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Edge of Chaos Theory Unveils the First and Simplest Ever
Reported Hodgkin–Huxley Neuristor

Alon Ascoli,* Ahmet Samil Demirkol, Ioannis Messaris, Vasilis Ntinas, Dimitris Prousalis,
Stefan Slesazeck, Thomas Mikolajick, Fernando Corinto, Michele Bonnin, Marco Gilli,
Pier Paolo Civalleri, Ronald Tetzlaff, and Leon Chua

The Hodgkin-Huxley model is an accurate yet convoluted mathematical
description of the complex nonlinear dynamics of a biological neuronal axon.
Employing four degrees of freedom, three of which embodied by the sodium
and potassium memristive ion channels, it is capable to capture the cascade
of three fundamental bifurcations, specifically a Hopf supercritical, a Hopf
subcritical, and a saddle-node limit cycle bifurcation, marking the life cycle
from birth to extinction via All-to-None effect of an electrical spike, also
referred to as Action Potential in the literature, across biological axon
membranes under monotonic change in the net synaptic current. This paper
recurs to powerful concepts from the Local Activity and Edge of Chaos
Principle and to methods from Circuit Theory and Nonlinear Dynamics to
design the first and simplest ever-reported electrical circuit, which, leveraging
the peculiar Negative Differential Resistance effects in a volatile NbOx
threshold switch from NaMLab, and including additionally just one capacitor
and one DC current source in its minimal topology, undergoes the
three-bifurcation cascade, emerging across the fourth-order Hodgkin-Huxley
neuron model under monotonic current sweep, while requiring half the
number of degrees of freedom, which reveals the promising potential of
Memristors on “Edge of Chaos” for energy-efficient bio-inspired electronics.

1. Introduction

The amplification of infinitesimal fluctuations in energy[1] upon
suitable polarization is the Conditio Sine Qua Non for a physi-
cal system to enter a particularly interesting operating domain
known as Local Activity.[2] Specifically, a physical system, which
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exchanges energy with the external en-
vironment, may exhibit complex dynam-
ical behaviors if and only if it may be
biased about some locally active operat-
ing point.[3] More importantly, emergent
phenomena may first appear across its
medium when it is polarized in a re-
gion of the local activity domain, known
as Edge of Chaos. In this regime, which,
given its significance, is often referred
to as the Pearl or Crown Jewel of Local
Activity, the system is poised on a lo-
cally active and asymptotically stable op-
erating point, featuring a high degree
of excitability, hidden behind the quiet
state it sits at. Under these conditions,
small perturbations of the system may
induce the sudden occurrence of dra-
matic events, known as Bifurcations in
Nonlinear Dynamics Theory,[4] across its
physical medium, resulting in the in-
stability of the operating point, and in
the manifestation of complex phenom-
ena at steady state. For example, a bio-
logical neuron is poised on the Edge of
Chaos[5] when the net synaptic current,

flowing into its physical medium through dendritic paths, attains
a critical level, referred to asHopf Supercritical Bifurcation[6] point,
at which a train of electrical spikes, known as Action Potentials in
Neuroscience, first develops across its membrane capacitance.
The Edge of Chaos is a universal physics principle, grounded
on solid theoretical foundations, which enables to explain the
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mechanisms behind complex phenomena in any non-isolated
system. It can be invoked to investigate the origin for complex-
ity in all fields of research, including physics, electronics, chem-
istry, and biology. Differently from resistance switching memo-
ries from the non-volatile class,[7] a volatile memristor may not
serve as a data storage device. However, if it falls in the class of
locally-active memristors, such as ovonic threshold switches,[8]

and second-order diffusive memristors,[9] it is blessed with the
extraordinary capability to act as a source of small-signal or local
energy under suitable polarization, in a similar way as ametal ox-
ide semiconductor field effect transistor (MOSFET) biased in the
saturation region. Certain solid-state volatile resistance switching
memories, including niobium oxide (NbOx),

[10,11] and vanadium
oxide (VOx),

[12] electro-thermal memristors[13] inherently feature
a distinctive signature for Local Activity, namely a Negative Differ-
ential Resistance (NDR) at any of the continuum of bias points,
where the respective DC current versus voltage characteristics
admit a negative slope, similarly as the sodium and potassium
ion channels across a neuronal axon membrane, which crucially
leverages their capability to amplify infinitesimal fluctuations in
energy to support the life cycle of an Action Potential.[14,15] The
fabrication of these devices as thin oxide films, filling the gaps,
which form at the regularly-spaced junctions of dense crossbar
arrays, consisting of two mutually-perpendicular and vertically-
displaced sets of adjacent metal lines, running in parallel along
rows and columns, respectively, enables to exploit the third di-
mension, without enlarging the integrated circuit (IC) area re-
served to the underlying complementary MOSFET (CMOS-FET)
circuitry. It is further worth pointing out that locally-active mem-
ristors consume aminuscule amount of power during operation,
and that their use as threshold switches in combinationwith non-
volatile memristor physical realizations[16] enables the hardware
implementation of innovative in-memory data sensing and pro-
cessing paradigms, which allows to reduce dramatically the time
necessary to execute standard tasks in traditional computing ma-
chines, which, built around the classical von-Neumann architec-
ture, suffer also from energy inefficiencies, besides calling for
ad hoc ventilation systems to prevent thermal heat from damag-
ing their components. All in all, locally-active memristors repre-
sent ideal device candidates for the development of bio-inspired
technical systems,[17] which, obeying similar principles as bio-
logical neural networks, may approach the operating efficiency
of the human brain. In fact, scientific studies have recently pro-
vided strong proof of evidence for the capability of locally-active
memristors to enable the design of circuits, which reproduce fun-
damental bifurcation phenomena, occurring in high-order sys-
tems from cellular biology, through the interaction between a
lower number of dynamical states. In particular, a simple Mem-
ristor Cellular Neural Network (M-CNN),[18] composed of two
identical circuits, connected by means of a passive and linear
resistor, composed of one DC voltage source with its positive
series resistance, and one locally-active NbOx memristor from
NaMLab[19] each, and poised on the Edge of Chaos when un-
coupled one from the other, was found to experience diffusion-
driven symmetry-breaking effects, leading to the steady-state for-
mation of static patterns across its physical medium, through
half the number of degrees of freedom as compared to a fourth-
order reaction-diffusion biological cellular system from the

Turing class.[20] Furthermore, after inserting one capacitor across
the NaMLab threshold switch in each of the two identical circuits
within the M-CNN presented in ref. [18], the resulting fourth-
order bio-inspired array[21] was found to reproduce the same
counterintuitive phenomena, observed by Stephen Smale[22] in
a biological reaction-diffusion cellular system, featuring double
the number of dynamical states, when its two cells, sitting on
a common stable and locally-active quiescent state when uncou-
pled one from the other, were suddenly found to wake up, experi-
encing sustained limit-cycle oscillations, as diffusion processes,
enabling their interaction, were activated. Importantly, the stud-
ies in Refs. [18] and [21] allowed to demonstrate that the desta-
bilization of the homogeneous solution in reaction-diffusion bi-
ological cellular networks is possible if and only if each of the
identical cells is poised on the Edge of Chaos on its own. As
yet another example of the capability of solid-state locally-active
memristors to enable the design of bio-inspired circuits, repro-
ducing complex natural phenomena, occurring in biological sys-
tems operating on the Edge of Chaos, while necessitating the in-
teraction between a smaller set of dynamical states relative to the
physical systems, they are intended to emulate, this manuscript
presents the first and simplest ever-reported electrical cell, sup-
porting all the three fundamental bifurcations (see section S1 in
the Supporting Information file), occurring undermonotonic net
synaptic current sweep in the fourth-order Hodgkin-Huxley neu-
ronal axon membrane model, through half the number of de-
grees of freedom as compared to the mathematical description,
published in 1952 in the seminal paper,[23] which earned the au-
thors a Nobel prize in Physiology andMedicine eleven years later.
In fact, crucially, recurring to a two-parameter bifurcation anal-
ysis allows to fit the circuit parameters of the Norton form of
the relaxation oscillator,[24] which, as mentioned earlier, was re-
cently employed in ref. [21] as basic unit of a bio-inspired net-
work, supporting diffusion-induced steady-state dynamic pattern
formation, similarly as the biological cellular system investigated
by Smale in 1974, in such a way to enable the resulting second-
order cell, featuring two separate Edge of Chaos operating do-
mains as theHodgkin–Huxleymodel, to undergo all the dramatic
events, signalling the life cycle of a neuronal electrical spike[25]

under a progressive monotonic change in the net synaptic cur-
rent according to the mathematical description in the seminal
paper[23] from 1952, specifically the localHopf Supercritical Bifur-
cation, spawning stable oscillations across the membrane capac-
itance, the local Hopf Subcritical Bifurcation, giving origin to the
unstable limit cycle in the respective state space, and, eventually,
the global Saddle-Node Limit Cycle Bifurcation, at which the outer
stable and inner unstable limit cycles gently coalesce one into the
other, shedding light into the true mechanisms at the basis of the
All-to-None Phenomenon.[26] Under this viewpoint, the proposed
second-order current-driven circuit is dubbed Hodgkin–Huxley
electronic neuron (neuristor).[27] In fact, it is the simplest and first
ever reported Hodgkin–Huxley neuristor!Notably, despite the order
of the proposed neuristor is as low as two, its circuit parameters
may be massaged so as to ensure that the shape of the electrical
spike, appearing cyclically in the time waveform of the current,
flowing through the NbOx memristor, may resemble closely the
typical waveform of a neuronal Action Potential. Capturing neu-
ronal dynamic phenomena of higher order requires the use of a
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bio-inspired network, which, consisting of two resistively-
coupled neuristors fromNaMLab, similarly as the circuit[28] from
Pickett et al., leverages the interaction between four dynamical
states. In applications, leveraging neuronal dynamics of such
complexity, the adoption of this bio-mimetic network is recom-
mendable. However, where the qualitative reproduction of basic
neuronal functionalities is sufficient to process information, the
simplicity of the proposed second-order NaMLab neuristor is a
favorable design choice.
It is worth to observe that the topology of the Hodgkin–Huxley

neuristor may be reduced in a minimal form. In fact, the use of a
linear resistor is unnecessary. In fact, the most elementary form of
the proposed Hodgkin-Huxley neuristor consists of the parallel combi-
nation between three branches, including a linear capacitor, a locally-
active memristor from NaMLab, and a DC current source, respec-
tively. In fact, upon suitable parameter remodulation, based upon
a rigorous bifurcation analysis, the proposed three-element cell could
employ any other locally-active current-controlled volatile memristor
nanodevice with S-shaped DC current versus voltage locus in place for
the NaMLab threshold switch, and still capture the three-bifurcation
cascade underlying the life cycle of an Action Potential across biolog-
ical neuronal membranes according to the Hodgkin–Huxley model
predictions. Last but not least, invoking the Duality Principle from
Circuit Theory,[29] similar conclusions, drawn in regard to the local
and global behavior of a three-element circuit, combining in paral-
lel one linear capacitor, one locally-active current-controlled volatile
memristor nanodevice with S-shaped DC current versus voltage locus,
and one DC current source, applymutatis mutandis for the nonlin-
ear dynamics of the respective dual cell, composed of the series con-
nection between a linear inductor, a locally-active voltage-controlled
volatile memristor nanodevice with N-shaped DC voltage versus cur-
rent locus, and a DC voltage source.

2. Fundamentals of Local Activity and Edge of
Chaos Theory

The physics principle of the Edge of Chaos[2] may be universally
invoked to explore emergent phenomena in any physical system.
However, in line with the topic discussed in this manuscript, its
theoretic foundations are presented here in the context of two-
terminal circuit elements, also referred to as one-ports in Circuit
Theory.[29]

2.1. What is Local Activity and How to Test a Memristive
One-Port for Local Activity?

Let a memristive one-port admit m degrees of freedom, encoded
in a state vector x = [x1, x2,… , xm] ∈ ℝm. Let it be subject to a
1D input signal u ∈ ℝ, corresponding either to the voltage vm,
falling across it, or to the current im, flowing between its termi-
nals, depending upon the nature of its control variable. Assume
the one-port to display a scalar output variable y ∈ ℝ, which un-
der the first (latter) form of excitation coincides with the current
im (the voltage vm), flowing between its terminals (falling across
it). Let thememristor bemodelled by aDifferential Algebraic Equa-
tion (DAE) set, consisting of a State Vector Equation (SE) and of a

Ohm Law (OL), which in the most general case are respectively
defined as

ẋ = fSE(x, u), and (1)

y = y(x, u) = FOL(x, u) ⋅ u (2)

where fSE(⋅, ⋅) : ℝm ×ℝ → ℝm is the state vector evolution function,
while FOL(⋅, ⋅) : ℝ ×ℝ → ℝ is a scalar function, called memris-
tance (memductance) when u = im (u = vm), expressing how the
conductivity of the one-port depends upon its state vector and in-
put or control variable, and corresponding to the ratio between
the device output and its input. The DAE set (1)–(2) is said to
model a mth-order extended memristor. Let a DC stimulus u = U
be applied continuously to the one-port model (1)–(2). With ref-
erence to the state vector Equation (1), assume fSE(x,U) to vanish
for x = X = X = (X1, …, Xm). The one-port subject to the specified
DC stimulus may in fact potentially admit the operating point
Q≜X. From the Ohm law (2), correspondingly the device output
would be Y = FOL(Q, U) · U. The resulting admissible bias point
for the one-port is denoted asP≜(U,Y). Importantly, there exists a
one-to-one mapping between P and Q. Linearizing the one-port
model Equations (1)–(2) about the operating point Q, the local
model of the memristor would be found to read as

𝛿ẋ = A1,1(Q) ⋅ 𝛿x + a1,2(Q) ⋅ 𝛿u, and (3)

𝛿y = a2,1(Q) ⋅ 𝛿x + a2,2(Q) ⋅ 𝛿u (4)

where A1,1(Q) =
(
𝜕fSE(x, u)∕𝜕x

) |||(x,u)=(Q,U) ∈ ℝm×m,

a1,2(Q, U) =
(
𝜕fSE(x, u)∕𝜕u

) |||(x,u)=(Q,U) ∈ ℝm×1, a2,1(Q) =(
𝜕y(x, u)∕𝜕x

) |||(x,u)=(Q,U) ∈ ℝ1×m, and a2,2(Q) =(
𝜕y(x, u)∕𝜕u

) |||(x,u)=(Q,U) ∈ ℝ1×1, while 𝛿x, and 𝛿y respectively

are the infinitesimal state vector and output which the mth-order
memristive system admits in response to the small-signal or
local input 𝛿u, which is subject to from the time instant t =
t0. Despite the elements of A1, 1, a1, 2, and a2, 1 as well as the
scalar coefficient a1, 1 depend also upon the DC stimulus u
= U, applied to the memristive ODE model (1)–(2), typically
only their dependence upon the operating point Q is explicitly
shown. Let us now solve the device small-signal model (3)–(4)
for 𝛿x(t0) = 𝛿x0 in the hypothesis that the respective input 𝛿u is
constrained to follow the time waveform of some arbitrary yet
tiny stimulus from some time instant t = t0. The memristive
one-port is said to be Locally Active at the operating point Q if
and only if there exists at least one infinitesimally-small input
signal 𝛿u, such that the local net energy 𝛿(t0, t;Q), entering the
one-port within the time interval (t0, t), with t > t0, i.e.,

𝛿(t0, t;Q) = ∫
t′=t

t′=t0
𝛿u(t′) ⋅ 𝛿y(t′) dt′ (5)

ever become negative for at least one finite time instant t = t̄ >
t0.

[30] Equation (5) provides a rigorous definition for the Local
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Activity of a mth-order memristive one-port at a given operating
point Q. However, its adoption to verify whether a one-port, sub-
ject to some given DC stimulus, may ever enter the Local Activity
domain about one of the operating points, it consequently ad-
mits, is practically unfeasible. In fact, before ruling out the pos-
sibility that the one-port may ever act as a source of local energy,
one should compute the time integral in Equation (5) for all t
values beyond t0, under each of the countless small-signal stim-
uli one may possibly conceive, after evaluating the partial deriva-
tives, determining the values of the parameters in the linearized
model (3)–(4) about any of the operating points the device may
admit for any choice of the DC stimulus. Fortunately, however,
the Local Activity Theorem,[2] enunciated below for a mth-order
one-port, simplifies this testing investigation. This theorem re-
quires the preliminary determination of the DC Y versusU char-
acteristic of the one-port, including the Q versus U locus, and
the subsequent derivation of its small-signal or local transfer func-
tion H(s,Q) ≜ {𝛿y(t)}

{𝛿u(t)}
|||Q evaluated at some operating point of in-

terest. It is worth observing that for a current-controlled (voltage-
controlled) one-port, the local transfer function H(s; Q) about Q
coincides with the local impedance Z(s;Q) ≜ {𝛿vm(t)}

{𝛿im(t)}
|||Q (local ad-

mittance Y(s;Q) ≜ {𝛿im(t)}
{𝛿vm(t)}

|||Q) evaluated at the operating point it-
self.

Remark 1. A mth-order one-port is said to be poised on the Lo-
cal Activity domain at some operating point Q if and only if its
small-signal or local transfer function, evaluated therein, namely
H(s;Q) ≜ {𝛿y(t)}

{𝛿u(t)}
|||Q, satisfies at least one of the following four con-

ditions:

(i) The ith pole s = p(i)H (Q) of the local transfer functionH(s;Q) at
Q sits on the open right half of the complex plane (ORHP),
i.e.,ℜ{p(i)H (Q)} > 0, for one i value in the set {1, …, m}.

(ii) The ith pole s = p(i)H (Q) of the local transfer functionH(s;Q) at

Q lies on the j𝜔 axis, i.e.,ℜ{p(i)H (Q)} = 0, and features an ei-
ther negative real-valued or complex-valued residue kp(i)H (Q)

=

lims→p(i)H (Q)
(s − p(i)H (Q)) ⋅H(s;Q), for one i value in the set {1,

…, m}.
(iii) A set of n poles of the local transfer function H(s; Q) at Q,

specifically the kth, the (k + 1)th, …, and the (k + n − 1)th

one, respectively referred to as s = p(k)H (Q), s = p(k+1)H (Q), …,

and s = p(k+n−1)H (Q), where, with n assuming a specific value
from the set {2, …,m}, the admissible number for the index
k correspondingly lies within the range {1, …, m − n + 1},
are located on the same position along the j𝜔 axis.

(iv) The real part of the local transfer functionH(s;Q), expressed
in the Fourier transform domain upon letting s = j𝜔, and
evaluated at Q, namely ℜ{H(j𝜔; Q)}, is negative for at least
one finite real value 𝜔0, H(Q) of the angular frequency 𝜔.

2.2. What is Edge of Chaos and How to Test a Memristive
One-Port for Edge of Chaos?

The capability to act as a source of local energy under suitable
polarization is an essential condition for a memristive one-port

to support complexity. However, in order for emergent phenom-
ena to appear across its physical medium, the one-port must en-
ter a particular region of the Local Activity domain, referred to
as Edge of Chaos. While poised on the Edge of Chaos, the one-
port would hide a high degree of excitability[31] behind a stable qui-
escent state. As a result, tiny changes in its nominal conditions
may be sufficient to destabilize its operating point and to induce
complex effects across its physical stack at steady state. In fact, it
is only when a nonlinear dynamic system is about to exit from
(enter into) this operating regime that it may undergo local bifur-
cation phenomena, inducing its state vector, initiated close to an
admissible operating point for the system, to move toward some
other new-born attractor (to relax back to the earlier-unstable op-
erating point itself),[5] after transients fade away. Since it holds
the epicenter for complexity, Edge of Chaos is often referred to
as the Pearl or Crown Jewel of Local Activity. The Edge of Chaos
Corollary[2] dictates the rather stringent conditions a physical sys-
tem must necessarily satisfy to operate on the Edge of Chaos
regime.

Remark 2. Amth-order one-port is said to be poised on the Edge of
Chaos at some operating pointQ if and only if the two constraints
to follow concurrently apply:

(j) All them poles p(1)H (Q), p
(2)
H (Q), …, p

(m)
H (Q) of the local transfer

function H(s; Q) at Q lie on the open left half of the com-
plex plane (OLHP), implying the asymptotic stability of the
operating point.

(jj) The sign of the real part ℜ{H(j𝜔; Q)} of the local transfer
function H(s; Q), evaluated for s = j𝜔 about Q, is negative
for at least one real value 𝜔0, H(Q) of the angular frequency 𝜔
within the admissible range (− ∞, ∞).

According to the Edge of Chaos Corollary, a mth-order one-
port operates on the Edge of Chaos at some operating point
providing it is Locally Active and Asymptotically Stable at Q,
where, as a result, none of the four conditions from the Lo-
cal Activity Theorem may hold true, except the one listed in
item (iv) from Remark 1. Importantly, denoting the signum
function, equal to +1 (−1) for non-negative (negative) val-
ues of the variable in its argument, as sign(⋅), such condi-
tion implies that, perturbing the one-port through a small pe-
riodic signal 𝛿u(t), featuring an angular frequency 𝜔∗, at which
ℜ{H(j𝜔∗; Q)} is negative, the modulus of the phase shift

between
the infinitesimal signal 𝛿y(t), which appears correspondingly at
the output of the one-port, and the local stimulus itself, lies over
the range (90°, 270°).[13]

3. The Life Cycle of a Neuronal Electrical Spike in
the Hodgkin–Huxley Neuron Model

In 1952, Hodgkin and Huxley proposed a fourth-order nonlin-
ear ODE model to capture the complex behavior of the giant
neuronal axon membrane of a squid living across the Atlantic
ocean and named Loligo Pealeii. The circuit-theoretic represen-
tation of the Hodgkin–Huxley mathematical model is shown in
plot (a) of Figure 1. It shows how, as dictated by the Kirchhoff
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Figure 1. a) Circuit-theoretic representation of the Hodgkin–Huxley neuron model,[23] consisting of the parallel combination between an input source
iin, capturing the effects of the net synaptic current, acting as stimulus signal, the membrane capacitance C, the potassium ion channel memristor
K with its series electrochemical gradient EK, the sodium ion channel memristor Na with its series electrochemical gradient ENa, and the linear
conductance ḡL, accounting for leakage effects emerging across the axon membrane due to other ionic species, with its series electrochemical gradient
EL. b) Circuit-theoretic representation of the Hodgkin–Huxley neuron small-signal, i.e., local model about a generic operating point Q . The rightmost
resistance may be computed as rT (Q ) = r̄L + r2,K (Q ) + r3,Na(Q ), where r̄L = ḡ−1L (the interested readers are invited to consult[5] for the formulas
of all the local resistances and inductances appearing in this linear circuit as a function of the neuron operating point Q ). Here 𝛿vm denotes the
infinitesimally-small voltage, which develops across the membrane capacitance C in response to an infinitesimally-small input current stimulus 𝛿iin. Y
stands for the local admittance of the neuronal cell at the port A–B about Q . c) Classical bifurcation diagram of the Hodgkin-Huxley neuron model on
the membrane capacitance voltage vm versus DC net synaptic current Iin plane. The violet trace shows the DC Vm versus Iin characteristic of the neuronal
cell from plot (a). Any bias point P = (Iin, Vm), lying along a solid (dash-dotted) violet branch, is associated to a stable (an unstable) operating point
Q = (Vm,N,M,H) for the neuron. For any DC input current value comprised between 6.25567 μA and 154.529 μA, resulting in the development of
stable steady-state limit-cycle oscillations across the neuronal cell, a point on the top (bottom) blue (red) branch stands for the maximum (minimum)
value max per cycle{limt→ ∞vm(t)} (min per cycle{limt→ ∞vm(t)}), which the membrane capacitance voltage vm(t) assumes over each cycle of the respective
periodic waveform as time approaches positive infinity (in practice, transients fade almost completely away over a finite amount of time). For any
DC input current value comprised between 6.25567 μA and 9.77003 μA, resulting in the development of unstable steady-state limit-cycle oscillations
across the neuronal cell, a point on the top (bottom) black (magenta) branch, stands for the maximum (minimum) value max per cycle{limt→ −∞vm(t)}
(min per cycle{limt→ −∞vm(t)}), which the membrane capacitance voltage vm(t) assumes over each cycle of the respective periodic waveform as time
approaches negative infinity (while an attractor of a dynamic system in reverse time corresponds to a repellor for the same dynamic system in forward
time, the high order of the Hodgkin-Huxley ODE set complicates the process of identifying the unstable oscillatory solution, which it admits for any DC
input current Iin across the bistability range (6.25567 μA, 9.77003 μA), through a numerical integration in reverse time, which explains why, as described
in the caption of Fig. 5 in the SI file, we had to recur to an alternative time-consuming numerical methodology, based on the analysis of its response in
forward time, to resolve the unstable cycle detection problem). As Iin is continuously decreased from 180 μA to 0, the neuron undergoes a cascade of three
fundamental bifurcations, which crucially govern the life cycle of an Action Potential across the neuronal membrane, namely first a Hopf supercritical
bifurcation for Iin = 154.529 μA, then a Hopf subcritical bifurcation for Iin = 9.77003 μA, and finally a saddle-node limit-cycle bifurcation for Iin = 6.25567
μA. Importantly, the All-to-None effect, occurring when Iin is reduced down to 6.25567 μA, is the annihilation, anticipated by gentle coalescence, between
two periodic solutions, of which the stable (unstable) one was born earlier (later) on, i.e., precisely, when the neuron, exited (entered) Edge of Chaos
domain 2 (1) making its way into (leaving) the Unstable Local Activity domain. d) Steady-state time waveform of the potassium ion channel activation
gating variable n (blue trace) and of the axon membrane capacitance voltage vm (red trace) as observed in a numerical simulation of the Hodgkin-Huxley
neuron model for Iin = 10 μA.

