioral strategies with polynomial optimization. They also use their results on imperfect-
recall games to characterize the complexity of the bidding phase of the team game of Bridge,
acknowledging the equivalence of team games and imperfect-recall games. Our complexity
results from Section 3.5 focus on the computation of mixed-strategy Nash equilibria in two-
player imperfect recall with no absentmindedness and can be thought of as a refined (more
powerful) version of the results of Gimbert et al. [34].

Similarly, previous uses of imperfect recall for abstractions in two-player zero-sum games
make use of behavioral strategies to compute an approximate Nash equilibrium in the original
perfect-recall game [92, 54, 50, 19]. In this case, the imperfect-recall game is used as a
compressed representation to compute behavioral strategies that are then mapped to a hopefully
good strategy in the original game. Our work is distinguished from theirs as our approach
targets imperfect-recall games per se, and we are not interested in mapping optimal strategies
to a perfect-recall game from which the game is generated. Some works, in particular, are
interested in A-loss imperfect-recall games. The A-loss condition was originally introduced by
Kaneko and Kline [43] and is related to imperfect recall due to a player forgetting actions played
in the past but not the information revealed to her. Our results are generalizing theirs in the
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sense that, since A-loss games are those that inflate to games of perfect recall, Proposition 3.6.2
guarantees that our algorithm will run in polynomial time for games with A-loss recall.

On the other hand, the adversarial team game literature presents many works interested
in finding TMECors (Definition 2.4.3), which corresponds to finding mixed-strategy Nash
equilibria in timeable imperfect-recall games. Past works typically overcome the issue of
coordination among team members by directly optimizing over the space of coordinated
strategies, that is, the space of mixed strategies of the coordinator game. The algorithm
commonly adopted is that of column generation (CG), which for games essentially amounts to
the double oracle [62] algorithm. CG is an iterative approach that considers only a subset of
pure strategies for the team at a time and progressively expands it to approximate the support
of the TMECor in the best way. Each CG iteration comprises two steps: firstly, a TMECor
restricted to the current set of pure strategies is computed; secondly, a joint best response to
the current equilibrium is computed for each team, and these strategies are added to the sets of
available strategies. Different variants of this algorithm have been developed in the literature.
Celli and Gatti [18] first defined TMECors in the extensive-form games setting and proposed a
CG algorithm based on integer linear programming for the best response computation and linear
programming for the equilibrium computation. Successive works [25, 104, 29, 97] further
refined the results regarding execution speed and scalability while still operating in the CG
framework. Similarly, Zhang and An [103], Zhang et al. [104] focused on the computation of
TMEs (Definition 2.4.4), which are behavioral-strategy equilibria for the settings in which no
coordination signals are shared among the team.

Contrary to the direction followed by previous works, the purpose of this paper is to enable
a sequence-form-like description of each team’s strategy space. Thus, it bridges the gap in the
literature between two-player zero-sum games and adversarial team games and empirically
evaluates the tradeoff imposed by the solution proposed.

A technique based on a belief-prescription scheme was originally proposed by Nayyar
et al. [69] in the field of decentralized stochastic control in a cooperative setting. The term
prescriptions was later proposed by [30] in the setting of cooperative reinforcement learning
to indicate the meta-actions played when coordinating multiple agents. Our construction of
the auxiliary game in Section 3.2.2 can be seen as a generalization of those approaches to a
two-team adversarial setting. In addition, the adoption of observations (defined in Section 3.2.1)
in place of public states and the DAG approach from Section 3.4 are novel contributions that
refine the efficiency of our methods compared to theirs. A more detailed comparison between
observations and public states is given in Section 3.6.1.
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Lastly, the idea of DAG decision problems in which identical paths of play are joined
(instead of being repeated as it would happen in a tree structure) shares the same intent of the
notion of well-formed games from Lanctot et al. [54]. The main difference with this approach
is that in our case, the common paths of play are merged at a game-representation level, while
the main focus in [54] was to describe a possible optimization to the CFR algorithm.

3.2 Mixed Nash Computation Through Beliefs and Observa-
tions

We introduce the paper’s fundamental contribution: a novel technique for computing a mixed
Nash equilibrium in two-player zero-sum imperfect-recall games (or equivalently for computing
a TMECor in adversarial team games) based on the construction of an equivalent two-player
zero-sum game with perfect recall.

Our technique attains the perfect recall condition by suitably changing the information
available to the players and their action sets. The main intuition behind the belief game is
to consider the point of view of a perfect recall player instead of the imperfect recall one.
Unlike the imperfect-recall player, this player reasons only using information the player would
never forget due to imperfect recall and chooses an action for every possible information
set the imperfect-recall player may be in. The game then transitions by applying the action
corresponding to the information set of the current node. Crucially, the perfect-recall player
can strategically refine the set of reached nodes over time by carefully considering reachable
nodes given the played strategy and the perfect-recall results of her actions.

After introducing the main concepts and the construction algorithm, we prove that the
original and the belief games are strategically equivalent. This means that the perfect-recall
player we introduce is an equivalent representation of both the imperfect-recall player and the
corresponding preplay coordinated team (thanks to the considerations from Section 2.4).

3.2.1 Beliefs and Observations

The main purpose of this section is to formally define beliefs, which are sets of nodes B ⊆ H
derived from information sets Ii of player i ∈ {▲,▼}. Informally, beliefs are the “information
sets” that i would have if she could not distinguish nodes that cannot be distinguished using
information from a later stage. This notion is formalized by putting in the same belief any
two nodes with descendent nodes in the same information set (even if they belong to different
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Figure 3.1: An example of team game on the left (using the same notation as Figure 2.1) and its
corresponding connectivity graph for player ▲ on the right. Nodes in the two figures correspond
in position.

information sets).2 Similarly to information sets: i) nodes in beliefs would be indistinguishable
to i ii) one action is chosen at each belief, and then this action is followed in all nodes in the
belief iii) if the player knows that the current node of the game h lies in a set H of candidates,
and the player observes that her current belief is B, then the set of candidates can be refined to
B ∩H (similarly to information sets, beliefs correspond to observations over the state of the
game). Crucially, beliefs can be organized in the tree-like structure needed by algorithms finding
Nash equilibria in two-player zero-sum games, as we will see in Sections 3.2.2 and 3.2.5. This
is thanks to the guarantee that once a group of nodes is split among two different distinguishable
beliefs, then any group of descendent nodes from one belief will be distinguishable from any
group of descendants from the other.

In the following, we formalize the notion of beliefs and observations. We consider a
two-player zero-sum game with imperfect recall G.

Connectivity graph We say that two nodes h and h′ are unforgettably distinguished by i if
they do not belong to the same infoset and no pair of children of those two nodes belong to the
same infoset, that is, i will never be in an information set where these two ancestors are both
possible. This condition guarantees that if the set of candidates is H = {h, h′}, then the player
can discern h from h′ and will never forget which of the two nodes has been reached in the
next steps of the game.3

2We remark that this is a condition of imperfect recall equivalent to Definition 2.1.6, because information sets
I, I ′ at the same level of the game having descendent nodes in the same information set J implies that J has nodes
with different sequences.

3h, h′ being distinguishable implies that in the corresponding team game, any team member can recall whether
h or h′ was reached upon reaching h or h′.
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Figure 3.2: Another example of team game on the left (using the same notation as Figure 2.1)
and its corresponding connectivity graph for player ▲ on the right. Nodes in the two figures
correspond in position. Actions at nodes b and c are labeled for easier reference.

For the purpose of our definitions, we are concerned with pairs of nodes that are not
distinguishable. This can be represented through a connectivity graph overH as follows.

Definition 3.2.1 (Connectivity graph). The connectivity graph Gi = (H, Ei) for player i ∈
{▲,▼} is the graph with nodesH and edges Ei, where (h, h′) ∈ Ei if h and h′ are at the same
depth in G and there exists I ∈ Ii such that h ≼ I and h′ ≼ I .

Consider Figures 3.1 and 3.2 as examples of connectivity graphs for a game. Note in
Figure 3.1 the blue edges, which correspond to connections due to infosets, and the black edge
c− d due to g, h belonging to the same infoset. Similarly for the black edge b− c is due to d, f

and e, g in Figure 3.2.

Beliefs Consider now a set H of nodes such that the induced subgraph Gi[H] is connected.
Player i cannot distinguish any subset of H from the others because any node cannot be
distinguished from its neighbors. Beliefs are defined as these sets of indistinguishable nodes.4

Definition 3.2.2 (Belief). A set of nodes B ⊆ H is a belief for player i if the induced subgraph
Gi[B] is connected.

We remark that the timeablility property assumed on G implies that any node belonging to
the same belief has the same depth. Notice that a direct consequence of the definition of beliefs
is that {∅} and {z} for z ∈ Z are singleton beliefs for both teams.

4From a team game perspective, beliefs are sets of nodes with the guarantee that once reached, all team
members know that any nodeH \B is not reached; that is, it is team-common knowledge that the game reached a
node in B.
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Observations Consider instead a set H of nodes such that the induced subgraph Gi[B] has
different connected components. In this case, player i can distinguish those components
one from the other, thus partitioning H into multiple beliefs. Intuitively, the unforgettable
information is enough to distinguish every node in a component from any node in other
components. The player can, therefore, exclude nodes from components that are distinguishable
from the current reached node. We say that upon reaching a node h among possible candidates
H , player i observes belief B ⊆ H , meaning that player i uses the newly acquired unforgettable
information acquired in h to refine its imperfect information from H to B. We formalize this
notion of observation through the function SPLITBELIEFi:5

Definition 3.2.3 (Observation). The observation for player i ∈ {▲,▼} when reaching node h

among a set H of candidate nodes is:

SPLITBELIEFi(H, h) := the connected component of Gi[H] containing h.

The set of all possible observations given a set of candidates is denoted6 by

BH := {SPLITBELIEFi(H, h) : h ∈ H}.

An example of observation can be given by considering the team game depicted in Fig-
ures 3.1 and 3.2 and a candidate set H = {b, c, e}. This candidate set is possible when player
▲ plays a strategy where player 1 plays a mixed strategy excluding d from its support. This, in
turn, implies that player 2, at the next step, knows that the reached node h in the game is in H .
Moreover, player 2 observes her current information set I = b, c if h ∈ {b, c} of I = {d, e} if
h ∈ {d, e}. I can be used to further refine H as long as the information used will be known
at player 1 next. This is formalized in SPLITBELIEFi(H, b) = SPLITBELIEFi(H, c) = {b, c}
and SPLITBELIEFi(H, e) = {e}, which intuitively correspond to the fact that given those
candidates, ▲ unforgettably distinguishes b and c from e. From the equivalent team game
perspective: player 2 is active and can check her current infoset to distinguish the two beliefs;
player 1 has stopped playing and therefore it is not relevant in terms of team knowledge; player

5In team games, the belief returned by SPLITBELIEFi is the team-common knowledge update happening when
reaching h among a set of candidates H .

6We remark that the belief-based constructions employed by the paper would also work when allowing
SPLITBELIEFi to return any superset of connected components. For example, in the framework of factored-
observation games [48], it is valid to define SPLITBELIEFi using the explicitly-given public observations. However,
since the efficiency of the proposed algorithms depends on the size of the beliefs employed, we opt not to allow,
by definition, the use of beliefs larger than needed. As we show in Section 3.2.4, any reduction in the size of the
beliefs in a game brings exponential benefits in the size of the belief game obtained.
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3 either will not play or will know that the current node was c once the game reached g, so she
can safely assume that the game is in c. This means that every player distinguishes e from b, c.

Team public states We compare our notion of beliefs with public states (Definition 2.1.3),
an alternative customarily used in the related literature. A public state P for player i can also
be defined as a connected component of the connectivity graph Gi. The set of all public states
of i is denoted as Pi.

Public states identify sets of nodes that are distinguishable to a player without consid-
ering a possibly pruned subgraph of Gi as instead done for team observations. Therefore,
every belief is contained in a public state. In Figures 3.1 and 3.2 we have that P▲ =

{{a}, {b, c, d, e}, {g, h}, {f}, {i}} ∪ {{z} : z ∈ Z}.

Public states are the customarily adopted alternative to observations when partitioning a
set H of candidates in beliefs by splitting H in {H ∩ P : P ∈ Pi}. However, public states
may return a coarser partition than the one returned by observations, as the absence of specific
nodes from H may disconnect components in G. We will, therefore, use observations in place
of public states whenever possible. An example illustrating the difference between the two
definitions is available in Section 3.6.1.

Prescriptions Restricting the information available to player i to her beliefs also affects the
set of actions available. In fact, multiple infosets may intersect a given belief, and the player
does not know in which infoset she finds herself. Therefore, she does not know what actions
are available to her.

We overcome this issue by associating to each belief B a set of meta-actions Ai
B such

that an action is specified for each possible infoset that intersects the belief. We call such
structured meta-actions prescriptions and use a symbol a to indicate them. The concept is
formally defined as follows.

Definition 3.2.4 (Prescription). Consider a belief B of a player i ∈ {▲,▼}. A prescription a

is a selection of one action at each infoset having a nonempty intersection with B:

a ∈ ×
I∈Ii[B]

AI where Ii[B] = {I ∈ Ii : I ∩B ̸= ∅}.

Given a prescription a for a belief B and an infoset I such that I ∩B ̸= ∅, we denote as
a[I] the action relative to infoset I which is specified by prescription a. Note that we have
empty prescriptions at beliefs containing no active nodes for a player.



3.2 Mixed Nash Computation Through Beliefs and Observations 31

As we will see in the next section, our equivalent belief game introduces one perfect-recall
player per team, with information sets associated with beliefs corresponding to the perfect-recall
part of the information available to this unique player. Prescriptions will allow this player to
have an identical expressive power in terms of actions without accessing the exact information
set of the player, which is her imperfect-recall information. Moreover, specifying a prescription
at each reached belief for i incrementally defines a pure strategy of player i. This allows us
to consider a reduced set of candidate nodes H for the reached node h from which the belief
is observed, as a non-played action implies that all the descendant nodes are not reached and,
therefore, excluded from the candidates.

For example, consider a 3-player poker instance where two players collude to form a team.
At any time of the game, we can consider the point of view of a team coordinator, who acts as
the single imperfect recall player. We can imagine this coordinator as sitting at the same table
as the players, and therefore, she cannot access the private cards given to the players but can
access the same public information as the players, that is, the bet, fold, and check actions of
the players. Her belief at any point regards the private cards that each team member has. At
the start of the game, this belief is uniform over all pairs of cards, as no information regarding
these cards is available from an external point of view. The coordinator emits prescriptions for
the players to follow as the game progresses. Since the coordinator does not know the card
held by a player, she has to prescribe an action for each possible card the current player may
hold. The player receives this prescription and follows the part that matches the private card.
By observing the action played by the player, the coordinator can exclude from her belief the
cards for which she prescribed different actions. While there are no means of communicating
prescriptions during play at the poker table, this mechanism can be implemented ex-ante; that
is, each team of players jointly samples a pure strategy of this coordinator before the start of
the game and each member simulates the coordinator locally.

Information complexity We quantify the number of information sets reaching a belief
through the notion of information complexity k. This quantity will allow us to bound the size
of the belief games in Sections 3.2.4 and 3.4.1.

We first characterize the notion of remembered information sets and the set of last-infosets
at a node. Intuitively, an infoset J remembers another infoset I if reaching a node in J implies
traversing a node in I and picking a specific action. Therefore, knowing to be at a node in J

allows the player to recall having traversed I and have played action a there. The last-infosets
of player i at h are the information sets traversed by h and not remembered by any following
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information set of the player up to h.7 This set quantifies the knowledge lost by the player at a
node due to imperfect recall.

Definition 3.2.5. An infoset J remembers another infoset I if there exists an action a ∈ AI

such that, for every h ∈ J , we have h′a ≼ h for some h′ ∈ I .

Definition 3.2.6. The set of last-infosets at node h for player i is the set of infosets I ∈ Ii such
that I ≼ h and there is no other infoset J ∈ Ii such that J ≼ h and J remembers I .

We will use LIi(h) to denote the set of last-infosets at h for player i. Note that if h ∈ Hi

then Ih ∈ LIi(h).

Now define the information complexity k of a two-player game G as follows.

k = max
i∈{▲,▼},
P∈Pi

∣∣∣∣∣⋃
h∈P

LIi(h)

∣∣∣∣∣
Intuitively, k represents how much information can be worst-case forgotten by player i. In
the team game interpretation, k represents how asymmetric the information is among team
members. Note that k = 1 if and only if both players have perfect recall.

The information complexity characterizes both the number of beliefs in a public state P ,
and the number of prescriptions that are available at such beliefs. In fact, the actions played
at information sets in

⋃
h∈P LIi(h) determine which nodes in P are reached (that is, a belief

B ⊆ P ).

As an example, consider the game from Figures 3.1 and 3.2 and the public state P = {g, h}.
We have that the strategy played at⋃

h∈{g,h}
LIi(h) = {Ia, Ic.Ig} ∪ {Ia, Id, Ih} = {Ia, Ic, Id, Ig}

is enough to characterize a belief B ∈ P and a prescription at that belief. In fact, the action
at Ia decides whether c and d are reached, the actions at Ic (respectively Id) decide whether g
(respectively h) is reached, and the action at Ig = Ih is the prescription.

It is instructive to understand how k behaves in a simple game. Suppose that G is a team
game such that there are n players on each team, each player is assigned one of t “private
types” (in poker, these are the private hands), and all other information in the game is common

7From the perspective of an adversarial team game, the last-infosets at a node for team t ∈ { ▽▽▽

,▽▽▽} are the
most recent infosets of each player in t, minus the infosets of players that are implied by other players’ infosets.
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Algorithm MakeBeliefGame Belief game construction
1: procedure MAKENODE▲(h,B▲, B▼, σ̃▲, σ̃▼)
2: create node h̃ ∈ H̃▲

3: add h̃ to infoset labeled (σ̃▲, B▲)
4: for each prescription a▲ ∈ A▲

B▲
do

5: h̃a▲ ← MAKENODE▼(h,B▲, B▼, σ̃▲, σ̃▼, a▲)

6: return h̃
7: procedure MAKENODE▼(h,B▲, B▼, σ̃▲, σ̃▼, a▲)
8: create node h̃a▲ ∈ H̃▼

9: add h̃a▲ to infoset labeled (σ̃▼, B▼)
10: for each prescription a▼ ∈ A▼

B▼
do

11: h̃a▲a▼ ← MAKENODEN(h,B▲, B▼, σ̃▲, σ̃▼,a▲,a▼)

12: return h̃a▲

13: procedure MAKENODEN(h,B▲, B▼, σ̃▲, σ̃▼, a▲, a▼)
14: if h is terminal node then
15: create new terminal node h̃a▲a▼ ∈ Z̃
16: ui(h̃a▲a▼)← ui(h) for each player i
17: p[h̃a▲a▼]← p[h]
18: return h̃a▲a▼

19: create new chance node h̃a▲a▼ ∈ HN

20: if h is a chance node then S ← {ha : a ∈ Ah}
21: else S ← {hai[Ih]} where h ∈ Hi

22: for each node ha ∈ S do
23: B′

i ← SPLITBELIEFi(Biai, ha) for each player i
24: h̃a▲a▼a← MAKENODE▲(ha,B▲

′, B▼
′, σ̃▲ + (σ̃▲, a▲), σ̃▼ + (σ̃▼, a▼))

25: return h̃a▲a▼

knowledge. Then, at each public state P ∈ Pi, there are at most t last-infosets per player, so
k = nt.

3.2.2 Belief Game Construction

We now introduce an algorithm that explicitly constructs a belief game given any two-player
game. We will use G̃ to denote the belief game and distinguish components of the original
game G from components of the belief game by writing tildes: for example, a generic node is
h̃ ∈ H̃, a generic information set is Ĩi ∈ Ĩi, and so on.

Here, for cleanliness, we will describe the evolution of the belief game as a game of
simultaneous moves. Algorithm MakeBeliefGame describes the procedure that constructs
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an extensive-form game (without simultaneous moves) that is equivalent to it.8 In particular,
MAKENODE▲(∅, {∅}, {∅},∅,∅) constructs the whole belief game.

A node h̃ ∈ H̃ in the belief game is identified by a tuple (h,B▲, B▼) such that h ∈ B▲∩B▼,
where h ∈ H is the corresponding node in the original game describing the underlying state of
the game, B▲, B▼ are the current beliefs of ▲ and ▼ respectively. At h̃, each player i ∈ {▲,▼}
has a (possibly empty) collection of infosets, I[Bi], at which it needs to prescribe an action.
The two players simultaneously submit actions ai ∈ Ai

Bi
. The next belief game node is

(ha,B′
▲, B

′
▼), where the action a and the next beliefs (B′

▲, B
′
▼) are defined as follows.

(i) The action a is the one taken by the player at h: if h is chance node, then a is sampled
from chance’s action distribution at h; otherwise, a = ai[Ih].

(ii) The beliefs evolve as follows. For each player i, the set of candidate next nodes in the
original game compatible with i’s current belief Bi and its prescription ai is given by:

Biai := {ha : h ∈ B▲ ∩Hi, a = a[Ih]}︸ ︷︷ ︸
when player i acts,

it must be according to the prescription

∪{ha : h ∈ B▲ \ Hi, a ∈ Ah}︸ ︷︷ ︸
when player i does not act,

i does not know what action is taken

,

Next, player i observes the information revealed by the next node ha, thus arriving at
belief:

B̃′
i := SPLITBELIEFi(Biai, ha).

The examples of application of the MakeBeliefGame algorithm to the adversarial team
games from Figures 3.1 and 3.2 are shown in Figures 3.3 and 3.4 respectively.

We remark some characteristics of G̃ := MakeBeliefGame(G).

• Multiple different tree nodes h̃ can correspond to the same (h,B▲, B▼) tuple. In particu-
lar, for each terminal node z ∈ Z there is only one state (z, {z}, {z}).

• Information sets in G̃ are associated with sequences of beliefs and prescriptions. In partic-
ular, such infosets can be described by tuples of the form (B1

i = {∅},a1
i , B

2
i ,a

2
i , . . . , B

L
i ),

where aℓ
i ∈ ABℓ

i
and Bℓ+1

i = SPLITBELIEFi(B
ℓ
ia

ℓ
i , h) for some h ∈ Bℓ

ia
ℓ
i .

8We implement simultaneous actions by representing each step in the game as a sequence of one node per
player ▲, ▼, N where everyone acts; the effects of the actions taken are applied at the end.
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Figure 3.3: Belief game constructed from the adversarial team game in Figure 3.1. Trivial
nodes with a single actions have been removed to clarify the resulting game. Note how ▲ never
has beliefs containing more than one node, so there is only a constant factor increase in size
with respect the original game.10
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Figure 3.4: Belief game constructed from the adversarial team game in Figure 3.2. Trivial
nodes with a single actions have been removed to clarify the resulting game. Note how ▲ in
this case solves the imperfect recall of the team through presciptions. Non trivial presciptions
at nodes b and c (where ▲ has belief {b,c}) have been marked with the corresponding actions
at nodes.

• By construction of MakeBeliefGame we have that G̃ is a perfect-recall game. In fact,
nodes with different sequences are associated with different information sets thanks to
including sequences in each information set’s label;

• When h is terminal, the belief game does not stop until both players have observed the
trivial belief {h} at h and then submitted their empty prescriptions at that belief. This is
for notational convenience: it ensures that terminal sequences for a player i will always
end with singleton beliefs, which will make the later analysis cleaner.

• Modulo trivial reformulations (namely, the insertion of nodes with a single child), if G is
perfect recall, then G̃ is identical to G.
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Given a pure strategy π̃i ∈ Π̃i, we say that π̃i plays to a belief Bi of player i if π̃i plays to
some node corresponding to (h,Bi, B−i).

3.2.3 Strategic Equivalence

The main result of this section is the following.

Theorem 3.2.1. Let G be any two-player imperfect-recall extensive-form game, and G̃ be the
belief game constructed by MakeBeliefGame. G and G̃ are strategically equivalent.

We use the remainder of the subsection to prove this result. The requirements for strategic
equivalence as per Definition 2.3.1 that we will show are: i) it exists a function ρ mapping pure
strategies in the two games ii) ρ is a bijective function iii) ρ is value-preserving, that is, the
mapped strategies have the same expected utilities.

We first construct the strategy maps ρi : Πi → Π̃i. A pure strategy πi ∈ Πi in G assigns
one action to each information set.11 From such a strategy we construct a strategy π̃i = ρi(πi)

which plays prescriptions consistent with πi. At belief Bi, π̃i plays the prescription ai given
by ai[I] = πi[I] for each I ∈ IBi

reached by π̃.

We now show that ρi is injective. This will follow from the following lemma.

Lemma 3.2.2. Let π̃i = ρi(πi) ∈ Π̃i. Then for every z ∈ Z , π̃i plays to belief {z} if and only
if πi plays to z.

Proof. First suppose π̃i = ρi(πi) ∈ Π̃i plays to {z}. Thus π̃i plays some sequence of beliefs
and prescriptions (B1

i = {∅},a1
i , . . . , B

2
i ,a

2
i , . . . , B

L
i = {z}). But then, by construction,

every ancestor h ≺ z is included in one of the Bℓ
i s, and for ha ≼ z to appear in Bℓ

ia
ℓ
i , if h ∈ Hi

it must be the case that πi plays a. Thus πi plays to z.

Conversely suppose πi plays to z. Then, construct a sequence of beliefs and prescriptions as
follows. Let aℓ

i be the prescrption played by π̃i at belief Bℓ
i , and Bℓ+1

i = SPLITBELIEFi(B
ℓ
ia

ℓ
i , h)

where h ∈ Bℓ
ia

ℓ
i and h ≼ z. (The fact that πi plays to z ensures that such h must exist). Then,

by induction, π̃i plays to this sequence, and the sequence must eventually terminate at {z}
because it always contains at least one predecessor of z. Thus π̃i plays to {z}.

Since different pure strategies (by definition) play to different sets of terminal nodes, this
immediately shows that ρ is injective. We now show that ρi is a surjection (and hence a

11At infosets not reached by πi, actions can be selected arbitrarily.
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bijection), that is, any π̃i ∈ Π̃i is the image of some πi ∈ Πi. We remark that a pure strategy
π̃i ∈ Π̃i assigns one prescription to every reached infoset of player i in G̃.

We will require the following lemma. Informally, it states that no player can play to two
nodes with intersecting beliefs.

Lemma 3.2.3. Let π̃i ∈ Π̃i be any pure strategy. Let Ĩ , Ĩ ′ ∈ Ĩi be two distinct infosets of
player i that are simultaneously reached by π̃i. Let Bi and B′

i be the beliefs for player i at Ĩ
and Ĩ ′, respectively. Then, Bi and B′

i are not connected and do not intersect. That is, there do
not exist nodes h ∈ Bi, h

′ ∈ B′
i with (h, h′) ∈ Ei or h = h′.

Proof. Consider the tree-form decision problem T̃ of player i in G̃. Since G̃ is perfect-recall,
T̃ is indeed a valid representation of player i’s strategy set in G̃. Let s be the lowest common
ancestor of Ĩ and Ĩ ′ in T̃ .

Since π̃i plays to both Ĩ and Ĩ ′, the node s must be an observation point, as a pure strategy
plays a single action at each decision point. At observation points, the next observation made
by player i is the next belief. Let Ci and C ′

i be the different observed beliefs at node s that lead
to Ĩ and Ĩ ′, respectively. Then, by construction of SPLITBELIEFi, Ci and C ′

i are disconnected
and disjoint. Since every node in Bi is a descendant of some node in Ci (and the same for C ′

i),
it follows that Bi and B′

i are also disconnected and disjoint.

Thus, in particular, for any infoset I ∈ Ii in the original game, π̃i can only play to one
infoset Ĩ ∈ Ĩi whose belief Bi overlaps I . At Bi, the prescription chosen by π̃i includes an
action a[I] at I (by construction of prescriptions at a node). Thus, consider the strategy πi

defined such that πi[I] = a[I] for every infoset I such that πi plays to a belief Bi overlapping
I .

Lemma 3.2.4. πi is a well-defined strategy. That is, if πi plays to a node h ∈ Hi, then π̃i

plays to a belief Bi ∋ h, and hence, if h ∈ I ∈ Ii then πi[I] is defined.

Proof. By induction on the length of the node h. For h = ∅ this is trivial. Now let h = h′a′ be
a non-root node, and suppose πi plays to h. Then by inductive hypothesis, π̃i plays to a belief
Bi ∋ h′. Let a be the prescription played by π̃i at Bi.

• If h′ ∈ I ∈ Ii, then by construction of πi, it must be the case that π̃i’s prescription a at
Bi satisfies a[I] = a′, so Bia ∋ h.

• If h′ /∈ Hi, then for any prescription a at Bi we have that h ∈ Bia.
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Figure 3.5: An example of imperfect-recall game derived from a team game whose rationale is
described in the proof of Theorem 3.2.5. Given that the terminal values of this game are not
relevant, we use z to indicate a generic payoff. The boxes indicated by mini-game and subgame
correspond to the terms used in the description.

In either case, we have Bia ∋ h. Thus, π̃i must also play to the belief SPLITBELIEFi(Bia, h) ∋
h.

Further, from the definition of ρi it follows immediately that ρi(πi) = π̃i. It only remains
to show that ρi is value-preserving. But this is easy: ρi(πi) prescribes the same actions as πi.
Thus, for any pure strategy profile π ∈ Π, following profile π through G will yield exactly the
same trajectory as following profile ρ(π) through G̃. Thus, their expected utilities will also
coincide, and the proof is complete.

3.2.4 Worst-Case Dimension of the Belief Game

The per-iteration time complexity of CFR depends linearly on the size of the game on which
the algorithm is applied. Thus, it is critical for complexity analysis to bound the size of the
belief game produced by MakeBeliefGame.

Lower Bound We first present a lower bound of the worst-case size of the belief game by
describing a worst-case game whose belief game has a large number of nodes.
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Theorem 3.2.5. There exists a game G with depth d, information complexity k, and maximum
branching factor at a node b such that the number of nodes in the belief game G̃ is |H̃| ≥
b2k(d−4).

Proof. We construct a parametric game for depth d ≥ 4, information complexity k, and
branching factor b ≥ k + 1.

Consider a game that consists of d− 3 repetitions of the following mini-game. There is a
"root" nature node with k nodes of ▲, k nodes of ▼ and the root of the next repetition of the
mini-game as children. Each of ▲’s and ▼’s nodes belong to different information sets. Each
of those is the root of subgames with identical structures. Their children are b− 1 player nodes
followed by a single terminal node, and there is a chance node followed by a player node with
a single terminal node. These player nodes belong to the same player as the root of the subtree,
namely ▲ for the first k children and ▼ for the second k children of the "root" of the mini-game.
All nodes of ▲ and ▼ belong to the same level of the game apart from the 2k nodes that belong
to the same information set.

