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Abstract

In the last decade, Machine Learning (ML) and, more specifically, Deep Learning
have gained significant prominence, driving innovation across a variety of domains.
ML models are commonly trained in a centralized manner, requiring extensive
computational resources and large volumes of data to be aggregated on a central
server, which also raises privacy concerns. To tackle these issues, the Cooperative
Learning (CL) paradigm has emerged as a promising solution: it leverages the
computational capabilities of a plethora of heterogeneous nodes, enabling local
training while exchanging the models’ parameters, without sharing sensitive raw
data with third parties.

Many factors characterize the cooperative training, such as the choice of the
model, the data to use and the nodes to employ; making decisions about these aspects
is challenging, as they affect one another. The first part of this work presents two
distinct CL scenarios. In the first one, the layers of a Deep Neural Network (DNN),
or multiple instances of them, are run at different devices of the mobile-edge-cloud
continuum. The second scenario focuses on sequential learning across sets of nodes
and capitalizes on pruning, a well-established technique to compress DNNs, which
requires additional decisions about when and how much to prune the model during
the training. Importantly, each node trains all the layers of the model, whether
full or pruned. For each scenario, we design an algorithmic framework that, given
the interdependencies among the abovementioned factors, makes joint decisions
about them to optimize the training energy consumption while meeting time and
quality constraints. The proposed frameworks have polynomial time complexity and
are proven to make near-optimal decisions, outperforming alternative methods, as
validated through our extensive performance evaluation. Another key challenge in
CL lies in the lack of incentive for nodes to participate in the learning, as they will
not allocate their computational and communication resources for training unless
it is beneficial to them. Thus, to foster cooperation among nodes, we develop a



vi

game-theoretic approach based on the Generous Tit-for-Tat strategy. The designed
method, which accounts for the heterogeneity of both nodes’ resources and models
to be trained, constitutes a Nash equilibrium and converges to the Pareto optimal
operating point.

In the second part of this thesis, we focus on Generative Artificial Intelligence
models owing to their ability to generate high-quality synthetic samples, which have
been demonstrated to improve the performance of DNNs. In line with this, we first
design a diffusion model for Novel Views Synthesis, endowed with the capability of
accommodating a flexible number of input views of an object to generate multiple
novel views thereof. The model outperforms the alternative state-of-the-art methods
by up to 15% in terms of perceptual similarity between the generated and ground
truth views. Finally, we employ a smaller-scale model with a similar architecture
to generate synthetic novel views that are used to augment the training set in the
context of image classification, resulting in higher accuracy. Additionally, we propose
a method to combine synthetic and real views also at inference time, achieving
further improvements. Overall, augmenting both the training and inference pipelines
leads to an accuracy gain of up to 20%. Importantly, our inference scheme can also
be applied to enhance the resilience in edge-assisted classification systems where the
inference task is offloaded to an edge node.
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Chapter 1

Introduction

In 2024, the Nobel Prize in Physics was awarded to John J. Hopfield and Geoffrey E.
Hinton for their “foundational discoveries and inventions enabling machine learning
with artificial neural networks” [1]. Although this event stirred some debate in the
academic community, this award is solid proof of the impact and importance of
Machine Learning (ML) – and in particular Deep Learning, a sub-branch of ML
– in the current society. The past decade has witnessed the rapid development of
Machine Learning, which has been driving significant transformations in many fields,
such as healthcare, autonomous systems, conversational agents and finance, and
is expected to become even more ubiquitous and relevant in both industry and
academia. Though Hopfield and Hinton’s research has been conducted starting from
the 1980s, the rise of ML is more recent and can be attributed to two key factors:
the development of increasingly powerful hardware, particularly the GPUs (Graphics
Processing Units), and the availability of large amounts of data.

GPUs, as opposed to CPUs, are optimized for parallel computing, typical in
ML and Deep Learning, resulting in significant reductions in both training and
inference times. As a consequence, GPUs have allowed researchers and practitioners
to design increasingly deeper and more complex models, while processing faster
large quantities of data. In fact, the availability of large-scale datasets is considered
another fundamental aspect driving the growth of ML, leading to powerful models
that exhibit growing generalization capability.

In 2012, the AlexNet Convolutional Neural Network (CNN) [2] won the ImageNet
Large Scale Visual Recognition Challenge [3], a prestigious past competition focused
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on computer vision tasks, namely image classification and object detection. AlexNet
marked a significant breakthrough in Machine Learning, particularly in computer
vision. Notably, its state-of-the-art performance was the result of a deep architecture,
which was made possible through the use of GPUs, the training on the large-scale
ImageNet [4] dataset and the use of other techniques, such as the ReLU activation
function.

Datasets like ImageNet are specifically built for the training of Deep Neural
Networks (DNNs), aiming to further increase their performance and generalization
capabilities; still, we could benefit from the great variety of data that is automatically
generated by a plethora of devices capable of rapidly collecting extensive volumes
of information. Valuable data sources include smartphones, wearable devices, IoT
sensors, cameras, vehicles, medical records, and many more. The large scale and
diversity of such data present a huge potential to expand the application of ML
across various domains.

However, traditional centralized training requires such large volumes of data
to be aggregated and processed on a central server, which necessitates significant
computational power; furthermore, data may contain sensitive information, raising
concerns about privacy. To address these issues, the Cooperative Learning (CL)
paradigm has emerged as a promising approach. CL leverages the computational
power of multiple nodes that collaboratively train or fine-tune a model by using
their local private data. Such nodes exchange the updated model weights or their
gradients, instead of transmitting their raw data, thereby mitigating privacy issues.
As an alternative, each node could train its own model independently. However,
this strategy may suffer from suboptimal learning outcomes due to limited local
datasets [5]. Cooperative learning, instead, could achieve better performance, by
leveraging a larger total amount of data without requiring it to be shared. Notably,
the model parameters and gradients could still leak some private information; for
this reason, practical implementations integrate techniques specifically developed to
reduce this risk, such as differential privacy [6].

Cooperative Learning is a broad term that includes a wide range of approaches.
Among these, the de facto standard algorithm is Federated Learning [7], where nodes
are assisted by an aggregator, typically referred to as parameter server. Iteratively,
the aggregator transmits the latest global model to the learning nodes, which perform
the local training and send back the gradients or the updated model weights. The
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aggregator then combines the received parameters to obtain the new global model
and starts again the procedure. Federated Learning falls under the Distributed
Learning paradigm, a term that refers to those techniques where learning nodes are
assisted by a central coordinator, which may either aggregate the models’ parameters
or make key decisions about the learning process. The other main popular CL scheme
is referred to as Decentralized Learning, which eliminates the need for a coordinator,
with nodes directly exchanging the parameters with one another. Although in
literature the terms “distributed learning” and “decentralized learning” are often
used interchangeably, in this thesis we will adopt this terminology, which is aligned
with other works, such as [8].

Nevertheless, CL is characterized by many research questions that must be
addressed. First, CL inherits, and can even exacerbate, some of the challenges
of centralizing training, such as generalization capability and training costs. For
instance, Google plans to buy nuclear power to cope with the exploding amount of
energy required to power the company’s Artificial Intelligence (AI) data centers [9].
Therefore, reducing the energy consumption entailed by the training of complex ML
models is a crucial research topic, due to its great impact on both economic cost
and environmental sustainability. Such a challenge has driven the first part of our
research; specifically, we will analyze the main factors characterizing two different
CL scenarios and design resource-aware algorithmic frameworks that make decisions
about the cooperative training aimed to minimize energy costs, subject to quality
and time constraints.

Second, CL introduces new drawbacks, such as systems and statistical hetero-
geneity, network latency and failures, availability of nodes, which varies both in
time and space, and their lack of willingness to participate in the learning process.
Chapter 4 will investigate the latter problem and will present a method based on
game theory to incentivize nodes to cooperate in the training within the context of a
Decentralized Learning scenario.

As previously highlighted, access to vast datasets is one of the driving factors of
ML success. Despite the massive amount of data produced continuously by a wide
range of devices, significant attention has been dedicated to synthetic samples created
with Generative AI (GenAI), which has recently emerged as a powerful technology,
capturing significant interest in both research and industry. Synthetic data produced
by such generative models have been proven to enhance the performance of DNNs [10]
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and can be employed to reduce the burden, and thus the resources allocated and
costs, for real data collection [11]. In some scenarios, collecting extensive real data
could be difficult, unsafe or costly, such as acquiring crash accident data, which could
help improve autonomous driving. In such contexts, synthetic data would serve as
valuable resources for developing, training and testing ML algorithms.

Driven by these motivations, as comprehensively explained in the next section,
in the second part of this manuscript we will implement and evaluate a generative
model to produce synthetic novel views of a given object; finally, we will demonstrate
the benefits of using such generated images for classification tasks.

The remainder of this chapter will highlight the main contributions and introduce
the research questions addressed in this work, followed by a detailed outline of the
thesis.

1.1 Main contributions and research questions

The first main contribution of this thesis is the design and development of solutions to
address two of the main challenges of the CL paradigm, namely the energy consump-
tion optimization and the need for an incentive mechanism to foster collaboration,
as nodes might not want to share their resources to participate in the training
stage, unless it is beneficial for them. The second main contribution focuses on the
generation – by means of generative models – of high-quality synthetic data, which
are proven to enhance the final accuracy and the resilience of classification systems.

1.1.1 Cooperative Learning

Minimization of training energy cost

Training in CL scenarios is influenced by many factors and decisions about them
depend both on the objective and constraints. In particular, we aim to minimize
the energy entailed by the cooperative training, considering both time and learning
quality requirements. Notably, our focus is on optimizing efficiency rather than
maximizing performance, which is the primary goal of many other concurrent works;
our objective, thus, is not necessarily to achieve the best results, but to ensure that
the model reaches a minimum level of performance, namely, a test loss lower than
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a target threshold value. In this context, we consider two different CL scenarios.
In the first one, the DNN layers, or multiple instances thereof, are assigned and
trained at different nodes. In the second scenario, sets of nodes sequentially train
a model, which can be pruned throughout the learning. Pruning is a widely used
compression technique for DNNs that removes the model’s parameters with a lower
impact on performance, thereby reducing model complexity. A great advantage of
pruning is that it allows resource-constrained nodes, i.e., with limited computational
capabilities and memory, to contribute to the learning. Contrary to the first scenario
where nodes train only one or a few layers, in this second case every node trains all
the layers of the model, whether full or pruned.

In detail, we answered the following research questions (RQs).

RQ1: How to efficiently train a DNN whose layers, or multiple instances of
them, are run at different nodes that cooperatively perform a distributed
learning task?

More in detail, how to make decisions about data and model structure, i.e., the DNN
layer instances to employ, and how to map them with the physical nodes in order to
minimize the training energy costs while meeting performance and time constraints?

To answer RQ1, due to the interdependency among such factors, we highlight
the need for the learning controller to make the abovementioned decisions in a joint
manner. In other words, the model structure, the instance-node mapping and the
resources are mutually adapted. Then, we characterize the learning process and we
design the RightTrain framework: given the set of possible DNN structures ordered
by their computational requirements, it starts with the least demanding configuration,
maps the layer instances to nodes and adjusts the allocated data and resources to
improve efficiency. This procedure is iteratively performed until a feasible solution is
found. Notably, the mapping is performed with a delay-aware Steiner tree computed
on top of the expanded-graph that represents the system. RightTrain solves the
problem, which is NP-hard, in polynomial time and yields near-optimal solutions.

This part is extensively presented in Chapter 2. Our contribution on this topic
can be found in:

1. Malandrino, F., Chiasserini, C. F., Di Giacomo, G. (2022, March). Energy-
efficient Training of Distributed DNNs in the Mobile-edge-cloud Continuum.
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In 2022 17th Wireless On-Demand Network Systems and Services Conference
(WONS) (pp. 1-4). IEEE

2. Malandrino, F., Chiasserini, C. F., Di Giacomo, G. (2022). Efficient dis-
tributed DNNs in the mobile-edge-cloud continuum. IEEE/ACM Transactions
on Networking, 31(4), 1702-1716

RQ2: How to fine-tune DNN model compression to available nodes and
resources for efficient training in Cooperative Learning?

Specifically, how to make decisions about the models – full or pruned versions – to
use, when to switch among them and which nodes, hence data, to use in order to
minimize energy consumption during training subject to quality constraints and time
limits?

To answer RQ2, we develop and evaluate an algorithmic solution called PACT.
PACT is executed at the learning orchestrator and makes joint decisions about the
components characterizing the cooperative learning, by leveraging (i) a time-expanded
graph to represent the states and the possible actions of the training process and
(ii) an approximate dynamic programming approach that employs Neural Network
estimators for the prediction of the test loss values. Importantly, we can adjust the
graph’s granularity to balance its size and PACT performance. PACT has polynomial
worst-case complexity, as opposed to the NP-hardness of the problem, and allows us
to outperform alternative solutions, achieving near-optimal results.

This part will be comprehensively presented in Chapter 3. Our work on this
subject has been published in:

1. Malandrino, F., Di Giacomo, G., Karamzade, A., Levorato, M., Chiasserini,
C. F. (2023, May). Matching DNN compression and cooperative training with
resources and data availability. In IEEE INFOCOM 2023-IEEE Conference on
Computer Communications (pp. 1-10). IEEE

2. Malandrino, F., Di Giacomo, G., Karamzade, A., Levorato, M., Chiasserini, C.
F. (2023). Tuning DNN Model Compression to Resource and Data Availability
in Cooperative Training. IEEE/ACM Transactions on Networking, 32(2),
1600-1615
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Incentive mechanisms for cooperation

We also focus on another relevant challenge in CL: nodes may lack motivation to
participate in the training process, as this entails non-negligible computational,
communication and, hence, energy costs. In detail, we have addressed the following
research question.

RQ3: In Decentralized Learning systems, how can cooperation be fostered
among selfish nodes that cannot be forced to contribute to the training?

Specifically, how can we achieve effective and fair cooperation considering heteroge-
neous nodes with diverse computational resources and different models to train?

To answer RQ3, we propose GENIAL, a game-theoretic approach, based on
the popular Generous Tit-for-Tat strategy. Through both theoretical analysis and
experimental results, we show the benefits for nodes of adopting a generous behavior,
where they cooperate even if it is not immediately beneficial to them. GENIAL
yields a Nash equilibrium, which also converges to the Pareto optimal operating
point, achieving fairness among nodes.

Our research on this topic, along with the evaluation of our solution, is covered
in Chapter 4. The findings from these studies have been published in the following
conference paper:

1. Di Giacomo, G., Malandrino, F., Chiasserini, C. F. (2024, June). Generosity
Pays Off: A Game-Theoretic Study of Cooperation in Decentralized Learning.
In 2024 IEEE International Conference on Communications Workshops (ICC
Workshops) (pp. 105-110). IEEE.

1.1.2 Generation and effectiveness of synthetic data

This branch of work focuses on an innovative research area, namely the generation of
synthetic data using generative models. In the previous section we have highlighted
their utility and effectiveness: driven by these motivations, we consider a multi-view
scenario where an object or a scene can be observed from multiple points of view,
which can offer richer insights with respect to observations from a single perspective.
In such a context, however, some views may not be available, e.g., for sensor failure,
and it could be necessary to reconstruct them by employing a generative model. To
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this end, we focus on diffusion models, a specific class of generative models that
represent the state-of-the-art in data generation.

In detail, we addressed the following research questions.

RQ4: How to generate high-quality synthetic data images in a multi-view
scenario?

In particular, given a set of views and assuming some of them to be missing, how
can we generate them conditioned on the available views?

To address this question, we develop DiMViS, a joint diffusion model for Novel
View Synthesis that leverages a masked diffusion process specifically designed to
enable conditional generation capability, accommodating a variable number of both
input and output views. Furthermore, the model is fine-tuned starting from a
pre-trained state-of-the-art model. Combined, these two factors allow the model to
outperform the competitors by up to 15% in perceptual similarity between ground
truth and generated images, as demonstrated by our quantitative evaluation.

More details about this work are extensively presented in Chapter 5. Our research
on this subject has been published in the following conference paper:

1. Di Giacomo, G., Franzese, G., Cerquitelli, T., Chiasserini, C. F., Michiardi,
P. (2024). DiMViS: Diffusion-based multi-view synthesis. In ICML 2024
Workshop on Structured Probabilistic Inference & Generative Modeling

RQ5: How can we use a diffusion model for Novel View Synthesis to
enhance the performance of image classification systems?

Additionally, is it beneficial to leverage synthetic views at inference time?

To answer RQ5, we propose DiMViDA, a Diffusion-based Multi-View Data
Augmentation technique for image classification. In particular, we use the novel
views produced by the diffusion model to augment the training set. Furthermore,
DiMViDA employs synthetic views also at inference. Specifically, starting from one
available image of the object to classify, we produce novel synthetic views thereof;
eventually, we combine in a straightforward yet effective manner the true and the
synthetic views for the final classification. Our experimental campaign demonstrates
the effectiveness of our approach, showing increased accuracy with two CNNs up
to 20% when training them from scratch and, to a lesser extent, when fine-tuning
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the models. Notably, the proposed inference scheme can increase the reliability of
a classification system where the inference task is offloaded to an edge node. The
latter, indeed, may not always receive the complete set of views required for the
classification due to failures: thus, it could use the diffusion model to produce the
missing views, and use them with the real available data to achieve a higher accuracy,
hence making the system more resilient.

This work is described in detail in Chapter 6. Our research on the topic has been
published in the following conference paper:

1. Di Giacomo, G., Franzese, G., Cerquitelli, T., Chiasserini, C. F., Michiardi,
P. (2024). DiMViDA: Diffusion-based Multi-View Data Augmentation. In
IEEE CAMAD 2024. IEEE

1.2 Outline

The rest of this manuscript is structured as follows.

• Chapter 2 considers a distributed learning task in the mobile-edge-cloud
continuum. First, it presents the factors that affect the distributed training,
namely, data, DNN layers composition and layer-node mapping. Then, it
defines the problem of minimizing energy consumption subject to performance
and time constraints, with the learning controller required to make joint
decisions about the above-mentioned factors, due to their mutual dependencies.
After characterizing the time and energy entailed by the training, it uses an
auxiliary DNN to estimate the number of required epochs depending on the
model structure. Then, it presents RightTrain, an algorithmic framework with
polynomial complexity that achieves solutions close to the optimum. Finally,
the proposed solution is validated by implementing it on a testbed.

• Chapter 3 focuses on a cooperative learning scenario, where nodes, or set
thereof, cooperate to sequentially perform a training task. Importantly, the
model is pruned during the training, introducing new challenges in addition to
the well-known ones, such as the selection of the nodes to use. Specifically, the
learning orchestrator also needs to decide when and how much to prune the
model during the training. Chapter 3 presents the model systems and defines
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the problem of making joint decisions aimed at minimizing energy consumption
during training, while satisfying two constraints, namely a maximum time limit
and a minimum performance threshold to reach. To achieve this, it introduces
PACT, an algorithm based on an approximate dynamic programming approach
that leverages the estimation of the loss during the learning process. Finally,
the proposed solution is proven to make near-optimal decisions in polynomial
time, outperforming alternative methods.

• Chapter 4 presents GENIAL, a game-theoretic incentive method to foster
cooperation among learning nodes during training in decentralized settings.
GENIAL is based on the Generous Tit-for-Tat strategy and takes into account
the node heterogeneity in terms of computational capabilities, complexity of
models to train and dataset size. GENIAL yields Nash equilibrium and Pareto
optimality and its effectiveness is demonstrated by numerical experiments.

• Chapter 5 introduces DiMViS, an innovative generative diffusion-based model
for Novel View Synthesis. Differently from other methods, DiMViS enables the
generation of multiple images, conditioned on a variable number of reference
views, by leveraging a joint diffusion model to learn the conditional data
distribution. DiMViS integrates a masked diffusion approach on top of the
pre-trained Stable Diffusion model, outperforming state-of-the-art competitors,
as shown by our experimental evaluation.

• Chapter 6 presents DiMViDA, a Diffusion-based Multi-View Data Augmen-
tation method for image classification. The proposed approach leverages a
Novel View Synthesis model similar to the one introduced in Chapter 5 to
augment both the training and the inference pipelines, resulting in enhanced
accuracy. Notably, it shows how the proposed inference method can be used in
an edge-assisted classification system to increase its resilience.

• Chapter 7 provides a summary of the presented work, emphasizing the key
contributions and the results achieved. Lastly, it presents an overview of the
future research direction and highlights the open challenges.



Chapter 2

Efficient Distributed DNNs in the
Mobile-edge-cloud Continuum

In the mobile-edge-cloud continuum, a plethora of heterogeneous data sources and
computation-capable nodes are available. Such nodes can cooperate to perform a
distributed learning task, aided by a learning controller (often located at the network
edge). The controller is required to make decisions concerning (i) data selection, i.e.,
which data sources to use; (ii) model selection, i.e., which machine learning model to
adopt, and (iii) matching between the layers of the model and the available physical
nodes. All these decisions influence each other, to a significant extent and often in
counter-intuitive ways. In this chapter, we formulate a problem addressing all of the
above aspects and present a solution concept called RightTrain, aiming at making the
aforementioned decisions in a joint manner, minimizing energy consumption subject
to learning quality and latency constraints. RightTrain leverages an expanded-graph
representation of the system and a delay-aware Steiner tree to obtain a provably
near-optimal solution while keeping the time complexity low. Specifically, it runs in
polynomial time and its decisions exhibit a competitive ratio of 2(1+ϵ), outperforming
alternative solutions by over 50%. Our approach is also validated through a real-world
implementation.

Part of the work described in this chapter has already been published in Malan-
drino, F., Chiasserini, C. F., Di Giacomo, G. (2022). Efficient distributed DNNs in
the mobile-edge-cloud continuum. IEEE/ACM Transactions on Networking, 31(4),
1702-1716.
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2.1 Introduction

Enabling technologies like 5G networks and distributed machine learning (ML) have
fostered the emergence of the so-called Internet of Intelligent Things networking
paradigm, allowing user equipment (UEs), e.g., smartphones or smart-city actuators,
to leverage cloud-based artificial intelligence services. This scenario is expected to
further evolve towards the edge intelligence paradigm [12, 13]: ML-based applica-
tions will move from remote, cloud-based servers to the mobile network, including
computation-capable devices at the network edge and mobile UEs. Indeed, recent
reports [14] highlight how the capability of edge and mobile devices is growing much
faster than cloud ones, soon leading to complete interoperability among mobile, edge,
and cloud and, thus, to the formation of a continuum.

The ML tasks to perform will be as diverse as the devices performing them.
Indeed, the best ML approach to adopt depends upon such factors as the application
and scenario at hand, as well as the type and quantity of available data. Possible
options include supervised [15–17] and unsupervised learning (most notably, deep
domain adaptation (DDA) [18–20]), as well as hybrid applications combining labeled
and unlabeled data through multiple learning and pseudo-labeling techniques [21].
Many of these tasks can be accomplished through deep neural networks (DNNs),
built by combining a sequence of layers of different types. The DNNs used for unsu-
pervised and hybrid learning tend to be more complex than their supervised learning
counterparts, however, they use the very same building blocks, e.g., convolutional
and fully-connected layers [15, 17]. The possibility of using a relatively small set
of building blocks to support a wide set of ML-based applications has motivated
the ML-as-a-Service (MLaaS), whereby the network provides a set of customized
ML-based services, e.g., image recognition or clustering, to the applications using
the network resources.

Owing to the complexity of the learning tasks to perform, as well as to the need
to keep as much as possible the information coming from different sources local, it
is expected that most of MLaaS learning will be performed in a distributed fashion.
Distributed learning is an excellent fit for edge intelligence scenarios, as it envisions
leveraging the data and resources of multiple nodes in order to perform a common
learning task. Additionally, recent works on ML techniques tailored for lower-powered
devices [22, 23] has significantly extended the types of devices that can be leveraged
for distributed ML, along with their diversity. We thus argue that ML-based services
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can seamlessly use any of the nodes of the mobile-edge-cloud continuum, so as to
ensure that requirements (e.g., learning time) are met.

Among the factors influencing the performance of MLaaS, combined with dis-
tributed learning, the most prominent are (i) the quantity and diversity of the input
data used for training; (ii) the actual learning strategy employed, e.g., the layers
composing the DNN; (iii) the resources, (e.g., computational) available to the learning
task. Such decisions strongly impact one another, e.g., using more data requires more
resources to promptly process them; thus, it is important that they are made in a
joint manner. The split learning (SL) paradigm [24–26], envisioning to run a subset
of the DNN layers at each level of the network topology, represents a significant step
in this direction. However, SL is concerned only with placement decisions and, since
it only splits DNN into as many parts as there are network topology layers (e.g., one
for edge and one for cloud), may not always be able to reap the full benefits of the
mobile-edge-cloud continuum.

Another limit of state-of-the-art works on distributed ML is their emphasis on
learning effectiveness, e.g., classification accuracy, over efficiency. Indeed, most
existing approaches are concerned with locating and selecting the highest possible
quantity of computational resources, and use them to process the largest possible
quantity of data, in order to obtain the highest-quality possible learning. However,
awareness is rising that seeking the utmost performance is not necessarily the most
desirable strategy in real-world situations, and the concept of ML efficiency – as
opposed to sheer performance – is rapidly gaining prominence [27]. In fact, while
inference has a relatively minor impact on the total resource consumption, the
training of a DNN is very demanding in terms of processing power, hence, energy.

In this chapter, we address the above issues by presenting RightTrain, a decision-
making framework allowing joint, high-quality decisions on (i) which data to use
for learning, (ii) which DNN structure to employ, and (iii) which physical nodes
and resources therein to use. Our framework can capture the nontrivial (and, often,
counter-intuitive) ways in which such choices interact with each other, and yields
decisions that are provably close to the optimum, while keeping a low computational
complexity.

More specifically, our contributions can be summarized as follows:
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• we propose a model that describes the components of a MLaaS system based
on DNNs, their behavior, and their inter-dependencies;

• we formulate the problem of jointly making decisions on: (i) the data to be
used for model training, (ii) the structure of the DNN to adopt, and the
resources to allocate for the learning process, with the aim of minimizing the
energy consumption while meeting a target maximum learning time and desired
learning quality;

• we present a solution, called RightTrain, solving the above problem in polyno-
mial time and yielding provably near-optimal (namely, with a 2(1 + ϵ) compet-
itive ratio) solutions;

• we compare RightTrain against the SL approach, and find how the greater
flexibility of RightTrain results in a significantly lower energy consumption,
especially when the target learning time is not too short;

• we show the feasibility of our approach using a lab test-bed implementation.

As discussed in Sec. 2.2, several existing works have tackled the problem of selecting
the computational and network resources needed for a given learning task, and a few
have studied the impact of different DNN structures on the learning performance.
Our work is, however, the first to identify and solve the important challenge of
adapting the DNN structure, the network resources and the size of the datasets to
one another, thus achieving unparalleled learning efficiency and performance.

The remainder of this chapter is organized as follows. After discussing related
work in Sec. 2.2 and summarizing our main results in Sec. 2.3, we describe our system
model and problem formulation in Sec. 2.4 and our characterization of learning
performance in Sec. 2.5. We then introduce the RightTrain solution concept in
Sec. 2.6, and formally prove its complexity and competitive ratio properties in
Sec. 2.7. Finally, Sec. 2.8 shows the performance of RightTrain against SL, Sec. 2.9
reports how we validate our model and approach through a lab test-bed, and Sec. 2.10
concludes the chapter.
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2.2 Related Work

A first body of works related to ours [28–30] target the problem of characterizing
the performance of distributed ML, accounting for such aspects as the topology of
the logical network formed by cooperating nodes [28] and the computational [29, 30]
and communication [30] resources they are assigned.

Concerning distributed learning techniques themselves, one of the most prominent
is federated learning (FL) [31]. FL has become one of the most popular approaches to
cooperative learning also in mobile [32] and MEC-based [29] scenarios. Since nodes
are expected to contribute their own resources to learning, incentive mechanisms
may be necessary to foster cooperation [33], also employing blockchain [34].

Several recent works have endeavored to characterize and improve the performance
of FL under realistic conditions, most notably, learning nodes with heterogeneous
datasets and/or capabilities. The authors of [35] consider the classic FedAvg strategy,
and characterize its performance, e.g., the loss reduction as a function of the number
of local epochs and global iterations. The later work [36] aims at going beyond
FedAvg and proposes an alternative strategy called FedUN. FedUN optimizes the
convergence speed by choosing (“sampling”) the learning nodes to use at each epoch
– and weighting their updates – based upon local gradient information. [36] also
provides a lower bound for FedUN’s loss reduction at each epoch, hence, the total
convergence time. [37] takes a different approach and tackles the issue of fairness, i.e.,
how to ensure that devices with different capabilities and/or datasets have similar
learning performance. The strategy envisioned in [37] is predicated upon giving more
weight to updates from the nodes with the worst performance, resulting in a better
learning quality for such nodes at the cost of a higher number of global iterations.

