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NON–UNIQUENESS OF NORMALIZED GROUND STATES FOR
NONLINEAR SCHRÖDINGER EQUATIONS ON METRIC GRAPHS

SIMONE DOVETTA

Abstract. We establish general non-uniqueness results for normalized ground states of non-
linear Schrödinger equations with power nonlinearity on metric graphs. Basically, we show that,
whenever in the L2−subcritical regime a graph hosts ground states at every mass, for nonlin-
earity powers close to the L2-critical exponent p = 6 there is at least one value of the mass for
which ground states are non-unique. As a consequence, we also show that, for all such graphs
and nonlinearities, there exist action ground states that are not normalized ground states.

AMS Subject Classification: 35Q55, 35R02, 49J40, 58E30
Keywords: nonlinear Schrödinger, metric graphs, ground states, non-uniqueness

1. Introduction and main results

The aim of the present paper is to provide general non-uniqueness results for normalized
ground states of NonLinear Schrödinger (NLS) equations on metric graphs.

Given a connected metric graph G = (VG ,EG), i.e. a one-dimensional singular variety obtained
gluing together a certain number of intervals (the edges) at some of their endpoints (the vertices),
an energy ground state with mass µ (or normalized ground state with mass µ) is a solution
u ∈ H1

µ(G) of the minimization problem

Ep,G(µ) := inf
u∈H1

µ(G)
Ep(u,G) (1)

where, for fixed p > 2, the NLS energy functional Ep : H
1(G) → R is defined by

Ep(u,G) :=
1

2
∥u′∥2L2(G) −

1

p
∥u∥pLp(G) ,

and H1
µ(G) is the set of functions with prescribed mass (the L2-norm) equal to µ

H1
µ(G) :=

{
u ∈ H1(G) : ∥u∥2L2(G) = µ

}
.

It is well known that, up to a change of sign, any ground state u is a positive solution of the
NLS equation with homogeneous Kirchhoff conditions at the vertices{

u′′ + |u|p−2u = λu on each edge e ∈ EG∑
e≻v

du
dxe

(v) = 0 for every vertex v ∈ VG
(2)

with

λ = Lp(u,G) :=
∥u∥pLp(G) − ∥u′∥2L2(G)

∥u∥2
L2(G)

. (3)

Here, e ≻ v means that the edge e is incident at the vertex v, and
du

dxe
(v) stands for the outgoing

derivative of u at the vertex v along the edge e.
In the last few years, the existence of energy ground states on metric graphs has been widely

investigated. Since the literature on the subject is by now quite large and constantly growing
(see e.g. [3–6,9–12,21,23,26,29,30] and references therein, and [1,24] for comprehensive reviews),
we do not even try to revise it. To provide a general overview, we simply recall that energy
ground states never exist in the L2-supercritical regime p > 6 (where Ep,G(µ) = −∞ for every µ
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Figure 1. A tadpole graph (A) and a graph with some half-lines and one bounded
edge glued together at the same vertex (B).

and G), whereas, in the L2-subcritical p ∈ (2, 6) and L2-critical p = 6 cases, existence is strongly
sensitive to the topology and the metric of the graph, and to the actual value of the mass. In
particular, for our purposes here it is relevant to point out for what graphs ground states exist
for every mass µ > 0 and every L2-subcritical power p ∈ (2, 6), independently of the length of the
edges. The largest family where this occurs is that of compact graphs (i.e. graphs with finitely
many vertices and edges, all bounded, see [16, Theorem 1.1]). In the noncompact setting, on the
contrary, such a general existence result is very unlikely. For noncompact graphs with finitely
many edges (at least one of which unbounded), in addition to the half-line and the line (and its
equivalent version in the towers of bubbles [5, Example 2.4]), the few structures for which this is
known to happen are those in Figure 3 below, identified in [6, Section 3]. For noncompact graphs
with infinitely many edges, many papers proved that normalized ground states with small mass
usually do not exist when p is slightly less than 6 (see e.g. [3,19,21]). The only known exception
is given by Z-periodic graphs, i.e. graphs obtained gluing together in a Z-symmetric pattern
infinitely many copies of a given compact graph (for a rigorous definition see [8, Definition 4.1.1]
or [17, Section 2]). In this latter case, existence is guaranteed for every µ > 0 and p ∈ (2, 6)
by [17, Theorem 1.1].

Contrary to existence, very little is known on uniqueness of normalized ground states. This is
no surprise, since uniqueness issues for NLS equations are known to be very challenging also in
contexts different than metric graphs. The problem may become even harder on graphs, since the
lack of symmetry and scale invariance of the domain does not allow exploiting the few techniques
developed in the literature in similar settings. Moreover, when focusing on energy ground states,
the first question towards uniqueness (or non-uniqueness) is whether all ground states with the
same mass are solutions of the same NLS equation, since a priori the parameter λ in (2) may
depend on the specific ground state at hand (and not only on its mass).

To the best of our knowledge, the first systematic study on uniqueness of normalized ground
states on metric graphs is [20]. To illustrate the main contributions of that paper, let

Ep,G(µ) :=
{
u ∈ H1

µ(G) : Ep(u,G) = Ep,G(µ)
}

be the set of all ground states of Ep(·,G) with mass µ, and set

Λ−
p,G(µ) := inf

u∈Ep,G(µ)
Lp(u,G), Λ+

p,G(µ) := sup
u∈Ep,G(µ)

Lp(u,G) . (4)

In [20, Theorem 2.5], it has been shown that, for every metric graph G and every p ∈ (2, 6], there
exists an at most countable set Zp,G ⊂ {µ > 0 : Ep,G(µ) ̸= ∅} such that

Λ−
p,G(µ) ̸= Λ+

p,G(µ) ⇐⇒ µ ∈ Zp,G ,

namely energy ground states at the same mass solve the same NLS equation (2) (i.e. with the
same value of λ), for all but at most countably many values of the mass (those in Zp,G). This has
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Figure 2. A T -graph.

then been exploited (see [20, Theorems 2.8–2.9]) to prove uniqueness of energy ground states,
for all masses not in Zp,G , on two simple graph structures: the tadpole graph (Figure 1(A)), and
graphs with a finite number of half-lines and one bounded edge glued together at a common
vertex (Figure 1(B)).

Looking at the proof of [20, Theorem 2.5], the set Zp,G pops up because the argument therein
proves first that Λ±

p,G are strictly increasing functions, and then uses the abstract fact that a
monotone function is continuous out of at most countably many points. It is then quite natural
to wonder whether the presence of this set is just a mere consequence of this specific argument
(that could be eliminated with a different proof of the continuity of Λ±

p,G), or if it is an actual
feature of the problem. In other words, one may raise the following question:

is Zp,G = ∅ for every G and every p ∈ (2, 6)? (Q1)

Unfortunately, the answer to (Q1) is negative: [20, Theorem 2.11] shows that, for every fixed
p ∈ (2, 6) and µ > 0, there exists at least one graph G such that µ ∈ Zp,G .

Even though this guarantees that there exists at least one graph where the non-uniqueness of λ
in (2) corresponding to Zp,G ̸= ∅ does occur, the explicit construction developed in [20, Theorem
2.11] is technically demanding and relies on a delicate combination of ad hoc topological and
metric features. Actually, that (Q1) can be answered in the negative by a sufficiently involved
counterexample is not so unexpected, given the high level of generality of the question and the
wide variety of possible graph structures that one can conceive. However, this gives no insight
on whether a non-empty Zp,G is a pathological, unlikely event, that happens only on suitably
complicated graphs. To this extent, it is perhaps more meaningful to replace (Q1) with the
weaker version:

is there any class of graphs G for which Zp,G = ∅ for every p ∈ (2, 6)? (Q2)

Turning from (Q1) to (Q2) is not pointless a priori, since it is well known (see e.g. [25]) that on
the half-line and on the line (graphs with one vertex and one/two unbounded edges, respectively)
(Q2) has a positive answer. Partial affirmative answers are available also on the tadpole graph,
where normalized ground states are known to be unique, for every mass for which they exist,
when p = 4 (see [23, Remark 1.3]) and p = 6 (see [27, Remark 1]). However, the recent paper [7]
unexpectedly showed that, if a class of graphs answering (Q2) in the affirmative exists, it does
not contain one of the simplest graphs possible, the T -graph (Figure 2) given by one bounded
edge and two half-lines glued together at the same vertex. Precisely, [7, Theorem 1.5] proved
that, when G is the T -graph, there exists ε > 0 such that Zp,G ̸= ∅ for every p ∈ (6 − ε, 6). In
view of the elementary structure of the T -graph, at first sight this result is very surprising, and
it is perhaps even more unforeseen if we think that T -graphs with a very short bounded edge
could be somehow interpreted as small perturbations of the line.

In this paper we give a general negative answer to (Q2). Roughly, we show that, except for the
half-line and the line (and its equivalent version in the towers of bubbles [5, Example 2.4]), all
graphs where energy ground states exist for every µ > 0 and every p ∈ (2, 6) behave as T -graphs,
i.e. Zp,G ̸= ∅ when p is close to 6.

As we said before, the most general class of graphs where L2-subcritical normalized ground
states always exist, regardless of any other topological or metrical property, is that of compact
graphs. Therefore, this is the best setting in which to state the first main result of the paper.
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Figure 3. Noncompact graphs with finitely many edges hosting L2-subcritical
normalized ground states for every mass (see [6, Section 3]): the signpost graph
(A), the 2-fork graph (B) and the 3-fork graph (C).

Theorem 1.1. For every compact graph G there exists a value pG > 2 (depending on G) such
that Zp,G ̸= ∅ for every p ∈ [pG , 6).

Hence, the answer to (Q2) is always negative on compact graphs. In particular, for every
compact graph and every nonlinearity power sufficiently close to 6, there exists at least one value
of the mass µ such that energy ground states in H1

µ(G) are non-unique. Remarkably, this phe-
nomenon does not depend on anything specific of the graph, though its topology and metric will
clearly affect the actual value of pG and of the mass where non-uniqueness takes place. Theorem
1.1 thus unravels an intrinsic feature of normalized ground states on metric graphs: far from
being a technical accident, a non-empty Zp,G is essentially ubiquitous for slightly L2-subcritical
exponents. This situation is quite unsuspected, especially if one thinks of very simple graph
structures. To give a concrete example, Theorem 1.1 entails a genuine (not due to symmetry)
non-uniqueness result for normalized ground states on a line segment with homogeneous Neu-
mann conditions at the endpoints, and this marks a strong difference with the problem on the
segment with other boundary conditions (compare e.g. with [28, Theorem 1.5(i)]).

We stress that the compactness of the space is by no means necessary, as the phenomenology
of Theorem 1.1 is expected to occur whenever energy ground states exist for every mass µ > 0
and every L2-subcritical power p ∈ (2, 6). As anticipated above, beside the line, the half-line,
the towers of bubbles, the tadpole graph and the T -graph, the only noncompact graphs with
finitely many edges known to always host normalized ground states in the L2-subcritical regime
are those of [6, Section 3], here depicted in Figure 3. For all these graphs, the following analogous
of Theorem 1.1 holds. Observe in particular that the tadpole makes no exception, even though
it is already known that uniqueness always takes place at p = 4 and p = 6.