A representation of such a game for k = 2, b = 2, d = 6 is given in Figure 3.5, where nodes
of ▼ have been omitted to improve clarity. Those have the same structure as the nodes of ▲.
The main point of this game is that at any level l = 1, . . . , d− 3, both ▲ and ▼ have a public
state containing the k infosets corresponding to the nodes after N’s "root" of the mini-game
at depth l − 1. At each of those public states, both ▲ and ▼ have a single belief containing k

information sets and the chance node that leads to the next mini-game. Therefore, there are bk

prescriptions at this belief, and each prescription played leads, among the others, to the belief
containing k information sets of the next mini-game.

Multiplying this factor for each step of the level gives |H′| ≥
(
b2k
)d−4.

Upper Bound We now present an upper bound on the number of nodes of the belief game.

Theorem 3.2.6. Let G be a game with depth d, information complexity k, and maximum
branching factor at a node b. The number of nodes in the belief game G̃ is |H̃| ≤ b2kd+d.

Proof. Consider the algorithm MakeBeliefGame. Grouping levels of the belief game G̃

three by three, we have that ▲, ▼, and N each play at a different level in each group, and we
have d groups. Moreover, no more than b actions for the chance player and bk prescriptions
are available to each player. We, therefore, have that the number of nodes in-game tree G̃ is
|H̃| ≤ bd(2k+1).
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Discussion The bounds presented in this section highlight the main computational limitation
of Algorithm MakeBeliefGame, the explicit dependence on depth introduced by explicitly
using sequences to distinguish information sets in the belief game.

We remark that we can replace k here with the maximum number of infosets (not the
last-infosets) in any public state. We opted not to introduce two different notions of information
complexity to have bounds comparable with the TB-DAG ones in Section 3.4.1. We will
explore the effects of introducing the different definitions of k in Section 3.6.3.

3.2.5 Regret Minimization on Team Games

This section shows how to find a mixed Nash equilibrium in a generic two-player zero-sum
game with imperfect recall G by applying CFR on the belief game G̃ obtained by running
Algorithm MakeBeliefGame on G.

Let X̃ and Ỹ be the realization-form strategy spaces for ▲ and ▼ in G̃ derived from the
sequence-form representation as in Section 2.1.3. Specifically, vectors x̃ ∈ X̃ are indexed by
terminal sequences for ▲ in G̃ (similarly for ▼). Such a sequence σ can be identified by a list
of beliefs and prescriptions, ending in a singleton belief {z} for terminal node z ∈ Z . For any
terminal node z, let Σz

▲ be the set of terminal sequences for ▲ that end at belief {z}. Then
computing a Nash equilibrium in G̃ (and hence a mixed Nash in G) can be done by solving the
max-min problem

max
x̃∈X̃

min
ỹ∈Ỹ

∑
z∈Z

u(z)
∑

σ̃▲∈Σz
▲

x̃[σ̃▲]
∑

σ̃▼∈Σz
▼

ỹ[σ̃▼]. (3.1)

This is equivalent to the max-min problem for the coordinator game (Eq. (2.2)) by setting
x[z] :=

∑
σ̃▲∈Σz

▲
x̃[σ̃▲] (and similar for y). That is, from an optimization perspective, what has

happened is that we have constructed sets X̃ and Ỹ that are described by linear constraints, just
like the sequence form, and project onto X and Y respectively, allowing the reformulation and
equivalence of problems.

We now analyze the time complexity and regret of running CFR on G̃. Fix a player, say, ▲.
(The same analysis will apply to ▼.) First, recall from Section 2.1.3 that, in a decision problem,
a set P of ▲-decision points is called playable if there exists a pure strategy of ▲ that plays
to all the decision points in P . But by Lemma 3.2.3, the size of any playable set P of ▲ is at
most |H|. Further, the branching factor of G̃ is at most bk, where b is the branching factor of G
and k is the information complexity (see Section 3.2.4). Thus, applying multiplicative weights
(MWU) as the local regret minimizer at each decision point and using Theorem 2.2.1, we have:
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Algorithm DAG-Generic Generic construction of a regret minimizerR on Q from a regret
minimizer R̂ on its tree form Q̂.

1: procedure NEXTSTRATEGY

2: x̂t ← R̂.NEXTSTRATEGY()
3: return Dx̂t

4: procedure OBSERVEUTILITY(ut)
5: R̂.OBSERVEUTILITY(D⊤ut)

Algorithm DAG-CFR Counterfactual regret minimization on DAG-form decision problems Q.
For each decision point s,Rs is a regret minimizer on ∆(As).

1: procedure NEXTSTRATEGY

2: xt[∅]← 1
3: for each decision point s, in top-down order do
4: rt

s ← Rs.NEXTSTRATEGY()
5: xt[s∗]←

∑
p∈Ps

xt[p]rt
s

6: return xt

7: procedure OBSERVEUTILITY(ut)
8: vt ← ut

9: for each decision point s, in bottom-up order do
10: Rs.OBSERVEUTILITY(vt[s∗])
11: for p ∈ Ps do vt[p]← vt[p] + ⟨rt

s,v
t[s∗]⟩

12: t← t+ 1

Theorem 3.2.7. After T iterations of CFR on G̃ with MWU as the local regret minimizer, the
average strategy profile (x̄, ȳ) is an O(ε)-Nash equilibrium of G, where

ε = |H|
√

k log b

T
.

The per-iteration complexity is linear in the size of G̃.

While the regret above is polynomial inH, the per-iteration complexity depends on the size
of G̃, which is worst-case exponentially larger than G, as shown in Section 3.2.4.

3.3 DAG Decision Problems

In this section, we will develop a general theory of DAG-form decision problems and regret
minimization on them, analogous to the tree-form theory in Section 2.1.3. Although our main
interest in DAG-form decision-making is its application to two-player imperfect-recall games



42 Efficient Computation of Team and Imperfect-Recall Equilibria

(which we will develop in Section 3.4), the observations made in this section also have general
applicability beyond this setting. For example, since the publications of earlier versions of the
present paper, DAG-form decision-making has been applied toward the efficient computation of
many other solution concepts, including linear correlated equilibria and optimal extensive-form
correlated equilibria [95, 97, 98, 100, 101].

As one may expect, DAG-form decision problems are identical to tree-form decision
problems except that the graph of nodes is allowed to be a DAG, albeit with some restrictions.

Definition 3.3.1. A DAG-form decision problem is a DAG with a unique source (root node) ∅,
wherein each node s is either a decision point (s ∈ D) or an observation point (s ∈ S), with
the following properties.

1. Observation points other than the root have exactly one incoming edge.

2. For any two paths p1 and p2 from the root that end at the same node, the last node in
common between p1 and p2 is a decision point.

As with tree-form decision problems, we will also assume (WLOG) that decision and
observation points alternate along every path and that both the root node and all terminal nodes
are observation points. A pure strategy is once again an assignment of one action to each
decision point. The DAG form of a pure strategy is the vector x ∈ {0, 1}S , where x[s] = 1 if
there is some ∅→ s path along which the player plays all actions. A mixed strategy x ∈ Q is
a convex combination of pure strategies. Since decision points can now have multiple parents,
we will use Ps to denote the set of (observation points) parents of a decision point s.

Like tree-form decision problems, the mixed strategy set in a DAG-form decision problem
has a convenient representation using linear constraints, namely:

x[∅] = 1∑
p∈Ps

x[p] =
∑
a∈As

x[sa] for all s ∈ D. (3.2)

DAG-form decision problems and tree-form decision problems are closely related. Of
course, all tree-form decision problems are DAG-form decision problems. Conversely, any
DAG-form decision problem can be thought of as a “compressed” representation of the tree-
form decision problem created by separating out all the different paths through the DAG. While
this tree will generally be exponentially larger than the DAG, we will find it useful to compare
the DAG and tree representations.
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We now formulate a general theory of regret minimization for DAG-form decision problems.
We will use hats (Q̂, D̂, Ŝ, x̂) to denote components of the tree form of a generic DAG-form
regret minimizer. For each tree-form observation point, observation point s ∈ Ŝ let δ(s) ∈ S
be the corresponding observation point in S . Note that, by construction, δ is surjective but not
injective unless the DAG happens to be a tree.

We now show how tree-form strategies and utilities correspond to DAG-form strategies and
utilities. Concretely, we define a matrix D ∈ RS×Ŝ by Dx̂[s] =

∑
ŝ:δ(ŝ)=s x̂[ŝ] for all x̂ ∈ RŜ .

This is the matrix of the linear map that transforms tree-form strategies to their corresponding
DAG-form strategies. That is, D : X̂ → X is a bijection.

Dually, for DAG-form utility vectors u ∈ RS , the vector D⊤u ∈ RŜ is a utility vector on
the tree form, with the property that

〈
D⊤u, x̂

〉
= ⟨u,Dx̂⟩ by definition of the inner product.

That is, the DAG-form strategy Dx̂ achieves the same utility against DAG-form utility vector
u as the tree-form strategy x̂ achieves against the utility D⊤û.

The relationship between trees and DAGs allows us to use any regret minimizer on
Q̂ to construct a regret minimizer with the same guarantee on Q. We do this in Algo-
rithm DAG-Generic.

Proposition 3.3.1. LetR and R̂ be as in Algorithm DAG-Generic. Then the regret ofR with
utility sequence u1, . . . ,uT is equal to the regret of R̂ with utility sequence D⊤u1, . . . ,D⊤uT .

Proof. Using the fact that D is a bijection, we have

RT
Q = max

x∈Q

T∑
t=1

〈
ut,x− xt

〉
= max

x̂∈Q̂

T∑
t=1

〈
ut,Dx−Dx̂t

〉
= max

x̂∈Q̂

T∑
t=1

〈
D⊤ut,x− xt

〉
= RT

Q.

Applying the transformation DAG-Generic with CFR as the tree-form regret minimizer
R̂, we arrive at a DAG form of CFR, which can be simulated efficiently: Algorithm DAG-CFR.
One can think of DAG-CFR as a more efficient implementation of CFR when the decision tree
happens to have a DAG structure. Of course, the regret bound O(|S|

√
T ) is only a worst-case

bound; in special cases (such as Theorem 3.2.7), CFR does much better than its worst case, and
therefore so will DAG-CFR.
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Call a utility vector û consistent if it is in the image of D⊤. That is (expanding the
definition of D⊤), û ∈ RÔ is consistent if û[ŝ] = û[ŝ′] if δ(ŝ) = δ(ŝ′). In essence, a DAG-
form regret minimizer can “simulate” a tree-form regret minimizer so long as the tree-form
regret minimizer’s utilities are always consistent. We now formalize this idea.

Theorem 3.3.2 (DAG regret minimization via CFR). DAG-CFR produces the same iterates
as DAG-Generic with CFR as R̂. Therefore, in particular, the regret of DAG-CFR with
utility sequence u1, . . . ,uT is the same as that of CFR on the tree form with utility sequence
û1 := D⊤u1, . . . , ût := D⊤uT . Moreover, the per-iteration runtime of DAG-CFR is linear in
the number of edges in the DAG. In particular, taking any reasonably efficient regret minimizer
over simplices, the regret of DAG-CFR after T iterations is at most O(|S|

√
T ).

Proof. Let s ∈ D be any decision point of Q, and let ŝ ∈ D̂ be any decision point in Q̂ with
δ(ŝ) = s. It is enough to show that the sequence of utility vectors observed byRŝ when running
DAG-Generic with CFR as R̂ is the same as the sequence of utility vectors observed byRs

in DAG-CFR. We show this by induction on the decision points ŝ, leaves first.

First, if ŝ has no decision point descendants, then the claim is trivial because, by construction
of D⊤, we have ût[ŝa] = ut[sa] for every a ∈ As. Now let ŝ ∈ D̂ be any internal node and
s = δ(ŝ). By inductive hypothesis, for every decision point descendant ŝ′ of ŝ, at every timestep
t, Rŝ′ receives the same utility vector as Rs′ where s′ = δ(ŝ′), and thus produces the same
behavioral strategy rt

s′ = r̂t
ŝ′ . Thus, at any timestep t the utility vector v̂t[ŝ∗] that is passed to

Rŝ is given by

v̂t[ŝa] = ût[ŝa] +
∑

ŝ′:pŝ′=ŝa

〈
r̂t
ŝ′ , v̂

t[ŝ′∗]
〉

= ut[sa] +
∑

ŝ′:pŝ′=ŝa

〈
rt
s′ ,v

t[s′∗]
〉

= ut[sa] +
∑

s′:sa∈Ps

〈
rt
s′ ,v

t[s′∗]
〉

= vt[sa]

where once again we use the notation s′ := δ(ŝ′), and the inductive hypothesis is used in the
second equality on every term in the sum.
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Algorithm ConstructTB-DAG Constructing the TB-DAG. Inputs: imperfect-recall game
G, player i

1: procedure MAKEDECISIONPOINT(B) ◃ B ⊆ H is a belief
2: if a decision point s with belief B already exists then return s

3: if B = {z} for z ∈ Z then return new terminal node with belief {z}
4: s← new decision point with belief B
5: for each prescription a ∈ Ai

B do
6: add edge s→ MAKEOBSERVATIONPOINT(Ba)

7: return s
8: procedure MAKEOBSERVATIONPOINT(H)
9: s← new observation point

10: for each B ∈ SPLITBELIEFi(H) do
11: add edge s→ MAKEDECISIONPOINT(B)

12: return s

3.4 DAG Decision Problems in Team Games

In Section 3.2.5, it emerged that applying the CFR procedure to the belief game produced by
MakeBeliefGame suffers from the size of the game to solve, which may grow exponentially
fast as shown in Section 3.2.4. In this section, we show how DAG decision problems can
greatly reduce the inefficiencies caused by the previous construction.

The main observation is that MakeBeliefGame enforces perfect recallness of the belief
game by including the players’ sequences in the infoset definition. On the other hand, the
strategic aspect of the game is governed solely by the nodes contained in beliefs. Once the set
of possible nodes is fixed, the exact sequence of prescriptions and observations is irrelevant, as
the game will evolve identically from that point onwards. This observation leads to considering
a DAG structure for the decision problems, where beliefs identify decision nodes.

The Nash equilibrium problem in G̃, namely (3.1), indeed guarantees that both players’
utility vectors will be consistent with respect to these DAG-form decision problems. We will
call the resulting DAG decision problems the team belief DAGs (TB-DAGs)12. Therefore,
using DAG-CFR as the regret minimizer for both players, we recover the regret guarantee of
Theorem 3.2.7 with per-iteration complexity proportional to the total size of both DAGs.

However, this proposed algorithm still depends on the size of G̃, because, naively, to
construct the DAG representations, one first constructs the augmented game G̃, and only
then does the merging of decision points to create the DAGs. We, therefore, describe an

12We keep the name team belief DAG for continuity with previous versions of the work, even though it applies
equally well in the team and imperfect recall settings.
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Figure 3.6: An example TB-DAG corresponding to the team game from Figure 3.1 and
belief game from Figure 3.3. Beliefs and observation points are represented in black and white
respectively. Since the imperfect-recall of the team in the original game is only due to forgetting
actions played, the DAG in this case is a tree and there is only a constant factor increase in size
with respect the original game.

algorithm ConstructTB-DAG that recursively constructs the team belief DAGs directly from
the original game G, thus bypassing the construction of G̃. Therefore, we have the following
result. For each player i ∈ {▲,▼}, let Ei be the number of edges in the TB-DAG of player i.

Theorem 3.4.1 (TB-DAG and CFR). Suppose that both players run the algorithm Construct

TB-DAG to construct their strategy spaces X̃ , Ỹ , and then run DAG-CFR. Then their average
strategy profile converges at the rate shown in Theorem 3.2.7, and the per-iteration runtime
complexity is O(E▲ + E▼).

Proof. ConstructTB-DAG is designed to construct a DAG-form decision problem whose
tree form corresponds precisely to the decision problem faced by player i in the belief game.
Thus, it only remains to show that Theorem 3.3.2 applies. That is, we need to show that, in
the belief game G̃, the utility vectors û that would be observed by CFR for ▲ (the same proof
would hold for ▼) are such that û[z̃] = û[z̃′] whenever nodes z̃, z̃′ ∈ Z̃ of the belief game
represent the same node z ∈ Z of the original game. But indeed, for any pure strategy ỹ ∈ Ỹ ,
by Theorem 3.2.1 there is a pure strategy y ∈ Ỹ such that ỹ[z̃] = ỹ[z̃′] = y[z]. Thus, if ▼
plays ỹ, the utility observed by ▲ will be given by

û[z̃] = p̃[z̃]ỹ[z̃] = p[z]y[z] = p̃[z̃′]ỹ[z̃′] = û[z̃′]

which is indeed consistent in the required sense.
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Figure 3.7: Another example TB-DAG corresponding to the team game from Figure 3.2 and
belief game from Figure 3.4. Beliefs and observation points are represented in black and white
respectively. Note that endgames that are repeated by the belief game are now merged.

Figures 3.1 and 3.2 are shown in Figures 3.3 and 3.4 respectively.

As an example, the TB-DAGs corresponding to the team game from Figures 3.1 and 3.2 are
reported in Figures 3.6 and 3.7 respectively.

3.4.1 Size Analysis of the TB-DAG

The per-iteration runtime above depends on the number of edges in the TB-DAGs, so it is
important to bound this number. We will do so now. Here, we use the same notation as in
Section 3.2.4.

Theorem 3.4.2. For each player i, we have Ei ≤ |H|(b+ 1)k+1.

Proof. At any given public state P of player i, let Ii(P ) =
⋃

h∈P Ii(h) be the set of last-
infosets. Consider a pure strategy π ∈ Πi. For each last-infoset I ∈ Ii(P ), let πP be the
partial strategy defined only on infosets I ∈ Ii(P ), by πP [I] = π[I] ∈ AI if π plays to at least
one node in I , and πP [I] = ⊥ if it does not. There are thus at most (b + 1)k such possible
partial strategies, since |Ii(h)| ≤ k by definition. By construction, each partial strategy πP

completely determines which nodes in P are reached by π, as well as the actions played at any
such nodes. Thus, πP induces a disjoint collection of observation points S ⊆ S such that we
have Ba ∈ S for each observation point B ⊆ P . Now, each observation point Ba has at most
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one incoming edge and at most |Ba| outcoming edges. Since the observation points Ba are
disjoint and have a total size at most |P |b, the total number of edges at public state P is at most
|P |(b+ 1)k+1. The proof finishes by summing over public states, noting that every node is in
exactly one public state.

Thus, from Theorem 3.4.1 and Theorem 3.4.2, it follows that:

Theorem 3.4.3 (Main theorem). Any given imperfect-recall game G can be solved by construct-
ing the TB-DAGs using ConstructTB-DAG and running DAG-CFR. After T iterations, the
average strategy profile will be an O(ε)-Nash equilibrium where ε is as in Theorem 3.2.7. The
per-iteration complexity is O(|H|(b+ 1)k+1).

Before proceeding, it is instructive to briefly compare Theorem 3.4.3 to Theorem 3.2.6. The
latter result gives a per-iteration complexity that is O(bd(2k+1)). Thus, Theorem 3.4.3 is strictly
superior: for Theorem 3.2.6 to be superior, we would need to have bd(2k+1) < |H|(b+ 1)k+1,
which is impossible for d ≥ 1, k ≥ 1, b ≥ 2. We give a more detailed comparison between the
two bounds in Section 3.6.3.

3.4.2 Fixed-Parameter Hardness

Given the above result, one may ask whether the b can be removed more generally. It turns out
that it cannot. Before proceeding, we must introduce some fundamental concepts surrounding
fixed-parameter tractability.

Definition 3.4.1. A problem is fixed-parameter tractable with respect to a parameter k if it
admits an algorithm whose runtime on inputs of length N is f(k)poly(N), for some arbitrary
function f .

The k-CLIQUE problem is to, given a graph G and an integer k, decide where G has a
k-clique. The computational assumption FPT ̸= W[1] states that k-CLIQUE is not fixed-
parameter tractable. It is implied by the exponential time hypothesis [20].

Theorem 3.4.4. Assuming FPT ̸= W[1], there is no algorithm for computing the mixed Nash
value of a one-player game of imperfect recall whose runtime has the form f(k)poly(|H|)
where f is an arbitrary function.

Proof. We reduce from k-CLIQUE. Given a graph G = (V,E), we construct the following
game with a single team with two members. Nature selects two vertices v1, v2 ∈ V indepen-
dently and uniformly at random. Then, both team members privately observe the vertices that
have been assigned to them, and select bits b1, b2 ∈ {0, 1}.
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Utilities are defined as the sum of the following terms.

• If v1 = v2 and b1 ̸= b2 then the team scores −|V |.

• If b1 = b2 = 1 and (v1, v2) ̸= E and v1 ̸= v2, then the team scores −|V |.

• If b1 = b2 = 1 then the team scores 1.

We claim that the value of this game is ≥ k if and only if G has a k-clique. Clearly if G has a
k-clique then the value of the game is at least k: if both members play bits according to the
k-clique (i.e., bi = 1 if vi is in the clique) then they will score k.

Conversely, suppose there is no k-clique. Note first that we can assume WLOG that the
two members play the same strategy. (If they do not, they get utility at most 0, but playing
the all-zeros vector also gets utility 0.) A pure strategy is identified by the subset S ⊆ V of
vertices at which the player plays 1. Since both members are playing the same strategy, the
utility function reduces to |S| − |V | ·m, where m = |{(i, j) : i ̸= j; i, j ∈ S; (i, j) /∈ E}| is
the number of times the clique constraint is violated. Once again, this number is ≤ 0 unless S
is a clique, and if S is a clique then |S| < k since there is no k-clique.

Thus, it is impossible to replace the b in Theorem 3.4.3 with any absolute constant.

3.4.3 Branching Factor Reduction

Despite the worst-case hardness of removing the b in Theorem 3.4.3, it turns out that, for a
natural class of games, we can remove b. In this subsection we will discuss games with action
recall, and prove that in such games, it is without loss of generality to assume that the branching
factor is 2. Intuitively, a player i has action recall if it remembers the entire sequence of actions
she has taken in the past (including the timesteps at which such actions were taken). More
formally:

Definition 3.4.2. At a node h ∈ H, let (a1, . . . , aL) ∈ AL be the list of actions taken on the
∅→ h path. Define the action sequence of player i as the sequence (a′1, . . . , a

′
L) ∈ (A⊔{⊥})L

where a′ℓ = aℓ if action aℓ was taken by player i, and a′ℓ = ⊥ otherwise. We say that player
i has action recall if, for every infoset I of player i, every node in I shares the same action
sequence.

Theorem 3.4.5. Given a two-player imperfect-recall game G where both players have perfect
action recall, there exists another strategically-equivalent game G′ such that the branching
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Team vs Player Team vs Team

TMECor NP-complete [45] ∆P
2 -complete (This paper, Theorems 3.5.5 and 3.5.6)

TME NP-complete [45] ΣP
2 -complete (This paper, Theorems 3.5.2 and 3.5.3)

Table 3.1: Summary of most of the complexity results shown in Section 3.5.

factor of G′ is at most 2 at each h ∈ H▲ ∪ H▼, the parameter k in G′ is the same as it in G,
and the size of the game has increased by a factor of O(log |A|).

Proof. To every action a ∈ A, we associate a unique bitstring of length at most ℓ = O(log |A|).
Assume without loss of generality, for simplicity of notation, that all such bitstrings end with a
0. We will call bitstrings ã ∈ {0, 1}<ℓ “partial actions”.

We replace every internal node h ∈ H \ Z with a binary tree of depth ℓ, where bitstrings
that are not prefixes of any action a ∈ Ah are pruned. If h and h′ are in the same infoset I , then
for every partial action ã ∈ {0, 1}<ℓ we connect hã and h′ã in an infoset, which we will call
Iã. This creates a new game G′, whose parameters we must now analyze.

For each node h ∈ H\Z and action a, G′ has createad at most O(log |A|) additional nodes
(namely, the nodes hã where ã is a prefix of a). Thus, the size of G′ is at most O(|H| log |A|).

It thus remains only to bound the information complexity of G′. Let P be a public state
of player i in G′. By construction of action sequences, P contains either only nodes inHi, or
only nodes not inHi. In the latter case, there is nothing to check. In the former case, we have
P ⊆ {hã : h ∈ P ′} for some public state P ′ of G, and partial action ã ∈ {0, 1}<ℓ. Now let I
be a last-infoset of P ′ in G. Then I induces at most one last-infoset in P : namely, if I overlaps
P , then this infoset is simply Iã; otherwise, it is the infoset Iã′ where ã′ ∈ {0, 1}ℓ−1 is the
partial action such that action ã′0 leads to P (which must be uniquely defined by definition of
action recall). Thus, P has as many last-infosets as P ′, so the information complexity of G′ is,
at most, the information complexity of G.

Corollary 3.4.6. In games where both players have action recall, Theorem 3.4.3 applies with
the per-iteration runtime replaced with O(3k|H| log |A|).

3.5 Complexity of Adversarial Team Games

Here, we state and prove several results about the complexity of finding various equilibria in
timeable two-player zero-sum games of imperfect recall.
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In all cases, the goal is to solve the following promise problem: given game G, threshold
value v, and error ε > 0 (where all the numbers are rational), determine whether the (mixed or
behavioral) value of the game is≥ v, or < v−ε. The allowance of an exponentially-small error
is to circumvent issues of bit complexity that arise since exact behavioral max-min strategies
may not have rational coefficients [45]. Throughout this section, it will often be convenient to
formulate the hardness gadgets in terms of adversarial team games. We will thus freely utilize
the analogy between adversarial team games and coordinator games. For mixed Nash and
behavioral Nash respectively, we will refer to the problems as MIXED and BEHAVIORAL.

Although we do not explicitly state it in the theorem statements, all the hardness results are
proven by constructing adversarial team games in which both teams have a constant number of
players.

Theorem 3.5.1 (45, 22, 89). Finding the optimal strategy in a one-player, timeable game of
imperfect recall is NP-hard.

Proof. We essentially follow the proof of Chu and Halpern [22], but we are more explicit about
ordering the turns so that we can later bound the information complexity of our game. Given a
3-CNF formula ϕ with m clauses and n variables, construct the following game with two team
members on the maximizing team and no opponent. Nature picks a random clause j ∈ [m] and
a random variable xi that appears in clause j. P1 privately observes the variable and is asked to
assign a value (either true or false) to it. P2 then privately observes the clause j (but not the
variable i, nor P1’s assignment), and must pick one of the three variables in the clause. The
team wins if P2 picks variable i and P1 assigns the value to i that makes the clause true.

Note that the pure strategies of P1 are precisely the assignments x ∈ {0, 1}n. We claim
that if P1 plays assignment x, the best value for the team is precisely 1/3 of the maximum
number of clauses satisfied by x. To see this, note that the team will lose with probability 2/3

no matter what since P2 has only a 1/3 chance of picking the same variable that was selected
by nature. Conversely, if P2 happens to pick the right variable, the team wins if and only if P1’s
assignment to that variable satisfies the clause j. Thus, P2’s best strategy, given P1 strategy
x, is always to pick the satisfying variable in the clause, if there is one. By construction, this
achieves the desired value.

The above proof also shows, by the PCP theorem [38], that there exists an absolute constant
ε such that computing the optimal value in a team game with no adversary to accuracy ε is
NP-hard. Finally, the information complexity of the game used in the above construction is13

13Here we use the ordering of the players: namely, we have k = n only because P1 plays before P2. If the order
of the players were flipped, we would instead have k = m.
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k = n, and the branching factor can be made an absolute constant by splitting the root chance
node into Θ(logm) layers. Finally, the size of the game is O(mn). Thus, Theorem 3.4.3
implies a SAT-solving algorithm whose runtime is 2O(n). Thus, in particular, the appearance of
k in the exponent in Theorem 3.4.3 is unavoidable: if the k were replaced by any o(k) term,
then SAT would have a 2o(n)-time algorithm, violating the commonly-believed exponential
time hypothesis.

3.5.1 Behavioral Max-Min Strategies

We first show results for BEHAVIORALMAXMIN. In particular, we will show that it is ΣP
2 -

complete, first by showing inclusion and then constructing a gadget game to show completeness.
(Recall that the inclusion will require an ε-approximation because exact behavioral max-min
strategies may contain irrational values.)

Theorem 3.5.2. BEHAVIORALMAXMIN is in ΣP
2 . If ▼ has perfect recall, it is in NP.

Proof. Consider a behavioral max-min strategy represented by a distribution over the actions
at each information set I . Let δ > 0, and consider rounding each entry of the behavioral-
form strategy by at most an additive δ so that the resulting strategy is rational. Let x′ be the
correlation plan of the resulting strategy. Thus, for any given terminal node s, the resulting
reach probability x′[s] is perturbed by at most an additive O(Nδ) where N is the number of
nodes in the game. Thus, ∥x′ − x∥1 ≤ O(N2δ). Thus, for any realization-form strategy y for
the opponent, we have |⟨x′ − x,Ay⟩| ≤ ∥x′ − x∥1∥Ay∥∞ ≤ O(N2δ), so x′ is O(N2δ)-close
to the optimal solution. Taking δ < O(ε/N2) thus concludes the proof.

Theorem 3.5.3. BEHAVIORALMAXMIN is ΣP
2 -hard, even when the number of players is

constant and there is no chance.

Proof. We first give a reduction involving chance, then show how to relax this condition. We
reduce from ∃∀3-SAT, which is known to be ΣP

2 -complete [77]. The ∃∀3-SAT problem is to,
given a 3-DNF formula ϕ(X, Y ), determine whether ∃X ∀Y ϕ(X, Y ) holds.

Given a 3-DNF formula ϕ with m clauses, n1 variables in X , and n2 variables in Y ,
construct the following game between ▽▽▽with 3 players and ▽▽▽ with 3 players. Nature chooses
three variables x1, x2, x3 from X and three variables y1, y2, y3 from Y . For each variable xi

(respectively yi), Player i of ▽▽▽(respectively ▽▽▽) is asked for an assignment to the variable.
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If any two players of ▽▽▽(respectively ▽▽▽) have the same variable but differ in their assignment,

▽▽▽gets value −M (respectively M ) where M is a large value. In addition, ▽▽▽gets value 1 if at
least one term in the 3-DNF ϕ is satisfied by the assignments of ▽▽▽and ▽▽▽.

Let n = max(n1, n2). We complete the proof by showing that ▽▽▽gets at least 1/n3 if and
only if ∃x ∀y ϕ(x, y) holds; otherwise, their value is at most 0. We first show that for large
enough M , since players of ▽▽▽cannot correlate, ▽▽▽’s pure strategies are dominant over non-pure
ones.

