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Multi-harmonic EMI reduction optimization of
spread spectrum in multiple-RBW environment

Francesco Gabriele, Graduate Student Member, IEEE, Fabio Pareschi, Senior Member, IEEE, Davide Lena,
Maria Rosa Borghi, Riccardo Rovatti, Fellow, IEEE, and Gianluca Setti, Fellow, IEEE

Abstract—We investigate here both from a theoretical and
practical point of view the problem of optimizing EMI reduction
by means of spread spectrum clocking when lower harmonics
need to be analyzed with a smaller RBW, and higher harmonics
with a larger one. This situation is indeed a trade-off, where
a designer can trade performance in terms of EMI reduction
for lower harmonics with that achieved for higher harmonics.
Two approaches are considered and analyzed. The first trade-
off, denoted as Single Triangular Modulation, consists in the
standard and commonly adopted triangular based spreading,
where the role of the parameters is investigated with the aim
of optimizing EMI reduction both in the lower part and the
upper part of the spectrum. The second one, denoted as Double
Triangular Modulation, is inspired by a recent Application Note
and it is much more complex from an implementation point of
view, being based on two simultaneous triangular modulations
with different parameters. The comparison shows very similar
performance, so that the adoption of the more complex approach
results questionable.

Index Terms—ElectoMagnetic Interferences, Spread spectrum,
Frequency Modulation, DC-DC converters.

I. INTRODUCTION

SPREAD SPECTRUM is a well known technique first
introduced in [1], [2] to mitigate the problem of Elec-

tromagnetic Interference (EMI) emissions in all electronic
circuits presenting any switching activity, such as digital
circuits, switching DC-DC converters, communication pro-
tocols, and others. With EMI we refer to an unintentional
energy transfer from a source circuit to a victim circuit either
by means or electromagnetic radiation or as disturbances
propagated through the power supply line, that may cause
a malfunctioning in the victim. To avoid this scenario, in-
ternational regulations [3], [4] state that the emitted power
spectrum of any commercial device, measured in the proper
way [5], should present a density peak below a given level.
In accordance to this point of view, spread spectrum clocking
technique introduces a controlled jitter in the interfering signal
with the aim of introducing additional spectral components,
thus reducing the energy of components already present in the
spectrum.

Spread spectrum is quite common nowadays, and many
references can be found in the literature [6]–[9], including
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Fig. 1. Applying Spread Spectrum to a sinusoidal tone redistributes its energy
so that energy spectrum is changed from narrow-band to wide-band, with a
reduction in its peak level. Even when considering periodic signals with a
theoretical discrete spectra (faded lines ion the right panel), the measured
EMI spectra will appear continuous (solid lines) due limitations in the EMI
measurement set-up both for the unmodulated and the modulated case.

some overview works [10], [11]. Applications range from LED
lighting [12], [13] to induction heating [14], communication
protocol such as PCIexpress or Serial-ATA [15], GaN based-
converters either for automotive [16] or low-power commercial
converters [17], and even to modular converters for space
applications [18]. Some works exist also investigating the
relation between EMI and a DC-DC output ripple [19], or how
to implement spreading in a full-digital PWM [20]. Spread
spectrum can also be found in many commercial DC-DC
switching converters [21], [22].

Even if many different approaches exist [10], the most
common way to implement spreading is by means of a
Frequency Modulation (FM) of the reference timing signal
by means of a driving signal g(t), as schematized in Figure 1.
In fact, modulating the reference timing signal is the easiest
way to modulate all synchronous signals with it (e.g., the input
current signal is in-phase with the reference clock of the pulse-
width modulator stage in a DC-DC converter).

The modulation of a sinusoidal tone at frequency fc with
a periodic driving signal g(t) at frequency fm is sketched in
Figure 1. We know that: i) the resulting spectrum is periodic,
but appears as continuous due to limitation in the measurement
setup; ii) according to Carson’s rule [23], modulation results
in a spread of the power of the signal approximately in
a band [fc −∆f − fm, fc +∆f + fm], where ∆f is the
frequency deviation; iii) depending on the signal profile of
g(t), different shapes of the modulated signal spectrum are
obtained. For instance, the adoption of a sinusoidal driving
signal implies the presence of two peaks at both ends of
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Carson’s bandwidth [10]. Therefore, despite it can be easily
synthesized in hardware, its adoption results in non-optimum
EMI-reduction performances. Many other approaches have
drawn the attention of designers, including random, pseudo-
random or even chaotic modulations [10], [24], [25]. However,
even if these solutions ensure very good EMI reduction per-
formance, they require complex hardware designs to generate
the signal g(t). In contrast, the adoption of a triangular driving
signal represents a very good trade-off between the signal
generation complexity and the flatness of the modulated signal
spectrum. For such a reason, it results the most common
modulation approach for EMI reduction purposes. Indeed, a
triangular g(t) ensures that the spectrum in the Carson’s band
is almost flat, independently of fm. Since it is intuitive that
the flatter the power spectrum in a given band is, the lowest
its peak value, it is clear how this solution ensures the highest
probability to be complaint with regulations. In conjunction,
a triangular signal can be straightforwardly generated through
simple analog or digital circuital implementations [26], [27].

