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Abstract

This thesis introduces several mathematical models to explore the multifaceted dynam-
ics of brain tumour growth. By integrating mechanical deformation, phenotypic het-
erogeneity, and fluid-nutrient transport, the study leverages multiscale and multiphase
approaches to analyse tumour progression within anisotropic and heterogeneous envi-
ronments. Patient-specific imaging data is employed to enhance the precision of simu-
lations, paving the way for personalised therapeutic strategies.

Malignant brain tumours pose a significant challenge in modern medicine due to
their aggressive behaviour, resistance to treatment, and unpredictable locations. De-
spite advancements in clinical research, recurrence remains the leading cause of mortal-
ity. The migration and invasion of tumours into brain tissue involve complex mecha-
nisms that are not yet fully understood, underscoring the need to develop mathematical
models to enhance our understanding of these processes.

Firstly, we address tumour-induced stresses and deformations by developing a mul-
tiphase mechanical model that incorporates anisotropic growth aligned with brain fibre
architecture. Simulations performed on realistic brain geometries offer valuable insights
into tumour-induced ventricular compression and its effects on surrounding healthy
tissues. Validation through numerical simulations demonstrates the model’s ability to
replicate observed tumour mechanics and inform therapeutic planning. Subsequently,
the viscoelastic behaviour of brain tissue is investigated through experimental stud-
ies and a modified quasi-linear viscoelastic model. Material parameters derived from
cylindrical brain samples provide a robust foundation for simulating brain deforma-
tion under various conditions, with applications extending beyond tumour modelling
to include studies on traumatic brain injury.

Moreover, we focus on developing therapeutic strategies, with particular emphasis
on T-lymphocyte-based immunotherapies. We develop mathematical models based on
reaction-advection-diffusion equations to study immune response dynamics, employ-
ing bifurcation analysis to identify critical thresholds for treatment efficacy. In a distinct
approach, phenotypic heterogeneity in response to spatial oxygen gradients is exam-
ined using a reaction-diffusion integro-differential equation framework. By incorporat-
ing anisotropic diffusion and phenotypic dynamics, the model elucidates the intricate
interplay between tumour growth, oxygen diffusion, and cellular proliferation mech-
anisms. Lastly, nutrient and fluid transport within the tumour micro-environment are
investigated through a homogenisation-based approach. By integrating microvascular
structures into a double porous medium framework, the model captures the complex
interactions among vascular geometry, nutrient transport, and tumour progression.

This thesis bridges experimental, clinical, and computational approaches, provid-
ing innovative methodologies to advance the understanding of brain tumour growth
and progression. The findings lay a foundation for future research and contribute to
the development of mathematical models able to deal with patient-specific anisotropic
data and personalised treatments, with the potential to significantly improve patient
outcomes in oncology.
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Introduction

Cancer is a multifactorial and multistage disease characterised by a range of structural,
biochemical, molecular, and genetic alterations. These changes vary depending on the
tissue and cancer subtype involved. In this dissertation, we focus on brain tumours,
which allows us to delve deeper into the unique characteristics of this disease, develop
specific models, and interpret results in the context of experimental data related to brain
tissue, where applicable.

In Section 1.1, we delve into the biological characteristics that define tumours, with
a particular emphasis on brain tumours. This includes a detailed discussion of the dif-
ferent grades of tumour progression and their distinguishing features. Regarding the
mathematical aspects of this dissertation, our focus is on developing different mod-
elling approaches for brain tumours. Consequently, in Section 1.2, we offer a general
and introductory overview of the mathematical framework employed in this context.

1.1 Biological characteristics of tumours

The human body consists of billions of cells that coordinate and interact to form tis-
sues and organs. In normal circumstances, these cells follow a tightly regulated cycle
of growth, division, and replacement of damaged or dead cells. Cancer cells, however,
deviate from this normal behaviour due to malfunctions in the regulation of cell divi-
sion. Unlike healthy cells, cancer cells proliferate uncontrollably, grow indefinitely, and
invade nearby tissues with the potential to metastasise to distant organs. This ability
to sustain unchecked proliferation is one of the primary features that distinguish cancer
cells from normal cells.

In 2000, Hanahan and Weinberg identified the capacity of cancer cells to sustain pro-
liferative signalling as a defining hallmark of cancer in their seminal work [234]. Since
then, they have expanded their framework to include a broader set of behaviours that
are fundamental to cancer progression [232, 233]. These hallmarks include the ability
to sustain proliferative signalling, evade growth suppressors, resist cell death, enable
replicative immortality, induce angiogenesis, activate invasion and metastasis, repro-
gram energy metabolism, and evade immune destruction (see Figure 1.1).

The first four hallmarks primarily involve disruptions in the cell cycle and regula-
tory mechanisms of cell growth. For instance, cancer cells maintain continuous pro-
liferative signalling by overexpressing growth factor receptors or producing their own
growth factors to stimulate autocrine growth loops. Furthermore, they evade critical
growth-suppressing mechanisms controlled by tumour suppressor genes such as RB
and TP53, allowing them to bypass inhibitory signals and divide without restriction
[449]. Another critical hallmark is their ability to resist apoptosis (programmed cell
death), enabling cancer cells to survive despite genetic damage or other signals that
would typically trigger cell death [336]. Additionally, cancer cells can achieve replica-
tive immortality by circumventing the natural division limit through the activation of
telomerase or alternative lengthening of telomeres (ALT) mechanisms [447].

1. Introduction 11
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FIGURE 1.1: Schematic representation of the hallmarks of cancer, proposed by Hanahan and Weinberg.
(Reprinted from [232] by permission from Elsevier and Copyright Clearance Center).

Cancer cells also modify their surrounding environment to further support tumour
growth and dissemination. One such modification is angiogenesis, the formation of
new blood vessels, which ensures a steady supply of oxygen and nutrients while fa-
cilitating the removal of waste products [90, 97]. Additionally, cancer cells can invade
neighbouring tissues and metastasise to distant organs, often involving processes like
the epithelial-mesenchymal transition (EMT), which grants them enhanced migratory
and invasive capabilities [408].

The 2011 update to the hallmark framework introduced two additional enabling
characteristics: genome instability and tumour-promoting inflammation. Genome in-
stability, characterised by an increased mutation rate, provides the genetic diversity
needed for tumour evolution and adaptation [174]. Moreover, inflammation within the
tumour micro-environment, often driven by immune cell infiltration, can promote tu-
mour growth by supplying bioactive molecules such as growth factors and mutagenic
agents [228]. The update introduced also new hallmarks, such as the reprogramming of
cellular metabolism in cancer cells. A key example is their frequent reliance on aerobic
glycolysis, also known as the Warburg effect, which enables cancer cells to meet their
energy demands even in oxygen-rich conditions, thereby supporting rapid proliferation
and survival in the typically hypoxic tumour micro-environment [141, 509]. Addition-
ally, the ability of cancer cells to evade immune surveillance has been shown to be a
crucial mechanism that allows them to persist despite the body’s natural defences.

In 2022, Hanahan expanded the framework further by introducing four new hall-
marks that reflect the most recent advancements in cancer biology. These include un-
locking phenotypic plasticity, whereby cancer cells can transition between different cell
states, allowing them to adapt to various environmental conditions [525]. Another addi-
tion is non-mutational epigenetic reprogramming, wherein tumour cells use epigenetic
modifications to alter gene expression without changing the underlying DNA sequence,
promoting cancer progression and resistance to therapy [137, 262]. The 2022 update also
introduced two new enabling characteristics: polymorphic microbiomes and senescent
cells. Polymorphic microbiomes refer to the complex and dynamic communities of mi-
croorganisms within the tumour micro-environment, which can influence cancer pro-
gression through their interactions with the immune system [160, 243]. Senescent cells,

12 1. Introduction



on the other hand, enter a state of irreversible growth arrest but continue secreting in-
flammatory factors, which can promote tumour growth and therapy resistance [297,
311, 504].

Brain tumours occur when abnormal cells form within the brain, disrupting its nor-
mal functions. Brain and central nervous system cancers represent a significant global
public health concern due to their high mortality rates, substantial economic burden,
low survival rates, and profound impact on patients’ quality of life [452]. They ac-
count for approximately 1.6% of all new cancer diagnoses annually and are responsible
for about 2% of cancer-related deaths worldwide. This highlights the disproportionate
severity of these cancers compared to their incidence, underscoring the need for contin-
ued research and improved treatment strategies.

According to the most recent update by the World Health Organization (WHO) in
2021, brain tumours are classified based on molecular and histological features [335].
This classification is crucial for guiding treatment strategies and predicting outcomes.
Brain tumours are primarily categorised into two major groups: primary and secondary
tumours.

¢ Primary brain tumours refer to malignant tumours that originate either in the
brain or in the nerves extending from the brain. These tumours do not frequently
metastasise outside of the central nervous system (CNS).

* Secondary brain tumours (or metastatic brain tumours) originate from malignant
tumours that have spread to the brain from other parts of the body. Secondary
brain tumours are more common than primary brain tumours.

There are over 100 types of cancer that can affect the CNS. It is important to note that
cancers originating in other locations (such as the breast or lung) and spreading to the
brain are treated according to the primary cancer site. Therefore, it is essential to discuss
the classification of primary brain cancers:

* Gliomas: These are the most common and aggressive brain tumours, originating
in the glial cells of the CNS. Gliomas are divided into three main categories:

— Astrocytomas: These develop in astrocytes and are found in the cerebrum
and cerebellum. Astrocytomas account for approximately 50% of all primary
brain tumours. Notably, Glioblastoma Multiforme (GBM) is a subtype of as-
trocytoma.

— Oligodendrogliomas: These tumours arise from oligodendrocytes, glial cells
responsible for producing myelin, which increases nerve impulse speed.

— Ependymomas: These tumours develop from ependymal cells, which line the
ventricles of the brain and spinal cord and are involved in the production and
circulation of cerebrospinal fluid (CSF). Ependymomas are typically found in
the lining of the ventricles, the spinal cord, or near the cerebellum.

* Nongliomas: These tumours do not originate from glial cells. Notable examples
include:

— Meningiomas: These develop in the meninges, the protective membranes cov-
ering the brain and spinal cord. Meningiomas often arise from arachnoid
cells, which are involved in CSF absorption. Most meningiomas are benign,
with malignant forms being extremely rare.
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— Medulloblastomas: These tumours occur in the posterior fossa, a specific re-
gion within the intracranial cavity that contains the brainstem and cerebel-
lum. They are more common in children.

— Pituitary adenomas: Tumours that arise from the pituitary gland, which is lo-
cated at the base of the brain. They can affect hormone levels and are usually
benign.

Furthermore, the WHO classifies gliomas based on their behaviour and malignancy
[335]:

¢ Grade I: Well-circumscribed tumours with low proliferative potential, generally
benign and often curable through surgical resection alone.

¢ Grade II: Low-grade malignancies that may progress over time. Their diffuse
infiltration makes them challenging to cure with surgery alone.

* Grade III: Malignant tumours with abnormal cells, likely to invade surrounding
tissues and prone to recurrence.

* Grade IV: The most malignant tumours, characterised by rapid growth, patho-
logical angiogenesis, and necrosis. They are invasive and resistant to standard
therapies. A prominent example is Glioblastoma Multiforme (GBM).

The following sections elucidate various aspects of brain tumours that are examined
in greater detail throughout this thesis. Section 1.1.1 starts with a brief discussion of
brain tissue characteristics, where these tumours typically arise, highlighting the unique
properties of brain tissue and its influence on tumour growth. The role of brain tissue in
tumour invasion along white matter tracts is a central focus of the model presented in
Chapters 2, 4 and 5 and is fundamental to the analysis of brain tissue mechanical prop-
erties in Chapter 3. Brain tumour progression and metabolism are addressed in Section
1.1.2, with particular attention to the Go-or-Grow mechanism and hypoxia-mediated
migration, including the hypoxia-driven metabolic switch between aerobic and anaero-
bic pathways, which forms the core of the model in Chapter 5. Furthermore, this Section
explores also the role of the vasculature in tumour progression. The supply of nutri-
ents from blood vessels to tumours is fundamental to model cancer growth and will be
addressed from a homogenized perspective in Chapter 6. Standard and experimental
therapeutic approaches for brain tumours are outlined in Section 1.1.3. Finally, Section
1.1.4 provides an overview of the standard imaging modalities used in the evaluation
of brain tumours, highlighting how various types of clinical data from medical imaging
are incorporated into the models discussed in this thesis.

1.1.1 Characterisation of brain tissue

Characterising brain tissue is essential for a deeper understanding of brain tumours.
Brain tissue consists of grey and white matter, covered by thin layers of pia and arach-
noid membranes, which together form part of the meninges, the protective layers sur-
rounding the brain and spinal cord. Grey matter primarily contains neuronal cell bod-
ies, distributed on the surface of the cerebral cortex without clear directional preference,
while white matter predominantly consists of myelinated axons that facilitate commu-
nication between different brain regions and are often highly oriented. This structural
organisation is crucial for normal brain function and plays a significant role in tumour
progression, as brain tumours frequently invade these tissues, exploiting their distinct
properties to spread and grow.
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The mechanical behaviour of brain tissue is a critical factor in understanding its
response to external forces and processes such as tumour growth. Over the past few
decades, the modelling of the mechanical behaviour of the brain has gained signifi-
cant importance in the scientific community. Despite considerable advancements and
extensive research into the brain’s functions and operations, our understanding of its
mechanical properties remains relatively limited. As noted by Goriely et al. [222], two
primary challenges contribute to this knowledge gap. Firstly, the brain is a fully en-
closed organ, making it particularly challenging to physically examine and manipulate.
Secondly, when considered as a solid, the brain is extremely soft, and its mechanical
response is significantly influenced by its fluid content.

Among all human tissues, brain tissue is not only the softest, with a shear modu-
lus on the order of one kilopascal [83], but also one of the most intricate, essential, and
least understood. Like most biological soft tissues, brain tissue exhibits highly complex
mechanical behaviour: it accommodates finite deformations, displays a markedly non-
linear response to applied forces [45, 149], and exhibits pronounced time-dependent
properties [423-425]. The latter is one of the most pronounced features of brain tissue,
manifesting itself primarily through so-called viscoelastic effects. For instance, during
rapid deformation followed by holding the tissue in place, the stress diminishes over
time, a phenomenon known as stress relaxation [84]. Conversely, when a constant load
is quickly applied and maintained, the resulting strain increases over time, an effect
termed creep [276]. Additional time-dependent behaviours include hysteresis and soft-
ening under cyclic loading and unloading [84]. Furthermore, Miller [364] and Miller and
Chinzei [365, 366] not only reported the stress-strain rate dependency of brain tissue but
also highlighted the asymmetric behaviour under tension and compression. Further ex-
periments conducted by Rashid et al. [423, 425] under intermediate and dynamic strain
rates in both compression and tension have reinforced these findings, highlighting a
pronounced difference between the two loading conditions and a stiffer response with
increasing strain rates. These observations align with studies by Budday et al. [85],
who tested human brain specimens under shear in two orthogonal directions as well
as in compression and tension. They reported a nonlinear mechanical response, which
was significantly stiffer in compression than in tension. Additionally, shear stresses in-
creased with compressive strain but remained unaffected by tensile strain.

Interestingly, Budday et al. [85] demonstrated that the microstructural anisotropy
caused by the alignment of nerve fibres does not result in an anisotropic elastic response.
This observation is particularly important because it challenges the assumption that the
alignment of nerve fibres would lead to directional mechanical behaviour. Therefore,
from a mechanical perspective, brain tissue is assumed to behave isotropically in terms
of elastic deformation. However, the anisotropic orientation of fibres significantly influ-
ences anelastic processes such as growth, remodelling, and the diffusion of oxygen and
other molecules.

Another key consideration is whether brain tissue should be modelled as a solid or
a fluid. Donnelly et al. [156] show that brain tissue samples immersed in saline return
to a defined shape after deformation, supporting the need for a solid model. However,
brain tissue, while solid, is extremely soft and its mechanical behaviour is heavily influ-
enced by its fluid phase. Choosing the appropriate model, whether solid or fluid, can
significantly influence simulations of tumour growth or surgical interventions, where
understanding the behaviour of brain tissue under different forces is crucial. Further-
more, the compressibility of brain tissue requires careful consideration. In this work,
we adopt the assumption of brain tissue incompressibility, as commonly done in the
mechanical models summarised in Section 1.2. However, some experiments, such as
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those conducted by Kyriacou et al. [304], suggest that while brain tissue may behave in-
compressibly under impact or short-duration processes, it can exhibit compressibility in
long-term or quasi-static scenarios. The decision to model brain tissue as compressible
or incompressible should, therefore, depend on the specific situation under study.

These are only some of the key characteristics of brain tissue, which will be utilised
to construct the mechanical model presented in Chapter 2. Additional properties will be
further explored and discussed in Chapter 3. Understanding and characterising brain
tissue is essential for a deeper insight into brain tumours and their behaviour within the
brain’s complex structure.

1.1.2 Brain tumour progression, metabolism, and nutrient supply

Among the numerous issues caused by the growth of malignant brain tumours, the ex-
pansion of neoplastic tissue inevitably results in unnatural displacement of the normal
cerebrum. As a consequence of this anomalous tissue motion within the skull fixed vol-
ume, the tumour can exert considerable pressure and solid stress onto the surrounding
healthy tissue, leading to changes in neurological functionalities and in the flow of ex-
tracellular fluid. These side effects caused by a tumour growing within the brain are
known as mass effect and can cause severe neurological dysfunctions, such as fatigue or
drowsiness, alterations of consciousness, problems with vision, nausea and vomiting,
headaches, epilepsy and seizures, changes in personality and other psychiatric disor-
ders [8, 12, 343, 453, 475]. In general, the growth of a solid mass is associated with an
increase in intracranial pressure, which in turn may provoke alterations in brain func-
tions and cerebrospinal fluid flow obstruction. In particular, recent experiments and
clinical evaluations underscored the relevant role played by solid stresses in addition to
fluid pressure [443] and it was hypothesized that stresses in the tumour microenviron-
ment may promote immune escape [385]. Moreover, pre-surgery tissue displacement
due to mass effect may also be an indicator of the overall patient survival expectations
[459]. Indeed, the development of unnatural strains and stresses due to tumour growth
has been recognized as a relevant prognostic factor, with a negative impact on the pa-
tient, especially in the skull-confined brain [199, 275, 374, 459]. For all these reasons, it is
important to evaluate brain alterations, displacements, and stresses caused by tumour
growth also in distant parts of the tissue with respect to the tumour location [459]. Clin-
ically, the degree of mass effect can be assessed through Magnetic Resonance Imaging
(MRI) by quantifying the displacement of some relevant biological structures (e.g. the
midline shift, the lateral ventricle displacement [323, 459] or the maximum displace-
ment magnitude of the ventricles [519]), the compression of fluid-filled structures that
may result in the obstruction of brain ventricles, and the formation of oedema in the
region close to the tumour lesion [459]. In particular, an accurate estimation of ventric-
ular compression caused by the neoplastic mass may also improve the computational
reconstruction and segmentation of medical images, which is important to capture the
correct tumour volume [274].

Oxygen availability is another key factor influencing tumour cell behaviour, dic-
tating whether cells adopt a migratory or proliferative phenotype and thereby affect-
ing their invasiveness and aggressiveness. Oxygen deprivation, or hypoxia, acts as
a powerful environmental stressor, triggering mutations that profoundly impact tu-
mour progression and dynamics [352]. Clinically, solid tumours exhibit heterogeneous
oxygen distribution, with regions ranging from well-oxygenated to severely hypoxic.
This variability in oxygen levels plays a pivotal role in tumour cell movement, guid-
ing cells toward more favourable regions. Brain tumour cells often migrate along pre-
existing pathways, such as perivascular spaces and white-matter tracts, enabling their
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spread to distant areas within the brain parenchyma or leptomeningeal space [445]. Be-
yond influencing migration, oxygen availability also shapes tumour cell phenotypes
and their interaction strategies. In hypoxic conditions, tumour cells undergo molecular
and morphological adaptations, enabling them to survive in low-oxygen environments
and evade apoptosis. The proliferation and migration dichotomy, commonly referred
to as the Go-or-Grow mechanism, is essential for understanding brain tumour behaviour
[198, 208, 211, 239]. In this model, tumour cells alternate between two phenotypes:
proliferative cells that focus on rapid division and tumour expansion, and migratory
cells that prioritise movement and invade new areas of the brain. The ability of tumour
cells to alternate between these phenotypes complicates treatment, as therapies aimed at
eliminating rapidly proliferating cells may leave migratory cells untouched, facilitating
further invasion.

Additionally, tumour cells activate other mechanisms in response to a hypoxic en-
vironment. These adaptive responses include the secretion of factors that promote an-
giogenesis, the formation of new blood vessels. Another key response is the activation
of glycolysis, which allows tumour cells to generate energy even in the absence of suf-
ticient oxygen. In hypoxic regions of tumours cells shift to a glycolytic metabolic phe-
notype, relying on glucose as their primary energy source [497]. In 1956, Otto Warburg
discovered that cancer cells tend to shift their glucose metabolism and energy produc-
tion towards anaerobic glycolysis, even when oxygen is available [509]. This metabolic
pathway converts glucose into pyruvate, which is then transformed into lactate and re-
leased into the extracellular environment. While anaerobic glycolysis generates only
two molecules of ATP (adenosine triphosphate) per glucose molecule, far less than the
36-38 ATP molecules produced by complete cellular respiration, it is a faster process.
This rapid ATP production enables cancer cells to survive in intermittently hypoxic con-
ditions, commonly found in poorly vascularised tumours or areas with unstable blood
vessel growth [141]. For this reason, it is common to observe a symbiotic relationship
between tumour cell subpopulations, where hypoxic, glucose-dependent cells secrete
lactate, and normoxic cells sustain their proliferation via oxidative phosphorylation, i.e.
they rely on oxygen as their primary source of energy.

When it comes to accessing vasculature in brain tumours, the newly formed blood
vessels are often structurally abnormal and functionally compromised. These vessels
frequently exhibit irregular branching patterns, inconsistent diameters, and incomplete
basement membranes. As a result, they are prone to leakage and inefficient blood flow,
leading to uneven oxygen and nutrient delivery to tumour cells. This disorganised vas-
cular network contributes to regions of hypoxia within the tumour, which in turn drive
tumour aggressiveness and resistance to conventional therapies. The inefficient blood
supply also poses challenges for the effective delivery of therapeutic agents, further
complicating treatment outcomes. Additionally, the heightened permeability of these
abnormal vessels can cause elevated intracranial pressure, exacerbating symptoms and
worsening the patient’s condition. Gaining a deeper understanding of these vascular
abnormalities is essential for overcoming the challenges they pose and for designing
more effective treatment strategies tailored to brain tumours.

A mechanical model that incorporates mass effect is detailed in Chapter 2. Addi-
tionally, Chapter 5 presents a mathematical model of brain tumour progression, captur-
ing both hypoxic and normoxic conditions. Furthermore, Chapter 6 analyse the role of
vasculature in tumours and explores various approaches for integrating it into mathe-
matical models.
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1.1.3 Clinical therapies for brain tumours

The treatment of brain tumours is complex and varies significantly based on the type,
size, location, and aggressiveness of the tumour, as well as the patient’s overall health.
Currently, the most prevalent approach is multimodal, where various therapies are com-
bined to enhance the treatment’s effectiveness. This personalised protocol is crucial, as
it tailors treatment plans to each patient’s specific condition, weighing the benefits and
risks of each modality [346].

Surgical resection remains a cornerstone in the treatment of brain tumours, with the
primary objective of removing as much of the tumour mass as possible, ideally 70% or
more, while preserving the patient’s neurological function. Generally, a better progno-
sis is linked to a greater extent of tumour removal. However, the success of surgery is
highly dependent on the tumour’s location. In some cases, complete resection is not
feasible without risking significant damage to critical brain areas, potentially leading
to neurological deficits. While surgery is essential, it is often insufficient on its own to
prevent tumour recurrence, a persistent challenge in managing brain tumours. Recent
advancements in surgical techniques have enhanced treatment options. Fluorescence-
guided surgery (FGS), for example, uses fluorescent markers to improve tumour visu-
alization, aiding in more precise and complete tumour removal [390]. Another inno-
vation is robot-assisted neurosurgery, which is increasingly employed to improve pre-
cision and potentially enhance patient outcomes [350]. Additionally, laser interstitial
thermal therapy (LITT) is an emerging minimally invasive technique used to treat brain
and spinal cord tumours. LITT employs laser energy to heat and ablate tumour tissue,
offering a promising option for certain cases [166].

Radiotherapy (RT), the use of targeted radiation, has been a standard treatment for
brain tumours since 2005, particularly in the post-operative phase. Radiotherapy has
been effective in improving survival rates and is used both as a palliative measure
and as a primary treatment when surgical resection is not an option. Radiation ther-
apy works by using ionizing radiation, typically delivered through a linear accelera-
tor, to control or eliminate malignant cells. In the treatment of high-grade gliomas, the
standard dose is 60 Gy, administered in 30-33 fractions, with Gy (gray) representing
the absorbed radiation energy per kilogram of tissue. Hypofractionated radiotherapy,
which delivers fewer but higher-intensity treatments over a shorter period, is instead
beneficial for elderly patients as it reduces treatment duration while maintaining effec-
tiveness. Advances in imaging technology have greatly enhanced the precision of ra-
diotherapy for glioma patients, enabling more accurate determination of the tumour’s
gross volume (GTV) and improving the planning treatment volume (PTV) to ensure
more targeted radiation while minimising damage to surrounding healthy tissue. Mod-
ern techniques like intensity-modulated radiotherapy (IMRT) [161] and stereotactic ra-
diosurgery (SRS) [395] offer even greater precision, particularly for tumours located in
sensitive or difficult-to-reach areas of the brain. However, despite these advancements,
the challenge of preventing tumour recurrence remains significant.

The last standard treatment is chemotherapy (CH). Chemotherapy involves the use of
drugs that act within cells to inhibit or slow down mitosis and cell division, targeting
both healthy and tumour cells. Since most normal adult cells are not actively divid-
ing, they are generally unaffected by chemotherapy. However, certain cell types, such
as those in the bone marrow, hair follicles, and the lining of the gastrointestinal tract,
are more susceptible, which explains the common side effects associated with the treat-
ment. In the treatment of brain tumours, chemotherapy commonly centres on the drug
Temozolomide (TMZ). Approved for recurrent glioblastoma (GB) in 1999 and for pri-
mary GB in 2005, its use became formalised in the widely adopted Stupp protocol [466,
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467]. Numerous studies have demonstrated that TMZ reduces the relative risk of death,
and it is favoured over other chemotherapy drugs due to its relatively less severe side
effect profile [119].

There are cases in which gross resection of the mass is not feasible, mainly due to
tumour location. This especially happens for patients with multifocal or eloquently lo-
cated! glioblastomas [323] and for deeply infiltrating tumours in locations not amenable
to surgery [334], which exhibit an unacceptable risk of post-operative neurological deficits.
In these situations, appropriate chemoradiation therapies are even more relevant to re-
duce tumour burden and extend the survival time of patients while minimizing the side
effects [54, 63, 323, 334]. However, the treatment and prognosis for brain tumours have
only seen marginal improvement over the last decade due to the complexity of the tu-
mour microenvironment and the limited ability of drugs to penetrate the blood-brain
barrier [518]. Indeed, even with currently accepted care protocols, the median survival
time does not exceed 15 months [467], and is even less in the absence of surgery [323,
466]. As a result, there is a pressing need for the development of novel and more effec-
tive therapeutic approaches to enhance outcomes for patients with brain cancer. Several
different drugs, e.g. bevacizumab or irinotecan, as a substitute for or in combination
with TMZ have recently been tested [287, 334], sometimes with limited success [107,
287].

New and evolving treatment modalities such as targeted therapies and gene therapy
are showing encouraging results in the treatment of brain tumours. Targeted therapies
aim to inhibit specific molecular pathways involved in tumour growth and progression.
Among these targeted therapies, angiogenesis inhibitors, which block the formation of
new blood vessels that supply the tumour, have been tested as anti-migratory agents
for gliomas. A notable example is bevacizumab, a monoclonal antibody that neutralizes
VEGE. This drug has shown promising responses in patients with recurrent malignant
gliomas when used in combination with other treatments [426]. However, its overall
efficacy remains a subject of debate, and ongoing research continues to explore its po-
tential. In fact, antiangiogenic treatment can exacerbate hypoxic effects [460] and cause
brain tumour mass fragmentation, cancer cell migration, and tissue invasion [67, 301,
305, 436]. Additionally, intravenous integrin inhibitors, such as cilengitide, have demon-
strated effectiveness in inducing apoptosis in U87 glioma cells, while broad-spectrum
MMP inhibitors, like marimastat, have shown potential when combined with TMZ [229,
515]. Although these combinations appear promising, further research is needed to fully
assess their side effects. Moreover, the treatment modality known as tumour treatment
tields (TTFs), which applies low-intensity alternating electrical fields to disrupt cell di-
vision, has demonstrated a significant effect on patient survival [89, 407]. However, the
daily application of TTFs for up to 18 hours and its high cost have limited its widespread
adoption in clinical practice. Gene therapy, another promising avenue, involves the in-
troduction of genetic material into cells to correct genetic abnormalities or enhance the
body’s natural defences against tumour growth. These emerging therapies represent a
promising future in brain tumour treatment, with the potential to significantly improve
patient outcomes. However, many of these approaches are still under investigation, and
further clinical trials are necessary to determine their long-term efficacy and safety [510].

Finally, another promising treatment is represented by immunotherapy. Immunother-
apy aims to generate a specific immune response that targets tumour cells, inhibit-
ing tumour growth whilst leaving healthy tissue unharmed [405]. Although not as
widespread as conventional treatments, this technique has been approved for various

1In the jargon of neurosurgery, eloquent brain areas are defined as zones whose neurological function
is clearly identified and hence, if injured, may lead to disabilities [244, 285].
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types of cancer, including melanoma and prostate cancer. Consequently, there has been
growing interest in its potential application for treating brain tumours. However, this
approach faces several challenges, such as the presence of the blood-brain barrier (BBB),
which confers immune privilege to the brain [7], the immunosuppressive nature of brain
tumours, their intra-tumoural heterogeneity, and the presence of therapy-resistant tu-
mour stem cells. Numerous clinical trials have been conducted and are currently un-
derway, focusing primarily on four techniques: vaccines, immune checkpoint inhibitors,
CAR-T cell therapy, and oncolytic viruses.

20

1. Vaccines. Cancer vaccines harness tumour-produced antigens to activate immune

surveillance by enhancing the immune response. This process is complicated by
the scarcity of specific antigens produced by GBM, which often vary in their ex-
pression. Encouraging results have been obtained using the EGFRVIII antigen,
expressed in approximately 30% of cases, as a target. Technological advancements
in sequencing and bioinformatics have also enabled the discovery of neoanti-
gens—antigens produced by somatic tumour mutations. These can be utilised
as triggers for T cells, potentially enabling highly specific targeted treatment [433].
Despite ongoing research for several years, the use of cancer vaccines remains in
the study phase, with only three potential candidates reaching phase III trials as
of 2023 [7].

. Immune checkpoint inhibitors. During its growth, brain tumours create a highly

immunosuppressive microenvironment that impedes immunocyte intervention.
This effect is mediated by substances called cytokines, which activate immune
checkpoints—receptors present on various immunocytes such as lymphocytes,
natural killer cells, and dendritic cells—rendering them inactive. Immune check-
point inhibitors are monoclonal antibodies that, when introduced into the organ-
ism, bind to these receptors, preventing their activation and restoring the normal
immune response. As of 2023, several studies have been conducted, and phase
III trials are ongoing, particularly targeting the programmed cell death protein 1
(PD-1), which has shown significant results in other types of tumours, and the
T-lymphocyte-associated protein 4 (CTLA-4).

. Oncolytic viruses. Another emerging therapy for tumour treatment in recent decades

is the use of oncolytic viruses (OVs), administered intravenously or intratumorally.
These are weakly pathogenic viruses capable of selectively attacking cancer cells
without affecting healthy cells. They act both through direct elimination of tar-
get cells and by releasing damage-associated molecular patterns and pathogen-
associated molecular patterns during infection, which effectively stimulate the
immune system and alter the nature of the microenvironment. This type of treat-
ment, already used in other cases such as prostate cancer, has considerable poten-
tial in counteracting the immunosuppressive nature of brain tumours. Currently,
several studies are underway, predominantly in phase I and II trials, utilising var-
ious viral strains.

. CAR-T cell therapy. The use of Chimeric Antigen Receptor T-Cells is a treatment

based on the genetic engineering of T lymphocytes. T cells are collected and sep-
arated from the patient’s blood and engineered by introducing the CAR receptor,
capable of recognising specific antigens produced by tumour cells. This receptor
is connected via transmembrane regions to intracellular activation domains. The
engineered cells are then reintroduced into the patient, where stimulation of the
specific receptor triggers proliferation, cytokine release, and cytotoxicity, enabling
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FIGURE 1.2: The current landscape of major glioblastoma immunotherapies and mechanisms of resistance.

(Reprinted from [524]).

more effective combat against tumour cells. Various receptors are targeted by the
engineered receptor, particularly EGFRVIIIL, which has already been the subject of
study for vaccine therapies. The possibility of making them polyvalent has also
been proposed. This therapy, already effective in treating lymphomas, is under
study to overcome the difficulties posed by the presence of the BBB, which hin-
ders immunocyte access to the brain, and the immunosuppressive nature of the

brain tumour microenvironment.

In Chapter 2, we consider some possible modelling approaches of the standard ther-
apies and protocols used in the clinical context to treat brain tumours patients. Further-
more, in Chapter 4, we introduce a mathematical model aimed at describing the growth
of brain tumour cells during the course of the disease, their interaction with the im-
mune system, and the potential effects of an immunotherapeutic treatment consisting

of cytotoxic T lymphocyte infusion.

1.1.4 Medical imaging

Any mathematical model describing disease progression must be firmly rooted in the
clinical context. Consequently, when relevant biological and clinical data pertaining to
the mechanisms of interest are available, such information is extracted and applied to
calibrate the model. The following section presents an overview of the key imaging
techniques that offer valuable insights into brain tumours.

Magnetic resonance imaging (MRI) is currently the standard imaging modality for
evaluating brain tumours. This non-invasive medical technique utilises strong magnetic
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fields and radio waves to generate detailed images of the brain by exploiting the mag-
netic properties of water molecules within the body. By varying the intensity, timing,
and duration of radio-frequency pulses and directional gradients, MRI can produce im-
ages with different contrasts, allowing for a nuanced view of brain structures. Among
the most commonly used sequences are T1- and T2-weighted images, each highlighting
distinct aspects of tumour progression [306, 496].

T1-weighted images, for example, are particularly useful in visualising vasculature-
related characteristics of brain tumours, especially when a contrast agent like gadolin-
ium is administered, which appears bright on these images. This sequence is often em-
ployed to delineate tumour boundaries and assess blood-brain barrier disruptions. On
the other hand, T2-weighted images provide enhanced contrast between normal and
abnormal brain tissue, as they are sensitive to changes in water content, making them
valuable for detecting tumour oedema, cystic regions, and necrosis within the tumour.
These two sequences are essential for a comprehensive evaluation of brain tumours,
as they offer complementary insights into tumour morphology and surrounding tissue
changes.

In addition to these standard sequences, several advanced MRI techniques have
been developed to further characterise brain tumours. Diffusion-weighted imaging
(DWI) and diffusion tensor imaging (DTT) are employed to quantify the apparent diffu-
sion coefficient (ADC), with DTI offering the added capability of mapping the brain’s
microstructural architecture by determining the preferential directions of water diffu-
sion. DTI’s ability to capture anisotropic water diffusion allows for the visualisation
of white matter neural tracts, providing insights into the directional flow of nutrients,
cell migration, and tumour growth patterns. Magnetic resonance spectroscopy (MRS)
is another advanced MRI technique that measures the concentrations of water-soluble
metabolites, helping to detect tumour-specific mutations and assess intratumoural het-
erogeneity. This technique is often used to study metabolic changes within tumours,
which can offer clues about tumour grade and aggressiveness. Finally, vascular perfu-
sion imaging, also known as Perfusion-Weighted Imaging (PWI), plays a crucial role in
identifying regions of elevated vascularity. This makes it an invaluable tool for predict-
ing and assessing tumour responses to anti-angiogenic therapies.

In addition to MRI, positron emission tomography (PET) scans have become a valu-
able functional imaging tool [306]. PET provides insights into the metabolic and phys-
iological processes of brain tumours by using radioactive tracers to visualise the dis-
tribution of specific molecules at high sensitivity. This can help in assessing tumour
metabolism, identifying areas of high cellular activity, and monitoring treatment re-
sponse.

None of these imaging techniques alone provides a complete picture of brain tumour
progression. Each modality offers unique insights into specific aspects of the tumour
and its surrounding environment, but also has limitations. Therefore, using a combina-
tion of these imaging techniques is essential to obtain a comprehensive understanding
of the tumour’s characteristics and behaviour.

An illustrative example of some of the described techniques is provided in Figure
1.3. In this thesis, MRI and DTI are specifically employed to address these challenges by
accurately capturing the brain’s geometry and its anisotropic features. These techniques
are crucial for the mathematical models explored in Chapter 2 and 5.
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FIGURE 1.3: First figure: MRI images of the brain in patients with grade IV glioma, including apparent
diffusion coefficient (ADC), diffusion-weighted imaging (DWI), T1-weighted contrast-enhanced, and T2-
weighted FLAIR images, revealed tumour presence and significant surrounding brain edema.

(Source [506]; used under the terms and permission of License CC BY 4.0, see https://creativecommons.
org/licenses/by/4.0/)

Second figure: Diffusion Tensor Imaging (DTI) used to track white matter fibres along their whole length.

(Image credits: Diffusion Tensor Imaging Traumatic Brain Injury, written by Brandon A. Woodard, see
https://www.porterrennie.com/blog/diffusion-tensor-imaging-traumatic-brain-injury)
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1.2 Mathematical models of brain tumours

Despite significant advancements in clinical practice, supported by novel therapies and
sophisticated imaging techniques, the treatment of brain tumours remains insufficiently
effective in many cases due to the aggressive nature of cancer and the delicate structure
of brain tissue. Brain tumours are known for their high invasiveness, and even with the
best available treatments, complete eradication is often difficult to achieve without dam-
aging healthy brain tissue. This challenge highlights the need for alternative approaches
that go beyond traditional clinical methods.

In response to these challenges, over the past three decades, mathematical modelling
of brain tumour growth has gained increasing attention from the research community.
The primary goal of these models is twofold. First, they serve as powerful tools to
enhance the understanding of tumour progression, providing a deeper, quantitative in-
sight that complements clinical observations. By simulating tumour behaviour under
different conditions, mathematical models can help clarify the underlying mechanisms
of cancer growth, invasion, and response to treatment. Second, the insights gained from
these models through in silico simulations can be utilised to develop personalised ther-
apeutic strategies. Personalisation is particularly critical in the treatment of brain tu-
mours, where the location of the tumour and its interactions with surrounding tissues
can significantly impact the success of treatments. Simulations can be used to predict
how a specific tumour will grow and respond to therapies, enabling the design of treat-
ment plans tailored to the individual patient’s tumour characteristics. This is essential
for maximising the effectiveness of treatments while minimising harmful side effects,
which is especially important given the sensitive nature of brain tissue.

The success of mathematical models in accurately predicting tumour behaviour de-
pends heavily on their ability to integrate clinical data. Models must be carefully cal-
ibrated and validated using real-world data to ensure that they reflect the complex bi-
ological processes involved in tumour growth. Furthermore, the brain’s unique envi-
ronment, characterised by its highly structured tissue, blood-brain barrier, and hetero-
geneous microenvironment, must be accurately described within these models, as these
factors have a significant impact on tumour progression. The close interaction between
the tumour and its surrounding microenvironment, including oxygen availability, nutri-
ent supply, and interactions with the extracellular matrix, all play crucial roles in tumour
dynamics and must be incorporated into the model framework [110, 240, 443, 459].

Thus, mathematical models, when developed and applied effectively, offer the po-
tential to bridge the gap between theoretical understanding and practical application in
the treatment of brain tumours. By doing so, they hold the promise of improving pa-
tient outcomes and advancing the field of oncology through more precise and targeted
interventions. To achieve these goals, models of brain tumour growth have become in-
creasingly refined during the years: to give an overview, in Table 1.1 we summarise
some of the main contributions that appear in the literature. For detailed and extensive
reviews on brain cancer modelling, we refer to [15, 177, 240, 412].

In particular, a first distinction between models can be made according to the math-
ematical framework they use, which is strictly related to the scale that is considered.
The progression of brain tumours is a highly complex process governed by phenom-
ena occurring across multiple spatial and temporal scales. These range from subcellular
processes to cellular interactions and, ultimately, tissue-level dynamics. Understanding
the mechanisms driving glioma evolution requires a multiscale approach. This intrin-
sic multiscale nature of the biological system necessitates focusing on three key levels.
More specifically:
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Type of Model References Mechanics Imaging
CA [38, 39, 76, 239, 277, No No
282, 491]

ODE [49, 265] No No

ABM [347-349] No No

ABM - PDE - RD [206, 207] No No

PDE -RD [430, 480485, 494, No Yes

517] (CT+MRI)

PDE - RD [269] No Yes
(MRI+DTI)

PDE - RD [238] No Yes (DTI)

PDE - ARD [289] No No

PDE - ARD [477] No Yes (DTI)

PDE - ARD - KM [388, 479] No Yes (DTI)

ODE-PDE-ARD- [129, 130, 169-172, No Yes (DTI)

KM 263]

PDE - ARD - CM [75,123, 167, 249] Yes (LE) Yes
(MRI+DTI)

PDE - CM [164, 165, 303] Yes (NLE) Yes
(MRI+DTI)

PDE - CM [357] Yes (FL) No

PDE -CM [27, 28] Yes (NLE) Yes
(MRI+DTI)

PDE - CM [338] Yes (NLE) Yes
(MRI+DTI)

PDE - CH [4-6, 125, 177] Yes (FL) Yes
(MRI+DTI)

PDE -CH -CM [319] Yes (FL) Yes
(MRI+DTI)

HYB [191, 290, 291, 440] No No

HYB [489, 527] No No

TABLE 1.1: Summary of previous contributions concerning brain tumour modelling. The models are clas-
sified according to three criteria: (i) the mathematical framework employed to describe the growth of the
tumour mass (first column); (ii) the inclusion of tumour and tissue mechanics with quantification of defor-
mations and stresses (third column); (iii) the use of patient-specific imaging data to perform simulations
(fourth column). Abbreviations: CA = Cellular Automaton; ABM = Agent-Based Model; ODE = Ordinary
Differential Equations model; PDE-RD = Reaction-Diffusion equations; PDE-ARD = Advection-Reaction-
Diffusion equations; PDE-KM = Kinetic model; PDE-CH = Cahn-Hilliard model; PDE-CM = Continuum-
Mechanics-based model; HYB = Hybrid model; FL = Fluid; LE = Linear elasticity; NLE = Nonlinear elas-

ticity.
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* Microscopic and mesoscopic models provide a description of phenomena taking place
at the subcellular or cellular scale. These types of models mainly fulfill the objec-
tive of reproducing the early growth of brain tumours, accounting explicitly for
interactions at the cellular level: most of them are Cellular Automata (CA), Agent-
Based Models (ABM) or Ordinary Differential Equations (ODE) models. These
models tend to be computationally faster than those operating at higher scales.
They focus mainly on subcellular or cellular level. The subcellular scale represents
interactions between molecules and receptors on the cell membrane, which drive
cell migration in response to external stimuli and involve alterations in signalling
cascades. The cellular scale, on the other hand, models various intercellular inter-
actions, such as those between tumour cells and the extracellular matrix (cell-ECM
interactions) or between tumour cells themselves (cell-cell interactions).

* On the other hand, macroscopic models based on Partial Differential Equations (PDE)
do not consider the intrinsically discrete nature of tumours, in exchange for a more
flexible description performed through continuous variables. These models can be
obtained from lower-level descriptions through appropriate scaling techniques, as
individual cell behaviour is fundamental in driving macroscopic processes, high-
lighting the importance of linking multiple scales. However, it is also possible to
formulate these models directly at the macroscopic level, relying on mechanical or
phenomenological assumptions. This approach is commonly used when the com-
plexity and nonlinearity of certain mechanisms make it difficult to rigorously de-
rive a macroscopic system from lower-level descriptions. The first works [480-484,
494, 517] using reaction-diffusion equations for the migration and proliferation of
gliomas paved the way for a number of subsequent studies, with an increasing
level of detail. Macroscopic models represent the dynamics of cell populations
at the tissue level, capturing tumour growth through mechanisms of prolifera-
tion and migration. Another approach recently proposed to tackle the problem of
brain tumour proliferation employs a Cahn-Hilliard-type (CH) equation to deal
with the infiltrative nature of some brain tumours, showing a good agreement
with real data [4-6, 125, 177].

* Multi-scale formulations bridging the microscopic and macroscopic levels, grounded
in Kinetic Models (KM) and their scaling [129, 130, 169-172, 263, 388, 479], offer
a compelling extension to purely diffusive, phenomenological models. This ap-
proach seeks to connect macroscopic cell behaviour with the underlying dynamics
at both the subcellular and individual cell levels. As noted earlier, incorporating
all relevant temporal and spatial scales is crucial for a more comprehensive under-
standing of brain tumour progression.

As discussed above, a fundamental improvement to build reliable models for clinical
applications is the inclusion of realistic imaging data, which may be used both for the
estimation of parameters and for performing simulations on real geometries. In par-
ticular, the very first works [480-484, 494, 517] employed Computed Tomography (CT)
and Magnetic Resonance Imaging (MRI) to extrapolate numerical values for the model
parameters and to introduce a spatial distinction between white and grey matter. Then,
the progress in Diffusion Tensor Imaging (DTI) allowed to account for the intrinsic
anisotropy of brain tissue and became of great interest in the modelling process [269].
In the following subsections, we provide a comprehensive review of the literature
related to the modelling approaches that will be employed in the subsequent chapters.
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Mechanical models

The majority of the models mentioned so far does not take into account the mechanical
impact of the growing tumour mass on the healthy brain tissue. Instead, the deforma-
tion induced by the proliferating cancer onto the surrounding areas may be harmful for
the patient, since it may lead to damage in brain functionalities. In this respect, recent
experimental works [108, 380, 381, 443] pointed out the preeminent role of solid stresses
due to brain tumour expansion, in addition to the effects of fluid pressure. Moreover,
the distribution of such stresses appears to be different even in tumours that exhibit
similar imaging volumes [380, 459]. Therefore, it is important to have models that are
able to capture the mechanical effects of a tumour inside the skull, to precisely evaluate
the brain area affected by the cancer and the consequent possible risks for the patient.

Motivated by these facts, some recent models exploited the framework of Contin-
uum Mechanics to provide a description of the so-called mass effect caused by the tu-
mour. Early biomechanical models simplified the brain tissue by treating it as a linear
elastic (LE) medium [75, 123, 249]. Clatz et al. [123] specifically combine a reaction-
diffusion model, which simulates tumour invasion in the brain parenchyma, with a
linear elastic constitutive equation for brain tissue to account for the mechanical in-
teractions between the tumour and the surrounding invaded tissue. Later, more ad-
vanced models incorporated non-linear elastic (NLE) constitutive equations, such as
Neo-Hookean or Mooney-Rivlin models, to better represent brain tissue mechanics [27,
28, 164, 165, 338]. For instance, Ehlers and Wagner [165] developed a three-phase
model for brain tissue and drug delivery, which includes a hyperelastic, mechanically
anisotropic solid skeleton, blood, and interstitial fluid. However, since their model does
not account for the growth of the solid phase, it is not suitable for describing tumour
progression. Modelling the mechanics of a growing mass introduces several challenges.
Cells constantly proliferate and die, and tumour growth continuously remodels the sur-
rounding environment. In solid tumours, determining an appropriate reference con-
figuration for measuring deformations is particularly difficult, as the material itself is
continuously changing [19, 152, 164, 219, 227, 338, 354, 414]. In the context of tumour
growth modelling and biological applications, this challenge was addressed by [20, 21]
through the introduction of the concept of evolving natural configurations [153, 337, 417].
In essence, this approach separates the evolution into pure elastic deformations and
anelastic deformations resulting from growth. Recent studies on macroscopic models of
brain tumour growth have adopted this framework [27, 28, 164, 354, 357].

However, most mechanical models do not account for anisotropic growth distor-
tions. The latter are related to tumours growing preferentially along the white matter
tracts and displacing the host tissue accordingly. Even though the mechanical frame-
work proposed in [338] is able to evaluate the stress and strain fields associated with
brain cancer expansion, it does not include the modelling of anisotropic distortions
specifically related to growth. An attempt in this respect has been made in a recent
work by Harkos et al. [236], where three different evolution equations for the growth
stretches in the principal directions were introduced. However, such equations were
based on a purely phenomenological exponential law, to preferentially drive growth
along the direction of reduced compression [236, 340].

Another important issue that is generally overlooked in mechanical models of brain
tumour growth is the description of therapeutic protocols. Previous mathematical stud-
ies about therapies for brain cancer can be found in [4, 51, 74, 128, 250, 263, 265, 321,
410, 430-432], which however are grounded on ordinary differential equations and ki-
netic equations, not discussing the interplay with mechanics. Recent investigations by
Hormuth et al. [255, 257] considered the effect of Von Mises stress in a model for brain
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tumour growth and response to chemoradiation. Notably, the stress was used to expo-
nentially dampen the motility coefficient of tumour cells, while the mechanical consti-
tutive equations remained relatively simplified, and fluid stresses were not considered.

A relevant feature that a quantitative mechanical model allows to introduce is the
modification of DTI imaging data as a consequence of tumour growth [338]. Indeed, the
growing mass displaces and dislodges the surrounding white matter fibres, causing a
change in the preferential directions for water diffusion and cell movement. Since for
patients affected by aggressive brain cancers it is often difficult to obtain multiple imag-
ing scans at different times, the possibility of providing a computational modification
of DTI data by means of mechanics may have valuable clinical implications.

Motivated by these observations, in Chapter 2 we propose a mechanical and com-
putational framework which may be used to describe brain tumour growth, accounting
both for a detailed mechanical representation and for the inclusion of patient-specific
data. Furthermore, in Chapter 3, we present a detailed viscoelastic characterization of
brain tissue, based on mechanical tests, which enhances the accuracy of describing the
mechanical behaviour of brain tissues.