Split learning (SL) is a recently-emerging paradigm predicated on partitioning
the DNN among the nodes participating in the learning process. SL drops FL’s
requirement that all nodes have the same DNN, and has been found to outperform ML
in a wide variety of scenarios [26], owing to its ability to match the learning operations
and the hardware performing them. Other works envision similar approaches, based
on choosing the right network node to run each layer of a DNN and accounting for
device capability [38], network latency [38, 39], and privacy [38, 40]. [39] takes a
further step, combining DNN splitting with “right-sizing”, i.e., removing some DNN
layers if they are not necessary to reach the required learning quality. However,
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that work only focuses on inference, and neither the quantity of data to use nor the
resources to assign are accounted for.

Among the few works jointly making learning- and network-related decisions,
[41] aims at (i) right-sizing the DNN for the task at hand, i.e., skipping some layers
if the classification precision is sufficiently high, and (ii) offloading a part of the DNN
to edge-based nodes. Notice, however, that [41] only supports DNNs with a chain
topology, and does not support the use of multiple sources of information. Still in
the context of inference, the authors of [42] envision partitioning the DNN into an
arbitrary number of parts, and running each of them at the most appropriate node in
the edge-cloud continuum. In a similar setting, [43] addresses security issues, placing
different layers of an image-classification DNN on different devices, preventing any
device from seeing enough layers to reconstruct the original image.

Recent work [44] targets a heterogeneous scenario similar to the mobile-edge-
cloud continuum, and envisions an inference delivery network whereby each node
offers one or more ML models. Inference tasks – which are assumed to require one
of several alternative models, e.g., DNNs with different architectures – can then
be carried out at the most appropriate node, accounting for both cost and delay
issues. Compared to [44], our work (i) targets the learning phase, which is the most
challenging and resource-intensive; (ii) allows breaking down one model (e.g., one
DNN) across multiple devices, and (iii) does not depend upon the assumption that
alternative models exist for a given task.

Our work is also related to the recent but growing body of works accounting
for ML energy consumption, and the resulting carbon footprint. As reported in
[45], training one complex ML model may lead to a carbon footprint equivalent
to 5 times the lifetime emissions of an average car. Thus, it is critical to envision
solutions that, exploiting the edge intelligence concept [13, 46], effectively exploit the
physical proximity of a large number of devices, each collecting data and equipped
with computational and memory resources. At a higher level, as advocated in [27],
this calls for a different view of ML goals where the focus shifts from sheer learning
quality (e.g., classification accuracy) to the more comprehensive concept of efficiency.

In this work, we also address a placement and resource allocation problem, which
is tackled by many works, such as [47–51], as a service graph optimization problem.

Finally, a preliminary version of RightTrain has been presented in our conference
paper [52].
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Novelty. Our holistic approach contributes to making ubiquitous ML reality,
jointly addressing issues that earlier have been only marginally or incidentally dealt
with. Specifically, we account for the mutual influence of the decisions on (i) the
data used for DNNs training, (ii) the DNN structure employed, and (iii) the physical
nodes running the latter. Accounting for all aspects and making all decisions jointly
allows us to reach a level of effectiveness and efficiency that cannot be matched by
existing approaches.

2.3 Main Results and Roadmap

Our first major contribution is represented by the system model and problem
formulation summarized in Fig. 2.1 and described in Sec. 2.4. The system model
accounts for all the main entities and aspects involved in distributed training of DNNs
over the mobile-edge-cloud continuum. It can describe ML approaches leveraging
data parallelism, model parallelism, or a combination of both – including split
learning [24, 25]. The problem formulation then formalizes how the decisions of (i)
selecting the input data to be leveraged for learning, (ii) choosing the DNN structure
to be used, and (iii) matching DNN layers with physical servers influence each other,
and determine the learning efficiency under the constraints imposed by both the
learning process and the network system. The problem is shown to be NP-hard.

Next, through a combination of existing measurements taken from the literature
and our own experiments, we assess how such decisions impact the learning perfor-
mance, namely, learning time, learning quality, and energy consumption (Sec. 2.5).
Importantly, so doing, we bridge the gap between the abstract system model of
Sec. 2.4 and actual, real-world distributed ML solutions.

Building upon the above results and in light of the problem complexity, we
envision a solution concept, also summarized in Fig. 2.3. Its main component is
the RightTrain algorithm, detailed in Alg. 1 (Sec. 2.6), which leverages expanded
graphs such as the one shown in Fig. 2.4 and applies a delay-aware Steiner tree on
such graph, to make near-optimal decisions on data selection, DNN structure, and
layer-to-node matching. More specifically, as proven in Sec. 2.7, our solution strategy
has polynomial worst-case time complexity (Property 3) and a competitive ratio
of 2(1 + ϵ). Finally, our performance evaluation shows that the proposed solution
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Fig. 2.1 The different stages of the RightTrain approach. (a): input data, namely, a set of
DNN layers (light blue), a set of data sources (green), and a physical graph composed of
physical nodes (orange). (b): an instance tree, whose nodes are data sources and layer
instances. (c): a possible deployment, associating layer instances to three out of the five
physical nodes. (d): a refined deployment, using only some of d2’s data and, accordingly,
reducing the computational power allocated to layer instance (l1, 2).

reduces by 50% the energy consumption of a learning task when compared to SL,
while our lab test-bed implementation shows its feasibility.

2.4 System Model and Problem Formulation

Our system model describes a DNN training task leveraging distributed learning, and
exploiting the resources of multiple mobile, edge, and cloud nodes (hereinafter also
referred to as learning nodes). Such nodes are coordinated by a central controller,
typically running at the edge of the network infrastructure, which can communicate
with all learning nodes and collects information on their capabilities and position.
The entities the model represents, along with the decisions the central controller has
to make, are depicted in Fig. 2.1.

2.4.1 Input information

Under the DNN paradigm, learning tasks are performed by a set of layers of different
types (e.g., fully-connected or convolutional), organized as a tree: the learning result
is the output of the tree root, while leaves correspond to data sources. Each layer has
a local set of parameters that define its behavior, e.g., the weights of a fully-connected
layer, and training a DNN means finding the parameter values that minimize a global
error function. As an example, for a classification task, the learning output y
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represents the probabilities associated with each class, and a typically-used loss
function is cross-entropy, defined as f(ŷ,y) = ŷH log ŷ, where ŷ is a column vector
containing the ground truth, and H represents the transpose operator. Training
proceeds in an iterative fashion [53] through several epochs, each including (i) a
forward pass, where the input data traverses all instances from the leaves to the
tree root, and (ii) a backward pass where gradients follow the opposite route and
local parameters at each layer are adjusted so as to reduce the global loss function.
The most commonly-employed optimization algorithm is stochastic gradient descent
(SGD), though alternatives tailored to ML have been proposed as well [54].

Thus, the input to our problem includes (see Fig. 2.1(a)):

• a set L = [l1, . . . , lL] of DNN layers connected to each other to form the DNN
structure to implement;

• a set N of physical nodes, i.e., mobile, edge or cloud [14] nodes with the
computational capability to run one (or more) layer instances;

• a set D of data sources, which may be colocated with physical nodes.

For each layer l ∈ L, we know the computational requirement r(l), expressing
the amount of computing resources required to process one unit of traffic entering an
instance of l (e.g., in CPU cycles per megabit). We are also given coefficients q(l),
denoting the ratio between outgoing and incoming data for layer l.

For each node n ∈ N , we are given the total amount R(n) of available computa-
tional1 resources therein, that can be shared among all layer instances running at n.
Parameters µ(l, n) ∈ {0, 1} express whether node n has enough memory2 to execute
an instance of layer l. Concerning data transmission, for each two nodes n1, n2 ∈ N ,
S(n1, n2) indicates the amount of data that can be transferred over the link between
them in a time unit, with S(n1, n2) = 0 denoting nodes out of each other’s radio
range. Finally, let ∆(d) be the data generated by source d ∈ D at each epoch, and
η(d) be the node with which d is colocated.

1Note that a limit on the available energy resources can be included in a straightforward manner.
2We take memory as representative of non-computing resources; any other type of resource can

be modeled in a similar way.
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2.4.2 Decision variables

The main decisions to make concern (i) how many layer instances to create and how
to connect them, as exemplified in Fig. 2.1(b), (ii) how to deploy the instances onto
the physical nodes, as shown in Fig. 2.1(c), and (iii) how to assign the computational
and network resources, as per Fig. 2.1(d).

Layer instances and instance trees. For each layer l ∈ L, we shall create
at least one and at most α|D| layer instances, with α ≥ 1 being a redundancy
factor. Notably, the possibility of deploying multiple instances of a layer allows for
greater flexibility in accommodating multiple data sources. Each layer instance runs
at a physical node, and it is identified as a pair (l, i), where i is an index ranging
from 1 to α|D|, while the set of instances is denoted by I. As shown in Fig. 2.1(b),
layer instances and data sources in D are connected to form an instance tree, with
binary variables y(l, i,m, j) ∈ {0, 1} expressing whether layer instance (l, i) shall be
connected to layer instance (m, j). As shown in Fig. 2.1(b), data sources d ∈ D
are part of the instance tree, however, each can only be associated with at most
one instance (d, 1). Associating zero instances with a certain data source means not
using it, e.g., because a sufficient quantity of data is already available.

Deployment and physical graph. Given the set of layer instances and that of
physical nodes, we have to decide whether instance (l, i) ∈ I shall be deployed at
node n ∈ N ; such a decision is expressed through binary variables z(l, i, n) ∈ {0, 1}.
We will also identify as ν(l, i) the node at which instance (l, i) is deployed, i.e., such
that z(l, i, ν(l, i)) = 1. As for data sources d ∈ D, values ν(d, 1) identify the physical
node data source d is located at.

A further decision concerns the computational resources ρ(l, i) ≤ R(ν(l, i)) to be
assigned to each instance (l, i) and expressed in CPU cycles per second. Finally, for
each data source d, we have to decide the quantity x(d, 1,m, j) ≤ S(ν(d, 1), ν(m, j)) of
data to be transferred toward layer instance (m, j). We also indicate with χ(l, i,m, j)
the quantity of data flowing through a generic link from instance (or data source)
(l, i) to instance (m, j), defined as:

χ(l, i,m, j) =

x(l, 1,m, j) if l∈D ∧ i=1,
q(l) ∑

(h,k) χ(h, k, l, i) otherwise.
(2.1)
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2.4.3 Constraints

The decision variables y(l, i,m, j), z(l, i, n), ρ(l, i), and x(d, 1, l, i) are subject to
several constraints. Two of them concern the instance tree exemplified in Fig. 2.1(b)
and expressed by the y-variables. Specifically, we must deploy at least one instance
of each layer, i.e.,

∑
i∈[1...α|D|]

∑
(m,j)∈I

y(l, i,m, j) ≥ 1, ∀l ∈ L. (2.2)

Also, we can only connect on the instance tree subsequent layers, i.e.,

y(l, i,m, j) ≤ 1[l is child of m], (2.3)

Then, moving to the deployment decisions exemplified in Fig. 2.1(c) and expressed
by the z-variables, we must ensure that each instance is deployed at exactly one
physical node: ∑

n∈N
z(l, i, n) = 1, ∀(l, i) ∈ I. (2.4)

Last, no layer instance can be deployed at a node lacking the required memory
resources:

z(l, i, n) ≤ µ(l, n), ∀(l, i) ∈ I, n ∈ N , (2.5)

where we assume that each node statically allocates memory for the layers in
advance. As for the computational resource allocation and data exchange decisions
exemplified in Fig. 2.1(c) and expressed by ρ and x-variables, we must ensure that
the total amount of resources allocated to all the instances running at each node n
does not exceed the available one, i.e.,

∑
(l,i)∈I : ν(l,i)=n

ρ(l, i) ≤ R(n), ∀n ∈ N . (2.6)

∑
(l,i) : ν(l,i)=n

(m,j) : ν(m,j)=n′

χ(l, i,m, j) ≤ y(l, i,m, j)S(n, n′) ∀n, n′ ∈ N . (2.7)

Finally, we enforce generalized flow conservation [55], i.e., the quantity of data
going out of layer instance (l, i) cannot exceed the product between the quantity of
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incoming data and q(l):

∑
(m,j)∈I

χ(l, i,m, j) ≤ q(l)
∑

(g,h)∈I
χ(g, h, l, i) ∀(l, i) ∈ I. (2.8)

For data sources, the total quantity of outgoing data cannot exceed ∆(d):

∑
(l,i)∈I

x(d, 1, l, i) ≤ ∆(d), ∀d ∈ D. (2.9)

2.4.4 Objective function

Decisions x, y, z and ρ fully describe the behavior of the distributed learning
application. However, they do not directly express: (i) the time taken by each
learning epoch, (ii) the energy consumed by each learning epoch, and (iii) the number
of epochs needed to attain the required loss function value ϵmax. We account for these
quantities through functions T(x, y, z, ρ), E(x, y, z, ρ), and K(y, ϵ), respectively. The
first two are described in Sec. 2.5.1, while the third one in Sec. 2.5.2.

Given functions T, E, and K, we formulate our problem as minimizing the
learning energy consumption, subject to (2.2)–(2.9) and to achieving the required
loss ϵmax by time Tmax:

min
x,y,z,ρ

K(y, ϵmax)E(x, y, z, ρ) (2.10)

s.t. (2.2)− (2.9), K(y, ϵmax)T(x, y, z, ρ) ≤ Tmax. (2.11)

As we will formally prove in Sec. 2.7, the above problem is NP-hard.

2.5 Characterizing the Learning Performance

We now show how the performance of the learning process can be characterized, with
reference to the time and energy it takes to perform one epoch (Sec. 2.5.1), and the
number of epochs necessary to achieve the required learning quality (Sec. 2.5.2).
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2.5.1 Epoch duration and energy consumption

DNN layers perform linear algebra operations, hence, it is relatively straightforward
to characterize the time they take to perform each epoch, and the associated energy
consumption. Let us start from epoch time T(x, y, z, ρ), which depends in a non-
trivial manner upon the topology of the instance tree at hand. To compute T, we
first define the computational time, tl,icomp, taken by layer instance (l, i) ∈ I:

tl,icomp = r(l)
ρ(l, i)

∑
(k,h)∈I

χ(k, h, l, i) . (2.12)

As per (2.12), the computation time is given by the ratio between the number
of operations to perform (e.g., given by the amount of data to process times the
requirement r(l)) and the quantity ρ(l, i) of computing resources assigned to that
instance. Note that, by constraint (2.7), the sum in (2.12) accounts for all the data
transferred from the children instances k to the parent instance l. We also define the
network time, tn,n

′

net , needed to transfer data from node n to node n′, which depends
upon the quantity of data transferred from the children instances k running at n to
the parent instance l running at n′:

tn,n
′

net =
∑

(h,k),(l,i)∈I : ν(h,k)=n,ν(l,i)=n′ χ(h, k, l, i)
S(n, n′) . (2.13)

Then, we can compute times ti,jbegin and ti,jend at which instance (l, i) starts and
ends its computation. Specifically, each instance can only start its processing when
all the data it needs from preceding nodes has arrived [28], while its end time is
given by the sum between the layer instance begin time and computing time:

tl,ibegin = max
(h,k)∈I

[
y(h, k, l, i)

(
th,kend + t

ν(h,k),ν(l,i)
net

)]
, (2.14)

tl,iend = tl,ibegin + tl,icomp . (2.15)

Finally, the epoch duration, T(x, y, z, ρ), is given by the end time of the slowest
instance of the last layer, i.e.,

T(x, y, z, ρ) = max
(l,i)∈I : l=L

tl,iend . (2.16)
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Estimating the energy consumption associated with ML computational tasks
has been the focus of a significant body of research [56]. In general, the energy
consumption associated with a task (in our case, a learning instance running at a
node) is determined by its usage of CPU, memory, and GPU resources [57, Eq. (1)].
Those, in turn, depend upon the layer implemented, the quantity of data it processes,
and the characteristics of the node itself. Thus, for each layer instance (l, i) ∈ I, we
can write:

El,i
comp = tl,icomp [ep(ν(l, i))ρ(l, i)+ef(l, ν(l, i))] . (2.17)

In (2.17), we recall that tl,icomp is the computation time for each layer instance at
each epoch. Such a time is multiplied by the power consumed by the node ν(l, i)
at which the instance runs, which depends upon the quantity of resources assigned
to it. Parameters ep(n) and ef(l, n) express, respectively, the power consumed at
node n to provide one unit of CPU, and the power consumed at that node to support
the memory and storage requirements of an instance of layer l. Both quantities
are parameters for our model and can be set following the methodology introduced
in [58], i.e., analyzing the requirements of individual layers and the resulting energy
consumption. Furthermore, each instance (l, i) running at node ν(l, i) ∈ N implies
additional energy consumption due to data transmissions over the network:

El,i
net =

∑
(m,j)∈I

[enet(ν(l, i), ν(m, j))χ(l, i,m, j)] . (2.18)

In (2.18), the energy spent for data transmissions for layer instance (l, i) ∈ I
is given by the sum of the energy contributions of all transmissions of data going
from instance (l, i) ∈ I to any other layer instance (m, j) ∈ I. Each contribution
is determined by the quantity of data sent from (l, i) to (m, j) multiplied by the
factor enet(ν(l, i), ν(m, j)), expressing how much energy is required to transmit one
unit of data from node ν(l, i) to node ν(m, j).

The energy consumed during one epoch can be found summing the instance-
specific energy consumption values (2.17):

E(x, y, z, ρ) =
∑

(i,l)∈I

(
El,i

comp + El,i
net

)
. (2.19)
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Finally, E(x, y, z, ρ) can be mapped into carbon emissions following the methodology
in [59], which accounts for the quantity of CO2 emitted for each kilowatt-hour of
consumed energy.

Note that, for simplicity, our analysis has considered only the forward pass.
However, our analysis is still valid as we assume that the computational energy is
the dominant component, i.e., the transmission energy is negligible; therefore, as the
computational energy required for the forward pass is proportional to that of the
backward, and hence, of the entire epoch, the objective (2.10) is not affected. As for
the constraint, accounting for the backward pass duration simply requires applying
the same procedure explained above.

2.5.2 Overall learning time and energy consumption

In Sec. 2.5.1, we have derived the time T and energy E required by each epoch as
functions of our decision variables. In order to obtain the total time and energy
required by the overall learning process, we need to multiply such values by the
number K(y, ϵmax) of epochs needed to attain the target learning quality ϵmax.
Deriving a closed-form expression for the number K, in a manner similar to T and E,
is currently possible only for few, simple scenarios among those that we address.
Indeed, as discussed in Sec. 2.2, currently-available results only target scenarios
where all nodes share the same DNN, and all layers of said DNN are averaged, i.e.,
either data or model parallelism are employed, but not a combination of both. Thus,
to show the ability of our approach to deal with arbitrary – and potentially more
efficient – instance trees and assignment decisions, we use an auxiliary ML model to
estimate K, owing to the ML ability to reveal and leverage the structure underlying
those phenomena that are too complex to describe through a traditional model.

A key observation we make is that, if we assume to always use all the available data,
i.e., to honor constraints (2.8) and (2.9) with the equality sign, then the number K of
epochs to run only depends upon the instance tree we consider, i.e., the y(l, i,m, j)
variables. Given such decisions, as well as the target learning quality ϵmax, our
approach follows the steps set forth below:

(i) we run a number M of experiments, each for different values of the y variables;

(ii) for each experiment, we determine the resulting value of K(y, ϵmax);
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(iii) using the above information, we train an auxiliary DNN that can predict the
value of K(y, ϵmax), given arbitrary values for the y variables.

A similar approach has been used, among others, in [60] for mmWave-based vehicular
networks, and in [61] for optical networks.

The output of our experiments is collected as a 5-dimensional tensor whose
shape is |L|×α|D|×|L|×α|D|×M , where |L| is the number of layers, α|D| is the
maximum number of instances we can create for each layer, and M is the number
of experiments we perform. For each experiment ω ∈ {1 . . .M}, the corresponding
entry in the 5-dimensional tensor contains the decisions y(l, i,m, j). The auxiliary
DNN gives as output the number K(y, ϵmax) of epochs to run, in order to achieve
learning quality ϵmax.

To identify the best auxiliary DNN, we evaluate three architectures,

1. the basic architecture (“MaxCNN” in plots), with two convolutional layers and
two fully-connected ones, and a max-pooling layer after each convolutional one;

2. a variant thereof (“AvgCNN” in plots), where average pooling layers are used
in lieu of max-pooling ones;

3. a non-convolutional network (“FConly” in plots), where both convolutional
layers are replaced by as many fully-connected ones, with the same input and
output sizes.
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Fig. 2.2 Auxiliary DNN for estimating the number of required epochs: resulting MSE (left),
and real and predicted values of the number K of iterations (right).
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In all cases, we are facing a regression problem, hence, we adopt the mean square
error (MSE) as loss function.

We validate our approach using an image classification task leveraging the AlexNet
DNN [2] and the CIFAR-10 [62] dataset. The results are summarized in Fig. 2.2(left),
depicting the evolution of the MSE across training epochs. We can observe that, for
all the auxiliary DNN architectures, both training and testing MSE values rapidly
converge to very small values, below 1 for the FConly architecture. This highlights
how our approach is indeed very effective in predicting the number K of iterations
required for convergence. Fig. 2.2(right) further shows that, consistently with [28], K
tends to grow as the number of layer instances increases, and the FConly architecture
is always associated with very close predictions.

Since the applicability of our methodology to real-world cases hinges on the
availability of sufficient training data, it is worth highlighting that experiments like
ours are routinely performed upon evaluating and adopting a new DNN architecture,
hence, obtaining results similar to those in Fig. 2.2(right) comes at a modest cost in
terms of additional work. Moreover, transfer learning could be leveraged to further
extend the applicability of the available experiments.

2.6 The RightTrain Solution

As proved in Sec. 2.7, directly optimizing (2.10) subject to constraints (2.11), is a
daunting task. We thus introduce a new, effective heuristic, called RightTrain, which
decouples the decisions of (i) choosing the instance tree, (ii) performing instance-to-
node mapping, and (iii) assigning the necessary resources. At every step, efficiency
is the main criterion driving RightTrain decisions.

As summarized in Fig. 2.3, RightTrain takes as an input the set of instance trees
to consider (like the one in Fig. 2.1(b)); such a set can be efficiently computed offline,
in a scenario- and application-dependent manner. RightTrain then iterates over the
set of instance trees, selecting at each step the one requiring the least amount of total
processing (Step 1 in Fig. 2.3, detailed in Sec. 2.6.1). For each tree, the y-variables
are fixed, hence, in Step 2 (Sec. 2.6.2) we make the mapping decisions z, under the
(temporary) assumption that (i) all the data of the selected sources is used, and
(ii) all the processing capabilities at each node are exploited. Both assumptions
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Fig. 2.3 Main steps of the RightTrain solution concept: given the set of layer instance trees
to consider, RightTrain selects, at each iteration, the hitherto-untested tree associated
with the lowest energy consumption (Step 1, Sec. 2.6.1). For such a tree, it makes the
near-optimal layer instance-to-node mapping decisions (Step 2, Sec. 2.6.2), and further
improves efficiency by tweaking data and resource utilization (Step 3, Sec. 2.6.3).

are dropped in Step 3 (Sec. 2.6.3), which seeks to refine the solution obtained in
Step 2 by using less data and/or less computing power, thereby reducing the energy
consumption without jeopardizing the learning performance. If a feasible solution is
obtained, then the algorithm terminates (Step 4); otherwise, it goes back to Step 1
and moves to the next instance tree.

2.6.1 Layer instance tree ordering

Step 1 of the RightTrain solution requires choosing, from the set of layer instance
trees to consider, the next one to try. Ideally, we would like to select a tree minimizing
the energy consumption (2.10), however, this is not possible as instance-to-node
mapping and resource assignment decisions (respectively, Steps 2 and 3) have yet
to be made. Nonetheless, the instance tree – along with information on layer and
data source characteristics – allows for estimating the total quantity of processing
entailed by the tree itself. Specifically, recalling that I is the set of layer instances
created for a given tree (i.e., DNN structure) and that y-decisions represent the tree
topology, we can express the amount of required processing as:

K(y, ϵmax)
∑

l : (l,i)∈I
r(l)

∑
d∈D : (l,i) is

an ancestor of d

∆(d)
∏

m∈L in path
from d to l

q(m). (2.20)

Looking at (2.20) from right to left, the processing required by a given layer of a
DNN for each epoch depends upon [27]: (i) the quantity of data it processes (which
in turn depends upon the q-coefficients of the layers traversed before l) and (ii) the
layer complexity. Such a quantity is then summed across all layer instances, and
multiplied by the number K(y, ϵmax) of epochs to run before convergence.
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Fig. 2.4 The expanded graph representing the possible decisions in Fig. 2.1, with colored
nodes and bold edges highlighting the DA-ST corresponding to mapping decisions in
Fig. 2.1(c).

In addition to being a sound criterion to follow in all cases, selecting layer
instance trees associated with low processing load (2.20) often results, as proved in
Sec. 2.7, in selecting trees yielding a low value of the objective (2.10). Indeed, energy
consumption (2.19) is often dominated by the processing energy (2.17), which in turn
depends upon three quantities also accounted for in (2.20), namely, the number K of
iterations, the layer complexity r(l), and the quantity of available data ∆.

2.6.2 Layer instance-to-node mapping

Step 2 of RightTrain maps layer instances in I to nodes in N , i.e., it decides at which
node each layer instance should run. As mentioned above, initially such decisions are
made under the assumption that all available data and computational capabilities
are used. This problem is combinatorial and, in general, hard to approach. On the
positive side, however, we can leverage the tree structure connecting layer instances,
as in Fig. 2.1(b). Specifically, our approach is to (i) build the expanded graph shown
in Fig. 2.4, summarizing all possible mapping decisions, and (ii) build a delay-aware
Steiner tree (DA-ST) upon such a graph. The DA-ST is the minimum-weight tree
spanning a given subset of the vertices of an undirected graph, called terminal
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Algorithm 1 Layer instance-to-node mapping
Require: Expanded graph {d} ∪ {(l, i, n)} ∪ {Ω}

1: T ← {Ω}
2: while D \ T ̸≡ ∅ do
3: w⋆, π⋆ ←∞, ∅
4: for all d ∈ D \ T , v ∈ T do
5: w, π ← RestrictedMinWeightPath(d, v)
6: if w < w⋆ then
7: w⋆, π⋆ ← w, π
8: T ← T ∪ π⋆
9: for all v = (l, i, n) ∈ T do

10: z(l, i, n)← 1
11: return {z}

vertices, with the additional constraint that the maximum learning time Tmax must
be honored, as per the Tmax-clause in (2.11).

The expanded graph is built as follows:

1. it contains a vertex (l, i, n) for each possible deployment decision, i.e., for each
layer instance-node pair such that µ(l, i, n) = 1;

2. an edge is drawn between vertices (l, i, n) and (m, j, n′) if the layer instances
are connected in the instance graph and the nodes n and n′ can communicate,
i.e., if y(l, i,m, j) = 1 ∧ S(n, n′) > 0;

3. we also create an additional vertex for each data source in d ∈ D, and connect
such a vertex to all vertices in the expanded graph representing layer instances
to which d is connected;

4. we add a further vertex Ω connected to all vertices (lL, i, n) corresponding to
the last layer lL. Importantly, the vertex Ω allows us to build trees without
restrictions on the number of instances of the last layer lL;

5. the weight of each edge ((l, i, n), (m, j, n′)) corresponds to the energy con-
sumption, as per (2.17), due to the deployment decision represented by ver-
tex (m, j, n′), i.e., running instance (m, j) at node n′. Notably, we do not
consider the energy consumed for data transmission defined in (2.18), as it is
assumed negligible compared to the computational energy.
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As exemplified in Fig. 2.4, the DA-ST connects the vertices representing the
data sources with Ω, and covers the same topology as the layer instance tree. Since
the DA-ST is the minimum-weight among the trees with these features, its vertices
represent the layer instance-to-node mapping that minimizes energy consumption
(see (2.10)), under the aforementioned conditions, i.e., that all data and computation
resources are used. The mapping decisions are made as summarized in Alg. 1.
Given the expanded graph whose vertices are (i) data sources in D, (ii) vertices of
type (l, i, n) representing possible mappings, and (iii) special vertex Ω (Line 0), we
build the DA-ST T . In Line 1, we initialize the tree T , so as to include vertex Ω.
Then, so long as there are data sources not yet included in the tree (Line 2), we look
for the minimum-weight path such that (i) it connects a data source d not yet in the
tree with a vertex v of the DA-ST itself, and (ii) does not break constraints (2.11).
To this end, in Line 3 the minimum weight w⋆ and the minimum-weight path π⋆ are
initialized to ∞ and ∅, respectively. Then function RestrictedMinWeightPath(d, v)
(Line 5) provides the path π connecting each data source d not yet reached by the tree
with each vertex v already in the tree. The minimum-weight path is then identified
(Line 7) and added to the DA-ST T in Line 8. Once all data sources have been
included, the DA-ST is completed. The algorithm therefore sets to 1 the z-variable
corresponding to the selected DA-ST vertices (Line 10), and returns them.