Current Law (KCL), the current iCm
= Cm ⋅ v̇m flowing through

the axonmembrane, featuring a capacitance Cm and a voltage vm,
is an algebraic sum involving three components, and specifically
the net input synaptic current iin, the current iK flowing through
the potassium ion channel, the current iNa flowing through the
sodium ion channel, and the current iL flowing through a resis-
tive leakage path accounting for various contributions from other
ionic species. In the original circuit representation, reported in
the seminal paper from 1952,[23] Hodgkin and Huxley misinter-
preted the modeling equations of the potassium and sodium ion

channels in terms of time-varying resistances. On the other hand,
as pointed out by Chua in 2012,[5] the first (latter) ion channel
is a time-invariant first-order (second-order) voltage-controlled
generic biological memristor! In fact the Hodgkin–Huxley neu-
ron model consists of a set of four nonlinear ODEs, one for
each of the state variables of the neuronal system, specifically the
membrane capacitance voltage vm, the activation gating variable
n of the potassium ion channel memristor K , as well as the
activation and inactivation gating variablesm and h of the sodium
ion channel memristor Na. Figure 1b shows the small-signal
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or local equivalent circuit model of the neuron about a generic
operating pointQ = (Vm,N,M,H), whose coordinates together
nullify the four state evolution functions, appearing on the right
hand sides of the Hodgkin–Huxley ODEs (1)-(4) in the Support-
ing Information file, for some DC value Iin assigned to the net
synaptic current iin. The interested reader is invited to consult
Chua’s seminal paper[5] for the formulas of the local resistances
and inductances appearing in this circuit as a function of the neu-
ron operating point. Plot (c) of Figure 1 compactly illustrates the
bifurcations marking the life cycle of a neuronal electrical spike
under a monotonic change in the net synaptic current according
to the predictions of the Hodgkin–Huxley model. This plot, pro-
viding information on all the possible stable and unstable con-
stant or oscillatory steady states for the membrane capacitance
voltage vm for each DC value of the input net synaptic current iin,
is in fact referred to in the literature as the classical bifurcation
diagram of the Hodgkin–Huxley neuron model. The Supporting In-
formation file provides an in-depth description of the emergent
phenomena, which, according to this model, appear across a bi-
ological axon under a monotonic modulation of the net synap-
tic current stimulus, explaining furthermore how the local bifur-
cations, which spawn both the stable and unstable oscillations
across its membrane at steady state, occur while the neuron it-
self is poised on the Edge of Chaos. In short, as the DC current
stimulus iin = Iin is reduced from 180 μA to 0 μA, the neuron is
first sitting quietly on some operating point Q , corresponding
unequivocally to a bias point P = (Vm, Iin) lying along the right-
most stable solid portion of the DC voltage versus current char-
acteristic drawn in violet and featuring a diode-like exponential
shape. The neuron operating point Q suddenly loses stability,
its bias point P entering the intermediate unstable dash-dotted
portion of the respective DC voltage versus current characteris-
tic, when Iin decreases down to 154.529 μA via a local Hopf Super-
critical Bifurcation, which concurrently determines the birth of
infinitesimal quasi-sinusoidal oscillations across the membrane
capacitance, forming a tiny closed orbit, referred to as limit-cycle
attractor, encircling the operating point Q in the 4D vm–n–m–h
state space. This first bifurcation signals the beginning of the life
cycle of the train of electrical voltage spikes, also referred to asAc-
tion Potentials, across the neuronalmembrane. Afterwards, as the
input current undergoes further decrements, the amplitude and
degree of nonlinearity of the limit-cycle oscillations in the mem-
brane capacitance voltage become larger. For example, Figure 1d
shows the relaxation oscillations developing in the potassium ion
channel gate activation variable n and the periodic train of Ac-
tion Potentials forming the voltage vm appearing across themem-
brane capacitance Cm after transients decay to zero, as observed
in a numerical simulation of the fourth-order Hodgkin–Huxley
ODE set – refer to Equations (S1)–(S4) in the Supporting Infor-
mation file – for Iin = 10 μA and from an initial condition (vm, 0, n0,
m0, h0)≜(vm(0), n(0),m(0), h(0)) set to (5.4424 mV, 0.4017, 0.0972,
0.4063).
For the chosen value of the DC current stimulus, the neuron

features an unstable operating point Q , lying at (Vm, N,M, H)
= (5.4280mV, 0.4031, 0.0981, 0.4034), and is found to fire period-
ically after transients vanish, irrespective of the initial condition.
Importantly, when the net synaptic current descends down to
9.77003 μA, the neuron enters a region of bi-stability. In fact here
yet another local Hopf Bifurcation, this time of Subcritical form,

occurs across the axon membrane. As a result of this second bi-
furcation phenomenon, the neuron operating point re-acquires
stability, yet in a local sense only, while unstable infinitesimal
quasi-sinusoidal oscillations are found to develop across the neu-
ronal axon membrane, forming yet another closed orbit, referred
to as limit-cycle repellor, lying entirely within the larger stable cy-
cle, while encircling the operating point Q , in the vm–n–m–h
state space.
As a result, the neuron is found to approach an operating point

Q associated to a bias point P located on the leftmost stable
solid portion of the respective DC voltage versus current charac-
teristic, when the initial condition (vm, 0, n0, m0, h0)≜(vm(0), n(0),
m(0), h(0)) for its four state variables sets the starting point of the
trajectory, obtained by following the time evolution of the fourth-
orderODE solution (vm(t), n(t),m(t), h(t)) across the 4D vm–n–m–h
state space, inside the limit-cycle repellor. On the other hand, the
neuron is found to lock asymptotically into an oscillatory regime
when the initial condition (vm, 0, n0, m0, h0) for its four state vari-
ables sets the starting point of the state-space trajectory outside
the limit-cycle repellor. For this reason the limit-cycle repellor is
referred to as separatrix in nonlinear dynamics theory. The input
current range, across which the neuron may either fire contin-
uously or sit on a quiescent state after transients decay to zero,
exhibiting an interesting form of bistability, is however, very tight.
In fact, as soon as the net synaptic current decreases past the
Hopf Subcritical Bifurcation point, the amplitude of the unstable
limit cycle oscillations in the membrane capacitance voltage,
together with its degree of nonlinearity, increases dramatically,
while the shape of the larger stable limit cycle oscillations is
subject to comparatively-modest changes. It follows that unsta-
ble limit cycle approaches quickly the stable one until the two
closed orbits gently merge one into the other, forming a unique
semi-stable orbit referred to as saddle-node limit cycle, attracting
trajectories initiated outside it while repelling those initiated in-
side it, on the 4D state space, when Iin decreases down to 6.25567
μA, which sets the locally-stable operating point Q at (Vm, N,
M, H) = (3.8790 mV, 0.3784, 0.0827, 0.4575). This phenomenon
is a global Saddle-Node Limit Cycle Bifurcation. It marks the end of
the life cycle of the action potential train. In fact, as soon as the
net synaptic current decreases below this bifurcation point, the
neuron is bound to approach the operating pointQ irrespective
of the initial condition at the end of the transient phase. Thus, as
the current stimulus descends past the Saddle-Node Limit Cycle
Bifurcation point, the neuron transition from a phase, where, un-
der suitable initial conditions, it fires continuously (the All Effect)
to a phase, where it is found to converge asymptotically toward
a quiescent state (the None Effect). In conclusion, the All-to-None
Phenomenon, constituting the enigma which troubled the mind
of the Italian luminary Luigi Galvani[32] in the eighteenth cen-
tury, is the result of the gentle coalescence, followed by mutual
annihilation, between a stable train of Action Potentials and an
unstable train of neuronal electrical spikes, born earlier on out of
two local Hopf Bifurcations, the first of Supercritical and the sec-
ond of Subcritical nature, while the neuron operated on the Edge
of Chaos. In fact, as outlined in the Supporting Information file,
deriving the neuron input admittance Y (s;Q ) ≜ {𝛿im(t)}

{𝛿vm(t)}
|||Q

about an operating point Q by applying basic circuit-theoretic
principles to the linear circuit in plot (b) of Figure 1, and testing
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it for Local Activity and Edge of Chaos by recurring to the Local
Activity Theorem from Section 2.1 and to the Edge of Chaos
Corollary from Section 2.2, it may be demonstrated that the neu-
ron admits two separate operating regimes of high excitability,
referred to as Edge of Chaos (EOC) domains, when, respectively,
the DC input current Iin and the corresponding steady-state
capacitance voltage Vm range across the sets to follow:

EOC domain 1 (EOC 1) : Iin ∈ (7.8293 μA, 9.77003 μA)

or, equivalently

Vm ∈ (4.57443mV, 5.34305mV), and (6)

EOC domain 2 (EOC 2) : Iin ∈ (154.529 μA, 155.731 μA)

or, equivalently

Vm ∈ (21.9425mV, 22.0079mV) (7)

Moreover, the neuron is found to operate in the Unstable Local
Activity (ULA) regime when Iin and Vm vary across the intervals

Unstable Local Activity Domain (ULA) : Iin ∈ (9.77003 μA,

154.529 μA), or, equivalently

Vm ∈ (5.34305mV, 21.9425mV) (8)

For the sake of completeness, the neuron works in the Lo-
cal Passivity (LP) regime for any other DC value Iin of the in-
put current iin under sweep, i.e., for any other steady state value
Vm which the membrane capacitance voltage vm correspondingly
assumes as follows from the DC Vm versus Iin characteristic.
Clearly, the local Hopf Supercritical Bifurcation occurs while the
neuron operates at the frontier between EOC 1 and the ULA do-
main, whereas the localHopf Subcritical Bifurcation occurswhile
the neuron transitions through the boundary between the ULA
domain and EOC 2.
Shortly, we shall present the first and simplest ever-reported

bio-inspired electrical circuit, which requires just two degrees of
freedom to reproduce the three-bifurcation cascade, underlying
the life cycle of an Action Potential under a monotonic in the net
synaptic current across neuronal membranes, according to the
predictions from theHodgkin–Huxleymodel, which on the other
hand requires four state variables to capture these complex bio-
logical phenomena. Let us first introduce the key electrical com-
ponent, specifically a locally-active memristor, to be employed
later on for the design of the second-order bio-inspired circuit,
which we dub Hogdkin–Huxley neuristor, since it captures qual-
itatively the complex physical phenomena at the origin of gen-
eration, development, and extinction of a train of All-or-None
electrical spikes across neuronal membranes. Interestingly, as
demonstrated toward the end of the manuscript in Section 6.2.2,
similarly as the Hogdkin–Huxley neuron, the proposed neuris-
tor admits two EOC domains, referred to as EOC 1 and EOC 2,
separated by an ULA, transitions from EOC 1 into the ULA do-
main when it undergoes a local Hopf Supercritical Bifurcation,
and transitions from the ULA domain into EOC 2 when it expe-
riences a local Hopf Subcritical Bifurcation. We shall also show
that, since the second EOC domain is much wider for the pro-

posed analogue electronic cell relative to what is the case for the
biologicalmodel, theHogdkin–Huxley neuristor is still operating
in this high-excitability regime as it undergoes the global Saddle-
Node Limit Cycle Bifurcation, which on the other hand emerges
across the biological axon membrane when it already works in
the respective LP domain.

4. The NaMLab Memristor

Let us first report the large-signal mathematical model of the
NbOx memristor nano-device, fabricated at NaMLab, to be em-
ployed for the design of the Hogdkin–Huxley neuristor in Sec-
tion 5.

4.1. Device Large-Signal Model

The Chua’s Unfolding Principle[33] establishes a device model-
ing methodology based on the determination of a suitable poly-
nomial series expansion for each of the components of the state
vector evolution function FSE(x, u) as well as for the scalar func-
tion FOL(x, u). The methodology revolves around an iterative pro-
cedure, exploring first the modeling accuracy of DAE sets, com-
posed of polynomial series expansions of lower order, includ-
ing a smaller number of terms arranged in simpler forms, be-
fore increasing the complexity of the mathematical description.
For each polynomial-based DAE set candidate an optimisation
algorithm is let massage the respective coefficients until it ei-
ther assigns them values, which reduce the cumulative error be-
tween model predictions and experimental measurements, ac-
quired preliminarily from some physical sample, below a pre-
specified threshold, or runs out of a maximum allowable simula-
tion time without finding a suitable solution, which would lead to
a new iteration of the procedure for investigating a mathematical
description of higher complexity.
Adopting this device modelingmethodology, the NbOx thresh-

old switch, known as NaMLab memristor,[19] was mathematically
described in a simple yet accurate form through a polynomial-
based DAE set falling in the class of first-order generic memris-
tors, for which the function FOL(x, u) in the Ohm law (2) depends
solely upon a scalar state variable x. Letting the voltage vm (current
im), falling across (flowing through) the device, denote its input
or control (output) variable u (y), the model of the locally-active
memristor from NaMLab was cast in the form

ẋ = g(x, vm), and (9)

im = im(x, vm) = G(x) ⋅ vm (10)

in which the state evolution function g(x, vm) and the memduc-
tance function G(x) may be derived from their counterparts, ap-
pearing respectively in the first and second equation of the DAE
set (1)–(2), for the general class of extended memristors, after
suitable simplification, via the definitions FSE(x, vm)≜g(x, vm) and
FOL(x)≜G(x). Most importantly, the formulas for the polynomial
series expansions of the state evolution and memductance func-
tions in the simplest generic memristor model, which could pos-
sibly fit as accurately as desired a wide set of experimental data,
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Table 1. Values for the unfolding parameters in the simplest polynomial-
based memristor model fit to a NbOx locally-active volatile threshold
switch from NaMLab.

a0 a1 b2 c2,1 c2,2

5.19 · 109 −2.05 · 107 7.21 · 109 −0.07 · 109 2.27 · 105

c2,3 c2,4 c2,5 d0 d1
−2.40 · 102 1.25 · 10−1 −2.69 · 10−5 6.50 · 10−3 −6.66 · 10−5

d2 d3 d4
2.14 · 10−7 −2.14 · 10−10 1.19 · 10−13

acquired preliminarily from one physical sample through tests
allowing to characterize its static and dynamic behaviors, were
found to read as

g(x, vm) ≜ a0 + a1 ⋅ x + b2 ⋅ v
2
m + c2,1 ⋅ v

2
m ⋅ x + c2,2 ⋅ v

2
m ⋅ x2

+c2,3 ⋅ v2m ⋅ x3 + c2,4 ⋅ v
2
m ⋅ x4 + c2,5 ⋅ v

2
m ⋅ x5, and (11)

G(x) ≜ d0 + d1 ⋅ x + d2 ⋅ x
2 + d3 ⋅ x

3 + d4 ⋅ x
4 (12)

Table 1 reports the values, which our optimisation algorithm
assigned to the coefficients of the polynomials in Equations (11)
and (12), bringing the iterative procedure to an abrupt success-
ful halt.
If a current is let flow through the nanodevice, its state and

voltage response may be predicted via

ẋ = f (x, im), and (13)

vm = vm(x, im) ≜ R(x) ⋅ im (14)

with

f (x, im) ≜ g(x, vm(x, im)), and (15)

R(x) ≜ G−1(x) (16)

Controlling the device in current, its state evolution function f(x,
im) and itsmemristance functionR(x)may be retrieved from their
equivalents, reported respectively in the state Equation (1) and
Ohm’s law (2) for the class of extended memristors, after appro-
priate simplification, through the definitions f(x, im)≜FSE(x, im)
and R(x)≜FOL(x). The next section describes how the device be-
haves under DC stimulation. This study is a fundamental pre-
liminary step toward the determination of the Local Activity and
Edge of Chaos domains of the NaMLab memristor.

4.2. Device DC Response

Analysing the Dynamic Route Map (DRM)[36] of the first-order
NaMLab threshold switch enables to gain insights into its re-
sponse to a bias stimulus.

Remark 3. Plotting the rate of change ẋ of the volatile memory
state x of the first-order NbOx threshold switch versus the state x

itself for a given DC value Im (Vm) of the current (voltage) stimu-
lus im (vm), and endowing the resulting trace with arrows, point-
ing to the east (west) on the upper (lower) half plane, results in
one State Dynamic Route (SDR)[36] for the two-terminal circuit el-
ement subject to bias current (voltage) excitation. A SDR from the
first (second) kind reveals the time evolution of the volatile mem-
ory state x from any initial condition x0≜x(0), when a DC source
of current Im (voltage Vm) is connected in parallel to the device,
without the need to solve the ordinary differential equation (ODE)
(13) (9). Given a certain bias current (voltage) stimulus Im (Vm),
the DC value X, at which the state evolution function f(x, im) (g(x,
vm)) from Equation (15) (11) admits a zero for im = Im (vm = Vm),
represents an admissible operating pointQ for the current-driven
(voltage-driven) memristor. As a result, the abscissa of any inter-
section between the f(x, im) (g(x, vm)) versus x locus, obtained after
assigning Im (Vm) to im (vm), and the horizontal axis x identifies
a possible operating point Q = X for the device under DC cur-
rent (voltage) stimulation. Irrespective of the nature of the bias
stimulus, being in current or voltage form, the local stability (in-
stability) of an operating point Q of the device may be inferred
either from the direction of the arrows, lying along the respective
ẋ versus x locus, as they would point toward (away from) it within
its neighborhood, or, alternatively, from the polarity of the slope
of the SDR itself, as it would be negative (positive) at its location.
The family of SDRs, derived by sweeping the DC value Im (Vm)
of the input signal im (vm) across all real numbers, constitutes the
DRM of the device under bias current (voltage) excitation. Insert-
ing all the possible operating points, which the device may ever
admit in response to a bias current (voltage) Im (Vm), into Ohm’s
law (14) (10), allows to derive each of the admissible values for
the voltage (current) Vm (Im), falling across (flowing through) the
two-terminal element, at steady state. These values can then be
marked against the respective DC stimulus on the voltage versus
current (current versus voltage) plane. Repeating this procedure
for each possible current (voltage) stimulus value, a suitable inter-
polation method can then be used to determine the curve, which
best fits the data points marked on the Vm (Im) versus Im (Vm)
plane in each iteration.

Figure 2a,b shows the circuit employed to test the response
of the NaMLab memristor to a bias current (voltage) stimulus
Im (Vm). The DRM of the device under DC current (voltage)
excitation is shown in Figure 3a,b. The polarity of the DC stimu-
lus, being in current (voltage) form in the first (latter) plot, does
not have an impact on the respective DRM, as f(x, im) (g(x, vm))
from Equation (15) (11) depends on the square of im (vm). With
reference to plot (a), irrespective of the bias current Im, let flow
through the memristor, its state x is found to converge toward
one and only one globally asymptotically stable (GAS) operating
point Q = X, as indicated through a filled marker. On the other
hand, as illustrated in plot (b) of the same figure, applying a bias
voltage Vm across the device, its state x is bound to approach a
GAS operating point Q = X, exhibiting asymptotic monostability,
if and only if the modulus of the DC stimulus is chosen outside
a specific interval, specifically (0.826 V, 1.007 V). Otherwise, the
device admits a triplet of possible operating points, say Q1 = X1,
Q2 = X2, and Q3 = X3, of which the outer ones (the inner one),
indicated through a filled (hollow)marker, is locally asymptotically
stable (LAS) (unstable). In these circumstances, the device state x
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Figure 2. a,b) Circuit set-up to study the DC response of the NbOx threshold switch to a DC current (voltage) stimulus I (V). c) Circuit set-up for
stabilising a NDR bias point P = (Vm, Im) of the device subject to a DC voltage stimulus Vin. Here the load line Im = (Vin − Vm)/RL must necessarily go
through P on the Im versus Vm plane, and, concurrently, the resistance of the linear resistor RL has to be chosen larger than the modulus of the inverse
of the slope of the DC Im versus Vm characteristic of the memristor at P (see Figure 4c for details). d) Norton representation of the circuit from (c).
Here Iin = Vin/RL. Despite the theorem, enabling the transformation of the voltage-driven one-port in (c) into the equivalent current-driven one-port in
(d) is often credited to Norton, it was Mayer who, inspired by a previous work of Thévenin,[34] first introduced it ref. [35]. Clearly, either the circuit in (a),
with I = Im, or the circuit in (d), where Iin = Im + Vm/RL, may be alternatively adopted to poise the threshold switch in a NDR operating point Q = X. As
explained in the main, constraints must be imposed on the bias parameters Vin and RL for stabilizing the memristor on a NDR operating point Q = X
of interest. f) Norton equivalent representation of the neuristor from (e), featuring a circuit topology reminiscent of the Hodgkin-Huxley circuit model.
The two circuits in (e) and (f) are equivalent one to the other providing Iin = Vin/RL.

is said to feature steady-state bistability, as it is found to sit at the
lower (higher) LAS operating point Q1 = X1 (Q3 = X3), after tran-
sients vanish away, providing its initial condition x0 is chosen
to the left (right) of the intermediate unstable operating point
Q2 = X2.
Importantly, the SDR, extracted from either DRM for zero

input, and known as Power Off Plot (POP),[36] sheds light into
the volatile memory capability of the NbOx threshold switch
from NaMLab. In fact, since the POP from Figure 3a,b intersects
the horizontal axis with negative slope just once, the device
is obviously unable to store data under power off conditions,
admitting only one GAS operating point, specifically Q = X =
−a0/a1 = 253, when Im (Vm) is set to zero. The DC voltage Vm
versus current Im (current Im versus voltage Vm) locus of the
NaMLab memristor is shown in Figure 3c,d. Branches with
negative slope appear in red. The memristor features a Negative
Differential Resistance (NDR), and is locally active, in view of
condition (iv) of the Local Activity Theorem from Section 2.1, at
any bias point sitting on such branches. Branches, featuring a
positive slope, are indicated in black (blue), if the device sits in
a bias point at relatively low (high) current, and correspondingly
features an operating point commonly referred to asHigh (Low)
Resistance State, HRS (LRS) for short, in the literature. At each
bias point along branches of this kind the device is said to admit
a Positive Differential Resistance (PDR).
With reference to Figure 3c, for each bias current Im, let flow

through the device, one and only one DC voltage Vm may fall be-
tween its terminals at steady state, as follows from Ohm’s law
(14) upon assigning the only GAS operating point Q = X, which
the device itself may admit in these circumstances according to
the DRM analysis of Figure 3a, to the state variable x. As indi-
cated through a solid line style, employed to depict the entire DC
Vm versus Im characteristic in Figure 3c, each device bias point

P≜(Im,Vm), lying along it, is GAS, as the corresponding operating
pointQ=X. Since theVm versus Im locus is a single-valued curve,
from a circuit-theoretic viewpoint the NbOx threshold switch is a
current-controlled device, and, as a result, the DAE set (13)–(14) is
the most appropriate form to cast its model into. Let us now con-
sider the DC voltage stress test once again, and assume, with-
out loss of generality, the polarity of the stimulus Vm to be posi-
tive. Assume the bias voltage Vm were chosen outside and to the
left (right) of a specific interval, representing the positive NDR
DC voltage range, and indicated as (V (+)

m,NDR,L, V
(+)
m,NDR,U), where,

as anticipated earlier, V (+)
m,NDR,L = 0.826V and V (+)

m,NDR,U = 1.007V.

In the first (latter) case, the device current im, determined from
Ohm’s law (10) upon replacing the volatile memory state x with
the only GAS operating pointQ = X, which the state Equation (9)
would admit under these hypotheses according to the DRM anal-
ysis of Figure 3b, would asymptotically approach one steady-state
value Im, denoting the ordinate of a bias point sitting along the
HRS (LRS) black (blue) PDR branch in Figure 3d. However, in
case Vm were chosen within the positive NDR DC voltage range,
three would be the possible DC currents, flowing through the
memristor at steady state, namely Im, 1, Im, 2, and Im, 3, as descend-
ing from Ohm’s law (10), upon setting the state variable x to
the intersections Q1 = X1, Q2 = X2, and Q3 = X3 between the
relevant SDR and the horizontal axis in Figure 3b, respectively.
As shown in Figure 3d, the smallest (largest) current Im, 1 (Im, 3)
in this triplet, denotes the ordinate of an admissible bias point,
sitting on the HRS (LRS) black (blue) PDR branch, is LAS as
the associated operating point Q1 = X1 (Q3 = X3), and would be
recorded in practice if the state initial condition x0 were chosen
to the left (right) of the unstable operating point Q2 = X2, which
in its turn explains the instability of the other possible bias point,
featuring ordinate Im, 2 and lying along the NDR branch.
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Figure 3. a,b) DRM of the NaMLab memristor under bias current (voltage) sweep. In either DRM, the SDR, associated to a given bias stimulus, is
independent of its polarity, due to the quadratic dependence of the respective state evolution function upon the input variable. The magenta trace in
(a,b), denoting the SDR of the current-driven (voltage-driven) device under power-off conditions, reveals its volatilememory capability. Asmay be inferred
from the first, second, and third violet SDRs, drawn as dashed, dash-dotted, and solid traces, respectively, in plot (a), X1 = 285, X2 = 709, and X3 =
1342 are GAS DC states, which may be respectively programmed into the device by setting the modulus of the DC current stimulus I from Figure 2a to
the 1st, 2nd, and 3rd |Im| value in the triplet {|Im, 1| = 0.620 mA, |Im, 2| = 17.446 mA, |Im, 3| = 145 mA}. In each of the 3 DC current excitation scenarios,
the modulus of the device voltage Vm is found to attain the value of 0.85 V, at steady state. Fixing the modulus of the bias voltage stimulus V from
Figure 2b to |Vm| = 0.85 V, which falls in the bistability domain (0.826,1.007)V of the threshold switch under voltage excitation, allows to stabilize the
threshold switch at either of the two outer operating points X1 = 285 and X3 = 1342, only, since the inner operating point X2 = 709 is unstable and
thus unaccessible, as may be inferred by inspecting the solid violet SDR in plot (b). c,d) DC Vm versus Im (Im versus Vm) characteristic of the NaMLab
memristor for Im ∈ (− 500 mA, 500 mA) (Vm ∈ (− 1.046 V, 1.046 V)), when, correspondingly, the DC state X covers the span of values specified as
(253,1722). In either DC locus, black (blue) traces represent HRS (LRS) PDR branches, while a red color is used to mark NDR regions. In (c), the jth

violet vertical load line im = Im, j, drawn as a dashed, dash-dotted, and solid trace when the index j is respectively set to 1, 2, and 3, is found to cross the
memristor Vm versus Im characteristic only once, identifying a unique GAS bias point Pj = (Im, j, Vm, j), with Vm, j fixed to 0.85 V irrespective of j, which
allows to poise the memristor on a specific GAS DC state Xj, corresponding to the crossing between the j

th violet SDR and the horizontal axis in (a). In
(d) the violet vertical DC load line vm = Vm, lying within the positive NDR DC voltage range, crosses the memristor Im versus Vm characteristic three
times, identifying a triplet of possible operating points for the device, of which P1 = (Vm, 1 = Vm, Im, 1) and P3 = (Vm, 3 = Vm, Im, 3), lying in turn on the
HRS PDR branch and on the LRS PDR branch, are LAS, as the corresponding operating points X1 and X3, respectively, while P2 = (Vm, 2 = Vm, Im, 2),
sitting along the NDR branch, is unstable, as the associated DC state X2 (refer also to the violet SDR in (b)). |Vm| ∈ (0.826, 1.007)V defines the bistability
domain of the NaMLab memristor under voltage stimulation.

Remark 4. Importantly, in the bistability regime of the device
under positive voltage excitation, i.e., when Vm falls in the pos-
itive NDR DC voltage range (V (+)

m,NDR,L, V
(+)
m,NDR,U), Im assumes val-

ues within the positive NDR DC current range, which is indicated
as (I(+)m,NDR,L, I

(+)
m,NDR,U), where I

(+)
m,NDR,L = 2.037mA and I(+)m,NDR,U =

49.296mA. Concurrently, Q = X varies across the NDR operat-
ing point or DC state range, which is independent of the polarity
of the voltage stimulus, and indicated as (QNDR, L, QNDR, U), with
QNDR, L = XNDR, L = 351 and QNDR, U = XNDR, U = 1006. Note that,
due to the negative slope of the NDR branch in the first quad-

rant of the Im versus Vm plane of Figure 3d, the lower (upper)
bound V (+)

m,NDR,L (V
(+)
m,NDR,U) in the positive NDR DC voltage range

corresponds to the upper (lower) bound I(+)m,NDR,U (I(+)m,NDR,L) for the
positive NDR DC current. Moreover, since the memristor NDR
operating point Q increases monotonically with the positive DC
current Im (see Figure 4a), when Vm = V (+)

m,NDR,L (Vm = V (+)
m,NDR,U),

then Q = QNDR, U (Q = QNDR, L).

Similar conclusions apply mutatis mutandis to the response of
the device to a negative-valued DC voltage stimulus. All in all,
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 2199160x, 0, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/aelm

.202400789 by C
ochraneItalia, W

iley O
nline L

ibrary on [07/03/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advelectronicmat.de


www.advancedsciencenews.com www.advelectronicmat.de

(c)

(a)

(d)

(b)

Figure 4. a) DC state X versus DC current Im locus of the threshold switch under current excitation. b) Dependence of the small-signal resistance r of the
current-driven device upon its operating pointQ. Importantly, r(Q) is identically equal to the slope of the memristor DC Vm versus Im characteristic at the
bias point P, which is unequivocally associated to the operating pointQ of interest. Importantly, r(Q= 411)=−maxQ∈(QNDR,L,QNDR,U)

|r(Q)| = −21.427 Ω.
Section 4.3 will show how to determine r at some Q through a straightforward circuit-theoretic analysis. c,d) Brown trace: Load line (Memristor SDR)
in the circuit of Figure 2(b) for Vm = 0.85 V, which falls in the bistability domain (V(+)

m,NDR,L, V
(+)
m,NDR,U) = (0.826, 1.007)V of the threshold switch under

voltage excitation. Brown filled circles mark in (c,d) the two crossings between the brown-colored load line and the DC Im versus Vm characteristic (the
brown-colored memristor SDR and the horizontal line), which correspond to the LAS bias points P1 and P3 (LAS operating pointsQ1 = X1 andQ3 = X3)
for the nanodevice. c,d) Violet trace: Load line (Memristor SDR) in the circuit of Figure 2c for Vin = 1.72 V and RL = 50Ω. A violet filled circle marks in (c,d)
the only intersection between the violet-colored load line and the DC Im versus Vm characteristic (the violet-colored memristor SDR and the horizontal
line), which appears at the earlier unstable and now GAS bias point P2 (operating point Q2 = X2) for the NaMLab memristor. Thus the insertion of a
resistor RL of resistance larger than |r(Q)| between the voltage stimulus Vin, chosen equal to Vm · (1 + RL · G(Q)), and the NaMLab memristor enables
to stabilize any of its NDR bias points, say P = (Vm, Im), or equivalently any of its operating points, sayQ = X, which would have been otherwise unstable
had a source of DC voltage Vm been directly placed across the device.

as indicated via a solid (dash-dotted) line style along the DC Im
versus Vm characteristic of Figure 3d, a bias point P≜(Vm, Im),
sitting on a black HRS or blue LRS PDR branch (on a red NDR
branch) is either LAS if |Vm| falls within the bistability domain of
the voltage-driven device, i.e., inside the range (V (+)

m,NDR,L, V
(+)
m,NDR,U),

or GAS otherwise (is unstable).

4.2.1. Stabilization of a NDR Operating Point for the Threshold
Switch Uunder Voltage Stimulation

Since the existence of NDR branches in the DC characteristic of
a memristor is a signature for its capability to amplify infinitesi-
mal fluctuations in energy at bias points, lying along them, their
instability under voltage sweep is detrimental for locally-active

circuit design.[24] However, inserting a linear resistor RL in series
with the DC voltage stimulus, here renamed Vin, as shown in
Figure 2c, allows to stabilize a given NDR bias point P = (Vm, Im)
of the device under suitable conditions on the choice of the two
bias parameters.[37] First of all, the bias parameter pair (Vin, RL)
needs to be selected in such a way that the load line Im = (Vin −
Vm)/RL for the memristor in the new bias circuit from Figure 2c
goes through its NDR bias point P under stabilization on the Im
versus Vm plane. This is necessary, yet not quite sufficient. It is
also fundamental to choose the series resistance in such a way to
satisfy the inequality RL > |r(Q)|, with r(Q) denoting the negative-
valued inverse of the slope of the DC Im versus Vm characteristic
at a specific NDR bias point P = (Vm, Im) corresponding to a par-
ticular operating point Q, falling inside the NDR DC state range
(QNDR, L, QNDR, U), and subject to the stabilization procedure. In
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other words, themodulus of the slope of thememristor DC locus
at Pmust be larger than themodulus of the slope of the load line.
Once the just mentioned conditions are satisfied, the NDR bias
point P of interest becomes the only crossing point between the
Im-Vm characteristic and the load line. Correspondingly, the state
Equation (9), in which the device voltage vm depends nonlinearly
upon the state x according to the closed-form expression vm =
Vin/(1 + G(x) · RL), where G(x) denotes the memductance func-
tion from Equation (12), is found to admit a GAS operating point
Q. Figure 4c shows how the NDR bias point P2 = (Vm, 2, Im, 2), fea-
turing abscissa Vm, 2 = Vm = 0.85 V, ordinate Im, 2 = 17.446 mA,
and an unstable nature in the circuit of Figure 2(b), becomesGAS
in the circuit of Figure 2c upon setting Vin and RL to 1.72 V and
50 Ω, respectively. Correspondingly, as illustrated in Figure 4(d),
the SDR crosses the horizontal axis with negative slope only at
the DC state Q2 = X2 = 709, changing its stability properties rel-
ative to what was the case in the circuit of Figure 2b. It is worth
observing that the Thévenin NDR stabilisation circuit in plot (c)
of Figure 2 could be equivalently replaced by its Norton form, as
shown in plot (d) of the same figure. With reference to the case
study endowing the memristor in the Thévenin cell with the vio-
let SDR from Figure 4d, the bias parameter pair of the equivalent
Norton circuit should be set to (Iin, RL) = (34.4 mA, 50 Ω). As a
final remark, in order to stabilize the entire NDR branch of the
device under voltage stimulation, the series resistance RS should
be chosen in such as way that RL > max∀Q∈(QNDR,L,QNDR,U )

{|r(Q)|}.
As may be inferred from the r(Q) versus Q locus of Figure 4b, a
series resistance larger than 21.427 Ω serves this purpose.