Due to aforementioned properties, the spread spectrum
based on triangular modulation has been intensively studied
from a theoretical point of view. Authors of [28] were able
to analytically compute both the theoretical Fourier spec-
trum (i.e., the spectrum computed according to the Fourier
Transform), and the expected spectrum when measured in
accordance to the EMI regulations (that will be hereinafter
referred as EMI spectrum). Even if the Fourier spectrum of a
spread signal is almost flat in the Carsons’s band, in particular
for small values of fm, the EMI reduction measured with a
spectrum analyzer (as in accordance to regulations) coincides
with the EMI reduction expected according to the Fourier
spectrum only for high fm values, whereas we can see a
reduction in the effectiveness of spreading with respect to
what expected from the Fourier spectrum when the modulation
frequency fm is low. This is due to the so-called short-time
effect, and the intuitive explanation is that when the interfering
signal frequency is changed too slowly, it appears to any victim
circuit (and also to the spectrum analyzer) indistinguishable
from an unmodulated signal. In other words, spreading fails if
observed for a short-time period (that happens when the victim
circuit has a fast transient response to such an interference).
Accordingly, optimal performance in terms of EMI reduction
is for a finite value of fm, that has been found in [28] to
be similar to the resolution bandwidth (RBW) used in the
spectrum analyzer and imposed by regulations.

For a generic interfering signal, the above observations on
a sinusoidal tone can be done for any of its harmonics. Inter-
estingly, when a unique RBW value is considered, optimum
in terms of EMI reduction is achieved at the same time for
all harmonics. Due to this, it is very common when dealing
with spread spectrum clocking to limit the investigation to a
sinusoidal interfering signal only.

However, if the EMI reduction optimization process in-
volves multiple frequency windows featuring different RBWs,
the results in [28] do not directly apply. In fact, international
regulations such as [5] require that the RBW to be used is
changed when scanning different parts of the power spec-
trum. As an example, the RBW is 9 kHz for frequency up
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Fig. 2. Example of the scenario considered in this paper, where the RBW has
to be changed (approx. increased of one order of magnitude) between lower
and hagher hrmonics. Equivalent parameters regulating the modulation of the
different harmonics (detailed in Section II) are also listed.

to 30MHz, but has to be increased to 120 kHz for higher
frequencies. If the analyzed bandwidth is further increased
above 1GHz, than the required RBW is 1MHz. Generally,
an increase of approximately of one order of magnitude is
observed from one EMI band to another one.

The effect of this can be observed in the example of Fig-
ure 2, where the RBW has to be changed between the third and
the fourth harmonics. The key point, mathematically detailed
in Section II, is that one can handle the modulation of a
complex signal such as a PWM one simply by modulating each
of its harmonics with a different set of equivalent parameters,
the most important of which are also reported in the figure.
As can be observed, the change in the RBW generates a
discontinuity in the normalized RBW, defined as the RBW
divided by the equivalent frequency deviation. This makes the
optimization procedure for the lower harmonics completely
different from that for higher harmonics, and also paves the
way to a joint optimization procedure never considered in the
spread-spectrum related literature.

This situation is of practical industrial interest, and it
has been considered in a recent Application Note [29]. The
latter investigates EMI compatibility of high-speed DC-DC
converters operating with a switching frequency in the several
MHz range, where only a few harmonics of the switching
frequency require a 9 kHz RBW, the 120 kHz RBW has to be
used for higher harmonics. It is clear that EMI optimization
in this scenario is much more complex than simply setting
fm = RBW, as this approach only optimizes either the lower
harmonics in the spectrum or the higher harmonics.

To cope with this case, a particular spreading approach has
been proposed in [29] based on two simultaneous modulations,
one using a low frequency driving signal and the other using a
high frequency driving signal. It has been empirically shown
through bench measurements that this technique is effective in
mitigating the disturbances in both frequency ranges. However,
it completely lacks both a theoretical foundation and a com-
parison with other suitable approaches for the EMI reduction
purposes in a multiple RBWs environment.

Hence, the scope of this work is twofold. First, we want to
establish a theoretical framework for the approach presented
in [29]. As it will be thoroughly detailed, this practically trans-
lates in addressing the problem of the spectrum computation
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Fig. 3. The two spread spectrum approaches considered in this paper: the
Single Triangular Modulation (left) and the Double Triangular Modulation
(right). The former relies on a triangular waveform (solid plots) at a frequency
intermediate between a lower one (dashed plots) and a higher one (dotted
plots) according to two coefficients kA ∈ [0, 1] and kB = 1 − kA. The
latter involves the weighted sum (solid plots) of a low frequency triangular
waveform (dashed plots) and a high frequency triangular waveform (dotted
plots) according to the same two coefficients.

of the cascade of two generic frequency modulations, making
the computation of the resulting spectrum much easier than
a direct computation. Due to the practical reasons discussed
above, we focus on both FMs generated by triangular driving
signals, instead of employing one triangular and one random
modulation as in [29]. This method, sketched in Figure 3,
will hereinafter be referred as Double Triangular Modulation
(DTM).