Mathematical models of heterogeneous cell populations

In the field of cellular modelling, the initial approach often treats cells as homogeneous
entities, governed by a single set of rules. However, this simplification fails to cap-
ture the complexities observed in many biological systems, where heterogeneity at ge-
netic, epigenetic, and phenotypic levels plays a crucial role. To address this limitation,
researchers have developed models that accommodate diverse cellular behaviors and
even allow for transitions between different cellular states. A fundamental strategy
in modelling such heterogeneous populations involves categorizing cells into discrete
compartments, each following distinct evolutionary rules. This approach is exemplified
in individual-based and cellular automata models, where each cell is assigned a label
representing its current phenotype, as demonstrated by Scianna et al. [442].

A significant advancement in this field came from Biirger [88], who introduced a
non-local PDE model to describe mutation-selection dynamics in populations. In this
model, the phenotypic state of each individual is represented by a continuous struc-
turing variable, operating under fixed environmental conditions. The complexity of
these models can be further analyzed using the Hamilton-Jacobi formalism, as shown
by Diekmann et al. [154], enabling the derivation of an evolution equation for the most
advantageous phenotypic state. This seminal work led to the development of a new di-
rection in adaptive dynamics, focusing on non-local partial integro-differential equation
(PIDE) models that describe the evolutionary dynamics of phenotype-structured popu-
lations. These models consider well-mixed populations, denoted as n(t,y), where t > 0
represents time and y € R%(d € IN) represents a continuous trait. The evolutionary
dynamics of such a population can be described by a diffusive non-local variant of the
classic Lotka-Volterra equation, as explored by various researchers [53, 333, 403]:

o — pAyn =R(y,p(t))n, yeR!, £>0,
o(t) = / n(t,y)dy,
R4
n(0,y) =n(y) € L' (R?) , n®>0.
In this equation, the diffusion term models spontaneous phenotypic variations at a rate

B > 0. More sophisticated models have incorporated alternative mechanisms of pheno-
typic change, such as non-local terms for mutations occurring at birth [98, 154, 266, 370,
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402] and advection terms representing stress-induced epimutations [113-115]. These
initial-value problems are often tackled by employing an ¢ parametrisation and time
scaling.

These mathematical frameworks have provided valuable insights into the emer-
gence of intratumour phenotypic heterogeneity. For instance, Lavi et al. [308] demon-
strated that elevated rates of phenotypic variation, particularly epimutations, contribute
to increased intratumour phenotypic diversity. This finding suggests that strategies
aimed at reducing such variation could potentially enhance the efficacy of targeted ther-
apies. Subsequent investigations [116, 224, 325-327] have further elucidated the rela-
tionship between phenotypic variation rates and heterogeneity, revealing that stronger
environmental selective pressures tend to diminish heterogeneity. In particularly harsh
environments, tumour populations may face extinction. However, if they manage to
persist, the equilibrium population size in constant environments is influenced by fac-
tors such as maximum fitness and death rates resulting from competition. Interestingly,
in fluctuating environments, such as those characterized by cycling hypoxia, population
sizes exhibit oscillatory behavior over time [32, 327]. Research has shown that in period-
ically changing environments, competing populations with higher rates of phenotypic
variation gain an advantage, while lower rates prove beneficial in stable conditions [32,
33, 409]. This dynamic is particularly relevant in the context of vascularized tumours,
where oxygen levels fluctuate between normoxia and various states of hypoxia depend-
ing on the proximity to blood vessels [32].

These models have also shed light on the development of therapeutic resistance in
cancer. Early models examining cancer cell dynamics under therapy employed a contin-
uous variable to represent the degree of therapeutic resistance. These studies revealed
that while treatment acts as a selective force, phenotypic variation functions analogously
to diffusion [224, 308, 332]. It was demonstrated that the administration of constant,
high doses of cytotoxic drugs can trigger a selective sweep, favoring slow-proliferating
cells with enhanced resistance, thereby reducing intratumoural phenotypic heterogene-
ity [115, 326]. However, in more challenging environments, the combination of high
phenotypic variability and drug treatment can lead to population extinction, poten-
tially resulting in more effective chemotherapy [326, 458]. Stace et al. [458] further
explored this phenomenon by investigating combined chemotherapy and epigenetic
therapy strategies. Additional research has evaluated the efficacy of various multidrug
treatments and drug delivery schedules, including cytotoxic and cytostatic combination
therapies, and comparing continuous versus intermittent drug administration [17, 116,
326, 332, 409]. Some models have also incorporated healthy cells to account for the
collateral damage associated with chemotherapy [332, 409].

An extension of these models is represented by non-local PIDE frameworks that
consider both space- and phenotype-structured populations. In this approach, popu-
lations are denoted as n(t,z,y), where ¢ € X C R? indicates the position within a
d-dimensional spatial domain. The evolutionary dynamics of populations undergoing
explicit spatial movement can be modelled using non-local variants of the Fisher-KPP
model. This framework assumes that individuals undergo undirected random move-
ment, mathematically represented by a Fickian diffusion term, similar to the classic
Fisher-KPP model [182]. Additionally, individuals experience mortality due to com-
petition for resources and space with other individuals at their location, resulting in a
non-local reaction term. A subset of these studies has focused on models where the
structuring variable represents individual mobility, aiming to elucidate the mechanisms
underlying spatial spread and phenotypic evolution in populations with varying motil-
ity, such as cane toads. These models are variations of non-local Fisher-KPP equations,
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where the diffusion coefficient is dependent on the structuring variable, and pheno-
typic changes are incorporated through differential or integral operators [34, 69, 77, 78].
Analytical investigations of these models, often employing small parameterisation and
asymptotic analysis, have revealed the existence of travelling front solutions. In sce-
narios with bounded motility, the most motile individuals are selected at the invasion
front, while unbounded motility leads to front acceleration. Similar phenomena have
been observed in a non-local advection-reaction-diffusion equation, where movement
is driven not by Fickian diffusion but by random migration towards less crowded ar-
eas, resulting in a non-local advection term with velocity dependent on local population
density [329].

A significant milestone in this field was achieved by Lorz et al. [331], who developed
the first spatially explicit non-local PDE model for cancer phenotypic evolution with
a continuous phenotypic structure. This model combined a non-local Lotka-Volterra
equation with elliptic equations describing abiotic factor dynamics. This approach in-
spired further analytical research linking the balance equation for phenotypic distri-
bution with abiotic factor equations, accounting for diffusion and consumption based
on cell phenotypes [266, 369]. Subsequent work by Cho and Levy [117] enhanced this
model by incorporating cell density-dependent drug permeability and pressure-driven
cell movement, later expanding their investigations to examine asymmetric tumour
growth and competition with healthy cells [118]. Lorenzi et al. [330] further advanced
the field by introducing an influx term to model nutrient and drug inflow, employing
3D simulations of a human hepatic tumour. These studies collectively demonstrate that
spatial gradients in abiotic factors can significantly influence phenotypic diversity and
the emergence of resistant cells within tumours. Numerical simulations suggest that
combination therapies may offer improved efficacy [117, 118, 331]. Building on these
findings, Villa et al. [503] expanded on the work of Lorenzi et al. [330] by incorporating
spatial diffusion and phenotypic variation, assessing the impact of tissue vasculariza-
tion on phenotypic heterogeneity. In a related study, Fiandaca et al. [181] investigated
resistance to hypoxia and acidity at various distances from blood vessels, revealing that
resistance to hypoxia typically develops before resistance to acidity.

To the best of our knowledge, no studies have employed these types of models
specifically to investigate the progression of brain tumours within a 3D environment
representing the brain. Building upon these advancements and addressing this gap in
the literature, Chapter 5 of this thesis employs spatial reaction-diffusion models incor-
porating non-local reaction terms to investigate brain tumour growth in environments
characterized by fluctuating oxygen levels. This approach enables the explicit integra-
tion of a specific phenotypic trait—namely, resistance to hypoxia—which arises from
these environmental variations, into the modelling framework. By doing so, we aim
to elucidate the complex interplay between environmental heterogeneity and the emer-
gence of phenotypic diversity within brain tumours.

Mathematical models of cancer immunotherapy

The rise of immunotherapy as a cancer treatment has driven the development of mathe-
matical models aimed at describing the complex interactions between tumours and the
immune system. To be effective, these models must first capture tumour growth and its
natural interaction with the immune system before incorporating the effects of therapy.
Given the complexity of biological mechanisms, selecting key parameters is essential
to avoid overcomplicating the model and reducing the risk of overfitting [91]. Cellular
populations, particularly tumour cells and immunocytes, are typically the focus. Im-
munocytes are often represented either collectively as effector cells or differentiated into
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specific types, such as cytotoxic T lymphocytes (CTLs) and macrophages. The interac-
tions between these cells and tumour cells are mediated by substances like cytokines
and antigens, which are commonly included in models [296, 490].

Early models, such as predator-prey type ODE systems, simplified the dynamics to
two equations for tumour and immune cells [302]. Kirschner and Panetta [293] intro-
duced one of the first interaction models, successfully capturing tumour recurrence and
immune cell overgrowth due to excessive therapy doses. Similar systems have been
used to model immunotherapy with oncolytic viruses (OVs), either acting directly on
tumour cells [516] or boosting immune defences [87]. Bunimovich’s model was later
expanded into a reaction-diffusion PDE system to account for spatio-temporal tumour
dynamics [309]. Other research has introduced more complex systems of equations.
For instance, [145, 146] proposed a six-equation system that includes different lympho-
cyte types (CD8+ and NK cells) alongside chemotherapeutic and immunotherapeutic
agents. A five-equation model developed by Kirschner, Jackson, and Arciero [292] pre-
dicted responses to immune checkpoint inhibitors by tuning parameters for tumour
cells, immune cells, and cytokines (TGF-8, IL-2, and siRNA). Models from [344, 488]
focus on mechanisms that enable tumour cells to resist immune attack. Spatially ex-
plicit models incorporate diffusion and chemotaxis, as seen in [358, 471], where im-
mune cells migrate towards tumour cells” chemical signals. Complex reaction-diffusion
systems, such as the 13-equation model in [520], simulate immune checkpoint block-
ade therapy, taking into account cytokines, lymphocytes, and tumour dendritic cells.
Moreover, an integro-differential system for three populations—lymphocytes, tumour
cells, and chemoattractants—was proposed in [16], derived from the continuous limit of
a hybrid discrete model for avascular tumours undergoing chemotherapy and immune
checkpoint therapy. Hybrid discrete-continuous models represent cells on a lattice while
chemical signals diffuse continuously, predicting the formation of immunosuppressive
zones [511]. Similar approaches are used to simulate vaccine efficacy [389, 392].

Focusing specifically on brain tumours, models like the ODE system in [298] simu-
late the dynamics of grade III gliomas and glioblastomas in interaction with cytotoxic
lymphocytes, including cytokines and MHC complexes. Variants of this model explore
tumour stem cells [2] or simplify by maintaining only cellular populations, while the
action of cytokines and antigens is modelled through the introduction of delays in the
equations [406]. Another nine-equation ODE model [378] incorporates multiple lym-
phocyte and dendritic cell types, while hybrid ABM and delay models are used to sim-
ulate vaccine efficacy [288]. A simpler glioma-immune system interaction model, con-
sisting of coupled ODEs, was proposed by Banerjee et al. [49], with coefficients fitted
to in vitro and animal data. Further adaptations, including spatio-temporal extensions
using partial differential equations (PDEs), have been developed in subsequent studies
[283, 284].

In Chapter 4, we present a mathematical model that captures the dynamics of brain
tumour cell growth throughout disease progression, their interaction with the immune
system, and the potential impact of immunotherapy through cytotoxic T lymphocyte
infusion.

Modelling of vasculature in tumours

To conclude the discussion of brain tumour modelling approaches, recent advances in
mathematical modelling of vasculature in tumours have introduced novel frameworks
that focus specifically on the interaction between tumour growth and the vascular net-
work. While earlier models concentrated on tumour cell dynamics and their micro-
environment, more recent efforts have incorporated the complex role of chemical and
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fluid exchange between the vasculature and the tumour and possibly angiogenesis, the
process by which tumours stimulate the formation of new blood vessels to sustain their
growth. Traditional models, often based on reaction-diffusion equations, have provided
insights into the spatial distribution of critical factors like oxygen and growth signals,
but they face limitations in capturing the detailed structure of the vascular network. In
response to these challenges, different mathematical models have been proposed, em-
ploying a range of approaches. These include continuous models [46, 93, 102, 103, 216,
318, 386, 500], as well as discrete and hybrid frameworks [10, 204, 363, 465, 501], with
cell branching governed by either deterministic or stochastic rules. In some cases, the
boundary between the capillary network and the surrounding tissue is tracked through
a diffuse interface approach [500, 502], even if the proposed models are not suitable to
evaluate the inner blood flow.

Recent advances in mathematical modelling have increasingly focused on under-
standing blood flow through newly formed vascular networks and the mechanisms of
fluid transport in surrounding tissues. These studies build on the seminal work of Bax-
ter and Jain, who developed both a macroscopic model for fluid and macromolecule
transport in tumours with distributed vascular sources [60, 61] and a microscopic model
to describe flow around individual vessels [62]. Subsequent research has introduced
various mathematical models to describe blood flow in static vascular networks [99,
100]. More recently, efforts have been made to couple discrete angiogenesis models
with continuous blood flow models. For example, some studies have expressed flow
at each node of an evolving vascular network in terms of nodal pressures and flow
resistances, ensuring mass conservation [444]. Similar techniques have been applied
in other studies, which utilised discrete models to simulate the spatial and temporal
evolution of vascular networks [10, 359, 462, 463]. In many of these studies, flow sim-
ulations are performed after generating the vessel network, either by using artificial
hexagonal lattice structures [10] or cell migration models [359, 462, 463]. Rieger and
colleagues introduced 2D and 3D cellular automata models to account for angiogen-
esis, vessel co-option, and vessel collapse in time-dependent blood flow and tumour
growth simulations [55, 512, 513]. However, these approaches often constrain new ves-
sels to a predefined grid, resulting in unnatural network geometries that can skew blood
flow accuracy. Moreover, cellular automata-based methods are limited by computa-
tional constraints, restricting the size of the vascular network that can be simulated. To
overcome these challenges, Berrone et al. [71] introduced a hybrid model that couples
a continuous tissue and chemical diffusion model with a discrete tip-tracking angio-
genesis model. This hybrid approach more accurately captures the motion of tip cells
and subsequent vessel formation, providing a more realistic simulation of angiogene-
sis and blood flow within developing vascular networks. This refined understanding
of vascular network formation and blood flow simulation opens the door to more real-
istic representations of tumour vasculature, enhancing the accuracy of tumour growth
models.

To further enhance the accuracy of tumour growth models, multiscale approaches
have gained prominence, with the homogenization technique emerging as an especially
effective method for linking capillary and macroscopic scales [397, 451]. Homogeniza-
tion allows for the modelling of tumour vasculature at the tissue level while incorporat-
ing the intricate details of the vascular network at finer scales, such as individual capil-
laries. By averaging the effects of small-scale vascular architecture across larger regions
of tissue, this method provides a computationally efficient yet accurate representation
of angiogenesis. Consequently, models that employ homogenization offer deeper in-
sights into the dynamics of tumour blood supply and have become crucial for exploring
therapeutic strategies that target the vascular system in brain tumours.
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In Chapter 6, we apply asymptotic homogenisation to model transport phenomena
in a growing anisotropic tissue, while also accounting for the complex architecture of the
tumour vasculature. This represents an initial, simplified step toward gaining deeper
insights into the role of vasculature in tumour growth and its potential responses to
therapeutic interventions.
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A mechanical model for simulatig
anisotropic brain tumour growth, white
matter tract deformation, ventricular
compression, and therapeutic protocols

2.1 Preliminaries

In this Chapter, a multiphase mechanical model for brain tumour growth is proposed,
capable of quantifying anisotropic deformations, as well as solid and fluid stresses in-
duced by the growing mass, while incorporating therapeutic protocols. A distinctive
feature of this work is the investigation of cerebral ventricles compression, caused by
tumour expansion, and the resulting alterations in their shape due to cancer-induced
deformation.

The model builds upon the framework introduced in [338], with a key modification:
the tumour and host tissue are clearly separated by a sharp interface that moves with the
solid phase, leading to variables that are not necessarily continuous across this interface.
Additionally, the model includes an anisotropic growth tensor designed to capture the
directional preferences of brain fibres reconstructed from medical imaging data. Medi-
cal imaging has well established that brain tumours exhibit anisotropic growth patterns,
influenced by cell migration along white matter tracts and blood vessels [75, 173, 209,
269, 279]. This approach generalizes biomechanical models based on isotropic growth
[27, 28, 47, 164, 338] and contrasts with the model proposed by Harkos et al. [236],
where the anisotropic growth tensor indirectly reflected patient-specific parameters. In
[236], growth stretch rates evolved based on stresses influenced by Magnetic Resonance
Elastography data, without direct reconstruction from imaging. Furthermore, the pro-
posed model includes image-based diffusion and permeability tensors, the latter absent
in [236]. These features enable the model to capture the irregular and heterogeneous
growth patterns of brain tumours, which are shaped by surrounding anatomical struc-
tures [173, 495].

To establish a realistic three-dimensional brain geometry and ventricles” shape, patient-
specific Magnetic Resonance Imaging (MRI) data were utilised. Diffusion Tensor Imag-
ing (DTI), an MRI technique that measures anisotropic water diffusion to estimate ax-
onal white matter organisation, was processed with a multi-compartment model to iso-
late free water contributions and emphasise water motion constrained by brain fibres.
Additionally, the mechanical variables from the model were employed to adjust the
DTI data as the tumour grew, capturing the deformation of the host tissue. By inte-
grating tumour expansion and the resulting deformation of the brain environment, this
model advances understanding of the complex interplay between tumour growth and
its pathological effects.

2. Mechanical model for simulating anisotropic brain tumour growth | 35



The framework also incorporates a simplified therapeutic model, aimed at support-
ing the development of improved treatment strategies. Unlike recent studies that inte-
grate mechanical effects into chemoradiation models for brain tumours [255-257], this
approach accounts for nonlinear elasticity in both tumour and host tissue, guided by ex-
perimental data [45], and includes both solid and fluid stresses. The coupling between
mechanics and growth is derived through physically motivated Continuum Mechanics
principles. Although the feedback of stress on tumour growth is not explicitly consid-
ered here, it can be seamlessly integrated, as demonstrated in [338].

In detail, the remainder of this Chapter is organised as follows. In Section 2.2, we
outline the mathematical model and the procedures to reconstruct its patient-specific
anisotropic components. In Section 2.3 details on the derivation of the Lagrangian for-
mulation of the model are provided. Then, in Section 2.4 the description of the nu-
merical implementation and an estimate of the parameters involved are provided. Sec-
tion 2.5 is devoted to the presentation and discussion of the main results concerning
numerical simulations of the model. Finally, we conclude with Section 2.6, in which we
summarise the main aspects of the work and we discuss some possible perspectives for
future research.

A significant portion of the research detailed in this Chapter has been published
earlier in [47, 48].

2.2 Eulerian modelling setting

In this Section, we introduce the Eulerian formulation of the model for tumour growth
and expansion, based on mixture theory [23, 94, 418], which comprises a set of mass
and momentum balance equations. Although this general framework could theoreti-
cally be applied to describe any solid tumour, we tailor it specifically to model brain
tumour progression in a patient-specific context. The goal of this mathematical model
is to assess the advancement of the disease, predict the evolution of tumour shape, and
quantify the extent and location of damaged areas. We assume that the region occupied
by the tumour, denoted by ()(t), is completely separated from the surrounding healthy
tissue, denoted by (), (¢), so that the boundary between the tumour and the surrounding
environment can be described by a moving interface. Additionally, the cerebral ventri-
cles are modelled as a hole within the domain, so the boundary of the brain domain is
0O (t) = 0Qout(t) U 0Qy (1), where dQout(t) represents the outer boundary, which can
be interpreted as the skull, and 9Q) () represents the boundary of the ventricular re-
gion (see Fig. 2.1 for a schematic representation). To properly study the impact of cancer
growth on the ventricles without describing the complex mechanisms that may occur
within them, appropriate boundary conditions must be imposed on 0Q) ().

Both the healthy region and the tumour region are treated as saturated domains
consisting of two distinct phases: the cell population (labelled with subscript “s”) and
the interstitial fluid (labelled with subscript “¢”), which fill all the available space. Thus,
the volumetric fraction of the cell population, ¢s, and the volumetric fraction of the
liquid, ¢, satisfy the saturation constraint:

gt =1 (2.1)

at any time and at any point in the brain domain Q(t) = O () U Q(f). In this de-
scription, the cellular phase represents healthy cells in Q) () and diseased cells in O (¢),
while the fluid phase includes interstitial brain fluid, blood, and nutrients in both re-
gions. Furthermore, we assume that the materials composing the phases are incom-
pressible, meaning that both phases of the mixture have constant true densities p,, with
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Q *  configuration configuration Q (t)

Natural state

FIGURE 2.1: Multiplicative decomposition of the deformation gradient.

« € {s,l}. Once the true density g, is specified, the partial phase density p, := pu@a
of the material composing the a-phase is fully defined by knowing ¢,. Since cells are
mainly composed of water, we assume that the true densities of both phases are equal,
i.e., ﬁs = ﬁg.

Throughout this chapter, we denote by (), ()f, and ();' the reference configurations
of the whole brain, the tumour, and the host tissue, respectively, so that ()" = () U Q)f.
It is important to note that the tumour region ()f in the reference configuration does not
evolve over time. Similarly, () and d()};; represent the outer skull and the ventricles
boundary in the reference configuration. Regarding the differential operators, "Grad"
and "Div" will denote the material gradient and material divergence with derivatives
taken with respect to the material point in the reference configuration. In contrast, the
notations V and V- will denote the gradient and divergence with respect to the spa-
tial variable in the current configuration ()(f). The deformation of the body from the
reference configuration to the deformed one can be described using the map x(X,t),
which assigns to each material point X € ) its position x in ()(t). By introducing the
displacement field of the solid phase, defined by us(X, t) = x(X,t) — X, we can define
the deformation gradient tensor of the solid phase as Fs = I 4 Grad us, where I is the
second-order identity tensor.

Moreover, the concept of evolving natural configurations is employed to properly
describe the mechanics of the growing body. Using the modelling framework proposed
in [20, 21] for growing tumours, this approach involves splitting the evolution into
pure elastic deformations and deformations resulting from anelastic distortions, such
as growth and remodelling. If we assume that a generic particle is cut out of the body
and its stress state is relieved while keeping its mass constant, we find the natural state
of such a particle at time t. The natural configuration of the body at time ¢ is then the
collection of all the particles in their natural states at time ¢, denoted by Q" (¢).

This allows us to measure the deformation from the natural configuration Q" (t) to
Q(t) through the tensor F,, which is connected to the material’s stress response, while
the transition from the reference configuration ()* to the natural configuration is de-
scribed by the tensor IFg, directly related to growth, hence called the growth tensor. This
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decomposition is illustrated in Fig. 2.1.

In summary, the deformation gradient IFs indicates how the body deforms locally
when transitioning from the reference configuration Q* to ()(t), while F. shows the
local deformation from the natural configuration O)"(t) to €)(t), and FF; shows local
growth. The following multiplicative decomposition of the deformation gradient is

therefore valid:
Fs = FeFFg . (2.2)

Furthermore, since the deformation gradient IF; is invertible, it follows that IFe and IFg
are also invertible. Indeed, the determinant of the deformation gradient can be ex-
pressed as

Js = ]e]g/

where Jo = detlF. and J; = detlFg. In particular, since we are dealing with growth
processes, we have J, > 1. Generally, if J; > 1, the body is undergoing growth, while if
Jg < 1, the body is undergoing resorption.

2.2.1 Mass and momentum balance laws

Balance laws in the tumour region ()(t)

To derive the balance equations of our model, we firstly focus on the region occupied by
the tumour. We assume that, in this region, cells proliferate since the tumour is growing.
Hence, the mass and momentum balances for each phase a € {s, ¢} read

0

a‘niﬂt + Vo (¢ava) = Talds,cn t), (2.3)
R vy, ~ . N
p“(PfX (at + Vg vva) =V T+ le(PDCb(X +m,, (24)

where v, is the velocity of the a-phase, T, is the partial Cauchy stress tensor of that
phase, I'y is the mass growth rate and m, represents the rate at which the a-phase ex-
changes momentum with the other phase. Then, the mixture is assumed to be closed
with respect to mass, i.e, I'y = —I, so that mass exchanges occur only among the
constituents taken into account. A precise definition of T's(¢s, ¢y, t) is reported in Sec-
tion 2.2.3. Moreover, external body forces (such as the gravitational force) included in
b, as well as inertial effects are negligible, since the motion of cells and interstitial fluid
is very slow, when dealing with biological growth phenomena. Thus, Eq. (2.4) becomes

The term m,, with & € {s,¢}, can be decomposed, using thermodynamics arguments
[219], into a dissipative and a non-dissipative part as m, = mug + pV¢a, where p is
the pressure of the interstitial fluid and the term m,g represents the dissipative force
acting on the a phase due to the other phase, denoted by subscript 8. By invoking the
action-reaction principle and the saturation condition (2.1), it holds that

mg = —mys. (2.6)

We remark that, in defining the momentum exchange between phases, we neglected
the exchange rates associated with the mass sources and sinks I'y, « € {s,/}. Such
an assumption is reasonable in the context of avascular tumour growth, in which the
velocities of both the solid and the fluid phase are small [219].
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Following standard arguments in mixture theory, the Cauchy stress associated with
the a-phase of the mixture can be written as the sum of a purely hydrostatic contribu-
tion, which indicates the amount of pressure sustained by the a-phase, and an effective
stress _

Ty = —pupl + Ty

Moreover, we require that the effective stress of the fluid phase T, is negligible with
respect to the pressure gradient and to the interaction forces between fluid and solid
phase. As a consequence, Eq. (2.5), specialised for the two phases, becomes

—¢sVp+V -Ts+my =0, 2.7)
— ¢y Vp+ 1y =0. (2.8)

The momentum balance for the mixture can then be obtained by summing (2.7) and
(2.8), recalling the saturation condition (2.1) and the action-reaction principle (2.6):

—Vp+V-Te=0. (2.9)

Furthermore, calling y the dynamic viscosity of the fluid component, K the permeability
tensor and taking mys = —u¢p?K ! (v, — vg) [219], it is possible to derive from (2.8) the
well-known Darcy’s law as a momentum balance for the fluid phase

Vy=Vs— —Vp. (2.10)

Balance laws in the healthy region (), ()

In the domain occupied by the healthy tissue we assume that the proliferation of cells
is compensated by natural cell death, so that the net rate of growth is equal to zero (i.e.
I's = 0). The closed mixture assumption implies that also the source term I'; must be
null. Hence, the mass balances in the healthy region can be written as

d

g;“ + V- (puvy) =0, witha € {s,(}.

As regards the momentum balance equations, they are the same as in the region oc-
cupied by the tumour, namely Egs. (2.9) and (2.10). The differences in the mechanical
properties between the healthy and the diseased tissues, affecting the stress tensor T,
will be provided through the constitutive equations.

2.2.2 Stress tensor and constitutive equations

In order to close the system of mass and momentum balance equations and to under-
stand how brain tumour growth influences mechanically the surrounding tissues, we
have to determine an appropriate evolution law for the effective part of the Cauchy
stress tensor T, associated with the cellular population, both in the diseased and in the
healthy region. In analogy with [20], we assume that the mechanical response is hy-
perelastic from the natural configuration, that is, both the healthy brain tissue and the
tumour are modelled as non-linear elastic materials.

Effective stress tensor in ();(t)

In order to fully describe the elastic response, the generalized Ogden model [384] is
often considered appropriate to represent the mechanical behaviour of soft brain tissue
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[362]. In particular, we take into account the Mooney-Rivlin model, which represents a
— _2

particular case of the generalized Ogden energy [45, 149, 362]. Let C. := J. °Ce be the

isochoric part of the elastic right Cauchy-Green deformation tensor C, := FIIF.. The

strain energy density per unit volume of the natural configuration W, can be written
as a function of the first two invariants of C, and Je:

Wen (Ce Je) = %,ult (I@ - 3) + %,VZt (er - 3) +

e_l e sn
+xt(1—cpsn)2<1I_¢sn—1n]1_$;n> :

2.11)

where
e, =t (C), T = [(mC) —u(T)].

The last term on the right-hand side of Eq. (2.11) describes volumetric changes in the
solid skeleton, occurring below the compaction point, i.e., when all pores in the structure
are closed and further volume deformations are impeded due to the incompressibility of
the solid phase (see [163] for further details). Furthermore, ¢s, represents the volumetric
fraction of the cell phase in the natural state and it has a constant value. Finally, y1; and
Uot are the material parameters of the tumour tissue whereas «; is the elastic parameter
associated with the response of the tumour to volumetric deformations. Given Wsn, we
can express the Cauchy stress tensor of the cellular phase as

IWan
0C,

T = 2], 'F, Fl  in O(t). (2.12)

By working out the derivative in (2.12) we have

Wi (Ce,Je) 9T Wan  Je IWVan
dCe ~ 9C. " aC.  9Ce 0Je
T—1 =\ oWsm 1 W,
_ -2/3 - L 9VVsn L -1 sn
= 10 (15T 0T ) T h

where I is the fourth-order identity tensor. For the particular choice of material consti-
tutive relation (2.11), we have

MWan Wi IWin N 1 1 _
. ol T all (leX =€) = gl + pm (I - )

8;‘]’ =xt (1~ ¢un) (1 - 11_—2> |

Thus, the constitutive expression of the Cauchy stress tensor T becomes

_ _ -1 _ = =
To= 20 Fe |12 (1- 36 @ G ) (nl+ 7o) | P+

- ¢ (2.13)
¢ (1 — 1—— =" ) I,
‘ ( (Psn) ( ]e - ¢sn
where we have defined the quantities 7y, := % M1t + %I@ por and o 1= —% uzt. The con-

stitutive expression of the Cauchy stress tensor should be accompanied by equations
determining IFs and [Fg. The tensor IF; is entirely determined by the motion of the cell
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phase and for this reason it is not an additional unknown for the model. In fact, it
satisfies
FF;! = V.

Finally, since we are considering a growth phenomenon, we also need to provide a con-
stitutive equation which describes the evolution of the growth tensor F in the tumour
region. We enforce the natural condition that the variation of body mass is given by the
strain rate tensor associated with growth [22, 23, 219, 354], so that the following relation

has to hold:

tr (Ly) = B(@wmt) (2.14)

Ps

where ILg := IFgIFg !is the strain rate tensor (or velocity gradient) associated to Fy. This
assumption also entails that the solid volumetric fraction in the natural state ¢, is con-
stant in time [23, 354]. For what concerns the inelastic distortions related to growth,
several models in the literature consider IFy as isotropic (see for instance [21-23, 27,
219, 338, 354]). In this chapter, differently from previous mechanical models for brain
tumour growth [27, 338], we present instead an anisotropic growth tensor. Indeed, clin-
ical evidence showed that brain cancers often grow following the white matter tracts
[75, 173, 210, 269, 279], which preferentially drive tumour expansion along certain di-
rections. To include such an effect in our model, we will consider a general anisotropic
growth tensor in the form

Fg = g1w1 @ Wi + $2Wo @ Wa + g3W3 @ W3, (2.15)

where w;, i = 1,2,3 are the unit orthogonal eigenvectors representing the principal
directions of growth and g;, i = 1,2,3 are the corresponding eigenvalues. Since the
eigenvectors w;, with i = 1,2, 3, are assumed to be time-independent, from Eq. (2.14) it
follows that the three distinct eigenvalues of IF; must satisfy

$1,.8 & _ Lisont) (2.16)
81 & 83 ¢s

This condition is for instance fulfilled if the evolution laws of the eigenvalues g; are
written as:

) T ,Cn,t ) r ,Cn, t , r ,Cn, t
&:,Bl s(¢s, Cn )’ &:ﬁz s(Ps, Cn ), &:,33 s(¢s, Cn ), (2.17)
&1 ¢s by s 83 ¢s
where B;, i = 1,2,3 are proper coefficients that weigh growth along the principal direc-
tions and such that 1 + B2 + B3 = 1. The choice of the coefficients B; and the eigenvec-
tors w; will be discussed properly in Section 2.2.5, referring to medical patient-specific
data.

Effective stress tensor in ), ()

In the host healthy tissue, as stated before, the net source term [s(¢ps, ¢, t) is null, since
the death of healthy cells is compensated by proliferation. This implies that, in principle,
the multiplicative decomposition (2.2) is not needed in O, (t). However, for simplicity,
in order to have all quantities defined on both the tumour and the healthy tissue, it is
possible to apply a fictitious multiplicative decomposition of the deformation gradient
IF;, by taking IF; = I in (), (t). Then, even though the constitutive mechanical model for
the healthy tissue might be taken as totally different from the one describing the tumour,
we assume that the solid phase is described by a Mooney-Rivlin strain energy density
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function Wiy, as in (2.11) also in the healthy domain. Nevertheless, even assuming the
same functional form, the material parameters could be different, i.e., we could use py,,
Hon and «y, different from pyy, por and «y, respectively.

2.2.3 Mass growth rate and and definition of the therapeutic protocol

In writing mass balance laws in tumour domain (see Egs. (2.3)), we have assumed that
growth of the solid phase happens at the expense of the liquid phase. This assumption
stands from the biological observation that cells need to absorb fluid from the extracel-
lular environment in order to increase their volume and proliferate. At the same time,
when cells die, in the absence of calcification, they release the intracellular fluid into the
environment. However, a tissue is generally not a closed system in terms of mass since
fluid can come from the vasculature within the tissue or from the boundary between
the tissue and fluid regions, such as the brain ventricles. In the present description, as
largely done in the literature [5, 94, 125, 357], we neglect the description of the extra
fluid coming from the vasculature, but fluid can eventually flow across the boundary
between the tissue and the liquid region of the brain ventricles, therefore, the total mass
of the mixture is not conserved. More in detail, we assume the following form for the
net rate of growth:

Vs (Pmax — ¢s) (cn — C0)+ — R(¢s,t) — G(¢s, 1) in (1)

0 in On(t) (2.18)

Is (‘PSr cn t) = {

where (-)4 denotes the positive part of its argument and v > 0. Specifically, in the do-
main occupied by the host tissue )y, (), we assume that proliferation of healthy cells is
compensated by their natural death, so that the net rate of growth I's can be taken as
equal to zero therein. Conversely, the first term on the right-hand side of Eq. (2.18) in
O (t) models contact inhibition of proliferation above a maximum cell volume fraction
$Pmax as well as the dependence of proliferation on the concentration of nutrients c,,, with
an hypoxia threshold cy [47, 48, 125, 338]. For what concerns the loss terms R(¢s, ) and
G(¢s, 1), they represent cell death due to radiotherapy and chemotherapy, respectively.
We define them by referring to the current standard of care for newly diagnosed brain
tumours, which consists of adjuvant radiotherapy (RT) and chemotherapy (CHT), very
often after surgical resection. In some cases, however, resection of the tumour mass is
unfeasible, and only RT and CHT are administered. A protocol about the administra-
tion of the drug temozolomide (TMZ) combined with radiotherapy treatment for brain
tumours was proposed by Roger Stupp in 2005 [467]. In particular, he found that the ad-
dition of TMZ to radiotherapy for newly diagnosed glioblastoma resulted in a clinically
meaningful and statistically significant survival benefit with minimal additional toxic-
ity for the patient. The radiotherapy administration of the Stupp protocol consists of
fractionated focal irradiation at a dose of 2 Gy per fraction (1 Gy = 1]/kg), given once a
day five days per week (Monday through Friday) over a period of six weeks, for a total
dose of 60 Gy. Concomitant chemotherapy consists of TMZ at a dose of 75 mg/m?, to be
administered 7 days per week starting from the first day of radiotherapy until the last
day of radiotherapy. After a 4-week break, patients receive up to six additional cycles
of chemotherapy according to the standard 5-day schedule every 28 days. The standard
dose of TMZ in the second adjuvant CHT cycle is 150 mg/m? and it is increased to 200
mg/m? beginning with the third cycle. The effects of radiotherapy and chemotherapy
according to a therapeutic protocol similar to the standard Stupp protocol, with just
three cycles of chemotherapy, as illustrated in Fig. 2.2, are introduced in our model by
taking R(¢s, t) and G(¢s, t) as directly proportional to the fraction of tumour cells [4,
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(2 Gy)
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(75 mg/m?) (150 mg/m?) (200 mg/m?)

FIGURE 2.2: The therapeutic protocol considered in this work: radiotherapy (in orange) and three cycles of
chemotherapy (in green).

128, 410, 430]:
R(Gbs/ t) = kR(t)(PS/ G(‘PS/ t) = kC(t)(/’s- (2.19)

Following other works in the literature [4, 128, 410], we firstly investigate the case in
which the two time-dependent coefficients kg () and kc(t) are equal to zero when the
therapy is not administered, while they are constant and equal to the specific cell death
rate during the days of treatment, i.e.,

Reg t1+7jdays <t <t + (4+7j) days
kr(t) = , (2.20a)
0 otherwise

ki t1<t<tn

k b <t<t
ke =4 & 2= =7 (2.20b)
kes tz3 <t <t

0 otherwise

where j = 0,...,5, t; is the time when the patient starts therapies, ¢, and t3 are the
days when the patient starts the second and the third cycle of chemotherapy (i.e., in
our case, t; = t; + 70 days and t3 = t; + 105 days) and ¢y, are the days in which each
chemotherapeutic cycle ends (i.e. t;, = t; +39days, 7, = t; + 74 daysand ty, = t; +109
days). For what concerns radiotherapy, the term R.¢ represents the effect of n fractions
per day and it is estimated through the linear-quadratic model, commonly used for
studying the survival response and clinical results in radiotherapy [4, 410, 507]:

Reg = and + Bnd?, (2.21)

where d [Gy] is the dose radiation for every fraction, while & [Gy '] and B [Gy ?] are
the linear and quadratic coefficients for RT-induced cell death, respectively. For what
concerns chemotherapy, the parameters kci, ke and k3 appearing in Eq. (2.20b) re-
flect the cell death response for increasing drug dosage, as described above. Then, we
investigate another modelling assumption to take into account the fact that the effects
of drug administration persist even after the drug has been cleared out from the body;,
since complex biological processes are triggered [189]. Indeed, late apoptosis/necrosis
induced by TMZ may occur even after some days from the last treatment [68, 241, 434].
To account for this prolonged effect of chemotherapy on tumour cells without resorting
to a complex pharmacodynamics model, we consider an exponential decay of the tu-
mour cell response (in terms of the cell death rate kc) when each chemotherapy cycle
is stopped. As a consequence, the coefficient kc(t) in Eq. (2.19) in this case is not null
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when the chemotherapy is not administered, but instead it decays in time as follows:

3
ke(t) = ;kCi]l[t,»,tfi](t) + kCie_/\C(t_tfi)Il[tﬂ,—&-oo)(t) , (2.22)

where 1,4 (t) is the indicator function whose value is one for 2 < t < b and is equal
to zero otherwise. More details on the values of the parameters k¢; are given in Sec-
tion 2.4.3 together with the plot of the time evolution of kg (f) and k¢ (t) for all the con-
sidered scenarios (see Fig. 2.10).

2.2.4 Nutrients

The rate of tumour growth I's(¢s, ¢y, t) is influenced by many different factors, but of
course the amount of nutrients plays a fundamental role, because it strongly affects the
cells capability to duplicate. Consequently, it is necessary to introduce in the model an
equation describing nutrients evolution in the domain. We assume that they are trans-
ported by the fluid phase and they can diffuse into it. On the other side, they are taken
by the growing tumour and uniformly supplied by blood vessels. We introduce the
hypothesis that the nutrients absorbed by the healthy tissue are immediately replaced
by the vasculature, whereas the nutrients uptake by the tumour tissue is not negligi-
ble. Following these assumptions, we can write the mass balance equation governing
the concentration of available nutrients ¢, in )(f), normalising it with respect to the
physiological concentration taken at the border of the brain:

d

g ((chn) + V- ((PgCan) =V. ((Pg]DVCn) + F(Cn + Gn , (223)

where D is the Eulerian diffusion tensor (discussed later in Section 2.2.5), the term T'yc;,
is related to the variation of the nutrients amount due to absorption/production of the
liquid in which the chemical is dissolved, and G, is the chemical source term occurring
without net variation of the liquid amount. In particular, we will consider the form

Gn = {_C¢s¢fcn +Su(1—cn) ¢¢ in Qe(t) (2.24)

0 in Qp(t)

The expression of G, in the tumour domain describes the fact that nutrients are con-
sumed by the tumour with a constant rate {. Furthermore, nutrients are supplied at a
rate S, as far as their concentration is below the physiological value, whereas above the
physiological value they are absorbed. The consumption and the delivery of nutrients is
also weighted with a factor ¢, to describe the fact that if there is a higher availability of
fluid phase, then a greater uptake or supply of nutrients can be provided. On the other
hand, in the healthy region we assume that production and absorption of nutrients are
reciprocally balanced. Using standard calculus techniques and recalling the mass bal-
ance equation of the fluid phase, with I'; = 0 in O} (f), we can rewrite Eq. (2.23) in the
tumour and in the healthy domain as

aailf v, Ve, = ;v (DY) + [~Chsen+ Su (1 —ca)]  inOu(f), (225a)
14
) 1 .
aact +vy- Ve, = av - (¢/DVcy) inQp(t). (2.25b)
14
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2.2.5 Anisotropic diffusion, permeability, and growth

The presence of white matter tracts within the brain introduces directional anisotropy
that clearly affects all the relevant phenomena, including diffusion, fluid motion, and
tumour growth. To properly account for the role of preferential directions, it is therefore
necessary to provide definitions for the diffusion tensor ID, the permeability tensor K,
and the growth tensor IFg which reflect the in vivo anisotropy. In addition, the expansion
of the tumour mass displaces the fibres in the surrounding environment, leading to a
modification of the directions of anisotropy in the current configuration Q)(t). Thus,
we use the mechanical description included in our model to progressively modify the
tensors as time evolves.

To model anisotropic phenomena, we start from a set of patient-specific data col-
lected through Magnetic Resonance Imaging (MRI), and, in particular, Diffusion Tensor
Imaging (DTI), provided by Istituto Neurologico Carlo Besta in Milan (Italy). This pro-
cedure allows to reconstruct a realistic brain geometry and environment, with the aim
of providing a framework potentially capable of embedding patient-specific informa-
tion. A more detailed explanation of these imaging techniques is provided in Section
1.1.4. The reconstruction of the boundaries of the brain and the ventricles, as well as the
processing of DTI data, are summarized in Section 2.2.5. We then take advantage of the
DTI images to extrapolate the relevant information on the diffusion, permeability and
growth tensors.

Image acquisition

In this Section, we provide details on the process by which information regarding the
shape and tissues of the patient’s brain, as well as the most probable direction of the
white matter fibres, was derived from MRI and DTI. Imaging data were acquired at the
Fondazione IRCCS Istituto Neurologico Besta (Milan, Italy). The patient signed a writ-
ten consent to the MRI and DTI tests in the context of normal clinical practice, includ-
ing clinical research. The patient was not submitted to any specific procedure different
from normal clinical practice and the collected patient data was anonymized and de-
identified prior to analysis. Anonymization was performed by the neuroradiology unit
of the Besta Neurological Institute, independently from the researchers involved in the
paper.

To visualize the MRI data of the patient’s brain, we use the open-source software
3D Slicer [1, 179]. Since we are interested in identifying fluid regions, we focus on T1-
weighted images, where fluid appears dark and tissue white. The initial step involves
image segmentation, dividing it into distinct and homogeneous regions, emphasizing
the areas of interest to facilitate analysis. We then choose a task, leveraging provided
atlases (images from various patients that are already labelled) to identify the ventricu-
lar region within the new image and assign an appropriate label. In our case, we select
the MRI Human Brain task and perform segmentation through 3D Slicer’s automatic
segmentation. Additionally, smoothing can be applied to the generated maps. The next
step involves extracting the brain external surface and ventricle surface from the seg-
mented map using Vmtk (Vascular Modelling ToolKit) [493]. Finally, using Tetgen [235,
492], a program capable of generating tetrahedral meshes for any 3D polyhedral do-
main, the mesh is constructed. The external surface represents the brain’s outer surface,
while the inner surface corresponds to the brain-ventricle boundary. We observe that we
construct a tumour-conformal mesh to distinctly separate the healthy from the tumour
domain. The latter is considered as a sphere with a radius of 2.5 mm. Tetgen is again
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FIGURE 2.3: Computational brain mesh and refinement, with tumour region highlighted in red.

employed to refine the tetrahedral mesh within a spherical area centred on the tumour.
In Fig. 2.3, the constructed mesh is shown.

Now it is necessary to incorporate information from Diffusion Tensor Imaging (DTI)
into the mesh. Each cell of the 3D mesh requires assignment of a symmetric 3 x 3 tensor,
specifically the symmetric tensor denoted as D, containing water diffusion values
along the principal spatial directions. In this specific case, the initial data consists of
medical images that only contain the non-free water information, already available from
the files provided by the medical professionals. Our task involves processing the med-
ical images and subsequently transferring the values to the three-dimensional mesh. In
detail, we generate six meshes, each dedicated to one independent component of the
tensor. Since perfect alignment is required for transferring data from images to meshes,
image registration becomes necessary. This involves realigning the images as accurately
as possible with our reference map. For this purpose, we use FSL (FMRIB Software
Library) [185, 270] and select FLIRT, the FMRIB’s linear registration tool specifically de-
signed for images from the same patient, as in our scenario. With all diffusion tensor
components aligned with the maps segmented from magnetic resonances and, conse-
quently, with the tetrahedral mesh, we can proceed to assign diffusion values to the cells
of the mesh. This task can be accomplished using specific commands in Vmtk [493].

Diffusion tensor D

The diffusion tensor at the initial time instant D is reconstructed by using data from
DTI medical images. In detail, the patient-specific images are processed with a particu-
lar approach based on a multi-compartment model, which separates the diffusion signal
into a free-water (FW) and a tract-related, non-free-water (NFW) compartments [394].
This approach allows to overcome the limit of inaccurate estimation of white matter
tract directions in regions with a high content of free water, such as cerebrospinal fluid
or oedema. This is particularly important in our model to correctly estimate diffusion
data in the region close to the brain ventricles. For this reason, initial data consist of 6
diffusion images, concerning only the non-free water component, which are assembled
in a symmetric tensor called ]DONFW. Then, the initial diffusion tensor DY is obtained
from a weighted sum of two different contributions: an isotropic tensor, related to the
unconstrained diffusion of substances in the free water, and the tensor constructed with
DTI data, taking into account the diffusion limited by the tissue structures. Therefore,
we set

D° = ¢{DYy + (1 - ¢) DX, (2.26)

where ]D%W := Dyll, with Dy, a scalar value which represents the diffusivity of free wa-
ter at 37°C. The value ¢2(X) represents the liquid volumetric fraction at the initial time

46 2. Mechanical model for simulating anisotropic brain tumour growth



and it considers the fluid content in different regions of the brain. As a consequence, in
regions where a high amount of liquid is present, diffusion is dominated by the purely
isotropic free water component D%, whereas more weight is given to diffusion along
the white matter fibres in regions with reduced presence of fluid. Starting from the
definition of Eq. (2.26), the diffusion tensor ID at the current instant of time is derived
from ID° by accounting for the fact that the growing tumour displaces the surrounding
white matter fibres and thereby modifies the preferential directions of diffusion. We re-
mark that such a change is only supposed to affect the non-free water component D,
while the free water one remains unaltered, i.e., Dy = ID%W. We also underline that
the free water content evolves in time and space and it is here assumed to be equivalent
to the fluid phase volume fraction ¢y (x, t). With these observations in mind, if we call
/\(1) > /\g > /\g the eigenvalues of ]DONFW and e‘l), eg, eg the corresponding orthonormal
eigenvectors, we can define the current diffusion tensor as

D = ¢/Drw + (1 — ¢¢)Dnrw, (2.27)
where Dgyw = D, I, while Dngw is constructed as follows:

]Fe ®IFSe

Dnrw = Y AV (2.28)
NFW Z ? Csei

The representation given by Eq. (2.28) stems from the discussions above and prescribes
that each eigenvector of the initial diffusion tensor D, is deformed through the solid
deformation gradient IFs, to account for possible alterations of the anisotropy directions
following cancer expansion. Then, the deformed eigenvectors ]Fse?, i =1,2,3 are nor-

malised dividing by |Fse?| = |/e? - Cse?, with Cs = FF!F. Such a choice is motivated
by the will of changing only the directions of diffusion while keeping the average dif-
fusivity along the fibres, i.e. the trace of Dnrw, unmodified in time. Indeed, a simple
push-forward operation on D, would result not only in a change of the preferen-
tial directions, but also in a change of diffusivity due to fibre extension or shortening.
Therefore, in choosing an appropriate normalisation, we decided to preserve the aver-
age diffusivity. It is here important to emphasize that, given the definition of Eq. (2.28), a
pull-back of Dnrw to the reference configuration results in a tensor with the same eigen-
vectors as IDONFW, but with different eigenvalues, due to the aforementioned modelling
choices. Indeed, introducing ID{zy, which is the tensor IDnrw mapped to the reference
configuration

Digw 1 = JsIFs "DnpwlF; T

3 /\Q] 3 /\0]
= Zﬁseoﬂr (Fse) @ Fqe)) Z o °
i s

i S

& ed®e?, (2.29)

the eigenvalues A; of this tensor [47, 48, 338] are

Y
A= ————, i=1,23. 2.30
= g (2.30)
Finally, we note that, by defining the diffusion tensor weighted by ¢,, we can effectively
account for variations in intratumoural cellularity, which in turn influence the Apparent
Diffusion Coefficient (ADC), a metric that reflects the magnitude of diffusion [13, 255,
295].
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Permeability tensor K

As much as diffusion, also the fluid motion due to pressure gradients follows some
preferential directions, due to the anisotropic nature of brain tissue [498]. This infor-
mation is encapsulated in the permeability tensor K appearing in (2.10), which is also
built from imaging data appropriately modified to account for tissue deformation. In
particular, we can derive the permeability tensor K by using the information about the
fibre directions contained in the tensor Dy, namely the eigenvalues A, A9, A3, and
the eigenvectors e(l’, eg, and eg, suitably modified to account for tissue deformations, as

is done for the diffusion tensor. Specifically, we define K as
K = K(¢s) A, (2.31)

where K(¢s) is a proper function of the solid volume fraction and A is the tensor of
preferential directions, reconstructed from the patient-specific DTI data.