4.3. Device Small-Signal Model

Having acquired an in-depth understanding of the device re-
sponse to DC excitation, we are now ready to analyze its small-
signal behavior. This is yet another crucial step toward the iden-
tification of the Local Activity and Edge of Chaos domains of the
NbOx threshold switch. Let us consider, without loss of general-
ity, the voltage-driven model form (9)–(10). Developing g(x, vm)
from Equation (11) and im(x, vm), with G(x) expressed by (12), in
Taylor series about a given operating pointQ = X, corresponding
unequivocally to a bias point P = (Vm, Im) on the DC Im versus
Vm characteristic, and truncating the resulting expansions to the
first order, yields the device small-signal model, taking the form

𝛿ẋ = a(Q) ⋅ 𝛿x + b(Q) ⋅ 𝛿vm, and (17)

𝛿im = c(Q) ⋅ 𝛿x + d(Q) ⋅ 𝛿vm (18)

where 𝛿x and 𝛿im respectively represent the infinitesimal state
and current response of the memristor to the tiny voltage signal
𝛿vm, superimposed on the bias stimulus Vm, while, deriving the
components of the Jacobianmatrix, theQ-dependent expressions
for the local parameters are found to read as

a(Q) ≜ 𝜕g(x, vm)
𝜕x

||||Q=X
= a1 +

(
c2,1 + 2 ⋅ c2,2 ⋅ X + 3 ⋅ c2,3 ⋅ X

2

+4 ⋅ c2,4 ⋅ X3 + 5 ⋅ c2,5 ⋅ X
4
)
⋅ V2

m (19)

b(Q) ≜ 𝜕g(x, vm)
𝜕v

||||Q=X
= 2 ⋅

(
b2 + c2,1 ⋅ X + c2,2 ⋅ X

2 + c2,3 ⋅ X
3

+c2,4 ⋅ X4 + c2,5 ⋅ X
5
)
⋅ Vm (20)

c(Q) ≜ 𝜕im(x, vm)
𝜕x

||||Q=X
=

(
d1 + 2 ⋅ d2 ⋅ X + 3 ⋅ d3 ⋅ X

2

+4 ⋅ d4 ⋅ X3
)
⋅ Vm, and (21)

d(Q) ≜ 𝜕im(x, vm)
𝜕v

||||Q=X
= d0 + d1 ⋅ X + d2 ⋅ X

2 + d3 ⋅ X
3

+d4 ⋅ X4 ≡ G(X ) (22)

Transforming the small-signal model (17)–(18) into the Laplace
domain, with 𝛿x0≜𝛿x(0) = 0, and performing some alge-
braic manipulations, allows to determine a closed-form ex-
pression for the memristor small-signal transfer function H(s;
Q), which under voltage stimulation, assumes the admittance
form

Y(s;Q) ≜ {𝛿im(t)}
{𝛿vm(t)}

||||Q = KY (Q) ⋅
s − zY (Q)
s − pY (Q)

(23)

where the factor, scaling the rational function, the zero, and the
pole are respectively expressed by

KY (Q) =
1

r1(Q)
(24)

zY (Q) = −
r1(Q) + r2(Q)

l(Q)
, and (25)

pY (Q) = −
r2(Q)
l(Q)

(26)

where r1(Q), r2(Q), and l(Q), in turn defined as

r1(Q) =
1

d(Q)
(27)

r2(Q) = −
a(Q)

b(Q) ⋅ c(Q)
, and (28)

l(Q) = 1
b(Q) ⋅ c(Q)

(29)

denote theQ-dependent two-terminal circuit elements of the lin-
ear one-port, depicted in Figure 5a, and featuring the very same
admittance Y(s;Q) reported in Equation (23). Plots (c), (d), and (e)
in Figure 5 show how the values for r1(Q), |r2(Q)|, and l(Q) change
with the device operating point Q. Importantly, r2(Q) goes nega-
tive throughout the NDR operating point range (QNDR, L,QNDR, U).
Inspecting the small-signal circuit model from Figure 5(a) in the
limit for s → 0, the local conductance of the memristor, which
is equivalent to the slope of its Vm versus Im locus, may be com-
puted via lims→ 0Y(s; Q) = r−1(Q), where

r(Q) ≜ r1(Q) ∥ r2(Q) (30)
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(a) (b)

(c) (d)

(e) (f)

Figure 5. a) Equivalent circuit-theoretic representation of the small-signal or local memristor model. It is a linear one-port, consisting of the parallel
combination between a resistance r1(Q) and a resistance r2(Q)-inductance l(Q) series one-port.[38] b) Small-signal or local model of the NaMLab
Hodgkin-Huxley Neuristor in the Thévenin (Norton) form from plot (e,f) of Figure 2 about a generic operating point Q = (Q, Vm). Here Z denotes
the small-signal impedance of either of the two neuristor topologies at the respective input port A–B. (c–f) Illustrations showing how the values of the
parameters of the memristor local circuit in plot (a) vary as the device operating pointQ = X is swept across the range (253,1722), when correspondingly
the DC voltage Vm covers the interval (−1.046 V, 1.046 V) and the DC current Im assumes values across the set (−500 mA, 500 mA). The local stability
properties of the operating points of the memristor are indicated under the assumption that a DC voltage is let fall across its two terminals. (c) r1(Q)
versus Q. d) |r2(Q)| versus Q. Importantly, r2(Q) is negative for Q ∈ (QNDR, L, QNDR, U), and positive elsewhere. e) l(Q) versus Q. (f) r1(Q) + r2(Q)
versus Q.

stands for the device local resistance (recall Figure 4b). Also, the
device acts as a linear conductance in response to small-signal
stimuli at very high frequencies, asmay be evinced by computing
the limit of its local admittance for s→∞, which gives lims→ ∞Y(s;
Q) = G(Q).

4.4. Local Activity and Edge of Chaos in the NaMLab Memristor

As shown in plot (a) of Figure 6, the pole pY(Q) of the memris-
tor local admittance Y(s; Q) is positive within the NDR operat-
ing point range (QNDR, L, QNDR, U), and negative elsewhere. On
the other hand, since the sum of the resistances r1(Q) and r2(Q)
in the memristor local circuit model is strictly positive (refer to

Figure 5f), the zero zY(Q) of Y(s; Q) keeps negative, irrespective
of Q, as illustrated in plot (b) of Figure 6. Furthermore, the real
part ℜ{Y(s; Q)} of the memristor local admittance Y(s; Q) about
an operating point Q, reading for s = j𝜔 as

ℜ{Y(j𝜔;Q)} = KY (Q) ⋅
𝜔2 + zY (Q) ⋅ pY (Q)

𝜔2 + p2Y (Q)
(31)

goes negative across the range of angular frequencies

|𝜔0,Y (Q)| < 𝜔0,Y,max(Q) ≜ 1
l(Q)

⋅
√
−r2(Q) ⋅ (r1(Q) + r2(Q)) (32)
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(a) (b)

(c) (d)
Figure 6. a,b) Locus of the pole pY(Q) (zero zY(Q)) of the memristor local admittance Y(s;Q) versus the respective operating pointQ, providing insights
into the local stability properties of all the admissible bias points of the device under voltage (current) stimulation. c,d) Partition of the operating point
Q versus angular frequency 𝜔 plane into domains of different polarization regimes for the memristor under voltage (current) excitation. Irrespective of
the nature of the excitation, being a voltage or a current bias signal, the bottom and top grey regions in both (c) and (d) represent the Local Passivity (LP)
domains, stretching across the HRS PDR and LRS PDR operating point ranges, respectively. In (c,d) the yellow (ochre) region, where conditions (i) and
(iv) of the Local Activity Theorem from Section 2.1 (conditions (j) and (jj) of the Edge of Chaos Corollary from Section 2.2) hold true for Y(s;Q) (Z(s;Q)),
is the Unstable Local Activity (ULA) (Edge of Chaos (EOC)) domain, covering the NDR operating point range (QNDR, L, QNDR, U), for the voltage-driven
(current-driven) device. In (c,d) ℜ{Y(j𝜔; Q)} (ℜ{Z(j𝜔; Q)}) goes negative within the region of the Q versus 𝜔 plane lying inside the closed violet curve.

provided the radicand is real-valued, implying the necessity for
Q to lie inside the NDR operating point range (QNDR, L, QNDR, U).
For a one-port the local impedance Z(s; Q) is identically equal to
the inverse Y−1(s; Q) of the local admittance Y(s; Q). The local
impedance of the NaMLab threshold switch may be cast in the
form Z(s; Q) = KZ(Q) · (s − zZ(Q))/(s − pZ(Q)). The factor scaling
the rational function is computable via KZ(Q) = 1/KY(Q). Most
importantly, the pole (zero) pZ(Q) (zZ(Q)) ofZ(s;Q) coincideswith
the zero (pole) zY(Q) (pY(Q)) of Y(s; Q) Moreover, the conditions,
ensuring the real part ℜ{Z(j𝜔; Q)} of Z(j𝜔; Q) is negative, are the
very same, guaranteeing a negative sign for the real part ℜ{Y(j𝜔;
Q)} of Y(j𝜔;Q). Inmathematical form,ℜ{Z(j𝜔;Q)} goes negative
across the range of angular frequencies |𝜔0, Z(Q)|

|𝜔0,Z(Q)| < 𝜔0,Z,max(Q) ≜ 1
l(Q)

⋅
√
−r2(Q) ⋅ (r1(Q) + r2(Q)) (33)

Invoking now the Local Activity Theorem and the Edge of
Chaos Corollary, enunciated in Sections 2.1 and 2.2, respectively,
definitive conclusions, as enumerated below,may be drawn in re-

gard to the admissible operating regimes for the NbOx threshold
switch.

1. Under voltage stimulation, the device is locally active yet un-
stable (locally passive) at any bias point sitting along the NDR
branches (along either the HRS or the LRS PDR branches), as
shown in plot (c) of Figure 6.

2. Under current stimulation, the device is locally active and sta-
ble i.e. on the Edge of Chaos (locally passive) at any bias point
along the NDR branches (along either the HRS or the LRS
PDR branches), as illustrated in plot (d) of Figure 6.

It is simple to demonstrate that the resistor RL-memristor
 series one-port, whose voltage and current are respectively
definable as ṽm ≜ vm + RL ⋅ im and ĩm ≜ im, is strictly locally-
passive about the respective operating point, expressed via Q̃ ≜
Q , irrespective of the nature of the stimulus, being either
in voltage or in current form, providing the inequality RL >

max∀Q∈(QNDR,L,QNDR,U )
|r(Q)| holds true. In fact, the local admittance

Ỹ(j𝜔, Q̃) of the 1-1RL series one-port about its operating point
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Q̃ assumes the form

Ỹ(j𝜔, Q̃) ≜ {𝛿ĩm(t)}
{𝛿ṽm(t)}

||||Q̃ = KỸ (Q̃) ⋅
s − zỸ (Q̃)

s − pỸ (Q̃)
where

KỸ (Q̃) = KỸ (Q) =
1

r1(Q) + RL

zỸ (Q̃) = zỸ (Q) = −
r1(Q) + r2(Q)

l(Q)
, and

pỸ (Q̃) = pỸ (Q) = −
RL ⋅ (r1(Q) + r2(Q)) + r1(Q) ⋅ r2(Q)

l(Q) ⋅ (r1(Q) + RL)
(34)

Provided the inequality RL > max∀Q∈(QNDR,L,QNDR,U )
|r(Q)| applies,

Ỹ(j𝜔, Q̃) admits a strictly negative real partℜ{Ỹ(j𝜔, Q̃)} irrespec-
tive of the angular frequency 𝜔, while concurrently both its zero
zỸ (Q̃) and its pole pỸ (Q̃) lie on the OLHP. In particular, choos-
ing appropriate values for Vin and RL in the circuit of Figure 2c,
controlling the 1-1RL series one-port in voltage, it is possible
to poise it on a locally-passive operating point Q̃ , while concur-
rently stabilising the respective threshold switch on a bias point P
= (Vm, Im) lying along a NDR branch of the respective DC current
versus voltage characteristic.

Remark 5. Let us assume a DC current stimulus Im to
flow through the NaMLab threshold switch from t = 0. Sup-
pose that, after transients fade away, the volatile memristor is
found to sit on a stable and locally-active bias point P = (Im,
Vm) along a NDR branch of its voltage versus current char-
acteristic. Also, let an infinitesimal sine-wave current signal
of the form with
flow through the NaMLab threshold switch from a time in-
stant t = t0, so much larger than 0 that the device would
have settled to the aforementioned bias point by then. Assum-
ing 𝛿îm to be smaller than Im by several orders of magnitude,
the small-signal voltage, falling across the memristor in re-
sponse to the local current stimulus from t = t0, may be ap-
proximately computed via , where

𝛿v̂m = |Z(j𝜔∗;Q)| ⋅ 𝛿îm and , where

Clearly,
the modulus of the phase difference between the small-signal
current stimulus 𝛿im and the resulting infinitesimal voltage re-
sponse 𝛿vm lies between 90° and 270° if and only if condition (iv)
of the Local Activity Theorem from Section 2.1 holds true for the
memristor local impedance Z evaluated about Q at the input an-
gular frequency𝜔∗. Importantly, the net local energy 𝛿 absorbed
by the threshold switch, biased atQ, over the time frame (t0, t), is
computable via

(35)

Clearly, over any input cycle, i.e., across a generic T∗-long time
interval (ti, ti + T∗), where ti ⩾ t0, the memristor shall absorb a
net local energy which may be estimated via

(36)

where T∗ = 1/f∗, while f∗ = 𝜔∗/(2 · 𝜋) stands for the frequency
of the infinitesimal perturbation. As long as the modulus of the
phase shift between 𝛿im and 𝛿vm is between 90° and 270°, which
is the case if and only if ℜ{Z(j𝜔∗; Q)} < 0, does the memristor
provide the excitation source, which imposes the current flowing
between its terminals, with an infinitesimal amount of energy
of modulus |𝛿(t0, t0 + T∗;Q)|, with 𝛿(t0, t0 + T∗;Q) expressed
by Equation (36), over each T∗-long cycle of its small-signal si-
nusoidal current stimulus. Last but not least, from a basic in-
spection of the memristor small-signal equivalent circuit model
of Figure 5a, it is easy to realize that the phase of the threshold
switch local impedance evaluated about any of its NDR operating
points is a monotonically decreasing function of the frequency,
descending from 180° to 0° as the frequency increases from zero
to positive infinity.

Figure 7 shows simulation results illustrating the important
theoretical concepts presented in this remark. In particular, us-
ing the circuit set-up from Figure 2a, a DC current I equal to
17.446 mA was let flow through the threshold switch from t = 0.
With Im identically equal to I, the device was found to approach
the GAS operating point Q = 709 after transients faded away (re-
call plots (a) and (c) of Figure 3). In fact, it can be assumed the
memristor to sit at the aforementioned operating point at time
t = 1 μs, as demonstrated in Figure 7a. From this time instant,
labelled t0 in the analysis to follow, a small-signal input current
𝛿i of amplitude 𝛿î = 10 μA, phase , and angular fre-
quency 𝜔∗ = 2 · 𝜋 · f∗ was injected into the memristor together
with the DC bias stimulus I. The blue and red traces in plot
(b,c) of Figure 7 respectively show the local memristor current
𝛿im, identically equal to the small-signal stimulus 𝛿i, and the lo-
cal voltage 𝛿vm, which is correspondingly found to drop across
the threshold switch, when the frequency f∗ of the local stimu-
lus is set to a value 2 MHz (4 MHz) smaller (larger) than the
frequency f0, Z, max(Q) ≡ 𝜔0, Z, max(Q)/(2 · 𝜋), amounting to 2.80
MHz, at which the real part ℜ{Z(j𝜔, Q)} of the memristor lo-
cal impedance Z(j𝜔, Q) about the operating point Q vanishes,
and concurrently the phase of the memristor local
impedance Z(j𝜔, Q) at Q, expressed in degrees, attains the value
of 90° (refer to Figure 7d). The phase difference betweenmemris-
tor local voltage 𝛿vm and memristor local current 𝛿im, coinciding
with the phase of the threshold switch local impedance at Q, ex-
pressed in degrees, is found to be equal to a value 99.10° (80.45)
larger (smaller) than 90° by about 10° for f∗ = f∗, 1 = 2 MHz (f∗ =
f∗, 2 = 4 MHz), as shown in plot (b,c), which matches the expec-
tations from plot (d). As a result, as established by Equation (36),
the net local energy 𝛿(ti, ti + T∗;Q), with ti ⩾ t0 = 1 μs, absorbed
by thememristor per input cycle is negative (positive) for the first
(latter) input frequency scenario. With f∗ = 2 MHz (f∗ = 4 MHz),
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(a) (b)

(c)

(e)

(d)

Figure 7. a) Blue (Red) trace: Progressive approach of the memristor state x (voltage vm) toward the constant value Q = X = 709 (Vm = 0.85 V) in
response to a DC current stimulus I = 17.446 mA let flow between its terminals using the circuit set-up from Figure 2a. b) Blue (Red) trace: time course
of the memristor local current 𝛿im (memristor local voltage 𝛿vm) from the instant t0 = 1 μs at which a sine wave current 𝛿i of infinitesimal amplitude
𝛿 î = 10 μA, and phase , with 𝜔∗ = 2 ⋅ 𝜋 ⋅ f∗ and f∗ = f∗,1, set to 2 MHz, denote its angular frequency and frequency, respectively, is let flow
between the threshold switch terminals together with the much larger DC current stimulus I = 17.446 mA. The local input current period T∗,1 = 1∕f 1,∗ is
equal to 500ns. The modulus of the temporal distance ΔT∗,1 between a maximum of the voltage trace and an adjacent maximum of the current trace is
found to be equal to 137.64ns, which results in a phase between the phase of the red trace and the phase of the blue trace, expressed in degrees, as large
as . c) Blue (Red) trace: time course of thememristor local current 𝛿im (memristor local voltage 𝛿vm)

from the instant t0 = 1 μs at which a sine wave current 𝛿i of infinitesimal amplitude î = 10 μA, and phase , with 𝜔∗ = 2 ⋅ 𝜋 ⋅ f∗ and f∗ = f∗,2,
set to 4 MHz, denote its angular frequency and frequency, respectively, is let flow between the threshold switch terminals together with the much larger
DC current stimulus I = 17.446 mA. The local input current period T∗,2 = 1∕f 2,∗ is equal to 250 ns. The modulus of the temporal distanceΔT∗,2 between
a maximum of the voltage trace and an adjacent maximum of the current trace is found to be equal to 55.87ns, which results in a difference between
the phase of the red trace and the phase of the blue trace, expressed in degrees, as large as . d)

Blue (Red) trace: Modulus |Z(j𝜔, Q)| (Phase ) of the memristor local impedance Z(j𝜔, Q) at Q = 709 against the frequency f. The blue (red)
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the net local energy 𝛿(t0, t;Q) absorbed by the memristor from
the instant t0, at which the local current stimulus 𝛿i is let flow
between its terminals, to any later time t is illustrated through a
light brown (light blue) trace in Figure 7e. As expected, in the first
(latter) case 𝛿(t0, t;Q) inevitably keeps decreasing (increasing)
from input cycle to input cycle. Clearly, the NaMLab memristor
acts as a source (sink) of local energy about the operating point
Q for the lower (higher) input frequency case.

5. Large- and Small-Signal Models of the First and
Simplest Ever Reported Hodgkin–Huxley Neuristor

The simplest bio-inspired locally-active circuit, able to undergo
all the three fundamental bifurcations, which mark the life cycle
of a neuronal electrical spike, is shown in Figure 2e.
It is a memristive variant of a well-know relaxation

oscillator,[39] first introduced by Pearson and Anson (Refs.
[40, 41]), being composed of the parallel combination between
one linear capacitor C, one NaMLab threshold switch , and
a bias circuit, including a DC voltage source Vin and its series
resistance RL. With reference to Figure 2 the Norton equivalent
representation of the Thévenin circuit from plot (e) is illustrated
in plot (f), where Iin = Vin/RL. Clearly, the Norton cell has a sim-
ilar topology as the Hodgkin–Huxley neuron circuit model from
Figure 1a. However, rather remarkably, the proposed NaMLab
neuristor leverages just two dynamical elements to reproduce
the triplet of fundamental bifurcations, which, as predicted by
Hodgkin andHuxley through the study of a biologically-plausible
model—refer to the fourth-order nonlinear ODE set (1)-(4)[23] in
the Suporting Information — featuring double the number of
degrees of freedom, characterise the life cycle of an Action Poten-
tial under monotonic synaptic current modulation in biological
neurons, as beautifully pictured by the bifurcation diagram of
Figure 1c. Moreover, the proposed Hodgkin–Huxley neuristor
may be further simplified by replacing the circuitry, polarizing
the memristor in a given NDR operating point Q of interest,
specifically the parallel combination between a linear resistor RL
and a DC source, generating a constant current Iin, with a single
generator of bias current I (refer to Section 8). Irrespective of its
circuit topology, the Hodgkin–Huxley neuristor is indicated as
 in the remainder of this paper.
The analysis to follow will focus on the current-driven oscilla-

tor of Figure 2f. Recurring to basic circuit-theoretic principles,[29]

the second-order ODE, describing the Norton circuit, may be cast
in the form

ẋ = f ,1(x, vm) ≜ g(x, vm), and (37)

v̇m = f ,2(x, vm) ≜ 1
C

⋅
(
Iin −

vm
RL

− im(x, vm)
)

(38)

where the two state variables, specifically x and vm, respectively
represent the memristor state and voltage, the latter coinciding
with the capacitor voltage vC, g(x, vm) is the state evolution func-
tion of the NbOx threshold switch under voltage stimulation, as
reported in Equation (11), while im(x, vm) stands for the respec-
tive current, as expressed via Ohm’s law (10), with G(x) denoting
the memductance function from Equation (12). The state evolu-
tion function f ,1(x, vm) (f ,2(x, vm)) provides the rate of change
of the memristor state x (voltage vm). Assuming to have prelimi-
narily assigned a specific value to the resistance RL, given a bias
current stimulus Iin = Vin/RL, an admissible operating point for
the second-order relaxation oscillator is defined asQ ≜ (Q,Vm),
where Q = X and Vm indicate the DC values for memristor state
x and voltage vm, at which both f ,1(x, vm) and f ,2(x, vm) concur-
rently vanish. Now, the local model of the current-driven oscilla-
tor of Figure 2f may be derived, similarly as was done earlier for
the memristor DAE set (9)–(10) under voltage excitation, by lin-
earizing the second-order nonlinear ODE (37)–(38) about an op-
erating point Q , assuming, furthermore, an infinitesimal cur-
rent 𝛿iin to enter its capacitor C through node A. The local model
of the memristor oscillator takes the form

𝛿ẋ = a (Q ) ⋅ 𝛿x + b (Q ) ⋅ 𝛿vm, and (39)

𝛿v̇m = c (Q ) ⋅ 𝛿x + d (Q ) ⋅ 𝛿vm + 𝛿uin (40)

where 𝛿x and 𝛿vm respectively denote the small-signal memristor
state and voltage response to the infinitesimal current stimulus
𝛿iin, 𝛿uin≜𝛿iin/C. By partial differentiation of the state evolution
functions f1(x, vm) and f2(x, vm), the formulas for the local param-
eters of the neuristor depend upon its operating point Q via

a (Q ) ≜ 𝜕f ,1(x, vm)

𝜕x

||||Q=(Q,Vm)
= a(Q) (41)

b (Q ) ≜ 𝜕f ,1(x, vm)

𝜕vm

||||Q=(Q,Vm)
= b(Q) (42)

c (Q ) ≜ 𝜕f ,2(x, vm)

𝜕x

||||Q=(Q,Vm)
= −

c(Q)
C

, and (43)

d (Q ) ≜ 𝜕f ,2(x, vm)

𝜕vm

||||Q=(Q,Vm)
= −

d(Q) +GL

C
(44)

in whichGL = R−1
L , while a(Q), b(Q), c(Q), and d(Q) are expressed

by Equations (19), (20), (21) and (22). After mapping the small-
signal neuristor model (39)–(40) into the Laplace domain for x0
= x(0) = 0 and vm, 0 = vm(0) = 0, and performing some alge-
braic calculation on the resulting linear system, the small-signal
impedanceZ (s;Q ) of the current-driven neuristor of Figure 2f

square, circle, and diamond markers indicate the modulus (the phase) of the memristor local impedance Z(j𝜔, Q) at Q = 709 when the frequency f
is respectively equal to f∗,1 = 2MHz, f0, Z, max(Q) = 2.80 MHz, and f∗,2 = 4MHz. Letting a DC current I = 17.446 mA flow continuously between its
terminals, the memristor is bound to operate as a source (sink) of local energy when, after having attained the expected operating point Q = 709, a
purely-AC periodic sine wave current 𝛿i of infinitesimal amplitude 𝛿 î and positive frequency f∗ smaller (larger) than f0, Z, max(Q) = 2.80 MHz, implying

to be larger (smaller) than 90°, is injected together with the bias current I into its physical medium. e) Light brown (Light blue) trace: Locus
of the net local energy 𝛿(t0, t;Q) absorbed by the memristor poised onQ = 709 from t0 = 1 μs to any later time till t = 5 μs as the small-signal sine wave
current 𝛿i of amplitude 𝛿 î = 10 μA and frequency f∗ = f∗,1 = 2MHz (f∗ = f∗,2 = 4MHz) from plot (b,c) flows between its terminals. In the first (latter)
case the memristor behaves as a source (sink) of local energy, as expected from plot (d).
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at the port A–B about an operating pointQ is found to read as

Z (s;Q ) ≜ {𝛿vm(t)}
{𝛿iin(t)}

||||Q

= KZ (Q ) ⋅
s − zZ (Q )(

s − p−,Z (Q )
)
⋅
(
s − p+,Z (Q )

) (45)

where the factor KZ , scaling the rational function, the zero zZ ,
and the poles p−,Z and p+,Z , when evaluated atQ , are respec-
tively expressed by

KZ (Q ) = 1
C

(46)

zZ (Q ) = pY (Q) = −
r2(Q)
l(Q)

, and (47)

p∓,Z (Q ) =
𝜌(Q ) ∓

√
𝜌2(Q ) − 4 ⋅ 𝜂(Q )

2
(48)

in which

𝜌(Q ) = −
r2(Q)
l(Q)

−
r1(Q) + RL

C ⋅ r1(Q) ⋅ RL
, and (49)

𝜂(Q ) = 1
l(Q) ⋅ C

⋅
(
1 +

r2(Q) ⋅ (r1(Q) + RL)
r1(Q) ⋅ RL

)
(50)

while the expressions for r1(Q), r2(Q), and l(Q) are reported in
Equations (27), (28), and (29), respectively. The linear one-port in
plot (b) of Figure 5 features at the source port A–B the very same
impedance, as reported in Equation (45). As a result, it defines
the circuit-theoretic representation of the small-signal model of
the Hodgkin–Huxley neuristor from Figure 2f about an operat-
ing point Q . It is worth observing that the small-signal equiv-
alent circuit model of the neuristor in Norton form can be re-
trieved alternatively from the respective large-signal circuit topol-
ogy from Figure 2f by turning off the independent DC source Iin
and replacing the memristor with its small-signal equivalent cir-
cuit model from Figure 5a. The very same conclusions may be
drawn from the analysis of the equivalent Thévenin circuit topol-
ogy in Figure 2e across the respective port A–B. In particular, the
local circuit model of this cell may be obtained from Figure 2e
upon replacing the DC source Vin with the small-signal stimu-
lus 𝛿vin and the memristor with its small-signal equivalent cir-
cuit model from Figure 5a. One could then compute the local
impedance of the resulting voltage-driven linear circuit at the ca-
pacitor port A–B. Alternatively, this circuit may be first cast in the
form shown in plot (b) of Figure 5 upon defining 𝛿iin = 𝛿vin/RL,
as established by the Norton Theorem, which allows to follow the
very same procedure outlined above to compute the local transfer
function from Equation (45) thereafter.

5.1. Local Activity and Edge of Chaos in the Hodgkin–Huxley
Neuristor

On the basis of the expressions for 𝜌(Q ) and 𝜂(Q ), reported
in Equations (49) and (50), respectively, it is easy to prove that an

admissible operating pointQ for the neuristor is unstable if
𝜂(Q ) < 0, i.e., when

r2(Q) < 0, and RL < |r(Q)| (51)

irrespective of the sign of 𝜌(Q ), or if 𝜌(Q ) > 0, i.e. when

r2(Q) < 0, RL > |r(Q)|, and C > Ĉ(Q) (52)

where

Ĉ(Q) ≜ −
l(Q)
r2(Q)

⋅
r1(Q) + RL

r1(Q) ⋅ RL
(53)

in case 𝜂(Q ) > 0.
Letting s = j𝜔, the real part ℜ{Z (s;Q )} of the local

impedance Z (s;Q ) of the memristor oscillator of Figure 2f
across the port A-B about an operating point Q may be com-
puted via

ℜ{Z (j𝜔;Q )}

= KZ (Q ) ⋅
−𝜌(Q ) ⋅ 𝜔2 − zZ (Q ) ⋅ (𝜂(Q ) − 𝜔2)(

𝜌(Q ) ⋅ 𝜔
)2 + (

𝜂(Q ) − 𝜔2
)2 (54)

which goes negative across the range of frequencies

|𝜔0,Z (Q )| < 𝜔0,Z ,max(Q )

≜
√

−
r2(Q)
l2(Q)

⋅
(
r2(Q) +

r1(Q) ⋅ RL

r1(Q) + RL

)
(55)

provided the polarity of the radicand is positive, which calls for
the need to fulfil concurrently the two inequalities r2(Q) < 0 and
RL > |r(Q)|.
It follows that the proposed Hodgkin–Huxley neuristor from

Figure 2f is poised on a GAS and locally-active operating point
Q = (Q,Vm) if the three inequalities

r2(Q) < 0 RL > |r(Q)|, and C < Ĉ(Q) (56)

are simultaneously satisfied. Last but not least, these conclu-
sions on the Local Activity and Edge of Chaos of the proposed
Hodgkin–Huxley neuristor might have been equivalently de-
rived by analyzing the Thévenin cell of Figure 2e.

