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Abstract

Continued fractions have been studied in mathematics for centuries and have
been generalized in several ways for different reasons. The study of p—adic
continued fractions has started around 1940 with a question of Mahler and the
first algorithms have been defined by Ruban, Schneider and Browkin around
the 1970. The main goal is to replicate, inside the field of p—adic numbers
Qp, all the optimal properties that continued fractions share in the field of
real numbers. Several results on continued fractions regarding convergence,
finiteness, approximation and periodicity have been proved in Q,. However,
some of the nice properties of real continued fractions do not generalize very
well, due to the very different structure of Q, and the different properties of
the p—adic absolute value. The main still open problem is to find an algorithm
that provides a periodic p—adic continued fraction for any quadratic irrational,
i.e. an analogue of the famous Lagrange’s Theorem. The results contained in
this thesis move toward this direction. In particular, we study the convergence,
the finiteness and the periodicity of many algorithms and we search for other
new algorithms sharing better properties than the existent ones. We start by
studying the properties of periodicity of Browkin II, that is the algorithm that
seemingly provides more periodic representations for quadratic irrationals.
We highlight that it does not share good properties of pure periodicity and,
unlike continued fractions in the real field, the length of the pre-period is
variable and it is not possible to predict where the period starts. Therefore,
we define some new algorithms to improve these periodicity properties. In
order to do that, we prove some effective characterizations for the convergence
of continued fractions in Q,. These results provide the explicit shape of the
partial quotients for defining convergent p—adic continued fractions, therefore

they open the way for the exploration of new algorithms. We use these



results to define a new algorithm, obtained as a modification of Browkin II,
that shares better properties of periodicity from both a theoretical and a
computational point of view. Finally, we propose a novel approach to disprove
Lagrange’s Theorem for Browkin-type continued fractions, i.e. those allowing
negative partial quotients, that is a well studied open problem. We prove
that a necessary condition for the periodicity of p—adic continued fractions
is the convergence of the continued fraction in R to the real embedding of
the same quadratic irrational. We use this necessary condition to develop
a probabilistic argument for the non-periodicity of Browkin-type continued
fractions, reasoning on the expected size of the partial quotients in Euclidean
absolute value. In the final section, we briefly summarize some results about
other research topics, namely universal quadratic forms over number fields,
linear recurrence sequences and some cryptographic methods for blockchain
applications.
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Chapter 1
Introduction

Continued fractions are objects of the form

b1
a0+ — (1.1)

ba
a1+

as+ .

and they have a long history in mathematics. Their study begins more than
2000 years ago with the division algorithm, defined by Euclid in his famous
“Elements", around 300 BC. However, the first main developments and modern
formalization of the basic theory of continued fractions is due to Euler in
1744 [29]. Since then, continued fractions have been extensively explored,
mainly due to their excellent properties of approximations of real numbers.
The first proof of irrationality of 7, that has been carried out by Lambert in
1761 [48], exploits a particular continued fraction expansion for tan(z). In
1844, Liouville [52] used continued fractions to provide the first example of a
transcendental number. Liouville proved that algebraic numbers do not admit
infinitely many “too good" approximations (Liouville’s inequality), and used
continued fractions to construct some real numbers that are approximated
“too well" to be algebraic. Before Liouville, the existence of numbers that
are not algebraic was not known for sure. In fact, Cantor’s argument on
the countability of algebraic numbers has been proposed later on in 1874
[18]. Moreover, although 7 and e were conjectured to be transcendental

numbers, it was proved only few years later by Hermite in 1873 [37], for the

9
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transcendence of e, and by Lindemann in 1882 [51], for the transcendence of
7. In the last two centuries, continued fractions have been among the most
efficient tools to create new transcendental numbers, through a generalization
of Liouville approach. In this sense, a particular attention should be given to
the pioneering works of Baker in 1962 [4] and Adamczewski and Bugeaud in
2005 [2] and the many subsequent improvements.

A real number has a finite continued fraction if and only if it is a rational
number, as an easy consequence of the finiteness of the Euclidean division
algorithm. Instead, infinite periodic continued fractions in R represent alge-
braic irrational numbers that are quadratic over Q. In fact, by requiring the
periodicity, a continued fraction satisfies a polynomial relation of degree 2,
which was already known by Euler. In 1776, Lagrange [47] proved that also
the converse holds, i.e. every real quadratic irrational can be expressed as a
periodic continued fractions. This result is surprising for several reasons, that
can be also dated back to the ancient Greece. Indeed, it is likely that the first
to prove the irrationality of v/2 was a Pythagorean, Hippasus of Metapontum.
Legend says that for this discovery Hippasus has been sentenced to death by
Pythagora, and has been drowned, offshore in Crotone’s sea. The reason was
that Pythagora could not stand the idea of the existence of incommensurable
numbers, that are not representable by means of integers. In this sense,
Lagrange’s Theorem gives for the first time (around 2000 years after Hippasus’
sacrifice) a very elegant expression to irrational numbers, even if just to
quadratic ones, that uses only positive integer numbers (for example, the
expansion of v/2 is [1,2]). In order to get an analogue of Lagrange’s Theorem
for algebraic irrationalities of degree higher than two, a multidimensional
generalization of continued fraction has been defined. Motivated by a question
of Hermite [38], Jacobi [41] introduced a continued fraction algorithm with
the purpose of providing periodic representations for cubic irrationals, in
the spirit of Lagrange’s Theorem. Later on, Perron [62] generalized Jacobi’s
approach in order to handle algebraic irrationalities of any degree. However,
as it sometimes happens in mathematics, all the theory of continued fractions
does not generalize so easily to higher dimensions. In fact, it is still not known

if Jacobi’s algorithm becomes periodic for every real cubic irrational and, in
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general, Hermite’s problem for multidimensional continued fractions is still

open.

Because of all these optimal properties that we have mentioned up to
now, continued fractions have been studied and employed in various areas of
mathematics and there exist several generalizations of the classical theory of
continued fractions. The main topic of this thesis is the study of continued

fractions defined over the field of p-adic numbers Q.

In 1940, Mahler [54] raised the problem of defining continued fractions
over Qp. The p-adic numbers have been introduced in 1897 by Hensel [36],
who took insipiration from the work of Kummer on ideal numbers [44, 45]. In
fact, Kummer implicitly used the p-adic valuation of prime ideals appearing
in the ideal factorization of integers over cyclotomic fields. The original idea
of Hensel was to provide a tool to obtain some “local" information near the
prime p, in analogy with Laurent series in powers of the irreducible monomials
(X — ), that are used to obtain information “around the point a". The field
of p—adic numbers is constructed as the completion of the field of rational
numbers Q with respect to the p—adic absolute value. The completion is the
smallest field containing @ in which all Cauchy sequences are convergent.
Besides the standard Euclidean one, the p—adic absolute values are, up to
equivalences, the only non-trivial absolute values over Q (Ostrowski’s The-
orem). Therefore, the field of p-adic numbers Q, are the only non-trivial

completions of QQ different from R.

The p-adic approach turns out to be striking in many senses. Perhaps,
the most important applications lie in the the so-called local-global principle,
originally introduced by Hasse [34]. The local-global principle is the idea of
obtaining global information (for example, over Q) by looking only at local
information (over R and Q). For instance, an equation that has a solution
in Q (globally) clearly has a solution in R and in every Q, (locally), but
the converse is false: an equation that has a real root (or a p—adic root) not
necessarily has a rational root. However, in some specific cases, it is possible

to recover a solution over Q by having solutions over R and over Q, for all
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p. One of the first major result in this direction is the Hasse-Minkowski
Theorem, stating that a quadratic form has a root in Q if and only if it has a
root in R and in Qy, for all p (see, for example, [35, 72]). The actual result
concerns any number field (and in general any global field) and its completions.
Hasse-Minkowski Theorem and local-global principle suggest that, sometimes,
the study of mathematical objects only inside the field of real numbers can
be “not enough". For all these reasons, and many others, the field of p—adic

numbers is nowadays largely studied in the whole mathematics.

The problem of defining a continued fraction in Q,, sharing all the optimal
properties enjoyed by classical continued fractions is still open. In particular,
it is not known an algorithm that provides periodic representations for every
p—adic quadratic irrational. Hence, p—adic continued fractions miss, up to
now, an analogue of Lagrange’s Theorem. This is one of the main great goal
I kept in mind when facing the research problems in this area, and it is one

of the central focus of this thesis.

The main issue is that in @, there is not an intuitive satisfying definition
for the integer part of a p—adic number, as we have for real numbers. There
are at least two very natural definitions, due to Schneider [73] and Ruban [69],
both around 1970. The two algorithms try to replicate the standard algorithm
for real continued fractions in two different senses. In fact, for some reasons
of p—adic convergence that we discuss more thoroughly in the next sections, a
“classical" continued fraction, meaning that we have all numerators equal to 1
and the partial quotients are integer, can never converge to a p—adic number.
Schneider’s algorithm overcomes this problem by allowing non-unitary numer-
ators, and the partial quotients are integers. Ruban’s algorithm, instead, has
unitary denominators, but the partial quotients are rational numbers, with
powers of the prime p appearing at the denominator. Ruban’s and Schneider’s
continued fractions are not finite for every rational number, but they can also
be infinite periodic [17, 49]. This is very annoying, since we miss one of the
first and most important properties of continued fractions in R. Moreover,
the two algorithms do not provide a periodic continued fraction for every

p—adic quadratic irrational. In fact, the analogues of Lagrange’s Theorem
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have been disproved in [74] for Schneider’s algorithm and in [22] for Ruban’s

algorithm.

In 1978, Browkin [15] came out with the definition of a new p-adic con-
tinued fractions algorithm (we call it Browkin I) that terminates if and only
if the input is a rational number. This algorithm is really similar to Ruban’s
one, but it allows to have also negative numbers as partial quotients. The
problem of understanding if Browkin’s continued fractions are always periodic
for p—adic quadratic irrationals is still open. Trying to find a way to prove or
disprove Lagrange’s Theorem for Browkin’s continued fraction has taken some
energies out of me in the last 3 years. For the moment it seems to me, for my
humble opinion and knowledge, a hard problem, that needs some fresh novel
technique to be tackled. However, although a proof has not been provided
yet, I believe Lagrange’s Theorem to fail also for Browkin’s algorithm. In
2000, more than 20 years after his first algorithm, Browkin [16] proposed a
second algorithm (we call it Browkin II) that allows to have integer partial
quotients for half of the steps, and for the other half it keeps rational partial
quotients with powers of p at the denominator. This choice is possible due
to a less restrictive convergence condition that Browkin proved in [16]. This
second algorithm computationally appears to outperform the first algorithm
in the number of periodic continued fractions provided for quadratic irrational
numbers. For example, see Chapter 7, that is based on the computational
analysis we carried out in [55]. In particular, in Figure 7.1, it is possible to see
how much better Browkin II behaves compared with Browkin I. But again,
this is only heuristic and experimental, since no quadratic irrational has been

proved yet to have non-periodic Browkin I or Browkin II continued fractions.
This is roughly the starting point of my research in this field.

In [56], we studied the properties of periodicity of Browkin II from a
theoretical point of view, in order to better understand its behaviour. A
famous result for real continued fractions, proved by Galois [30], states that
the continued fraction of « is purely periodic if and only if |a| > 1 and

—1 <@ <0, where |-| is the Euclidean absolute value and @ is the conjugate
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over Q of the quadratic irrational .. Another famous result provides a nice
form for the continued fractions of pure square roots of integers. In fact, for

D > 0 non-square integer, the continued fraction of v/D is
\/5 = [a(]aala cee 7an72a0],

where the a,, are positive integers and the sequence a1,...,a, is palindromic.
For Browkin I, some very similar results have been proved by Bedocchi in
[8, 9], and our main goal in [56] has been to generalize them also to Browkin
II, for which very few remarks were done before. The results of Bedocchi, and
in general all the results regarding the periodicity, are stated in Chapter 6.
The best analogue of Galois’ and Bedocchi’s theorems that we were able to
obtain is Theorem 6.2.10, where the condition on the p-adic absolute value
of « is only necessary for the pure periodicity, but not sufficient, and we
have many counterexamples. Moreover, in Theorem 6.2.17 we proved that
the pre-period of periodic Browkin II continued fractions of square roots of
integers can have a period of length 1 or even. This result does not seem
improvable, since we observed periods of many even lengths. Therefore, the
two results that hold in the real framework and for Browkin I, fail to hold
for Browkin II. Notice that both Bedocchi’s and our results are proved under
the hypothesis of periodicity, that can not be removed. Therefore, these
properties of periodicity hold “whenever the continued fraction is periodic".
This is in big contrast with continued fractions in R, where, for example in
the two results that we have recalled, this hypothesis is not required as the

periodicity is much better understood.

In [57], we started searching for further possible generalizations of Browkin
II. We proved with the constructive Example 4.3.1 in Chapter 4, that a
generalization where one partial quotient has negative valuation and two
partial quotients have null valuation, not necessarily converge without a
stronger hypothesis. In fact, it is not hard to see, and we show it at the
begin of Chapter 4, that a continued fraction converges in Q) if and only if
the sequence of valuations of consecutive denominators of convergents tends

to —oo. One of our main results in [57] is the explicit characterization of
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the strict decrease of this sequence, in terms of the valuation of the partial
quotients, that is much easier to handle. This characterization is stated in
Theorem 4.2.1 where we prove that having one negative partial quotient each
two steps is a necessary and sufficient the strict decrease of the sequence of
denominators, that guarantees the convergence. Instead, if we want to have
one partial quotient with negative valuation each r steps, with r > 3, we need
to add some extra hypotheses on the valuations of some products of partial
quotients. For the case r = 3, it is Theorem 4.3.2, where we add only one
hypothesis to obtain the convergence of a “3-steps" algorithm. For this case, in
the same paper we introduced two new algorithms that fulfill the hypotheses
of Theorem 4.3.2 and they are defined in Chapter 3 as Algorithm (3.8) and
Algorithm (3.9). We prove, in Theorem 5.2.1, that one of them provides a
finite continued fraction for all rational numbers. However, their periodicity
properties do not seem, experimentally, to improve those of Browkin II. Also
for any r > 4, we proved some sufficient conditions for the convergence of a
“r-steps" algorithm, that are contained in Theorem 4.3.6. For bigger r, the
hypotheses of Theorem 4.3.6 become more difficult to fulfill, and probably not
leading to an improvement of the performance, therefore we did not define
any algorithm for r > 4.

The convergence results proved in [57] paved the way for the exploration
of new possible algorithms for p—adic continued fractions. In particular, The-
orem 4.2.1 has been practically used in some recent works by Yasutomi [79]
and by Deng and Wang [26], in order to easily prove the p—adic convergence
of their algorithms. We also used Theorem 4.2.1 in [55], in order to define a
new algorithm, Algorithm (3.10) in Chapter 6, that is a slight modification of
Browkin II. As we explain at the end of Section 6.2, the main obstruction that
we had to deal with in [56] for obtaining results on the periodicity of Browkin
II, is the presence of the sign function in (3.6). In the new algorithm intro-
duced in [55], the sign function is not anymore required, thanks to our more
general convergence results of [57]. For this new algorithm, finite continued
fractions characterize rational numbers. Moreover, both a necessary and a
sufficient conditions for the pure periodicity hold, therefore obtaining a proper

analogue of Galois’ Theorem and Bedocchi’s Theorem, that is Theorem 6.3.1.
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In Proposition 6.3.3 we also proved that p—adic square roots of integers, that
have a periodic continued fraction, have always pre-period 1, as it is for real
continued fractions. Finally, this new algorithm improves also experimentally
the properties of Browkin II, and the results are listed in Chapter 7. In
particular, in Figure 7.1 it is possible to see a comparison of the number of
periodic continued fractions for p—adic square roots of integers with Browkin
I, Browkin II and the new algorithm (detected within a fixed number of steps,
as no quadratic irrational has been proved to have non-periodic continued
fraction with these three algorithms). The SageMath code developed for
Chapter 7, which is based on the computational section of [55], is publicly
available! and contains also the implementation of all the main algorithms

presented in Chapter 3.

The final Chapter 8 collects some conclusions, open problems and future
directions that we are trying or have tried to follow, mainly to prove the non-
periodicity of Browkin’s algorithms. The core idea is contained in Conjecture
8.1.4, saying that the p-adic continued fraction of a quadratic irrational
obtained by Browkin I, Browkin II or our Algorithm (3.10) becomes eventually
periodic if and only if the continued fraction converges in R to the “same"
quadratic irrational. One implication is true by a known result of convergence
of periodic continued fractions. Therefore, if the continued fraction is periodic,
it converges to a root of the same polynomial both in R and in Q,. However,
when the p—adic continued fraction of a quadratic irrational o does not show
a period for a lot of steps, it seems to be convergent in R very neetly, but
toward something really different than the image of « inside R. Proving
that it is actually convergent to something different from a would be a
counterexample to Lagrange’s Theorem for Browkin-type algorithms, that is
not known at the present time. In the second part of Chapter 8, we develop
a probabilistic argument for the size of convergents, under the assumption
of uniform distribution of the p-adic digits of irrational numbers. The
assumption of uniform distribution is reasonable, and connected to several
hard and ancient conjectures on the so-called normal numbers. Under this

hypothesis, we prove that the expected value of the size of the partial quotients

Thttps://github.com/giulianoromeont /p-adic-continued-fractions
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increases linearly with the prime p. Therefore, especially for large values of p,
the denominators B,, tend to be really big, since they grow esponentially in
the partial quotients. Hence, the convergents are not expected to oscillate
too much after several steps. We state it as Conjecture 8.2.10 at the end of
the thesis, saying that the sequence of denominators |B,| of Browkin-type
continued fractions tends to +oco with probability 1. These reasonings have
been recently included in [66].

The thesis is organized as follows.

In Chapter 2 we recall some notation and known facts for the classical

theory of continued fractions in R and for the field of p-adic numbers Q.

In Chapter 3, we describe the various algorithms that have been defined
over the years, underlining their motivations and their main properties,

together with their issues.

In Chapter 4, we discuss the p—adic convergence of a continued fraction,
which is the very first requirement for the definition of an algorithm.

In Chapter 5, we present the properties of the expansions of rational
numbers that, as already mentioned, are not always finite in the field of

p—adic numbers.

Chapter 6 contains the results related to the periodicity of p—adic continued
fractions and the main developments towards a p—adic analogue of Lagrange’s

Theorem.

In Chapter 7, we show some experimental computations on the properties
of periodicity of the main algorithms.

In Chapter 8, we investigate the main open problems and summarize some

possible strategies.

Finally, Chapter 9 summarizes the content of other works, in [3, 23, 27, 42],
that I have developed during my Ph. D. together with other collaborators
and are not based on the study of p—adic continued fractions.



Chapter 2

Preliminaries and notation

2.1 Continued fractions

In this section, we provide a short introduction to the theory of continued

fractions. Some good sources on the topic are [43, 58].

We call continued fraction an object of the form

by
at+—— (2.1)

bo
a1+

az+ -

b1 by ...

a a1 ag ... |’
where the coefficients a,, and b,, are elements in a field and the expansion can
be either finite or infinite. If b, =1 for all n € N, the continued fraction is

and we denote it by

called simple, that is

a+—y
a1+

az+ -

18
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and we denote it by [ag,a1,a2,...]. The coefficients ag,a;,as... are called

partial quotients. For all n € N, the rational number

An bl P bn_]_ bn bl
5 = =ag+ )
B, a ai ... Gp-1 Gy _ i1
a1+ -+
bn

ap—1+—
Qnp

corresponding to the continued fraction stopped at the n-th term, is called n-th
convergent of the continued fraction. The A,’s are called partial numerators
and the B),’s are called partial denominators. The sequences {Ap }nen and
{Bn}nen satisfy the recursions

A() = aop, BO = 17
A1 =aiao+by, By =ay,
Ap=anAn_1+b,An 2, n2>2, Bn=anBn-1+byBy_2, n>2.

(2.2)
The partial numerators and denominators of the convergents can be repre-

sented also using the following matrix form. For all n € N,

An An—l - ap 1 1 0 aj 1 1 0 Qnp, 1

B, Bii) 1 0)\0 b 1 0/ 7\0 by 1 0)
(2.3)

Furthermore, for an infinite continued fraction representing an element

a, we introduce the sequence of complete quotients {ay }nen defined, for all

n €N, as
bn+1

an-l—l == )
n — Qn

starting from a9 = o. In this way, in fact,

bn+1
Qn4t1

anzan—i-

We say that an infinite continued fraction is periodic (or eventually periodic)
if and only if there exists h € N and k£ > 1 such that a,1x = an and b, = by,
for all n > h. In this case we call period length and pre-period length, respec-
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tively, the least k and h for which this happens (or just period and pre-period
where there is no risk of ambiguity). If h =0, the continued fraction is said
purely periodic and it means that the period starts from the first partial
quotient, without a pre-period. We denote a periodic continued fraction by
[ag,...,an—1,0n,---,8h+k—1], Where ay,...,ap_1 is the pre-periodic part and
Qp,---,ap1+k—1 is the periodic part.

The standard algorithm to express a real number « through a simple continued
fraction [ag,a1,...] is the following, with ag = o

an = Lon] (2.4)

Qpi1 = Qn—an’

where |y, | denotes the integer part of o, that is the greatest integer a, < a,.
If o, = ay, for some n € N, then the algorithm terminates and the continued
fraction is finite. A finite continued fraction [ay,...,ay], with a, > 2, can be

equivalently represented as [ag,...,a, —1,1].