In more detail, with the same procedure used for the definition of Dy, we assume
that A can be reconstructed from the eigenvectors of D, deformed through the solid
deformation gradient IFs. However, in the case of the permeability tensor, the eigenval-
ues are rescaled to enhance the anisotropy along the fibres by appropriate anisotropy
tuning functions as described in [4, 6, 269], and a normalisation is performed to pre-
serve the mean permeability as done in [4, 6, 338]. Therefore, the tensor A is defined
as

1 1

A- A An=lu@), 232

Any av 3 I‘( ) ( )

~ Fse! ® Fse! Fse) @ Fse) FFse) ® Fse)

A =i VAOM—F& r}\OM_,_ﬁ r)\OM’ 233
1N el Cse! 2(r)A2 e) - Cse) 3(r)A3 e) - Csel 233)

where the normalisation by A, keeps the trace of A equal to 3 (as for the identity ten-
sor), r is the anisotropy tuning parameter, and ;(r) are functions of r such that, if r > 1,
anisotropy is enhanced (see [4, 6, 269] for further details). In order to understand the
extent of anisotropy and to correctly define the functional forms of 7(r) allowing to
represent scenarios of monodirectional, planar, and spherical growth as a consequence
of the fibre orientation in the brain, we need to look at the eigenvalues Ai, given by
Eq. (2.30), of the deformed diffusion tensor Dnrw pulled back to the reference config-
uration, as defined in Eq. (2.29). We sort the eigenvalues A; in descending order and
introduce Amax = max{A1,A2, A3}, Amin = min {A1,A5,A3} and Apiq the remaining
one. Then we calculate the linear, planar, and spherical anisotropy coefficients [269]
respectively defined by

¢ = )\max - )\mid Cr = 2()\mid - /\min) Co = 3)\min (2 34)
/\max + )\mid + /\min P Amax + )\mid + Amin e /\max + )\mid + /\min ’

and we introduce
Amax (1) 1= 1¢; +1Cp 4 Cs, Amig(r) == €1 +7Cp + Cs, Amin(7) := ¢ +¢p +Cs. (2.35)

From the definition of ¢;, ¢, and ¢;, we can o‘?serve that amin (r) = 1. Finally, depending
on the descending order of the eigenvalues A;, we associate 41 (r), d(r), and d3(r) with
the corresponding coefficients between amax (), amia(*) and amin(r). We observe that,
similarly to the diffusion tensor, such a construction allows us to take advantage of the
mechanical variables of the model to make the permeability evolve in time, enforcing
the correct anisotropy, derived from the mechanical deformation. In this case as well, the
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eigenvectors of the tensor remapped to the reference configuration remain unchanged
and are still represented by e{, €J and e).

As a functional form for the term K(¢s), we will consider the exponential Holmes-
Mow expression [37, 252], which is frequently used in the modelling of soft, hydrated
biological structures [150, 151, 508]:

_ ¢sn( q)s) ¢sn 4)5
<o) =i [0 o (155 ") (230

being xy and m model parameters, and kg the reference permeability value. The choice
of the coefficient K(¢s) is motivated by the will of introducing a deformation-dependent
permeability, which is not constant as the tumour grows and the tissue experiences
stresses and strains. In particular, it is required that the permeability decreases as the
solid volume fraction increases. The linearised version of Eq. (2.36) for small strains
has often been adopted to describe the permeability of brain tissue [200, 454, 456, 526].
However, since we deal with finite deformations and non-linear mechanics of the brain,
we choose to use the non-linear permeability of Eq. (2.36) as in a previous work [338],
looking forward to further experimental confirmation for brain tissue.

Anisotropic growth tensor Fg

Finally, we have to provide an expression for the tensor IF; that describes inelastic me-
chanical distortions related to growth. Recalling Eq. (2.15), we define it as follows:

Fg = gle(l] & e(l) + gzeg Y eg + gg,eg ® eg , (2.37)

where e, eJ and e) are the eigenvectors of DY,y Such a choice for the principal direc-

tions of growth deformation reflects the anisotropic structure of the tissue, with growth
preferentially happening along the white matter tracts. This is a relevant difference from
previous works on brain tumour growth since, as discussed before, Fy is often consid-
ered to be isotropic.

Given that the growth tensor has to match the condition of Eq. (2.14), and recalling
Eq. (2.17), we need to prescribe the evolution in time of the stretch ratios g1, g» and g3 by
means of a proper choice of the coefficients B;, i = 1,2,3. This choice should take into
account that white matter tracts and other physical structures in the brain (such as ves-
sels) are used by tumour cells to expand along preferential directions. The tumour ex-
pansion is dictated not only by cell migration, but also by cell division/growth. There-
fore, we define the coefficients B;, i = 1,2,3 in order to enhance cell growth along the
principal directions of the brain physical structures, which can be determined through
the eigenvectors of the DY, tensor inferred from DTI data. Then, as done for the per-
meability tensor, we assume that the extent of growth in each direction is related to
the eigenvalue of the deformed diffusion ellipsoid associated with that growth direc-
tion, possibly rescaled by a factor to enhance anisotropic growth. Specifically, we will
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consider the following evolution equations and initial conditions:

with ¢3(0) =1, (2.38¢)

81 _ Ay (1’) rs(¢s/ Cn, t) ‘th _
o T Rm() () s ) ¢ Whall) =1, (238
& o }\Zﬁ2(7’) FS(4)SI Cn, t) . .
P X (7) + Jadia(r) + hadia (1) Py , with ¢»(0) =1, (2.38b)
g _ Asiis(r) Ts(¢s, cn, t)

Aain (1) ’

g3 May(r) + Ay (r) + Asds(r) $s

where A1, A, and Aj are defined in Eq. (2.30) and d;(r), @(r), and d3(r) are obtained
by association with dmax (), Amid () and amin (7 ) defined by Eq. (2.35), through the same
permutation required to sort the eigenvalues A; in descending order. Consequently, the
choice of the B; coefficients is closely related to the eigenvalues A;, which are tied to
the biomechanical properties of the tumour and its interaction with the surrounding
tissue, reflecting the impact of tumour-induced deformations on the eigenvalues. We
remark that the mathematical assumption for the choice of the §; is grounded on the
idea that the alignment of the cell mitotic spindle during cell division is guided by the
physical structures in the surrounding environment. This hypothesis has been tested
(mathematically and biologically) in other anisotropic environments (see for example
the work of Hoehme et al. for the liver [248]) and needs to be validated by experimental
tests for brain tissue. For the sake of completeness, we note that other assumptions that
take into account, for instance, the stress experienced by cells in a particular direction
can be considered [236].

2.2.6 Interface conditions at the boundary between the tumour and the healthy
tissue

Since the material interface 0Q)(t) between the tumour and the healthy tissue moves
with the tumour cells with velocity vs|aQt(t), we have to satisfy the following interface
conditions on the two sides of the boundary, in order to guarantee the continuity of
the normal displacement, the normal stress, chemical concentration and fluxes at the
interface:

[vs - n][aa,) = (2.39a)
[¢e (ve—vs) -m |aQt =0, (2.39b)
[Pllacu ) =0, (2.39¢)
[enllar) =0, (2.39d)
[TndZ] |50, = 0, (2.39%)
[(¢ecn (Ve —vs) — ¢/DVcy) - ndX] |30, = 0, (2.39f)

where [-]|50,(;) denotes the jump across the interface, n is the unit normal vector to
a0 (t) pointing outwards and dX is the area element at the interface. In particular we
underline that, by combining the continuity across the interface of the total stress T =
—pl + T, prescribed by Eq. (2.39), and the continuity of the pressure p, prescribed by
Eq. (2.39¢), it follows that also the effective stress T is continuous. Furthermore, due
to the presence in biological tissues of cell-cell and cell-extracellular matrix adhesion
molecules (mainly cadherins and integrins), it is physically reasonable to assume not
only the continuity of the velocity vs along the normal direction, but also that there are
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not breakages and rotations between the tumour and the healthy tissue. This hypothesis
requires that tangential displacements (and thus velocities) at the tumour-healthy tissue
boundary are also continuous:

[vs - llaos = 0-

This assumption leads us to say that the displacement field us is continuous along 0} (t)
and that the areas dX. deform in the same way at the interface, but it does not imply that
also IFs and J are continuous. Finally, we observe that, without this requirement, appro-
priate conditions describing the slipping at the tumour-host interface, possibly taking
into account the attachment/detachment of bonds, should be defined. Furthermore, in
the case of discontinuous tangential displacements, the healthy tissue boundary should
be defined and meshed separately from the tumour boundary to allow the two surfaces
to deform in different ways.

In the end, removing dX in (2.39b), (2.39¢) and (2.39f) for the assumption made
above, the interface conditions that we impose are

[us] a0, =0, (2.40a)
[¢e (Ve = vs) -n]la, ) =0, (2.40Db)
[Pllacs =0, (2.40c)
[eullacn) =0, (2.40d)
[Tsn]la,) =0, (2.40e)
[(¢ecn (ve = vs) — ¢DVen) - 0|y, = 0. (2.40f)

2.3 Lagrangian formulation of the model

To approach the numerical implementation of the model, our aim is to rewrite the equa-
tions derived in Section 2.2 using a Lagrangian description of motion. In this way, all
the quantities of interest are considered in terms of material coordinates. Henceforth,
we will then use a superscript * to denote any material element. Furthermore, we will
use the same symbols to denote the variables in the spatial and material description,
omitting the explicit spatial dependence. We recall the following equalities, which will
be useful in the successive computations:

dr = JJF;Tdx*,  dV = JdV*, (2.41)

where dX = ndX and dV represent the infinitesimal element of area and volume in
spatial coordinates, respectively, dZ* = NdX* and dV* denote the infinitesimal element
of area and volume in material coordinates, while N denotes the unit normal vector to
dQ){ pointing outwards [231].

Firstly, we rewrite the equations defined in the tumour domain ()(t) using a La-
grangian formulation. We integrate Eq. (2.3) for « = s over ()(t) to obtain

o0 B
/Qt(t) |: ot +V. (¢sVs):| av = /Qt(t) rs(q)s, Cn, t) av .

2.3. Lagrangian formulation of the model | 51



Using Reynolds’ transport theorem, see for example [231], and moving the volume ele-
ments to the reference configuration by means of (2.41), we obtain

d . )
dt»/Qf ]S()bsdv _/Q:f ]Srs(d)S/Cn,t)dV ,

which locally becomes .
Jsps = JsTs(ps, cn 1) . (2.42)

For what concerns Eq. (2.3) for « = /¢, integrating over the tumour domain gives

Iy -
/Qt(t) [at +V. (4’evg)} av = /Qt(t) Ts(¢s, cn,t)dV .

Since the interface does not move with the fluid, we have to make use of the generalized
Reynolds’ transport theorem [231] which, together with the divergence theorem and
Eq. (2.41), yields

d * . -1 . i}
dt/Q; JspedV —/Q? Div []ssbz]l:s (VS_V€>:| dv* = —/Qf JsTs(¢ps, Cu, t) dV*,
which localized gives

Js¢ + Div [ JspFst (vy — vs)} = —JTs(s, cn 1) . (2.43)

Regarding the growth evolution in the tumour region, by substituting the product Js =
J¢Je into Eq. (2.42), the mass balance law of the solid phase takes the form:

TeJe®s + JaJetbs = JsTs (s cu,t) (2.44)

Recalling that volumetric fraction in the natural state is constant in time and it is given
by the relation ¢, = Je¢ps, we take advantage of the identity fg = Jgtr (ILg) to rewrite
Eq. (2.44) as

Jgtr (Lg) ¢sn = JsTs(¢s, Cn, t) . (2.45)

Finally, using relation (2.14), we can rewrite Eq. (2.42) as

]S(PS = ]g¢sn/ (2.46)

stating that ¢s is fully determined once Js and J; are known.

As regards the momentum balance of the solid phase, if we integrate (2.9) over the
tumour domain and we remember that T = —pl + T is the Cauchy stress tensor of the
mixture, we obtain

V-TdV =0.
Qt(t)

Introducing the first Piola-Kirchhoff stress tensor P := [ TIF; T the latter becomes

DivPdV*=0 = DivP =0.
oH

Recalling that IP = J;TIF; T=_J, pFg T+ P, where s is the constitutive elastic part of
the first Piola-Kirchhoff stress tensor, it follows that (2.9) becomes:

Div [—]spJF;T 4P| =0.
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In order to rewrite (2.10) using the Lagrangian formulation, we integrate over a surface

K
/S(Pg(V(—VS)'dZ:—/S (VW)Vde

Moving the integrals to the reference configuration, we get

/ P;]F;T Grad p + ¢y (v — vs)} - JJF; Tdzr = 0.

Let us assume that all the involved quantities are regular, we have then the local form

]K*
vy —vg = —Fs——Grad p, 2.47
¢ Tody p (2.47)

defining the tensor pull-back K* := J;IF; 1KIF;T.

In the light of Eq. (2.47), it is then convenient to further reformulate the mass bal-
ances by summing up Egs. (2.42) and (2.43). Using the saturation condition and the
closed mixture assumption, the mass balance for the mixture therefore reads

Js = Div [H; Grad p} .

Referring to the nutrients balance equation (2.25a), integrating it over the tumour do-
main and recalling the closed mixture assumption, we obtain

d (¢écn) B
/Qt(t) [at tV- (CPECnVé)] v =

WY (@DVe)dV - [ (T, —Gy)dV,
O (t

O (t)

that localized by means of the generalized Reynolds’ transport theorem and the Gauss
theorem leads to

d

— [ (Teeue=Gul)dv*,

t

and in this way the local form becomes:

Topecn — Div [ JsrenlFs ! (vg — vE)} — Div [ Js¢/F; 'DF; T Grad cn] —
—TIsen]s + Gus .

If we define D* := JJJF; 'IDIF; T and we recall the mass balance of the fluid phase (2.43),
substituting Darcy’s law in the reference configuration (2.47) we can rewrite it as

JspeCn — ]I; Grad p - Grad ¢,, — Div [¢,]D* Grad ¢,,| = JsG,, . (2.48)
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In conclusion, the set of equations in Lagrangian form in the tumour reference domain
Q) is:

Js = Div [H;* Grad p] , (2.49a)
]s(Ps = ]g(,bsn/ (249b)
¢s + Qbf =1, (2.49C)
Div [— JopF T+ IPS} —0, (2.49d)
& }\iﬁl (1’) rs(‘l’s; Cn, t)

- fift - withgi(0) =1,i=1,2,3, (2.49)
i M (r) + Agda(r) + Azds(r) ¢s 8i(0)

*

K
JsoCn — " Grad p - Grad ¢,, — Div [¢,ID* Grad ¢,,| = JsGy, . (2.49f)
A similar reasoning and analogous computations can be used to derive the Lagrangian
equations in the healthy tissue reference domain, so that we end up with the following
set of equations in ();:

Js = Div []I;* Grad p] , (2.50a)

Js¢s = JgPsn (2.50b)

¢+ =1, (2.50¢)

Div [ JpF, T+ P] =0, (2.50d)
gi=0,1=1,23, (2.50e)

JspeCn — ]I;* Grad p - Grad ¢, — Div [¢yID* Grad ¢,] = 0. (2.50f)

The systems (2.49) and (2.50) allow to determine all the unknown fields, namely, the dis-
placement field us(X, f) and the scalar fields p(X,t), ¢s(X, 1), po(X, 1), §1(X, 1), $2(X, 1),
g3(X, t)and ¢, (X, ), VX € O = Qf Uy and Vt € (0, T), if we provide proper interface,
initial and boundary conditions.

2.3.1 Interface, boundary, and initial conditions

Before solving the model to describe brain tumour growth, we need to provide appro-
priate conditions at the interface between the tumour and the host tissue, as well as
boundary and initial conditions.

Interface conditions at the boundary 0(); between the tumour and the healthy tissue

The interface conditions derived in Section 2.2.6, i.e. Egs. (2.40a)-(2.40f), need to be
reformulated in Lagrangian coordinates, by making use of the relations (2.41). Then,
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the set of interface conditions we obtain are the following;:

[us]lo0; =0, (2.51a)
H]I;* Gradp - NH laoy =0, (2.51b)
[PsN]an; =0, (2.51c)
[pllac: =0, (2.51d)
[eullan; =0, (2.51e)
[¢/D* Grad ¢, - N] ’30? =0, (2.51f)

where [] |aQt* denotes the jump across the interface and N is the unit normal vector to
0Q){ pointing outwards.

Boundary conditions

Before imposing the boundary conditions, it is important to remark (see Fig. 2.1) that
the boundary of our domain 0Q)* = 9Q)},; U 9Q)} is composed by the external bound-
ary 00}, corresponding to the cranial skull, and by the edges of brain ventricles d();.
Specifically, in our simulations for tumour growth in the brain, we consider the follow-
ing boundary conditions on 0Q}:

u; =0 ond(),,, Vte(0,T), (2.52a)
K*Gradp-N =0 ondQY,, Vte (0,T), (2.52b)
cp=1 ondQ,, Vte(0,T). (2.52¢)

In detail, we impose a null Dirichlet boundary condition for the displacement us, given
that the skull is fixed. For what concerns the pressure p, we take into account a Neu-
mann boundary condition since we assume that fluid cannot flow outside the skull. Fi-
nally, for the nutrients” concentration, we suppose that the brain boundary is sufficiently
far from the tumour, so we can assume that the oxygen concentration is maintained
constant at the physiological value, leading to the condition (2.52c) for the normalized
concentration.

Instead, on the boundary of the ventricles d(); we impose the continuity of the
stresses and an outflow boundary condition for the chemical mass to model an outlet
where the species can leave the domain with the fluid flow, i.e.,

PN =0 onodQ),, Vte (0,T), (2.53a)
p=7py ondQ), Vte (0,T), (2.53b)
¢/D* Gradc, -N =0 ondQ);,, Vte (0,T). (2.53¢)

The first and second conditions are a consequence of the continuity of stresses imposed
at the ventricles’ interface, which leads to a boundary condition that involves only the
constitutively determined part of the first Piola-Kirchhoff stress tensor IPs, and to the
condition (2.53b) that enforces a fixed value for the pressure equal to the physiological
intracranial pressure py on d();. This condition takes into account the capability of the
interconnected brain ventricular system to maintain a physiological pressure. Further-
more, for ¢, we consider an outflow boundary condition [307], considering that mass
transfer at the outlet boundary only happens by convection, while the net diffusive flux
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is negligible. This condition implies that the fluid is flowing across the boundary (at
an unchanged velocity along the normal direction) and that the local concentration of
chemicals on either side of the brain-ventricle interface is equal, so that the normal com-
ponent of the chemical species gradient is zero at d(). This condition may be reasonable
in the absence of physical barriers that could impede fluid and mass transport across the
ventricles and maintain different chemical concentrations on either side. More complex
conditions may require a detailed description of the hydrodynamics of the ventricles,
taking into account washout and uptake of chemicals.

Initial conditions

At the beginning of the tumour growth process, we assume that the displacement and
the pressure are equal to zero. In addition, we take the scalar fields g1, g» and g3 as
equal to 1 everywhere in the tumour domain at t = 0. The volumetric fraction of the cell
phase is instead initialized to a value ¢?(X), whose estimate will be discussed in Section
2.4.3. Finally, in order to obtain the initial nutrients concentration ¢ (X), we solve the

steady version of the nutrients governing equation, neglecting advection:
— Div [¢,ID° Grad ¢} = JsGn. (2.54)

In conclusion, we have the following set of initial conditions:

us(X,0) =0, vX e OF, (2.55a)
p(X,0) =0, VX € OF, (2.55b)
gi(X,0)=1,i=1,2,3, VX € OF, (2.55¢)
¢s(X,0) = ¢2(X), VX € OF, (2.55d)
cn(X,0) =2 (X), VX € OF. (2.55€)

24 Numerical implementation

The set of equations governing the evolution of the system in the domain Q)f are sum-
marised in Egs. (2.49), while the governing equations in the healthy domain ()} are
resumed in Egs. (2.50). The system allows to determine all the unknown fields, namely,
the displacement field us(X,t) and the scalar fields p(X,t), ¢s(X, t), po(X, 1), g1(X, 1),
(X, t), g3(X,t) and ¢, (X, t), VX € Q* = Of U} and Vt € (0, T), equipped with the
interface, boundary and initial conditions discussed in Section 2.3.1.

In this Section, we discuss how the Lagrangian model for brain tumour growth is
solved through numerical simulations. The weak formulation of the model is derived
in Section 2.4.1. The discretization in time and space of the weak formulation is instead
reported and summarised in Section 2.4.2. Finally, in Section 2.4.3, we assess the values
of the parameters that appear in the system.

2.4.1 Weak formulation of the Lagrangian model

The weak formulation of the Lagrangian model is derived in the following. The weak
form is first written in each domain Q)f and ()} separately and then it is extended to
the whole domain ()* = Q)f U Q)}. First of all, it is necessary to define the test functions
spaces that meet the Dirichlet conditions imposed on the external boundary for ¢, (2.52¢)
and on ventricles boundary for p (2.53b), recalling that p and c,, are continuous functions
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over ()*:

Hyao, (Q7) = {q € HY(Q"): g = 00n a0 }

Hipo, (01 := {q € H'(Q"): g =00n a0} .

Furthermore we establish the vector test functions space that meets the Dirichlet condi-
tions we impose on the external boundary for the continuous vector function us (2.52a):

Hy, ()= {qg € H'(Q"): g =00n 90, .

Then, starting from Eq. (2.49a), we multiply each side by a test function q; € H aQ* ()
and we integrate the whole equation over the Lagrangian tumour domain ();:

: K .
/Q v = /Q Div [F Grad p] gudV* . (2.56)

Integrating by parts the second order derivatives, we obtain

/Qf stth* = —

]I; Grad p - NdX*. (2.57)

In the healthy domain, considering Eq. (2.50a), we take as test function g, € Hj 5. (0)
and we find

sqndV* = —
/Q;;Mh

H; Grad p - NdX*+

K* K*
+ [ gn--Gradp-Ndz'+ [ gy--Gradp-Ndz*. (258
s T P o0 P (2.58)
The test function gy, is required to vanish on the boundary Q) because it belongs to
H(l) 20 (Q)*). Furthermore, the second-last integral vanishes due to the boundary condi-
tion (2.52b). Summing up the equations in the healthy and tumour domain and taking
qe H(l),aQ* (OY*) we have

. K* K*
. dV*:—/ Gradg- — Grad dV*—/ |[G d H-Ndz*, 2.59
/Q*]q o rad g i rad p 20 qy rad p ( )

where [-] denotes the jump across the interface. Since the test function g belongs to
H(l) 20 (Q)*) and for this reason it is continuous inside the domain, remembering inter-
face condition (2.51b) we finally have

/ JsqdV* = —/ Grad
% o%

for all test functions q € Hy 5, (Q%).
For what concerns the momentum balance, we multiply Eq. (2.49d) by a vector test
function q; € H{ .. t(Q*) and then we integrate over the tumour reference domain,

(2.60)

obtaining
/Q Div [~ JpF; T+ Py - g dVT =0, 2.61)

t
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Using tensor integration by parts, we get
—/ (—]splF;T +]Ps) - Grad g, dV* +/ (—]SplF;T —HPS) N gds* =0, (2.62)
ol CloN

where “:” denotes the double contraction between tensors. If we do the same in the
healthy domain for Eq. (2.50d) using as test function gy, € H .. t(Q*), we obtain

- /Q* (‘]spIF;T + ]PS) :Grad g, dV* + /ao* (-]sPIF;T + ]Ps> N - g, d=*+
h t
+ /a% (—fsPIFE T+ JPs) N-gnd2" + /803 (—IsplF;T + ]Ps> N.-gndS* =0. (2.63)

If we remember that g, € H} . ("), the second last integral vanishes. Using con-

dition (2.53a), the last summand of the last integral is equal to zero, and therefore we
have

_/Q*

h

(~JspPS T+ Py) : Grad gy dV* + /BQ (~JpP TP N gz +
t
_ /a LPFSIN - qnds* = 0. (2.64)
0;

Summing up Egs. (2.62) and (2.64) and taking q € H&,BQ* t(Q*), the weak formulation
on the whole domain is

—/Q* (—]SplFs_T+]I°s> . Grad q dV* — /am [[(—]SpIF;T+]PS> N-qﬂ as 4+

— JspF;IN - gdZ* = 0. (2.65)
a0

Recalling that the displacement is taken continuous in all directions (2.51a), the areas
deform in the same way at the interface. The relation dX = [IF Tax*, where dX = nd%
represents the infinitesimal element of area in spatial coordinates and dX* = NdX* de-
notes the infinitesimal element of area in material coordinates, implies [JsIF; TN] lay =
0. Looking at this condition and at the interface conditions (2.51c) and (2.51d) and re-
calling that g € H&,an* t(Q"‘), the jump in Eq. (2.65) vanishes. Furthermore, the pressure
p on 0Q)} is fixed by (§?53b) and it assumes the constant value py. At the end we are left
with

— /Q* (_]SPIF;T + ]Ps> :Gradq dV* — /803 ]stlF;TN CqdEt =0. (2.66)

The variational problems in Egs. (2.60) and (2.66) are non-linear and coupled: in view of
the numerical implementation, it is convenient to rewrite them into a single non-linear
variational problem by summing them. If we do that, we obtain a variational problem
for the displacement and the pressure:

. K*
qdV* /Gd-—GddV*
/Q*]q + . Gradq I rad pdV™+
o _ =T . * =T . *
/Q (~JpET+P,) : Gradqdv /803 LpeFIN - qds* = 0. (2.67)

We need then a weak formulation for the equation of the nutrients. In order to derive
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it, we multiply Eq. (2.49f) by a test function g € Hé,an* t(Q*) and we integrate by parts,
obtaining

/ <]s¢£¢n — H; Grad p - Grad Cn> qedV* + / ¢¢Grad g¢ - D* Grad ¢, dV*+
SO o)
- / 4ipD* Grad ¢, - NdZ* — / J G dV* . (2.68)
o0y Qf

We follow the same approach in the healthy domain for Eq. (2.50f):

s

h

<]s4)g(fn - H; Grad p - Grad cn> gndV* + / ¢¢Grad g, - D* Grad ¢, dV*+
Oy

_ D* Grad ¢ -NdZ*—/
/80;* Ine rad c, o

ou

gn¢/D* Grad ¢, - NdZ*+
- / gn¢¢ID* Grad ¢, - Nd¥Z* = / JsGngndV* . (2.69)
o0y Qr

For what concerns the last two surface integrals on the Lh.s., they vanish using the
fact that g, € H(%,ao* t(Q") and the boundary condition (2.53c) on 9Q)}. Then we sum
Egs. (2.68) and (2.690)u and, recalling the interface condition (2.51f) and the fact that the
test function g € H(l),aQ:;m (Q)*) is continuous along 9Q);, we finally have

/ (]S(Pg(fn - H; Grad p - Grad cn) qdv* + / ¢¢Grad g -ID* Gradc, dV* =
_ / J,Gug dV* . (2.70)
Q*

We remark that, given the pressure p and the displacement us obtained by solving
Eq. (2.67), Eq. (2.70) represents a linear variational problem to be solved for the un-
known ¢,,.

2.4.2 Discrete formulation of the continuous variational problems

In order to implement our model and solve the equations by means of the Finite Element
Method, it is customary to introduce a discrete formulation in time and space of the
continuous variational problems derived in Section 2.4.1, namely, Egs. (2.67) and (2.70).
We make use of linear tetrahedron IP; elements, so we introduce the following finite
element spaces:

out

Viout 1= {qh € [CO (W)}B D anlg € [H’l(K)]?’ VK € Ty, q, = 0on angut} C H&am Q")
Wigout = {qn € C° (OF) : qulx € P1(K) VK € Ty, qu = 00n 905} C Hypn: (QF),
Wioy = {qn € C° () : qulg € P1(K) VK € Ty, gi = 00n 00} C Hy 0. (QF)

Wit out := {qn € C° () : qulx € P1(K) VK € Tp, g = 1on 0Q, } € H (QF),

Wipew = {qn € C° (OF) : qu|x € P1(K) VK € Ty, g = py on0Q} C H' (),

where 7, is a decomposition of the domain ()* into tetrahedra K conforming to the
tumour boundary.
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For what concerns the time discretization, given N time instants on the interval
(0,T), At := T/N is the time step and we use a superscript k to denote the value of
a quantity at time t; = kAt. Moreover, we use the superscript k + 1 to denote the value
of a quantity of interest at the next time step.

First, we have to introduce a proper discretization of the ordinary differential equa-
tions for g1, g2 and g3 in (2.49%). Let gﬁl' g’2‘+h], g’ﬁl be piecewise-constant functions de-
fined on (O* approximating g1, g2, g3, respectlvely The equations of the system (2.49)
are discretized in time using an explicit Euler method, only in the nodes which belong

to the tumour domain ()

- k ik
gl — gk (1 v Akat(r) Ts(cp, dsp)
ih T i, 3

i — , i=1,23, (271
AR (r) + ASak(r) + Akak(r)  ¢F, )

where A; and d;(r) are respectively the eigenvalues and the coefficients of Egs. (2.30) and
(2.35) computed with the information acquired at time step k.
We can then formulate the discrete variational problem for ukJrl and p),

fork =1,.., N, given (uf, pk) € Vj our X Wip, v find ( k“,pﬁ“) € Viout X Wiy, v such
that V(vy, wy) € Vi out X Wiy it holds

k+1 a5 follows:

(]s ( k+1> ,wh) + At | Grad wy, K(ykﬂ) Grad pkH +

_ (11’( k+1,pZ+1> ,Gradvh> (]S( k+1) pyF < k+1> N, Vh>s
= (]s (u’;,) ,wh> , 2.72)

where we have used an implicit method for time integration. For simplicity, we have
denoted by (-,-) the standard scalar product on the spaces L2(Q*), L2(Q*;R3) and
L?(Q*;R**3) when appropriate, and by (-, -)5 the integral on the surface 9Q);.

Afterwards, we need to introduce adequate discretization of the mass balance (2.49b)-
(2.50b) and the saturation condition (2.49¢)-(2.50c), where qbk“ and qka represent piecewise-
constant functions approximating ¢s and ¢,. The first equation is discretized as

(Pk+l — ]s ( k+1)gl1(+h1g12(+hlgl3(+hl¢sn ) (273)

k+1 k+1

Once we have computed ¢, we can derive ¢~ using the saturation condition

¢§;1 = 4’5,7{1 ) (2.74)
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Finally, we can solve the variational problem for the nutrients. Given cf € Wy out, we
have to find cﬁ“ € Wi out such that Vg, € Wy out it holds

K* (u;(erl)
k+1

(]S (ulﬁl) cﬁ“,qh> — At " Grad p;‘fl - Grad Clﬁl,qh +
l

e (c’,frl)
+ At (Grad qn, D* (u],;“) Grad c’;l“) — At | Js <“Iﬁ+l> W’qh -
i

= (]s (u;‘l*l) cﬁ,qh) . (2.75)

Also in this case, we have used an implicit Euler method for time integration. Fur-
thermore, an adaptive time-step was used in order to ensure the convergence of the
numerical simulations. Specifically, our equations are solved with a constant time-step,
but if, at any given temporal instance, our method does not converge, At is halved until
convergence is achieved. Once the next time-step is reached, the time-step is reset to the
initial value.

2.4.3 Parameters estimation

Before running numerical simulations, it is essential to identify suitable values for the
parameters involved in the model. While obtaining precise estimates for these param-
eters can be challenging, selecting reasonable values is crucial to generate a realistic
outcome, which is one of the goals of our work. The selected parameter values, to-
gether with the biological ranges found in the literature and the relative references, are
summarised in Table 2.1.

For what concerns the mechanical parameters 1, and py;, of the healthy tissue, we
refer to the estimates of mean values provided by Balbi et al. for human brain matter
[45], that is, we take 1y, = 3.06 - 10~* MPa and Yoh = 5.94 - 10~* MPa. These parameters
are also in the range found by other authors [83, 85], even though also smaller values
of the order of 107> MPa are sometimes found. Regarding the tumour, the choice of
material parameters for brain cancer is debated in the literature. Several studies point
out that the tumour is stiffer than the healthy tissue, even more than ten times in some
cases [5, 109, 123, 368, 464, 469]. However, some works suggest that brain tumours may
be as stiff as the normal tissue, or even softer [381, 478]. A study of different values
for the mechanical parameters of healthy and tumour tissue was carried out computa-
tionally in [338]. In the present work, we choose 1; and ¢ as ten times greater than
their healthy counterparts. Ideally, these parameters could be estimated by means of
patient-specific Magnetic Resonance Elastography (MRE), as done in [236]. However,
accurate tools for the reconstruction of complex non-linear constitutive responses by
means of MRE are still lacking. The volumetric moduli x; and «j, are also difficult to be
estimated, given that very few experiments are carried out by accounting for poroelas-
tic effects. Following [413], we take x}, = 1.389 - 10~* MPa, and x; = 10x},,. We remark
that we choose not to differentiate the mechanical parameters between grey and white
matter. Although some experiments showed rheological differences between them [86,
223], some subsequent investigations such as [85] do not seem to underline a substantial
distinction. Furthermore, since in the present work we are focusing on a tumour which
is ten times stiffer than the healthy tissue, the possible mechanical difference between
grey and white matter appears to be less relevant. Therefore, we decided to prioritize
simplicity and computational efficiency in the present version of the model, so we did
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not adopt this differentiation, which could have a greater impact if the cancer and the
healthy tissue have comparable stiffness.

The parameter v appearing in Eq. (2.18) is estimated as in [125] by using typical pro-
liferation times for glioma cells in vitro, which range between 24 and 48 hours. Hence,
we choose an intermediate value of v = 0.65 day~!. The hypoxia threshold c is set
to 0.30, given that values in the literature range from 0.15 to 0.5 [4, 191, 205, 489]. The
nutrients consumption rate ¢ in Eq. (2.18) is estimated as done in [125], resorting to
measurements of oxygen diffusion in the brain. In particular, we set { = 8640 day .
Instead, for the nutrients supply rate S,, we refer to the value of 10* days~! proposed
in [104], as in [4, 47, 48, 125, 338]. The maximum cell volume fraction ¢max, represent-
ing contact inhibition of cell growth, is set to be ¢max = 0.95. Even if, to the best of
our knowledge, such a parameter is not estimated experimentally, we assume that a
minimum amount of extracellular fluid remains present in the tissue, since we are not
considering the formation of calcification and necrotic regions.

Then, we need to estimate the values of the parameters that appear in the radio-
therapy and chemotherapy terms defined in Eq. (2.19). Inspired by the standard Stupp
protocol [467] and recalling Eq. (2.21), we take the dose of radiation for every fraction
d equal to 2 Gy, given once daily, i.e. n = 1 day~!. Furthermore, the dose at which
the contributions from the first and the second term in Eq. (2.21) are equal is given by
a/PB [Gy|, which is an inverse measure of a tissue’s sensitivity to the dosage adminis-
tered during each treatment. In the following, the value prescribed in [410, 432] is used,
where this ratio is taken as equal to 10 Gy. For what concerns the linear coefficient for
RT-induced cell killing, we assume a value of « = 0.027 Gyfl, in agreement with [4, 410,
430]. As a consequence, we have that 8 = 0.0027 Gy 2. Introducing all these parameters
in Eq. (2.21), we obtain the value of the radiotherapy death rate Rog = 0.0648 day . On
the other hand, the values of CHT-induced cell killing rate are chosen with reference to
[4, 410], i.e. ke = 0.00735 day !, ke, = 0.0147 day ! and kc3 = 0.0196 day . Finally,
in the simulations where therapy decay is accounted for as in Eq. (2.22), we consider
a value of A, = 0.05 day~!. We remark that such a choice is not motivated by the
will of reproducing the chemotherapeutic drug half life, which is indeed much shorter
[192]. Instead, it is rather made with the intention of capturing the prolonged effects of
chemotherapy over time. This allows to incorporate in our model the processes initi-
ated by the drug and their effects on the tumour, in terms of cell late apoptosis, which
gradually decline over time. Indeed, late apoptosis/necrosis induced by TMZ has been
experimentally recorded even after many days from the last treatment [68, 241, 434].
However, we acknowledge that the correct estimation of such a parameter deserves fur-
ther experimental studies and medical data.

Regarding the free water diffusivity coefficient D,, at 37°C, which appears in Egs. (2.26)
and (2.27), the mean value reported in the literature is D, = 259.2 mm? day_1 [310], and
we decide to adopt such a value. Furthermore, it is necessary to estimate the cell volu-
metric fraction ¢0(X) at the initial time. We assume it to be equal to the cell volumetric
fraction in the natural state, denoted as ¢, which is a predefined constant. In this study;,
we consider a value of ¢, = 0.45, based on the approximate estimation that the extra-
cellular space, which is complementary to the solid volume fraction, constitutes around
50 — 60% [82]. By prescribing ¢2(X), we also define the initial fluid volumetric fraction
$)(X) =1 —¢2(X) = 1 — psn, which is utilized in the construction of the initial diffusion
tensor of Eq. (2.26). We remark that, although an ideal approach would involve the use
of a voxel-wise estimation of the free-water content to determine a spatially dependent
initial value for gbg [13, 255], in this work we have chosen not to consider it for specific
reasons. Firstly, the impact of this simplification on the results is not remarkable, as it
is greatly mitigated by the exclusion of the ventricular region from our domain. In fact,
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the ventricles are mainly filled with water and therefore the inclusion of this area in
the computational domain would have been most affected by this choice. Furthermore,
in the specific region where the brain tumour was initially localised, we identified a
homogeneous distribution of the free water estimated from the DTI data. Moreover,
to account for a spatially inhomogeneous distribution of ¢, it would be necessary to
address an initial mechanical problem to establish the condition of mechanical equilib-
rium, in order to avoid tissue evolution unrelated to growth. Finally, simulations with
highly inhomogeneous conditions face numerical convergence problems that require
further analysis. Regarding the permeability parameters of Eq. (2.36), we remark that
the reference permeability kg has units of mm?, while in the literature it is frequent to
estimate the hydraulic conductivity k. := ko/u, with y the dynamic viscosity. Values for
k., which has units mm? MPa~! dayfl, range in the literature between 10* — 10° mm?
MPa! day_1 for the brain [35, 58, 272, 357, 498, 499]. We adopt the value of k, = 7.8 - 10*
mm? MPa—! dayfl, as in [272]. Instead, we take ag = 0.0848 and m = 4.638 as for other
soft tissues [150, 252], though specific experimental estimates for them in the brain are
still lacking.

Finally, it is necessary to estimate the pressure p, of cerebrospinal fluid (CSF) in the
brain ventricles, which appears in the boundary condition (2.53b). Intracranial pressure
measurements suggest that normal mean pressure exerted by CSF is in the range of 0 to
10 mmHg [11, 26]. We consider therefore an intermediate value within this range, i.e.
5 mmHg, which is equivalent to a value of py = 6.67 x 10~* MPa. To be precise, this
value could have also been set to zero as it merely causes a shift in pressure.

2.5 Results and discussion

The mechanical model used in our study simulates the progression of brain tumours to
determine their preferential directions of growth and the resulting stresses and strains
on the healthy surrounding brain tissue. The tumour is considered as a sphere of initial
radius 2.5 mm, located near the right lateral ventricle of the brain. The evolution is then
simulated for a time period of 140 days, both with and without therapies. In this way,
we are able to evaluate how the growth and the mechanical alterations provoked by
the tumour may adversely impact on the cerebral ventricles. Moreover, we can test dif-
ferent therapeutic protocols in the simulations and observe the consequences on cancer
growth. Simulations have been performed using the discrete formulation described in
Section 2.4.2, implemented in the software FEniCS [18, 324], which provides a high-level
Python and C++ interface for solving PDEs through the Finite Element Method.

2,51 Simulation without any therapeutic intervention

A first simulation is performed without including neither radiotherapy nor chemother-
apy, so the tumour is free to grow. Fig. 2.4 illustrates the temporal progression of the
solid cell fraction on the brain geometry. As cancer cells proliferate within the tumour
region, there is a noticeable increase in the volumetric fraction occupied by the solid
phase. After an uninterrupted growth period of approximately five months, ¢s ap-
proaches a value of 0.85 within the tumour domain, indicating a higher density of cancer
cells as the tumour evolves. From Fig. 2.4, it is evident that the volumetric fraction of
the cell phase, ¢, exhibits an anisotropic expansion, extending beyond the tumour re-
gion and into the surrounding healthy tissue. This expansion is primarily driven by
the compressive effects exerted by the expanding tumour mass on the neighbouring
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Parameter Description Value Biological range Ref.

Uih Mooney-Rivlin material parameter (healthy) 3.06-10~* MPa 3.0-1077 — 6.436 - 10~* MPa [45]
Hon Mooney-Rivlin material parameter (healthy) 5.94-10~* MPa 1.1936 - 10~* — 1.42058 - 10~> MPa [45]

Kn Volumetric modulus (healthy) 1.389 - 10~ MPa 2-107%—-2-10"2Pa [413]
Uit Mooney-Rivlin material parameter (tumour) 3.06 - 1073 MPa 107> — 1072 MPa [109, 368, 464]
Ut Mooney-Rivlin material parameter (tumour) 594 -10~3 MPa - [109, 368, 464]
Kt Volumetric modulus (tumour) 1.389 - 1073 MPa - [413]

v Cell proliferation constant 0.65 day ! 0.5—1day! [191]

Co Hypoxia threshold 0.30 0.15-0.5 [4]

4 Nutrients consumption rate 8640 day ! 8640 — 15650 day ! [125, 338]
Sn Nutrients supply rate 10* day ! - [4, 104, 125]
$sn Cell volume fraction in the natural state 0.45 03-0.5 [82]

Pmax Maximum cell volume fraction 0.95 0.8—-1 [47, 48, 338]
Ref Radiotherapy death rate 0.0648 day ! 0.06 — 0.0792 day ! [4, 410, 430, 432]
kcr Concomitant CHT death rate 0.00735 Qm%L - [4, 410, 430, 432]
kco First cycle of adjuvant CHT death rate 0.0147 Qm%L - [4, 410, 430, 432]
kca Other cycles of adjuvant CHT death rate 0.0196 day ! - [4, 410, 430, 432]

Ac Chemotherapy decay rate 0.05 day ! - Estimated

Dy Diffusivity of free water at 37° 259.2 mm? - va\L 43.2 —259.2 mm? - va\L [310]
ko/ Hydraulic conductivity 7.8-10* mm? - MPa~!-day~!  10* — 10° mm? - MPa~! - day~! [272]

X Holmes-Mow permeability parameter 0.0848 - [150]

m Holmes-Mow permeability parameter 4.638 - [150]

Pv Pressure exerted by cerebrospinal fluid 6.67 - 10~* MPa 0 —1.3332-10"3MPa [11, 26]

TABLE 2.1: List of the values of the model parameters employed in the numerical simulations.
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healthy region and ventricle. Conversely, a decrease in ¢ is observed near the ventri-
cles, indicating an increased presence of the liquid phase in that specific zone and fluid
flow near the compressed ventricles. These observations highlight the spatial hetero-
geneity of tumour-induced changes in the cell phase and the influence of neighbouring
structures on these alterations. For what concerns the magnitude of the displacement
||us|| shown in Fig. 2.4b, it is immediately evident a substantial anisotropic growth be-
haviour, which follows the orientation of the surrounding white matter tracts. We can
observe that values of the displacement are not negligible, since they reach a maximum
value of 9.3 mm, which is almost four times bigger than the initial radius. Furthermore,
a contour line is plotted to indicate the magnitude of displacement values equal to 1
mm. It is worth to observe that the area affected by unnatural displacements around the
tumour is quite extended, indicating that not only the region near the tumour boundary
experiences deformations, but there are relevant strains also far from the cancer mass.
Moreover, the final volume of the tumour is significantly increased, as it reaches the
value of 1737.92 mm?, while the initial one was 63.24 mm?, that is more than 27 times
smaller, indicating a significant boost in the dimensions of the tumour. To make a com-
parison with clinical references, we computed some measures of tumour growth that
are often used in the biomedical literature. Specifically, we find a volume doubling time
(VDT) of about 29.3 days, which is aligned with data from Stensjoen et al. [461] (median
VDT: 29.8 days) and from Ellingson et al. [168] (median VDT: 21.1 days). The specific
growth rate (SGR), defined as (In2)/VDT, is therefore 2.4%/day, which is also consis-
tent with the mentioned references. However, we remark that such measures are often
computed in the clinical literature by assuming an exponential growth law, which might
be oversimplified. Another parameter that is sometimes used to quantify brain tumour
growth is the average velocity of radial expansion (VRE). In our case, given that we
have a strongly anisotropic tumour which consistently differs from a sphere, we com-
puted the velocity of expansion along the three axes of the tumour ellipsoid. We find
that the VRE along the major axis is approximately vpg™ ~ 19.1 mm/year, whereas the
VRE along the intermediate axis is vilf ~ 12.1 mm/year and the one along the minor
axis is v%f:“ ~ 10.2 mm/year. These values are comparable with clinical data [461, 505],
even though there is a high variability from patient to patient. In all these simulations,
it is visibly evident that the shape of the tumour is no longer a sphere as it was ini-
tially, but the mass has grown along the preferential directions. In order to assess how
much anisotropic growth impacts the final shape of the tumour and the size it reaches,
we perform the same simulations as before using an isotropic form of the growth tensor
Fg = gl while keeping an anisotropic diffusion of the nutrients and permeability tensor
(isotropic growth model), as done in [47]. In Fig. 2.5, the magnitude of the displacement at
time t = 140 days obtained in the latter case is compared to the one obtained with the
anisotropic growth model proposed in the present work. It is evident that the hypothesis
of an anisotropic growth tensor has a strong impact on the shape that the tumour de-
velops and for this reason it is important to model the presence of preferential growth
directions in IFg to predict the correct tumour expansion. Thus, this work overcomes the
limitations of previous mechanical models [47, 338], in which isotropic growth strains
were used and the predicted final tumour shapes did not deviate too much from the
spherical one. To provide also a quantitative measure of these differences, it is possible
to compute a sphericity index, by measuring the lengths of the three representative axes
of the tumour at ¢+ = 140 days in both cases. If we call a the length of the longest axis,
b the intermediate one, and c the shortest, we can define the intercept sphericity as the
cubic root of the ratio between the volume of an ellipsoid having the three diameters 4,
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FIGURE 2.4: (a) Temporal evolution of the volumetric fraction of cell population ¢s in the brain domain. (b)
Comparison between the volumetric fraction of cell population ¢s and the displacement magnitude | us||
after t = 140 days of tumour growth in the brain, clipped along three different planes. The insets show a
magnification near the ventricles, where the growth phenomenon is primarily happening.
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FIGURE 2.5: Comparison between the final magnitude of displacement using isotropic growth model (first
row) and anisotropic growth model (second row), clipped in three different planes at time t = 140 days. The
last column shows the 3D final shape reached by the tumour at time ¢ = 140 days.

b, and ¢ and the volume of the circumscribing sphere of diameter a [133, 299, 455]:

¥ = v/bc/a?. (2.76)

In our cases, for the isotropic growth simulation we obtain 1 = 0.9834, whereas we
get ¢ = 0.7792 for the anisotropic case, which means that the latter is definitely more
elongated, while the first is more spherical. Furthermore, in order to characterize the
anisotropic behaviour of the growth tensor [Fy, we introduce two parameters called
linear anisotropy coefficient (g¢) and spherical anisotropy coefficient (gs), motivated by the
definition of ¢, and ¢s used in evaluating the anisotropy of diffusion in Eq. (2.34):

Imax — &mid 3g min
= , = , 2.77
8¢ Imax 1+ §mid + §min 8 Zmax 1+ §mid + §min ( )

where gmax = max{g1,92,83}, gmin = Min{g1, $2,93} and gmiq is the remaining one,
recalling that g1, ¢» and g3 are the eigenvalues of IFg. These coefficients provide insights
into the directional preference and overall isotropy of the growth tensor, respectively: a
value of gy ~ 1 denotes that growth is happening almost entirely along a preferential
direction, whereas g; ~ 1 is indicative of isotropic growth. In Fig. 2.6, the coefficients g,
and g across different brain sections are presented at the specific time point of ¢t = 140
days. Regarding the results of the linear anisotropy coefficient, gy, certain regions within
the tumour display values closer to 1, indicating a preference for growth along a specific
axis. In contrast, values closer to 0 suggest a more planar or isotropic behaviour. As for
the results of g;, in some regions they generally tend to be closer to zero than to one. This
indicates that, in those areas, the deformation within the tumour zone is not isotropic
but rather exhibits preferential deformation along specific directions.

As mentioned above, it can be noted that tumour-induced displacement compresses
the near brain ventricles: such a clinical issue was pointed out for instance in [8, 459].
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FIGURE 2.6: Visualization of linear (g;) and spherical (g;) anisotropy coefficients in three different planes
at time ¢ = 140 days.

The amount of compression can be quantified in terms of volume reduction of the ven-
tricles with respect to the initial configuration. More specifically, we concentrate our
analysis on the posterior section of the right lateral ventricle, which is adjacent to the
tumour area. This particular region represents approximately half of the total volume
of the right lateral ventricle. By tracking its temporal evolution, we observe changes
in volume over time. The initial volume, measured computationally, is recorded as
7693.25 mm?>. The evolution in time of the ventricular volume in the region under con-
sideration is then reported in Fig. 2.7, together with a representation of the portion of
compressed ventricles. We find that the volume of the portion of the ventricle consid-
ered is reduced to a value of 6738.23 mm? (corresponding to a decrease of 12.4% of the
initial volume) after 140 days of tumour growth, highlighting that a significant com-
pression has occurred in that region. Moreover, we find that the maximum displace-
ment magnitude of the ventricular portion considered amounts at 6.7 mm, which is a
notable value, in line with clinical evaluations of ventricular displacement [459, 519].
We remark that in our simulation the edges of the cerebral ventricles never collapse and
get into contact. When comparing the compression of the cerebral ventricles between
the anisotropic and isotropic simulations, we observe that, with the same tumour vol-
ume equal to 1737.92 mm?3, the final volume of the ventricular portion in the isotropic
simulation is 6915.51 mm?. Consequently, in that case the ventricles experience reduced
compression. This underscores the significance of incorporating anisotropy into our
model, providing a more precise representation of the intricate behaviour of brain tu-
mours within a realistic anatomical environment.