Theorem 1.2. Let G be one of the noncompact graphs of Figure 1( A) or Figure 3. Then there
exists a value pG > 2 (depending on G) such that Zp,G ̸= ∅ for every p ∈ [pG , 6).

In the case of infinitely many edges with uniformly bounded length, the only graphs where we
always have L2-subcritical ground states are the Z-periodic ones. Since this family of graphs is
rather wide, for the sake of simplicity we limit ourselves to consider a prototypical example, the
ladder graph (Figure 4).

Theorem 1.3. Let G be a ladder graph (Figure 4). Then there exists a value pG > 2 (depending
on G) such that Zp,G ̸= ∅ for every p ∈ [pG , 6).

Notice that Theorem 1.3 has nothing to do with the invariance of the graph under the action
of the symmetry group Z (which is of course a source of non-uniqueness), but it unravels again
a genuine non-uniqueness phenomenon for ground states solving (2) with different values of λ.
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Figure 4. A prototypical example of Z-periodic graph: the ladder graph.

Since Theorems 1.1–1.2–1.3 may appear surprising, let us conclude this introduction trying to
provide a technical motivation for the occurrence of this phenomenology on graphs.

To this end, recall first that there is at least another notion of ground state associated to the
NLS equation (2). Indeed, for any fixed λ ∈ R, an action ground state of (2) is a function u such
that

Jp,λ(u,G) = Jp,G(λ) =: inf
v∈Np,λ(G)

Jp,λ(v,G) , (5)

where the action functional Jp,λ : H1(G) → R is given by

Jp,λ(v,G) :=
1

2
∥v′∥2L2(G) +

λ

2
∥v∥2L2(G) −

1

p
∥v∥pLp(G) ,

Np,λ(G) is the associated Nehari manifold

Np,λ(G) :=
{
v ∈ H1(G) \ {0} : J ′

p,λ(v,G)v = 0
}

=
{
v ∈ H1(G) \ {0} : ∥v′∥2L2(G) + λ∥v∥2L2(G) = ∥v∥pLp(G)

}
and Jp,G is the action ground state level. It is standard knowledge that the Nehari manifold is
a natural constraint for the action functional, i.e. critical points of Jp,λ constrained to Np,λ(G)
are actually unconstrained critical points of Jp,λ, and thus solve (2). However, even though
both ground states provide (up to sign) positive solutions to the same NLS equations, general
investigations of the relation between the energy and the action approach started only recently
in [18, 22]. Clearly, contrary to energy ground states, nothing is known a priori on the mass of
action ground states, and in principle different action ground states with the same λ may have
different masses. Hence, denoting by

Ap,G(λ) := {u ∈ Np,λ(G) : Jp,λ(u,G) = Jp,G(λ)} (6)

the set of action ground states in Np,λ(G), we set

M−
p,G(λ) := inf

u∈Ap,G(λ)
∥u∥2L2(G), M+

p,G(λ) := sup
u∈Ap,G(λ)

∥u∥2L2(G) . (7)

The key-point in the proof of Theorems 1.1–1.2–1.3 will be the validity of the following property:

there exist λ1 < λ2 such that M−
6,G(λ1) > M+

6,G(λ2) . (P)

As the details in the next sections will show, there are slightly different technical reasons for
which (P) holds on the various graphs covered by our theorems, but they all are peculiar of
the behaviour of the ground state problems at the L2-critical power p = 6 on metric graphs.
To some extent, this explains somehow why the non-uniqueness of normalized ground states
described here is ubiquitous on graphs, whilst we do not expect to observe it in other contexts
(see e.g. Remark 4.2 below).

We also note that, as a by-product of our analysis, we obtain the following.

Theorem 1.4. For every graph G covered by Theorems 1.1–1.2–1.3 and every p ∈ [pG , 6), there
exist action ground states that are not energy ground states with their mass.

The proof of Theorem 1.4 is a straightforward consequence of Theorems 1.1–1.2–1.3 and [18,
Theorem 1.3]. This result has to be compared with [18, Theorem 1.3], where it is proved that,
on the contrary, energy ground states are always also action ground states. Hence, Theorem 1.4



6

shows that, essentially on every metric graph, the action and the energy ground state problems
are not equivalent.

Finally, let us say clearly that the idea of exploiting (P) to obtain normalized ground states
with the same mass but different λ for p close to 6 was used for the first time on T -graphs in
the proof of [7, Theorem 1.5], and indeed the phenomenology identified by that theorem and
Theorems 1.1–1.2–1.3 here is the same. However, as we already said, [7] makes unavoidable
use of thorough explicit computations that cannot work outside T -graphs. Hence, to handle
the level of generality we seek, we need to develop different arguments, as much independent
as possible of any specific properties of the graph at hand. In particular, our proofs are based
on fine asymptotic analyses of the action ground state problem at the L2-critical power (see
Proposition 3.2 and Lemmas 5.2–6.2 below), together with a certain amount of continuity of the
quantities under exam (whose derivation e.g. on the ladder graph as in Lemma 6.1 below will
require a rather detailed discussion).

The remainder of the paper is organized as follows. To ease the presentation and improve the
readability, we first develop in full details the proof of our non-uniqueness results on compact
graphs. For this reason, all the statements in Sections 2–3–4 are given for compact graphs only:
Section 2 recalls some preliminaries about energy and action ground states, Section 3 derives
general asymptotic estimates for L2-critical ground states, and Section 4 completes the proof
of Theorem 1.1. Sections 5–6 are then devoted to noncompact graphs with finitely many edges
(Theorem 1.2) and Z-periodic graphs (Theorem 1.3) respectively.

Notation. In what follows, whenever possible we use shorth notations like ∥u∥p to denote Lp

norms, resorting to the complete ones only if necessary to avoid ambiguity.

2. Preliminaries on action and energy ground states

We begin here by recalling some preliminary results on action and energy ground states. As
anticipated before, even though most of the properties listed below holds true in more general
settings than that of compact graphs, for the moment we state everything only in this context
to keep the focus on the proof of Theorem 1.1.

Let us first summarize what is known on the energy ground state problem.
Throughout, by a pendant we mean a bounded edge with a vertex of degree one.

Proposition 2.1. Let G be a compact graph, p ∈ (2, 6] and Ep,G : [0,∞) → R be the energy
ground state level defined in (1). There results:

(i) if p ∈ (2, 6), then Ep,G is strictly negative and attained for every µ > 0;
(ii) if p = 6, then

E6,G(µ)

{
< 0 if µ ≤ µG

= −∞ if µ > µG ,

and E6,G is attained if and only if µ ≤ µG, with

µG =

{√
3
4 π =: µR+ if G has a pendant√
3
2 π =: µR if G has no pendant .

Let then

Ip,G :=

{
[0,∞) for p ∈ (2, 6)

[0, µG ] for p = 6

and Λ±
p,G be as in (4). Then Λ±

p,G are attained for every p ∈ (2, 6] and every µ ∈ Ip,G, and there
exists an at most countable set Zp,G ⊂ Ip,G such that

Λ−
p,G(µ) = Λ+

p,G(µ) ∀µ ∈ Ip,G \ Zp,G .
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Moreover, the map Λp,G : Ip,G \ Zp,G → R+, defined as Λp,G(µ) := Λ±
p,G(µ), is strictly increasing

and
lim
µ→0

Λp,G(µ) = 0 ∀p ∈ (2, 6]

lim
µ→∞

Λp,G(µ) = ∞ ∀p ∈ (2, 6) .
(8)

Proof. Points (i)–(ii) are the content of [16, Theorems 1.1–1.2], whereas that Λ±
p,G are attained,

the properties of the set Zp,G and the monotonicity of the map Λp,G can be proved following
verbatim the argument in the proof of [20, Theorem 2.5] (where the same results are obtained
for noncompact graphs with finitely many edges). Finally, to see that Λp,G(µ) → 0 as µ→ 0 and
Λp,G(µ) → ∞ as µ→ ∞, recall the identity

Λp,G(µ) =

(
1− 2

p

)
∥u∥pp
µ

−
2Ep,G(µ)

µ
, (9)

where u ∈ H1
µ(G) is any ground state of Ep(·,G) with mass µ. Since the constant function κµ :=√

µ/|G| (where |G| denotes the total length of G) always belongs to H1
µ(G), we have Ep,G(µ) ≤

Ep(κµ,G) = −µ
p
2 /
(
p|G|

p
2
−1
)
. As p > 2, directly plugging into (9) shows that Λp,G(µ) → ∞

when µ→ ∞, and the same can be done in the case µ→ 0, recalling that by [13, Theorem 2.2]
κµ is a ground state of Ep(·,G) as soon as µ is small enough. □

An analogous characterization can be given for action ground states. Before it, let us introduce
the notation (frequently used in the following)

σp,λ(u) :=

(
∥u′∥22 + λ∥u∥22

∥u∥pp

) 1
p−2

(10)

for any given p ∈ (2,∞), λ ∈ R and u ∈ H1(G) for which ∥u′∥22 + λ∥u∥22 > 0. Observe that, by
definition, σp,λ(u)u ∈ Np,λ(G).

Proposition 2.2. Let G be a compact graph, p > 2 and Jp,G : R → R be the action ground state
level defined in (5). Then

Jp,G(λ)

{
> 0 if λ > 0

= 0 if λ ≤ 0 ,
(11)

Jp,G is continuous on R, strictly increasing on R+, and it is attained if and only if λ > 0. Let
then M±

p,G be as in (7). Then M±
p,G are attained for every λ > 0 and there exists an at most

countable set Z̃p,G ⊂ R+ such that

M−
p,G(λ) =M+

p,G(λ) ∀λ ∈ R+ \ Z̃p,G .

Furthermore, the right and left derivatives of Jp,G exist everywhere on R+ and satisfy

(Jp,G)
′
− (λ) =

M+
p,G(λ)

2
, (Jp,G)

′
+ (λ) =

M−
p,G(λ)

2
∀λ > 0 .

In particular, Jp,G is locally Lipschitz on R+ and differentiable in R+ \ Z̃p,G, with J ′
p,G(λ) =

M±
p,G(λ)/2 for every λ ∈ R+ \ Z̃p,G.