Finally, we briefly recall some important results about continued fractions
in R, that we would like to emulate for continued fractions in ;. Continued
fractions with positive integer partial quotients always converge to some
real number, and the approximation provided by the convergents is the
best possible (without increasing the denominator of the rational number).
More details on the convergence in R are given in the dedicated Chapter
4. Moreover, In the field of real numbers, continued fractions completely
characterize rational numbers and quadratic irrationals. A real number oz € R
is rational if and only if its continued fractions is finite. The latter is an easy
consequence of the finiteness of the Euclidean division algorithm in Z. More
details are given in Chapter 5. A real number a € R is a quadratic irrational,
i.e. root of an irreducible rational polynomial of degree 2, if and only if its
continued fraction is eventually periodic. The latter is the famous Lagrange’s
Theorem. More results on the periodicity, together with some comments on

the strategies for the proofs, are given at the begin of Chapter 6.
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2.2 The field of p—adic numbers Q,

In this section, we introduce the field of p-adic numbers QQ, and recall the
main properties that are useful for our discussion. For an extensive source on

the theory of p-adic numbers, see [31].

First, we recall some basic definitions and properties of valuations and

absolute values over a field.

Definition 2.2.1. Let K be a field. A valuation over K is a function
v: K — RU{oo} such that

i) v(z) =00 if and only if =0,
i) v(zy) =v(z)+v(y) for all z,y € K,
) v(z+y) > min{v(z),v(y)}.

Definition 2.2.2. Let K be a field. An absolute value over K is a function
|-|: K — Ry such that

i) |x| =0 if and only if z =0,
i) |zy| = |z||y| for all 7,y € K,
W) |lz+y| <|z|+|y| for allz,y € K.
If the following further condition, stronger than iii), holds:
w) |z+y| < max{|z|,|y|}, for all z,y € K,

then the the absolute value |- | is said non-archimedean. Otherwise, it is said

archimedean.

In the following, let p be a prime number. In the next definitions, we
introduce the p—adic valuation and the p—adic absolute value over Q.

Definition 2.2.3. The p-adic valuation over Q is the function v, : Q —
ZU{oo} defined as follows: for any non-zero xz € Q,

S

r=—p° p fab,

then vp(x) = e. Moreover, we set vp(0) = oo.
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Definition 2.2.4. The p-adic absolute value over Q is the function |-|p:
Q — R4 defined as follows: for any non-zero x € Q,

oly =57,

where vp(x) is the p—adic valuation of z, and |0|, = 0.

Remark 2.2.5. It is not hard to see that the p—adic valuation is a valuation
and that the p—adic absolute value is a non-archimedean absolute value, in
the sense of Definition 2.2.1 and Definition 2.2.2.

Definition 2.2.6. Let |- |1 and |- |2 two absolute values over a field K. Then
we say that |- |1 and |- |2 are equivalent if and only if they induce the same

topology over K.

In the following theorem, we see that the standard Euclidean absolute value
and the p—adic absolute values are, up to equivalences, the only non-trivial
absolute values that is possible to define over Q.

Theorem 2.2.7 (Ostrowski). Let |-| be a non-trivial absolute value over Q.
Then |-| is either equivalent to the Euclidean absolute value or to the p—adic

absolute value

Proposition 2.2.8. The field Q of rational numbers is not complete with
respect to any of its non-trivial absolute values.

The field of p-adic numbers Q,, is the completion of Q with respect to the
p—-adic absolute value, exactly as R is the completion of Q with respect to
the Euclidean absolute value. Therefore, (9, is the smallest field containing
Q where all Cauchy sequences with respect to |- |, are convergent. Moreover,
Q is dense in @, with respect to the p-adic absolute value. From Ostrowski’s
theorem, the fields Q, are the only non-trivial completions of Q besides R.

The field of p—adic numbers can be proved to be exactly the set of all the
finite-tailed series in powers of p, that is:

+o00
Qp= { Z cnp"

r e, anZ/pZ}.
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Moreover, the p-adic valuation v,(-) and the p-adic absolute value |- |,
can be extended uniquely from Q to Q.

We also define the set of p—adic integers as the set of p—adic numbers with

non-negative valuation, i.e.

+o00
Zp = {Z anp" | an € Z/pZ}.
n=0

It is a local ring with unique maximal ideal

+00
pr = { Z anpn

n=1

anEZ/pZ},

and residue field
Lp/pZp =L[pL =TFp,

that is the finite field of order p.

The following is an important property of the convergence in Q, that
we are going to use in the next sections, and that holds in general for every
non-archimedean absolute value.

Proposition 2.2.9. Let K be a field with a non-archimedean absolute value | |.

A sequence {z,} in K is a Cauchy sequence if and only if nh_)rgo |Zp41—2n| =0.

Remark 2.2.10. Notice that Proposition 2.2.9 does not hold in the archimedean

+00
setting. In fact, if we consider the harmonic series . %, then the sequence
n=0

k
of partial sums s = Y, % does not converge for k — 400, as this series is

notoriously divergent, and hence is not a Cauchy sequence. However,

1
lim |sgyq—sg|= lim —— =0
k—)oo| k+1 kl k—oo k+1 ’
i.e. the difference of two consecutive terms tends to 0. The other implication
of Proposition 2.2.9 is of course true also in the archimedean setting, i.e. for

any Cauchy sequence that limit tends to 0.
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Finally, we see how to express rationals and quadratic irrationals inside
Qp, i.e. as a formal series in powers of the prime p. Understanding the shape
of rationals and quadratic irrationals in Q, is important in order to generalize
the results of classical continued fractions in the p—adic framework. For more
detailed results on p-adic rational numbers, see the paper of Conrad [24]. For
Hensel’s Lemma and p-adic quadratic irrationals, see Chapter 4 of [31].

Rational numbers have a precise shape inside ), as stated in the next

theorem.

Theorem 2.2.11. Let a € Q, be a p—adic number. Then a is rational if and
only if its p—adic expansion

1 1
a:a_,«ﬁ+...+a_11—)+ao+a1p+azp2+---

is either finite or eventually periodic.

From Theorem 2.2.11, we know that the elements in Q,\Q correspond ex-
actly to the infinite and not periodic p—adic series. Later on, we are interested
in generalizing the results of periodicity that hold in R. In particular, we
would like to have Lagrange’s Theorem, hence a periodic continued fraction
for all p—adic quadratic irrational. A p—adic quadratic irrational is an element
of Q, that is the root of a polynomial in Q[z] of degree 2, irreducible over Q.
In several results, we handle square roots v D, D € Z. When z2 — D splits
in Qp, then it has two roots. In the case of the standard representatives in
{0,...,p— 1}, we choose the root that in its p—adic expansion has the smaller
first representative. In the case of representatives in {—’%1, ey p%l} we take
the one with positive first representative. We denote the other root by —v/D.
More details are given at the begin of Chapter 6, where we deal with periodic

continued fractions and quadratic irrationals.

It is not hard to see that a necessary condition for v/D to lie in Qp is that
D is a quadratic residue modulo p. In fact, let

\/5:a0+a1p+...,
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then, squaring both sides we obtain D = a2 +p(...), so that D =a3 mod p.
Therefore, if D is not a quadratic residue modulo p, then the latter equation
is not solvable and v/D ¢ Qp. Conversely, if D is a quadratic residue modulo
p, this means that X2 — D has a solution in Z/pZ. Tt turns out that this
condition is also sufficient for v/D to lie in Qp, thanks to the famous Hensel’s

Lemma.

Theorem 2.2.12 (Hensel’s Lemma). Let F(X) =ap+ a1 X +...an X" a
polynomial with coefficients in Z,. Let us suppose that there is a p—adic
integer a1 € Zy, such that:

F(a1)=0 modpZ, F'(a;)#0 mod pZy,,

where F'(X) represents the formal derivative of F(X). Then there exists a

unique p—adic integer oo € Zy, such that:
a=o; modpZ, with F(a)=0.

Basically, from Hensel’s Lemma, if a quadratic equation has a solution «
in Z/pZ, then it can be “lifted" uniquely to a solution in Z/p?Z, and then
to a solution in Z/p3Z and this process can be continued infinitely, in order
to compute the expansion of a in Q. From Hensel’s Lemma, we obtain the
following result on the squares that lie in Z.

Corollary 2.2.13. Let b € Z, a p-adic unit. If exists a1 € Zyp such that
a?=b mod pZyp, then b is the square of an element of Z,.

In order to extend Corollary 2.2.13 to all p—adic numbers, we notice that
each a € Q, can be written as a = p*(®¢o/, with o/ € Z;. Then « is a square
if and only if the valuation v,(a) is even and ¢ is a square.

Corollary 2.2.14. Let a € Q,. Then « is a square if and only if it can be

written as a = p?"y?, where n € Z and y € Zy, is a p-adic unit.

In the latter results, we have considered only square roots, i.e. the solutions
of the irreducible polynomial X2 — D. The exact same construction can be
carried out to for a general quadratic irrational, i.e. for solutions in Q, of a

generic irreducible polynomial of degree 2.



Chapter 3

Main definitions of p—adic

continued fractions

In this chapter we present the main definitions for p—adic continued fractions
that have appeared in literature. A first attempt is of course trying to emulate
the standard algorithm (2.4) for real continued fractions. The problem is that
the definition of the integer part of a p-adic number a € QQ, is not uniquely
determined. In R, the integer part of a real number « is defined as the unique
integer a less than « for which |a —a| < 1. However, for example in Z,, there
are infinitely many integers such that this happens, since there are infinitely
many a € Z such that p divides a —a.

We start by presenting the approach of Schneider [73]. Schneider’s con-
tinued fraction is not simple but, as in the classical case, it employs only
integers. Then we present Ruban’s [69] and Browkin’s [15, 16] approach, that
attempted to construct a simple continued fraction by defining an p-adic
analogue of the integer part in R. However, in this case, the partial quotients
can be either integer or rationals. Finally, we discuss the new algorithms
that have been defined in the latest years with the purpose of improving
Schneider’s, Ruban’s and Browkin’s p—adic continued fraction.

26
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3.1 Schneider’s definition

The first definition that we are going to analyze is due to T. Schneider [73]
in 1969, and it works for all p-adic integers. The p-adic integers are the
elements a € Q, with v,(a) > 0. Let us observe that, for o € Z,, all the
integers a satisfying 0 < | —al|p < 1 are congruent modulo p. Therefore, it is
meaningful to define the partial quotients as the unique representatives of a
modulo p that lie inside {0,...,p—1}. Schneider followed this approach to

provide a non-simple continued fraction expansion

b1
a+ ——, (3.1)

by
a1+

az+ .

for all p-adic integers. For ag € Zjp, with expansion

+o00 .
ao=> cp', ¢ €{0,...,p—1},
=0

Schneider’s algorithm works as follows. The first partial quotient is ag = cy.
Then, for all n € N,

(
en+1 = Vp(an —an)
bp41 =pH!
bn+1 (3.2)
Qn+1 =
an - a'n

1

Gng1 = c(()n-l- ),
where c(()nH) denotes the first term of the expansion of

+o00 (n+1)
n
On41 = § :CZ' pza
=0

which by construction has zero valuation, i.e. it is a unit in Z,,.
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Example 3.1.1. Let us give an idea of how Schneider’s algorithm (3.2) works
to provide the 5—adic continued fraction of % In Qs,

2
?=1+2~5+52+...,
hence ag =1 and e1 = vp(cp —ag) = vp(2-5+5%+...) = 1. The next complete

quotient is then

p™ 5
a1 =

— — = =3+3-5+4-52+....
ag—ag 2-5+52+... 2+5+... oo +

Hence, a1 = 3 and the algorithm goes on as before. The expansion becomes
eventually periodic with b, =5 for alln €N and [ag,a1,...] =[1,3,2,3,4].

3.2 Ruban’s definition

In 1970, A. A. Ruban [69] defined an algorithm very similar to the standard

algorithm in R, using an analogue of the integer part for a p—adic number. For

+o00 .
any p-adic number a= 3> cp' € Qp, ¢; € {0,...,p—1}, the floor function
i=—T
used by Ruban is
0

la)p = Z Cipi>

i=—r
and |a|p, =0 if r <0. Notice that in this case |a], is, in general, a rational
number. Ruban’s continued fractions are simple and the coefficients of the
expansion can be computed iteratively by the following algorithm, starting

with ag = a.

an = lonly (3.3)

_ 1
U+l = G-

If at some point o, = ay, then the algorithm stops and a = [ag,...,an], i.e. &
has finite Ruban’s continued fraction.

Remark 3.2.1. The choice of this floor function is, somehow, natural. In

“+o0o .
fact, in the series 3 c;p', the positive powers of p have fractional p—adic
i=—r
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absolute value and the floor function |-|, takes the part that has integral
absolute value.

Example 3.2.2. Let us compute Ruban’s expansion of ag= —% in Q7. The
T—-adic expansion of ag is

ap=1+4-T+5-T+...,

so that ag = |ag|p =1 and

1 1 )
o = =—5—=—2=2T1+64+6-T+....
Qg — agp —5—1 7

The second partial quotient is then

2 44
a=lap=7+6=—,
and we compute the third complete quotient as
1 1 1
Qg = = =—-=6T"46+6-T+....
Then
48
a2 = I_a2Jp = 7a
and we find
1 1 1
o = = = —— = 9.
3 a2 — a2 —%—% 7 2

We have found a repetition on the complete quotients, ag = g, therefore the

continued fraction repeats from this point onward. It means that

2 [ 47
5 |77’

hence —% has a periodic Ruban’s continued fraction in Q.
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3.3 Browkin’s definitions

In 1978, J. Browkin [15] defined an algorithm that is a slight modification of
Ruban’s algorithm. The only difference is that, in Browkin’s approach, the
representatives of Z /pZ are chosen in {—p%l, e, p%l} instead of {0,...,p—1}.
This small variation is fundamental because Browkin’s algorithm produces a
finite continued fraction for each rational number, while Ruban’s algorithm

can also be periodic over the rationals (more details on the expansion of

+o00 .
rational numbers are given in Chapter 5). Given a= Y c¢;p* € Qp, with
i=—r

ci € {—7%1, ey p%l}, Browkin defines the floor function s: Q, — Q as

0
s(@)= ) ap, (3.4)
t=—T
and s(a) =0 if r < 0. Browkin’s first algorithm, that we call Browkin I, work
as follows. At the first step ag = a and, for all n > 0,

an = s(an)

_ 1
Qn41 = n—an "

(3.5)

If at some point a;, = ay, then the algorithm stops and a = [ag,...,an], i.e. &
has finite Browkin I continued fraction.

Example 3.3.1. Let us compute Browkin I continued fraction of ag = —%
in Q7 and let us compare with Ruban’s expansion obtained in Example 3.2.2.
For Browkin’s algorithm, we have to consider the T—adic expansion with

representatives in {—3,...,3}, hence:
ap=1-3-7—-T"+....
Also in this case the first partial quotient is ag = s(ap) =1 and then

5
a) = = =—=2.771-1....
1 ap — ag —%—1 7
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The second partial quotient is then

Therefore,

hence —% has a finite Browkin I continued fraction. The difference with
Ruban’s expansion of Example 3.2.2, which is periodic, relies only on the
choice of the representatives in {—3,...,3} instead of {0,...,6}.

In 2000, more than 20 years after the first algorithm, Browkin [16] defined

another floor function, that is similar to the first function s, but excluding
+oo .
the zero term. For a = Y c¢;p' € Qp, with ¢; € —p%l,...,p%l}, the second

1=—T
floor function is the function ¢ : Q, — Q, such that

-1

ta)= Y cir',

i=—T
and t(a) =0 if r < 0. The second algorithm, that we call Browkin II, works

on an input « as follows. At the first step ag = a and, for all n > 0,

4

an = s(an) if n even
an =t(a if n odd and vp(an —t(ay)) =0

n) (3.6)
an = t(an) — sign(t(ay)) if n odd and vp(ay —t(ay)) #0

_ 1
(On+1 = 5, =

If at some point o, = ay, then the algorithm stops and a = [ag,...,a,], i.e.
has finite Browkin II continued fraction. The result of the alternation is that
in Browkin II all the even partial quotients are integers by construction and
all the odd partial quotients are rationals (see Example 3.3.2 below). The
use of the sign function is due to the convergence condition of Proposition
4.1.4, proved by Browkin in [16].
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Example 3.3.2. Let us consider ag = % € Qs and let us compute its Browkin

II expansion. The 5—adic expansion of ag is
ap=1-1-5+1-52+...,

so that ag = s(ag) =1 and

1 1 7 1
o1 oo—a 21 15 ) +2-5+

Now we apply the function t, thus obtaining by = t(ay) = —% and

1
g = 3 1 95-2.5%4. .
a1 —al 2

At the next step we have ag = s(ag) = —1 and asz = % At this point, since
vp(ag —t(as)) > 0, then we use the sign function, obtaining:
3

a3 =t(ag) — sign(t(asz)) = % —-1= ~F

Therefore ay = s(aq) = by =1 and the expansion is 2—72 = [1,—%,—1, —%, 1].

3.4 Further algorithms and improvements

From several experimental computations, it has been observed that Browkin
IT produces more periodic expansions for quadratic irrationals than Browkin I,
hence getting closer to a p—adic analogue of Lagrange’s Theorem (see, Chapter
7). For this reason, Browkin II has been taken as a starting point for the
definition of some new algorithms with the aim of improving furthermore the
properties of periodicity. In [6], it is studied a variant of Browkin II in which
the representatives are taken in {0,...,p—1} instead of {—p%l,...,p%l}.
This choice improves the properties of approximation of Browkin II and,
unexpectedly, does not compromise the finiteness of the continued fraction
expansions of rational numbers. In [57], we proposed a 3-steps generalization
of Browkin II relying on the convergence condition of Theorem 4.3.2 in Section

4. In order to satisfy that convergence condition, a new integer part is defined,
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+o00 .
which acts on elements of Z,. For a = Y ¢;p* € Zp, with ¢; € {—p%l, eery ’%},
=0

the new integer part is

+1 1fcoe{+2, }u{ 1)
we)={-1 ifce { P 1,. —2} u{+1} (3.7)
0 if cg =

In the same paper, we defined two new algorithms by exploiting the three
integer parts s,t,u in three different steps. On input ag € Q the two algorithms
work as follows, for all n € N:

an = s(ap) if n=0mod 3

an = t(an) if n =1 mod 3 and vp(an —t(an)) =0

an = t(ay) — sign(t(ay)) if n=1mod 3 and v,(an —t(an)) #0 (3.8)
an = u(ay) if n =2 mod 3

Un+1= 5. —an

an = s(ap) if n=0mod 3
t(an) if n =1 mod 3 and vp(ay —t(an)) =0
an = t(ay) — sign(t(ay)) if n=1mod 3 and v,(an —t(an)) #0 (3.9)

an = s(ap) —u(an) if n =2 mod 3

_ 1
\an+1 T an—an’

If at some point oy, = ay, then the algorithm stops and a = [ag,...,a,], i.e. a
has a finite continued fraction. For Algorithm (3.9), we proved (Theorem 5.2.1
in Chapter 5) that all rational numbers have a finite continued fraction, hence
becoming more interesting than the other one. Notice that, by construction of
Algorithm (3.9) and (3.8), the function u applies only to p—adic units, hence
it is never zero. Finally, in [55], we proposed a variant of Browkin II without
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the use of the sign function. For all o € Qy, the algorithm works as follows:

an = s(an) if n even

an =t(an) if n odd (3.10)

_ 1
an+1 - On—an .

If at some point a,, = ay, then the algorithm stops and a = [aq,...,ay], i.e.
a has a finite continued fraction. This choice turns out to improve the
periodicity properties of Browkin’s second algorithm both from a theoretical
and an experimental point of view. For the theoretical results see Chapter
6, for the experimental simulations see Chapter 7. Our algorithm (3.10) has
been recently object of study by Deng and Wang in [26] and by Yasutomi
in [79]. They independently defined some algorithms following the same
core idea. They introduced two modified floor functions 5 and £ in order
to minimize the Euclidean absolute value of a — §(c) and o —#(a), without
decreasing its p—adic valuation, therefore without compromising the p—adic

convergence. The two functions are defined as

s(a@) +np,
t(a) =t(a) +m,

where n,m are the integers minimizing, respectively,

|OZ—S(O£) _np|7

o —t(a) +m).

The important weakness of these functions is that they work only over fields
K that can be embedded in both Q, and R. In fact, they can not be defined
over all p—adic numbers, where the Euclidean norm has not an interpretation
in general. However, the relevant case for periodic p—adic continued fractions
is a field K = Q[z]/(f(x)), where f(z) is a polynomial of degree 2 that is
irreducible over Q and that splits both in R and Q,. Therefore, given such
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field K, for all ag € K, the algorithms introduced in [26] and [79] work as
follows:

an = §(an) if n even

an = t(ay) if n odd (3.11)
Ant+1 = anlan-
In [26], Deng and Wang also introduced a 3-steps algorithm, exploiting the
same convergence conditions introduced in [57] that ensures the convergence
of Algorithms (3.8) and (3.9). This algorithm again uses the functions § and
t, therefore it works only for fields K having an embedding both into Q, and

into R. For all ag € K, it works as follows:

(

an = 3(an) if n=0mod 3
=1 if n =1 mod 3
an ~(an) if n mo (3.12)
an =t(an) if n =2 mod 3
\an+1 = anlan'

In this case, because of the presence of two consecutive uses of the function £,
some of the partial quotients can be zero, and they overcome this problem by
using the formula

[. .o ,(J,n_l,an,O, an+1,an+2, .o .] - [. .o ,an_l,an+an+1,an+2, .o .].

In the latter, all partial quotients are non-zero, since there can not be two
consecutive null partial quotients.

