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1 Introduction

Finding a general off-shell formulation of supersymmetric field theories is a major challenge of
theoretical physics. It would be a very desirable goal, in particular in the rigid supersymmetric
case, towards their description as quantum field theories. Still, this is a problematic issue. It
is possible in general for theories with 4 supercharges (N = 1 in four spacetime dimensions):
several (on-shell equivalent) versions of off-shell representations of N = 1 supersymmetry
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were indeed constructed since the early years of the birth of supersymmetry [1–11]. However,
in the N -extended supersymmetric cases, an off-shell supersymmetric description in ordinary
superspace (M4|4N , in the D = 4 case) can be formulated only for a very restricted class of
supermultiplets [12–21]. An interesting analysis for the rigid supersymmetric N = 2 case of
supermultiplets admitting an off-shell extension can be found in [22].
N -extended supersymmetry constrains the dynamics of the fields more strongly with

respect to the N = 1 case, giving in general better renormalization properties to the
corresponding theories. Rigid N -extended supersymmetric theories are anyhow studied as
quantum field theories on spacetime by expressing their field content either in terms of
physical components or in terms of N = 1 off-shell superfields [23], even though in this
way their non-renormalization properties are not fully manifest and the calculations quite
involved. This is in general possible because the actions of the supersymmetric theories are
off-shell invariant under supersymmetry transformations, even when the transformations
close the superalgebra only on-shell.

Studying N -extended theories in terms of N = 1 off-shell representations allows to
partially recover their off-shell structure. However, an important difference between N = 1
and N -extended supersymmetry resides in their different cohomological structure. This
is best caught in their superspace formulation: indeed, in the N -extended cases the Fierz
identities among the gravitini 1-forms (which span the cotangent space of the odd directions
of superspace, even in the rigid supersymmetric case) are a source of non-trivial cocycles,
thus endowing the extended theories with a much richer cohomological structure with respect
to the minimal case. This is responsible, for example, for the central extension of the
supersymmetry algebra, where the central charges are in fact associated with topological
charges [24]. Such richness is however lost in the N = 1 formulations of the N -extended
theories, which then describe, through their quantum Lagrangian, perturbative patches of
the quantum field theory [25, 26].

A general off-shell description of representations for extended supersymmetry, with fully
manifest supersymmetry, was shown to be possible at the cost of including an infinite number
of auxiliary fields. As discussed in detail in [27] for the N = 2 and N = 3 cases in D = 4, this
was shown to be due to some “no-go” theorems [28–30], stating that an off-shell formulation
of matter multiplets with a finite number of component fields is not possible when the bosonic
physical fields belong to a non-real representation of the R-symmetry group. In particular,
this is the case for the hypermultiplets in the N = 2, D = 4 theory, which are self-CPT
conjugate multiplets with maximum helicity 1/2 and scalars sitting in the (pseudo-real)
fundamental representation of the R-symmetry group SU(2).

In the presence of an infinite number of auxiliary fields, instead, the no-go theorems
can be evaded and an off-shell formulation found. Two main different approaches were
developed during the years, which are both formulated on some extensions of the notion
of superspace. They were named, respectively, harmonic superspace [27] and projective
superspace [31, 32] approaches, complementary to each other in many respects (see [33] for
details), yet mathematically related [34–36].

In this paper, trying to better understand the critical issues about this point towards
exploring alternative superspace approaches, we focus on a set of N = 2 multiplets, strictly
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related to hypermultiplets: the so-called double-tensor multiplets [37–41]. These multiplets
have the intriguing peculiarity of exhibiting the matching of bosonic and fermionic degrees of
freedom (d.o.f.) both off- and on-shell. We consider the simplest case of free double-tensor
multiplets in rigid superspace, which makes transparent our investigation on their off-shell
behavior, exploring both the cases of flat and super anti-de Sitter (AdS) backgrounds.