Proof. The proof is divided in three steps.
Step 1: Jp,G(λ) > 0 when λ > 0. Observe first that

Jp,λ(u,G) =
(
1

2
− 1

p

)
∥u∥pp =

(
1

2
− 1

p

)(
∥u′∥22 + λ∥u∥22

)
(12)

for every u ∈ Np,λ(G). If λ > 0, Sobolev embeddings of H1(G) into Lp(G) give

∥u∥p
H1 ≥ C∥u∥pp = C

(
∥u′∥22 + λ∥u∥22

)
≥ Cmin {λ, 1} ∥u∥2H1 ,
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so that p > 2 and (12) imply Jp,G(λ) > 0 for every λ > 0. The fact that Jp,G is attained then
easily follows by the compactness of G. Indeed, if (un)n ⊂ Np,λ(G) satisfies Jp,λ(un,G) → Jp,G(λ)
as n→ ∞, then (un)n is bounded in H1(G) by (12). Hence, there exists u ∈ H1(G) such that (up
to subsequences) un ⇀ u in H1(G) and un → u in Lq(G) for every q ≥ 2, since the embedding
of H1(G) into Lq(G) is compact. This implies that u ̸≡ 0 on G (as ∥u∥pp = lim

n→∞
∥un∥pp =

2pJp,G(λ)/(p− 2) > 0) and, by weak lower semicontinuity,

σp,λ(u) ≤ lim
n→∞

(
∥u′n∥22 + λ∥un∥22

∥un∥pp

) 1
p−2

= 1 ,

in turn yielding (since σp,λ(u)u ∈ Np,λ(G))

Jp,G(λ) ≤ Jp,λ(σp,λ(u)u,G) =
(
1

2
− 1

p

)
σp,λ(u)

p∥u∥pp ≤
(
1

2
− 1

p

)
lim
n→∞

∥un∥pp = Jp,G(λ) ,

i.e. u ∈ Np,λ(G) and Jp,G(λ) = Jp,λ(u,G).
Step 2: Jp,G(λ) when λ ≤ 0. For any fixed λ ≤ 0, there exist k ∈ N and t ∈ [0, 1] such that

−λ = tλk + (1− t)λk+1, where λk, λk+1 are the k-th and (k + 1)-th eigenvalues of the operator
−d2/dx2 on G endowed with homogeneous Kirchhoff conditions. Let φk, φk+1, φk+2 ∈ H1(G)
be eigenfunctions associated to λk, λk+1, λk+2 respectively, such that ∥φi∥2 = 1, for every i =
k, k + 1, k + 2. For every ε > 0, set then vε :=

√
tφk +

√
1− tφk+1 + εφk+2, so that

∥v′ε∥22 + λ∥vε∥22 = t∥φ′
k∥22 + (1− t)∥φ′

k+1∥22 + ε2∥φ′
k+2∥22

+ tλ∥φk∥22 + λ(1− t)∥φk+1∥22 + ε2λ∥φk+2∥22
= tλk∥φk∥22 + (1− t)λk+1∥φk+1∥22 + ε2λk+2∥φk+2∥22

+ tλ∥φk∥22 + λ(1− t)∥φk+1∥22 + ε2λ∥φk+2∥22
= tλk + (1− t)λk+1 + λ+ ε2(λk+2 + λ) = ε2(λk+2 + λ) > 0 ,

where we used the orthogonality of eigenfunctions, the definition of t and the fact that −λ ≤
λk+1 < λk+2 (up to multiplicity of the eigenvalues, we can always assume the second inequality
to be strict with no loss of generality). Hence, taking

wε := σp,λ(vε)vε = ε
2

p−2

(
λ+ λk+2

∥vε∥pp

) 1
p−2

vε ,

we obtain wε ∈ Np,λ(G) and (recalling (12) and ∥vε∥p → ∥
√
tφk +

√
1− tφk+1∥p > 0 as ε→ 0)

0 ≤ Jp,G(λ) ≤ lim
ε→0

Jp,λ(wε,G) = 0

that completes the proof of (11).

Step 3: monotonicity and continuity of Jp,G and properties of M±
p,G . The monotonicity and

continuity of Jp,G are standard on compact graphs and can be proved arguing exactly as in [18,
Lemma 2.4(ii) and Remark 2.5]. The equality of M−

p,G and M+
p,G for every λ > 0 out of an at

most countable set Z̃p,G and the properties of the derivatives of Jp,G follow repeating with no
modification the argument in the proof of [18, Theorem 1.5] (where the same result is proved
for open subsets of RN with homogeneous Dirichlet boundary conditions), and then the local
Lipschitz continuity is guaranteed by the local boundedness of Jp,G , the explicit formulas for its
derivatives and (12). Finally, that M±

p,G(λ) are attained for every λ > 0 is ensured again by the
compactness of G, since any sequence (un)n ⊂ Ap,G(λ) (the set Ap,G(λ) being defined in (6)) is
in particular a minimizing sequence for Jp,λ in Np,λ(G), and it thus converges strongly in H1(G)
(up to subsequences) to some u ∈ Ap,G(λ). □
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Remark 2.3. Note that for every given p ∈ (2,∞) and λ > 0 we have

lim inf
p→p

M−
p,G(λ) ≥M−

p,G(λ), lim sup
p→p

M+
p,G(λ) ≤M+

p,G(λ) . (13)

To prove (13), it is actually enough to show that, for any fixed λ, the action ground state level
Jp,G(λ) is continuous as a function of p → p ∈ (2,∞). To see this, let pn → p as n → ∞ and
observe first that, as for any fixed v ∈ Np,λ(G) such that Jp,λ(v,G) = Jp,G(λ) we have (by (11)
and the Dominated Convergence Theorem)

lim
n→∞

σpn,λ(v)
pn−2 = lim

n→∞

∥v∥pp
∥v∥pnpn

= 1 ,

we obtain

lim sup
n→∞

Jpn,G(λ) ≤ lim sup
n→∞

(
1

2
− 1

pn

)
σpn,λ(v)

pn∥v∥pnpn =

(
1

2
− 1

p

)
∥v∥pp = Jp,G(λ) . (14)

Let then un ∈ Npn,λ(G) be such that Jpn,λ(un,G) = Jpn,G(λ). By (14), (un)n is bounded in
H1(G), so that (up to subsequences) converges weakly in H1(G) and strongly in Lq(G), for every
q ≥ 2, to some u. In particular, u ̸≡ 0 on G, because the convergence of un to u is strong in
L∞(G) and un ≥ λ

1
pn−2 at any of its local maximum points by (2). Since boundedness in H1(G)

implies boundedness in L∞(G), the Dominated Convergence Theorem gives∫
G

∣∣|un(x)|pn − |u(x)|p dx
∣∣→ 0 as n→ ∞ , (15)

that, together with ∥u∥p ̸= 0 and the strong convergence of un to u in Lp(G), implies

σp,λ(un)
p−2 =

∥un∥pnpn
∥un∥pp

→ 1 as n→ ∞ ,

in turn yielding

Jp,G(λ) ≤
(
1

2
− 1

p

)
lim
n→∞

σp,λ(un)
p∥un∥pp = lim

n→∞

(
1

2
− 1

pn

)
∥un∥pnpn = lim

n→∞
Jpn,G(λ) . (16)

Combining (14) and (16) proves the desired continuity in p of the action ground state level.
Moreover, the previous argument also ensures that the limit u ∈ Np,λ(G) satisfies Jp,G(λ) =
Jp,λ(u,G) and that the convergence of un to u is strong in H1(G) (by (12)), thus implying (13).

We conclude this section with a general relation between energy and action ground states that
will play a crucial role in the proof of Theorem 1.1. The next proposition simply rephrases in the
context of graphs the content of [18, Theorem 1.3]. Even though in [18] the proof is developed for
open subsets of RN , the argument is completely abstract and extends to graphs without changes.

Proposition 2.4. Let G be a compact graph, p ∈ (2, 6] and µ > 0. Assume that u ∈ H1
µ(G) is a

ground state of Ep(·,G) with mass µ and let λ = Lp(u,G) (defined as in (3)). Then u ∈ Np,λ(G)
is also a ground state of Jp,λ(·,G). Moreover, any other ground state v ∈ Np,λ(G) of Jp,λ(·,G)
satisfies ∥v∥22 = µ and it is also a ground state of Ep(·,G) with mass µ.

3. Asymptotic estimates in the L2-critical regime p = 6

This section is devoted to the analysis of the L2-critical action ground state problem J6,G on
compact graphs in the limit for λ→ ∞.

Remark 3.1. Recall that, for every λ > 0, on the real line the action ground state level at p = 6
is explicitly given by

J6,R(λ) =
µR
2
λ ,
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where µR is the number defined in Proposition 2.1, and the unique (up to symmetries) action
ground state in N6,λ(R) is the soliton ϕλ(x) := λ

1
4ϕ1(

√
λx), where

ϕ1(x) =

√√
3 sech(2|x|) (17)

is the unique positive solution in H1(R) of{
u′′ + |u|4u = u on R
∥u∥∞ = u(0) .

Solitons satisfy ∥ϕλ∥22 = µR and E6(ϕλ,R) = 0 = E6,R(µR), namely they are the unique L2-critical
energy ground states on R. Similarly, on the half-line R+ there results

J6,R+(λ) =
µR+

2
λ ∀λ > 0,

with µR+ = µR/2, and action and energy ground states are the half-solitons, i.e. the restriction
of ϕλ to R+.

The main result of the section is the following proposition.

Proposition 3.2. Let G be a compact graph. For every ε > 0 there exists λ̃ > 0 (depending on
ε) such that

(i) if G has no pendant, then

µR − ε ≤M−
6,G(λ) ≤M+

6,G(λ) ≤ µR + ε ∀λ ≥ λ̃ ; (18)

(ii) if G has at least one pendant, then

µR+ − ε ≤M−
6,G(λ) ≤M+

6,G(λ) ≤ µR+ + ε ∀λ ≥ λ̃ . (19)

Moreover, there exists γ > 0 such that if G has no pendant, then

|J6,G(λ)− J6,R(λ)| = o
(
e−γ

√
λ
)

as λ→ ∞ , (20)

whereas if G has at least one pendant, then∣∣J6,G(λ)− J6,R+(λ)
∣∣ = o

(
e−γ

√
λ
)

as λ→ ∞ . (21)

Proof. Let us start by proving the result for compact graphs with no pendant. Observe first
that, if u ∈ N6,λ(G) is a ground state of J6,λ(·,G), then

uλ(x) := λ−
1
4u
(
x/

√
λ
)
, (22)

defined on Gλ :=
√
λG, satisfies uλ ∈ N6,1(Gλ) and it is a ground state of J6,1(·,Gλ). Moreover,

direct computations give

∥uλ∥L2(Gλ) = ∥u∥L2(G) , J6,G(λ) = λJ6,Gλ
(1) .