The structure of Alg. 1 mimics the algorithm in [63], which solves approximately
the Steiner tree problem. The procedure RestrictedMinWeightPath uses the algo-
rithm proposed in [64] to find the minimum-weight path connecting v and d while
honoring delay requirements. Finding such a path requires solving an instance of
the constrained shortest path problem. The problem itself is NP-hard, however, the
heuristic [64] can solve it within ϵ (ϵ ≥ 0) from the optimum in polynomial time.

As proven in Sec. 2.7, Alg. 1 as a whole has polynomial (namely, O
(
|D||I|3|N |3 1

ϵ

)
time complexity; also, if the algorithm finds a feasible solution, it can be proved that
it is within

(
2− 2

W

)
(1 + ϵ) from the optimum, where W is the number of vertices of

the optimal DA-ST. Importantly, the feasibility of the final solution, i.e., after the
refinement, is checked in Step 4.
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2.6.3 Decisions refinement

In Step 1 and 2, we have decided which layer instances to create and how to connect
them, i.e., the layer instances in I and the edges in the layer instance tree connecting
them, as expressed through the y-variables, and how to map layer instances to
physical nodes, i.e., the z-variables. The values of both variable sets have been
obtained under the assumption that all data from the selected data sources and all
the capabilities of physical nodes are used. In the spirit of recent efficiency-focused
research [27], Step 3 seeks to establish whether all that data and that computational
power is really needed. Our goal is thus to obtain a solution that meets all constraints
in (2.11), including the minimum learning quality and maximum time, while further
improving the energy objective (2.10).

Given the y- and z-variables, the problem of optimizing (2.10) subject to con-
straints (2.11) only has continuous variables, namely, x and ρ. It follows that such
a problem can be efficiently solved: (i) by off-the-shelf solvers, e.g., CPLEX or
Gurobi, if a closed-form expression is available for K, E and T, or (ii) through
iterative, gradient-based methods like BFGS [65], if such closed-form expressions
are not available. Even more importantly, as formally proven in Sec. 2.7, such a
continuous problem is convex in many practical cases. It follows that numerical
approaches (either off-the-shelf solvers or gradient-based methods) are guaranteed to
find the optimal values of x and ρ with very good efficiency – polynomial worst-case
complexity [66], and much faster than that in most cases.

Finally, after the decisions refinement, Step 4 checks for the feasibility of the
found solution; if the latter is not feasible, RightTrain goes back to Step 1, selects a
new tree and repeats the process until a feasible solution is found.

2.7 Problem and Algorithm Analysis

In this section, we prove several important properties of the problem we solve and
the RightTrain approach. We start from showing that the problem is NP-hard.

Property 1 (Problem hardness). The problem of optimizing (2.10) subject to con-
straints (2.11) is NP-hard.
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Proof. We prove the thesis through a reduction from the Generalized Assignment
Problem [67] (GAP), requiring to assign a set of tasks to a set of agents; each
task-to-agent assignment incurs a given cost, and the goal is to minimize the total
cost. More specifically, we reduce instances of the GAP to simpler instances of our
own problem, where:

• there is only one data source D = {d};

• the layer instance graph is a chain, the redundancy factor is α = 1 and q(l) = 1
for all layers, i.e., there is only one instance per layer and the same traffic
traverses them all;

• the number of iterations goes to ∞ if any x-value is lower than ∆(d), i.e., we
must use all data;

• the number of iterations goes to ∞ if any layer instance is assigned less than a
quantity ρl0 of computational capabilities, and the timeout Tmax is set to ∞ –
hence, it is optimal to always set ρ(l, i) = ρl0;

• communication links have infinite capacity and zero delay.

Due to the conditions listed above, the values of y, x and ρ variables can be trivially
set, and our problem reduces to instance-to-node mapping, i.e., setting the z-variables.

Therefore, we can reduce an instance of the GAP problem to an instance of the
simplified problem we stated above by:

1. creating one layer (hence, one layer instance) per task;

2. creating one node per agent;

3. setting the fixed energy consumption ef(l, n) equal to the cost of assigning
task l to agent n.

This implies that an instance of a known NP-hard problem, namely, GAP, can be
reduced to an instance of ours in polynomial (indeed, linear) time, which proves the
thesis.

We remark that the proof of Property 1 reduces GAP instances to greatly
simplified instances of our own problem; this allows us to conjecture that our
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problem, besides being NP-hard, is also significantly more complex than an NP-hard
problem like GAP.

Let us now move to the RightTrain heuristic, and focus on Step 1 therein, i.e.,
the choice of the next layer instance graph to consider. In Sec. 2.6.1, we formulated
a selection criterion based on (2.20), expressing the quantity of processing associated
with a given tree. Next, we prove that such criterion often results in selecting the
instance tree with the lowest energy consumption.

Property 2 (Processing and energy). If proportional energy factors are the same for
all usable nodes and dominate the global energy consumption, then a layer instance
tree minimizing the quantity of processing (2.20) also minimizes the objective (2.10).

Proof. The objective (2.10) requires minimizing energy, which is given in (2.19).
Neglecting enet(n, n′) and ef(n, l), then (2.19) reduces to ∑

(l,i)∈I t
l,i
compep(ν(l, i))ρ(l, i)

which, recalling (2.12) and considering the conditions stated in Sec. 2.6.1 and that
we are not making any mapping decision, the expression becomes

∑
(l,i)∈I

ep(ν(l, i))r(l)
∑

d∈D : (l,i) is
an ancestor of d

∆(d). (2.21)

Considering ep(n) = ep ∀n , we can re-write (2.10) as:

ep
∑

(l,i)∈I
r(l)

∑
d∈D : (l,i) is

an ancestor of d

∆(d)
∏

m∈L in path
from d to l

q(m),

which is exactly ep
K(y,ϵmax) times the quantity in (2.20).

We remark that Property 2 describes very well scenarios where layer instances
are implemented within, e.g., containers, hence, with very small overhead.

Moving to Step 2 of RightTrain, we show that Alg. 1 has polynomial complexity,
and a very good competitive ratio.

Property 3 (Complexity of Alg. 1). Alg. 1 has a worst-case time complexity
of O

(
|D||I|3|N |3 1

ϵ

)
.

Proof. As shown in [64], the algorithm implementing the RestrictedMinWeightPath
procedure has O

(
mn(log log n

(
1 + 1

ϵ

))
time complexity, where m and n are, re-

spectively, the number of vertices and edges of the input graph. In our case, the
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number of vertices of the expanded graph is O(|I||N |), and the number of its edges
is O(|I|2|N |2). The whole procedure is repeated at most |D| times, hence, the thesis
follows.

Property 4 (Competitive ratio of Alg. 1). Alg. 1 has a competitive ratio of 2(1 + ϵ).

Proof. The structure of Alg. 1 mimics that of the algorithm in [63] to solve the
Steiner tree problem, which has a competitive ratio of 2− 2

W
≤ 2, where W is the

number of vertices in the optimal Steiner tree. However, Alg. 1 contains a further
source of suboptimality, namely, the RestrictedMinWeightPath procedure; as per [64],
its result is guaranteed to be within (1 + ϵ) from the optimum. Combining the two
competitive ratios, the thesis follows.

As for Step 3 of the RightTrain approach, it requires setting the x and ρ variables so
as to further improve the energy objective (2.10), without jeopardizing the constraints
in (2.11). By leveraging theoretical arguments and experimental observations, we
can state the following result.

Proposition 1 (Convexity of the problem in Step 3). The problem of optimizing
(2.10) subject to constraints in (2.11), with the y- and z-values fixed, is convex.

The arguments supporting Proposition 1 can be summarized as follows. Con-
straints (2.2)–(2.9) are clearly linear in the variables x and ρ, once y and z are given.
Similarly, constraints (2.13)–(2.19) reduce to linear expressions in variables x and ρ.
Also, (2.12) is convex in ρ(l, i), as it is easy to verify that its second derivative is
always positive. As for the number of iterations needed for convergence, although no
closed-form expression for K is available, theoretical and experimental works [68–70]
all concur that the relationship between the quantity of used data and the resulting
learning quality (e.g., accuracy) is best captured by logarithmic functions, which are
convex.

2.8 Performance Evaluation

After introducing our reference scenarios, in this section we evaluate the performance
of RightTrain against split learning (SL) and the optimum (when the scenario size
allows it).
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Fig. 2.5 An example three-layered scenario, including mobile, edge, and cloud nodes. Brains
denote different devices with computational capability, with the color of the brain corre-
sponding to the category of the device itself (gold, silver, or bronze). Dark-blue cylinders
denote data sources; light-blue edges connect pairs of devices that can communicate.

Table 2.1 Complexity of the layers of the AlexNet DNN used for our performance evaluation

Layer name Type Complexity [MOPs]
conv1 convolutional 0.043
conv2 convolutional 6.771
conv3 convolutional 10.145
conv4 convolutional 13.523
conv5 convolutional 9.017
fc1 fully-connected 4.001
fc2 fully-connected 16.027
fc3 fully-connected 0.039

2.8.1 Reference scenarios

Learning task and DNN. We consider an image classification task over the CIFAR
dataset, using a version of the AlexNet DNN [2], including five convolutional layers
and three fully-connected ones. Tab. 2.1 summarizes the layers composing the
AlexNet DNN, along with their complexity (per sample), expressed in millions of
operations (MOPs) per sample. Both CIFAR and AlexNet are well-known, widely
available and well-studied; this makes our results more significant and easier to
reproduce and generalize.
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Table 2.2 Computational capability and power consumption of gold, silver, and bronze
servers

Class Real-world example Capability
[TOPS]

Power
consumption [W]

Efficiency
[W/TOPs]

Gold NVIDIA A100 [71] 312 400 1.28
Silver NVIDIA A4000 [72] 153.4 140 0.91
Bronze Apple A14 bionic [73] 11 6 0.54

Network scenarios. We consider three-tier scenarios like the one exemplified in
Fig. 2.5, featuring the mobile-edge-cloud continuum and including:

• user equipment (UE), e.g., smart-city devices like cameras and sensors: they
may produce data (blue cylinders) and/or have computational capabilities;

• edge- and cloud-level datacenters: they contain multiple (virtual) servers.

The computational capabilities of UEs are rated bronze, i.e., very limited. Edge-
and cloud-level servers, instead, come in silver and gold variants, the latter with
very large, computational capabilities. Importantly, as can be seen from Tab. 2.2,
lower-capability servers have better efficiency, i.e., need fewer watts to provide the
same number of trillions of operations (TOPs). This suggests that being able to
exploit all elements of the mobile-edge-cloud continuum, including using less-powerful
devices for moderate loads, is an important asset for any decision-making strategy.

We begin our performance evaluation from a small-scale scenario, which allows
for a comparison again the optimum (see below); this includes four data sources and
five computation-capable nodes (three edge servers and two cloud ones). We then
move to a large-scale scenario, where the number of data sources and nodes grows to
15 and 20, respectively. Further, in the large-scale scenario we introduce a forth type
of nodes, denoted as iron, with intermediate features between bronze and silver ones.

Benchmark strategies. We compare the performance of RightTrain against
SL [24], owing to its power and performance [26]. Specifically, SL splits the DNN
into three parts, and aims at running one at each of the mobile, edge, and cloud
layers of the network topology; for each layer, the viable server resulting in the lowest
energy consumption is chosen. Since we are interested in the best decisions that can
be made under the SL paradigm, we compare all possible splits, and choose the one
resulting in the best value of the objective (2.10).
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Fig. 2.6 Small-scale scenario: energy consumed as a function of the maximum learning
time T max (left), actual and maximum learning time (center), number of iterations and
fraction of used data (right).

Furthermore, as mentioned above, in the small-scale scenario, we compare against
optimal decisions, obtained by trying all possible combinations through brute force.

2.8.2 Numerical results

The most basic aspect in which we are interested is how effective RightTrain and
its counterparts are in pursuing the optimization objective (2.10). To this end,
Fig. 2.6(left) shows the energy consumed as a function of the maximum learning
time Tmax, for the small-scale scenario. Consistently with intuition, lower values
of Tmax, hence, tighter delay constraints, result in a higher energy consumption.

As for the relative performance of RightTrain and its alternatives, we can identify
two distinct regions. When Tmax is small, hence, delay constraints are very tight, all
strategies perform similarly, with RightTrain consuming slightly less energy than SL
and close to the optimum, owing to its greater flexibility in making instance-to-node
matching decisions. As Tmax increases, we can observe that the energy associated
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Fig. 2.7 Small-scale scenario: quantity of data processed at different parts of the network
topology as the maximum learning time T max varies, under the SL (left), RightTrain
(center), and optimal (right) strategies.

with SL stops decreasing, while RightTrain is able to track the optimum and yield
a substantially lower energy consumption, over 50% less than SL. The reason for
such behavior is shown in Fig. 2.6(center): SL can result in learning times that are
shorter than Tmax, especially when Tmax itself is higher.

One reason for this is shown in Fig. 2.6(right), portraying the fraction of data
used by each strategy (purple) and the resulting number of iterations K (green).
We can see that SL (dashed lines) always uses all available data, which results in
a constant (and low) number of iterations. On the other hand, both RightTrain
and the optimum are able to use less data when the delay restrictions are looser,
achieving a lower energy consumption and, hence, a better efficiency, in spite of a
higher number of iterations.

The second reason is shown in Fig. 2.7, depicting how each strategy utilizes the
different parts of the network topology. We can observe that SL (left plot) tends
to use more low-powered mobile nodes as Tmax increases, as one might expect. For
RightTrain (center plot) and the optimum (right plot), the quantity of data to
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Fig. 2.8 Small-scale scenario: energy/time trade-offs possible under the RightTrain (dots)
and SL (crosses) strategies. Dots of different colors correspond to different fractions of
used data.

process decreases as Tmax increases, which allows for a greater flexibility in using all
segments of the mobile-edge-cloud continuum, including high-powered cloud nodes
when appropriate. Notice that, under RightTrain and (to an even greater extent)
the optimal strategy, the curves in Fig. 2.7 do not look smooth, e.g., the quantity
of data processed at mobile nodes fluctuates as Tmax increases. This is in contrast
with the monotonic evolution in Fig. 2.7(left), and reflects the fact that RightTrain
is better than SL at accounting for the nonlinearities of the system behavior (e.g.,
the fixed energy component ef) and it adjusts its decisions accordingly.

Fig. 2.8 provides further insights about the greater flexibility of RightTrain
compared to SL. Each marker in the plot corresponds to a possible solution, with
its position along the x- and y-axes corresponding, respectively, to its learning
time and energy. Dots represent solutions reachable by RightTrain, with their
color corresponding to the fraction of used data; black crosses represent solutions
reachable by SL. We can immediately see that being able to not use all data allows
RightTrain to explore a larger set of high-quality trade-offs, often with a smaller
energy consumption and longer learning time. As for SL, all of the solutions it can
explore can also be reached by RightTrain when all data is used (pink dots).

We now move to the large-scale scenario and plot, in Fig. 2.9(left), the energy
consumed by the SL and RightTrain strategies (indeed, owing to the scenario size,
computing the optimum is not feasible). It is possible to observe a similar behavior to
that in Fig. 2.6(left), with RightTrain always yielding a smaller power consumption
than SL, and the difference growing as Tmax gets larger. By comparing Fig. 2.9(left)
to Fig. 2.6(left), it is also possible to observe how RightTrain performs noticeably
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Fig. 2.9 Large-scale scenario: energy consumed as a function of the maximum learning
time T max (left), and quantity of data processed at nodes of different classes under the SL
(center) and RightTrain (right) strategies.

better than SL even for small values of Tmax, and how the two curves diverge earlier
in Fig. 2.9(left) than in Fig. 2.6(left).

The reason for such a different behavior is presented in Fig. 2.9(center) and
Fig. 2.9(right), depicting how (respectively) SL and RightTrain use the different
types of nodes in the topology. Similarly to Fig. 2.7, RightTrain can more flexibly –
one would almost say, creatively – use available physical nodes, including “iron” ones,
thus yielding a lower energy consumption than SL. The behavior and performance
difference is more clear here than for the small-scale scenario, due to the wider variety
of existing nodes.

2.9 Testbed validation

We now validate our model and approach through a lab test-bed composed of three
nodes, depicted in Fig. 2.10:
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Fig. 2.10 The nodes of the lab test-bed we employ.

• a laptop, acting as edge node, and equipped with an Intel i7-7700HQ CPU and
8 GB of DDR4 RAM;

• a second laptop, acting as UE, equipped with an Intel i7-8550U processor and
16 GB of DDR4 RAM;

• a Raspberry Pi (RPi) 3 Model B, carrying a quad-core 1.2 GHz Broadcom
BCM2837 and 1 GB of RAM.

Laptops run the Ubuntu 18.04 operating system, while the RPi runs Ubuntu Server
20.04. UE and edge node are connected through a 3GPP LTE virtualized Radio
Access Network (vRAN), leveraging Ettus Universal Software Radio Peripheral
(USRP) B210 boards. The vRAN is based on the srsRAN [74] open-source LTE
stack implementation, which is compliant with LTE Release 9. The RPi is connected
to the UE through Wi-Fi, with the latter acting as an access point.

As the learning activity to perform, we consider an image classification task over
the CIFAR-10 [62] dataset using the Lenet DNN [75], composed of two convolutional
layers followed by three linear ones. We study the performance and behavior of
the possible (i.e., feasible) mappings between layers and physical nodes, under two
test-bed configurations:

• a two-node configuration, where only the Edge node and EU are included and
different mapping decisions also imply cutting the DNN after a different number
of layers;

• a three-node configuration, where the RPi is also used, hence, mapping decisions
can be more complex.
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Fig. 2.11 Lab test-bed, two-node configuration: accuracy vs. time for different mappings
(a); total elapsed time for different mappings (b); Gantt chart for the “cut layer: 2” (c)
and “cut layer: 4” (d) mappings.

In all cases, the target accuracy is set to 65%, and the maximum learning time is
1,000 s.

Fig. 2.11 reports the results for the two-node configuration. From Fig. 2.11(a),
we can observe that 10 epochs are always sufficient to reach the target accuracy;
however, the time needed to perform such epochs changes significantly; specifically,
the later we “cut” the network, the shorter the learning time. The reason of this
behavior is highlighted in Fig. 2.11(b). Interestingly, the total computing time (i.e.,
considering both the Edge node and the UE) remains roughly constant (since the
Edge node and UE laptops have similar performance). On the contrary, the amount
of data to be transmitted, hence, the data transfer time, decreases substantially (up
to 73%) with higher values of the cut layer, i.e., if we cut the network after a larger
number of layers. This is consistent with the fact that later layers of the DNN (i.e.,
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Fig. 2.12 Lab test-bed, three-node configuration: accuracy vs. time for different mappings
(a); total elapsed time for different mappings (b); Gantt chart for the “UE: 3, RPi: 1, Edge
node: 1” (c) and “UE: 2, RPi: 1, Edge node: 2” (d) mappings.

farther from input data) exchange less data, hence, “cutting” the DNN at such layers
reduces the quantity of information to exchange between nodes.

Fig. 2.11(c) and Fig. 2.11(d) cast additional light on this phenomenon, by depicting
how the two nodes alternate performing computations and exchanging data in the
first two batches of a typical iteration. For each batch, each node performs the
forward step and transmits the output of its own last layer to the following node.
Then, when the Edge node terminates the forward stage of the last layer, it computes
the loss and starts the backward procedure, computing the gradients and sending
them back. The transmissions of the output and gradients are indicated respectively
by the gray and black arrows in the plots. Blue and red bars therein correspond
to forward and backward passes, with the latter always taking roughly twice as
much as the former. This aligns with our expectations, as the computational cost of
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the backward pass is approximately twice that of the forward due to the gradient
computation. It is easy to notice that, while the forward and backward passes take
roughly the same time, “cutting” the DNN at layer 2 (Fig. 2.11(c)) instead of layer 4
(Fig. 2.11(d)) results in a much larger quantity of data to transmit, hence, longer
total training times.

Fig. 2.12 confirms the findings above, in spite of the fact that the DNN layers can
be spread across three nodes, hence, mappings are more complex. As in Fig. 2.11(a),
in Fig. 2.12(a) the accuracy reached at each epoch does not change, but the time
such epochs take does depend upon the mapping. Importantly, such a time is deeply
influenced, as shown in Fig. 2.12(b), by the transfer times between the nodes.

2.10 Conclusion

We have addressed distributed training of DNNs in the mobile-edge-cloud continuum,
and identified the challenge of making joint, energy-efficient decisions on such diverse
aspects as (i) selecting the data to be used, (ii) choosing the distributed DNN
structure, and (iii) matching DNN layers with the physical nodes to run them. We
have presented a solution concept, centered around the RightTrain algorithm, making
all necessary decisions in polynomial time and within 2(1 + ϵ) from the optimum,
with the objective of minimizing the total energy consumption. Our performance
evaluation shows that RightTrain closely matches the optimum and reduces the
energy consumption of a learning task by over 50% with respect to SL. Furthermore,
we have validated our approach by implementing it in a lab test-bed.

In the next chapter, we will address a similar problem, but with two key differences.
First, we will assume a cooperative learning scenario in which each node trains an
entire DNN, and not only a limited set of layers. Second, the training is performed
sequentially by the learning nodes, or set thereof, with the model being pruned to
accommodate nodes with limited computational capabilities. Thus, we will explore
how DNNs’ pruning can be utilized in Cooperative Learning and how to address the
inherent challenges.



Chapter 3

Tuning DNN Model Compression
to Resource and Data Availability
in Cooperative Training

Model compression is a fundamental tool to execute machine learning (ML) tasks on
the diverse set of devices populating current- and next-generation networks, thereby
exploiting their resources and data. At the same time, how much and when to
compress ML models are very complex decisions, as they have to jointly account
for such aspects as the model being used, the resources (e.g., computational) and
local datasets available at each node, as well as network latencies. In this work, we
address the multi-dimensional problem of adapting the model compression, data
selection, and node allocation decisions to each other: our objective is to perform
the DNN training at the minimum energy cost, subject to learning quality and
time constraints. To this end, we propose an algorithmic framework called PACT,
combining a time-expanded graph representation of the training process, a dynamic
programming solution strategy, and a data-driven approach to the estimation of the
loss evolution. We prove that PACT’s complexity is polynomial, and its decisions
can get arbitrarily close to the optimum. Through our numerical evaluation, we
further show how PACT can consistently outperform state-of-the-art alternatives
and closely matches the optimal energy consumption.

Part of the work described in this chapter has been published in Malandrino, F.,
Di Giacomo, G., Karamzade, A., Levorato, M., Chiasserini, C. F. (2023). Tuning
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DNN Model Compression to Resource and Data Availability in Cooperative Training.
IEEE/ACM Transactions on Networking, 32(2), 1600-1615.

3.1 Introduction

Training machine learning (ML) models is notoriously hard, as it requires large
quantities of data as well as significant computational resources [76, 77]. To cope with
this issue, cooperative training – most notably, federated learning (FL) [31, 77, 78] –
has emerged as a nigh-universal approach to leverage the resources of multiple nodes
to perform a single learning task. Examples range from smart factory scenarios [79],
where model training takes place at both cloud- and edge-based servers, to space
applications [80] where models are first trained on the ground and then refined
aboard the spacecraft.

In all such scenarios, the data and resources needed to perform the training
are scattered throughout different nodes, whose availability and connectivity may
significantly vary in both space and time [81]. This results in a major technical
challenge, namely, the mutual adaptation of the decisions concerning (i) ML training
(e.g., model selection and compression), (ii) data selection (i.e., which nodes shall be
asked to contribute their datasets for training), and (iii) node and resource allocation
(i.e., at which network nodes to train each portion of an ML model). Importantly,
the selection of datasets can be performed without sharing the data itself, but based
solely on privacy-preserving statistical information [82, 83].

There are three main scenarios where such main mutual adaptation can be
beneficial over training a single model (or completely distinct models for different
nodes):

• i.i.d. datasets at different nodes – in this case, the main benefit is fine-tuning
the resources committed for training to the required learning quality, e.g., by
exploiting cheaper nodes;

• datasets that are not i.i.d. but related (e.g., from different domains [79]) – in
this case, the same model can be successfully and efficiently trained to work
with data from all domains;
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• different datasets with convolutional DNNs – as convolutional layers recognize
basic features of the data (e.g., simple shapes in images) as opposed to their
meaning, their information can be transferred [84, 85] to models using different
datasets.

As better discussed in Sec. 3.7, many existing works address one or another of
the aforementioned aspects, but fall short of providing a comprehensive strategy to
jointly make all the required decisions. To fill this gap, in this work we focus on deep
neural networks (DNNs) and propose a solution strategy and algorithmic framework
called Performance-Aware Compression and Training (PACT), supporting all three
cases above. PACT creates optimized strategies for the training of DNNs, in presence
of (a) heterogeneous nodes, whose datasets cannot be shared, and (b) different DNN
models to choose from. A major novelty of PACT is the ability to leverage multiple
DNN models across different stages of the same learning task, by switching among
them as needed (e.g., through model pruning [86] or knowledge distillation [87]).
For each stage – hence, for each model –, PACT then selects the most appropriate
datasets, network nodes, and resources. As in the example depicted in Fig. 3.1,
a fairly complex model may be used in the early stages of training, running on a
small set of powerful nodes. Later, it is possible to switch to a simpler (e.g., pruned)
model, thus including more nodes with smaller capabilities but more valuable local
data [84]. At the same time, the benefits of model switching must be weighed against
the cost of switching itself, which requires additional resources and will often result
in a (temporary) drop in learning performance.

Our main contributions can be summarized as follows.

(1) Model and problem definition: we develop a comprehensive, synthetic model of
networked systems supporting the training of DNN models, capturing all relevant as-
pects thereof. Leveraging such a model, we formulate the problem of making dynamic,
joint decisions about: (i) the models – including full DNNs or pruned/compressed
version thereof – to use at each epoch; (ii) the time and manner of model switching,
e.g., DNN pruning; (iii) the network nodes to use at each epoch, leveraging their
computational resources and local datasets. The overall goal is to minimize the
energy consumption – hence, cost and carbon footprint – associated with training,
subject to constraints about the learning time and quality (e.g., a certain loss function
value). Importantly, PACT tackles scenarios where all the above aspects can be
controlled, thereby achieving greater flexibility and higher-quality decisions than
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Fig. 3.1 Cooperative training process proposed and optimized in this chapter. Subsets of
nodes sequentially train compressed versions of a DNN model. In the picture, nodes are
categorized based on their computing capabilities and data availability, and, in the example,
the training sequence is based on nodes’ ranking (gold, silver, bronze). Our framework,
named PACT and running at the learning orchestrator, optimizes the set of nodes, number
of epochs, and model compression along the process.

existing works that only target one aspect at a time (e.g., choosing the mode) and
consider the others immutable (e.g., resources are given).

(2) Algorithmic framework: making the decisions required in our scenario is
complicated by two main issues. The first is common to many combinatorial problems,
and is represented by the problem scale, e.g., the vast number of possible solutions
to choose from. The second is unique to our own scenario, and is the fact that model
switching decisions have effects (most importantly, on the learning quality evolution)
that cannot be exactly predicted a priori. To tackle the first issue, we adopt an
approximate dynamic programming (ADP) approach, predicated on restricting our
attention to the most promising potential solutions. Concerning the second issue,
we leverage both theoretical works on DNN convergence bounds and data-driven
predictions into our solution strategy, so as to estimate the effect of potential decisions
with a high level of confidence. As a result, our algorithmic solution can make high-
quality decisions – indeed, arbitrarily close to the optimum – with remarkably low
(namely, polynomial) computational complexity.

(3) Performance evaluation: we evaluate the performance of PACT under three
different real-world scenarios for distributed ML. In all cases, PACT yields training
strategies that adapt to the existing resources and training data, honoring the target
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Fig. 3.2 Accuracy vs. training time for different pruning epoch K1 (denoted by different line
styles) and percentage F (denoted by different color shades). Upon pruning, a sudden drop
in accuracy occurs. Cold and warm colors denote the set of nodes used for FL. Numbers
indicate the total CPU time [s], while each marker corresponds to 10 epochs.

learning quality and time at a low energy cost. Specifically, PACT decisions are
always very close (and, in many cases, identical) to the optimal ones, and substantially
better than those made by state-of-the art approaches. We further show how PACT
can recover from the effects of inaccurate estimations of the effect of model-switching
decisions.