Fig. 2.8 presents the outcomes related to the pressure p, the nutrient concentration ¢,
and the volumetric solid Cauchy stress o := —%tr(rll“s), where T, = J;!IPgIF], at the final
time step, depicted in three distinct brain sections. Looking at the pressure, negative
values emerge in the tumour zone, since the fluid is consumed by the cancer mass dur-
ing uncontrolled cellular growth. Coherently, the concentration of nutrients decreases
inside the tumour, where nutrients are consumed by proliferative cells, and near its
boundary due to diffusion and transport towards the cancer, while it is maintained at
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FIGURE 2.7: Volume of a portion of cerebral ventricles over time. In the bottom left, a graphical represen-
tation of the cerebral ventricles at three different time instants (t = 0, 90, 140 days) is shown.

the physiological value of 1 far from the cancer region. We observe that, for the chosen
set of parameters, the concentration of nutrients is never above the physiological thresh-
old, i.e. ¢, < 1. Finally, concerning the volumetric solid Cauchy stress o, positive values
within the tumour region indicate tissue compression therein and suggest the presence
of compressive forces acting on the cells. In contrast, negative values surrounding the
tumour mass indicate tissue traction, implying the existence of stretching forces in this
area. This distribution of stresses highlights the mechanical interactions within the tu-
mour micro-environment and provides insights into the biomechanical behaviour of the
surrounding tissue under the influence of the growing tumour. Indeed, the presence of
gradients of solid stresses, with tractions near the tumour boundary and compression
inside the proliferating mass, is frequently found in experimental analyses [381, 443].
To compare our outcomes with experimental and clinical evidence, first of all we re-
mark that, in our results, ¢ > 0 denotes compression, differently from other references
in the literature. Given this sign convention, we find that the amount of compressive
stress within the tumour area is quantitatively comparable with experimental results
on glioma tumour spheroids by Stylianopoulos et al. [469], where compressive stresses
range between 5-8 kPa. These values are coherent both with the hydrostatic stress plot-
ted in Fig. 2.8 and with the hoop stress values of our model, which inside the tumour
area vary between 1-9 kPa of compressive stress. A range of 1.3-13.3 kPa is pointed
out by Stylianopoulos et al. in another work about tumour spheroids [468], though in
that case the results are not brain-specific. Moreover, by using a poroelastic model with
experimentally informed parameters for tumour spheroids, Fraldi and Carotenuto [188]
found compressive stress values that are comparable with ours. Instead, measurements
of stresses in murine brain tumours by Seano and co-workers [443] display compressive
stress values of the order of 107! kPa. This discrepancy might be due to the material
model chosen and to the difference in stiffness between the tumour and the host tissue,
as pointed out in [338]. Furthermore, we observe that relatively high compression val-
ues of the volumetric solid Cauchy stress ¢ can also be found at the interface between
the healthy tissue and the ventricles, in the presence of high deformations. Indeed, at
this boundary, while the normal component of the stress is null, the tangential /hoop
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FIGURE 2.8: Comparison between the pressure p, the concentration of nutrients ¢, and ¢ := —%tr("ﬂ"s)

after t = 140 days of tumour growth in the brain, clipped along three different planes. The insets show a
magnification near the ventricles, where the growth phenomenon is primarily happening.
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component of the stress may be significantly elevated. In this case, given the forthcom-
ing contact scenario, it will be important to model contact boundary conditions for a
thorough analysis of the stress distribution in this region, a consideration that will be
addressed in future research. Concerning the fluid pressure, our results display a de-
crease inside the tumour region due to the cells consuming fluid therein, in accordance
with other works using mixture models [218, 219]. However, other references [188, 468]
report an increase in the interstitial fluid pressure within the tumour. The discrepancy
is due to the fact that these models also account for possible fluid inflow due to ves-
sel leakage and osmotic pressure differences, as well as for outflow due to lymphatic
drainage. We did not consider such effects in our model, although a Starling-like law
could be easily incorporated and would be interesting to investigate.

Finally, we present the findings concerning the impact of tumour growth on DTI
data. As the tumour expands and displaces the surrounding tissue, it alters the nat-
ural arrangement of fibre tracts, resulting in noticeable modifications in the preferred
directions of diffusion and fluid motion. To quantify this effect, we employ a scalar pa-
rameter known as fractional anisotropy (FA), which is calculated based on the descending
order eigenvalues of the diffusion tensor (A1, A2, and A3) as

2 2 2
2 A+ A+ A3

A fractional anisotropy value of 0 indicates an isotropic environment where the eigen-
values are all equal to each other, resulting in a diffusion ellipsoid resembling a sphere
with no preferred direction. Conversely, a fractional anisotropy value of 1 identifies
the presence of a single preferential direction, limiting diffusion to happen exclusively
along one of the eigenvectors. To assess the alteration of the diffusion tensor over time
due to tumour-induced deformation, we compute the fractional anisotropy of the dif-
tusion tensor ID at the final time point (f = 140 days) of the simulation where no ther-
apies were included and subtract it from the fractional anisotropy of the initial time
diffusion tensor DY, i.e. we evaluate AFAp := FAp — FAp. Similarly, we compute
the variation of fractional anisotropy for the tensor Dngpw at ¢t = 140 days, which
takes into account the motion influenced by the fibres. This variation is denoted as
AFADyy, = FADyy —FApg - Such an index is comparable to the so-called Free Water
Eliminated Fractional Anisotropy (FWE-FA) reported in certain medical studies [59].
The findings derived from computing differences between initial and final data on each
cell of the mesh are presented in Fig. 2.9. For what concerns the non-free water diffu-
sion tensor IDnrw, there is a notable increase in diffusive anisotropy in the region sur-
rounding the expanding tumour. The variations in fractional anisotropy are not uniform
around the tumour area, revealing distinct zones that experience significant changes in
anisotropy while others maintain their initial preferred directions. In particular, we no-
tice that the FA associated to Dnypw within the tumour bulk mostly remains constant.
This is due to the fact that we modify the tensor IDnpw by means of the solid deforma-
tion, which is greater around the tumour domain. As a consequence, the most relevant
alterations in anisotropy are observed in the surroundings, where displacements attain
higher values and the cancer mass dislocates the white matter fibres. The reconstruc-
tion of DTI data inside the tumour is a non-trivial problem, given that such data often
appear to be altered by the cancerous mass in patients, even at the first scan. Therefore,
the modelling of anisotropy changes inside the tumour may require further research
efforts [479], also accounting for damage of fibres and reconstruction algorithms. On
the other hand, as far as the diffusion tensor D is concerned, it can be observed that, in
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FIGURE 2.9: Variation in fractional anisotropy (FA) over 140 days of tumour growth, comparing the diffu-
sion tensor (D) and its non-free water component (IDnpw)-

the regions near the ventricles, there is a decrease in fractional anisotropy, which is re-
flected in negative values of AFAp. This is because the presence of more fluid results in
a higher weighting of the isotropic component of the tensor, recalling Eq. (2.27). On the
contrary, in the area within the tumour, the increase in ¢ results in a greater importance
attributed to the non-free water component of D, leading to observed increases in FA
with respect to initial DTI data, where more fluid was present.

2.5.2 Simulations including radiotherapy and chemotherapy

After having studied the effect of anisotropic growth and its impact on cerebral ven-
tricles, we incorporate radiotherapy and chemotherapy into our mathematical model.
Such a capability represents a relevant feature of our framework, as it may allow to eval-
uate treatment efficacy by simulating the effects of therapies on tumour progression.
This might be of help in understanding how the tumour responds to treatments and
provide insights into potential therapeutic strategies, which are often very challenging
for brain tumours. Secondly, the model may assist in optimising treatment protocols by
simulating different schedules, dosages, and drug combinations, aiding in personalised
treatment planning.

First of all, we conducted a simulation by incorporating the first protocol presented
in Section 2.2.3 and defined by Egs. (2.20a)—(2.20b), using the parameters discussed in
Section 2.4.3, and we refer to this case as standard therapy. Secondly, we performed a
simulation adding to the model the prolonged effects of the chemotherapeutic drug
in treating the tumour, as modelled in Eq. (2.22), applying the parameters discussed
in Section 2.4.3. We denote this second scenario as standard therapy with decay. Fi-
nally, in a third simulation, we increased the parameters of the therapies, by using
Res = 0.07128 day ! and kc; = 0.043 day !, always preserving the decay. For what
concerns the radiotherapy coefficient, this is equivalent to an approximate increase of
11% from the initial value, which remains within the clinically acceptable range [430],
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FIGURE 2.10: In the graphs, a comparison between the variations of kg (t) and k¢ () over time in the three
therapeutic protocols analysed.

whereas the chemotherapy coefficient exhibits a significantly higher increase, specifi-
cally 485%. This could be interpreted as the use of a more powerful drug or a com-
bination of different drugs to control tumour growth, as done in some medical trials.
In this third scenario, the parameters k-, and kcs are instead chosen to achieve the
same response in terms of chemotherapy-induced cell death rate at the beginning of
each cycle, taking into account the prolonged effect of the drug. The aim of the sec-
ond and third cycles is therefore to restore the already high lethal effect on cancer cells
achieved in the first cycle. Specifically, the required values are kc, = 0.035 day~! and
kcs = 0.034 day~!. We refer to the latter case as enhanced RT and CHT with decay. Graphs
illustrating the temporal evolution of kr(f) and kc(¢) for the three different scenarios
are reported in Fig. 2.10. The results obtained in all these three cases with therapies
are compared in Fig. 2.11 with the case where the tumour is not treated. In particular,
Fig. 2.11a displays the variation of the average value of I's, which represents a measure
of the growth rate of the tumour mass. In Fig. 2.11b we show the evolution of the av-
erage value of the fraction of solid phase ¢s, whereas Fig. 2.11c reports the changes in
tumour volume over time. From these results, it is possible to observe how the tumour
responds differently by changing the therapeutic approach. As expected, the case with-
out therapy leads to the fastest and greatest growth, while the introduction of therapies
is reflected by the reduction in volume and growth rate. In particular, an enhancement
in therapies may allow to significantly contain the progression of the cancer. This could
be highly beneficial from a medical perspective, as it suggests that an intensified treat-
ment strategy has the potential to significantly impact tumour growth and potentially
improve patient outcomes. Hence, these results demonstrate that, by integrating di-
verse parameters and variables, including drug concentration, tumour growth rate, and
drug sensitivity, the model can effectively simulate and predict the outcomes of different
drug treatments. Simulations like these could therefore be useful to tune the dosage of
drugs or the intervals of administration of therapies, for instance, in order to minimise
the growth of the cancer.

Finally, in Fig. 2.12, the volume fraction of the solid phase is plotted at the initial
time instant and at ¢+ = 140 days, in order to compare the initial size of the tumour with
the shape reached at the end of the simulations performed both without introducing
any therapy and including a treatment. It can be observed that the case without therapy
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FIGURE 2.11: In the graphs, a comparison between the variations of I's (a), ¢s (b) and the volume of the
tumour (c) over time is shown. The red line represents the scenario without any therapy, while the magenta
line corresponds to the scenario including the standard therapy. Additionally, we included the blue line to
illustrate the standard therapy with the consideration of a time decay of the drugs. Lastly, the green line
represents the scenario with enhanced radiotherapy and chemotherapy.

obviously leads to the biggest tumour mass after about five months of growth, whereas
the introduction of therapeutic protocols is able to contain the expansion of the cancer.
Such an outcome is especially important when growth near delicate cerebral structures
like the ventricles is studied, given that a proper therapeutic treatment may be helpful
to avoid unnatural ventricular compression. To quantify the response of the tumour
to therapies in the first 39 days, where RT and CHT are simultaneously performed, we
computed the percent variation in the tumour principal diameters with respect to the
initial size, following the RECIST criteria for solid tumours [387]. First of all, we notice
that, in the case without therapy, the major axis of the tumour increases by 92%, while
the increase along the minor one amounts at 32%, with an average along the three di-
rections of about 56% increase in diameter. Instead we find that, for the case of standard
therapy, the major axis of the tumour increases by 54% and the minor axis by 3%, with
an average of about 24% increase. The case of standard therapy with decay improves the
outcomes, but only slightly. In these cases, even if growth is slowed down, the tumour
is still classified as progressive according to medical standards [387]. Instead, when we
consider enhanced RT and CHT with decay, the percent increase of the tumour major
axis amounts at 16%, whereas a —1% reduction is observed along the minor axis, with
an average in the three directions of about only 6% increase. In the latter case, resorting
to the RECIST criteria, the tumour can be classified as stable and not progressive any
more [387], falling within the typical response window also highlighted in other models
of brain tumour treatment [430, 432].

2.6 Summary

Brain tumours are among the most difficult to treat with current therapeutic protocols,
due to their aggressiveness and to a significant resistance to therapies. In addition, the
impact of a growing cancer mass inside the brain may be particularly harmful for the
patient, since it may deform and compress delicate structures like the ventricles. As
a consequence of damage affecting healthy areas of the brain, neurological issues can
emerge and negatively affect the prognosis of patients affected by such cancers. Based
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FIGURE 2.12: Volumetric fraction of the cell population, plotted at the initial time and after different simu-
lations both with and without therapeutic protocols, at time t = 140 days.

on these observations, in this paper we have proposed a mathematical model and com-
putational framework that feature three main novelties compared with previous works.
First of all, we explicitly accounted for the presence of ventricles in the cerebral ge-
ometry, so that a precise quantification of unnatural ventricular compression following
tumour growth can be performed. In particular, the deformation and volume variation
of the ventricles can be studied thanks to the mechanical nature of the model, which
is able to evaluate tumour-induced strains as well as fluid motion. Indeed, we con-
sider the brain as a mixture of a nonlinear elastic solid phase and an ideal fluid phase,
within the framework of mixture theory. Moreover, we employ a sharp interface model
to simulate solid localized brain tumours, which are responsible for the higher mechan-
ical deformations of the surrounding tissue. This choice, however, does not allow to
capture the behavior of infiltrating cancers, which are characterized by small clusters of
tumour cells and show extensive growth and dissemination far from the primary can-
cer mass, as considered for instance in [255, 320, 379]. Secondly, we consider growth
distortions as anisotropic, to overcome the simplified assumption of isotropic growth
which is frequently made in the literature. Such a choice is justified by the presence of
oriented fibre structures in the brain, i.e. the white matter tracts, along which tumour
cells may preferentially move and grow. This anisotropy creates irregular and hetero-
geneous growth patterns, with tumours becoming highly non-spherical during their
proliferation. In addition, we consider also diffusion and fluid motion as anisotropic
phenomena affecting the tumour and its environment, so that the proposed framework
embeds three anisotropic components: the diffusion tensor D, the permeability ten-
sor K, and the growth-related distortion tensor IFg. As an additional capability of the
model, all these tensors are computationally reconstructed from medical imaging data,
with a specific focus on free-water diffusion, related to the free liquid in the brain, and
non-free-water diffusion, characterised by preferential motion along the fibres. Thirdly,
the model includes cancer treatment via chemotherapy and radiotherapy, and it can be
fruitfully employed to simulate different therapeutic strategies aimed at slowing down
tumour growth.

Our numerical results confirm the validity of the proposed model as a proof-of-
concept for simulating fully anisotropic brain tumour progression, as well as therapeutic
protocols and ventricular compression. In particular, we find that an initially spherical
tumour can become highly elongated during growth and may exert a significant com-
pression on the nearby ventricles, increasing the risk of neurological damage due to
excessive intracranial pressure and fluid flow obstruction. Clear differences are high-
lighted between the case of isotropic and anisotropic growth, suggesting that the role
of brain fibre structures is fundamental in driving the evolution of the tumour shape
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and size. A large region around the tumour zone is also found to be affected by un-
natural displacements, which might be harmful for patients. Finally, we have shown
that the model is capable of reproducing therapeutic strategies, pointing out methods to
slow down cancer progression. Furthermore, the model can be readily adapted to sim-
ulate different therapies and schedules, such as concomitant treatment with different
chemoterapies [54] or ultra-fractionated radiotherapy [63, 64], allowing the exploration
of potentially effective, tailored protocols.

In conclusion, we have proposed a framework that can represent a first step towards
a realistic simulation of anisotropic, patient-specific, mechanically motivated brain tu-
mour growth, together with therapeutic treatment. Regarding possible future develop-
ments, it would be important to model the contact of ventricle edges when they touch
due to deformations caused by cancer. Such a situation, which is never reached in our
simulations, would require an appropriate treatment by means of contact mechanics.
Furthermore, we aim to integrate a voxel-wise estimation of free water in the brain
to establish a more appropriate and spatially-dependent initial value for ¢ and, con-
sequently, for ¢¥. Possible heterogeneity between grey and white matter from a me-
chanical viewpoint could also be incorporated in the proposed framework, especially
if tumours of comparable stiffness to the healthy tissue are considered. Moreover, the
model’s ability to accurately capture cellular-scale interactions remains an open ques-
tion and warrants further investigation to ensure its applicability at finer biological
scales. We also note that in our model we have neglected fluid exchange between the tis-
sue and the vasculature, assuming that the only source of fluid is cell death within the
domain and fluid flow at the tissue-ventricle boundary. This assumption is more ap-
propriate for representing avascular or poorly vascularised tumours. Therefore, future
models should focus on the description of the vasculature and lymphatic system (ei-
ther from a homogenised point of view [188, 355] or by implementing a 3D-1D coupling
between the tissue and the vasculature [71]) in order to properly describe the vascular
growth phase of the tumour. An initial attempt is made in Chapter 6, where we propose
a mathematical model for tumour growth that incorporates the vasculature. Moreover,
we are aware that our model for therapies is a simplification of the much more com-
plex biological phenomenon, but this approach allows us to simulate the ongoing ef-
fects of therapies without taking into account the intricate biological processes initiated
by the drug, or eventually radiation, in the context of a computationally sophisticated
model. In this respect, clinical data could be used to test, validate and possibly modify
the model about therapies, establishing the values of RT and CHT parameters, and ex-
plicitly including TMZ pharmacodynamics to better represent the late cell death after
treatment. In addition, the integration of optimal control theories presents an intriguing
avenue to enhance our research. Future perspectives could be focused on exploring this
promising approach for developing optimal timing and dosing strategies for chemother-
apeutic drugs, addressing a prominent issue of medical significance, as exemplified in
[124]. Finally, the model should be adapted to simulate surgical resection before chemo-
radiation therapies, which represents a challenging modelling task and has not been
targeted in the present work.
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Quasi-linear viscoelasticity and
application to brain tissue mechanics

3.1 Preliminaries

Significant progress has been made in recent years in the field of brain mechanics. It is
now widely recognised that mechanical properties play a crucial role in various condi-
tions and pathologies, including traumatic brain injury, brain development, and brain
tumours. The remarkable growth in computational power and technology since the turn
of the millennium has led to increased demand from the clinical and biomedical com-
munities for robust, accurate and efficient in silico mechanical models that can capture
the behaviour of brain tissue in complex real-world scenarios, such as predicting disease
progression [83], surgical planning and training [144] and estimating injury risk for con-
tact [271] and equestrian sports [127]. The wide range of applications above highlights
one of the significant challenges facing the computational mechanics community: real-
istic predictions of brain tissue’s mechanical response require sophisticated constitutive
models that capture as much of the underlying physics as possible, yet these models
must be simple and tractable enough to enable rapid and reliable estimation of their
material parameters through calibration with experimental data.

Brain tissue exhibits the ability to undergo non-linear deformations and demon-
strates time-dependent mechanical behaviour. The latter is one of the most pronounced
features of brain tissue, manifesting itself primarily through viscoelastic effects such as
stress relaxation, as detailed in Section 1.1.1. In addition to this behaviour of the solid
skeleton, brain tissue exhibits poroelastic effects due to interstitial fluid flow through
the solid skeleton, especially at sufficiently large time scales [470]. While sophisticated
models that account for coupling between porous and viscous effects in brain tissue
behaviour are available in the literature [126, 259], current testing protocols are not ad-
vanced enough to reliably estimate their material parameters through calibration with
experimental data [83, 225]. In this work, we, therefore, treat brain tissue as a monopha-
sic viscoelastic solid and ignore poroelastic effects.

Along with its high water content, the development of testing protocols to charac-
terise brain tissue’s viscoelastic properties presents numerous challenges [83, 105]. For
instance, brain tissue’s fragile, brittle and tacky nature makes it susceptible to damage
during sample preparation and testing [83]. Furthermore, brain tissue is highly com-
pliant and ultra-soft, which can lead to significant deformation under the action of its
own weight, making it difficult to control sample geometry during extraction and test-
ing [83]. Additionally, the forces measured during testing often approach the resolution
limits of commercially available testing equipment. All these factors and others—for
example, age [342], species [342], anatomical region [361], post-mortem storage time
[201] and temperature [420, 422]—may contribute to the variations in the mechanical
properties of brain tissue reported in the literature.
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Budday et al. [83] and Chatelin et al. [105] provide extensive reviews of the vis-
coelastic properties of brain tissue as measured in various studies, drawing on over 50
years of research in brain mechanics. These studies demonstrate that stress relaxation
in brain tissue has been tested under various deformation modes, including uniaxial
tension [425], uniaxial compression [422], simple shear [424] and torsion [30]. Typically,
uniaxial tension and compression tests on brain tissue are performed by glueing the
ends of a cylindrical sample to the platens [423, 425], restricting lateral expansion or
contraction at the sample’s ends. This restriction leads to inhomogeneous deformations
[421, 425], which cannot be accurately modelled using the analytical solutions avail-
able for such tests [140]; instead, the equations of motion must be solved numerically,
complicating model fitting. By contrast, compression tests with lubricated platens can
achieve homogeneous deformation conditions but only up to a strain of approximately
10% [45, 425]. Another standard testing protocol for brain tissue that can achieve a
stretch of more than 60% is simple shear, which is performed by glueing the opposite
faces of a cuboidal sample to the platens and recording the shear and normal forces
required to move one platen parallel to the other [149]. Additionally, surface tractions
must be applied to the slanted faces of the deformed sample to prevent bending [147].
In reality, these tractions are never applied; more practically, the effect of deviation from
ideal simple shear conditions on the measured shear and normal forces is minimised by
using a thin sample whose width is less than four times its height [79, 147, 149, 424].
Furthermore, accurately quantifying the normal force is currently neither feasible nor
practical, as it requires recently developed, custom-designed testing equipment [147,
521]. Thus, in practice, simple shear generates a single dataset for the shear force, simi-
lar to uniaxial tension or compression tests that produce a single dataset for the tensile
or compressive force. Alternatively, torsion is a more robust and reliable testing proto-
col that can be readily implemented for brain tissue using commercial devices known
as theometers. These devices measure the torque and normal force required to twist
a cylindrical sample, generating two independent datasets (the appearance of a normal
force as a result of twisting is an example of the so-called Poynting effect [411, 429]). The
first study to apply this protocol to brain tissue was carried out by Balbi et al. [45], who
showed that the instantaneous elastic response of brain tissue in torsion is well-captured
by a hyperelastic Mooney—-Rivlin model and estimated the corresponding elastic mate-
rial parameters (the instantaneous shear modulus and Mooney-Rivlin parameters). Al-
though stress relaxation in torsion has been investigated in animal (porcine and bovine)
and human brain tissues [83, 105], anterior studies have focused on measuring only the
torque, neglecting the normal force. In addition, torsion was modelled as simple shear
but only locally is the torsion deformation that of simple shear [45]. Consequently, the
potential of torsion as a robust and reliable testing protocol for determining the vis-
coelastic properties of brain tissue has yet to be fully realised. We note that Narayan et
al. [376] devised a similar protocol for asphalt binders in torsion, measuring both torque
and normal force during relaxation. However, to the best of the authors” knowledge, an
analogous protocol for soft tissues has yet to be developed.

This Chapter seeks to enhance the hyperelastic brain constitutive model presented
in Chapter 2 by incorporating viscoelastic effects. We exploit the latent potentials of
the torsion protocol and the quasi-linear viscoelasticity (QLV) model to determine the
viscoelastic properties of brain tissue. In Section 3.2, we begin with a review of the
standard linear viscoelastic theory and its rheological interpretation, followed by a com-
prehensive exposition of the MQLV theory as formulated in [140, 427]. In Section 3.3,
we describe the procedure for preparing the cylindrical brain samples and testing them
with the rotational rheometer, with the results of the torsion tests presented in Section
3.4. In Section 3.5, we propose a novel fitting procedure for determining brain tissue’s
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viscoelastic material parameters based on the MQLV model. Following this, in Section
3.6 we present a finite element implementation of the MQLV model in the open-source
software FEniCS, which we use to validate our estimates of the viscoelastic material pa-
rameters through numerical simulations of the experiments. We discuss the results and
summarise the important features of the Chapter in Section 3.7.

The majority of the content in this chapter originates from an international collab-
oration with Valentina Balbi and Griffen Small from the School of Mathematical and
Statistical Sciences at the University of Galway. The material has been written in the pa-
per by Small, Ballatore, Giverso and Balbi “Modelling the non-linear viscoelastic behaviour
of brain tissue in torsion”.

3.2 Viscoelastic models

Viscoelasticity is a major and active area of interest within the field of soft tissue me-
chanics. The most straightforward constitutive theory that can be used to predict the
viscoelastic behaviour of brain tissue is linear viscoelasticity, where the instantaneous
stress is determined by convolving the strain history with a time-dependent function
that depends on brain tissue’s material properties [25, 120]. In reality, brain tissue’s
viscoelastic response is markedly non-linear: it can accommodate finite deformations
and its stress relaxation curves depend on the strain level. A non-linear viscoelastic
constitutive theory is, therefore, essential for accurate predictions. Although the liter-
ature is replete with non-linear models [157, 514], they are generally difficult to em-
ploy in real-world biomechanical scenarios and numerically costly vis-a-vis model fit-
ting and material parameter estimation. To this end, Fung, in his seminal work [196],
proposed a compromise approach now known as quasi-linear viscoelasticity (QLV). The
QLV model, which falls under the umbrella of the more general Pipkin—-Rogers model
[514], is the simplest extension of the linear viscoelastic theory to finite deformations. In
contrast to the Pipkin—-Rogers model, QLV is limited to materials whose viscous relax-
ation rates are independent of the instantaneous local strain [140] and thereby cannot
account for the non-linear phenomenon of strain-dependent relaxation commonly ob-
served in biological soft tissues [105, 158, 377, 448]. Nevertheless, its relative simplicity
compared to more general non-linear viscoelastic models has led to its widespread use:
the model has been employed to model a myriad of biological soft tissues including
the skin [184, 278], liver [341], brain [106, 260, 423-425, 439, 473, 474], lung [136], eye
[529], spinal cord [268, 437, 523], prostate gland [242], eardrum [373], oesophagal tis-
sue [522], heart muscle tissue [264], ligaments [3, 132, 197], tendons [41, 158], cartilage
[446, 457], arteries [215] and membranes [134]. As noted by De Pascalis et al. [140],
QLYV has been criticised for not always exhibiting “physically reasonable behaviour”. In
that article, the authors thoroughly reappraised the theory and elucidated that its sup-
posed unphysical behaviour stemmed from different interpretations of Fung’s original
one-dimensional relationship. The main deficiencies in these anterior studies, as sum-
marised by De Pascalis et al. [138], were using an incorrect QLV relation (especially
for incompressible materials) and employing a stress measure other than the second
Piola—Kirchhoff stress, which guarantees objectivity. Using the reappraised QLV model
(subsequently referred to as modified quasi-linear viscoelasticity or MQLV), De Pascalis
et al. studied uniaxial tension [140] and simple shear [138], while Righi and Balbi [427]
considered torsion. Balbi et al. [43, 44] extended the model to transversely isotropic
materials. In contrast to Fung’s QLV model, there is a paucity of experimental studies
on the MQLV model. To the authors” knowledge, the only relevant example is the paper
by De Pascalis et al. [139], which demonstrated that the MQLV model provided a better
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fit to the relaxation data from inflation tests on murine bladders compared to Fung’s
model or linear viscoelasticity. Consequently, MQLV’s potential vis-a-vis model fitting
and material parameter estimation has yet to be fully exploited.

3.2.1 Linear viscoelastic theory

Linear viscoelastic constitutive models are developed by incorporating time-dependent
material parameters, which reflect a fading memory effect. This effect enables the ma-
terial to retain information about its strain history up to the present state. Hence, the
stress tensor T (#) can be written as

de(:) dr, (3.1)

T(t):/_:o]K(t—T):

where ¢ is the second-order strain tensor and K(t) is called tensorial relaxation function
and it is a fourth-order tensor whose entries are the time-dependent material parame-
ters. Since the brain behaves isotropically from a mechanical viewpoint [85], the me-
chanical behaviour can be fully characterized by two independent parameters: the bulk
modulus, x(t), and the shear modulus, y(t). The tensorial relaxation function K(t) for
an isotropic material has two independent components K (¢) and K(t) with respect to
two bases J; and JJ», respectively, such that:

= Y Ku(t)]n (32)

n=1,2

A widely recognised form of the constitutive equation for a homogeneous and isotropic
material is derived by decomposing the strain tensor ¢ into its hydrostatic and deviatoric
components. The hydrostatic component corresponds to changes in volume, while the
deviatoric component represents the deformation that preserves volume. The following
basis set separates the strain tensor into its hydrostatic and deviatoric parts:

1
*(Sab‘scd . (3-3)

1 1
]Ilabcd = géabécd and HZabcd = E (5ac5bd + (Sadfsbc) - 3

Here, 6, represents the Kronecker delta, which is equal to 1 if 4 = band 0 if a # b.
Accordingly, Eq. (3.1) takes the following form:

ds(T)
/ nzlzzK drt dt
—/ Klt—r d 1 €(1) dr—i—/ K2t—T)d]IZC;'(T)dT

_/ Kyt — 1)~ < r(e(t ))11> dr+/ Ko t—T);T <€(T)—;tr(e(r))11> dr

_/ K(t = 1) o (tr(e(T dT+2/ (t ) < (dev(e(r)))dr.

(34)
The symbol I denotes the second-order identity tensor, while dev e = ¢ — 1 tr(e)I repre-
sents the deviatoric component of the second-order tensor €. The corresponding mate-

rial parameters, «(t) and p(t), are the time-dependent bulk and shear moduli.
For incompressible materials, that deform without any change in volume, the bulk
modulus «x(t) is significantly larger than the shear modulus u(t) (x(t) > u(t) for all t).
Additionally, under these conditions, the following assumptions hold: tr(e(t)) — 0 and
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(t) — oo for all t. In this incompressible limit, Eq. (3.4) simplifies to:

T(t) = —p(H)I+ 2/_:0 u(t— T)%(dev(s(r)))dr, (3.5)

where we have introduced the Lagrange multiplier p(t):

“p(t)= lim lim tK(t—T)(i_(tr(e(T))]I)dT. (3.6)

tre(t)—0x (t)—o00 J —c0

The scalar p(t) can be interpreted as the hydrostatic pressure and is determined by solv-
ing the governing equations of motion for a continuum body, subject to the imposed
boundary conditions. It is important to note that the stress component —p(t)I repre-
sents a workless reaction force, in response to the kinematic constraint of the deforma-
tion field. There is no energy dissipation during the isochoric deformation of the body.
Therefore, for materials that can be considered incompressible, only the deviatoric com-
ponent of the stress displays viscoelastic behaviour.

3.2.2 QLV theory

The linear viscoelastic model described in Sec. 3.2.1 provides accurate results only within
the small deformation regime. However, it fails to accurately predict the stress response
when a tissue undergoes large deformations. To address this limitation, Fung intro-
duced the theory of Quasi-Linear Viscoelasticity (QLV) [196], an extension of the linear
theory discussed in the previous section to accommodate large deformations. In this
Section, we review the QLV theory, following [140, 427] to derive the constitutive equa-
tions for isotropic and incompressible soft tissues.

The QLV theory builds on the same foundational assumptions as the linear theory,
namely the Boltzmann superposition principle and the concept of fading memory. Ad-
ditionally, Fung proposed that the total stress can be separated into a product of two
functions: one dependent on time, the relaxation function, and the other on deforma-
tion, representing the elastic stress. The relaxation function captures the time-dependent
decay of stress, while the elastic stress function accounts for the tissue’s elastic response.
Unlike in the linear theory, the relationship between elastic stress and strain in the QLV
formulation is inherently non-linear.

Fung proposed to write the the second Piola-Kirchhoff stress tensor (t) as follows:

() = /:oG(t— - ;ir)dr, (3.7)

where G is called reduced relaxation function tensor and ©(t) is the elastic second Piola-
Kirchhoff stress tensor, defined as:

e _ ]]Fflrj[-elFfT ) (3.8)

In definition (3.8), T¢ is the elastic Cauchy stress, F = I — Vu is the deformation gra-
dient associated to the large deformation x = x(X), and ] = detF. X and x are the
position vectors in the undeformed and deformed configurations, respectively.

The fundamental simplification of Fung’s theory is that G is independent of the
strain and, if the material is isotropic, then this tensor of rank four has just two inde-
pendent components. For this reason, for isotropic materials, it is convenient to split the
elastic Cauchy stress into two parts, one which accounts for microscopic isochoric defor-
mations of the material and the other that measures purely compressive deformations.
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This could be achieved by taking its hydrostatic and deviatoric components:
T¢ =T +Th, (3.9)

which can be expressed as:

1 1
T = 3 tr (T°)I and T§H =T°— 3 tr (T°) . (3.10)
Assuming a superposition principle as for the linear case, it is now possible to intro-
duce an objective viscoelastic law, relating the second Piola—Kirchhoff stress to the past
history of the non-linear rate of strain measure. In this way, we rewrite Eq. (3.7) in the
following form:

t e ot e
(1) = / H(t— T)dH(T)dT—}—/ D(t — T)md’(, (3.11)
—00 dT —00 T
where the terms are defined by

€= &+ ¢, (3.12)
¢ =JF! (;’tr (T®) 11> F T and & =]JF 'dev(T®)FT, (3.13)

and D(t) and H(t) are two scalar independent-reduced relaxation functions (with D(0) =
7(0) = 1 without loss of generality). It must be emphasized that the subscripts D
and H in this case do not refer to the deviatoric and hydrostatic parts of the second
Piola—Kirchhoff stress, but correspond to the second Piola-Kirchhoff stress of the devi-
atoric and hydrostatic Cauchy stress components, respectively. Furthermore, it is im-
portant to underline that H(t) = x(t)/xo and D(t) = u(t)/po are the non-dimensional
version of the relaxation functions «(t) and yu(t), where x(0) = x¢ and u(0) = o are the
instantaneous elastic bulk and shear modulus which appear in the linear viscoelastic
theory resumed in Section 3.2.1. Finally, the Cauchy stress tensor follows from applying
the transformation T(t) = J~!'F (#)FT to Eq. (3.11) and it is given by

r) -y ([ D AP [ omen %(r)dr) FT (14

dt drt

Integrating by parts, and assuming that the deformation commences at t = 0, yields
gl (4
T(t) = ] 'F ( 0 +/ "(tKT) L S(1) dT) FT+
0 0
Eal (s
I 'F < X0 +/ ”(tyr) L 8(T) dT) FT .
0 0

In the incompressible limit ] — 1 and «(t) — x(0) — oo, Vt, Eq. (3.15) reduces to the
following form:

(3.15)

T(t) = —p(t)]I—l—lF( S (t) +/0t”/(’;gf) L 9 (1) dr> FT, (3.16)

where the Lagrange multiplier p(t) is given by:

—p(t)= lim ]11F< g(t)+/0t'(/(tK;T): ¢ (1) dT> FT. (3.17)

J—1, x(t)—oo
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3.3 Materials and methods

In this Section, we provide a brief overview of the procedure developed by Griffen Small
and Valentina Balbi at the University of Galway for preparing cylindrical brain samples
and testing them using a rotational rheometer.

Tissue preparation

All experiments were performed using brains from 6 to 9-month-old, mixed-sex sheep
obtained from a local European Union-approved slaughterhouse (Athenry Quality Meats
Ltd, Galway, Ireland, Approval Number EC2875). As the animals were not sacrificed
specifically for this study, ethical approval was not required from the University of Gal-
way’s Research Ethics Committee.

The brains, which were received as separated cerebral hemispheres, were placed in
a phosphate buffered saline (PBS) solution within 1 hour post-mortem to avoid tissue
dehydration and maintained at 11-15 °C during transportation. All samples were pre-
pared and tested at room temperature (19-23 °C). The tests were conducted at CURAM,
a national research centre based at the University of Galway. As shown in Fig. 3.1(a),
mixed grey and white matter cylindrical samples were excised from the cerebral halves
using a sharp 25 mm diameter stainless steel punch. To prepare flat cylindrical samples
of radius Ry = 12.5 mm and height Hy = 10 mm for testing, each long sample was
first inserted into a cutting guide of height 13 mm. The excess brain matter was then re-
moved from the top of the sample using an 8 inch MacroKnife (CellPath, Wales, United
Kingdom), as shown in Fig. 3.1(b). Finally, the opposite end of the sample was cut flat
with the aid of a cutting guide of height 10 mm, as shown in Fig. 3.1(c); the exact heights
of the samples were measured before testing. After this, the prepared sample and cere-
bral hemisphere were placed in a PBS solution. Instead of preparing all the samples at
once, each sample was tested immediately after preparation, and then, if possible, an-
other was extracted from the cerebral hemisphere [424]. All samples were tested within
8 hours post-mortem.

Mechanical testing

An Anton Paar MCR 302e rotational rheometer with parallel plate geometry (Anton
Paar, Graz, Austria) was used for the mechanical testing (see Fig. 3.2). During the tests,
the bottom Peltier plate remained fixed, while the motion of the upper plate (which
contains the motors and sensors that measure the torque and normal force) was con-
trolled through the software RheoCompass (Version 1.31). To match the dimension of
the samples tested, a 25 mm diameter upper plate was used. Masking tape of negligible
thickness (< 1 mm) was applied to both plates to prevent damage to the rheometer and
enable easy removal of the tested samples [45, 424, 425]. The sample was secured to the
tape using a thin layer of cyanoacrylate (RS Radionics, Dublin, Ireland) [423-425]. A
small pre-compression of approximately 0.03 N was applied by manually lowering the
upper plate to ensure proper sample adhesion to the upper and lower plates. A minute
and a half was sufficient time for the glue to set, after which the position of the upper
plate was slowly adjusted until the normal force read 0 N.

Our torsion testing protocol is summarised in Table 3.1. We performed three sets
of ramp-and-hold relaxation tests in torsion on the cylindrical samples at varying twist
rates of ¢y € {40,240,400} rad m~! s~! (angular velocity of the upper plate per unit
deformed height), while keeping the twist fixed at ¢p = 88 rad m™! (angle of rota-
tion per unit deformed height). Each torsion test consisted of two phases: a ramp
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FIGURE 3.1: Procedure for preparing cylindrical brain samples of radius 12.5 mm and height 10 mm for
testing: (a) long cylindrical sample excised from the cerebral hemisphere using a steel punch; (b) top face
cut flat using a cutting guide of height 13 mm; (c) opposite face cut flat using a cutting guide of height
10 mm and (d) flat cylindrical sample ready for testing.

(a)

FIGURE 3.2: (a) Anton Paar MCR 302e rotational rheometer with parallel plate geometry used to perform
the torsion tests and (b) side view of a twisted sample during testing.

phase, in which the twist was increased linearly to ¢y = 88 rad m™! over a time +* €
{2.2,0.367,0.22} s, followed by a hold phase lasting 200 s, during which the final value
of the twist reached at the end of the ramp phase was maintained. Both the torque T
and normal force N, required to twist the sample during the ramp phase and maintain
the sample in its deformed state during the hold phase were recorded versus time t.
No pre-conditioning was performed on the samples, and each was tested only once be-
fore being discarded. A total of 30 samples were tested over several campaigns: 10 at
40 rad m~! s! (samples S; to Syp); 10 at 240 rad m~! s~! (samples Sy to Sy) and 10 at
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400 rad m! g1 (samples Sy to Szp).

TABLE 3.1: Torsion testing protocol

e Ramp phase: twist increased linearly to ¢y = 88 rad m ! over a time
t* € {2.2,0.367,0.22} s at a twist rate of ¢y € {40,240,400} rad m~! s~!
e Hold phase: twist maintained at ¢y = 88 rad m~! for 200 s

3.4 Experimental results

In this section, we present representative torque and normal force data from the rheome-
ter for each of the twist rates ¢y € {40,240,400} rad m~! s~! and describe the filtering
procedure applied to the data to prepare it for model fitting and material parameter
estimation.

As an example, the raw output data for sample Sy, recorded during a torsion test
performed at a twist rate of ¢y = 240 rad m~! s~!, are presented in Fig. 3.3. Fig. 3.3(a,b)
show the twist ¢ and twist rate ¢ profiles for the test, while Fig. 3.3(c,d) display the
measured torque T and Fig. 3.3(e,f) the measured normal force N,. Since the rheome-
ter outputs the normal force exerted by the sample on the upper plate, we changed the
sign of the data so that it represents the normal force that must be applied to the sam-
ple to maintain the deformation, consistent with the modelling conventions adopted in
Section 3.5 and anterior studies [45, 427].

From the data presented in Fig. 3.3(a,b), we can identify four regions: (i) a region
(black data) at the start of the ramp phase, where the upper plate accelerates from rest to
the target twist rate of ¢p = 240 rad m~! s (i) a region (purple data), where this twist
rate is maintained until the twist reaches ¢p = 85 rad m~! at the end of the ramp phase
at time t* = 0.367 s (indicated by a dashed line); (iii) a region (red data) at the start of
the hold phase, where the upper plate decelerates to rest and (iv) the remainder (orange
data) of the hold phase, where the final value of the twist reached at the end of the ramp
phase is maintained. We also note the apparition of experimental artefacts in the torque
data in Fig. 3.3(c) in regions where there is a rapid change in the twist rate, notably at the
start of the ramp phase when the upper plate is accelerating (black data) and the start
of the hold phase when it is decelerating (red data); see Fig. 3.3(b). Accordingly, these
artefacts—potentially due to the inertia of the motors in the upper plate [376]—were
excluded from the proper torque data in Fig. 3.3(d). Likewise, the proper normal force
data in Fig. 3.3(c) excludes the less pronounced artefacts in the normal force data at the
start of the ramp phase, the mechanical origin of which is unclear. However, unlike the
torque, the normal force data generated at the start of the hold phase does not appear
to be adversely affected by the rapid change in twist rate and was therefore included in
the proper normal force data in Fig. 3.3(c).

During the gamut of tests, the achieved twist rates ¢y were measured as 40.26 £ 0.42,
239.95 + 0.25 and 400.06 & 0.27 rad m~! s~! (mean + SD). The corresponding ramp
times t* were set to 2.2, 0.367 and 0.22 s to achieve the target twist of ¢9 = 88 rad m~1
at the end of the ramp phase. However, in practice, the actual twist values reached were
slightly lower and decreased with increasing twist rate: 87.48 4= 0.51, 85.25 4= 0.1 and
83.23 - 0.1 rad m~!. This discrepancy was due to the inertia of the upper plate, which
caused the twist to continue increasing slightly at the start of the hold phase while the
upper plate decelerated to rest (see Fig. 3.3(a)). As a result, the target twist was reached
during the hold phase rather than at the end of the ramp phase. This deviation between
the target and actual twist values at the end of the ramp phase is a practical limitation
of our protocol.
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FIGURE 3.3: Raw output data for sample Si; from a torsion test performed at a twist rate of
240 rad m~! s~1: (a,b) twist and twist rate profiles; (c,e) measured torque and normal force for the first
second of the test (including experimental artefacts) and (d,f) measured torque and normal force for the
entire duration of the test (excluding experimental artefacts). Both the torque data generated when the
upper plate was accelerating (black) and decelerating (red) were excluded from the proper torque data in
(c), whereas only the normal force data generated when the upper plate was accelerating were excluded
from the proper normal force data in (f). A dashed line indicates the end of the ramp phase.

Following the protocol of Narayan et al. [376], we estimated the rheometer’s torque
and normal force resolutions to be approximately 0.15 mN m and 0.03 N by performing
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torsion tests at each of the twist rates {40,240,400} rad m~! s~! without any samples
between the plates. Another source of noise in the experiments was the attached com-
pressor, which was required for the proper operation of the rheometer. During each
test, the compressor would activate to supply fresh compressed air to the air bearings
of the theometer’s motors, generating vibrations that increased the noise in the torque
and normal force measurements (see Fig. 3.3(d,f) at t ~ 50 s). In preparation for model
titting, we smoothed the data by applying a Savitzky—Golay filter using the MATLAB
function sgolayfilt. For the 40 rad m~! s~! data, we used a polynomial order of 5 and a
window length of 31, whereas for the 240 and 400 rad m~! s~! data, we used a polyno-
mial order of 5 and a window length of 61. Fig. 3.4 shows representative torque, normal
force and filtered data for samples S;, S16 and Sy4 at each twist rate.

3.5 Modelling

In this section, we use the MQLV theory to derive analytical expressions for the torque
and normal force for a ramp-and-hold test. We then propose a fitting procedure for
determining brain tissue’s viscoelastic material parameters and apply it to the experi-
mental data.

3.5.1 Theory

Here, we calculate the torque and normal force required to maintain an isotropic, in-
compressible, viscoelastic cylinder in a state of torsion, according to the MQLV theory.
Although brain tissue is neither strictly isotropic nor incompressible, experiments indi-
cate these are reasonable assumptions [83].

We consider a cylinder of radius Ry and height Hj subjected to a torsional deforma-
tion that takes the point with cylindrical polar coordinates (R, ®, Z) in the undeformed
configuration (at time ¢ = 0) to the point with cylindrical polar coordinates (,6,z) in
the deformed configuration (at time t > 0), both relative to a fixed origin O. Since the
rheometer’s normal force sensor has a resolution of approximately 0.03 N, the device
cannot detect variations of the normal force within this range. We, therefore, expect the
samples to undergo a slight axial contraction before being twisted, even though the up-
per plate is adjusted until the normal force reads 0 N before each test.[45] This combined
contraction-torsion can be modelled by the deformation [45, 121]

0(t) = @+ p(DAZ,  z(t) = AZ, (3.18)

where 0 < A < 1 is the (axial) pre-stretch and the twist ¢(f) = «(f)/AHy is the angle
of rotation « per unit deformed height (see Fig. 3.5). The pure torsion case (A = 1) was
considered by Righi and Balbi [427]. By introducing the cylindrical bases { Er, Eg, E7 }
and {e,, ey, e, } for the undeformed and deformed configurations, we can write the de-
formation gradient IF = F,4 e, ® E 4 associated with the deformation (3.18) as

1
5 0 0

Frt)=| o \}X AG(t) (3.19)
o 0 A
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FIGURE 3.4: Representative torque, normal force and filtered data for samples S; (a), S14 (b) and Sp4 (c)
from torsion tests performed at twist rates of 40, 240, 400 rad m~! s71. The insets show the ramp phase
and the initial part of the hold phase in more detail.

Various tensors can be computed from the deformation gradient, such as the left Cauchy-
Green deformation tensor B = FIF! and right Cauchy-Green deformation tensor C =
FTF.

In their experimental study, Balbi et al. [45] showed that the instantaneous elastic
response of brain tissue in torsion is well-captured by a Mooney-Rivlin strain energy
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FIGURE 3.5: (a) Undeformed and (b) deformed cylinder. Torque and normal force must be applied at the
end of the cylinder to maintain the torsion deformation.

function [140, 371, 428]:
_ M Ho 3.2
We 5 < +’Y> (h—3)+ > (2 ’Y> (L—3), (3.20)

where i is the instantaneous shear modulus, y is a constant, I; = trBand I, = trB~ 1,
For this model, the Mooney-Rivlin parameters c¢; and ¢, are connected to pp and 7y
through o = 2(c1 +¢2) and v = 1/2 — 2cp/pp. The same Mooney-Rivlin behaviour
was observed in simple shear [149] and at dynamic strain rates in simple shear,[424] uni-
axial tension [425] and uniaxial compression [423]. Under our assumptions, the elastic
Cauchy stress corresponding to (3.20) reads [253, 383]

Te = % (1+27)B— % (1-29) B! — p°I, (3.21)
where p© is the elastic Lagrange multiplier introduced to enforce the incompressibility
constraint and I is the second-order identity tensor.

According to the MQLV theory, the viscoelastic Cauchy stress can be expressed as
[139, 140, 427]

T(r,t) = F(r,t) ( b(r,t) + Vlo/ot W (t—s) Ie)(r,s)ds> F(r,t)! —p(r,H)I,  (3.22)

where p® has been incorporated into the viscoelastic Lagrange multiplier p, taken to be
a function of 7 and t only without loss of generality [427]. The elastic response in the
above is captured by the second Piola-Kirchhoff stress tensor

S =F '"TyF '

-Ba-mc'-Ra-2me?+ B, (3.23)

corresponding to the deviatoric Cauchy stress T, = T¢ — (tr T¢/3) I, while the time-
dependent behaviour is associated with the scalar relaxation function (f), taken to be
an n-term Prony series of the form [372, 424, 427]

u(t) = poo + Y pie” "7, (3.24)
i=1
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where 4#(0) = po and o are the instantaneous and long-time shear moduli, y; are the
relaxation coefficients and 7; are the relaxation times. From (3.19), (3.22), (3.23) and

(3.24), we can determine the components of T:

T (r,t) = —po A +1+29 (A —1)] </\Z)\_21> +

% A —1+429 (A+1)]Ap(t)

12/ —yl )TN — 1 429 (A41)} rPRIN2p(s)*+

+{A+1+2y (A1)} (A*=1)]ds — p(r,t),

Too(r,t) = — o [A+1+27 (A — 1)] (Ag — 1> 4 o [1+27 (24 — 1)] Ap(£)2+

6A2 3

o Z/ SHie A 2429 (A= 2)} ()
—2{A+ 2429 (A —2)} ¥ A3(s) 3 () +
+{A+2427 (A =2)} % (s)*p(t)*+
n {w F3A3 —6A 42429 (2/\4 —3A3 420 — 2) } r(s)>+
—2{A+ 142y (A=1)} 7 (A3 +2) p(s)p(t)+
“2{A+ 1429 (A= 1)}PA (A3 —1) ¢(1)?
+{A+1+27(A=1)} (A =1)]ds — p(r, 1),

Tzz(i’, t) =HUo [)\ + 142y ()\ — 1)] (2\;)\_21) +

2
- B 242y (A -2) A0+

1 &t
toa ko | e VA 242y (A= 2)} PA%(5) P+
i-170 U

—2{A+ 142y (A =1)} (A* = 1))ds — p(r, 1),

Toa(r, ) =550 [A+1 427 (A = 1)) Ago(t)+

r <ot =) /T
+6A2);/0 e VS[(BA =22y (A = 2)} A% () +
+{A+2+27 (A =2)} PA%(s)*p(t)
—{A+1+29y(A=1)} (A =1) p(s)+
—2{A+ 1429 (A =1)} (A* = 1) ¢p(t)]ds,
Two(r,t) =0, Ty (r,t) =0

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

In this work, we assume that the deformation is slow enough that inertial effects
can be ignored, and we neglect external body forces [43, 212]. The motion of the cylin-
der is therefore governed by the momentum balance equation divT = 0, where div is
the divergence operator in the deformed configuration [253, 383]. Upon inspection of
the components of the equation of motion, and assuming that the lateral surface of the
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cylinder is traction-free, we arrive at the following equilibrium problem [427] :

T (7, t) — Tog(r, t
{T”(”)” ol )r nlnt) o, (3.30)
Tyr(Ro,t) = 0.