However, although all these algorithms improve on several different aspects
the known methods to generate p—adic continued fractions, they experimen-
tally seem still far from an analogue of Lagrange’s Theorem and, in general,
from a satisfactory algorithm reproducing the same properties of classical
continued fractions in R.
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Very recently, in [21], the definition of p—adic continued fractions has been
generalized also to number fields, addressing some questions similar to Rosen
[67, 68] in the archimedean setting. The authors gave a general definition of
P-adic continued fractions for a prime ideal B3 of the ring of integers Ok of a
number field K. Moreover, they investigated their finiteness and periodicity
properties, focusing on a general number field K and obtaining some more
effective results for the quadratic case. In [19], the construction of [21] has
been generalized to quaternion algebras over (Q ramified at p, hence including
all the classical p—adic framework.



Chapter 4

Convergence of continued

fractions in Q,

In this section we study the convergence of p—adic continued fractions. An
infinite continued fraction [ag,a1,...] converges to an element « if the sequence
of its convergents does, i.e. if

. Ap
In the field of real numbers, every continued fraction with positive integral
partial quotients converges to an o € R, but we are going to see that this is
not always the case in Q,. In particular, for general real partial quotients

(not necessarily integers), the following more precise result holds.

Theorem 4.0.1 ([75]). Let {an}ner be a sequence of real numbers. Then, the
+
continued fraction [ag,a1,...] converges if and only if z%oan = 400, and this
0

n=
happens if and only if the sequence By, of partial denominators is unbounded.

In the field of p-adic numbers, we require (4.1) to hold in the p—adic
topology, hence with respect to the p—adic norm. In Section 2.2, we have
seen that the field of p—adic numbers is complete with respect to the p—adic
absolute value |- |,. Therefore, a sequence is convergent in Q, if and only if it

37
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is a Cauchy sequence. Then, a continued fraction

b1
ag+—mmmr,

bo
al+

ag+ -

converges to a p—adic number if and only if the sequence of the convergents
{g—Z}neN is a Cauchy sequence with respect to |- |,. By Proposition 2.2.9, for
a non-archimedean absolute value this is equivalent to require that

. An+1 An _
lim —— =0.
n—+oo|Bpy1  Bp »
The latter quantity can be written as
Bn+1 Bn P Ban—H P
so that the continued fraction [ag, a1, ...] converges to an element of Q) if and
only if

In this chapter, we delve into the understanding of when the latter happens.
This is, in fact, the minimum requirement in order to define meaningful
continued fractions in the field of p—adic numbers, since, otherwise, a continued
fraction would not represent any element of Q.

4.1 Convergence of the main algorithms

In this section, we focus on simple continued fractions and we see why the
main algorithms defined in Chapter 3 always represent p—adic numbers.

Remark 4.1.1. In [15], Browkin proved that, for Browkin I,

vp(An) = vp(ap) +vp(a1) +... +vp(an),

(4.3)
vp(Bn) = vp(a1) +vp(a2) +... +vp(an),
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or, equivalently,

|An|p = |a0|p|a1 |p--'|an|p’

(4.4)
|Bn|p = |al|p|a2|p---|an|p-

The proof is done by induction on n. Using a similar argument, it is not
hard to see that a sufficient condition for these equations to hold is having
Up(an4+1Bn) < vp(Bp-1) for alln € N.

The p—-adic convergence strictly depends on the p—adic valuation of the
partial quotients, regardless of the representatives of Z/pZ that are used.
Therefore, the next proposition proves the convergence for both Ruban’s and

Browkin’s continued fractions.

Proposition 4.1.2 ([15]). Let an infinite sequence ag,ai,... € Z[Il)] such that
for alin €N, vy(an) <0. Then the continued fraction [ag,a1,...] is convergent

to a p—adic number.

Proof. We want to prove that, for all n € N, vp(Bp41) < vp(Bp), so that the
sequence vp(By), for n — +00, decreases to —oo. We prove it by induction
onn. Forn=0and n=1,

vp(B1) = vp(a1) < 0=1vp(1) = vpy(Bo),

vp(Bz) = vp(aza1 +1) = vy(aza1) = vp(az) +vp(a1) < vp(ar).

Then, let us suppose by inductive hypothesis that v,(By) < vp(Bp—1). This
means that the valuation of By is

Vp(Bna1) = Up(ant1Bn + Bn-1) = vp(an+1Bn) = vp(ant1) +vp(Bn) < vp(Bn),

and this proves the inductive step. Hence, the continued fraction [ag, a1, .. .|
converges in Q. O

Remark 4.1.3. Proposition 4.1.2 and all the convergence results in this
section contain conditions that hold for all n. However, the results do not

change if these conditions hold for all n > ny € N.
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In his second paper [16], Browkin noticed that the condition of Proposition
4.1.2 can be lightened by allowing partial quotients to have null valuation
at half steps. In fact, the convergence of Browkin II relies on the following

proposition.

Proposition 4.1.4 ([16]). Let an infinite sequence ap,ay,... € Z[%] such that

for all n € N:
vp(azn) =0
p(azn) (4.5)
Then the continued fraction [ag,a1,...] is convergent to a p—adic number.

Proof. Let us prove, by induction, that By, # 0 and v,(By,) < vp(Bp-1), for
all n > 0, and that the equality holds if and only if n is even. The base of the

induction is true since Bg =1 and B; = a, so that
vp(Bo) = 0> vp(a1) = vp(B1),
and B; # 0. Now, let us suppose that
Bn-1#0, vp(Bp-1) < vp(Bp—2), for n > 2,

and that the equality holds for n odd. Then, for n even,

Up(anBn-1) = vp(an) +vp(Bn-1) = vp(Bn-1) < vp(Bn-2),
and, for n odd,

Up(anBn-1) = vp(an) +vp(Bn-1) < vp(Bn-1) = vp(Bn-2).
In both cases, vp(anBp—1) < vp(Bp—2) and this implies that

Up(Bn) = vp(anBp—1+ Br—2) = vp(anBn-1) < vp(Bn—-2).

We have obtained, by induction, that v,(By) <0, so By, # 0, and that
Up(Bn+2) < vp(Bp) for all n € N. It follows that the sequence vy(B,Bny1)
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is strictly decreasing and the continued fraction [ag,as,...] converges with
respect to the p—adic absolute value. O

4.2 Sufficient conditions for convergence

In this section, we present our contribution to the convergence of p—adic
continued fractions. Let us recall that a continued fraction is convergent in
Qy if and only if

nli)rfw Up(BnBpy1) = —00.

In both Browkin’s proofs of Proposition 4.1.2 and Proposition 4.1.4, the
sequence {vp(BpnBn+1) Inen diverges to —oo because it is a strictly decreasing
sequence of integers. In [57], we effectively characterized the strict decrease
of this sequence in terms of the partial quotients, hence giving a practical
method to define p—adically convergent algorithms. In particular, the main
result is the following, that generalizes Proposition 4.1.2 and Proposition
4.1.4 and allows to define several new algorithms.

Theorem 4.2.1 ([57]). Let ap,a1,...€Z [%] . Then, the sequence of valuations
of partial denominators {vp(BpBn+1)}nen s strictly decreasing if and only if
vp(anan+1) <0 for alln € N.

In particular, the latter is a sufficient condition for the convergence of the
continued fraction [ag,a1,...] to a p—adic number.

The rest of this section is devoted to provide a proof of this result.
Let us notice that requiring the sequence {vp(BpnBpn+1) }nen strictly decreasing
is equivalent to ask that vy(Bp+1) < vp(Bp—1) for all n > 1. In fact, for all
n €N,

Up(Bn-1) +vp(Bn) = vp(Bn-1Bn) > vp(BnBn+1) = vp(Bn) + vp(Bn+1),

happens if and only if vp(Bp4+1) < vp(Bn-1). In the following lemmas, we
characterize this condition in terms of the valuations of the partial quotients.

Lemma 4.2.2. For alln > 1, if vp(Bny1) < vp(Bn-1), then

Up(Bn+1) < vp(Bn).
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Proof. If vy(an+1Bn) < vp(Bp-1), then

0p(Bn1) = Upln41Bn) = tplans1) + 0p(Bn) < 0p(Bn),
since vp(an+1) < 0. Instead, if vp(ant1Bn) > vp(Bn-1),

0p(Bas1) > minfup(an41B),0p(Bu-1)} = vp(Ba-),

but it is a contradiction with the hypothesis of vp(Bpn+1) < vp(Bn—1), hence

this second case can not occur. O

For sake of completeness, we include the next lemma, which is basically
the technique that has already been used in [15] and [16].

Lemma 4.2.3. For alln > 1, vp(Bpt1) < vp(Bn—1) if and only if
Vp(an+1Bn) < vp(Bn-1).
Proof. If vy(Bp+1) < vp(Bn—-1) and vp(an+1Bn) > vp(Bp-1), then
Up(Bn+1) 2 min{vp(an+1Bn),vp(Bn-1)} = vp(Bn-1),

but this contradicts the hypothesis. Conversely, if vp(an+1Bn) < vp(Bp-1),
then

UP(BnJrl) = Up(an+1Bn) < vp(Bn—1)7

and the claim is proved. OJ

Using the results of Lemma 4.2.2 and Lemma 4.2.3, we prove the charac-

terization of the strict decrease of the sequence {v,(BrBn+1)}nen-
Theorem 4.2.4. The following conditions are equivalent:

i) vp(ant+1Bn) < vp(Bn-1), for alln>1,

i) vp(anant1) <0, for alln > 1.

Proof. i) = i)
Let us suppose that v,(an+1Br) < vp(Bp-1) for all n > 1.
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If vp(ant1) <O, then vp(ant1an) = vp(an+1) +vp(an) < 0 and the claim is
proved. Therefore, let us assume vp(an+1) =0 and we prove that vp(ay) < 0.

Since vp(an+1) =0 and
Up(an41Bn) < vp(Bn-1),
then vp(By) < vp(Bp-1). The latter means that:
vp(Bn) = vp(anBn-1+ Bn—2) < vp(Bn-1).

Moreover, vp(Br) = vp(anBn—1) because otherwise v,(By) > vp(Bp—2) and
this would lead to a contradiction, by Lemma 4.2.3. Hence, we have obtained
that

Up(Bn) = vp(anBn-1) = vp(an) +vp(Bn-1) < vp(Bn-1),

and the last inequality implies v,(a,) < 0 and this concludes the proof.

it) = 4)

Conversely, let us suppose that vp(anan+1) <0 for all n > 1. We prove the
claim by induction on n.

Base step:

By hypothesis, we have that vy(a1a2) < 0 and vp(aza3) < 0. Hence, for n =1
and n = 2, we have that:

vp(a2B1) = vp(a2a1) < 0 =v(1) = v(By),
vp(asBz) = vp(asaza1 +a3) = vp(asaza1) = vp(asaz) +vp(a1) <
Up(al) = vp(Bl)-

A\

Induction step:

Let us suppose that the thesis is true until a step n > 2 and we show it for
n+1. From vp(an42an+1) < 0 we get that either vp(an42) <0 or vp(an+1) <0
(or both).

Case vp(an42) <0:

In this case, using the inductive hypothesis and Lemma 4.2.2 we get that
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Up(Bn+1) < vp(By), hence:

’Up(an+QBn+1) = Up(an+2) +Up(Bn+1) < 'Up(Bn—i-l) < 'Up(Bn)-

Case vp(an+1) <0:
In this case we have

an+QBn+1 = Qn+42 (an+1Bn + Bn—l) y

therefore

Up (an-l-ZBn-i-l) <vp (an+1Bn + Bn—l) .

The inductive hypothesis ensures that vy (an+1Bp) < vp(Bnr-1), S0

Up (an+2Bn+1) < Up (an—HBn) < 'Up(Bn)7
and this concludes the proof. O

Therefore, we easily obtain the following corollary, fully characterizing the
strict decrease of the sequence of denominators.

Corollary 4.2.5. The sequence {vp(BpBn+1)}nen s strictly decreasing if
and only if vp(anant1) <0 for alln e N.

This corollary, in particular, concludes the proof of Theorem 4.2.1 since
the strict decreasing of {v,(BpBpn+1)}nen implies the convergence of the
correspondent continued fraction.

4.3 Other convergence conditions

In Theorem 4.2.1, we have characterized the strict decrease of the sequence
{vp(BnBn+1) }nen, which provides a sufficient condition for the p-adic conver-
gence of a continued fraction. However, in general, an integer sequence that
diverges to —oo is not necessarily strictly decreasing. Thus, in this section
we examine the convergence of continued fractions for which the condition
of Theorem 4.2.1 is not fulfilled, therefore admitting also consecutive partial
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quotients with null p-adic valuation. The first attempt we make is to gener-
alize the “2 steps" construction of Browkin II’s Proposition 4.1.4 into 3 or
more steps. For example, it is reasonable to wonder if it is possible to define

an algorithm that produces the partial quotients such that, for all n € N,

vp(a3n+1) <0
vp(asns2) = 0 (4.6)
=0.

vp(asn+3)

It is not hard to see that this construction does not satisfy the hypothesis
of Theorem 4.2.1, since vp(asn+2a3n+3) =0. In the following constructive
example we see that, for a sequence of partial quotients defined as in (4.6),
the convergence is not guaranteed in general. Therefore, an analogue of
Proposition 4.1.2 and Proposition 4.1.4 fails. In particular, without a stronger
hypothesis, we may construct, for every prime p, a suitable continued fraction
that does not converge to any p—adic number.

Example 4.3.1. Let p be an odd prime. We want to show that there exists a
sequence ag,at,... € Qp with, for alln €N,

vp(a3n+1) <0
vp(a3n+2) =0

Up (a3n+3) =0,

such that the sequence vy(BpBni1) does not diverge to —oo. Let us define

a; = 117' The first denominators of the convergents are

By=1,
1
Blzalz_)
b
as +
By =asB1+ By = 2p p,

asaz+1)+asp
, )

B3 =a3Bs+ B = (
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Their valuations are

p

'vp(B3) =7p ( (a3a2 +pl) * agp) .

Let us choose suitable ag and a3 such that asaz+1=1p (for example, ag =2
and a3 =251). Then

+
vp(Bs) = vp(a?’pp p) =uvp(az+1) > 0.

At this point, for a generic n € N for which

'Up(B3n+1) =-1, 'Up(B3n+2) =-1, 'Up(B3n—|—3) >0

- Y

we are going to show that there exists a choice for the partial quotients such
that

Up(B3(nt1)+1) = —1, vp(B3mi1)+2) = —1, vp(B3ni1)+3) = 0.

We can write

Bsp+1 = %, with vp(cl) =0,
C2 .

Bsyio = . with wvp(c2) =0,

B33 =c3, with ’Up(C3) >0.

We have two cases:

o In the case that vy(c3+c2) =0, we choose azpia = %. Therefore,

c3+cCo
B34 = a3p+aB3ny3+ B3pto = .
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Its valuation is

vp(Bsn+4) = vp(c3 +c2) —vp(p) = —1,
so that we can write B3, 14 = %4, with vp(ca) = 0. Subsequently,

(1 a3n+5C4 1+ C3P
B35 = a3pn+5B3n+4+ B3pt3 = a3n+55 +c3= B

so that vp(Ban4s) = —1. It means that Bspq5 =

%, with vp(cs) =0. At

the following step,

A3n+6C5 1 C4
B3n+6 = asp+6B3p+5+B3ppa = —.

Notice that cq4 and c5 are arbitrary nonzero elements and we can choose
a suitable azn+e such that

a3n+6¢5 +c4 = 0 mod p.

We obtain that p divides asnye6cs+ca and so vp(Bsny6) > 0. In this case
we have obtained that, starting from

Vp(B3n+1) = —1, vp(Bsny2) = —1, vp(Bsn+3) >0,

then

Up(Ba(nt1)+1) = —1, Up(Bamt1)+2) = —1, Up(Bant1)+3) = 0.

o Let us examine also the case vp(c3+c2) > 0. Here we choose agnya = %.
Since vp(c2) =0 and vp(c3+c2) > 0, necessarily also vp(c3) =0. The
next denominator is

2c3+c2
Bspt4 = a3p+4B3ny3+ Bapto = P
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Notice that since p divides c3+ co but does not divide c3, it can not

divide 2¢c3+cp. In this way vp(2c3 +c2) =0 and

Up(B3n+4) = vp(2¢3 +c2) —vp(p) = —1.

Then we get

Up(Bsn+5) = Up(a3n+5B3n+a + Bants) = —1,

and so we can write

B3pi4= 0—4, with wvp(aq) =0,

B35 = %’, with vp(a5) =0.

At the next step we have

a3n+6C5 1 C4
b

Bsn+6 = a3n+6B3n+5+ Ban+a =
As before, we choose asy 16 such
a3n+6¢5 +c4 = 0 mod p.

In this way we get vy(Bsny6) > 0. Hence, also in this second case we
have obtained that

Up(B3(n+1)+1) = —1, vp(Ban+1)+2) = =1, vp(Bsnt1)+3) = 0.

We have just constructed a sequence of denominators By, such that the sequence

of valuations vp(BpBn+1) = vp(Bn) +vp(Bnt1) can not diverge to —oo. In

fact, in particular, v,(By) > —1 for alln € N and the p—adic continued fraction

18 not convergent.

In the last example we showed that an algorithm generating the partial

quotients as in (4.6) does not ensure the p—adic convergence of the correspon-

dent continued fraction. However, with the addition of one constraint to the

two partial quotients having null valuation, it is possible to avoid the growth
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of the valuation of the denominators. In this way we succeed to obtain the
convergence of a p—adic continued fraction with only one partial quotient with
negative valuation each three steps, as defined in (4.6).

Theorem 4.3.2. Let ap,az1,... € Qp, such that, for all n € N:

vp(a3n+1) <0
'Up(a3n+2) =0

’Up (a3n+3) =0.

If vp(asn+3asn+2+1) =0 for all n €N, then,
'Up(B3n—2) = 'Up(B?m—l) = 'Up(B3n) > 'Up(B3n+1)-

Proof. Let us prove the claim by induction on n.

Base step:
vp(Bo) = ( ) 0,
vp(B1) =
vp(B2) = Up(awl +1) = vp(az) +vp(a1) = vp(a1) = vp(By),
vp(B3) = vp(azBa + B1) = vp((asaz + 1) B1 + a3 By)
= vp((azaz +1)B1) = vp(B1) = vp(Ba),
vp(Bs) = vp(a4B3+ B2) = vp(as) +vp(Bs) < vp(B3) =
= vp(B1) = vp(B2),

where we employed the fact that vy(as) < 0 and vp(asaz+1) =0.
Induction step:
Let us suppose that:

'Up(BBn—Q) = 'Up(B3n—1) = 'Up(BBn) > 'Up(B3n+1)-

In fact, the valuation of Bsy1 is:

'Up(B3n+1) = 'Up(a3n+lB3n + B3n—1) = 'Up(a3n+1) +'Up(B3n) < 'Up(B3n)a
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since, by induction hypothesis, vp(Bsy,) = vp(Bsn—1) and vp(asp+1) < 0.
Recalling that vp(asp+4) < 0 and vp(aspt3asn+2+1) =0, at the following

steps we obtain:

Up(B3n+2) = Vp(a3n+2B3n+1+ B3n) = vp(aznt2) + vp(Bant1) =

Up Bgn+1) < Up(B3TL)9

Vp(B3n+3) = Vp(a3n+3B3n+2+ B3nt1) =

(
(a3n+3a3n+2+1)B3ni1) = vp(Bsnt1) =

Up

Up B3n+2) < 'Up(B3n)7

(
(
(
Up((a3n4+3a3n4+2+1)Bant1 + asn3B3n) =
(
(
Up(B3n+4) = Vp(a3n+4B3n+3 + Bant2) = Vp(a3n+a) +Vp(B3n+3) <
(

< vp(Bsn+3) = Up(Bsn+1) = vp(Bsn+2)-
Hence, we have obtained that
Up(Bsn+4) < vp(Bsn+3) = Up(Bsn+2) = vp(Bsn+1) < vp(Bsn),

and this proves the claim. O

Theorem 4.3.2 easily leads to the following corollary, achieving the con-
vergence of a p—adic continued fraction generating the partial quotients as in
(4.6).

Corollary 4.3.3. Let ag,a1,... as in Theorem 4.3.2. Then the continued
fraction [ag,a1,...] is convergent to a p—adic number.

Proof. We have seen that the continued fraction [ag,a1,...] converges to a

p—adic number if and only if
nBI-iI-lOO Vp(BnBnt1) = —00.

Notice that, for all n € N,

Up(B3nB3an+1) > Vp(Ban+1B3n+2),



4.3. OTHER CONVERGENCE CONDITIONS o1
since vp(Bsn+1) < vp(Bsy) and vp(Bspy1) = vp(Bsn42). Then

Up(Bsn+1B3n+2) = Up(B3n+2B3n+3),

since all the three valuations are equal. Moreover,

Up (B3n+2 B3n+3) > Up (B3n+3 BBn+4) )

since vp(B3n+4) < Up(Bsn+3) and vp(Bsn+3) = vp(Bsny2). So, the sequence
Up(BnBn+1) is decreasing and divergent. (|

In the next Section 4.4, we define an algorithm satisfying all the hypothe-
ses of Theorem 4.3.2, hence obtaining the convergence of a p—adic continued
fraction where the valuation of the partial quotients satisfy (4.6). It is natural
to wonder whether this approach can be extended to n steps, i.e. by obtaining
the convergence of a continued fraction with 1 partial quotient with negative
valuation each n steps, and with all the others having zero valuation. Also in
this case the answer is positive, but it is necessary to add more constraints.

On this purpose, we introduce the following notation for a family of sequences.