The rest of the chapter is organized as follows. Sec. 3.2 clarifies the problem
we address, while Sec. 3.3 presents the system model and the decisions we tackle.
Sec. 3.4 then introduces the methodology for estimating the loss as learning proceeds,
and Sec. 3.5 describes our algorithmic solution. The obtained results are shown in
Sec. 3.6; finally, Sec. 3.7 discusses relevant related work and Sec. 3.8 summarizes our
conclusions.

3.2 A Motivating Example

In this section, we set in the first of the cases discussed in Sec. 3.1, i.e., i.i.d. datasets,
and seek to illustrate the benefits of a cooperative training process that integrates
model and nodes switching, but also emphasize the challenges in formulating and
optimizing it. To this aim, we consider the case in which one of the most popular
cooperative learning approaches, namely, federated learning (FL), is coupled with
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model pruning [86]. The latter exploits the fact that, typically, many of a model’s
parameters have a small impact on its performance and can thus be pruned away,
resulting in a DNN with similar performance but of lower complexity, and hence
CPU and memory requirements. In particular, we evaluate the following scenario:

• the nodes perform an image classification task using the VGG-11 DNN model
[88] as a starting point;

• FL uses the cross entropy loss function, batch size equal to 64, and the gradient
descent optimizer with 10−3 learning rate and 0.9 momentum;

• the model is trained for K1 epochs on 5 highly capable nodes (“gold” nodes),
each using 8,000 randomly-chosen images from the CIFAR-10 dataset [62];

• then, a fraction F of the model’s parameters is pruned1;

• finally, training resumes adding 2 more learning nodes, with lower computing
capability and fewer data: either “silver” with half the computing resources of
the gold nodes and 2,500 local images each, or “bronze” with one third of the
computing resources of the gold nodes and 750 local images each.

Three decisions should be made: (i) the number K1 of epochs to execute before
pruning, (ii) the percentage F of parameters to prune, and (iii) whether to use
the “silver” or “bronze” nodes when resuming training. Notice how the first two
decisions concern selecting and switching among models, while the third deals with
the physical nodes participating in the learning process. Fig. 3.2 summarizes the
effects of such decisions2, which lead to the following main remarks.
Observation 1: Pruning more (i.e., F=0.9, orange and light blue curves) significantly
reduces both CPU consumption (indicated by the numbers in the plot) and epoch
duration (markers are closer to each other), thus speeding up the overall learning
process and reducing its cost.
Observation 2: Larger values of K1 (solid lines) are associated with better performance
after pruning.
Observation 3: Using lower-capability (“bronze”) nodes after pruning (warm colors)
results in a larger difference between the learning performance obtained when K1 is

1We use the PyTorch method [89] to set to 0 the weights with smaller L2 norm, and the Simplify
library [90] to remove them from the DNN.

2Only some values of F are possible, as we apply structured pruning.
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small (i.e., 5) and when K1 is larger (i.e., 25). Thus, achieving better performance
while exploiting lower-capability nodes requires switching model later.

In a nutshell, switching from a model to another may have significant benefits
in terms of time and resource consumption; however, its effects are hard to capture
and foresee. Furthermore, the benefits of involving additional, yet heterogeneous,
nodes depend upon the chosen models and the time at which to switch between them.
Thus, it is necessary to make all the decisions on model/nodes switching jointly,
accounting for their interactions through a comprehensive system model.

3.3 System Model and Problem Formulation

We now present the system representation and the problem of matching DNN
compression and training with resources/data availability.

3.3.1 Model components

We envision a networked system for the compression and training of ML models where
different nodes or sets of nodes are available, each characterized by computational
and energy resources, and local datasets. A learning orchestrator controls the learning
process. The system has two main components:

• DNN models m ∈M that can be used for the training process; each model is
obtained by compressing the original DNN with a given technique or pruning
ratio;

• sets n ∈ N of nodes that can participate in the cooperative learning process,
where |N | is the number of predefined sets of nodes.

Let k indicate the current epoch, ℓ(k) the value of the test loss, computed at
epoch k over the orchestrator’s dataset, and T (k) the time at which epoch k finishes.
∆T (k) and ∆ℓ(k) represent, respectively, the time taken by epoch k, and the variation
in the value of loss function it yielded. Finally, ∆E(k) denotes the energy consumed
to perform epoch k, and E(k) the cumulative energy consumption until k.
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Importantly, time and energy variations depend on the model (m(k)) and the set
of nodes (n(k)) used at epoch k; also, they include two components each, i.e.,

∆T (k)=τ change(m(k−1), n(k−1),m(k), n(k)) + τ run(m(k), n(k)), (3.1)
∆E(k)=ϵchange(m(k−1), n(k−1),m(k), n(k)) + ϵrun(m(k), n(k)). (3.2)

In the equations above, τ run (ϵrun) represents the time (energy) to execute a given
model over a set of nodes (hence, with the associated datasets), while τ change

(ϵchange) represents the time (energy) to change (i.e., switch) the model or nodes. In
fact, model change implies compressing the model, which may take time and energy,
while a change in the set of nodes contributing to learning requires transferring the
model. Furthermore, not all model/nodes choices are possible, which is reflected
by setting τ change, ϵchange, τ run, and ϵrun to ∞. Also notice how the dependency of τ
and ϵ upon the node/cluster n being used allows us to model the fact that the same
task takes different time – and result in different energy consumption – if performed
at nodes with different architecture and capabilities.

The evolution of the loss function is given by:

∆ℓ(k)=λchange(k,m(k−1),m(k)) + λrun(k,m(k), n(k)). (3.3)

Again, (3.3) includes two components: λchange – the contribution of transitioning
from the previous to the current model (if a model switch is performed), and λrun –
the effect of training that model for an epoch. The sum of these components gives
the difference between the loss at the current epoch k and that of epoch k−1, i.e.,
the result of the action enacted at k.

λrun and λchange describe two different actions with different outcomes: the former
corresponds to the usual learning procedure, i.e., running one epoch of training; the
latter corresponds to switching across different models, an operation that is done only
occasionally and often results in a short-term degradation of the loss. Accordingly,
the two components may have different signs: λrun ≤ 0 (the loss decreases) in most
cases, while it is possible that λchange ≥ 0, as changing model may increase the loss
value [91, 92]. Furthermore, the fact that λrun also depends upon the used data
allows our model to capture the familiar notion that some datasets are more useful for
learning than others. Impossible transitions between learning settings are associated
with λchange =∞.
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In the following, when no confusion arises, we will drop the dependency of decision
variables m and n from the epoch. We present below an example of how our system
model can describe concisely and accurately real-world cooperative ML tasks.

Example 1 (System scenario). Consider the scenario in Sec. 3.2. In that case, the
set of models M contains (i) the original model being used, plus (ii) one additional
element for each possible pruning level3. For instance, there could be one element for
“50% pruning” and another for “90% pruning”. Thus, each value of fraction F to
prune maps into a different element of M. Concerning number K1 of epochs to run
before pruning, it corresponds to the epoch at which we change the model m being
used, hence, m(K1) ̸= m(K1 + 1).

Finally, the set N of possible clusters to use contains three elements: the set of
five gold nodes, that of two silver nodes, or the one of two bronze nodes.

In practice, the choice of the elements in M, i.e., the possible models to consider,
will be done based upon expert – possibly, domain- or scenario-specific – knowledge.
A further aspect worth taking into consideration is the availability of information
about models, e.g., whether the impact on the learning quality has been profiled as
per Sec. 3.4 below.

3.3.2 Problem definition

Given the impelling need to make ML sustainable [93, 94], our goal is to minimize
the overall learning energy consumption, while ensuring that the loss drops below
a target value ℓmax within time Tmax. Importantly, and unlike many related works,
it is not our objective to maximize the learning quality, but rather to minimize the
energy consumption subject to learning quality and time targets.

Specifically, for each epoch k, the learning orchestrator has to select (i) which
model m(k) to train in epoch k, and (ii) which set n(k) of nodes to involve next in the
learning process. Based on these decisions, the values ∆T (k), ∆E(k), and ∆ℓ(k) fol-
low, expressing, respectively, how long iteration k takes, how much energy it consumes,
and what improvement in the learning it yields. The learning orchestrator is assumed

3In structured pruning, only a finite set of pruning levels are possible.
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to own a synthetic dataset, which can be either sampled from the participating de-
vices, or obtained through an already trained generative model [95]. By exploiting the
testing dataset, it is possible to assess not only the training loss, but also the test loss;
using the latter results in better decisions and a lower risk of overfitting. The learning
orchestrator acts based on the knowledge of the characteristics of the network nodes
that can contribute to a learning process, and of the computational, temporal, and
energy impact of running a model. Such values can indeed be calculated following,
e.g., the methodology in [96].

The reason why methodologies like [96] are effective is that, contrary to intuition,
the operations required by performing one training epoch of a DNN are deterministic,
e.g., a certain number of matrix products and inversions. Accordingly, given the
DNN model to train and the architecture/capabilities of the nodes employ, both
the time and energy consumed can be known with virtual certainty. Thus, sets M
and N , as well as functions τ run, τ change, ϵrun and ϵchange, are given from the viewpoint
of our problem.

On the contrary, λrun and λchange can only be estimated by the learning orches-
trator, through estimators λ̂run and λ̂change. This reflects the fact that understanding
how training a specific model over specific nodes (hence, also data) improves learning
is a hard problem, and, indeed, all existing works merely provide approximations
and/or bounds to such quantities. In the following, we treat those estimators as
given; then, in Sec. 3.4 we demonstrate one possible methodology that the learning
orchestrator can use to compute them.

In general, estimating and modeling the learning performance of DNNs is a
distinct, and largely orthogonal, problem to ours; indeed, the overarching level of
PACT is to leverage information on DNN performance – regardless of how it is
obtained – to efficiently make high-quality learning decisions.

Owing to the discrete-time, combinatorial nature of the problem, we propose an
approximate dynamic programming (ADP) formulation thereof, as described below.
Dynamic programming is indeed well-suited to cope with combinatorial problems
where the system state evolves over time and the same decision process shall be
repeated for multiple epochs.
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3.3.3 ADP formulation

First, we define the state space, set of actions, and cost function. The state at
epoch k is given by s(k)= (k, ℓ(k), T (k),m, n), while the set of actions available
from state s(k) is given by all possible decisions (m′, n′) ∈ M×N such that the
switch they entail (if any) is feasible. The cost function C(s(k),a(k)) expresses
the (immediate) cost of executing action a while in state s at epoch k, as the
corresponding consumed energy C(s(k), a(k))=∆E(k). Such a cost comes directly
from (3.2), i.e., C(s(k), a(k))=ϵchange(m,n,m′, n′)+ϵrun(m′, n′).

The value function V(s(k)), i.e., how desirable it is to be in state s(k), requires
a more sophisticated, and domain-specific, definition. We set the value of being
in state s(k) equal to 0 when, after Tmax, the loss is above ℓmax; we set it to the
maximum value (i.e., 1) whenever ℓ(k) < ℓmax while T (k) ≤ Tmax. For all other
states, we compare the current loss ℓ(k) and time T (k) with an ideal loss-time curve
ℓideal(t) which: (i) starts at ℓ(0) for T=0; (ii) ends at ℓmax for T=Tmax, and (iii)
follows a power law in the between. The latter comes from the finding invariably
reported in both theoretical [97–99] and experimental [100] works. Then, we can
write the value of being in state s(k) as the difference between ideal and real loss
values, i.e.,

V(s(k))=logistic
(
ℓideal(T (k))−ℓ(k)

)
, (3.4)

where the value is normalized via a logistic function.

Dynamic programming problems can be solved in principle by optimizing Bell-
man’s equation, i.e., choosing at each epoch the action minimizing the total energy
cost subject to the constraints that (i) the target quality is reached, i.e., the value
of the state reached by the last epoch K is 1, and (ii) such an epoch is performed
before the deadline Tmax is reached.

min
a(k)∈Ak

∑
k

C(s(k), a(k)) (3.5)

s.t. V(s(K))=1 ; T (K)≤Tmax . (3.6)

To solve our problem in real-world scenarios, however, there are two major challenges
to face. First, the learning orchestrator does not have access to the future decrease
(or increase) in the loss value ∆ℓ(k), and how our decisions influence it. A possible
solution to this issue is to use traditional Deep Reinforcement Learning (DRL)
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Fig. 3.3 Architecture of the λ̂run (a) and λ̂change (b) estimators.

approaches. For instance, Deep Q-Learning algorithms would implicitly learn the
probabilistic dynamics of loss as a function of taken actions. However, training DRL
agents often requires very large datasets to achieve satisfactory convergence, and
may result in weak generalization. Herein, we take a different approach, where we
build an ADP framework based on low-complexity neural networks (NN) estimators
of possible loss trajectories with a finite time horizon. Second, in view of the number
of possible actions, the learning orchestrator has to identify a subset of actions to
evaluate at each epoch. Such challenges are dealt with in Sec. 3.4 and Sec. 3.5,
respectively.

3.4 Estimating the Performance of Learning

As discussed in Sec. 3.3.2, neither of the quantities contributing to the loss evolution
(λchange(k,m,m′) and λrun(k,m, n)) is known exactly. We thus introduce estimators
for ∆ℓ(k). Specifically, for λrun(k,m, n):

• an expected-value estimator λ̂run
exp(k,m, n) of the loss reduction value;

• a robust estimator λ̂run
rob(k,m, n), such that λrun(k,m, n) ≤ λ̂run

rob(k,m, n) with
high probability.

In general, λ̂run
exp(k,m, n) ≤ λ̂run

rob(k,m, n), i.e., the robust estimator is the most
pessimistic. Likewise, for λchange(k,m,m′), we can introduce the corresponding
estimators, λ̂change

exp (k,m,m′) and λ̂change
rob (k,m,m′), with similar properties.
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To obtain both the expected-value and the robust estimator, the learning orches-
trator leverages the knowledge of the number of classes of the datasets owned by the
nodes and makes use of NN architectures that can predict the expected testing loss
variation as well as determine the prediction uncertainty. An approach we envision in
the following is to estimate λrun(k,m, n) by leveraging the Long Short-Term Memory
(LSTM) model in [101] and develop a similar, yet simpler, branched architecture,
as depicted in Fig. 3.3(a). Importantly, alternative (possibly, more complex and/or
comprehensive) approaches can be equally integrated with PACT.

The features fed to the first Fully Connected (FC) layer are the time-independent
parameters, i.e., the number of classes and samples in the dataset of the nodes set
currently training the DNN model, and the pruning ratio F of the current model.
The input of the LSTM layer is the sequence of loss values obtained so far in the
DNN model. The LSTM predicts the expected value of λrun(k,m, n) as well as
two associated quantiles (namely, 0.05 and 0.95), yielded by the learning process in
the next 5 epochs (thus, the FC layer output size is 15, i.e., number of predicted
metrics times number of prediction steps). So doing, we obtain λ̂run

exp(k,m, n) and
λ̂run

rob(k,m, n), with the latter given by the 0.95 quantile.

As for λchange(k,m,m′), since the goal is to predict the loss variation when we
move from one DNN model to another, we leverage regression, using the NN in
Fig. 3.3(b). The NN is fed the pruning ratio and the 5 loss values preceding the
model switch. The regression model predicts the expected value λ̂change

exp (k,m,m′)
as well as the 0.05 and 0.95 quantiles in the next epoch of the DNN training, with
λ̂change

rob (k,m,m′) being again the 0.95 quantile.

We demonstrate our loss prediction in a small-scale example, as summarized in
Fig. 3.4. We seek to model the testing loss attained by the AlexNet DNN over the
CIFAR-10 dataset. The training happens in three steps:

1. the full DNN is trained for 15 epochs at a node containing 16,500 samples of
classes 1–6 and 1,000 of classes 7–10;

2. the model is pruned with fraction F1=0.25, and handed over to a new node
owing 12,500 samples (representing all classes equally except 9–10, which are
underrepresented) for 25 more training epochs;

3. the model is pruned with F2=0.5 and handed over to a third node, owing 7,500
uniformly-distributed samples.
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In Fig. 3.4, the true loss is represented by the black line, while the red line and
the blue markers represent, respectively, the predicted losses λ̂run and λ̂change. It is
possible to notice how, even in this relatively small-scale example, the estimators
provide remarkably accurate predictions.

Finally, to improve the reliability of the robust estimator, the learning orchestrator
compares the values obtained through the above NN to the lower bounds that are
available for λrun(k,m, n) [35, Theorem 1] and for λchange(k,m,m′) [91, Sec. 3]. If
they result to be lower than the bounds, the latter are taken as robust estimators.

3.5 The PACT Algorithm

The goal of PACT is to let the learning orchestrator efficiently find high-quality
solutions to the problem in (3.5), which, as shown later, is NP-hard. PACT consists
of three steps:

1. Create an expanded graph representing the possible decisions and their outcome;

2. Using such a graph, identify a set of decisions deemed feasible based on the
estimated loss trajectory;

3. By combining learning- and energy-related information, choose the best feasible
solution to enact.

Step 1: Expanded graph. The expanded graph is a directed graph built
according to the following rules:
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• The vertices represent the states of the system; they are labeled with the current
epoch k, model m(k) and set of nodes n(k) being used, and the total elapsed
time T (k) and current loss ℓ(k). With the aim of identifying feasible solutions,
the latter quantity is computed using the robust estimators λ̂change

rob (k,m,m′)
and λ̂run

rob(k,m, n);

• Elapsed time and loss values are represented, respectively, with resolutions γT
and γℓ (e.g., if γℓ=0.1, a vertex with ℓ=0.1 or 0.2 can exist, but not with ℓ=0.15);

• A directed edge is drawn between two vertices if there is an action making the
system move from one corresponding state to the other; each edge is labeled
with the energy consumption of the associated action, as in (3.2);

• Each vertex representing a feasible state of the system (i.e., with ℓ(k) ≤ ℓmax

and T (k) ≤ Tmax) is further connected to a virtual node Ω through a zero-cost
edge.

The graph is created through the CreateExpandedGraph function, presented
in Alg. 2. First, all vertices are created, representing all valid combinations of model
and set of nodes, epoch, loss value, and elapsed time (Line 3–Line 6). Note that the
quantization parameters γℓ and γT (Line 4–Line 6) allow us to control the trade-off
between size of the graph and quantization error.

For each vertex v, the effect of taking action a from vertex v is determined by
computing the resulting elapsed time and the required energy (Line 12–Line 13). If
either is infinite, then taking action a while in state v is impossible, and we move on
to the next action. Otherwise, the loss ℓ′ resulting from taking the action is computed
using the robust estimator (Line 16). Now, tuple (k + 1,m′, n′, ℓ′, T ) would describe
the state the system lands on after performing a from v; however, due to the way
the vertices are created (i.e., using γℓ and γT ), such a tuple may not correspond to a
vertex in V . Accordingly, in Line 17–Line 18, ℓ′ and T ′ are cast into integer multiples
of γℓ and γT . Then, vertex v′ representing the new state is identified (Line 19), and
an edge from v to v′ is added using the appropriate energy value E as its weight.
Finally, if v is feasible, v is connected to Ω (Line 22).

Fig. 3.5 presents an example of expanded graph. The initial vertex is associ-
ated with epoch k=0, model m(0)=m0, node n(0)=n0, loss ℓ(0)=1 and elapsed
time T (0)=0. The learning target is ℓmax=0.25 and the time limit is Tmax=1.5.
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Algorithm 2 Creating the expanded graph
1: function CreateExpandedGraph
2: V ← {Ω} ▷ set of vertices
3: for all m ∈M, n ∈ N do
4: for all k ∈

[
1, 2, . . . ,

⌈
Tmax

γT

⌉]
do

5: for all ℓ ∈ [0, γℓ, 2γℓ, . . . , ℓ(0)] do
6: for all T ∈ [0, γT , 2γT , . . . , Tmax] do
7: v ← (k,m, n, ℓ, T )
8: V ← V ∪ {v}
9: E ← ∅ ▷ set of edges

10: for all v=(k,m, n, ℓ, T )∈V do
11: for all a=(m′, n′) ∈ A do
12: T ′ ← T+τ change(m,n,m′, n′)+τ run(m,n)
13: E ← ϵchange(m,n,m′, n′)+ϵrun(m′, n′)
14: if T ′>Tmax ∨ E=∞ then
15: continue ▷ infeasible, skip this action
16: ℓ′ ← ℓ+λ̂change

rob (k,m,m′)+λ̂run
rob(k,m, n′)

17: ℓ′ ← γℓ
⌈
ℓ′

γℓ

⌉
18: T ′ ← γT

⌈
T ′

γT

⌉
19: v′ ← (k+1,m′, n′, ℓ′, T ′)
20: E ← E ∪ {(v, v′,weight=E)}
21: if ℓ ≤ ℓmax∧T≤Tmax then
22: E ← E ∪ {v,Ω} ▷ feasible state
23: return G=(V , E)

Also, the resolution values are set to γT=0.1 and γℓ=0.1. From the current state,
it is possible to change the node (switching to more capable n1), model (switching
quicker-converging m1), both, or neither; such actions are represented (resp.) by
solid green, solid purple, dashed blue, and dotted black edges in the figure. Different
combinations of possible switches yield different combinations of loss and elapsed
time, only one of which – the bottom, pink vertex – is feasible, hence, connected
to Ω.

Step 2: Feasible paths. Next, PACT uses the expanded graph to identify a
set of paths deemed feasible; the first edge of such paths represents a feasible action.
To mitigate the impact of potential errors in the loss estimation (which in principle
may jeopardize feasibility), the expanded graph is built using the robust estimators
of the loss variation, which guarantees that all paths landing at a feasible node are,
indeed, feasible with high probability. Thus, using function FindFeasiblePaths in
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Algorithm 3 Finding feasible paths
1: function FindFeasiblePaths
2: vcurr ← (k,m, n, ℓ, T )
3: P ← ∅ ▷ feasible paths
4: for all v: (v,Ω) ∈ E do
5: p← shortestPath(vcurr, v)
6: P ← P ∪ {p,weight= ∑

e∈p weight[e]}
7: return P

Alg. 3, PACT seeks for paths that (i) start from the current state, and (ii) arrive
to a feasible state, i.e., to a vertex connected to Ω. Specifically, for each vertex v

corresponding to a feasible state, it determines the shortest path (Line 5) from the
current state vcurr to v. Such paths are collected in set P and associated with a
weight corresponding to the sum of weights (i.e., energy consumption) of their edges.

Step 3: Making the best decision. Once the set of feasible paths, and
associated feasible actions, has been identified, using robust estimators to choose
the decision to enact would be overly cautious, possibly resulting in unnecessarily
higher energy costs. Thus, PACT accounts for two additional aspects when selecting
an action: an opportunity and a risk factor. Such factors and the path weight are
integrated into a score, and the action corresponding to the lowest score is enacted.

For every path p ∈ P, scores are computed in the ChooseAction function in
Alg. 4. The opportunity factor, opp≥1, is given by the ratio of (i) the sum of the
expected loss to (ii) the sum of the robust loss associated with the edges in p (Line 9).
The intuition is to make it easier to choose actions with a good expected loss, since
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Fig. 3.5 Example of the PACT expanded graph, with resolution values γT=0.1 and γℓ=0.1,
learning target ℓmax=0.25, and time limit T max=1.5. Edge colors denote switches across
subsequent epochs: node only (solid green), model only (solid purple), both (dashed blue),
neither (dotted black).
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Algorithm 4 Choosing the next action
1: function ChooseAction
2: scores← {}
3: for all p ∈ P do
4: w ← 0 ▷ opportunity
5: Le← 0 ; Lr← 0
6: for all ((k,m, n, ℓ, T ), (k′,m′, n′, ℓ′, T ′)) ∈ p do
7: Le←Le+λ̂change

exp (k,m,m′)+λ̂run
exp(k,m, n′)

8: Lr←Lr+λ̂change
rob (k,m,m′)+λ̂run

rob(k,m, n′)
9: opp← Le/Lr

10: V ← {v ∈ V : v[1]=m} ▷ risk
11: Wr←minv∈V weight(shortestPath(p[1],Ω,via v)
12: risk← Wr/weight[p]
13: scores[p]← weight[p] · risk/opp
14: p⋆ ← arg minp∈P score[p]
15: return a=(p⋆[1][1], p⋆[1][2])

the robust estimator may be too pessimistic. As for the risk factor, its high-level
purpose is to avoid undoing decisions. To this end, PACT seeks for paths on the
expanded graph that lead from the first node of p, to a vertex v∈V associated with
the current model m (Line 10), and thence to Ω. The risk factor, risk≥1, associated
with path p is then computed in Line 12 as the ratio of the minimum among the
weights of such paths to the weight of p (defined in Alg. 3).

The score of path p is obtained in Line 13 as p’s weight, divided by the opportunity
factor, and multiplied by the risk factor. Then the action associated with the
minimum-score path is returned. It is important to underline that the shortest path
going from the current state to Ω represents the lowest-cost decision since edge
weights are set to the energy cost of the corresponding actions. Thus, the ultimate
outcome of this step is the action with the lowest energy cost to enact.

3.5.1 Problem and algorithm analysis

Property 5. The problem of optimizing (3.5) is NP-hard.

The proof is based on a reduction in polynomial time from the generalized
assignment problem (GAP) [67], which is known to be NP-hard. Furthermore, we
prove that:
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Property 6. PACT’s time complexity is polynomial.

Proof. PACT’s complexity is given by the sum of the complexity of Alg. 2–Alg. 4. In
Alg. 2, the first loop is run at most |V|=MN

⌈
Tmax

γT

⌉2⌈
ℓ(0)
γℓ

⌉
times, where M= |M| and

N= |N |, i.e., denotes the number of the predefined sets of nodes in N . The second
loop in Alg. 2 is run at most |V|MN times. Alg. 3 computes at most |V|2 shortest
paths, each of which (e.g., using Dijkstra’s algorithm [102]) incurs a polynomial
complexity. Alg. 4 iterates over set P of feasible paths, whose number cannot exceed
|V| (as per Alg. 3, Line 4). Thus, all contributions to PACT have polynomial
complexity, which proves the thesis.

Importantly, Property 6 concerns the worst-case time complexity of PACT, which
in practice has substantially lower complexity. In particular, the shortest-path
routines used in Alg. 3 and Alg. 4 have been heavily optimized, and perform very
efficiently in practice [102].

We can further prove that the space complexity of PACT’s most complicated
part, i.e., the CreateExpandedGraph procedure in Alg. 2, does not exceed that
of its output, i.e., the expanded graph itself.

Property 7. The space complexity of Alg. 2 is |V|2MN , with |V|=MN
⌈
Tmax

γT

⌉2⌈
ℓ(0)
γℓ

⌉

Proof. The proof follows by inspection of Alg. 2. First, we remark that no data
structures are created within the algorithm. Then we observe that at most one
vertex is created every time the first loop in the algorithm is run, and at most one
edge is created every time the second loop is run. Considering (see also the proof in
Property 6) that the first loop runs at most |V|=MN

⌈
Tmax

γT

⌉2⌈
ℓ(0)
γℓ

⌉
times, and the

outer loop at most |V|MN times, then the thesis holds.

The intuitive meaning of Property 7 is that the space complexity of Alg. 2 does
not exceed that of its output, further supporting the suitability of PACT even to
large-scale, complex scenarios.

At last, we prove the following property about how good PACT’s solutions are at
minimizing the objective in (3.5).

Property 8. If predictions are exact, their time horizon is sufficiently long, and
all ∆ℓ and ∆T values are integer multipliers of γℓ and γT , then PACT is optimal.
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Fig. 3.6 Federated scenario. Nodes of the same category form a cluster, within which
learning is performed in parallel, employing FedAvg; the aggregation of the models is then
performed by an FL coordinator. Over the clusters, instead, the learning procedure takes
place sequentially.

Proof. The proof comes from inspection of Alg. 2–Alg. 4, which consider all possible
options (e.g., all vertices in Alg. 3, all paths in Alg. 4), hence, no feasible solutions
are ignored. Further, the shortest-path problem in Alg. 3 and Alg. 4 can be efficiently
solved to the optimum. If the hypothesis holds, then the ceiling operators in
Alg. 2 (Line 17 and Line 18) have no effect, hence, there is no possible source of
suboptimality.

An important consequence of Property 8 is that, by varying γℓ and γT , we can
effectively trade off how close to the optimum the solution gets with PACT’s time
complexity.