By integrating (3.30); subject to (3.30),, we can determine the Lagrange multiplier p:

3 _
p(r ) = — g [A+ 1427 (A —1)] (Aw\zl) +

-0 [{SA — 2427 (51 +2)} 2 =3 (1+27) R} A¢(H)+
24A3 Z_/ oA k2427 (A~ 2)) (22— RE) A%p(s)*+
—2{A+2+27 (A= 2)} (A2 = RE) A%p(s)p(t)+
+{A+2427 (A —2)} (*A% — R§) A9 (s)%p(1)*+ (3.31)
— {22 = 122% —4A — 4+ 4y (A 4+ 60% — 22+ 2) A+
F2[A% 4473 420 4242y (A4 —4A3 420 — 2)}R%}/\¢(s)2+
—4{A+1+27 (A= 1)} (PA—RE) A (2% +2) ps)p(t)+
—4{A+1+2y (A=)} (PA-RE) (A1) p()%+
—4{A+ 142y (A= 1)}A (A2~ 1) Jds.

Given the expressions for the stress Components ng and T, (3.28)-(3.27), the torque

T(t) =21 fo Ro/VA 12Ty, (r, t)dr and normal force N, (t) = 27 fRO/\FrTZZ (r, t)dr required
to maintain the deformation (3.18) can be determmed by direct integration:

(1) = Wmmww

3721;1 Z / ~/5 RRIACB(A, 1) (5)° — 2RIAB(A, 7)g(s)2p()+ 33

L3N 42) AL 7)) + 61 (17— 1) A, 7)p(1)]ds,

A —1 RS
Na(0) =R (2 ) BOum) - TR, (e

RZ n
St / e )/ 2RIV, )p(e) +
—4R3A3B(m>¢< )¢ () + 2RGAPB(A, 1) (s)2p()*+ (3.33)

+3R2 (A‘* —oA3 oA 424 27C(A)> o(s)?+
— 6RFA (A% +2) A(A, 7)p(s)p(t) — 6RoAY? (A% —1) A(A, 7)op(t)+
+36A% (A% —1) A(A, 7)]ds.

Specialising these equations to a ramp-and-hold test, which corresponds to a twist his-
tory of the form (see Fig. 3.3(a))

(3.34)

ot x
¢<t>{t*' et

¢o, t>t5,
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we find that the torque and normal force during the hold phase (t > t*) read

Thold(t) 7T‘uoo OA(/\ ,)/)4)0+

4
7TR% n , 5 ; .
+ oo A T) Zuie‘ /523 = 1)t + (A3 +2) 7 (e — 1) go+
7TR6 n —t/7 * Ly N ) 3
* 18At*3 ) Y HiT [ =25 (F+37) +e /T (P — 4t  +677) | dp,

i=1
and

o A3 —1 Moo RY
N) =5 (25t ) A0 - TESRB O, g+

7TR4 1 t/'
12A4t*2 e L

1—27) {e"/%(3A%t* — C(A)T?) — D(A) P2+

+E(/\)Tit*—|—C )T} 4+ 2A (A% +2) 77T 4+ 24 (A3 — 1) 12+

—2M(A° +2)7t* —2A(A +2) 7] ¢+

7TR8 2 *t/T' t*/T' %2 « 5

B 18At*4B()"7)ZP‘fTie el /T(#2 — bt + 1277) +
i=1

— P2 —6mit* — 1277 g,

where the expressions for the functions A, B, C, D and E are given by

%[A+1+27(A—1)],

1
(A7) =7 A +2+2y (A =2)],
C(A) = /\4+2A3 +2A -2,

A(/\, ')’) =

o’

DA)=A*— A3 —A+1,
E(A) = A% — A3+2A 2.
Analogous expressions for the ramp phase (0 < t < t*) are derived
o RAt
TP (f) :”}44t* 0 A(A, 7)o+
TR 40 te™/ %+ (A% +2) 7 (1 -
123t 'Y Zyl[ ( )Tl(

18A*3

(3.35)

(3.36)

(3.37)
(3.38)
(3.39)

eft/'fi) ]47O+

RS
4 % B(/\,'y)ZyiTie_t/Ti[—ZTi (t+37) +e"/T (£ — 4tt; + 672) |43,
i=1
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/\3 -1 7T OOR4t2
NP () =7ep(t) RS (W) AAY) = %B(A’AY)(P%JF
7'[R4

n
12A4t*2 (Hie (1= 29) {7 (3A3 Gt — C(A)T?) — D(A)P+

1

-l-E(A)Tit—i—C )THE 424 (A% +2) e/ 420 (A3 —1) P+
—2A(A3+2)Tlt—2A(A3+z) 2] 3+
7R

— o B ) Y e [/ (1 — bt 1222) — £ — 6t — 1257 gf.
i=1

The results of Righi and Balbi [427] are recovered by setting A = 1.

3.5.2 Material parameter estimation

Righi and Balbi [427] proposed a fitting procedure for estimating brain tissue’s vis-
coelastic properties in torsion based on the MQLV model for the case when there is
no pre-stretch (A = 1). In their method, the material parameters yo and c, are deter-
mined from the long-time (asymptotic) values of the torque and normal force, while y;
and T; are obtained by fitting the measured torque for the hold phase to the MQLV an-
alytical prediction. However, this procedure (which does not incorporate a pre-stretch)
leads to non-physical large negative values for c; when applied to the experimental data
from Section 3.4. Therefore, an alternative fitting procedure that accounts for the effect
of pre-stretch on the torque and normal force is required to fit the experimental data
accurately.

To this end, we estimated the complete set of viscoelastic material parameters by
simultaneously fitting the torque and normal force datasets for each of the twist rates
$o € {40,240,400} rad m~! s~! to the MQLV analytical predictions (3.5.1) and (3.5.1),
using the MATLAB function fmincon. Due to the increased noise during the ramp
phase, we confined the fitting to the final ramp phase point and the entire hold phase,
i.e. t > t*. For the twists ¢g, we used the measured values at the end of the ramp phase
rather than the target value. We minimised the objective function

2

ny MQLV Exp NMQLV NE)fp
XZZZ<E Tz ) +Z< zi > ) (3.40)

i=1 T- N

1 z, Z

. . E
where n1 and 1, are the numbers of considered torque and normal force datapoints T;

and NZ ., while TMQLV and N, MQLV are the corresponding MQLYV analytical predictions.
This method is 51m11ar to that used by Anssari-Benam et al. [29] The advantage of
this approach, which minimises the relative error, over the more common approach
of minimising the absolute error was discussed by Destrade et al. [148] We estimated
the Prony parameters (jic, y#; and T;) from a 4-term Prony series. To ensure that the
titting results were physically plausible, we constrained the Prony and Mooney—Rivlin
parameters to be positive and limited the pre-stretch to no more than 1%.

The fitting results for each of the twist rates are reported in Tables 3.2, 3.3 and 3.4.
The goodness of fit was assessed based on the relative errors (%) in the torque and

normal force, defined by

erry = ](TMQLV - TEXP) /5P| x 100
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and
erry, = |(N¥QW - fop> /NE®| % 100.

The MQLV model provides good fits to both the torque and normal force datasets simul-
taneously, exhibiting small to moderate maximal relative errors over the fitting range
for all samples, with the exception of Sys (see Tables 3.2, 3.3 and 3.4). We note that
the relative errors observed here for the MQLV model are similar to those reported
by Anssari-Benam et al.[29], who simultaneously fit uniaxial tension/compression and
simple shear datasets for brain tissue to different hyperelastic models.

As an example, Fig. 3.6 shows the MQLV analytical predictions for the torque and
normal force for samples Sy, S16 and Sy4, while Fig. 3.7 displays the corresponding rela-
tive errors. As the insets in Fig. 3.7 indicate, the relative errors in the torque are initially
moderate to large but rapidly decrease towards the end of the ramp phase. By contrast,
the relative errors in the force during the ramp phase are small to moderate. Over the
fitting range, comprised of the final ramp phase point and the entire hold phase, the
relative errors in both the torque and normal force are similarly small to moderate. The
exception is sample Sy4, where the relative error in the torque at the start of the hold
phase increases sharply before decreasing at a similar rate. This is likely due to the
high twist rate of 400 rad m~! s~! and deviations from the ideal cylindrical geometry
assumed by the rheometer and MQLV model. Nevertheless, the relative errors for the
remainder of the hold phase are in line with those of samples S, and Sy¢.

TABLE 3.2: Heights, estimated MQLV parameters and maximal relative errors in the torque and normal
force over the fitting range for samples tested at 40 rad m~! s~1.

Sample Hj A Ho Heo m 1 U3 My T ko) T3 Ty o c max errr max erry,
fmm) L O O
51 9.3125 0.99 651.16 105.67 213.34 19234 85.831 53.892 0.8397 0.244 64136 55312 0.10225 325.58 11.609  16.054
Sy 8.7436 099 917.69 12555 606.76 11128 73.07 1.0213  0.6811 95764 82406 4845 2.0793 458.84 13.725 18.992
S3 8.6727 0.99 9739 128.37 583.34 95.025 91.207 75.954  0.443 9.4962  2.3379  75.888  0.4711 486.95 13415 18.628
Sy 9.1733  0.99 1048 14297 628.57 11042 91.321 74705  0.4005 2.398 10442 72484 013183  523.99 14281 194
S5 8.8116 0.99 1308.8 16191 45532 45531 137.22 99.052 0.6455 0.1715 59739 58745 0.021216 654.41 18.485 25.642
Se 9.2796 0.99 581.02 64313 36849 66.885 44.183 37.148 0.3159 1782 84904 65141  1.5548 290.51 10915  17.506
Sy 9.1747 099 11954 116.2 816.85 137.58 70.991 53785  0.3639 25286 10.9 63.17 0.028749 597.7 14.239  19.997
Sg 83262 099 73923 107.05 258.68 24245 7634 54709  0.194 0.7838  6.3087 43982  0.003838 369.61 15575 28.523
Sg 79015 0.99 1216 149.53 70425 18715 103.02 72.031  0.3057 1.9388  10.93 78.995  0.0094199 607.99 15.803  21.589
S10 8.2687 0.99 75436 71.934 437.68 15171 55.116 37911 0.2027 1.1376 8.1273 58425  4.2268 377.18 12.582  21.687
Mean+ — — 943+ 1174+ 496+ 188+ 85+ 57 £ 043+ 288+ 1496+ 6132+ 093+ 471+ 14.06+ 20.8+
SD 258 32 177 114 26 27 0.22 3.58 23.82 11.61 1.36 129 22 3.78

TABLE 3.3: Heights, estimated MQLV parameters and maximal relative errors in the torque and normal
force over the fitting range for samples tested at 240 rad m~! s~1.

Sample H, A Ho Hoo 1 Ho "3 Ha T (73 k) Ty c1 %3 max errr max erry;,
[mm] [Pa]  [Pa]  [Pa]  [Pa]  [Pa]  [Pa] [s] [s] ls] [s] [wPa]  [Pa] [2/2]‘ [f,/z]”
S 8.1034 0.99 1020 88511 359.74 359.41 1322  80.179  0.1117 0.0941 1.2096 20.497 91.948  510.02 19.497  18.886
S12 8.6848 099 861.35 10547 334.31 31594 61799 43.828 0.12 05626 17.937 19.834 1.39 430.68  30.806  31.609
S13 8.7703 0.99 1253.8 177.06 740.79 194.66 141.29 3.9931x 0.209 29542 3893 18.451 10197  626.9 18.992  22.226
1074

S1a 9.8294 0.99 71417 10718 181.16 1549 15356 11737 04112 04929  0.259 15306  28.933 357.08 35.938 31.804
S5 9.6486 0.99 809.24 11098 267.8 240.32 108.64 81494 02705 0.1037 2187 28974  6.2476 335.51 23.35 30.089
S16 9.3726  0.99 12644 14886 431.27 39957 170.89 113.81 0.1179 0.2148 17763 25905  11.289 632.2 22962  26.81

S17 9.3543 099 94146 142.06 60537 13048 63.541 0.0062 02915 7.3912 89.376 10557  1.3055 470.73 28.384 34.375
S8 11228 099 11595 1343 38424 38177 161.17 19797 0.1539 0.1917 20081 33.052 8.7216 579.73 25468 31.333
S19 8.0385 0.99 1216 149.53 704.25 187.15 103.02 72.031 03057 19388  10.93 78.995  0.0094199 607.99 22,622  26.891
S0 8.9375 0.99 12383 168.98 389.22 377.06 171.6 13148  0.3024 0.1172  2.806 36.611  2.1066 619.17 21.601 25.781

Mean+ — — 1041+ 130+ 447+ 270+ 126+ 77 & 0224+ 145+ 19.04+ 33.03+ 1723+ 513+ 2496+ 2798+
SD 201 29 198 108 41 66 0.1 232 28.62 26.35 27.45 111 533 4.8
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TABLE 3.4: Heights, estimated MQLV parameters and maximal relative errors in the torque and normal
force over the fitting range for samples tested at 400 rad m~! s~ 1.

Sample Hj A Ho Hoo n1 H u3 Ha T ™ T3 Ty c1 c max errr max erry,
[mm] [Pa] [Pa] [Pa] [Pa] [Pa] [Pa] [s] [s] [s] [s] [pPa] [Pa] [f,f]’ [fyz]’

Sy 11288 099 98956 116.08 359.18 34412 170.18 23359x 0.114 02938 13.187 12323 10.829 49478 29252 29.349
104

Sy 11.812 099 77472 89.185 49742 11366 74464 21x 0185 27482 33279 86742 092322 38736  31.812 40.139
104

S3 84216 099 38824 5862 13386 123.86 71.964 4.4og7x 0.6331 64661 40349  60.757  0.0059017 22398  27.018 34.238
10~

Soq 10.111 099 92046 62.668 535.86 24475 77299 0.0013 02815 0.0011 12.829 0.9428 42.44 460.23 69.909 32426
Sos 10474 099 1379.5 127.36 37045 35202 351.55 178.14 0.0674 03406 0.0671 12155 0.10553 689.77 30.786  36.412
So6 11132 099 49715 65435 11421 11415 11231 91.044 01048 04212 0397 11.621  4.0076 248.57 34.013 37.783
Soz 8.0194 099 10058 83.491 26495 260.9 256.02 14045 0.1004 0.0621 0317 11.814  6.3762 502.91 35.692 44.153
Sog 8.6042 099 11787 157.1 304.35 27433 26727 175.67 0.4461 0.0826 0.0828 14472  9.6969 589.36 28.884 30.932
Sog 8.7223 099 14959 137.88 512.7 507.84 21632 121.2 0.0826  0.1105 12196 24.011  3.8003 747.97 19.828  19.538
S30 8.7558 0.99 11619 125 37542 37491 17068 11585  0.114 0.1037  0.9253  19.031  7.6129 580.93 30.257 37.282

Mean+ — — 979+ 102+ 347+ 2714+ 166+ 82 + 021+ 1.06+ 1027+ 1758+ 858+ 493+ 3375+ 3423+
SD 354 35 147 129 98 75 0.19 2.07 14.99 16.33 12.5 172 13.41 6.78

3.6 Computational validation

To validate our fitting results from Section 3.5.2, we conducted brain torsion simula-
tions using the open-source software FEniCS [18, 324], which offers a high-level Python
and C++ interface for solving partial differential equations through the Finite Element
Method.

The governing equations for the simple torsion of a solid cylinder for any time ¢t > 0,
expressed in Cartesian coordinates to facilitate their resolution, are as follows:

divT(x,t) =0 onQ(t),

v (3.41)

where the last equation represents the incompressibility constraint.

To approach the numerical implementation of the model, it is better to rewrite the
system using a Lagrangian description of motion. This approach allows all quantities of
interest to be expressed in terms of material coordinates within the undeformed domain,
denoted as ()*. In this case, the set of equations in Lagrangian form is:

DivP(X,t) =0 onQ*,

=1, (3.42)
where IP(X, t) is the first Piola-Kirchhoff stress tensor IP := JTF~T.

We then impose the appropriate boundary conditions. First, we ensure that the
lateral surface of the cylinder is free of traction at all times t, which is expressed as
Pn = 0 atr = Ro. Additionally, before introducing torsion, an initial step simulates pre-
compression by applying an axial pre-stretch of A = 0.99. To implement the twist, we
defined a reference point at the centre of the cylinder’s top surface, which was coupled
to all other points on the surface to ensure a uniform rotational displacement around
the longitudinal axis. The twist was then ramped up linearly to the measured values
at the end of the ramp phase in the experiments in time {2.2,0.367,0.22} s. The bottom
surface of the cylinder was fixed to prevent any movement. Mathematically, we super-
pose an axial contraction to the actual rotation so that the total deformation is written in
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(a) Torque and Normal Force at 40 rad m~! s~! for Sy
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FIGURE 3.6: Comparison of the resultant torque T and normal force N, for samples (a) Sy, (b) S1 and
(c) Spy4 at twist rates of {40,240,400} rad m sl Experimental data are denoted by circles, analytical
predictions using the MQLV model by solid black lines and the results of the numerical simulations in
FEniCS by triangles. The insets show the ramp phase and the initial part of the hold phase in more detail.

Cartesian coordinates as follows:

Utop =

96

VETY

VA

X2 +Y

VA

2

1-A)Z

cos (arctan (Y/X) + A¢p(t)Z) — X

sin (arctan (Y/X) + Ap(£)Z) =Y

on 0Q)

D (3.43)
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(a) Relative Errors in Torque and Normal Force at 40 rad m~! s~ for S,
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(c) Relative Errors in Torque and Normal Force at 400 rad m~! s~! for Sy,
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FIGURE 3.7: Relative errors in the torque err; and force erry, for samples (a) Sy, (b) Si6 and (c) Sp4 at
twist rates of {40,240,400} rad m~! s~1. The insets show the ramp phase in more detail. The dashed lines
indicate the relative errors at the end of the ramp phase.

For what concerns the bottom boundary, the Dirichlet condition we impose is:
u=1ugondQp (3.44)

where uyg is the solution of the problem at time ¢t = 0, when only the pre-stretch has
occurred and the twist has not yet been applied.
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The resultant torque and normal force were obtained from the output of the simula-
tions. The torque 7(f) required to twist the cylinder can be computed as

27 Ro/\/X o
o(t) = / / Tor? drdo, (3.45)
0 JO

and the normal force N(t) necessary to keep the cylinder length constant reads

21 pRo/VA _
N, (t) = /O /O T,or drdo. (3.46)

Here, Ty, and T, are the components of the tensor Tl”(t), which represents the Cauchy
tensor T () expressed in cylindrical coordinates, i.e.

T(t) = RT(H)RT (3.47)

with
cosf sinf 0
—sinf cosf O
0 0 1

R =

, r=4/x2+y?>, 0 =arctan(y/x). (3.48)

Weak formulation of the Lagrangian model

We derive the weak formulation of the Lagrangian model to enable solving the system
(3.42), equipped with the boundary conditions (3.43)-(3.44), using the Finite Element
Method (FEM). We define the following functional spaces to facilitate the formulation
of our problem:

H}(O) = {v € HY(Q") : v =00n00 ., and E)QZ‘OP} ,
HI(O") = {v € H'(Q) : v =g on a0 yom and v = up on BQIOP} .

Then, we multiply by a test function v € H}(Q*) the first equation of (3.42) and inte-
grate by parts to obtain:

— P:GradvdV* + PN -vdX* =0.
o} a0+

Since the test function v vanishes on the Dirichlet boundary where the solution u is
known and remembering that PN is null at the lateral surface of the cylinder, we arrive
at the following variational problem:

— [ P:GradvdV* =0.
Q*
For what concern the incompressibility constraint, we multiply that equation for the test
function g € H'(Q*):
/ (J —1)gdVv* = 0. (3.49)
Q*

Finally, we can define the variational problem: find u € H}(Q*) and p € H'(Q*) such
that, for all v € H}(Q*) and g € H'(Q*), it holds

—/*]P(u,p) : GradvdV” + [ (] (u) = 1)gav* =0. (3.50)

98 3. Quasi-linear viscoelasticity and application to brain tissue mechanics




Discrete formulation of the continuous variational problems

To proceed, we must introduce a spatial discretization of the continuous variational
problem given in Eq. (3.50). For this purpose, we employ quadratic tetrahedral ele-
ments, [P, for the displacement field, and linear tetrahedral elements, IPy, for the pres-
sure field. This combination, commonly referred to as the Taylor-Hood (or Hood-Taylor)
elements, offers several advantages, including numerical stability due to the satisfaction
of the inf-sup condition, improved accuracy in capturing displacement gradients with
quadratic elements, and computational efficiency by using linear elements for the pres-
sure field. These properties make Taylor-Hood elements a robust and widely adopted
choice for problems involving incompressibility constraints or mixed finite element for-
mulations. Accordingly, we define the following finite element spaces:

Vio = {vh e [C°(@9)]”: whly € [P2(K)]® VK € Ty, v, = 0 0n a0, and Q;;Om,m} )
3

Vii={on € [C° ()] : wal € [Pa(K)® VK € T, vy meets (3.43)-(3.44) } ,
Wy, := {gq, € C° (QF) : qu|x € P1(K) VK € Tp,},

where 7, is a decomposition of the domain ()* into tetrahedra K. For what concerns the
time discretization, given N time instants on the interval (0, T), At := T/N is the time
step and we use a superscript k to denote the value of a quantity at time t; = kAt. Thus,
we can formulate the problem as follows: for k =1, ..., N, find (ulfl, plfl) € V, x Wy, such
that V(vy, q,) € Vio x Wy, it holds

- /Q*IP (u’fl,p’fl) : Grad vy, dV* +/m (} <u§) - 1) gudV* =0. (3.51)

Numerical implementation

Numerical simulations were performed for samples Sy, S1¢ and Sy4 at twist rates of
{40,240,400} rad m~! s~!. The initial cylindrical geometry of each sample was built by
setting the radius Rgp = 12.5 mm and the heights Hy according to Tables 3.2, 3.3 and 3.4.
The computational mesh was generated using the software Tetgen [235, 492], where the
appropriate radius and height were specified. Additionally, we assigned the estimated
material parameters listed in the aforementioned tables according to the MQLV theory.
The implemented system (3.51) allows to determine all the unknown fields, namely;,
the displacement field uf (X, t) and the scalar fields pf(X,t). From these values, we
reconstruct the Cauchy stress tensor T(f) and save it to an output file, expressed in
cylindrical coordinates as defined in (3.47). The magnitude of the displacement field
and the Cauchy stress tensor components To, and T, for sample Syy at time t = 55
are shown in Figure 3.8 as an example. Subsequently, the torque and normal force are
computed using Eqs. (3.45)-(3.46) with ParaView [393], an open-source application for
interactive scientific visualisation.

Fig. 3.6 demonstrates that the torque and normal force calculated in FEniCS agree
well with the MQLYV analytical predictions and the experimental data. However, a slight
discrepancy is observed between the analytical predictions and the simulations for sam-
ple Sy, likely due to the high twist rate of 400 rad m~! s~!. In particular, achieving
convergence at high twist rates requires a very small time step, which substantially in-
creases the complexity of the simulations and poses challenges in obtaining accurate
results.
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FIGURE 3.8: Magnitude of the displacement field and the Cauchy stress tensor components Ty, and T;; for
sample Sy; attime t = 5.

3.7 Discussion and summary

In this Chapter, we devised the first experimental protocol to determine the non-linear
viscoelastic properties of brain tissue in torsion. This protocol allows us to obtain two
independent datasets (torque and normal force) with a single test, providing us with a
much more efficient protocol compared to protocols involving multiple loading modes.
The latter require a sample to be sequentially tested under different deformation modes
to obtain independent datasets. Moreover, they often rely on expensive, custom-made
experimental rings or multiple testing devices. Our novel protocol can be easily imple-
mented in any commercially available rheometer and has huge potential to accurately
model the non-linear viscoelastic properties of brain tissue.

Here, we applied the protocol to study the viscoelastic behaviour of the brain in
torsion at varying twist rates. This protocol has huge potential not only to study the
strain-dependent relaxation of the brain but also its non-linear creep behaviour. From
the theoretical viewpoint, we showed that the MQLV model provides an accurate fit
to the experimental data and allows us to estimate the time-dependent shear modulus
of an incompressible, viscoelastic, soft material such as the brain. The fitting procedure
that we proposed can also be applied to compressible, viscoelastic, soft materials, whose
mechanical behaviour is determined by at least two material functions.

Finally, when coupled with bespoke finite element models such as the University
College Dublin Brain Trauma Model [254], the viscoelastic material parameters esti-
mated in this study could enhance our understanding of the forces and deformations
involved in traumatic brain injury and contribute to the design of improved headgear
for sports such as boxing and motorsports. Our novel testing protocol also offers new
insights into the mechanical behaviour of soft tissues other than the brain.

To investigate the differences between the estimated MQLV parameters at the twist
rates {40,240,400} rad m~! s7!, we performed Tukey multiple comparisons tests us-
ing the R (Version 4.4.2) function TukeyHSD [416]. The column plots in Fig. 3.9 show
that there are no statistically significant differences between the shear moduli and sec-
ond Mooney-Rivlin parameters at the three twist rates, except for the uz values at
40 rad m~! s7! and 400 rad m~! s~!. By contrast, there are statistically significant dif-
ferences between several of the relaxation times at the three twist rates (see Fig. 3.10).
However, the statistically significant differences for these Prony parameters may be
attributed to their large standard deviations, particularly for the relaxation times. In
pracice, the representation of relaxation data by a Prony series is non-unique, with the
Prony parameters being highly sensitive to small changes in the data [196]. Finally, we
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note that the values of yp and c, obtained here for ovine brain tissue are in line with
those reported by Balbi et al. [45] for porcine brain tissue at 300 rad m~! s 1.

Our proposed testing protocol presents some challenges and limitations. Due to
natural variations in brain size between sheep and brain tissue’s highly compliant and
ultra-soft nature, it was difficult to consistently and reliably prepare cylindrical samples
of similar dimensions, as in Fig. 3.1. As a result, difficult-to-obtain and otherwise use-
ful brain samples were wasted, leading to a smaller sample size. Furthermore, if the
samples are not satisfactorily cylindrical (as the rotational rheometer requires), artefacts
could potentially be introduced into the measured torque and normal force.

Currently, there is no consensus on the effects of temperature and post-mortem stor-
age time on the mechanical properties of brain tissue [83]. Therefore, it is important to
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FIGURE 3.10: Column plots (mean % SD) of the estimated MQLV parameters (a) 71, (b) 2, (c) 73 and
(d) 74 for samples tested at 40 rad m~1 s71 (red), 240 rad m~1 s~1 (blue) and 400 rad m~1 s~1 (orange).
Also shown are the p-values obtained from Tukey multiple comparisons tests, with asterisks denoting a
statistically significant difference (p < 0.05).
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note that the brains in this study were prepared and tested at room temperature (19—
23 °C) within 8 hours post-mortem.

Given the limited availability and ethical challenges associated with obtaining fresh
human brains in Ireland, ovine brains were used in this work. Despite the widespread
use of porcine [30, 45, 425, 474] and bovine [73, 86, 487] brain tissues as surrogates
for characterising the mechanical properties of human brain tissue, there are relatively
few studies that focus on ovine brain tissue [180, 317]. By contrast, due to the neu-
roanatomical similarities between the sheep and human brains [50], there is a growing
body of literature that utilises the ovine model to investigate brain injuries, including
strokes and epilepsy, among others [312]. It stands to reason that ovine brain tissue, like
porcine and bovine brain tissues, is an appropriate alternative to human brain tissue for
our purposes.
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A PDE-based approach to model
immunotherapy for Glioblastoma
Multiforme

4.1 Preliminaries

As stated in Chapter 1, immunotherapy aims to generate a specific immune response
that targets cancer cells, countering tumour growth while sparing the surrounding healthy
tissue [405]. Despite its limited use compared to conventional treatments, immunother-
apy has been approved for various types of cancer, including melanoma and prostate
cancer, and has sparked interest as a potential approach for Glioblastoma Multiforme
(GBM). However, its application in GBM faces numerous challenges, such as the im-
munosuppressive tumour microenvironment, the presence of the blood-brain barrier
(BBB) that grants the brain immune privilege, the intratumoural heterogeneity of GBM,
and the existence of therapy-resistant cancer stem cells [7]. These obstacles have led to
the development and testing of various immunotherapy strategies, primarily focusing
on vaccines, immune checkpoint inhibitors, chimeric antigen receptor T cells (CAR-T),
and oncolytic viruses.

Cancer vaccines aim to enhance immune surveillance by leveraging tumour-derived
antigens [433], but their effectiveness for GBM is constrained by the rarity and vari-
ability of specific antigens. For instance, targeting the EGFRVIII antigen, present in
approximately 30% of GBM cases, has shown promise. Recent advances in sequenc-
ing technologies have further identified neoantigens arising from somatic mutations,
providing a highly specific basis for therapy. Similarly, immune checkpoint inhibitors
have demonstrated the ability to counteract the suppressive tumour microenvironment
by blocking receptors, such as PD-1 and CTLA-4, thereby restoring immune function.
Meanwhile, oncolytic viruses have emerged as a novel approach, selectively targeting
cancer cells while activating the immune response through molecular patterns released
during infection. CAR-T cell therapy, which involves engineering T cells to recognise
tumour-specific antigens, also holds significant potential, though its efficacy against
GBM is hindered by the BBB and the tumour’s immunosuppressive environment.

The emergence of immunotherapy has spurred the development of mathematical
models to describe the complex interactions between tumours and the immune system.
These models typically focus on tumour cells and immunocytes, such as cytotoxic T
lymphocytes (CTLs) and macrophages, and often include mediators like cytokines and
antigens [296, 490]. Early approaches employed predator-prey ODE systems, such as
those by Kuznetsov [302] and Kirschner and Panetta [293], to capture tumour recur-
rence and immune cell overgrowth. More recent models incorporate spatial effects us-
ing reaction-diffusion PDEs [309] or hybrid frameworks, integrating cellular dynamics
with chemical diffusion [511]. Brain tumour-specific models include ODE frameworks
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that simulate glioblastoma interactions with CTLs [298], and extensions with delays or
spatio-temporal dynamics for capturing therapeutic responses [283, 284].

In this Chapter, an advection-diffusion-reaction model is proposed to characterise
the immunotherapy response in tumours growing within highly anisotropic environ-
ments, such as glioblastoma. The model is designed to capture tumour cell proliferation
throughout disease progression and its interactions with the immune system, includ-
ing the potential effects of immunotherapy through cytotoxic T lymphocyte infusions.
Section 4.2 provides an overview of the mathematical model considered in this study.
Section 4.3 introduces an ODE-based version of the model to describe tumour prolif-
eration and the impact of the infusion on the malignant cell population. The system’s
equilibria and the influence of therapy on the trajectories are analysed both analytically
and numerically, with conditions for the effectiveness of the therapy derived, alongside
bifurcation studies for the model parameters. Finally, Section 4.4 presents the results of
numerical simulations. The system is initially solved in a simple 2D geometry to test
the stability of the code and the model’s behaviour, followed by a sensitivity analysis
to quantify the relative importance of each parameter in tumour treatment progression.
The model is then applied to real 3D brain geometry obtained from MRI scans, using
diffusion tensors derived from the DTI technique, which characterises the orientation of
fibres in the brain to describe the anisotropic motion of cells.

This work was partially developed by Lorenzo Scolaris as part of his master’s thesis,
under the supervision of the present author and Chiara Giverso.

4,2 Mathematical model

This section introduces a model that qualitatively captures the growth patterns of ma-
lignant gliomas and the administration of an immunotherapeutic treatment, specifically
T-cell infusions. In an earlier mathematical model [49], glioma cell proliferation and
their interactions with the immune system were described by a set of coupled nonlin-
ear ordinary differential equations, incorporating the effects of the immunotherapeutic
drug T11 target structure. While this model provided valuable insights, it was some-
what restricted in scope, as it did not account for the migration of malignant gliomas or
the immune system’s dynamic responses.

Numerous factors influence the migration of glioma cells within the brain. Their
motility is further enhanced by the secretion of various signalling molecules that induce
chemotactic migration. In patients, glioma cells often follow preferential paths of dis-
persion, such as white matter tracts and the basal lamina of brain blood vessels. This
behaviour indicates that glioma cell migration relies on specific substrates and structural
features within the brain. Ultimately, the extent and pattern of invasion are shaped by a
complex interplay between the intrinsic properties of glioma cells and the characteristics
of their surrounding microenvironment.

We model the pointwise concentration of tumour cells and lymphocytes, denoted
by G(z, t) and C(z, t), respectively, as functions of space and time. The model incorpo-
rates diffusion for both cell populations, which is anisotropic in general. Additionally,
we introduce chemotactic movement, whereby the lymphocytes are directed towards
areas with higher concentrations of TGF-g, T(«, t), produced by tumour cells. The be-
haviour of the diffusing chemoattractant is described by an additional equation, and the
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complete model is expressed as follows:

oG G G

g =V- (DGVG) +7’G(1 — Gmax) _IXGCkG e ,

oC G

% — V. (DcVC) = V- [x(G,C, T)CVT] + be — #cC — acC—— + Sp(z, 1),
ot ke +G

oT

(4.1)
The first term on the right-hand side of the first equation of system (4.1) represents the
random motility of malignant glioma cells, where IDg; is the diffusion tensor. The second
term models the growth of malignant gliomas using a logistic growth function, with r
denoting the proliferation rate. The final term accounts for the eradication of glioma
cells by cytotoxic T-lymphocytes, occurring at a rate of a.

Next, we examine the second equation of system (4.1), accounting for the kinetics of
activated cytotoxic T-lymphocytes, along with their mechanisms of migration and dif-
fusion. First, we include a diffusion term where D¢ is the diffusion tensor. The second
term represents chemotaxis, modelling the movement of cytotoxic T-lymphocytes to-
wards regions of higher concentrations of TGF-B. The chemotactic coefficient, denoted
by x, is, in principle, a function that may depend on the tumour cell concentration,
the T-cell concentration, and the TGF-B concentration. The proliferation of cytotoxic
T-lymphocytes is assumed to occur at a constant rate bc, while their decay happens at
a rate of yc. The clearance of cytotoxic T-lymphocytes by malignant gliomas follows
Michaelis-Menten saturation dynamics, with a rate of a¢ and a half-saturation constant
kc. This Michaelis-Menten form captures the saturating effects of the immune response
due to the presence of glioma cells. Finally, we account for the infusion of T-cells as part
of the immunotherapeutic treatment, represented by the term St (x, t).

Finally, we consider the last equation of system (4.1), which describes the dynamics
of the chemoattractant TGF-B. Glioma cells release TGF-f as part of their interaction
with the tumour microenvironment, with the amount secreted increasing proportion-
ally to the tumour cell population. For simplicity, a linear relationship between TGF-f
secretion and tumour cell density is assumed in this model, acknowledging that the
underlying biological mechanisms are far more complex and may involve non-linear
interactions and context-dependent regulatory effects. We assume that TGF-p diffuse
throughout the tissue with rate dictated by diffusion tensor ID7. Production of TGF-§ is
proportional to the size of glioma cell population, at the rate pr. TGF-f is also supposed
to decay linearly at the rate yr.

Concerning the boundary conditions, Neumann boundary conditions are applied to
all variables. This approach is equivalent to requiring that the inflow or outflow across
the domain’s boundary is zero for each variable:

VG- n=VC-n=VT-n=0, ondQ),t>0. (4.2)
For the initial conditions, we suppose:
G(z,0) = Go(z) >0, C(z,0) = Co(x) >0, T(x,0) = To(z) >0, x € Q, (4.3)

where () represents a bounded, simply connected domain with boundary 0.
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4.2.1 Parameter selection

Identifying and accurately understanding the appropriate numerical parameters is es-
sential to building robust and reliable predictive models. However, such parameters
are challenging to obtain through direct measurements and must be derived from in
vitro experiments or estimations. Given the inability to conduct experiments, param-
eters have been obtained from findings across various sources in the literature, which
will be discussed in this Section. A summary of all the parameters used in system (4.1)
is provided in Table 4.1, distinguishing the values for the 1D, 2D, and 3D settings.

Parameter Value (1D setting) Value (2D and 3D settings)

r 0.01h™! 0.003125h !

Gmax 882650 cells 2.39 - 108 cells/mL

ac 0.12h1 0.12h1

ke 27362.15 cells 7.409 - 10° cells/mL

xc 0.168 h~! 0.168 h~!

ke 334524.35 cells 9.0581 - 107 cells/mL

lc 0.0074 h™* 0.0074 h™!

bc 740 cells h~! 1.85 cells/(mL - h)

ur 0.1022 h~1 0.1022 h~?

pT 5.7-107° pg/(cells - h) 5.7-107° pg/(cells - h)

Dc - 5417-10"5cm?/h

Dc - 4167 -10*cm?/h

Dr - 6.6336 - 1073 cm?/h

TABLE 4.1: List of dimentionalised parameters used in stability analysis.

Regarding the equation governing tumour cell dynamics in the brain, the prolifer-
ation rate is set at 7 = 0.01h ™!, and the carrying capacity is defined as Gpax = 882650
cells, calibrated using growth curves from in vitro experiments [49]. These parameters
do not take into account the spatial distribution of cells and are thus suitable for the ODE
system to describe tumour progression in time. For 2D and 3D simulations within brain
geometry, where the focus is the local concentration of cells, we set ¥ = 0.003125h ™!
[482], while considering Gmax = 2.39 - 108 cells/mL, assuming a cellular radius of 10 ym
[230].

The tumour cell elimination coefficient is obtained from [49], with ag = 0.12 h™*,
thus disregarding immunosuppressive effects from TGF-beta. The Michaelis-Menten
saturation coefficient for tumour cell elimination is set at kg = 0.031 Gpax, as determined
from in vitro experiments [49].

The lymphocyte elimination coefficient is considered to be ac = 0.168 h™!, while the
Michaelis-Menten coefficient is set at kc = 0.379 Gpax, derived from in vitro experiments
[49].

The half-life of lymphocytes is 3.9 days [49], giving a natural lymphocyte death co-
efficient of yc = 0.0074h™". The central nervous system (CNS) of a healthy individual
contains approximately 1.5 - 10° lymphocytes [175]. Considering an inflammatory pro-
cess, this number is hypothesised to double as a result of the innate immune response.
To maintain a stable lymphocyte count of 3.0 - 10° cells in the absence of elimination by
tumour cells and therapy, the following calculation is made. For the 1D setting, we set
be = 3.0 -10° pccells = 740cellsh™!. Dividing this value by an estimated brain vol-
ume of 1200 mL yields a cell density of 250 cells/mL. Consequently, for the 2D and 3D
simulations, the parameter is set as bc = 250 cells/mL - yc ~ 1.85cells/(mL - h).
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The TGF-B decay coefficient is derived from [49]. However, due to the rapid de-
cay rate of TGF-, which prevents the formation of a significant concentration gradient
beyond the tumour region, we adopt the IL-2 cytokine decay rate, yur = 0.102h~'. Ad-
ditionally, the release rate per glioma cell, pr, is also taken from [49], with an assumed
value of pr = 5.7 - 10 ®pg/(cell - h).

The mean diffusivity of tumour cells, lymphocytes, and cytokines is defined as one-
third of the trace of their respective diffusion tensors, D¢, D¢, and Dt. A mean diffu-
sivity of Dg = 5.417 - 10~°cm?/his assigned to tumour cells, derived from data in [482].
For lymphocytes, in vitro experiments have shown a diffusivity of up to 1072 cm?/day in
the presence of a tumour [358], resulting in a selected value of D¢ = 4.167 - 10~*cm?/h.
In contrast, cytokines exhibit mean diffusivities several orders of magnitude higher than
those of cells [358]. Based on estimates from [284], the cytokine mean diffusivity is ap-
proximated to be 16 times greater than that of lymphocytes.

The values for the chemotactic coefficient in the simplified 2D geometry are not read-
ily available in the literature and will therefore be estimated through numerical simu-
lations, as detailed in Section 4.4.1. Similarly, for the three-dimensional brain geometry,
the value for the chemotactic coefficient used in simulations will be estimated in Section
442

4.3 Qualitative analysis of the model

In this Section, we investigate the spatially homogeneous steady states of the glioma-
cytotoxic T-lymphocytes interaction system (i.e. the two first equations of system (4.1))
and its local stability analysis. In order to do that, we do not consider diffusion and
chemotaxis. The model reduces to the following ODE system:

dG G G

gt ~ 16— g —)—aeCis,

dcC G (44)
T = bc —ch—aCCkC+G +ST(t)

The system is firstly adimensionalized, and the following relationships are intro-
duced:
G - GGmax, C - CCmax, t = ET, (4.5)

where the tumour cell population is adimensionalized by its carrying capacity, and other
quantities are adimensionalized by defining:

7Gmax 1
Cmax := , Ti= -

- (4.6)

The total production rate is defined as S(t) := St(t) + bc, with S(t) > bc. The system
then becomes:

‘Z(;:éa_c)_cGGT{ ,
% . ®7)
P s re-me G
dt He e kc—|—G

where DZC = occ/r, kG = kG/Gmax/ f(c = kC/GmaX/ ‘ﬂc = }lc/i’ e g(t) = S(t)sz/rszaX.
For simplicity, the tildes are omitted from G, C and t in the subsequent equations.

To analyse the equilibria of the system and their stability, we consider the set of
dimensional parameters listed in Table 4.1. The values are realistic and sourced from
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the literature, as previously discussed in Section 4.2.1. The system is first studied in
the case of a constant therapy rate $(t) = S. The system’s equilibria are examined: if
(G*, C*) is an equilibrium, the value C* can be explicitly calculated as a function of G*
and S: ~
C* = > (4.8)
=@ - .
fic tac

G*+ TCC
By substituting into the equation for G, we derive a fourth-degree polynomial in the
unknown G*:

G*{fic(ic +1)G™ + [1 - fic(1 — kq) (fic +1)] G2+ o
49
+ (f(cf(c +S5— f(c — lzc‘ﬂc — ﬂcﬁccf((;) G*+§5— 7((;7((:} =0.

The solutions consist of G* = 0, followed by three additional solutions, at least one
of which is real. These solutions are not presented in their general form, which can
be derived using Cardano’s formula, as the analytical expressions are too lengthy to
be explicitly stated. Therefore, we present the equilibrium points corresponding to the
parameter set in Table 4.1 computed numerically. Under biologically plausible condi-
tions (i.e., G* > 0), the analysis shows that for low values of S, specifically S < §*%,
three biological physical equilibria exist: a healthy equilibrium (G*,C*) = (0,5/jic), a
tumour-developed equilibrium, and a intermediate branch of equilibria where G* lies
between 0 and the value corresponding to the tumour-developed equilibrium. As S in-
creases (representing higher therapy levels), the tumour-developed equilibrium and the
intermediate branch merge and eventually vanish, leaving only the healthy equilibrium
for S > S*. Figure 4.1 illustrates all the equilibria G* for different therapy intensities
setting the model parameters as in Table 4.1.

Equilibria for different therapy intensities

0.9 r

0.8

0.7

0 0.5 1 5 2 25 3
Therapy S

FIGURE 4.1: All equilibria G* corresponding to varying therapy intensities.
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The Jacobian of the system evaluated in (G*, C*) is:

. s ke G*
7o R Ty
Tligr, ey = ) P G : (4.10)
—“CC*7~2 —fic —&c G 1k
(G* + kc) + k¢

Proposition 4.1 The healthy equilibrium (G*, C*) = (0, §/fic) is locally stable for a certain
value of total therapy S > S.
Proof At the healthy equilibrium (G*, C*) = (0, §/fic), the Jacobian (4.10) reduces to:

S

ik
Nosimo=| 43 : (4.11)

1—

fickc
Given that one eigenvalue is always negative (equal to —fic), the healthy equilibrium is stable if
also the other eigenvalue is negative. This is valid if the total therapy S exceeds a critical value:

S > S = kgjic. (4.12)

Looking at the parameter set in Table 4.1, it should be noted that those are dimen-
sional values, while we are currently working in a dimensionless framework. The di-
mensional value of S derived in Proposition 4.1 corresponds to S = Gmaxkcryctxgl,
and it is found to be less than bc. This indicates that the healthy equilibrium remains
stable even without administrated therapy, as the production term bc is sufficient to
sustain it. However, if the immune system is severely compromised (bc < S.), the
model predicts that even a small perturbation from G* = 0 can trigger tumour onset,
underscoring the pivotal role of immune system robustness in preventing tumour de-
velopment.

The analysis of the other equilibrium branches is more challenging to address ex-
plicitly, so a numerical approach was adopted. The system of equations was solved
numerically, and the resulting equilibrium values were substituted into the Jacobian
matrix. This allowed for the assessment of stability by analysing the eigenvalues of the
Jacobian. Within the explored range of S values, the Jacobian matrix typically exhibited
eigenvalues with non-zero real parts, enabling the application of the Hartman-Grobman
theorem to deduce stability from the signs of the eigenvalues. Figure 4.2 shows the bi-
furcation diagram, generated using MATLAB, which highlights the stability characteris-
tics of the identified equilibria. The analysis revealed that both the healthy and diseased
equilibria are stable, whereas the intermediate equilibrium remains unstable.

The next step involves analysing the global behaviour of the solutions.

Proposition 4.2 There exists a therapy intensity S > S* above which the system (4.7) admits
the unique equilibrium point (G*,C*) = (0,S/fic), which is globally asymptotically stable on
D :=[0,1] x [0,5/jic]. i

Proof To establish that the healthy equilibrium (G*,C*) = (0,S/fic) is globally asymptotically
stable, it is necessary to verify both its local stability and global attractivity. Specifically, we
consider the case where S > S*, ensuring that (G*,C*) = (0,5/fic) is the system’s only
equilibrium point. Local stability has already been confirmed by examining the signs of the
eigenvalues of the Jacobian matrix in Proposition 4.1. The remaining task is to demonstrate
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FIGURE 4.2: Bifurcation diagram highlighting the stability of the identified equilibria.

the global attractivity of this equilibrium, thereby completing the proof of its global asymptotic
stability.
First of all, we observe that the set D is invariant under the dynamics of the system:

dG
dt
dG
dt
dc
dt
dc
dr

=0,
G=0

c=1  1+ke

C=0
S G
= —Qcz—= <O0.
C=S/jic fickc+ G

Thus, since trajectories starting from the set D remain within it, D is indeed an invariant set for
the dynamical system.

Next, we demonstrate that for a specific range of therapy intensities S, the time derivative of
the tumour cell concentration G is negative, ensuring a consistent decrease in G over time. This
monotonic behaviour confirms that G asymptotically approaches zero, the system’s unique stable
equilibrium point, as the presence of stable limit cycles is excluded due to the lack of oscillatory
dynamics. Specifically, we observe:

¢ _Gu-c—c-C <c-c-C <g-c-© :G<1— C~>.

dt G+ksg — G—FIEG_ 1—1-12(; 1+kg
(4.13)
Moreover
dC ~ G ~ 1 -
— =S5—4icC—acC — >S5S —jicC—acC — =S5—-C|ijiic+ = , (4.14
dt #e fc G—|—kC— fe fe 1+kc <VC 1+ C) ( )

110 4. A PDE-based approach to model immunotherapy for Glioblastoma

Multiforme



from which we can derive

- S

C(t) > — — — = - o (Aict+ic)t — —— (1 — e (fctac)t) < —,
fic + 1+(I:~<c e+ 1+§2C fic + 1+(I:EC ( ) et 1+(I:2C
(4.15)

for all time t € (0, 400). Inserting this inequality into (4.13), it follows that

e - 1 (4.16)
dt VC+1+%C1+kG

and it is certainly smaller than zero if

S 1 ~ - 1+k
1—— 5& < 0= 5> ac(lkg) + 8
VC+1+(]:;C1+kG 1+kc

ic = (1+kg) <ﬁc + 5 iCIEC> =:S.

(4.17)
Thus, if S > S := max (S*, S), all trajectories converge to the globally stable equilibrium point
(G*,C*) = (0,5/fic).

Next, we investigate the asymptotic behaviour of the system’s solutions across the
region D of the phase space. Given the complexity introduced by the system’s non-
linearities, an analytical approach proves challenging, prompting the adoption of a nu-
merical strategy. MATLAB is employed to generate phase portraits for various values
of the parameter S. The system described by Eq. (4.7) is solved numerically over the
time interval [0,10000]. Figures 4.3 and 4.4 illustrate the resulting trajectories for each
selected value of S, with multiple initial conditions considered. These phase portraits
provide insight into the long-term dynamics of the system and the influence of S on the
stability and behaviour of the trajectories. To provide a more expressive portrait, the
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FIGURE 4.3: Phase portrait for a value of S where three equilibria exist.

initial conditions are chosen to be evenly spaced along the perimeter of a rectangle in the
G — C phase plane, corresponding to the set [0, 1] x [0, S/jic]. As observed in Figure 4.2,
a bifurcation exists within the system, necessitating the distinction between two cases.
First, the case where the therapy intensity is relatively low is examined. As shown in
Figure 4.3, there are three equilibria: two stable equilibrium points, each of which is
attractive, meaning that nearly every point in the phase space generates a trajectory that
asymptotically tends toward one of these points. Additionally, an unstable equilibrium
point exists along the critical line, acting as a saddle node that delineates the two basins
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FIGURE 4.4: Phase portrait for a value of S where only one equilibrium exists.

of attraction. In the second case, illustrated in Figure 4.4 for therapy values exceed-
ing the collision of the developed tumour and intermediate equilibria, resulting in their
disappearance, there is a single equilibrium point at (G*, C*) = (0, S/jfic). We can
observe from the numerical simulation that this point is globally asymptotically stable
and attractive throughout the considered region of space.

Numerical analysis of the system’s equilibria as other parameters vary. The behaviour
of the system is studied for variations in the parameters &, kg, kc, and fic. For each of
these values, the system obtained by setting the time derivatives to zero is solved nu-
merically. The stability of the resulting equilibria is analysed by examining the sign of
the eigenvalues of the system’s Jacobian, which are also determined through numerical
methods. As in previous cases, the result is supported by the Hartman-Grobman the-
orem, as the eigenvalues almost always have non-zero real parts. For each parameter,
two studies are conducted corresponding to two different therapy values: specifically
for § = 605, and S = 130S... In each graph, the baseline values from Table 4.1 are
indicated.