Second, we will compare the DTM approach with a simpler
one, which we name Single Triangular Modulation (STM), and
also shown in Figure 3. The latter involves a single triangular
waveform with an optimized modulation frequency value fm,
which turns out to be an intermediate value between the two
RBWs values to be used. In both the examined cases, the
optimization process will result in a trade-off between the
EMI reduction for lower harmonics (i.e., harmonics in the low-
RBW frequency region) and for higher ones (i.e., harmonics in
the high-RBW frequency region). It will be demonstrated that
the DTM approach has only limited advantages with respect to
the optimized STM. Consequently, this makes questionable the
adoption of two simultaneous modulations in practical cases.

The paper is organized as follows. In Section II, an essential
mathematical background for multi-harmonic spread spectrum
is provided. In Section III, the STM approach in a multi-RBWs
scenario is considered, detailing the derivation of the theo-
retical and measured spectra, and experimentally validating
the achieved results. In Section IV, the case of spreading by
means of DTM waveforms is considered. In Section V, some
comments regarding the comparison between the STM and
the DTM approaches are proposed, describing the trade-offs
introduced with these two approaches. Finally, we draw the
conclusion.

II. SPREAD SPECTRUM MATHEMATICAL BACKGROUND

Let us consider a generic periodic signal s(t) representing
the main source of EMI, such as, for example, the conducted
power supply current in a DC-DC converter. Being the system
periodic of frequency fc, let us assume to write s(t) as

s(t) = AΨ(2πfct) = AΨ(ϕ (t)) (1)

where A is the signal amplitude, Ψ is a proper function
normalized in amplitude (i.e., so that −1 < Ψ(ϕ) < 1)
and periodic with unitary angular frequency (i.e., with a 2π
period), whereas ϕ(t) = 2πfct is the instantaneous phase
of the signal, and dϕ/dt = 2πfc the instantaneous angular
frequency.

Let us also consider a normalized periodic signal −1 ≤
g(ξ) ≤ 1 with unitary angular frequency and zero average, i.e.,∫ 2π

0
g(ξ)dξ = 0. We want to apply FM to Ψ using frequency

deviation ∆f and driving signal g(2πfmt + φ). Applying a
FM is basically a change in the instantaneous phase from ϕ
to ϕ′ according to the modulation law:

ϕ′ (t) = ϕ (t) + 2π∆f

∫ t

−∞
g (2πfmτ + φ) dτ, (2)

where the new instantaneous angular frequency is dϕ′/dt =
2πfc + 2π∆fg(2πfmt + φ), ranging from 2π(fc − ∆f) to
2π(fc + ∆f). Note that this observation is grounding the
aforementioned Carson’s rule, and it is also in accordance with
the example of Figure 1. Since FM is achieved by altering
the phase of a signal, it is reasonable to assume that when
applying the spreading to the reference timing signal, all the
signals generated starting from this one share the same phase,
and so they are modulated according to the same law. This is
the approach commonly followed in actual spread spectrum
clocking implementations.

From (2), we can infer some information regarding the
obtained spectrum. In particular, assuming Ψ has a Fourier
expansion

Ψ(ϕ) = ψ0 +ψ1 cos (ϕ+ φ1) +ψ2 cos (2ϕ+ φ2) + . . . , (3)

and applying the series expansion (3) and the modulation law
(2) to (1), the generic n-th harmonic of s(t) reads as

Aψn cos

(
2πnfct+ 2πn∆f

∫ t

−∞
g (2πfmτ + φ) dτ + φn

)
.

(4)
This leads to the common knowledge that applying FM to a
generic signal is equivalent to independently modulate each of
its harmonic, the n-th harmonic modulated with a frequency
deviation n∆f and the same driving signal g(2πfmt+ φ).

Thanks to this, in order to study the FM of a generic signal,
it is enough to consider the FM of a generic sinusoidal tone
and apply the results to all harmonics of the generic signal.
As an example, Figure 2 shows how parameters change for
the first five harmonics of a generic signal. For the sake of
simplicity, we will limit ourselves to consider the modulation
of a sinusoidal tone, i.e., Ψ(ϕ(t)) = cos (ϕ(t)), without
considering phase and amplitude parameters (i.e., according
to the established notation in (4), A = 1 and φ1 = 0) and
applying different modulation parameters depending on the
harmonic we will consider, as shown in Figure 2.

III. SINGLE TRIANGULAR MODULATION

In the following, we will quickly recall some of the prop-
erties and formulas grounding the analytic computation of the
spectrum of a frequency modulated signal, which will allow
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us to better understand some properties of spread spectrum
systems.

Fourier Spectrum: let us define the auxiliary function

G(τ) =

∫ τ

−∞
g(ξ)dξ, (5)

that, given the properties of g, is periodic with a unitary
angular frequency period. Being j the imaginary unit and
introducing the parameter m ∈ R, also the function ejmG(τ)

exhibits periodicity with a unitary angular frequency. There-
fore, it can be written as the Fourier complex series

ejmG(τ) =

+∞∑

l=−∞
Γl(m)ejlτ , (6)

where Γl(m) is a proper sequence of complex numbers
depending on m, computed as

Γl(m) =
1

2π

∫ π

−π

ejmG(τ)e−jlτdτ. (7)

It is easy to see that, if G is an odd function (i.e., G(−ξ) =
−G(ξ)), then Γl(m) ∈ R.