The double-tensor multiplets are complex multiplets whose bosonic field content is given
by complex scalars LI and complex antisymmetric tensors BI

µν , together with their complex
conjugates sL

sI , sB
sI
µν (where the indices I, sI = 1, . . . , n label the multiplets), while the fermionic

field content is composed by Dirac spinors χI (with complex conjugate χsI ̸= χI). These
multiplets can also be obtained by dualizing half of the scalars of a set of hypermultiplets,
in such a way that U(n) out of the SU(2) × Sp(2n) Hyper-Kähler holonomy be preserved.
They belong to the more general family of tensor multiplets, investigated on-shell at the
supergravity level in [42–47] and obtained by dualizing an arbitrary number of hyperscalar
isometries, but they are special, in that they are the only ones in the family with off-shell
matching of degrees of freedom.

In N = 1 supersymmetry, analogous multiplets exist, the so-called linear multiplets (see,
e.g., [42, 48]). These are real multiplets featuring one real scalar and one real antisymmetric
tensor as bosonic field content, and with a Majorana spinor as superpartner. They can be
obtained by Hodge-dualizing the pseudoscalar in an N = 1 Wess-Zumino muliplet into an anti-
symmetric tensor field (a 2-form). The N = 1 linear multiplets enjoy off- and on-shell matching
of d.o.f. and close the supersymmetry algebra identically, without the use of the field equations.

We will analyze the N = 2 double-tensor multiplets both in superspace, within the
geometric (a.k.a. rheonomic) approach [49] (see also [50–53] for recent comprehensive reviews
of this approach), and in the spacetime component approach, showing how the same results are
obtained in the two formalisms. The comparison between the theory developed in superspace
and the one restricted to spacetime is useful because it shows that some significant results
we obtain, which are better understood in the rheonomic approach — where they express
properties of the cohomology of the superspace — are also retrieved as physical conditions
in the spacetime component approach.

In our study, we find a couple of surprises: first of all, despite the off-shell matching
of bosonic and fermionic degrees of freedom, the double-tensor multiplets are not off-shell
multiplets, as the supersymmetry algebra leaving invariant the Lagrangian closes only when
the field equations of the spinors are satisfied, i.e. on-shell. This fact, which is an important
difference with respect to the N = 1 linear multiplet case, is directly observed in both the
superspace and the spacetime component approaches. Such result is not pretty new, as it was
already noticed in [41]. But we find another unexpected peculiarity, related to the definition of
the super-field strength of the 2-forms in superspace: the consistency of the theory, expressed
through the cohomology of the superfield description in superspace, crucially requires to
include into the spectrum of the theory also the scalars whose field strengths are Hodge-dual
to the ones of the tensors themselves, namely those scalars of the parent hypermultiplet model
that have been dualized to obtain the double-tensor multiplets from a set of hypermultiplets.

This last finding is unexpected and, to our knowledge, new. Indeed, a necessary condition
for the hypermultiplet-scalars to be Hodge-dualized into tensors is that they are axionic fields,
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appearing in the Lagrangian only covered by derivatives [43–47]. As such, they are expected
to correspond to translational symmetries of the hyper-scalar sector. The same is also
implicitly assumed to hold, a fortiori, in the theory after dualization, that is for the double-
tensor multiplets. However, we find that those scalars contribute necessarily, not covered by
derivative, to the definitions of the tensor super-field strengths in superspace, and they also
appear in the superspace Lagrangian. Still, they do not spoil the possibility of a Lagrangian
description of the theory, since their superspace field equations are identically satisfied, with
no further constraints, upon use of the on-shell conditions on all the physical fields.

The need to include the free scalars Hodge-dual to the tensor fields suggests a possible
interpretation to the infinite number of auxiliary fields required for an off-shell description,
and which is a crucial ingredient of the harmonic superspace formulation of these multiplets:
they are possibly related to the harmonic expansion of the scalars that have been dualized to
obtain the double-tensor multiplets, on-shell non-locally related to their Hodge-dual tensors.