Hence, in view of Remark 3.1, to prove (18) and (20) it is enough to show that

|J6,Gλ
(1)− J6,R(1)| = o

(
e−γ

√
λ
)

as λ→ ∞ (23)

for some γ > 0, and that

∥uλ∥2L2(Gλ)
→ ∥ϕ1∥2L2(R) = µR as λ→ ∞ (24)

uniformly on the set of ground states uλ ∈ N6,1(Gλ) of J6,1(·,Gλ).
The rest of the proof is divided into five steps.
Step 1: estimate from above of J6,Gλ

(1). Setting ℓ := min
e∈EG

|e|/2, for sufficiently large λ it holds

J6,Gλ
(1) ≤ J6,R(1) +O

(
e−2ℓ

√
λ
)
. (25)
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Indeed, consider the function v :
[
−
√
λ ℓ,

√
λ ℓ
]
→ R defined by

v(x) :=


ϕ1(x) if x ∈

[
−
√
λ ℓ+ 1,

√
λ ℓ− 1

]
ϕ1
(√
λ ℓ− 1

) (√
λ ℓ− x

)
if x ∈

[√
λ ℓ− 1,

√
λ ℓ
]

ϕ1
(
−
√
λ ℓ+ 1

) (
x+

√
λ ℓ
)

if x ∈
[
−
√
λ ℓ,−

√
λ ℓ+ 1

]
,

where ϕ1 is the soliton on the real line given by (17). Since

∥v∥2
L2(−

√
λ ℓ,

√
λ ℓ)

= ∥ϕ1∥2L2(−
√
λ ℓ+1,

√
λ ℓ−1)

+
2

3
ϕ1
(√
λ ℓ− 1

)2
,

∥v′∥2
L2
(
−
√
λ ℓ,

√
λ ℓ
) = ∥ϕ′1∥2L2

(
−
√
λ ℓ+1,

√
λ ℓ−1

) + 2ϕ1
(√
λ ℓ− 1

)2
,

∥v∥6
L6
(
−
√
λ ℓ,

√
λ ℓ
) = ∥ϕ1∥6

L6
(
−
√
λ ℓ+1,

√
λ ℓ−1

) + 2

7
ϕ1
(√
λ ℓ− 1

)6
,

by (17) when λ→ ∞ we obtain

∥v∥2
L2(−

√
λ ℓ,

√
λ ℓ)

= ∥ϕ1∥2L2(R) +O
(
e−2ℓ

√
λ
)

∥v′∥2
L2(−

√
λ ℓ,

√
λ ℓ)

= ∥ϕ′1∥2L2(R) +O
(
e−2ℓ

√
λ
)

∥v∥6
L6(−

√
λ ℓ,

√
λ ℓ)

= ∥ϕ1∥6L6(R) + o
(
e−2ℓ

√
λ
)
,

in turn yielding (recall (10)) σ6,1(v)6 = 1 + O
(
e−2ℓ

√
λ
)
. Hence, the function w := σ6,1(v)v ∈

N6,1

(
−
√
λ ℓ,

√
λ ℓ
)

and it has compact support, so that we can think of it as a function in
N6,1(Gλ) compactly supported on a single edge of the graph, thus implying, as λ→ ∞,

J6,Gλ
(1) ≤ J6,1(w,Gλ) =

1

3
∥w∥66 =

1

3
σ6,1(v)

6∥v∥66

=
1

3

(
1 +O

(
e−2ℓ

√
λ
))(

∥ϕ1∥66 + o
(
e−2ℓ

√
λ
))

= J6,R(1) +O
(
e−2ℓ

√
λ
)
,

that is (25).
Step 2: asymptotic estimates for action ground states. Let uλ be an action ground state

in N6,1(Gλ) and assume uλ > 0 on Gλ (that this gives no loss of generality is standard, see
e.g. [15, Remark 3.1]). By (12) and (25), there exists a constant C > 0 independent of λ such
that ∥uλ∥66 = ∥u′λ∥22 + ∥uλ∥22 ≤ C as soon as λ is large enough. Since the length of each edge of
Gλ diverges as λ→ ∞, this yields

α1 := max
e∈EGλ

min
x∈e

uλ(x) → 0 as λ→ ∞ (26)

uniformly on the set of action ground states in N6,1(Gλ) (because if this were not the case, there
would exist a sequence of action ground states uλ ∈ N6,1(Gλ) along which ∥uλ∥66 ≥ α6

1ℓ
√
λ→ ∞

as λ→ ∞). Conversely, since uλ satisfies
u′′λ + u5λ = uλ on each edge e ∈ EGλ∑

e≻v
duλ
dxe

(v) = 0 for every vertex v ∈ VGλ

uλ > 0 on Gλ ,

(27)

any local maximum point x ∈ Gλ of uλ is such that

uλ(x) ≥ 1 . (28)

Furthermore, if in (28) equality holds at one point, then by uniqueness of the solution to the
Cauchy problem solved by uλ we would have uλ ≡ 1 on all edges containing that point. But this
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is impossible for large λ, as it would imply ∥uλ∥6 → ∞ as λ → ∞. Hence, whenever λ is large
enough all local maximum points of uλ are isolated.

Observe also that
α2 := max

v∈VGλ

uλ(v) → 0 as λ→ ∞ (29)

uniformly on the set of action ground states in N6,1(Gλ). Indeed, assume by contradiction that
this is not the case. Then there exist numbers λn → ∞ and action ground states uλn ∈ N6,1(Gλn)
along which

lim
n→∞

max
v∈VGλn

uλn(v) > 0 . (30)

With no loss of generality, let v ∈ VGλn
be a vertex of Gλn such that uλn(v) = max

v∈VGλn

uλn(v)

(where with a slight abuse of notation we identify corresponding vertices in Gλn for different
values of λn) and let deg(v) be its degree (i.e. the total number of edges emanating from v),
that (up to subsequences) is independent of λn by the fact that Gλn =

√
λnG and that G has

finitely many vertices. Since G has no pendant, deg(v) ≥ 3. For every i = 1, . . . ,deg(v), let
ani > 0 denote the distance, along the i-th edge ei ∈ EGλn

incident at v, between v and the local
minimum point of uλn on ei closest to v. Since uλn satisfies (27) on Gλn , by phase-plane analysis,
(26) and (30), it follows that ani → ∞ as n→ ∞. Moreover, the restriction of uλn to the interval
[0, ani ] on ei starting at v is either monotone decreasing from 0 to ani , or monotone increasing
from 0 to a local maximum point in the interior of [0, ani ] and then monotone decreasing from
this point to ani , and it satisfies{

u′′λn
+ u5λn

= uλn on [0, ani ]

uλn > 0, uλn(0) ≥ K

with uλn(a
n
i ) → 0 as n → ∞, for some K > 0 independent of n by (30). By continuity in the

phase-plane, as n→ ∞ we then have that the restriction of uλn to each interval [0, ani ] converges
in C2

loc to the restriction of the soliton ϕ1 to a suitable interval of the form [ai,∞). Therefore,
the union over i = 1, . . . ,deg(v) of these restrictions of uλn converges to a strictly positive H1

solution of the problem {
v′′ + v5 = v on each edge of Sdeg v∑deg(v)

i=1
dv
dxi

(0) = 0
(31)

on the infinite star graph Sdeg(v) with deg(v) half-lines. But this is impossible, since it is well
known (see e.g. [2]) that any H1 solution v of (31) satisfies ∥v∥6

L6(Sdeg(v))
≥ 3

2∥ϕ1∥
6
L6(R), and the

convergence to one such v of the restriction of uλn to
deg(v)⋃
i=1

[0, ani ] would then yield

lim inf
n→∞

J6,Gλn
(1) = lim inf

n→∞
J6,1(uλn ,Gλn) ≥ lim inf

n→∞

1

3
∥uλn∥6L6

(⋃deg(v)
i=1 [0,ani ]

) ≥ 1

2
∥ϕ1∥6L6(R) > J6,R(1),

violating (25) (since J6,R(1) = ∥ϕ1∥6L6(R)/3). Hence, (29) is proved.

Step 3: convergence of action ground states to ϕ1. By (28) and (29), each local maximum
point of any positive action ground state uλ ∈ N6,1(Gλ) belongs to the interior of some edge as
soon as λ is sufficiently large.

For each of the local maximum points x ∈ Gλ of uλ, consider now the connected component of
the superlevel set {x ∈ Gλ : uλ > α2} containing x. By (28) and (29), for each x this set is an
interval fully contained into one edge of Gλ and, since uλ satisfies (27), the restriction of uλ to
each of these intervals is symmetric with respect to the middle point and monotone decreasing
from the middle point to the endpoints of the interval. Observe furthermore that, again by (27)
and the fact that the L∞ norm of uλ is bounded uniformly on λ, standard phase-plane analysis
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guarantees that, as λ→ ∞, the length of each of these intervals diverges uniformly on the set of
action ground states in N6,1(Gλ). Now, among all these intervals (that, for fixed uλ, are in finite
number because the local maximum points of uλ are isolated), let A := [−aλ, aλ] be the one on
which the L6 norm of the restriction of uλ is minimal. Note that

u′λ(−aλ) → 0 as λ→ 0

uniformly on the set of action ground states in N6,1(Gλ). Indeed, if we assume by contradiction
that this were not true, then there would exist numbers λn → ∞ and action ground states
uλn ∈ N6,1(Gλn) for which |u′λn

(−aλn)| ≥ K for every n, for some constant K > 0 independent
of n. Since uλn(−aλn) = α2, (29) and standard phase-plane analysis would then imply that uλn

changes sign on Gλn , contradicting (27).
All in all, the restriction of uλ to [−aλ, aλ] is a symmetric function, monotone decreasing on

[0, aλ], satisfying {
u′′λ + u5λ = uλ on [−aλ, aλ]
uλ > 0, ∥uλ∥∞ = uλ(0) ≥ 1

and such that uλ(−aλ) → 0, u′λ(−aλ) → 0 as λ→ ∞, so that by continuity in the phase-plane it
converges in C2

loc to the soliton ϕ1 on R.
Observe that this convergence to ϕ1 implies that, as soon as λ is large enough, any action

ground state uλ ∈ N6,1(Gλ) has a unique local maximum point (that in A). Indeed, if this were
not the case, there would exist λn → ∞ and un ∈ N6,1(Gλn) such that un has at least two
local maximum points on Gλn . This would imply that the superlevel set {x ∈ Gλn : un > α2}
has at least two connected components, and by the definition of A this would give J6,Gλn

(1) =

J6,λn(un,Gλn) = 1
3∥un∥

6
L6(Gλn )

≥ 2
3∥un∥

6
L6(A)

→ 2
3∥ϕ1∥

6
L6(R) = 2J6,R(1) as n → ∞, which is

impossible by (25).
The uniqueness of the local maximum point of uλ ensures that

max
Gλ\A

uλ = max
∂A

uλ , (32)

because if this were not the case uλ would have at least another local maximum point in Gλ \A.
By (28), (29) and the fact that uλ ≡ α2 on ∂A, it then follows that ∂A contains at least one
vertex v of Gλ, where uλ(v) = α2. Moreover, denoting by (ei)

deg(v)
i=1 the edges of Gλ incident at

v, with e1 being the unique one containing A, there results

duλ
dxe1

(v) > 0 and
duλ
dxei

(v) < 0 ∀i = 2, . . . ,deg(v) . (33)

The first inequality follows by the monotonicity of uλ on A, whereas the second one is a conse-
quence of (29) and (32) (that would be trivially violated if uλ were increasing at v along any
edge incident at it other than e1).