The computation of the Fourier spectrum for a modulated
sinusoidal tone assuming a generic driving signal g can be
derived from the sequence Γl(m) in the same ways used in
textbooks [23] when the driving signal is a sinusoidal tone,
namely:

Ψ(ϕ(t)) = cos

(
2πfct+ 2π∆f

∫ t

−∞
g(2πfmτ + φ)dτ

)
=

= Re
(
ej2πfctejmG(2πfmt+φ)

)
=

= Re

(
ej2πfct

+∞∑

l=−∞
Γl(m)ejlφej2πlfmt

)
=

=

+∞∑

l=−∞
|Γl(m)| cos (2πfct+ 2πlfmt+ arg (Γl(m)) + lφ) ,

(8)
where Re is the real part operator and m = ∆f/fm is a
secondary parameter usually addressed to as modulation index.

As well known in modulation theory, the power spectrum
of (8) is discrete, with components at frequencies fc + lfm,
l ∈ Z, whose amplitude depends on |Γl| only, and phase on
arg(Γl) and φ. As already observed, for a non-sinusoidal s(t),
it is enough to apply (8) to each of its harmonics, considering
a different modulation index as in Figure 2 and, according to
(4), an amplitude scaling by Aψn and a phase lag φn .

The computation of the Γl(m) in (7) is fairly intricate. The
case of a sinusoidal modulation (i.e., g(ξ) = cos(ξ) and so
G(ξ) = sin(ξ)) is well known [23], with Γl(m) = Jl(m) real
and given by the Bessel functions of first kind and order l.
The case of a triangular modulation has been solved in [28],
and assuming

g(ξ) =




1 + 2

ξ − 2kπ

π
, if − π + 2kπ < ξ < 2kπ

1− 2
ξ − 2kπ

π
, if 2kπ < ξ < π + 2kπ

(9)

with k ∈ Z, leads again to real coefficients Γl(m). The case
of a driving signal made of pulses with random amplitudes
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Fig. 4. Different optimization possibilities for a standard spreading approach
for the case study of Figure 2. (a): Optimization of lower-order harmonics;
and (b): Optimization of higher-order harmonics.

has been analytically studied in [30]. This case is however
slightly different since it leads, due the lack of periodicity,
to a continuous spectrum. To the best of authors’ knowledge,
no other cases of interest have been analytically solved. In
this regard, under the assumption of an arbitrary-shaped g(ξ),
deriving an analytical closed-form expression for the Γl(m)
coefficients directly via (7) is not straightforward.

EMI spectrum: it was observed in [28] that the EMI
spectrum (i.e., the spectrum measured by the spectrum ana-
lyzer) of a sinusoidal tone modulated by means of a triangular
driving signal is different from what expected according to
the aforecomputed Fourier spectrum. First of all, the former
is a continuous spectrum measured with a limited resolution,
whereas the latter is discrete and achievable by measurements
only if assuming an infinitely high resolution. It is evident that
a straightforward comparison is not possible. A comparison is
indeed possible if one consider the spectrum achieved when
assuming that the discrete Fourier spectrum is observed with
a resolution that is limited, and equal to the RBW. This is
point of view considered in [28] and, accordingly, the Fourier-
derived spectrum decreases with m until the product between
the modulation index and the the normalized instrument res-
olution, defined as ρ = RBW/∆f , is such that mρ ≫ 1. In
this case, the resolution of the instrument RBW ≫ fm, i.e.,
it is not enough to detect the individual spectral components,
and the power of many of them is summed in the observed
spectrum. Assuming a flat spectrum in the Carson’s band,
the achieved EMI reduction (defined, as in the example of
Figure 1, as the difference between the peak value of the power
spectrum of an unmodulated signal and the peak value of the
measured power spectrum of the same signal when spreading
is applied) is given by 10 log(RBW/(2∆f)) = 10 log(ρ/2).

If we compare this spectrum with the EMI one, we can
say that when m is low (approximately, mρ < 1) the two
spectra are very similar, whereas for high values of m (i.e,
approximately mρ > 1) many differences arise. In particular,
the EMI spectrum for m very large is increased to almost
the same value of the unmodulated spectrum, leading to no
reduction in terms of EMI. Motivations are deeply discussed
in [28]. In other word, if EMI reduction for the Fourier-derived
spectrum is achieved for large m, this does not happen for
the EMI spectrum. When considering international regulations,
according to [28], the EMI reduction is a function REMI (m, ρ)
depending on m and ρ only. In order to maximize the actual
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EMI reduction, we need to find the minimum of REMI (m, ρ),
and this is observed for a finite value of m that depends on ρ
and, in the general case, it is achieved for mρ ≈ 1.

Multi-RBWs Optimization: the outlined considerations on
EMI reduction only refer to a single harmonic in a single-RBW
environment. Therefore, we aim to extend the methodology
presented in [28] in order to address a multi-RBWs scenario,
as sketched in Figure 2.