These peculiar features, related to an inherent non-locality of the theory, are caught in
the simplest way from the superspace description of the theory within the geometric approach,
due to the fact that the Fierz identities on polynomials of the gravitini 1-forms are sources
of non-trivial cocycles which enrich the cohomological structure of superspace with respect
to that of spacetime. This was noticed in the pioneering work [54], where this feature was
applied to construct D = 11 supergravity in terms of a so-called Free Differential Algebra, and
it was then further investigated more recently (see, for example, [53, 55–59]). The non-trivial
cocycles due to the odd sector of superspace are recovered also on the restriction to spacetime
of the given supergravity theory. However, in the limit to rigid supersymmetry, at least for
the case of flat, Minkowskian superspace, the spacetime projection of the gravitino 1-form
vanishes, ΨµA = 0, so that this cohomological richness is not manifest. Still, as we will show
explicitly, the non-trivial cocycles from the odd sector of superspace also affect the spacetime
projection. Their effects are captured by the emergence also in the restriction to spacetime,
for a consistent formulation of the theory, of the scalars dual to the antisymmetric tensors
of the multiplet together with the tensors themselves.

A known effect of the non-trivial cocycles in superspace is that they manifest themselves
as central (or quasi-central, in higher dimensions) charges providing, in the N -extended
theories, a central extension of the supersymmetry algebra [24]. To explore the role of central
charges in this context, we then also analyse if it is possible to embed our set of double-tensor
multiplets in a curved (AdS) rigid supersymmetric background. Rigid supersymmetric models
in curved backgrounds [60–62] were not very much explored in the literature, in particular in
the case of extended theories (some relevant results in the extended supersymmetric case
are [63–65], and [66] for an application in D = 3 with 8 supercharges). Here we find that for
the N = 2 hypermultiplets it is doable, and we present its explicit superspace construction
once the deformations due to the cosmological constant are included. On the other hand, in
the case of the double-tensor multiplets, and in the absence of gauge matter multiplets, it
appears not to be possible to find a consistent description of them in an AdS background,
despite the fact that the construction is possible at the supergravity level [43–47, 67–71].

The paper is organized as follows: in section 2 we give the field content of the flat N = 2
background and of the double-tensor multiplets, and we show how the latter can be obtained
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from the hypermultiplets via dualization. In section 3 we explicitly construct and analyze
the double-tensor model in superspace, adopting the rheonomic approach. We provide the
supersymmetry transformation rules, the superspace Lagrangian and the field equations of
the theory, showing that: (i) The supersymmetry transformations leaving the superspace
Lagrangian invariant only close on-shell; (ii) It is necessary to include the (free) scalars whose
field strengths are Hodge-dual to the ones of the tensors themselves (and complex conjugates)
for the consistency of the theory. In section 4 we give the spacetime component description
of the model, showing how these results are recovered in this framework. Subsequently, in
section 5 we discuss the case of a curved (super AdS) background with negative cosmological
constant, presenting the deformation induced by the background for the hypermultiplets
and proving that such deformation is not compatible with the free double-tensor multiplets.
Section 6 is devoted to our conclusions and possible future developments. In appendix A we
collect our notation and conventions, together with useful formulas on the Clifford algebra
and Fierz identities. In appendix B we give the N = 2 super-Poincaré Lie algebra in its
standard formulation and in its dual Maurer-Cartan description in terms of 1-forms. In
appendix C we make some comparison with the N = 1 linear multiplets, which close off-shell.

2 Field content

In this section we are going to present the field content of the N = 2 double-tensor multiplets
in four-dimensional spacetime, which are the main object of this paper. We will work in
rigid N = 2 superspace, with R-symmetry SU(2) × U(1), and we will then project the
results on spacetime.

2.1 The flat N = 2 background

The N = 2 background superspace is spanned by the supervielbein 1-form

(V a,ΨA) , (2.1)

where the 1-form V a, with a = 0, 1, 2, 3, spans the even directions of superspace, and ΨA,
with A = 1, 2, are instead a couple of Majorana spinor 1-forms spanning the odd directions.
We will find it convenient to define their Weyl projections with respect to left/right projectors
P± ≡ 1

2(I ± γ5) as

ψA ≡ P+ΨA , ψA ≡ P−ΨA , (2.2)

such that γ5ψA = ψA, γ5ψ
A = −ψA. A complete set of definitions is given in appendix A.