Now, for every i = 1, . . . ,deg(v), let xi ∈ ei be such that min
ei

uλ = uλ(xi) (such xi is unique

by the uniqueness of the local maximum point of uλ on Gλ). Then,

dei(v, xi) ≥
|ei|
2

∀i = 1, . . . ,deg(v) , (34)

where dei(v, xi) denotes the distance between v and xi along ei. Indeed, if i ≥ 2, since uλ
satisfies (27), by (33) it is monotone decreasing on ei from v to xi and then monotone increasing
from xi to the other vertex vi of ei (if this does not coincide with xi). Therefore, if (34) were
false for any i ≥ 2, by the periodicity of the orbits in the phase-plane associated to (27) we
would have uλ(vi) > uλ(v) = α2, which is impossible by (32). The same argument works when
i = 1, recalling that the restriction of uλ to e1 is increasing from v to a local maximum point,
decreasing from this maximum point to x1 and then increasing again to the end of e1 if x1 ̸= v1.
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Step 4: exponential decay of action ground states. With the notation of the previous step, we
now prove that there exist constants c1, c2 > 0, independent of λ, such that

max
1≤i≤deg(v)

uλ(xi) ≤ c1e
−c2

√
λ as λ→ ∞ (35)

uniformly on the set of action ground states in N6,1(Gλ). To this end, fix ε ∈ (0, 1/4) and
R = 2 log(C0/ε), where C0 > 0 is chosen such that ϕ1(x) ≤ C0e

−x on R+ (such a C0 exists by
(17)). By the C2

loc convergence of uλ to ϕ1 on A (and recalling the identification of A with the
interval (−aλ, aλ)), for sufficiently large λ we have R < aλ and

0 < uλ(x) ≤ ∥uλ − ϕ1∥C2(0,R) + ϕλ(x) ≤ 2ε ∀x ∈
[
R

2
, R

]
. (36)

With no loss of generality, let the vertex v ∈ ∂A correspond to the endpoint −aλ of the interval
(−aλ, aλ). By definition, the point x1 then belongs to the portion of the edge e1 on the right of
the point ∂A \ {v}, so that the part of e1 starting at ∂A \ {v} and ending at x1 can be identified

with the interval [aλ, b1,λ], for some b1,λ ≥ aλ. Hence, we can identify the interval
[
R

2
, b1,λ

]
with the portion of e1 starting at the point of A corresponding to R

2 and ending at x1. By the
monotonicity of uλ on e1, (36) ensures that

0 < uλ(x) ≤ 2ε ∀x ∈
[
R

2
, b1,λ

]
∩ e1 .

Similarly, identifying for every i ≥ 2 the interval [0, bi,λ] with the portion of ei starting at v and
ending at xi, by (36) and the monotonicity of uλ on ei we obtain

0 < uλ(x) ≤ 2ε ∀x ∈ [0, bi,λ] ∩ ei, ∀i ≥ 2 .

Notice that, by (34) and the definition of Gλ,

min
1≤i≤deg(v)

bi,λ >
1

3
min

1≤i≤deg(v)
|ei| ≥

1

3
min
e∈EG

|e|
√
λ .

In particular, there exists a constant C > 0, independent of λ, such that, for every i =
1, . . . ,deg(v), the restriction of uλ to the portion of ei of length C

√
λ ending at xi is mono-

tone decreasing and satisfies 0 < uλ ≤ 2ε.
Fix now any i ∈ {1, . . . ,deg(v)} and think of this restriction of uλ on the corresponding

portion of ei as a decreasing function on the interval [0, C
√
λ]. Letting u be the action ground

state in N6,λ(G) associated to uλ by (22), the corresponding restriction of u verifies

0 < u(x) = λ
1
4uλ
(√
λx
)
≤ 2λ

1
4 ε ∀x ∈ [0, C] ,

it is monotone decreasing and satisfies u′′ + u5 = λu on [0, C], that together with ε < 1/4 yield

u′′ = λu− u5 = λu(1− u4/λ) ≥ λu
(
1− (2ε)4

)
>
λ

2
u on [0, C] . (37)

Let then ψ be the solution of the boundary value problem{
ψ′′ = λ

2ψ on [0, C]

ψ(0) = u(0), ψ(C) = u(C) .

Setting w := ψ − u on [0, C] and coupling with (37) gives{
w′′ < λ

2w on [0, C]

w(0) = w(C) = 0 ,
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so that the maximum principle implies ψ ≥ u on [0, C]. Since ψ is explicitly given by

ψ(x) =
u(0)

e
2C

√
λ
2 − 1

(
e

√
λ
2
(2C−x) − e

√
λ
2
x
)
+

u(C)

e
2C

√
λ
2 − 1

(
e

√
λ
2
(C+x) − e

√
λ
2
(C−x)

)
,

the monotonicity of u on [0, C], and the fact that u(0) = λ
1
4uλ(0) ≤ λ

1
4 ∥uλ∥∞ = O

(
λ

1
4

)
as

λ→ ∞, entails

u(C) < u(C/2) ≤ ψ(C/2) ≤ 4u(0)e
−C

2

√
λ
2 ≤ c1λ

1
4 e

−C
2

√
λ
2

as soon as λ is large enough. By (22), it follows that uλ(xi) = uλ
(
C
√
λ
)
≤ c1e

−C
2

√
λ
2 , that is the

desired estimate for each given i. As the above computations are all uniform on i = 1, . . . ,deg(v)
and on the set of action ground states u in N6,λ(G), this proves (35).

Step 5: estimate from below of J6,Gλ
(1) and conclusion of the proof of (23)–(24). To complete

the proof of (23), in view of the upper bound (25) it is enough to show that there exists β > 0
independent of λ such that

J6,Gλ
(1) ≥ J6,R(1)−O

(
e−β

√
λ
)

as λ→ ∞ . (38)

To this end, given an action ground state uλ in N6,1(Gλ), we denote by G̃λ the graph ob-
tained attaching at the point xi of Gλ two new bounded edges p1, p2, each of length 1, with
i ∈ {1, . . . ,deg(v)} such that uλ(xi) = max

1≤i≤deg(v)
uλ(xi). Consider then the function vλ : G̃λ → R

defined as

vλ(x) :=


uλ(x) if x ∈ Gλ

uλ(xi)(1− x) if x ∈ p1

uλ(xi)(1− x) if x ∈ p2 ,

where with a slight abuse of notation we identify in the obvious way corresponding points in Gλ

and G̃λ, and both p1, p2 with the interval [0, 1] so that 0 is associated to the point of Gλ the two
additional edges are attached at. By construction, vλ ∈ H1(G̃λ) and

∥vλ∥2L2(G̃λ)
= ∥uλ∥2L2(Gλ)

+
2

3
uλ(xi)

2

∥vλ∥6L6(G̃λ)
= ∥uλ∥6L6(Gλ)

+
2

7
uλ(xi)

6

∥v′λ∥2L2(G̃λ)
= ∥u′λ∥2L2(Gλ)

+ 2uλ(xi)
2 ,

(39)

so that by (35) (and the fact that ∥uλ∥L6(Gλ) is bounded away from 0 by Step 3)

σ6,1(vλ)
6 =

(
∥u′λ∥22 + ∥uλ∥22 + 8

3uλ(xi)
2

∥uλ∥66 + 2
7uλ(xi)

6

) 3
2

= 1 +
4

∥uλ∥66
uλ(xi)

2 + o
(
uλ(xi)

2
)

as λ→ ∞.

(40)
Furthermore, observe that uλ (and thus vλ) attains all the values in (uλ(xi), ∥uλ∥∞) at least
twice on Gλ. Indeed, all the values in [α2, ∥uλ∥∞) are attained exactly twice on the edge e1,
and each value in (uλ(xi), α2) (if any) is attained at least once on each edge incident at v by
definition of i (and therefore at least three times on Gλ since deg(v) ≥ 3). Since by construction
vλ attains all the values in [0, uλ(xi)) exactly twice on p1 ∪ p2, we then have that vλ attains all
the values in (0, ∥vλ∥∞) at least twice on G̃λ. Hence, by the standard theory of rearrangements
on metric graphs (see e.g. [14, Section 2]), if wλ ∈ H1(R) denotes the symmetric rearrangement
on the real line of σ6,1(vλ)vλ, then σ6,1(wλ) ≤ 1 (since σ6,1(vλ)vλ ∈ N6,1(G̃λ)), in turn yielding

J6,R(1) ≤ J6,1(σ6,1(wλ)wλ,R) =
1

3
σ6,1(wλ)

6∥wλ∥6L6(R) ≤
1

3
σ6,1(vλ)

6∥vλ∥6L6(G̃λ)
(41)
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because σ6,1(wλ)wλ ∈ N6,1(R) by definition and ∥wλ∥L6(R) = ∥σ6,1(vλ)vλ∥L6(G̃λ)
by the equimea-

surability of rearrangements. As λ→ ∞, coupling with (39) and (40) leads to

J6,R(1) ≤
1

3

(
1 +

4

∥uλ∥66
uλ(xi)

2 + o
(
uλ(xi)

2
))(

∥uλ∥66 +
2

7
uλ(xi)

6

)
=

1

3
∥uλ∥66 +

4

3
uλ(xi)

2 + o
(
uλ(xi)

2
)
= J6,Gλ

(1) +
4

3
uλ(xi)

2 + o
(
uλ(xi)

2
)
,

that together with (35) yields (38).
To conclude, we are thus left to prove (24). Observe that, since in the limit for λ → ∞ all

inequalities in (41) become equalities, (σ6,1(wλ)wλ)λ ⊂ N6,1(R) is a minimizing sequence for
J6,R(1) with ∥σ6,1(wλ)wλ∥∞ = σ6,1(wλ)wλ(0), and it thus converges strongly in H1(R) to ϕ1 as
λ → ∞. In particular, ∥σ6,1(wλ)wλ∥2L2(R) → ∥ϕ1∥2L2(R) = µR as λ → ∞. Furthermore, (40), the
equalities in (41), and the equimeasurability of rearrangements give

lim
λ→∞

∥vλ∥6L6(G̃λ)
= lim

λ→∞
σ6,1(vλ)

6∥vλ∥6L6(G̃λ)
= lim

λ→∞
σ6,1(wλ)

6∥wλ∥6L6(R)

= lim
λ→∞

σ6,1(wλ)
6σ6,1(vλ)

6∥vλ∥6L6(G̃λ)
= lim

λ→∞
σ6,1(wλ)

6∥vλ∥6L6(G̃λ)
,

in turn implying lim
λ→∞

σ6,1(wλ) = 1, as lim
λ→∞

∥vλ∥6L6(G̃λ)
> 0 again by (41). Hence, exploiting once

more the equimeasurability of wλ and σ6,1(vλ)vλ, together with (39), we get

µR = lim
λ→∞

∥σ6,1(wλ)wλ∥2L2(R) = lim
λ→∞

∥wλ∥2L2(R) = lim
λ→∞

σ6,1(vλ)
2∥vλ∥2L2(G̃λ)

= lim
λ→∞

∥uλ∥2L2(Gλ)
,

i.e. (24).
The proof of (19) and (21) for graphs with at least one pendant is completely analogous,

one simply needs to replace the levels on R with the corresponding ones on R+, to note that
Steps 2-3 as above will prove convergence of action ground states on Gλ to the half-soliton
(i.e. the restriction of ϕ1 to R+) on one pendant of the graph, and to make use of monotone
rearrangements in place of symmetric ones in Step 5. □

4. Proof of Theorem 1.1

In this section we complete the proof of our main non-uniqueness result on compact graphs,
Theorem 1.1. We begin with the next preliminary lemma.