In Figure 4 we have plotted the value of REMI (m, ρ) for
some values of normalized resolution, and corresponding to
the five harmonics considered in Figure 2 when assuming,
for the first three harmonics, ρ = 0.012. In Figure 4(a) we
have added a marker for the value of m optimizing EMI
reduction for the first harmonic. In accordance to Figure 2, the
second and third harmonics are modulated using a different
modulation index (2m and 3m, respectively). However, for
these curves we need to consider a different value of normal-
ized resolution (ρ/2 and ρ/3, respectively). Intriguingly, it is
evident that when setting spreading values that optimize EMI
reduction for the first harmonic, also the second and the third
harmonics are found to be optimized. This is intuitively ex-
plained as the product modulation index-normalized resolution
for the generic n-th harmonic is given by nm ·ρ/n = mρ and
has the same value independently of n.

However, this does not happen for the fourth and fifth
harmonic. In order to keep numbers simple, assume that
RBW is increased by a factor 10×. The modulation index
and normalized resolution here are, respectively, 4m and
10ρ/4 (for the fourth harmonic) and 5m and 10ρ/5 (for the
fifth harmonic). The products of these terms are much larger
than 1, leading to non-optimized operating points that make
spreading almost ineffective for these two harmonics. It is
indeed possible to set a value of m much lower in the aim of
optimizing EMI reduction for the fourth and fifth harmonics,
as in Figure 4(b), but the operating point of lower harmonics
has a product modulation index-normalized resolution so low
that, for these harmonics, spreading is ineffective.

In conclusion, in the scenario of Figure 2, it is easy to set
parameters of a STM to achieve good performance in terms
of EMI reduction either for the lower part of the spectrum
or for the upper part of the spectrum. On the contrary, the
joint optimization is a not trivial trade-off, as in both parts of
the spectrum the achieved EMI reduction is smaller than that
achievable when the system is optimized for a specific RBW
value, but EMI reduction is still observed at all frequencies.
From a mathematical point of view, the joint optimization
consists in setting the value of m so that the product ρm is
somehow lower than 1 for lower harmonics, whereas for higher
harmonics it is somehow higher. This allows to achieve, for
both high and low-frequency regions, a ρm product not so
distant from 1.

In practice, to determine the value of m that optimize the
joint EMI reduction trade-off, we sweep the fm value in the
interval [fAm, f

B
m ], keeping a fixed ∆f value. We denote by fAm

the modulation frequency that achieves optimal EMI reduction
performance for the smaller resolution bandwidth RBWA,
while fBm represents the modulation frequency required to
maximize EMI reduction for the larger resolution bandwidth

kA

REMI[dB]
kA

REMI[dB]

1
Fig. 5. Comparison between expected and measured performance for the EMI
reduction of the first, third and fifth harmonic considering a single triangular
modulation. Solid lines represent the reduction according to Equation (11),
whereas dotted lines according to measurements.

RBWB . Introducing two real coefficients kA and kB ranging
from 0 to 1 and such that kA + kB = 1, let us evaluate
the performance in terms of EMI reduction when a single
triangular modulation at a frequency fm intermediate between
fAm and fBm , and given by

fm = kAfAm + kBfBm = kAfAm +
(
1− kA

)
fBm . (10)

In this way, by setting kA = 1 (i.e., kB = 0) we have opti-
mization for the harmonics interested by to RWBA, whereas
kA = 0 (i.e., kB = 1) leads to optimization for the RBWB .
All intermediate values represent a trade-off.

In accordance with the latter, the EMI reduction for the
n−th harmonic for the STM case is defined as

REMI

(
n∆f

kAfAm + (1− kA) fBm
,
RBW{A|B}

n∆f

)
, (11)

where the kA parameter permits to tune the modulation
frequency fm. The REMI value is thus evaluated according
on the selected value of RBW, as detailed in [28].

Experimental Validation: the expression in (11) has been
plotted with a solid line in Figure 5 as a function of kA for
the first, third and fifth harmonic of a signal (i.e., the first
harmonics of a 50% duty cycle square wave). Parameters
used are fc = 100 kHz, fAm = RBWA = 1kHz and
fBm = RBWB = 10 kHz. First and third harmonics have
been evaluated using RBWA, whereas the fifth harmonic using
RBWB.

For the sake of comparison, the measured EMI reduction
has also been plotted in the same figure with dotted lines.
This has been derived from the measured spectrum that has
been acquired by generating the signal with an Agilent 33220A
Arbitrary Waveform Generator and connecting it to a RIGOL
RSA3030N spectrum analyzer. The good matching confirms
the validity of the theoretical approach proposed, and clearly
highlight the trade-off: by setting an intermediate values of
fm it is possible to trade some dB of EMI reduction for
lower harmonics with some dB of EMI reduction for higher
harmonics. Aiming at reducing at the same time the first and
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the fifth harmonics, the optimal trade-off appears to be at
kA = 0.2, where both harmonics present an EMI reduction
that can be evaluated in about −5 dB.