Lemma 3.5.4. Let x ∈ X be a variable and p ≤ 1/2 be the probability that Player i plays
their less-likely action for x in a behavioral strategy. If p > 0 and M ≥ n1, then this strategy
is strictly dominated by the strategy under which Player i only plays their more-likely action.

Proof. Whenever variable x is picked for Player i and one of their teammate (probability strictly
larger than 1/n2

1), the penalty incurred by the two players is strictly more than (M/n2
1)(p(1−

q) + q(1 − p)) ≥ (M/n2
1)(p + q(1/2 − p)) ≥ (M/n2

1)p. On the other hand, Player i gains
no more than 1 by playing their less-likely action (probability p/n1). Hence, if M ≥ n1, any
strategy with p > 0 is dominated by a pure strategy.

The pure strategies of a player of ▽▽▽(respectively ▽▽▽) are precisely the assignments in
{0, 1}X (respectively in {0, 1}Y ). By a similar argument, it is straightforward to show that it is
a dominant strategy for ▽▽▽(respectively for ▽▽▽) to let all players pick the same assignment to
avoid a large penalty.

The hardness then follows from the following observation. If ∃X ∀Y ϕ(X, Y ) holds, then

▽▽▽can play the corresponding assignment to force a value of at least 1/n3: no matter what
assignment ▽▽▽ picks, at least one term in ϕ is true, which is discovered with a probability of
at least 1/n3 (whenever all the variables in such a term are picked by Nature). On the other
hand, if ∃X ∀Y ϕ(X, Y ) does not hold, then no matter what assignment ▽▽▽picks, there is an
assignment that ▽▽▽ can pick such that none of the terms is satisfied, which forces a value of 0
for ▽▽▽.

To show that the same hardness holds even when there is no chance, we use the following
gadget to eliminate the need for Nature. Let us introduce a new ▽▽▽-player called ▽▽▽-Nature and
a new ▽▽▽-player called ▽▽▽-Spoiler. The gadget will be such that ▽▽▽-Nature can incur a large
penalty whenever they do not mimic perfectly Nature’s behavior. More concretely, as Nature
in the construction above, ▽▽▽-Nature picks s = (x1, x2, x3, y1, y2, y3) ∈ X3 × Y 3. ▽▽▽-Spoiler
then guesses ▽▽▽-Nature’s choice by picking s′ ∈ X3 × Y 3. ▽▽▽receives −N(n3

1n
3
2 − 1) If s = s′,

otherwise N , where N is a large number. The game then continues as in the construction above.
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By a similar argument to the one used in the proof of the lemma above, ▽▽▽-Nature’s dominant
strategy is to pick s uniformly at random. Since ▽▽▽cannot correlate, the game plays exactly like
the construction above; ▽▽▽can force a value of 1/n3 if and only if ∃X ∀Y ϕ(X, Y ) holds.

3.5.2 Mixed Nash Equilibria

We now show results for MIXEDNASH, namely, we will show that MIXEDNASH is ∆P
2 -

complete, again by showing inclusion first and then completeness. Unlike for BEHAVIORAL-
MAXMIN (Theorem 3.5.2), here we will directly construct a separation oracle, and thus be able
to recover algorithms for exact computation.

Theorem 3.5.5. MIXEDNASH is in ∆P
2 , even for exact computation (ε = 0).

Proof. Let X ⊂ Rm,Y ⊂ Rn be the space of realization-form pure strategies of both players,
and A be the payoff matrix. Then our goal is to decide whether the polytope

X ∗ :=

{
x ∈ Rm :

1 x ∈ coX ,
2 y⊤Ax ≤ v ∀y ∈ Y

}

is empty. We will show how to separate over X ∗ with a mixed-integer linear programming
oracle, which suffices to complete the proof because such a separating oracle can be used to
run the ellipsoid algorithm.

Given a candidate solution x, we check both constraints. If 2 is violated for some y∗ ∈ Y ,
then Ay∗ is a separating direction; such y∗ can be found by an integer programming oracle.
If 1 is violated, then a separating direction can be found because (strong) separation and
optimization are equivalent for well-described polytopes [35], and optimization over coX is an
integer program.

Theorem 3.5.6. MIXEDNASH is ∆P
2 -hard, even when the number of players is constant and

there is no chance.

Proof. We reduce from Last-SAT, which is known to be ∆P
2 -complete [49]. The Last-SAT

problem is to, given a 3-CNF formula ϕ(x), decide whether the lexicographically last satisfying
assignment of ϕ has a 1 in the least-significant bit.

Given a 3-CNF formula ϕ with m clauses over a set of n variables X = {x1, . . . xn}, we
construct the following zero-sum game with 3 players on each team. First, nature chooses 6
variables x

▽▽▽

1 , x

▽▽▽

2 , x

▽▽▽

3 , x
▽▽▽
1 , x

▽▽▽
2 , x

▽▽▽
3 ∈ X independently and uniformly at random. Player i of ▽▽▽
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(respectively of ▽▽▽) is asked concurrently and independently to assign either true or false to the
variable x

▽▽▽

i (respectively x▽▽▽
i ). The payoff for ▽▽▽is a sum of terms, determined by the following

conditions.

• If any two players of ▽▽▽(respectively of ▽▽▽) assign different values to the same variable,

▽▽▽receives −N2 (respectively +N2), where N is a large number.

• If any clause in ϕ is rendered false by the assignment of ▽▽▽(respectively ▽▽▽), ▽▽▽receives
−(n2 +N) (respectively +N ).

• If the variable shown to player 1 of ▽▽▽(resp. of ▽▽▽) is xk ∈ X and they assign true to this
variable, then ▽▽▽receives +2n−k (respectively −2n−k).

• If the variable shown to player 1 of ▽▽▽is the last variable xn and they assign false to this
variable, then ▽▽▽receives an additional penalty of −1.

It is straightforward to verify if N is large enough (e.g. N = n22n), for both ▽▽▽and ▽▽▽,
the dominant pure strategy is to let all the players in the same team pick the lexicographically
last maximum-satisfying assignment X ′ ⊆ X . In particular, this strategy is also the dominant
mixed strategy. Now consider ▽▽▽’s payoff when both teams play this pure strategy.

• If ϕ is not satisfiable, then every clause that is false under the assignment X ′ is detected
with a probability of at least 1/n3 (whenever all the variables in the clause are picked by
Nature for the same team). This means the second term yields to ▽▽▽an expected payoff at
most −1/n. Other terms yields a non-positive expected payoff.

• If ϕ is satisfiable, then the only non-zero expected payoff for ▽▽▽comes from the last term,
which is 0 if xn ∈ X ′, otherwise −1/n.

Therefore, the game’s value is at least 0 if and only if the Last-SAT instance is true; otherwise,
it is at most −1/n.

To eliminate nature from the construction, we use a similar gadget to the one in the proof of
3.5.2. Let us introduce a new ▽▽▽-player called ▽▽▽-Nature and two new ▽▽▽-player called ▽▽▽-Spoiler
and ▽▽▽-Anticorrelator. The gadget will be such that ▽▽▽-Spoiler (respectively ▽▽▽-Anticorrelator)
can impose a strictly negative expected payoff whenever ▽▽▽-Nature does not mimic perfectly
Nature’s behavior (respectively whenever other players of ▽▽▽correlate with ▽▽▽-Nature).

More concretely, the game proceeds as follows: First, ▽▽▽-Nature picks a sextuple from X6.
▽▽▽-Spoiler then decides whether to guess the choice of ▽▽▽-Nature without observing it. If they
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do, ▽▽▽receives +1, and an additional −n6 if ▽▽▽-Spoiler guesses correctly. If ▽▽▽-Spoiler decides
not to guess, then the game continues as before: each player is shown their variable and nothing
else, to which they assign either true or false. Then, ▽▽▽-Anticorrelator can choose to do nothing
or to pick an i ∈ 1, 2, 3. In the former case, the payoff of ▽▽▽is computed as in the construction
above. In the latter case, ▽▽▽-Anticorrelator observes the variable x

▽▽▽

i shown to player i of ▽▽▽and
the truth value that player i assigns to this variable. ▽▽▽-Anticorrelator then guesses the other
5 variables picked by ▽▽▽-Nature; ▽▽▽receives +1, and an additional −n5 if ▽▽▽-Anticorrelator
guesses correctly.

To see that this construction works, notice that if ▽▽▽-Nature does not pick the sextuple
uniformly at random, then ▽▽▽-Spoiler can guess correctly the sextuple with a probability strictly
larger than 1/n6, thus yielding a strictly negative reward to ▽▽▽. Similarly, if player i’s assignment
to x

▽▽▽

i depends on the other 5 variables (which they cannot observe in the construction with
chance above), then ▽▽▽-Anticorrelator can guess correctly with a probability strictly larger than
1/n5. Therefore, ▽▽▽-Nature’s dominant strategy is to pick the sextuple uniformly at random; it is
also dominant for the other 3 players of ▽▽▽not to correlate to ▽▽▽-Nature. It is then straightforward
to see that this game is equivalent to the game with chance above, and the value of the game is
0 if and only if the Last-SAT instance is true.

3.6 Discussion

In this section, we discuss important details that may help the interested reader in clarifying
some technical aspects of our contributions.

3.6.1 Public States vs Observations

In this section, we discuss in depth the difference between public states and public observations.
Intuitively, the difference is that observations are localized to a particular node in the TB-DAG:
if a fact is public to the team conditional on the part of the team strategy that has been played
to reach this point, then it is an observation. On the other hand, public states only encode
unconditionally public information. As we will see, using observations is strictly preferable to
public states from both conceptual and theoretical perspectives.

Comparision to using public states We envision an alternative construction of the TB-DAG
in which the team coordinator observes only the public state containing the current node. That
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A

C D E

B

F G H

Figure 3.8: A game showing that public state-based approaches do not subsume inflation.

is, the definition of SPLITBELIEF is replaced by:

SPLITBELIEF
pub
i (H, h) := H ∩ P where h ∈ P ∈ Pi.

and SPLITBELIEF
pub
i (H) defined analogously. Then, in ConstructTB-DAG, we replace

SPLITBELIEFi(H) with SPLITBELIEF
pub
i (H). We will call this new construction the public-

state TB-DAG and spend the rest of this subsection contrasting it with the (observation) TB-DAG
constructed by ConstructTB-DAG.

Our first result is that the TB-DAG can never be too much larger than the public state
TB-DAG:

Proposition 3.6.1. Let N and N ′ be the number of nodes in the TB-DAG and public state
TB-DAG, respectively. Then N ≤ 2pN ′, where p is the largest size (in number of nodes) of any
belief in the public state TB-DAG.

Proof. Let B be any belief in the public state TB-DAG. In the (non-public-state) TB-DAG, B
splits into disjoint beliefs B1, . . . , Bm. Let A1, . . . , Am be the sizes of the prescription spaces
at B1, . . . , Bm, respectively. Then B has A1A2 . . . Am children, so B induces 1+A1A2 . . . Am

nodes in the public state TB-DAG. On the other hand, the beliefs B1, . . . , Bm in the TB-DAG
will have A1, . . . , Am children respectively, accounting for a total of m + A1 + · · · + Am ≤
2mA1 . . . Am nodes. Now, observing simply that m ≤ p completes the proof.

Thus, using observations is never much worse than using public states.
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Comparision to using inflated public states Previous works [96, 15] used public states
and required to inflate the information partition of the team before the new representation
can be constructed. Complete inflation [43], which we simply call inflation for short, is an
algorithm that splits an infoset I into two infosets I = I1 ⊔ I2 if no pure strategy of the team
can simultaneously play to a node in I1 and a node in I2, and repeats this process until no more
such splits are possible. This preserves strategic equivalence. However, inflation can lead to the
break-up of public states, reducing the size of public state TB-DAG.

Indeed, consider the game in Figure 3.8. Due to the information sets marked in the last
layer of the game tree, the connectivity graph contains a path C—D—E—...—H. Therefore,
{C, D, ..., H} form a public state. Also, the combinations CEG and DFH can be reached (if the
player at the root plays left or right, respectively). Therefore, CEG and DFH are beliefs in the
public-state TB-DAG. In the observation TB-DAG, consider, for example, what happens if the
left action is played at the root so that C, E, and G are all reached. Note that there are no edges
connecting C, E, and G—the path connecting C to E in the connectivity graph passes through
D, which is not reached; therefore, C, E, and G are three different observations and hence three
different beliefs, resulting in an exponentially-smaller TB-DAG. Inflation would remove the
nontrivial information sets in the second black layer, ultimately having the same effect in this
example as using observations.

The number 3 is not special in this construction; it can be increased arbitrarily by simply
increasing the number of children of A and B. Therefore, in particular, one can construct a
family of games in which the public state TB-DAG (without inflation) has exponential size,
while the (observation) TB-DAG has polynomial size. This is why Zhang and Sandholm [96]
and Carminati et al. [15] insist that inflation be done as a preprocessing step before beginning
their constructions.

The use of observations, however, removes the need for this step:

Proposition 3.6.2. Given any team decision problem T , the TB-DAG of T is the same no
matter whether inflation is applied to T before the construction.

Proof. Inflation operations affect the connectivity graph Gi, thus changing the results of
SPLITBELIEFi operations at a terminal node. Consider, therefore, any observation node O in
the TB-DAG, and let h, h′ ∈ O, such that I = I1 ⊔ I2 is an inflatable infoset and h ≼ u ∈ I1

and h′ ≼ u′ ∈ I2. We must show that inflating I into I1 and I2 cannot remove the (h, h′) edge
in Gi[O].

Assume for contradiction that inflating would remove the (h, h′) edge and that therefore
SPLITBELIEFi would split h, h′ into two different beliefs. We have that O is a valid observation
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I

I1 I2

h

u

h′

u′

Figure 3.9: A pictorial representation of the proof of Proposition 3.6.2. Since h and h′ can
be played simultaneously but u and u′ cannot, there must be an infoset like the red dotted
one connecting a child of h to a child of h′. Therefore, inflation cannot break existing edges
between played nodes.

node, so the player can play to both nodes h and h′ simultaneously. But then there must
be an infoset I ′ connecting some node on the h → u path to some node on the h′ → u′

path—otherwise, it would be possible for the player to play to both u and u′ simultaneously,
which violates inflatability of I . But then there is still an (h, h′) edge in Gi[O], which is a
contradiction.

Although inflation can be performed efficiently, not requiring it as a preprocessing step
simplifies the code and makes for a conceptually cleaner construction. However, the benefits of
observations go beyond making inflation unnecessary. In fact, even with inflation, there are
still cases where using observations instead represents an exponential improvement.

Proposition 3.6.3. There exists a family of team decision problems in which the TB-DAG has a
polynomial size, but the public state TB-DAG has exponential size, even if inflation is applied
as a preprocessing step before building the latter.

Proof. The counterexample in Figure 3.8 would work if it were not for the fact that all of the
infosets in the last layer inflate. Therefore, we use a similar gadget at the bottom of the game to
prove this result but ensure that inflation does nothing.

Consider the following family of games, parameterized by an integer C > 1. First, nature
picks an integer c ∈ {1, . . . , C}. Over the next C−2 layers t = 1, 2, . . . , C−2, if c ∈ {t, t+2},
a player who cannot distinguish the two cases chooses an action a ∈ {0, 2}. If c = t+ a, the
game continues; otherwise, the game ends.
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c = 1 c = 2 c = 3 c = 4 c = 5 c = 6

t = 2

t = 1

t = 0

t = 3

t = 4

t = 5 1

2 2

1

2 2

1

2 2

1

2 2

1

2 2

1

2 2

Figure 3.10: The counterexample for Proposition 3.6.3, for C = 6.

Finally, P1, who has perfect information about c, chooses between two actions numbered
either c or c+ 1. Then, player P2, observing P1’s action number but not the value c, picks one
of two options.

The resulting game is visualized in Figure 3.10. We observe the following things about it.

1. No infoset inflates: all nontrivial infosets have size 2, and it is easy to check that for all
such infosets, it is always possible to play to both nodes in them. This starkly contrasts the
earlier counterexample, in which inflation was enough to achieve a small representation.

2. Every P2-node in layer C − 1 is in the same public state, and playing to at least C/2 of
them is always possible. Therefore, if using public-state-based beliefs, there will be a
belief with 2C/2 prescriptions. Thus, the public-state-based team belief DAG will have a
size of at least 2C/2.

We claim that layer t ≤ C − 1 does not have too many beliefs. Let B ⊆ Ht be a belief, and
in the below discussion, let [a..b] denote the set of integers {a, . . . , b}.

1. B ⊆ [t+ 2..C]. Since all nodes j ≥ t+ 2 must be played to, we have B = [t+ 2..C].

2. B ̸⊆ [t+ 2..C]. Then let j = max(B \ [t+ 2..C]). Since j ≤ t+ 1, we have j − 2 /∈ B,
since j and j−2 are descendants of different actions taken at the infoset on layer j−2 < t.
Thus B does not contain any node j′ < j − 2 either, since in G[Ht] such nodes j′ are
only connected to j through j − 2.
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Thus, B ∩ [1..t + 1] is either {j} or {j, j − 1}. Further, since all nodes j ≥ t + 2 are
played to and connected in G[Ht], it follows that B ∩ [t + 2..C] is either [t + 2..C] or
empty. Thus, for each possible choice of j ≤ t+ 1, there are at most 4 valid beliefs.

Thus, the number of beliefs in layer t is at most 4(t+1)+1+2 = 4t+7, where the +2 comes
from counting the terminal beliefs, of which there are at most two.

Further, at each belief B, we claim that the number of active information sets is, at most, a
constant. For t < C − 1 this is obvious since Ht contains only one information set (namely
{t, t + 2}). For t = C + 1, by the above argument, we have |B| ≤ 2, so B overlaps at most
two information sets.

Overall, there are O(C) beliefs at each of the C layers of the game, and such beliefs never
touch more than O(1) different infosets. This is also true at the final layer because each infoset
contains only two nodes at most. It is therefore proven that the team belief DAG has a size of
at most O(C2).

A practical experiment backs up these results. When C = 16, using observations generates
a DAG with around 1000 edges; using public states generates a DAG with 30 million edges.

3.6.2 Tree vs DAG Representation

Here, we give an explicit example in which the TB-DAGs will be exponentially smaller than the
game tree generated by MakeBeliefGame. This construction would work for most nontrivial
adversarial team games, but for concreteness, consider the game G depicted in Figure 2.1. Call
the leftmost terminal node in that diagram z. Consider adding another copy of G rooted in
node z, and then repeating this process until ℓ copies of the game tree have been created, thus
forming a game Gℓ. That is, Gℓ is the game in which G is played repeatedly until ℓ repetitions
have been reached, or the terminal node reached is not z.

Note that when running MakeBeliefGame on G, multiple copies of node z will appear.
Thus, the number of nodes in the auxiliary game will be exponential in ℓ. However, in the
TB-DAG, after the ith repetition of the game finishes, the belief will always be {zi} (where
zi is the copy of z in the ith repetition of the game). Thus, the size of the TB-DAG will scale
linearly with ℓ. Thus, as ℓ grows, the TB-DAG will be exponentially smaller than the auxiliary
game, and in particular, the TB-DAG will have polynomial size. In contrast, the auxiliary game
will have exponential size.
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3.6.3 Definition of Information Complexity and Comparison of Bounds

We discuss the comparison between the bounds from Theorem 3.2.6 and Theorem 3.4.2 in
more detail.

In Section 3.2.1, we defined the information complexity as the maximum number of last-
infosets in any public state. This definition was made with Theorem 3.4.3 in mind, because
it is the correct parameterization for that result. However, we could have used a tighter
parameterization for Theorem 3.2.6. In particular, we could have defined a parameter κ as the
number of infosets (not last-infosets) in any public state. Then O(b2κd+d) would be a valid
upper bound in Theorem 3.2.6. One might ask how this new upper bound compares to that of
Theorem 3.4.3. To this end, we now compare the two bounds.

Lemma 3.6.4. k ≤ κd.

Proof. Every last-infoset at a public state P will be an infoset intersecting some public state
ancestor of P . Thus, there can be at most κd of these.

Thus, the bound in Theorem 3.4.3 is at most

|H|(b+ 1)k+1 ≤ |H|(b+ 1)κd < |H|b2κd ≤ b2κd+d

where we use the bounds b ≥ 2 (which holds for every nontrivial game) and |H| ≤ bd. Thus,
we conclude that the bound in Theorem 3.4.3 is always strictly tighter than the bound in
Theorem 3.2.6.

We also remark that in any case, κ ≤ |H| is a loose bound that still ensures that the overall
bound in Theorem 3.2.7 is polynomial in |H|.

3.6.4 Connection With Tree Decomposition

The public state TB-DAG can be viewed from the perspective of graphical models, specif-
ically, using tree decompositions. Here, we review tree decompositions and show the tree
decomposition-based perspective of the public-state TB-DAG.

Definition 3.6.1. Given a (simple) graph G = (V,E), a tree decomposition14 is a tree J , with
the following properties:

14also known as a clique tree or junction tree
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1. the nodes of J are subsets of V , called bags;

2. for each edge (u, v) ∈ E, there is a bag containing both u and v; and

3. for each vertex u ∈ V , the subset of nodes of J whose bags contain u is connected.

Consider an arbitrary set of the form

Π = {x ∈ {0, 1}n : gk(x) = 0 ∀k ∈ [m]}

where the gks are arbitrary constraints, and as before let X = coΠ. Each constraint gk has a
scope Sk ⊆ [n] of variables it depends on. The dependency graph of Π is the graph GΠ whose
nodes are the integers 1, . . . , n, and where there is an edge (i, j) if there is a constraint whose
scope Sk contains both i and j. For a subset U ⊆ [n], a vector x̃ ∈ {0, 1}U is locally feasible if
x̃ = xH for some x ∈ Π. We will use ΠU to denote the set of all locally feasible vectors on U .
Of course, Π[n] = Π.

The main result of interest to us is a corollary of the junction tree theorem (see, for
example, [91]), which allows an arbitrary set X = coΠ to be described with a constraint
system whose size is related to the sizes of tree decompositions of GΠ.

Theorem 3.6.5 (91). Let J be a tree decomposition of GΠ. Then x ∈ X if and only if there are
vectors λU ∈ ∆(ΠH) for each bag U of J , such that:

xU =
∑
x̃∈ΠU

λU [x̃] · x̃ ∀ bags U in J∑
x̃∈ΠU

x̃U∩V =x̃∗

λU [x̃] =
∑
x̃∈ΠV

x̃U∩V =x̃∗

λV [x̃] ∀ edges (U, V ) of J and x̃∗ ∈ ΠU∩V

Intuitively, the first constraint says that every xU must be a convex combination of locally
feasible x̃ ∈ ΠU . This is, of course, a necessary condition. The second constraint says that
marginal probabilities on edges (U, V ) must be consistent. This is also clearly a necessary
condition, so the difficulty of proving the above result lies in showing that these two constraints
are sufficient. We will not prove the result here, but we will use it as a black box.

In this section, we will work with a representation slightly different from the realization
form. For a player i in a coordinator game G and a pure strategy of that player, the history
form of the strategy as the vector x ∈ {0, 1}H where x[h] = 1 if and only if the team plays all
actions on the ∅→ h path. (Of course, the realization form is just the subvector of x indexed
by Z .) As usual, we will use Π for the set of pure strategies in history form, and x = coΠ.
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The history form is the set of vectors x ∈ {0, 1}H satisfying the following constraint system.

x[∅] = 1

x[ha] = x[h] if h /∈ Hi

x[h] =
∑
a∈Ah

x[ha] if h ∈ Hi

x[ha]x[h′] = x[h′a]x[h] if h, h′ ∈ I ∈ Ii; a ∈ Ah

This constraint system defines a dependency graph GΠ, whose nodes are nodes of the tree, and
in which there is an edge (h, h′) if either h′ is a child of h, or h and h′ are in the same infoset
of player i.

Now consider the following tree decomposition of J of GΠ. For each public state P , the
tree decomposition J has a bag UP that contains all nodes in P and all children of nodes in P .
The edges of J are the obvious edges, connecting each UP to UP ′ if UP ∩ UP ′ ̸= ∅.

One can check that, up to trivial reformulations (that is, removal of redundant variables and
constraints), the constraint system from Theorem 3.6.5 associated with J is identical to the
constraint system associated with the public state TB-DAG (via (3.2)). Thus, it is possible to
interpret the public state TB-DAG entirely from the point of view of tree decompositions. We
do not take this perspective in the rest of the paper because using beliefs is more interpretable
and understandable from a game-theoretic perspective.

3.6.5 Postprocessing Techniques That Can Be Used To Shrink the TB-
DAG

In practice, ConstructTB-DAG is suboptimal in several ways. Here, we state some straight-
forward postprocessing techniques that can be used to shrink the size of the TB-DAG. These do
not affect the theoretical statements as the primary focus of those is isolating the dependency
on our parameters of interest. Still, they can significantly affect the practical performance, so
we apply them in the experiments.

1. If two terminal nodes z, z′ have the same sequence, we remove one of them (say, z′) from
our DAG because it is redundant, and alias x[{z′}] to x[{z}]. If this removal causes a
section of the DAG to no longer contain any terminal descendants, we also remove that
section.
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2. If a decision point in the TB-DAG has (at most) one parent and (at most) one child,
we remove the decision point and directly connect the parent observation node to the
grandchild decision points.

In particular, if the team has perfect recall, the above two optimizations are sufficient for the
TB-DAG to coincide with the sequence form.

3.7 Experiments

This section investigates the empirical benefits of applying the TB-DAG when computing
mixed-Nash equilibria. As highlighted in Section 3.1, the literature on team games has been
the one most concerned with the efficient computation of mixed Nash, with different works
establishing benchmarks and proposing algorithms. We will, therefore, focus on comparing
our approach against those previous related works. Our main results are reported in Table 3.2,
which reports the size of the original games and our derived representations, and in Table 3.3,
which reports the time required to solve those instances up to an approximation factor.

3.7.1 Experimental Setting

First, we give a complete description of the experimental setting in which the different algo-
rithms are tested.

Game instances We run experiments on commonly adopted parametric benchmarks in the
team games literature. The following is the naming convention adopted for the instances
considered:

• nKr: n-player Kuhn poker with r ranks [52].

• nLbrs: n-player Leduc poker with a b-bet maximum in each betting round, r ranks, and
s suits [83].

• nDd: n-player Liar’s Dice with one d-sided die for each player [58].

The full description of these games can be found in Farina et al. [28]. For each game, the
players belonging to team ▽▽▽ are represented along with the name. For example, 4L133 {3,4}
indicates a 4-player Leduc poker game with 1 bet each round, 3 ranks, 3 suits, where players 3
and 4 belong to team ▽▽▽ and are therefore coordinated by player ▼.
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Original game TB-DAG EFG
Game {▼} ▲ Value Nodes Information This paper (CFR) ZFCS22 (CG)

G u∗ |H| maxP |P | k Init ε=10−3 ε=10−4 Init ε=10−3 ε=10−4

3K3 {3} 0.000 151 6 6 0.00s 0.00s 0.00s 0.00s 0.00s 0.00s
3K4 {3} -0.042 601 12 8 0.01s 0.00s 0.00s 0.00s 0.01s 0.02s
3K6 {3} -0.024 3,001 30 12 1.03s 0.03s 0.12s 0.00s 0.14s 0.14s
3K8 {3} -0.019 8,401 56 16 1m6s 4.73s 32.36s 0.01s 0.23s 0.32s
3K12 {3} -0.014 33,001 132 24 — oom oom 0.01s 0.84s 1.39s
4K5 {3,4} -0.037 7,801 20 10 0.55s 0.03s 0.05s — — —
4K5 {4} -0.030 7,801 60 15 13.71s 1.59s 6.34s — — —
3L133 {3} 0.215 12,688 9 6 0.49s 0.02s 0.05s 0.02s 24.89s 45.96s
3L143 {3} 0.107 40,409 16 8 1.39s 0.10s 0.48s 0.05s 2m 4s 6m 3s
3L151 {3} -0.019 19,981 20 10 1.54s 0.18s 0.50s 0.04s 3.06s 13.98s
3L153 {3} 0.024 98,606 25 10 16.03s 1.24s 4.94s 0.12s 7m 23s 28m 13s
3L223 {3} 0.516 15,659 4 4 0.13s 0.03s 0.08s 0.05s 13.48s 18.53s
3L523 {3} 0.953 1,299,005 4 4 18.02s 11.26s 24.86s 6.83s > 6h > 6h
4L133 {3,4} 0.147 159,001 9 6 2.03s 0.21s 0.92s — — —
3D3 {3} 0.284 27,622 9 6 0.80s 0.11s 0.40s 0.09s 11.05s 11.05s
3D4 {3} 0.284 524,225 16 8 1m3s 22.54s 1m 28s 1.57s 3h 19m 3h 19m
4D3 {2,4} 0.200 663,472 9 6 27.05s 2.31s 4.70s — — —
6D2 {2,4,6} 0.072 524,225 8 6 10.74s 1.72s 4.26s — — —
6D2 {4,6} 0.265 524,225 16 8 16.55s 3.80s 11.09s — — —
6D2 {6} 0.333 524,225 32 10 31.00s 30.20s 1m 11s — — —

Table 3.3: Runtime of our CFR-based algorithm (column ‘This paper’) using the team belief
DAG form, compared to the prior state-of-the-art algorithms based on linear programming and
column generation by Zhang et al. [97] (‘ZFCS22’), on several standard parametric benchmark
games. See Section 3.7 for a description of the games. Column “Init” represents the time
needed to construct the structures needed for solving the games. This corresponds to fully
exploring the TB-DAG and computing its full representation in memory in the TB-DAG case.
Missing or unknown values are denoted with ‘—’. For each row, the background color of each
runtime column is set proportionally to the ratio with the best runtime for the row, according
to the logarithmic color scale

1 10 ≥ 100
. Runtimes that are more than two orders of magni-

tude larger than the best runtime for the row (i.e., for which R > 102) are colored as if R = 102.

CFR Variant used We implemented the Predictive CFR+ (PCFR+) [29] state-of-the-art
variant of CFR on the TB-DAG. PCFR+ is a predictive regret minimization algorithm and uses
quadratic averaging of iterates. At each time t, we use the previous utility vector for each time
to predict the next. We remark that applying the CFR algorithm on the belief game and on the
TB-DAG leads to identical iterations since the two representations are structurally equivalent
(as proven in Section 3.4), and CFR is a deterministic algorithm. We therefore focus on the
TB-DAG representation due to its efficiency. We also remark that the optimizations discussed
in Sections 3.4.3 and 3.6.5 are applied during the experiments.
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Baselines We use the column generation framework of Farina et al. [28] and refined by
Zhang et al. [97] (henceforth “ZFCS22”) as the prior state-of-the-algorithm to compare the
performance of CFR on the team belief DAG. ZFCS22 belongs to the family of column
generation approaches adopted in the past literature in team games and described in Section 3.1.
ZFCS22 iteratively refines the strategy of each team by solving best-response problems using a
tight integer program derived from the theory of extensive-form correlation [89]. We used the
original code by the authors, which was implemented for three-player games in which a team
of two players faces an opponent.