3.6 Numerical results

We assess PACT’s performance focusing on a smart factory-based application under
two different learning scenarios:

• a sequential learning scenario, like the one depicted in Fig. 3.1, where models
are passed among individual nodes;

• a federated learning scenario, as depicted in Fig. 3.6, where clusters of nodes
are employed instead.
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Table 3.1 Example actions and their effects in the sequential learning and federated learning
scenarios

epoch model node/cluster energy learning
Sequential Learning

30 B Silver 315 1.09
31 B Silver 321 1.09
40 B Silver 375 1.08
31 D Bronze 317 1.22
40 D Bronze 335 0.90

Federated Learning
16 B Silver 15.5 1.56
22 B Silver 18.5 1.35
22 C Bronze 17.9 1.27

In both scenarios, we perform an image classification task, using the CIFAR-10
dataset.

Importantly, the PACT methodology – e.g., building the expanded graph and
finding a shortest path therein – works unmodified in both scenarios. Needless to
say, the available actions (i.e., node-selection and model-switching decisions), as well
as their effects on the learning quality and energy consumption, are different and are
estimated as discussed in Sec. 3.4. An example of possible decisions and their effect
is presented in Tab. 3.1.

Sequential scenario. We consider three nodes, each belonging to a different
category, namely, gold, silver or bronze. They have respectively 17,500, 12,500, and
7,500 samples from the CIFAR-10 dataset. While the bronze node has a balanced
data distribution, the gold and the silver ones have unbalanced datasets: the gold
node has 2,750 for each of classes 1–6 and 250 for each of classes 7–10; the silver
node has 1,500 samples for each of classes 1–8 and 250 for each of classes 9–10;
finally, the bronze node has 750 samples per class. In this situation, the most capable
nodes do not necessarily possess the highest-quality datasets, hence, trivial decisions
(e.g., always using the gold node) are unlikely to yield good performance. Therefore,
learning optimization strategies like PACT becomes necessary.

Learning always starts with the gold node training the full model. Then either
one or two pruning steps (i.e., two or three models) are considered, with pruning
being performed as described in Sec. 3.2. In the first case, after K1 epochs, the
model is pruned with pruning ratio F1 and handed over to the silver or the bronze
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node, which continues the training. If instead two pruning steps are performed, then
the training at the silver node is interrupted after K2 epochs, after which the model
is pruned with fraction F2 and sent to the bronze node. Two convolutional DNNs
are considered, namely, VGG-19 and AlexNet [2].

Importantly, different combinations of F1 and F2 correspond to different elements
of the models setM, hence, setting those values is equivalent to selecting the models
to use. Recall that model pruning also implies switching to a different node, so that
more complex models are always matched with more capable nodes. Specifically, the
training time and energy values used for the gold, silver, and bronze nodes reflect
(resp.) the capabilities of NVIDIA Ampere A100 [71], NVIDIA RTX A4000 [72],
and Raspberry Pi’s Videocore 6 [103] GPUs. Finally, for simplicity, we set a very
long time limit of Tmax=1, 000 time units. Notice how the energy cost associated
with nodes is incurred only while the nodes themselves are used, i.e., the energy
consumption of idle nodes is neglected [93, 94].

Federated scenario. In the FL scenario, we replace individual nodes with
clusters, each including two nodes and a learning coordinator. The latter performs
model averaging after each epoch following the FedAvg algorithm [7], on the grounds
that it is the vanilla approach to FL, hence, provides the easiest-to-replicate results.
Note that the FL coordinator (running FedAvg) and the learning orchestrator
(running PACT) are two different logical roles, which may not necessarily be taken
on by the same physical node.

3.6.1 Loss prediction implementation

As described in Sec. 3.4, we use a DNN and an LSTM to estimate (resp.) λrun

and λchange. To capture the difference between different settings, we train separate
models for each of our scenarios, namely federated and sequential; further, in the
latter scenario, we train separate models for the cases when the VGG and AlexNet
networks are used. Importantly, each model is trained considering all nodes – or
clusters of nodes in the federated case – and different combinations of K1, K2, F1

and F2, namely K1, K2 ∈ [1, 5, 15, 25, 40, 60] and F1, F2 ∈ [0.25, 0.5]; this allows us
to build estimators that work well over different models and nodes and, hence, their
associated datasets, which are fed as input to the estimators, as explained in Sec. 3.4.
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Table 3.2 Loss prediction: mean and standard deviation for all scenarios

Scenario Model MAE MIL ICP

Sequential
VGG

λ̂change 0.222± 0.006 0.90± 0.04 0.89± 0.02

λ̂run 0.0123± 0.0002 0.0567± 0.002 0.89± 0.01

Sequential
AlexNet

λ̂change 0.077± 0.008 0.38± 0.03 0.92± 0.02

λ̂run 0.0092± 0.0006 0.038± 0.003 0.89± 0.01

Federated
VGG

λ̂change 0.0270± 0.004 1.07± 0.02 0.895± 0.009

λ̂run 0.010± 0.001 0.036± 0.004 0.87± 0.05

Because we are interested in estimating the whole distribution of the loss, we
employ a customized loss function given by the summation of the mean square error
(MES) and a tilted loss term [104] ensuring that all quantiles are correctly estimated.

The prediction quality achieved is reported in Tab. 3.2, summarizing the prediction
metrics we consider, namely: (i) the mean absolute error (MAE); (ii) the mean
interval length (MIL), i.e., the average width of the prediction interval; (iii) the
interval coverage percentage (ICP), i.e., the fraction of true values falling within the
relative prediction interval. The latter two metrics are linked with the quality of
quantile predictions. From the table, it clearly emerges that the loss prediction is
very good in all scenarios, a further evidence of the validity of the PACT solution
strategy and the underlying intuition.

3.6.2 PACT performance

Benchmark solutions. We compare the performance of PACT against the following
benchmarks: (i) Optimum: the optimal decisions yielding the minimum cost, found
through brute-force search and using the true loss evolution; (ii) NoSwitch: no model
switching occurs, meaning that only the full model is used; (iii) OneSwitch: only two
models are used. For both the NoSwitch and the OneSwitch solution, we consider
the best decisions they yield for each value of ℓmax. Specifically, for OneSwitch,
we consider the lowest energy cost, feasible strategy changing once, considering
all combinations of models and changing epochs. Note that most state-of-the-art



3.6 Numerical results 69

0.8 1.0 1.2 1.4 1.6
Target loss value ℓmax

0
5

10
15
20
25
30
35
40

Co
st

 E
(k

) [
un

its
]

optimum
PACT
OneSwitch
NoSwitch

0 50 100 150 200 250 300
Elapsed time T(k)

1.00

1.25

1.50

1.75

2.00

2.25

2.50

2.75

lo
ss

 ℓ(
k)

optimum: twochanges_2_18
PACT: twochanges_2_19
OneSwitch: onechange_15

0 50 100 150 200 250 300
Elapsed time T(k) [units]

0

5

10

15

20

25

Cu
m

ul
at

iv
e 

co
st

 E
(k

) [
un

its
]

optimum: E(K) = 12.8
PACT: E(K) = 13.3
OneSwitch: E(K) = 23.5

Fig. 3.7 PACT and benchmark strategies for sequential scenario with VGG: cost for different
values of ℓmax (left); evolution of loss (center) and cost (right) when ℓmax=1.05.
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Fig. 3.8 PACT vs. benchmark strategies for sequential scenario with VGG: energy
cost incurred by using different models when ℓmax=0.95 (left), ℓmax=1.05 (center),
ℓmax=1.25 (right).

works [87, 105, 106] envision pruning once, hence, their performance would be
represented by OneSwitch.

Sequential scenario, VGG model. First, we evaluate PACT’s effectiveness,
i.e., how the cost (i.e., the consumed energy E(K)) it yields compares to that of the
benchmarks. To this end, Fig. 3.7(left) shows the cost associated with each strategy,
for different loss targets ℓmax. We can observe that the NoSwitch strategy is the
worst one and does not allow reaching a low value of ℓmax, as only the full model
is used. Recall that the full model is trained by the gold node, which has many
data samples, but distributed in an extremely unbalanced manner, as 4 out of 10
classes are highly under-represented. Excluding the NoSwitch strategy, when ℓmax is
relatively high, all strategies result in very similar performance; on the other hand,
they diverge as ℓmax decreases, i.e., as the conditions become more challenging. In
particular, PACT closely matches the optimum, to the point that the corresponding
curves almost overlap, and outperforms OneSwitch solution – which is the approach
followed in most state-of-the-art works. Switching across multiple models and nodes
is indeed beneficial when learning constraints are tight.

Fig. 3.7(center) depicts the time evolution of ℓ(k) for ℓmax=1.05. Note that the
peak due to the loss variation λchange incurred upon model switching is not always
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present, as the testing loss can decrease even when switching the model. This is
especially true when the first switching occurs early, as depicted by the two curves
with K1=2, relative to the PACT and the optimal solutions. Remarkably, PACT
makes virtually the same decisions as the optimal policy, i.e., performs the model
switching at (almost) the same times. OneSwitch can only switch once, hence, does
so later. Interestingly, all the strategies achieve the learning target at almost the
same time. However, we recall that cost is the optimization objective (3.5), while
time is a mere constraint. Accordingly, Fig. 3.7(right) highlights how the optimum
indeed takes slightly shorter than PACT to reach the objective and does so at a
(marginally) lower cost (see the position of the last marker on the y-axis). On the
other hand, OneSwitch solution, despite taking a comparable time, requires much
more energy to reach ℓmax.

Fig. 3.8 sheds further light on how different strategies use the network infras-
tructure. Plots therein show how much energy is spent running each of the distinct
models under the different strategies; different plots correspond to different values
of ℓmax, that are 0.95, 1.05, and 1.25 (resp.). Consistently with Fig. 3.7(right), when
ℓmax is high, NoSwitch requires the larger amount of energy, i.e., higher cost, while
PACT and optimum incur almost the same cost. As for OneSwitch, the energy cost is
between the one of PACT and NoSwitch. As shown in Fig. 3.8(center), for a medium
value of ℓmax, NoSwitch cannot achieve the target loss value. Thus, the OneSwitch
solution requires the highest amount of energy, while PACT and optimum decisions
entail a very similar cost, even if the decisions are a bit different, as depicted in
Fig. 3.8(center) by the different costs of models B and D. When ℓmax is low, as in
Fig. 3.8(left), the difference between PACT and OneSwitch emerges more clearly:
PACT requires more energy and takes different decisions, employing model B more.
Further, in this case, also OneSwitch solution cannot achieve the desired ℓmax.

Next, we assess the impact of γℓ and γT , which control the trade-off between
PACT’s complexity and representation’s granularity. Fig. 3.9(left) shows that a
larger value of γℓ does decrease PACT’s performance: indeed, the minimum value of
ℓmax that can be achieved significantly increases with γℓ. However, even increasing γℓ
by an order of magnitude, PACT still outperforms OneSwitch for large ℓmax, while
with lower ℓmax it is comparable to, or slightly worse than, OneSwitch.

Fig. 3.9(center), referring to the case ℓmax=1.05, provides some insight on how
a higher γℓ affects the decisions made by PACT. Specifically, the higher the value
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Fig. 3.9 Impact of γℓ on PACT’s performance for sequential scenario with VGG: energy cost
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Fig. 3.10 Impact of quality of λ̂run for the sequential scenario with VGG: PACT’s energy
cost for different values of ℓmax (left); loss (center) and cost (right) evolution for ℓmax=0.9.

of γℓ, the later switches are made. The reason lies in Line 17 of Alg. 2, and more
exactly in the ceiling operator therein. Increasing γℓ leads to overestimating the
loss resulting from a particular action, hence, to assume that further gains could be
made under the current model, while that is not the case. For the same value of ℓmax,
Fig. 3.9(right) highlights how these later switches result in a higher cost and time.

Finally, we further assess how well PACT can deal with loss estimation errors,
by adding a bias to the prediction output for the first model, namely, the full
one. Fig. 3.10(left) shows that positive and negative biases yield similar perfor-
mance decrease. Also, PACT outperforms OneSwitch even in the presence of a
bias. Fig. 3.10(center), referring to the case ℓmax=0.9, shows how biases on the loss
variations prediction influence PACT’s decisions. Consistently with Fig. 3.9(cen-
ter), underestimating the full model’s performance leads to a later switch, while
overestimating it has the opposite effect. It is also worth noting the times of the
second switch: PACT can potentially compensate for the misguided decisions it made
earlier. This happens, for instance, when the bias is equal to 0.05, as K1 and K2 are
respectively lower and larger w.r.t. the case with no bias. Fig. 3.10(right) underlines,
similarly to Fig. 3.9(right), that adding a bias term leads to higher cost and time.
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Fig. 3.11 PACT and benchmark strategies for sequential scenario with AlexNet: cost for
different values of ℓmax (left); evolution of the loss (center) and cost (right) when ℓmax=1.1.
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Fig. 3.12 PACT vs. benchmark strategies for sequential scenario with AlexNet: energy cost
incurred by using different models when ℓmax=0.8 (left), ℓmax=1 (center), ℓmax=1.2 (right).

This is a very important result, as it highlights how PACT is robust to possible
errors in estimation techniques such as that demonstrated in Sec. 3.4.

Sequential scenario, AlexNet model. Fig. 3.11(left) shows the cost versus the
target loss, for PACT and for each of the benchmark solutions. As in Fig. 3.7(left),
PACT decisions are close to the optimal ones and outperform the other solutions.

Fig. 3.11(center) shows the loss trend as a function of the elapsed time when
setting ℓmax=1.1: the PACT solution takes slightly longer than the optimal one, but
still less than the other two solutions. Nevertheless, in general, the time necessary
to achieve the desired ℓmax is similar for all the solutions. On the other hand, as
depicted by Fig. 3.11(right), the incurred cost changes among the different strategies:
PACT’s cost is slightly higher than the optimal one, but lower than the energy cost
entailed by OneSwitch and NoSwitch.

Fig. 3.12, similarly to Fig. 3.8, shows how much the different nodes are exploited,
considering three different values of ℓmax, respectively 0.8, 1, and 1.2. When the
requirements are stricter, i.e., ℓmax is lower, the NoSwitch and OneSwitch solutions
cannot find any feasible solution and generally the energy consumption increases.
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Fig. 3.13 Impact of γℓ on PACT’s performance for sequential scenario with AlexNet:
energy cost for different values of ℓmax (left); evolution of the loss (center) and cost (right)
when ℓmax=1.15.
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Fig. 3.14 Impact of quality of λ̂run for sequential scenario with AlexNet: PACT’s energy
cost for different values of ℓmax (left); loss (center) and cost (right) evolution for ℓmax=0.8.

Again, when the constraints are tighter, PACT requires more energy than the optimal
solution.

Fig. 3.13(left) shows the impact of γℓ: when ℓmax decreases, the effect of increasing
γℓ is noticeable and it may be not possible to reach the same ℓmax value as the
optimum. In this case, unlike in the VGG results of Fig. 3.9(left), when ℓmax

decreases, OneSwitch outperforms first the solution obtained with γℓ=10−3 and then
the one with γℓ=5 · 10−3. Regarding Fig. 3.13(center) and Fig. 3.13(right), we can
draw the same conclusions as for Fig. 3.9(center) and Fig. 3.9(right).

Fig. 3.14(left) underlines the impact of γT : also in this case, PACT outperforms
the OneSwitch solution in the presence of a bias. Unlike Fig. 3.10(center), even if the
effect of a bias on K1 decision is the same, a negative bias value leads to a solution
requiring less time; however, as depicted by Fig. 3.14(right), the energy cost always
increases when applying a bias.

Federated scenario, VGG model. Fig. 3.15, Fig. 3.16, Fig. 3.17, and Fig. 3.18
depict the results obtained in the federated setting. Generally, it is possible to draw
the same conclusions as for the sequential scenario. Also, Fig. 3.18(center) shows
that for ℓmax=1.1 applying a bias equal to 0.05 does not influence PACT’s decision.



74 Tuning DNN Model Compression to Resource and Data Availability in Cooperative Training

Still considering the same bias value, looking at Fig. 3.18(left), we can notice that
the trend is not monotonic. Indeed, when ℓmax=1.15, the incurred cost is higher
than for ℓmax=1.1. This result might be counterintuitive, but the explanation is
straightforward. When ℓmax=1.15, applying a bias equal to 0.05 leads to a very
inefficient K1 choice, as it is necessary to spend a very high cost to achieve the
desired loss value. Applying the same bias when ℓmax=1.1, instead, it has a much
lower effect on the decision and, thus, on the cost, which is lower than the one in the
previous case.

3.7 Related Work

Our work is related to four main research areas, namely: approaches to transform
an ML model into a different one, hybrid learning strategies that combine different
techniques, resource-aware distributed ML, and distributed learning characterization.

Model switching and compression. It is often necessary to transform a pre- or partially-
trained model into a simpler and/or smaller one, preserving (as much as possible)
the learning accuracy. The two most popular techniques for model compression
are knowledge distillation (KD) and pruning. Both techniques are used to achieve
model compression, i.e., to obtain small-size models exhibiting the same learning
performance as a larger one. KD [87] is a family of learning techniques predicated
on the transition from a larger teacher model to a smaller (hence, simpler) student
one. The student model does not learn directly from data, but mimics the behavior
of the teacher model. Such learning exploits not only the decisions of the teacher
model, but also the so-called dark knowledge embedded in its parameters. As shown
in [107], additional properties such as regularization are also transferred from teacher
to student models. Several works combine KD with deep reinforcement learning
(RL), to learn the value of each action, as the actions themselves are taken. Studies
focus on task generalization [105], in which models are transferred across nodes in
charge of different tasks, and knowledge is distilled from a task to another. In the
same context, [106] focuses on the heterogeneity of data at different nodes, and on
mitigating its impact on learning performance. [85] uses KD to achieve domain
adaptation in scenarios where no data from the source domain, but only a model
trained therein, is available. A different aspect of KD is tackled by [108, 109], aiming
at distilling multiple single-task policies into a single, multi-task policy.
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Fig. 3.15 PACT and benchmark strategies for the federated scenario with VGG: cost for
different values of ℓmax (left); evolution of the loss (center) and cost (right) when ℓmax=1.1.
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Fig. 3.16 PACT vs. benchmark strategies under the federated scenario with VGG: energy
cost incurred by using different models when ℓmax=1.05 (left), ℓmax=1.2 (center), and
ℓmax=1.4 (right).
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Fig. 3.17 Impact of γℓ on PACT’s performance for the federated scenario with VGG:
energy cost for different values of ℓmax (left); evolution of the loss (center) and cost (right)
when ℓmax=1.2.
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Fig. 3.18 Impact of quality of λ̂run for the federated scenario with VGG: PACT’s energy
cost for different values of ℓmax (left); loss (center) and cost (right) evolution for ℓmax=1.1.
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Model pruning follows instead the more direct approach of removing some of the
coefficients from a model, thus reducing its size and complexity. It is based upon the
so-called lottery ticket hypothesis [110], assuming that very few of the parameters of
a model actually impact its performance. Once such parameters can be identified,
the others can be pruned away, resulting in a DNN with the same performance as the
original one, but a much lower complexity. Several works have addressed iterative
pruning where every few epochs the weights expected to least affect performance
are pruned [111, 112]. A hardware-friendly scheme is proposed, e.g., in [113], with
the aim to execute DNNs on low-end hardware in near real time. [92] brings privacy
into the picture, highlighting how simplistic pruning may expose user data. A very
effective technique is also structured pruning [86], which removes whole parts of a
DNN (e.g., rows or columns of the parameter matrix) instead of individual ones, thus
offering better efficiency, than plain pruning, at the cost of more complex decisions
to make.

Pruning can be combined with KD, as envisioned in [114], where it is shown that
pruned networks are easier to distill. A related problem is that pruning affects the
performance of different layers to a different extent. To cope with this, [115] proposes
using pruning on some DNN layers of the ResNet architecture, and compressing the
others via KD. Similarly, in [116] each layer is pruned and distilled independently
and in a parallel, to achieve faster distillation. Finally, recent work [117] proposes
the use of RL to control pruning. In a similar spirit, [118] automatically looks for the
best pruning ratio to use at every layer of a DNN, so as to simplify (hence, speed-up)
learning without hurting accuracy.

Hybrid approaches. Combining different models towards a single learning task is a
fairly uncommon approach. Some works explore how to alternate distributed learning
schemes such as Split Learning (SL), FL, and KD. An example is [119], which splits
the DNN architecture into head and tail, and replaces the former with its distilled
version. [120] seeks to reduce the network delay incurred by FL by performing
communication and local learning concurrently, at the price of the global model
being behind local ones by several epochs. In a similar setting, [121] optimizes the
computation, communication, and cooperation aspects of FL in resource-constrained
scenarios. [122] leverages RL to identify the best split of a learning task (e.g., the
layers of a DNN) across the available network nodes.
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A related issue is early exit, aiming at making inference faster by skipping some
of the DNN layers if a certain outcome, e.g., a certain classification decision, can be
reached with high certainty. This is achieved [123] by giving the DNN a Y-shaped
topology, with one branch being a lot simpler (e.g., with a smaller number of neurons)
than the other. The simpler branch is ran first and, if the results are decisive enough
for a certain sample, then the more complex branch can be altogether dispensed
with. [124] targets highly heterogeneous scenarios where learning one model for all
devices may indeed be suboptimal, and proposing a personalized learning where a
different model is trained at each device; layers that are common among models are
then trained in an FL fashion.

Resource-aware distributed ML. A major concern of distributed ML is the nodes
heterogeneity, in terms of data quality, data quantity, available resources, and con-
nectivity. In the context of FL, several works focus on selecting the participating
nodes, accounting for their speed [29, 125], quantity [124, 125, 124, 126] and qual-
ity [126, 127] of local data, the speed and reliability of their network [29, 120] as
well as trust [128]. The basic trade-off balances the need to learn more during each
epoch (achieved primarily by adding more data from more nodes) with the need to
shorten the epoch duration. Some studies seek to assign a trust score to each node,
combining its speed and the likelihood to report inaccurate information [128]. Recent
studies [129] have established a benchmark system, including datasets and helper
Python classes, to easily compare FL strategies. Emulated testbeds for distributed
ML are also emerging. A prominent example is [130], allowing the study of novel
ML schemes and strategies performance over real, network-edge-class hardware. A
related trend is represented by novel datasets, with tried-and-tested options like
CIFAR [62] complemented by more challenging alternatives; e.g., [131] describes a
dataset containing hundreds of thousands of images of numbers taken from Google
Maps.

Other works, e.g., [94, 132], target a more general scenario, where DNN layers
can be run, and possibly be duplicated, at different nodes. This requires balancing
the opportunity to use fast learning nodes with the network delays resulting from
moving data between nodes. Both works jointly consider learning time and energy
consumption: in [94] they are part of a combined objective, while in [132] the former
is a constraint and the latter the sole objective. Interestingly, recent work (e.g., [133])
has aimed at creating energy-efficient DNN architectures, offering better trade-offs
between energy efficiency and learning effectiveness. For instance, [133] presents
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variants of the MobileNet and ResNet architectures, achieving good performance with
a fraction of the parameters (hence, training time) of their counterparts. Similarly,
[134] proposes a family of scalable DNN architectures for sound event detection,
suitable for scaling depending upon the available resources. In the same spirit, the
authors of [78] seek to improve FL by dividing models into client- and server-side
parts, with the former providing personalized results for local datasets, and the latter
achieving high accuracy for out-of-distribution data. A different approach is adopted
in [135], dropping the usage of deep NNs and finding instead that single-layer, wide
NNs perform as well as their counterparts. This has an impact on how easy it is
to run the learning task in parallel, as wide NNs have fewer dependencies between
parameters and are thus easier to split across nodes.

Distributed learning characterization. Early work [28] studies the convergence of
distributed learning, identifying the latent trade-off between involving more nodes
(which means that fewer epochs are needed to converge) and exploiting fewer, faster
nodes (which makes individual epochs shorter). The experiments in [100] report
a power-law behavior, with the exponent depending upon the quantity of data,
and the model architecture shifting the error, but not reducing the exponent itself.
Other works focus on FL and derive exponential bounds on the loss [136, 35]. Some
studies focus on the overparameterized regime of DNNs, investigating, e.g., how many
parameters are needed for a network to be overparameterized [137, 97], Specifically,
[97] finds that the number of required parameters grows quadratically with the data
size (number of samples and complexity thereof). Studies focusing on KD are more
rare. Examples include [138], which models the teacher-to-student translation as a
price to pay on the loss, and [139] that provides a per-iteration characterization of
KD.

Finally, we mention that a preliminary version of this work has been presented in
our conference paper [140], where however only sequential learning was addressed
and the results were obtained using a single DNN.

3.8 Conclusions

In this chapter, we addressed the problem of optimizing the strategy for the distributed
training of DNN models, by making joint decisions about (i) model switching (e.g.,
pruning), (ii) data selection, and (iii) node and resource allocation. Our objective is
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to minimize the energy cost, subject to learning quality and time constraints. In view
of the problem NP-hardness, we proposed an algorithmic framework called PACT,
following an ADP approach and leveraging both theoretical results and the outcome
of previous decisions to predict the future training evolution. PACT has polynomial
worst-case complexity, and the decisions it makes can be arbitrarily close to the
optimum. We have further shown, through extensive numerical evaluation, that
PACT outperforms state-of-the-art approaches and closely matches the optimum.

In the next chapter, we will address the issue of the lack of incentives for learning
nodes in the context of Decentralized Learning, a relevant challenge in cooperative
settings where nodes cannot be forced to use their computational resources to train or
fine-tune an ML model. To promote collaborative behavior among nodes, we propose
a game-theoretic method that accounts for the heterogeneity of nodes’ resources and
models to train.



Chapter 4

Generosity Pays Off: A
Game-Theoretic Study of
Cooperation in Decentralized
Learning

Decentralized learning, a paradigm enabling the training of Machine Learning (ML)
models using multiple nodes, is gaining momentum, as it (i) improves data privacy
and (ii) permits to leverage the computational capabilities of a wide set of nodes,
thus being an excellent fit for the support of edge intelligence applications. However,
such nodes, like users’ smartphones or vehicles, cannot be forced to participate in the
learning process, and incentivizing them to do so is one of the foremost challenges of
decentralized learning. To address this issue, we propose GENIAL – a game-theoretic
approach, based upon generous games, to promote cooperation among user nodes
for training or fine-tuning ML models. By allowing such nodes to be (moderately)
generous, i.e., to contribute to decentralized training processes more often than what
would be convenient for them in the short term, GENIAL leads to a Nash equilibrium
where all nodes cooperate. Importantly, such equilibrium is also proven to converge
to the Pareto optimal operating point that ensures a fair treatment to all nodes.
Our theoretical findings are supported by numerical experiments, which further
underline the effectiveness, and the benefits for rational nodes, of being generous in
decentralized training.
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Part of the work described in this chapter has already been published in Di
Giacomo, G., Malandrino, F., Chiasserini, C. F. (2024, June). Generosity Pays
Off: A Game-Theoretic Study of Cooperation in Decentralized Learning. In 2024
IEEE International Conference on Communications Workshops (ICC Workshops)
(pp. 105-110). IEEE..

4.1 Introduction

The decentralized learning paradigm [141, 142] has emerged as a powerful alternative
to the traditional centralized learning approach. Contrary to the latter, the decen-
tralized learning paradigm leverages the computational power of the participating
nodes, which locally train the model by using their own data, thus ensuring data
locality and privacy [142], and then exchange such model till convergence is reached.

Such a learning paradigm is especially relevant in the case where nodes at the
edge and/or far-edge of the network have to be involved for the training or the
fine-tuning of ML models, owing to the diversity of the data they own and the
need to keep such data local. However, in many real-world scenarios, edge and
far-edge nodes belong to different entities or are user devices, hence, they are under
no obligation to participate in the learning and will do so only if advantageous to
them. In game-theoretic terms, they are rational, and a proper incentive mechanism
must be in place to make them participate [143].

To address this issue, we propose an algorithm called GENerous Incentive Algo-
rithm for Learning (GENIAL), which is based on the classic Generous Tit-for-Tat
strategy [144, 145] (GTFT). Under GTFT strategies, nodes start by being willing
to cooperate (hence, “generous”), and then keep doing so only if they observe that
other nodes cooperate as well (hence, applying “tit-for-tat”). We show that GENIAL
yields a Nash equilibrium, i.e., a profile strategy where no player gains some profit by
unilaterally modifying its strategy. Furthermore, we prove that such an equilibrium
is Pareto optimal and fair, i.e., it is not possible to make a player better off without
negatively affecting another one.