Lemma 4.1. Let G be a compact graph. If there are numbers 0 < λ1 < λ2 such that M−
6,G(λ1) >

M+
6,G(λ2), then there exists pG > 2 such that Zp,G ̸= ∅ for every p ∈ [pG , 6).

Proof. Set δ :=M−
6,G(λ1)−M+

6,G(λ2) > 0. By Remark 2.3, there exists ε > 0 such that

inf
p∈(6−ε,6)

M−
p,G(λ1) ≥M−

6,G(λ1)−
δ

3
> M+

6,G(λ2) +
δ

3
≥ sup

p∈(6−ε,6)
M+

p,G(λ2) . (42)

To prove the lemma, assume then by contradiction that there exists p ∈ (6 − ε, 6) such that
Zp,G = ∅. By Proposition 2.1 this means that the corresponding map Λp,G : R+ → R+ is strictly
increasing and surjective, so that for every λ > 0 there exists a unique value µ(λ) > 0 and a
ground state u of Ep(·,G) with mass µ(λ) satisfying Lp(u,G) = λ. By Proposition 2.4, this
implies that all action ground states in Np,λ(G) have mass equal to µ(λ), namely M+

p,G(λ) =

µ(λ) =M−
p,G(λ) for every λ > 0.

In particular, there are µ1, µ2 > 0 and u1 ∈ H1
µ1
(G), u2 ∈ H1

µ2
(G) such that u1 is a ground

state of Ep(·,G) with mass µ1 and Lp(u1,G) = Λp,G(µ1) = λ1, and u2 is a ground state of Ep(·,G)
with mass µ2 and Lp(u2,G) = Λp,G(µ2) = λ2. On the one hand, the strict monotonicity of Λp,G
yields µ1 < µ2. On the other hand, since u1 and u2 are also action ground states in Np,λ1(G)
and Np,λ2(G) respectively, there results M±

p,G(λ1) = µ1 and M±
p,G(λ2) = µ2, that combined with

(42) entails µ1 > µ2. As this provides the desired contradiction, we conclude. □
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Proof of Theorem 1.1. Let us first consider compact graphs G with no pendant. By Lemma 4.1,
to prove Theorem 1.1 it is enough to verify that there exist λ1 < λ2 such that M−

6,G(λ1) >

M+
6,G(λ2). To this end, recall that, when p = 6 and G has no pendant, energy ground states exist

for every µ ≤ µR (see Proposition 2.1). In particular, there exists a ground state u ∈ H1
µR(G)

of E6(·,G) with mass µR and L6(u,G) = λ, for some λ > 0. By Proposition 2.4, it then follows
that all action ground states in N6,λ(G) have mass µR, i.e. M±

6,G(λ) = µR. Furthermore, by
Proposition 3.2, lim

λ→∞
M±

6,G(λ) = µR. Hence, to complete the proof we are left to show that there

exists λ̃ > λ such that M−
6,G(λ̃) =M+

6,G(λ̃) ̸= µR.
Assume by contradiction that this is false, namely that M±

6,G(λ) = µR for every λ ∈
[
λ,∞

)
\

Z̃6,G (the set Z̃6,G is defined in Proposition 2.2). Since J6,G is locally Lipschitz continuous and
differentiable out of the at most countable set Z̃6,G , Proposition 2.2 yields

J6,G(λ) = J6,G(λ) +

∫ λ

λ
J ′
6,G(s) ds = J6,G(λ) +

µR
2

(
λ− λ

)
for every λ ∈

[
λ,∞

)
\Z̃6,G , and thus everywhere on

[
λ,∞

)
by the continuity of J6,G . By Remark

3.1 and Proposition 3.2, it then follows

|J6,G(λ)− J6,R(λ)| =
∣∣∣J6,G(λ)−

µR
2
λ
∣∣∣ = o

(
e−γ

√
λ
)

as λ→ ∞

that is J6,G(λ) −
µR
2
λ = 0. Since L6(u,G) = λ and J6,G(λ) = J6,λ(u,G) for the ground state

u ∈ H1
µR(G) of E6(·,G) with mass µR, this entails E6,G(µR) = E6(u,G) = J6,G(λ) − µR

2 λ = 0,
contradicting the strict negativity of E6,G(µR) ensured by Proposition 2.1.

The proof for graphs with at least one pendant is identical, simply replacing µR with µR+ . □

Remark 4.2. As the previous proof shows, the existence of λ1, λ2 as in Lemma 4.1 on compact
graphs (and thus the validity of Theorem 1.1) is a consequence of the fact that L2-critical energy
ground states exist if and only if the mass is smaller than or equal to a threshold value. Observe
that this is not what happens in the L2-critical regime in similar settings, as e.g. on bounded
domains of RN with homogeneous Dirichlet conditions at the boundary. In this latter case, ground
states exist if and only if the mass is strictly smaller than a threshold (see e.g. [28, Theorem
1.5(ii)]). Hence, since ground states at the threshold are crucial in the proof of Theorem 1.1, we
do not expect to observe the same non-uniqueness phenomenon in the context of bounded domains
with homogeneous Dirichlet boundary conditions.

5. Noncompact graphs with finitely many edges: proof of Theorem 1.2

This section focuses on noncompact graphs with finitely many edges and shows how to prove
Theorem 1.2. Recall that this theorem takes into account a limited set of graphs: the tadpole
(Figure 1(A)), the signpost (Figure 3(A)), the 2-fork (Figure 3(B)) and the 3-fork (Figure 3(C)).
Thanks to their high specificity, it is thus not difficult to adapt the argument in the proof of
Theorem 1.1 to obtain Theorem 1.2. However, and even though the main differences arise with
respect to the discussion in Section 4, for the sake of completeness we now comment upon all
the results of Sections 2–3–4, highlighting the modifications needed to extend our analysis.

Proposition 2.1(i) does not change (see [6] for further details on L2-subcritical energy ground
states on the graphs considered here), whereas Proposition 2.1(ii) is quite different. Indeed, [4,
Theorems 3.1–3.3–3.4] show that when p = 6

· if G is either the tadpole or the signpost graph, then

E6,G(µ)


= 0 if µ ≤ µG

< 0 if µG < µ ≤ µR

= −∞ if µ > µR .
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Moreover, if G is the tadpole, then µG = µR+ and E6,G(µ) is attained if and only if
µ ∈ (µR+ , µR], whereas if G is the signpost, then µR+ < µG < µR and E6,G(µ) is attained
if and only if µ ∈ [µG , µR];

· if G is either the 2- or the 3-fork graph, then

E6,G(µ) =

{
0 if µ ≤ µR+

−∞ if µ > µR+

and it is never attained.
Finally, all properties of Λ±

p,G listed in Proposition 2.1 are unchanged. The proof is almost the
same, the only difference arising with the asymptotic formulas (8), that for noncompact graphs
with finitely many edges directly follow by (9) and the a priori estimates on energy ground states
given in [6, Lemma 2.6].

Proposition 2.2 is identical, but minor comments should be given on how to prove it. The
positivity of Jp,G(λ) and the fact that it is attained for every λ > 0 has been proved e.g. in [15],
from where it is also easy to see that Jp,G(λ) → 0 as λ → 0+. That Jp,G(λ) = 0 for every
λ ≤ 0 follows by (12), the inequality Jp,G(λ) ≤ Jp,R(λ) (that holds for every graph with at least
one half-line), and the fact Jp,R(λ) = 0 for non-positive λ. As for the properties of M±

p,G , there
is only a slight difference when proving that they are attained for every λ > 0. As Step 3 of
the proof of Proposition 2.2 makes evident, this boils down to show that any sequence (un)n of
action ground states in Np,λ(G) converges strongly in H1(G) (up to subsequences) to another
action ground state u ∈ Np,λ(G). Since the non-compactness of G is given here only by its half-
lines, it is not difficult to see that it is then enough to show that the restriction of un to each
half-line H of G converges strongly. Once this is done, the compactness of the rest of G allows
to recover the desired convergence of action ground states to action ground states. To prove the
strong convergence on any half-line H of G, recall that, if un is a positive action ground state in
Np,λ(G), its restriction to H coincides with the restriction to a suitable interval [an,∞) of the
unique positive H1 solution v of the problem{

v′′ + vp−1 = λv on R
v(0) = ∥v∥∞ .

Since it is well known that such a solution is symmetric, monotone decreasing on [0,∞) and
satisfies Jp,λ(v,R) = Jp,R(λ), the strong convergence of un on H follows if we prove that
lim inf
n→∞

an > −∞. This latter inequality is guaranteed by the fact that Jp,λ(un,G) = Jp,G(λ) <

Jp,R(λ) for every λ > 0 and every noncompact graph we are dealing with (see e.g. [15, Sec-
tion 4]). Indeed, if along a subsequence (not relabeled) it were lim

n→∞
an = −∞, we would have

Jp,λ(un,G) ≥ Jp,λ(un,H) → Jp,λ(v,R) = Jp,R(λ) as n→ ∞, i.e. a contradiction.
Observe that, with the same consideration, one retrieves also the content of Remark 2.3.

Indeed, for any fixed λ > 0 and pn → p ∈ (2,∞) as n → ∞, arguing as we just did we also
obtain the strong convergence of any sequence of action ground states un ∈ Npn,λ(G) on each
half-line of G. Since this implies in particular that the L∞ norm of un on any half-line of G is
attained at a uniformly bounded distance from the compact core of the graph (i.e. the set of all
its bounded edges), we can rely again on the Dominated Convergence Theorem to recover (15),
and the rest of Remark 2.3 then works exactly as in Section 2.

Proposition 2.4 does not require any discussion, as it extends with no change to noncompact
graphs with finitely many edges, and the same is true for the whole analysis of Section 3 (no
modification is needed in the proof of Proposition 3.2, since all graphs we are considering have
finitely many vertices and edges and any function in H1(G) tends to zero along the half-lines of
G).

Since the proof of Lemma 4.1 is based on Remark 2.3, Proposition 2.4 and the L2-subcritical
part of Proposition 2.1, it extends verbatim to the noncompact graphs we are taking into account
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here. Hence, to complete the proof of Theorem 1.2, we are left to show that, for each of the
graphs covered by the theorem, there exist 0 < λ1 < λ2 such that M−

6,G(λ1) > M+
6,G(λ2).

When G is either the tadpole or the signpost, the proof of this fact is identical to the one
developed in Section 4. Indeed, as we said before, on both graphs there exists an L2-critical
energy ground state u with mass µR such that E6(u,G) < 0. Moreover, as Proposition 3.2
applies to both graphs and they have no pendant, lim

λ→∞
M±

6,G(λ) = µR. Hence, setting again

λ := L6(u,G), the same computations at the end of Section 4 concludes the proof of Theorem
1.2 in the case of the tadpole and the signpost.