Let n,m € N, with m > 2. Starting from an infinite sequence of partial

quotients {an }nen, we define recursively the family of sequences Ur(,f ) as

Uy(,g) =1, UT(,}) = Qm, UT(,?H) = am+nU7(r7) +U7(17_1)- (4.7)

Lemma 4.3.4. For every n > 2, the partial denominators B, of the continued
fraction [ag,a1,...] can be obtained as:

B, =U""YB,+U{" 2B,

(n)

where the sequences Up,” are defined as in (4.7).
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Proof. Let us prove the claim by induction on n. For n =2 and n =3 the

base step is true since

By = 3B, + By = U{" B1 + U" B,
Bs =a3By+ By = (asag+1)By +a3By = U By + UV By.

Now, let us suppose that the claim holds at the steps n and n+ 1, that is:

B, =U{""YB+U{" 2By,
B =U" B+ U VB,

We are going to show that it is true also for Bj2. In fact:

Bpi2 =an4+2Bnt1+Bp =
= anp2(USV By + UV Bo) + (U VB + U2 By) =

= (ans2U"” + U™V B+ (ans2Us" ) + U5 By =
=U{"" B, +UMB,.
It follows that the thesis is true for all n > 2. O

Remark 4.3.5. Notice that Lemma 4.3.4 holds also starting from a generic
step k. It means that, for all k € N and n > 2,

- 2
By = U],E:L_Ql)Bk+1 + U,g?_?) )Bk,

and the proof is similar to the case k =0 seen in Lemma 4.3.4.

Theorem 4.3.6. Let us consider r € N* and ag,a1,... € Qp such that, for
alln € N:

vp(arnt+1) <0

vp(arnyi) =0, Vi€ {2,...,r}.
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Moreover let us suppose that, for all n € N,

T

vp(UT(f2+3) =0 for all s € {2,...,7—2} and for r >4,

vp(U(Q+2):0 for all i € {2,...,r—1} and for r >3,

where the sequences U,g? ) are defined as in (4.7). Then we have, for alln € N,

'Up(Brn—l—l) = 'Up(Br'n.—i-2) =...= 'Up(Brn—i—r) > 'Up(BMH—r—i—l)-

Proof. Let us prove the claim by induction on n.
Base step:
We prove the thesis for n = 0. The valuation of the first denominator is:

vp(B1) =vp(a1) <O.
By Lemma 4.3.4, for i € {2,...,7},
vp(Bi) = vp(US ™V By + U™ Bo) = v, (U™ Br) = up(azB1) = vy (By).
At the following step, since vp(ar+1) <0, we get:
Up(Br+1) = vp(ar4+1Br + Br—1) = vp(ar+1) +vp(Br) < vp(By).

Hence, the claim is true for n =0.
Induction step:
Let us suppose that the thesis holds for a generic n € N, that is:

'Up(B'rn—l—l) = 'Up(B'rn—l-2) =...= 'Up(Brn—i—r) > 'Up(B'rn—i—r—i—l)-

We want to prove the claim for n+ 1. Here we use Remark 4.3.5 with
k=r(n+1). Now, for i € {2,...,7},

i—1 i—2
Up(Br(n+1)+i) = UP(U£En+)1)+2Br(n+1)+1 + U£2n+)1)+3Br(n+1)) =

(i-1) —
UP(Ur(n+1)+2Br(n+1)+1) -

1—1
Up(Urg(n+)1)+2) +0p(Brn+1)+1) = Vp(Br(nt1)+1)-



54 CHAPTER 4. CONVERGENCE

At the following step, since vp(a,(n42)+1) <0, then:

Up(Br(n+2)+1) = Up(ar(n+2)+1Br(n+2) + Br(n+2)—1) =

= Up(ar(n+2)+1Br(n+2)) < Vp(Brmnt2))-
The induction is then complete and the claim holds for all n € N. O

Corollary 4.3.7. Let r € NT and ag,a1,... as in Theorem 4.3.6. Then the

continued fraction [ag,a1,...] is convergent to a p—adic number.

Proof. The continued fraction [ap,a1,...] converges in Q) if and only if

By Theorem 4.3.6 we have that, for all n € N,

Up(Brn+lBrn+2) =...= 'Up(Brn—}—r—lBrn—i—r) > Up(Brn+rBrn+r+1)7

so that the sequence vy(BpBp+1) is decreasing and divergent to —oo. O

By Corollary 4.3.7, we obtain the convergence of a p-adic continued
fractions algorithm generating the partial quotients as

(

p(arnt1) <0
Vp(arnt2) =0
=0

Up(arn+3) (4'8)

\Up(amﬂ") =0.
With a construction similar to Example 4.3.1, it can be proved that the
conditions of Theorem 4.3.6 are also necessary for the p—adic convergence.

4.4 Some new algorithms

In this section, we define some new algorithms by exploiting the convergence

results of the previous section. In particular, Algorithm (3.8) and Algorithm



4.4. SOME NEW ALGORITHMS %)

(3.9) have been described in [57] and they are based on the results of Theorem
4.3.2, while Algorithm (3.10) has appeared in [55] and it relies on Theorem
4.2.1. We start by defining the two algorithms fulfilling the convergence
condition of Theorem 4.3.2. In order to do that, we introduce a third function
u to use in combination with the functions s and ¢. For any p—adic integer

“+00

a= Zocnp” € Zyp, with ¢; € {—’%1,...,’%1}, we introduce the new floor
n:

function

u:Qp —{-1,0,+1},
defined as

-1
+1 ifcoe{+2,...,pT}U{—1}
u(e) =1 —1 ifcoe{—p_l,...,—2}u{+1}
0 if cg =0.

Therefore, exploiting all the three floor functions s, ¢t and u, we define the
following two novel algorithms, anticipated in Section 3.4.

Definition 4.4.1 (First new algorithm). On input ap = o, for n >0, the
first new algorithm works as follows:

an = s(ay) if n=0mod 3
an =t(ap) if n=1mod 3 and vp(an —t(an)) =0
Q an = t(an) — sign(t(an)) if n=1mod 3 and vy(a, —t(an)) #0

an = u(ay) if n=2mod 3
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Definition 4.4.2 (Second new algorithm). On input ag = «, for n >0, the

second new algorithm works as follows:

(o) if n=0mod 3
t(an) if n=1mod 3 and vp(an —t(an)) =0
q an =t(an) — sign(t(ay)) if n=1mod 3 and vp(an —t(an)) #0
an = s(ap) —u(an) if n=2mod 3

_ 1
\an+1 T an—an’

Remark 4.4.3. The choice of the third function u is a little tricky. In fact,
the function t takes all the negative powers, leaving out the zero term. The
function u acts on a p—adic number with zero valuation, but it has to leave
out another p—adic number with zero valuation, otherwise the third partial
quotient would not have null valuation. Clearly, the choice of this function
can be done in several ways. In fact, there are a lot of manners to separate the

1

zero term ag € {—%5=,.. .,p%l} in two nonzero parts. It would be interesting

to analyze also other options different from these two proposals.

Both of the algorithms in Definition 4.4.1 and Definition 4.4.2 produce a
sequence of partial quotients ag,a1,... € Qp such that, for all n € N,

vp(asn+1) <0
Up(a3n+2) =0

vp(asn) =0.

We prove that also the additional condition required by Theorem 4.3.2 for
the p—adic convergence, i.e.

Up(a3n—|—2a3n+3 + 1) =0,
is satisfied for all n € N by both algorithm.

Proposition 4.4.4. Let o € Q. Then the partial quotients generated by
Algorithm (3.8) in Definition 4.4.1 and by Algorithm (3.9) in Definition 4.4.2
satisfy the convergence conditions of Theorem 4.3.2.
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Proof. To prove the claim, we have to show that, for all n € N

Up(a3n+2a3n+3 + 1) =0,

holds for the sequences of partial quotients generated by the two algorithms.
We prove it only for Algorithm (3.9) in Definition 4.4.2, the other proof is

similar. First we notice that, by construction,

Up(a3n+2a3n+3) = Vp(asn+2) +v(azn+3) =0,

so that vp(asn42a3n+3+ 1) > min{vy(asn+2a3n+3),vp(1)} =0. Let us show
that the case vp(asnt2a3n+3+1) > 0 can not occur. For all n € N,

1

= co—l—clp+02p2+ cee
asn+1—t(asn+1)

A3n+2 =
and

asn+2 = S(asnt2) —u(agnt+2) = co F1,

1 _
) = (co — asn+2) L= 41.

a3n+3 = 5(a3n+3) = 3(—
Q3n-+2 — A3n+2

Therefore, the condition vp(asn+2a3n+3+1) =0 is satisfied if and only if

asn+2(co — a3n+2)_1 =(£1)(coF1)=—1mod p

is not fulfilled. However, the latter would imply that cy = 0 mod p, but
this cannot happen, due to the constraints in the algorithm when using the

function ¢. O

However, Algorithms (3.8) and (3.9) do not seem to improve the periodicity
properties of Browkin II. This result, together with the characterization that
we proved in Theorem 4.2.1, suggests that a good p—adic continued fraction
algorithm should not be too far from the approach of Browkin I or Browkin II.
Moreover, as we see in Section 6.2, which is devoted to periodicity, although
Browkin II is periodic on more quadratic irrationals than Browkin I, it shows

more important problems on other theoretical aspects. In order to solve
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some of these issues, in [55] we defined the following algorithm, that is a
modification of Browkin II where the sign function is not used. It is Algorithm

(3.10), preliminarly presented in Section 3.4, and it works as follows, for any

_ 1
an+1 — On—an, .

In Browkin II, the sign function is necessary in order to generate the even
partial quotients always with zero valuations and hence to satisfy the condition
of Browkin’s Proposition 4.1.4. Otherwise, without the use of the sign function,
it might happen that

vp(om —t(an)) > 0,

for some odd n € N. This implies that

'Up(an-i-l) = vp(s(an+1)) <0,

with n+1 even, and the hypothesis of Proposition 4.1.4 would not be satisfied.
However, in Theorem 4.2.1, the convergence condition of Proposition 4.1.4 has
been lightened, always guaranteeing also the p—adic convergence of Algorithm
(3.10). In fact, our result in Theorem 4.2.1 only requires that one out of two
consecutive partial quotients has negative valuation and, unlike Browkin II,

it gives no further restriction on the behaviour of the second one.



Chapter 5

The p—adic continued fraction of

rational numbers

In this chapter, we analyze the p—adic continued fraction expansions of rational
numbers. In the field of real numbers, the rational numbers are characterized
by finite continued fractions. This is a natural consequence of the finiteness
of the Euclidean division algorithm in Z. In fact, for all a,b € Z, b # 0, the
simple continued fraction of § is obtained by iterating

_bg+r r

a 1
b b (H‘E—Q‘FE, (5.1)

where ¢ = | 7] and |r| < |b|. An attempt of replicating the Euclidean algorithm
for p-adic numbers can be found in [28, 46]. Our goal is to have also in Q, a
continued fractions algorithm that terminates in a finite number of steps for
all @ € Q, i.e. every « rational can be represented as a finite p—adic continued
fraction.

In the first section, we are going to discuss the properties of the continued
fraction expansions of rational numbers obtained by the main known algo-
rithms. Then, in the second section we provide the proofs of finiteness for our
new continued fraction algorithms. In particular, we prove that Algorithm
(3.8) and (3.10) terminate in a finite number of step when the input is a

p—adic rational.

99
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5.1 Rational numbers by means of the known

algorithms

For Schneider’s continued fractions, Bundschuh [17] proved that rational num-
bers have not always a finite expansion, but they can also be periodic. In [39],
the authors gave a combinatorial characterization of some non-terminating
expansions. Very recently, Pejkovic [60] proved a criterion for determining
whether the Schneider’s continued fraction of a rational number terminates.

Theorem 5.1.1 ([60]). Let o = § € Q. Schneider’s continued fraction of
either terminates or a period is detected within O(log®max{|al,|b|}) steps.

For Ruban’s continued fractions, Laohakosol [49] proved the following,

which is the analogue of Bundschuh’s result.

Theorem 5.1.2 ([49]). A p-adic number is rational if and only if either its
Ruban’s continued fraction terminates or it is eventually periodic with all

partial quotients equal to p—% from a certain point onward.

Remark 5.1.3. A p-adic number that has a finite Ruban’s continued fraction
is, by construction, rational and positive. Therefore, negative numbers can

not have a finite Ruban’s continued fraction. For example,

—p=(@-1)p+@-1)p*+...= . :

Pl (p—1)+ .

that is, —p = p—ll) . In the proof of Theorem 5.1.2, Laohakosol showed that
all the continued fractions of rational numbers that are not finite, eventually

have —p as complete quotient.

A proof of the characterization of rational numbers through this algorithm
can be found also in [76]. Ruban’s continued fractions have been deepened
in more details by Capuano, Veneziano and Zannier [22]. In particular, they

provided an effective algorithm that determines in a finite number of steps
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whether the continued fraction of a rational number terminates or not. In the
non-terminating case, a negative complete quotient appears in the expansion
of o= ¢ in at most max{2, ll:))—g%} steps. Then, they proved the following
result that, giving a rational number «, establishes how its Ruban’s continued

fraction changes when varying the prime p.
Proposition 5.1.4 ([22]). Let « € Q. Then:

i) If a <0, then for every prime number p, Ruban’s continued fraction of

a does not terminate;

it) If « >0 and o € Z, there are only finitely many prime numbers p such
that Ruban’s continued fraction of a does not terminate;

iit) If « >0 and a € Z, there are only finitely many prime numbers p such

that Ruban’s continued fraction of a terminates.

The first definition of p—adic continued fractions with the important
property of terminating for every rational number is Browkin’s first algorithm
(3.5). This result is caused by the different choice of the representatives in

—’%1, e p%l} instead of {0,...,p—1} (which is, in fact, the only difference
between Ruban’s and Browkin’s algorithm). In this case, the Euclidean

absolute value of the partial quotients satisfies the following inequality:

0
Sp;l an

2 n=-—r

0
> enp”

n=—r

|s(a)| = <= (5.2)

2

In the following we provide the proofs for the finiteness of the algorithms
presented in [15] and [16] when processing a rational number. We start by
proving it for Browkin I.

Theorem 5.1.5 ([15]). For all a € Q, Browkin I stops in a finite number of
steps.
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Proof. Let us notice that in Browkin I, for all n > 0, v(ay) < 0. Therefore,
we can write

N,
p'Dn

Nn+1

ka 1’ with (Nn-i-laDn-i-l) = 1) b /I/Nn+1-Dn+1a k > 1.
n+

On+1 =
We write the partial quotients as a, = ;—7, with p Je,. Exploiting the fact

anl ™= for all n > 0, we obtain that

that ap4+1 =
Npi1(Nn —cnDy) = p*' DDy iy, for all n e N.
In this equality all quantities are integers and (pDp+1,Np+1) =1, hence
|Nnt1| =|Dnl, |(Nn—cnDy) =pk+l|Dn+1|-

Therefore we can obtain the following inequalities:

|Nn|+ |en|| Dnl |Nn|_|_|Dn|
pk+l 2 2’
|Nn+1] +2|Dny1| < |Dnl+ (|No| +|Dal) < |Nn|+2|Dy.

|Dn+1| S

The latter inequality means that {|Ny|+2|Dy|}nen is a strictly decreasing
sequence of natural numbers and, hence, it is finite. Therefore o has a finite

continued fraction and the proof is complete. O

Some results about the complexity of Browkin I continued fractions for
rational numbers can be found in [12]. The finiteness of Browkin’s second
algorithm (3.6) over Q is less straightforward, hence Browkin left it open
in [16] as a conjecture. Most recently, more than 20 years after Browkin’s
second paper [16], Barbero, Cerruti and Murru [5] proved this conjecture by
providing an inequality similar to (5.2) also for the second floor function ¢.
For the odd partial quotients ag,+1, resulting from the use of the function ¢
eventually adjusted with the sign function,

1
VA

lagn+1| <1— (5.3)
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where [ = —uvp(agn+1). after the definition of this algorithm.

Theorem 5.1.6 ([5]). For all « € Q, Browkin II stops in a finite number of
steps.

Proof. Let a € Q. Then, the valuation of the complete quotients is, by
construction,

vp(a2k+1) < O’ vp(a2k) = 07

for all k£ > 1. Therefore, we can write:

Ny .
Qop = D—;, with (Nony2,Dong2) =1, p fNopDoy,
n
Nont1 .
Q1= "L with (Nant1, Dant1) =1, p Nont1Dong1, 121,
2n+1P
Nonyo .
Qo2 = %, with (Nont2,Dony2) =1, p fNopyoDonya.
2n+2
Using the formula oy, = —— for k = 2n,2n+ 1, we obtain

Qp—ag

N2n+1(N2n - C2nD2n) = plD2n+1D2n7

Nont2(Nan41 — €2n+1Don+1) = p' Doy Dans.
Since (Np,pDy) =1 for all n € N, then
|Nant2| = [Dantil,  |Nont1| = |Danl,
and

|Dany1|p’ = | Non — c2nDonl,

| Dont2lp' = | Non41— cant1Dontl-
Now we notice that, by (5.2) and (5.3),

e2al =lazal < 2,

1
|02n+1| = pla2n+1 < pl (1 - ﬁ) .
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Hence, it follows that:
1 p
Dol < (1Nonl + 510201 (5.4)
1 1
| Donta| < <[ Nont1| + (1 — —l) | Dany1|- (5.5)
p p
We substitute |Dap+1| = |Nan+2| into (5.5) in order to obtain:

|Nono| + ' Donta| < |Nons1|+p'|Dony1l-

Using also (5.4) for |Day,+1| in the latter expression, and substituting | Doy, 42| =
| Nopn+3| and |Day| = | Non+t1|, we get:

[Namsal + 9| Nansal < (5 +1) [Nznsa] + |Nool.

Since, for I > 1 and p odd, p! > & +1, then

(5+1) INanal + [Nansal < (5 +1) [Nznsa] + N,

that is
(p+2)|N2nt3| +2|Nopt2| < (p+2)|Nont1| + 2| Nay|

Since the sequence {(p+ 2)|Nan+1|+ 2| Nap|}nen is a strictly decreasing se-
quence of natural numbers, then it is finite and « has a finite continued

fraction. O

5.2 Finiteness of the new algorithms

In this section we prove that the continued fraction expansions provided by
Algorithm (3.9) and (3.10) are finite when the input is a rational number.

Theorem 5.2.1. For ag € Q, Algorithm (3.9) of Definition 4.4.2 stops in a
finite number of steps.
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Proof. Let us consider a € Q. By construction we have,

vp(agk+1) <0, vp(askte) = vp(ask+s) =0,
so that we can write

N3gi1 )
agpy1 =~ with (Napy1,Dap41) =1, p fNapi1Dspr1, 12>1,

D319t
N3j12 .

Q32 = Dora with (N3gt2,D3gy2) =1, p fN3pyoD3pyo,
N3j13 )

Qa3g43 = Dates’ with (N3g43,D3k+3) =1, p fN3p43D3p43.

Let us notice that for this algorithm, for all n € N, the partial quotients are
such that agn+2 € {—’%1 —|—1,...,—1,1,...,7"%1 —1} and agp4+3 = £1, so that

p—3
|agn+2| < 5 lagn+3| = 1.

Since vp(a3n+1) < 0, we can write

c
a3n+1 = %, with vp(c3p41) =0, [ > 1.

The partial quotients as,+1 are generated by the function ¢ and it has been

shown in [5] that
1
|cans1| < P (1 - 7) :
p

For the sake of simplicity, we also write c3xy2 = asgt2 and csg+3 = agk+3, SO
that the coefficients ¢, always have zero valuation.

Exploiting a4+ = ar—an» We get

N3,y 1(Nsg — c3xD3x) = p' D3g D3gy 1,
Naj12(Nags1 — c3ki1D3p41) = ' Dagy1Dakya,

N3i13(N3gt2 — c3p+2Dsk+2) = D3gr2D3jys.
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Since (|Np|,p|Dn|) =1 for all n € N, then

|N3kt1| = |D3kl, |N3gs2| = [Dspt1l, [N3k+3| = D32l

and

N3y, — c3p D3y, Nag|+|csp D3| 1 1

| Dsjt1| = | ; | < [V |l - — [ N3kl +—|Dsgl,

D D yY p

|N3gi1—carp1D3pq1]| 1 1

| Djr2| = o < E|N3k+1|+ 1—17 | D31l

p—3
| D3+3| = | Nag+2 — c3k+2D3k42| < |Nagt2| + (T) | D3j42].

By using the formulas above, we may write:

p—1
|Nag43| + | Dspt3| < |Dagy1|+ T|D3k+2| <

p—1/(1 p—1
§|D3k+1|+T<E|N3k+1|+ p |Dsg11] | =

pH—l +pl _p_|_ 1
2pt

-1 pl4pt—p+1 (1 1
< ———|Dsi| + | | N3kl +—=|D3g| | =
o Dael+ L EEL (L vy 4 21Dy

I+1 l I+1
P +p —p+1 207 —p+1

p—1
= 2—pl|N3k+1| + |D3g+1] <

p

We have that 2pt1 —p+1 < 2p%, since p? > p! for every | > 1 and
consequently we also have p"t1 4+ pf —p+1 < 2p?. Thus, we obtain, for all
k € N, that

|N3k-+3| + | Dsg+3| < [Nag|+|Dsgl-

Since the sequence {|N3,|+ |D3n|}nen is a strictly decreasing sequence of

natural numbers, then it is finite and « has a finite continued fraction. [

Before proving the finiteness of Algorithm (3.10) over QQ, we need the
following lemma, providing a bound on the Euclidean norm of the floor
function ¢, obtained with a similar technique of (5.2) for the function s.
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+
Lemma 5.2.2 ([56]). Let a= Zojo cnp™ € Qp, withr € Z and ¢, € {—’%1, . p%l}
n=-—r
for alln € N. Then
‘t(a)‘ <1
27

where | -| is the Euclidean norm.