Intuitively, reaching a Pareto-optimal Nash equilibrium means that the system
operates in an efficient manner, and such a result is reached in spite of the fact that
all nodes solely pursue their own interest. GENIAL is able to account for the most
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relevant aspects of ML training, most importantly, that nodes may belong to different
classes; the class of a node dictates the complexity of the models each node needs to
train, its target learning quality, and its available computational resources. It follows
that decisions about whether or not to cooperate may have different consequences,
i.e., impact on the nodes’ resource consumption, each time they are made.

In the rest of the chapter, Sec. 4.2 introduces the system model, while Sec. 4.3
formulates the problem of cooperative decentralized learning as a maximization
problem of the payoff received by the nodes. Sec. 4.3 derives the Pareto-optimal
operating points. Sec. 4.4 proposes the GENIAL algorithm as incentive mechanism,
and it shows that GENIAL attains the Pareto-optimal Nash Equilibrium. The
performance of GENIAL is shown in Sec. 4.5. Finally, Sec. 4.6 discusses some related
work, while Sec. 4.7 draws our conclusions.

4.2 System Model

We consider a learning orchestrator at the edge of the network, which assists a cluster
N of N nodes with the training or the fine-tuning of ML models. For simplicity, the
cluster topology is assumed to be fully connected. Further, each node belongs to
one of K classes, with the number of nodes in class k being denoted with Nk. All
nodes in class k are associated with an average and a maximum computing capability
constraint, denoted respectively by χ̄k and χmax

k ; without loss of generality, we assume:
χ̄1<χ̄2< . . . <χ̄K and χmax

1 <χmax
2 < . . . <χmax

K . Also, each class k is associated with
a set of models Mk that the nodes in the class may need to train or update: the
complexity of the models in Mk is denoted with mk. The quantities χ̄k and χ̄max

k

are measured in millions of floating point operations per second (MFLOPS), while
the complexity mk indicates the number of floating point operations (FLOPs) to
process one sample during training.

A node asking for help is referred to as requester, while a node accepting to
help train a model is called learner. Whenever a training process is concluded,
the orchestrator selects the next node to start a new training process among the
candidate requesters with probability 1/N , so that only one training session at the
time can be performed.
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We denote by h+1 the minimum number of nodes needed to train the model at
hand, where one of such nodes is the requester itself. Fixing a priori the value of h, we
can compute the minimum number of training samples dk that each node should use
to train a model of complexity mk, such that the target learning quality is achieved.
More specifically, in, e.g., [100], it is empirically found that the generalization error
(i.e., the test loss value) exhibits a power-law improvement with respect to the
training set size. The power-law parameters, however, depend on the specific DNN
and dataset at hand; as also envisioned in [146], to estimate such parameters, one
could run a small-scale profiling for a specific range of test losses. Thus, given the
target test loss value (which is lower than the values used for the profiling), it is
possible to derive the minimum number of required training samples Dk for a model
of complexity mk. Given Dk and the value of h, which are inputs to our problem, it
is straightforward to compute the smallest number of required training samples dk,
i.e., dk=⌈ Dk

h+1⌉. For the sake of simplicity, we assume that each node n∈N owns a
dataset Dn such that |Dn|≥dk, with k = 1, . . . , K.

A requester will then ask H≥h other nodes in the cluster for help: indicating
with l≤H the number of nodes that accept the request (hereinafter also referred to
as learners), if l<h, the learning process fails and the next requester has to wait a
time Tw before starting generating a new request. When instead at least h nodes
agree to help, i.e., h≤l≤H, the training session can start: the set of l learners that
accept the request and, thus, contribute to the training, remains the same till the
training of the model is completed.

A training session is said to belong to type (k, j) when the requester belongs to
class k and the minimum class of the set of the H nodes receiving the request is
equal to j. The probability that a node accepts to cooperate in a training session
of type (k, j) is denoted by πkj. The dependence of acceptance probabilities upon
the session type allows us to reproduce the reasoning of potential learners, which
will also consider the expected amount of resources to devote to the process when
deciding whether to accept.

When a training session begins, the requester sends the model to the l learners,
which, in parallel and along with the requester, perform one learning epoch using their
own local dataset. Nodes then exchange the updated models with each other, and
combine newly-received models with their local one. A model training is terminated
after a number of epochs ek needed to achieve the target learning quality. Notice
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that such a number depends on the requester class k, hence, on the complexity mk

of the model to train, and can be determined a priori by using an approach similar
to the one in [140] if the model is already characterized. Alternatively, it is possible
to use methods that find convergence bounds, such as the one proposed in [35]. The
time required to perform one epoch is equal to the processing time taken by the
slowest learner; in general, the local processing time of a node depends on the number
of processed samples, its computing capability, and the model complexity mk. For
the sake of simplicity, we do not take into account the CPU consumption due to
communication, i.e., to the radio functions enabling the transmission of the models’
parameters.

To properly describe and assess the performance of the learning process, we define
the following metrics:

• xkjn (t): number of requests generated by node n for a training session of type
(k, j) accepted till time t;

• Xkj
n (t): number of requests generated by node n for a training session of type

(k, j) till time t;

• ykjn (t): number of requests made to node n for a training session of type (k, j)
accepted till time t;

• Y kj
n (t): number of requests made to node n for a training session of type (k, j)

till time t;

• µkjn (t)= xkj
n (t)

Xkj
n (t)

, νkjn (t)= ykj
n (t)
Y kj

n (t)
, which indicate the quantity of service, (resp.)

received and given by n for type-(k, j) training sessions till time t.

Last, we define the Normalized Received Service of a generic requester n for
training sessions of type (k, j) as NRSkjn (t)= limt→∞ µkjn (t). Beyond its role in
the mathematical formulation of the problem described below, this metric is very
important to assess how willing nodes are to cooperate, hence, intuitively, how
effective our cooperation scheme is. For simplicity, hereinafter, the NRS indices will
be omitted.
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4.3 Problem Formulation

As nodes are rational, each node aims to maximize its own long-term utility, that is
its average payoff over all training sessions. Assuming that a node receives a payoff
of 1 when its training request is successful, we define the utility of a node n of class k
in a type (k, j) session as Ukj

n = limt→∞
xkj

n (t)
S(t) =P kj

n Πkj, where S(t) indicates the total
number of sessions (accepted and rejected) till time t, P kj

n denotes the probability
that node n is a requester in a type (k, j) session, while Πkj is the probability for
a training session of type (k, j) to be accepted. The latter event occurs when the
number l of accepting nodes is higher than the required minimum number h, i.e.,

Πkj = P (l ≥ h) =
H∑
ℓ=h

H!
ℓ!(H − ℓ)!π

ℓ
kj(1− πkj)H−ℓ, (4.1)

where, as mentioned, we consider that all nodes accept to contribute to a training
session of type (k, j) with the same probability πkj. We will thus highlight below
the dependency of the node’s utility on πkj by writing Ukj

n (πkj).

Finally, denoting the mean computing expenditure of the generic node n with cn,
the objective of node n, belonging to class k and acting as a requester, is given by:

max
πkj

∑
j

Ukj
n (πkj), s.t. cn ≤ χ̄k,∀n∈N . (4.2)

In the objective function above, the decision variables are the probabilities πkj with
which a node accepts to cooperate in a session of type (k, j). Note that, since
all nodes are rational and are provided by the orchestrator with the same system
information (number of nodes and their class), they will all end up computing the
same optimal values for the πkj’s.

4.3.1 Stationary case: closed-form solution

Given the problem above, we now assume stationary conditions in which all nodes
consistently use the same πkj values. This assumption, which will be removed in
Sec. 4.4, is essential at this stage as it allows us to analytically derive the πkj’s, as
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follows. Let us write the mean duration of a session, Ts, as:

Ts =
∑
k

∑
j

pkj

[
TkjΠkj + Tw(1− Πkj)

]
(4.3)

where the first and second terms on the right-hand side account for the case when a
session is accepted and rejected, respectively. In particular, pkj is the probability that
an occurring session is of type (k, j), while Tkj is the training time for a session of
type (k, j), i.e., Tkj = mkekdk

χmax
min(k,j)

. In this latter expression, the term mkekdk is the total
number of FLOPs required to finish training the requester’s model, while χmax

min(k,j) is
the smallest across the maximum computational capability of the nodes participating
in the training session. The time required for transmitting and aggregating the model
parameters is assumed to be negligible when compared to the computational time.
Being Ts the mean session duration, it must hold: Ts>0.

As a node cannot be simultaneously a requester and a learner, we model cn as
a sum weighted on the probabilities that such events occur. The mean computing
expenditure for a node n of class k when the node is a requester and a learner is
(resp.) given by:

crn =
K∑
j=1

P kj
n

mkekdk
Ts

Πkj and (4.4)

cln =
K∑
j=1

k∑
i=1

q
(k)
ji

mjejdj
Ts

πjiΩji, where (4.5)

• q
(k)
ji the probability for a node of class k to receive a training request in a

session of type (j, i);

• Ωji denotes the probability that out of the remaining H−1 nodes that receive
the request at least h−1 accept.

It follows that cn=crn + cln, where the weights of the sum are inherently contained in
crn and cln. By considering the constraint of the node’s computing capability in (4.2),
we get K inequalities and K2 unknown variables. To solve the system, we need to
reduce the number of variables to K, which can be done by exploiting the nodes’
rationality, as described below.

Rationality. Consider a system with only N=2 nodes belonging to the same
class, i.e., K=1 and N1=N . By rationality, each node must have the same NRS
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value. Indeed, having the same average computing capability constraint, one node
cannot increase its NRS without reducing the NRS of the other node; the latter,
however, would not find such an operating point acceptable. Therefore, the NRSs
must be equal for both nodes. This can be extended to the case where all N>2
nodes belong to the same class: also in this scenario, by rationality, each node must
have the same value of NRS. In this case, it is straightforward to derive the value of
π11 that maximizes the objective function while satisfying the computing capabilities
constraint.

Next, consider a system with N1=n1, N2=1, H=h=1, and that the quantity of
received service is the same for all requesters when the learner belongs to class 1, i.e.,

m1e1d1Π11 = m2e2d2Π21 . (4.6)

Further, by rationality, the quantity of service received by class 1 nodes from the
node in class 2 must be equal to the quantity of service received by the latter from
the nodes in class 1. Indeed, the class-2 node has no interest in being more generous
to the nodes of class 1 than what the latter ones are to the class-2 node, since the
latter will not receive a higher service share anyway. Thus, we have:

m1e1d1 Π12 = m2e2d2 Π21 . (4.7)

From (4.6) and (4.7), it derives that: Π11=Π12. Notably, in this simple scenario
where H=h=1, from (4.1) one can derive that Πkj=πkj for all possible session types
(k, j).

We now extend (4.6) and (4.7) to the most general case, i.e., with K≥1, H≥1
and h≥1. In this case, we have:

(i) the values of Πkj are such that Πkk=Πkj, 1≤k≤j≤K, which implies

πkk = πkj, 1 ≤ k < j ≤ K; (4.8)

(ii) when a node receives a training request for a session of type (j, k), the rational
values of Πjk are such that

mkekdk Πkj = mjejdj Πjk, 1 ≤ k < j ≤ K, (4.9)
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from which one can compute the ratio between πkj and πjk, 1≤k<j≤K.

Thus, given (4.8) and (4.9), and solving the aforementioned system of K inequal-
ities by using (4.1) and (4.3)-(4.5), one can compute the πkj values that maximize
(4.2) and allow obtaining the Pareto optimal NRS values, i.e., values such that no
node can improve its NRS without decreasing another node’s NRS, while meeting
the constraint on the mean computing expenditure. Importantly, (4.8) and (4.9)
guarantee, in their respective cases, equal service shares received by all nodes; hence
the Pareto optimal πkj values are fair.

4.4 GENIAL: Algorithm and Properties

In the previous section, we have derived the πkj’s under the stationary assumption,
which implies that all nodes consistently use such values. However, since the nodes
are rational, they cannot be relied upon to do so; intuitively, nodes will try to
exploit their peers’ naivety by first accepting the cooperation of other nodes, and
then refusing to reciprocate. It follows that no stationary acceptance policy would
be feasible; therefore, to effectively foster cooperation among nodes, a behavioral
strategy is required, whereby nodes decide their actions based upon past history.
Specifically, we propose a novel game-theoretic approach called GENerous Incentive
Algorithm for Learning (GENIAL), which is based on the GTFT strategy and allows
attaining the derived πkj’s.

Consider a node n receiving at time t a request from a node of class k, that
the smallest class among the H nodes that have received the request is j; thus
the learning session is of type (k, j). To accept or deny the request, n applies the
GENIAL algorithm, that is:

• if νkjn (t)>πkjΩkj or µikn (t)< Πik

πkjΩkj
νkjn (t)−γ reject;

• else accept.

According to this strategy, n rejects the requests if at least one of the following
two conditions holds:

• νkjn (t)>πkjΩkj, i.e., in sessions of type (k, j) node n has performed more training
than what it should have;
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• µikn (t)< Πik

πkjΩkj
νkjn (t)− γ, with γ>0, i.e., the amount of help received by node n

in type-(i, k) sessions is lower than the amount of help it has given in type-(k, j)
sessions, normalized by the term Πik

πkjΩkj
, which is the value to which the ratio

µik
n (t)
νkj

n (t)
should converge. Since γ is a small positive value, nodes are a little

generous by agreeing to train for others even if they have not received as much
help as they should have.

We now prove that GENIAL yields a Nash Equilibrium, first in the simple case
where all nodes belong to the same class and only one learner is necessary for training
(i.e., K=H=h=1).

Theorem 1. Consider a system of N nodes, all belonging to class 1, with mean
and maximum computing capability constraint (resp.) χ̄1 and χmax

1 . Models have
complexity m1, which implies that d1 samples and e1 epochs are required to reach the
target learning quality. Also, H=h=1, and if the node receiving the training request
accepts, the time required for the training is T11, otherwise a time Tw is waited. Then:

1. if all nodes, except for node n, employ GENIAL, then lim supt→∞ µ11
n (t)≤π11=

χ̄1N
2

Tw

m1d1e1− χ̄1N

2 (T11−Tw)
;

2. if all nodes apply GENIAL, then limt→∞ µ11
n (t)=π11= χ̄1N

2
Tw

m1d1e1− χ̄1N

2 (T11−Tw)
,

∀n∈N .

Proof. Please see the Appendix A.

Next, we move to the multi-class case.

Theorem 2. Consider a system of N nodes and K classes, H=h=1, and Nk nodes in
class k. Also, the computing capabilities constraints are as follows: χ̄1<χ̄2< . . . < χ̄K

and χmax
1 <χmax

2 < . . . < χmax
K . Then:

1. if all nodes, except for node n, employ GENIAL, then lim supt→∞ µkjn (t)≤πkj;

2. if all nodes apply GENIAL, then limt→∞ µkjn (t)=πkj, ∀n∈N and k, j=1, . . . , K.

Proof. Please see the Appendix A.
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Table 4.1 Small-scale scenario: additional settings

Class 1 Class 2 Class 3
Dataset size 3×103 5×103 7×103

Model complexity [FLOPs] 2×103 3×103 4×103

Epochs required 40 55 70
χmax [MFLOPS] 45 60 75
χ̄ [MFLOPS] 8.4 12 15

From Theorems 2 and 3, it is easy to show, by using randomizing arguments,
that GENIAL constitutes a Nash Equilibrium and allows converging to the fair
Pareto optimal operating point also when considering more than one node receiving
a training request (H>1), and more than one learner (h>1).

Theorem 3. Consider a system with N nodes, K classes, H>1, h>1 and Nk nodes
in class k, k=1, . . . , K. As for the computing capabilities constraints, assume that
χ̄1<χ̄2< . . . <χ̄K and χmax

1 <χmax
2 < . . . <χmax

K . Then:

1. if all nodes, except for node n, use GENIAL, lim supt→∞ µkjn (t)≤Πkj;

2. if all nodes apply GENIAL, then limt→∞ µkjn (t)=Πkj, ∀n∈N and k, j=1, . . . , K.

Proof. Please see the Appendix A.

4.5 Numerical Results

In this section, we experimentally analyze the behavior of the nodes when applying
GENIAL, as well as the effects of GENIAL on the social utility of the system.

Small-scale scenario. We consider a set of N=12 nodes and K=3 classes, with
four nodes in each class training the models in Tab. 4.1. Also, we set H=h=2, i.e.,
the requester asks two nodes for help and both need to accept for the training to
take place. All nodes employ GENIAL, with Tw set to 1 s.

The Πkj values (hence, the Pareto optimal NRSs) are obtained by solving the
equations (4.3)–(4.5) jointly with (4.8), (4.9) and the K inequalities stating the
computing capability constraints. Fig. 4.1 depicts such values (black markers), along
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Fig. 4.1 Small-scale scenario: Time evolution of the NRS of a requester in class 1 (left), 2
(center), and 3 (right), with the fair Pareto optimal values indicated by the black markers.
NRSs converge to the target value only for γ=0.01 (solid lines), while for γ=0 (dotted
lines), they converge to much lower values.

with the temporal evolution of the requesters’ NRS. Specifically, the plots refer to
requesters belonging, respectively, to class 1 (left), 2 (center), and 3 (right). One can
observe that, when γ=0.01 (solid lines), the NRS values converge to the fair Pareto
optimal values, while they reach much smaller values for γ=0 (dotted lines). The
results thus confirm that being moderately generous (γ=0.01) yields much better
performance, even if the nodes are self interested.

We now consider the same scenario, but with one and two nodes per class, hence,
a total of (resp.) 3 and 6 nodes, that use γ=− 0.02 and, hence, are slightly selfish.
Hereinafter we refer to such nodes as parasites. Fig. 4.2 presents the NRS values for
each session type in such scenarios, and compares them to the case without parasite
nodes. Notice how, with 3 parasite nodes out of 12 (i.e., 25% parasites), the NRSs
are lower than in the case with all nodes being generous, and, with 6 parasites (i.e.,
50% parasites), the performance degrades to such an extent that the NRSs approach
0. Importantly, this outcome underlines that, by using GENIAL, all nodes get lower
NRSs if a selfish (i.e., non-collaborative) behavior is adopted; as a consequence,
rational nodes have no incentive to follow an ungenerous behavior.
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Fig. 4.2 Small-scale scenario: NRS values for each session type in three different cases:
without parasites, and with 3 (25%) and 6 (50%) parasites that set γ= − 0.02. The
remaining nodes have γ=0.01.

Fig. 4.3 sheds light on the resource usage for generous and parasite nodes. When
no parasites are present (solid, grey bars), the nodes fully exploit the available
resources, hence, the resource-usage constraint is met with an equal sign. This
is what we can expect from a system that works well, adequately exploiting the
available resources. On the contrary, in the scenario with 3 parasites (green), parasite
nodes consume a slightly smaller amount of resources (checked bars), but, as shown
by Fig. 4.2, at a cost of a lower NRS. With 6 parasites (purple), the computational
expenditure drops dramatically for all nodes, as, essentially, very few models get
trained.

The NRS values are an indicator of individual utility, as they refer to each single
node. To analyze the social utility, i.e., the benefit for the set of nodes as a whole,
we show in Tab. 4.2 the normalized number of accepted, and, hence, carried out,
training sessions. The obtained social utility values are consistent with the results
presented above: the scenario where all nodes are generous (all use γ=0.01) yields
the larger social utility, confirming the importance of being generous also from the
social utility point of view.

In conclusion, these results emphasize that to foster cooperation in a decentralized
learning task and reach the Pareto optimal NRS values, all nodes must employ
GENIAL with γ>0: as nodes are rational, they are motivated to be generous.

Larger-scale scenario. We now consider K=3 and N1=12, N2=18, and N3=30,
for a total of 60 nodes, and we set H=5, h=4, and Tw=1 s. All nodes employ
GENIAL with γ=0.01; the additional settings for this scenario are reported in
Tab. 4.3. Tab. 4.4 presents the obtained NRSs, which converge to the fair Pareto
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Table 4.2 Social utility in different scenarios

Scenario Social utility
w/o parasites, γ=0.01 0.454
w/o parasites, γ=0 0.011
25% parasites 0.398
50% parasites 0.014

optimal values, shown in parentheses. This is consistent with the small-scale scenario
and highlights how GENIAL can work effectively even when the number of nodes
grows.

4.6 Related work

Our study leverages game theory to foster cooperation among the nodes participating
in decentralized learning tasks. We draw on [145], which considers a wireless ad-
hoc network where source nodes can communicate with their target destination
only if intermediate nodes accept to relay the packets to be delivered. Here, we
extended the game-theoretic framework in [145] to make it suitable for decentralized
learning scenarios, where nodes are asked to collaborate, by making available their
computational resources to train ML models.

1 2 3
Node class

0

5

10

15

̄χ 
[M

FL
OP

S]

w/o parasite
3 parasites
6 parasites

Generous node
Parasite
Constraints

Fig. 4.3 Small-scale scenario: χ̄ for each class of nodes in three different cases: without
parasites, and with 3 (25%) and 6 (50%) parasites that set γ=−0.02. The remaining nodes
have γ=0.01. Dashed lines depict the χ̄ constraints for the respective classes of nodes.
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Table 4.3 Larger-scale scenario: additional settings

Class 1 Class 2 Class 3
Dataset size 2×103 2.5×103 3×103

Model complexity [FLOPs] 1×103 2×103 2.5×103

Epochs required 35 40 45
χmax [MFLOPS] 30 45 54
χ̄ [MFLOPS] 15.1 24.9 26.9

Table 4.4 Larger-scale scenario: NRSs at convergence, with Pareto optimal values in
parentheses

Requester’s class
1 2 3

Learner’s
class

1 0.63 (0.63) 0.22 (0.22) 0.13 (0.13)
2 0.63 (0.63) 0.67 (0.67) 0.40 (0.40)
3 0.63 (0.63) 0.67 (0.67) 0.97 (0.99)

As for decentralized learning, [142] presents a comprehensive theoretical analysis
of convergence in decentralized settings and introduces a unified framework for
Decentralized Stochastic Gradient Descent (SGD) optimization, which generalizes
earlier methods and is proven to achieve the optimal convergence rates for local
SGD across different scenarios. [141] theoretically and experimentally demonstrates
the convergence speedup of a decentralized optimization algorithm on networks
with low bandwidth or high latency, when compared to a distributed scenario with
a central node aggregating the updates computed by the training nodes. The
latter case is generally referred to as distributed learning, whose most popular
representative is Federated Learning (FL) [7]. Importantly, also FL, when deployed
in real scenarios, requires nodes to be encouraged to train the model by means
of incentive mechanisms [147], which can be based on economic or game-theoretic
approaches [148].

The authors of [149] consider a distributed learning scenario with rational nodes
and a Fusion Center, i.e., the central coordinator, that receives the gradient updates
from the nodes and fosters their cooperation by using a reward mechanism based
on zero-determinant strategies. Such interactions are treated as repeated games.



4.7 Conclusions 95

Similarly, [150] models the interactions between the FL coordinator and the clients
by using a Stackelberg game.

The study in [151] introduces an incentive mechanism for cross-silo FL, specifically
designed to account for participating organizations’ heterogeneity and the concept of
public goods. This mechanism achieves social welfare maximization, while ensuring
individual rationality and budget balance. [152] models FL as a hedonic game, where
players form coalitions based on a cost, given by the weighted sum of the players’
errors. Therein the authors propose an algorithm to find an optimal arrangement of
players and analyze the trade-off between stability and optimality using the Price of
Anarchy.

4.7 Conclusions

We considered a set of rational nodes that can cooperatively train or fine-tune ML
models according to the decentralized learning paradigm. To incentivize the nodes
to participate in the training, we envisioned a game-theoretic mechanism, GENIAL,
that achieves the nodes’ fair Pareto optimal operating points and constitutes a Nash
equilibrium. Our numerical experiments support the theoretical findings, and indicate
that the presence of parasite nodes seeking to improve their short-term benefit by
deviating from the Nash equilibrium hurts the performance of both generous and
parasite, thus discouraging a parasite behavior.

This chapter concludes the first part of this thesis, where we focused on two
main research areas of Cooperative Learning, specifically the optimization of energy
consumption entailed by the training of ML models and the development of incentive
mechanisms to promote collaboration among learning nodes.

In the following part of this manuscript, we will introduce the diffusion models,
which have emerged as a powerful class of generative models for their remarkable
capability to produce high-quality synthetic data. Specifically, we will consider a
multi-view image scenario, where multiple novel views of a given object must be
generated. First, we will develop a diffusion-based Novel View Synthesis model that
achieves state-of-the-art performance; then, we will show the benefits of employing
such a model to improve the performance and robustness of a classifier.



Chapter 5

DiMViS: Diffusion-based
Multi-View Synthesis

Multi-view observations offer a broader perception of the real world, compared to
observations acquired from a single viewpoint. While existing multi-view 2D diffusion
models for novel view synthesis typically rely on a single conditioning reference image,
a limited number of methods accommodate a multiple number thereof, by explicitly
conditioning the generation process through tailored attention mechanisms. In
contrast, we introduce DiMViS, a novel method enabling the conditional generation
in multi-view settings by means of a joint diffusion model. DiMViS capitalizes
on a pre-trained diffusion model, while combining an innovative masked diffusion
process to implicitly learn the underlying conditional data distribution, which endows
our method with the ability to produce multiple images given a flexible number
of reference views. Our experimental evaluation demonstrates DiMViS’s superior
performance compared to current state-of-the-art methods, while achieving reference-
to-target and target-to-target visual consistency.

Part of the work described in this chapter has been already published in Di
Giacomo, G., Franzese, G., Cerquitelli, T., Chiasserini, C. F., Michiardi, P. (2024).
DiMViS: Diffusion-based multi-view synthesis. In ICML 2024 Workshop on Struc-
tured Probabilistic Inference & Generative Modeling.
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5.1 Introduction

Generative models play a pivotal role in learning data distributions, which endows
them with the capability of generating synthetic samples that closely resemble
real-world data, such as, for example, images or text. Over the years, Generative
Adversarial Networks (GANs) [153] and Variational AutoEncoders (VAEs) [154] have
dominated the field; however, recently, diffusion models [155, 156] have emerged as a
powerful alternative. Specifically, Latent Diffusion Models (LDMs), such as Stable
Diffusion [157], have become the state-of-the-art for image generation: large-scale
training on billions of 2D images [158] equips such models with rich semantic priors
and, hence, a strong generalization capability.

Motivated by the impressive performance of diffusion models, many works trained
3D variants thereof; despite their remarkable results, 3D datasets are still inadequate
compared to the large available 2D datasets. To fill this gap, Zero123 [159] capitalizes
on the rich 2D priors provided by Stable Diffusion, leveraging multi-view image
data to learn 3D priors: once trained, given a single-view image, Zero123 is able to
generate images of the underlying object from different target viewpoints. Subsequent
works build on Zero123 to improve the generated views consistency [160, 161].

Such methods perform the task usually referred to as Novel View Synthesis (NVS)
and try to emulate the experience-based human capability of inferring 3D shapes
and occluded views from a single observed reference view. However, in real-world
scenarios, observation may be acquired from different viewpoints, offering a more
comprehensive understanding compared to single-view observations, which may fall
short in capturing the complexity and diversity of an object or a scene. Driven
by this motivation, [162] extend Zero123, to allow multiple conditioning views for
generating a novel image from a target viewpoint.

We provide a detailed review of the related work in 5.2, where we underline that
most existing approaches lack flexibility in accommodating a varying number of both
input and output views, namely reference and generated images. This drawback
hinders such methods’ deployment in practical applications requiring higher flexibility.
Consider a set of recording cameras used, for instance, to ensure people’s safety
or to improve a classification task: in these real-use case scenarios, cameras may
malfunction or be occluded. In such circumstances, we are interested in recovering
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the missing views, considering the observed ones. Consequently, the number of input
views and images that must be generated cannot be fixed a priori.

To this end, [163, 164] propose a diffusion model based on a multi-branch U-Net,
with branches sharing the same architecture and weights; a similar approach is
also envisioned in [165]. Importantly, these methods employ elaborate attention
mechanisms to ensure consistency among conditioning and target views and across the
target views themselves. Differently from this approach, we propose a novel method
called Diffusion-based Multi-View Synthesis (DiMViS) that we specifically
design for conditional generation by implementing a mechanism that allows latent
variables to evolve according to different time values in the forward process, and that
produces a correlation between latent variables in the backward process through a
joint diffusion model.