5.2. Number, Local Stability, and Local Passivity/Local Activity
Properties of the Operating Points of the Memristor Oscillator

On the basis of the results, acquired through the investigation
of the DC response of the memristor and through the explo-
ration of the capability of the neuristor from Figure 2f to am-
plify infinitesimal fluctuations in energy, as pursued in the Sec-
tions 4.2 and 5.1, respectively, the following conclusions may be
drawn on number, local stability, and local activity properties of
the admissible operating points for the equivalent Thévenin cir-
cuit topology in plot (a) of the same figure on the basis of the
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(a) (b)

(c) (d)

Figure 8. a) Application of the load line method to determine the memristor bias point P for Vin = 0.881 V and RL = 50 Ω. The bias parameters stabilize
P at (Vm, Im) = (0.85 V, 0.620 mA), falling along the HRS PDR branch of the device DC current versus voltage characteristic. b) Phase portrait of the
relaxation oscillator in Figure 2e under this bias parameter setting and for C = 100 nF. The second-order cell features one and only one locally-passive
and stable operating point Q at (Q, Vm) = (285, 0.85 V). c) Graphical identification of the memristor bias point P for Vin = 3.753 V and RL = 20 Ω via
the load line method. In this scenario P is stabilized at (Vm, Im) = (0.85 V, 145 mA), belonging to the LRS PDR branch of the device DC current versus
voltage characteristic. d) Illustration of the local and global behavior of the second-order cell, featuring the aforementioned bias parameter values and
a capacitance C of 10nF, for each initial condition from a wide set. The only locally-passive and stable operating point Q for the oscillator of Figure 2e
lies at (Q, Vm) = (1342, 0.85 V).

bias parameters Vin and RL as well as of the capacitance C, as-
suming, without loss of generality, a positive polarity for the DC
input voltage Vin.

1. If the bias parameter pair (Vin,RL) is chosen in such a way that
the load line of the circuit of Figure 2c crosses the DC cur-
rent Im versus voltage Vm locus just once, identifying a bias
point P = (Vm, Im), lying either along the HRS PDR branch
or along the LRS PDR branch, as respectively illustrated in
Figure 8a,c, which implies a positive polarity for r2(Q), where
Q denotes the memristor operating point, corresponding to
the bias point P, the oscillatory cell of Figure 2e is found
to admit a locally-passive and locally-stable operating point
Q = (Q,Vm), irrespective of the value assigned to the capac-
itance C.

2. If the bias parameter pair (Vin,RL) is chosen in such a way
that the load line of the circuit of Figure 2c crosses the DC
Im versus Vm locus three times, identifying one bias point
P1 = (Vm, 1, Im, 1) in the HRS PDR branch, one bias point P2
= (Vm, 2, Im, 2) in the NDR branch, and one bias point P3 =
(Vm, 3, Im, 3) in the LRS PDR branch, as depicted in Figure 9a,

which implies r2(Q1) > 0, r2(Q2) < 0, RS < |r(Q2)|, and r2(Q3)
> 0, where Qi denotes the i

th memristor operating point, cor-
responding to its ith bias point Pi (i ∈ (1, 2, 3)), the oscil-
lator of Figure 2e is found to admit a triplet of operating
points, specifically Q ,1 = (Q1, Vm,1), Q ,2 = (Q2, Vm,2), and
Q ,3 = (Q3, Vm,3), the first and third (the second) of which be-
ing locally-passive and locally-stable (locally-active yet unsta-
ble), irrespective of the capacitance C.

3. If the bias parameter pair (VS,RS) is chosen in such a way
that the load line of the circuit of Figure 2c crosses the DC
Im versus Vm locus three times, identifying one bias point P1
= (Vm, 1, Im, 1) on the HRS PDR branch, and two bias points,
namely P2 = (Vm, 2, Im, 2) and P3 = (Vm, 3, Im, 3) on the NDR
branch, as visualized in Figure 10a, which implies r2(Q1) >
0, r2(Q2) < 0, r2(Q3) < 0, and |r(Q3)| < RS < |r(Q2)|, where Qi
denotes the ith memristor operating point, corresponding to
its ith bias point Pi (i ∈ (1, 2, 3)), the oscillator of Figure 2e
is found to admit a triplet of operating points, specifically
Q ,1 = (Q1, Vm,1), Q ,2 = (Q2, Vm,2), and Q ,3 = (Q3, Vm,3).
While the first (second) cell operating point is locally-passive
and locally-stable (locally-active yet unstable), irrespective of
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(a) (b)

(c) (d)

Figure 9. a) Intersections between memristor DC Im versus Vm characteristic and load line for Vin = 0.8605 V and RL = 0.6 Ω. The device admits
a triplet of bias points, of which P1 = (Vm, 1, Im, 1) = (0.8601 V, 0.644 mA), lying along the HRS PDR branch, and P3 = (Vm, 3, Im, 3) = (0.8262 V,
57.045 mA), falling on the LRS PDR region, are locally stable, whereas P2 = (Vm, 2, Im, 2) = (0.85 V, 17.446 mA), belonging to the NDR domain, is
unstable. b) Progressive approach of the relaxation oscillator of Figure 2e toward either of two locally passive and locally stable operating points, i.e.,
Q ,1 = (Q1, Vm,1) = (287, 0.8601 V) orQ ,3 = (Q3, Vm,3) = (1050, 0.8262 V), depending upon the initial condition, for C = 125 nF. The stable manifold
of the locally-active yet unstable operating pointQ ,2 = (Q2, Vm,2) = (709, 0.85 V) separates the basins of attraction ofQ ,1 andQ ,3. c,d) Progression
of the memristor voltage vm (memristor state x) toward one of the two admissible asymptotic values, specifically Vm, 1 = 0.8601 V (Q1 = 287) or Vm, 3
= 0.8262 V (Q3 = 1050), for each of the initial conditions considered to draw the phase portrait in (b).

the capacitance, the third-one, keeping locally active at all cir-
cumstances, is found to be a stable (an unstable) focus when-
ever the value assigned to the capacitance C is smaller (larger)
than a critical threshold Ĉ(Q3) determinable via Equation (53).

4. If the bias parameter pair (Vin,RL) is chosen in such a way that
the load line of the circuit of Figure 2c crosses the DC current
versus voltage locus just once, identifying a bias pointP= (Vm,
Im), lying along the NDR branch, as shown in Figures 4c and
11a, which implies r2(Q)< 0 and RS > |r(Q)|, whereQ denotes
the only admissible memristor operating point, correspond-
ing to its unique bias point P, the oscillatory cell of Figure 2e is
found to admit a locally-active operating point Q = (Q,Vm),
which is endowed with stability (instability) if the capacitance
C is smaller (larger) than a bifurcation threshold Ĉ(Q) com-
putable through Equation (53).

As will be unveiled shortly, it is in case study 4, and, partic-
ularly, while exiting, or entering, or operating on the Edge of
Chaos domain, that the second-order relaxation oscillator from

Figure 2(e) may reproduce the complex emergent phenomena,
appearing in the fourth-order Hodgkin–Huxley neuron model,
as illustrated in the classical bifurcation diagram from Figure 1c.

5.2.1. Condition for the Occurrence of a Local Hopf Bifurcation
Across the Bio-Inspired Oscillator

A Local Hopf Bifurcation[6] may occur across the Thévenin (Nor-
ton) cell, shown in plot (e,f) of Figure 2, only in case study 4 from
Section 5.2, and when, moreover, the cell is poised on an operat-
ing pointQ = (Q,Vm) at the frontier between its instability and
Edge of Chaos domains, i.e., provided the following three con-
straints concurrently apply:

r2(Q) < 0, RL > |r(Q)|, and C = Ĉ(Q) (57)

where the closed-form expression for Ĉ(Q) is reported in
Equation (53).
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(a) (b)

(c) (d)

(e)

Figure 10. a) Crossings between DC Im versus Vm locus and load line for Vin = 0.8674 V and RL = 1 Ω. Three are the admissible bias points for
the memristor. While P1 = (Vm, 1, Im, 1) = (0.8668 V, 0.661 mA) falls on the HRS PDR branch, both P2 = (Vm, 2, Im, 2) = (0.85 V, 17.446 mA) and
P3 = (Vm, 3, Im, 3) = (0.8265 V, 40.945 mA) belong to the NDR region. As a result of the bias parameter setting, P1 and P3 are stable, while P2 is
unstable. b,d)) Phase portrait of the oscillator of Figure 2e for C = 500 nF (C = 1.3 μF). The cell operating point Q ,1 = (Q1, Vm,1) = (288, 0.8668 V)
(Q ,2 = (Q2, Vm,2) = (709, 0.85 V)) keeps locally-passive and stable (locally-active yet unstable), irrespective of the capacitance value. On the other hand,
while maintaining its local activity, Q ,3 = (Q3, Vm,3) = (950, 0.8265 V) loses stability as C is increased above a threshold value of Ĉ(Q3) = 1.273 μF.
This notwithstanding, the cell does not undergo sustained limit-cycle oscillations for larger capacitance values. In fact, it is found to exhibit a bistable
(monostable) quiescent steady state, depending (independent) upon (of) the initial conditions for any C < (>)Ĉ(Q3), as is the case for example in the
scenario illustrated in plot (b,c). c,e) Time behavior of the memristor voltage vm from each initial condition used to draw the pre-bifurcation (post-
bifurcation) phase portrait for C = 500 nF (C = 1.3 μF) in plot (b,d).

5.3. Unfolding the Global Nonlinear Dynamics of the Oscillator

The application of concepts from Local Activity Theory[2] allows
to explore the dynamics of the Thévenin (Norton) topology of the
oscillator, as shown in plot (e,f) of Figure 2, in the neighborhood
of each of its admissible operating points, as described in Sec-

tion 5.2. However, important aspects of the dynamics of a nonlin-
ear system may be overlooked when linearization techniques are ap-
plied to its model before commencing its analysis. For this reason,
drawing a comprehensive picture for the response of the oscilla-
tor to DC stimulation may not leave aside the investigation of
its global behavior, which calls for the application of powerful
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techniques from Nonlinear Dynamics Theory.[4] One of the most
important investigation methods, allowing to shed light into the
behavior of the proposed second-order oscillator of Figure 2e far
away from its operating points, calls for the analysis of its phase
portrait, a graph drawn on the 2D vm versus x space, referred to
as phase plane, and spanned by the two dynamical states of the
ODE set (37)–(38), where Iin = Vin/RL. Given a certain param-
eter setting for the oscillator, x and vm evolve over time from a
certain initial condition (x0, vm, 0)≜(x(0), vm(0)) under the effect
of the vector field, whose first (second) component denotes the
rate of change ẋ = f1(x, vm) (v̇m = f2(x, vm)) of the memristor state
(voltage) according to the ODE (37) (38). Projecting the solutions
x(t) and vm(t) to the ODE system one against the other from the
initial time of their evolution, each point on the resulting trace,
referred to as phase-plane trajectory, moves with a speed (in the
direction) imposed by the modulus r(ẋ, v̇m) (phase 𝜑(ẋ, v̇m)) of

the vector field, computable via r(ẋ, v̇m) =
√
ẋ2 + v̇2m (𝜑(ẋ, v̇m) =

arctan(v̇m∕ẋ) + 𝜋∕2 ⋅ (1 − sign(ẋ))). The phase portrait of the os-
cillator, preliminarily programmed through a specific parameter
setting, consists of a number of trajectories, endowed with ar-
rows, indicating how their points evolve with time from the re-
spective initial conditions, and is further enriched with the sys-
tem’s attractors, which for the neuristor cell under study may ei-
ther be operating points or limit cycles. The operating points lie at
the intersections between the x and vm nullclines. The first (latter)
nullcline, depicted via a dash-dotted (dashed) black trace in the
oscillator phase portraits to be discussed shortly, is the locus of
phase-plane points, where the rate ẋ (v̇m) of change of the mem-
ristor state x (memristor voltage vm) vanishes. For the relaxation
oscillator of Figure 2e, the x and vm nullclines are respectively
expressed by

vm = ±
√

−a0 − a1 ⋅ x

b2 + c2,1 ⋅ x + c2,2 ⋅ x2 + c2,3 ⋅ x3 + c2,4 ⋅ x4 + c2,5 ⋅ x5
, and (58)

vm =
RL

1 + RL ⋅G(x)
⋅ Iin (59)

where Iin = Vin/RL. The positive (negative) solution in Equa-
tion (58) should be employed to define the x nullcline in case Vin
were endowed with a positive (negative) polarity. In the oscillator
phase portraits, illustrated in thismanuscript, a filled (hollow) cir-
cle is used to indicate a stable (an unstable) operating point Q ,
whereas an isolated closed orbit, drawn in solid blue (dash-dotted
red) line style, is employed to denote a stable (an unstable) limit-
cycle attractor. A blue-red dashed line style is further used here to
indicate a semistable isolated closed orbit, particularly a saddle-
node limit cycle, which attracts (repels) phase-plane trajectories
initiated outside (inside) it. Through an extensive numerical in-
vestigation, based upon the phase portrait analysis method, we
gained a deep understanding of the global behavior of the bio-
inspired circuit of Figure 2e in each of the four case studies listed
in Section 5.2. The results of the study are enumerated below.

1. With reference to the first (second) scenario from case study 1,
as revealed in the exemplary phase portrait from Figure 8b,d,
where an arbitrary value was assigned to the capacitance C,
stabilizing the memristor along the HRS (LRS) PDR branch,
as depicted in plot (a) of the same figure, the only operating
point Q , which the oscillator consequently admits, is found
to be not just locally but also globally asymptotically stable,
attracting phase-plane trajectories irrespective of their initial
conditions.

2. Focusing now on case study 2, as shown in the illustrative
phase portrait from Figure 9b, where, once again, the capaci-
tance C was chosen arbitrarily, when the bias parameters en-
dow the memristor with two possible stable DC states, one
per PDR branch, as visualized in plot (a) of the same figure,
the oscillator phase planemay be partitioned into two regions,
separated by the stable manifold of the saddle operating point
Q ,2, the left (right) of which includes all the initial condi-
tions, fromwhich the oscillator itself asymptotically converges
toward the locally-stable operating point Q ,1 (Q ,3). Here
the cell exhibits an interesting bistable quiescent response to
the DC stimulus,[42] as illustrated in terms of the memristor
voltage vm and of the memristor state x in plots (c) and (d) of

Figure 11. a) Illustration, which, similarly as the one depicted in Figure 4c, reveals how a suitable choice for the bias parameters, corresponding here
to the assignment of 1.137V to Vin and of 50 Ω to RL, allows the load line to cross the DC Im versus Vm characteristic in a single point, lying on its NDR
branch, only. Here the memristor bias point P is stabilized at (Vm, Im)= (1.000 V, 2.739 mA). b) Progressive convergence of the state vector [x, vm]

T of the
ODE system (37)–(38), where Iin = Vin/RL = 22.740 mA, toward a unique locally-active and stable operating point Q , marked via a black filled circle,
and lying at a phase-plane location, independent of the capacitance, of abscissaQ = 377 and ordinate Vm = 1.000 V, from each initial condition across a
wide set for C = 5 nF. c,d) Asymptotic approach of memristor voltage vm (state x) toward the steady-state value Vm = 1.000 V (Q = 377) from each initial
condition considered to draw the phase portrait in (b). Increasing the capacitance up to the critical value Ĉ(Q = 377) = 9.336 nF, the Thévenin cell of
Figure 2e, or, equivalently, the Norton cell of Figure 2(f), where Iin = Vin/RL, experiences a Hopf supercritical bifurcation, which destabilizes its locally-
active operating pointQ , and concurrently spawns a stable infinitesimally-small limit cycle around it on the vm versus x plane. e) Progressive evolution
of a phase-plane trajectory, initiated relatively far away from the location of the operating point, marked now through a hollow black circle to indicate its
unstable nature, toward the just-born infinitesimally-small GAS limit-cycle attractor, appearing as an isolated closed blue orbit, for C = 9.34 nF. f) Green
(Orange) trace: phase-plane trajectory, initiated locally inside (outside) the infinitesimally-small limit cycle, and approaching it asymptotically, for C =
9.34 nF. g) Blue (Red) trace: tiny almost-sinusoidal time waveform of memristor voltage vm (memristor state x), recorded after transients vanished for
C = 9.34 nF during the numerical simulation which produced the green solution trajectory in (f) for (x0, vm, 0) = (377.6, 0.9996 V). h) Blue (Red) trace:
locus of the real part ℜ{Y (j𝜔;Q )} (imaginary part ℑ{Y (j𝜔;Q )}) of the local admittance Y (s) of either of the two equivalent bio-inspired cells
across the respective port A-B about the operating point Q for s = j𝜔 versus the angular frequency 𝜔 for C = Ĉ(Q = 377) = 9.336 nF. Importantly,
Y (j𝜔;Q ) vanishes at 𝜔 = |𝜔̂0,Z (Q )| = 3.146 ⋅ 106s−1, given that here the poles of the local impedance Z (s) of either of the two equivalent
second-order circuits at the respective port A–B about the operating point Q form a complex conjugate pair reading as p∓,Z (Q ) = ∓j𝜔̂0,Z (Q )
(refer to Figure 12d). The period of the tiny sine-wave-alike oscillation, along which the memristor state is expected to evolve at steady state at the
Hopf supercritical bifurcation point C = Ĉ(Q) = 9.336 nF in the voltage-driven (current-driven) electrical system of Figure 2e,f) for Vin = 1.137 V (for
Iin = Vin/RL = 22.740 mA) may be estimated via As expected, this is rather close to the temporal duration T = 1.998 μs of one cycle in the steady-state
oscillatory waveform of the memristor state x from plot (g), obtained for a capacitance value, specifically 9.34 nF, just over the bifurcation threshold.
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(a) (b)

(c) (d)

Figure 12. a) Phase portrait of the voltage-driven (current-driven) bio-mimetic oscillator in plot (e,f) from Figure 2 for Vin = 1.137 V and RL = 50 Ω (for
Iin = Vin/RL = 22.740 mA) with C = 50 nF. The size of the isolated closed blue orbit, representing the GAS limit-cycle attractor, has increased considerably
since the occurrence of the Hopf supercritical bifurcation. b) Blue (Red) trace: time waveform of the sign-reversed voltage −vm (of the state x) of the
memristor at steady state as extracted from the model simulation which generated the green phase-plane trajectory in (a) for (x0, vm, 0) = (1750, 0.2 V).
The first (latter) signal undergoes oscillatory dynamics qualitatively similar to the periodic behavior of the activation gating variable n of the potassium
ion channel (of the membrane capacitance voltage vm) in the Hodgkin–Huxley neuron model, as follows by direct comparison with the blue (red) trace
from Figure 1d. c) Bifurcation diagram of either of the two equivalent oscillators on the vm versus C plane for the aforementioned bias parameter pair
upon sweeping the capacitance C from 0 to 100 nF. The ordinate of the oscillator operating point Q = (Q, Vm) = (377, 1.000 V) is indicated by the
violet line. A solid (dash-dotted) line style is used to draw this line over the capacitance range to the left (right) of the Hopf supercritical bifurcation
threshold Ĉ(Q = 377) = 9.336 nF, where the oscillator operating point Q is stable (unstable). For any C > Ĉ(Q = 377) = 9.336 nF, a point on the
blue (red) trace denotes the maximum (minimum) value max per cycle{limt→ ∞vm(t)} (min per cycle{limt→ ∞vm(t)}), which the oscillatory waveform of the
capacitor voltage vm attains over each cycle at steady state, irrespective of the initial condition. d) Evolution of the poles p−,Z (Q ) and p+,Z (Q )
of the local impedance Z of the voltage-driven (current-driven) oscillator in plot (e,f) of Figure 2 at the respective port A–B about Q for RL = 50
Ω and Vin = 1.137 V (Iin = 22.740 mA) across the complex plane upon sweeping the capacitance C from 0.9507 nF to 1 μF. As may be inferred from
the locations of the hollow circle markers, the two poles form a purely-imaginary complex conjugate pair at the Hopf supercritical bifurcation point
C = Ĉ(Q = 377) = 9.336 nF.

Figure 9, respectively, yet it is still unable to support sustained
limit-cycle oscillations.

3. Looking now at case study 3, as may be evinced from the ex-
emplary phase portrait from Figure 10b,d, when the load line
crosses twice the DC Im versusVm locus on its NDR branch, as
shown in plot (a) of the same figure, the cell exhibits a bistable
(monostable) quiescent condition, sitting either at QN, 1 or at
QN, 3 (at QN, 1) at steady state, while QN, 2 keeps its saddle na-
ture at all times, if the value assigned to the capacitance C is
lower (larger) than the critical threshold Ĉ(Q3).With reference
to the same figure, plot (c,e) shows the time evolution of the
memristor voltage vm from each initial condition in the pre-
bifurcation (post-bifurcation) phase portrait from plot (b,d).
Despite the capacitance-induced change in the stability prop-
erties of one of its three admissible operating points, the bio-

inspired circuit of Figure 2ewas once again never found to set-
tle on an oscillatory operatingmode, as in the two case studies
reported so far.

4. As anticipated earlier, a special consideration has to be given
to case study 4, since, under a bias parameter setting, satis-
fying the associated constraints, the bio-inspired circuit from
Figure 2e is capable to support the complex bifurcation phe-
nomena, emerging in the Hodgkin–Huxley neuron model,
when suitable conditions, to be disclosed shortly, are satisfied.
Here it is worth monitoring the dynamical behavior of the
bio-inspired cell across the capacitance C versus memristor
operating point Q plane in the hypothesis, considered in the
remainder of this manuscript, where the linear resistance RL
complies with the constraint RL >maxQ∈(QNDR,L,QNDR,U )

|r(Q)| =|r(Q = 411)| = 21.427Ω. On the basis of the results from
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Section 5.2, Figure 13a illustrates how such plane may be par-
titioned into distinct operating domains for the oscillator in
the exemplary scenario where RL is a 50 Ω resistance.

Remark 6. Since the inequality RL > |r(Q)| holds true, with the
memristor bias point P belonging to a NDR branch of the DC
Im versus Vm locus, there exists a threshold value for the ca-
pacitance C, specifically Ĉ(Q), depending upon Q according to
Equation (53), below (above) which the cell is poised on the Edge
of Chaos (in the Unstable Local Activity) domain about Q =
(Q,Vm). Extensive numerical simulations, based upon the phase
portrait analysis method, have revealed how, choosing the capac-
itance C as tuning parameter, the oscillator of Figure 2e may fol-
low either of two possible bifurcation routes depending upon its
operating point Q , i.e., equivalently, on the basis of the specific
location of the memristor bias point P on the NDR branch of
the DC Im versus Vm locus. Along the first (second) bifurcation
route, when the capacitance attains the critical value Ĉ(Q), the
cell is found to undergo a local Hopf bifurcation of supercritical
(subcritical) nature.

6. Unveiling the Complex Bifurcation Patterns of
the Second-Order Bio-Inspired Memristive
Oscillator

This section is devoted to unveil all the possible bifurcation phe-
nomena, whichmay ever appear across the proposed bio-inspired
oscillator under a monotonic sweep in one of its key design pa-
rameters, particularly the capacitance and its stimulus, as de-
scribed in the first and section subsections to follow.

6.1. Bifurcation Routes of the Bio-Inspired Oscillator under
Monotonic Capacitance Sweep

Let us first analyse the one-parameter bifurcation scenarios
observable across the bio-ispired oscillator under capacitance
sweep. Moving vertically across the C versus Q plane of
Figure 13a, the local and global dynamical behavior of the cell
may manifest two possible patterns, as described below.

4.a In the first one-parameter bifurcation scenario, occurring in
case study 4, while increasing the value assigned to the ca-
pacitance C from 0, the Thévenin cell of Figure 2e, or, equiv-
alently, the Norton cell of Figure 2f, where Iin = Vin/RL, is
found to sit on a locally active and GAS operating point Q

at steady state as long as C keeps below Ĉ(Q). When the
control parameter attains this critical value, the cell under-
goes a local Hopf supercritical bifurcation, which destabi-
lizes the operating point, while spawning an infinitesimally-
small limit cycle, encirclingQ and attracting any trajectory
in the phase-plane. For any capacitance value beyond the bi-
furcation threshold Ĉ(Q) the cell keeps acting as an oscilla-
tor, irrespective of the initial condition.
As an illustrative example, setting Vin and RL to 1.137 V and
50Ω, respectively, as illustrated in Figure 11a, thememristor
from the circuit of Figure 2c is stabilized on the bias point
P = (Vm, Im) = (1.000 V, 2.739 mA), and endowed as a result

with the operating point Q = 377. As may be inferred from
the location of the black hollow circle marker in Figure 13a,
the particular choice for the bias parameters sets the Hopf
supercritical bifurcation capacitance Ĉ(Q = 377) to the value
of 9.336 nF. As a result, increasing the capacitance from 0
along the vertical red solid line in the C versus Q diagram,
as indicated by the arrows superimposed upon it, all the solu-
tion trajectories in the phase plane asymptotically approach
Q = (Q,Vm) = (377, 1.000V) until the control parameter
attains the ordinate of the crossing point between the line it-
self and the solid black curve, which denotes the locus of the
Hopf bifurcation capacitance Ĉ(Q) versus thememristor op-
erating pointQ forRL = 50Ω. For example, Figure 11b shows
the oscillator phase portrait for an exemplary pre-bifurcation
scenario, corresponding to the assignment of a value of 5
nF to the capacitance. Plot (c,d) in the same figure demon-
strates the eventual approach of the time waveform of the
memristor voltage vm (memristor state x) toward the ordi-
nate Vm (abscissa Q) of the GAS operating point Q of the
oscillator when C = 5 nF for each initial condition consid-
ered in the derivation of the phase portrait shown in plot (b)
of the same figure. An infinitesimally-small GAS limit cycle
suddenly appears in the vm versus x plane around the oscilla-
tor operating pointQ , which concurrently loses stability, as
soon as C increases up to Ĉ(Q = 377) = 9.336 nF. As shown
in plot (e) of the same figure, directly after the bifurcation,
specifically forC= 9.34 nF, a phase-plane trajectory, initiated
far away from the region, hosting the operating point, con-
verges asymptotically toward the blue-colored isolated closed
orbit. Plot (f) shows a close-up view of the limit cycle from
plot (e), together with two new phase-plane trajectories, one
in green and the other in orange, initiated within its local
neighborhood the first inside and the latter outside its orbit,
respectively, and spending a relatively large amount of time
while spiralling clockwise toward it. Here the forward-time
waveforms of memristor voltage (blue trace) and memris-
tor state (red trace), depicted in plot (g), are infinitesimally-
small almost-sinusoidal oscillations, which is a fingerprint of
a Hopf supercritical bifurcation. Figure 11h shows through
blue and red traces respectively the real and imaginary parts
of the local admittance Y (j𝜔) of either of the two equiva-
lent cells, depicted in plots (e) and (f) of Figure 2, across the
respective port A–B about Q as a function of the angular
frequency 𝜔 at the Hopf supercritical bifurcation point C =
Ĉ(Q = 377) = 9.336 nF.Y (j𝜔;Q ) is found to vanish at the
angular frequencies ±𝜔̂0,Z (Q ), where, correspondingly,
its inverse function, i.e. the local impedance Z (j𝜔;Q ) of
either the Thévenin or the Norton cell at the respective port
A–B about Q admits a purely-imaginary complex conju-
gate pair of poles of the form p∓,Z (Q ) = ∓j𝜔̂0,Z , where
𝜔̂0,Z , numerically equal to 3.146 · 106 · s−1, denotes the an-
gular frequency of the infinitesimally-small oscillations de-
veloping across the circuit topology under focus at the bifur-
cation point. As shown in plot (g) of Figure 11, the period
T of the oscillatory waveform in the memristor state x for C
= 9.34 nF amounts to 1.998 μs, which, as expected, is rather
close to the temporal duration of one cycle of the same signal,
computed by theory as T̂(Q ) = 2𝜋∕

(
𝜔̂(Q )

)
= 1.997 μs,

when the capacitance C attains the bifurcation threshold
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(a)

(b)
Figure 13. a) Illustration guiding the exploration of the local and global behavior of the relaxation oscillator of Figure 2e,f for a given value of the linear
resistance, here set to 50 Ω, satisfying the inequality RL >maxQ∈(QNDR,L,QNDR,U)|r(Q)| = |r(Q = 411)| = 21.427Ω, under sweep in one of the two possible
bifurcation parameters of interest, namely the capacitance C, after fixing the other one, specifically the DC stimulus Vin (Iin). The plane is partitioned into
regions of different colors, indicating the local activity and local stability properties of the second-order cell about a given operating pointQ = (Q, Vm)
for each admissible capacitance value. When the memristor bias point P sits on a NDR branch of the DC Im versus Vm locus, the cell is locally stable
and locally active, i.e., on the Edge of Chaos (EOC), about Q if the capacitance satisfies the inequality C < Ĉ(Q), whereas it is unstable and locally
active (ULA) about the same operating point, otherwise (this is what happens in case study 4, where, additionally, P is unique). The solid black curve
denotes the locus of the Hopf bifurcation capacitance Ĉ(Q) versus the memristor operating point Q for the above specified resistance value. Moving
from bottom to top along the red (green) vertical line, i.e., fixing the memristor operating point Q to 377 (709) by setting Vin to 1.137 V (1.72 V), or,
equivalently, Iin to 22.740 mA (34.400 mA), and increasing the capacitance from 0, the voltage-driven cell of Figure 2e, or, equivalently, the current-driven
cell of Figure 2f is found to experience a local Hopf bifurcation of supercritical (subcritical) nature at C = Ĉ(Q) = 9.336 nF, as indicated through a black
hollow circle (square) marker. In the latter case the Thévenin cell, or, equivalently, the Norton cell is earlier on also subject to a global saddle-node
limit-cycle bifurcation for C = C̃ = 9.020746 nF, as indicated through a black hollow diamond marker in (b), showing a close-up view of the diagram
in (a) around the area where the vertical line Q = 709 crosses the bifurcation locus C = Ĉ(Q). In anticipation for the analysis in Section 6.2, had we
moved from left to right along a horizontal path passing first through the black hollow circle marker and then through the black square marker (see the
dashed violet segment), i.e., had we increased the DC voltage Vin from 0 V to 1.72 V, or, equivalently, the DC current Iin from 0 A to 34.400 mA, after
fixing the capacitance C to 9.336 nF, the voltage-driven cell in Figure 2e, or, equivalently, the current-driven cell in Figure 2f would have undergone first
a local Hopf Bifurcation of Supercritical nature when Vin had attained the value of 1.137 V, i.e., equivalently, when Iin had attained the value of 22.740
mA, where Q = 377, and then a local Hopf Bifurcation of Subcritical nature when Vin had attained the value of 1.72 V, i.e., equivalently, when Iin had
attained the value of 34.400 mA, where Q = 709, respectively. In fact, as explained in detail later on, following this bias input-controlled bifurcation path
also past the second square marker, as shown in Figure 20, the Thévenin (Norton) cell would have effectively operated as a Hodgkin–Huxley neuristor,
which explains the origin for the name attributed to the proposed voltage-driven (current-driven) bio-inspired oscillator. b) Close-up view of the C versus
Q diagram from plot (a) magnifying the region around the Global Saddle-Node Limit Cycle Bifurcation – see the black hollow market on the point (Q, C)
with abscissa Q = 709 and ordinate C = C̃ = 9.020746 nF) – along the vertical green-colored bifurcation path, which the Thévenin (Norton) cell follows
under capacitance control for Vin = 1.72 V (Iin = 34.400 mA).