Hardware used All experiments were run on a 64-core AMD EPYC 7282 processor. Each
algorithm was allocated a maximum of 4 threads, 60GBs of RAM, and a time limit of 6 hours.
ZFCS22 uses the commercial solver Gurobi to solve linear and integer linear programs. All
CFR implementations are single-threaded, while we allowed Gurobi to use up to four threads.

3.7.2 Discussion of the Results

We now discuss the empirical results obtained by our algorithms.

Representation vs Game size We analyze the size results from Table 3.2. The different
orders of magnitude of the size of each representation and the original game highlight how
the belief game construction increases the size of the game. Moreover, the striking difference
between the two equivalent approaches of belief game and TB-DAG motivates the latter’s
introduction: the direct construction of a decision problem and the more efficient representation
brought by the DAG structure allows the construction of a substantially smaller representation.
The benefits of the DAG imperfect-recall structure are especially beneficial in the case of
Liar’s Dice instances, which have a larger depth of the game tree. Overall, this comparison
confirms the results from the worst-case bounds from Sections 3.2.4, 3.4.1 and 3.6.3. The
exponential factor of inefficiency between the two representations agrees with the results from
the discussion in Section 3.6.2.

Some minor remarks are worth to be made. Whenever ▼ is a perfect-recall player (equiva-
lently, when the team ▽▽▽ is composed of a single player), our constructions never increase the
size of its decision problem. In the case of the belief game, the adversary retains an identical
number of information sets and sequences. In the case of the TB-DAG, the correspondence is
|D▼| = |Ĩ▼|+ 1 and |S▼| = |Σ̃▼|



3.7 Experiments 69

Running time We focus on the time performance of CFR applied to the games from Table 3.3.
The main observation is that the TB-DAG approach combined with the CFR algorithm performs
well in most games traditionally employed in the team game literature. In particular, impressive
performance is achieved in games where the information complexity is low. This is the
case of Leduc and Liar’s Dice benchmarks (whose number of infosets and sequences in the
original game are reported in Table 3.2). On the other hand, the column generation approaches
struggle since the dimension of the pure strategy space depends exponentially on the number of
information sets. The performance of our method depends crucially on having low information
complexity. In fact, in games such as 3K8 and 3K12 where the information complexity is high,
we observe poor performance even though the game tree is small. On the other hand, column
generation techniques avoid this cost by considering an incrementally larger action space.



Chapter 4

Subgame Solving in Adversarial Team
Games

In this chapter, a subgame solving procedure tailored to the structure of TB-DAG presented in
Chapter 3 is developed. Subgame solving is a technique originally proposed in the two-player
zero-sum games setting by Burch et al. [14], Brown and Sandholm [8]. It is a refinement
procedure of a precomputed strategy, which is modified by performing local improvements
to a strategy from any point of the game to the end. Subgame solving was one of the core
techniques that allowed two-player zero-sum equilibrium finding techniques to scale to the size
of poker games [65, 9, 11], and obtain superhuman performance in this setting.

For what concerns adversarial team games and imperfect recall games, the main benefit
of developing a subgame-solving technique is to soften the scalability issues highlighted in
Section 3.7. This is achieved by computing a low-quality strategy on the whole game and then
using subgame solving while playing that strategy to compute local refinements on the parts
of the game that are reached during play. We focus on extending maxmargin [64], the most
notable subgame solving technique, to the TB-DAG setting. While the TB-DAG is already
two-player zero-sum, extending maxmargin to its DAG-like structure is non-trivial. This is
because the technical questions of how to generate the gadget game for the refinement and how
to compute the counterfactual reach and best response value require careful treatment since a
specific belief is reached through multiple paths.

The chapter is structured as follows. Section 4.1 describes the maxmargin technique origi-
nally developed by Moravcik et al. [64] in the setting of two-player zero-sum games and also
highlights the issues that block its straightforward application to team games. Section 4.2 intro-
duces and analyzes our team-maxmargin algorithm. Section 4.3 describes a column generation
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framework that we propose for more efficient computation of the refinement. Section 4.4 shows
the experimental performance of the proposed algorithm.

There are some important simplifications we make to ease the presentation and formalism
adopted in the rest of the chapter:

• Similarly to Section 2.4 and Chapter 3, we take the equivalent perspective of two-player
zero-sum imperfect-recall games. Still, our results apply to both adversarial team games
and imperfect-recall timeable games.

• We fix ▲ as the refining player and ▼ as the opponent.

• In the two-player zero-sum perfect-recall case, we index sequence-form strategies x ∈
Q = {0, 1}S using nodes and information sets, instead of using the sequences associated
to those. That is:

x[h] := x[σ▲(h)]

x[I] := x[σ▲(I)]

• Similarly, in the two-player zero-sum imperfect-recall case, we index DAG-form strate-
gies x ∈ Q = {0, 1}S using beliefs B ∈ D and terminal nodes z ∈ Z as follows:

x[B] :=
∑

p∈P{B}

x[p]

x[z] := x[{z}]

where we use {B} ∈ D to indicate the decision node corresponding by construction to a
belief B ∈ B and the correspondence of each terminal node z ∈ Z with an observation
node {z} ∈ S in the TB-DAG.

• We differentiate ▲ and ▼’s beliefs using different letters B ∈ B▲ and C ∈ B▼.

We highlight that this chapter’s content has been originally published as the conference
article [94].
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4.1 Maxmargin

The maxmargin algorithm [64] is used in two-player zero-sum games in extensive form for the
online refinement of a blueprint strategy1 for the game. In particular, for every public state
P reached by the players during the playthrough, maxmargin considers fixed the blueprint
strategy in the trunk (that is, the part of the game leading to P ), optimizing the player’s strategy
exclusively in the subgame rooted at P . Its main objective, roughly speaking, is to compute the
strategy giving the largest decrease in exploitability when merged with the trunk one.

4.1.1 Value Computation in Games

This subsection focuses on the characterizations of expected utility conditioned on reaching
specific nodes used to define the maxmargin algorithm. Intuitively, these values are com-
puted considering the subset of the possible outcomes reachable from the nodes reached and
renormalizing terminal reach probabilities to this support.

In the following, we consider a two-player zero-sum game with perfect recall G defined as
in Definition 2.2.2. Let x,y be some fixed strategy for ▲ and ▼ respectively.

Definition 4.1.1 (Expected Value). The expected value vx,y(h) under strategies x,y at node
h ∈ H is defined as:

vx,y(h) :=
∑
z≽h

x[z]

x[h]

y[z]

y[h]

p[z]

p[h]
u(z)

This notion can be extended to an information set I ∈ I as:2

vx,y(I) :=
∑
z≽I

x[z]∑
z≽I x[z]

y[z]∑
z≽I y[z]

p[z]∑
z≽I p[z]

u(z)

=
∑
h∈I

x[h]∑
h∈I x[h]

y[h]∑
h∈I y[h]

p[h]∑
h∈I p[h]

vx,y(h) (4.1)

Definition 4.1.2 (Best Response Value). The best response value for player ▼ against oppo-
nent’s strategy x at node h ∈ H is defined as:

bvx▼(h) := max
y

vx,y(h)

1A blueprint strategy is a suboptimal strategy for the whole game being computed on an abstracted, smaller
version of the game.

2We remark the role of each player’s strategy normalization at the denominator, and the fact that
∑

h∈I x[h] =∑
z≽I x[z] due to probability conservation constraints on the strategy space from Section 2.1.3.
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Similarly, this notion can be extended for infosets I ∈ I and for ▲.

It is also possible to define the per-player counterfactual version of the previous values, in
which the player’s strategies are not normalized. Intuitively, those values correspond to the
case in which the player plays to reach the node h or infoset I considered, and therefore its
reach x[h] = 1 or

∑
h∈I x[h] = 1 respectively.

Definition 4.1.3 (Counterfactual Value). The counterfactual value vx,y(h) for player ▼ under
strategies x,y at node h ∈ H is defined as:

cvx,y▼ (h) :=
∑
z≽h

x[z]

x[h]
y[z]

p[z]

p[h]
u(z)

Similarly, this notion can be extended for infosets I ∈ I and for ▲.

Definition 4.1.4 (Counterfactual Best Response Value). The counterfactual best response value
vy(h) for player ▼ against opponent’s strategy x at node h ∈ H is defined as:

cbvx▼(h) := max
y

cvx,y(h)

Similarly, this notion can be extended for infosets I ∈ I and for ▲.

It is to be noted that all the values defined can be efficiently computed by performing a
bottom-up propagation of the values from the terminal nodes to the node or infoset considered.

4.1.2 Maxmargin Algorithm

We provide an informal description of the original maxmargin algorithm’s formulation in the
two-player zero-sum perfect-recall setting. The maxmargin algorithm works by finding an
equilibrium on an auxiliary game called the gadget game and then transferring the result to the
original game. The gadget game embodies the optimization problem of strategy refinement and
allows one to optimize it using standard equilibrium-computation techniques. This objective is
to maximize the margin of the refined strategy over the original strategy (and hence the name
maxmargin).

Definition 4.1.5 (Margin, [64]). Let x,x′ be a pair of strategies for ▲ differing on a subgame
S rooted at public state P . Then, the subgame margin is defined as:

min
I⊂P

cbvx▼(I)− cbvx
′

▼ (I)
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where I ∈ I▼.

Intuitively, the margin measures the difference in value at I▼ a best-responding opponent
would extract when ▲ switches from x to x′. If the margin is positive, the new strategy is less
exploitable than the old one. As proven in [64], the margin is proportional to a lower bound on
the exploitability reduction of ▲’s strategy.

We now focus on the construction of the gadget game. Consider any public state P from
which the blueprint is to be refined. The gadget game is obtained by extracting the subgame
rooted at P from the original game and adding additional nodes above it to make it a tree.
The root of the gadget game is a newly-added ▼-node where the available moves—called
deviations—allow him to choose an infoset I ∈ I▼ such that I ⊆ P . Each of those actions
leads to a N node, where nature chooses a specific node in the infoset chosen by the opponent
based on N’s reach probabilities and the trunk blueprint strategy for ▲. Once a node has been
selected by chance, the following part of the gadget game is the same as the original subgame
up to the terminal nodes. Lastly, the payoffs associated with each terminal node following
a specific initial choice of infoset by the opponent are decreased by the counterfactual best
response value at that infoset. Formally, let I▼ ∈ I▼ be an infoset in P and x be ▲’s blueprint:

u(z)← u(z)− cbvx▼(I) ∀z ∈ Z : z ≽ I▼

The change of the payoffs induces ▼ to evaluate the outcomes of the gadget game with respect
to the base performance of ▲ blueprint. Therefore, ▼ restarts the gadget game in the infoset in
which the current strategy of the refining player is most exploitable.

Fully solving the gadget game guarantees safety: if maxmargin is applied during a
playthrough, then the resulting strategy is at most as exploitable as the blueprint. The ra-
tionale behind this construction is to guarantee non-increasing exploitability by offering the
opponent the opportunity to perform any deviation from the trunk strategy. The payoff change
allows simulating ▼ switching her trunk strategy to reach the infoset in P with the lowest
margin, while ▲ must play a balanced strategy to increase the margin on all infosets uniformly.
In this way, the refining player computes its strategy considering a worst-case adversary that
plays a trunk strategy that strategically counters the refinement she will make after.

The crucial issue when applying the maxmargin algorithm in the imperfect-recall/team
setting is that the TB-DAG representation described in Chapter 3 separates the decision
problems of the two players. On the other hand, the counterfactual values and the gadget games
used by maxmargin are node-based. Unrolling the TB-DAG into a node-based extensive-form
game would be a costly solution, corresponding to the belief game in Section 3.2.2. Such an
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unroll is inefficient as it would require an amount of extra space exponential in the original
game size Section 3.2.4. We will, therefore, develop our team-maxmargin algorithm in the
TB-DAG framework and replace the gadget game with an equivalent max-min optimization
problem; while this does not correspond to an EFG, Section 4.2.2 will show how to convert
such problem into a TB-DAG that can be solved using state-of-the-art equilibrium computation
algorithms.

4.2 Team-maxmargin

4.2.1 Linear Programming Formulation

We introduce the team-maxmargin algorithm, which extends maxmargin subgame solving to
team games.

As aforementioned, in order to successfully apply subgame solving techniques to the TB-
DAG, there is the need to relate the TB-DAG-form polytopes of the two teams to represent the
counterfactual reach and counterfactual best-response values. Informally, the main problem is
represented by the fact that maxmargin requires the counterfactual reach and the counterfactual
best-response values at the information set chosen by the opponent at the start of the gadget
game. While this information can be easily retrieved in a node-based extensive-form game by
summing over the nodes in the information set (see Equation (4.1)), in a pure TB-DAG-based
representation this is not possible anymore. The solution we propose is to compute those values
from the refining player’s blueprint strategy in a preprocessing phase and then combine them
with the opponent’s reach probabilities to select the value associated with the information set
I▼ chosen by the opponent.

We first show how to compute a counterfactual reach akin to the 1∑
z≽I x[z]

1∑
z≽I p[z]

term in
Equation (4.1).

Definition 4.2.1 (Counterfactual reach). Let x ∈ Q▲ be any strategy for ▲. For each ▼’s belief
C ∈ B▼, the counterfactual reach ρxN,▲(C) is the total N and ▲’s reach at C, defined as follows:

ρxN,▲(C) :=
∑
h∈C

p[h]
∑
B∋h

x[B].

Similarly to the two-player zero-sum case, counterfactual reach corresponds to the proba-
bility that ▲ and N play to reach a specific belief C given that ▼ plays a strategy y such that
y[C] = 1. In the definition above, the counterfactual reach ρxN,▲(C) aggregates the realization
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probability of x and p on the nodes h ∈ C so as to effectively represent the behavior of nature
and ▲ in the TB-DAG of ▼.

The counterfactual reach allows us to determine which of ▼’s beliefs are actually reachable
given ▲’s strategy. This set of nodes is denoted as the set of counterfactually reachable beliefs.

Definition 4.2.2 (Counterfactually reachable beliefs). The set of all counterfactually reachable
beliefs in a public state P is denoted with Cx(P ). Formally:

Cx(P ) :=
{
C | C ∈ C ∩ P ∧ ρxN,▲(C) > 0

}
.

Another concept needed to extend maxmargin to TB-DAGs is the one of counterfactual
best response value at a ▼’s belief C, defined as the value of the best ▼’s prescription at C.

Definition 4.2.3 (Counterfactual best response value). Let x be the strategy for team ▲. For
each ▼ decision node C, let ux

▼(C) be the unnormalized counterfactual ▼-best response value
defined by the recurrences as follows:

ux
▼(C) =


∑
z∈C

x[z]p[z]u(z) if C is terminal

min
a∈A(C)

ux
▼(Ca) otherwise

,

ux
▼(Ca) =

∑
C′⊆Ca

ux
▼(C

′),

The normalized counterfactual ▼-best response value at C against x can be defined as follows:

cbvx▼(Ca) =
ux
▼(Ca)

ρxN,▲(C)
.

Notice that, in the definition of the unnormalized counterfactual best response value, only
the realization form induced by the TB-DAG form strategy x and p is considered. On the other
hand, when considering the normalized counterfactual best response value, we condition to
▲, N reaching a specific C. The division by the ρxN,▲(C) factor introduces the normalization
factors needed for x,p.

Given the above definitions, we can now provide the optimization problem the Team-
Maxmargin algorithm solves to refine the strategy.
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Definition 4.2.4 (Team-maxmargin linear program). The maxmargin optimization problem in
a TB-DAG subgame rooted at P is formulated as the following linear program:

max
x′

min
y,ȳ

∑
z≽P

x′[z]y[z]p[z]u(z)−
∑

C∈Cx(P )

ȳ[C]
ux
▼(C)

ρxN,▲(C)
(4.2)

s.t. x′[B] = x[B] for all ▲-beliefs B ∈ B[P ] (4.3)

y[C] =
ȳ[C]

ρxN,▲(C)
for all ▼-beliefs C ∈ Cx(P ) (4.4)

x′ ∈ XP , y ∈ YP , ȳ ∈ ∆Cx(P ) (4.5)

As in the original two-player formulation, ▼ can choose to deviate to any of the counterfactu-
ally reachable beliefs at the public state of the subgame by choosing ȳ ∈ ∆Cx(P ). Equation (4.2)
specifies the maximization of the margin. This is defined similarly to Definition 4.1.5 and has a
similar intuition. Equation (4.3) fixes the trunk strategy of ▲. Equation (4.4) rescales reach
probabilities of the opponent according to the counterfactual reach ρxN,▲(C). This is equivalent
to normalizing by the nature and ▲ reach probabilities at C. Such a normalization is crucial
because it accounts for the fixed reach probabilities in the trunk for chance and ▲. While
it may seem more intuitive to normalize by the reach probabilities of ▲ and chance directly
on the terminal nodes, as is typically done in two-player zero-sum games, in team games it
is actually necessary to do so on the beliefs in Cx(P ). This a consequence of the fact that,
when ▼ is composed by more than one player, the reach of ▲ and nature over terminal nodes
depends directly on the deviation C ∈ Cx(P ) chosen by ▼, and multiple such beliefs C can
reach the same terminal node. This is a difficulty that only occurs in the team-vs-team setting.
Note that only counterfactually reachable beliefs Cx(P ) of ▼ are considered in this constraint
since they are the only potential deviations of the opponent in the gadget game. Equation (4.5)
encompasses all the TB-DAG constraints on the strategy spaces of ▲ and ▼.

The team-maxmargin algorithm is applied similarly to the original maxmargin algorithm. If
we want to locally refine a strategy x of ▲ while playing, team-maxmargin proceeds as follows:
at each game turn, consider the public state P reached and compute an approximate solution x′

to the linear program in Definition 4.2.4 (while respecting a timelimit). Then x is updated for
the next turns: x[B]← x′[B] ∀B ∈ XP . The blueprint strategy is used as the first strategy x.
As further explained in Section 4.3, we solve the linear program utilizing a column generation
procedure in which the current strategy x is an available choice. This guarantees that the
solution found is not worse than the current strategy, even if a single iteration is performed.
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While we picked maxmargin as our refining procedure, other subgame solving techniques
such as resolving [14] and reach solving [8] can be extended to the team setting as well.

4.2.2 Procedure for DAG Gadget

One may expect that, in parallel to the two-player case, our team-maxmargin optimization
problem may also be representable as an imperfect-recall gadget game. However, the constraints
we have introduced into the formulation go beyond the expressive power of the extensive-form
representation, so this is not directly possible. In particular, we have that Equation (4.4) rescales
reach probabilities after ▼ picked the start infoset. This affects the expected value left term
in Equation (4.2). However, this scaling factor cannot be represented in an extensive-form
language.3 Despite this, the strategy spaces of both players in Definition 4.2.4 are DAGs, to
which any technique for solving team games, such as CFR [108] or column generation, apply.
In this way, we obtain a DAG gadget4, that offers the same benefits of the perfect-recall gadget
game, i.e. no-regret learning techniques can be applied.

The gadget DAG can be constructed from the TB-DAG of the subgame by considering, for
both teams, the root beliefs (that is, the beliefs at the root of the subgame to be refined) and
all following nodes. In each team’s DAG, we introduce a root observation node followed by a
single decision node, which we call the gadget belief. Its actions lead to as many observation
nodes as beliefs considered at the root of the subgame. Each observation node has a single
observation, each leading to a different root belief.

In addition, some constraints and extra payoffs have to be introduced. For ▲’s gadget
DAG, each root belief B must be played with unnormalized “probability” x[B]. (Note that∑

x[B] ̸= 1 in general). For ▼’s gadget DAG, the reach associated to the observation nodes
following the gadget belief is divided by a factor ρxN,▲(C), where C is the belief they are
reaching. Moreover, a payoff ux

▼(C) is associated to those observation nodes. Algorithm 6
presents a procedure corresponding to the described construction.

Such constraints are not directly representable in the TB-DAG formalism since reaches
may be greater than 1 (after division by ρxN,▲(C)), and since there are decision nodes with fixed
strategy and payoffs on observation nodes. These constraints cannot arise when constructing
the TB-DAG of an imperfect-recall/team game, and therefore, no imperfect-recall/team game

3The only available option would be to rescale u(z) by the reach ρxN,▲(C), but this would require to dynamically
rescale the terminal values accordingly to the starting information set they are reached from. There is more than
one such infosets because we are dealing with a DAG decision problem rather than a tree.

4We avoid calling this a game because there does not exist an extensive-form representation equivalent to the
TB-DAG formulation we present.
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Algorithm 6 Construction of a Gadget DAG equivalent to Definition 4.2.4
1: Input:
2: ▲-reach probabilities x[B] on beliefs B ∈ B[P ]
3: cf. reach probabilities ρxN,▲(C) and alt values ux

▼(C) for all reachable ▼-beliefs
C ∈ Cx(P )

4: already initialized DAGs D▲ and D▼

5: let B̃ be the set of ▲-beliefs in P with x[B] > 0.
◃ Considering D▲

6: so▲ ← new observation node in D▲

7: sd▲ ← new decision node in D▲

8: add edge so▲ → sd▲
9: for each belief B ∈ B̃ do

10: sB▲ ← new observation node in D▲

11: add edge sd▲ → sB▲ with fixed probability x[B]
12: add edge s′▲ → B

◃ Considering D▼

13: so▼ ← new observation node in D▼

14: sd▼ ← new decision node in D▼

15: add edge so▼ → sd▼
16: for each belief C ∈ C[x, P ] do
17: sC▼ ← new observation node in D▼

18: add edge sd▼ → sC▼
19: add edge s′▼ → C
20: associate a payoff to sC▼ equal to −ux

▼(C)
21: divide reach along edge sd▼ → sC▼ by ρxN,▲(C)

22: return the updated D▲ and D▼

corresponds to our gadget DAG. However, such constraints maintain the scaled extension
structure as specified in [99], and therefore, the same CFR algorithm used to solve DAGs can
be used.

In practice for our experiments, we do not construct the DAG of ▲, since it is often too
big. Instead, we use a column-generation algorithm to solve the subgame—see Algorithm 7.
However, in domains where ▲ has small information complexity (see Section 3.6.3), performing
subgame solving in this manner on the original DAG (or a reasonable abstraction thereof) is
possible.
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4.2.3 Safety of the Refinement

The team maxmargin algorithm achieves the same safety guarantees as the maxmargin algorithm
for similar arguments to [64, 8]. Formally:

Theorem 4.2.1. Applying team maxmargin subgame solving (Definition 4.2.4) to every subgame
reached during play, in a nested fashion, results in playing a strategy with exploitability no
worse than the blueprint.

The following is a sketch of proof.

Proof. The blueprint has margin 0 by definition; therefore, the gadget subgame (Defini-
tion 4.2.4) always has a nonnegative value. Moreover, if any subgame strategy x′ achieves
nonnegative value in the gadget subgame, then the counterfactual best responses at the ▼-root
beliefs cannot have improved for ▼ (by definition). Since the overall best response value for ▼
is a monotone function of these counterfactual best response values, the theorem follows.

This is the same guarantee and argument given by Moravcik et al. [64], Brown et al. [12] in
two-player zero-sum perfect-recall games.

4.3 Column Generation for Sparser Solutions

In this section, we argue that if the opponent ▼ is a single player (rather than a team) and the
blueprint is sparse, then, by using column generation (for example Farina et al. [25]) as the
solver, we can arrive at an online game-playing algorithm that runs in polynomial time (inH,
per iteration) with the exception of a best-response oracle.

The key observation is that the maxmargin formulation of subgame solving (Definition 4.2.4)
has an input of size |B| + |C| where B is the set of played beliefs for ▲ in the current public
state, and C is the set of all beliefs for ▼ in the current public state. Therefore, to have a hope
of an efficient algorithm, we need both quantities to be small. Hence, for this section, let us
assume that ▼ has perfect recall or has a small TB-DAG (so that |C| is small) and that the
blueprint is sparse (so that |B| is small at least on the first iteration).

The algorithm is given in Algorithm 7. At a high level, for computing best responses, it
splits the problem of solving a game starting at public state P into subproblems, one for each
reachable ▲-belief B. This allows a “finer” mixing of strategies than would have been allowed
otherwise. Given a best-response oracle (that is, a solution method to the integer program (4.7)),
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Algorithm 7 Maxmargin subgame solving with column generation, at public state P

1: Input:
2: sparse DAG-form blueprint x
3: reach probabilities ρxN,▲(C) and alt values ux

▼(C) for all reachable ▼-beliefs C ∈
Cx(P )

4: let B̃ be the set of ▲-beliefs in P with x[B] > 0.
5: x′

B,1 ← {GENERATEARBITRARYSTRATEGY(B)} for each B ∈ B̃
◃ for each time t and belief B ∈ B̃, x′

B,t is a pure strategy defined on the sub-DAG rooted
◃ at B. It represents a strategy that ▲ may take following belief B.

6: for iteration t = 1, 2, . . . do
7: solve the meta-game:

max
λB ,λ∗

min
y,ȳ

∑
z≽P

x′[z]y[z]p[z]u[z]−
∑

C∈C[P ]

y[C]ux
▼(C) (4.6)

s.t. x′ = λ∗x+
∑
B∈B̃

x[B]
∑
1≤τ≤t

λB,τx
′
B,τ

y[C] = ȳ[C] / ρxN,▲(C) for all ▼-beliefs C ∈ Cx(P )∑
1≤τ≤t

λB,τ = 1− λ∗ for all ▲-beliefs B ∈ B̃

λ∗,λB ≥ 0 ∀B ∈ B̃
y ∈ YP , ȳ ∈ ∆Cx(P )

8: for each belief B ∈ B̃ do
9: solve for a best response to y given belief B:

x′
B,t+1 ← argmax

x′∈{0,1}HB

∑
z≽B

x′[z]y[z]p[z]u[z]

s.t. x′[ha]x′[h′] = x′[h′]x′[ha] ∀h, h′ ∈ I ∈ I▲
x′[h] = 1 ∀h ∈ B

(4.7)

whereHB is the set of nodes h ≽ B.
10: return x′ converted to sparse TB-DAG form Equation (4.6)

the whole algorithm runs in time poly(|HP |, |B̃|, |C[P ]|, t) whereHP is the set of nodes h ≽ P

and B̃ is the set of ▲-beliefs in P with positive reach. While NP-hard in the general case,
integer programs are practically reasonably fast to solve. In particular, if a polynomial-space
algorithm such as depth-first branch-and-bound is used to solve the integer program, then the
whole algorithm runs in polynomial space. This is in stark contrast to any algorithm that would
expand the whole TB-DAG, as the TB-DAG takes worst-case exponential space.
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The creation of sparse blueprints. Throughout this section, we have been assuming that
blueprints created are sparse, in particular, that in every public state there are at most polyno-
mially many beliefs. There are two straightforward ways to guarantee this. The first is to use
a natively sparse algorithm, such as column generation, to generate the blueprint in the first
place. The second is to take an arbitrary blueprint in realization form and express it as a sparse
convex combination via Caratheodory’s theorem5. Then, the blueprint will have support size at
most |Z|. On the other hand, the support size of the blueprint generated by a CG algorithm,
scales linearly with the number of iterations, which, under reasonable time constraints, rarely
exceeds the hundreds. Thus, the far smaller support size of the blueprint yielded by CG is a
point in favor of adopting the former family of algorithms for blueprint generation.

4.4 Experimental Evaluation

4.4.1 Experimental Setting

Game instances. In our evaluation, we resort to game instances whose exact solution can be
computed in practice by standard algorithms available in the literature. This choice allows us
to calculate the equilibrium value, which is necessary to appropriately assess how our subgame
solving method approximates the exact solution as the time spent on the strategy refinement
increases. In particular, our test suite is composed of parametric versions of the adversarial team
games instances customarily adopted in the literature where the adversary team is composed of
a single player: Kuhn [51] and Leduc [83] poker with team collusion, team Liar’s Dice [58]
and Tricks [97] (a simplified Bridge endgame).

We omit the rules of these games, pointing an interested reader to the aforementioned
articles. We use the following labels:

• Knr: n-player Kuhn poker with r ranks;

• Lnbrs: n-player Leduc poker with b bets in each betting round, r ranks and s suits;

• Dnd: n-player Liar’s Dice with one d-sided dice per player;

• Td: three-player Trick-taking game with three ranks, four suits, and a limited amount of
possible deals fixed to d.

5Caratheodory’s theorem asserts that any convex combination of points in Rd can be expressed as a convex
combination of at most d+ 1 of them.
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We also use a binary string of length n to denote the assignment of teams, where the ith
character is 1 if and only if the ith player is on team ▲.

Blueprint and strategy refinement time limits. As usual with subgame solving methods,
the performance depends on the quality of the blueprint and the time spent on its refinement
after every single move in the game. To provide coherent results over multiple, different
game instances, we set both of these time limits dependent on the complexity of the game.
More precisely, the blueprint computation is stopped once 10 minutes have elapsed or column
generation has achieved a Nash gap of ∆/10, where ∆ is the difference between the maximum
and minimum team’s payoffs, whichever comes first. We remark that the main goal of our
experimental evaluation is to show that, no matter the suboptimality of the blueprint strategy and
the amount of computation allocated to the subgame solving routine, the local re-optimization
performed under our subgame solving framework allows us to improve the starting strategy.
The choice of focusing on cases in which the blueprint strategy is suboptimal and in which the
computational budget available for subgame solving is (even severely) limited goes precisely
in that direction.

To create the strategy that would be played by Algorithm 7, we perform refinement at every
public state in a top-down order. We use a range of time limits for the strategy refinement,
defined as the average time needed by a single iteration of the CG algorithm at the root of
the whole game multiplied by a number α ∈ {0, 1, ..., 10}. Notice that the value obtained
with α = 0 is the value provided by the blueprint, while using α ≥ 1 ensures that at least one
iteration of strategy refinement is done after every move in the game. Each experiment was
allocated 32 CPU cores and 256 GB RAM on a cluster machine. Integer and linear programs
were solved with Gurobi 9.5.