At inference time, given a fixed-size set of images, DiMViS accepts any number
of reference views to conditionally generate the missing ones. DiMViS uses the
pre-trained weights of Stable Diffusion Image Variations [166], while adopting both
for training and inference the masked diffusion method introduced in [167], which
addresses the problem of modeling multiple input modalities (image, audio, and
text data) representing the same concept. Remarkably, DiMViS does not need any
addition or change with respect to the standard attention mechanism employed in
the pre-trained model, as it relies on a joint diffusion model that allows latent image
variables to mutually influence one another. Therefore, DiMViS is able to effectively
aggregate multiple reference views: when incorporating additional images, thanks
to the larger conditioning information, DiMViS performance is enhanced while the
inherent stochasticity of the image generation process is reduced. We experimentally
find that DiMViS outperforms current state-of-the-art NVS 2D diffusion models
while achieving visual consistency of the generated images.

To summarize, DiMViS addresses the following key requirements:

• Generalization capability inherited by the strong 2D generative prior provided
by Stable Diffusion;

• Flexibility, as it both accepts and generates multiple views by leveraging
a joint diffusion model that seamlessly combines masked diffusion with the
pre-trained model;
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• Efficient multi-view aggregation, with improvement up to 15% in percep-
tual similarity when multiple views are available.

5.2 Related work

In this section, we divide the current novel view synthesis approaches into two main
categories, namely, Neural Radiance Fields (NeRFs) and 2D diffusion models.

5.2.1 NeRF models

NeRFs [168] are powerful methods that pioneered a substantial advancement in 3D
scene reconstruction and rendering, enabling NVS. While the first models required a
per-scene optimization using dense input views and accurate camera poses, recent
works have tried to overcome these limitations. BARF [169] trains a NeRF from noisy
or unknown camera poses, but assumes dense input views. FORGE [170] is a NeRF
variant that jointly predicts the input images’ camera poses, which are assumed
to be unknown, and performs the object reconstruction. FORGE is endowed with
generalization capability and carries out a quick test-time optimization for further
performance improvement; nevertheless, it requires at least 2 input images to work.
SPARF [171] is a NeRF variant that performs effectively given only a few sparse
input images, i.e., only a few views are available, with noisy camera poses, which
are jointly optimized together with the radiance field; however, it requires per-scene
optimization.

To deal with the challenges related to NeRF models, LEAP [172] proposes a
generalizable NeRF that can model 3D scenes or objects given a sparse set of views,
relying only on their relative camera poses. However, [164] highlights that its
proposed diffusion-based method achieves much better image quality than LEAP:
according to the authors, the reason relies upon the strong image priors inherited
from the pre-trained latent diffusion models. Furthermore, experimental results
in [165] demonstrate the superior generation quality of a reference NeRF model [173]
with respect to their diffusion-based method only when considering a dense set of
conditioning views; nonetheless, the NeRF model requires scene-specific training and
is outperformed in sparse-view settings. In such a scenario, we argue that novel view
synthesis should be modeled as a conditional generation problem: when a part of an
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object is not visible, it can be only obtained by using a generative model, such as a
diffusion model, and not NeRF approaches, which typically lack generative capability
as they do not rely on generative modeling. By doing so, it is possible to take into
account the stochasticity of the generation process and, hence, to produce different
plausible images. Importantly, the generation randomness should decrease when
increasing the number of reference views.

In this direction, [174] design a category-specific model for 3D reconstruction
that leverages a diffusion model to optimize a NeRF, through a diffusion distillation
mechanism. A similar approach is proposed in [175], where a NeRF is coupled with
a diffusion model conditioned on the CLIP embeddings of the available views and a
feature map containing their geometric information. However, such proposed models
are only tested when more than one input view is available, whereas in real-use case
scenarios only a single image may be observed.

5.2.2 2D Diffusion models

The remarkable generative capability of 2D diffusion models [157] has motivated the
development of NVS methods built upon them. 3DiM [176] uses a diffusion model
operating in the image space and allows more than one input image to condition the
novel view synthesis; however, it generates only one output image, whose quality,
counterintuitively, becomes worse when increasing the number of conditioning inputs.

Zero123 [159] paved the way to 2D diffusion models for NVS thanks to its
strong generalization capability inherited by Stable Diffusion; however, it accepts
only one conditioning image and generates a single output; thus, when creating
images of the same object from multiple target viewpoints, this approach suffers
from inconsistency as the images are generated independently. To overcome this
issue, [177, 161] extend Zero123 in order to generate multiple consistent views
simultaneously, while [160] propose a diffusion model, still based on Zero123, that uses
a 3D-aware feature attention mechanism to ensure consistency across the produced
images. To achieve this goal, [178] use epipolar attention for geometric awareness
and multi-view attention, which better combines information from multi-view images.
The latter method generates different images simultaneously and can potentially be
fed with a sparse set of multi-view images, but all experiments are performed with
only one reference image. Nevertheless, using only a single conditioning input may
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be a limitation in real use-case applications: to address this drawback, [162] modifie
the Zero123 architecture to accommodate multiple views in input, but still generates
a single image from a target viewpoint. [164] propose a pose-free method to generate
at the same time multiple images given a sparse set of views. To do so, the model
employs a U-Net with several branches, i.e., copies, whose number is equal to the
number of total views, both conditioning and target. Notably, a global self-attention
mechanism among the U-Net features across all branches is applied to enhance the
consistency of the generated views. A similar methodology based on a multi-branch
U-Net is envisioned in [163]. [165] employ transformers [179] that, by leveraging
specifically designed camera positional encodings, aim to improve reference-to-target
and target-to-target views consistency.

Another area of research focuses on 3D-aware diffusion models, combining both
diffusion models and NeRF-like 3D representations. [180] present a diffusion model
that integrates geometric priors by conditioning it on 3D features. The model takes a
variable number of input views, while still generating a single output image. Also, the
model is category-specific. [181] introduce a diffusion model based on a multi-view
U-Net that produces a neural scene representation, instead of images, by leveraging
cross-view attention to align the induced features, similar to the previously mentioned
works. Notably, the model is trained from scratch on a limited set of classes of
different datasets. This hinders the comparison with our method, which exhibits
generalization capability thanks to the 2D prior inherited by the pre-trained Stable
Diffusion model.

Novelty. We remark that, conversely to the works based on explicit conditioning
by means of tailored attention modules, DiMViS employs a joint diffusion model
endowed with conditional generation ability by leveraging a straightforward yet
effective masked diffusion mechanism that encourages correlation across the latent
variables, which influence each other.

5.3 Preliminaries

For the sake of clarity, we summarize in this section the joint latent diffusion model
introduced in [167], which we adapt to the NVS domain.
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Given the set of input views X={X1, . . . , XV }, first, a (deterministic) encoder
eϕ produces latent variable Zv for each Xv. We denote with qϕ(z) the produced
distribution of the concatenated latent variable Z=[Z1, . . . , ZV ]. A score-based
diffusion model is then employed to learn qϕ(z), which endows the model with the
capability to generate a new sample Ẑ=[Ẑ1, . . . , ẐV ]. The score-based diffusion
model relies on two stages, namely, the forward and the backward diffusion processes.
The forward process is a stochastic noising process injecting noise into the input data,
i.e., the latent representations, and is defined by the following Stochastic Differential
Equation (SDE):

dRt = α(t)Rtdt+ g(t)dWt, R0 = Z ∼ q(r, 0), (5.1)

where α(t)Rt and g(t) are the drift and diffusion terms, respectively. Wt is a Wiener
process, while q(r, t) denotes the time-varying probability density of the stochastic
process at time t∈[0, T ], with finite T and initial conditions q(r, 0)=qϕ(r).

To generate a new sample, we need to reverse the noising process by simulating
the reverse-time SDE:

dRt=
(
−α(T−t)Rt+g2(T−t)∇ log(q(Rt, T−t))

)
dt

+g(T−t)dWt, R0∼q(r, T ). (5.2)

To solve (5.2), a parametric score network sχ(r, t) is used to approximate the true
score function; furthermore, q(r, T ) is approximated with the noise distribution
ϵ∼N (0, I). Finally, a decoder dψ is used to map back the latent variables into the
input space.

Notably, the encoder eϕ and the decoder dψ are the two building neural networks
of what is usually referred to as autoencoder, a model designed to compress data
and reconstruct it. Specifically, the encoder produces a latent variable that lies in
a lower-dimensional space; then, the latent variable is fed into the decoder, which
generates an output that should closely resemble the input.

Conditional generation. Our model accommodates conditional generation:
specifically, the model leverages masked forward and backward diffusion processes to
produce samples from the conditional distribution qϕ(zM | zC), being C and M the
sets of conditioning and missing views to be generated, and, hence, zC and zM the
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respective latent variables. Formally, we define the masked forward SDE as:

dRt =M(M)⊙ [α(t)Rtdt+ g(t)dWt] , q(r, 0) = qϕ(rM | zC)δ(rC − zC), (5.3)

where R0=C(RM
0 , R

C
0 ), with RM

0 ∼qϕ(rM | zC), RC
0 =zC , and C(·) being the concatena-

tion operator. Importantly, the mask M(M) is used to freeze or diffuse the latent
variable zC and zM , respectively.

The reverse-time process of (5.3) is defined as follows:

dRt=M(M)⊙ [(−α(T−t)Rt+
g2(T−t)∇ log

(
q(Rt, T−t | zC)

))
dt+g(T−t)dWt

]
, (5.4)

with R0=C(RM
0 , z

C) and RM
0 ∼q(rM , T | zC). Also in this case, q(rM , T | zC) is ap-

proximated by its corresponding steady state distribution ϵ∼N (0, I), and the true
conditional score function ∇ log

(
q(r, t | zC)

)
is estimated with a conditional score

network sχ(rM , t | zC).

The joint diffusion model in [167] implements masked diffusion by using a
multi multi-time vector τ=[t1, . . . , tV ], which concurrently indicates the diffusion
time and which views are missing. Formally, the multi-time vector is defined as
τ(M, t)=t

[
1(1∈M), . . . ,1(V ∈M)

]
. Note that this formulation can be easily adapted

to include conditioning signals, such as CLIP [182] embeddings.

Finally, the original continuous-time model definition from [167] can be cast in
discrete-time, such as Denoising Diffusion Probabilistic Model (DDPM) [155]. Indeed,
continuous- and discrete-time diffusion converge to a mathematically equivalent
expression with a sufficiently high number of integration steps. In DiMViS we use a
discrete-time diffusion formulation, which enables our approach to exploit pre-trained
models such as Stable Diffusion [157].

5.4 Our Method: DiMViS

Given a set of V views, we define the generic subsets of conditioning, i.e., reference,
and missing views as XC={Xc}c∈C and XM={Xm}m∈M , where C and M are the
sets of indices of conditioning and missing views, respectively. The goal is to generate
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Fig. 5.1 DiMViS Architecture. Given a set of multi-view images, DiMViS is able to
generate the missing views given the conditioning observed views. In this example, we
consider two conditioning images and two missing ones.

the missing views given the reference ones: we model this problem as a conditional
generation task, by using a joint diffusion model.

To exploit the generalization ability provided by the strong 2D prior acquired
through large-scale training of pre-trained 2D diffusion models, we capitalize on the
Stable Diffusion [157] architecture; specifically, we initialize the model weights from
Stable Diffusion Image Variations v2 [166], which was obtained by fine-tuning Stable
Diffusion v1.4. However, we need to accommodate a variable number of reference and
target views at inference; consequently, to learn the conditional data distribution, we
adapt the original architecture to fine-tune it according to the Masked Multi-time
diffusion approach introduced in [167] for the multi-modal domain.

At inference, our approach is depicted in Fig. 5.1, where we consider a set of
V=4 views in total and, for example, the set of missing views with M={2, 4}. A
deterministic encoder eϕ is used to encode each conditioning reference view Xc, with
C={1, 3}, to obtain their latent representations Zc=eϕ(Xc); on the other hand, the
missing views latent variables are represented using random noise, sampling from
the Normal distribution N (0, I). Such latent representations are concatenated along
the height and width axes, forming a 2×2 tile of latent variables, which is the input
of the U-Net.

Our architecture uses a conditioning branch containing a CLIP image encoder.
The CLIP embeddings obtained from the reference views are concatenated together
with the null vectors corresponding to the missing views embeddings and injected into
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the cross-attention modules of the U-Net. The resulting concatenated embeddings
vector has two purposes: it both contains the conditioning signals relative to the
reference views and, thanks to the null vectors, indicates which views are missing. In
[167], the information concerning the missing modalities is provided by a multi-time
vector; however, by using the CLIP embeddings, we integrate such conditioning
signal without any modification to the U-Net, which instead would be necessary with
the multi-time vector, which can interfere with the pre-trained model.

Finally, the U-Net generates the latent variables Ẑm of the missing views Xm,
and a deterministic decoder dψ transforms the generated latent variables back into
the input space, obtaining the generated images X̂m=dψ(Ẑm).

5.4.1 Training procedure

During training, we freeze the pre-trained encoder eϕ, the decoder dψ and the CLIP
image encoder, and we fine-tune the whole U-Net, to learn the conditional distribution
of the missing latent variables ZM={Zm}m∈M∼p(zM |zC). To do so, we employ the
masked diffusion approach introduced in [167], by using a complete training set and
randomly setting some views as missing during the fine-tuning. Specifically, with
probability d=0.2 we set C=∅, i.e., there is no conditioning view, hence, we diffuse
all latent variables and all the CLIP embeddings are null-vectors; on the other hand,
with probability 1−d, we perform masked diffusion: first, we uniformly sample the
set of conditioning views over all the possible sets; then, the remaining views, which
are assumed to be missing, are diffused and their CLIP embedding is set to the
null-vector, while the latent variables of the conditioning views are frozen.

Formally, we fine-tune the denoiser U-Net ϵθ by minimizing the following loss:

L = λ(M,C)∥M(M)⊙ [ϵ− ϵθ(Rt, t,CLIP(M,X))]∥2
2, (5.5)

where Rt is obtained by first sampling from the distribution q(r |Z, t) and aggregating
it with the input Z using the mask M(M). Importantly, we use a scaling factor
λ(M,C)=1+ |C|

|M | to take into account the randomization of M and C that leads to
the diffusion of different portions of the latent space.
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5.5 Experiments

5.5.1 Training details

We fine-tune DiMViS on Objaverse-1.0 [183], a large object-centric dataset containing
more than 800k 3D models, which is commonly used for multi-view diffusion models.
However, the original dataset contains many samples with poor quality, that may
negatively affect the model training; for this reason, we filter the dataset as in [184],
obtaining a subset of ∼82k objects. For each object, we render 16 images with
azimuth evenly distributed from 0◦ to 360◦ and elevation view fixed to 30◦.

To speed up fine-tuning, we first build the latent dataset by randomly sampling for
every object a set of 4 images having azimuth offset by multiple of 90◦; importantly,
the latent variables are deterministically generated by using the mode of posterior
distribution produced by the frozen encoder eϕ employed in the Stable Diffusion
variational autoencoder.

We use the AdamW [185] optimizer with peak learning rate 5×10−5, and cosine
annealing with 100 warm-up steps. The total batch size is 112, with gradient
accumulation over 12 batches, and image resolution is 256×256. We fine-tune our
model for 15750 steps on 7 NVIDIA A100-80GB GPUs, which take about 5 days.

5.5.2 Evaluation

Baseline methods. We compare DiMViS to two state-of-the-art NVS 2D diffusion
models, namely Zero123-XL and EscherNet [165], by using their publicly available
pre-trained models. Zero123-XL inherits the architecture from Zero123 [159], but it is
trained with the extended version of the Objaverse dataset, i.e., Objaverse-XL [186],
which contains over 1 million 3D objects. Zero123-XL is a one-to-one model, as it
accepts only one conditioning image to generate a single output representing the
same object from a given different angle. Conversely, EscherNet is trained on the
standard version of Objaverse-1.0 and is a many-to-many generative model, as it
can accept more than one conditioning input image and generates multiple outputs
from the target viewpoints. Specifically, we use the EscherNet variant employing 6
DoF camera poses. Indeed, both reference and target camera poses are required by
EscherNet, and Zero123-XL; in contrast, DiMViS does not need such information,
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as our implemented method generates a set of 4 images with azimuth evenly spaced
between 0◦ and 360◦; nevertheless, the set of potentially achievable viewpoints can be
enlarged during training, such that DiMViS could generate more views at inference.

Metrics. For the comparison, we compute three key metrics: the peak signal-to-
noise ratio (PSNR), the structural similarity index measure (SSIM) [187] and the
learned perceptual image patch similarity (LPIPS) [188]. PSNR is a widely used
metric based on the pixel-wise difference between two images; SSIM measures the
similarity of two images by comparing luminance, contrast, and structure. SSIM
aims to reflect better the human visual perception, which is also the goal of LPIPS.
The latter, though, computes the difference between the features obtained from a
layer of a pre-trained image Convolutional Neural Network, namely the VGG [88] in
our implementation.

Evaluation dataset. We evaluate DiMViS and the baseline models on the
Google Scanned Objects (GSO) [189] dataset. Specifically, we use the same subset
of 30 objects used in [160, 165], by rendering 16 images for each object following the
procedure described for the training set. Notably, for the rendering, we use the same
lighting conditions used in [165], although they differ from the lighting settings of our
training set, which are the same as in [160]. This poses an additional generalization
challenge for DiMViS.

For an extensive evaluation, we consider all possible subsets compatible with the
fine-tuning dataset settings: to do so, we first build all four sets having four images
with an azimuth offset by multiple of 90◦, and, for each set, we finally consider all
subsets with one, two and three conditioning reference views.

Results. Tab. 5.1 shows the considered metrics computed on the GSO dataset
using the DDIM [190] sampler with 50 steps, as well as the values of the classifier-free
guidance (CFG) [191] scale used for the generation. In particular, we compute all
the metrics with CFG equal to 1 and 3, but we report only the best obtained results.
Interestingly, we found that when having only one condition view, DiMViS works
better setting the CFG scale equal to 3, while with two and three conditioning images
we obtain the best performance without using classifier-free guidance, i.e., setting
the CFG scale equal to 1.

When considering only one reference view, DiMViS works slightly better than
Zero123-XL; furthermore, the latter is a one-to-one model, hence lacking flexibility,
and the performance gap gets larger when DiMViS is used with multiple reference
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Table 5.1 Numerical evaluation of novel view synthesis on GSO

Method Target
views

Ref.
views

CFG
scale

PSNR
(↑)

SSIM
(↑)

LPIPS
(↓)

Zero123-XL
3

1

3.0 16.13 0.772 0.181
EscherNet 3.0 14.85 0.755 0.209
DiMViS 3.0 16.32 0.78 0.171
EscherNet* 3×5 3.0 17.26 0.8 0.165

EscherNet 2
2

3.0 19.57 0.828 0.132
DiMViS 1.0 21.07 0.854 0.113
EscherNet* 2×7 3.0 20.76 0.849 0.117

EscherNet 1
3

3.0 20.20 0.821 0.131
DiMViS 1.0 23.96 0.886 0.088
EscherNet* 1×15 3.0 22.35 0.869 0.104

views. Overall, DiMViS also outperforms EscherNet. Interestingly, the latter does
not show a clear improvement when increasing the number of reference views from 2
to 3. In this regard, EscherNet is empirically proven to work at its best with many
target views, being them random or duplicates of the actual target one. For this
reason, we evaluate EscherNet by repeating each target 5, 7, and 15 times when the
actual number of targets is respectively 3, 2 and 1, and taking only the first output
image. This workaround, referred to as “EscherNet*” in Tab. 5.1, leads to better
performance at the expense of increased computational cost during inference, with
EscherNet outperforming DiMViS only when a single view is available. Nevertheless,
even in this case, DiMViS outperforms EscherNet when multiple views are available;
we attribute the superior DiMViS performance to its capability of better aggregating
the information provided by the reference images.

Fig. 5.2 shows the images generated using the considered methods. As it is possible
to notice, the images produced by Zero123-XL are coherent with the (single) reference
view, but are not consistent with each other, as they are generated independently.
EscherNet overcomes this drawback by implementing specifically designed attention
mechanisms, while DiMViS addresses this challenge by leveraging a joint diffusion
model that exploits the self- and cross-attention mechanisms inherited from the
pre-trained Stable Diffusion, without requiring any modification.
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Fig. 5.2 Visual evaluation of novel view synthesis visualization on GSO datasets.
Ground truth (GT), reference and generated images are respectively represented in black,
green and red boxes. Note that, for each object, the first reference view is used for all
generation processes, whereas we show only one ground truth image, as the other ones are
already displayed as conditioning views. DiMViS produces images that exhibit higher
quality and diversity while ensuring reference-to-target and target-to-target consistency.

The images produced with DiMViS generally exhibit higher visual quality
and consistency; furthermore, DiMViS seems to generate more diverse images
throughout different runs (e.g., changing the set of conditioning images), while still
maintaining reference-to-target and target-to-target consistency. Nevertheless, the
shades produced by DiMViS, even if plausible, do not always accurately reflect those
present in the ground truth pictures: this is due to the different lighting conditions
between our training set and the used test set, created following the same settings
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employed in EscherNet paper. However, this issue is alleviated when more views are
observed.

Consistency and diversity. Importantly, when increasing the number of
reference views, more information is available and the generative process is more
constrained: this means that the inherent randomness of the generation decreases
and the produced novel views get closer to the ground-truth images, which leads to
improved performance in terms of the analyzed metrics. However, the low metrics
values obtained with fewer reference views do not necessarily indicate poor generation
quality. Consider for example the sofa pictures in Fig. 5.2 obtained with DiMViS.
When only one or two condition views are available, the diffusion model is less
constrained and can be more imaginative, generating different images that are still
plausible and realistic, and also consistent with each other and with the available
views. However, the standard metrics used in NVS compute the similarity, either
pixel-wise or perceptual, between the generated image and ground truth, thus
penalizing the diversity in the produced images that are not close to the latter, but
are perfectly coherent with the information provided by the reference view(s).

Nevertheless, diversity is one of the three main requirements in generative mod-
eling [192]. Then, to take diversity into account, we argue that the currently used
metrics should be integrated with new evaluation methods better suitable for novel
view synthesis. One metric typically used to compare generative model performance
is the Fréchet Inception Distance (FID) [193], which evaluates both quality and
diversity. However, the FID score has recently been shown to present some lim-
itations [194, 195], and hence we do not include it in our analysis. Interestingly,
[176] introduce what they call a “3D consistency scoring”, a novel metric that respects
the above-mentioned criteria. However, it is not compliant with our sparse-view
setting, as it is based on a NeRF model, whose training requires many views. Alter-
natively, one viable way would be to resort to human evaluation, which we defer to
our future work.

5.6 Conclusion

In this chapter, we have presented DiMViS, a multi-view 2D diffusion model able to
accommodate a varying number of reference and target images. DiMViS capitalizes
on Stable Diffusion, inheriting its generalization capability, and on masked diffusion,
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which permits learning the latent conditional distribution by means of a joint diffusion
model. Our experimental evaluation has demonstrated the superiority of DiMViS,
compared to two state-of-the-art baselines.

Although DiMViS is flexible in terms of the number of conditioning and generated
views, it presents some limitations. First, the training set should be further extended,
in order to consider views with different elevations, diverse lighting conditions and
not limited to object-centric samples: this would enable the model to achieve an even
superior generalization ability. Second, the developed model is trained on, and hence
only produces, images with azimuth offset by multiples of 90◦; however, including the
related camera poses as an additional input for further flexibility is straightforward,
and a similar technique implemented in [159] can be adopted. Finally, DiMViS is
designed to operate with a set of only four images, and scaling to a significantly
larger number of reference and target views could pose implementation challenges.
Therefore, additional research will be required to tackle this limit, which could hinder
the application of the proposed method in real-world scenarios.

In the next chapter, we will employ a diffusion model for Novel View Synthesis
with architecture similar to the one presented in this chapter, even though scaled down
due to the employed dataset, which is smaller and less complex than the Objaverse
dataset. In particular, the generative model is integrated into a classification system
to augment the training set and, most notably, the inference pipeline, leading to
higher test accuracy and increased robustness in edge-assisted classification systems.



Chapter 6

DiMViDA: Diffusion-based
Multi-View Data Augmentation

We present DiMViDA, a Diffusion-based Multi-View Data Augmentation method
built upon an innovative approach for Novel View Synthesis, which uses an extension
of diffusion generative models that accepts any number of input views and that
can generate any number of missing output views. In this work, our goal is to
analyze the benefits of such a generative model in the context of object classification.
Given a single input view, we compare the object classification performance of
state-of-the-art models, namely ResNet18 and MobileNetV3, using the input view,
versus its application to novel views synthesized by our generative model, using
such synthetic views to augment the training set. Notably, differently from other
works, we also adopt such a multi-view data augmentation method at inference.
Our experimental findings illustrate that novel view synthesis can enhance object
classification capabilities of CNNs; remarkably, we envision using our developed
inference mechanism to increase resilience in edge-assisted classification systems.

Part of the work described in this chapter has already been published in Di
Giacomo, G., Franzese, G., Cerquitelli, T., Chiasserini, C. F., Michiardi, P. (2024).
DiMViDA: Diffusion-based Multi-View Data Augmentation. In IEEE CAMAD
2024. IEEE.
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6.1 Introduction

Generative models are used in a wide range of domains, such as image synthesis and
natural language processing. Among the possible applications, data augmentation
strategies based both on Generative Adversarial Networks (GANs) [196, 197] and
diffusion models [198] have been adopted to produce synthetic data that are then
used to enhance the capabilities of trained Deep Neural Networks (DNNs). For
example, while standard data augmentation methods are based on color (e.g. change
of brightness, contrast, saturation) and geometric (e.g., flipping, rotation) transfor-
mations, [199] leverages diffusion models to perform data augmentation by changing
the semantics of the data, increasing their diversity.

Recently, there has been a growing interest in multi-modal [167, 200] and multi-
view [159, 165, 201] diffusion models, which are able to generate multiple data
representing the same concept using different modalities, e.g., image and text, or
different views. In this work, given the effectiveness of data augmentation techniques
based on generative models and the development of increasingly powerful multi-
view diffusion models, we present DiMViDA, a Diffusion-based Multi-View Data
Augmentation method that uses a Novel View Synthesis diffusion model to augment
both the training and the evaluation pipeline in the context of a classification task.

Specifically, we consider a single-view dataset consisting of N samples, each
representing a view of an object, and we augment it by generating for each sample
three additional images of the same object from different viewpoints. To do so, we
employ the latent diffusion model (LDM) introduced in [167], which applies multi-
time masked diffusion to endow the model with conditional generation capability.
Then, the resulting augmented set is used to train a classification model. At inference,
we follow the same augmentation procedure also for the test set, producing a set of 4
views for each test sample. Next, given a set of multi-view images, we evaluate the
classification model individually for each view and, finally, we compute the mean of
the 4 outputs produced by the classification model to predict the samples’ class. We
corroborate the effectiveness of our method by performing experiments on a multi-
view dataset using two state-of-the-art classification models, i.e., ResNet18 [202]
and MobileNetV3 [203], both training the models from scratch and fine-tuning
them starting from pre-trained weights. Our approach leads to improvements in
classification accuracy up to 20% and improves robustness to failures in edge-assisted
classification systems.
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A similar approach was introduced in [204]; however, a GAN was used instead
of a diffusion model and, remarkably, data augmentation is only carried out to
extend the training set. In contrast, in our work, we also augment the inference
pipeline, enabling us to achieve superior performance compared to only augmenting
the training set.

The rest of the chapter is organized as follows. Sec. 6.2 discusses some related
work, while Sec. 6.3 introduces the latent diffusion model utilized to generate novel
synthetic views. Sec. 6.4 presents the designed methodology, while the experimental
details and performance of DiMViDA are presented in Sec. 6.5. Finally, Sec. 6.6
draws our conclusions.

6.2 Related work

A comparison of the three main families of generative models, namely VAEs, GANs
and diffusion models, is presented in [192], which identifies the three primary chal-
lenges in generative modeling: high-quality sample generation, sample diversity, and
fast generation. This is referred to as the “generative learning trilemma”. While
GAN-based methods are characterized by a low diversity of generated data, and
VAEs tend to produce samples of lower quality, score-based diffusion models are
capable of generating both high-quality and diverse samples, though the generation
process is slower.

Augmentation with synthetic data. Many works have implemented data
augmentation techniques that rely on GANs for classification tasks, such as [196, 197].
[205] trains a classifier using only synthetic data produced with a GAN, resulting in
improved performance compared to the original dataset. [204] proposes a method
similar to ours, generating an augmented dataset by producing images of real data
from novel viewpoints; however, data augmentation is performed by means of a GAN
and, more importantly, only involves the training set. Our approach, instead, takes
advantage of the multi-view synthetic data also during evaluation.

Recently, diffusion models have replaced GANs for data augmentation approaches
based on synthetic images, thanks to their superior generation capability, both in
terms of data quality and diversity. For instance, [198] demonstrates the benefits
of using synthetic images generated by a state-of-the-art text-to-image diffusion
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model in the context of image classification. In particular, the impact of synthetic
data is analyzed in three scenarios, namely zero-shot learning, few-shot learning
and large-scale model pre-training for transfer learning. [199] leverages diffusion
models to perform data augmentation by changing the data semantics, increasing
data diversity.