IV. DOUBLE TRIANGULAR MODULATION

The DTM approach recalls the method presented in [29],
and it consists of superimposing slow and fast driving signals
to address the trade-off between EMI reduction for the lower
and for the upper part of the spectrum. In practice, this lead
to consider the cascade of two FMs.

Let us define the normalized periodic driving signals −1 ≤
gA(ξ) ≤ 1 and −1 ≤ gB(ξ) ≤ 1, both periodic with unitary
angular frequency, and apply a first spreading according to
frequency deviation kA∆f and the driving signal gA(2πfAmt+
φA), and a second one with frequency deviation kB∆f and
the driving signal gB(2πfBmt+φ

B). The first modulation leads
to a change of the instantaneous phase from ϕ(t) = 2πfct to

ϕ′(t) = ϕ(t) + 2πkA∆f

∫ t

−∞
gA
(
2πfAmτ + φA

)
dτ, (12)

whereas when adding also the spreading due to the gB we get

ϕ′′(t) = ϕ′(t) + 2πkB∆f

∫ t

−∞
gB
(
2πfBmτ + φB

)
dτ =

= ϕ(t) + 2π∆f

∫ t

−∞

(
kAgA

(
2πfAmτ + φA

)
+

+kBgB
(
2πfBmτ + φB

))
dτ.

(13)
In other words, considering two cascading FMs is equivalent

to consider a standard FM using the weighted sum of the
two driving signals as new driving signal. By setting kA +
kB = 1 we may have a fair comparison between the standard
triangular spreading approach with this one, as in both cases
the instantaneous frequency ranges from fc−∆f to fc+∆f .

Fourier spectrum. Let us define the two auxiliary functions
GA and GB , as well as the two sequence ΓA

l and ΓB
l

G{A,B}(τ) =
∫ τ

−∞
g{A,B}(ξ)dξ,

Γ
{A,B}
l (m) =

∫ π

−π

ejmG{A,B}(τ)e−jlτdτ.

(14)

Proceeding as in (8), it is possible to write the modulation
of a sinusoidal tone as

cos

(
2πfct+ 2π∆f

∫ t

−∞

(
kAgA(2πfAmτ + φA)+

+kBgB(2πfBmτ + φB)
)
dτ
)
=

= Re
(
ej2πfctejk

AmAGA(2πfA
mt+φA)·

·ejkBmBGB(2πfB
mt+φB)

)
=

= Re

(
ej2πfct

+∞∑

l=−∞
ΓA
l (k

AmA)ejlφ
A

ej2πlf
A
mt·

·
+∞∑

l=−∞
ΓB
l (k

BmB)ejlφ
B

ej2πlf
B
mt

)
.

(15)

where we have implicitly defined m{A,B} = ∆f/f
{A,B}
m .

The two sums in the last line of (15) can be simplified by
means of a discrete convolution involving the two sequences
ΓA
l and ΓB

l . Let us consider, for the sake of simplicity, that
fBm is a multiple of fAm, so that we define fm = fAm = fBm/N ,
N ∈ N. Let (N)ΓB

p be the up-sampled version of ΓB
l , defined

as:
(N)ΓB

p (ξ) =

{
ΓB
l (ξ) if p = Nl

0 otherwise
. (16)

With this, the product of the two sums can be written as:
+∞∑

l=−∞
ΓA
l (k

AmA)ejlφ
A

ej2πlfmt·

·
+∞∑

p=−∞

(N)ΓB
p (k

BmB)ej
p
N φB

ej2πpfmt =

=

+∞∑

q=−∞

+∞∑

p=−∞
ΓA
q−p(k

AmA)ej(q−p)φA ·

· (N)ΓB
p (k

BmB)ej
p
N φB

ej2πqfmt =

=

+∞∑

q=−∞
Γ∗
qe

j2πqfmt,

(17)
where we have set l = q − p, and the sequence Γ∗

q has been
implicitly defined as the discrete convolution between the two
sequences ΓA

l (k
AmA)ejlφ

A

and (N)ΓB
p (k

BmB)ej
p
N φB

(i.e.,
the up-sampled version of ΓB

l (k
BmB)ejlφ

B

). Equation (15)
can now be rewritten as

Re

(
ej2πfct

+∞∑

q=−∞
Γ∗
qe

j2πqfmt

)
=

=

+∞∑

q=−∞

∣∣Γ∗
q

∣∣ cos
(
2πfct+ 2πqfmt+ arg

(
Γ∗
q

))
.

(18)

This result provides a valuable alternative to the direct
computation of the Γl(m) coefficients for the FM using as
driving signal the waveform g(ξ) = kAgA(ξ) + kBgB(ξ),
shown in Figure 3. In fact, owing to the assumption fm =
fAm = fBm/N , the g(ξ) is periodic with period 1/fAm, and one
may in principle consider the straightforward computation of
the Γl(m) coefficients via (7). However, deriving an analytical
expression requires solving a non-trivial integral in closed
form, which is not always possible, or anyway proven to
be a cumbersome task even if for simple cases such as the
sinusoidal or triangular well-known cases.