Adv. Electron. Mater. 2025, 2400789 2400789 (26 of 54) © 2025 The Author(s). Advanced Electronic Materials published by Wiley-VCH GmbH

 2199160x, 0, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/aelm

.202400789 by C
ochraneItalia, W

iley O
nline L

ibrary on [07/03/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advelectronicmat.de


www.advancedsciencenews.com www.advelectronicmat.de

Ĉ(Q) = 9.336 nF. The size of the stable limit cycle keeps
growing as the capacitance is further increased beyond the
bifurcation point, as may be evinced by comparing the phase
portrait in Figure 11f, derived forC= 9.34 nF, with the phase
portrait in Figure 12a, obtained with C = 50 nF. As shown
via a blue (red) trace in plot (b) of Figure 12, the steady-
state oscillatory dynamics of the memristor sign-reversed
voltage −vm (memristor state x) for C = 50 nF resemble
rather closely the periodic behavior, which the potassium
ion channel activation gating variable n (the membrane ca-
pacitance voltage vm) may exhibit after transients vanish in
the Hodgkin–Huxley neuron model, e.g., under a net synap-
tic current Iin of 9.70 μA, as may be inferred by inspecting
the blue (red) waveform in plot plot (d) of Figure 1. Plot (c)
of Figure 12 illustrates for RL = 50 Ω the bifurcation dia-
gram of the second-order relaxation oscillator, in either the
voltage-driven circuit topology from plot (e) of Figure 2 for
Vin = 1.137 V, or the equivalent current-driven circuit topol-
ogy from plot (f) of Figure 2 for Iin = Vin/RL = 22.740 mA,
on the vm versus C plane across the capacitance range [0, 100
nF], which includes the Hopf supercritical bifurcation point
Ĉ(Q = 377) = 9.336 nF. Locally, i.e., directly after the bifur-
cation, the amplitude of the GAS limit cycle grows as the
square root of the modulus of the difference between the
control parameter C and the bifurcation point Ĉ, which is a
hallmark of a Hopf bifurcation. Finally, for Vin = 1.137 V and
RL = 50 Ω, the arrows on the blue (red) trace in Figure 12d
show how the location of the pole p−,Z (Q ) (p+,Z (Q ))
of the local impedance Z of either the Thévenin cell from
Figure 2e or the equivalentNorton cell fromFigure 2f with Iin
= Vin/RL at the respective port A–B aboutQ changes as the
capacitance C is increasingly stepped from the lower to the
upper bound over the range [0.9507nF, 1 μF]. When the ca-
pacitance C attains the critical value Ĉ = 9.336 nF, the poles,
indicated via hollow circle markers, form a purely-imaginary
complex conjugate pair of the form p∓,Z (Q ) = ∓j𝜔̂0(Q ),
with 𝜔̂0(Q ) = 3.146 ⋅ 106s−1 (recall plot (h) of Figure 11),
which is a necessary condition for the occurrence of a Hopf
bifurcation in a second-order dynamical system.

4.b In the second one-parameter bifurcation scenario, occurring
in case study 4 while increasing the value assigned to the ca-
pacitance from 0, the Thévenin cell of Figure 2(e), or, equiv-
alently, the Norton cell of Figure 2f, where Iin = Vin/RL, is
first found to feature a locally active andGAS operating point
Q , similarly as discussed in item 4.a. However, differently
from what is the case in the first bifurcation scenario, here
either of the two equivalent cells undergoes a major global
bifurcation at some capacitance value C̃ preceding the crit-
ical Hopf bifurcation threshold Ĉ(Q). This global bifurca-
tion generates a large semi-stable isolated closed orbit, called
saddle-node limit cycle (SNLC), which attracts trajectories
initiated outside it, but repels those starting off inside it. In
fact, if the initial condition is chosen within the saddle-node
limit cycle, either of the two system eventually approaches
the operating point Q , which, as a result, maintains a sta-
ble nature, yet of local form only. As the control parame-
ter is further increased, the semi-stable isolated closed orbit
splits into a couple of different isolated closed orbits, one

of which, namely a stable limit cycle (SLC), encloses the
other one, namely an unstable limit cycle (ULC), which in
its turn surrounds the locally-stable operating point. In this
phase either of the two equivalent electrical systems exhibits
a new interesting type of bi-stability, which differs from the
steady-state behavior, featuring one of two admissible qui-
escent forms, depending upon the initial condition, which
was illustrated in Figure 9. Here, in fact, the current-driven
dynamical system, modeled via the equation pair (37)–(38),
or its equivalent voltage-driven dynamical system, described
by the same second-order ODE set with Iin = Vin/RL, asymp-
totically converges toward a quiescent condition, where the
respective state vector [x, vm]

T sits at some operating point
Q = (Q,Vm) on the phase plane after transients decay to
zero, only when the initial condition is chosen inside the in-
ner unstable limit cycle. On the other hand, either of the
two bio-inspired systems is found to behave as an oscilla-
tor, with the respective solution trajectory revolving period-
ically along the outer stable limit cycle on the vm versus x
plane at steady state, when the initial condition is taken out-
side the inner unstable limit cycle. Assigning larger values
to the capacitance, the amplitude of the unstable limit cycle
is found to experience a dramatic decrease, until it reduces
to zero for C = Ĉ(Q). Here either of the memristor circuits
in Figure 2e,f experiences a local Hopf subcritical bifurca-
tion, which destabilizes the respective operating point, while
signalling the end of the life cycle of the unstable oscilla-
tions. For C > Ĉ(Q), irrespective of the initial condition, the
state vector [x, vm]

T of the current-driven memristive system
(37)–(38), or of its equivalent voltage-driven memristive sys-
tem, described by the same equation pair with Iin = Vin/RL,
is found to converge asymptotically toward the large limit
cycle, which now denotes the only admissible attractor in
the phase plane. As a pedagogical example, as illustrated in
Figure 14a, the NbOx threshold switch is now polarized in
the NDR bias point P = (Vm, Im) = (0.85 V, 17.446 mA), ad-
mitting consequently the operating pointQ = 709, upon set-
ting Vin and RL to 1.72 V and 50Ω respectively in the DC cir-
cuit of Figure 2c. In fact, exploiting the double-valuedness
of the Q versus C locus in Figure 13a, the bias parameter
pair (Vin, RL) was selected here on purpose as just specified,
so as to ensure that a Hopf bifurcation—see the black hol-
low squaremarker in the same figure—would have appeared
across either the Thévenin cell of Figure 2e or its equivalent
Norton cell of Figure 2f for the very same capacitance value,
specifically Ĉ(Q = 709) = 9.336 nF, as in the exemplary case
study, where Ĉ(Q = 377) = 9.336 nF, from the other possi-
ble bifurcation scenario, which either of the two cells may
experience under capacitance sweep, as discussed in item 4.a
above. However, unlike what was observed in the case study
discussed in item 4.a, increasing the cell capacitance from 0
along the vertical solid green line in the C versus Q diagram
of Figure 13a, any solution trajectory on the phase plane of
either of the two equivalent cells is found to converge toward
the respective operating point Q = (Q,Vm) = (709, 0.85V)
only as long as the capacitance C is kept smaller than C̃ =
9.020746 nF, as is the case, for example, for C = 5 nF (refer
to the phase portrait in plot (b) of Figure 14). Just before the
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(a) (b)

(c) (d)
Figure 14. a) Illustration showing how the choice of a bias parameter pair (Vin, RL) of the form (1.72 V, 50 Ω) allows to endow the NbOx threshold
switch with a single NDR bias point P at (Vm, Im) = (0.85 V, 17.446 mA). Despite this graph was already part of Figure 4(c), it is reported here once
again given its significance in the oscillator design procedure. The memristor operating point Q = X corresponding to the above specified bias point P
is the real number 709. b) Phase portrait of the second-order system (37)–(38) for Iin = Vin/RL = 34.400 mA, and C = 5 nF. The system operating point
Q = (Q, Vm), fixed at (709, 0.85 V) throughout the capacitance sweep, is now unique, and locally active, while featuring a stable nature, as indicated
through the use of a black filled circle to mark its location in the phase plane. c) Evolution of the solution trajectory of the aforementioned ODE set
under the same DC current stimulus as in (b) across the vm versus x plane from an initial condition lying far away from Q for C = 9.020745 nF. The
phase-plane trajectory revolves a large number of times in the region, where a semistable limit cycle is about to appear, as it spirals toward the GAS
operating point. d) Blue (red) trace: progressive approach of the memristor voltage (memristor state) toward the ordinate Vm = 0.85 V (abscissa X
= 709) of Q , as observed in the numerical simulation which resulted in the vm versus x locus from plot (c). e) Locus of vm versus x extracted from
the solutions to the above specified ODE set with Iin = 34.400 mA for an initial condition holding a large distance from Q at the saddle-node limit
cycle bifurcation point C = C̃ = 9.020746 nF. The phase-plane trajectory approaches asymptotically an isolated closed orbit, drawn with alternating red
and blue dashes, and denoting the so-called saddle-node limit cycle (SNLC), a semistable isolated closed orbit attracting only vm versus x loci initiated
outside it. f) Steady-state behavior of memristor voltage (in red) and memristor state (in blue) as recorded in the numerical simulation which produced
the solution trajectory in (e). g) Turquoise (Grey) trace: Locus of vm versus x extracted from the solutions to the ODE set (37)–(38) for Iin = 34.400 mA
from an arbitrary initial condition chosen inside the semistable saddle-node limit cycle (SNLC) under forward-time (reverse-time) flow conditions when
C = C̃ = 9.020746 nF. The turquoise trajectory converges towardQ , which keeps a stable nature, yet of local form only, through the global bifurcation.
Since running time backwards changes the stability properties of all the admissible steady states of a dynamical system, the grey phase-plane trajectory
approaches asymptotically the SNLC. h) Blue (Red) trace: Time course of the memristor voltage (memristor state) as recorded from the numerical
simulation which generated the turquoise vm versus x locus in (g). i) Violet (Green) trace: Memristor voltage versus memristor state locus extracted
from the solutions to the earlier specified ODE set under the same DC current stimulus as in (g) from an initial condition located outside the isolated
closed blue solid orbit denoting a stable limit cycle (SLC) (between the isolated closed red dash-dotted orbit denoting an unstable limit cycle (ULC)
and the isolated closed blue solid orbit denoting a stable limit cycle (SLC)) for C = 9.2 nF. Both these phase-plane trajectories approach asymptotically
the stable limit cycle. As soon as the capacitance was increased through the global bifurcation point, the SNLC splitted into two distinct limit cycles, of
which one, of unstable nature, lay entirely inside the other, of locally-stable nature, enclosing in its turn the second locally-stable attractor, specifically
Q . Importantly, here and throughout this manuscript, the direction of arrows, superimposed on top of an unstable limit-cycle, shows how the trajectory
point in the two-dimensional plane under focus would evolve along it under forward-time flow. Further relatively-small increases in the control parameter
C determine on one hand a mild growth in the size of the SLC, and on the other hand a major dramatic reduction in the dimensions of the ULC. j) Steady-
state time course of vm (in blue) and x (in red) as resulting from the numerical simulation which produced the green phase-plane trajectory in (i). k)
Turquoise (Grey) trace: vm versus x locus resulting from the solutions to the aforementioned ODE set under the DC current input specified in (g) from an
arbitrary initial condition lying inside the unstable limit cycle under forward-time (reverse-time) flow conditions for C = 9.2 nF. The first (latter) solution
trajectory spirals progressively toward the operating point (the ULC). (l) Blue (Red) trace: memristor voltage (memristor state) over time as observed
during the numerical simulation which resulted in the turquoise phase-plane trajectory from (k). m) Blue (Red) trace: vm (x) over time as recorded
at steady state from the numerical simulation which generated the grey solution trajectory in (k). Importantly, here and throughout this manuscript,
solutions to the second-order cell ODE model, attaining asymptotically an unstable oscillatory steady state, were obtained by reversing the direction of
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(k) (l)

(e) (f)

Figure 14. Continued
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Figure 14. Continued
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saddle-node limit-cycle bifurcation, i.e., for C = 9.020745
nF, any phase-plane trajectory, initiated far away from Q ,
spends a considerable number of revolutions within the re-
gion, where the global bifurcation phenomenon is about
to occur in the 2D vm versus x space, before spiralling
asymptotically toward the GAS operating point, as shown in
Figure 14c. The top (bottom) blue (red) trace in plot (d) of the
same figure shows the time waveform of thememristor volt-
age vm (memristor state x) for C = 9.020745 nF. A relatively-
large semi-stable limit cycle, encircling the operating point
Q , which concurrently keeps a stable nature, yet of lo-
cal form only, suddenly appears in the phase-plane for C =
9.020746nF. This global dramatic phenomenon is indicated
through a black hollow marker along the bifurcation route
corresponding to the vertical green solid line Q = 709 in
Figure 13b, visualizing a a zoom-in view of theC versusQ di-
agram from plot (a) of the same figure around the local Hopf
subcritical bifurcation point (Q, Ĉ(Q)) = (709, 9.336 nF). As
shown in Figure 14e, a solution trajectory, initiated outside
the saddle-node limit cycle, which is marked with a line of al-
ternating blue- and red-colored dashes, asymptotically con-
verges toward it. The blue (red) trace in plot (f) shows the
steady-state behavior of the memristor voltage vm (memris-
tor state x) in this case. The turquoise (grey) trace in plot
(g) is a vm versus x locus extracted from samples of the state
variables in a numerical simulation of the second-order ODE
set (37)–(38) with Iin = Vin/RL, (Vin, RL) = (1.72 V, 50 Ω), for
an arbitrary initial condition chosen inside the semi-stable
limit-cycle, and under forward-time (reverse-time) flow con-
ditions. As expected, in the first (latter) case the solution tra-
jectory tends toward the operating point (toward the semi-
stable limit-cycle). The top (bottom) blue (red) trace in plot
(h) depicts the time course of the memristor voltage (mem-
ristor state) in the forward-time simulation. Increasing the
control parameter beyond C̃, the semi-stable saddle-node

limit cycle splits into two limit cycles of different sizes.
Specifically, the larger limit cycle is found to have a stable
nature and to surround the smaller limit cycle, which in its
turn encircles the operating point, but features an unsta-
ble nature. For example, Figure 14i illustrates the behavior,
which either of the equivalent bio-inspired circuits in plots
(e) and (f) of Figure 2 exhibits for any initial condition ly-
ing outside the inner unstable limit cycle, marked through a
red-colored dash-dotted trace, for C = 9.2 nF. Here a phase-
plane trajectory is eventually found to revolve along the solid
blue-colored orbit denoting the outer stable limit cycle. The
blue and red waveforms in plot (j) of Figure 14 show the
steady-state oscillations in the memristor voltage and state
under these circumstances. However, choosing the initial
condition inside the unstable limit cycle, a forward-time so-
lution trajectory converges asymptotically toward the locally-
stable operating point, as illustrated by the vm versus x lo-
cus marked through a turquoise solid trace in plot (k) of
Figure 14. Correspondingly the time course of the memris-
tor voltage (memristor state) is illustrated through a blue
(red) trace in plot (l) of the same figure. Running the time
backward from any initial condition inside the stable limit
cycle, the respective phase-plane trajectory is found to re-
volve around the unstable limit cycle after transients decay
to zero. For example, the grey-colored solution trajectory in
Figure 14k shows the reverse-time behavior of either of the
two equivalent cells for an initial condition located inside the
unstable limit cycle. Here at steady state the memristor volt-
age (memristor state) is found to admit the oscillatory wave-
form depicted as a blue (red) trace in plot (m) of the same
figure. The outer stable (inner unstable) limit cycle mildly
(dramatically) grows (shrinks) with further increases in the
capacitance. Plot (n) of Figure 14 shows the phase portrait
of the Thévenin cell of Figure 2e or of its equivalent Nor-
ton cell of Figure 2f for C = 9.335 nF, i.e., just before the

the time flow. n) Green (Orange) trace: phase-plane trajectory extracted from the solutions to the ODE (37)–(38) with Iin = 34.400 mA from an initial
condition lying outside the SLC (between the ULC and the SLC) for C = 9.335 nF, i.e. just before the occurrence of a local bifurcation, at which the area of
the ULC reduces to zero, signalling the end of the life cycle of the unstable oscillations, and concurrently Q loses stability. Both these vm versus x loci
eventually converge toward the SLC. o) Time waveform of memristor voltage (in red) and memristor state (in blue) as recorded at steady state in the
numerical simulation which resulted in the orange solution trajectory from (n). p) Turquoise (Grey) trace: vm versus x locus derived from the solutions
to the earlier specified ODE set for the same DC current stimulus as in (n) from an arbitrary initial condition located inside the ULC under forward-time
(reverse-time) flow conditions for C = 9.335 nF. The first (latter) phase-plane trajectory asymptotically approaches Q (the ULC). q) Blue (red) trace:
vm (x) over time as observed in the numerical simulation which produced the turquoise solution trajectory from (p). r) Blue (red) trace: time course of
the memristor voltage (memristor state) as derived after transients vanished from the numerical simulation which resulted in the grey vm versus x locus
from (p). As indicated, the period T of the unstable steady-state oscillation in the memristor state is found to be equal to 0.517 μs. s) Green (Magenta):
phase-plane trajectory extracted from the solution to the ODE (37)–(38) with Iin = 34.400 mA from an arbitrary initial condition located outside the
stable limit cycle (in the neighborhood of the operating point) for C = 9.337nF. Both the vm versus x loci asymptotically approach the isolated closed blue
solid orbit, which now denotes the only admissible attractor in the phase plane. In fact, the local Hopf subcritical bifurcation, which just occurred for
C = Ĉ(Q = 709) = 9.336 nF, determined the extinction of the unstable limit cycle, turnedQ into an unstable operating point, as indicated through the
use of an hollow circle to mark its location in the vm versus x plane, and ended up the system bistability regime, which started off at the global bifurcation
point C̃ = 9.020746 nF. t) Blue (Red) trace: steady-state time evolution of the memristor voltage (memristor state) as resulting from the numerical
simulation which generated the green-coloured vm versus x locus in (s) for (x0, vm, 0) = (400, 0.7 V). u) Real (in blue) and imaginary (in red) parts of the
local admittance Y of either the Thévenin cell of Figure 2e for Vin = 1.72 V and RL = 50 Ω or the equivalent Norton cell of Figure 2f for Iin = Vin/RL =
34.400 mA across the respective A–B port about the operating point Q for s = j𝜔 at the Hopf subcritical bifurcation point C = Ĉ(Q = 709) = 9.336 nF
as a function of the angular frequency 𝜔. Y (j𝜔;Q ) vanishes at ±𝜔̂0,Z (Q ), where 𝜔̂0,Z (Q ) = 12.166 ⋅ 106s−1 denotes the frequency of the
infinitesimally-small sine-wave-alike oscillations developing for the first time across either of the two equivalent bio-inspired circuits under reverse-time
flow conditions at the local bifurcation. The period T̂(Q ) of these oscillations is computable via 2𝜋∕(𝜔̂0,Z (Q )) = 0.516 μs. As expected T̂(Q )
is close to the period of the unstable steady-state oscillations in the memristor state from plot (r), where a value close to the local bifurcation point,
specifically 9.335 nF, was assigned to the capacitance.
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capacitance attains the Hopf bifurcation value C = Ĉ(Q),
which, as anticipated earlier, is equal to 9.336 nF forQ= 709.
Any phase-plane trajectory lying outside the tiny unstable
limit cycle approaches the outer stable limit cycle. The time
waveform, which the memristor voltage (memristor state)
admits at steady state in these circumstances is shown via a
blue (red) trace in plot (o) of the same figure. A zoom-in view
of the phase plane in the small region, containing the unsta-
ble limit cycle, is shown in Figure 14p. Choosing arbitrarily
an initial condition inside the unstable limit cycle, the cor-
responding forward-time (reverse-time) solution trajectory
is found to converge asymptotically toward the locally-stable
operating point (the unstable limit cycle), as illustrated by the
turquoise (grey) vm versus x locus in this figure. In the first
(latter) case, the time evolution of the memristor voltage and
state may be respectively evinced by inspecting the blue and
red trace in plot (q,r) of Figure 14. When the capacitance is
increased up to the critical valueC = Ĉ(Q = 709) = 9.336 nF
the area enclosed by the unstable limit cycle reduces to zero.
Here either of the two equivalent electrical systems experi-
ences a Hopf subcritical bifurcation, beyond which the un-
stable limit cycle is no longer present in the 2D state space,
Q loses stability, and, consequently, all the phase-plane tra-
jectories asymptotically evolve along the large stable limit cy-
cle, as visualized in the phase portrait of plot (s) of Figure 14
for C = 9.337nF. Correspondingly, the time waveform of the
memristor voltage (memristor state) is shown through a blue
(red) trace in plot (t) of the same figure. Figure 14u shows
that both the real part (refer to the blue trace) and the imag-
inary part (refer to the red trace) of the local admittance Y
of either the voltage-driven cell of Figure 2e or the equiv-
alent current-driven cell of Figure 2f across the respective
port A–B about the operating point Q for s = j𝜔 vanishes
for 𝜔 = ∓𝜔̂0,Z (Q ), where 𝜔̂0,Z (Q ) is found to be equal
to 12.166 · 106s−1, at the local bifurcation point C = Ĉ(Q).
In fact 𝜔̂0,Z (Q ) defines the period T̂(Q ), amounting to
2𝜋∕(𝜔̂0,Z (Q )) = 0.516 μs, which the unstable oscillations
admit when they first develop with an almost-sinusoidal yet
infinitesimally-small shape across either of the equivalent
bio-inspired circuits at the Hopf subcritical bifurcation. As
expected, with reference to Figure 14r, the time duration T=
0.517 μs of one cycle in the steady-state periodic waveform,
which the memristor state admits under reverse-time flow
conditions for any initial condition inside the stable limit cy-
cle when the capacitance C is equal to 9.335 nF, is rather
close to T̂(Q ). Similarly as in the exemplary case study from
the first bifurcation route, which either of the two equivalent
cells may possibly admit under capacitance sweep (refer to
the descriptions in item 4.a), also here, increasing the value
assigned toC further, the dynamics of thememristor voltage
(state) are found to reproduce biomimetically the relaxation
oscillations in the potassium ion channel activation gating
voltage (the electrical voltage spike train across the mem-
brane capacitance) in the Hodgkin-Huxley neuron model.
For example, Figure 15a shows the phase portrait of either
of the two equivalent electrical systems for C = 50 nF. The
blue (red) trace in plot (b) of the same figure shows the time
waveform, which the sign-reversed memristor voltage (the

memristor state) correspondingly admits for any initial con-
dition at steady state. Figure 15c shows for RL = 50 Ω the
bifurcation diagram of either the voltage-driven relaxation
oscillator in plot (e) of Figure 2 with Vin = 1.72 V or the
equivalent current-driven relaxation oscillator in plot (f) of
Figure 2 with Iin = Vin/RL = 34.400 mA on the vm versus C
plane across the capacitance range [0, 100 nF]. Plot (d) of the
same figure provides a zoom-in view of the bifurcation dia-
gram fromplot (c) over the capacitance range [8.8 nF, 9.6 nF],
which includes both the saddle-node limit cycle and theHopf
subcritical bifurcation points. Finally, the blue and red traces
in Figure 15e respectively show how under the bias param-
eter pair (Vin, RL) = (1.72 V, 50 Ω) the poles p−,Z (Q ) and
p+,Z (Q ) of the local impedance Z of either the Thévenin
cell from Figure 2e or its equivalent Norton cell with Iin =
Vin/RL = 34.400 mA from Figure 2f at the respective port A–
B about the operating point Q evolve around the complex
plane during amonotonically-increasing sweep in the capac-
itance from the lower to the upper bound across the range [0,
1 μF]. A close-up view of the pole diagram for C ∈ [4.859 nF,
1 μF] is illustrated in plot (f) of the same figure. Here the hol-
low diamond (square) markers indicate the locations of the
two poles of Z (s;Q ) at the saddle-node limit cycle (Hopf
subcritical) bifurcation point. In particular, at the local bifur-
cation point p+,Z (Q ) = −p−,Z (Q ) = j𝜔̂0,Z (Q ), with
𝜔̂0,Z (Q ) = 12.166 ⋅ 106s−1 (recall Figure 14u).

Having studied the two admissible bifurcation routes, which
either the Thévenin cell from Figure 2e or its equivalent Norton
cell with Iin = Vin/RL from Figure 2f may undergo under capac-
itance sweep, it is now of interest to study the local and global
phenomena, which may possibly emerge across either of the two
equivalent bio-inspired memristive circuits under a monotonic
sweep in the respective DC stimulus.

6.2. Bifurcation Routes of the Bio-Inspired Oscillator Under
Monotonic Stimulus Sweep

Three are the possible bifurcation scenarios, which the proposed
second-order oscillator, accommodating a single memristor on
Edge of Chaos, may undergo under monotonic sweep in its stim-
ulus. The choice of the capacitance determines which of the
three admissible bifurcation cascades will emerge across the bio-
inspired cell under one-way inputmodulation. Let us first investi-
gate themost interesting scenario, where an opportune choice for
the capacitance lets the proposed second-order relaxation oscilla-
tor of Figure 2e,f supports the same bifurcation route under uni-
directional DC voltage (current) sweep as a neuronal axon mem-
brane under monotonic synaptic current modulation.