6.3 Latent diffusion model

In this section, we summarize the architecture of our Novel View Synthesis generative
model, namely a latent diffusion model, which is composed of a deterministic
autoencoder and a score-based diffusion model. Note that in this section – and in
Sec. 6.4, as well – some details are similar to those presented in Chapter 5. However,
we report them for the sake of clarity and to better point out the differences.

Autoencoder. In contrast to the work in Chapter 5, we have to train the
autoencoder. We recall that the autoencoder consists of two parts: an encoder eϕ
that produces a compact representation of the input, i.e., its latent variable, and
the decoder dψ, which maps back such latent into the input space. During training,
performed independently and prior to the diffusion model, the autoencoder learns to
compress and recreate data, aiming to minimize the difference between the input and
the final output. Thus, given a data distribution p(x), we minimize the following
objective function:

L =
∫
p(x)l(x− dψ(eϕ(x))) dx , (6.1)

where l is the desired distance function.

Score-based diffusion model. After training the deterministic autoencoder,
the encoder is used to produce latent representations of the data. Such latent
variables are then employed to train the score-based diffusion model, which al-
lows the model to learn the latent distribution, enabling the conditional generation
capability at inference time. For further details, refer to Sec. 5.3. Notably, differ-
ently from the model presented in Chapter 5, we don’t use the CLIP model and
we keep from [167] the multi-time vector τ=[t1, . . . , tV ], which has two purposes,
as it indicates both the diffusion time for the respective portions of latent vari-
ables and denotes the missing views. Formally, we define the multi-time vector as
τ(M, t)=t

[
1(1∈M), . . . ,1(V ∈M)

]
, where M is the sets of indices of the missing
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Fig. 6.1 Architecture of the employed latent diffusion model.

views, i.e., the views that should be generated. Notably, we employ a continuous-time
diffusion formulation as in [167].

6.4 Methodology

In this section, we explain in detail our methodology, which relies on the latent
diffusion model built on the method introduced in [167], to generate synthetic views
that are used to improve the performance of a classification model.

6.4.1 Latent diffusion model

At inference time, the architecture of the latent diffusion model is depicted in Fig. 6.1.
We consider a set of V=4 views in total and, for instance, the set of missing views
with M={3}. Also, we denote with C the set of indices of available conditioning
views; thus, in this example, C={1, 2, 4}. The deterministic encoder eϕ encodes each
conditioning reference view Xc producing their latent representations Zc=eϕ(Xc),
while the missing view latent variable is represented using random noise, by sampling
from the Normal distribution N (0, I). The obtained latent representations are
concatenated in order to obtain the variable Z, which is fed, together with the
multi-time vector τ , into the score-based diffusion model sχ. Finally, the diffusion
model produces the latent variable Ẑm of the missing view Xm, which is given in
input to the deterministic decoder dψ to generate the image X̂m=dψ(Ẑm).

Training procedure. First, the encoder eϕ and the decoder dψ are jointly
trained by optimizing the loss function in (6.1). Then, they are frozen, and we train
the score-based diffusion model, which learns the conditional distribution of the
missing latent variables ZM={Zm}m∈M∼p(zM |zC). For the training, we follow the



6.4 Methodology 117

LDM

Classifier

𝑜𝑢𝑡1 𝑜𝑢𝑡2 𝑜𝑢𝑡3 𝑜𝑢𝑡4

1

𝑉
෍

1

𝑉

𝑜𝑢𝑡𝑖Car

LDM

Classifier

Single-view 
dataset

Augmented 
dataset

Synthetic 
views

Training Evaluation

Fig. 6.2 Scheme of DiMViDA for training (left) and evaluation (right).

same procedure described in Sec. 5.4.1, except for the CLIP embeddings, which are
not used in this model, and for the multi-time vector τ , which is built as explained
in Sec. 6.3.

Formally, we train the score-based diffusion model sχ by minimizing the following
loss:

L = λ(M,C) ·
∥∥∥M(M)⊙

[
∇ log

(
q(Rt | zC)

)
−sχ(Rt, τ(M, t))

]∥∥∥2

2
. (6.2)

We remark that, as for (5.5), to obtain Rt we first sample from the distribution
q(r |Z, t) and then we aggregate the input Z using the mask M(M). Also in this
case, the factor λ(M,C)=1+ |C|

|M | is introduced in order to take into account the
diffusion of different portions of the latent variable, given by the randomization of
M and C.

6.4.2 Classification pipeline

Once the latent diffusion model is trained, it is endowed with the capacity to generate
missing views given the observed ones. Thus, we exploit this conditional generation
ability to augment the classification pipeline.

The training procedure scheme of DiMViDA is presented in Fig. 6.2(left). Given
a single-view dataset, that is, composed of N samples with one view per sample, we
use the LDM to generate for each sample 3 other images from different viewpoints.
Then, we train a classification model using such an augmented training set. As
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shown in Fig. 6.2(right), during the evaluation step, we also augment the test set,
following the same procedure used for the training set; thus, for each sample in the
test data we produce a set of 4 views, including the real image and 3 synthetic ones.
Next, for each set of multi-view images, we evaluate the model individually for every
view and we compute the mean of the 4 classification model outputs, which is finally
used to predict the class of the sample.

6.5 Experiments

In this section, we first describe the dataset used for the experiments and we evaluate
the generation performance of the diffusion model. Finally, we assess the effectiveness
of our augmented classification pipeline.

Datasets. We assess DiMViDA performance using the Neural 3D Mesh Ren-
derer Dataset (NMR) [206]. NMR consists of objects of the 13 largest classes of
ShapeNet [207] dataset, a collection of 3D objects, from which 64x64 2D images are
rendered at 24 fixed views. For our experiments, we only use 4 views, i.e., front,
back, right and left views.

Specifically, the dataset is split into three partitions:

• NMRd, it includes for each sample all 4 views and is used to train both the
autoencoder and the diffusion model;

• NMRc, it includes only one random view per sample and is used to train the
classifiers;

• NMRe, it includes only one random view per sample and is used to evaluate
the classifiers.

6.5.1 Training details of latent diffusion model

For the autoencoder, we use the same architecture used in [167] for the CUB [208]
dataset and train the model using the Laplace distribution to estimate the likelihood.
We used TrivialAugmentWide from the Torchvision library for data augmentation.
We set the dimensionality of the latent space to 64; we perform 1000 training epochs,
with learning rate 1e−4 and batch size equal to 64. Regarding the score-based
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Table 6.1 Performance of latent diffusion model

Available images

Metric 1 2 3
FID (↓) 16.43 15.14 14.51

LPIPS (↓) 0.074 0.056 0.048
SSIM (↑) 0.832 0.884 0.912
PSNR (↑) 24.028 26.776 28.491

Coherence (%↑) 85.49 88.33 89.14

diffusion model, we borrow the architecture from [167] used for the CUB dataset.
However, we extend the input dimension from 1024 to 1536. During training, we
perform 1000 epochs, with the learning rate and batch size, respectively, equal to
1e−4 and 64.

6.5.2 Results

Conditional image generation performance. First, we evaluate the performance
of the LDM by assessing the quality of the conditionally generated images by
computing the Fréchet Inception Distance (FID) [193], Peak Signal-to-Noise Ratio
(PSNR), the Structural Similarity Index Measure (SSIM) [187] and the Learned
Perceptual Image Patch Similarity (LPIPS) [188]. The FID score evaluates both
the quality and diversity of the generated data; the other three metrics, i.e., PSNR,
SSIM and LPIPS, have been already introduced in Sec. 5.5.2. Importantly, for the
LPIPS we employed the SqueezeNet [209] Convolutional Neural Network to extract
the activations used to compute the similarity.

Furthermore, we verify that such generated data preserve the semantics of the
conditioning images, i.e., the observed images: to do so, we measure the so-called
coherence. Specifically, we use a pre-trained classifier Γ fine-tuned on our dataset
to check that the generated images are classified coherently with the conditioning
images. Formally, for N generated images, the coherence is computed as follows:

coherence(X̂m|XC) = 1
N

N∑
1
1{Γ(X̂m)=y

XC }, (6.3)
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Table 6.2 Classifiers accuracy (%) – Training from scratch

Architecture Model -
training set

Test set
NMRe NMRea

ResNet18 Ωs - NMRc 83.89 87.21
Ωm - NMRca 85.18 88.03

MobileNetV3 Ωs - NMRc 71.01 79.66
Ωm - NMRca 77.95 85.45

Table 6.3 Classifiers accuracy (%) – Fine-tuning

Architecture Model -
training set

Test set
NMRe NMRea

ResNet18 Ωs - NMRc 89.98 89.89
Ωm - NMRca 90.83 90.96

MobileNetV3 Ωs - NMRc 87.14 88.15
Ωm - NMRca 88.08 90.00

where X̂m is the image generated by the diffusion model conditionally with
respect to set XC , while yXC is the true label, i.e., the class of the conditioning set.

The computed metrics are reported in Tab. 6.1, which shows that the performance
improves when more images are observed, highlighting that the model efficiently
aggregates information from different views. In general, the reported metrics also
indicate the capability of the latent diffusion model to generate high-quality data,
while maintaining the semantics of the conditioning images when generating the
missing views.

Classification performance. To evaluate the impact of synthetic images on
the augmented classification pipeline, we first consider a classifier Ωs, trained on the
single-view NMRc dataset, and a classifier Ωm, trained on the augmented dataset
NMRca, which includes both all NMR imagesc and the synthetic images obtained
with the diffusion model conditioned on NMRc data. During classifier training, we
use the Adam optimizer with learning rate 1e−5 and batch size set to 128.

As for the evaluation protocol, we consider two approaches. The first is the
standard procedure, where trained models are tested on the NMRe single-view
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Table 6.4 Accuracy (%) - Augmented vs. real views.

Architecture Model -
training set

Test set
Real NMRea

Training
from scratch

ResNet18 Ωs - NMRc 88.97 87.21
Ωm - NMRca 89.73 88.03

MobileNetV3 Ωs - NMRc 80.55 79.66
Ωm - NMRca 85.61 85.45

Fine-tuning
ResNet18 Ωs - NMRc 93.43 89.89

Ωm - NMRca 93.23 90.96

MobileNetV3 Ωs - NMRc 91.79 88.15
Ωm - NMRca 92.56 90.00

evaluation data set. The second method uses the latent diffusion model to augment
the NMRe dataset, as done with NMRc, obtaining the dataset NMRea.

We perform experiments with two state-of-the-art classification models, namely
ResNet18 and MobileNetV3, training them from scratch. The results reported in
Tab. 6.2 underline that the use of augmented multiview datasets both for training and
evaluation leads to the best classification performance. Moreover, we also find that
performing the augmentation only during the evaluation improves the performance
more than augmenting solely the training set.

Finally, we also fine-tune the models starting from the pre-trained weights provided
by the Torchvision library. The obtained results are shown in Tab. 6.3, which further
demonstrates the benefits of our augmented classification pipeline, even if the gain is
lower than the case of the training from scratch: very likely, the initialization of the
model with the pre-trained weights equips the classification models with an already
appropriate visual understanding ability, limiting further enhancements.

Results implications. Our results have corroborated the effectiveness of syn-
thetic data for augmentation during training. Furthermore, unlike other works, we
have shown how synthetic data can also be useful for inference. This opens interesting
possibilities: specifically, we envision using the designed inference approach to make
edge-assisted classification systems more robust to failures. For instance, we can
consider a scenario with four cameras that capture the same scene from different
viewpoints, offloading the classification task to an edge node. In case of camera or
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transmission failures, the edge node may receive only one view; if the missing views
are generated by using the diffusion model, higher classification accuracy can be
achieved, compared to using only the single received view, as shown by the results
present in Tab. 6.2 and Tab. 6.3. In this context, the generative model enhances the
system’s resilience, hence yielding increased reliability in case of failures.

Finally, we also show the performance of the system when there are no failures,
hence with the edge node receiving all four real observed views. To this end, Tab. 6.4
compares the accuracy obtained with our multi-view inference scheme between the
two scenarios without and with failures; in the latter situation, the edge node uses
the single received image together with three synthetic views (NMRea): as expected,
in this case, the accuracy is lower; in particular, the gap is small if models are trained
from scratch, and slightly larger when fine-tuning them. However, by employing
the synthetic images we could achieve significant benefits from the communication
perspective. Indeed, our generative-based inference method can work with only one
transmitted image, saving a significant amount of data compared to the scenario
where all four views must be sent.

6.6 Conclusions

In this chapter, we have presented DiMViDA, a novel data augmentation technique
based on a diffusion-based novel view synthesizer method. Our approach is designed
for a classification task: specifically, we envision augmenting data both during
training and inference, as the evaluation step takes into account the single real test
image and the ones generated by the diffusion model, which represent the same object
from different viewpoints. Importantly, the experiments performed have supported
the effectiveness of DiMViDA, with gains in classification accuracy up to 20%.
Finally, we also highlighted that the proposed inference method makes edge-assisted
classification systems more resilient.

This chapter concludes the second part of this manuscript. In the following one,
we will summarize the presented works and highlight our main findings. Finally, the
closing section will discuss the direction for future research and the open challenges.



Chapter 7

Conclusions

In the first part of this thesis, we presented Cooperative Learning as a powerful
paradigm suitable for many scenarios – especially those where data privacy is a major
concern – and we analyzed some of the key challenges of this technique. Primarily, in
Chapter 2 and Chapter 3, we addressed the energy minimization problem at training
time in two different scenarios. In Chapter 2 the DNN layers are distributed across the
learning nodes, which thus keep only a subset thereof; in Chapter 3, instead, the nodes
sequentially train the whole DNN: notably, throughout the learning the model can
be pruned to allow lower-capability nodes to participate in the training. Importantly,
the many factors influencing the learning affect one another, thus the decisions
about them must be made jointly; to this end, we have proposed two algorithmic
frameworks that have been proven to achieve near-optimal solutions, leading to
reduced energy consumption while meeting time and performance constraints.

In Chapter 4, we addressed another issue of CL, namely the need for an incentive
mechanism to encourage learning nodes to collaborate during the model training.
To cope with this, we proposed a game-theoretic algorithm that attains the Nash
Equilibrium and converges to the fair Pareto optimal operating point by leveraging
the concept of generosity.

In the second part of this manuscript, we focused on GenAI: generative models
can generate high-quality synthetic data, which have risen as an effective alternative
to real data in a variety of domains; for instance, synthetic data have been used
to improve the performance of DNNs. For this reason, in Chapter 5 we designed
a diffusion model for Novel View Synthesis: specifically, it operates in the context
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of multi-view images and is capable of generating multiple novel views of an object
conditioned on a variable number of observed ones. To achieve this, our model
leverages the masked diffusion approach, built upon a pre-trained model, which
allows it to outperform existing state-of-the-art models by up to 15% in perceptual
similarity. Finally, in Chapter 6 we also demonstrated that incorporating such a
Novel View Synthesis model into an image classification pipeline can significantly
enhance the final accuracy, by up to 20%. To this end, we augmented the training
set with synthetic views and designed a method that combines a real observed view
with synthetic ones at inference time. Remarkably, the latter technique could be
applied for edge-assisted classification tasks: the edge node, to which the inference
task is offloaded, can use the generative model to recover potentially missing data,
hence increasing the resilience of the overall classification system.

7.1 Future work and open challenges

Generative Artificial Intelligence is already revolutionizing various fields, raising
widespread interest from academia and industry. In our work, we empirically proved
the utility of synthetic data; thus, we will further explore the vast potential of
generative models. In this section, we discuss our future research direction, and we
will highlight some of the open challenges that research should address.

Metrics for generative models. In Chapter 5 we pointed out the limitations of
the metrics used to evaluate the diversity of the generated views and their consistency
with the available conditioning views. Assessing the quality of images produced
by generative models is difficult even considering the standard (single-view) case.
For instance, [210] finds that the current metrics do not align well with human
judgment, proposing a better alternative. Therefore, future research should focus on
improving evaluation metrics to reflect the performance of generative models more
accurately. As for our Novel View Synthesis model, we will study new evaluation
methods tailored specifically for the multi-view scenario.

Video Diffusion Models. Video Diffusion Models are a novel trend in GenAI,
as they extend the principle of models operating solely in the image space by also
handling the time dimension. Video Diffusion Models are able to capture the time
dependency among consecutive images, which endows them with the capability
to produce a sequence of temporally coherent frames. Therefore, extending our
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multi-view diffusion model to support video generation video could further increase
its flexibility and, hence, its applicability in real use cases.

GenAI and Cooperative Learning. Synthetic data produced by generative
models could be useful also in CL scenarios. For instance, [211] presents a data
augmentation framework for image classification in a distributed learning setting.
Specifically, Federated Learning is coupled with a pre-trained generative model
running at the parameter server, which produces synthetic data and sends them
to the devices in order to mitigate the data heterogeneity issue, i.e., local data are
non-IID across clients. The approach takes into account the constraints on the local
resources and outperforms the standard Federated Learning algorithm, achieving
lower devices’ energy consumption, shorter training time and improved accuracy.

On the other hand, also Cooperative Learning schemes could be useful for GenAI,
as they can be applied to train, or better fine-tune, generative models. This was
envisioned, for example, in [212], which demonstrates the advantages of federated
fine-tuning in terms of communication overhead and time compared to the centralized
strategy. Additionally, Cooperative Learning may be the only feasible approach in
those domains, such as healthcare, where strict privacy constraints prohibit sharing
data with third parties.

Despite the advancements in each field, the potential of combining Cooperative
Learning and Generative AI remains largely unexplored; thus, further research is
essential to deeply study how these two techniques could be merged, investigating
the mutual benefits and the opportunities their synergy could unlock.

Sustainability. Training generative models from scratch may incur significant
costs due to the large number of parameters and training samples required to achieve
good performance. Furthermore, due to the scale of such models, inference can be
costly as well. Consequently, sustainability is one of the major concerns for GenAI
and a detailed analysis of costs and benefits is essential when deploying these models
into real-world applications.

One typical approach to alleviate the training costs is employing large pre-trained
models, which deliver excellent performance and generalization capabilities, requiring
minimal or no fine-tuning to be adapted to the target task. To further reduce
time, computational and energy consumption during this stage, many efficient yet
effective fine-tuning techniques have been introduced, such as Low-Rank Adaptation
(LoRA). Also, it could be interesting to develop and apply methods similar to the one
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proposed in Chapter 3 to cooperatively fine-tune generative models. Furthermore,
other well-known model compression techniques, e.g., pruning, quantization and
knowledge distillation, can be utilized to obtain smaller-scale models that require
reduced resources for inference, increasing efficiency.

Despite the progress in this area, GenAI still has a significant environmental
footprint, necessitating urgent solutions to enable a sustainable and responsible
deployment.

Explainability. An increasingly important research topic in ML is explainability,
which aims to understand how models work and make decisions, to increase their
transparency to the users. As for GenAI, exploring the behavior of the models and
identifying the reasons leading to a certain output is crucial for providing guarantees
about the quality and reliability of the generated data, especially when integrating
generative models in practical implementations.
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Appendix A

Proofs of Chapter 4 theorems

In this section, we provide the proofs of the theorems of Chapter 4, which are adapted
from the proofs of [145] to align with the different settings of our system.

A.1 Proof of Theorem 1

Theorem 1. Consider a system of N nodes, all belonging to class 1, with mean
and maximum computing capability constraint (resp.) χ̄1 and χmax

1 . Models have
complexity m1, which implies that d1 samples and e1 epochs are required to reach the
target learning quality. Also, H=h=1, and if the node receiving the training request
accepts, the time required for the training is T11, otherwise a time Tw is waited. Then:

1. if all nodes, except for node n, employ GENIAL, then lim supt→∞ µ11
n (t)≤π11=

χ̄1N
2

Tw

m1d1e1− χ̄1N

2 (T11−Tw)
;

2. if all nodes apply GENIAL, then limt→∞ µ11
n (t)=π11= χ̄1N

2
Tw

m1d1e1− χ̄1N

2 (T11−Tw)
,

∀n∈N .

Proof. First, since H=h=1, from (4.1) one can derive that Π11=π11, whose value is
computed as follows. Using (4.3) and denoting the time required for training as T11,
we can derive the mean time required for each session:

Ts = T11Π11 + Tw(1− Π11) = m1d1e1

χmax1
π11 + Tw(1− π11) . (A.1)
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Being 1
N

the probability of being selected by the orchestrator as requester, the mean
computing cost for a node n when it acts as requester is:

crn = 1
N
m1d1e1

1
Ts
π11 . (A.2)

The mean computing expenditure when the node is a learner cl is equal to cr. Thus,
imposing the computing constraint it follows that:

ctotn = crn + cln = 2
N
m1d1e1

1
Ts
π11 ≤ χ̄1. (A.3)

Solving equation (A.3) by using (A.1) we obtain the Pareto-optimal value:

π11 = χ̄1N

2 Tw
1

m1d1e1 − χ̄1N
2 (T11 − Tw)

. (A.4)

Consider the scenario where all nodes but u employ GENIAL; a node n, with
n ̸=u, rejects a training request when νn(t)>π11; therefore, lim supt→∞ νn(t)≤π11, n̸=u.
However, nodes accept a training request regardless of the requester. This means that
all nodes receive an equal amount of service, hence lim supt→∞ µn(t)≤π11, n=1, . . . , N .
This proves the first part of the theorem.

To prove the second part of the theorem, we start defining the following quantities:

ϕn(S) = No. of accepted requests made by n till S
S

(A.5)

ψn(S) = No. of received sessions accepted by n till S
S

(A.6)

with n being a given node and S denoting the number of total training sessions,
both accepted and rejected. Denoting ϕn= limS→∞ ϕn(S), since the requester and
the learner are selected respectively with probability 1

N
and 1

N−1 , it is possible to
write:

ϕn = lim
S→∞

No. of accepted requests made by n
S

· No. of received sessions accepted by n
No. of received sessions accepted by n = NRS

N(N − 1) (A.7)
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From (A.7) we can see that the NRS converges if and only if ϕn converges.
Notably, since H=h=1, the probability for a requester that its training request is
accepted, hence performed, is precisely equal to the probability that the only node
receiving the request accepts, i.e., π11. For this reason, for all nodes, the number
of made requests that are accepted must be equal to the total number of accepted
received requests. Then, we define the following Lemma.

Lemma 1: ∑N
n=1(ϕn(S)−ψn(S))=0

Proof. First, we consider the node n at training session S and we prove that
ϕn(S)−ψn(S) converges to 0.

We define now the following equations:

ϕn(S + 1) = Sϕn(S) + 1A
S + 1

ψn(S + 1) = Sψn(S) + 1R
S + 1

where

1A =
 1, if request made by node n’ is accepted

0, else

1R =
 1, if node n accepts a received training request

0, else.

Then, we define

ρ(S) = [ϕ1(S)− ψ1(S), . . . , ϕN(S)− ψN(S)]T (A.8)

which allows us to write:

ρ(S + 1) = ρ(S) + 1
S + 1(−ρ(S) + ω(S)) (A.9)
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with ω(S) defined as follows:

ω(S) =


−1, if node n accepts a received training request;
1, if request made by node n is accepted;
0, else.

The objective is to prove that the sequence {ρS} converges to ρ∗=[0, . . . , 0]T when
using GENIAL, as this leads to the proof that ϕn(S)−ψn(S), and hence νn(S)−µn(S),
converges to 0. To prove this, we utilize the following corollary [213].

Corollary 1: We define the following sequence {θ(S)}:

θ(S + 1) = θ(S) + λ(S)σ(ω(S), θ(S))
∞∑
S=1

λ(S) =∞

∞∑
S=1

λ2(S) <∞

(A.10)

Setting σ̄(θ)=E[σ(θ, ω)], if:
a) (θ∗−θ)T σ̄(θ)≥C1 ∥θ⋆−θ∥2 for some C1>0;
b) E [∥σ(θ, ω)∥2]≤C2

[
∥θ⋆−θ∥2 +1

]
for some C2 > 0;

it follows that limS→∞ θ(S)=θ⋆.

We must prove that ρ(S) converges to ρ⋆. With λ(S)=1/(S + 1) and σ(θ, ω) =
−ρ(S)+ω(S), we verify that (A.9) satisfies (A.10); also, condition b) of Corollary
1 is verified considering sufficiently large C2. Now, we prove that condition a) is
satisfied, i.e.,

(−ρ)T σ̄(ρ) ≥ C1∥ − ρ∥2. (A.11)

At training session S, if we have a set A of A nodes out of N that are accepting the
training requests – with the remaining N−A nodes that rejects the requests – it holds
that µn(S)−νn(S)>δ, n=1, . . . , A, and µn(S)−νn(S)<δ, n=A+1, . . . , N . Therefore,
for some ϵ>0, ϕn(S)−ψn(S)>ϵ, n=1, . . . , A and ϕn(S)−ψn(S)<ϵ, n=A+1, . . . , N .

Considering that a node becomes a requester with probability equal to 1/N ,
the probability that a node in A makes a request that is accepted is equal to
(A−1)/[N(N−1)]. On the other hand, the node receives and accepts a training request
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with probability (N−1)/[N(N−1)], while A/[N(N−1)] defines the probability that
a node in the set of the rejecting ones makes a training request and that the latter
is accepted. Finally, the probability of accepting a request is 0. Therefore, we can
write the following:

σ̄n(ρ(S), ω(S)) =

−ρn(S) + A−N
N(N−1) , if n = 1, . . . , A

−ρn(S) + A
N(N−1) , if n = A+ 1, . . . , N

Thus, we derive that

(−ρS)T σ̄ (ρS) =∥ρ(S)∥2 − 1
N(N − 1)

A∑
n=1

(A−N)ρn(S)− 1
N(N − 1)

N∑
n=A+1

Aρn(S)

=∥ρ(S)∥2 + 1
N − 1

A∑
n=1

ρn(S)

>∥ρ(S)∥2 + A

N − 1ϵ

>∥ρ(S)∥2.

Thus, a) holds with C1=1 and we can use Corollary 1. Since limS→∞ ρ(S)=ρ∗ with
probability 1, it follows that ϕn(S)−ψn(S) and µn(S)−νn(S) as well converge to 0
for each n.

For a node n that uses the GENIAL algorithm, it holds that lim supS→∞ νn(S)≤π11.
Also, if νn(S)≤π11 and νn(S)−µn(S)=0, the node n always accepts a training request,
meaning that lim infS→∞ νn(S)≮π11. It follows that limS→∞ νn(S)=π11 and hence
limS→∞ µn(S)=π11 as well, as νn(S)−µn(S) converge to zero.

If both νn(S) and µn(S) converge to π11 considering the number of training ses-
sions, they converge also in time, thus we can write limt→∞ νn(t)= limt→∞ µn(t)=π11 =
χ̄1N

2 Tw
1

m1d1e1− χ̄1N

2 (T11−Tω)
.

A.2 Proof of Theorem 2

Theorem 2. Consider a system of N nodes and K classes, H=h=1, and Nk nodes in
class k. Also, the computing capabilities constraints are as follows: χ̄1<χ̄2< . . . < χ̄K

and χmax
1 <χmax

2 < . . . < χmax
K . Then:
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1. if all nodes, except for node n, employ GENIAL, then lim supt→∞ µkjn (t)≤πkj;

2. if all nodes apply GENIAL, then limt→∞ µkjn (t)=πkj, ∀n∈N and k, j=1, . . . , K.

Proof. In sessions of type (kk), all nodes behave as if they were of the same class,
i.e., as they had the same computing constraints χ̄k and χmax

k . Thus, using Theorem
2 we can prove that νkkn (t) and µkkn (t) will converge. Then, as (4.8) and (4.9) allow
us to derive the ratio Πkj

Πkk
and, hence, πkj

πkk
, we can prove the convergence for each

session type.

A.3 Proof of Theorem 3

Theorem 3. Consider a system with N nodes, K classes, H>1, h>1 and Nk nodes
in class k, k=1, . . . , K. As for the computing capabilities constraints, assume that
χ̄1<χ̄2< . . . <χ̄K and χmax

1 <χmax
2 < . . . <χmax

K . Then:

1. if all nodes, except for node n, use GENIAL, lim supt→∞ µkjn (t)≤Πkj;

2. if all nodes apply GENIAL, then limt→∞ µkjn (t)=Πkj, ∀n∈N and k, j=1, . . . , K.

Proof. In the general case, we have that H>1 and h>1; thus, fixing such quantities,
we can prove that νkkn (t) and µkkn (t) converge, by following the same procedure of
the proof of Theorem 2 and by appropriately scaling Lemma 1.
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