Proof. If r <0 then |t(a)| =0 < § and the claim holds. When 7 > 0, then

400 -1

t(a)=t( 3 cnp") = > cap”

n=-—r n=-—r

and we have

-1 p—1 -1
’t(a)'= > ap"| S| X Pt =

n=-—r n=—r

_1 (p—1)(1+p+...+p™ 1)

=3 - —
1 -1 1

= — . p < -,
2 pr 2

and the thesis follows. O

Theorem 5.2.3. For ag € Q, Algorithm (3.10) stops in a finite number of
steps.

Proof. By the construction we have that, for all n > 0,

vp(azn) <0,
vp(a2nt1) <0,

'Up(052n+2) <0.
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Hence, the complete quotients have the form

No ) .
Qop = —, with (Nop42,Dont2) =1, p fNoptaDopto, j >0,
D2np]
Nopt1 )
aont1 = ﬁ, with (Nop4+1,Don+1) =1, p fNopt1Dopt+1, k>1,
n-+
Nop o )
Qontz = with (Nant2, Dony2) =1, p Nsnt1Dsnt1, 1>0.
D2n+2p

The partial quotients satisfy, for all n € N,

1

2’

c
“n) P lagni1| =

P2

Con+1
pk

|a2n| =

for some j >0, £ > 1 and vp(c2n) = vp(cant+1) = 0. Using the formula oy =

1 _ .
a—ar for k =2n,2n+ 1, we obtain

N2n+1(N2n - C2nD2n) = pH_kDZn—i-lDZna

ket
Nont2(Nopt1 — c2nt1Dont1) = p™1* Doyr2 Do 11

Since (Np,pDy) =1 for all n € N, then

|Non+2| = |Dant1l,  |Nont1| = |Danl,

and
| Doy 10" = | Nop — canDonl,
| Donta|p® = | Nan+1 — cant1Dant1)-
Therefore,
|N2n|+|c2n||D2n| _ |N2n| |C2n| 1 |N2n| 1
|Nons1|+|cont1l|Dons1|  |Nong1| | leong1] 1
|D2n+2| S = pk_f:_ll n = pk:_l ;k: : ﬁ'DZn—}—ll <
|Nop41] 1 1 |Nop41] 1
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so that, since £ > 1 and 5,1 >0,

N D N D
|D2n+1|<ﬂ+ﬂ, | Dot <| 2n+1|+| 2n—|—l|.
By using the above formulas we can write:
Non+t1 Doy
|N2n+2|+p|D2n+2| < |D2n+1|+p<| ;-l— |+| g—}- |> _
= [Nonta| + (g‘*‘l) |Dan+1] <
N D
< |Dan|+ (1—94—1) [N2n| +| 2n| | _
2 P 2
1 1 1
= (2_9—'_5) |N2n|+ <Z+§+I) |D2n|

The coefficient of |Nay| is clearly less or equal 1 and the coefficient of
| Doy, | is less or equal p if and only if p > ’%6, that is, if and only if p > 2. We
can conclude that, for all n € N,

| Non+2| + p|Dan+2| < |Nan|+ p|D2n|-

The sequence {|Nan|+ p|Dan|}nen is then a strictly decreasing sequence of
natural numbers and, hence, it is finite. Therefore a has a finite continued

fraction and the thesis follows. O



Chapter 6

Periodicity of p—adic continued

fractions

The continued fraction expansion of a real number is eventually periodic if
and only if it is a quadratic irrational number, by Lagrange’s Theorem [47].
Also for p—adic continued fractions, periodicity is often related to quadratic
irrationals. In fact, a periodic continued fraction can be regarded as the root
of a quadratic polynomial. However, we have seen in Chapter 5 that periodic
p—adic continued fractions can correspond also to rational numbers. On the
other hand, none of the existent algorithms has been proved to produce a
periodic continued fractions for all quadratic irrationals in Qp. Therefore,
none of the two implications of Lagrange’s Theorem is true in general for
p—adic continued fractions. The latter is one of the most challenging open
problems in this research field. This section is devoted to the main results
regarding the periodicity of p—adic continued fractions up to the most recent
developments.

Remark 6.0.1. Periodic continued fractions, when not representing a rational
number, converge to some irrational number o € Qp that is quadratic over Q,
i.e. it is a root of an irreducible polynomial f(x) € Q[z] of degree 2. We denote
by @ the conjugate of a, that is the other root of f(x) over Q. Moreover,
when we write VD as a root of 2 — D over Qp, it must be clear which of
the two roots we are meaning. In the case of standard representatives in

{0,...,p—1}, we choose the root that in its p—adic ezpansion has the smaller

70
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first representative, while in the case of representatives in {—p%l, ey ’%1}
we take the one with positive first representative. We denote the other root by
—+v/D. In general, we deal with quadratic irrationals o having an embedding
both in R and Qp, so that we often denote with o both the real number and
its p—adic counterpart, using a slight abuse of notation.

Let ag = %ﬁ € Qp, where D is a non-square integer that is a quadratic
residue modulo p and Py,Qo € Q. For all n € N, the complete quotients of
the continued fraction expansion of a can be written as

Pu+VD
aan—a
n

where P,,Q, € Q. Similarly as in the real framework, the sequences F,, and

(6.1)

@y, for all n € N can be computed recursively, starting from Py and @, by

D— Py,

Poi1=anQn— Py, Qnt1= 0 )
n

where a,, is the n-th partial quotient of «p.

Before turning our attention to the periodicity of p—adic continued frac-
tions, we list some of the most important and classical results for continued
fractions in R, that we aim to generalize in QQ,. The following is a famous

result of Galois [30] characterizing purely periodic continued fractions.

Theorem 6.0.2 (Galois’ Theorem). The continued fraction expansion of a
quadratic irrational a € R is purely periodic if and only if it is reduced, that
is a > 1 and its conjugate —1 < a < 0.

The idea for proving Galois’ Theorem is that the conditions on

a_Po-i-\/B
Qo

and its conjugate

Py—+vD

a=——",

Qo
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imply that

0<Py<VD,
VD — Py <Qo < VD+P,.

The latter inequalities establish that there are only finitely many reduced com-
plete quotients «,,, satisfying the hypotheses of Galois’ Theorem. Moreover,
the property of being reduced is inherited by all the subsequent complete
quotients. Hence, there is a repetition o, = a1k, kK > 1, and the expansion

is periodic from that point onward.

One of the classical techniques to prove Lagrange’s Theorem in R consists
in showing that the expansion of any quadratic irrational, not necessarily
reduced, eventually reaches a reduced complete quotients, hence it starts to

be periodic at some point.

Another question that we examine in the p-adic framework is the length
of the periods for vD, D > 0. In R, the continued fraction expansion of a

“pure" square root is
VD = |ag,a1,.- .., ax,2a0], (6.2)

where ay,...,a, is palindromic. In order to verify (6.2), it is sufficient to
notice that /D4 |v/D] is reduced, hence purely periodic by Galois’ Theorem.

6.1 Periodicity of Ruban’s and Schneider’s

algorithms

One of the first works on the periodicity of p—adic continued fractions is due
to Bundschuh [17]. Bundschuh studied Schneider’s continued fractions and
suggested that Lagrange’s Theorem fails for this algorithm through some
numerical computations, although did not prove it. Some years later, de
Weger [78] proved the following condition for the non-periodicity of Schneider’s

continued fractions.
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Proposition 6.1.1 ([78]). Let P,, and Qy, as in (6.1). Then, if for somen € N
the signs of P, and Qy are different and P,% 11> D, Schneider’s continued
fraction of VD € Ly s not periodic. In particular, VvDe Zy 1s never periodic
for D <0.

In [77], the same author approached the periodicity of p—adic continued
fractions from another point of view, i.e. by associating a sequence of approz-
imation lattices to every p—adic number. In the spirit of Lagrange’s Theorem,
de Weger proved that the sequence of approximation lattices attached to
« € Zyp becomes periodic if and only if « is a quadratic irrational. However,
this method is not effective for the construction of a periodic continued
fraction for a given p-adic quadratic irrational. Few years later, Tilborghs
[74] determined an algorithm to detect the non-periodicity of Schneider’s
continued fraction in a finite number of steps. Becker [7] then showed the

following result on the length of the pre-periods.

Proposition 6.1.2 ([7]). Let o € Z, be quadratic over Q with periodic Schnei-
der’s continued fraction. Then, if p does not divide the discriminant of «, the

pre-period length is at most 1.

A fairly complete survey on the periodicity of Schneider’s continued frac-
tions is contained in [63]. More recently, this algorithm has been studied also

from other points of view and in more generality in [32, 33, 40].

For Ruban’s algorithm, using an argument similar to de Weger, Ooto
[59] showed that not all quadratic irrationals in @, have a periodic Ruban’s
continued fraction. In particular, Ooto proved the following result, giving

some sufficient conditions to have a non-periodic p—adic continued fraction.

Proposition 6.1.3 ([59]). Let a = /D € Q, and the sequences Py, Qpn as in
(6.1) for some n €N, P,Qn <0 and P2, > D, then the Ruban’s continued

— n

fraction of a is not periodic.

In the proof of Proposition 6.1.3, the author showed that, in these hypothe-
ses, the sequence P, has strictly increasing absolute value from some point
onward, hence it can not be periodic. From Proposition 6.1.3 it easily follows

that, for example, v/D can not have a periodic continued fraction if D < 0.
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In fact, in this case, PpQo =0 and P, > 0> D (in analogy to Proposition
6.1.1 for Schneider’s algorithm).

In [22], Capuano, Veneziano and Zannier made a more extensive analysis
of Ruban’s algorithm. In particular, they provided an effective criterion for
determining in a finite number of step whether the expansion of a quadratic
irrational becomes periodic. They proved the following result.

Theorem 6.1.4 ([22]). Let o € Q, be a quadratic irrational over Q. Then,
Ruban’s continued fraction of a is periodic if and only if there exists a unique
real embedding j : Q(a) = R such that the image of each complete quotient oy,
under the map j is positive. Moreover, there exists an effectively computable
constant N, with the property that, either exists n < N, such that o, does
not have a positive real embedding, therefore the expansion is not periodic, or

O, = Qp, for n1 <ng < Ny, hence the expansion is periodic.

In the following, we try to illustrate the general idea behind the proof of
Theorem 6.1.4. If a p—adic number

_P+VD
-

has got a purely periodic expansion with Ruban’s algorithm, then a = oy, for

(07

some k, hence
oo apAg_1+Ax_2  aAg_1+Ax 2

~ oBr_1+By—2  aBy_1+ By’

and it is a root of the polynomial
Bj—10® — (A1 — By_2)a— Ap_3 =0.

Since all the partial quotients in Ruban’s expansion are positive, then the
numerators A, and the denominators B, are positive for all n € N. Therefore,

if a has a periodic expansion, then

Ak—1
By,

ol = — <0. (6.3)
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If o is purely periodic, then all its complete quotients «,, are purely periodic

and hence satisfy (6.3). However, this means that

P2_D
Q7

for all n € N. It is not hard to see that (6.4) gives a bound on both P,

and @, (depending only on D). Therefore, there are only finitely many

<0, (6.4)

QpQp =

different complete quotients «,, for a p—adic number a having a purely periodic

expansion. Now there are two cases:

a) all complete quotients a, satisfy a, @, <0, and then we have a repetition

within a known bound depending only on the size of D,

b) before getting a repetition, we encounter a complete quotient o, such
that an,a, >0, and therefore the expansion of a can not be periodic.

This gives an effective practical criterion for determining the periodicity, or

non-periodicity, of Ruban’s continued fractions.

In the next section, we are going to see that a similar technique is not
applicable for Browkin’s algorithms. In fact, since Browkin’s partial quotients
can also be negative, then (6.3) is not a necessary condition for the periodicity.
This is one of the main reasons why the problem of determining if an analogue

of Lagrange’s Theorem holds or fails is still unsolved.

6.2 Periodicity of Browkin’s algorithms

In this section, we arise the problem of the periodicity of Browkin’s algorithms.
Unlike Ruban’s and Schneider’s case, it is not known whether or not Browkin’s
continued fractions are periodic for every quadratic irrational and, in general,
there is not an effective characterization for the periodicity. However, some
numerical simulations suggest that this is not always the case (see, for example,
[5, 6, 15, 16, 20, 55]). As we have seen in Section 5.1, for these two algorithms
finite continued fractions characterize rational numbers. Therefore, all periodic

continued fractions correspond to irrational elements that are quadratic over
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Q. The first systematic study of the periodicity of Browkin I has been
performed by Bedocchi, in a series of papers between 1988 and 1993 [8-11].
The first result concerns purely periodic continued fractions and it is the

analogue of Galois’ Theorem for classical continued fractions.

Theorem 6.2.1 ([8]). Let a € Q, having a periodic Browkin I continued
fraction expansion. Then the continued fraction is purely periodic if and only
if
lalp >1, |alp, <1

Theorem 6.2.1 is the analogue of Galois’ Theorem 6.0.2 for classical
continued fractions and it is similar both in the statement and in the proof.
However, notice that the hypothesis of starting from a periodic continued
fraction can not be removed. This is in contrast with Galois’ Theorem, where
the conditions on the norms of a and @ are also sufficient for obtaining
periodicity. Moreover, Bedocchi characterized the possible lengths of the
pre-periods for periodic Browkin I continued fractions.

Proposition 6.2.2 ([8]). Let D € Z such that VD € Q,, if the Browkin I
expansion of /D is periodic, then the pre-period is

2 D#4 mod8 when p=2

3 otherwise.

Then, Bedocchi focused on the possible lengths of the periods for square
roots of integers. We collect all the results in the next proposition.

Proposition 6.2.3 ([9-11]). For the algorithm Browkin I, the following

statements are true.

1. There are no square roots of integers that are periodic with period of
length 1;

2. For every odd integer d, there are only finitely many square roots of

integers that are periodic with period of length d;

3. There exist infinitely many square roots of integers that are periodic with
period of length 2, 4 and 6.
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In view of the results of Proposition 6.2.3, Bedocchi left the following

conjecture.

Conjecture 6.2.4 (Bedocchi’s Conjecture). For all even h € N, there exist
infinitely many square roots of integers that are periodic with Browkin I and

have a period of length h.

This conjecture is still open. However, for all the lengths that are powers
of 2, Bedocchi’s Conjecture has been proved by Capuano, Murru and Terracini
in [20].

Theorem 6.2.5 ([20]). For every n,k > 1, there are infinitely many D € 7Z,
with p JD, such that the Browkin I expansion of pF+/D is periodic with period
of length 2™.

The proof of Theorem 6.2.5 exploits a new definition of a particular class
of Browkin’s continued fractions, that we introduce in the next definition.

Definition 6.2.6 ([20]). Let [ao,...,at—1] be a finite Browkin I continued
fraction and let us denote by 1 = 1% the part of n that is coprime to p.

Then, [ag,...,at—1] is nice if:
i) laolp > 1 and |ag| < §;

.oy | A 4.
i) |25 > 3

iii) there exists an integer q such that By_1|q|B2 | and the class of ¢ modulo

fl%_l belongs to the multiplicative subgroup generated by the class of p.

The authors proved the following result for nice Browkin’s continued

fractions.

Theorem 6.2.7 ([20]). Let [ao,...,at—1] be a nice Browkin’s continued frac-
tion. Then there are infinitely many Browkin’s partial quotients a; such that

the continued fraction

lao,a1,...,at—1,0¢,0¢—1,...,01,2a0)]

converges to a quadratic irrational number of the form ﬁﬁ’ for some D € Z

not a perfect square.
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Basically, using Theorem 6.2.7, starting with a nice sequence [ag,a1,...,a:—1]
it is possible to provide an infinite family of integers D such that the Browkin’s
continued fraction of p®v/ D is periodic with period 2t. They left the following
conjecture, together with other problems about nice continued fractions.

Conjecture 6.2.8 ([20]). For every t > 1 there ezists a nice Browkin’s
continued fraction of length t, except when t =1 and p=3.

By Theorem 6.2.7, solving the latter conjecture implies the existence of in-
finitely many square roots of integers that have periodic Browkin I expansion
with period 2t, for any ¢. Thus, it would give a positive answer to Bedocchi’s

Conjecture.

Moreover, in the same paper, the authors deepened other aspects of the
periodicity of Browkin I. The aim was to use an argument similar to that of
Capuano, Veneziano and Zannier [22], that we examined at the end of section
6.1), in order to prove a criterion for the periodicity of Browkin I expansions.
Unfortunately, as already pointed out, Theorem 6.1.4 strongly depends on
the fact that Ruban’s continued fractions have only positive partial quotients.
Therefore, reasoning as in [22], it is possible to obtain some results on the
periodicity and on the length of the period for Browkin’s continued fractions,
only by assuming that (6.3) holds for a sufficiently large number of complete
quotients. In fact, unlike for Ruban’s expansions, condition (6.3) is not im-
plied by the periodicity. For these reasons, there is not an “easy" way to
prove non-periodicity in Browkin I up to now. In particular, no quadratic
irrational has been proved to have non-periodic Browkin I continued fraction,
although it is largely believed to fail Lagrange’s Theorem (see, for example,

the experimental computations in [55]).

In [1], the authors followed another approach to find periodic p—adic
continued fractions for all the square roots of integers in Q,, without focusing
on a specific algorithm. They used Rédei rational functions [64] to construct

a periodic continued fraction converging to v/D simultaneously in the real
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and the p-adic field. It is possible to notice that, for any integer z,

1 1
VD=z2+(VD—z)=z2+—75—=2+ Srn =
vVD—z D—22
+ L PR S
=Z _ =Z 2 1 y
b+ 5ot -2+ b

hence

VD = lz,%ﬂz , (6.5)

even if it does not coincide with its expansion with the standard algorithm
(see [61]). Rédei rational functions are known to converge to v/D in R (see,
for example, [50]). In [1], the authors proved that Rédei functions converge to
VD also in Qy, so that (6.5) is true also for p-adic numbers. This construction
has been generalized in [5] in order to manage any quadratic irrational, not
only square roots of integers. The authors proposed a generalization of Rédei
rational functions to provide a periodic continued fraction for a root of the
polynomial 22 + hz — d, where h,d € Z. The expansion is

h+2z
224 hz—d’

a=|z h+2z|, (6.6)
that yields a periodic representation for o both in R and Q. This result
solves the problem of expressing every p—adic quadratic irrational as a periodic
continued fraction, i.e. by means of a periodic sequence of rational numbers.
However, it is not equivalent to Lagrange’s Theorem, since the expansion is
not obtained by a specific algorithm. In fact, in order to find the expansion
(6.6) for o, we need from the begin the knowledge that it is a quadratic
irrational number and, in addition, of its characteristic polynomial over Q. In
the same paper, the authors characterized the cases when Browkin II provides

a periodic expansion of the form (6.6).

Theorem 6.2.9 ([5]). Given a & Q root of the polynomial x>+ hx — d, with
h,d € Z, Browkin II produces the p—adic continued fraction

2
a=[z,—h+ z,h+2z|, (6.7)
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if and only if

~1 ~1
1<l <20 1<ihr2 <P

for z such that 22 +hz —d =p.

The authors left open the problem of finding an actual algorithm that, for
all quadratic irrationals in Q, provides periodic representations of the form
(6.6), that they call standard.

In [56], we employed an approach similar to Bedocchi [8-11] in order to
characterize purely periodic continued fractions with Browkin II and to study
the lengths of the pre-periods and the periods for periodic expansions. The
situation is more complicated than Browkin I, because of the presence of
the sign function in (3.6), hence it is possible to obtain only some partial
results. The first issue arises when studying the purely periodic continued
fractions. In fact, following an argument similar to the proof of Theorem
6.2.1, the conditions on the p—adic absolute values of a and its conjugate are

only necessary.

Theorem 6.2.10. If o € Q, has a purely periodic continued fraction expansion
a=[ag,..-,05_1] with Browkin II, then

lal, =1, |al, <1.

Proof. For the proof of this result, we adapt the technique of [8, Proposition
3.1] for the case of Browkin II.
Let us notice that, by the pure periodicity,

vp(e) =vp(ao) = vp(ax) =0,
then |a|, = 1. If we set, for all n € N,

/ / !/
Qn = [an7a‘n+17- . 7a’n+k—laan] = [a0>a17' . 7a'k—17an]7
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/

and B_7 are its convergents, then:
n

BIQ—M?L + (By_g — Ap_1)oan — Aj_ =0.

By the observation of Remark 4.1.1, we can write

|Coninpp = A;c—Q . |a6|p|a'1|p...|a§€_2|p . laglp _ |an|p
a"anlp_ B’ Y / / 14/ - ’
k—1lp |a1|p-"|ak—2|p|ak—1|p |ak—1|p lantk—1lp
from which we get
_ 1
Aplp=—".
|n|p |an+k—1|p

Since k£ —1 is odd, then:

|an|p=1 ifnodd

|an|p <1 if n even,
and, in particular, for n =0, |a|, = |ao|p < 1. O

In light of Theorem 6.2.10, it is meaningful to wonder which are (and if
there exist) the p—adic numbers satisfying the necessary condition for pure
periodicity.

Proposition 6.2.11. Let a =a++vD € Qp, with a,D € Z, D not a square,
VD = a0+a1p+a2p2+....
Then |a|p, =1 and |a|, <1 if and only if a =ag mod p.
Proof. Let us notice that ap #0 mod p and, if ||, =1 and |a|, < 1, then
up(@) = vp(a—ag — a1p—agp® —...) > 1;

it means that a —ag =0 mod p, so a =ap mod p.