6.2.1. Programming the Cell to Reproduce the Classical Bifurcation
Diagram of the Hodgkin–Huxley Neuron Model

Keeping RL fixed to 50 Ω and sweeping the DC voltage (current)
stimulus Vin (Iin = Vin/RL) from 0 V (0 A) to 5 V (100 mA) al-
lows to modulate the only possible GAS bias point of the mem-
ristor in the voltage-driven (current-driven) bio-inspired cell from
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(a) (b)

(c) (d)

(e) (f)
Figure 15. a) Phase portrait of the ODE (37)–(38) with Iin = 34.400 mA for C = 50 nF. All solution trajectories approach the GAS limit cycle. b) Red (blue)
trace: steady-state time course of the sign-reversed memristor voltage (the memristor state) as resulting from the data series of the second (first) state
variable in the numerical simulation which generated the green-colored vm versus x loci from (a) for (x0, vm, 0) = (1600, 0.625 V). As was the case in the
exemplary case study from the first bifurcation scenario, described in item 4.a, which either the voltage-driven memristive circuit of Figure 2e for Vin =
1.72 V and RL = 50 Ω or its equivalent current-driven memristive circuit of Figure 2f for Iin = 34.400 mA may undergo under capacitance sweep, also
here, assigning a relatively large value to the control parameter, specifically 50 nF, the steady-state behavior of the memristor voltage (memristor state) is
reminiscent of the relaxation oscillations in the potassium ion channel activation gating variable (of the electrical voltage spike train across themembrane
capacitance) in the Hodgkin–Huxley neuron model under suitable net synaptic current stimuli. c) Bifurcation diagram of the ODE set (37)–(38) for Iin
= 34.400 mA on the memristor voltage versus capacitance plane across the C range [0, 100 nF]. For a given control parameter value, a point on the
solid (dash-dotted) violet horizontal line v = Vm = 0.85 V indicates the stability (instability) of the system operating pointQ = (Q, Vm) = (709, 0.85 V).
Additionally, a point on the blue (red) trace, corresponding to a certain capacitance value beyond the global bifurcation threshold C̃ = 9.020746 nF,
denotes the maximum (minimum) value max per cycle{limt→ ∞vm(t)} (min per cycle{limt→ ∞vm(t)}) assumed by the capacitor voltage vm over each cycle
of the respective periodic waveform, when either of the two equivalent bio-inspired circuits experiences stable steady-state limit-cycle oscillations. While
this occurs at all circumstances, when the capacitance is larger than the subcritical Hopf bifurcation threshold C = Ĉ(Q = 709) = 9.336 nF), the initial
condition (x0, vm, 0)≜(x(0), vm(0)) to the earlier specified ODE set must be carefully chosen outside the unstable limit cycle for the phase-plane trajectory

Adv. Electron. Mater. 2025, 2400789 2400789 (33 of 54) © 2025 The Author(s). Advanced Electronic Materials published by Wiley-VCH GmbH

 2199160x, 0, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/aelm

.202400789 by C
ochraneItalia, W

iley O
nline L

ibrary on [07/03/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advelectronicmat.de


www.advancedsciencenews.com www.advelectronicmat.de

Figure 2e,f. Referring without loss of generality to the voltage-
driven circuit of Figure 2e, for each value, assigned to Vin, the DC
load line of the circuit of Figure 2c crosses the Im versus Vm char-
acteristic of the NaMLab device in a single point, as illustrated for
a number of cases in Figure 16.
With reference to Figure 13a, with RL fixed to 50 Ω, setting

the capacitance C to 9.336 nF, and sweeping the DC voltage Vin
(Iin) from 0 V (0 A) to 5 V (100 mA) in the Thévenin (Norton)
oscillator of Figure 2e,f induces a progressive leftward motion of
the point (Q, C) along the violet horizontal line. As a result, from
the analysis described in Section 6.1, the voltage-driven (current-
driven) bio-inspired circuit undergoes two local Hopf Bifurca-
tions, the first of Supercritical form and the second of Subcrit-
ical form, when the point (Q, C) respectively attains the locations
(Q = 377, Ĉ(Q) = 9.336 nF) and (Q = 709, Ĉ(Q) = 9.336 nF), in-
dicated in turn through the circle marker on the vertical red line
and through the square marker on the vertical green line, which
is the case when the DC voltage (current) stimulus Vin (Iin) is in-
creased up to 1.137 V (22.740 mA) and 1.722 V (34.446 mA), cor-
respondingly. In fact, as the monotonic increase in the DC volt-
age (current) stimulus goes on, a third dramatic phenomenon,
particularly a Global Saddle-Node Bifurcation, is found to appear
across the relaxation oscillator of Figure 2e,f for the aforemen-
tioned choice of the parameter pair (RL, C) when Vin (Iin) attains
the value of 1.748 V (34.953 mA), which allows to stabilize the
memristor at the operating point Q = 717. We may thus con-
clude that for (RL, C) = (50 Ω, 9.336 nF), a monotonic increase
in the DC voltage (current) stimulus Vin (Iin) induces the emer-
gence of the three-bifurcation cascade, which marks the life cycle
of an Action Potential under synaptic current sweep across a bio-
logical axon membrane as predicted by the biologically-plausible
Hodgkin–Huxley neuron model,[23] within the proposed second-
order Thévenin (Norton) cell of Figure 2e,f. Referring once more
to Figure 13(a), the application of concepts from Bifurcation The-
ory has thus allowed us to make a conscious choice for the re-
sistance RL and the capacitance C so as to allow either of the
two equivalent bio-inspired memristive cells in plots (e) and (f)
of Figure 2 to reproduce qualitatively, as the respective stimu-
lus is progressively let grow, all the complex local and global bi-
furcations, which, according to Hodgkin and Huxley model, dic-
tate birth, evolution and extinction of spiking oscillations across
a neuronal membrane under a monotonic decrease in the net
synaptic current.

Remark 7. Importantly, it is the rich locally-active dynamics,
which the NaMLab memristor exhibits while operating around
NDR bias points that allow our simple second-order analogue

circuit, cast either in the Thévenin form or in the Norton form,
to capture the complex bifurcation phenomena occurring in the
fourth-order ODE set conceived by the two American luminaries
under net synaptic current sweep through the interaction of just
two state variables, which makes it the first and simplest ever
reported bio-inspired circuit capable to undergo a Hopf Super-
critical Bifurcation, a Hopf Subcritical Bifurcation, and a Global
Saddle-Node Limit Cycle Bifurcation one after the other for a
unique design parameter set under a monotonic modulation of
the respective DC stimulus. In this regard, either of the proposed
equivalent analogue circuits in plots (e) and (f) of Figure 2 may
be dubbed aHodgkin–Huxley neuristor.

Plots (a), (b,c), (d), (e,f), (g), (h,i), and (l) in Figure 17 shows
the phase portraits of the second-order ODE (37)–(38) with Iin
= Vin/RL for RL = 50 Ω and C = 9.336 nF when the constant
DC stimulus Vin respectively attains the values 1.136 V, 1.137 V,
1.5 V, 1.7225 V, 1.745 V, 1.74766132 V, and 1.74766133 V within
the sweep range [0, 5]V. The very same local and global phenom-
ena, illustrated in plots (a), (b,c), (d), (e,f), (g), (h,i), and (l) of
Figure 17, appear in the Norton cell of Figure 2f when C = 9.336
nF if the DC current stimulus Iin is respectively set to 22.720 mA,
22.740 mA, 30 mA, 34.450 mA, 34.900 mA, 34.9532264 mA, and
34.9532266mA. First of all, for each of the seven case studies con-
sidered in the gallery of phase portraits displayed in Figure 17,
Table 2 reports the corresponding DC voltage (current) stimu-
lus Vin (Iin) for the Thévenin (Norton) circuit of Figure 2e,f when
RL = 50 Ω and C = 9.336 nF, and further specifies each op-
erating point Q = (Q,Vm), which the voltage-driven (current-
driven) cell may possibly admit, together with its stability proper-
ties. Increasing progressively the DC voltage (current) stimulus
Vin (Iin) from 0 V (0 A), the voltage-driven (current-driven) cell of
Figure 2e,f with RL = 50 Ω and C = 9.336 nF is initially found to
sit on some input-dependent globally asymptotically stable oper-
ating point. However, when Vin (Iin) attains the threshold value of
1.137 V (22.740 mA) the Thévenin (Norton) circuit undergoes a
first local Hopf Bifurcation of Supercritical form, which destabi-
lizes its operating point, while concurrently inducing the birth of
an infinitesimally-small globally asymptotically stable limit-cycle
around it on the 2D space spanned by memristor state x and ca-
pacitor or memristor voltage vm. Immediately before the bifur-
cation, for Vin = 1.136 V (Iin = 22.720 mA), referred to as case
study 1 in Table 2, a phase-plane trajectory initiated far away from
the only operating point of the voltage-driven (current-driven) re-
laxation oscillator revolves a large number of times around the
operating point itself before converging toward it eventually, as
shown in Figure 17a, where the circle, marking the location of

point to revolve around the stable limit cycle at steady state when the system operates in the bistability regime, i.e., for C ∈ (C̃ = 9.020746 nF, C =
Ĉ(Q = 709) = 9.336 nF). Last but not least, for a bifurcation parameter value falling within this very same range, a point on the black (magenta) trace
denotes the maximummax per cycle{limt→ − ∞vm(t)} (minimummin per cycle{limt→ − ∞vm(t)}) value assumed by the capacitor voltage vm over each cycle
of the respective periodic waveform, when the cell undergoes unstable steady-state limit-cycle oscillations, which is the case when the initial condition
is chosen inside the stable limit cycle and the time is run backwards. d) Close-up view of the bifurcation diagram in (c) across the capacitance range [8.8
nF, 9.6 nF], which includes the global and local bifurcation points. Importantly, the cell keeps on the Edge of Chaos around Q for each capacitance
value smaller than the Hopf subcritical bifurcation threshold. e) Evolution of the poles p−,Z (Q ) oriented blue trace) and p+,Z (Q ) (oriented red
trace) of the local impedance Z of either the Thévenin cell of Figure 2e for Vin = 1.72 V and RL = 50 Ω or its equivalent Norton cell of Figure 2f for
Iin = Vin/RL = 34.400 mA across the respective port A–B about the operating point Q across the complex plane under a monotonically-increasing
sweep in the capacitance from the lower to the upper bound over the range [0, 1 μF]. f) Zoom-in view of the pole diagram in (e) across the capacitance
range [4.859 nF, 1 μF]. The hollow diamond (square) markers indicate the locations of the two poles of Z (s;Q ) at the saddle-node limit cycle (Hopf
subcritical) bifurcation point C = C̃ = 9.020746 nF (C = Ĉ(Q = 709) = 9.336 nF).
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Figure 16. Modulation of the DC bias point P = (Vm, Im) of the memristor in the Thévenin circuit of Figure 2e under a monotonic sweep in the DC
voltage stimulus Vin from 0 V to 5 V for RL = 50Ω and irrespective of the value assigned to the capacitance C. The monotonic increase in Vin determines a
progressive upward shift in the graph of the load line of the DC circuit of Figure 2c, which allows to move the only admissible bias point of the memristor
first along part of the HRS PDR branch, then along the entire NDR branch, and finally along part of the LRS PDR branch across the first quadrant of the
DC Im versus Vm plane. The stability properties indicated in the legend for the bias points along the memristor DC characteristic refer to the scenario
where the device is directly driven by a constant voltage source, as indicated in Figure 2b. On the other hand, the use of a resistor of resistance RL = 50
Ω >maxQ∈(QNDR,L,QNDR,U)|r(Q)| = 21.427Ω between the memristor and the DC voltage source, as shown in plot (c) of the same figure, allows to stabilize
the entire NDR branch of the Im versus Vm locus (recall Figure 4b). The load lines indicated in this plot are associated to value for the DC voltage
stimulus Vin belonging to the set SVin ≜ {0, 1.109, 1.137, 1.722, 1.748, 3.291, 5}V. The first (last) value in SVin corresponds to the initial (final) point in the
input sweep, and allows to endow the memristor with a HRS (LRS) PDR bias point. More of interest is the second (second last) value in SVin , as here
the voltage stimulus stabilizes the memristor bias point at the frontier between HRS PDR branch (NDR branch) and NDR branch (LRS PDR branch).
Most importantly, the third, fourth, and fifth values in SVin correspond to points in the input voltage sweep, at which, with the memristor poised on NDR
bias points featuring abscissas (ordinates) of decreasing (increasing) values, the second-order bio-inspired cell of Figure 2e with RL = 50Ω undergoes a
Hopf Supercritical Bifurcation, a Hopf Subcritical Bifurcation, and a Saddle-Node Limit Cycle Bifurcation, respectively, for C = 9.336 nF. Importantly, the
three bifurcations occur in the voltage-driven second-order cell of Figure 2e while its threshold switch is polarised along the NDR branch of its DC Vm
versus Im characteristic. This provides clear evidence for the crucial impact of the memristor NDR on the emergence of the fundamental mechanisms,
which underlie the life cycle of an Action Potential in a biological neuronal axon membrane, across a relaxation oscillator featuring half the number of
degrees of freedom relative to the fourth-order reference model from Hodgkin and Huxley. The memristor bias point may be equivalently modulated by
sweeping the DC input current Iin = Vin/RL in the Norton circuit of Figure 2f with RL = 50 Ω from 0 A to 100 mA irrespective of the capacitance value.
In particular, assigning the ith value in the set SIin ≜ {0, 22.185, 22.740, 34.446, 34.953, 65.813, 100}mA to the DC input current Iin allows to poise the
memristor in the Norton cell at the same operating point, which it admits in the Thévenin cell of Figure 2e when Vin assumes the ith value in the set
SVin = {0, 1.109, 1.137, 1.722, 1.748, 3.291, 5}V for i{1, 2, 3, 4, 5, 6, 7}. Most importantly, for C = 9.336 nF, the current-driven electrical circuit exhibits a
Hopf Supercritical Bifurcation, a Hopf Subcritical Bifurcation, and a Saddle-Node Limit Cycle Bifurcation when its DC input current respectively assumes
the values 22.740 mA, 34.446 mA and 34.953 mA, which in turn correspond to the points 1.137 V, 1.722 V, 1.748 V for the bias voltage stimulus in the
voltage-driven circuit of Figure 2e.

the operating point, is drawn in the filled form to denote its sta-
ble nature. At the Hopf Supercritical Bifurcation point, i.e., for
Vin = 1.137 V (Iin = 22.740 mA), referred to as case study 2 in
Table 2, irrespective of the initial conditions assigned to memris-
tor state and voltage, the Thévenin (Norton) circuit of Figure 2e,f
undergoes infinitesimally-small almost-sinusoidal limit-cycle os-
cillations after transients fade away, as illustrated in plots (b) and
(c) of Figure 17, where the blue solid isolated closed orbit denotes
the stable limit cycle, while the circle, lying at the location of the
operating point, is drawn in the hollow form to indicate its insta-
bility nature. The amplitude of the globally asymptotically stable
limit cycle, encircling the unstable operating point on the phase
plane of the Thévenin (Norton) circuit in plot (e,f) of Figure 2,
grows as the DC voltage (current) stimulus is increased beyond
the Hopf Supercritical Bifurcation threshold. For example, this

may be evinced by inspecting Figure 17d, which depicts the phase
portrait of the voltage-driven (current-driven) cell for Vin = 1.5 V
(Iin = 30 mA), referred to as case study 3 in Table 2. When Vin
(Iin) attains the critical value of 1.722 V (34.446 mA), the second-
order bio-inspired memristor cell shown in plot (e,f) of Figure 2
undergoes a second local Hopf Bifurcation. However this time
the Hopf Bifurcation, occurring across either of the two equiv-
alent circuits, is of Subcritical form. As a result, it endows the
sudden emergence of infinitesimally-small unstable limit-cycle
oscillations across the Thévenin (Norton) circuit, while concur-
rently restoring the stability of the operating point, yet in a local
sense only. In fact, this second local bifurcation signals the onset
of a bistability operating regime for either of the two equivalent
cells. In this regime, if the initial condition [x0, vm, 0]

T assigned
to the state vector [x, vm]

T of the ODE system (37)–(38), modeling
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(a) (b)

(c) (d)

(e) (f)
Figure 17. Gallery of phase portraits of the voltage-driven cell of Figure 2e in a scenario, where, the choice of an opportune value for the capacitance
C, specifically 9.335 nF, given a suitable value, here 50 Ω, assigned preliminarily to the resistance RL, induces across the respective circuit, subject to a
DC voltage stimulus of progressively larger value, the emergence of the three-bifurcation-cascade, marking the most important life phases of an Action
Potential in the Hodgkin–Huxley neuron model under a monotonic decrease in the net synaptic current. a) Asymptotic approach of the state vector of
the second-order ODE (37)–(38) with Iin = Vin/RL toward a GAS operating point in case study 1 from Table 2, where Vin, equal to 1.136 V, is about to
attain the Hopf Supercritical Bifurcation threshold. b) Clockwise spiralling approach of the trajectory point (x, vm) toward a GAS infinitesimally-small
limit cycle, along which it evolves cyclically after transients fade away, from an initial condition lying far away from the region of the phase plane hosting
the periodic attractor, for Vin = 1.137 V, classified as case study 2 in Table 2, when the ODE system undergoes the first bifurcation. Specifically, the
blue solid isolated closed orbit, corresponding to tiny almost-sinusoidal oscillatory solutions for memristor state and voltage, is spawned out of a Hopf
Supercritical Bifurcation. c) Magenta (Ochre) trace: Phase-plane trajectory initiated outside (inside) the just-born GAS limit cycle, and approaching it as
time goes by in case study 2. Another effect of the Hopf Supercritical Bifurcation is in fact to destabilize the operating point of the second-order relaxation
oscillator. d) Green (Orange) trace: Phase-plane trajectory approaching the GAS limit cycle from an initial condition set outside (inside it) in case study 3
from Table 2 for Vin = 1.5V. The growth of the stable limit cycle, relative to its shape in case study 2, is evident. e) Phase portrait of the ODE set (37)–(38)
with Iin = Vin/RL in case study 4, when Vin, equal to 1.7225 V, has just past over the Hopf Subcritical Bifurcation value of 1.722 V, at which the operating
point Q of the bio-inspired memristive system re-acquires a stable nature, yet in a local sense only, while an infinitesimally-small unstable limit cycle,
enclosed entirely within the stable limit cycle, now displaying a significantly larger shape than what was the case in plot (c), is concurrently born in the
phase plane around it. Orange (Yellow): Motion of a trajectory point (x, vm) across the phase plane from an arbitrary initial condition chosen outside the
stable limit cycle (between the stable and unstable limit cycles). f) Green trace: Temporal evolution of the state vector from an initial condition located
inside the unstable limit cycle in case study 4. The Hopf Subcritical Bifurcation marks the onset of a phase, where the memristor state and voltage may
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the voltage-driven cell with Iin = Vin/RL (modeling the current-
driven cell), is chosen inside (outside) the unstable limit cycle, the
memristor voltage and state will respectively converge toward the
ordinate Vm and abscissa Q of the operating point Q lying in-
side it (will revolve along periodic waveforms, which drawn one
against the other point by point form the stable limit cycle en-
closing it) after transients decay to zero. For example, the voltage-
driven (current-driven) cell operates as a bistable for Vin = 1.7225
V (Iin = 34.450 mA), referred to as case study 4 in Table 2, as
illustrated in plots (e) and (f) of Figure 17, where the unstable
limit cycle appears as a red dash-dotted isolated closed orbit. As
the DC voltage (current) stimulus is further increased, the am-
plitude of the inner smaller unstable limit cycle on the vm versus
x plane of the Thévenin (Norton) circuit is subject to a progres-

sive significant increase, while the shape of the outer larger stable
one, enclosing it, undergoes minor changes. This may be clearly
inferred by comparing the shapes of the stable and unstable cy-
cles in Figure 17g, illustrating the phase portrait of the circuit
of Figure 2e,f for Vin = 1.745 V (Iin = 34.900 mA), referred to
as case study 5 in Table 2, with the shapes of the blue solid and
red dash-dotted isolated closed orbits, which were recorded on
the phase plane of the voltage-driven (current-driven) cell for Vin
= 1.7225 V (Iin = 34.450 mA), and were visualized in plot (e) of
Figure 17, respectively. Eventually, when the DC voltage Vin (cur-
rent Iin) stimulus attains the bifurcation value of 1.74766132 V
(34.9532264 mA), which is referred to as case study 6 in Table 2,
the two limit cycles on the phase plane of the Thévenin (Nor-
ton) circuit gently coalesce one into the other, forming a unique

(g) (h)

(i) (j)

Figure 17. Continued

asymptotically display either of two admissible steady states, depending upon the initial condition, namely oscillations or quiescent levels when (x0,
vm, 0) lies outside or inside the unstable limit cycle, respectively, as shown in turn in plots (d) and (e) for case study 3. (g) Phase portrait of the proposed
neuristor of Figure 2e in case study 5 from Table 2, where Vin, equal to 1.745 V, falls within the range of DC voltage stimuli endowing memristor state and
voltage with two coexisting locally-stable steady states. While the orange and green phase-plane trajectories eventually follow repeatedly the blue closed
route of the stable limit cycle, the turquoise phase-plane trajectory converges asymptotically toward the operating point. The growth of the unstable
limit cycle, relative to its shape in case study 4, is evident. h) Clockwise spiralling motion of the phase-plane trajectory point (x, vm) toward a semi-stable
periodic attractor, along which the stable and unstable limit cycles coalesce one into the other in case study 6 from Table 2, where Vin attains the critical
global Saddle-Node Limit Cycle Bifurcation value of 1.74766132 V, from an initial condition set outside the periodic attractor itself. i) Turquoise (Grey)
trace: Forward-time (Reverse-time) evolution of the state vector of the ODE system (37)–(38) with Iin = Vin/RL from an arbitrary initial condition lying
inside the semi-stable limit cycle in case study 6. j) Clockwise spiralling evolution of a phase-plane trajectory, initiated far away from the region, where
the two limit cycles just merged gently one into the other, disappearing together from the vm versus x plane as a result, toward the GAS operating point
Q in case study 7 from Table 2, where a value of 1.74766133 V, just above the global bifurcation threshold, was assigned to the DC voltage stimulus Vin.
The very same gallery of phase portraits may be recorded from the analysis of the equivalent current-driven cell of Figure 2f upon setting the respective
DC current stimulus according to the formula Iin = Vin/RL for each case study under exam.
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Table 2. Operating point Q and admissible attractors for the proposed second-order voltage-driven Hodgkin–Huxley Neuristor in plot (e) of Figure 2
for each of the 7 values assigned to the DC input voltage Vin to acquire the phase portraits displayed in plots (a)–(l) of Figure 17. Here RL and C are
respectively fixed to 50Ω and C= 9.336 nF. The values to be assigned to the DC input current Iin to induce the same steady states in the equivalent Norton
circuit of Figure 2f for each of the 6 case studies considered for the Thévenin cell are also tabulated below. Here GAS stands for Globally Asymptotically
Stable, LS for Locally Stable, and SS for Semi-Stable.

Case study 1 Vin Iin = Vin/RL Coordinates of the Operating Point Q = (Q, Vm) Admissible Attractors

1.136 V 22.720 mA Q = 376.39006 Vm = 1.00053 V GAS Operating Point

Case study 2 Vin Iin = Vin/RL Coordinates of the Operating Point Q = (Q, Vm) Admissible Attractors

1.137 V 22.740 mA Q = 377.49093 Vm = 1.00002 V GAS Limit Cycle

Case study 3 Vin Iin = Vin/RL Coordinates of the Operating Point Q = (Q, Vm) Admissible Attractors

1.5 V 30 mA Q = 627.66837 Vm = 0.87014 V GAS Limit Cycle

Case study 4 Vin Iin = Vin/RL Coordinates of the Operating Point Q = (Q, Vm) Admissible Attractors

1.7225 V 34.450 mA Q = 708.89972 Vm = 0.84999 V LS Operating Point and LS Limit Cycle

Case study 5 Vin Iin = Vin/RL Coordinates of the Operating Point Q = (Q, Vm) Admissible Attractors

1.745 V 34.900 mA Q = 715.98150 Vm = 0.84862 V LS Operating Point and LS Limit Cycle

Case study 6 Vin Iin = Vin/RL Coordinates of the Operating Point Q = (Q, Vm) Admissible Attractors

1.74766132 V 34.9532264 mA Q = 716.808118 Vm = 0.8484621594 V LS Operating Point and SS Saddle-Node Limit Cycle

Case study 7 Vin Iin = Vin/RL Coordinates of the Operating Point Q = (Q, Vm) Admissible Attractors

1.74766133 V 34.9532266 mA Q = 716.808121 Vm = 0.8484621588 V GAS Operating Point

isolated closed orbit of semi-stable nature called saddle-node
limit cycle. At this point, the voltage-driven (current-driven) cell
is said to undergo a global Saddle-Node Limit Cycle Bifurcation.
As illustrated in plot (h) of Figure 17, if the initial condition to the
second-order ODE (37)–(38) set of the voltage-driven cell with Iin
= Vin/RL (of the current-driven cell) lies outside the semi-stable
saddle-node limit cycle, appearing as an isolated closed orbit of
alternating blue and red colours, the trajectory point (x(t), vm(t))
is found to evolve eventually along the semi-stable limit cycle
itself. As shown through a light blue (grey) phase-plane trajec-
tory in plot (i) of Figure 17, when (x0, vm, 0) lies inside the semi-
stable saddle-node limit cycle, the memristor voltage and cur-
rent of either of the two equivalent cells in plots (e) and (f) of
Figure 2 converge asymptotically toward the value of the ordi-
nate and abscissa of the locally-stable operating point Q , re-
spectively, (exhibit eventually periodic behaviors corresponding
to the semi-stable limit cycle) when the time is let evolve forward
(backward). Directly after the global bifurcation phenomenon the
voltage-driven (current-driven) neuristor exits the bistability op-
erating regime. For any value of the DC voltage (current) stimu-
lus beyond 1.74766132 V (34.9532264 mA), the Thévenin (Nor-
ton) cell admits a unique globally asymptotically stable operating
point, as is the case, for example, when Vin = 1.74766132 V (Iin
= 34.9532264 mA), referred to as case study 7 in Table 2. With
reference to Figure 17l, here a trajectory solution, initiated far
away from the region, where the two limit cycles just merged
one into the other, spends a considerable amount of time in the
phase-plane region, which hosted the semi-stable limit cycle, as
it spirals progressively toward the globally asymptotically stable
operating point.
Importantly, the vm versus Iin bifurcation diagram of the bio-

inspired memristive circuit in Norton form from plot (f) of
Figure 2 is shown in Figure 18. Here the green (brown) trace
represents a PDR (NDR) branch of the DC Vm versus Iin char-
acteristic of the one-port seen across terminals A and B in the
memristive bio-inspired circuit of Figure 2f. A bias point for

this one-port, indicated as P = (Iin, Vm), is unequivocally asso-
ciated to one of the oscillator operating points, sayQ = (Q,Vm),
and, therefore, to a particular memristor bias point P = (Im, Vm).
Increasing the bias current Iin monotonically across the range
[0, 100 mA], the one-port and its memristor in the bio-inspired
current-driven cell of Figure 2f are found to transition concur-
rently between the HRS PDR branch (the NDR branch) and the
NDR branch (and the LRS PDR branch) of the respective DC
Vm–Iin and Vm–Im characteristics when Iin attains the level of
22.185 mA (65.813 mA). The NDR branch of the Vm versus Iin
characteristic, drawn in the bifurcation diagram of Figure 18, is
endowed with a solid (dash-dotted) line style, where it includes
stable (unstable) bias points for the one-port with terminals A
and B from Figure 2f, which is the case either for Iin ∈ (22.185
mA, 22.740 mA) or for Iin ∈ (34.446 mA, 65.813 mA) (for Iin ∈
(22.740 mA, 34.446 mA)). For each DC input current Iin falling
within the one-port bias point instability regime (22.740 mA,
34.446 mA) the bifurcation diagram accommodates one point,
lying along the blue (red) trace at the ordinate corresponding
to the maximum (minimum) value max per cycle{limt→ +∞vm(t)}
(min per cycle{limt→ +∞vm(t)}), which the memristor voltage vm(t)
assumes over each cycle of the respective GAS periodic wave-
form as time approaches positive infinity (in practice, transients
fade almost completely away over a finite amount of time). Fur-
thermore, for each DC input current Iin belonging to the range
(34.446 mA, 34.953 mA), the one-port seen across A and B in the
relaxation oscillator of Figure 2f operates as a bistable dynamical
system. As shown earlier, here a trajectory point (x, vm) would be
found to evolve across the phase plane toward a quiescent state
(a stable limit cycle) if its initial condition were set inside (out-
side) yet another limit cycle, featuring an unstable nature, and
enclosing the operating point while lying entirely inside the sta-
ble periodic attractor, thus separating the basins of attraction of
the two coexisting locally-stable steady states for the state vector
of the ODE set (37)–(38), which explains the origin for the name
it is typically referred to in Nonlinear Dynamics Theory, namely
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(a)

(b)
Figure 18. a) Bifurcation diagram of the bio-inspired memristive circuit in Norton form from Figure 2f, illustrating all the admissible stable and unstable
quiescent or oscillatory steady-states for the voltage vm across the memristor under a monotonic change in the DC current stimulus Iin across the range
[0, 100 mA] for RL = 50 Ω and C = 9.336 nF. The curve composed of green and brown branches represents the DC Vm versus Iin characteristic of the
one-port seen between terminals A and B in the Norton circuit of Figure 2f. The left and right green branches include LRS andHRS PDR bias points for the
one-port, respectively. The one-port NDR bias points lie along the brown branch. A solid (dashed) line-style is used along the Vm versus Iin characteristic
to indicate stable (unstable) bias points for the one-port. Blue (Red) traces: locus of each maximum (minimum) value max per cycle{limt→ ∞vm(t)}
(min per cycle{limt→ ∞vm(t)}) that the stable steady-state oscillatory solution in the memristor voltage vm assumes in each cycle asymptotically for any
Iin value over the range (22.740 mA, 34.446 mA) where the proposed Hodgkin–Huxley neuristor operates in firing mode. Black (Magenta) traces: locus
of each maximum (minimum) value max per cycle{limt→ −∞vm(t)} (min per cycle{limt→ −∞vm(t)}) that the unstable steady-state oscillatory solution in the
memristor voltage vm assumes asymptotically under reverse-time conditions in each cycle for any Iin value over the range (34.446 mA, 34.953 mA)
where the proposed Hodgkin–Huxley neuristor may operate either in firing mode or in silent mode depending upon its initial condition. b) Close-up
view of the bifurcation diagram from (a) over the bias current input interval (22 mA, 36 mA), within which the second-order bio-inspired circuit of
Figure 2f undergoes the triplet of fundamental bifurcations, which mark the life cycle of an electrical spiking signal across biological axon membranes
according to the predictions of the bio-plausible Hodgkin-Huxley neuron model. At the first, second, and third Iin value in the set {22.740 mA, 34.446
mA, 34.953 mA} the Norton cell experiences in fact a local Hopf Supercritical Bifurcation, a local Hopf Subcritical Bifurcation, and a Global Saddle-
Node Limit Cycle Bifurcation, respectively. Comparing the bifurcation diagram, shown in (a), with the classical Hodgkin-Huxley bifurcation diagram,
depicted in Figure 1c, clearly, under a monotonic modulation of the respective input current, the proposed memristive electronic cell from Figure 2f is
capable to reproduce qualitatively all themajor bifurcation phenomena, occurring in the fourth-order Hodgkin–Huxley neuronmodel under a progressive
unidirectional change in the net synaptic current, while employing half the number of degrees of freedom relative to the mathematical description from
the American luminaries. It is in fact the rich analogue dynamics of the NaMLab locally-active memristor that compensates for the relatively low order
of the current-driven cell hosting it, allowing a circuit with just two degrees of freedom to mimic the complex behavior of a neuronal system with a 4D
state space.
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separatrix. For each input current Iin across the one-port bi-
stability regime (34.446 mA, 34.953 mA) there exists a point, ly-
ing on the black (magenta) trace observable in the bifurcation di-
agram of Figure 18 at the ordinate associated to the maximum
(minimum) value max {limt→ −∞vm(t)} (min {limt→ −∞vm(t)}),
which the memristor voltage vm(t) assumes over each cycle of the
respective GAS periodic waveform as time approaches negative
infinity (in practice, transients fade almost completely away over
a finite amount of time, here let evolve in the negative direction
as a repellor of a dynamic system in forward time becomes an at-
tractor for the same system in reverse time). Plot (b) in Figure 18
shows a close-up view of the bifurcation diagram, shown in plot
(a) of the samefigure, around the region of the vm versus Iin plane,
encompassing the sequence of three bifurcations, which emerge
across the Norton circuit one after the other during a forward
sweep in the respective current stimulus. Clearly, the proposed
Hodgkin-Huxley neuristor of Figure 2f experiences first a Hopf
Supercritical Bifurcation when Iin = 22.740mA, then aHopf Sub-
critical Bifurcation when Iin = 34.446 mA, and finally a global
Saddle-Node Limit Cycle Bifurcation for Iin = 34.953 mA. It is in-
structive to point out that, while the bifurcation diagram of the
current-driven circuit was acquired upon sweeping the respec-
tive bias current input over a positive-valued range, similar con-
clusions could have been drawnmutatis mutandis under a mono-
tonic change of its current stimulus across the negative-valued
range (− 100 mA, 0 mA), due to the odd symmetry of the mem-
ristor DC Im versus Vm characteristic. Finally, the bifurcation dia-
gram of the voltage-driven cell of Figure 2e, illustrating all the ad-
missible stable and unstable quiescent or oscillatory steady states
for the memristor voltage vm for each DC input voltage Vin across
the range (0 V, 5 V) of its forward sweep under the design pa-
rameter choice specified via (RL, C) = (50 Ω, 9.336 nF) may be
easily inferred from the bifurcation diagram, derived above for
the equivalent Norton cell and shown in Figure 18a, by scaling
the numbers reported along the horizontal axis according to the
constraint Vin = RL · Iin.