4.4.2 Discussion of the Results

For every game instance, we computed the best-response values for the opponent against the
following strategies: the equilibrium strategy, the blueprint strategy, and the strategy returned
by our refinement method for different values of α. We will use gap to refer to the difference
between a value and the equilibrium value. Intuitively, it shows the relative quality of the
blueprint when compared with the equilibrium. We use a performance index based on the
concept of gap, showing the capability of our refinement method to reduce the gap. We call it
gap reduction. It is defined as 1− (E −R)/(E −B), where E,R, and B are the values of the
equilibrium, refined strategies, and blueprint respectively.
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Game Team Equilibrium Refinement Blueprint Equilibrium Refinement Blueprint Gap
instance structure time time (per move) time value value value reduction
K34 110 0.05s 0.02s 0.02s -0.042 -0.050 -0.061 58.0%
K36 110 0.55s 0.07s 0.03s -0.024 -0.055 -0.098 58.3%
K38 110 2.58s 0.20s 0.04s -0.019 -0.031 -0.152 91.2%
K312 110 10.73s 0.74s 0.29s -0.014 -0.024 -0.064 78.9%
K45 1110 6.92s 0.54s 0.22s -0.030 -0.046 -0.354 95.2%
L3133 110 6m 39s 0.57s 1.59s 0.215 0.038 -0.616 78.7%
L3143 110 >2h 2.59s 6.21s 0.107 -0.133 -0.673 69.2%
L3151 110 2m 46s 1.27s 2.80s -0.019 -0.399 -0.624 37.3%
L3153 110 >2h 4.91s 8.84s 0.024 -0.177 -0.681 71.5%
L3223 110 7m 44s 1.02s 12.28s 0.516 -0.320 -1.299 54.0%
L3523 110 >2h 3m 21s 10m 46s 0.953 -1.151 -6.671 72.4%
D33 110 3m 55s 1.06s 9.15s 0.284 0.279 0.238 90.2%
D34 110 >2h 33.21s 10m 11s 0.284 0.241 0.139 70.0%
D62 111110 >2h 40.22s 10m 11s 0.333 0.167 -0.000 50.0%
T350 101 >2h 0.49s 1.09s 0.600 0.509 0.352 63.3%
T3100 101 >2h 1.16s 1.85s 0.710 0.514 0.495 8.5%

Table 4.1: Team’s values against a best-responding opponent when playing the equilibrium
strategy, blueprint, or refinement strategy with α = 5, and corresponding algorithms running
times. When the equilibrium computation requires more than 2 hours, we use the equilibrium
values provided in [97]. A complete description of the columns’ meaning can be found in-text.

Game Team Equilibrium Refinement Blueprint Equilibrium Refinement Blueprint Gap
instance structure time time (per move) time value value value reduction
K34 110 0.05s 0.00s 0.02s -0.042 -0.061 -0.061 0.0%
K36 110 0.55s 0.01s 0.03s -0.024 -0.072 -0.098 34.6%
K38 110 2.58s 0.04s 0.04s -0.019 -0.149 -0.152 2.0%
K312 110 10.73s 0.15s 0.29s -0.014 -0.043 -0.064 42.5%
K45 1110 6.92s 0.11s 0.22s -0.030 -0.084 -0.354 83.4%
L3133 110 6m 39s 0.12s 1.65s 0.215 -0.173 -0.616 53.3%
L3143 110 >2h 0.49s 5.84s 0.107 -0.266 -0.673 52.2%
L3151 110 2m 46s 0.26s 2.81s -0.019 -0.442 -0.624 30.1%
L3153 110 >2h 0.99s 8.91s 0.024 -0.363 -0.681 45.1%
L3223 110 7m 44s 0.20s 12.25s 0.516 -0.525 -1.299 42.6%
L3523 110 >2h 39.95s 10m 39s 0.953 -1.953 -6.671 61.9%
D33 110 3m 55s 0.21s 9.07s 0.284 0.245 0.238 14.7%
D34 110 >2h 6.68s 10m 14s 0.284 0.208 0.139 47.7%
D62 111110 >2h 7.98s 10m 6s 0.333 -0.000 -0.000 0.0%
T350 101 >2h 0.10s 1.09s 0.600 0.509 0.352 63.3%
T3100 101 >2h 0.23s 1.85s 0.710 0.592 0.495 45.2%

Table 4.2: Team’s values against a best-responding opponent when playing the equilibrium
strategy, blueprint, or refinement strategy with α = 1, and corresponding algorithms running
times. When the equilibrium computation requires more than 2 hours, we use the equilibrium
values provided in [97]. A complete description of the columns’ meaning can be found in-text.
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The values provided by the strategies when α = 5 are provided in Table 4.1, together
with the algorithms’ runtimes. Similarly, Table 4.2 provides the results when α = 1. The
tables summarize the experiments for the different game instances and team structures (the
i-th element of the vector equal to 1 means that player i is in team ▲). Equilibrium time,
refinement time (per move), and blueprint time denote, respectively, the time needed to find
an exact equilibrium via CG, the time allocated to a single iteration of subgame solving, and
the time allotted to blueprint computation. The equilibrium value indicates the expected utility
of the team at the equilibrium. In contrast, refinement and blueprint values represent the
team’s expected utility when they play against a best-responding opponent team and adopt the
blueprint and refined strategies. The gap reduction column quantifies the improvement of the
refined strategy over the blueprint strategy, as defined above.

We initially observe that our experimental evaluation confirms the maxmargin theoretical
results as the team’s exploitability never increases. Most importantly, with most game instances,
the gap reduction is dramatic (on average, about 65%). These results are coherent with the
results achieved in the literature for two-player zero-sum games [64, 8]. We also investigate
how the performance of our strategy refinement method varies as α varies. In Figures 4.1 to 4.3,
we report the results related to the full test suite.

Interestingly, we observe that, with most of the game instances, the curve describing the
improvement provides the maximum increase by the first iteration of strategy refinement
(corresponding to α = 1). In particular, the average gap reduction is about 39% when α = 1,
showing that a time limit equal to the time needed for a single CG iteration at the root of the
tree is sufficient to get a value very close to the equilibrium value. We also observe that the
equilibrium value is never completely recovered. This is not surprising as strategy refinement
methods perform a local optimization. The improvement sometimes does not monotonically
increase in the number of iterations. This is due to the nature of CG algorithms.
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Figure 4.1: Value of the team’s refined strategy as varying the refinement time limit in the K34,
K36, K38, K312, K45, L3133 instances. The blue dashed line at the bottom is the blueprint
value, while the black dotted line at the top is the equilibrium value.
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Figure 4.2: Value of the team’s refined strategy as varying the refinement time limit in the
L3143, L3151, L3153, L3223, L3523, D33 instances. The blue dashed line at the bottom is the
blueprint value, while the black dotted line at the top is the equilibrium value.
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Figure 4.3: Value of the team’s refined strategy as varying the refinement time limit in the D34,
D62, T350, T3100 instances. The blue dashed line at the bottom is the blueprint value, while
the black dotted line at the top is the equilibrium value.



Chapter 5

Hidden-Role Games: Equilibrium
Concepts and Computation

In this chapter, the solution concepts from Definitions 2.4.3 and 2.4.4 originally defined for
adversarial team games are used to characterize and solve a class of games called hidden-role
games1. Hidden-role games model multi-agent systems in which a team of “good” agents work
together to achieve some desired goal, but a subset of adversaries hidden among the agents
seeks to sabotage the team. Customarily (and in our paper), the “good” agents make up a
majority of the players, but they will not know who the adversaries are. On the other hand, the
adversaries know each other.

Hidden-role games offer a framework for developing optimal strategies in systems and
applications that face deception. They strongly emphasize communication: players need to
communicate to establish trust, coordinate actions, exchange information, and distinguish
teammates from adversaries.

Hidden-role games can model a wide range of recreational and real-world applications.
Notable recreational examples include the popular tabletop games Mafia (also known as
Werewolf ) and The Resistance, of which Avalon is the best-known variant. As an example,
consider the game Mafia. The players are split into an uninformed majority called villagers, and
an informed minority called mafiosi. The game proceeds in two alternating phases, night and
day. In the night phase, the mafiosi privately communicate and eliminate one of the villagers.
In the day phase, players vote to eliminate a suspect through majority voting. The game ends
when one of the teams is completely eliminated.

1These games are often commonly called social deduction games.
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We now provide several non-recreational examples of hidden-role games. In many cyber-
security applications [32, 33, 85], an adversary compromises and controls some nodes of a
distributed system whose functioning depends on cooperation and information sharing among
the nodes. The system does not know which nodes have been compromised, yet it must operate
in the presence of the compromised nodes.

Another instance of problems that can be modeled as hidden-role games arises in AI
alignment, that is, the study of techniques to steer AI systems towards humans’ intended goals,
preferences, or ethical principles [106, 42, 39]. In this setting, there is the risk that a misaligned
AI agent may attempt to deceive a human user into trusting its suggestions [72, 78]. AI debate
[40] aims to steer AI agents by using an adversarial training procedure in which a judge has to
decide which is the more trustworthy between two hidden agents, one of which is a deceiver
trained to fool the judge. Miller et al. [63] proposes an experimental setting consisting of a
chess game in which one side is controlled by a player and two advisors, which falls directly
under our framework. The advisors pick action suggestions for the player to choose from, but
one of the two advisors has the objective of making the team lose.

Hidden-role games also include general scenarios where agents receive inputs from other
agents that may be compromised. For example, in federated learning (a popular category of
distributed learning methods), a central server aggregates machine learning models trained by
multiple distributed local agents. If some of these agents are compromised, they may send
doctored input with the goal of disrupting the training process [66].

Our paper aims to characterize optimal behavior in these settings and analyze its computabil-
ity. This is done by adapting the team-maxmin equilibrium solution concept to a carefully
constructed representation of the game. Interestingly, the TME solution concept assumes that
teams are known, but we show how to apply it to the hidden-role setting where teams are hidden
by definition.

The structure of this chapter is as follows. Section 5.1 summarizes the literature on the
hidden-role setting. Section 5.2 presents a high-level summary of the main contributions of this
chapter, along with some examples of the setting considered.

Section 5.3 provides a formal definition of hidden-role games as a specific class of extensive-
form games and of the various solution concepts distinguishing for the assumptions on the
players’ communication capabilities (i.e., no, public, or private communication).

In Section 5.4, we either derive computational hardness results or present a polynomial-
time algorithm finding one equilibrium for all but one of the solution concepts we define. In
particular, our algorithm is based on: i) the identification of a shared mediator or its simulation
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by a majority of players through the use of secure multi-party computation, and ii) a revelation
principle, which restricts the communication between optimal players and such a mediator to
either communication of private information or recommendation of actions. In the settings
where our polynomial-time algorithm can be applied, the equilibrium finding problem can be
cast as the computation of a Nash equilibrium in a two-player zero-sum game. Section 5.5
shows how the different solution concepts characterize players’ behavior in an example game.

Section 5.6 studies some notable properties of HREs, such as the dependence on the order
of commitment to strategies, the nontrivial effects of adding seemingly useless information to
the game, and the price of hidden roles (i.e., how much value a team loses due to roles being
hidden).

Finally, in Section 5.7, we experimentally apply our technique to instances of Avalon2,
scaling up to 6-player games. The game tree of Avalon, even with only 5 players, contains more
than 1056 information sets [80]. We address this by simplifying the game via manual analysis,
reducing it to a size manageable for tabular solvers.

Sections B.1 to B.4 are appendices that further detail the notions presented in the previous
sections and present the related proofs.

The material presented in this chapter is taken from a previous publication [17], published
at the ACM - Economics and Computation conference as an extended abstract, and now under
review to Games and Economics Behavior (GEB).

5.1 Related Works

To our knowledge, no previous works have focused on the general hidden-role setting. On the
other hand, there has been a limited amount of prior work on solving specific hidden-role games.
Braverman et al. [7] propose an optimal strategy for Mafia and analyze the win probability
when varying the number of players with different roles. Similarly, Christiano [21] proposes a
theoretical analysis for Avalon, investigating the possibility of whispering, which consists of
any two players being able to communicate without being discovered. Both papers describe
game-specific strategies that players can adopt to guarantee specific utility to the teams. In
contrast, to our knowledge, we provide the first rigorous definition of a reasonable solution
concept for hidden-role games, an algorithm to find such equilibria, and an experimental
evaluation with a wide range of parameterized instances.

2Avalon is more computationally challenging than Mafia thanks to a richer set of variants (Mafia admits easily
computable equilibria). More details on Avalon can be found in Section 5.7.
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Deep reinforcement learning techniques have also been applied to various hidden-role
games [2, 47, 80], but with no theoretical guarantees and usually with no communication
allowed between players. A more recent stream of works focused on investigating the deceptive
capabilities of large language models (LLMs) by having them play a hidden-role game [93, 71].
The agents, being LLM-based, communicate using plain human language. However, as before,
these are not grounded in any theoretical framework, and indeed, we will illustrate that optimal
strategies in hidden-role games are likely to involve communication that does not resemble
natural language, such as the execution of cryptographic protocols.

5.2 High-Level Contributions

5.2.1 Main Modeling Contributions

We define a (finite) hidden-role game as an n-player finite extensive-form game Γ in which the
players are partitioned at the start of the game into two teams. Members of the same team share
the same utility function, and the game is zero-sum, i.e., any gain for one team means a loss for
the other. We thus identify the teams as ▽▽▽and ▽▽▽, since teams share the same utility function,
but have opposite objectives. At the start of the game, players are partitioned randomly into
two teams. A crucial assumption is that one of the two teams is informed, which means that all
the members of that particular team know the team assignment of all the players, while this is
not true for all players belonging to the other team. Without loss of generality, we use ▽▽▽to
refer to the uninformed team and ▽▽▽ to refer to the informed one.3

To allow our model to cover communication among players, we formally define the commu-
nication extensions of a game Γ. The communication extensions are games like Γ except that
actions allowing messages to be sent between players are explicitly encoded in the game. In
the public communication extension, players can publicly broadcast messages. In the private
communication extension, in addition to the public broadcast channel, the players have pairwise
private communication channels.4 In all cases, communication channels are synchronous and
authenticated: messages sent on one timestep are received at the next timestep and are tagged
with their sender. Communication presents the main challenge of hidden role games: ▽▽▽-players
wish to share information with teammates, but not with ▽▽▽-players.

3For example, in Mafia, the villagers are ▽▽▽while mafiosi are ▽▽▽.
4If players are assumed to be computationally bounded, pairwise private channels can be created from the public

broadcast channels through public-key cryptography. However, throughout this paper, for the sake of conceptual
cleanliness, we will not assume that players are computationally bounded. Therefore, we will distinguish the
public-communication case from the private-communication case.
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In defining communication extensions, we must bound the length of the communication,
that is, how many rounds of communication occur between every move of the game and how
many distinct messages can be sent on each round. To do this, we fix a finite message space5 of
size M and length of communication R, and in our definition of equilibrium we will take a
supremum over M and R. This will allow us to consider arbitrarily complex message spaces
(with M and R arbitrarily large) while still only analyzing finite games: for any fixed M and R,
the resulting game is a finite hidden-role game. We will show that our positive results (upper
bounds) only require logM = R = polylog(|H|, 1/ε), where |H| is the number of nodes
(histories) in the game tree and ε is the desired precision of equilibrium.

We characterize optimal behavior in the hidden-role setting by converting hidden-role
games into team games in a way that preserves the strategic aspect of hidden roles. This
team game is called split-personality form of a given hidden-role game. Given a (possibly
communication-extended) hidden-role game Γ, we define and analyze two possible variants:

• the uncoordinated split-personality form USPLIT(Γ) is a team games with 2n players,
derived by splitting each player i in the original game in two distinct players, i+ and i−,
that pick actions for i in Γ if the player is assigned to ▽▽▽or ▽▽▽ respectively. In the team
game language established in Section 2.4, two players ▲ and ▼, possibly with imperfect
recall, control all the split personalities i+ and i− respectively.

• the coordinated split-personality form CSPLIT(Γ) is the (n + 1)-player team game in
which the additional player, who we refer to simply as the adversary or ▽▽▽-player, takes
control of the actions of all players who have been assigned to ▽▽▽. On the contrary, the
players from 1 to n control the players as usual only if they belong to ▽▽▽.

The coordinated split-personality variant encodes an extra assumption on ▽▽▽’s capabilities,
namely, that ▽▽▽ is controlled by a single player ▼ having perfect recall and is therefore perfectly
coordinated. Trivially, when only one player is on ▽▽▽, the uncoordinated and coordinated
split-personality forms coincide.

In either case, the resulting game is a team game in which each player has a fixed team
assignment. We remark that the split-personality form maintains the strategic aspects of hidden
roles since i+ and i− share identity when interacting with the environment. For example,
players may observe that i has done an action but do not know if the controller was ▲ or ▼.
Similarly, messages sent by ▲ and ▼ are signed by player i since the communication extension
is applied on Γ before splitting personalities.

5Note that, if the message space is of size M , a message can be sent in O(logM) bits.
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Picking which split-personality variant to use is a modeling assumption that depends on
the game instance one wants to address. For example, in many recreational tabletop games,
USPLIT is the more reasonable choice because ▽▽▽-players are truly distinct; however, in a
network security game where a single adversary controls the corrupted nodes, CSPLIT is the
more reasonable choice. The choice of which variant also affects the complexity of equilibrium
computation: as we will detail later, CSPLIT yields a more tractable solution concept. In certain
special cases, however, CSPLIT and USPLIT will coincide. For example, we will later show
that this is the case in Avalon, which is key to allowing our algorithms to work in that game.

With these pieces in place, we define the hidden-role equilibria (HRE) of a hidden-role
game Γ as the team max-min equilibria (TMEs) of the split-personality form of Γ. That is,
the hidden-role equilibria are the optimal joint strategies for ▽▽▽in the split-personality game,
where optimality is judged by the expected value against a jointly-best-responding ▽▽▽. The
value of a hidden-role game is the expected value for ▲ in any hidden-role equilibrium. If
communication (private or public) is allowed, we define hidden-role equilibria and values by
taking the supremum over M and R of the expected value at the equilibrium, that is, ▽▽▽is
allowed to set the communication parameters.

Our new solution concept encodes, by design, a pessimistic assumption for the ▲. ▲ picks
M , R, and its strategy considering a worst-case ▼ adversary that knows this strategy and best
responds to it. Throughout our proofs, we will heavily make use of this fact. In particular, we
will often consider ▽▽▽-players that “pretend to be ▽▽▽-players” under certain circumstances, which
is only possible if ▽▽▽-players know ▽▽▽-players’ strategies. It is not allowed for ▽▽▽-players to
know ▽▽▽-players’ strategies in the same fashion. This starkly contrasts the usual zero-sum game
analysis, where various versions of the minimax theorem promise that the game is unchanged
no matter which side commits first to a strategy. Indeed, we discuss in Section 5.6.2 the fact
that, for hidden-role games, the asymmetry is in some sense necessary: a minimax theorem
cannot hold for nontrivial hidden-role games. We argue, however, that this asymmetry is natural
and inherent in the hidden-role setting. If we assumed the contrary and inverted the order of the
players in the HRE definition so that ▼ commits first to its strategy, ▲ could discover the roles
immediately by agreeing to message a passphrase unknown to ▼ in the first round, thus spoiling
the whole purpose of hidden-role games. This argument will be made formal in Section 5.6.2.

Existing solution concepts failures We defined our equilibrium notion as a team max-min
equilibrium (TME) of the split-personality form of a communication-extended hidden role
game. Here, we will argue why some other notions would be less reasonable.
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• Nash Equilibrium. A Nash equilibrium [68] is a strategy profile for all players from
which no player can improve its own utility by deviating. This notion is unsuitable
for our purposes because it fails to capture team coordination. In particular, in pure
coordination games (in which all players have the same utility function), which are a
special case of hidden-role games (with no hidden roles and no adversary team at all), a
Nash equilibrium would only be locally optimal in the sense that no player can improve
the team’s value alone. In contrast, our notion will lead to the optimal team strategy in
such games.

• Team-correlated equilibrium. The team max-min equilibrium with correlation [90, 18]
(TMECor) is a common solution concept used in team games. It arises from allowing
each team the ability to communicate in private (in particular, to generate correlated ran-
domness) before the game begins. For team games, TMECor is arguably a more natural
notion than TME, as the corresponding optimization problem is a bilinear saddle-point
problem, and therefore, in particular, the minimax theorem applies, avoiding the issue of
which team ought to commit first. However, for hidden-role games, TMECor is undesir-
able because it does not make sense for a team to be able to correlate with teammates who
have not even been assigned yet. The team max-min equilibrium with communication
(TMECom) [18] makes an even stronger assumption about communication among team
members and, therefore, suffers the same problem.

5.2.2 Main Computational Contributions

We now introduce computational results, both positive and negative, for computing the hidden-
role value and hidden-role equilibria of a given game.

Polynomial-Time Algorithm Our main positive result is summarized in the following
informal theorem statement.

Theorem 5.2.1 (Main result, informal; formal result in Theorem 5.4.3). If the number of
players is constant, private communication is available, the ▽▽▽ is a strict minority (that is,
strictly less than half of the players are on the ▽▽▽), and the adversary is coordinated, there is a
polynomial-time algorithm for exactly computing the hidden-role value.

This result should be surprising for multiple reasons. First, team games are generally
hard to solve [90, 99], so any positive result for computing equilibria in team games is fairly
surprising. Further, it is a priori not obvious that the value of any hidden-role game with private
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communication and coordinated adversary is even a rational number6, much less computable
in polynomial time: for example, there exist adversarial team games with no communication
whose TME values are irrational [90].

There are two key ingredients to the proof of Theorem 5.2.1. The first is a special type of
game, which we call a mediated game. In a mediated game, there is a player, the mediator, who
is always on ▽▽▽. ▽▽▽-players can, therefore, communicate with it and treat it as a trusted party.
We show that when a mediator is present (and all the other assumptions of Theorem 5.2.1 also
hold), the hidden-role value is computable in polynomial time. To do this, we state and prove a
form of revelation principle. Informally, our revelation principle states that, without loss of
generality, it suffices to consider ▲’s strategies in which, at every timestep of the game,

1. all ▽▽▽-players send their honest information to the mediator,

2. the mediator sends action recommendations to all players (regardless of their team
allegiance; remember that the mediator may not know the team assignment), and

3. all ▽▽▽-players play their recommended actions.

This strategy can be implemented by ▲ in the split personality team game in behavioral
strategies (required by the choice of TME solution concept). ▽▽▽-players are, of course, free
to pretend to be ▽▽▽-players and thus send false information to the mediator; the mediator
must deal with this possibility. However, ▽▽▽-players cannot just send any message; they must
send messages that are consistent with some ▽▽▽-player, lest they be immediately revealed as
▽▽▽-players. These observations are sufficient to construct a two-player zero-sum game Γ0, where
the mediator is ▲ (since all the honest ▽▽▽-players are non-strategic since they are "controlled"
by the mediator) and the coordinated adversary is ▼. The value of Γ0 is the value of the
original hidden-role game, and the size of Γ0 is at most polynomially larger than the size of the
original game. Since two-player zero-sum extensive-form games can be solved in polynomial
time [46, 88], mediated hidden-role games can also be solved in polynomial time.

The second ingredient is to invoke results from the literature on secure multi-party com-
putation to simulate a mediator in the case that one is not already present. A well-known
result from that literature states that so long as strictly more than half of the players are honest,
essentially any interactive protocol—such as the ones used by our mediator to interact with
other players—can be simulated efficiently such that the adversary can cause failure of the

6assuming all game values and chance probabilities are also rational numbers
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protocol or leakage of information [5, 75].7 Chaining such a protocol with the argument in the
previous paragraph concludes the proof of the main theorem.

Related works on MPC and communication equilibria. The communication equilib-
rium [31, 67] is a notion of equilibrium with a mediator, in which the mediator has two-way
communication with all players, and players need to be incentivized to report information
honestly and follow recommendations. Communication equilibria include all Nash equilibria
and, therefore, are unfit for general hidden-role games for the same reason as Nash equilibria,
as discussed in the previous subsection.

However, when team ▼ has only one player, and private communication is allowed, the
hidden-role equilibria coincide with the ▽▽▽-optimal communication equilibria in the original
game Γ. Our main result covers this case, but an alternative way of computing a hidden-role
equilibrium in this special case is to apply the optimal communication equilibrium algorithms
of Zhang and Sandholm [95] or Zhang et al. [98]. However, those algorithms either involve
solving linear programs, solving many zero-sum games, or solving zero-sum games with large
reward ranges. This is less efficient than directly solving a single zero-sum game Γ0.

We are not the first to observe that multi-party computation can be used to implement a
mediator for use in game theory. In various settings and for various solution concepts, it is
known to be possible to implement a mediator using only cheap-talk communication among
players (see, for example, [86, 59, 1, 41]). For additional reading on the connections between
game theory and cryptography, we refer the reader to the survey of Katz [44] and papers citing
and cited by this survey.

Lower bounds. We also show lower bounds on the complexity of computing the hidden-role
value, even for a constant number of players, when any of the assumptions in Theorem 5.2.1 is
broken.

Theorem 5.2.2 (Lower bounds, informal; formal statement in Theorems 5.4.5 and 5.4.6).
If private communication is disallowed, the hidden-role value problem is NP-hard. If ▽▽▽ is

7In this part of the argument, the details about the communication channels become important: in particular,
the MPC results that we use for our main theorem statement assume that the network is synchronous (that is,
messages sent in round r arrive in round r+1), and that there are pairwise private channels and a public broadcast
channel that are all authenticated (that is, message receivers know who sent the message). This is enough to
implement MPC so long as k < n/2, where k is the number of adversaries and n is the number of players. Our
results, however, do not depend on the specific assumptions about the communication channel, as long as said
assumptions enable secure MPC with guaranteed outcome delivery. For a recent survey of MPC, see Lindell [57].
For example, if k < n/3, then MPC does not require a public broadcast channel, so neither do our results. We
will stick to one communication model for cleanliness and to avoid introducing extra formalism.



98 Hidden-Role Games: Equilibrium Concepts and Computation

uncoordinated, the problem is coNP-hard. If both, the problem is ΣP
2 -hard. All hardness

reductions hold even when ▽▽▽ is a minority, and the number of players is an absolute constant.

Price of hidden roles. Finally, we define and compute the price of hidden roles. It is defined
(analogously to the price of anarchy and price of stability, which are common quantities of
study in game theory) as the ratio between the value of a hidden-role game and the value of the
same game with team assignments made public. We show the following:

Theorem 5.2.3 (Price of hidden roles; formal statement in Theorem 5.6.1). Let D be a
distribution of team assignments. For the class of games where teams are drawn according to
distribution D, the price of hidden roles is equal to 1/p, where p is the probability of the most
likely team in D.

Intuitively, in the worst case, ▽▽▽can be forced to guess at the beginning of the game all the
members of ▽▽▽, and win if and only if its guess is correct. In particular, for the class of n-player
games with k adversaries, the price of hidden roles is exactly

(
n
k

)
.

5.2.3 Experiments: Avalon

We ran experiments on the popular tabletop game The Resistance: Avalon (or simply Avalon,
for short). As discussed earlier, despite the adversary team in Avalon not being coordinated in
the sense used in the rest of the paper, we show that, at least for the 5- and 6-player variants, the
adversary would not benefit from being coordinated; therefore, our polynomial-time algorithms
can be used to solve the game. This observation ensures that our main result applies. Game-
specific simplifications allow us to reduce the game tree from roughly 1056 nodes [80] to 108 or
even fewer, enabling us to compute exact equilibria. Our experimental evaluation demonstrates
the practical efficacy of our techniques in real-game instances. Our results are discussed in
Section 5.7, and further detail on the game-specific reductions used, as well as a complete
hand-analysis of a small Avalon variant, can be found in Section B.4.

5.2.4 Examples

In this section, we present three examples that will hopefully help the reader understand our
notion of equilibrium and justify some choices we have made in our definition.
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A hidden-role matching pennies game. Consider a n-player version of matching pennies
(with n > 2), which we denote as MP(n). One player is chosen randomly as the adversary
(team ▼). All n players then simultaneously choose bits bi ∈ {0, 1}.

▽▽▽wins (gets utility 1) if
and only if all n bits match; else, ▽▽▽loses (gets utility 0).

With no communication, the value of this game is 1/2n−1: it is an equilibrium for everyone
to play uniformly at random. Public communication does not help because, conditioned on the
public transcript, bits chosen by players must be mutually independent. Thus, the adversary
can do the following: pretend to be on ▽▽▽, wait for all communication to finish, and then play 0

if the string of all ones is more conditionally likely than the string of all 1s, and vice-versa.

With private communication, however, the value becomes 1/(n+ 1). Intuitively, ▽▽▽should
attempt to guess who the ▽▽▽-player is, and then privately discuss among the remaining n− 1

players what bit to play. We defer formal proofs of the above game values to Section 5.5,
because they rely on results in Section 5.4.1.

Simultaneous actions. In typical formulations of extensive-form imperfect-information
games, it is without loss of generality to assume that games are turn-based, i.e., only one player
acts at any given time. To simulate simultaneous actions with sequential ones, one can simply
forbid players from observing each others’ actions. However, when communication is allowed
arbitrarily throughout the game, the distinction between simultaneous and sequential actions
suddenly becomes relevant, because players can communicate when one—but not all—the
players have decided on an action.

To illustrate this, consider the game MP(n) defined in the previous section, with public
communication, except that the players act in sequence in order of index (1, 2, . . . , n). We
claim that the value of this game is not 1/2n−1, but at least 1/2n. To see this, consider the
following strategy for ▽▽▽. The ▽▽▽-players wait for P1 to (privately) pick an action. Then, P2
publicly declares a bit b ∈ {0, 1}, and all remaining players play b if they are on ▽▽▽. If P1 was
the ▽▽▽-player, this strategy wins with probability at least 1/2, so the expected value is at least
1/2n. This example illustrates the importance of allowing simultaneous actions in our game
formulations.

Correlated randomness matters. We use our third and final example to discuss a nontrivial
consequence of the definition of hidden-role equilibrium that may appear strange initially:
seemingly useless information can affect strategic decisions and the game value.
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To illustrate, consider the following simple game Γ: there are three players, and three role
cards. Two of the three cards are marked ▽▽▽, and the third is marked ▽▽▽. The cards are dealt
privately and randomly to the players. Then, after some communication, all three players
simultaneously cast votes to elect a winner. If no player gains a majority of votes, ▽▽▽ wins.
Otherwise, the elected winner’s team wins. Clearly, ▽▽▽can win no more than 2/3 of the time in
this game: ▽▽▽ can simply pretend to be on ▽▽▽, and in that case ▽▽▽cannot gain information, and
the best they can do is elect a random winner.

Now consider the following seemingly meaningless modification to the game. We will
modify the two ▽▽▽cards so that they are distinguishable. For example, one card has ▽▽▽written
on it, and the other has ▽▽▽′. We argue that this, perhaps surprisingly, affects the value of the
game. In fact, ▽▽▽can now win deterministically, even with only public communication. Indeed,
consider the following strategy. The two players on ▽▽▽publicly declare what is written on their
cards (namely, ▽▽▽or ▽▽▽′). The player elected now depends on what the third player did. If one
player does not declare ▽▽▽or ▽▽▽′, elect either of the other two players. If two players declared

▽▽▽, elect the player who declared ▽▽▽′. If two players declare ▽▽▽′, elect the player who declared

▽▽▽. This strategy guarantees a win: no matter what the ▽▽▽-player does, any player who makes a
unique declaration is guaranteed to be on ▽▽▽.