The N = 2 background also includes a graviphoton 1-form which, however, does not
play any role here, since in the flat background the matter multiplets are not charged under
it. Its role is instead relevant in the case of a curved supersymmetric background, as we
are going to see in section 5.

2.2 The double-tensor multiplets

The double-tensor multiplets are given by n complex multiplets, labeled by indices I, sI =
1, . . . , n:

ϕI ≡
(
LI , BI , χI

)
, sϕ

sI ≡
(

sL
sI , sB

sI , χ
sI
)
, (2.3)
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where LI are n holomorphic scalars, BI = BI
µνdx

µ ∧ dxν are n holomorphic 2-forms, while
χI are n Dirac spinors, defined by

χI = ζI + iζ
sIδ
I sI . (2.4)

Here,
ζα = γ5ζα and ζα = −γ5ζ

α , (2.5)

where α = (I, sI), appear in the left and right projections of the Dirac spinors:

P−χ
I = ζI , P+χ

I = iζ
sIδ
I sI . (2.6)

The complex conjugate multiplet sϕ
sI is given in terms of the bosonic fields sL

sI = (LI)∗,
sB

sI = (BI)∗, which are n anti-holomorphic scalars and 2-forms, respectively, and by the
spinors χ

sI :1

χ
sI = ζIδ

I sI + iζ
sI . (2.7)

The adjoint spinors are:

sχ
sI ≡ (χI)†γ0 = ζ̄Iδ

I sI − iζ̄ sI , (2.8a)

sχI ≡ (χsI)†γ0 = ζ̄I − iζ̄
sIδ
I sI , (2.8b)

where ζ̄α = +ζ̄αγ5 and ζ̄α = −ζ̄αγ5 give the chiral projections of the adjoint spinors, so that:

sχ
sIP+ = ζ̄

sIδ
I sI , sχ

sIP− = −iζ̄ sI , (2.9a)

sχIP+ = −iζ̄
sIδ
I sI , sχIP− = ζ̄I . (2.9b)

Note that the positions of the indices are immaterial in the bosonic sector, so that indices
of a given holomorphy (I, or sI) can be freely raised and lowered with the Kronecker delta
δIJ , or δ

sI sJ , while for the chiral projections of the spinors they are stuck, being associated
with the chirality properties of the given component.

Counting the degrees of freedom. The total number of bosonic degrees of freedom in
each double-tensor multiplet is given as follows: the tensor field BI

µν has 3 off-shell complex
d.o.f., that on-shell reduce to 1 complex d.o.f.; the scalar LI has 1 complex d.o.f. both
off- and on-shell. The total number of bosonic d.o.f is then given by 8 real d.o.f. off-shell
and 4 real d.o.f. on-shell.

On the other hand, the fermionic field content of each multiplet being given by Dirac
spinors, the total number of fermionic off-shell d.o.f. amounts to 4 complex, namely 8 real,
d.o.f. that are halved on-shell, so that we have on-shell 4 real degrees of freedom.

The double-tensor multiplets thus enjoy exact matching of bosonic and fermionic d.o.f.,
both off-shell and on-shell. In the N = 1 case, multiplets with similar features exist, the
so-called linear multiplets [42, 48], each featuring a real scalar and a real antisymmetric tensor
(3+1 off-shell real boson d.o.f.), together with one Majorana spinor (4 off-shell real fermionic

1In general, we denote with a “bar” on spinors the adjoint spinors, as defined in appendix A. For this
reason, we omit the bar on the Dirac spinors χ

sI belonging to the conjugate multiplets sϕ
sI .
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d.o.f.). The linear multiplets enjoy matching of d.o.f. both off- and on-shell, and they do
close the supersymmetry algebra without use of the field equations. As we are going to show
in section 3, for the N = 2 double-tensor multiplets, instead, despite their “power-counting”
matching, closure of the supersymmetry algebra requires use of the spinor field equations,
and is therefore satisfied only on-shell. This fact was already observed in [41].