For the lymphocyte elimination parameter &c, it follows from (4.11) that the sta-
bility of the healthy equilibrium is independent of this parameter. Consequently, no
bifurcations can occur at G* = 0 for any value of &c. Figure 4.5 illustrates the bifurca-
tion diagrams with respect to &c. For intermediate therapy levels, as &c increases, the
diseased equilibrium asymptotically approaches 1, while the intermediate equilibrium
tends to 0. Conversely, as &c decreases, the diseased and intermediate equilibria merge
in a saddle-node bifurcation, leaving the healthy equilibrium as the sole stable state. For
S = 1305, the bifurcation diagram resembles the previous case, with the key difference
being that the saddle-node bifurcation occurs at values of &¢ exceeding the baseline pa-
rameter value chosen in the analysis for varying S. Thus, if the rate at which tumour
cells eliminate lymphocytes falls below a critical threshold, the system retains G* = 0 as
the only stable equilibrium.

In Figure 4.6, the bifurcation diagrams for the Michaelis-Menten coefficient for glioma,
k¢, are shown. For low values of S, as k¢ increases, a transcritical bifurcation arises in
the branch of healthy equilibria, introducing an unstable non-physical equilibrium. This
causes the disappearance of the intermediate equilibrium and renders G* = 0 unstable,
while the diseased equilibrium asymptotically approaches 1. For S = 1305, at the
baseline, only the healthy equilibrium exists. However, as kg increases, saddle-node
bifurcations emerge, introducing both the diseased equilibrium (which will approach
1 as kg — +o0) and the intermediate equilibrium, which will collide with the healthy
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FIGURE 4.5: Bifurcations diagram of & for S =605 and S = 1305,.

equilibrium in a transcritical bifurcation, making G* = 0 unstable. Therefore, as ke in-
creases, the only physically meaningful (i.e., non-negative) stable equilibrium appears
to be the diseased state. This outcome arises because the system operates far from satu-
ration, resulting in a tumour cell elimination term by lymphocytes that is too low.
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FIGURE 4.6: Bifurcations diagram of k¢ for S = 605, and S = 1305,;.

From the Jacobian (4.11), it can be observed that the Michaelis-Menten coefficient
for lymphocytes, kc, does not affect the sign of the Jacobian’s eigenvalues at the healthy
equilibrium, ensuring the absence of bifurcations at G* = 0. For S = 605, the origin
remains a stable equilibrium for all kc > 0, with no bifurcations present for values of
kc less than or equal to the baseline. However, for higher values, the intermediate and
diseased equilibria collide and disappear. The case for S = 1308, is similar, but the
saddle-node bifurcation occurs as k¢ decreases. The bifurcation diagrams are shown in
Figure 3.9.

For the parameter jic, the bifurcation diagrams are shown in Figure 4.8. For § =
60S;, the system shows healthy equilibrium (stable), diseased equilibrium (unstable),
and intermediate equilibrium (stable) for values equal to or less than the baseline. For
higher values, a transcritical bifurcation of the healthy equilibrium occurs, rendering it
unstable and causing the resulting stable critical equilibrium to lose physical relevance,
becoming negative. For S = 1305, the origin is the only equilibrium for values of fic
equal to or less than the baseline. As jic increases, a saddle-node bifurcation gives rise
to the unstable intermediate equilibrium and the stable diseased equilibrium. Addi-
tionally, for high values of fic, a transcritical bifurcation at G* = 0 makes the healthy
equilibrium unstable, while the intermediate equilibrium becomes unphysical.
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Solution of the system of ODEs. The results of the model simulation, obtained by
numerically solving the system (4.7) using Matlab, are now presented for some test
cases. In each simulation, the initial condition for the lymphocyte population has been
set to C(0) = bc. Figure 4.9 shows the results of tumour and lymphocyte growth in the
absence of therapy (S = bc), with an initial tumour condition of G(0) = 0.3. As can be
seen, the immune system is insufficient in counteracting the progression of the glioma,
which grows nearly to its carrying capacity. Moreover, Figure 4.10 shows the results
of tumour growth for a therapy intensity of S = 605, a therapy value at which both
tumour eradication and tumour development can occur. Two different initial conditions
for G are considered, with G(0) = 0.3 and G(0) = 0.4. As observed, in the first case,
the therapy is sufficient to stop tumour growth and lead to its eradication, while in the
second case it proves inadequate. Finally, Figure 4.11 illustrates the evolution of G and
C for a therapy intensity of S = 1305, recalling that this scenario leads to tumour
eradication, with an initial condition of G(0) = 0.5. As shown, the therapy successfully
halts tumour growth and eradicates it.

4.4 Numerical simulations

In this Section, the model represented by system (4.1), as introduced in Section 4.2, is
solved numerically. Initially, the results of model simulations in a simplified 2D geom-
etry will be presented. The relative importance of different parameters will be assessed
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Solution of the system of ODEs

FIGURE 4.9: The evolution of the system for S = bc and an initial tumour condition of G(0) = 0.3.

Solution of the system of ODEs Solution of the system of ODEs

FIGURE 4.10: The evolution of the system for S = 605, and an initial tumour condition of G(0) = 0.3 and
G(0) = 0.4.

through a sensitivity analysis on the simulation outcomes conducted with various pa-
rameter sets. Subsequently, the system will be simulated in 3D within the brain ge-
ometry, considering both the assumption of isotropy and using DTI data to identify
preferential directions.

4.4.1 2D simulations on a simplified domain

This section aims to describe tumour growth in a simplified 2D domain, examining
the effects of therapy application. The concentration of tumour cells is normalised by its
carrying capacity, the lymphocyte concentration by a constant Cpax := 10° cells/mL and
the TGF-p concentration by a constant Tnax := 10 pg/mL, applying a similar procedure
as in Section 4.3. The system of equations simulated is:

(0G . G

— =V - (DsVG)+rG(1—-G) —agC+x ,

daC . ~ G A

m =V -(DcVC) -V -[X(G,C,T)CVT] + bc — ucC — Déccf{ C + Sr(, t),
C

oT R

a =V- (DTVT) + pTG — ‘MTT,

(4.18)
where the model parameters are adequately rescaled: &c = &cCmax/ Gmax IA<G = kg /Gmax,
X = TmaxX/ bc = bc/Cmax, kc = kc/ Gmax, ST<17/ t) = ST(m/ t)/cmax and ﬁT = pTGmax/Tmax-
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Solution of the system of ODEs

FIGURE 4.11: The evolution of the system for § = 1305, and an initial tumour condition of G(0) = 0.5.

From now on we interpret G, C and T as the rescaled concentrations. To interpret the
output from a diffusive model for concentration, a threshold value is set to define the
actual location of the tumour, as there is no distinct interface between it and healthy
tissue. The region where concentration G exceeds this threshold will represent the tu-
mour’s extent [480]. A threshold value of 8000 cells/mL is chosen, following previous
studies [482]. With a carrying capacity set at Gmax = 2.39 - 108 cells/mL [56], this corre-
sponds to a value of 0.0335 for the normalised concentration. In the following, isotropic
diffusion is assumed, i.e. Dg = D¢ll, D = Dl and Dt = D7l

Numerical simulation setup

For what concerns the computational domain, it is assumed that, under free growth,
the tumour exhibits radial symmetry. To make the simulation less computationally de-
manding, the domain is reduced to a circular sector of 90°. The simulations run for
a maximum of 2400 hours (equivalent to 100 days, the median survival for untreated
GBM). Since a typical GBM has a diameter of around 3 cm at patient death, the radius
of the circular sector is set to this size. The mesh is generated automatically in FEniCS,
and it is refined in two successive steps where necessary. The computational mesh and
the subsequent refinement are shown in Figure 4.12. Firstly, since a test simulation with-
out treatment (i.e. S7(x,y) = 0) shows that the maximum concentration of tumour cells
att = 2400 h remains within a circle of radius R = 2.5 cm, cells in this region are refined
accordingly. Moreover, the transport term is known to introduce numerical instabilities,
which are typically handled using stabilisation techniques. In this study, however, we
limit the effect of these instabilities by refining the mesh. Given the radial symmetry of
the domain, it is reasonable to expect a significant lymphocyte flow near the segment
between the origin and the point located in (1.1 cm, 1.1 cm). The second refinement
step focuses on cells in this region, with a sufficiently large margin to prevent numerical
instabilities when interaction and chemotaxis parameters vary.

Treatment of GBM via lymphocyte infusion is currently being investigated in clinical
studies, particularly in conjunction with CAR-T genetic engineering techniques [405].
Various delivery methods have been proposed: T-cells may be injected peripherally
through intravenous infusion [9], encouraged to cross the blood-brain barrier (BBB)
through chemical signals [49], or infused directly into the brain using a catheter [80].
This work models the latter approach by introducing a spatially limited lymphocyte
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FIGURE 4.12: Mesh created in FEniCS and two subsequent refinement steps

source. During these simulations, the infusion term St(x,y) is modelled as a time-
constant Gaussian source

(x—x7)*+ (y —y1)?
202 !

§T(x,y) = Spexp | — 4.19)

with s = 0.044 cm. Therapy intensities are modulated by adjusting Syp. The centre of
the Gaussian represents the catheter tip position for therapy infusion, set at (xr,yr) =
(1.1 em, 1.1 cm).

Moreover, the initial tumour cell concentration is a Gaussian centred at the origin of
the XY plane:

z2 +]/2

G(x,y,t =0) = Goexp [ — 2
G

, (4.20)

with o = 0.124 cm. This gives the maximum concentration equal to Gy = 0.5, meaning
that the concentration at the origin is half of the carrying capacity. For both lymphocyte
and chemoattractant infusions, the initial concentrations are set to zero:

C(x,y,t=0)=0, T(xyt=0)=0. (4.21)

The initial conditions for tumour concentration and for the therapy source term are
shown in Figure 4.13.

0.2 04 05

0 0
G(o,y,t) ! & S1(z,y) ' —

50 98

FIGURE 4.13: Initial conditions for tumour concentration G(x,y,t = 0) and therapy source term St (x,y)
for Sy =102 h~1.
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Finally, Neumann boundary conditions are applied for all variables:
VG- n=VC-n=VT -n=0. (4.22)

This enforces zero flux across the domain boundary, preventing any chemical or cellular
factors from leaving the domain [95].

Tumour expansion without therapy

Firstly, tumours growth without any treatment is solved:

%—f =DcV?G+1rG(1-G). (4.23)
Rewriting the equation in a polar coordinate system, where p represents the radial dis-
tance, allows us to analyse the system more effectively:

G 092G D¢ oG

— =Dg=— G(1-G). 4.24
Assuming that the wavefront is fully developed and considering very large radii, the
equation simplifies to the KPP-Fisher equation. In this case, the predicted dimensional
radial velocity c of the wavefront expansion is expressed as:

c=24rDg. (4.25)

We compare the wavefront expansion velocity predicted by this equation with the
results obtained from our numerical simulations. Figures 4.14 show the expansion of
the wavefront, visualising points in the domain where cell concentration exceeds con-
centrations greater than 0.1, 0.2, and 0.5 times the carrying capacity at time points
t; = 1200 h and t, = 2400 h. The wavefront expansion measures 0.889 £ 0.01 cm,
with the fronts propagating at an average speed chym = 7.41-10"*cm /h. Moreover,
by substituting the numerical values provided in Table 4.1 into (4.25), we obtain ¢ ~
8.23-10~* cm/h. The relative error between theoretical and numerical results is approx-
imately 10%, likely due to the finite domain, the assumption of a constant and very large
radius during propagation, and numerical approximation errors.

0 0.! 1
G(z,9,t) - ! ]

FIGURE 4.14: Wavefront advancement for concentrations greater than 0.1, 0.2, and 0.5 times the carrying
capacity at time points £; = 1200 h and ¢, = 2400 h.
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Estimation of the chemotactic coefficient

To incorporate chemotaxis into the model and solve the complete system (4.18), an es-
timate of the chemotactic coefficient {(G, C, T) is required. Initially, a constant chemo-
tactic coefficient X is assumed. The system is first solved considering only the G and T
populations to approximate £. The concentration of C is set to zero by imposing bc = 0
and S7(x,y) = 0.

At t = 2400h, the gradient magnitude of T reaches a maximum value of approx-
imately VT ~ 4.9cm™!. According to [314], lymphocyte velocities during migration
can reach up to v = 120 ym/min, although typical speeds are often below 20 ym/min.
Here, a conservative reference value of v = 4 ym/min = 0.024 cm/h is adopted. Using
this value, the constant chemotactic coefficient is estimated as {(G,C,T) = v/VT ~
49-1073cm?/h.

The complete system (4.18) is then solved with the estimated chemotaxis parameters,
assuming ag = ac = 0, to examine lymphocyte movement. Figure 4.15 presents the
resulting lymphocyte concentrations at t = 600h, t = 1200h, and ¢ = 2400h under
these conditions. In this simulation, lymphocytes exhibit free movement, traversing the
tumour and accumulating near its centre, demonstrating their chemotactic response.

500 1000

0
Cz,y,t) ! —

FIGURE 4.15: Concentration of C(x,y,t) att = 600h, t = 1200h, and t = 2400 h with constant {.

Since we aim for lymphocytes to remain at the tumour boundary, whereas in this
simulation with a constant chemotactic coefficient they instead concentrate at the tu-
mour centre, we propose a saturation-dependent chemotactic coefficient based on T,
inspired by the receptor saturation model introduced in [245].

. X

X(G,CT) = A5G ey’ (4.26)
where € represents the receptor saturation coefficient. The parameter ¥ is taken as the
same value used for the constant case: ¥ = 4.9 - 1073 cm?2/h. At the tumour surface, the
chemoattractant concentration reaches a value of 0.35. In the absence of specific param-
eters from the literature, it is hypothesised that lymphocytes at the tumour boundary
experience a reduction in speed to 30% of their maximum velocity. Consequently, the
value € = 0.56 is chosen for the adimensionalised system.

Figure 4.16 shows the results of the simulation with the saturation-dependent chemo-
tactic coefficient. As observed, despite significant lymphocyte movement, their exces-
sive concentration at the tumour centre is mitigated, with lymphocytes primarily re-
maining in the tumour’s outer regions.
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FIGURE 4.16: Concentration of C(x,y,t) at t = 600h, t = 1200h, and t = 2400h with a saturation-
dependent {.

Verification of the CFL condition

The Courant-Friedrichs-Lewy (CFL) condition is a necessary requirement for the con-
vergence of numerical methods for solving transport problems. Intuitively, it ensures
that a signal does not propagate across non-adjacent cells within a single time step. The

Courant number is defined as: y
X

, 427
Ax; (4.27)

Cr:= At Z
1

where Ax; is the spatial discretisation size in the i-th dimension of the domain, u,, rep-
resents the velocity component, and At is the temporal discretisation step. The CFL
condition is expressed as Ct < Crmax, Where Crmax is a constant dependent on the
problem’s nature and the numerical scheme employed. For explicit schemes, Crmax = 1
is typical, while implicit schemes allow for higher values. In this case, by construction,
the expected flow intensity in every direction is # < 0.024cm/h. For the mesh em-
ployed in this section, the minimum value of / (the longest side of a triangular cell) is
hmin = 0.019 cm. This value is used to approximate the spatial discretisation sizes as
Ax ~ Ay ~ hpin. In the simulations, a time step of At = 0.2h is used. Using these esti-
mates, the Courant number is estimated as Ct ~ 0.258 < 1 < Crmay, thereby satisfying
the CFL condition. The Courant number is intentionally kept particularly small, as this
approach ensures stability even during sensitivity analyses, where significantly larger
values of { will be tested.

Sensitivity analysis of model parameters

The model described incorporates various parameters obtained from multiple sources.
A sensitivity analysis is conducted to determine which parameters significantly influ-
ence the model’s outcomes. Following the procedure outlined in [351], the partial rank
correlation coefficient (PRCC) is computed. The process involves selecting M parameters
of interest, with corresponding vectors z; = {zjl, Zig, - - ,sz}, j=1,.., M, each contain-
ing equispaced values from a specified interval, which are then randomly permuted. A
matrix, referred to as the Latin hypercube sample (LHS) matrix, is generated. This ma-
trix consists of N rows, representing the number of simulations (sample size), and M
columns, corresponding to the different parameters.

The model is solved numerically for each parameter combination defined by a row
of the LHS matrix, and an appropriate measure of the numerical output is selected to
obtain a real-valued objective function. The results of these simulations form the vector
y = {y1,¥2,...,yn}. For each parameter vector z;, the Pearson correlation coefficient
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with the objective vector y is calculated as:

o Cov (zj,y) _ >N, (zij—zj) (yi — )
T NVar(z) Varly) SN (- 2) N (- )

, (4.28)

where Z; and 7 denote the mean values of z; and y, respectively. This method is partic-
ularly effective for analysing model parameters that exhibit a monotonic influence on
the outcomes.

Two objective functions, representing the mass and the volume of the tumour, are
employed to evaluate the system:

M(G(x,y)) :/DG(x,y)dxdy, (4.29)

Vi(Gxy) = [ 1:(Glx,y)) dxdy, (4.30)

where 1;:(G(x,y)) is a thresholding function defined as:

1, G(xy)>1,

4.31
0, G(xy) <rT, (431)

1:(G(x,y)) = {

where the parameter T denotes the volume threshold, set to 0.2 in this study.

The sensitivity analysis examines the effects of parameters a¢, ac, IAcG, IAcc, and the
chemotactic parameter {, which are assumed to mitigate tumour growth. Additionally,
the influence of the diffusion coefficients Dg and D is assessed. All the values are
varied within the range of 0.1 to 1.5 times their reference values outlined in Section 4.2.1.
The objective functions are evaluated based on the tumour density G(x,y) at specific
time points: ¢+ = 200,400,600 h. A total of N = 1200 simulations are conducted for the
sensitivity analysis.

Figures 4.17 illustrate the test results. As expected, &¢ exhibits a strong negative cor-
relation with both objectives, while «a( is positively correlated, particularly with tumour
mass, though it also moderately influences tumour volume. Parameter kg shows a posi-
tive correlation of similar magnitude with both measures of tumour extension, whereas
parameter kc exhibits a negative correlation with both. The chemotactic parameter
demonstrates a negative correlation, indicating that lymphocyte motility aids tumour
cell eradication. For D¢, increased lymphocyte diffusion positively impacts tumour
elimination in both metrics, particularly at early times, before chemotactic flux becomes
dominant. Conversely, tumour cell diffusion D¢ consistently correlates positively.

Numerical solution of the complete system

The system in (4.18) is solved using the parameter values outlined in Section 4.2.1. Fig-
ure 4.18 illustrates the tumour cell concentration att = 600h, t = 1200 h, and t = 2400h,
under varying therapy intensities: Sp = 0 h™!, Sy = 20 h™!, and Sy = 40 h~!. These
scenarios highlight the differential effects of therapy on tumour growth. Specifically, the
tirst simulation demonstrates uncontrolled tumour proliferation in the absence of ther-
apy. In the second case, therapy slows tumour expansion but does not achieve adequate
containment. Conversely, the highest therapy intensity effectively suppresses tumour
growth, resulting in a final tumour size comparable to the initial one.
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FIGURE 4.17: Partial rank correlation coefficient (PRCC) analysis of tumour mass (left) and tumour volume
(right) as objective functions.
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FIGURE 4.18: Tumour cell concentration G(x,y, t) at different time instants for therapy intensities 5o =
0,5,40h "

4.4.2 Simulations in a 3D brain geometry
Numerical simulations setup

Finally, the system (4.18) is solved numerically within a brain domain reconstructed
from MRI data provided by patients at the Carlo Besta Neurological Institute in Milan.
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The data were anonymised, and patients gave informed consent for their images to
be used for research purposes. Regarding the computational mesh, a heterogeneous
mesh size is employed, similar to the approach used for the simplified 2D geometry.
The software Tetgen [492] is used to generate a tetrahedral mesh of the brain, refined in
regions of interest. Tetgen generates a conforming mesh from a supplied list of points
(nodes). To achieve mesh refinement, a value h is assigned to each node, specifying
the maximum edge length of the cells adjacent to that node. The mesh is refined with
h = 0.6 mm in the spherical region where tumour expansion occurs, and & = 0.3 mm in
the region where lymphocyte motion takes place. Four distinct meshes are constructed,
each corresponding to a different tumour location. Figure 4.19 presents the same cross-
section of all the meshes, taken along a plane passing through the tumour’s centre.
Clockwise from the top left, they are referred to as the central-right, central-left, left,
and right hemispheres.

5
SR
AT

AR

FIGURE 4.19: Cross-sections of the meshes. Clockwise from top left: tumour centre at (217 mm, 277 mm,
17 mm), (265 mm, 277 mm, 17 mm), (289 mm, 273 mm, 17 mm) and (193 mm, 277 mm, 17 mm).

As in the 2D simulation, the forcing term which models lymphocyte infusion is rep-
resented by a time-independent Gaussian function:

(x—x1)*+ (y —yr)* + (z — z1)?
202 ’

St(x,y,2) = Soexp (4.32)

with 05 = 0.44mm. Several infusion points (x7,yr,zT) are considered, maintaining a
distance of 14 mm from the tumour centre.

The initial tumour cell concentration is modelled as a Gaussian distribution centred
at (xG, yG,ZG)Z

(x—x6)*+ (y—yc)* + (z — z5)*
2(7(2;

G(x,y,z,t =0) = Goexp , (4.33)
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with 0g = 0.44 mm. The maximum concentration is set to Gy = 0.5, as in the 2D case. As
the model’s behaviour is studied under conditions of spatially non-uniform anisotropy,
tumours in different regions of the domain expand differently. To compare these differ-
ences, the system has been solved for various initial conditions, i.e. for various set of
(x G yG ,2G ) .
The initial conditions for the chemoattractant and lymphocyte concentrations are set
to zero:
C(x,y,z,t=0)=0, T(x,y,zt=0)=0. (4.34)

Finally, Neumann boundary conditions are applied to all variables:
VG- n=VC-n=VT -n=0. (4.35)

To estimate the chemotaxis coefficients, a simplified simulation was performed by
solving the model for C and T alone, with EC = 0 and S}(x, y,z) = 0, similar to the
2D case. The results indicate that the chemoattractant gradient at t = 1200 h reaches a
maximum value of VT = 0.0144mm~!. Based on the same assumptions as in the 2D
scenario, the chemotaxis parameter is set to ¥ = 16.6 mm2h~!. The simulation further
reveals the chemoattractant concentration outside the tumour at = 1200 h. Assuming,
as in the 2D case, that lymphocytes lose 30% of their velocity inside the tumour, the
parameter € = 1.6 is derived.

Finally, it is necessary to verify whether the CFL condition is satisfied. In the isotropic
case, the flow intensity is expected to satisfy u < 0.24 mm/h in every direction. As in
the 2D scenario, the smallest edge length of the mesh cells is used to estimate the spa-
tial discretisation. The minimum value specified for Tetgen is hpin = 0.3 mm, which is
used to approximate Ax ~ Ay ~ hpyin. Using these values, the Courant number is es-
timated as Cr < 0.8 At. For the simulations, a time step of At = 0.167h is employed,
yielding Cr ~ 0.133 < 1 < Crmax, thereby satisfying the CFL condition. This value
provides a comfortable margin, ensuring that the simulation setup remains valid even
in anisotropic cases where numerical stability may be more challenging to maintain.

Numerical solution for the isotropic case

The system (4.18) is solved numerically within the geometry of the brain for isotropic
diffusion, using the parameters discussed in Section 4.2.1 and under the setup condi-
tions described in the previous section.

Initially, a preliminary simulation is performed to model tumour growth in the ab-
sence of therapeutic intervention. The tumour’s initial position is set at coordinates (193
mm, 277 mm, 17 mm). Figure 4.20 presents the results at the final time point, t = 2000 h,
shown on the right hemisphere in an axial brain section intersecting the tumour’s centre.

To interpret these results physically, it is essential to define a criterion for identifying
the tumour’s actual location. This is necessary because diffusion propagates informa-
tion instantaneously, leading to G assuming non-zero values across the entire domain.
The criterion involves the application of a threshold value, whereby regions with a con-
centration G exceeding this value are classified as tumour-occupied, as outlined in Sec-
tion 4.4.1. In the following study, a threshold of 8000 cells/mL is adopted [482], corre-
sponding to a normalised concentration value of 0.0335, based on the selected carrying
capacity [56].

Under this criterion, the tumour adopts a spheroidal shape, with its diameter in-
creasing from approximately 1.6 cm at t = 0 h to roughly 4.4 cm at t = 2000 h, resulting
in an average radial expansion rate of vgg = 7-10~%cm/h. Glioblastomas are known
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FIGURE 4.20: Tumour expansion in absence of therapeutic intervention at + = 2000 h.

to grow to diameters of up to 6 cm before causing patient death [482], with reported
expansion rates reaching vge = 7.5 - 10~% cm/h [480]. These findings demonstrate that
the simulation results closely align with the natural progression of the disease.

Subsequently, therapy is administered to target tumour progression. Figure 4.21 il-
lustrates the therapeutic effects on an externally located tumour for varying values of
So, which represent the intensity of the treatment. The cases analysed correspond to
total lymphocyte infusion rates of 0 cells/h, 1.34 - 10° cells/h, and 1.34 - 107 cells/h. Fig-
ure 4.22 shows the evolution of the cell population and the tumour-invaded volume
for the different orders of magnitude of Sy. In clinical research, infusions involving up
to 107 lymphocytes (e.g., CAR-T cells) within a single day have been tested [80], often
administered at weekly intervals. The results reveal that as therapy intensity increases,
the treatment’s effectiveness improves, culminating in near-complete tumour eradica-
tion at the highest intensity. While these therapies do not entirely halt tumour growth,
they substantially decelerate its progression, underscoring their potential in managing
tumour dynamics when optimally dosed and timed.

So=10%h"1 So=10*h"1

FIGURE 4.21: Tumour expansion in the isotropic case within the right hemisphere is depicted at t = 400 h
and t = 1200h, showcasing the effects of varying therapy intensities: Sp = 0, Sy = 10°h~!, and Sy =
10*h~1.
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FIGURE 4.22: Therapeutic impact on tumour cell population and volume for varying therapy intensities:
So=0,10% 104 h~ 1.

Introduction of anisotropy

In the previous section, isotropic diffusion was considered, assuming that cells and lym-
phocytes move uniformly in all directions. However, from a biological perspective,
brain tissue is composed of oriented fibres that give rise to anisotropic behaviour.

As explained in Chapter 2, we use diffusion tensor imaging (DTI) to obtain the sym-
metric diffusion tensor Dy, which characterises the anisotropy of water molecule diffu-
sion across different directions within a subject’s brain. To compute the effective diffu-
sion value at each point, a weighted average is performed between ID( and the diffusion
coefficient of water under isotropic conditions. This averaging process incorporates the
free water fraction pg,, at each point, a parameter also derived through magnetic reso-
nance imaging, to reflect the contributions of both free and tissue-bound water:

Dy = (1= p50)Do + prud sl , (4.36)

where dy, is the diffusion coefficient of free water. It is widely accepted that glioma
cells also follow the preferential directions obtained from DTI for water diffusion. Fur-
thermore, it has been shown that a more accurate description can be achieved when the
anisotropy of the tensor used for cellular diffusion is increased compared to the water
tensor obtained from DTI [269]. One possible method to enhance anisotropy involves
multiplying the largest eigenvalue of ID,, by a factor greater than one. However, this
approach does not account for the presence of more than one principal direction, such
as cases where multiple fibre bundles intersect. Following the methodology outlined in
[269], it is possible to define the linear ¢;, planar c,, and spherical ¢; indices:

o — A — Ay
T M At As
2(A2—A3)
= N T 4.37
r AMA+Ar+Az7 ( )
3A3
=",
M+ A+ A3

where A1, Ay, and A3 are the eigenvalues of the tensor ID,, obtained from DTI, ordered
by magnitude. The tensor of preferential directions is then constructed as

Dyg = a1(r)Mér @ &1 + ax(r)Aaéa @ éx + az(r)Asé; @ &3, (4.38)
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where ¢; is the eigenvector of D, associated with A;, and a;(r) are coefficients dependent
on a tuning parameter r, defined as

a1(r) =r(c;+cp) +ocs,
a(r) = c;+rep +cs, (4.39)
a3(r) =cj+cp+cs=1.

This approach allows for the following adjustments: when one eigenvalue dominates
(i.e. ¢; ~ 1), the diffusion is increased along the principal direction; in the case of fibre
intersections along two different directions (c, ~ 1), diffusion is restricted in the direc-
tion orthogonal to the plane spanned by the two principal eigenvectors; and when no
preferential direction is present (c; ~ 1), the tensor remains unchanged.

To obtain the diffusion tensors for the various populations, the tensor of preferential
directions is normalised by dividing it by one-third of its trace and then multiplied by
the mean diffusivity coefficient discussed in Section 4.2.1:

Do —D 3D
G - Gtr(Dpd) 7
3D
D¢ = De——PL_ (4.40)
tI‘(Dpd)
3D,
Dy = Dr—F |
T " Tu(D,y)

DTI data were utilised to introduce preferential directions in the motion of differ-
ent populations. However, the diffusive movement of cells and nutrients within the
brain varies not only in direction but also in velocity. The brain is not a homogeneous
medium; it comprises grey matter and white matter, while the ventricles and other cav-
ities surrounding the cerebellum are filled with cerebrospinal fluid. These different me-
dia affect cell motility differently [482]. Using the Slicer software, it was possible to asso-
ciate each cell in the computational domain with the type of tissue it represents. The seg-
mentation was classified into three types: grey matter, white matter, and cerebrospinal
fluid. Figure 4.23 displays the segmented brain across three orthogonal planes. Dark
grey regions correspond to grey matter, light grey regions to white matter, and light
blue regions represent ventricles filled with cerebrospinal fluid. Additionally, darker
cells resulting from domain smoothing are visible; these areas are excluded from simu-
lations by assigning null values to the tensors. In the third panel of Figure 4.23, it can be
observed that the automated segmentation failed to differentiate structures deep within
the right hemisphere. This discrepancy arises due to the tumour present in the patient
from whom the resonance imaging data were obtained. To ensure the accuracy of nu-
merical simulations, the non-segmented region will not be selected as the initial tumour
site.

Notably, tumour cells diffuse approximately five times faster in white matter than in
grey matter [480]. In cerebrospinal fluid regions, cells are assumed to be non-motile as
they typically adhere to a substrate during movement. Furthermore, it is hypothesised
that chemoattractants do not penetrate the barrier formed by ependymal cells lining the
ventricular walls and, thus, cannot diffuse in these regions. The tensor of preferential
directions is modified as follows:

¢ for voxels corresponding to white matter, the tensor remains unchanged;

¢ for voxels corresponding to grey matter, all tensor components are scaled by a
factor of 0.2, consistent with estimates in the literature [480, 482];
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FIGURE 4.23: Segmentation: sagittal, coronal, and transverse sections.
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FIGURE 4.24: Tumour growth profiles in the right, left, and central-left hemispheres at t = 1200 h are illus-
trated. The contour line represents the region where the tumour concentration exceeds 0.0335, delineating
the tumour-occupied zone.

e for voxels containing cerebrospinal fluid, all tensor components are set to zero.

It is important to note that both the segmentation and DTI results are specific to an
individual patient as they depend on the internal structure of their brain. This structure
varies significantly between individuals and changes over time with age. Therefore, to
make patient-specific predictions, MRI data from the patient in question must be used.

The system described by Egs. (4.18) is first numerically solved without the applica-
tion of therapy, considering various spatially displaced initial conditions. The diffusion
tensor incorporates segmentation data and an anisotropy amplification parameter of
r = 5in Eqgs. (4.39). Figure 4.24 illustrates the tumour growth profiles at t = 1200h
for tumours located in the right, left, and central-left hemispheres. The results reveal
significant deviations from the isotropic spherical growth pattern, with the tumour’s
spatial expansion notably impeded in regions of grey matter, highlighting the influence
of brain tissue heterogeneity on tumour progression.

Therapy is then introduced to the model. Figure 4.25 illustrates tumour concentra-
tions at t = 400h and t = 1200 h for a tumour located in the right hemisphere, compar-
ing cases with and without therapy. Similarly, Figure 4.26 presents the corresponding
tumour concentrations for a tumour in the left hemisphere under the same conditions.
The two graphs in Figure 4.27 illustrate the temporal evolution of the tumour cell pop-
ulation and tumour volume for different therapy intensities and tumour locations. De-
spite the application of therapy with an intensity of Sy = 10> h~!, the treatment is unable
to completely halt tumour growth but effectively slows its progression. The results also
reveal significant differences in tumour growth based on the surrounding tissue type.
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Specifically, the tumour in the left hemisphere, which is surrounded by regions with a
higher proportion of white matter, exhibits a volume approximately 20.77% larger and
a 12.5% higher cell population at ¢+ = 1200 h. These findings underscore the influence of
tissue heterogeneity on tumour dynamics.

Sp=0h"1 Sp =102 h~1 Sp = 103h71

t=400h

t=1200h

0 0406 1
— | —

FIGURE 4.25: Tumour progression in the right hemisphere at various time points and under different
therapy intensities.
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FIGURE 4.26: Tumour progression in the left hemisphere at various time points and under different therapy
intensities.
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FIGURE 4.27: Therapeutic impact on tumour cell population and volume for different tumour location and
varying therapy intensities: So = 0, 10, 103 h~1.

4.5 Summary

Glioblastoma Multiforme (GBM) represents one of the most lethal and aggressive forms
of cancer that develop in the brain. Despite advancements in medicine, its prognosis re-
mains predominantly poor, motivating the exploration of novel therapeutic approaches.
In this context, immunotherapy emerges as a promising strategy.

This work aims to develop mathematical models that can describe the complex
tumour-immune interactions. The proposed model, formulated using partial differen-
tial equations (PDEs), focuses on the interactions between tumour cells and lympho-
cytes to represent a specific type of immunotherapy: the infusion of cytotoxic T lym-
phocytes, a therapeutic approach that is the subject of extensive research globally.

As a first approximation, disregarding the spatial distribution of cells, the PDE model
is simplified into an ODE system consisting of two equations: one representing the pop-
ulation of tumour cells and the other the number of lymphocytes in the central nervous
system (CNS), with therapeutic infusion modelled as a time-constant source term in
the second equation. The system’s behaviour is studied under varying therapy intensi-
ties. Analytically, a threshold is derived that guarantees the system evolves towards a
healthy equilibrium, where the tumour cell population is eradicated. The correspond-
ing lymphocyte infusion levels are comparable to those observed in clinical studies.
Numerical methods are employed to generate bifurcation diagrams of the system, ex-
ploring variations in each parameter.

The PDE model expands the analysis by incorporating the spatial dynamics of tu-
mour progression. The diffusive terms account for the spatial expansion of the cells.
Additionally, a chemotaxis term is included in the lymphocyte equation to model their
directed movement towards tumour-secreted chemical signals. Various modelling ap-
proaches for the chemoattractant are also explored and discussed. This model is solved
using a finite element code implemented in Python, leveraging the FEniCS libraries. For
this purpose, the weak variational formulation of the PDE model is derived. Initial sim-
ulations are performed on a simplified two-dimensional geometry, specifically a circular
sector, to test code stability and model behaviour. These simulations illustrate glioma
proliferation and spatial expansion while lymphocytes migrate via chemotaxis to attack
tumour cells. Based on these two-dimensional simulations, a sensitivity analysis is con-
ducted. The parameters found to have the greatest impact on tumour volume, a critical
prognostic indicator, are the cancer cell elimination rate by lymphocytes and glioma
diffusivity. These findings suggest these aspects should be prioritised in synergistic
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therapeutic strategies. The system is subsequently simulated in a three-dimensional
brain geometry reconstructed from MRI data of a GBM patient. Therapeutic infusion is
assumed to be delivered directly into the brain, as described in medical literature, and
is modelled as a time-constant and spatially Gaussian source term in the lymphocyte
equation. Simulations initially assume isotropic diffusion, and the results are compared
with the natural progression of GBM to assess model plausibility. Under these condi-
tions, the therapy’s effects are evaluated for varying intensities. To enhance predictions
of tumour-invaded regions, diffusion tensor imaging (DTI) data are utilised to account
for anisotropy. This approach is based on the hypothesis that both cells and fluids in
the brain preferentially migrate along the spatial arrangement of tissue fibres. The brain
is further segmented into different tissue types—white matter, grey matter, and cere-
brospinal fluid—and the diffusion and chemotaxis tensors are appropriately modified
for each voxel’s composition. Results are presented for simulations under this setup, in-
cluding both free tumour growth in the absence of therapy and the response to varying
infusion intensities. Significant differences are observed based on the tumour’s growth
location and compared to the isotropic case. In all cases, therapy successfully slows tu-
mour growth to varying degrees depending on the lymphocyte infusion rate. However,
it does not achieve complete tumour eradication. The method employed is patient-
specific, requiring information about brain structure and fibre arrangement obtained
via MRI techniques. These techniques could also provide data on the initial tumour cell
concentration, leading to more accurate simulations.

Multiple directions for further research remain open. In this work, only time-constant
infusions are considered. However, in clinical practice, therapy administration often oc-
curs in intervals spanning several days. The study of time-varying therapy regimes
could be undertaken using the ODE model to identify treatment schedules that min-
imise intervention while reducing adverse effects, drawing on control theory princi-
ples. The PDE model could also be refined by considering alternative infusion tech-
niques. For improved numerical stability, stabilisation techniques such as the stream-
line upwind Petrov—Galerkin (SUPG) formulation might be employed. This analysis
focuses exclusively on interactions between lymphocytes and tumour cells, neglecting
contributions from other cell populations, such as macrophages and stem cells, as well
as cytokines mediating intercellular interactions. In particular, the impact of TGF-$, a
cytokine secreted by the tumour that significantly contributes to the immunosuppres-
sive GBM microenvironment, could be modelled alongside the inclusion of feedback
mechanisms and inter-patient variability. Finally, exploring the interaction between im-
munotherapy and other treatment modalities, such as radiotherapy and chemotherapy,
may pave the way for developing multimodal strategies.
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Incorporating phenotypic heterogeneity
into mathematical models for the growth
of brain tumours

5.1 Preliminaries

In this Chapter, we present a reaction-diffusion model incorporating non-local reaction
terms, as the ones outlined in Section 1.2. This model is designed to investigate the
growth of brain tumours within a highly anisotropic environment, characterised by het-
erogeneous oxygen distributions and phenotypic diversity.

Numerous experimental and clinical studies [14, 213, 353, 472] underscore the crit-
ical influence of spatial oxygen gradients in driving phenotypic heterogeneity within
tumours, as described in Section 1.1.2. Different regions of a tumour experience vary-
ing oxygen concentrations, leading to distinct phenotypic adaptations. Hypoxic regions,
characterized by below-normal oxygen levels, are often populated by cells with elevated
expression of hypoxia-inducible factors such as HIF-1. Conversely, well-oxygenated re-
gions, such as the periphery of avascular tumours or areas near blood vessels in vas-
cularized tumours, are occupied by cells with lower levels of hypoxia-inducible factor
expression. On the other hand, the availability of glucose is generally a less limiting fac-
tor for tumour growth compared to oxygen [202, 203, 509]. For this reason, in this study,
we focus solely on oxygen availability to model the metabolic constraints on tumour
dynamics.

The mathematical model combines a balance equation for the population distri-
bution function of brain tumour cells with a differential equation describing the dy-
namics of oxygen concentration. This coupling incorporates oxygen consumption by
cells, which depends on both the local oxygen availability in the brain and the pheno-
typic state of the tumour cells. In line with previous works [181, 328-330, 503], intra-
population heterogeneity is captured using a continuous structuring variable that repre-
sents the phenotypic state of cells. However, to the best of our knowledge, these types of
models have not yet been specifically applied to investigate tumour progression within
an anisotropic environment. In particular, we focus on the brain environment, which
is characterised by the presence of white matter tracts, making it highly anisotropic.
We analyse the qualitative behaviour of the solutions in simplified one-dimensional set-
tings, following the methodology outlined in [328, 329, 503]. In contrast to [503], our
analysis includes the investigation of travelling wave solutions. We then extend the
framework to achieve more realistic outcomes, with a key step being the integration
of clinical data to ensure an accurate mathematical representation of the brain’s envi-
ronment. Given the significant anisotropy of brain tissue, this characteristic is incorpo-
rated through an anisotropic diffusion tensor for both oxygen and cells, derived from
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Diffusion Tensor Imaging (DTI) data. Simulations are conducted on a realistic three-
dimensional brain geometry reconstructed using Magnetic Resonance Imaging (MRI).
This approach is pivotal for developing a personalised tool capable of capturing tu-
mour evolution in individual patients. In order to properly solve the model on the 3D
patient-specific geometry, we use a time-splitting, separating the finite element solution
in space from the finite difference approximation in phenotype and time. This approach
represents a significant novelty compared to previous PIDE models.

The structure of the Chapter is as follows: Section 5.2 introduces the model equa-
tions and the underlying assumptions of the modelling approach. In Section 5.3, we
conduct a formal asymptotic analysis of the evolutionary dynamics. Section 5.4 elabo-
rates on the primary outcomes derived from numerical simulations. Furthermore, 3D
simulations on a brain geometry are shown, in order to provide a possible application.
Finally, Section 5.5 summarizes the findings and we provide a brief overview of possible
research perspectives.

The findings presented in this chapter are part of the manuscript by F. Ballatore, X.
Ruan, C. Giverso, and T. Lorenzi, titled Non-local anisotropic reaction-diffusion modelling
of phenotypic heterogeneity in growing brain tumours under spatially inhomogeneous oxygen
gradients, which is currently in preparation.

5.2 Mathematical model

We consider a mathematical model describing the dynamics of a growing tumour cell
population characterized by phenotypic diversity. In this framework, the phenotypic
state of each cell is represented by a variable y € R, which lies in the range [0, Y], with
Y > 0. This variable quantifies the normalized level of expression of a hypoxia-resistant
factor: values of y near 0 correspond to lower resistance to environmental hypoxic con-
ditions, while values approaching Y indicate higher resistance. The (total) cell popula-
tion density at a specific location z € O C R" (with n = 2,3) and time t € [0, +),
denoted by p(t, ), is defined as the integral over all phenotypic states of the cell dis-
tribution function n(t, z,y). Furthermore, the oxygen concentration is modelled by the
function S(t,z). The evolution of n(t,,y) and S(t, ) is governed by the following
non-local reaction-diffusion equations:

(9,n — div (Dyn(x) Vn) = R(y,p, S)n+ ,Baiyn, (z,y) € QA x(0,Y),

Y
p(t, @) == /O n(t,x,y)dy, (5.1)

Y
9;S — div (Dg(z) VS) = —1/5/0 r(y)n(t,z,y)dy.

where D, (x) and Dg(x) are non-negative tensors representing the diffusion of the cell
population and the diffusion of the oxygen, respectively.

The first term on the right-hand side of the first non-local PDE of (5.1) represents
the change in cell distribution due to proliferation and death, being R(y,p,S) the net
proliferation rate of cells in the phenotypic state i at time ¢ and position  under the local
environmental conditions given by the cell density p(t, ) and the oxygen availability
S(t, x). Specifically, we take

R(y,0,5) = (r(y)jo ) - 50) , 52)
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where Sy and pg are the reference values for oxygen and cell density, respectively. For
what concern the function r(y), it is a smooth and bounded function representing the
proliferation rate in the presence of oxygen. It is maximal for cells with an aerobic
metabolism and vanishes for cells relying solely on anaerobic metabolism. Therefore
r(y) satisfies the following conditions

r(0) =1, r(Y) =0, dg(yy) <0fory € (0,Y). (5.3)

Under these assumptions, we infer that 7(y) > 0,y € (0,Y). The function f(y), on the
other hand, represents the proliferation rate under hypoxic conditions. It is an increas-
ing function of the phenotypic state y, satisfying

F0)=0, f(Y)=¢, d{i;y) > 0fory € (0,Y), (5.4)

where ( is the maximum rate of cell division via anaerobic pathways. The last term in
(5.2) represents instead cells death due to competition for space.

The second term on the right-hand side of the first equation in (5.1) represents the effects
of spontaneous, heritable phenotypic changes, which occur at a rate g > 0 [261].

The integral term on the right-hand side of the oxygen balance equation in (5.1) ac-
counts for oxygen consumption for the proliferation of cells in the phenotypic state v,
at a rate given by the function r(y). This choice reflects the idea that cells with a higher
proliferation rate consume oxygen more rapidly.

To adimensionalize the dependent variables of the system (5.1), we divide the first
two equations by pg and the third equation by Sy, where py and Sy are the reference
values for cell density and oxygen concentration, respectively. We define the rescaled
variables 5

- n A P & -
i o0 0 o0 S 5y v = pov, (5.5)
and obtain the nondimensionalized system

9t — div (Dy(z) V) = a(r(y)g + fy) — p)ﬁ + B2, (z,y) €Qx(0,Y),

Y
pltx) = [ alty)dy,

Y
3:$ — div (Ds(z) V3) = —0§/ r(y) At z,y) dy,
0

(5.6)
subject to suitable initial conditions such that

0<p(0,2) <1 and O§§(O,m)§1 forz € Q. (5.7)

Furthermore, zero-flux boundary conditions are imposed on the cell population distri-
bution at 02, as wellasaty =0and y = Y-

Vi(t,x,y)-n=00n0dQ), dyn(t, w,y)‘yzo n=0, dy(t w,y)}yzo n=0. (58)

For the oxygen concentration, the Dirichlet boundary condition S(t, ) = 1is applied on
0Q), based on the assumption that the boundary is sufficiently distant from the tumour.
This allows us to reasonably approximate the oxygen concentration as constant and
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equal to its physiological value at these locations.
Finally, for the way the PDEs are formulated and for the initial and boundary condi-
tions imposed, we have:

0<p(t,x) <1, 0<S(tx)<1, VecQ and Vtc [0,+). (5.9)

5.3 Formal asymptotic analysis

5.3.1 Object of study

To investigate the long-term behaviour of the cell population, considering its dynam-
ics across numerous cell generations, we introduce the time scaling t — t/¢, where
e > 0 is a small parameter. Furthermore, we make the hypothesis that heritable pheno-
typic changes occur on a slower timescale compared to cell proliferation and death, i.e.
B = 2. Focusing on a three-dimensional scenario, we assume that cells diffuse on the
same timescale as phenotypic changes, implying that D, (z) = ¢2D(z). Furthermore, in
the following analysis we take the tensor D(x) as a constant diagonal anisotropic ten-
sor of components D;, with i = 1,2,3. Moreover, when analysing the oxygen diffusion
tensor, we consider a scenario in which oxygen diffuses faster than cells. This difference
is reflected in their diffusion coefficients, even though both share the same preferential
directions. Specifically, we set Dg(xz) = eD(«x). Similarly, we assume that the oxy-
gen consumption rate operates on the same timescale as oxygen diffusion, i.e. v = «.
Similarly, we assume the oxygen consumption rate operates on the same timescale as
oxygen diffusion, i.e. v = e. Under these assumptions, the rescaled population den-
sity (L, ,y) = ne(t z,y) and the oxygen concentration 5({,z) = S.(t,z) satisfy the
following system of partial differential equations for (x,y) € QO x (0,Y):

dun; — ¢ ): D2 ne = a(r(y)Se + F(y) — pe e + e,

Y
pe(t,x) ::/0 ne(t,z,y)dy, (5.10)

€9:S, —sZD& S, = 85/ y) ne(t,x,y)dy.

5.3.2 Asymptotic analysis for e — 0

Building on prior research into the mathematical analysis of evolutionary dynamics in
continuously-structured populations [403], we focus on the scenario where, at time ¢ =
0, tumour cells at a given position are primarily concentrated in the same phenotypic
state. Specifically, for each position x, the initial phenotypic distribution of tumour
cells, denoted n,(0, z,y), is modelled as a sharp Gaussian-like function with a mean
value 7,(0, ) and an integral p. (0, ). We define this distribution as follows:

ud(x,y)

ne(0,z,y) =e ¢ , (5.11)
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where u0(z, y) is a smooth function of y, uniformly concave for all z € () and with an
unique maximum at 7, (0, ) for any « € 2, which is such that, in the sense of measures,

W@y g0

e = —p(0,2)d50q (Y), (5.12)

being p(0, z) the leading-order term in the asymptotic expansion of p. (0, z), and 6y (0,4 (v)
the Dirac delta function centred at 7(0, x).

Building on the Hamilton-Jacobi approach, we make the real phase WKB ansatz [52,
176, 183]

ue (ta,y)

ne(t,x,y) =e < . (5.13)

which gives

1 1 )
aﬁixing = <£2 (axl.ug)2 + Saix,%) ne, i=1,2,3,
1 » 1
2 2
FyyMe = (82 (Oyue)” + anu8> Mg .

Substituting the above expressions into the first non-local PDE (5.10), we obtain the
following Hamilton-Jacobi equation for u,(t, x,y)

atug -

e i D;0% , e + i D; (ax,»usf] = (r(y)Ss +f(y) - ps) +

i=1 i=1 (5.14)

+ [(ayug)z —l—saﬁyug] , (z,y) e QA x(0,Y).

Letting ¢ — 0 in (5.14), and denoting by u(t, x, y) the leading-order term of the asymp-
totic expansion for u.(t, x,y), we formally obtain

3
et — ; D; (9, 11¢)? = tx(r(y)S +fy) — p) +(@yu)?, (x,y) €ERx(0,Y), (5.15)

where p(t, ) and S(t, ) are the leading-order terms of the asymptotic expansions for
pS(t/ m) and Sg(t, m)

Constraint on u(t,z,y) Consider x € Q such that p(t,z) > 0, i.e. = € supp(p),
and let 7(t, ) be a nondegenerate maximum point of u(t, x,y), meaning y(t,x) €
arg max u(t, z,y), with

ye[0Y]

dyu(t,z,j(t,x)) =0 and I u(t,z,j(t,x)) <0. (5.16)

If u(t,x,y) is a strictly concave function of y and u(t,,y) is also a strictly concave
function of y whose unique maximum point is 7(t, z), letting ¢ — 0 in (5.13) formally
gives the following constraint

u(t,z,j(t,x)) = m[a>§] u(t,xz,y) =0, VYt>0, x € supp(p). (5.17)
y€|o0,
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By differentiating once with respect to space and once with respect to time, we addi-
tionally obtain

oyu(tx,j(t,x)) =0,i=1,2,3, and osu(t, x, j(t,x)) = 0. (5.18)

Relation between j(t,«) and p(t,z) Consider x € supp(p). Evaluating (5.15) at
7(t, ) and using (5.16) and (5.18), we obtain

r(y(t))S(t ) + f(g(t,z)) —p(tx) =0 =
p(t,x) =7 (g(t,x)) S(t,x) + f (7(t,x)) , € supp(p). (5.19)

Differential equation for S(t,z) When n.(t, z, y) takes the form (5.13), and both u,(t, z, y)

and u(t, x,y) satisfy the concavity conditions with respect to the variable y, as well as
the constraint (5.17), the following asymptotic result formally holds:

[ etz @), (5.20)

Using this asymptotic result in the differential equation for the oxygen in (5.10), one
obtains the following PDE for S(t, x):

9:S(t, x) — i D%, S(t,x) = =S(t,x)r(y(t,x))p(t, ). (5.21)
i=1

Transport equation for jj(t,z) Consider again € supp(p). If we differentiate (5.15)
with respect to y, we obtain:

3 d d
=2 1000 () = (s + T ) 20 () o € supeto)

Evaluating the resulting equation at §(¢, ) and recalling the first conditions of (5.16)
and (5.18), we obtain

dr

df
2 _ - _ af
Hult o gt0) =a (G EGNSED+ L)) 62
Moreover, differentiating the first condition of (5.16) with respect to t, we have
8%yu(t, x,j(t,x)) + aiyu(t, x,j(t,x))oy(t,x) =0
= afyu(t, x,j(tz)) = —E);yu(t, x,j(t,x))oy(t, x) .