6.2.2. Edge of Chaos Behind the Neuronal Bifurcations Emerging in
the Cell While It Operates as a Hodgkin–Huxley Neuristor

This section gains a deeper insight into the origin of the neu-
ronal bifurcation phenomena appearing in the Thévenin (Nor-
ton) cell for RL = 50 Ω and C = 9.336 nF under a monotonic
change in the respective DC stimulus. The red (blue) trace in
Figure 19a shows the evolution of the pole p− (p+) of the local
impedance Z of the cell of Figure 2e,f across the port A–B un-
der a monotonic build-up in the input voltage (current) Vin (Iin),
which correspondingly brings along concurrently a progressive
reduction in the memristor DC voltage Vm and a progressive in-
crease in the memristor DC state Q = X, changing as a result
the operating point Q = (Q,Vm) about which the linearization
analysis is carried out. As better inferable in the close-up view in
plot (b) of the same figure, the Thévenin (Norton) cell operates
in the instability regime when the DC voltage (current) stimulus
Vin (Iin) lies in the range (1.137 V, 1.722 V) ((22.740 mA, 34.446
mA)), which sets the poles p−Z (Q ) and p+,Z (Q ) somewhere
on the RHP. Moreover, as may be evinced from the DC stimu-
lus versus angular frequency diagram of Figure 19c, when under

the monotonic DC input voltage (current) modulation, Vin (Iin)
attains a level across the range (1.109 V, 3.291 V) ((22.185 mA,
65.813 mA)) there exists some finite value 𝜔0,Z (Q ) for 𝜔 at
which the real part of the local impedance Z of the Thévenin
(Norton) cell of Figure 2e,f seen across the port A–B and evalu-
ated about some appropriate operating point Q goes negative.
Therefore, combining the results drawn through the analysis of
the impact of the DC voltage (current) stimulus on the local sta-
bility properties of the operating point Q of the circuit in plot
(e,f) of Figure 2 with those collected by testing each DC input
voltage (current) Vin (Iin) for its capability to induce a phase shift
larger than 𝜋/2 between any small-signal periodic voltage (cur-
rent) perturbation 𝛿vin (𝛿iin), superimposed on top of its level, and
the resulting small-signal periodic current (voltage) response 𝛿iin
(𝛿vin) in the same Thévenin (Norton) cell, we are in a position to
define also the other possible operating regimes, especially the
Edge of Chaos Domains but also the Local Passivity Domains, for
the voltage-driven (current-driven) circuit in terms of the respec-
tive bias stimulus, besides its Unstable Local Activity Domain,
defined earlier on, by applying the Local Activity Theorem from
Section 2.1 and invoking the Edge of Chaos Corollary from Sec-
tion 2.2. Figure 19c includes a complete classification of the op-
erating regimes of the Thévenin (Norton) cell in terms of the re-
spective DC voltage (current) stimulus. Interestingly, similarly as
is the case for the Hodgkin-Huxley neuron model, either of the
two equivalent bio-inspiredmemristive circuits in plots (e) and (f)
of Figure 2 admits two separate Edge of Chaos domains, marked
also in the pole diagram of Figure 19. With reference to the hor-
izontal bifurcation path in violet on the C versus Q diagram of
Figure 13a, shown once again in Figure 20 to facilitate readibility,
a progressive increase in the DC voltage (current) stimulus from
zero modulates the memristor operating point Q in such a way
that the cell, poised correspondingly atQ = (Q,Vm), transitions
from a first Local Passivity Domain into a first relatively narrow
Edge of Chaos Domain, referred to as Edge of Chaos Domain 1,
when Vin = 1.109 V (Iin = 22.185 mA), moving then into an Un-
stable Local Activity Domain when Vin = 1.137 V (Iin = 22.740
mA), before entering a second relatively wide Edge of Chaos do-
main, referred to as Edge of Chaos Domain 2, when Vin = 1.722
V (Iin = 34.446 mA), to get finally into a second Local Passivity
Domain when Vin = 3.291 V (Iin = 65.813 mA).

Remark 8. Importantly, increasingVS (Iin) from0 to 5V (100mA),
the Thévenin (Norton) circuit topology of the second-order cell
from Figure 2e,f undergoes two local Hopf bifurcations, of which
the first of Supercritical nature and the second of Subcritical na-
ture, when the voltage (current) stimulus attains in turn the DC
levels of 1.137 V (22.740 mA) and 1.722 V (34.446 mA). As in-
dicated through a hollow black circle (hollow black square) in
Figure 20, at the Hopf Supercritical (Subcritical) Bifurcation, the
memristor operating point Q assumes the NDR value of 377
(709), while, correspondingly, either cell is found to be poised
at an operating pointQ = (Q,Vm) = (377, 1V (Q = (Q,Vm) =
(377, 0.85V)) on the frontier between the Edge of Chaos Domain
1 (the Unstable Local Activity Domain) and the Unstable Local
Activity Domain (and the Edge of Chaos Domain 2). Moreover,
the oscillator from plot (e,f) of Figure 2 is poised on an stable
and locally active operating point, specifically Q = (Q,Vm) =
(717, 0.848V), which lies on the Edge of Chaos Domain 2, even
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when it undergoes a global Saddle-Node Limit Cycle Bifurcation
for Vin = 1.748 V (Iin = 34.953 mA). Last but not least, inspecting
Figure 20 once more, and observing that the memristor in either
cell is polarized in some operating pointQ across the set (QNDR, L,
QNDR, U) = (351, 1006) for each DC voltage (current) stimulus
Vin (Iin) with value in the range (1.109 V, 3.291 V) ((22.185 mA,
65.813 mA)), which includes each of the three control param-
eter bifurcation thresholds, clearly, the negative differential re-
sistance of the NaMLab memristor has a major impact on the
emergence of complex neuronal phenomena across the proposed
bio-inspired circuit of Figure 2e,f under monotonic input voltage
(current) modulation.

6.2.3. Other Bifurcation Routes of the Bio-Inspired Oscillator Under
Monotonic Stimulus Sweep

Before classifying all the bifurcation paths the memristor oscil-
lator may possibly follow under a monotonic modulation in the
respective stimulus, the following remark introduces some im-
portant definitions.

Remark 9. In the discussion to follow either of the equivalent
cells is said to experience a complementary form of a local Hopf
Supercritical bifurcation if, under monotonic sweep in the respec-
tive control parameter, here the DC stimulus, its earlier unsta-
ble operating point acquires global stability while concurrently
the amplitude of the GAS almost-sinusoidal oscillations, appear-
ing across its capacitance, reduces to zero. Also, either of the
two equivalent cells is said to undergo a complementary form of
a local Hopf Subcritical bifurcation if, under monotonic sweep in
the respective control parameter, here the DC stimulus, its ear-
lier stable operating point loses stability while concurrently the
amplitude of the almost-sinusoidal unstable oscillations, appear-
ing across its capacitance, reduces to zero. Finally, either of the
two equivalent bio-inspired oscillators is said to be subject to a
complementary form of a global Saddle-Node Limit Cycle Bifurca-
tion if, under monotonic sweep in the respective control param-
eter, here the DC stimulus, and for suitable initial conditions,
a semi-stable large-amplitude nonlinear oscillatory voltage solu-
tion, which shall later split into a pair of distinct stable and unsta-
ble trains of electrical spikes, is found to suddenly appear across
the capacitance at steady state, marking the beginning of a phase,

Figure 19. a) Blue (Red) trace: Locus illustrating how the DC current stimulus of the Norton cell with RL = 50Ω and C = 9.336 nF modulates the location
of the pole p− (p+) of the local impedance Z of the circuit of Figure 2f at the port A–B about the respective Iin-dependent operating pointQ = (Q, Vm).
b) Close-up view of the ℑ{p∓,Z (Q )} versus ℜ{p∓,Z (Q )} loci in (a) around the region of the complex plane where the second-order bio-inspired
current-driven memristive oscillator undergoes, under a progressive increase in its DC current stimulus Iin, all the three fundamental bifurcations,
appearing across neuronal axon membranes under a synaptic current reverse sweep according to the predictions of the bio-plausible Hodgkin–Huxley
model. Initially, for each Iin value in the set (0 mA, 22.185 mA) the current-controlled relaxation oscillator of Figure 2f is locally passive, since the poles of
the local impedance of the cell of Figure 2f across the port A–B aboutQ lie on the LHP, and concurrently there exists no angular frequency 𝜔0,Z (Q )
at which the real part of Z (j𝜔;Q ) goes negative. However, when Iin assumes a value falling in the interval (22.185 mA, 22.740 mA), the inequality
ℜ{Z (j𝜔;Q )} < 0 may hold true for some finite angular frequency 𝜔0,Z (Q ), while at the same time the real parts of p−,Z (Q )} and p+,Z (Q )}
keep still negative, which sets the cell is the first Edge of Chaos operating regime, referred to here as Edge of Chaos Domain 1. In the ULA domain, i.e. for
Iin ∈ {22.740mA, 34.446mA}, p−,Z (Q ) and p+,Z (Q ) lie on the RHP. The cell is poised once again on some locally-active and stable operating point
Q when its bias current stimulus Iin falls in the range {34.446 mA, 65.813 mA}, which defines the second Edge of Chaos operating regime, referred
to here as Edge of Chaos Domain 2. Finally, for each bias input current Iin beyond 65.813 mA, the Hodgkin–Huxley cell of Figure Figure 2f returns to its
initial locally passive state. The hollow circle (square) markers identify the locations of the poles p− and p+ of the cell local impedance Z about the
operating pointQ = (Q, Vm) = (377.466, 1 V) (Q = (Q, Vm) = (708.836, 0.850 V)), i.e., at the local Supercritical (Subcritical) Hopf Bifurcation, when
Iin attains the value of 22.740 mA (34.446 mA). In the first (latter) case the Hodgkin–Huxley neuristor of Figure 2f transitions from the EOC 1 domain
(ULA domain) to the ULA domain (EOC 2 domain). While operating in the EOC Domain 2, the neuristor experiences a global Saddle-Node Limit Cycle
Bifurcation, when its bias input current Iin grows up to the value 34.953mA, which endows it with the operating pointQ = (Q, Vm) = (716.808, 0.848 V)
(the hollow diamond markers indicate the locations of the poles p−,Z (Q ) and p+,Z (Q ) on the complex plane here). Last, hollow upper-pointing
(hollow downward-pointing) triangles are used to mark the locations of these poles when the current-driven bio-inspired cell enters (leaves) the EOC
domain 1 (the Edge of Chaos domain 2), which is the case when Iin attains the value of 22.185 mA (65.813 mA). c) Partition of the DC input current
Iin versus angular frequency 𝜔 plane into different operating domains for the second-order bio-inspired current-driven cell of Figure 2f with RL = 50 Ω
and C = 9.336 nF. The grey regions indicate the Local Passivity (LP) domains. In the bottom (top) part, identifiable across the vertical axis range (0 mA,
22.185 mA) ((65.813 mA, 70 mA)), any bias input current Iin poises the cell memristor in some HRS (LRS) PDR bias point along its DC Vm versus Im
characteristic, while, concurrently, no condition of the Local Activity Theorem from Section 2.1 holds true for the cell local impedance Z (s) across the
port A–B about the respective Iin-dependent operating point Q = (Q, Vm). The yellow region (Each of the two separate ochre regions) represents the
Unstable Local Activity (ULA) (an Edge of Chaos) domain. In either case any bias input current Iin stabilizes the cell threshold switch at some NDR bias
point, lying along the negative-slope branch of its DC Vm versus Im characteristic, and endowing it correspondingly with an operating point Q falling
in the range (QNDR, L, QNDR, U). However, for any DC current stimulus Iin associated to the yellow region, and thus ranging across the interval (22.740
mA, 34.446 mA), condition (i) of the Local Activity Theorem from Section 2.1 is found to hold true for the cell local impedance Z (s) across the port
A–B about the respective operating point Q . In fact, for any Iin in the yellow region the poles of Z (s) about the respective operating point Q form
a complex conjugate pole pair with positive real part. Thus, the fact that condition (iv) of the Local Activity Theorem may be additionally satisfied in
the yellow region, being ℜ{Z (j𝜔;Q )} negative within the yellow sub-region enclosed within the blue closed curve, denoting the locus, where the
real part of the cell local impedance is identically null, is irrelevant here. On the other hand, any DC input current Iin across the lower (upper) ochre
region, defining the EOC Domain 1 (the EOC Domain 2), EOC 1(EOC 2) for short, and ranging across the interval (22.185 mA, 22.740 mA) ((34.446 mA,
65.813 mA)) sets the current-driven memristive circuit of Figure 2(f) on a stable and locally-active operating point Q , at which both conditions (j) and
(jj) of the Edge of Chaos Corollary from Section 2.2) apply. In fact, for any Iin in the ochre regions the cell local impedance Z (s) about the respective
operating point Q admits a pair of complex conjugate poles lying on the LHP, featuring furthermore a negative real part for s = j𝜔 within the angular
frequency range (−𝜔0,Z (Q ),𝜔0,Z (Q )) specified via Equation (55), where −(+)𝜔0,Z (Q ) is identifiable graphically as the abscissa of the left
(right) intersection between the linear segment stretching out horizontally at height Iin and the blue closed curve including each point (𝜔, Iin) where
ℜ{Z(j𝜔,Q )} vanishes.
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(a)

(b)
Figure 20. a) C versus Q diagram showing how the operating regime of the bio-inspired circuit in plot (e,f) of Figure 2 may be modulated for RL = 50 Ω
through the other possible control parameter of interest, i.e., the DC voltage (current) stimulus Vin (Iin), after choosing a value for the other one, i.e., the
capacitance C. The black trace indicates the locus of points where either cell is subject to a local Hopf Bifurcation. Three are the bifurcation routes which
the Thévenin (Norton) cell may undergo under input voltage (current) forward sweep. For relatively low capacitance values, either cell experiences two
complementary local Hopf Subcritical bifurcations in complementary form (in the remainder of this paper two bifurcations of the same kind, emerging
one after the other across a physical system under a monotonic change in one of its control parameters, are said to be complementary one relative to
the other when the nonlinear dynamics of the system to the left (right) of the critical point, where one of the two bifurcations occurs, is analogous to
the nonlinear dynamics of the same system to the right (left) of the critical point, where the other bifurcation occurs). This is the case for example for
C = 5 nF, when as its DC stimulus is progressively increased the (Q, C) point travels rightward along the horizontal green path. For relatively moderate
capacitance values, increasing progressively the DC input voltage (current) Vin (Iin) from zero, the circuit of Figure 2e,f operates as a Hodgkin–Huxley
neuristor, undergoing one after the other the three dramatic events, specifically a first local Hopf Supercritical Bifurcation, a second local Hopf Subcritical
Bifurcation, and a third global Saddle-Node Limit Cycle Bifurcation, determining generation, evolution and extinction of a train of electrical spikes across
biological axon membranes. This is the case for example for C = 9.336 nF or for C = 30nF, when as its DC stimulus is progressively increased the (Q,
C) point travels rightward along the horizontal violet and brown paths, respectively. Here, during the DC voltage (current) sweep across the circuit of
Figure 2e,f, the memristor bias point Pmay visit HRS or LRS PDR branches of the Im (Vm) versus Vm (Im) characteristic. Under these voltage (current)
stimulation conditions, irrespective of the capacitance value, the cell is locally stable yet merely locally passive (LP) about the corresponding operating
point Q , and may thus only relax toward a quiescent steady state, after transients decay to zero. Only while the DC voltage (current) stimulus endows
the NaMLab threshold switch with a negative differential resistance, may the bio-inspired voltage-driven (current-driven) cell in plot (e,f) of Figure 2
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where the cell itself exhibits bistable behavior after transients
fade away.

As discussed in the description of Figure 13a, depending
upon the DC stimulus Vin (Iin), the Thévenin (Norton) cell may
experience one of two admissible bifurcation routes under for-
ward capacitance sweep. Interestingly, the nonlinear dynamics
of either cell is richer when the respective DC stimulus is taken
as bifurcation parameter. Particularly, as anticipated earlier,
depending upon the value assigned to the capacitance C, the
memristive relaxation oscillator of Figure 2e,f) may follow one
of three possible bifurcation paths under a monotonic change in
the respective bias input voltage (current) Vin (Iin), as listed and
described below.

(i) For relatively low values of the capacitance the bio-inspired
cell of Figure 2e,f) undergoes a sequence of complemen-
tary Local Hopf Supercritical Bifurcations, which explain
the bubble shape of the respective vm versus Vin (Iin) bifur-
cation diagram, under a monotonic increase in the input
voltage (current). For example, referring to the horizontal
green bifurcation path in the diagram from Figure 20a, for
C = 5 nF as the DC stimulus is progressively increased, the
Thévenin (Norton) cell first admits a GAS operating point.
It then undergoes a first local Hopf Supercritical Bifurca-
tion, which destabilizes its operating point while spawning
an infinitesimally-small GAS limit cycle around it on the vm
versus x phase plane, when Vin (Iin) is increased up to 1.178
V (=23.569 mA), which endows the threshold switch with
theNDR operating pointQ= 424.825. Subsequently the am-
plitude of the limit cycle grows up to a maximum value be-
fore decreasing thereafter, reducing eventually to zero at a
second local Hopf Supercritical Bifurcation, which, comple-
mentarily to the first one, turns off the unique asymptotic os-
cillatory solution for the voltage across the memristor, while
restoring a quiescent mono-stable steady-state behavior for
the cell, when the DC input voltage (current) Vin (Iin) attains
the value of 1.351 V (27.015 mA), poising the memristor on
the NDR operating pointQ = 555.449. Figure 21a illustrates
all the possible stable and unstable quiescent and oscilla-
tory steady states of the memristor voltage in the Norton
cell under DC input current forward sweep in this scenario.
A close-up view of this bubble-shaped bifurcation diagram
in the region of the vm versus Iin plane, enclosing the two
Hopf Supercritical bifurcations, is shown in plot (b) of the
same figure.

(ii) For relatively moderate values of the capacitance a progres-
sive increase in Vin (Iin) induces the emergence of the three-

bifurcation cascade, marking the life cycle of an Action Po-
tential in biological axon membranes under synaptic cur-
rent reverse sweep, as predicted by Hodgkin and Huxley in
1952, across the Thévenin (Norton) cell, which then oper-
ates effectively as a Hodgkin–Huxley neuristor For example,
referring to the horizontal violet bifurcation path in the di-
agram from Figure 20a, for C = 9.336 nF the first (latter)
cell undergoes a Local Hopf Supercritical Bifurcation, a Lo-
cal Hopf Subcritical Bifurcation, and a global Saddle-Node
Limit Cycle Bifurcation when Vin (Iin) respectively attains
the values of 1.137 V (22.740 mA), 1.722 V (34.446 mA), and
1.748 V (34.953 mA), which in turn endows its memristor
with a NDR operating point Q of values increasing progres-
sively from the first to the third in the set {377.466, 708.836,
716.808}, as indicated through a hollow black circle, a hollow
black square, and a hollow black diamond along the horizon-
tal lineC= 9.336 nF (recall the illustration of all the possible
stable and unstable quiescent and oscillatory steady states
of the memristor voltage in the Norton cell under DC input
current forward sweep from Figure 18). As other example,
following the horizontal brown bifurcation route in the di-
agram from Figure 20a, for C = 30 nF the voltage-driven
(current-driven) circuit experiences a Local Hopf Supercrit-
ical Bifurcation, a Local Hopf Subcritical Bifurcation, and a
global Saddle-Node Limit Cycle Bifurcation whenVin (Iin) re-
spectively attains the values of 1.117 V (22.350 mA), 2.409 V
(48.182 mA), and 2.706 V (54.128 mA), which in turn en-
dows its memristor with a NDR operating point Q of values
increasing progressively from the first to the third in the set
{357.859, 873.682, 924.610}, as indicated through a hollow
black circle, a hollow black square, and a hollow black dia-
mond along the horizontal line C = 30nF. Figure 21c shows
all the possible stable and unstable quiescent and oscillatory
steady states of the memristor voltage in the Norton cell un-
der DC input current forward sweep in this scenario. Plot (d)
in the same figure shows a zoom-in view of this bifurcation
diagram in the area hosting the three neuronal bifurcations.
Magnifying further the scale of this plot in the region of the
first bifurcation results in plot (e), which clearly reveals its
local Hopf supercritical nature. Finally, the blue (red) trace
in Figure 21f depicts the steady-state time waveform of the
memristor voltage vm (state x) when theDC voltage (current)
stimulus Vin Iin in the Thévenin (Norton) cell is set to a post-
Hopf-supercritical bifurcation value, specifically 1.15 V (23
mA).

(iii) For relatively large values of the capacitance, under a mono-
tonic increase in the respective bias voltage (current) stim-
ulus the relaxation oscillator of Figure 2e,f is found to

reproduce the complex neuronal phenomena emerging across a biological axon membrane under monotonic synaptic current modulation according to
the Hodgkin–Huxley model predictions. Notably, as explained in detail in Section 6.2.2, the two local Hopf bifurcations occur under DC voltage (current)
sweep while the bio-inspired oscillator, shown in the first (latter) plot, is poised on the Edge of Chaos about the respective operating point, similarly as
it happens for the Hodgkin–Huxley neuron model (refer to Figure 10b in Section S2 of the Supporting Information file). Interestingly either cell is poised
on the Edge of Chaos about the respective operating point also while experiencing the global bifurcation, later on. For relatively large capacitance values,
the bio-inspired voltage-driven (current-driven) memristive circuit is subject to a four-bifurcation cascade, in which the first sequence, where a local
Hopf Subcritical Bifurcation anticipates a global Saddle-Node Limit Cycle Bifurcation, is followed by a second sequence, composed of the very same
bifurcations, included in the first sequence, appearing however in the opposite order and in their complementary forms. This is the case for example for
C = 50 nF, when as its DC stimulus is progressively increased the (Q, C) point travels rightward along the horizontal blue path. b) Close-up view of the
C versus Q diagram in the region where for RL = 50 Ω and C = 50 nF the second-order Thévenin (Norton) cell undergoes the first pair of bifurcations,
specifically a Saddle-Node Limit Cycle Bifurcation followed by a Hopf Subcritical bifurcation.
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(a) (b)

(c) (d)

(e) (f)

Figure 21. a) Bifurcation diagram of the current-driven relaxation oscillator of Figure 2f for RL = 50Ω and C= 5 nF on the vm versus Iin plane. b) Zoom-in
view of the bubble-shaped bifurcation diagram in (a) around the region of the vm versus Iin plane hosting the two complementary local Hopf Supercritical
Bifurcations. As Iin increases from 0 mA to 100 mA, the Norton cell undergoes the first (second) Hopf bifurcation when Iin attains the value of 23.569
mA (27.015 mA). c) Bifurcation diagram of the Norton cell of Figure 2f for RL = 50 Ω and C = 30 nF on the vm versus Iin plane. Clearly, in this scenario
the cell qualitatively reproduces the classical bifurcation diagram of the Hodgkin–Huxley neuron model. d) Zoom-in view of the diagram, shown in plot
(c), around the area enclosing the three-bifurcation cascade, which marks the most important phases in the life cycle of an Action Potential across
biological axon membranes, as predicted by the model from Hodgkin and Huxley. e) Close-up view of the vm versus Iin locus from plot (d) in the region
of the first bifurcation the Norton cell goes through as the respective DC stimulus is progressively increased from zero. This plot clearly reveals the local
Hopf Supercritical type of this bifurcation. g) Bifurcation diagram of the current-driven relaxation oscillator of Figure 2f for RL = 50 Ω and C = 50 nF
on the vm versus Iin plane. At Iin = 22.1849 mA (Iin = 65.8130 mA) the memristor bias point lies at the frontiers between the HRS PDR (NDR) and the
NDR (LRS PDR) branches of the Im versus Vm characteristic. h) Close-up view of the bifurcation diagram from plot (g) across the Iin range, including
the Saddle-Node Limit Cycle-Hopf Subcritical Bifurcation cascade. i) Magnification of the region of the bifurcation diagram from plot (h) around the
region, hosting the unstable steady-state oscillatory solution for the memristor voltage, covering the DC input current range (22.28279 mA, 22.28370
mA), starting off (ending up) with the global Saddle-Node Limit Cycle (the local Hopf Subcritical) bifurcation point, and defining the first bi-stability
regime for the Norton cell. j) Zoom-in image of the vm versus Iin locus from plot (g) over the DC input current interval (53.31780 mA, 60.40787 mA),
within which the current-driven cell admits a second bi-stability regime. When Iin attains the left (right) bound in this range, the Norton cell undergoes
a second local Hopf Subcritical (a second global Saddle-Node Limit Cycle) bifurcation complementary to the first one.
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(g) (h)

(i) (j)

Figure 21. Continued

experience a four-bifurcation cascade, in which the bifur-
cations in the left pair, including first a global Saddle-Node
Limit Cycle Bifurcation and then a local Hopf Subcritical Bi-
furcation, appear in the opposite order and complementary
form in the right pair. For example, referring to the horizon-
tal blue bifurcation path in the diagram of Figure 20a and
well as to the close-up view of the same diagram in the re-
gion of the C versusQ plane, where the horizontal blue path
itself crosses the frontier between the Edge of Chaos domain
and the Unstable Local Activity domain from left to right, as
shown in Figure 20(b), for C = 50 nF the first (latter) mem-
ristive circuit first exhibits a monostable quiescent steady-
state behavior. The Thévenin (Norton) cell experiences then
a first global Saddle-Node Limit Cycle Bifurcation, at which a
relatively large semi-stable saddle-node limit cycle suddenly
appears on the vm versus x phase plane around the respec-
tive operating point Q , which concurrently keep stable,
yet in a local sense only, when Vin (Iin) rises up to 1.11414
V (22.28279 mA), which stabilizes the NaMLab thereshold
switch on the NDR operating point Q = 354.927. Directly
afterwards, the saddle-node limit cycle splits into two sep-
arate limit cycles, of which the smaller one is found to be
unstable, and to separate the basins of attraction of the two
possible locally-stable steady-states for the phase-plane tra-
jectories, specifically an operating point, lying inside it, and
the larger cycle within which it is entirely enclosed. With

the Thévenin (Norton) cell operating a a bi-stable dynamic
system, increasing the DC voltage (current) stimulus fur-
ther, the amplitude of the unstable limit cycle undergoes
a progressive reduction until a first local Hopf Subcritical
Bifurcation, occurring for Vin = 1.11418 V (Iin = 22.28370
mA), when, with the memristor poised on the NDR oper-
ating point Q = 354.966, it decreases to zero, resulting in
the suppression of the unstable oscillatory solution for the
memristor voltage, and in the destabilization of its quiescent
level, which leaves one one and only one attractor, specifi-
cally the remaining limit cycle, now acquiring a global form
of stability, in the memristor voltage versus memristor state
phase plane. Subsequently, when Vin (Iin) is increased up
to the value of 2.66589 V (53.31780 mA), which sets the
memristor at the operating point Q = 918.136, the voltage-
driven (current-driven) cell of Figure 2(e) (2(f)) experiences
yet another local Hopf Subcritical Bifurcation, which, com-
plementarily to the first one, restores the stability of its
operating point, spawning the birth of an infinitesimally-
small semi-stable limit cycle around it, which endows the
Thévenin (Norton) cell with two initial condition-dependent
coexisting steady-state behaviors of quiescent and oscilla-
tory form, respectively. Thereafter, the semi-stable limit cy-
cle splits into two separate limit cycles of which the inner
one, encircling the operating point, is found to be unstable,
to lie entirely within the outer one, which on the other hand
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features a stable nature, and to separate the sets of initial
conditions, fromwhich the trajectory solutions approach the
two possible attractors of the state vector on the phase plane.
As the forward input voltage (current) sweep proceeds, the
inner unstable cycle grows progressively till the point, where
Vin (Iin) attains the value of 3.02039 V (60.40787 mA), which
biases the NaMLab threshold switch at the operating point
Q= 970.726when, due to a second global Saddle-Node Limit
Cycle Bifurcation, complementary to the first one, it merges
gently with the outer stable cycle, forming yet another semi-
stable limit cycle, which disappears from the vm versus x
plane as soon as the control parameter passes over the afore-
given threshold, restoring a monostable quiescent steady-
state for the memristor voltage in the Thévenin (Norton)
circuit of Figure 2e,f thereafter. Figure 21g displays the en-
tire bifurcation diagram of the Norton cell under DC input
current forward sweep in this scenario. Plot (h) in the same
figure shows a zoom-in view of this diagram in the region
of the vm versus Iin plane hosting the first two bifurcations.
The first saddle-node limit cycle (second Hopf subcritical)
bifurcation in this pair, occurring for Iin = 22.28279 mA (Iin
= 22.28370 mA), marks the beginning (end) of the first bi-
stable operating regime for the Norton cell. Plot (i) is the
result of a magnification of the area, belonging to plot (h),
which encloses the unstable steady-state oscillatory solution
for the memristor voltage. A close-up view of the diagram
from Figure 21g in the area enclosing the last two bifurca-
tions is illustrated on the other hand in plot (j) of the same
figure. The first Hopf subcritical (second saddle-node limit
cycle) bifurcation in this pair, occurring for Iin = 53.31780
mA (Iin = 60.40787 mA), marks the beginning (end) of the
second bi-stable operating regime for the Norton cell.