Vice versa, if a =ap mod p, then a = ag + kp, for some k € Z. Therefore,

vp(@) =vp(a+ VD) = vp(2a0 + (k+a1)p+...) =0,
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since 2ag9 #0 mod p, for p # 2; moreover
vp(@) = vp(a— VD) =vp((k—a1)p+...) > 0.

Hence, in this case, |a|, =1 and |a|, < 1. 0O

In order to study the converse of Theorem 6.2.10, we need some preparatory
lemma. We introduce the following notation for the sets of the partial quotients

that can be generated by the function s and the function t¢:

Jp=< — N, — =Z|-{Nn(—-=,=
D {pn nehN, 5 <ap< 9 » 979
and . .
ag p p 1 ( 1 1)
K,=¢— >1, ——< <—=Z|-|1N|l—=,=]).
{pn n>1 -2 <a 2} [p] *

The following lemma on the partial quotients generated by the function s
is due to Bedocchi.

Lemma 6.2.12 ([8]). For all a,b € Jp, with a # b, we have vp(a—b) < 0.
In [56], we proved a similar lemma for the function ¢ and the set K.

Lemma 6.2.13 ([56]). For all a,b€ K, with a #b, we have v,(a—b) < 0.

Proof. Let us write a = 1% and b= ;_3” with vp(ap) = vp(bg) =0. We can
notice that n,m > 1 since vp(a) and v,(b) are both negative. If n # m, we

may suppose n > m without loss of generality, and we get

_ fap bo\  (ap—bop"™™\ _
vp(a—b)=1vp o pm = )=

=vp(ag—bop" ") —vp(p") =(n—m)—n=-m<O0.

If n =m, then

a b apg—>b
vp(a—b) :Up(p_g _p_g) ZUP(%> = vp(ap —bo) — 1.

Since |ag —bo| < p™, necessarily v,(ag —by) < n, hence

vp(a—b) =vp(ap —bp) —n <0,
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and this concludes the proof. O

As already pointed out, unfortunately the converse of Theorem 6.2.10 is

not true and the best that one can prove is stated in the following theorem.

Theorem 6.2.14. Consider o € Q, with periodic Browkin II expansion

o= [O/Oaala <o+, Ap—1,0h; - - 7ah+k—1]-

If

lal, =1, |al, <1,

then the pre-period length can not be odd.

Proof. Let us notice that, by the hypothesis and the construction of Browkin
II, the period length k is even and, for all j € N,

|a|p = |042j|p =1,

vp(@) = vp(ao) = vp(ag;) = 0.
Moreover,

lovolp = [alp < 1,

vp(@) = vp(a) >0,

and it follows that:

1
vp(Q1) =vp (60 - ao) = —vp(0i — ag) = —vp(ao) =0,
1

vp(ag) = vp(al _al) = —vp(a1 —a1) = —vp(ar) > 0.

Hence, the p—adic absolute value of each complete quotient is, for all j € N,

lal, =1, logjt1lp > 1, |ajlp =1,

lalp, < 1, [a2j+1lp =1, |a2jlp < 1.
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Since a has a periodic expansion,

1 1
Qp—1—0p—1 Ohtk—1— Qhtk—1

So we obtain:

lan—1—apgr—1lp = |an—1 — apsr—1lp,

and, analogously,

[@h—1 = Chtk-1lp = |an—1 — Ghtk—1lp-

By contradiction, if the pre-period length h is odd, both h—1 and h+k—1
are even. Then vp(ap—1) > 0 and vp(@pyr—1) > 0, so:

Up(ah—1 = Chik—1)p = Vp(Qp—1 — Cpyk—1) >

> min{vp(@-1), 0p (@ 44-1)} > 0.

By Lemma 6.2.12, we have that ap_1 = ap4x—1 and the claim is proved. [J

Remark 6.2.15. In the proof of Theorem 6.2.14 we obtained that, for h odd,
ap+k = ap, tmplies ap1x—1 = ap—1. This is done by using Lemma 6.2.12 of
Bedocchi for the function s. In Lemma 6.2.18 we proved a similar result for
the second function t. Lemma 6.2.18 allows us to get the implication from
Ghtk = ap, to apyp—1 = ap—1 also for h even, but only in the case where the
odd partial quotients are obtained using the floor function t without the sign.
In fact, in this case, if the pre-period length h is even, both h—1 and h+k—1
are odd. Then vy(ap—1) =0 and vp(aptk—1) =0. Therefore, if ap_1 =t(ap—1)
and aptk—1 = t(0htk—1), then ap_1,an1+k—1 € Kp. Reasoning as in the proof
of Theorem 6.2.14 for h odd, we get

Vp(ah—1—hik—1)p = Vp(Qn—1— Apyk—1) >

> min{vp(@p—1),vp(@h+k—1)} > 0.

We conclude by Lemma 6.2.13 that ap—1 = ap+r—1 also when h is even.

We have seen in Remark 6.2.15 that using Lemma 5.2.2 and Lemma 6.2.13
we obtain that apr = ap, implies ap1x—1 = ap—1 also for h even when these
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two partial quotients are computed using the function ¢. The problem with
Browkin II is that, for some odd n € N,

an =t(ay) — sign(t(ay)).

This happens when «a,, has not the zero term, in order to always recover a
partial quotient with null p-adic valuation. In the following example we see
that this case can actually occur.

Example 6.2.16. Let us consider
V30=3-3-T+...€Qr,

then the expansion of a =+/3043 is

3 2 1
Vv =|-1,2 —2,°1,2,2,2,-1,-2
30+3 l ,7)3) Y Y ) ,7’ ,7? Y

7 )

| W

that is not purely periodic and has pre-period 4. Notice that the 7-adic number
a satistfies the hypothesis of Theorem 6.2.14 since

v7(3+\/%)=0,
v7(3—\/%) =v7(—3-7+...) > 0.

In this case we can not make the step backward from a4 = a14 to az = a3

since

2

az = t(a3) = ?a
: 2 5
a13 = t(aug) — sign(t(o13) = - —1=—7.

In fact in the generation of ai3 it is used the sign function along with the t

function.

In Remark 6.2.15 and Example 6.2.16, we have observed that the converse
of Theorem 6.2.10 holds whenever the function sign does not appear during
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the generation of the even partial quotients a; and ap4 %, or whenever they
use the same function sign. This problem on the sign functions affects also
the possible lengths of the pre-periods that, as we see in the next results, can

be various. In particular, we prove the following theorem.

Theorem 6.2.17 ([56]). Let /D be defined in Qp, with D € Z not a square.
Then, if VD has a periodic continued fraction with Browkin II, the pre-period
has length either 1 or even.

In order to do that, we need some preparatory result. In particular, we
introduce the following modification of Browkin II.

Definition 6.2.18 (Browkin II*). We call Browkin II* the algorithm where
the role of the functions s and t is switched. Starting from ag € Qp, with
vp(ap) <0, the partial quotients of the p—adic continued fraction expansion

are obtained for n >0 by

,

an = s(an,) if n odd

an =t(a

if n even and vp(ay, —t(an)z =0 (6.8)
0

n)
an = t(an) — sign(t(an)) if n even and vp(ayn —t(an)) #

_ 1
(Ont+1 = 5,

The p-adic convergence of this continued fraction is guaranteed by The-
orem 4.2.5 and it is not hard to see that the observations of Remark 4.1.1
hold also for Browkin IT*. Using the same argument of Theorem 6.2.10 and
Theorem 6.2.14, adapting it by switching the even and the odd steps, it is
possible to prove two analogous theorems also for Browkin IT*.

Theorem 6.2.19. If o € Q, has a purely periodic continued fraction expansion
a = [ag,---,a,_1] with Browkin II* then

vp(a) <0, vp(a)=0.

Theorem 6.2.20. Let o € Q, with periodic Browkin II* expansion

a= [a07a17'"aah—laaha"'aah—i-k—lJ-
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Then, if
vp(a) <0, wvp(@) =0,

the pre-period length can not be even.

In the following example, as we have done in Example 6.2.16, we show

that a full converse of Theorem 6.2.19 is not true.

Example 6.2.21. Under these hypotheses, Theorem 6.2.20 is the best we can

obtain as a converse of Theorem 6.2.19. In fact, if we consider the expansion

of a =YD in Qs is
2+ 79: _1,1’2,2,_2’1,1,2,_1’2,1,17_2,
75 25" '5 5 5 25 5 5
2 7 1 9 3
2,51, ——,—1,2,2,— —1,—->
a5’ ) 257 75a 725’ ’ 5 )

that is not purely periodic and has pre-period 15. Notice that o satisfies the
hypothesis of Theorem 6.2.20 since starting from

V79=242-524+53+... € Qs,

then:

v5<2+«/ﬁ
75
05(2—\/@
75

) = v5(24V/79) — v5(75) = vp(d+...) —2=—2 < 0,

):115(2—\/7_9)—1)5(75)=v5(2-52+53+...)—2=0-

As consequence of the previous results, we are able to provide the proof of
Theorem 6.2.17, characterizing the length of the pre-periods for square roots
of integers that have a periodic representation by means of Browkin II.

Proof of Theorem 6.2.17. Notice that a = /D can not have purely periodic
continued fraction, by Theorem 6.2.10. We can then write it as

a=ay+ —.
aq
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Since a has a periodic continued fraction, also a; has periodic continued

fraction. We are going to show that:

1

i) valon) =vp (s
1

i1) vp(on) = vp<a_a0) = —vp(@—ag) =0.

) = —vp(a—ag) <0,

Notice that i) is satisfied since s(c) = ap and v,(a—ag) > 0. Since @ = —/D,
then
o= —a0+a'1p+a'2p2—l—....

Now, vp(a@—ag) =0 if and only if ag # —ao, that is 2ag # 0. This is always
the case for p # 2, so, by Theorem 6.2.20, a; can not have an even pre-period
length. So « has either pre-period of length 1 or of even length, as wanted. [J

Finally, we analyze the length of the period for periodic Browkin II
continued fractions, trying to obtain some results similar to Proposition 6.2.3.
First of all let us notice that, by construction, the length can not be odd.
In fact, the odd partial quotients are always rational numbers with negative
valuation, while even partial quotients are integers. In [16], Browkin provided
an example of an infinite family of square roots of integers having periodic

Browkin II continued fraction expansion with period of length 2.

Proposition 6.2.22 ([16]). Let a,c,D € Z, with p facD, b€ Z [%], D not a
perfect square. Then

\/BZ [a,ﬁ] )

if and only if c=2a, b= d%“ for some k > 1, d|2a and m = a? +dpF. Moreover,
there are infinitely many a,b,c with such property.

In the same paper, Browkin also constructed a family of periodic continued
fractions with period of length 4. However, he did not succed to prove that
there exist, among them, infinitely many square roots of integers. We solved
this problem in [56] by constructing, for every prime p, an infinite family of
periodic Browkin II continued fractions with period of length 4.



6.2. BROWKIN’S ALGORITHMS 89

1-— pt
1-pp2 "
Browkin II ezpansion of £v/D is

Theorem 6.2.23. Given D = 2 for any integer t > 2, then the

2T —1 2
(p ):Fl L2
p

1
+vVD=|0,+=,Fl,F 2 F1,
p (p—1)pt—1

Proof. In the following, we suppose p =4k + 1, the proof for the case p=4k—1
is similar.
From [9, Eq. 2.1], it follows that

VD =p(l+p+...+p 1)+ Ap*t,

where ) ) )
p— p—1 9 .3 pP—1 ¢+ It
A=—"—+p——F— ——— A
9 +p 9 p°+p 9 P+ )
for a certain A’ € Q) with vp(A") =0 and assuming ¢ odd (a similar result holds
for ¢ even). Thus, considering ap = v/D, we immediately get ag = s(cg) = 0.

Applying Browkin II, we obtain

\/5 1 Apt+1

D p q-p?’

_pt 1
where ¢ = ——-, and so a1 = t(a1) = — The next complete quotient is
16k2 P
o YDHap _ 2-p)(1-p")+ A(p— 1%
2T 1-q pl4+p—2 '
Since
1 p—1
= +...

pt~l4+p—2 2
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we have ag = s(ag) = —1. In the next step, we have

B p—+vD B p2—|—...+pt—|—Apt+1_
p—vVD4+pvD  (1-A+Appttt

1 1 1 A

1
where B=1— A+ Ap and v,(A) =vp(B) =0. Now, we prove that 5= 2+Cpt
for some C such that v,(C) = 0. In this way, it follows that

1 1) pt=1-1

a3:t(a3)=—2<F+...+z—? W,

as

1
considering that 4k = p—1. To prove that 5= 2+ Cpt, first of all we can

observe that

p—-1 p—1 p—1,
B=1+ (——p+—p2—...+—pt 1+...)+

2 2 2
Y PN S S S ko

9 P+Dp 9 y s 9 D +...].
p—1 p—1

Using that 1+ 5~ 5 + p, we obtain
p—1 p-1 p—1
B—_- -~ Y -~ Y "
2 9 P g Pt

1 1
Thus, we have that 5= 2+... and we want to prove that v, (E_ 2) >t+1.

To prove this, it is sufficient to observe that

1—2B=pttt 4. ..
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We continue to apply Browkin II and we get, after some calculations,

p(p—1)
oy =

Cpt—p—(p—-1)VD

Exploiting the previous results, we have

1
=Ty

and considering that | +..., we obtain a4 = —1. For the next step,

14+ Ap
we have

p—ptl-UvD _ 1 _2

ay = =14—=—-=1+4...
p—ptl+(p—1)vVD Ap p

2
from which a5 =t(as) = p Finally, one can check that

=g,
Qa5 — a5

and the thesis follows. O

Corollary 6.2.24. There are infinitely many VD € Qp, with D € Z, having

a periodic p—adic expansion with period 4 by means of Browkin II.

Proof. Since p and (1—p)? are coprime, then there exist infinitely many
integers t such that p! =1 (mod (1—p)?). By Theorem 6.2.23 we know that
1—pt
(1-p)?
for all ¢ > 2 and the thesis follows. O

-p? has a p-adic expansion with period 4 by means of Browkin II

The problems that we have highlighted for Browkin II are due to the
unforeseeable use of the sign function. In fact, the properties of periodicity of
Browkin II strongly depend on the application of the sign function during
the algorithm. For this reason, in the first part of [55], we tried to give
some methodology to predict the use of the sign function and allow a better

understanding of the properties of periodicity.
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+oo
Definition 6.2.25. Given ag = Y. anp™ € Qp, let us define the function

n=-—r

B:Q, —{-1,0,+1} as follows:

—1 if ap=0 and sign(t(a)) = -1
B(a):=40 ifag#0 (6.9)
+1 if ap =0 and sign(t(a)) = +1.

Using this definition, we can rewrite Browkin II as

b, = s(ap) if n even
bn, =t(an) — B(ay) if nodd

_ 1
On+1= 4 "5,

for all n > 0. Notice that we are interested on the value of B(ay,) only for
odd n, i.e., when we use the function ¢t. The problem of determining the
exact behaviour of B(ay,) seems to be hard in general but it is crucial for the
study of the periodicity of Browkin II. In the following theorem, we prove a
necessary and sufficient condition to decide whether or not the sign function
is going to be used at the (k+ 1)-th step, only by looking at the coefficients
of the p—adic expansion of the k-th complete quotient. The effectiveness of
this result is that it does not require the explicit computation of ay 1. Before
stating the theorem, we need the following definition.

“+oo .
Definition 6.2.26. Given a= 3 c¢;p' € Qp, we define the matriz

1=—T

Cn+1 Cn 0o ... 0
Ch4+2 Cn+l Cp
Ca = 0 )
Con-1 Cop—2 ... - Cp
CZn CQn_l cee cee Cn+1

where n = vp(a— s()).



6.2. BROWKIN’S ALGORITHMS 93

Theorem 6.2.27. Given ap € Qyp, for all even k € N, B(agt1) #0 if and
only if det(Cy,) =0, where ay, is the k-th complete quotient of the Browkin

IT expansion of «ay.

+oo . +o0 .
Proof. Let ap = > c;p* and a1 = > d;p* be two consecutive complete
i=—r' i=—r

quotients, with k even. By definition B(ay1) # 0 if and only if dy =0. We
call n =vp(a — s(ag)) > 0, so that

ay — s(a) = cpp™ +cnp1p" T+ ...

In this case the valuation of ay,1 is
Up(ag41) = —vp(og — s(ak)) = —n,

hence we can write it as

1 1 1
Ok41 :d—nﬁ+d_(n_1)F+-..+d_15+d0—|—....

We want that agy1(ax —s(ag)) =1, that is,

cnd—n+(cnt1d—n+cnd_(n_1))P+. ..+ (c2nd—n+... +cpdo)p" +... = 1.

Hence, the coefficients d; are uniquely determined as solutions of the following

system:

'd_ncn =1
d_ncn+1 + d_(n_l)cn =0
§d-—ntnt2+d_(m_1)Cnt1+d_(n_2)cn =0

n
ZO d_pikCon—k =0.

\
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If we call
Cn 0 0 ... 0
Cn+l Cn 0o ... O
C=| cnt2 cnt1 Cn :
) . 0
Con Cn—1 ... Cnyl Cp

the (n+1) x (n+1) matrix of the coefficients, then dj is

Cn 0 0 R |
Cn+1 Cn 0 oo O

det| cny2 Cntl Cn

cn Cn-1 ... Cpy1 0O

det(C)

do =

In particular, do =0 if and only if the numerator is zero, i.e. det(Cy,)=0. O

Although it is possible to predict the appearance of the sign function one
step in advance, it seems difficult to generalize this construction to make a
prediction at a generic step. Therefore, the use of the sign function makes
incomplete the study of the periodicity.

For all the reasons highlighted in this section, in [55] we introduced
Algorithm (3.10), that is very similar to Browkin II but its properties do not

rely on the sign function B.

6.3 Periodicity of the new algorithm

In this section, we study the periodicity of Algorithm (3.10), that we intro-
duced in [55], in order to improve Browkin II.

Theorem 6.3.1. If o € Q, has a periodic continued fraction expansion by
means of Algorithm (3.10), then the expansion is purely periodic if and only if

lalp>1, ol <1.
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Proof. By the pure periodicity, we get that
|alp = |aolp = laklp 2 1,

since the length k of the period is even. Indeed, as in Browkin II, we can not
have periodic continued fractions of odd period length since we use different
floor functions. For the norm of its conjugate @ we apply the usual relation
(see [8] and [56]), that is

Since k —1 is odd, this implies that |ag_1|, > 1 and |@|, < 1, proving the
necessary condition for the pure periodicity. Conversely, let us consider a

periodic continued fraction expansion

= [a07---aa'h—laaha"'aa'h+k—l]a

and let us assume that |a|, > 1 and [a|, < 1. We are going to prove that
h =0, namely the expansion is purely periodic. For all n € N, the valuations
of the complete quotients are

vp(a2n) = vp(azn) <0,

'Up(a2n+1) = 'Up(a2n+1) <0,

and the valuations of their conjugates are

_ 1 _
vp(a2n+1) = Up(m) = —Up(azn - a2n) = —Up(GQn) >0,
n n
1

_—) = —vp(Q2n+1 — 2n+1) = —Vp(azn+1) > 0.
Q2n+1 — A2n+1

vp(Q2n+2) = ”p(

By the periodicity of the continued fraction of a;, we can observe that

1 1
Op—1—0p—-1 Oht+k—1 — Qhtk-1




96 CHAPTER 6. PERIODICITY

Therefore, we easily obtain the two relations

Up(ah—l - ah+k—1) = Up(ah—l - ah+k—1)7

Vp(Q@h—1 — Chgk—1) = Vp(@h—1 — Cpyk—1)-

Now, let us assume by contradiction that the pre-period is an odd integer
h > 1. Since in this case h—1 and k—1 are even,

'Up(ah_l) >0 and vp(ah+k_1) > 0.
It follows that

Vp(ah—1— Ghtk—1)p = Vp(Ch—1 — Chtk—1) > min{vp(@p_1),vp(@n4k-1)} > 0.

Since the partial quotients a1 and ap ;1 are generated with the function s,
by Proposition 6.2.12 we conclude that a;_; = ap4r—1, hence the pre-period
can not be odd.

Let us now assume that the pre-period is an even integer A > 2. In this case
h—1 and k—1 are odd, hence

Vp(@h—1) 20, vp(@hqr—1)>0.

Reasoning as in the previous case, we obtain

Up(@h—1 — @htk—1)p = Vp(@h—1 — Ahtk—1) = min{vp(@p—1),vp(@n+k—1)} >0

In this second case, ap_1 and apyx_1 are generated with the function ¢, hence
by Lemma 6.2.13 we conclude that ap—1 = ap4x—1. Thus the pre-period can
not be a positive even number. It follows that h =0 and the expansion of o
with the Algorithm (3.10) is purely periodic. O

Now we analyze the possible pre-periods for the expansions of square roots
of integers obtained using Algorithm (3.10). In particular, we are going to
show that the pre-period length of periodic continued fraction expansions is
always 1 for square roots of integers with valuation zero, obtaining a result

similar to Galois’ Theorem for classical continued fractions.



6.3. THE NEW ALGORITHM 97

In order to prove it, we define the following algorithm, which is similar to
the Algorithm (3.10) but the role of the functions s and ¢ is switched.

an = s(an) if n odd (6.10)

_ 1
On+1 = o—q.

This is the same technique that we used in Section 6.2 to prove Theorem
6.2.17 for the pre-periods of Browkin II. The p—adic convergence of the
continued fraction generated by Algorithm (6.10) is guaranteed by Theorem
4.2.1 since, also in this case, vp(anan+1) <0 for all n € N. In order to
characterize the length of the pre-periods for Algorithm (3.10) we need an
analogue of Theorem 6.3.1 for Algorithm (6.10).