The proposed DTM approach assumes that both gA and
gB are triangular functions, defined as in (9). Therefore,
ΓA
l and ΓB

l can be expressed as in [28], and Γ∗
q can be

computed. An example comparing the expected spectrum from
(18) and the spectrum simulated on Matlab is depicted in
Figure 6 with fAm = 1kHz, fBm = 10 kHz, ∆f = 15 kHz
and kA = kB = 0.5. The phases of the triangular waveforms
are set to φA = φB = π/2 so that gA and gB have the
same definition of the triangular waveforms of Figures 1
and 3, and their sum (i.e., the overall modulating waveform)
is symmetric, generating a symmetric spectrum. Figure 6
shows the amplitude spectrum when the driving signal is given
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(a)

(b)

(c)

REMI = −10.1 dB
≈ −9.6 dB− 0.8 dB

REMI = −0.8 dB

REMI = −9.6 dB 2kA∆f

fB
m

Fig. 6. Comparison between Fourier spectra computed according to (8) and
(18), and that achieved by means of a Matlab simulation when the driving
signal and frequency deviation are: (a): gA(2πfA

mt+ φA), and kA∆f ; (b):
gB(2πfB

mt+φB), and kB∆f ; (c): the weighted sum of the two functions as
in (13) and ∆f . Parameters are: fc = 100 kHz, fA

m = 1kHz, fB
m = 10 kHz,

∆f = 15 kHz, kA = kB = 0.5, and φA = φB = π/2. The 0dB reference
level corresponds to the peak amplitude value of the unmodulated sinusoidal
tone.

by gA(2πfAmt + φA) with a frequency deviation kA∆f , by
gB(2πfBmt+φ

B) with frequency deviation kB∆f , and by the
weighted sum of these two functions and with a frequency
deviation ∆f . Note that the derivation of the final spectrum as
the convolution of the two individual spectra generated by gA

and gB can be inferred also by only looking at the amplitude
spectrum in the figure.

Note that, being (18) computed as the frequency modulation
of a unitary amplitude sinusoidal tone, it is intuitive that the
value of maxq |Γ∗

q | is nothing more than the EMI reduction
achieved with this modulation. If one is interested only in the
EMI reduction value, the full computation of the spectrum may
be not necessary. In particular, in many practical cases (e.g., if
fBm is of the same order of kA∆f , as in the case of Figure 6)
the value in the convolution giving rise to the Γ∗

q is dominated
by a single term and can be approximated as maxq |Γ∗

q | ≈
maxl |ΓA

l | ·maxl |ΓB
l | independently of φA and φB . In other

words, in these cases, it is enough to consider the combination
of the two peak reductions of the two individual modulations
to get the peak reduction in the combined modulation. If the
above hypothesis is not satisfied and multiple terms are not
negligible in the computation of the convolution, the value
obtained represents only an approximation (more precisely,
an overestimation) of the peak reduction.

EMI spectrum: the complexity of the computation of the
EMI measured spectrum achieved when using the sum of
two driving signals appears to be overwhelming, and it is not
possible to provide here an analytical solution as in the case
of the Fourier spectrum. Indeed, it is reasonable assuming that
all the observations we made for the Fourier spectrum apply
also in this case, or at least may be used to approximate the
system behavior.

Experimentally, the EMI spectrum of the combination of the
two modulations can be roughly estimated by the convolution
of the two individual EMI spectra. Note that this cannot be
more than a rough estimation since in the EMI spectrum all
information regarding the phase of any spectral component
is missing. Furthermore, single tones will always appear in
the measured EMI spectrum with a width equal to the RBW,
but the mathematical convolution of two of them erroneously
results in a spectrum with a width equal to the 2 · RBW.

In Figure 7, given the same parameters considered in
Figure 6, we have plotted the measured EMI spectrum for the
triangular modulation using gA(2πfAmt+φ

A) as driving signal
and kA∆f as frequency deviation, the triangular modulation
using gB(2πfBmt+φ

B) and kB∆f , and the DTM given by the
weighted sum of the two functions and ∆f . We have exploited
the same measurement setup described in Section III setting,
in this specific case, a fixed 1 kHz RBW.

The measured spectra, when gA and gB are used individu-
ally, have been compared with the expected values calculated
according to [28]. In the third plot, the driving signal is the
weighted sum of gA and gB , and the measured spectrum is
compared with the convolution of the two aforementioned
expected EMI spectra. In this case, we have used a normal-
ization factor (necessary due to the fact that we are dealing
with two continuous spectra) such that the convolution of
two 0 dBm tones is still a 0 dBm tone. The good matching
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REMI = −8.2 dB
≈ (−2.2− 5.7)dB

Reference Level

Reference Level REMI = −2.2 dB

REMI = −5.7 dBReference Level

(a)

(c)

(b)

Fig. 7. Comparison between measured EMI spectra (yellow line) and that
achieved using the model developed in [28] (blue-circle markers) when the
driving signal and frequency deviation respectively are: (a): gA(2πfA

mt+φA),
and kA∆f ; (b): gB(2πfB

mt+φB), and kB∆f ; (c): the weighted sum of the
two functions as in (13) and ∆f . Parameters are the same of Figure 6. The
16dBm reference level (green dashed line) corresponds to the peak amplitude
value of the unmodulated sinusoidal tone, while the white dashed line locates
the peak amplitude of the displayed spectrum.

suggests that the aforementioned assumptions are reasonable.
Given this, similarly to the case when the Fourier spectrum is
considered (and, of course, under the same hypotheses), we
may estimate the EMI reduction in the combined modulation
as the combination of the two EMI reductions of the two
individual modulations.