What happens in the above example is that making the cards distinguishable introduces
a piece of correlated randomness that ▽▽▽can use: the two ▽▽▽-players receive cards whose
labels are (perfectly negatively) correlated with each other. Since our definition otherwise
prohibits the use of such correlated randomness (because players cannot communicate only
with players on a specific team), introducing some into the game can have unintuitive effects.
In Section 5.6.2, we expand on the effects of allowing correlated randomness: in particular, we
argue that allowing correlated randomness essentially ruins the point of hidden-role games by
allowing ▽▽▽to learn the entire team assignment.

5.3 Equilibrium Concepts for Hidden-Role Games

5.3.1 Additional Notation

We start with the formalization of the specific notation adopted in this chapter.

Hidden-role games vs Adversarial team games Hidden-role games are a different class
of games than adversarial team games, even if both have players associated with a team. As
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anticipated in Section 5.2.1, the split-personality forms USPLIT and CSPLIT allow to express
a hidden-role game as an adversarial team game. The difference in the two settings implies
slightly different notations that distinguish the two models from a formal perspective. We
stick to the imperfect-recall notation established in Section 2.4 to characterize team play in an
adversarial team game. This includes the split-personalities forms. On the other hand, there
will be no imperfect-recall representation for hidden-role games before applying USPLIT and
CSPLIT. We will therefore use teams ▽▽▽and ▽▽▽, and talk about single players i ∈ N whose
team is not fixed (and whose strategy depend on the team assigned at the start of the game).
This differs from ▼ and ▲ players in adversarial team games.

Simultaneous actions As anticipated in Section 5.2.4, we tweak the standard extensive-form
setting from Definition 2.1.1 to consider simultaneous actions. This eases the notation adopted
to represent concurrent communication among players. In particular, we have that each player
i ∈ N has an information set Ii(h) defined at all h ∈ H, and all players pick an action a ∈ AIi(h)

that the determines the transition to the next node ha = h′. This change in extensive-form
formalism does not impact the expressivity of the model since any simultaneous-action game
can be rewritten as a game having a single active player per node as described in Footnote 8.
Vice versa, all non-acting players can be described in a simultaneous actions formalism by
introducing dummy information sets that propagate the previous information set received by
the players and an action set with a single dummy action. The definition of sequences and
imperfect recall does not change from Section 2.1.1.

Team-maxmin equilibria Team Maxmin Equilibria (TMEs) ([90, 18], defined at Defini-
tion 2.4.4) on the split-personality game are used to characterize equilibria in hidden-role
games. In particular, we are interested in the value of the game at the equilibrium. The value
of a given strategy x for ▽▽▽is the value that x achieves against a best-responding opponent ▽▽▽.
The TME value is the value of the best strategy profile of ▽▽▽. That is, the TME value of a game
Γ is defined as

TMEVal(Γ) := max
x∈X̂

min
y∈Ŷ

∑
z∈Z

x[z]y[z]u(z), (5.1)

and the TMEs are the strategy profiles x that achieve the maximum value. To ease the exposition,
we split ▲’s and ▼’s behavioral strategies x and y into components controlling single players
on their teams. We write x = (x1, x2, . . . , x| ▽▽▽|),y = (y1, y2, . . . , y|▽▽▽|) to describe such splits.
Note that to indicate the strategies of single players, we avoid using boldface fonts, even if
those strategies are still realization-form vectors.
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Notice that the TME problem is nonconvex since the objective function u is nonlinear
as a function of x and y. As such, the minimax theorem does not apply, and swapping the
teams may not preserve the solution. Computing an (approximate) TME is ΣP

2 -complete in
extensive-form games (see Section 3.5).

5.3.2 Hidden-Role Games

While the notion of TME is well-suited for ATGs, it is not immediately clear how to generalize
it to the setting of hidden-role games to characterize the behavior of uncorrelated teammates.
We do so by formally defining the concepts of hidden-role game, communication, and split-
personality form first introduced in Section 5.2.1.

Definition 5.3.1. An extensive-form game is a zero-sum hidden-role team game, or hidden-role
game for short, if it satisfies the following additional properties:

1. At the root node, only chance has a nontrivial action set. Chance chooses a string
t ∼ D ∈ ∆({ ▽▽▽

,▽▽▽}n), where ti denotes the team to which player i has been assigned.
Each player i’s information set encodes (at least8) their team assignment ti. In addition,
▽▽▽-players privately observe the entire team assignment t.

2. The utility of a player i is defined completely by its team: there is a u : Z → R for which
ui(z) = u(z) if player i is on team ▽▽▽at node z, and −u(z) otherwise.9

In some games, players observe additional information beyond just their team assignments.
For example, in Avalon, one ▽▽▽-player is designated Merlin, and Merlin has additional infor-
mation compared to other ▽▽▽-players. In such cases, we will distinguish between the team
assignment and role of a player: the team assignment is just the team that the player is on ( ▽▽▽or
▽▽▽), while the role encodes the extra private information of the player as well, which may affect
what actions that player is allowed to legally take. For example, the team assignment of the

8It is allowable for ▽▽▽-players to also have more observability of the team assignment. For example, certain

▽▽▽-players may know who some ▽▽▽-players are.
9While at a first look this condition is similar to the one in ATGs, we remark that in this case the number of

players in a team depends on the roles assigned at the start. The term zero-sum is, therefore, a slight abuse of
language: if the ▽▽▽and ▽▽▽ teams have different sizes, the sum of all players’ utilities is not zero. However, such a
game can be made zero-sum by properly scaling each player’s utility. The fact that such a rescaling operation does
not affect optimal strategies is a basic result for von Neumann–Morgenstern utilities [61, Chapter 2.4]. We will
therefore generally ignore this detail.
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player with role Merlin is ▽▽▽. We remark that additional imperfect information about the game
may be observed after the root node.10

Throughout this paper, we will use k to denote the largest number of players on ▽▽▽, that is,
k = maxt∈supp(D) |{i : ti = ▽▽▽}|.

5.3.3 Models of Communication

The bulk of this paper concerns notions of equilibrium that allow communication between the
players. We distinguish in this paper between public and private communication:

1. Public communication: There is an open broadcast channel on which all players can send
messages.

2. Private communication: In addition to the open broadcast channel, each pair of players
has access to a private communication channel. The private communication channel
reveals to all players when messages are sent, but only reveals the message contents to
the intended recipients.

Assuming that public-key cryptography is possible (for example, assuming the discrete
logarithm problem is hard) and players are polynomially computationally bounded, public
communication and private communication are equivalent because players can set up pairwise
private channels via public-key exchange. However, in this paper, we assume that agents
are computationally unbounded and thus treat the public and private communication cases as
different. Our motivation for making this distinction is twofold. First, it is conceptually cleaner
to explicitly model private communication because then our equilibrium notion definitions do
not need to reference computational complexity. Second, perhaps counterintuitively, equilibria
with public communication only may be more realistic to execute in practice in human play,
precisely because public-key cryptography breaks. That is, the computationally unbounded
adversary renders more “complex” strategies of ▽▽▽(involving key exchanges) useless, thus
perhaps resulting in a simpler strategy. We emphasize that, in all of our positive results in the
paper, ▽▽▽’s strategy is efficiently computable.

To formalize these notions of communication, we now introduce the communication exten-
sion.

10This is an important difference with respect to Bayesian games [36], which assume all imperfect information to
be the initial types of the players. Conversely, we have an imperfect information structure that evolves throughout
the game, while only the teams are assigned and observed at the start.
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Definition 5.3.2. The public and private (M,R)-communication extensions corresponding to
a hidden-role game Γ are defined as follows. Informally, between every step of the original
game Γ, there will be R rounds of communication; in each round, players can send a public
broadcast message and private messages to each player. The communication extension starts in
state h = ∅ ∈ HΓ. At each game step of Γ:

1. Each player i ∈ [n] observes Ii(h).

2. For each of R successive communication rounds:

(a) Each player i simultaneously chooses a message mi ∈ [M ] to broadcast publicly.

(b) If private communication is allowed, each player i also chooses messages mi→j ∈
[M ] ∪ {⊥} to send to each player j ̸= i. ⊥ denotes that the player does not send a
private message at that time.

(c) Each player j observes the messages mi→j sent to it, as well as all messages mi that
were sent publicly. That is, according to the notion of communication considered,
the players observe:

• Public: player j observes the ordered tuple (m1, . . . ,mn).

• Private: player j also observes the ordered tuple (m1→j, . . . ,mn→j), and the
set {(i, k) : mi→k ̸= ⊥}. That is, players observe messages sent to them, and
players see when other players send private messages to each other (but not
the contents of those messages)

3. Each player, including chance, simultaneously plays an action ai ∈ AIi(h). (Chance plays
according to its fixed strategy.) The game state h advances accordingly.

We denote the (M,R)-extensions as COMMM,R
priv (Γ), and COMMM,R

pub (Γ). To unify notation, we
also define COMMM,R

none(Γ) = Γ. When the type of communication allowed and the number of
rounds are irrelevant, we use COMM(Γ) to refer to a generic extension.

5.3.4 Split Personalities

We introduce two different split-personality forms USPLIT(Γ) and CSPLIT(Γ) of a hidden-role
game Γ; the split-personality forms are adversarial team games that preserve the characteristics
of Γ.
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Definition 5.3.3. The uncoordinated split-personality form11 of an n-player hidden-role game
Γ is the 2n-player adversarial team game USPLIT(Γ) in which each player i is split into
two players, i+ and i−, which control player i’s actions when i is on team ▽▽▽and team ▽▽▽

respectively.

Unlike the original hidden-role game Γ, the split-personality game is an adversarial team
game without hidden roles: therefore, players i+ can now be merged in ▲, and i− can be
merged in ▼ (equivalently, i+ are fixed on the ▽▽▽team, and i− are on the ▽▽▽-team). Therefore,
we can apply notions of equilibrium for adversarial team games to USPLIT(Γ). We also define
the coordinated split-personality form:

Definition 5.3.4. The coordinated split-personality form of an n-player hidden-role game Γ is
the (n+ 1)-player adversarial team game CSPLIT(Γ) formed by starting with USPLIT(Γ) and
merging all ▽▽▽-players into a single adversary player, who observes all their information sets
and chooses all their actions.

The previous definition guarantees that ▼ has perfect-recall (that is, ▽▽▽ players can perfectly
coordinate, hence the name). Assuming ▽▽▽ to be coordinated is a worst-case assumption for
team ▽▽▽, which, however, can be justified. In many common hidden-role games, such as the
Mafia or Werewolf family of games and most variants of Avalon, such an assumption is not
problematic because the ▽▽▽-team has essentially perfect information already. In Section B.4.1,
we justify why this assumption is safe also in some more complex Avalon instances considered.
The coordinated split-personality form will be substantially easier to analyze and in light of the
above equivalence for games like Avalon, we believe that it is important to study it.

When ▽▽▽ in Γ is already coordinated, that is, if every ▽▽▽ member has the same observation
at every timestep, the coordinated and uncoordinated split-personality games will, for all our
purposes, coincide: in this case, any strategy of the adversary in CSPLIT(Γ) can be matched
by a joint strategy of the ▽▽▽-team members in USPLIT(Γ). This is true in particular if there
is only one ▽▽▽-team member. But, we insert here a warning: even when the base game Γ has
a coordinated adversary team, the private communication extension COMMpriv(Γ) will not.
Thus, with private-communication extensions of Γ, we must distinguish the coordinated and
uncoordinated split-personality games even if Γ itself is coordinated.

5.3.5 Equilibrium Notions

We now define the notions of equilibrium that we will primarily study in this paper.
11In the language of Bayesian games, the split-personality form would almost correspond to the agent form.
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Definition 5.3.5. The uncoordinated value of a hidden-role game Γ with notion of communica-
tion c is defined as

UValc(Γ) := sup
M,R

UValM,R
c (Γ)

where UValM,R
c (Γ) is the TME value of USPLIT(COMMM,R

c (Γ)). The coordinated value
CValc(Γ) is defined analogously by using CSPLIT.

Definition 5.3.6. An ε-uncoordinated hidden-role equilibrium of Γ with a particular notion
of communication c ∈ {none, pub, priv} is a tuple (M,R, x) where x is a ▽▽▽-strategy profile
in USPLIT(COMMM,R

c (Γ)) of value at least UValc(Γ) − ε. The ε-coordinated hidden-role
equilibria is defined analogously, again with CSPLIT and CVal instead of USPLIT and UVal.

As discussed in Section 5.2.1, our notion of equilibrium is inherently asymmetric due to its
max-min definition. ▽▽▽is the first to commit to a strategy and a communication scheme, and ▽▽▽

is allowed to know both how much communication will be used (that is, M and R) as well as

▽▽▽’s entire strategy x. As mentioned before, this asymmetry is fundamental in our setting, and
we will formalize it in Section 5.6.2.

5.4 Computing Hidden-Role Equilibria

In this section, we show the main computational results regarding the complexity of computing
an hidden-role equilibrium in different settings. We first provide positive results for the
private-communication case in Section 5.4.1 while the negative computational results for the
no/public-communications cases are presented in Section 5.4.2. The results are summarized in
Table 5.1.

5.4.1 Computing Private-Communication Equilibria

In this section, we show that it is possible, under some assumptions, to compute equilibria
efficiently for hidden-role games. In particular, in this section, we assume that

1. there is private communication,

2. the adversary is coordinated, and

3. the adversary is a minority (k < n/2).
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Games with a publicly-known ▽▽▽-player. First, we consider a special class of hidden-role
games which we call mediated. In a mediated game, there is a player, the mediator, who is
always assigned to team ▽▽▽. The task of the mediator is to coordinate the actions and information
transfer of ▽▽▽. Our main result of this subsection is the following:

Theorem 5.4.1 (Revelation Principle). Let Γ∗ be a mediated hidden-role game. Then, for
R ≥ 2 and M ≥ |H|, there exists a coordinated private-communication equilibrium in which
▲ has a TME profile in which, at every step, the following events happen in sequence:

1. ▲ coordinates every player on ▽▽▽to send its information set Ii(h) privately to the
mediator,

2. ▲ picks a specific action for the mediator to send to each player (in both ▽▽▽and ▽▽▽), and

3. ▲ coordinates every player on team ▽▽▽to play their recommended actions.

By operating as described, ▲ can overcome its imperfect recall while playing a behavioral
strategy since it can coordinate all players in the team by strategically specifying the actions
recommended by the mediator to the players, and the mediator has perfect recall of the team
information. Players on team ▽▽▽, of course, can (and will) lie or deviate from recommendations
as they wish.

We now prove that constraining ▲’s play in this way is effectively optimal, i.e.it does not
reduce its value.

Proof. We show that any TME strategy (x,y) can be transformed into an outcome equivalent
strategy (x′,y′) as in Theorem 5.4.1. Intuitively, x′ describes ▲ coordinating all players
delegate control to the mediator, and the mediator plays in such a way that x is realized, without
leaking exploitable information to ▼ other than x which ▼ already knew thanks to the max-min
structure. Outcome equivalence guarantees that (x′,y′) is a TME as well.

Let x = (x1, x2, . . . , xn) be any strategy profile for team ▲ in CSPLIT(COMMpriv(Γ
∗)).

Consider the strategy profile x′ = (x′
1, x

′
2, . . . , x

′
n) that operates as Theorem 5.4.1, with the

mediator’s strategy described as follows. For each player i, the mediator instantiates a simulated
version of each player i playing according to strategy xi. These simulated players are entirely
“within the imagination of the mediator”.

1. When a (real) player i sends an infoset Ii(h) to the mediator, the mediator forwards
infoset Ii(h) to the simulated player i.
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2. When a simulated player i wants to send a message to another player j, the mediator
forwards the message to the simulated player j.

3. When a simulated player i plays an action ai, the mediator forwards the action as a
message to the real player i.

Since the strategy xi is only well-defined on sequences that can arise in CSPLIT(COMMpriv(Γ
∗)),

the simulated player i may crash if it receives an impossible sequence of infosets. If player
i’s simulator has crashed, it will no longer send simulated messages, and the mediator will no
longer send messages to player i.

It suffices to show that ▼ cannot exploit x′ more than x. Let y′ be any best-response
strategy profile for ▼ against x′. We will show that there exists a strategy y such that (x′,y′) is
equivalent to (x,y). Consider the strategy y for ▼ in which each player i maintains simulators
of both mediator strategy x′

M and y′i, and acts as follows.

1. Forward the current infoset Ii(h) to y′i.

2. If y′i wants to send any message to the mediator, forward it to x′
M .

3. If x′
M sends a message, send that message to y′i.

4. Play the action output by y′i whenever the communication round ends.

An alternative definition of y′i could be proposed to make it depend directly on xi rather than
on x′

M .12

By definition, the profiles (x,y) and (x′,y′) have the same expected utility (in fact, they
are equivalent in the sense that they induce the same outcome distribution over the terminal
nodes of Γ), so we are done.

The above revelation principle implies the following algorithmic result:

Theorem 5.4.2. Let Γ∗ be a mediated hidden-role game, R ≥ 2, and M ≥ |H|. An (exact)
coordinated private-communication hidden-role equilibrium of Γ∗ can be computed by solving
an extensive-form zero-sum game Γ0 with at most |H|k+1 nodes, whereH is the node set of Γ∗.

12Each player i maintains simulators of both mediator strategy xi and y′i, and acts as follows.
• Forward the current infoset Ii(h) to y′i.
• If y′i wants to send any message to the mediator, forward it to xi.
• If xi sends a message, send that message.
• If xi plays an action ai, forward that action to y′i as a message from the mediator. If xi crashes, send empty

messages to y′i from the mediator. In either case, when y′i outputs an action, play that action.
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Proof. We describe a two-player zero-sum game Γ0 where a mediator suggests actions to all
players, and an adversary coordinates the member of the opposing team in reposting false
information and picking deviating actions.

There are two players: ▲ is the mediator, controlling ▽▽▽, and ▼ controls the coordinated
adversary, specifying actions for ▽▽▽. The game state of Γ0 consists of a node h in Γ (initially the
root), and n sequences σi. Define a sequence σi to be consistent if it is a prefix of a terminal
sequence σi(z) for some terminal node z of Γ. For each sequence σi

13 let I(σi) be the set of
information sets that could be the next information sets of player i in Γ.

1. For each player i on ▽▽▽, let the infoset to report to the mediator be Ĩi = Ii(h) (that is,
the true infoset of player i). ▼ has an information set uniquely identifying the set of
information sets Ii(h) for players i on ▽▽▽ and for each such player, ▼ picks an infoset
Ĩi ∈ I(σi) ∪ {⊥} to be a possibly untruthful or explicitly deviating infoset report.

2. Each Ĩi is appended to the corresponding σi.

3. The mediator information set univoquely identifies (σ̃1, . . . , σ̃n), and picks action rec-
ommendations ai ∈ Ai(Ĩi) to recommend to each player i, and appends each ai to the
corresponding σi. In case of a sequence ending in ⊥, the mediator does not pick any
action.

4. Players on ▽▽▽automatically play their recommended actions. The adversary observes all
actions (ai : ti = ▽▽▽) recommended to players on ▽▽▽, and selects the action played by
each member of ▽▽▽.

The node h in the game state is then changed into h′ = ha, and the communication, rec-
ommendation, and action selection cycle continues until a terminal node h ∈ Z in Γ∗ is
reached.

The size of this game is given by the number of tuples of the form (h, σ1, . . . , σk) where
σi is the sequence of adversary i and h is a node of the original game Γ, since the truthful
sequences of players in ▽▽▽are uniquely determined by h. There are at most |H|k+1 of these, so
we are done.

The key to proving Theorem 5.4.2 is that, in the first step above, the adversary’s message
space is not too large. Indeed, any message sent by the adversary must be a message that could
have plausibly been sent by a ▽▽▽-player: otherwise, the mediator could automatically infer that

13We remark that sequences are made of (infoset, action) pairs and exclude the current node’s information set
by Definition 2.1.2.
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the sender must be the adversary. It is therefore possible to exclude all other messages from the
game since they belong to dominated strategies.

It is crucial in the above argument that ▽▽▽ is coordinated; indeed, otherwise, it would not be
valid to model ▽▽▽ as a single adversary in Γ0. For more elaboration on the case where ▽▽▽ is not
coordinated, we refer the reader to the Avalon example from Section B.4.1.

In practice, zero-sum extensive-form games can be solved very efficiently in the tabular
setting with linear programming [46], or algorithms from the counterfactual regret minimization
(CFR) family [10, 29, 108]. Thus, Theorem 5.4.2 gives an efficient algorithm for solving
hidden-role games with a mediator.

Simulating mediators with multi-party computation In this section, we show that the
previous result essentially generalizes (up to exponentially small error) to games without
a mediator, so long as the ▽▽▽ team is also a minority, that is, k < n/2. Informally, the
main result of this subsection states that, when private communication is allowed, one can
efficiently simulate the existence of a mediator using secure multi-party computation (MPC),
and therefore, team ▽▽▽can achieve the same value. The form of secure MPC that we use is
information-theoretically secure; that is, it is secure even against computationally unbounded
adversaries.

Theorem 5.4.3 (Main theorem). Let Γ be a hidden-role game with k < n/2. Then CValpriv(Γ) =

CValpriv(Γ
∗), where Γ∗ is Γ with a mediator added, and moreover this value can be computed

in |H|O(k) time by solving a zero-sum game of that size. Moreover, an ε-hidden-role equilib-
rium with private communication and logM = R = polylog(|H|, 1/ε) can be computed and
executed by the ▽▽▽-players in time poly(|H|k, log(1/ε)).

The proof uses MPC to simulate the mediator and then executes the equilibrium given by
Theorem 5.4.2. The proof of Theorem 5.4.3, as well as requisite background on multi-party
computation, are deferred to Section B.1. We emphasize that Theorems 5.4.2 and 5.4.3 are
useful not only for algorithmically computing an equilibrium but also for manual analysis
of games: instead of analyzing the infinite design space of possible messaging protocols, it
suffices to analyze the finite zero-sum game Γ0. Our experiments on Avalon use both manual
analysis and computational equilibrium finding algorithms to solve instances.

Comparison with communication equilibria. As mentioned in Section 5.2.2, our construc-
tion simulating a mediator bears a resemblance to the construction used to define communication
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equilibria [31, 67]. At a high level, a communication equilibrium of a game Γ is a Nash equi-
librium of Γ augmented with a mediator playing according to some fixed strategy µ. Indeed,
when team ▽▽▽ has only one player, it turns out that the two notions coincide:

Theorem 5.4.4. Let Γ be a hidden-role game with k = 1. Then CValpriv(Γ) is exactly the value
for ▽▽▽of the ▽▽▽-optimal communication equilibrium of Γ.

However, in the more general case where ▽▽▽ can have more than one player, Theorem 5.4.4
does not apply: in that case, communication equilibria include all Nash equilibria in particular,
and therefore fail to enforce joint optimality of the ▽▽▽-team, so our concepts and methods are
more suitable. The proof is deferred to Section B.2.

5.4.2 Computing No/Public-Communication Equilibria

In this section, we consider games with no communication or with public communication and
a coordinated minority. Conversely to the private-communication case of Section 5.4.1, in this
case the problem of computing the value of a hidden-role equilibrium is, in general, NP-hard.

For the remainder of this section, when discussing the problem of “computing the value of
a game”, we always mean the following promise problem: given a game, a threshold v, and an
allowable error ε > 0 (both expressed as rational numbers), decide whether the hidden-role
value of Γ is ≥ v or ≤ v − ε.

Theorem 5.4.5. Even in 2-vs-1 games with public roles and ε = 1/poly(|H|), computing the
TME value (and hence also the hidden-role value, since adversarial team games are a special
case of hidden-role games) with public communication is NP-hard.

Since there is only one ▽▽▽-player in the above reduction, the result applies regardless of
whether the adversary is coordinated.

Theorem 5.4.6. Even with a constant number of players, a minority adversary team, and
ε = 1/poly(|H|), computing the uncoordinated value of a hidden-role game is coNP-hard with
private communication and ΣP

2 -hard with public communication or no communication.

Proofs of results in this section are deferred to Section B.3. Intuitively, the proofs work by
constructing gadgets that prohibit any useful communication, thus reducing to the case of no
communication.
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Communication Type
Adversary Team Assumptions None Public Private

Coordinated, Minority NP-complete
[90]

NP-hard P [Thm. 5.4.3]
Coordinated [Thm. 5.4.5] open problem

Minority ΣP
2 -complete ΣP

2 -hard coNP-hard
None [Thm. 5.4.6] and [99] [Thm. 5.4.6] [Thm. 5.4.6]

Table 5.1: Complexity results for computing hidden-role value with a constant number of
players, for various assumptions about the adversary team and notions of communication. The
results shaded in green are new to our paper.

5.5 Worked Example

This section includes a worked example of value computation to illustrate the differences
among the notions of equilibrium discussed in the paper and illustrates the utility of having a
mediator for private communication. Consider a n-player version of matching pennies MP(n)
as defined in Section 5.2.4.

Proposition 5.5.1. Let MP(n) be the n-player matching pennies game.

1. The TMECor and TMECom values of PUBLICTEAM(MP(n)) are both 1/2.

2. Without communication or with only public communication, the value of MP(n) is
1/2n−1.

3. With private communication, the value of MP(n) is 1/(n+ 1).

Proof. The first claim, as well as the no-communication value, is known [4].

For the public-communication value, observe that, conditioned on the transcript, the bits
chosen by the players must be mutually independent. Thus, the adversary can do the following:
pretend to be on team ▽▽▽, wait for all communication to finish, and then play 0 if the string of
all ones is more conditionally likely than the string of all 1s, and vice-versa14.

Thus, only the third claim remains to be proven.

(Lower bound) The players simulate a mediator using multi-party computation (see The-
orems 5.4.2 and 5.4.3). Consider the following strategy for the mediator. Sample a string

14In general, computing the conditional probabilities could take exponential time, but when defining the notion
of value here, we are assuming that players have unbounded computational resources. This argument does not
work for computationally-bounded adversaries. Indeed, if the adversary were computationally bounded, ▽▽▽could
use cryptography to build private communication channels and thus implement a mediator, allowing our main
positive result Theorem 5.4.3 to apply.
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b ∈ {0, 1}n uniformly at random from the set of 2n+ 2 strings with at most one mismatched
bit. Recommend to each player i to play bi.

Consider the perspective of the adversary. The adversary sees only a recommended bit bi.
Assume WLOG that bi = 0. Then there are n+ 1 possibilities:

1. b is all zeros (1 way)

2. All other bits of b are 1 (1 way)

3. Exactly one other bit of b is 1 (n− 1 ways).

The adversary automatically wins in the third case (since the team has failed to coordinate),
and regardless of what the adversary does, it can win only one of the first two cases. Thus, the
adversary can win at most n/(n+ 1) of the time; that is, this strategy achieves value 1/(n+ 1).

(Upper bound) Consider the following adversary strategy. The adversary communicates as
it would if it were on team ▽▽▽. Let bi be the bit the adversary would play if it were on team ▽▽▽.
The adversary plays bi with probability 1/(n+ 1) and 1− bi otherwise. We need only show
that no pure strategy of the mediator achieves value better than 1/(n+1) against this adversary.
A strategy of the mediator is identified by a bitstring b. If b is all zeros or all ones, the team
wins if and only if the adversary plays bi (probability 1/(n+ 1)). If b has a single mismatched
bit, the team wins if and only if the mismatched bit is the adversary (probability 1/n) and the
adversary flips bi (probability n/(n+ 1)).

5.6 Properties of Hidden-role Equilibria

In the following, we discuss interesting properties of hidden-role equilibria given the definition
we provided in Section 5.2.1, and that make them fairly unique relative to other notions of
equilibrium in team games.

5.6.1 The Price of Hidden Roles

One interesting question arising from hidden-role games is the price of having them. That is,
how much value does ▲ lose because roles are hidden? This section defines this quantity and
derives reasonably tight bounds on it.
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Definition 5.6.1. The public-team refinement of an n-player hidden-role game Γ is the adversar-
ial team game PUBLICTEAM(Γ) defined by starting with the (uncoordinated) split-personality
game, and adding the condition that all team assignments ti are publicly observed by all players.

Definition 5.6.2. For a given hidden-role game Γ in which ▲ is guaranteed a nonnegative value
(that is, ui(z) ≥ 0 whenever i is on ▽▽▽), the price of hidden roles PoHR(Γ) is the ratio between
the TME value of PUBLICTEAM(Γ) and the hidden-role value of USPLIT(Γ).

For a given class of hidden-role games G, the price of hidden roles PoHR(G) is the
supremum of the price of hidden roles across all games Γ ∈ G.

Theorem 5.6.1. Let D ∈ ∆({ ▽▽▽

,▽▽▽}n) be any distribution of team assignments. Let Gn,D be
the class of all hidden-role games with n players and team assignment distribution D. Then
the price of hidden roles of Gn,D is exactly the largest probability assigned to any team by D,
that is,

PoHR(Gn,D) = max
t∈{ ▽▽▽

,▽▽▽}n
Pr
t′∼D

[t′ = t].

The lower bound is achieved even in the presence of private communication.

Proof. Let t∗ be the team to which D assigns the highest probability, and let p∗ be that
probability. Our goal is to show that the price of hidden roles is 1/p∗.

(Upper bound) ▲ assumes that the true ▽▽▽is exactly the team t∗. Then ▲ gets utility at most
a factor of 1/p∗ worse than the TME value of PUBLICTEAM(Γ): if the assumption is correct,
then ▲ gets the TME value; if the assumption is incorrect, ▲ gets value at least 0 thanks to the
condition on ▲’s utilities in Definition 5.6.2.

(Lower bound) Consider the following game Γ. Nature first selects a team assignment t ∼ D

and each player privately observes its team assignment. Then, all players are simultaneously
asked to announce what they believe the true team assignment is. ▲ wins if every ▽▽▽-player
announces the true team assignment. If ▲ wins, ▲ gets utility 1; otherwise ▲ gets utility 0.

Clearly, if teams are made public, ▲ wins easily. With teams not public, suppose that we
add a mediator to the game so that Theorem 5.4.1 applies. This cannot decrease ▲’s value. The
mediator’s strategy amounts to selecting what team each player should announce. Mediator
strategies in which different players announce different teams are dominated. The mediator
strategy in which the mediator tells every player to announce team t wins if and only if t is the
true team, which happens with probability at most p∗ (if t = t∗). Thus, even the game with a
mediator added has value at most p∗, completing the proof.
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This implies immediately:

Corollary 5.6.2. Let Gn,k be the class of all hidden-role games where the number of players
and adversaries are always exactly n and k, respectively. The price of hidden roles in Gn,k is
exactly

(
n
k

)
.