Importantly, irrespective of the capacitance value, either of the
two equivalent second-order bio-inspired cells is poised on the
Edge of Chaos when it experiences any of the bifurcations which
crucially determine its local and global nonlinear dynamics under
a monotonic change in the respective DC stimulus.

7. High-Order Neuristors

Bio-inspired neuristor structures, employing a larger number of
dynamic circuit elements, need to be employed to capture higher-
order neuronal phenomena. For example, as already described in
ref. [28], the fourth-order circuit topology, shown in Figure 22a,
and composed of two different copies of the Hodgkin–Huxley
neuristor, presented in thismanuscript, is necessary to reproduce
various complex neuronal spiking patterns. Applying circuit-
theoretic principles to this fourth-order circuit, employing two
identical NbOx threshold switches, one per Hodgkin–Huxley
neuristor cell, its ODE set is found to be expressed by

ẋ1 = g(x1, vm,1) (60)

v̇C,1 = 1
C1

⋅
(
iin −G1 ⋅ vC,1 −G(x1) ⋅ (vC,1 − V1) −

vC,1 − vC,2
RC

)
(61)

ẋ2 = g(x2, vm,2), and (62)

Table 3. Values assigned to the circuit parameters of the fourth-order
neuristor from Figure 22a to induce the emergence of three distinct
biomimetic spike trains at its output node after transients decay to zero.
Only the capacitances need to be tuned to lock the neuristor into a differ-
ent oscillatory operating mode.

Regular spiking

V1 R1 C1 RC V2 C2 R2
−1 V 50 Ω 500 nF 18 Ω 1 V 75 nF 50 Ω

Chattering

V1 R1 C1 RC V2 C2 R2
−1 V 50 Ω 500 nF 18 Ω 1 V 30 nF 50 Ω

Fast spiking

V1 R1 C1 RC V2 C2 R2
−1 V 50 Ω 180 nF 18 Ω 1 V 30 nF 50 Ω

v̇C,2 = 1
C2

⋅
(
−G2 ⋅ vC,2 −G(x2) ⋅ (vC,2 − V2) +

vC,1 − vC,2
RC

)
(63)

where iin is the input current, while, for each i value in {1, 2},
xi and vC, i denote the state of the i

th memristori and the volt-
age across the ith capacitor Ci, respectively. Importantly, g(xi, vm, i)
and G(xi) respectively represent the state evolution function and
the memductance function of the ith memristor, according to the
NaMLab memristor model[19] (recall in turn Equations (11) and
(12) with vm, i = vC, i − Vi standing for the voltage drop across
the ith threshold switch, appearing in series with a DC voltage
source named Vi, whereas Gi ≜ R−1

i (i ∈ {1, 2}). For simplic-
ity the two threshold switches are assumed to be identical, thus
the very same parameter set, as provided in Table 1, is assigned
to the NaMLab memristor model employed to describe each of
them. Setting values for the linear circuit parameters, as reported
in the top, middle, and bottom parts of Table 3, and perturbing
the fourth-order circuit through a current source iin, generating
a Heaviside step function of time with amplitude Iin = 13 μA and
center around t = 0.2ms, the output signal vout, coinciding with
the voltage vC2 , falling across the capacitance C2, is found to ex-
perience regular spiking, chattering, and fast spiking at steady
state, a depicted in plots (c), (d), and (e) of Figure 22, respectively.
As first reported in ref. [28], the fourth-order neuristor topology

needs to be augmented with another dynamic element, specifi-
cally a capacitor, here called Cin, as shown in Figure 22b, in order
to reproduce the All-or-None neuronal effect. This fifth-order cir-
cuit is modeled via the ODE set

ẋ1 = g(x1, vm,1) (64)

v̇C,1 = 1
C1

⋅
( vin − vCin

− vC1
R0

−G1 ⋅ vC,1 −G(x1) ⋅ vm,1 −
vC,1 − vC,2

RC

)
(65)

ẋ2 = g(x2, vm,2) (66)
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(a)

(b)

(c) (d)

(e) (f)

Figure 22. a) A fourth-order neuristor leveraging the local activity of a couple of NaMLab NbOx threshold switches and a pair of linear capacitors for
supporting high-order neuronal phenomena. b) A fifth-order neuristor requiring an additional capacitance, relative to the circuit configuration in (a), for
reproducing conditional gain in neuronal axon membranes. c–e) Regular spiking (c), chattering (d), and fast spiking (e) in the fourth-order neuristor
structure from plot (a). The circuit, composed of two different copies of the proposed Hodgkin–Huxley neuristor cell, employs two identical locally-
active memristors, for each of which we employ the mathematical description (9)–(10) of the NaMLab NbOx threshold switch with parameter setting
from Table 1. Table 3 provides the values for the parameters of the linear circuit elements for each of the three simulation results. In all cases the vector
(x1,0, vC1 ,0, x2,0, vC2 ,0) ≜ (x1(0), vC1 (0), x2(0), vC2 (0)) of the initial conditions was fixed to (711, 0.1 V, 709, 0.1 V). The input current iin is a unit step function
of time, featuring an amplitude Iin of 13 μA and centered at t = 0.2ms. f) Appearance of the All-or-None phenomenon in the fifth-order Hodgkin–Huxley
neuristor from plot (b). Applying a brief ΔT = 0.5 μs-long rectangular voltage pulse to the input node, and setting its amplitude Vin to a sub-threshold
(supra-threshold) value, specifically 50 mV (100 mV, as shown by the dash-dotted (solid) red trace, the circuit attenuates (amplifies) the stimulus, as
may be observed at the output node, where the voltage vout is found to undergo temporarily a negligible change (to admit the typical waveform of a
neuronal Action Potential). Tables 1 and 4 report the values of the parameters for the model of each NaMLab memristor (recall Equations (9)–(10)) and
of the linear circuit elements, respectively. The vector (x1,0, vC1 ,0, x2,0, vC2 ,0, vCin ) ≜ (x1(0), vC1 (0), x2(0), vC2 (0), vCin (0)) of initial conditions is set to (711,
0.1 V, 709, 0.1 V, 0 V).
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Table 4. Parameter setting for the linear circuit elements in the fifth-order
neuristor circuit topology from Figure 22b. This circuit shares features the
capability, typical of a biological neuron, to fire an electrical spike if and
only if the strength of its stimulus exceeds a threshold value.

V1 R1 C1 RC V2
−1 V 50 Ω 180 nF 18 Ω 1 V

C2 R2 R0 Cin Rin
30 nF 50 Ω 18 Ω 180 nF 10 Ω

v̇C,2 = 1
C2

⋅
(
−G2 ⋅ vC,2 −G(x2) ⋅ vm,2 +

vC,1 − vC,2
RC

)
, and (67)

v̇Cin
= 1

Cin
⋅
( vin − vCin

− vC1
R0

−Gin ⋅ vCin

)
(68)

where vin denotes the input voltage, Gin ≜ R−1
in , while vm, i = vC, i

− Vi (i ∈ {1, 2}). Once again, assuming the two memristors to
be perfectly matched one with the other, employing the NaMLab
model DAE set (9)–(10), with parameter setting from Table 1,
to describe each of them, and assigning the values reported in
Table 4 to the parameters of the linear circuit elements, it is pos-
sible to tune the input voltage vin in such a way to reproduce the
conditional gain of a neuronal axon membrane. As illustrated in
Figure 22f, perturbing the fifth-order circuit through a voltage
source vin, generating a ΔT = 5 μs-wide rectangular voltage pulse
from t = 0.5ms, the output voltage vout, coinciding with vC2 , is
found to admit the shape of a neuronal electrical spike if and only
if the input pulse amplitude Vin, here fixed to 100 mV, is set to
a supra-threshold value (refer to the solid blue traces), while the
voltage at the output node is negligible when the value, assigned
to Vin, taken now as 50 mV, lies below the critical level (refer to
the dashed-dotted traces).

8. The Most Elementary Hodgkin–Huxley
Neuristor

With reference to the simplest ever reported Hodgkin–Huxley
Neuristor in Norton form from Figure 2f, it may be reduced to a
minimal form by replacing the parallel resistor RL with an open
circuit. A rigorous theoretical analysis was carried out to program
the resulting three-element cell, composed of the parallel combi-
nation between one linear capacitor C, one locally-active current-
controlled volatile NbOtextx memristor, manufactured at NaM-
Lab and featuring a S-shaped DC current Im versus voltage Vm lo-
cus, and one DC current source I, as illustrated in Figure 23a, so
that it could reproduce qualitatively the classical bifurcation dia-
gram of the neuron model conceived by Hodgkin and Huxley in
1952.[23] The three-element cell can be mathematically described
through the second-order ODE set

dx
dt

= g(x, vm), and (69)

dvm
dt

= 1
C

⋅
(
I − im(x, vm)

)
(70)

in which the memristor state x and its voltage vm, identically
equal to the capacitance voltage vC, represent the state variables,

g(x, vm) denotes the state evolution function of the NbOx thresh-
old switch subject to voltage excitation, as expressed via Equa-
tion (11), while im(x, vm) stands for the NaMLab device current,
as described through Ohm’s law (10), in which G(x) represents
the memductance function defined in Equation (12). The mem-
ristor model parameters are provided in Table 1. Setting the ca-
pacitance C in this cell to 5 nF, the admissible quiescent and os-
cillatory steady states for the voltage vm across the memristor un-
der a monotonic increase in the DC current stimulus I are illus-
trated in Figure 23b. As its DC current stimulus is progressively
increased from zero, the cell is first found to undergo a local Hopf
Supercritical Bifurcation when I attains the value of 2.136 mA.
Later, a local Hopf Subcritical Bifurcation emerges across the cell
as I increases up to 17.960 mA. Shortly afterwards, the second-
order memristive circuit experiences a global Saddle-Node Limit
Cycle Bifurcation for I = 18.1379189 mA. The three-element bio-
inspired oscillator clearly acts as a Hodgkin-Huxley neuristor! Very
importantly, especially in view of a future hardware realization of
our theory-inspired circuit design, the minimal three-element cir-
cuit of Figure 23a exhibits a superior energy efficiency over the origi-
nal four-element Norton circuit topology from Figure 2f. In order to
shed light into the reason why the three-element C--I parallel
circuit consumes less power than the original four-elementC-RL--Iin parallel circuit while reproducing the classical bifurcation
diagram of the Hodgkin–Huxley neuron model,[23] it is instruc-
tive to observe that the local Hopf bifurcation locus on the capac-
itance C versus memristor operating point Q plane for the orig-
inal relaxation oscillator from Figure 2f moves downward, while
its minimum shifts to the left, as the resistance RL is subject to
a progressive increase. This is shown in Figure 24a, where the
black, blue, red, and magenta traces were respectively obtained
by assigning the first, second, third, and fourth value from the
set {25, 50, 330, 1000}Ω to the resistance RL in the formula from
Equation (53), that describes how the local Hopf bifurcation ca-
pacitance C = Ĉ(Q) for the four-element circuit of Figure 2f de-
pends upon the memristor operating point Q, and thus on its
DC current Im, taking into account that each value for Q is as-
sociated unequivocally to one and only one value for Im, as illus-
trated in Figure 4a, which further shows how poising the thresh-
old switch on a higher operating point requires a larger mod-
ulus for the bias current which must necessarily flow between
its terminals. Clearly, increasing the resistance RL allows to re-
duce the lower bound of the moderate capacitance range, across
which the four-element Norton cell of Figure 2f is able to repro-
duce the entire life cycle of an Action Potential across biological
axonmembranes undermonotonic input currentmodulation ac-
cording to the bio-plausible Hodgkin–Huxley neuron model, as
listed in item (ii) of Section 6.2.3. As may be inferred by inspect-
ing Figure 24a, this consequently allows to decrease the critical
DC input currents, which induce the emergence of the local and
global phenomena characterizing the Hodgkin–Huxley neuron
model bifurcation diagram, across the four-element Norton cell.
On the basis of these arguments, from a power consumption
viewpoint, it is wise to remove the resistance RL from the original
four-element Norton cell. Taking the limit of Ĉ(Q) as RL tends to
positive infinity, the formula, expressing the dependence of the
capacitance C = Ĉ(Q), at which the three-element parallel circuit
of Figure 23a undergoes a local Hopf bifurcation, upon themem-
ristor operating point Q, and thus, recalling Figure 4a, upon its
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(b)

(a)

Figure 23. a) The most elementary form of the first and simplest ever reported bio-inspired Hodgkin–Huxley neuristor . This cell employs just three
elements – one linear capacitor C, one locally-active current-controlled volatile memristor , manufactured at NaMLab and admitting a S-shaped DC
current versus voltage locus, and one DC current source I – and leverages just two degrees of freedom, embodied in the memristor voltage vm and state
x, to undergo all the three fundamental bifurcations, which, according to the fourth-order mathematical model, reported by Hodgkin and Huxley in a
seminal research manuscript[23] back in 1952, mark the life cycle of an Action Potential under a monotonic change in the net synaptic current across
biological neuronal axon membranes. It is important to point out that, were the DC current stimulus I of the three-element cell chosen according to
the constraint I = Iin − Vm/RL, with the right hand side corresponding to the DC current Im flowing through the memristor  in the four-element
Norton cell of Figure 2f, endowed with resistance RL and subject to bias input current Iin, the three-element circuit would be found to feature the very
same DC operating point as the Norton circuit. However, the AC behaviors of the two DC-equivalent circuits would not be identical one to the other
for a fixed capacitance value, as these depend upon the absence or presence of the resistance RL within their topologies. b) Bifurcation diagram of
the three-element cell showing all its admissible stable and unstable quiescent and oscillatory steady states under a forward sweep in the respective
bias current stimulus I for C = 5 nF. Here, increasing I from 0 mA and 22 mA, the bio-inspired three-element parallel circuit is found to undergo first
a Hopf Supercritical Bifurcation for I = 2.136 mA, then a Hopf Subcritical Bifurcation for I = 17.960 mA, and finally a global Saddle-Node Limit Cycle
Bifurcation for I = 18.1379189 mA. Importantly, as may be evinced by inspecting the DC current input levels, at which the three fundamental neuronal
bifurcations, underlying generation, evolution, and extinction of an electrical spike across a biological axon membrane according to the Hodgkin–Huxley
model predictions, emerge across the three-element circuit from plot (a), removing the resistance RL from the original four-element Norton cell from
Figure 2f allows to improve the energy efficiency of the neuristor design. Since I equivIm, the brown trace is infact the DC voltage Vm versus current Im
locus of the NaMLab memristor. The reader is invited to consult the caption of Figure 18 to learn about the significance of all colors and line styles
employed for drawing this bifurcation diagram.

DC current Im, which here coincides with the cell DC current
stimulus I, boils down to

Ĉ(Q) = −
l(Q)

r1(Q) ⋅ r2(Q)
(71)

Employing Equation (71), the green trace in Figure 24a shows
the local Hopf bifurcation locus on the capacitance C versus
memristor operating pointQ plane for the three-element cell. As
expected from our earlier anticipations, for C = 5 nF the four-
element cell of Figure 2f still exhibits a bubble-shaped bifurcation
diagram under a monotonic sweep in the respective DC current
stimulus Iin, as illustrated in Figure 21a,b, whereas the three-

element circuit of Figure 23a is already capable to undergo the
Hodgkin–Huxley neuron model bifurcation triplet under a pro-
gressive increase in the associated input current I, as showcased
in Figure 23b. Figure 24b shows the regime, in which the three-
element cell is found to operate for each choice of its two cir-
cuit design parameters, specifically the capacitance C and the DC
current stimulus I. The violet horizontal line indicates the bifur-
cation route, which this cell experiences under a monotonic in-
crease in the input current I for C = 5 nF. Recalling Figure 23b,
in this scenario the three-element cell operates as a Hodgkin–
Huxley neuristor. Importantly, with reference to the capacitance
versus memristor operating point diagram of Figure 24b, and to
its close-up view around the region, where the cell undergoes the
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(a)

(b)

(c)
Figure 24. a) Locus of the local Hopf Bifurcation Capacitance Ĉ versus the memristor operating pointQ for the four-element Norton cell of Figure 2f for
four finite resistance values and in the limit as RL tends to infinity. b) Classification of the admissible operating regimes for the proposed three-element
bio-inspired oscillator from Figure 23a on the circuit design parameter plane, spanned by DC input current I and capacitance C on the horizontal and
vertical axis, respectively. The black trace shows the graph of Ĉ(Q) from Equation (71), with Q being a single-valued function of Im, coinciding here with
I, as illustrated in Figure 4a, as a function of the DC current stimulus for the three-element cell. The violet horizontal line shows the bifurcation path,
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local Hopf Subcritical and global Saddle-Node Bifurcations under
DC input current forward sweep for C = 5 nF, as shown in plot
(c) of the same figure, the three-element circuit of Figure 23a is
found to sit on a stable and locally-active operating point as each
of the three neuronal bifurcations of the Hodgkin–Huxley model
classical bifurcation diagram appear across its circuitry.

9. Discussion

This is not the first time ever that a memristive analogue elec-
tronic circuit, reproducing neuronal phenomena, is reported in
the literature. In 2013 Pickett et al. at HP Labs[28] proposed a
fourth-order electronic neuron, neuristor for short, composed of
two NbO2 threshold switches, two capacitors, and a number of
resistors, capable to generate an individual action potential un-
der supra-threshold pulse voltage excitation. Augmented with an
additional capacitor, the same neuristor from Hewlett Packard
Labs could also be locked into various biomimetic oscillatory op-
eratingmodes, including those referred to as regular spiking, fast
spiking, and chattering under suitable DC current stimulation.
Importantly, Pickett et al. complemented model simulations

with a robust experimental verification. Through a numerical
study, in a follow-up paper,[43] Pickett et al. also demonstrated the
computational universality enabled by the adoption of the fifth-
order memristive neuristors in circuit design, showcasing how
a suitable combination between a number of different Boolean
logic gates, which, composed of cells of this kind, implement
spike-based computing paradigms, may obey the fundamental
cellular automata rule 137.
Shortly later, Yi from HRL Laboratories[12] employed the

neuristor cell introduced by Pickett et al. in,[28] accommodating
two VO2 threshold switches in place for the pair of NbO2 mem-
ristors adopted by the engineers from HP Labs, and paired it
with different dendritic input circuits, including a resistor with
or without an additional capacitor, to demonstrate via both nu-
merical investigations and labmeasurements as many as twenty-
three dynamical phenomena appearing across phasic and tonic
neurons from the central nervous system. In his paper Yi further
revealed that the VO2 memristor-based neuristor cell topology,
mimicking tonic neurons, supports stochastically phase-locked
firing, also known as skipping, under noise-prone DC current
excitation, similar as biological neurons do.
More recently, in another major theoretico-experimental

paper,[44] Kumar et al. introduced a miniaturized third-order
NbO2 nanodevice leveraging various electrophysiological pro-
cesses, including the Mott phase-transition, to express a num-
ber of neuronal functions, including the generation of an in-
dividual All-or-None electrical spike, on its own. In this paper,
Kumar et al. further employed a number of device samples
of this kind to build a transistor-less analogue electrical net-

work solving a computationally-hard problem known as graph
coloring.[45]

Despite an experimental verification is yet to be provided, and
will be part of an upcoming paper, the three-element memristive
analogue electrical cell, presented in this paper, is however the
first and most elementary circuit, capable to reproduce the entire
life cycle of anAction Potential frombirth to extinction via the All-
to-None effect, as predicted by Hodgkin and Huxley in 1952,[23]

ever reported in the literature.
In this regard, our work was moved by the wish to resolve an

open problem raised by Pickett et al. in the maniscript[28] where
they presented the two-memristor neuristor cell discussed above.
In their seminal paper, Pickett et al. also reported a bifurcation
diagram, acquired numerically as well as experimentally from
the fourth-order neuristor, and visualizing the changes in the
minima and maxima of the stable steady-state oscillatory solu-
tions for the respective output voltage as the DC current stimu-
lus was increased monotonically across a range of values induc-
ing its fast spiking response. As reported in the caption of Fig.
3 in the manuscript,[28] “unlike the Hodgkin-Huxley model, the
output voltage amplitude” was found to be “flat for both mini-
mum and maximum spike voltages over the entire sweep range
of the bifurcation current”. Our research study was thus moti-
vated by the need to address this issue, i.e. to reproduce qualita-
tively the classical bifurcation diagram, drawn by Hodgkin and
Huxley in the membrane capacitance versus DC input synaptic
current plane as a result of a numerical investigation of the pro-
posed axon model.[23]

Our three-element cell, composed of the parallel connection
between one NbOx memristor on Edge of Chaos from NaM-
Lab, one capacitor, and one DC current source, is the first and
most elementary circuit ever found to reproduce one after the
other the three fundamental neuronal bifurcations, underlying
the most important phases in the life cycle of an All-or-None
electrical voltage spike, also known as Action Potential, as com-
pactly illustrated in the classical Hodgkin-Huxley model bifurca-
tion diagram. In order to highlight this exceptional capability,
we coined the name Hodgkin-Huxley neuristor to dub the pro-
posed three-element biomimetic cell. Importantly, our extraor-
dinary discovery of the emergence of the fundamental biologi-
cal three-bifurcation cascade, signalling the most important life
phases of a neuronal Action Potential, across such a simple three-
element analogue electrical cell would not have been possible had
we not recurred to the powerful concepts of the Local Activity and
Edge of Chaos Theory, and applied insightfulmethods fromNon-
linear Dynamics, including those enabling phase portrait inves-
tigations and bifurcation analysis of second-order ODE systems.
Last but not least, compact and scalable neuristor cells of the

kind proposed here as well as in the aforementioned papers from
Pickett et al.,[28] Yi,[12] and Kumar et al.[44] represent suitable neu-
romorphic building blocks for designing innovative bio-inspired

which the one capacitor C-one locally-active memristor-one DC current source I parallel cell of Figure 23a experiences for C = 5 nF under monotonic
DC stimulus modulation. The loci, visualizing all the admissible stable and unstable steady-state quiescent or oscillatory solutions for the memristor
voltage vm in the three-element cell for this capacitance value under each DC input current I, are shown in Figure 23b, which visualizes a bifurcation
diagram closely reminiscent of the one depicted in Figure 1c obtained numerically from the Hodgkin–Huxley neuron model. c) Zoom-in view of the vm
versus I diagram from plot (b) across the area, where the bifurcation path, followed by the three-element cell for C = 5 nF under forward sweep in the
respective DC current stimulus I visits the cell bi-stability domain, which is sandwiched between the local Hopf Subcritical and global Saddle-Node Limit
Cycle bifurcation points.
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analogue electrical networks, which, implementing spike-based
computing paradigms,[43,45] promise to approach the energy effi-
ciency of the human brain in solving challenging problems, mit-
igating the von Neumann bottleneck, limiting the performance
of central processing units in digital computing machines, as a
result.

10. Conclusion

Memristors on Edge of Chaos[46] enable the design of bio-
inspired circuits, capable to reproduce fundamental bifurcations,
occurring in high-order biological systems, through a lower num-
ber of degrees of freedom. Recently, a simple array of identi-
cal and resistively-coupled cells, hosting only one dynamic cir-
cuit element, specifically a locally-active niobium oxide memris-
tor from NaMLab, each, was found to reproduce diffusion-driven
instabilities, anticipating static pattern formation, as occurring
in a fourth-order reaction-diffusion biological cellular neural net-
work from the Turing class.[20] Moreover, adding one capaci-
tor in each cell, the resulting two-cell array, featuring four dy-
namic circuit elements, was found to replicate the counterintu-
itive phenomenon,[22] observed by Smale in an eight-order sys-
tem, where two identical biological reaction cells, sitting quietly
on a common quiescent state on their own, were found to pulse
together indefinitely as they were let interact via diffusion pro-
cesses. This manuscript reveals how upon a proper preliminary
choice of the circuit parameters, as inferable through the appli-
cation of the powerful concepts from the physics principle of the
Edge of Chaos, the Norton form of the very same second-order re-
laxation oscillator, employed as basic cell in the design of the bio-
inspired network, resolving the aforementioned Smale paradox,
undergoes the three fundamental bifurcations, occurring in the
fourth-order Hodgkin–Huxley neuronal axon membrane model,
and characterizing the life cycle of an Action Potential, under
DC current input sweep. To the best of our knowledge, this is
the first and simplest ever-reported bio-inspired analogue elec-
tronic circuit, which, upon a monotonic change in the DC cur-
rent stimulus Iin, entering the top node of its capacitance, sup-
ports one after the other the triplet of fundamental bifurcations,
marking the most important life phases of a neuronal electri-
cal spike, according to the bio-plausible Hodgkin–Huxley neuron
model,[23] i.e., specifically first a Supercritical Hopf Bifurcation,
giving birth to stable oscillations, then a Subcritical Hopf Bifur-
cation, spawning the emergence of an unstable periodic limit cy-
cle in the respective phase plane, and finally the Global Fold or
Saddle-Node Limit Cycle Bifurcation, at which the gentle coales-
cence between the outer stable and inner unstable limit cycles
reveals the true origin of the All-to-None Phenomenon, as beau-
tifully illustrated by the respective bifurcation diagram depicted
in Figure 18b. The All-to-None phenomenon, whose origin puz-
zled the mind of the Italian luminary Galvani,[32] is in fact the
effect of the global bifurcation, envisaging a sudden mutual an-
nihilation via gentle coalescence between two limit cycles, one
stable and the other unstable, born via Local Hopf Bifurcations
while the neuristor operates on the excitable part of its Local Ac-
tivity Domain referred to as Edge of Chaos. Remarkably, as is the
case for the fourth-order Hodgkin–Huxley neuron model, the
proposed neuristor is on Edge of Chaoswhen its stable and unsta-
ble steady-state oscillatory current and voltage solutions, whose

coexistence is strictly necessary for the occurrence of the All-to-
None effect, are born via local Hopf Bifurcations, which proves
once more how it is fundamental for a dynamical system to op-
erate in the Stable Local Activity Domain for complex phenom-
ena to emerge across its physical medium. Furthermore, the se-
quence of three neuronal bifurcations appear across the proposed
current-driven Hodgkin–Huxley neuristor when its memristor is
poised along a negative-slope branch of the respective voltage ver-
sus current characteristic, which clearly showcases the impact of
its Negative Differential Resistance effects on the complex dy-
namics of the second-order electrical system. In fact, it is pre-
cisely thanks to the Negative Differential Resistance effects of its
memristor that our simple second-order relaxation oscillator is
able to reproduce qualitatively the emergent phenomena appear-
ing across a neuronmodel with double the number of dynamical
states. Very importantly, in its minimal form the proposedHodgkin–
Huxley Neuristor may be reduced to the three-element cell shown in
Figure Figure 23a. A bifurcation diagram for this one capacitor C-
one NaMLab NbOx memristor -one bias current source I parallel
circuit is shown in Figure 23b for C = 5 nF. Clearly, for such capac-
itance value the cell supports the classical bifurcation diagram of the
Hodgkin–Huxley neuron model! Last but not least, it is the appli-
cation of the powerful concepts from Bifurcation Theory that has
allowed us to delve deeply into the nonlinear dynamics of a sim-
ple second-order memristive circuit and to determine a suitable
design parameter set turning it into the first and most elemen-
tary Hodgkin–Huxley neuristor ever reported in the literature.
Our in-depth theoretical work awaits now experimental demon-
stration. In this regard, any kind of volatile memristor physical
realization with non-monotonic S-shaped current versus voltage
DC characteristic may be utilized (see ref. [47] for details). In
fact, it may be proved that after adjusting the design parameters
through an ad hoc bifurcation analysis along similar lines of rea-
soning as adopted in this research work, it is possible to use the
model of any other locally-active current-controlled volatile mem-
ristor with non-monotonic S-shaped DC current versus voltage
characteristic in the three-element cell of Figure 24a, and still in-
duce the sequential occurrence of the three bifurcations,marking
the life cycle of an Action Potential in the Hodgkin–Huxley neu-
ron model, across its circuitry. In fact, employing a locally-active
voltage-controlled volatile memristor physical realization withN-
shaped voltage versus current DC characteristic, it is possible to
observe the cascade between the three fundamental bifurcations
underlying birth, evolution and extinction of an Action Potential
across neuronal axon membranes also in the dual circuit, includ-
ing the series between three components, specifically the voltage-
controlled memristor, a DC voltage source, and a linear inductor.
Undoubtedly, our theoretical work sheds light into the necessity
to recur to concepts from the Theory of Nonlinear Dynamics to
gain a comprehensive understanding of the operating principles
of analogue electrical circuits with intrinsically-nonlinear locally-
activememristors.[44] This is the only way to proceed for boosting
sustainable progress in bio-inspired circuit design based on dis-
ruptive memristive nanotechnologies in the years to come.
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