Multi-RBWs Optimization: Similarly to the STM case,
sweeping the two parameters kA and kB = 1 − kA allows
to investigate the multi-RBWs optimization trade-off. Indeed,
differently from the STM case discussed in Section III, the

kA

REMI[dB]

1
Fig. 8. Comparison between expected and measured performance for the
EMI reduction of the first, third and fifth harmonic considering a DTM. Solid
lines represent the reduction according to Equation (19), whereas dotted lines
according to measurements.

two parameters now entails the subdivision of the overall ∆f
between gA and gB .

Therefore, based on the main results derived here, the EMI
reduction observed for a modulated n−th harmonic can be
approximated with

REMI
(
kAmA, ρ/kA

)
·REMI

(
kBmB , ρ/kB

)
=

REMI
(

kAn∆f
fA
m

, RBW{A|B}

kAn∆f

)
·REMI

(
(1−kA)n∆f

fB
m

, RBW{A|B}

(1−kA)n∆f

)
,

(19)
where RBW{A|B} is set to either RBWA or RBWB , de-
pending on whether the EMI reduction is being analyzed in
the lower or upper part of the spectrum.

Experimental Validation: The EMI reduction achievable
with the DTM method in (19) has been plotted with solid lines
in Figure 8, considering the same set of parameters as in the
STM case. In the same figure, the measured EMI reduction has
also been plotted. Some discrepancies between the expected
and the measured reduction are present, in particular for
the third harmonic. Anyway, in general terms, the difference
is limited and the reduction computed as in (19) can be
effectively used as a good approximation for the DTM case.

Also in this case the trade-off is clear, and the value kA =
0.2 ensures an almost −5 dB reduction both on the first and
on the fifth harmonics. These parameters are very similar to
the ones resulting from the STM trade-off.

V. PERFORMANCE COMPARISON AND FINAL REMARKS

In Section III and IV, the performance results of the STM
and DTM EMI reduction approaches have been respectively
evaluated. Actually, the considered parameters are not relevant
for real EMI measurements, as we should have considered
RBWA = 9kHz and RBWB = 120 kHz, and a value of fc
in the order of a few MHz. Due to some limitation in the
measurement setup, we have preferred to consider a re-scaled
parameter system, where however the ratio between the two
considered RBWs is similar to that one can find in an EMI
relevant setting, suggesting that the conclusions we draw in
our setting will be applicable also to the relevant setting.
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The more obvious observation when comparing results of
Figure 5 and 8 is that performance are not so different, in
particular for the first and fifth harmonics. Limiting to the
third harmonic, the DTM approach appears to achieve slightly
better results. Indeed, even if generalization from a simple case
study is dangerous in many situations, there are no clues here
to argue that this is not the general trend. In both figures it is
obvious that the points kA = 0 and kA = 1 for both cases are
the same, corresponding to two simple triangular spreading at
fAm and fBm , respectively. Around these points, all the curves
of the two approaches are overlapping. Since the trend, when
increasing kA from 0 to 1, is not so far from a linear trend,
no large differences between the two approaches are expected
for other parameters value, including that of a EMI relevant
setting.

If the two approaches are similar in terms of performance,
the comparison should be moved in terms of hardware com-
plexity. It is intuitive that the complexity of generating two
triangular driving signals is indeed higher than the complexity
of generating a single triangular driving signal. However, a
fair comparison requires many additional hardware consider-
ations, that are generally different from case to case. As a
simple example, the assumption of a digitally implemented
modulation mitigate the overwhelming complexity of the DTM
approaches. If instead we assume an analog implementation,
one of the most problematic aspect is the bandwidth of the
modulation system that has to be large enough not to generate
distortion in the driving signal. In this case the DTM is more
problematic, as we need to deal with a triangular signal with
frequency fBm , whereas in the simpler case we have a lower
frequency given by kAfAm + kBfBm . It may be worth nothing
that in the scenario considered in the paper, optimization
requires kA = 0.2, so that the difference in required bandwidth
for the two cases is negligible. Anyway, since the hardware
complexity comparison is strongly dependent on the available
hardware, we consider it out of the scope of this paper.

VI. CONCLUSION

In this paper we have considered two different trade-offs in
the optimization of the EMI reduction when using the spread
spectrum clocking in an environment where some interfering
signal harmonics require to be analyzed with a lower RBW,
and some others with a higher RBW. Limiting ourselves to
triangular driving signals allows us to provide a theoretical
framework to evaluate the expected EMI reduction in this
environment, and to compare it with measured performance.
A simple approach where a single triangular driving signal
is used, if properly optimized, is capable to achieve an EMI
reduction similar to that achieved by a much more complex
approach, where two triangular driving signals (one at lower
frequency, one at higher frequency) are used, making question-
able the adoption of the more complex modulation scheme.
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