In particular, when k = 1, the price of hidden roles is at worst n. This is in sharp contrast to
the price of communication and price of correlation in ATGs, both of which can be arbitrarily
large even when n = 3 and k = 1 [4, 18].

5.6.2 Order of Commitment and Duality Gap

In Definition 5.3.5, when choosing the TME as our solution concept and defining the split-
personality game, we explicitly choose that ▲ should pick its strategy before ▼—that is, the
team committing to a strategy is the same one that has incomplete information about the roles.
One may ask whether this choice is necessary or relevant: for example, what happens when
the TME problem (5.1) satisfies the minimax theorem? Perhaps surprisingly, the answer to
this question is that, at least with private communication, the minimax theorem in hidden-role
games only holds in “trivial” cases, in particular, when the hidden-role game is equivalent to
its public-role refinement (Definition 5.6.1).

Proposition 5.6.3. Let Γ be any hidden-role game. Define UVal′priv(Γ) identically to UValpriv(Γ),
except that ▼ commits before ▲—that is, in (5.1), the maximization and minimization are flipped.
Then UVal′priv(Γ) is equal to the TME value of PUBLICTEAM(Γ) with communication—that
is, the equilibrium value of the zero-sum game in which teams are public and intra-team
communication is private and unlimited.

Proof. It suffices to show that ▲ can always cause the teams to be revealed publicly if ▼
commits first. Let s be a long random string. All players on ▽▽▽are coordinated by ▲ to
broadcast s publicly at the start of the game. Since ▼ commits first, ▼ cannot know or guess s
if it is sufficiently long; thus, with exponentially good probability, this completely reveals the
teams publicly. Then, using the private communication channels, ▲ can play a TMECom of
PUBLICTEAM(Γ).

Therefore, the choice of having ▲ commit to a strategy before ▼ is forced upon us: flipping
the order of commitment would ruin the point of hidden-role games.
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Variant 5 Players 6 Players
No special roles (Resistance) 3 / 10 = 0.3000* 1 / 3 ≈ 0.3333*
Merlin 2 / 3 ≈ 0.6667* 3 / 4 = 0.7500*
Merlin & Mordred 731 / 1782 ≈ 0.4102 6543 / 12464 ≈ 0.5250
Merlin & 2 Mordreds 5 / 18 ≈ 0.2778 99 / 340 ≈ 0.2912
Merlin, Mordred, Percival, Morgana 67 / 120 ≈ 0.5583 —

Table 5.2: Exact equilibrium values for 5- and 6-player Avalon. The values marked * were also
manually derived by Christiano [21]; we match their results. ‘—’: too large to solve.

5.7 Experimental Evaluation: Avalon

In this section, we apply Theorem 5.4.2 to instances of the popular hidden-role game The
Resistance: Avalon (hereafter simply Avalon). We solve various versions of the game with up
to six players.

A game of Avalon proceeds, generically speaking, as follows. There are n players, ⌈n/3⌉ of
which are randomly assigned to ▽▽▽ and the rest to ▽▽▽. Team ▽▽▽ is informed. Some special rules
allow players observe further information; for example, Merlin is a ▽▽▽-player who observes the
identity of the players on ▽▽▽, except the ▽▽▽-player Mordred, and the ▽▽▽-player Percival knows
Merlin and Morgana (who is on ▽▽▽), but does not know which is which. The game proceeds in
five rounds. In each round, a leader publicly selects a certain number of people (defined as
a function of the number of players and current round number) to go on a mission. Players
then publicly vote on whether to accept the leader’s choice. If a strict majority votes to accept,
the mission begins; otherwise, leadership goes to the player to the left. If four votes pass with
no mission selected, there is no vote on the fifth mission (it automatically gets accepted). If a
▽▽▽-player is sent on a mission, they can fail the mission. The goal of ▽▽▽is to have three missions
pass. If Merlin is present, ▽▽▽ also wins by correctly guessing the identity of Merlin at the end of
the game. Avalon is therefore parameterized by the number of players and the presence of the
extra roles Merlin, Mordred, Percival, and Morgana.

Avalon is far too large to be written in memory: Serrino et al. [80] calculates that 5-
player Avalon has at least 1056 information sets. However, in Avalon with ≤ 6 players, many
simplifications can be made to the zero-sum game given by Theorem 5.4.2 without changing
the equilibrium. These are detailed in Section B.4, but here we sketch one of them which has
theoretical implications. Without loss of generality, in the zero-sum game in Theorem 5.4.2,
the mediator completely dictates the choice of missions by telling everyone to propose the
same mission and vote to accept missions, and ▼ can do nothing to stop this. Therefore, ▽▽▽
always has symmetric information in the game: they know each others’ roles (at least when
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n ≤ 6), and the mediator’s recommendations to the players may as well be public. Therefore,
Avalon is already natively, without loss of generality, a game with a coordinated adversary in
the sense of Section 5.3.4, so the seemingly strong assumptions used in Definition 5.3.3 are in
fact appropriate in Avalon. Even after our simplifications, the games are fairly large, e.g., the
largest instance we solve has 2.2 million infosets and 26 million terminal nodes.

Our results are summarized in Table 5.2. Games were solved using a CPU compute cluster
machine with 64 CPUs and 480 GB RAM, using two algorithms:

1. A parallelized version of the PCFR+ algorithm [29], a scalable no-regret learning algo-
rithm. PCFR+ was able to find an approximate equilibrium with exploitability < 10−3 in
less than 10 minutes in the largest game instance and complete 10,000 iterations in under
two hours for each game.

2. An implementation of the simplex algorithm with exact (rational) precision, which was
warm started using incrementally higher-precision solutions obtained from configurable
finite-precision floating-point arithmetic implementation of the simplex algorithm, using
an algorithm similar to that of Farina et al. [26]. This method incurred significantly higher
runtimes (in the order of hours to tens of hours) but had the advantage of computing
exact game values at equilibrium.

Table 5.2 shows exact game values for the instances we solved.

Findings We solve Avalon exactly in several instances with up to six players. In the simplest
instances (Resistance or only Merlin), Christiano [21] previously computed equilibrium values
by hand. The fact that we match those results is positive evidence of the soundness of both our
equilibrium concepts and algorithms.

Curiously, as seen in Table 5.2, the game values are not “nice” fractions: this suggests
that most of the equilibrium strategies will likely be inscrutable to humans. The simplest
equilibrium not previously noted by Christiano [21], namely Merlin + 2 Mordreds with 5
players, is scrutable and is analyzed in detail in Section B.4.4.

Also, curiously, having Merlin and two Mordreds (that is, having a Merlin who does not
actually know anything) is not the same as having no Merlin. If it were, we would expect
the value of Merlin and two Mordreds to be 0.3× 2/3 = 0.2 (due to the 1/3 probability of ▼
randomly guessing Merlin). But, the value is actually closer to 0.28. The discrepancy is due to
the “special player” implicit correlation discussed in Section 5.2.4.



Chapter 6

Conclusion and Future Research

The contributions of this dissertation span theoretical advancements, novel algorithms, and
practical insights on multi-agent decision-making under imperfect information. In particular, a
novel perspective based on learning techniques is adopted for the computation of approximated
equilibria in team games.

The main contribution concerning adversarial team games is an efficient and interpretable
representation called TB-DAG of the optimization problem of finding a TMECor. This repre-
sentation is based on the notion of grouping all the strategic reasoning of a correlating team in a
single player which acts as a coordinator; equivalently, in the imperfect-recall equivalent game,
the coordinator tracks all the perfect-recall information that players have while remembering
her strategy. We provided both an intuitive construction of such a coordinator, accompanied
by a fixed-parameter hardness result and an improved complexity analysis of computing a
TMECor. The proposed construction enables the use of learning techniques already employed
in the two-player zero-sum setting, leading to state-of-the-art results on most of the benchmark
games commonly adopted in the literature.

The construction of a perfect-recall two-player zero-sum game equivalent to the original
adversarial team game also enables techniques of subgame solving. We address several technical
difficulties that do not arise in the two-player extensive-form setting and that instead threaten
the efficiency of the maxmargin algorithm. The main of such challenges is that maxmargin’s
reach probabilities must be normalized, which requires to match the decision problems of
the two teams according to the terminal nodes reached from a subgame. We circumvent the
issue by redefining the maxmargin optimization problem in a way that is more suited to match
those reach probabilities. Experimental evidence shows that applying any amount of subgame
solving to a blueprint brings significant benefits.
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Moreover, we initiated the formal study of hidden-role games from a rigorous game-
theoretic perspective, by building on the previous literature on adversarial team games. We
define different notions of equilibrium depending on communication capabilities and team
structure, and give both positive and negative results surrounding the efficient computation
of these equilibria. In experiments, we solve real-world instances of Avalon with private
communication.

The connection between the contributions of this dissertation is the adoption of the same
learning techniques already adopted in the two-player zero-sum case to achieve more efficient
computation procedures in team games. This novel approach required to overcome challenges
in the representation of team games and to adapt known algorithm to more general settings. The
end results show strong empirical performance as shown on the various benchmark evaluations
proposed.

We identify interesting lines of future research for the topics treated in this dissertation. In
particular:

• Column generation and TB-DAG offer two different perspectives on solving the correla-
tion problem among team members, each with complementary pros and cons. Combining
the two techniques is a unique solution trading off the characteristics of the two is the
interesting direction followed by [105], which achieves state-of-the-art performance on
the whole spectrum of team games. Can we design novel algorithmic solutions that scale
to even larger instances, possibly targeting the game of Bridge?

• There is a special class of games known as triangle-free games, in which a TMECor can
be found in polynomial time [24]. At the moment, the TB-DAG construction returns a
game that is worst-case exponentially bigger than the original game. Is it possible to
modify the TB-DAG construction in order to be efficient on triangle-free instances?

• There is a lack of experimental evidence regarding what are good abstraction schemes
in adversarial team games. Their development would enable to quickly approximate an
optimal strategy which is then refined at play time. Similarly, there is a lack of a depth
limited approximation schemes. Can we design a complete subgame-limited refining
pipeline similar to the one successful in Poker applications?

• Similarly, the application of deep-learning algorithms for the computation of equilibria
like ReBeL[13] is blocked by the lack of representations for beliefs. A similar question
has been investigated in the Cooperative AI setting by [30, 82]. Can we design effective
and scalable representations for beliefs to be used in deep learning applications?
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• Many instances of the hidden-role solution concepts presented have computational
complexity that is NP-hard. An example of this is the public communication case, whose
computability would allow meaningful analysis in the many real-world scenarios falling
under this category. Can we find interesting, possibly specialized instances of hidden-role
games where effective resolution techniques can be developed?

• The evaluation of hidden-role equilibria has been performed on the recreative game
Avalon. Can we bring the computation of equilibria closer to real-world applications,
for example in guiding the alignment procedures in LLMs?

We strongly believe that any progress on the aforementioned challenges will help team
games to grow over their current limitations, enabling impactful real-world applications.

The results presented on learning approaches in team games offer a solid foundation for
further results. The experimental results show how this novel approach opens opportunities
for efficient equilibrium computation. While the results are promising, they also highlight the
complexity and richness of multi-agent decision-making, encouraging further exploration and
innovation in this evolving field.
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Appendix A

Additional Results from Chapter 4

A.1 Other Subgame Solving Techniques

A.1.1 Gifts

Considering counterfactual best response values as the maximum counterfactual values allowed
for the opponent in any of his root infosets is a sufficient condition to guarantee that the
exploitability of the refined strategy will not be higher than that of the blueprint.

In [8], a relaxation of this condition is proposed. For each action a of the opponent in
an infoset in the trunk, the gift is defined as the difference between the counterfactual best
response value of the best action and the one of a. If an action has a positive gift, that means
that the action is suboptimal. Therefore, the refining player can increase the counterfactual best
response value of any action having a positive gift without incurring any exploitability increase.
In reach-maxmargin [8], the sum of gifts over actions played before reaching an infoset is used
to increase the associated counterfactual best response values.

Brown and Sandholm [8] originally proposed two definitions of gifts:

• a lower bound gift definition which considers differences in cbv between the action on the
path and sibling actions immediately leading to a terminal. This avoids the overestimation
of gifts due to considering cbv changing due to further refinements happening in other
subgames;

• a safe gift definition, which maximizes the magnitude of gifts while preserving the
guarantee of safety;
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While the lower bound definition has wider guarantees of reducing exploitability, the safe
definition is more performant empirically [8]. We, therefore, pick the safe definition for our
exposition.

Definition A.1.1 (Gifts). The gift associated to an action a played in a belief C is defined as:

gx▼(Ca) := (ux
▼(C)− ux

▼(Ca))
1

ρxN,▲(C)
.

The updated team-maxmargin objective can be formulated as:

max
x′

min
y,ȳ

∑
z≽P

x′[z]y[z]p[z]u[z]−
∑

C∈Cx(P )

y[C]

(
ux
▼(C) + ρxN,▲(C) min

π path ∅→C

∑
C′a′∈π

gx▼(C
′a′)

)
.

The minimization over paths ∅→ C is taken over ▼’s DAG, and deals with the possibility of
multiple ways of reaching the same belief. Such a minimization can be computed efficiently
(in the size of ▼’s DAG) via dynamic programming.

Preliminary experiments showed that combining gifts with the column-generation procedure
from Section 4.3 showed no improvement over team-maxmargin without gifts. This is in line
with the experiments in Brown and Sandholm [8, see Maxmargin vs Reach-Maxmargin], where
the application of gifts brought a minimal improvement.

A.1.2 Resolving

Similarly to maxmargin, resolving [14] can be formulated for team games as well by relaxing
team maxmargin from Definition 4.2.4. In particular, we consider any strategy achieving a
positive margin for every ▼ belief.
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Definition A.1.2 (Resolving linear program). Resolving optimization problem in a TB-DAG
subgame rooted at P can be expressed as the following linear program.

max
x′

0

s.t. min
y,ȳ

∑
z≽P

x′[z]y[z]p[z]u(z)−
∑

C∈Cx(P )

ȳ[C]
ux
▼(C)

ρxN,▲(C)
≥ 0

x′[B] = x[B] for all ▲-beliefs B ∈ B[P ]

y[C] =
ȳ[C]

ρxN,▲(C)
for all ▼-beliefs C ∈ Cx(P )

x′ ∈ XP , y ∈ YP , ȳ ∈ ∆Cx(P )



Appendix B

Additional Results from Chapter 5

B.1 Multi-Party Computation and Proof of Theorem 5.4.3

We first formalize the usual setting of multi-party computation (MPC). Let X be the set of
binary strings of length ℓ, and let λ be a security parameter. Rabin and Ben-Or [75] claims in
their Theorem 4 that essentially any protocol involving a mediator can be efficiently simulated
without a mediator so long as more than half the players follow the protocol and we allow some
exponentially small error. However, they do not include a proof of this result. In the interest of
completeness, we prove the version of their result that is needed for our setting, based only on
the primitives of secure multi-party computation and verifiable secret sharing.

B.1.1 Secure MPC

In secure MPC, there is a (possibly randomized) function f : Xn → Xn defined by a circuit
with N nodes. A subset K ⊂ [n] of size < n/2 has been corrupted. Each honest player
i ∈ [n] \K holds an input xi ∈ X . The goal is to design a randomized messaging protocol,
with private communication, such that, regardless of what the corrupted players do, there exist
inputs {xj : j ∈ K} such that:

1. (Output delivery) At the end of the protocol, each player i learns its own output, yi :=
f(x1, . . . , xn)i, with probability 1− 2−λ.

2. (Privacy) No subset of < n/2 players can learn any information except their own output
yi. That is, the players cannot infer any extra information from analyzing the transcripts
of the message protocol than what they already know.
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This can be intuitively modeled as follows: if any minority of colluded players were to
analyze the empirical distributions of protocol transcripts for any input-output tuple, then
such distribution would be fully explained in terms of their input-outputs, leaving no
conditional dependence on other players’ input-outputs. Formally, for any such subset
K ⊆ [n] of size < n/2, there exists a randomized algorithm SimK that takes the inputs
and outputs of the players in set K, and reconstructs transcripts T , such that for all
x ∈ Xn, we have∑

T

|Pr[SimK(xK , yK) = T ]− Pr[ViewK(x) = T ]| ≤ 2−λ

where ViewK(x) is the distribution of transcripts observed by players in set K when
running the protocol with input x.

In other words, the players in set K cannot do anything except pass to f inputs of their
choice. For our specific application, this implies that introducing an MPC protocol to simulate
the mediator is equivalent to having a mediator because no extra information aside from the
intended function will be leaked to the players.

Theorem B.1.1 ([5, 75]). Secure MPC is possible with polytime (in ℓ, λ, n,N ) algorithms that
take at most polynomially many rounds and send at most polynomially many bits in each round.

B.1.2 Verifiable Secret Sharing

In the verifiable secret sharing (VSS) problem, the goal is to design a function Share : X → X̄n,
where X̄ = {0, 1}poly(ℓ,λ,n), that shares a secret x ∈ X by privately informing each player i of
its piece Share(x)i, such that:

1. (Reconstructibility) Any subset of > n/2 players can recover the secret fully, even if the
remaining players are adversarial. That is, there exists a function Reconstruct : Xn → X

such that, where (x1, . . . , xn) ← Share(x), we have Reconstruct(x′
1, . . . , x

′
n) = x so

long as x′
i = xi for > n/2 players i.

2. (Privacy) No subset of < n/2 players can learn any information about the secret x. That
is, for any such subset K and any secret x, there exists a distribution SimK ∈ ∆(Xn)

such that

∥Share(x)K − SimK∥1 ≤ 2−λ,
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where ∥·∥1 denotes the ℓ1-norm on probability distributions.

Theorem B.1.2 ([74, 75]). There exist algorithms Share and Reconstruct, with runtime
poly(ℓ, λ, n), that implement robust secret sharing.

VSS is a primitive used in a fundamental way to build secure MPC protocols; to be formally
precise in this paper, we will require VSS as a separate primitive as well to maintain the state
of the mediator throughout the game.

B.1.3 Simulating a Mediator

We will assume that the game Γ0 in Theorem 5.4.2 has been solved, and that its solution is
given by a (possibly randomized) function

f : Σ×On → Σ× An (B.1)

where Σ is the set of information states of the mediator in Γ0. At each step, the mediator takes
n received infosets I1, . . . , In and its current sequence σ as input, and updates its sequence and
outputs action recommendations according to the function f .

Consider the function f̂ : (X̄ × I)n → (X̄ × A)n defined by

f̂((x1, o1), . . . , (xn, on)) = ((x′
1, a1), . . . , (x

′
n, an))

where

(s′, a1, . . . , an) = f(Reconstruct(x1, . . . , xn), o1, . . . , on)

(x′
1, . . . , x

′
n) = Share(s′).

That is, f̂ operates the mediator with its state secret-shared across the various players. The
players will run secure MPC on f̂ at every timestep. By the properties of MPC and secret
sharing, this securely implements the mediator in such a way that the players on ▽▽▽ can neither
break privacy nor cause the protocol to fail, with probability better than O(|H| · 2−λ), whereH
is the set of nodes of the game.

We have thus shown our main theorem, which is more formally stated as follows:

Theorem B.1.3 (Formal version of Theorem 5.4.3). Let:
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• Γ be a hidden-role game with a ▽▽▽ of size k < n/2,

• Γ∗ be identical to Γ except that there is an additional player who takes no nontrivial
actions but is always on ▽▽▽;

• Γ0 be the zero-sum game defined by Theorem 5.4.2 based on Γ∗;

• x be any strategy of ▽▽▽’s mediator player in Γ0, represented by an arithmetic circuit f as
in (B.1) with N = poly(|H|k) gates; and

• λ be a security parameter.

Then there exists a strategy profile x′ of ▲ in CSPLIT(COMMM,R
priv (Γ)), where logM = R =

poly(λ,N, log |H|) such that:

1. (Equivalence of value) the value of x′ is within 2−λ of the value of x in Γ0, and

2. (Efficient execution) there is a poly(r)-time randomized algorithm AΓ that takes as
input an information set Ii of CSPLIT(COMMM,R

priv (Γ)) and returns the (possibly random)
action that player i should play at Ii.

B.2 Connection to Communication Equilibria

In this section, we prove Theorem 5.4.4, recalled below.

Theorem 5.4.4. Let Γ be a hidden-role game with k = 1. Then CValpriv(Γ) is exactly the value
for ▽▽▽of the ▽▽▽-optimal communication equilibrium of Γ.

Before proving this result, we must first formally define a communication equilibrium.
Given an arbitrary game Γ with n players, consider the (n + 1)-player game in which the
extra player is the mediator. Consider a private-communication extension Γ̃ of that game, with
R = 2 rounds and M = |H|, in which only communication with the mediator is allowed.
In Γ∗, each player has a direct strategy x∗

i in which, at every timestep, the player sends its
honest information to the mediator, interprets the mediator’s message in reply as an action
recommendation, and plays that action recommendation.

Definition B.2.1. A communication equilibrium of Γ is a strategy profile µ = (x1, . . . , xn) for
the mediator of Γ̃ such that, with µ held fixed, the profile (x1, . . . , xn) is a Nash equilibrium of
the resulting n-player game.
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The revelation principle for communication equilibria [31, 67] states that, without loss of
generality in the above definition, it can be assumed that x = x∗, that is, players are direct in
equilibrium.

We now prove the theorem. Let Γ∗ be Γ with a mediator who is always on ▽▽▽, and let Γ0 be
the zero-sum game constructed by Theorem 5.4.2. Because CValpriv(Γ) is the zero-sum value
of Γ0 by Theorem 5.4.3, it is enough to prove the inequality chain

CValpriv(Γ) ≤ CommVal(Γ) ≤ Val(Γ0),

where CommVal is the value of the ▲-optimal communication equilibrium and Val is the
zero-sum game value.

By Theorem 5.4.3, the hidden-role equilibria of Γ are (up to an arbitrarily small error ε > 0)
TMEs of CSPLIT(Γ∗). By von Stengel and Koller [90], since ▼ has only one player, the TMEs
of CSPLIT(Γ∗) are precisely the ▲-team-optimal Nash equilibria of CSPLIT(Γ∗). Thus, for a
TME (µ, x1, . . . , xn) of that game (where µ is a strategy of the mediator), there exists an adver-
sary strategy y such that (µ, x1, . . . , xn, y) is a Nash equilibrium. But then (µ, x1, . . . , xn, y) is
also a communication equilibrium. Thus TMEVal(CSPLIT(Γ∗)) ≤ CommVal(Γ).

We now show the second inequality. If Γ is an adversarial hidden-role game, each player
i’s strategy can be expressed as a tuple (xi, yi) where xi is player i’s strategy in the subtree
where i is on ▽▽▽, and yi is the same on ▽▽▽. In that case, the problem of finding a ▲-optimal
communication equilibrium can be expressed as:

max
µ

u(µ,x∗,y∗)

s.t. ∀i max
xi

u(µ, xi,x
∗
−i,y

∗) ≤ u(µ,x∗,y∗)

∀i min
yi

u(µ,x∗, yi,y
∗
−i) ≥ u(µ,x∗,y∗)

where, with an abuse of notation, u is ▲’s expected utility function, formally defined as
u(µ,x,y) :=

∑
z∈Z µ[z]x[z]y[z]u(z). That is, no player can increase their team’s utility by

deviating from the direct profile (x∗,y∗), regardless of which team they are assigned to. Now,
using the fact that ▼ has only one player, we can write ▲’s utility function u as a sum u =

∑
i ui

where ui is the utility of ▲ when the ▽▽▽-player is player i (weighted by the probability of that
happening). Each term ui depends only on x and the yis. Thus, the above program can be
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rewritten as

max
µ

∑
i

ui(µ,x
∗, y∗i )

s.t. ∀i max
xi

u(µ, xi,x
∗
−i, y

∗) ≤ u(µ,x∗,y∗)

∀i min
yi

ui(µ,x
∗, yi) ≥ ui(µ,x

∗, y∗i )

or, equivalently,

max
µ

∑
i

min
yi

ui(µ,x
∗, yi)

s.t. ∀i max
xi

u(µ, xi,x
∗
−i,y

∗) ≤ u(µ,x∗,y∗).

or, equivalently,

max
µ

min
y

u(µ,x∗, y)

s.t. ∀i max
xi

u(µ, xi,x
∗
−i,y

∗) ≤ u(µ,x∗,y∗).

This is precisely the problem of computing a zero-sum equilibrium in the game Γ0, except with
an extra constraint, so the inequality follows.

B.3 Complexity Bounds and Proofs

Here, we state and prove the various lower bounds in Table 5.1. Before proceeding, we make
several remarks about the conventions used in this section.

• Utilities will be given unnormalized by chance probability. That is, if we say that a
player gets utility 1, what we really mean is that the player gets utility 1/p, where p is
the probability that chance sampled all actions on the path to z. Thus, the contribution to
the expected value from this terminal node will be 1. This makes calculations easier.

• The utility range of the games used in the reductions will usually be of the form [−M,M ]

where M is large but polynomial in the size of the game. Our definition of an extensive-
form game allows only games with reward range [−1, 1]. This discrepancy is easily
remedied by dividing all utility values in the proofs by M .

• Θ(·) hides only an absolute constant.
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To recap, we show hardness of approximating the value of the game to a desired precision
ε > 0. Our hardness results will hold even when ε = 1/poly(|H|).

Theorem 5.4.5. Even in 2-vs-1 games with public roles and ε = 1/poly(|H|), computing the
TME value (and hence also the hidden-role value, since adversarial team games are a special
case of hidden-role games) with public communication is NP-hard.

Proof. We show that given any graph G, it is possible to construct a hidden-role game based
on G, whose value corresponds to the size of the graph’s max-cut. This reduces MAX-CUT to
the TME value problem.

Let G be an arbitrary graph with n nodes and m edges, and consider the following team
game (no hidden roles). There are 3 players, 2 of whom are on ▽▽▽. The game progresses as
follows.

1. Chance chooses two vertices v1, v2 in G, independently and uniformly at random. The
two players on ▽▽▽observe v1 and v2 respectively.

2. ▲ independently (that is, with imperfect recall) select bits b1, b2 in place of the two
players on ▽▽▽, and ▼ selects a pair (v′1, v

′
2). There are now several things that can happen:

(L is a large number to be picked later)

(a) (Agreement of players) If v1 = v2 and b1 ̸= b2, ▲ gets utility −L.

(b) (Objective) If v1 ̸= v2, b1 ̸= b2, and (v1, v2) is an edge in G, then ▲ gets utility 1.

(c) (Non-leakage) If (v′1, v
′
2) = (v1, v2) then ▲ gets utility −(n2 − 1)L. Otherwise, ▲

gets utility L.1

Consider a sufficiently large L = poly(m). The game is designed so that ▼’s objective
is to guess the vertices v1, v2 sampled by chance, but she has no information apart from
the communication transcript to guess it. Therefore, ▼’s optimal strategy is to punish any
communication attempt between the players and play the most likely pair of vertices v1, v2. If
no communication happens, her best strategy is to play a random pair of vertices. On the other
hand, ▲’s optimal strategy must ensure that under no circumstance players play the same bit
when assigned to the same vertex (lest they incur the large penalty L). Therefore, the strategy
of both ▲ players is to play a fixed bit in each vertex, and the optimal strategy is the one that
assigns a bit to the vertices in such a way that the number of edges connecting vertices with

1Note that ▼ playing uniformly at random means that the expected utility of this term is 0.



140 Additional Results from Chapter 5

different bits is maximized. This corresponds to finding a max cut, and therefore, the value
of the game is (essentially) c∗ where c∗ is the true size of the maximum cut. Moreover, any
communication attempt would be immediately shut down by ▼ strategy since any leak of the
observation received on the public channel implies receiving a fraction of the large penalty L.

We now formalize this intuition.

First, note that ▲ can achieve utility exactly c∗ by playing according to a maximum cut. To
see that ▲ cannot do significantly better, consider the following strategy for ▼. Observe the
entire transcript τ of messages shared between the two ▲ players. Pick (v1, v2) maximizing the
probability p(τ |v1, v2) that the players would have produced τ .2

First, suppose that ▲ does not communicate. Then ▼’s choice is independent of ▲’s, so
▲ can WLOG play a pure strategy. If b1 ̸= b2 for any pair (v1, v2), then ▲ loses utility L

in expectation. For L > n2, this makes any such strategy certainly inferior to playing the
maximum cut. Therefore, ▲ should play the maximum cut, achieving value c∗.

Now suppose that ▲ uses communication. Fix a transcript τ , and let

δ := max
v1,v2

p(v1, v2|τ)−
1

n2
.

Now note that we can write p(·|τ) = (1 − α)q0 + αq1, where q0, q1 ∈ ∆(V 2), q0 is uniform,
and α ≤ Θ(n4δ). Now consider any strategy that ▲ could play, given transcript τ . Such a
strategy has the form x1(b1|v1) and x2(b2|v2). Since q is α-close to uniform, the utility of ▲
under this strategy conditioned on τ must be bounded above by

(1− α)u0 + α ≤ (1− α)c∗ + α ≤ c∗ + α ≤ c∗ +Θ(n4δ)

where u0 is the expected value of profile (x1, x2) given τ if v1, v2|τ were truly uniform. But
now, in expectation over τ , team ▼ can gain utility Ln2δ by playing argmaxv1,v2 p(v1, v2|τ).
So, ▲’s utility is bounded above by

c∗ +Θ(n4δ)− Ln2δ ≤ c∗

by taking L sufficiently large.

The next result illustrates the difference between the uncoordinated hidden-role value
and the coordinated hidden-role value, which is the focus of the positive results of our paper.

2Note again, as in Section 5.5, that this computation may take time exponential in r and the size of G, but we
allow the players to perform unbounded computations.
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Whereas the coordinated hidden-role value with private communication can be computed in
polynomial time when k is constant (Theorem 5.4.3), the uncoordinated hidden-role value
cannot, even when k = 2:

Theorem B.3.1. Even in 3-vs-2 hidden-role games, the uncoordinated hidden-role value
problem with private communication is coNP-hard.

Proof. We reduce from UNSAT. Let ϕ be any 3-CNF-SAT formula, and consider the following
5-player hidden-role game. Two players are chosen uniformly at random to be on ▽▽▽; the rest
are on ▽▽▽. The players on ▽▽▽ know each other. The players on ▽▽▽ play the SAT gadget game
described by Koller and Megiddo [45]. Namely:

1. The players on ▽▽▽ are numbered P1 and P2, at random, by chance.

2. Chance selects a clause C in ϕ and tells P1.

3. P1 selects a variable xi in C, and that variable (but not its sign in C, nor the clause C

itself) is revealed to P2.

4. P2 selects an assignment bi ∈ {0, 1} to xi. ▼ wins the gadget game if the assignment bi
matches the sign of xi in C.

The value of this game is decreasing with M and R since ▲ does nothing, so it is in the best
interest of ▲ to select R = 0 (that is, forbid communication). In that case, the best probability
with which ▼ can win the game is exactly the maximum fraction of clauses satisfied by any
assignment, which completes the proof.