Remark 5.1. Equivalently, the existence of λ1, λ2 as above on the tadpole graph can be deduced
directly by the results in [27].

It remains to deal with the 2- and 3-fork graphs. To this end, we need the following lemma.

Lemma 5.2. Let G be a noncompact graph with finitely many edges and exactly one half-line.
Assume that action ground states in N6,λ(G) exist for every λ > 0. Then for every ε > 0 there
exists λ̂ > 0 (depending on ε) such that

µR+ − ε ≤M−
6,G(λ) ≤M+

6,G(λ) ≤ µR+ + ε ∀λ ≤ λ̂ . (43)

Proof. Recall that, if u ∈ N6,λ(G) is an action ground state of J6,λ(·,G), then uλ(x) := λ−
1
4u
(
x/

√
λ
)

belongs to N6,1(Gλ) and is an action ground state of J6,1(·,Gλ), with Gλ :=
√
λG. Since

∥u∥L2(G) = ∥uλ∥L2(Gλ) for every λ, to prove (43) it is enough to show that

lim
λ→0+

M±
6,Gλ

(1) = µR+ . (44)

Recall first that, by [15, Proposition 4.1],

J6,R+(1) ≤ J6,Gλ
(1) ∀λ > 0 . (45)

Moreover, consider the function v : Gλ → R defined by

v(x) :=

{
ϕ1(x) if x ∈ H
ϕ1(0) if x ∈ Kλ ,

where ϕ1 is the soliton on the real line given by (17), H is the unique half-line of Gλ (identified
as usual with R+), and Kλ :=

√
λK is the compact core of Gλ (where K denotes the compact

core of G). As λ→ 0+, since |Kλ| → 0 it is evident that

∥v∥Lq(Gλ) → ∥ϕ1∥Lq(R+), ∥v′∥L2(Gλ) → ∥ϕ′1∥L2(R+) ,

so that σ6,1(v) → σ6,1(ϕ1) = 1 and

J6,Gλ
(1) ≤ J6,1(σ6,1(v)v,Gλ) =

1

3
σ6,1(v)

6∥v∥6L6(Gλ)
→ 1

3
∥ϕ1∥6L6(R+) = J6,R+(1) as λ→ 0+ .

Coupling with (45) yields
lim

λ→0+
J6,Gλ

(1) = J6,R+(1). (46)

Let then uλ ∈ N6,1(Gλ) be such that J6,Gλ
(1) = J6,1(uλ,Gλ), and let u∗λ ∈ H1(R+) be its

monotone rearrangement on R+. By standard properties of rearrangements on graphs (see
e.g. [14, Section 2]), uλ ∈ N6,1(Gλ) implies σ6,1(u∗λ) ≤ 1, that together with the equimeasurability
of rearrangements entails

J6,R+(1) ≤ J6,1(σ6,1(u
∗
λ)u

∗
λ,R+) =

1

3
σ6,1(u

∗
λ)

6∥u∗λ∥6L6(R+) ≤
1

3
∥uλ∥6L6(Gλ)

= J6,Gλ
(1) .

By (46), the previous inequalities become equalities in the limit for λ → 0+. This implies that
(σ6,1(u

∗
λ)u

∗
λ)λ is a minimizing sequence for J6,1(·,R+) in N6,1(R+). As so, it converges strongly

in H1(R+) to ϕ1, and in particular

∥σ6,1(u∗λ)u∗λ∥2L2(R+) → µR+ as λ→ 0+ .
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Since the above identities also show that σ6,1(u∗λ) → 1, exploiting again the equimeasurability of
rearrangements yields ∥uλ∥2L2(Gλ)

→ µR+ as λ→ 0+, i.e. (44), and we conclude. □

Combining Lemma 5.2 and Proposition 3.2(ii), we can now repeat the computations in the
final part of Section 4 to complete the proof of Theorem 1.2 also for the 2- and 3-fork graphs.
Indeed, since both graphs have exactly one half-line and at least one pendant, we obtain

lim
λ→0+

M±
6,G(λ) = µR+ = lim

λ→∞
M±

6,G(λ).

In light of this, to show that there exist 0 < λ1 < λ2 for which M−
6,G(λ1) > M+

6,G(λ2), we are left
to exhibit at least one value of λ > 0 satisfying M−

6,G(λ) = M+
6,G(λ) ̸= µR+ . If this were not the

case, arguing analogously to Section 4 (and recalling that J6,G(0) = 0) we would have

J6,G(λ) =

∫ λ

0
J ′
6,G(s) ds =

µR+

2
λ

for every λ ∈ R+ \ Z̃6,G , and thus for every λ ∈ R+ by the continuity of J6,G . By Remark
3.1, this would mean J6,G ≡ J6,R+ , providing the contradiction we seek, since in fact it holds
J6,G(λ) > J6,R+(λ) for every λ > 0. This latter inequality can be easily deduced noting that, if
equality holds, then the monotone rearrangement on R+ of any action ground state in N6,λ(G)
must coincide with the half-soliton ϕ1, but this is impossible due to the strict positivity (up to
sign) of action ground states everywhere on G.

6. Z-periodic graphs: proof of Theorem 1.3

This final section is devoted to the proof of Theorem 1.3, that reports on non-uniqueness of
energy ground states on the ladder graph. Exactly as for Theorem 1.2 on noncompact graphs
with finitely many edges, the line of the proof of Theorem 1.3 is identical to that of Theorem
1.1. Hence, analogously to what we did in Section 5, here we only highlight the main differences
with respect to Sections 2–3–4. Nevertheless, this section is rather longer than the previous one,
because recovering some of these results on the ladder graph requires much more work.

From now on, G will always denote the ladder graph (Figure 4) with edges of length 1. In
some cases, it will be convenient to think of G as embedded in R2 through the identification

VG ≃
⋃
k∈Z

(k, 0) ∪ (k, 1)

EG ≃ E0 ∪ E1 ∪ E2 ,

(47)

where

E0 =
⋃
k∈Z

[k, k + 1]× {0}, E1 =
⋃
k∈Z

[k, k + 1]× {1}, E2 =
⋃
k∈Z

{k} × [0, 1] .

For every k ∈ Z, we will denote by e0,k the edge [k, k+1]×{0} in E0, by e1,k the edge [k, k+1]×{1}
in E1, and by e2,k the edge {k} × [0, 1] in E2.

Let us then start discussing the extension to the ladder graph of the results in Section 2.
Proposition 2.1(i) does not change (see [17, Theorem 1.1]). Conversely, Proposition 2.1(ii) has
to be modified according to [17, Theorem 1.2]: the L2-critical energy ground state level satisfies

E6,G(µ) =

{
0 if µ ≤ µR

−∞ if µ > µR

and it is never attained. All properties of Λ±
p,G are unchanged, and we only have to comment on

how to prove (8). Recall the Gagliardo–Nirenberg inequalities

∥u∥pp ≤ Kp∥u∥
p
2
+1

2 ∥u′∥
p
2
−1

2 , ∀p > 2 ,
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holding for every u ∈ H1(G) and for suitable constants Kp > 0 (see e.g. [17]). For every p ∈ (2, 6),
coupling with the strict negativity of Ep,G shows that there exists cp > 0 (depending only on p)

such that Ep,G(µ) ≥ −cpµ
p+2
6−p and ∥u∥pp ≤ cpµ

p+2
6−p for every energy ground state u in H1

µ(G). Since
(p + 2)/(6 − p) > 1 when p ∈ (2, 6), combining with (9) yields the first line of (8). Similarly,
the case λ → ∞ follows by (9) and the estimate Ep,G(µ) ≤ −Cpµ

p+2
6−p , that for sufficiently large

µ can be obtained e.g. considering functions in H1
µ(G) compactly supported on a single edge of

the graph.
The properties of Jp,G(λ) for λ > 0 given in Proposition 2.2 have been proved on periodic

graphs e.g. in [15, Section 5]. That Jp,G(λ) = 0 for every λ < 0 is a consequence of the fact that,
for any such λ, there exists a compact subset of G where the first eigenvalue of −d2/dx2 endowed
with homogeneous Dirichlet conditions at the boundary (and standard Kirchhoff conditions at
the vertices in the interior of the set) is exactly −λ, whereas the identity Jp,G(0) = 0 can be
proved arguing e.g. as in Step 1 of the proof of Lemma 6.2 below. As for the properties of M±

p,G ,
nothing changes with respect to Section 2 (in particular, one can show that they are attained for
every λ > 0 arguing exactly as in Part 1 of the proof of [15, Theorem 1.7]).

To extend the content of Remark 2.3 to the ladder graph we have the following lemma.

Lemma 6.1. For every p ∈ (2,∞) and λ > 0, there results lim
p→p

Jp,G(λ) = Jp,G(λ).

Proof. Let p ∈ (2,∞) be fixed and, with no loss of generality, λ = 1. To ease the notation, since
the graph is always the same, in the rest of the proof we suppress the explicit dependence of all
quantities on G and λ (e.g. we write Jp in place of Jp,G(1)).

Note first that, arguing exactly as in Remark 2.3, we obtain

lim sup
p→p

Jp ≤ Jp .

Hence, we are left to show that
Jp ≤ lim inf

p→p
Jp. (48)

To this end, given q, r > 2 and u ∈ Nr, set

tq(u) :=

(
∥u∥rr
∥u∥qq

) 1
q−2

,

so that, by definition, tq(u)u ∈ Nq and

Jq(tq(u)u) =
q − 2

2q

∥u∥
qr
q−2
r

∥u∥
2q
q−2
q

.

Let now p be as above and take p < p. If u ∈ Np, taking α := p−p
p−2 by Hölder inequality we have

∥u∥pp ≤ ∥u∥2α2 ∥u∥p(1−α)
p <

(
∥u′∥22 + ∥u∥22

)α ∥u∥p(1−α)
p = ∥u∥pp , (49)

so that

Jp(tp(u)u) =
p− 2

2p

∥u∥
pp
p−2

p

∥u∥
2p
p−2
p

≥ p− 2

2p
∥u∥pp ≥

p− 2

2p

2p

p− 2
Jp .

Since tp(u)u ranges over Np as u ranges over Np, passing to the infimum over u ∈ Np and taking
the lim inf as p→ p− we obtain

lim inf
p→p−

Jp ≥ Jp.
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Let then p > p and up ∈ Np be such that Jp(u) = Jp. Since ∥up∥pp ≤ ∥up∥p−p
∞ ∥up∥pp, we have

tp(up) ≤

(
∥up∥pp∥up∥

p−p
∞

∥up∥pp

) 1
p−2

= ∥up∥
p−p
p−2
∞ .