Substituting the above expression into (5.22), and using the first condition of (5.16), we
finally obtain

0,) = o) gy TS0+ G

y(t,w») , = € supp(p).
(5.23)

Travelling wave analysis To investigate the travelling wave problem, we focus on the
case where * = x € R. The problem we are addressing can therefore be described as
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follows:

afu(t/x/y) - D(axu(t,x,y))2 = ( (y)S(t X) +f( ) (t x)) + (ayu(t, x,y))z ,
(x,y) ER % (0,Y); (5.24)

u(t,x,j(t,x)) = yren[g);}u(t x,y) =0, Vt>0,x¢ecsupp(p); (5.25)

dyu(t,x,y(t,x)) =0, oxu(t,x,j(t,x)) =0, ou(t,x,7(t,x)) =0, x € supp(p); (5.26)

p(t,x) = r(7(t, x))S(t, x) + f(7(t, x)), x € supp(p) ; (5.27)
- dr  _ df _ :

20 = ) (S st + SLwt0)) e supple); 629

9:S(t, x) — DaJZCXS(t,x) = —=S(t,x)r(y(t,x))p(t, x). (5.29)

Substituting the travelling-wave ansatz

olt,x) = p(2), u(t,x,y) = u(z,y), §(t,x) = §(z) and S(t,x) = S(2),

with z = x — ct, ¢ > 0, in the equations (5.24), (5.25), (5.26), (5.27), (5.28) and (5.29) we
obtain:

— cdu(z,y) = D (0:u(z,))* = a(r(y)S(2) + f(y) —p(2)) + (Qyu(z ¥))*,
(z,y) e Rx (0,Y); (5.30)

u(z,y(z)) = yrg[%u(z ,y) =0, Vt>0,zesupp(p); (5.31)

) =0, Bz 1) =0, 7 el 6532
o) it S+ (0, =< supple) (539
7O = o) (j 520+ Lo ) zeswpple); (639
Ds"<>+cs<> < ()5 (2). 539

Considering a biological scenario where the oxygen concentration is at equilibrium prior
to tumour cell invasion, and recalling that S(z) represents the rescaled oxygen concen-
tration (see Eq. (5.5)), we complement the differential equation (5.35) with the following
asymptotic condition:

lim S(z)=1. (5.36)

z—r+00
Moreover, since we expect the tumour’s core to be hypoxic and, in the travelling-wave
framework, this is positioned at z = —oo, a reasonable choice for the other boundary
condition that is needed to close (5.35) is:
lim S(z) =0. (5.37)
Z——00
Since r(i7(z))p(z) > 0 for all z in the domain and S(z) satisfies the boundary conditions
given by (5.36) and (5.37), we can invoke the Maximum Principle, which leads us to

conclude that:
S'(z) >0, (5.38)

which indicates that S(z) is a monotonically non-decreasing function.
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Regarding Eq. (5.34), it becomes:
N o dr  _ df _
75 = ratng) 750+ 306D 5:39)

Given the hypoxia of the tumour core, we consider a travelling-front solution (z) that
satisfies the following condition

Zg@wy(z) =Y, (5.40)
indicating that the cells at the centre of the tumour are in a phenotypic state equivalent
to Y, allowing them to proliferate in a hypoxic environment. Since 8§yu(z, 7(z)) <0, the
monotonicity of 7(z) depends on the analytical forms of r(y) and f(y). Specifically, the
first term inside brackets is negative, due to (5.3), whereas the second term is positive,
due to (5.4). We aim to ensure that 7(z) is a monotonically decreasing function. This
condition ensures that cells with a high level of hypoxia resistance are concentrated in
the hypoxic region, while cells with an aerobic mechanism and lower hypoxia resistance
are positioned at the tumour border. Consequently, the following condition must be
satisfied:

dr df

i 7] > . .
3y (7(2))S(z) + dy (7(z)) >0 (5.41)
Integrating Eq. (5.35) between —oo and z, we obtain:

zZ

S'(2) +es(z) = [ SEIEER(E) d2' =

/ S(2)r(y(2'))p(2') dz' — §'(z) (5.42)
S(z) = = :
Then, we can assert that
z S( /)1’(_( /)) ( /)d /
S(Z) = /_oo : yCZ p i : 7 (543)

since (5.38) holds.
By substituting this expression into (5.41), we derive a more stringent requirement:

z
O”<-<z>>/—WS(Z/)r(y_(ZI))p(Z/> Y ez (549
dy Y c dy Yz =5 '

If this stronger condition is met, then (5.41) is inherently satisfied as well. The required
monotonicity is certainly ensured if the travelling wave propagates at a minimum wave
speed. This speed, derived from Eq. (5.44), must satisfy the following condition:

T (9)
c>c*= max —jyi {/Z S(ZNr(§(z'))p(Z')dZ"| 3 . (5.45)
z€supp(z) i(y_(z)) —00
dy

Provided that the travelling wave propagates at or above this minimum wave speed,
7(z) is a monotonically decreasing function.
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Furthermore, starting from (5.33) and applying the asymptotic condition (5.40), we
obtain the following limit for the cell density at the tumour’s core:

lim p(z) = ¢, (5.46)
being ¢ the cell division factor via anaerobic pathways, as previously defined. This is
valid since f(7(z)) — C and r((z)) — 0as #(z) — Y and S(z) — 0 asz — —oo.

Furthermore, if we consider the boundary condition (5.36), we have that S'(z) =
S"”(z) = 0 at the limit as z — +o0. Thus, Eq. (5.35) as z — +o0 becomes:

HF(2))p(2)S(z) = 0. (5.47)

Since r(i/(z)) cannot vanish because 7(z) is a decreasing function and S(z) cannot vanish
due to the boundary condition, it follows that p(z) must go to zero. As p(z) is forced to
approach zero, the function 7(z) halts at the value it has reached.

5.4 Numerical simulations

5.4.1 Numerical method

To numerically solve the problem, we choose a sufficiently large domain (x,y) € Q X
(0,Y) with Neumann boundary condition both in the z-direction and in the y-direction.
For time t and phenotype y, we use finite difference discretization while for the space
variable , we use finite element discretization. We choose the time step to be At :=
Tend/ K and mesh size in the y-direction to be Ay := Y /M with time steps and grid
points

ty =kat, yj=jAy, k=0,12.,K, j=0,1,.M.

Let 7 be a triangular mesh of the spatial domain (Yand T € T be a general element. We
define the finite element space

vV, = {f € C(Q) : f|T € Pl} C Hl(Q),

where P; stands for polynomials with degree at most 1. The numerical approximations
of S(ty, ), n(t, x,y;) € Vj are denoted by Sk and n;‘, respectively.

The time-splitting method is employed to solve the model, allowing the spatial and
phenotypic dimensions to be treated separately using distinct numerical techniques.
Specifically, we present the main steps for the rescaled system (5.10), but everything can
be easily adapted to solve the non-rescaled system (5.6).

From time t = t; to time t = f;, the equation for S, is solved in two steps. One
solves

3
1S — Y D;0% .S, =0.
i=1

for one time step At, followed by solving

Y
0;S, = —Sg/ r(y) ne(t,z,y)dy.
0

for exactly the same time step.
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The equation for 7, is solved in a similar way. We solve sequentially the diffusion
part

3
opne —e ) Diaiixing =0,
i=1
the mutation part
dine = saﬁyng ,

and finally the growth part
€041 = oc(r(y)Sg + fly) — pg) Me,

with the same time step At, where p.(t,x) = fOY ne(t,z,y) dy. The last equation is
relatively difficult to be solved in a fully implicit way. An alternative way is to transform
the equation as

Ot = oc(r(y)Ss + f(y) — Pe>r

via u, = eIn(n,), which can be solved more easily.

To balance stability and efficiency, a semi-implicit discretization in time is applied.
The detailed schemes read as follows. We solve S¥*1 from S* and n;-‘ by solving sequen-
tially the two different parts. The diffusion part is solved via standard finite element
method to get S*

3
<S> +AtY < DidyS* 050 >=<S 0>, VYwe, (5.48)
i=1
where < -, - > denote the standard L?-inner product over Q). Then we solve
M r-_1n’<‘7 + rink
St = 5% — gHIatAy Y %, (5.49)

j=1

where r; = r(y;), to get S**1.

Next, we compute n?“ from S¥*1 and n;.‘ by first solving the diffusion component

*

using the standard finite element method to obtain an intermediate value 7]

3
< nf,0 > 4eAt) " Dy < 9ynf, 05,0 >=< n;-‘,v >, YoeV, j=01,---,M. (550)
i=1

Then we solve the mutation part to get 7;"

n; n; _811]71 2n] —|—n]+1

At (Ay)? ’

j=0,..,M, (5.51)
with the Neumann boundary condition n* = ni*, ny;_; = njy;,,, which can be solved
by looping over all elements in the mesh 7. Finally we solve the growth part

uk+1 gk

u
A S _ck+1 okl C
AL « (715 +fi—p ) , j=0,.,M, (5.52)
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k+1

where r; = r(y;), fi = f(y;) and p**" satisfies the equation,

k41 k+1
% w, (5.53)
2

ait
P AyeXP< o
j=1

where N
k+1 _ u k+1
N;™ =n;"exp [ . ( S +f>]

Equation (5.53) is derived from the relation

M nk+1+nk+1

Ayz e s B

by combining u = ¢eln(n ) and (5.52). This equat10n can be solved using root-finding

algorithms, such as the b1sect10n method. Once p**! is determined, equation (5.52) can
be easily solved.

5.4.2 Rescaled model for small ¢ in one dimensional domain

Initially, we conduct a numerical exploration of the dynamics associated with the e-
rescaled model, described in Subsection 5.3.1. To compare the numerical results with
the analytical conclusions obtained from the traveling wave analysis, we perform the
numerical simulations in a one-dimensional domain. Accordingly, the system of equa-
tions is represented by (5.10), rewritten in a one-dimensional setting and implemented
with the following set of initial conditions:

2 _ (y-05)? _ (y=05)% 05

ne(0,x,y) =Ce “e~ < , withCs.t C/ dy =1,

y (5.54)
p:(0,x) = /0 ne(0,x,y)dy, Se(0,x) =1—p(0,x).

The numerical results are obtained under the following conditions

Yi=1, r(y)=1-y*, fly)=¢[1-01-y)?].

We use a uniform discretization with steps At, Ax and Ay for the intervals (0, T],
(0,L) and (0,1), respectively, as computational domains of the independent variables
t, x and y. Moreover, the parameter « is set to 1 day !, and the parameter { is taken
equal to 0.1. Typical dynamics are depicted in Fig. 5.1, where we present the cell density
pe(t, x), the dominant trait 7. (t, x) = max,c(o 1] e(t, ¥, y), and the oxygen concentration
Se(, x) at two different time step.

Moreover, oxygen is consumed in the tumour’s centre, creating a hypoxic region,
while it remains at 1 in areas where cell invasion has not yet occurred. We observe that
7e(f,x) is a decreasing function, starting at 1 in the centre of the tumour and decreas-
ing to zero towards the edge. We verify condition (5.45), and it is found to be satisfied.
Specifically, the propagation speed of the travelling wave solution, that can be evalu-
ated from the slopes of the curves reported in the inset of Fig. 5.1, aligns with the value
c* on the right-hand side evaluated numerically. Conversely, the cell density increases
until it reaches its maximum value at the tumour’s edge. In the centre of the tumour,
this density is not zero but equal to {, indicating that cells can still proliferate in hypoxic
regions, due to their adaptation to oxygen deprivation. Finally, if we plot the rescaled
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cell population distribution n,(t, x,y)/pe(t, x), the outcomes are illustrated in the sec-
ond column of Figure 5.1. We can observe that in the central region of the tumour, the
tumour cells exhibit, on average, a phenotype closer to 1, allowing them to proliferate
in the hypoxic environment. Conversely, at the tumour edge, the majority of the cells
have a phenotype closer to 0, which is more efficient for their proliferation in the pres-
ence of oxygen. It is important to note that the graphs are plotted for x € supp(p.). The
numerical results presented in this work align well with biological evidence observed
in tumour spheroids, particularly in avascular conditions. Indeed both experimental
tests [97, 187, 233, 476, 509] and previous mathematical studies [190, 202, 404] provide
insights into the metabolic and proliferative dynamics within tumour spheroids that
corroborate the numerical findings. Specifically, avascular tumour spheroids are charac-
terized by a proliferative rim composed of a small number of cells that primarily utilize
aerobic metabolism, although not exclusively. Moving inward, the quiescent rim and
necrotic core of the spheroid contain only a few viable cells. These cells are unable to
rely on aerobic metabolism due to hypoxia and instead rely on glycolysis, consuming
glucose to sustain minimal survival.

5.4.3 Non-rescaled model in a square domain

We consider the dynamics associated with the non-rescaled model, described by the
system of equations (5.6), in a simplified setting. The simulations are performed in a
two-dimensional square domain. The system is solved with the following set of initial
conditions

2 _ (y=02)? (y—02)2

0. Y .
A(0,@,y) = Ce e o, with C s.t. C/ e o1 dy=1,
0

v (5.55)
p(o,m)z/o 7(0,z,y)dy, S5(0,x) =1-p(0,2).

The numerical results are obtained in the case where
Yi=1, rly)=1-v", fly=¢1-0-y7. (5.56)
The diffusion tensors D, (x) and Dgs(x) are chosen of the following form
D, (xz) := D,D(x) and Ds(x) := DsD(x), (5.57)

where D(z) = diag(D;, D») is a diagonal tensor, which may be anisotropic for D1 # D;.
Specifically, to highlight the effect of anisotropy on cell dynamics, we set D; = 1.6 and
D, = 0.4. Numerical solutions are constructed using a uniform discretization of the
square [—L, L] x [-L, L], with L = 75 mm, as the computational domain of the inde-
pendent variable x and a uniform discretization of the set [0,1] as the computational
domain of the independent variable y. We also use a uniform step for the time interval
[0, T]. Unless otherwise explicitly stated, we use the values of the model parameters
listed in Table 5.1, which are chosen to be consistent with the existing literature. Typical
dynamics are depicted in Figure 5.2, where we present the cell density p(t, x), the dom-
inant trait 7(t, ), and the oxygen concentration S(t, ) at t = 60 days and ¢ = 100 days.

The numerical results align with the behaviours observed during the analysis of

the equations, except for anisotropy, which is not captured by the formal asymptotic
analysis. The cell density is lower at the centre of the tumour and increases towards
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FIGURE 5.1: First column: The dominant trait . (f, x), the cell density p.(, x) and the oxygen concentration
Se(t,x) at t = 65 and t = 100. Second column: Normalised cell population distribution n¢(t, x,y)/pe(t, x)
at t = 65 and t = 100, where the contour lines transition from light to dark, indicating increasing density,
as shown in the bottom-right colour bar. The inset of the bottom left panel displays the plots of x1,(t) (red),
x2¢(t) (green) and x3.(f) (blue) such that pe(, x1.(t)) = 0.3, pe(t, x1.(t)) = 0.5 and pe(f, x1,(¢)) = 0.7. The
slope of the curves, which is consistent across the three values of p, considered, allows us to compute the
velocity of the travelling wave.

Par. Biological meaning Value Ref.
00 Carrying capacity for cell density 3.183 - 10° cells/cm? [230]
So Reference value for oxygen concentration 6.3996 - 107 g/cm? | [300, 503]
? | Scaling factor for cell consumption of oxygen 9.95 [330, 503]
o Basal proliferation rate 0.864 1/day [330]
¢ Cell division factor via anaerobic pathways 0.1 [221, 330]
B Rate of phenotypic changes 8.64-10781/day | [181,503]
Dy, Diffusion coefficient of glioma cells 0.13 mm?/day [480]
Dg Diffusion coefficient of oxygen 86.4 mm?2/ day [246, 503]

TABLE 5.1: List of the values of the model parameters employed in the numerical simulations.
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FIGURE 5.2: Cell density p(t, z), dominant trait 7(t, 2), and the oxygen concentration $(t, ) at t = 90 days
and t = 100 days.

the tumour’s edge, where the oxygen concentration is higher. Additionally, the pheno-
typic trait is higher at the centre and decreases toward the tumour’s periphery. Oxygen
consumption is observed in tumour-affected areas, while the oxygen level remains at
value 1 far from the tumour. Furthermore, in this 2D setup, we also observe the in-
fluence of anisotropy on the phenotypic trait. At the tumour’s edge, the phenotype
tends to be higher in the preferential growth directions and lower in others. A higher
dominant phenotype corresponds to cells with a greater predisposition to anaerobic
metabolism, and the finding that these cells are concentrated along the main direction
of tumour growth aligns with the well-established Warburg effect [286, 316, 509]. This
phenomenon describes how cancer cells, even in the presence of oxygen, preferentially
rely on glycolytic pathways, as this metabolic strategy enhances their invasive potential
within the surrounding tissue. The qualitative agreement between the numerical results
and the biological evidence supports the validity of the computational approach and its
relevance in understanding tumour dynamics in anisotropic and resource-limited envi-
ronments. We note that in this model, the dominant phenotype is primarily influenced
by oxygen availability and its anisotropic diffusion, whereas the Warburg effect depends
on a variety of cellular mechanisms. Nevertheless, the observed connection to the War-
burg effect underscores its broader biological significance. Further investigation into
this relationship could be pursued with slight modifications to the current model (see
e.g. [181]), providing deeper insights into the interplay between metabolic strategies
and tumour invasion dynamics.
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5.4.4 Non-rescaled model in brain domain

Finally, we aim to perform a simulation using real brain geometry. The first step in-
volves constructing the computational mesh, created using Magnetic Resonance Imag-
ing (MRI) data from a single patient, acquired during routine clinical practice at the Isti-
tuto Neurologico Carlo Besta in Milan, Italy. The diffusion tensors, defined as in (5.57),
are derived from Diffusion Tensor Imaging (DTI) data [36, 57]. These data are used
to construct D(x), which represents the spatially varying directions of diffusion. DTI
provides a symmetric, positive-definite tensor that describes water diffusivity within
each voxel. The diagonal elements of this tensor correspond to the apparent diffusiv-
ities along the principal measurement axes, while the off-diagonal elements quantify
the correlations between molecular displacements in orthogonal directions. Finally, all
the components of the tensor are normalised by the mean diffusivity, ensuring that the
resulting tensor reflects only the principal directions of diffusion. By capturing the
anisotropic diffusion of water molecules, DTI facilitates the identification and visual-
isation of white matter tract orientations and the preferential directions of cell migra-
tion. This functionality is essential for modelling processes such as tumour infiltration
in brain tissues.

First, we segmented the MRI grey-scale images to partition them into segments and
label each pixel to reconstruct the brain’s boundary. This process can be carried out
using software packages such as Slicer3D [1]. After segmentation, the computational
mesh was constructed using Tetgen [492], a tool for generating tetrahedral meshes of any
3D polyhedral domain. Then, to incorporate DTI data into our model, the six images
from DTI, corresponding to the six independent components of the diffusion tensor,
needed to be aligned with the MRI images. This alignment was achieved using FSL
(FMRIB Software Library) [185]. Once the images were aligned, the six components of
the tensor D(x) were integrated into the computational mesh built from the MRI data
using custom scripts implemented in the VMTK software library [493].

The mathematical model we solve is given by the system (5.6), with initial conditions
(5.55) and assumptions (5.56)-(5.57). The parameters used are summarised in Table 5.1.
The results are shown in Figure 5.3.

Similar to the anisotropic case studied in Section 5.4.3, it can be observed that the
cell density is higher at the periphery of the tumour, where oxygen availability is greater.
Furthermore, in the brain environment, the influence of anisotropy is more pronounced,
aligning with the direction of the surrounding white matter tracts, obtained from the pa-
tient data. Additionally, the dominant phenotype is more prevalent at the tumour centre
and decreases toward the tumour edge. This simulation highlights how anisotropy also
affects the phenotypic traits of the cells. Indeed, as observed in the simulations for the
simplified 2D setting, at the tumour’s edge, the phenotype tends to be higher in the pref-
erential growth directions and lower in others. This finding indicates that in regions of
higher expansion, cells exhibit a greater predisposition to anaerobic metabolism. Fur-
thermore, at the tumour boundary, regions where the phenotypic trait is higher also
show an increased cell density. Also in this case, the anisotropic distribution of nutri-
ents is evident from the simulations.

We observe that the simulated tumour corresponds to a highly invasive mass. To fa-
cilitate comparisons with clinical references, we computed several tumour growth met-
rics commonly employed in the biomedical literature. At t = 35 days, the final tumour
volume reaches 29870.8 mm?3, reflecting a substantial increase in size. This result was
obtained by applying a threshold to differentiate tumour tissue from non-tumour tis-
sue, with the threshold set at p(t, ) > 0.05, corresponding to a cell density of 5% of the
tumour’s carrying capacity. More specifically, we find a volume doubling time (VDT)
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FIGURE 5.3: Cell density g(t, ), dominant trait (¢, ), and the oxygen concentration $(t,x) at t = 5 days,
t = 15 days, t = 25 days and t = 35 days.
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of approximately 7.14 days, indicating that the tumour is growing substantially faster
than the average data reported in clinical studies. For comparison, Stensjoen et al. [461]
reported a median VDT of 29.8 days, while Ellingson et al. [168] found a median VDT
of 21.1 days. Furthermore, it is worth noting that, in our simulation, the cell density
remains relatively low, denoting a diffusely distributed invasion. This pattern suggests
that the tumour grows predominantly by spreading its cells outward over a larger area,
rather than by increasing the concentration of cells in its immediate vicinity through
rapid cell division. This behaviour is characteristic of highly invasive tumour types,
where diffusion dominates over local cell proliferation.

Moreover, the specific growth rate (SGR), or percentage increase per unit time, de-
fined as (In2)/VDT, is 9.71% per day, which is higher compared to the values reported
in the aforementioned references. However, we emphasize that such measures are of-
ten computed in the clinical literature by assuming simplified growth law, which might
alter the metrics obtained.

Another parameter frequently used to quantify brain tumour growth is the average
radial expansion velocity (VRE). In our simulation, the VRE is approximately vgg ~
0.53mm/day. As expected, this value exceeds those reported in the model presented
by [48] and in clinical studies [461, 505], although it is important to note the significant
variability observed between individual patients. Furthermore, this parameter is typ-
ically calculated under the assumption of isotropic growth, which does not align with
the anisotropic nature of our model.

To obtain more realistic results, additional simulations were performed by reduc-
ing the parameters in the tumour cell distribution equation, specifically the diffusion
coefficient D, and the basal proliferation rate «, to two-thirds of their original values.
The results of these simulations are shown in Fig. 5.4, highlighting the impact of reduced
diffusion and proliferation rates on tumour growth dynamics. In this simulation, we ob-
serve that at t = 35 days, the final tumour volume is reduced to 9166.42 mm?, markedly
lower than in the previous simulation. These results emphasise the crucial importance
of precise parameter calibration to improve the model’s predictive accuracy.

5.5 Summary

In this Chapter, we presented a mathematical model to describe the growth of brain tu-
mours by incorporating phenotypic heterogeneity among tumour cells. The model em-
ploys reaction-diffusion equations with non-local reaction terms to capture the complex
spatial dynamics and evolutionary trajectories of tumour cell populations under vary-
ing oxygen concentrations. According to our model, regions of the tumour with high
oxygen levels will be densely populated by cancer cells with an aerobic metabolism. In
contrast, hypoxic regions with lower oxygen concentrations will be colonised by cells
with reduced proliferation rates.

Our modelling framework provides a theoretical basis for experimental observa-
tions that suggest the periphery and centre of avascular tumours function as distinct
ecological niches [81, 247, 322, 528]. Additionally, histological studies show that solid
tumours contain cancer cells with a wide range of gene expression profiles. Our theo-
retical findings align with the ideas proposed by Alfarouk et al. [14], who argued that
cancer cell phenotypes are shaped, to some extent, by predictable spatial gradients of
abiotic factors (such as oxygen), which can be visualised using non-invasive imaging
techniques [66]. From this perspective, understanding how abiotic factors influence the
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phenotypic characteristics of cancer cells could allow spatial patterns of tumour perfu-
sion, reconstructed from clinical images, to guide the selection of molecularly targeted
therapies.

The main findings of our study include a comprehensive formal asymptotic analy-
sis, which provides valuable insights into the long-term behaviour of tumour cell pop-
ulations and the influence of phenotypic diversity. We carried out this analysis on the
non-local PDEs (5.10) in the asymptotic limit as ¢ — 0, using a Hamilton-Jacobi frame-
work. In particular, we showed that 7(t, ), which represents the dominant phenotypic
trait at position « and time ¢, satisfies the transport equation (5.23). This transport equa-
tion can be interpreted as a generalised canonical equation of adaptive dynamics [154],
describing the spatio-temporal evolution of the dominant phenotypic trait. Further-
more, we found that p(t, x), the total cell density, is governed by the relation (5.19). We
also explored travelling wave solutions, which allowed us to characterise the expected
behaviour of 7(z), p(z), and S(z), providing a deeper understanding of the tumour’s
growth dynamics under different conditions.

Numerical simulations were initially conducted on a simplified 1D domain to val-
idate the analytical results. Subsequently, simulations were extended to a 2D domain
and a realistic 3D brain geometry, reconstructed from MRI and DTI data. The parame-
ter values for these simulations were sourced from existing literature. The simulations
effectively demonstrate the model’s capability to replicate key characteristics of tumour
growth, including the spatial distribution of cell density, the phenotypic diversity of
cells, and oxygen concentration gradients. The results underscore the critical role of
anisotropic diffusion in the brain and its influence on tumour invasion patterns.

Future developments of this work could involve extending the model to incorpo-
rate additional biological factors, such as the influence of acidity on the evolutionary
dynamics of cancer cells, and developing more sophisticated representations of tumour
micro-environments. It would also be beneficial to include the effects of various thera-
pies, as resistance to hypoxia is known to correlate with resistance to chemotherapy and
radiotherapy [131, 142, 315, 415]. Furthermore, ongoing validation against experimental
data and clinical observations is essential for refining model parameters and enhancing
its relevance to real-world applications. For instance, Magnetic Resonance Spectroscopy
(MRS), an advanced MRI technique, provides insights into the concentrations of water-
soluble metabolites, enabling the detection of tumour-specific mutations and the assess-
ment of intratumoural heterogeneity. MRS is frequently employed to study metabolic
alterations within tumours, offering valuable information about tumour grade and ag-
gressiveness. Integrating such data could significantly improve the precision and pre-
dictive capabilities of our model. Finally, it would be valuable to incorporate the effects
of stress-induced phenotypic changes caused by hypoxia, thereby integrating pheno-
typic heterogeneity into a mechanical framework, such as the ones presented in [48,
338]. Therefore, we believe that this work paves the way for a better understanding,
through mathematical modelling, of the phenotypic cellular distribution within tumour
masses in highly anisotropic environments, also considering patient-specific data, with
the potential to target therapies more effectively.
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Multiscale homogenization for blood aud
nutrient transport in vascularized
tumours

6.1 Preliminaries

Asymptotic homogenisation is a widely-used upscaling technique designed to analyse
and model multiscale systems, where phenomena manifest across different scales, see,
e.g., [42, 360, 391] on classic, formal, homogenisation for composites, as well as [122] on
more rigorous aspects concerning the two-scale convergence.

By exploiting the separation of scales, asymptotic homogenisation enables a system-
atic transition from detailed microscopic descriptions to simplified macroscopic models,
while preserving essential microscale information encapsulated in effective parameters
at a reduced computational cost [398]. The method involves expanding the system’s
variables in terms of a small parameter that represents the ratio between microscopic
and macroscopic scales. Through this expansion, a hierarchy of equations emerges,
describing the system’s behaviour at different scales. Homogenising these equations
allows for the derivation of effective properties and governing equations at the macro-
scopic level. These effective equations typically include parameters that reflect the in-
fluence of the underlying microscale structures, thus bridging the gap between intricate
microscale behaviour and observable macroscale phenomena.

The multiple scales method has proven to be highly effective in a wide range of
physical systems, particularly in the analysis of porous media flow [258]. These sys-
tems normally exhibit different hierarchical levels of organization related to different,
typically increasingly larger length scales associated for example with the size of the
pores, distance between individual branches of interconnected networks, and size of
the overall domain. Relevant application of the asymptotic homogenisation technique
to hierarchical porous materials include, for example, geomaterials [31, 339], which can
for instance play a role in the drainage of disposed liquid, oil and gas extraction, con-
solidation, as well as glaciers and aquifers dynamics, industrial applications, such as
filters” optimisation [135] as well as biological and bio-inspired tissues. The latter in-
clude, but are not limited to, bone and tendons [396], implants [159], and organs, such
as the brain [143], the heart [367]), the lymphatic system [214, 435], as well as healthy
[382] and malignant cell aggregates, e.g. avascular [152, 419] and vascular tumours [397,
399, 451].

The framework developed in the latter works is particularly valuable for studying
the intricate interactions between tumour growth and drug [486] and nutrients trans-
port in the surrounding capillary network. Tumours depend on blood vessels to supply
essential nutrients and oxygen, a process driven by angiogenesis [97]. However, the vas-
culature formed through angiogenesis is often irregular and heterogeneous, resulting in
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spatial variations in fluid flow and nutrient distribution. Understanding the dynamics
of flow and chemical exchange between this complex vasculature and the tissue and its
impact on tumour growth is critical for deepening our knowledge of cancer progression
and enhancing the development of more effective treatments.

Therefore, in this study, we apply asymptotic homogenisation to model transport
processes within a tissue, that might represent a tumour mass, with an embedded vas-
cular capillary network, incorporating microscale effects such as vessel geometry and
flow patterns into a macroscopic framework. By assuming a distinct separation of scales
between the typical vessel spacing and the characteristic length of the tissue, we de-
rive differential equations governing the macroscale behaviour of the tissue and fluid
and nutrient transport. Our methodology involves formulating a system of differential
equations through non-dimensionalisation and scaling, with the asymptotic expansion
parameter representing the ratio of vessel distance to the characteristic tissue length
scale. The resulting macroscale model for fluid dynamics in the vascular domain is
governed by Darcy’s law, determining the velocity and pressure fields. In the tumour
domain, the dynamics of the ensemble of fluids and cells is described by a modified
Darcy’s law, where nutrient concentration significantly influences flow. Nutrient trans-
port is modelled across both domains using a coupled advection-diffusion-reaction sys-
tem, and the interaction between tissue and vascular network is captured through ef-
fective mass source terms, reflecting the exchange of nutrients and other essential sub-
stances. Effective parameters in the model, which account for the role of microvascu-
lar geometry, are computed by solving cell-level differential equations that are coupled
with the macroscale governing equations. Although this multiscale coupling poses sig-
nificant computational challenges, it is possible to obtain computationally manageable
systems by assuming additional constraints on the model parameters.

We remark that, despite the specific application presented, the developed math-
ematical method is general and can be applied to the description of other problems
in different contexts governed by stationary balance equations and chemical exchange
processes, typically modeled by diffusion-advection-reaction problems. Notable exam-
ples include the transport of nutrients from tree roots into the soil [294], or a system of
aquifers exchanging liquids and chemicals with the surrounding rock domain [72, 441],
as well as peatlands [345].

The Chapter is organised as follows: Section 6.2 introduces the asymptotic homogeni-
sation technique and explains its fundamental principles and key concepts. Section 6.3
presents the balance equations and their corresponding boundary and interface condi-
tions within the physical domain, distinguishing between the tumour tissue and ves-
sel compartment. Section 6.4 introduces the governing equations in a non-dimensional
form. Section 6.5 applies a two-scale asymptotic expansion to derive the effective gov-
erning equations that describe the physical behaviour at the tissue scale. In Subsection
6.5.2, we explore a particular case that simplifies the computational complexity of the
model, making it more tractable for numerical investigation in future work. Finally,
Section 6.6 offers concluding remarks and future research perspectives.

The majority of the content in this chapter stems from an international collaboration
with Raimondo Penta from the School of Mathematics and Statistics at the University
of Glasgow. The material has been documented in the paper by Ballatore, Giverso, and
Penta "Effective macroscopic equations for biological fluid and nutrients” transport in vascular-
ized tumours growing via proliferation and chemotaxis” submitted for publication.
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6.2 Fundamentals of asymptotic homogenization theory

Physical systems in the real world are intrinsically multiscale, exhibiting complex ge-
ometries, pronounced heterogeneities, and interactions across various levels of organi-
sation. From a modelling perspective, the primary aim is to represent these phenomena
in a manner that enables both qualitative insights and quantitative predictions, vali-
dated against experimental observations. Achieving this, however, poses significant
challenges due to two key factors:

1. resolving the full microscale complexity of materials and geometries is computa-
tionally impractical for three-dimensional problems;

2. experimental data often represent averages at the macroscale, obscuring finer struc-
tural details.

To address these challenges, mathematical methodologies have been developed to con-
struct macroscopic descriptions that retain the critical effects of microstructural fea-
tures. Among these approaches, asymptotic homogenization has emerged as a robust
and versatile tool, leveraging the distinct separation of scales characteristic of multi-
scale systems. By employing a power series expansion of the fields, this technique
derives macroscopic partial differential equations (PDEs) with coefficients (such as hy-
draulic conductivity, diffusivity, or stiffness) that encode the impact of the underlying
microstructure.

In what follows, we outline the fundamental assumptions underlying the asymp-
totic homogenization method [40, 251, 360, 391, 398], which serve as the foundation for
the analyses conducted throughout this Chapter.

Assumption I: Length scale separation It is assumed the existence of two distinct
spatial scales, the microscale d and the macroscale L, such that their ratio satisfies:

d
= — 1.
€ L<<

This parameter quantifies the spatial disparity between the two scales.

Assumption II: Spatial variations decoupling Itis further assumed that the unknown
fields and the coefficients of the model taken into account depend on two formally in-
dependent spatial variables:

x, the macroscale variable,
x

Yy = o the microscale variable.
This decoupling assumption enables the description of the fields and the coefficients
involved as functions of both x and y, where x captures the slow spatial variations on
the macroscale and y represents the rapid oscillations on the microscale. As a direct
consequence of Assumption II, derivatives with respect to the physical spatial scale are
now interpreted as total (material) derivatives, meaning:

Vs V.t %vy. 6.1)
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Assumption III: Power series expansion The multiscale unknown fields are assumed
to be representable as a regular expansion in a power series of . Specifically, for a
generic unknown field 1, this can be expressed as:

Y(x,y,t) = ¢*(z,y,t) Zl/] (z,y,t)

Assumption IV: Regularity and local periodicity It is assumed that every field and
coefficient preserves, with respect to the macroscale variable , the same level of smooth-
ness that characterizes the original fields.

Furthermore, a family of vectors is assumed to exist:

R(n,x,0) :=nyli+klp+vl3, #5,x,vEZ,

with fixed vectors I3, I, and Is € R? that constitute a basis of R3, such that, for every
generic field ¢ we have:

v(x,y) =v(xy+R(y,x0), Vy,x,0EZ.

It is possible to notice that this assumption is stated for arbitrarily shaped periodic cells
and that rectangular (cuboid in three dimensions) periodic cells are simply obtained
assuming I o e, for every n.

The assumption of periodicity at the microscale is primarily driven by practical con-
siderations, as it allows the reconstruction of microscopic information by focusing on
a limited portion of the microstructure, specifically the periodic cell. However, this
assumption is not strictly required to derive the homogenized problem. In fact, the an-
alytical formulation of the microstructural problem could have been developed under
the assumption of local boundedness instead.

Assumption V: Macroscopic uniformity In the following, it is also assumed macro-
scopic uniformity, meaning that the periodic cell itself does not depend on the macroscale
variable x. This is a common assumption in asymptotic homogenisation, as illustrated
for instance in [400], and it is equivalent to assuming that we can identify the microscale
domain with a single periodic cell, which is the same for every point of the macroscale
domain [251]. Generalization to non-macroscopic uniformity can be carried out via dif-
ferent approaches (see, e.g., [397] versus [135]). Thus it holds [399]:

Ve - /Q(o)dy = /va - (o)dy. (6.2)

6.3 Balance equations

In this Section, we present the mathematical model taken into account. We consider a
domain QO C R3, where Q = O; U Q,, with Q); and Q, representing the tumour tissue
and the vessel network, respectively. The flow of fluid in both domains, as well as the
motion of the ensemble of cells, treated as a fluid, in the tissue region must satisfy mass
and momentum balances, which vary in form depending on the specific portion of the
domain under consideration. The movement and proliferation of cells are guided by
the availability of nutrients. The chemical transport in both regions obeys an advection-
diffusion-reaction equation, with different coefficients in each domain. The final prob-
lem thus involves determining the unknown fields of interest, namely the pressure p,
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FIGURE 6.1: A 2D schematic representation of the microscale and macroscale domains. This illustration
highlights the distinction between the microscale dimension d and the typical macroscale dimension L,
which defines the homogenized domain where the detailed vessel geometry is averaged and smoothed
out.

the velocity u, and the concentration of the nutrients ¢, which are functions of both
space x and time t. The restrictions of these fields to the tissue and vessel compart-
ments are denoted by the subscripts t and v, respectively. We will first analyze the fluid
and nutrients transport in each portion of (), followed by establishing appropriate in-
terface conditions on I' = 9(); N d(, to finalize the coupled differential problem. To
apply asymptotic homogenization techniques, we further assume that the typical mean
distance between fluid vessels, d, is small compared to the characteristic length L of
the tissue domain (see Figure 6.1). This assumption aligns with the biological scenario
considered, as the characteristic intercapillary distance is on the order of 50 ym [313],
whereas the characteristic size of a vascular tumour can range from a few millimetres to
centimetres [101, 186]. Therefore, we define the appropriate spatial scale ratio as

d
e=7 < 1. (6.3)

6.3.1 Tumour tissue domain

The tumour region (); is considered as a porous medium composed of a mixture of
cells and biological fluid, flowing through a rigid scaffold of extracellular matrix. The
extracellular porous scaffold is assumed to be homogeneously distributed in (); and to
be neither produced nor degraded by cells. Furthermore, the interstitial fluid and the
cells can be collectively treated as a single Newtonian fluid, to which Darcy’s law is
applicable [24, 92, 217]. Thus, inside (), the biological fluid velocity u; is related to the
gradient of the pressure field p; through the symmetric and positive-definite second-
order tensor K, which is related to permeability of the medium and the viscosity of the
fluid phase. Therefore the following relation holds

U = —K(a:)th in Qt . (64)

6.3. Balance equations | 157



Additionally, the ensemble of cells and biological fluid inside €); should satisfy the mass
balance law. Assuming the intrinsic incompressibility of the biological material, which
is mostly composed by water, it is possible to take the density of ensemble of cells and
liquid constant in time, so that the following equations describe the behaviour inside ();

V- ur = rt(ct) +V- mi(Ct) in Qt . (65)

The first term on the r.h.s. of (6.5) represents volumetric growth, while the second term
corresponds to a non-convective mass flux. Both terms may be influenced by nutrient
availability (along with other potential factors), represented, in this work, by a single
general nutrient species (e.g., oxygen) with volume concentration c;(x, t). Nutrients,
that are provided by the vessel network, are transported by u; and diffuse with diffu-
sion coefficient represented by the symmetric, positive-definite, second-order tensors
D¢(x) inside (). The diffusion coefficient is a tensor that can vary in space and can be
anisotropic in general, being affected by the local extracellular matrix alignment. Fur-
thermore nutrients are consumed, with an uptake rate h. Thus, the concentration per
unit volume of the generic chemical species obeys the following advection-diffusion-
reaction equation

%Ctt + V- (Ctut — Dt(:c)Vct) = —I’lCt in Qt . (66)
We remark that, in principle, the uptake rate & and the diffusion coefficient D () should
depend on the tumour cell density. However, consistent with the hypothesis of an in-
ert, rigid, and homogeneously distributed extracellular matrix, this dependency can be
disregarded.

In the following, the system of equations (6.4)-(6.6) is specialized to describe the
motion of fluids and nutrients inside a tumour domain. Thus, for the volumetric growth
in Eq. (6.5), we will set I' = 7yc;, considering a net proliferation inside the tissue domain
proportional to the amount of chemical. However, if the parameter v is set to zero, the
closed mass assumption is retrieved and the growth of the cellular phase occurs at the
expense of the biological fluid phase [24]. In the following, for the sake of generality,
we allow y # 0. With slight modification, the present work can be also easily adapt to
include a the volumetric source, for example representing the role of fluid exchanged
between the interstitium and an additional network of vessels (see, e.g., [194] where the
vascularisation is considered as a source term rather than geometrically resolved). For
instance, the effect of the lymphatic system could be capture by considering a source
term of the form I't = Brs(pr — pLs), being prs the pressure of the lymphatic system,
assumed to be given, and Bs a coefficient related to the permeability of the lymphatic
wall and the surface area of lymphatic vessels per unit of tissue volume [71, 99].

Regarding the non-convective mass flux m; in eq.(6.5), it may be related to the
chemotactic expansion of cells driven by a nutrient gradient [245, 281]. Following the
model proposed in [217, 220], where the flux m,; represents an accretion of mass that
enables the chemotactic expansion of the tumour mass, we set

m; = X(z)Vey, (6.7)

being X(x) the chemotactic tensor. We note that the chemotactic tensor may, in principle,
depend on c¢; [245, 281]. However, as a first approximation, this dependency can be
neglected [112, 245, 402].

Finally, since the motion and diffusion of cells and liquid inside the tissue all follows
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the orientation of the extracellular matrix fibers, we assume that the tensors represent-
ing the diffusion and motion of fluids and cells share the same preferential directions.
Thus, defining A(x) the positive-definite preferential direction tensor, encoding infor-
mation about the microstructural geometry and guiding the movement of cells and flu-
ids [47, 48, 338], we can set K(z) = kA(x), X(x) = x(x)A(x), and D;(x) = D;/A(x). In
the context of biological tissues, the preferential direction tensor could be derived from
diffusion tensor imaging (DTI), which maps the tissue microstructural architecture by
determining water diffusion directions [36, 57]. This procedure allows to reconstruct a
realistic geometry and environment, with the aim of providing a framework based on
patient-specific information. The parameter « is the hydraulic conductivity, which is
related to the tissue permeability k and the dynamic viscosity y by the relation:

K= —. (6.8)

Moreover, D; represents the diffusion coefficient in the tissue, while x () is the chemo-
tactic coefficient. It is worth noting that, unlike the other parameters, x(x) varies spa-
tially, depending on x within the domain. This is due to retain in the model the fact
that cells in different locations may respond differently to chemotaxis. On the other
hand, for what concerns the permeability and diffusion, the dependency on space can
be kept only inside the preferential direction tensor. Furthermore, we note that while x
and D; are positive coefficients, the chemotactic coefficient x(z) may be either positive
or negative [281].

6.3.2 Vessel network domain

Inside the vessel network (), the motion of the fluid, modelled as an incompressible
Newtonian fluid, neglecting inertial effects and body forces, can be appropriately de-
scribed by Stokes flow:

pAu, = Vp, inQ,, (6.9)

v Uy — O il’l Qz] ’ (6.10)

where y is a positive parameter representing the dynamic viscosity of the fluid. In the
context of this work, the fluid inside the vessel network represents blood, which, gen-
erally speaking, is a non-Newtonian fluid composed of plasma and red blood cells [70,
111, 375]. However, in vessels much larger than red blood cells, at constant tempera-
ture and haematocrit, blood can be assumed,as a first approximation, to behave like a
Newtonian fluid, with a viscosity greater than that of plasma [70, 397].

Finally, the nutrients concentration ¢, in the capillary network can be described by
an advection-diffusion equation:

% + V- (coup — Dyp(x)Vey) =0 in Qy, (6.11)
being D, (x) the symmetric, positive-definite, second-order tensors representing nutri-
ents diffusion inside the blood. In the following, we will assume D, (x) = D,A(x), con-
sidering that diffusion follows the preferential directions dictated by the environment’s
microstructure, even within the vessel domain. Finally, we observe that nutrients con-
sumption/decay inside the vessel domain is disregarded.
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6.3.3 Interface conditions

To close the problem, appropriate conditions should be prescribed at the boundary be-
tween the tissue and vessel network domains. In the context of the present Chapter, we
consider a tissue comprising a fluid phase that continuously exchanges with the sur-
rounding vasculature, along with nutrients. By assuming that the Kedem-Katchalsky
formulation [280] applies to both the fluid flux J, and the nutrients flux J;, we derive:

Jo =Ly [(po — pt) = 0RT (co — c1)] , (6.12)

Ja=Tp(1 = 0)co + Ky (co —ct) (6.13)

The parameter L, stands for the hydraulic permeability of the vessel wall, which gov-
erns the fluid leakage from the capillaries. In tumour-induced vessels, this conductivity
can be significantly elevated, potentially up to two orders of magnitude higher than
in healthy tissue vessels, due to the presence of openings and defects characteristic of
tumour vascular networks [267]. Additionally, R denotes the universal gas constant,
T represents the absolute temperature, and K, stands for the diffusive permeability of
the vessel wall. The osmotic reflection coefficient 0 < ¢ < 1 measures the membrane’s
selectivity for the solute and depends on the relative geometry and size of the specific
molecule and the membrane pores. For an ideally fully impermeable membrane (which
allows no solute flux due to convection), ¢ = 1, maximizing osmotic flow. Conversely,
for an unselective membrane, ¢ = 0, indicating no osmosis and the transport of so-
lutes entirely carried by the fluid flow. Therefore, Eq. (6.13) outlines that the nutrients
flux across the vessel membrane comprises a convective component, proportional to
the fluid flux, and a diffusive component, proportional to the concentration differential,
whereas Eq. (6.12) represents that the flux of fluid across the vessel interface results from
both the hydrostatic pressure gradient and the osmotic pressure disparity, with the latter
being directly related to the difference in concentration for dilute solutions. We observe
that, in general, the concentration of all chemicals dissolved in blood should be consid-
ered in the osmotic pressure disparity [193, 401]. Specifically, in healthy vessels, only the
large molecules, such as proteins and in particular albumin, can induce a significant os-
motic pressure gradient. Since the concentration of this large molecules can reasonably
be taken constant, the oncotic pressure (i.e. the osmotic pressure exerted by plasma pro-
teins, particularly albumin) transmural gradient is generally taken as a constant (equal
to 25 mmHg) [193, 401]. On the contrary, in tumour induced vessels, it is possible to
assume that solutes such as oxygen can significantly contribute to the oncotic pressure
[267, 397].

It is important to note that Equation (6.13) represents a linearized form of the rela-
tionship established in [397]. This linearization is particularly valid for extreme values
of Pe,, the transvascular Péclet number, which quantifies the relative importance of con-
vection versus diffusion across capillary walls.

In order to impose the correct interface conditions, we assume continuity of the nu-
trients and fluid fluxes through the interface boundary I' = 9(); N 9Q),:

U =u, n=1J, (6.14)

(ctus — DiA(2)Ver) - n = (cyuy — DyA(x)Vey) -n = Jj. (6.15)

Here, n represents the outward unit vector normal to the capillary surface, while we
denote by

Jo =T (Pos Pt Co,Ct) (6.16)
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Ji = Ja (Po, s co,ct) (6.17)

the flux prescriptions, given in their general form by (6.12) and (6.13), which are func-
tions of the normal component of the viscous stress rather than solely the pressure [397].
Specifically, we adopt the following formulation [399]:

Po=po—2u[E(up)n|-n, (6.18)

where p, is the normal component of the stress tensor in the vessels’ compartment and
E(u,) is the symmetric part of the velocity gradient defined as

E(uo) = % (Vuv + (VuU)T> . (6.19)

We remark that in many work on physiological blood flux transport and exchange with
the tissue [71, 99, 450], the viscous term in (6.18) is usually neglected. However, bound-
ary conditions involving the Stokes” pressure should include the viscous contribution
as well in order to get a coherent variational form of the problem and well-posedness
[155], along with convenient a priori estimates for the convergence of the homogeniza-
tion process [31]. In order to close the problem, an additional boundary condition is
required for the tangential components of the fluid velocity in the capillaries. Given
that the solid compartment acts as a porous medium, as per, e.g., Refs. [31, 399, 451], we
assume that the following Beavers-Joseph-Saffman slip conditions [65, 273, 438] apply:

Uy T = —\2% 2E(uy)n] - 7. (6.20)

Equation (6.20) relates the tangent component of the stress to the tangent component of
the velocity. In particular, « is a non-dimensional parameter that depends on the prop-
erties of the porous interface, 7 is any unit vector tangent to the capillary surface, E(u,)
is the symmetric strain tensor defined in (6.19) and k is the tissue permeability, which
is related to the hydraulic conductivity by relation (6.8). We further note that since the
flow is assumed to be anisotropic, alternative formulations could be considered in place
of (6.20), which would replace the role of the tissue permeability parameter k, for exam-
ple involving the trace of the full permeability tensor [214], or the tangential projection
of its tangent component [96]. While our model could readily accommodate such al-
ternatives, since there is neither agreement on the specific modification that should be
carried out, nor consensus on the appropriateness of the interface conditions (6.20) as
such [162], we have chosen to embrace the most standard formulation of such condi-
tions. The latter are however encoding the role of the properties of the interface, and
reduce to the two crucial limit cases that are most usually explored in practice: the no-
slip conditions (for small permeabilities k), and the free-slip conditions (formally for
large permeabilities k).

6.4 The system of PDEs in non-dimensional form

Equations (6.4), (6.5), (6.6), (6.9), (6.10), and (6.11), along with the interface conditions
(6.14), (6.15), and (6.20), as well as the appropriate flux prescriptions such as (6.12) and
(6.13), form a coupled system of partial differential equations (PDEs). These equations
govern the variables u;, wo, pt, po, ¢t, and ¢, over the entire domain (), which includes
both the tumour microenvironment (); and the capillary network (). For the system
to be well-defined, appropriate initial conditions and external boundary conditions on
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0Q) must be prescribed, tailored to the specific physical system being modeled. We now
express the system using non-dimensional variables:

2
x=Lx, u:CSu’, p=CLp', c=Cd, t:%t’, (6.21)
where C, and C are the reference nutrients concentration and pressure gradient, respec-
tively. Additionally, we recall (6.3), where we have defined the ratio between d and L as
€.