The difference between the N = 1 and the N = 2 case resides in the different cohomo-
logical structure of the two superspaces, expressed through their different Fierz identities.
A detailed comparison of off-shell behavior of the double-tensor multiplets with the N = 1
linear multiplets is given in appendix C.

2.3 Dualizing hypermultiplets

Double-tensor multiplets can be obtained by Hodge-dualizing half of the scalars in a set of
n hypermultiplets, in such a way to preserve one of the three complex structures of their
Hyper-Kähler structure, and thus breaking the manifest SU(2) R-symmetry:

SU(2)→ U(1) . (2.10)

The hypermultiplets are D = 4, N = 2 self-CPT conjugate multiplets, given in terms of
the fields

(qu, ζα, ζα) , (2.11)

where u = 1, . . . , 4n and α = 1, . . . , 2n is an Sp(2n,R) index. A set of n hypermultiplets
is therefore composed by 4n real scalars, qu, which can be thought of as coordinates of an
Hyper-Kähler σ-model, and by 2n Majorana spinors, which can be decomposed in their
chiral left-handed and right-handed projections defined by eq. (2.5).2 The metric huv on the
Hyper-Kähler σ-model can be conveniently expressed as huv = UAαu UBβv ϵABCαβ, in terms
of a complex scalar vielbein UAα(q) = UAαu dqu, with holonomy in SU(2) × Sp(2n,R), and
enjoying the reality condition

UAα =
(
UAα

)∗
= ϵABCαβUBβ . (2.12)

Here, A = 1, 2 is an SU(2) R-symmetry index, ϵAB = −ϵBA, and Cαβ = −Cβα is the invariant
metric of Sp(2n,R).

We want to analyze the conditions for the dualization of half of the scalars in the
hypermultiplets, in such a way to preserve a complex structure in the residual scalar sector.
This requires, as a preliminary condition, the Hyper-Kähler manifold spanned by the scalars
qu to admit at least 2n translational isometries.

To find the correct assignment in order to get complex multiplets as the resulting
multiplets, it is useful to explicitly decompose the symplectic indices as α = (I, sI), I = 1, . . . n,
sI = 1, . . . n, and write

Cαβ =
(

O δI sI

−δI sI O

)
, ϵAB =

(
0 1
−1 0

)
, (2.13)

2Let us stress that α is not a spinorial index, which is left implicit here, but is instead an index related
to the internal symmetry Sp(2n), which enumerates the fields in the hypermultiplets. In our notation, the
position of the internal symmetry index on the spinor (lower or upper) is also associated with its chirality, as
explained in appendix A.
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so that the reality condition (2.12) can be rewritten as

U1I =
(
U1I

)∗
= U2sIδI sI , U2I =

(
U2I

)∗
= −U1sIδI sI . (2.14)

We consider the case where the metric on the scalar σ-model is flat, that is UAαu = δAαu .3
With this choice, corresponding to choose as scalar coordinates the complex fields (LI ,M I)
and their complex conjugates (sL

sI , ĎM
sI) such that

qAα :
{
q1I = LI , q2I = iM I , q1sI = i ĎM

sI , q2sI = sL
sI
}
, (2.15)

we have

U1I = dLI = (U2sI)∗ , U2I = i dM I = −(U1sI)∗ . (2.16)

To obtain the double-tensor multiplets, the scalar vielbein U2I , together with its complex
conjugate, −U1sI , are Hodge-dualized into 3-form field strengths HI , sH

sI of the complex
2-forms BI ≡ BI

µνdx
µ ∧ dxν , sB

sI ≡ sB
sI
µνdx

µ ∧ dxν :

⋆U2I = 3
2 H

I , ⋆U1sI = −3
2

sH
sI , (2.17)

that is
2
3ϵ

µνρσ U2I
u ∂σq

u = HI|µνρ = ∂[µBI|νρ] , (2.18a)

−2
3ϵ

µνρσ U1sI
u ∂σq

u = sH
sI|µνρ = ∂[µ

sB
sI|νρ] . (2.18b)

We remark that the dualization (2.18) breaks the manifest SU(2) × Sp(2n) covariance of
the N = 2 model considered.