Observe that, since Jp is bounded from above and away from zero uniformly on p in a right
neighborhood of p, so is ∥up∥p and ∥up∥H1 , and thus also ∥up∥∞. Hence,

Jp ≤ Jp(tp(up)up) =
p− 2

2p
tp(up)

p∥up∥pp ≤
p− 2

2p
∥up∥

p p−p
p−2

∞ ∥up∥pp =
p− 2

2p

2p

p− 2
∥up∥

p p−p
p−2

∞ Jp ,

where we also used ∥up∥pp ≤ ∥up∥pp (which follows reversing the role of p and p in (49)). Taking
p→ p+ yields

lim inf
p→p+

Jp ≥ Jp

and completes the proof of (48). □

Exploiting Lemma 6.1 we can now retrieve (13) on ladder graphs. Indeed, if for fixed λ > 0
we take pn → p and un ∈ Npn,λ(G) such that Jpn,G(λ) = Jpn,λ(un,G), arguing as in the proof
of Lemma 6.1 we obtain that up to subsequences un ⇀ u in H1(G), un → u in Lp(G), and
∥un∥pnpn → ∥u∥pp as n → ∞. By weak lower semicontinuity, this implies σp,λ(u) ≤ 1. The usual
argument, together with Lemma 6.1, then shows that u ∈ Np,λ(G) and Jp,G(λ) = Jp,λ(u,G).
Furthermore, since un ⇀ u in H1(G), u ∈ Np,λ(G), un ∈ Npn,λ(G) and ∥un∥pnpn → ∥u∥pp, the
convergence of un to u is strong in H1(G), and thus in L2(G), yielding (13).

The extension of Proposition 3.2 (that reduces to (18) and (20) since the ladder has no pendant)
does not require any comment (its proof could be even simplified a bit on the ladder), and the
same is true for Lemma 4.1. Hence, to complete the proof of Theorem 1.3 we are left again to
show that there exist 0 < λ1 < λ2 such that M−

6,G(λ1) > M+
6,G(λ2). This is done by combining

Proposition 3.2 with the next lemma.

Lemma 6.2. For every ε > 0 there exists λ̂ > 0 (depending on ε) such that
√
6µR − ε ≤M−

6,G(λ) ≤M+
6,G(λ) ≤

√
6µR + ε ∀λ ≤ λ̂. (50)

Proof. Observe as usual that, if u ∈ N6,λ(G) is such that J6,λ(u,G) = J6,G(λ), then uλ(x) :=

λ−1/4u(x/
√
λ) ∈ N6,1(Gλ) satisfies J6,1(uλ,Gλ) = J6,Gλ

(1) and ∥uλ∥L2(Gλ) = ∥u∥L2(G), with
Gλ :=

√
λG. Hence, (50) is proved if we show that

lim
λ→0+

M±
6,Gλ

(1) =
√
6µR . (51)

To prove (51), we will often think of Gλ as embedded in R2, denoting by

Eλ
0 :=

⋃
k∈Z

[√
λ k,

√
λ(k + 1)

]
× {0}, Eλ

1 :=
⋃
k∈Z

[√
λ k,

√
λ(k + 1)

]
×
{√

λ
}
,

Eλ
2 :=

⋃
k∈Z

{√
λ k
}
×
[
0,
√
λ
]
,

the analogues of E0, E1, E2 as in (47), and by eλi,k ∈ Eλ
i , i = 0, 1, 2, the corresponding edges.

In what follows, a key role will be played by the variational problem on R

J̃R := inf
v∈Ñ (R)

J̃(v,R) ,

where
J̃(v,R) := ∥v′∥2L2(R) +

3

2
∥v∥2L2(R) −

1

2
∥v∥6L6(R)
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and

Ñ (R) :=
{
v ∈ H1(R) \ {0} : J̃ ′(v,R)v = 0

}
=
{
v ∈ H1(R) \ {0} : 2∥v′∥2L2(R) + 3∥v∥2L2(R) = 3∥v∥6L6(R)

}
.

It is easy to check that (up to translations and changes of sign) the unique solution of J̃R is given
by

ϕ̃(x) := ϕ1

(√
3

2
x

)
, (52)

where ϕ1 is the soliton (17).
The rest of the proof is divided in four steps.
Step 1. We first show that

lim sup
λ→0+

J6,Gλ
(1) ≤ J̃R . (53)

To this end, let v ∈ Ñ (R) be fixed, and consider the function vλ : Gλ → R defined by

vλ(x) :=


v(x) if x ∈ Eλ

0

v(x) if x ∈ Eλ
1

v
(√
λ k
)

if x ∈ eλ2,k, for some k ∈ Z ,

where with a slight abuse of notation we identified Eλ
0 , E

λ
1 with two real lines. Since v ∈ H1(R),

by definition for every r ≥ 2

∥vλ∥rLr(Eλ
2 )

=
√
λ
∑
k∈Z

∣∣∣v(√λ k)∣∣∣r → ∥v∥rLr(R) as λ→ 0+ ,

so that, for λ→ 0+,

σ6,1(vλ) =

(
∥v′λ∥2L2(Gλ)

+ ∥vλ∥2L2(Gλ)

∥vλ∥6L6(Gλ)

) 1
4

=

(
2∥v′∥2L2(R) + 3∥v∥2L2(R) + o(1)

3∥v∥6
L6(R) + o(1)

) 1
4

= 1 + o(1) ,

and thus

J6,Gλ
(1) ≤ J6,1(σ6,1(vλ)vλ,Gλ) =

1

3
σ6,1(vλ)

6∥vλ∥6L6(Gλ)
= ∥v∥6L6(R) + o(1) = J̃(v,R) + o(1)

(the last equality follows by the definition of J̃(·,R) and Ñ (R)). Passing to the limsup as λ→ 0+

and taking the infimum over v ∈ Ñ (R) gives (53).
Step 2. Let now uλ ∈ N6,1(Gλ) be such that J6,1(uλ,Gλ) = J6,Gλ

(1). As usual, assume with
no loss of generality uλ > 0 on Gλ and that, by the periodicity of the graph, it always attains its

L∞ norm somewhere in the set Kλ
0 :=

2⋃
i=0

eλi,0.

For i = 0, 1, 2, denote by uλ,i the restriction of uλ to the set Eλ
i . Note that uλ,0 and uλ,1 can

be thought of as functions in H1(R), whereas uλ,2 can be seen as a function in Lr(R) (identifying
the edge eλ2,k with [k

√
λ, (k + 1)

√
λ)), for every r ≥ 2. We then show that

∥uλ,i − uλ,j∥Lr(R) = o(1) as λ→ 0+ (54)

for every r ∈ [2,∞) and every i, j = 0, 1, 2, i ̸= j.
Let us prove (54) explicitly when i = 0, j = 1 (the other cases are analogous). To this end,

for every k ∈ Z and x ∈
[
0,
√
λ
]
, with a slight abuse of notation we denote by uλ,0(x), uλ,1(x)
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the values of uλ at the points of eλ0,k, e
λ
1,k corresponding to (x, 0), (x,

√
λ), respectively. Then ,

by Hölder inequality,

|uλ,0(x)− uλ,1(x)|2 ≤ 3
√
λ

∫
⋃2

i=0 e
λ
i,k

|u′λ|2 dy ∀x ∈
[
0,
√
λ
]
, ∀k ∈ Z,

so that, integrating in x over
[
0,
√
λ
]

and summing over k ∈ Z,

∥uλ,0 − uλ,1∥2L2(R) ≤ 3λ
∑
k∈Z

∫
⋃2

i=0 e
λ
i,k

|u′λ|2 dy = 3λ∥u′λ∥2L2(Gλ)
,

in turn yielding (54) with r = 2 since, by (53), ∥uλ∥H1(Gλ) is bounded from above uniformly
on λ → 0+. The inequality for r > 2 then follows by the one with r = 2 and the uniform
boundedness of uλ in L∞(Gλ).

Step 3. We now prove that
J̃R ≤ lim inf

λ→0+
J6,Gλ

(1). (55)

To this end, recall first that, for any given point of a ladder graph, one can always construct two
disjoint paths in the graph of infinite length starting at that point. This ensures that, for every
λ, any non-negative function in H1(Gλ) attains almost all the values in its image at least twice
on the graph. As a consequence, standard rearrangement techniques (see e.g. [14, Section 2])
imply that J6,Gλ

(1) ≥ J6,R(1) for every λ, in turn guaranteeing that lim inf
λ→0+

J6,Gλ
(1) is bounded

away from 0.
Let then uλ ∈ N6,1(Gλ) be such that J6,1(uλ,Gλ) = J6,Gλ

(1) for every λ, and lim
λ→0+

J6,1(uλ,Gλ) =

lim inf
λ→0+

J6,Gλ
(1). By Steps 1–2 and the fact that J6,1(uλ,Gλ) is bounded away from 0 uniformly

on λ, we obtain that ∥uλ,i∥L6(R) is bounded away from zero too, for every i = 0, 1, 2. Suppose
with no loss of generality

∥u′λ,0∥L2(R) ≤ ∥u′λ,1∥L2(R) ∀λ ,
so that, by (54) and uλ ∈ N6,1(Gλ),

2∥u′λ,0∥2L2(R) + 3∥uλ,0∥2L2(R) ≤
2∑

i=0

(
∥u′λ,i∥2L2(R) + ∥uλ,i∥2L2(R)

)
+ o(1)

= ∥u′λ∥2L2(Gλ)
+ ∥uλ∥2L2(Gλ)

+ o(1) = ∥uλ∥6L6(Gλ)
+ o(1)

=

2∑
i=0

∥uλ,i∥6L6(R) + o(1) = 3∥uλ,0∥6L6(R) + o(1) as λ→ 0+,

that is

σ̃(uλ,0) :=

(
2∥u′λ,0∥2L2(R) + 3∥uλ,0∥2L2(R)

3∥uλ,0∥6L6(R)

) 1
4

≤ 1 + o(1) as λ→ 0+ .

Since σ̃(uλ,0)uλ,0 ∈ Ñ (R) for every λ, as λ→ 0+ we then have

J̃R ≤ J̃(σ̃(uλ,0)uλ,0,R) = σ̃(uλ,0)
6∥uλ,0∥6L6(R) ≤

1

3
∥uλ∥6L6(Gλ)

+ o(1) = J6,1(uλ,Gλ) + o(1) ,

i.e. (55).
Step 4. Combining (53) and (55) entails lim

λ→0+
J6,Gλ

(1) = J̃R. Moreover, the argument in

Step 3 also implies σ̃(uλ,0) → 1 and J̃(σ̃(uλ,0)uλ,0,R) → J̃R as λ→ 0+. All in all, this is enough
to conclude that uλ,0 converges strongly in H1(R) to the function ϕ̃ in (52), so that

lim
λ→0+

∥uλ∥2L2(Gλ)
= 3 lim

λ→0+
∥uλ,0∥2L2(R) = 3∥ϕ̃∥2L2(R) = 3

√
2

3
∥ϕ1∥2L2(R) =

√
6µR .
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Since the limit holds along any sequence of ground states of J6,1(·,Gλ) in N6,1(Gλ), it gives (51)
and completes the proof of the lemma. □
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