The above result is fairly straightforward: it is known that optimizing the mixed-strategy
space of an imperfect-recall player (or equivalently a team with asymmetric information across
its members) is hard [45], and private communication does not help if ▲ does not allow its use.
However, next, we will show that the result even applies when ▼ has symmetric information,
that is when the original game Γ is coordinated. This may seem mysterious at first, but
the intuition is the following. Just because Γ has symmetric information for ▽▽▽, it does not
mean USPLIT(COMMpriv(Γ)) does. Indeed, ▽▽▽-players can send different private messages to
different ▽▽▽-players, resulting in imperfect recall for ▼ in the split-personality game. This result
illustrates precisely the reason that we define two different split-personality games rather than
simply dealing with the special case where the original game Γ has symmetric information for
▽▽▽.
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Theorem B.3.2. Even in 3-vs-2 hidden-role games with a mediator where no ▽▽▽-player has any
information beyond the team assignment, the uncoordinated hidden-role value problem with
private communication is coNP-hard.

Proof. We will reduce from (the negation of) MAX-CUT. Let G be an arbitrary graph with
n nodes and m edges, and consider the following 5-player hidden-role game with 2 players
on ▽▽▽ and 3 players on ▽▽▽. Player 5 is always on ▽▽▽and is the mediator. The other four players
are randomly assigned teams so that two are on ▽▽▽and two are on ▽▽▽. The game proceeds as
follows.

1. Chance chooses vertices v1, . . . , v4 uniformly at random from G. The mediator privately
observes the whole tuple (v1, . . . , v4).

2. For notational purposes, call the players on ▽▽▽3 and 4, and ▽▽▽ 1 and 2. (The mediator
does not know these numbers.) After some communication, the following actions happen
simultaneously:

(a) P1 and P2 select bits b1, b2 ∈ {0, 1};

(b) P3 and P4 select vertices v′3, v
′
4 of G and players i3, i4 ∈ {1, 2, 3, 4}.

3. The following utilities are given: (L is a large number to be picked later, and each item
in the list represents an additive term in the utility function)

(a) (Correct vertex identification) For each player i ∈ {3, 4}, if vi ̸= v′i then ▽▽▽gets
utility −L4

(b) (Agreement of ▽▽▽-players) If v1 = v2 and b1 ̸= b2 then ▽▽▽gets utility L.

(c) (Objective) If v1 ̸= v2, b1 ̸= b2, and (v1, v2) is an edge in G, then ▽▽▽gets utility −1.

(d) (Privacy) For each j ∈ {3, 4}, if i∗j is on ▽▽▽, then ▽▽▽gets utility L. Otherwise, ▽▽▽

gets utility −L/2.

We claim that this game has value (essentially) −c∗, where c∗ is the actual size of the
maximum cut of G. To see this, observe first that the mediator must tell all players their true
vertices vi, lest it risk incurring the large negative utility −L2. Further, any player except the
mediator who sends a message must be on ▽▽▽. This prevents ▼ from communicating. Thus, the
mediator’s messages force ▼ to play an imperfect-recall game, which is hard.
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We now formalize this intuition. First, consider the following strategy for ▲: The mediator
sends all players their true types, and ▽▽▽-players play their types. If any ▽▽▽-player sees a message
sent from anyone except the mediator, the ▽▽▽-player guesses that that player is on ▽▽▽.

Now consider any (pure) strategy profile of ▼. First, ▼ achieves utility −c∗ by observing
the mediator’s message and playing bits according to a maximum cut. We now show that this is
the best that ▼ can do. Sending messages is, as before, a bad idea. Thus, a pure strategy profile
of ▼ is given by four f1, f2, f3, f4 : V → {0, 1} denoting how player i should pick its bits. But
then f1 = f2 = f3 = f4; otherwise, the agreement of ▽▽▽-players would guarantee that ▼ is not
playing optimally for large enough L.

Now, for any (possibly mixed) strategy profile of ▲, consider the following strategy profile
for each ▽▽▽-player. Let f : V → {0, 1} be a maximum cut. Pretend to be a ▽▽▽-player, and let v′i
be the vertex that would be played by that ▽▽▽-player. Play f(v′i).

First, consider any ▽▽▽-player strategy profile for which, for some player i and some vi, the
probability that v′i ̸= vi exceeds 1/L2. Then ▲ gets a penalty of roughly L2 in expectation,
but now setting L large enough would force ▼ to have utility worse than −1, so that ▲ would
rather simply play vi with probability 1.

Now, condition on the event that vi = v′i for all i (probability at least 1−Θ(1/L2)). In that
case, the utility of ▲ is exactly −c∗, because ▼ is playing according to the maximum cut. Thus,
the utility of ▲ is bounded by−(1−Θ(1/L2))c∗+Θ(1/L2 ·L) ≤ −c∗/n2+Θ(n/L) < c∗+1/2

for sufficiently large L. Thus, solving the hidden-role game to sufficient precision and rounding
the result would give the maximum cut, completing the proof.

Theorem B.3.3. Even in 5-vs-4 hidden-role games, the uncoordinated hidden-role value
problem with public communication is ΣP

2 -hard.

Proof. We reduce from ∃∀3-DNF-SAT, which is ΣP
2 -complete [38]. The ∃∀3-DNF-SAT

problem is the following. Given a 3-DNF formula ϕ(x, y) with k clauses, where x ∈ {0, 1}m

and y ∈ {0, 1}n, decide whether ∃x∀y ϕ(x, y). Consider the following game. There are 9
players, 5 on ▽▽▽and 4 on ▽▽▽. One designated player, who we will call P0, is always on ▽▽▽and
has no role in the game. (The sole purpose of this player is so that ▽▽▽is a majority.) The other
players are randomly assigned teams. These other players are randomly assigned teams. For
the sake of analysis, we number the remaining players P1 through P8 such that P1, P3, P4, P5
are on ▽▽▽and P2, P6, P7, P8 are on ▽▽▽. ▼ knows the entire team assignment, whereas ▲ does not.
We will call P3–P8 “regular players”, and P1–P2 “guessers”. The game proceeds as follows.
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1. For each regular ▽▽▽-player, chance selects a literal (either xj or ¬xj), uniformly at
random. For each regular ▽▽▽-player (P6–8), chance selects a literal (either yj or ¬yj), also
uniformly at random. Each player privately observes the variable (index j), but not the
sign of that variable.

2. After some communication, the following actions happen simultaneously.

(a) P3–P8 select assignments (0 or 1) to their assigned variables.

(b) P1 (who observes nothing) guesses a player (among the six players P3–P8) that P1
believes is on ▽▽▽.

(c) P2 (who observes nothing) guesses one literal for each ▽▽▽-player (there are K :=

(2m)3 such possible guesses.)

3. The following utilities are assigned. (L is a large number to be picked later, and each
item in the list represents an additive term in the utility function)

(a) (Satisfiability) Chance selects three regular players at random. If the three literals
given to those players form a clause in ϕ, and the clause is satisfied, ▲ gets utility 1.

(b) (Consistency) If chance selected the same variable three times, if the three players
did not give the same assignment, then either ▲ or ▼ gets utility −L2 depending on
if the variable was an xi or a yj .

(c) (Secrecy of ▲) If P2 guesses the three literals correctly, ▼ gets utility L3K; other-
wise, ▼ gets utility −L3.3

(d) (Secrecy of ▼) If P1 guesses a ▽▽▽-player, ▲ gets utility L; otherwise, ▲ gets −L.

We claim that the value of this game with public communication is at least 1 if and only if ϕ is
∃∀-satisfiable. Intuitively, the rest of the proof goes as follows:

1. ▲ will not use the public communication channels if ϕ is ∃∀-satisfiable. By the Se-
crecy of ▼ term, ▽▽▽-players, therefore, cannot do so either without revealing themselves
immediately. Thus, ▲ will get utility at least 1 if ϕ is ∃∀-satisfiable.

2. If ϕ is not ∃∀-satisfiable, then consider any ▽▽▽’s ’strategy profile. By the Secrecy of
▲ term, ▲ cannot make nontrivial use of the public communication channel without

3These utilities are once again selected so that a uniformly random guess gets utility 0.
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leaking information to P9. By the Consistency term, P1 through P3 must play the same
assignment or else incur a large penalty. So, ▲ must play essentially an assignment to
the variables in x, but such an assignment cannot achieve positive utility because there
will exist a y that makes ϕ unsatisfied.

We now formalize this intuition. Suppose first that ϕ is ∃∀-satisfiable, and let x be the satisfying
assignment. Suppose that ▽▽▽-players never communicate and assign according to x, and P4
guesses any player that sends a message. Then any ▼-strategy that sends a message is bad
for sufficiently large L because it guarantees a correct guess from ▲; any ▼-strategy that is
inconsistent is bad because it will lose utility at least L; and any ▼-strategy that is consistent
will cause ▲ to satisfy at least one clause. Thus ▲ guarantees utility at least 1.

Now suppose that ϕ is not ∃∀-satisfiable. Consider any strategy profile for ▲. Suppose that
▼ plays as follows. During the public communication phase, each ▽▽▽-player samples a literal
from the set {x1,¬x1, . . . , xm,¬xm} uniformly at random and pretends to be a ▽▽▽-player given
that literal. P8 observes the public transcript and selects the triplet of literals that is conditionally
most likely given the transcript. By an identical argument to that used in Theorem 5.4.5, ▲ then
cannot profit from using the communication channel for sufficiently large L. Therefore, we can
assume that ▲ does not use the communication channels, and therefore, by the argument in the
previous paragraph, neither does ▼.

Now, the strategy of each ▽▽▽-player i can be described by a vector si ∈ [0, 1]m, where
sij is the probability that player i assigns 1 to variable xt. For sufficiently large L, we have
si ∈ [0, ε] ∪ [1− ε, 1] where ε = 1/L, because otherwise ▲ would incur a penalty proportional
to L2ε > k and would rather just play (for example) the all-zeros profile, which guarantees
value 0. Condition on the event that every player at every variable chooses to play the most
likely assignment according to the sis. This happens with probability at least 1 − Θ(mε).
These assignments must be consistent (that is, every player must have the same most-likely
assignment), or else the players would once again incur a large penalty proportional to L2. Call
that assignment x, and let y be such that ϕ(x, y) is unsatisfied. Suppose ▼ plays according to
y. Then ▲’s expected utility is bounded above by Θ(mεk): with probability 1−Θ(mε) it is
bounded above by 0; otherwise it is bounded above by k. For ε < Θ(1/mk) this completes the
proof.
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B.4 The Game Avalon

B.4.1 Equivalence of Split-Personality Games

In this section, we show that the choice of whether to use USPLIT or CSPLIT—that is, whether
▼ is coordinated—is irrelevant for the instantiations of Avalon that we investigate in this paper.
We refer to Section 5.7 for a complete description of the Avalon game.

For this section, we assume that all ▼ players know the roles of all other ▼ players. This
is always true in the instances considered in the experiments. In particular, we considered
instances with six or fewer players and no Oberon role, which is a ▼ member, which is not
revealed as such to both Merlin and the other ▼ members. This guarantees that both the
▼-players can deduce their respective roles. Conversely this is not guaranteed, as for example
with 7 players (and hence k = 3) and Mordred, the two non-Mordred ▼-players do not know
the identity of Mordred.

The main observation we make in this subsection states that the choice of whether to use
USPLIT or CSPLIT does not matter.

Theorem B.4.1. In Avalon with private communication, assuming that all ▼ players know
each others’ roles, every r-round uncoordinated hidden-role equilibrium is also an r-round
coordinated hidden-role equilibrium.

Before proving the result, we first observe that we cannot a priori assume the use of the
results in Section 5.4.1 for this proof because they do not apply to the symmetric hidden-role
equilibrium.

Fortunately, a variant of the revelation principle for mediated games (Theorem 5.4.1) and
the resulting zero-sum game theorem (Theorem 5.4.2) still holds almost verbatim: the lone
change is that the zero-sum game formed from symmetric splitting, which we will denote Γ̃0,
is a zero-sum team game, where the ▼ players cannot perfectly coordinate with each other, and
the equality of value becomes an inequality:

Proposition B.4.2. Let Γ∗ be a mediated hidden-role game, and let Γ0 be the zero-sum version
posed by Theorem 5.4.2. Let Γ̃0 be the game that is identical to Γ0, except that the ▼-players
are not coordinated and thus cannot communicate except as permitted in Γ. That is, Γ̃0 is
a team game with the mediator as the ▲-player and the adversaries as the ▼-players. Then
UValpriv(Γ∗) ≤ TMEVal(Γ̃0), where TMEVal is the TME value function (with ▲ committing
first).4

4Since ▼ is the nontrivial team and ▲ commits first, the TME and TMECor values of Γ̃0 coincide here.
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Proof. The revelation principle (Theorem 5.4.1) applies verbatim in this setting, so we may
assume that ▲ in Γ∗ uses the mediator as specified in the revelation principle. With this
assumption, the only difference that remains between Γ∗ and Γ̃0 is that, in the latter, ▼-players
cannot coordinate at all, whereas in Γ∗, ▼-players can somewhat coordinate by sending
private messages (albeit at the cost of revealing themselves as adversaries). But this is a strict
disadvantage for ▼ in Γ̃0.

We, therefore, have the inequality chain

Val(Γ0) = CValpriv(Γ) ≤ UValpriv(Γ) ≤ UValpriv(Γ∗) ≤ TMEVal(Γ̃0)

where Γ0 is the zero-sum game that appears in Theorem 5.4.2, with asymmetric splitting, Val is
the zero-sum game value, and Val is the zero-sum value.

So far, this inequality chain would hold for any hidden-role game Γ. We will now show that,
specifically for Avalon, we have TMEVal(Γ̃0) = Val(Γ0), which would complete the proof of
Theorem B.4.1. This part of the proof depends on the special structure of Avalon.

The only difference between Γ0 and Γ̃0 is that, in the latter, ▼-players cannot communicate
among each other because Theorem 5.4.2 only consider communication with the mediator. But
what would ▼-players even need to communicate? Their information is entirely symmetric,
except that they do not know the recommendations that were given to their teammates in the
mission proposal and voting phases. We will show the following result.

Lemma B.4.3. For both Γ̃0 and Γ0, the game value does not change if we assume that
the mediator unilaterally dictates missions (circumventing the mission proposal and voting
process).

Proof Sketch. Make the following restrictions to strategy spaces.

• The mediator picks a single mission proposal in each round and recommends that proposal
and that everyone vote in favor of it until it is approved, and ignores any information
gained during this phase.

• Spies follow the above recommendations and ignore all information except the eventually
approved mission.

Consider any TMECor of the restricted game. We claim that it also must be a TMECor of the
full game:
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• The mediator cannot do better because Spies are following all recommendations and
ignoring any information gained except the eventual actual mission.

• Spies cannot do better because deviations are ignored by the mediator and will ultimately
not affect the approved mission. (because the number of mission proposals and the
number of Resistance players both exceed the number of Spies).

This completes the proof.

But, having restricted the strategy spaces in the above manner, Γ̃0 and Γ0 become identical
because there is no other source of asymmetric information. Therefore, TMEVal(Γ̃0) =

Val(Γ0), and we are done.

B.4.2 Abstractions

In this section, we describe the abstractions employed on the original game to transform it into
a smaller version, which can then be solved tabularly. The abstractions employed are lossless
in the sense that they do not change the game’s value and that any Nash equilibrium in the
abstracted game corresponds to a Nash equilibrium in the original one.

In particular, our main interest in the experiments is to compute one strategy belonging to a
Nash equilibria for each player. This allows us to iteratively remove many actions without loss
of generality.

Note that throughout this section, we interchangeably use the standard names Resistance
and Spies to refer to the teams instead of ▲ and ▼.

We apply Theorems 5.4.1 to 5.4.3 to an Avalon game instance to compute a hidden-
communication equilibria. In the first communication round, anybody can claim to the mediator
to have a specific role and have specific knowledge about other players’ roles. (For example, a
▼-player, that is, a Spy, could claim to be Merlin and lie about who is on team ▲.) Thanks to
the revelation principle (Theorem 5.4.1), we can assume that each player in the Resistance team
truthfully communicates their information, while each Spies player may decide to correlate
with the others to emit a specific fake claim. During the game, the mediator recommends an
action to each player anytime it is their move. In this case, the revelation principle allows us to
assume WLOG that Resistance players always obey the recommendations received from the
mediator, while Spies can decide to deviate. Overall, we obtain a two-player zero-sum game in
which the Resistance team is represented by a mediator and the Spies team is a single player.
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In the following, we list the abstractions we applied to our Avalon instances, and for each,
we sketch a proof of correctness. Each proof will have the same structure: we will restrict the
strategy spaces of both teams, resulting in a smaller zero-sum game; we will then show that any
equilibrium of this smaller zero-sum game cannot have a profitable deviation in the full game.

1. The recommendations emitted by the mediator to the player in charge of the mission
proposal should never be rejected. That is, the mediator has unilateral power to dictate
who goes on missions.

This is Lemma B.4.3.

2. Call the following information common knowledge:

• The sets of good players claimed by players claiming to be Merlin, but not the
identities of the claimants themselves (because ▼ does not know the true Merlin)

• Mission proposals and results

• Any claimant whose claim is disproven by common-knowledge information is a Spy

Call a subset S ⊆ [n] plausible if, based on common-knowledge information, it is possible
that S contains only good players. Every mission proposal should be plausible.

Proof sketch. Make the following restrictions to strategy spaces.

• Every mission proposal by the mediator is plausible.

• If the mediator proposes an implausible set, the Spies pick a plausible set at random,
announce it publicly, and act as if the mediator proposed that set instead.

Consider any Nash equilibrium of the restricted game. We claim it must also be a Nash
equilibrium of the full game.

• The mediator cannot improve because Spies will pretend that the mediator played a
plausible set anyway, and the mediator can simulate how the spies will do this.

• Spies cannot improve because against a mediator who always proposes a plausible
set, the strategy space of the spies is not limited.

3. If any player is contained in every plausible set S, then that player should always be
included on missions if possible. We call such players safe.

Proof sketch. Make the following restrictions to strategy spaces.
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• The mediator always sends all safe players on missions, if possible.

• Spies pretend that all safe players are always sent on missions. More precisely, if i
is safe, not sent on a mission, and at least one unsafe player j is sent on that mission,
Spies pick such a pair (i, j) at random, announce both i and j publicly, and pretend
that i was sent in place of j. (If there are multiple such replacements that can be
done, this process is simply repeated.)

Consider any Nash equilibrium of the restricted game. We claim it must also be a Nash
equilibrium of the full game.

• The mediator cannot improve because spies will pretend that all safe players are
always sent regardless of how the mediator actually proposes missions, and the
mediator can simulate how spies will perform the replacement.

• Spies cannot improve because against a mediator who always sends all safe players
on missions, the strategy space of the spies is not limited.

4. If a mission of size s passes, all missions will pass until the next mission whose size
is > s. (In particular, any maximum-size mission passing implies that all remaining
missions pass.)

Proof sketch. Suppose that a mission M0 of size s0 has passed, and suppose the next t
missions have sizes s1, . . . , st ≤ s0. Make the following restrictions to strategy spaces.

• The mediator randomly5 selects subsets M ′
i ⊆ M0 to send on missions si for i =

1, . . . , t. If any of them (say, Mi) fails, the mediator pretends that M0 failed instead.
Then, the mediator generates and publicly announces the missions M ′

1, . . . ,M
′
i that

it would have proposed had M0 failed, assuming that each M ′
j passes. The mediator

then pretends that that is what happened. The mediator does not use the Mis to
inform future decisions.

• For each i = 1, . . . , t, Spies automatically pass Mi and ignore what missions are
proposed by the mediator.

Consider any Nash equilibrium of the restricted game. We claim it must also be a Nash
equilibrium of the full game.

5The fact that this is random instead of dictated by the mediator allows us to avoid issues of imperfect recall.
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• The mediator has no incentive to propose a mission different from a random
Mi ⊆M0 in the unrestricted game, because against spies who ignore and always
pass missions M1, . . . , t, any mediator mission would lead to the same outcome of
having a mission passing, no change in behavior from Spies, and no information
gained.

• The Spies have no incentive to fail mission Mi for i > 0 if they pass mission
M0. This is true because the mediator strategy is such that Spies passing missions
M0, . . . ,Mi−1 and failing mission Mi would be equivalent to Spies failing M0 and
passing missions M ′

1, . . .M
′
i .

Christiano [21] used a very strong reduction that allowed the assumption that the smallest
two missions are guaranteed to pass. The reduction is sound in the base game Resistance, as
well as when the mediator’s strategy is manually constrained to never reveal information about
Merlin, as is the case in Christiano’s analysis. It turns out, however, that this reduction is not
sound in general because its proof assumes that all mission proposals—even those that occur
after Resistance have already reached the required number of missions—are public information.
However, in our setting, each mission proposal may leak more and more information about
Merlin, so there is an incentive to reveal as few missions as possible. Indeed, in the 6-player
variants with Mordred, we observe that removing the two smallest missions causes a small
but nonzero change in the game value, whether or not future mission proposals are published.
However, a more refined analysis can be used to partially recover a reduction in the number of
missions.

With five players, the refined analysis allows the same result Christiano [21]: the first two
missions should automatically pass.

In 5-player Avalon, the mission sizes are 2, 2, 3, 3, 3 in that order.

Proposition B.4.4. In 5-player Avalon with private communication, the hidden-role value is
the same if the two missions of size 2 are automatically passed (hence skipped).

Proof Sketch. Make the following restrictions to strategy spaces.

• The mediator privately picks three missions M1,M2,M3 of size 3. Then the mediator
proposes M1 (or a subset thereof) until it fails, then M2 or a subset thereof until that fails,
and finally M3 until that fails.

• Spies ignore and automatically pass the first two mission proposals and fail the last three
missions if possible.
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Consider any Nash equilibrium of the restricted game. We claim it must also be a Nash
equilibrium of the full game.

• The mediator has no incentive to behave differently because Spies are ignoring the first
two missions regardless.

• Spies win if either three missions are failed or they guess Merlin. But if at least one
mediator guesses is the true set of good players, only two missions can fail, and so Spies
cannot increase their probability of failing three missions. As for guessing Merlin, Spies
cannot increase the amount of information gained. Let i be the index such that Mi is the
true good set and i = 4 if all mediator guesses were wrong. Spies are currently gaining
the information M≤i, and Spies cannot gain more information from deviating because
the mediator always plays the missions in order.

This completes the proof.

Our analysis is refined compared to Christiano [21] in that we must consider the possibility
that Spies can gain more information about Merlin by deviating from the restricted strategy
space. With five players, this turns out not to have an effect, but with six players, it will. With
six players, the refined analysis only allows the first mission to be removed.

In six-player Avalon, the mission sizes are 2, 3, 4, 3, 4. The problem in adapting the
analysis of the previous result is that the final size-3 mission comes between the size-4 missions,
preventing its removal.

Proposition B.4.5. In 6-player Avalon with private communication, the hidden-role value is
the same if the mission of size 2 is automatically passed (hence skipped).

Proof Sketch. Consider any strategy x for the mediator in the restricted game in which the first
mission is ignored. We will extend x to a full-game strategy x′. Strategy x′ works as follows.
The mediator maintains a simulator of strategy x.

1. The mediator queries the x-simulator for its second mission M2 (of size 3), and plays a
random size-2 subset of M2. If this mission passes, the mediator plays M2 itself on the
second mission, then plays the rest of the game according to x.

2. If the first mission fails, the mediator tells the x-simulator that M2 failed. The x-simulator
will then output its third mission M3 (of size 3). The mediator picks a random size-3
subset of M3 to send on the second mission. If this mission passes, the mediator plays
M3 again on the third mission and once again plays the rest of the game according to x.
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3. If the second mission fails, the mediator tells the x-simulator that M3 failed. The x-
simulator will then output its fourth mission M4 (of size 3). The mediator immediately
tells the x-simulator that M4 passed. The x-simulator will then output its fifth mission
M5, of size 4. The mediator plays random subsets of M5 until the game ends.

We claim that, against this mediator, the adversary cannot do better by failing the first mission
than by passing it.

• If the adversary fails the first mission and passes the second, then the adversary will have,
in the first three missions, observed a random subset of M2 and the whole set M3. But
the adversary could have accomplished more by passing the first mission and failing
M2—the behavior of the mediator would be the same in both cases (by construction of
the mediator), and the adversary would observe the whole set M2 instead of merely a
random subset.

• If the adversary fails the first two missions, the adversary (regardless of what else happens
in the game) will have observed a random subset of M2, a random subset of M3, and
M5 by the end of the game. Further, three missions will pass if and only if M5 is the
true good set. The adversary, however, could have accomplished more by passing the
first mission, failing the second and third (M2 and M3), and passing the fourth—the
adversary induces the same outcome in the game but instead observes all four missions
M2,M3,M4,M5.

Thus, the adversary is always better off failing the first mission, and therefore x and x′ have the
same value.

B.4.3 A Description of Avalon in Reduced Representation

The optimized Avalon game instances can be succinctly represented as follows:

1. At the start of the game, Chance player deals the roles.

2. [if Merlin is present in the game] Merlin reports who the Spies are (except Mordred).
Spies may also (falsely) do the same.

3. [if Percival is present in the game] Percival reports who Merlin is. Spies may also falsely
do the same.
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5 Players 6 Players
Variant |Z| RW MG |Z| RW MG

No special roles (Resistance) 5.9× 103 0.3000 n/a 1.4× 106 0.3333 n/a
Merlin only 1.5× 104 1.0000 0.3333 6.0× 105 1.0000 0.2500
Merlin + Mordred 4.9× 105 0.6691 0.3869 1.8× 108 0.7529 0.3046
Merlin + 2 Mordreds 9.0× 104 0.5000 0.4444 2.8× 107 0.4088 0.2886
Merlin+Mordred+Percival+Morgana 2.4× 106 0.9046 0.3829 unknown unknown unknown

Table B.1: Breakdown of equilibrium outcome probabilities for each variant of Avalon. |Z|:
number of terminal nodes in the reduced game tree. ‘RW’: probability of Resistance passing
three missions. ‘MG’: probability of Spies guessing Merlin correctly, conditioned on Resistance
passing three missions. (The game value, which appears in Table 5.2, is RW · (1−MG)).

4. Until the number of missions passed is less than 3, the mediator sends a mission, and
the Spies are offered the option to fail it if any of them is on it. The space of possible
missions to be proposed is constrained according to the previous optimizations

5. If the number of missions failed is 3, the game ends with a win for the Spies.

6. If the number of missions won is 3, and Merlin is present, the Spies have to guess the
player with the Merlin role. If they guess correctly, they win, otherwise they lose. If
Merlin is absent, the game ends with a win for the Resistance.

B.4.4 Example of Optimal Play in Avalon

In this section, we fully describe one of the equilibria claimed in Table 5.2: the case of 5
players with Merlin and both ▼ players “Mordred” (hidden from Merlin). We choose this
version because it is by far the easiest to describe the equilibrium: the other new values listed
in Table 5.2 are very highly mixed and difficult to explain.

Similarly to what happens in the example provided in Section 5.2.4, this case is different
from the case with no Merlin (even if Merlin does not have any useful knowledge), due to the
effect of added correlation. In particular, if Merlin were not known to the mediator, then the
equilibrium value would be 3/10 · 2/3 = 2/10: 3/10 from the value of pure Resistance (no
Merlin), and the factor of 2/3 from a blind Merlin guess.

By the discussion above, it suffices to analyze the reduced game with three missions, each
of size 3, where ▲ need only win one mission to win the game.

The following strategy pair constitutes an equilibrium for this Avalon variant:
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Strategy for ▲ The mediator’s strategy is different depending on how many players claim to
it to be Merlin.

One claim. Randomly label the players A through E such that A is Merlin. Send missions
ABC, ABD, and ABE.

There are six possible correct sets (ABC, ABD, ABE, ACD, ACE, ADE), and ▲ has three
guesses, so ▲ wins the regular game with probability 1/2. If the first mission succeeds, ▼
learns nothing about Merlin, so Merlin is guessed correctly with probability 1/3. Otherwise, ▼
knows that Merlin is either A or B, so Merlin is guessed correctly with probability 1/2. Thus,
this strategy attains value (1/6)(2/3) + (1/3)(1/2) = 5/18.

Two claims. Randomly label the players A through E such that A and B are the Merlin
claimers. Send missions ACD, BCE, and ADE.

Three claims. The non-claimants are guaranteed to be good. Pick a non-claimant randomly,
pretend they are Merlin, and execute the strategy from the one-claim case. This is strictly better
than the one-claim case because ▼ learns only information about who is not Merlin instead of
who is Merlin. (This strategy may not be subgame-perfect, but for the sake of this analysis, it is
enough for this strategy to achieve value at least 5/18).

The analysis of the one-claim case applies nearly verbatim: there are six possible correct
sets, and the second mission narrows down ▼’s list of possible Merlins from 3 to 2 (namely, A
or D), so again the value for ▼ is 5/18.

Strategy for ▼ Emulate the behavior of a non-Merlin ▲-player (i.e., do not claim to be
Merlin).

1. If the first guess by ▲ is correct, guess Merlin randomly from the good players.

2. If the second guess by ▲ is correct, guess Merlin randomly from the good players
included on both guesses.

3. If the third guess by ▲ is correct, guess Merlin at random among all good players sent
on at least two missions, weighting any player sent on all three missions double. (for
example, if there was one player sent on all three missions and one player sent on two,
guess the former with probability 2/3 and the latter with probability 1/3).

Against this strategy, the mediator’s only decision is what three distinct missions to send.
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1. If Merlin is sent on one mission, the probability of winning is at most 1/6 because only
that mission has a chance of being the correct one.

2. If Merlin is sent on two missions, then the probability of one mission passing is at most
1/3. If the first mission passes, Merlin is guessed correctly with probability 1/3. If the
second mission passes, Merlin may not be guessed correctly at all (it is possible for
Merlin to only have been sent on the second mission, but not the first). If the third mission
passes, Merlin is guessed correctly with a probability of at least 1/5. Thus, the probability
of winning for good is at most (1/3)(1− (1/3 + 0 + 1/5)/3) = 37/135 < 5/18.

3. If Merlin is sent on all three missions, the probability of a mission passing is at most 1/2.
If the first mission passes, Merlin is guessed correctly with probability 1/3. Otherwise,
Merlin is guessed correctly with probability at least 1/2, since the only way to decrease
this probability under 1/2 would be for the last mission to pass and for another player
to also have been sent on all three missions, but in that case, it is impossible for anyone
to have been sent on two missions. Therefore, the probability of winning for good is at
most (1/2)(1− (1/3 + 1/2 + 1/2)/3) = 5/18.
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