Furthermore, as previously discussed in [397, 399], it is essential to ensure that the
total fluid flux (which is proportional to J, by the total vessel surface area) remains
finite as more vessels or channels are added within a fixed portion of the domain, or
equivalently, as e — 0 (see Eq. (6.3)). This can be managed by noting that the parameters
L, and K; are typically measured with respect to the total fluid flux. Since the latter is
also proportional to the total vessel surface, which scales with the number of vessels
(i.e., ~ 1/¢), it is assumed that the specific flux (per unit surface) scales as O(e). We
account for this asymptotic behaviour of the fluid flux by redefining the parameters
accordingly:

Ly =el,, Kj=¢eK;. (6.22)

The corresponding system of partial differential equations in non-dimensional form is
then given by (with primes omitted for simplicity):

Uy = —KA(w)th in Qt, (623)
V- U = ’7Ct + V- (X(il?)A(SD)VCt) in Qt , (624)
&Au, = Vp, inQy,, (6.25)
V s Uy — O in Q'U ’ (6.26)
aactt + V- (Ct'U,t — DtA(iﬂ)VCt) = —]let in Qt , (627)
% + V- (couy — DyA(z)Vey,) =0 in Qy, (6.28)
supplemented by the interface conditions:
Uy, n=u-n=¢J, onl, (6.29)
Uy T =—€0[(Vuy)n]-7 onT, (6.30)
(coty — DyA(x)Vey) -n = (c;uy — DiA(2)Ve) -n=¢eJ; onT. (6.31)

Here, J, and J; represent the non-dimensional fluid and nutrients fluxes, defined as:
T =Ly (Po—pt) — M (co —cr) , (6.32)

Ji=T(1=0)co +Y(co —cx), (6.33)

where p, is the non-dimensional normal stress given by

Po = Po — 262 [E (up) m] - m. (6.34)
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The non-dimensional numbers, tensors and functions introduced above are defined as
follows:

. A . GlLu _ _
dz/ ,Y_’)/ Cd2 7 X(m)_X(Lw)CdZL/

- - - L -
Dy =Duzlyr, Di=Diglyr, h=hzts, L=L
i _ HLL,oRTC,

Cd3 ’

ol
) Y:Kd%. (6.35)

6.5 Multiscale formulation

In this Section, we use the two-scales technique to derive a continuum macroscale model
for the system of Eqs. (6.23)-(6.31). Given that ¢ < 1, we enforce a sharp separation
between the intercapillary distance d (the microscale) and the tissue characteristic di-
mension L (the macroscale) and define:

y == (6.36)

€

In accordance with standard multiscale analysis [397, 399], © and y are treated as in-
dependent variables, representing the macro- and micro-spatial scales, respectively. We
assume that any unknown field, such as w, u,, pi, po, ¢ and ¢, depends on these in-
dependent spatial variables, which transforms the differential operator as depicted in
(6.1). For each field, we perform a multiple scales expansion in a power series of e:

u(x) = u'(x,y,t) Zu x,y,t)e, (6.37)
p(z) = p'(x,y,t) ZP x,y t)e (6.38)
c(x) = c*(x,y,t) Zc x,y, t)e . (6.39)

We assume periodicity in the microscale variable, so each component is y-periodic. As
such, all the fields u®(x, y,t), p*(x,y,t), and c*(x,y,t), as well as y(z,y) and A(z, y)
are assumed y-periodic. We also assume macroscopic uniformity, meaning that, al-
though we consider a scenario where the geometry can be locally arbitrarily complex
and anisotropic, the periodic cell itself does not depend on the macroscale variable x.
All these hypotheses are further elaborated and summarised in Section 6.2.

The aim of this Section is to derive a closed system of PDEs for the leading-order
variables ugo), uz(,o), pgo), pz(,o), cfo) and cz(,o) over the macroscale domain represented by
the variable . This is achieved by exploiting the conditions that arise from equating
terms of the same order of ¢ in equations (6.23)-(6.31). To focus on obtaining a system
of PDEs that applies solely to the macroscale, we introduce the following cell average

operator:
1
== dy, =1t 0. 6.40
() = T Jo ()Y, 5=t (6.40)

Exploiting the spatial scale decoupling (6.1), Eqs. (6.23)-(6.31) read (after multiplying
each of them by an appropriate power of ¢):

Euy = —EKA(a:, y)vmpt - RA(QB/ y)vypt in Qt ’ (641)
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Vs +eVy - uy = 29¢ + Vg - (X, y)A(z,
eV - (%@, y)A(2, y) Vyer) + eV, - (2l y)A (e,
+Vy - (X (@ y)Alz,y)V

E AUy + Vg - (Vyup) + 2V - (Vaty) + eAyuy = eVapy + Vyp, inQ,, (6.43)

)V ct) (6.42)

Vy-uy+eVg-uy, =0 in)y, (6.44)
ac _
&2 att + Vo - (crur — EDiA(z, y) Vacr — eDiA(z, y) Vycr) + (6.45)
+Vy . (ectut — EDfA(ZB,y)vat — Dt/:\(m, y)Vyct) = —Ezflct in Qt P
ac o _
sza—tv + Va - (Ecotty — EDyA(z, y) Vaco — DAz, y) Vyco) + (6.46)
+Vy - (ecoty — eDyA(x, y) Vaty — DyA(x, y)Vycy) =0 in Oy,
equipped with the following interface conditions:
Uy-n=u-n==eJ onl, (6.47)
uy -7 =—€0[(Vaup)n] -7 —0[(Vyuy)n|-7 onT, (6.48)
(ecouy — eDLA(, Yy) Ve — DyA(x, y)Vycy) - m = (649)
= (scfuf — EDt (.’L‘, y)vat — tA(:B,’y)vth) n = Ezjd on F, )
where the general formulation for the fluid non-dimensional flux (6.32) reads:
7 _ 7 - 2 |1 T
o= Lyp(po—pt) —Tl(co —cr) — ¢ [2 (Vatto+ (Vauo)") n} nt
(6.50)

1
—e [2 (Vyuv + (Vyuv)T> n} ‘n,
while nutrients non-dimensional flux remains defined by (6.33).

6.5.1 Capillary fluid dynamics

We start by considering the capillary problem for fluid and nutrients transport in ),

which is composed by equations (6.43), (6.44) and (6.46), equipped by interface condi-

tions (6.47), (6.48) and (6.49). Our goal is to establish a closed system for the zero-th
0) (0) (0)

order fields uy ’, py ' and ¢, ’. We begin by examining the fluid flow in the capillaries.
By collecting terms of order € in (6.43), we obtain:

Vyr =0= pY = pV(z,£) inQ,, (6.51)
(0)

that means that p,” is y-constant. By equating the coefficients of ¢! in (6.43) and ¢” in
(6.44), (6.47) and (6.48), we derive the following Stokes-type boundary value problem

for (uz(]O) , pz(,l)> :

Ayu) = Vapl” + Vypl!) inQy, (6.52)
vV, ul) =0 inQ,, (6.53)

w . n=0 onT, (6.54)

WV =8 [(vyu§°)> n} .+ onT. (6.55)

164 6. Multiscale homogenization for blood and nutrient transport



Next, we utilize the linearity of Egs. (6.52)-(6.55), along with (6.51), to propose the fol-
lowing ansatz for the solution:

uZ(JO) ($, Yy, t) = —W(QZ, y)vaZ(JO) (m/ t) ’ (656)
iV (z,y,t) = —Py(z,y)  Vor (z,t) + 5z, 1). (6.57)

where p(z, t) represents the part which does not depend on y.
Rewriting the problem in components and omitting the subscript v for simplicity, it

becomes:
Pul®  9p©  gp)

aykayk o axi + ayl mn Qv !
au,ﬁm _0 0O
e mit (6.58)
u,(( )nk =0 onl,
O — —Q%n T onT
{ 'k ayé 04

(0) (0)
82 i ap ) ]ap
0x; opl¥) 0x;j 0 Q)
B R Y + Y, — MRy
(0)
d ijiap
aX]' 0 Q)
E - 25 (6.59)
op®
Wk]aix]nk — O on F,
(0)
a (w2
W op®) 5 0x; .
; T = —0——mym onl.
Since p(?) is y-independent, the system can be rewritten:
9*W;; oP; \ ap®
Y j P .
—— — ;i + =— =0; inQ,,
( aykayk J ayl> ax]
oWy 9p0)
o agx‘ —0 in Q,,
Y % (6.60)
W 22 o r
kj”kaixj = onl,
_OW;; ap(0)
. o 9P
<Wk]’l.'k +6 " nm) ox; 0 onTl.
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This means that the cell fields (W, P,) satisfy the following Stokes’ type problem:

( BZWZ-]- i BP] —0 n O
ayka]/k ij ayi =Uj mily,
oWy
N _yp, in O,
IYk (6.61)
iji’lk = 0] on F,
_d ij
ijTk + QWH[Q = 0] onTl,
which in tensor notation reads:
VyP, = AyWT 41 in Q,,
WT=0 in O,
Vy 2t (6.62)
Win =0 onT,

—0 [(VyWT) n] +=WTIr onT.

The above system of partial differential equations is supplemented by periodicity condi-
tions in y together with suitable conditions that guarantee uniqueness for the auxiliary
vector P, for example

(Py (x,y)),=0. (6.63)

We can now provide a macroscale equation for the average capillary velocity by inte-
grating (6.56) over ();:
(ul’) =-mVapl”, (6.64)

1
where M = (W), or, componentwise, M;; = 0] va Wijdy. Equation (6.64) en-
v

tails that, at the macroscale, the average velocity profile in the capillaries follows an
anisotropic form of Darcy’s law. The flow is primarily driven by the leading-order pres-
sure pz()o) within the capillaries, while the microstructural characteristics are represented
by the permeability tensor M.

To derive a macroscale equation for pz(,o), we gather the coefficients of order ¢! in

equations (6.44) and (6.47):
Vy u) 4V, ul =0= v, ul = -v, ), (6.65)
ul) m =7, (6.66)

Integrating (6.65) over ():
<vw : u§,°>>v — <vy : u§,1>>v . (6.67)

Exploiting the macroscopic uniformity, the divergence theorem with respect to y and
the y-periodicity, we obtain:

oo\ 1 / (1) |
Va <u > oy o ndsy. (6.68)
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Using (6.66), we can write:

AN -1 /—(0)
Voo (ul) = a5 sy, (6.69)

Finally, we can incorporate Eq. (6.64) to derive the equation for the leading-order pres-
(0)

sure p,
. ©)y_ 1 /-(0)
Va (Mvmpv> ) |, dsy. (6.70)

The fluid flow within the capillaries compartment is not incompressible at the macroscale.
The source term on the right-hand side of above equation arises from the leading-order

fluid flux jb(o), defined as:

T30 =Ly(pY - p”) — 11l — ). 6.71)

Consequently, the microscale exchange between the tumour and capillary compart-
ments across the interface I' translates into a volumetric contribution on the global scale.

Finally, a macroscale equation for the leading-order nutrient concentration in the
capillaries is derived by collecting the coefficients of ¢ in (6.46) and (6.49):

v, (DUA (z,y) vyc<0>) —0 inQy, (6.72)

(DUA (z,y) vyc@)) m=0 onT. 6.73)

Eq. (6.72), together with (6.73) and y-periodicity, has a constant solution with respect to
y,ie.,
¢tV = ) (z,t) . (6.74)

Then, we collect the coefficients of ¢!-terms, obtaining:

— V- (DUA(m,y)Vycz()O)> +

. o (6.75)
+Vy- (cz(,o)uz(,o) - DUA(w,y)Vwcz(,O) — DUA(w,y)Vycz(]l)) =0 inQyp,
(cg,o)ul(,o) — DUA(az,y)Vwcz(;O) — DDA(m,y)Vycz(,l)) n=0 onT. (6.76)

Then, in Eq. (6.75) we utilize the fact that cz(,o) is y-independent and apply (6.53) while
in Eq. (6.76) we apply (6.54) to derive:

Vy- (A(x,y)vmc§°> + A(w,y)vycz(,l)> =0 inQ)y, (6.77)
(A(:c,y)vwcz(,o) + A(m,y)Vycz(,l)) n=0 onT. (6.78)

At this point we can state the following ansatz:

c?()l) (CL‘, Yy, t) = —a (CC, y) : vmci()O) (CC, t) + Ev<x/ t) s (679)
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where ¢, (z, t) represents the part which does not depend on y. The ansatz can be ex-
pressed in components as (removing the subscript v for convenience):

(0)
) = _aiaacx +é. (6.80)

Rewriting Eq. (6.77) in terms of its components and incorporating the ansatz, we obtain:

aCO i aC(O)
(M) (A” %, ( "))

9y 9y '
aﬂk
o (4,22)
dAik 9y, 9 —0, (6.81)
ayz ayl axk
’ (g;kA“ > 9A
j ik .
= = in Q).
oy Y
In tensor notation, it reads:
v, [(vya) AT} ~=V, AT inQy,. (6.82)

Expressing Eq. (6.78) in component form and incorporating the ansatz, we obtain:

o [ ac® ac®
_AijT% (”"axk> ni = _Aikaixk”ir

(0)
o (425 A ) 2 =, (6.83)
9y; Oxk
= %Aijni = Ayn; onl;
J
which in tensor components reads:
(Vya)A'Tn =ATn onT. (6.84)

Finally, the auxiliary vector a (x, y) solve the cell problem:

{vy [(Vya) AT} = V,, - AT inQ,, 655
(Vya)Aln = ATn onl.
A further condition for a is required to ensure uniqueness, for example:

(a(z,y)), = 0. (6.86)

Next, we aim to derive a macroscale equation for the leading-order concentration in the

capillaries cz(,o). We begin by equating the &2 coefficients in equations (6.46) and (6.49),
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resulting in:

ac) 0.0 5zo 0 pzo 0
“ Y. (cv w? DAV — DAV, ) + 657)
+V,y- (cz(,o)uz(,l) + czgl)uz(,o) — DUAVwcz(]l) — DUAVyCz(,Z)) =0 inQy,
(Cz()o)'uz()l) +cMul” — DAV e — DvAvycz(Jz)) n=7J" onT, (6.88)
where the zero-th order nutrients flux is given by
jd(o) = jb(o) (1-0) CS,O) +Y (céo) — C§O)> . (6.89)

Taking the integral average over (), of the first equation, exploiting the divergence the-
orem, the y-periodicity and the interface condition given from the second equation, we
obtain:

(0) D, (A
o+ Ve (0 () ) = Vo (00 (B, Vacl?) + (690)

~ Vo (D (AV,el) ) + Iévl /rjd(o) dSy =0 in Q.
Using the ansatz we can write:
acy) o
o+ Ve (@ (w),) = Var (DoAY, VICS’O)) - (6.91)
+ Vo (Do (A(Vya)") Vacl”) = o /rjd“’) ds, in Q.

By defining the second order tensor D, = D, <A —A (Vya)T> , which represents the
(%

effective diffusivity tensor for the capillary compartment, we can reformulate Eq. (6.91)
to finally obtain the following reaction-diffusion-advection equation for nutrients con-

(0)

centration c; ’:

(0)
2 Ve (9 (u) D) = - [0, ma.. 6

To conclude, the differential problem in the capillary domain is given by (6.64), (6.70)
and (6.92) for variables <u7(10)> , p§°) and cS,O). The system is not closed, because the fluid
(%

and nutrients fluxes jb(o) and J d(o) depend on the tumour micro-environment variables
too. Hence, we proceed to derive the macroscale differential system for the tumour
micro-environment compartment, allowing us to formulate a closed coupled problem
involving both capillary and tumour micro-environment variables.

6.5.2 Tumour microenvironment problem

We consider now the tumour micro-environment problem, which consists of Egs. (6.41),
(6.42) and (6.45) and the first part of the interface boundary conditions (6.47) and (6.49).
We start equating coefficients of €” in (6.41) to obtain:

— %A (2,y) Vypl =0 = p¥ = pV(a,t) inQy, (6.93)
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(0)

that means that p, ’ is y-constant.

By equating the coefficients of el in (6.41) and (6.42) and of € in (6.47), we obtain:
ugo) = —R/_\(m,y)vago) - KA(:c,y)Vypgl) in O, (6.94)
Vi’ = Ve - (R(@,9)Al@,y)Vye”)+

+ V- (R, 9)A,y) V) + Vy - (%(z, y)Alz, y) Vyct?)  inQy, (6.95)
ugo) ‘n;=0 onT, (6.96)
where n; = —n is the outward unit vector normal to the tumour micro-environment
surface. Now, we can substitute Eq. (6.94) into Egs. (6.95) and (6.96) to obtain:
= Vy - (FA@y)Vapl” + 7A@, y)Vypt) = Vo (R(@,v)A2,y) Vye” )+
+Vy - (X(@9)A@ y)Vee,”) + Vy - (R(2,9)A@ y)Vyet)) inQr,  (697)
Az, y)Vyp, -y = —A(z,y)Vap, -ny onT. (6.98)

At this stage, we need to derive an equation for the leading-order pressure, pgo). Before
proceeding with this, we will first derive an equation for the leading-order nutrient
concentration, cgo), and propose an ansatz for cEl), as these quantities are present in

Eq. (6.97). To achieve this, we collect the coefficients of €0 from Egs. (6.45) and (6.49):
~ Yy (DiA(z,y)Vyel” ) =0 in 0y, (6.99)

(DtA(a;,y)vchO)) ‘m;=0 onT. (6.100)

The first equation, together with periodicity conditions in y and homogeneous Neu-
mann conditions on I', has a constant solution with respect to y, i.e.

¢ =0 (a,1) . (6.101)

Collecting terms of order ¢! in Egs. (6.45) and (6.49) we obtain the following differential
problem:

V- (DA, y)Vye” ) +
(6.102)

+ 9y (c”u” ~ DiA (2, y)Vac” — DiA(z,y)Vye) =0 in Oy,

(Cgo)ugo) - DtA(ZB, y)V.»cch) - DtA(iU,y)Vycgl)) =0 onl. (6.103)

Then, in Eq. (6.102) we utilize the fact that cgo) is y-independent and substitute V, - u§0)

recalling Eq. (6.95), while in Eq. (6.103) we apply (6.96) to derive:

Vy- [(x(m y)el” — Di) Al y)Vyel)| =
© A\ ) (6.104)
[( x,y)c; —Dt> A(z,y)Vac; ] in O,
A(m,y)vycfl) Sy = —A(m,y)vwcgo) ‘ny onT. (6.105)
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(1)

We can then state the following ansatz for ¢, ’:
cgl)(sc, y,t)=—b(z,y)- Vwcgo)(:c, t) + Ci(z, t), (6.106)

where & (x,t) denotes the component that is independent of y. In components it can be
written as (removing the subscript t for convenience):

—b—=— +¢. (6.107)

Then, we insert the ansatz in (6.104), which in components reads:

_© ~\gz O acl? -\ ; oc
a[(m ~D) A, (ba 2| (16l - D) Aug
_ =0,

Ay, i

) a[@ém_a)&gZ} a[@qw_DQAA aAm:o, 6108

9y ay; ox
_ _\ dby -
. 3 [(Xcgm _a Dt) a}/’;Aij} K [ (Xcgm B Dt) Aik} o
Yi i
In tensor notation, we obtain:
Uy [ (%l = Di) (Vyb) AT| = - [ (el = D) AT| im0 (6.109)

Expressing Eq. (6.105) in component form and incorporating the ansatz, we obtain:

_ (0) _ (0)
40 (bkaC> pe A 2
Xk

_ _ (0)
N (Aijgb’f - Aik) % o, (6110)
Yj Xk
= %Aqnl =Ayn; onl,
9
which in tensor components reads:
(Vyb)ATn =ATn onT. (6.111)

Finally, the auxiliary vector b (x, y) solve the cell problem:

Yy (2 = D) (vyb)AT] = v, - | (%! — D;)AT] in 0,
2 (1) (7087 = - [0 a7 .
(Vyb) Aln = ATn onT.
A further condition for b is required to ensure uniqueness, for example:
(b(x,y)), =0. (6.113)

Next, our goal is to derive a macroscale equation for the leading-order concentration
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cEO) in Q. To do this, we start by matching the ¢? terms in equations (6.45) and (6.49),
leading to:

(0)
act + vw . (C§0)u£0) — DtAV:I:CEO) - DtAvycgl)) + (6 114:)

49y () 4Vl — DAY — DAV, = il 0,

(cgo)ugl) + cgl)ugo) — DtAVwcgl) — DtAVycgz)) ‘ny = —jd(o) onT, (6.115)

where the zero-th order fluxes jb(o) and J d(o) are defined by (6.71) and (6.89). Taking the
integral average over (); of the first equation, exploiting the divergence theorem, the y-
periodicity and the interface condition given from Eq. (6.115), we can rewrite Eq. (6.114)
as:

5 G (W9 () ) Ve (D1 (B, Vi) +

h (6.116)
Vo (D (AVye") ) - o /r 70 ds, = —h” Q.
Using ansatz (6.106) we can write:
5 Gy (9 () ) V- (D1 ), Vacl?) +
ot T NE AT A P 6.117)

(D, (A T 0) _1/-<0> 70
+ Vo - (D (A(Vyb) ) Vacl ) = o o 48— inoy.

Firstly, we observe that the zero-th order nutrient flux, J d(o), which appears in the sur-
face integral term on the right-hand side and defined by (6.89), is independent of y due
to the conditions given in (6.51), (6.74), (6.93), and (6.101). Next, we define the second-
order tensor D; = D; </_\ —A (Vyb)T>t, which represents the effective diffusivity tensor

for the tumour compartment. Incorporating these two observations into Eq. (6.117), we
obtain the following reaction-diffusion-advection equation for the nutrient concentra-

tion Cgo):
o, + V- (C(O) <u(0)> D,V c(0)> _ U 70 _p0 40, (6.118)
ot x|\ to/, xCt [ t ’
where |T| is the total surface of the interface I'.
We have now to write an equation for the leading order velocity uEO) and pressure

pgo)‘ Examining equations (6.97) and (6.98), we can now rewrite them by considering

that C§0) is y-independent. Furthermore, we can consider the ansatz (6.106) made for
(1)

cp

Vy - (kA(m,y)Vypgl)) =—Vy- <1€A(m,y)va§0)) —Vy- (X(m,y)A(a:,y)Vwct(O))—i—
+Vy - (X(z,9)A,y) (Vyb) Vaec!”) in O, (6.119)
A(w,y)vypgl) Sy = —A(a:,y)Vmpgo) -n; onT. (6.120)
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At this point we can state the following ansatz:

p (@, y,t) = =P (2,y) - Vap” (x,1) — Ci (2, y) - Vol (x,t) + pr(x, 1), (6.121)

where p(x, t) represents the term independent of y. The ansatz can be written in com-
ponents as (removing the subscript t for convenience):

op(0) 9c0)
1) — P~
P b ox; " ox;

+7. (6.122)

Rewriting Eq. (6.119) in terms of its components and incorporating the ansatz (6.121),
we obtain:

D (oq B D (L2 aCa\ _ (o o
Iy, <KA” dy; 8xk> + Iy, (KA” dyj oxx ) Ay, FAi X +

o (_,; 9 o [ _. o ac<0>>
+ o | XA | — 5 (| XAij5 55—
y; ( " 9xy ) ay; ( ]ay]' Xy (6.123)
d apk> R ] ap°
kA A; +
{Byl ( T oy; oy; (RAi) Xy

0 _ _‘_E)Ck d abk aCO _ .
[ayi (KA” ayj> 3y (XA* *igy, 3y, )] om0 e

By equating the terms in the first parenthesis, we obtain:

O (A 2P) _ 0 a0 (7R _ 0 o
aiyi <KAz]ay],> - aiyl (KAzk) = a]/l <A1] ay]> - ayl (Alk) ’ (6.124)
which in tensor notation reads:
Uy [(VyP)AT| =V, AT in0y. (6.125)

Furthermore, by matching the terms in the second parenthesis, we get:

0 (- 0C\ 9 [_x __‘E)bk
which in tensor notations reads:
Uy [R(VyC)AT| = Vy - [fAT = 2 (Vyb) AT| in . (6.127)

Expressing Eq. (6.120) in component form and incorporating the ansatz, we obtain:

_ 90 ap( ) ) 9c0) o ap(O)
_AZ]T% <Pk ax ) ny — AZJT% (Ckaxk ni = _AlkTanZ

- - (6.128)
= aPk = ap = aCk dc .
By equating the terms in the first parenthesis we obtain:
Ai]'?):l;lfni = Aikni on F, (6129)
]
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which in tensor components reads:
(VyP)ATn =ATn onT. (6.130)

By equating the terms in the second set of parentheses, we obtain:

- 0C
Aijj=—n; =0 r, 6.131
ij ayj n; Kk on ( )
which in tensor components reads:
(Vy,C)ATn =0 onT. (6.132)

Finally, the auxiliary vector P; (x,y) solve the cell problem:

V- (V Pt) AT =V 'AT in Qt,
v [ _y _J Y (6.133)
(VyP) ATn = ATn onT,
while the auxiliary vector C; (x, y) solve the cell problem:
Vy - [®(VyC) AT =V, - [xAT — g (V4b) AT] in O,
Yy [ ) y-t ] y [ Yy ] t (6.134)
(VyCi)ATn =0 onT.

An additional condition for P; (z,y) and C} (x, y) is needed to ensure uniqueness, such
as:
(P (x,y));,=0 and (C;(xz,y)),=0. (6.135)

Then, a cell averaging of Eq. (6.94) over (); provides:

(uf”) = % (A), Vap” + R (A(V,P)) Vop” +& (A(V,C)') Voel? in Q.

(6.136)
Finally, defining the tensors
F=r(A-A (VyPt)T>t (6.137)
and
G=r¢ <A (vyct)T>t , (6.138)

we obtain a macroscale equation for the average velocity in tumour micro-environment:
<u§°) >t = —FVapl” + GV, in 0y (6.139)

The average velocity profile in the tumour micro-environment from the combination of
two factors. The first term on the r.h.s. of (6.139) states that the flux is proportional to
the gradient of the leading-order pressure, pgo), and it can thus be seen as an anisotropic
Darcy’s law at the macroscale. The second term on the r.h.s. of (6.139) accounts for cell
motion driven by the gradient of the leading-order chemical concentration C§0)’ resem-
bling a generalization of the Keller-Segel chemotactic velocity at the macroscale.

The influence of the microstructure is incorporated through the tensors F and G,

respectively.
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To close the entire macroscale model, we need a macroscale equation for the lead-
ing order pressure pEO) . To obtain it, we collect the £* coefficients in (6.42) and the ¢!

coefficients in (6.47):

Ve ul” + V- ulV = 3¢9+

+ Ve (R (@) A@,y) Vo) + Vo (X (2,9) Al2,y) Vyel ) + (6.140)
+Vy < (z,y)A(z,y) Vg cg )> +Vy - (‘(m,y)A(m,y) VchZ)) in Qy,
u n=-7 onT, (6.141)

where we recall that n; = —n.
An integral averaging of the first equation over (), using the divergence theorem in the
y variable, provides:

Ve - <u§0)> Q| /ut ny dSy = 7C§ +
LV, ((XA>tiC§ )) _v,- <<XA(vyb)T>tvwc§0)) +

! s (Av.cV L Avw, 2 .
+m /r X(Avmct + AV,c; ) nidS, in Q. (6.142)

Taking into account the interface condition (6.96) and (6.141), we can rewrite the inter-
face condition (6.115) as:

~(0) ~(0)
(Avmcﬁ” 1 Avyc§2>) = Db 4 Ji_ onr. (6.143)
D D

Using the interface conditions (6.141) and (6.143) and defining C = < YA — XA (Vyb)T>t,
we can rewrite equation (6.142) as:

1
Vo (ul?) =7 ‘Qt’/jb ds, —l—‘Q’/xwy dS+

70 (6.144)

1 0) , O)
\Qt! ¢ dSy + Va- (CVacl”) in 0.

Next, we observe that the fluxes jb(o) and J d(o)’ as defined in Egs. (6.71)-(6.89), are inde-
pendent of y due to the conditions specified in (6.51), (6.74), (6.93), and (6.101). Conse-
quently, we obtain:

- 1
Vo (uf”) =7¢" + HJ ,—g /rx(w,y)dsw

Q
VALY o)
? 5} / x,y) dSy + Vg (CVmct ) in Q.

(6.145)
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Finally, we define X(x) = [, X(«,y) dS, and we use Eq. (6.139) to obtain:

=(0
r o 17

Vo (FVap”) = —7c” + =17, LX(x)+
[on Q| Dy (6.146)
1 7Y :
o By X @) + Ve (620 Va"] inoy,

In this case, the effective source term on the right-hand side of Eq. (6.146) primarily
arises from the leading-order fluid and nutrient fluxes, jb(o) and J d(o)' Additionally,
there is a further contribution from the gradient of the nutrient concentration.

The differential problem for tumour micro-environment is finally given by Egs. (6.139),

(6.146) and (6.118) for the tumour micro-environment variables <u£0) >t, pt(o) and CSO).

Particular case

A particular case arises when the parameter ¥ is independent both of « and of y, i.e,,
X(z,y) = x. In this specific scenario, we observe a simplification of the tumour micro-
environment problem. In fact, Eq. (6.104) can be rewritten as:

(%et” = Di) Uy - (A, y) Vel + A, y) Vel ) =0 in Oy, (6.147)

One solution of Eq. (6.147) could be

(O (@, )= =t, W, Vo e Q. (6.148)

Rl‘p'

Assuming that solution, Eq. (6.147) is trivially satisfied and is valid for any cgl). There-
fore, without loss of generality, we can state the following ansatz:

(@, y,t) = —b(z,y) Vac” (z,t) + &2, 1), (6.149)
which in components can be written as (removing the subscript ¢ for convenience):

oc(®
M % s
c b; o, +é. (6.150)

D
The above ansatz is valid both when cEO) (z,t) = ft, since (6.147) is trivially satisfied

for any cgl), and in this specific case cgl) = (i(x, t) is y-independent. It is also valid
D
when CEO) (z,t) # ft, in which case Eq. (6.147) can be rewritten as:

Vy - (A(m,y)vmcgo) + A(m,y)vyc£1)> =0 in Q). (6.151)
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In the second scenario, in order to find the correct vector b (x,y), we insert the ansatz
(6.149) in (6.151), which in components reads:

93¢0 i ac(®
(M) (A” %, <bk "))

ayi ayl !
oA, ° (Aif gbk) ac(©
ik y] ¢ — 0, (6.152)
ayi ayz Bxk
I (?Aif> dA
= y] = ik in Qt .
ay,- ay,
In tensor notation, we obtain:
Uy [(Vyb)AT] =V, AT in . (6.153)

Expressing Eq. (6.105) in component form and incorporating the ansatz, we obtain:

o (, ac® ac(®)
_AijaT/i (bkaxk> n = _Aikaixkni/

(0)
N ( 4,20 Aik> 22 o (6.154)
ay] 8xk
d
= aZk‘Aljni = Az-kni on F;
]
which in tensor components reads:
(Vyb)Aln =ATn onT. (6.155)

Finally, the auxiliary vector b (z, y) solve the cell problem:

V- [(Vyb) ATl =V, - AT in Oy,
v [(Vy0) AT =V, 6156)
(Vyb) Aln = Aln onl.
A further condition for b is required to ensure uniqueness, for example:
(b(x,y)), =0. (6.157)

Next, our goal is to derive a macroscale equation for the leading-order concentration

Cgo) in ();. To do this, with analogous steps as the general case, we obtain Eq. (6.118).

The main difference in this equation lies in the distinct and easier cell problem that the

auxiliary vector b(x,y) must satisfy. In fact, the cell problem (6.156) is independent of

C§0) (z, t) and, therefore, can be solved once at the outset.

(0)

We have now to write an equation for the leading order velocity u,; ~ and pressure

pgo). Examining equations (6.97) and (6.98), we can now reformulate these expressions,

(0)

taking into account that cto is, in any case, independent of y. Furthermore, we can either
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consider the alternative solution (6.148), which entails that cgo) is a global constant and

(1)

¢, is a y-constant function, or utilise Eq. (6.151) to obtain:
Vy - <A(w,y)Vyp§1)> =—-Vy- (A(w,y)vago)) in O, (6.158)
A(m,y)vypgl) ‘= —A(m,y)vago) ‘ny onT. (6.159)
At this point we can state the following ansatz:
p (@, y,t) = —Pi (z,y) - Vap'(z, t) + pr(z, 1), (6.160)

where p;(z, t) denotes the component that is independent of y. The ansatz can be rewrit-
ten in components as (removing the subscript ¢ for convenience):

op®
pt) = —Pi—gx_ . 6.161)

Rewriting Eq. (6.158) in terms of its components and incorporating the ansatz, we ob-

tain: o
0
"\ afa; (p

a(“‘*axk)_ (”aw )

dy; dy; '
ony ° (Aifgplv ap(©)
ik Y p =0 (6.162)
ayi ayl axk !
i (31;‘4” ) 9A
J _ ik .
= 3y, = 3y, in Q.
In tensor notation, it reads:
A [(vyPt)AT} =V, AT inQ. (6.163)

Expressing Eq. (6.159) in component form and incorporating the ansatz, we obtain:

(0) (0)
a0 (Pap )ni:—A i

ijafyi o * Jxe ni,
P (0)
N < oL Az‘k) 2P o (6.164)
ayj ka
ey
= JAl'ji’li = Ayn; onl,
Y,
which in tensor components reads:
(VyP)A'Tn =A"n onT. (6.165)
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Finally, the auxiliary vector P; (z,y) solve the cell problem:

Vy - [(VyP)AT] =V, -AT in Q,
v [(VyP)AT] = Vy 6.166)
(VyPr) ATn = ATn onT.
A further condition for P is required to ensure uniqueness, for example:
(P (z,y)), = 0. (6.167)

Then, an integral averaging of Eq. (6.94) over (); provides the macroscale equation for
the velocity in the tumour microenvironment:

<u§0)>t =K <A>t VwPEO) -k <A (VyPt)T>t Vmpg()) in . (6.168)

Defining F = & <A —A (VyPt)T>t, we obtain a macroscale equation for the average

velocity in tumour microenvironment:
<u§0)>t = —FVp¥ inQy. (6.169)

In this particular case, in the tumour micro-environment compartment, the average ve-
locity profile is given by an anisotropic Darcy’s law. The role of the microstructure is
encoded in the permeability tensor, which is given by F. In this formulation, the term
representing cell movement driven by the gradient of the leading-order chemical con-
centration CSO), which would otherwise represent the macroscale chemotactic velocity
similar to the Keller-Segel model, is absent.

To close the entire macroscale model, we need a macroscale equation for the leading
order pressure pgo). To derive this result, we gather the ¢? terms from (6.42) and the ¢!
terms from (6.47) and we obtain:

Ve ul” + vV, ul =59 4+ v, - (%A(z,4) Vac!™) + Ve - (¥A(z, y) Vye )+
+ Vg (%A, y)Vac) + V- (%A(z,4)Vyc'?) inQy, (6.170)

uV ny=-7% onT. (6.171)

An integral averaging of the first equation over (), using the divergence theorem in the
y variable and y-periodicity, provides:

e 1/ (1) _ ~ 0
Vw <ut >t+ |Qt| F'U,t n dsy — ,)/Ct +
Ve (8 (B), Vo)~ Vo (2 (A(Vy0)) Vae®)+
L = (A (1 |, = @) )
+ |Qt| /TX (Av:cct +AVth ) L dSy in Q. (6172)

Taking into account the interface condition (6.96) and (6.171), we can rewrite the inter-
face condition (6.115) as:

onTl. (6.173)

7(0) #(0)
) = _jb -0 Ty

1 2
(Avwct( ) + Avycg ) D, ¢ )
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Using the interface conditions (6.171) and (6.173) and defining C = x < —A(Vyb) >t
we can rewrite equation (6.172) as:

0
Vm-<u§0)> ’ycg |Q|/jb dSy + |Qt|/ 4 4S,+
(6.174)

0
|Qt|/ ct dS + Vg, <CVwct ) in ().

Next, we observe that the fluxes jb(o) and J d(o), as defined in Egs. (6.71)-(6.89), are inde-
pendent of y due to the conditions specified in (6.51), (6.74), (6.93), and (6.101). Conse-
quently, we obtain:

r r| J\°
Var (u”),=1¢" ||Qt|| ||Qt|| Bt

T 70 (6.175)
vy WA

o Dt —|— Ve (Cvmct ) in .

Finally, we use Eq. (6.169) to obtain:
r ] 7
Vo (FVap”) = 1" - ||o||‘7b LA
1 70 ! (6.176)
_7177 . ) (0) .
+X|Qt| 5} c Ve [vact ] in Q).

Also in this particular case, the effective source term on the right-hand side primarily

arises from the leading-order fluid and nutrient fluxes, jb(o) and J d(o) and a further
contribution from the gradient of the nutrient concentration.
The differential problem in this particular case is defined by (6.169), (6.176), and

(6.118) for the variables <u£0) >t, pgo) and cfo).

Remark 6.1 We would like to highlight that the particular case can be directly derived from the
general case by assuming a constant value for x. Since G is defined by (6.138) in terms of the
auxiliary vector C}, we notice that problem (6.134), when {X is a constant, reduces to:

{vy- [& (VyCi) AT] = XV - [AT = (Vyb) AT]  in Oy, (6.177)

(VyCi)ATn =0 onT.

In this system, the right-hand side equals zero as it corresponds to the first equation of (6.112) in
the case of a constant x. Consequently, the solution to the system (6.177) implies that the vector
C; is constant with respect to y. Based on the definition of G in (6.138), it follows that G is the
null tensor, and therefore it does not appear in (6.169). As such, the contribution to the modi-
fied Darcy’s law which is proportional to the gradient of the concentration is directly related to
spatial variations of the chemotactic coefficient. However, even when the chemotactic coefficient
is a constant, the final model still features additional contributions mediated by the chemotactic
coefficient to both the drug and blood fluxes at the macroscale, as per equation (6.176).
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6.6 Summary

In this Chapter, we have analysed a system of partial differential equations (PDEs) in
non-dimensional form, defined over two distinct domains, (); and (),, governed by the
balance laws (6.23)-(6.28). The interaction between these domains is described through
the interface conditions (6.29)-(6.31). The model is derived with a focus on a specific
application: the description of flow exchange and motion in a tumour microenviron-
ment. Therefore (); represents the tumour region, while (), corresponds to the capil-
lary network. In this context, net growth may occur, either as a volumetric term or as
a mass flux associated with chemotactic accretion. The interface conditions accounts
for the exchange of blood and nutrients across the capillary walls. With slight modi-
fications, the model could also be adapted to describe a healthy tissue microenviron-
ment or even other scenarios, such as the exchange of substances between roots and soil
[345]. By leveraging the separation of scales between the macroscale and microscale,
we employed homogenisation techniques under the assumptions of local periodicity
and macroscopic uniformity to derive a closed system of differential equations for the
leading-order quantities: <ut(0)> , <uz(,0)> , pgo), pz(,o), ct(o), and cE,O).

The resulting system of equattions describes fluid flow using a porous medium model.
In the tumour microenvironment, the mass balance equation at the macroscopic scale
accounts for effective transport between the compartments (); and (), through mass
source terms that encapsulate macroscopic changes in the microvasculature. Addition-
ally, the mass balance incorporates a macroscopic form of the non-convective mass flux

related to chemotactic growth. The average velocity <u§0) >t, describing the flow of the

biological material, modelled as a fluid, is driven by both the pressure gradient and
the nutrient concentration gradient. In contrast, within the capillary domain (),, the
fluid flow adheres to classical Darcy’s law. The permeability tensors involved in these
relations can be computed by solving differential cell problems.

The effective governing equations for nutrients transport are formulated as a cou-
pled advection-diffusion-reaction model. The reaction terms in this model account for
nutrient exchange between the two compartments and also reflect the influence of mi-
crovascular geometry. The role of the microstructure is also encoded in the effective
diffusivity tensors; in €),, these tensors can be computed by solving classical differen-
tial problems on a representative unit cell. In contrast, a more complex cell problem,
incorporating macroscopic quantities, is necessary for €);.

The primary contribution of this work is the derivation of a mathematical model
that captures the key physical phenomena driving tumour growth and fluid flow at
the tissue scale. The influence of the microvasculature is integrated through effective
macroscale coefficients, which are obtained by solving associated cell problems. Our
model represents an initial effort to incorporate the effects of the microstructural char-
acteristics of capillary network into tumour growth simulations, accounting for both
volumetric growth and cell mass flux driven by chemotactic processes. Additionally,
the model captures the local anisotropy of the microenvironment, which fundamentally
affects fluid flow, nutrients transport and diffusion, cell dynamics and chemotactic ac-
cretion in highly anisotropic tissue [237], such as brain [48, 143] and cartilage [178, 226].
However, in its current form, the tumour domain does not evolve over time, a limitation
that should be addressed in future studies by employing, for instance, a level set method
to account for domain expansion. Additionally, the tumour tissue is represented as an
ensemble of cells and liquid, macroscopically modelled as a simple Newtonian fluid,
without differentiating between the liquid and cellular components. This assumption
limits the ability to fully capture the proliferative nature of tumour growth, suggesting
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that this aspect should be refined in future work. Furthermore, while mechanical defor-
mations are neglected in the present formulation, extension of this work should consider
the poro-mechanical response that typically characterizes tumours [19, 143, 399].

This study lays the groundwork for understanding the impact of vascular geometry
and nutrient delivery on tumour growth and its response to chemicals. The proposed
mathematical framework can be adapted for numerical simulations of fluid and nutri-
ent transport in realistic tumour geometries reconstructed from medical imaging data.
These numerical results can then be validated against clinical observations, and in the
long term, the model’s predictions could contribute to improving anti-cancer treatment
strategies and support rapidly emerging sophisticated attempts to couple mathematical
modelling and machine learning, see, e.g., [356].
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Conclusions

This thesis investigates brain tumour growth through advanced mathematical mod-
els, integrating mechanical deformation, phenotypic heterogeneity, and fluid-nutrient
transport. The study employs multiscale and multiphase approaches to capture tumour
dynamics and their impact on surrounding brain tissues, paving the way for patient-
specific therapeutic strategies.

Chapter 2 presents a multiphase mechanical model that quantifies tumour-induced
deformations and stresses. By incorporating anisotropic growth driven by brain fibres,
it captures the irregular and heterogeneous behaviour of tumours. Patient-specific MRI
and DTI data are used to reconstruct realistic 3D brain geometries, enabling precise
simulations of ventricular compression and its impact on adjacent healthy tissues. The
model also simulates therapeutic treatments like chemotherapy and radiotherapy. Nu-
merical results, obtained using FEniCS, validate the model’s ability to replicate the com-
plex dynamics of tumour growth and its mechanical effects, offering insights into tai-
lored therapeutic strategies.

Chapter 3 focuses on the viscoelastic behaviour of brain tissue, performing ramp-
and-hold relaxation tests in torsion on freshly slaughtered cylindrical ovine brain sam-
ples. The complete set of viscoelastic material parameters was estimated via a simul-
taneous fit to the analytical expressions for the torque and normal force predicted by
the modified Quasi-Linear Viscoelastic (MQLV) model. The model’s predictions were
further validated through finite element simulations in FEniCS. Our results show that
the modified quasi-linear viscoelastic model accurately fits the experimental data. The
derived material parameters have implications beyond tumour modelling, potentially
aiding studies on traumatic brain injury and the development of protective sports head-
gear.

Chapter 4 introduces differential equation models to capture cancer cell dynam-
ics and immune interactions, focusing on immunotherapeutic treatments involving T-
lymphocyte infusions. An ordinary differential equation (ODE) model identifies thresh-
olds for therapy effectiveness through analytical and numerical bifurcation analyses.
Building on this, a partial differential equation (PDE) model adds spatial dynamics
via diffusion and chemotaxis, allowing for simulations of tumour growth and immune
response within 3D patient-specific brain geometries. Sensitivity analyses provide in-
sights into tumour-immune interactions, guiding personalised immunotherapeutic strate-
gies.

Chapter 5 explores phenotypic heterogeneity in tumour cells under varying oxygen
conditions using a reaction-diffusion partial integro-differential equation (PIDE) frame-
work. The model incorporates anisotropic diffusion tensors to account for the direc-
tional properties of the extracellular environment. Numerical simulations reveal com-
plex wavefront dynamics influenced by spatial variations in oxygen and phenotypic
traits. Analyses on 3D brain geometries reconstructed from MRI and DTI data highlight
the interplay between tumour growth, oxygen diffusion, and cell migration along white
matter tracts, advancing personalised therapy design.
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Lastly, Chapter 6 develops a PDE-based model to describe fluid and nutrient trans-
port within the tumour microenvironment. By leveraging asymptotic homogenisation,
the model integrates microscale vascular details into a double porous medium frame-
work, coupling fluid dynamics with nutrient transport. Permeability and diffusivity
tensors, derived through cell-problem analyses, encapsulate microvascular geometry’s
role in macroscopic behaviour. The Kedem-Katchalsky formulation is employed for nu-
trient and fluid exchange across capillary walls. While some limitations remain, this
framework offers a foundation for numerical simulations of realistic tumour geometries
and supports the development of anti-cancer treatments.

Therefore, this thesis opens several promising avenues for future researches in the
continuously evolving field of brain tumour modelling, with four main directions out-
lined below.

For the mechanical model presented in Chapter 2, future efforts could focus on ad-
dressing the contact of ventricle edges caused by tumour-induced deformations using
contact mechanics. Additionally, refining the initial conditions for fluid phases by in-
corporating voxel-wise estimations of free water in the brain would enhance model pre-
cision. It could be also interesting to retain the brain ventricles within the domain and
couple the poromechanics system with the Stokes or Navier-Stokes equations to model
the flow within the ventricles [195]. Moreover, accounting for mechanical heterogene-
ity between grey and white matter, especially for tumours with stiffness comparable
to healthy tissue, could further improve the framework. Integrating fluid exchange
between tissue and vasculature, currently omitted, would enable a more realistic rep-
resentation of vascularised tumours. This could be achieved through homogenisation
techniques, as discussed in Chapter 6, or by employing 3D-1D coupling methods. Ther-
apy modelling represents another critical area for advancement. Incorporating detailed
pharmacodynamic processes and validating them against clinical data could refine pre-
dictions of treatment outcomes. Moreover, integrating the immunotherapeutic strate-
gies explored in Chapter 4 could provide a more comprehensive understanding of ther-
apeutic interventions. Lastly, adapting the model to simulate surgical resection prior to
chemo-radiation therapy poses a significant challenge but could yield valuable insights

Regarding the model in Chapter 4, which incorporates immunotherapy, several en-
hancements could be introduced. In this study, only constant infusion therapies were
considered. However, in clinical practice, treatment is often administered intermittently,
with intervals spanning several days. Exploring the effects of non-constant therapy ad-
ministration within the ODE model framework could help identify optimal treatment
regimens that minimise intervention while mitigating adverse effects, potentially em-
ploying control theory techniques. Additionally, the PDE model could be extended
to incorporate various infusion strategies, with numerical stability further enhanced
through stabilisation methods such as the Streamline Upwind Petrov—Galerkin (SUPG)
formulation, to properly handle the chemotactic term. Drawing from the experience
gained in Chapter 5, the model could also be expanded into a reaction-diffusion par-
tial integro-differential equation (PIDE) framework to better account for spatial hetero-
geneity and complex dynamics. The current analysis is limited to interactions between
lymphocytes and tumour cells, excluding the roles of other cell populations, such as
macrophages and stem cells, and the influence of cytokines mediating cellular inter-
actions. Specifically, the model could be expanded to include the effects of TGF-§, a
cytokine secreted by the tumour that plays a critical role in establishing an immuno-
suppressive microenvironment in brain tumours. Moreover, modelling the interplay
between immunotherapy and other treatment modalities, such as radiotherapy and
chemotherapy, could provide valuable insights for developing multimodal therapeu-
tic strategies. Finally, it would be valuable to incorporate mechanical effects into this
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model. Building on the mechanical framework presented in Chapter 2, an initial ap-
proximation could involve modelling T cells and TGF-f as part of the fluid phase to
explore the role of mechanics in immunotherapy. Subsequently, the model could be ex-
tended to include T cells as a distinct third population, enabling a more comprehensive
analysis of their interactions with the tumour and the fluid phase.

Future developments of the work presented in Chapter 5 could focus on extending
the model to incorporate additional biological factors, such as the impact of acidity on
the evolutionary dynamics of cancer cells, and refining representations of tumour mi-
croenvironments to better capture their complexity. Including the effects of various ther-
apies would also be beneficial, as resistance to hypoxia is strongly linked to resistance
to both chemotherapy and radiotherapy [131, 142, 315, 415]. Moreover, rigorous valida-
tion against experimental data and clinical observations will be critical for fine-tuning
the model parameters and enhancing its relevance to practical applications. Incorporat-
ing stress-induced phenotypic changes caused by hypoxia would also be valuable, en-
abling the integration of phenotypic heterogeneity into a mechanical framework. Such
an approach could build upon the models described in Chapter 2, providing a more
comprehensive understanding of the interplay between mechanical forces and pheno-
typic dynamics in tumour progression.

Finally, Chapter 6 also presents opportunities for significant improvements. In its
current form, the tumour domain is static and does not evolve over time, a limitation
that could be addressed in future studies by implementing dynamic domain expansion
methods. Furthermore, the tumour tissue is currently modelled macroscopically as a
simple Newtonian fluid, representing a mixture of cells and liquid without differen-
tiating between these components. This simplification limits the model’s capacity to
fully capture the proliferative nature of tumour growth, highlighting the need for re-
finements that explicitly account for cellular and liquid contributions. Moreover, the
present formulation neglects mechanical deformations, which are a critical aspect of tu-
mour progression, as discussed in Chapter 2. Future extensions should incorporate the
poro-mechanical behaviour typically observed in tumours, as described in the literature
[19, 143, 399], to achieve a more comprehensive and realistic representation of tumour
dynamics.

Overall, this thesis introduces novel methodologies and insights into the mathemat-
ical modelling of brain tumours, advancing the understanding of tumour growth mech-
anisms and therapeutic responses. By integrating mechanical, biological, and fluid-
dynamic aspects, it lays the foundation for future research that bridges experimental,
clinical, and computational approaches. These findings have the potential to inform the
development of personalised treatment strategies, ultimately contributing to improved
patient outcomes in oncology.
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