Theorem 6.3.2. Let us consider a € Q, with a periodic continued fraction
obtained using Algorithm (6.10). Then the expansion is purely periodic if and
only if

lal,>1, |a|, <1

Proof. The proof is straightforward adapting the technique of Theorem 6.3.1
and switching the use of the two floor functions. O

Using the results of Theorem 6.3.1 and 6.3.2 we are able to prove the
following result, characterizing the pre-period of periodic continued fraction

expansions of square roots of integers obtained using the Algorithm (3.10).

Proposition 6.3.3. Let VD € Qp, with D € Z not a square and p JD, having
a periodic continued fraction obtained with Algorithm (3.10). Then the pre-
period has length 1.

Proof. By the characterization of Theorem 6.3.1, @ can not have a purely

periodic continued fraction. We can write a as

a=cy+—,
(631
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where ¢y = s(a) and «; is the second complete quotient. In order to prove
that the periodic expansion of « has pre-period of length 1 we show that
a1 has purely periodic expansion with Algorithm (6.10) starting with the
function ¢t. Therefore, by Theorem 6.3.2, we want to prove that v,(a1) <0
and vp(a) > 0. First of all we notice that, since o has a periodic continued
fraction expansion, also a;; does. Then, by the construction of the algorithm,

vp(a1) = —vp(a—s(a)) <0,
hence the condition on «; is true. Since @ = —+/D, then
o= —a0+c'1p+c'1p2+....

We have that
vp(a1) = —vp(@—ap) <0,

if and only if vp(—2ag+...) > 0, that is never the case for p # 2. This means
that vp(@1) > 0 and, by Theorem 6.3.2, it has a purely periodic expansion

a1 = [al,. .. ,ak].
Therefore, the expansion of a = v/D is
\/B: [a()aala""ak:]a

that has pre-period 1. O

To conclude this section, we consider the case a = v/D, with v,(v/D) # 0.
If v,(v/D) < 0, then
1 1

o) = , Q1= —
a—ag a—ag

Y

so that vp(a1) < 0 and vp(a1) > 0. Hence, with a similar argument of Proposi-
tion 6.3.3, also in this case we can conclude that o is purely periodic and the
continued fraction of o has pre-period 1. Notice that, if v,(v/D) < 0, then D
is not an integer but a rational whose denominator is divided by p. Instead,
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if v,(v/D) > 0, then ag = 0 and

ap=—, Q1=

ol =

1
a
Since vp(a1) = vp(a1) < 0, we are exactly in the previous case, so the expansion

of a has pre-period 2 with a 0 as first partial quotient. Hence, we have proved
the following result, very similar to (6.2) for classical continued fractions.

Proposition 6.3.4. Let /D € Q,, with D € Z and vy(v/D) = e, having a
periodic continued fraction using the Algorithm (3.10). Then the expansion
of V'D has pre-period

1 ife<O0

2 ife>0.

Moreover, in the case e > 0, its continued fraction expansion is
VD= [O,ag,al,...,ah],

where ay,...,ap are the partial quotients of

VD
T = [ao,al,...,ah].



Chapter 7
Experimental computations

In this section we collect some numerical results about the periodicity of
Browkin’s algorithms (3.5) and (3.6) and we compare them with Algorithm
(3.10). In Section 6.3, and in particular in Theorem 6.3.1 and Proposition 6.3.4,
we showed that our Algorithm (3.10) improves the properties of Browkin’s
algorithm from a theoretical point of view. The content of this section is based
on the analysis performed in [55], and it aims to show that our algorithm
provides better results also from an experimental point of view. In fact,
Algorithm (3.10) appears to become periodic on more quadratic irrationals
than Browkin I and Browkin II for all odd primes less than 100, except
p =3 for Browkin II. All the computations have been carried out on the
first 1000 complete quotients of v/D € Qp, for all the odd primes p less than
100 and 1 < D <1000, with D not a square and vp(D) = 0. The numerical
computations have been performed using SageMath and the code is publicly

available 1.

7.1 Some Browkin II expansions
We start with an observation on the Euclidean norm of odd partial quotients,
that allows us to correct some wrong Browkin II expansions listed in [16].

Remark 7.1.1. The FEuclidean norm of the odd partial quotients in Browkin II
can not be greater than 1. In fact, we know by Lemma 5.2.2 that 0 < |t(ay)| < 3

Thttps://github.com/giulianoromeont /p-adic-continued-fractions
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for all k € N. Then, if the sign is not used, |ax| = |t(ay)| < 3. If the sign is
used, then |ag| =1—|t(ag)|, so 0 <|ag| <1, for k odd.

Starting from Remark 7.1.1, we can notice that some of the expansions
listed in [16] are wrong. In fact, in the 5-adic continued fraction of /34,
V39, /54, v/69 and /99, respectively, as = —%, ag = —g, ag = %, asz = g
and a;3 = %, that are all greater than 1 in Euclidean norm. We believe it
is an error of implementation where the sign function is added instead of
being subtracted from ¢(ay). Three of them are still periodic and the correct

expansions are

V34 = :2,—%,1,—2,—1,%,-1,-%,1,—%,—1,—%,—1| ,
Vbi= _2,2—25,—1,%,-2,-%,-1,-%,1,% :
V69 = 2,—g,1,—%,1,—%,—1,%,2,-%,2,-%2,-%,2,

while for v/39 and /99 we have not observed any period.

7.2 Periodic square roots of integers

In this section we collect the results on the periodicity of Algorithm (3.10),
compared with Browkin I and Browkin II.

Example 7.2.1. The behaviour of the periodicity of the three algorithms can
be different. In this example we see some of the several possible cases. We
consider p =5, but analogous observations hold for other primes. In Qs, /19
has a periodic continued fraction using Algorithm (3.10), with ezpansion

2 1 2 12 2 8 1 2 82 _12_2 |
V19=1(2,-22 -, -2 -2 22 9 ° 9 - _1 -2 "2 _ 9292 _1
9 b 5’ 75’ ) 57 5’57 725’ 757 ) 57 5757 7257 75’ )
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but no period has been detected with Browkin I nor Browkin II, within 1000
partial quotients. On the other hand, using Browkin II, /69 is periodic (see
above) while no period has been observed using the other algorithms. Moreover,
for some square roots of integers, Browkin II and Algorithm (3.10) are both
periodic but they have different erpansions. For example, the Browkin II

expression of v/ 129 is

— 4 4 4 4 2
129 = [2,E5a _1, _g’ 1) g, _1’ 5, _1a _g’
1 2 1 2 4 1 3
2) _3’27 5)27_572’ _5>_17 ga _1’ _57_27 g] )

while with Algorithm (3.10) it is

4 1 1 1

4 2
v129= (2)—,-1,-,—,——,—-1,——,2,——,2
l71257 75’ 57 57 ) 57 ) 57 )
2 1 2 1 41
o292 1,2 2> 1]
57 Y 57 Y 5’ Y 57 575, ]

Using Browkin I, we did not detect any period for /129.

In Tables 7.3, 7.4, 7.5 in Section 7.6, we can see that periodic square roots
of integers with Browkin I are very few compared to Browkin II and Algorithm
(3.10). Moreover, except for p =3, the number of periodic expansion with
Algorithm (3.10) is greater or equal than Browkin II. In Figure 7.1 we plot
the number of detected periodic square roots of integers for all the three

algorithms, varying the prime p.

Remark 7.2.2. Browkin II and Algorithm (3.10) tend to present a similar
behaviour for large primes. This result is expected since the two algorithms
are different only in the case when ag =0 in the p—adic expansion of one of
the odd complete quotients and the probability of having it equal to zero is

around X, which approaches zero for growing p.

p’
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Figure 7.1: Number of detected periodic square roots of integers with Browkin
I, Browkin II and Algorithm (3.10).

7.3 Pre-periods of periodic expansions

The length of the pre-period of periodic continued fractions obtained by
Browkin I is 2 (see [8]) and by Algorithm (3.10) is 1 (see Proposition 6.3.3).
On the contrary, for the lengths of the pre-periods of Browkin II, Theorem
6.2.17 seems the best we can obtain. In fact, during our analysis, although
most of the square roots presented pre-period 1, we also observed pre-periods
of several even lengths. In Browkin II, pre-periods of even length are an
“anomalous" behaviour which occurs when the sign function is used in (3.6)
(for more details, see [56]). Therefore, in light of Remark 7.2.2, for large values
of p we expect to have often pre-period 1. Indeed, for p > 31, no pre-period
greater than 1 has been observed. In Table 7.1, we list the mean pre-periods

of periodic Browkin II continued fractions up to p = 29.
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p 3 3 7 11 13 |17 |19 |23 |29

Mean pre-period | 18.85 | 7.49 | 2.96 | 1.45 | 1.39 | 1.17 | 1.08 | 1.13 | 1.01

Table 7.1: Mean pre-periods of periodic Browkin II expansions.

7.4 Periods of periodic expansions

The length of the periods for periodic Browkin I continued fractions is very
often 2, especially for large values of p. In fact, when p increases, periodic
Browkin I continued fractions are rare and most expansions have both pre-
period and period of length 2. Moreover, we can notice that the mean period
length for Browkin II and Algorithm (3.10) is, in general, decreasing for
growing p. In Figure 7.2, we plot the mean period of periodic square roots of
integers for all the three algorithms, varying the prime p.

=Browkin |
: : =Browkin Il _
50 ] - NEW AlgoTithm |
L H : :
o i ; !
c : : :
- f f f
o301 SO R SN SO,
o H H H
= i i f
v i i i
o I ! !
© ! ; ;
@ i f f
=
. ;
20 40 . 60 80
p prime 5

Figure 7.2: Mean periods of periodic square roots with Browkin I, Browkin
IT and Algorithm (3.10).

From Tables 7.3, 7.4, 7.5 in Section 7.6, we can observe that, when
periodicity is detected, long periods are very uncommon for all values of p,
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especially for p large. Indeed, for Browkin II and Algorithm (3.10) the 90%
of the periods are shorter than 30 for all 11 < p < 97. In Figure 7.3, we plot
the length of the periods for periodic square roots of integers, in function of

the size of the integer D, for p =5.
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Periodic square roots ' :

Figure 7.3: Period lengths of periodic square roots with Browkin I, Browkin
IT and Algorithm (3.10), for p = 5.

Remark 7.4.1. The numerical computations about periodicity give the sugges-
tion that the Lagrange’s Theorem does not hold for p—adic continued fractions
obtained by the studied algorithms (even if a proof of this statement is still
missing). Indeed, for continued fractions over the real numbers, the mazimum
length of the periods for the square root /D for all integers 1 < D < 1000
is 60. On the contrary, for Browkin I and Algorithm (3.10) there are some
square roots whose expansion, if periodic, should have a period greater than
998 and 999, respectively, and this seems very unlikely. A similar observation
holds also for Browkin II, even if in this case we do not know a-priori the
length of the pre-period, making more difficult to deal with the study of the
periodicity of this algorithm. However, it seems really unlikely, for instance,



106 CHAPTER 7. EXPERIMENTAL COMPUTATIONS

that Browkin II produces a periodic expansion for /19 in Qs with the sum of
the lengths of pre-period and period greater than 1000.

7.5 Quality of approximation

In this section we analyze the approximations of square roots of integers by
means of the sequence of convergents of the three algorithms. In general, we

can observe that given a = [ag,ay,...], we have

an-l-lAn +An1
an+1Bn + Bp—1 ’

o= [a0aa1,"'>an7an+l] =

from which

o— ﬂ _ an+1An+An—1 _ ﬂ _ (_1)n
B, an+1Bn +B,-1 B, (a’n—i—an + Bn—l)Bn .

Since vp(an+1) = Vp(an+1), then vp(op41Bn + Bp—1) = vp(Bp+1) and therefore

Ap
v (ao - B—) — —vp(BuBnt1), (7.1)
ie.,
‘a— An = p?#(BnBni1), (7.2)
Bl,

that was already obtained in (4.2). We have also observed in Remark 4.1.1
that
Up(Bn) = vp(a0) +vp(a1) + ... +vp(an),

for all n € N. Thus, considering (7.1) and (7.2), the study of the quality of the
approximations of « is related to the decreasing of v,(By) and consequently
to the values of vp(ay). From the definitions of the three algorithms, we know
that:

i) vp(an) <0 for all n € N, for Browkin I,
ii) vp(a2n) =0 and vp(agn4+1) < 0 for all n € N, for Browkin II;

iii) vp(agn) <0 and vp(agn41) <0 for all n € N, for Algorithm (3.10).
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Therefore, we expect the approximations given by the convergents of continued
fractions obtained by Browkin I to be better than those obtained by Algorithm
(3.10), which should be better than Browkin II. In Table 7.2 we list, for some
values of p, the mean valuation after 10, 100 and 1000 steps by means of
Browkin I, Browkin II and Algorithm (3.10).

p=5 10 steps | 100 steps | 1000 steps
Browkin I -11.1 -123.1 -1246.4
Browkin I1 -6.1 -62.8 -629.8
Algorithm (3.10) | -7.0 -73.6 -744.3
p=23 10 steps | 100 steps | 1000 steps
Browkin I -94 -103.4 -1043.8
Browkin I -5.2 -52.6 -525.8
Algorithm (3.10) | -54 -54.7 -547.8
p=47 10 steps | 100 steps | 1000 steps
Browkin I -9.2 -101.2 -1021.6
Browkin IT -5.0 -50.9 -508.9
Algorithm (3.10) | -5.1 -52.0 -520.5
p=89 10 steps | 100 steps | 1000 steps
Browkin I -9.1 -100.1 -1010.3
Browkin IT -5.0 -50.5 -504.3
Algorithm (3.10) | -5.1 -50.9 -509.2

Table 7.2: Values of vy(By) with Browkin I, Browkin IT and Algorithm (3.10)
after 10, 100 and 1000 steps for p = 5,23,47,89.

The experimental results listed in the previous tables are in line with the
considerations on the valuation of the partial quotients of the three algorithms.
In fact, Browkin I decreases the valuation of B,, at each step, Browkin II at
half of the steps and Algorithm (3.10) on slightly more than half of the steps.
Let us compare the quality of this approximation, given by the convergents
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of a continued fraction, with the classical rational approximation given by
+00 .

the p-adic expansion of a stopped at the n-th digit. For a = }_ a;p’ € Qp,
i=0

the sequence {Cy, }nen, with Cp, = ap+a1p+ ...+ app™, approximates a with
error

1
<

n+1
+...p < .
pn-l—l

la— Cn|p = |an+1p

Therefore C), usually provides a better approximation than Browkin II and
Algorithm (3.10) but worse than Browkin I.

7.6 Tables

In the following tables we collect the computational results about the period-
icity properties of Algorithms (3.5),(3.6) and (3.10). All the computations
have been performed on the first 1000 complete quotients of v/D € Qp, for all
the odd primes p less than 100 and 1 < D <1000, with D not a square and
vp(D) = 0. The numerical simulations have been performed in SageMath and
the code is publicly available?. The tables collect results about:

o the number of square roots which are periodic within 1000 steps,
e the mean length of the period,

 the value h such that 75% of the lengths of the periods detected are
less or equal h,

 the value h such that 90% of the lengths of the periods detected are
less or equal h,

« the total number of positive integers D less than 1000 such that /D €
Qp, D is not a square and v,(D) = 0.

2https://github.com/giulianoromeont /p-adic-continued-fractions


https://github.com/giulianoromeont/p-adic-continued-fractions

7.6. TABLES

p | Periodic | Mean period | 75% | 90% | Total
3 26 37.46 52 88 313
5 16 14.25 14 24 375
7 17 8.24 8 16 402

11 9 4 4 6 426

13 9 5.96 6 6 433

17 8 3.25 4 4 440

19 10 24 2 2 445

23 3 2 2 2 450

29 9 2 2 2 453

31 13 2.62 2 2 456

37 4 2 2 2 456

41 11 2 2 2 457

43 8 2 2 2 458

47 4 2 2 2 461

53 8 2 2 2 460

59 5 2.8 2 2 461

61 4 2 2 2 462

67 4 2 2 2 462

71 7 2 2 2 465

73 0 none none | none | 462

79 4 2 2 2 468

83 2 3 2 2 464

89 6 2 2 2 466

97 1 2 2 2 464

Table 7.3: Browkin I
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p | Periodic | Mean period | 75% | 90% | Total
3 68 22.09 26 42 313
5 67 17.37 22 36 375
7 68 18.29 22 42 402

11 80 11.10 16 22 426

13 89 9.96 10 18 433

17 109 8.97 10 20 440

19 97 8.97 10 14 445

23 102 8.70 10 20 450

29 111 7.21 8 14 453

31 118 7.12 8 14 456

37 121 5.98 6 12 456

41 117 5.23 6 10 457

43 117 5.09 6 10 458

47 110 5.05 6 10 461

53 118 3.98 6 8 460

59 121 4.08 6 6 461

61 124 3.45 4 6 462

67 121 3.30 4 6 462

71 119 3.41 4 6 465

73 125 3.10 4 6 462

79 120 3.17 2 6 468

83 122 3.13 2 6 464

89 127 2.82 2 6 466

97 135 2.58 2 4 464

Table 7.4: Browkin II
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p | Periodic | Mean period | 75% | 90% | Total
3 42 57.38 72 112 313
5 81 35.01 42 70 375
7 88 31.50 38 80 402

11 99 16.89 22 30 426

13 106 15.17 18 30 433

17 118 10.02 14 22 440

19 108 8.91 10 18 445

23 113 8.97 10 22 450

29 123 8.36 10 18 453

31 133 7.38 8 14 456

37 125 5.95 6 12 456

41 121 5.60 6 10 457

43 122 5.38 6 10 458

47 117 5.15 6 10 461

53 120 4.10 6 8 460

59 126 4.33 6 10 461

61 133 4.05 6 8 462

67 124 3.42 4 6 462

71 119 3.41 4 6 465

73 128 3.31 4 6 462

79 123 3.27 2 6 468

83 122 3.13 2 6 464

89 131 2.98 2 6 466

97 138 2.70 2 6 464

Table 7.5: Algorithm (3.10)
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Chapter 8
Conclusions and open problems

In this last chapter I briefly survey the main still open problems for p—adic con-
tinued fractions that I have tackled in my research. I would like to informally
summarize some of the main paths we have tried to follow, hoping to provide
some useful hints to those who want to face these (or similar) problems.
This section can be read also independently of the rest of the thesis, from
those who have some familiarity with the theory of continued fractions in Q.
Some of the reasonings and computations in this section have been recently
included in [66]. In general, we mainly moved in two directions: the first is
the proof of the periodicity properties of already existent p—adic continued
fractions, and the second is the research of several further modifications of

the known algorithms in order to get somewhere “nearer' Lagrange’s Theorem.

As we have largely discussed in the previous chapters, Browkin’s papers
[15, 16] introduced two algorithms, Browkin I and Browkin II, having the
really nice property of providing a finite continued fraction for every rational
numbers. This result is accomplished by allowing negative partial quotients,
and choosing the representatives modulo p in {—1%1,...,’%1} instead of
{0,...,p—1}. This is a painful trade-off, since continued fractions with
negative partial quotients behave in a really different way, also in R, and
several proofs can not be adapted. For example, I have given several thoughts

to the real convergence of p—adic continued fractions.
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8.1 Real convergence of p—adic continued frac-

tions

The problem in full generality could be stated as: when does a continued
fraction [ag,a1,...] converge both in the p-adic and in the real topology? Not
always, of course. For example, the well known continued fraction

m-1 (8.1)

converges in R to the golden mean, but does not converge in Q, for the
reasons explained in Chapter 4. Moreover, also a continued fraction [ag,a,.. ]
with rational partial quotients that converges in Q, not necessarily converges

in R (not even in C). For example

ll 1 1 ]
p'p? PP

converges to a p-adic number since vp(ay) < 0 for all n, but the series

712=:Oan—ngopn+1 1_p7

converges in Euclidean absolute value. Therefore, for a known result of con-
vergence, the continued fraction [ag,as,...] diverges to +o0o in the Euclidean
setting (see, for example, the chapter dedicated to convergence in Wall’s book
[75], in particular Theorem 6.1).

Convergence is usually easier for periodic continued fractions. However,
as we have seen in (8.1), periodic continued fractions that converge in R not
necessarily converge in Q. Also periodic p-adic continued fractions can be
not convergent with respect to the Euclidean absolute value. For example, if

we consider [%,—%], then

o= ag A1+ Ap _ g—})a-l-%
asBi+By —2a+1

(8.2)
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This means that « is a root of 522 — 2z +5 =0, that has negative discrim-
inant A = —96. So, if it converged, it should converge to a non-real complex
number, which is clearly not possible, as the convergents are all rationals and

R is a complete field.

In the following, we delve into the case of our interest, that is when
the continued fractions are obtained starting from an element «. In order
to properly speak about real and p—adic convergence to a of a continued
fraction, a must be embedded in both the reals and the p—adics. Therefore we
introduce some context and notation for the interesting cases of our study, the
quadratic irrationals. Let f(x) € Q[z] be an irreducible quadratic polynomial
with rational coefficients and let us suppose that f splits both in R and in
Qp. We call o and @ its roots in R and we call aP) and @®) its roots in Q).
Capuano, Veneziano and Zannier [22] proved the following result for Ruban’s

continued fraction.

Theorem 8.1.1 ([22]). The Ruban’s continued fraction of a quadratic irra-
tional always converges in R.

Ruban’s continued fractions, as we discussed in Chapter 6, are not always
periodic for quadratic irrationals. The periodic expansion of a p—adic quadratic
irrational a® can be easily showed to converge in R to . However, when
Ruban’s continued fraction of a®) is non-periodic, we know that it converges
in R, but we do not know to which real number it converges. The authors of
[22], left the following, probably hard but probably true, conjecture.

Conjecture 8.1.2 ([22]). Ruban’s continued fraction of a quadratic irrational
is either periodic or it converges in R to a transcendental number.

This conjecture is quite reasonable, since algebraic numbers are countable
and hence have measure 0 in R. Therefore, we expect a continued fraction

having an “unknown" limit to converge to a transcendental number.

For Browkin’s continued fractions, we have experimentally observed simi-
lar results. In the following we speak of either Browkin I or Browkin II or

our Algorithm (3.10), since they show similar behaviours of real convergence.
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Periodic continued fractions of quadratic irrationals that have embeddings
both in R and in Q, clearly converge simultaneously in R and in Q, to roots
of the same minimal polynomial, respectively a and a). Also Browkin’s
expansions of quadratic irrationals for which we did not observed any period-
icity seem to converge to some real number. Therefore we leave the following
conjecture, that is the analogue of Theorem 8.1.1 for Browkin’s continued
fractions.

Conjecture 8.1.3. The Browkin’s continued fraction of a quadratic irrational
always converges in R.

Again, the problem in generalizing the proof of Theorem 8.1.1 is the
presence of negative partial quotients. In fact, the fundamental hypothesis
of the theorem of convergence used in [22] is that the partial quotients are
positive.

However, let us assume Conjecture 8.1.3 to be true and let us go on.
Browkin’s continued fractions seem to converge, both in the periodic and
non-periodic cases, to some real number. However, in the non-periodic cases,
they seem to converge very neetly “somewhere else" in R. In fact, for those
p-adic quadratic irrationals a® that we believe to be non-periodic (based on
brute-force search of the periodicity for a large number of steps), the continued
fraction is approaching really well a real number that is completely different
from a. Since converging to « is a necessary condition for the periodicity
of the p-adic continued fraction of a®, proving the convergence to another
real number would be an example of a non-periodic Browkin’s continued
fraction. However, we were not able to exhibit such an example. Even if the
continued fractions that are apparently non-periodic seem to converge really
well to another real number, it remains a (very convincing, but heuristic)

computational observation.

Also, we did not observe any continued fraction of a?) that seems to
converge in R to a and does not become periodic. If it does not show a
period, the continued fraction seems really far from « in Euclidean absolute

value. Therefore we leave the following conjecture, that I consider so far the
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main and most important conjecture for the periodicity of p—adic continued

fraction.

Conjecture 8.1.4. Let [ag,a1,...| be the Browkin I, Browkin II or Algorithm
(3.10) ezpansion of a p—adic quadratic irrational o'?) that can be embedded in
the real numbers. Let us call o the image of a® in R. Then, [ag,a1,...] is
eventually periodic if and only if [ag,a1,...] converges to a with respect to the

FEuclidean absolute value.

As we discussed, one implication is true. In fact, by the periodicity, o
and a(P) are roots, respectively over R and over Qp of the same polynomial
of degree 2. Therefore, [ag,a1,...] converges to aP) in Q, by the correctness
of the algorithms. Moreover, it converges to a in R by a known theorem
of convergence for periodic continued fractions (see, for example, Theorem
8.1 in [75]). This can be not true, of course, if the quadratic irrational ()
has no real embedding, as it happens in Equation (8.2) where the quadratic

polynomial has negative discriminant and hence a® is embedded in C\R.

Therefore, the difficult part of Conjecture 8.1.4 is to prove that if the
p-adic continued fraction of the quadratic irrational a/® converges in R to
a, then it becomes periodic at some point. I believe this is not an easy
problem, but I would expect someone to solve it at some point. This problem
can be stated in harder or easier ways, for which I leave the following three
conjectures, in order of difficulty. The main underlying question is: does the
convergence to a real quadratic irrational provide a sufficient condition for
the periodicity? If the partial quotients are positive integers, the answer is

yes, by Lagrange’s Theorem.

The first conjecture has nothing to deal with p—adic continued fractions,

but it would easily imply Conjecture 8.1.4.

Conjecture 8.1.5. Let [ag,a1,...], where a, € Q for all n. If [ap,a1,...]

converge to a real quadratic irrational, then the continued fraction is periodic.

Conjecture 8.1.6. Let [ag,a1,...|, where an, € Q for all n. If [ag,a1,...]
converge simultaneously in R and Qy,, respectively to a real quadratic irrational
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a and its image aP) inside Qp, then the continued fraction [ag,a1,...] is
periodic.
Conjecture 8.1.7. Let [ag,a1,...| the p—adic continued fraction, obtained

with either Browkin I, Browkin II or Algorithm (3.10), of a quadratic irrational
aP) that has an image o inside R. If [ag,a1,...] converge to a in R, then the

continued fraction is periodic.

Conjecture 8.1.5 implies Conjecture 8.1.6, that implies Conjecture 8.1.7, as
we are giving more restrictive hypotheses. I honestly would not be surprised if
Conjecture 8.1.5 was false in general. I think that Conjecture 8.1.6 is true and
I strongly believe that Conjecture 8.1.7 holds. In Conjecture 8.1.7 we have a
more precise shape of the rational numbers of the continued fractions, because
they are “legal" partial quotients of Browkin I, Browkin II or Algorithm
(3.10). I think that giving an answer to Conjecture 8.1.5 would be hard even
if we restrict to positive rationals.

Example 8.1.8. Let us consider v/19 in Qs. The polynomial x> —19 has a
root, and hence two roots, in Q5. In fact, 19=4 mod b5 is a square modulo
5, that by Hensel’s Lemma is a necessary and sufficient condition for v/19 to
be defined in Qp. This is the first and simplest example of VD, with D >0
non-square integer that is a quadratic residue modulo p, such that Browkin I
and Browkin II continued fractions seem to be non-periodic. The expansions
of V14 and v/21, that are the quadratic residues modulo 5 nearest to /19,

have expansions

T35 5 5 5 5
33 43 726 T
7575’ 5757 Y

, 3 _9 6166 6 9 8
) 5 )
1

V14
val 525 5
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with Browkin I and

with Browkin II.

For the examples listed before, we did not find any period with a search
up to 50.000 complete quotients. It seems really unlikely to have periodicity
of small square roots for small primes p with such a long period. In fact,
“small” square roots tend to have short periods whenever they are periodic, as
it happens for real continued fractions and as we can see for v/14 and v/21 in

the previous example.

This observation already suggests that is really unlikely for /19 to have a
periodic continued fraction with Browkin I and Browkin II. Also, if we look at

the convergents, we can notice the following. For the Browkin I expansion of

V19,

A
210 _ 1.35736553571026. ..
Bio
A100 _ 1 35738766711068
Bioo
A
1000 _ 4 35738766711068.. .
Biooo
A
5000 _ 1.35738766711068. ..
Bsooo
A
10000 _ 1 35738766711068. ..
Bioooo

and this approximation just gets better going forward with the erpansion.
It seems that the Browkin I continued fraction of /19 is converging to a
real number which is, however, different from /19 ~ 4.36. Proving that
this expansion is not actually convergent to something near 4.36 would be a

counterexample for the periodicity of Browkin I. However, we did not manage
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to prove it for \/19 or for any other quadratic irrational. Similar results are

true for Browkin II, where the convergents of v/19 are

Also the Browkin II convergents of /19 seem clearly converging to some

Ao

B = 2.57225268855495 ...

10
A100

B = 1.89462102495469. ..

100

A
1000 _ 1 89443989021177. ..

Biooo

A
5000 _ 1 89443989021177...

Bsooo

)

A
10000 _ 1 89443989021177.....

Bi1oooo

119

real number. This real number, also in this case, is different from /19 =~ 4.36.

With our algorithm (3.10), /19 has periodic expansion
\/E: 2a _2,2, la _2a _gy _1_2a gy _27 §72a 17 _17 _g,

For /39 we did not observed any period up to 50.000 steps. As for Browkin’s

5

5

5 585 25" 5

5

8
5

)

2
5

Y

12

’25

727

ga

2

—1f.

algorithms, the convergents seem to approach very neetly some real numbers.

In fact,

Ao

B = 3.11589405199643. ..

10
A100

B = 3.24461192422490. ...

100

A
1000 __ 3 93880830293096. . .

Bi1ooo

A
5000 _ 3 93880830293096. ..

Bsooo

A
10000 _ 3 93880830293096. ..

Bioooo
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that is far from /39 ~ 6.24, to which they should converge if the continued

fraction became periodic.

It seems really likely, in Example 8.1.8, that the convergents of v/19 and
v/39 are converging to something else rather than to 1/19 and v/39. We can
notice it also by looking at the difference between two consecutive partial

quotients
An+ 1 An

Bn+1 a B_n

1

E e —— 8.3
Bl [Bosa] 8.3)

The denominators of the convergents are generated as in (2.2), therefore
Byi1=apnt1Bn+By-1.

Here, when the partial quotients are all positive, we clearly have B, 11 > B,,—1,
hence it eventually increases, possibly in different ways, at both odd and even
steps. This means that the distance between two consecutive convergents
tends to zero in R as n increases. Therefore by Equation (8.3), we expect ‘é—z
to not “move too much’, especially for large values of n.

For the continued fractions provided Browkin’s algorithms and Algorithm
(3.10), the denominators B, are not always increasing. In fact, since the
partial quotients are allowed to be negative, this can lead to cancellations and
the sequence B,, can be decreasing in absolute value at some step. However,
this is really rare and usually does not happens. In fact, as it is true that
partial quotients can get really small and negative and mix up in order to
make B, small in absolute value, it does not actually happens.

In order to have a small partial quotient, for example equal to — in

P
Browkin I at some step n, we should have
It means that a1 = a2 = a3 = a4 =0, where a1,a2,a3,a4 € —’%1,...,—’%1}

are representatives modulo p. However, it is widely believed that the p—adic

digits of irrationalities are uniformly distributed in {0,...,p— 1}, and hence

in {—p%l, e —p%l}. Therefore, the probability of having 4 consecutive 0’s
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is = p . The dominating term of By, is aj -ag-...-a,. Therefore, when |a;| > 1,
we expect to have an exponential growth of the B,,. And, especially for big
values of p, it is very rare to have |a;| < 1. In particular, notice that if in the

p—adic expansion of
1 1
a; =c_r—r+...-|-c_1—+co,
p p
|co| > 2, then |a;| > 1.

This observation led me to carry out a probabilistic argument. In the
following section, we make the assumption of uniform distribution of the
digits in the p—adic expansion of a quadratic irrational and we prove that the

size of partial quotients really tends to be big, and it increases with p.

8.2 The probabilistic approach for convergence

Assumption 8.2.1. Let a = Z cn, be a p—adic quadratic irrational. Then,
for all n>r and for allke{O Lp—1},

Plen=F)= .

In other words, the coefficients of the p—adic expansion of a are uniformly
distributed in the finite set {0,...,p—1}.

Remark 8.2.2. By the assumption, it is implied also the uniform distribution
of the coefficients of the partial quotients in both Browkin’s and Ruban’s
continued fractions.

First we compute the probability for a complete quotient to have a given
p—adic valuation.

Proposition 8.2.3. Let k > 1 be an integer For all n,

P(up(am) = —k) = pp;kl.
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Proof. The valuation of ay, is —k if and only if
Qp—1—Qp—1 = akpk—i—....

This is equivalent to ask that a; = a2 = ... =ar_1 =0, that happens with
probability
Plai=a2=...=ax_1=0)=——

and ay # 0, that happens with probability

P(G’k‘ 7é 0) = Z%a

and this proves the claim 0

Remark 8.2.4. Notice that, in fact

-1 =1 =1
P =(p-1) (Zﬁ) =(p—1) (ZE)—(p—1)=

1 P k=1 k=0

+

8

k

1
1-3

—(p-1) (i) Cp-1)=p—(p—1)=1,

so that it defines a distribution on the natural numbers.

In the next Proposition, we compute the expected value of the valuation

of a complete quotient.

Proposition 8.2.5. For alln,

E(up(an) = -2

Proof. Let us notice that
+o00

E(up(an)) = 3 k2,
k=1 P
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is a convergent series since

kDT kg1 1
lim ———=—= lim ——=-<1
k—+oo kP22 k—+oo kp P
p
Then we compute
400 p— 9 I +00 1 +00 1
E(vp(an)) = Yk~ = 1712 FTe-DY -1 5=
k=1 P k=1P k=1P =P
+o00 kE—1 +o00 1
=(-1)) 5 +@-1)> 5=
k=1 P k=1P
=k 1
=Q*‘U§:—m3+4p—1) r—1] =
—oP 1—1—)
1i2 9 1+oo
=—Zk Zk—+1
Pr=o

It means that, for E = E(vp(an)),

1
E=-E+1,
p

that is,

E =E(vp(an)) = =1

g

Remark 8.2.6. Proposition 8.2.5 tells us that, especially for large prime
p, having large negative valuation is extremely rare. This is what we expect,
since large valuations are caused by several consecutive 0's, and under the

uniformity assumption each zero appears with probability %.

Notice that the expected value of any partial quotient in Browkin I is
E(an) =0 for all n € N. This is due to the choice of the symmetric interval
{—p%l,...,p%l}. Therefore, to have an estimate of the size of the partial
quotient, we compute it for its Euclidean absolute value.
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Proposition 8.2.7. Let a be a Browkin I partial quotient and let k > 1. Then,

the expected value of its absolute value is

p2(k+1) -1

IE(|a’| | Up(a) = _k) = 4p2k+1 )

and, in general,

P 1
E(laN=2 (1o~
(Jal) 4( p2+p+1>

Proof. The expected value of the constant term cg is 0, but in absolute value

it is

1 2 p—1
E(lco]) = =(0+2+...4p—1)=(1+...4—) =
(lcol) p( ) p( 5 )

2 (p—l) (p—l—l) 1 p*-1
T p\ 2 2 /2 4
The expected value of |co+ c1%| is composed by the case where ¢y =0, i.e.

2 —1
—<1+...+p—),
P 2

and the cases where ¢y # 0. When ¢ # 0, the positive elements ¢+ 01% are
exactly the ones with positive cy € {0, e p%l} For ¢y # 0, all the elements
cp+c1p and cp — c1p cancel out, and all of them are counted twice (the positive
and the negative one). Therefore, for all choices of ¢y # 0 we have a summand
of the kind 2pcy, since the tails with c¢; eliminate and there are exactly p

summands. Now we can compute

IEZ( )=]%<§(1+...+Z%1)+2p<1+,,_+1%1)>:

1 p—1 p+1 1/(2
:_.p—.p—._(_+2p> =

co+—
b
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In the general case, with a similar reasoning we obtain

c1 Ci; 1 Ck 2pk p—1
E c0+—+...+—>=—]E<c1+...+ )+ (1+...+—>=
< P pk p2 pk—l pk+1 2
1 Ch 20" (p* - 1)
=E||lc1+...+ )—l— =
P2 < pF1 gpF+1
1 Ck p?—1
=Ef|lc1+...+ )—l— )
p? < prt 4p

The reason why z% appears in the first summand, is that, when cy =0, we
can collect % from the sum and, moreover, the expected value on k+1 terms
is divided by p one time more than the expected value on k£ terms. For the
second summand, as before we have two times every value, every k-tuple
cancel and they are exactly p*, so we multiply that for every value of ¢g in
{O,...,’%l}. Now, if we call

Esz(

C C
R R .
p p

then we have:

2 2 2
p—1 1 p—1 p*—1 1 1
b=y TRl = Ty Ty T 2 =
2
_pi-1 1 1 _
T <1+p2+p4+”:+2w_n)+ -Eo =
2
—1 1 1 1 1
4p P p p2=1) " p
:p2_1 pZ(k+1)_1 :p2(k‘+1)_1
4p p2k(p2 _ 1) 4p2k+1
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Now, we can compute

2(k+1)

|a|>—ZE<|a| [05(a) = B)P(vy(a) = k) = Zp4p2k+1 T

p 1+oop2k+2 1 p—].
- p3k+1
-1 X1 1 I

=T Z_k__QZ_

4 (:0 k=0P
_p- 1( P__ >=

4 — p?—1
Pl

4 p+p+1

+o00 1 +o00 1
Z k—1 _Zp3k+1 =

k=1P k=1

_p—l( 11 1 )
=7 |\ 2 1|=

Remark 8.2.8. Let us notice that we always expect |a| > 1 for all odd p

except p = 3. Moreover, the expected size of every partial quotients grows

linearly with the prime p:

p=13
p=43
p=211
p=3839

AN

E(|a|) =~ 3.23,
E(|a|) ~ 10.74,
E(|a|) =~ 52.75
E(|a|) =~ 289.75.
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Example 8.2.9. For p = 7823, the expansion of /15648 with Algorithm
(3.10) provides the following convergents:

A
210 _ 3337.56023127383 ...,
By
A
210 _ 3337.56023127383. ..,
Bioo
A
1000 _ 3337 56023127383. ..,
Biooo
A
5000 _ 3337 56023127383 ...,
Bsooo
A
10000 _ 3337 56023127383. ...
Bi0000

Indeed, the continued fraction seems to rapidly converge to a real limit, which
is different from /15648 ~ 125.09. In this case, it is really unlikely for the
convergents to deviate from that value, due to Equation (8.3). In fact, we
expect |By| to grow exponentially as

|Bp| ~ |ai|...|ax|,
where the expected value of each partial quotient is, by Proposition 8.2.7,
E(|a|) =~ 1955.75.

Finally, in light of the preceding discussion, we leave the following conjec-

ture.

Conjecture 8.2.10. Let {|By|}nen be the sequence of denominators of
convergents of a random Browkin I, Browkin II or Algorithm (3.10) p—adic
continued fraction, where p > 5. Then |By| tends to 400 with probability 1.



Chapter 9

Other works

The aim of this last section is to briefly summarize the content of the other
works and preprints carried out during my Ph. D., not strictly connected to
p-adic continued fractions, that are [3, 23, 27, 42].

In [3], written in collaboration with Gessica Alecci, Piotr Miska and Nadir
Murru, we deepened the properties of the Lucas atoms. It is the result of the
research developed during the visiting period of Piotr Miska in Torino. Lucas
atoms were introduced by Sagan and Tirell in [70] and they are irreducible
factors of Lucas polynomials. We gave a more natural and powerful definition
using bivariate cyclotomic polynomial and we solved some conjectures on the
p-adic valuation left by the authors in [70]. At the end of the paper, we prove
that the sequence of Lucas atoms is not holonomic, i.e., it does not satisfy
any recurrence relation, also considering the coefficients being polynomials,

contrarily to the Lucas sequence that is a binary linear recurrent sequence.

In [27], written in collaboration with some other members of the CrypTO
group of Torino, Antonio J. Di Scala, Andrea Gangemi and Gabriele Vernetti,
we generalize a paper of 2020 by Sala, Sogiorno and Taufer [71]. The authors
of [71], have been surprisingly able to recover the private keys of some Bitcoin
addresses and to spend a small amount of their cryptocurrency. This result
was unexpected, since the recovery of non-trivial private keys for blockchain
addresses is deemed to be an infeasible problem. In particular, the security

of Bitcoin transactions is guaranteed by the hardness of solving the discrete
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logarithm problem over the elliptic curve secp256k1. The attack consisted in
a brute-force search for private keys inside a small peculiar subset of points
of the secp256k1, that unexpectedly led to actual addresses. In [27], we
generalize the attack to other small subsets of private keys in the secp256k1
and to other blockchains using the same curve, namely Ethereum, Dogecoin,
Litecoin, Dash, Zcash and Bitcoin Cash. The contribution of the paper is
also to provide all the code and techniques that we have used to perform
this exhaustive search for all the addresses that have ever appeared in these
blockchains.

Finally, [23] and [42] are two works on the study of universal quadratic
forms over number fields, produced during my research period at Charles
University in Prague, under the supervision of Prof. Vitézslav Kala. A
quadratic form is universal if it represents all positive integers. An example
is the classical sum of four squares 22 +y? + 2% +t2, that has been proved to
be universal by Lagrange. Over number fields, a universal form is required to
represent all totally positive integers, i.e. all the algebraic integers that are
positive with respect to all the embeddings. The first paper [23] is written in
collaboration with Ondfej Chwiedziuk, Matéj Dolezalek, Emma Péchouckova,
Zdenék Pezlar, Om Prakash, Anna RuZickovd and Mikulds Zindulka, as
a product of the research carried out during the Number Theory Student
Seminar, and we investigate a generalization of quadratic forms over number
fields. A generalized quadratic form can be expressed in terms of variables
and their conjugates. We characterize the real quadratic fields that admit
a universal binary generalized form of such kind and we show that there
are only finitely many such fields where a ternary generalized form can be

universal.

In [42], a preprint recently finished in collaboration with Vitézslav Kala
and Jakub Krasensky, we study criterion sets for universality over number
fields. A criterion set is a subset S of the totally positive integers with
the property that representing all elements in S is a sufficient condition for
universality. A famous example is the set {1,2,3,5,6,7,10,14,15}, that is a
criterion set for universality over Z for classical quadratic forms. We give a

characterization of criterion sets for universality over number fields and we
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show that they always exist and they are unique. We prove that criterion
sets contain exactly the critical elements, i.e. elements for which we can find
a quadratic form representing everything else except that element. A famous
example over Z is the quadratic form 2 +2y? 4 522 4 5t2, that represents all
positive integers except 15, therefore implying that 15 is a critical element
for integral quadratic forms. We also extend the results for universality over

a general subset of the totally positive integers.
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