The remaining scalar sector is spanned by the complex vielbein EI ≡ U1I = dLI and
by its complex conjugate sE

sI ≡ U1sI = dL̄
sI .

To identify which components of the hyperini belong to the multiplet ϕI and which
ones to its complex conjugate sϕ

sI , we can consider the supersymmetry transformation laws
of the scalars LI , sL

sI in the hypermultiplets prior to dualizations (for example, see [70]).
From the general relation

UAαu δεq
u = sεAζα + ϵABCαβsεBζβ , (2.19)

where εA = P+εA, εA = P−ε
A are respectively the left and right projections of the super-

symmetry parameter, we find:

δεL
I = δεq

1I = sε1ζI + sε2ζsIδ
I sI

=
(

sε1 − i sε2
)
χI , (2.20a)

δεsL
sI = δεq

2sI = sε1ζIδ
I sI + sε2ζ

sI

=
(

sε1 − i sε2
)
χ

sI , (2.20b)

where χI , χsI are the Dirac spinors introduced in (2.4), (2.7).
3This is always possible, in general, in the rigid supersymmetric case, with a proper choice of coordinates

on the σ-model.
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3 Construction of the double-tensor multiplets in superspace

In this section we will present our results in the rheonomic approach in superspace, where
they have been first derived and where they are fully manifest.

3.1 Rheonomic approach in superspace

We follow the general prescriptions of the rheonomic approach [49] (see also the recent
reviews [50, 53]), where the supersymmetry transformation laws of the fields in the multiplet
are obtained as diffeomorphisms along the odd directions of superspace.

The procedure goes as follows: one first defines the super-field strengths in superspace of
all the fields involved (both dynamical and background fields) in terms of differential forms
and their exterior differential operator d, satisfying d2 = 0, based on symmetry arguments
only — for the supergravity background, the super-field strengths are vanishing and defined
by the Maurer-Cartan equations of the N = 2 super-Poincaré algebra in its dual form; for
the dynamical fields of the double-tensor multiplets, they are instead non-vanishing, and
determined by Lorentz-covariant expressions in superspace required to admit, as a possible
configuration, the vacuum configuration where all the field strengths are zero. The N = 2
supersymmetry algera and its dual description in terms of Maurer-Cartan forms is given
in appendix B.

By acting with the exterior differential on the super-field strengths, we obtain the Bianchi
identities that the fields have to satisfy. One then requires the field strengths to be differential
forms in superspace, by giving them a general parametrization on a basis of the cotangent
space to superspace, spanned by the supervielbein (V a,ΨA). The actual expressions of
the various components in the parametrizations are then determined by requiring that the
parametrizations of the super-field strengths do satisfy the Bianchi identites in superspace.

The flatN = 2 superspace background is given in terms of the vanishing Lorentz curvature
Rab, supertorsion T a and gravitini field strengths ρA, ρA. The background also includes the
(vanishing) graviphoton super-field strength, F 0. They satisfy the Maurer-Cartan equations
of the super-Poincaré algebra:4

Rab ≡ dωab + ωac ∧ ωcb = 0 , (3.1a)
T a ≡ DV a − i sψAγ

aψA = 0 , (3.1b)

F ≡ dA− 1√
2

sψAψBϵ
AB − 1√

2
sψAψBϵAB = 0 , (3.1c)

ρA ≡ DψA = 0 , (3.1d)
ρA ≡ DψA = 0 . (3.1e)

The super-field strengths of the double-tensor multiplets, in the absence of other matter
multiplets, are defined as Lorentz-covariant expressions admitting the vacuum configuration

4Here, D denotes the Lorentz-covariant derivative, acting on Lorentz vectors Ka as DKa ≡ dKa +ωa
b ∧Kb,

and on spinors λ as Dλ ≡ dλ + 1
4 γab ωab ∧ λ. On the flat background, where ωab is a pure gauge, they are

gauge-equivalent to the ordinary exterior differentials. To lighten the notation, we will generally omit writing
the wedge product “∧” between differential forms.
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in superspace, and they are

EI ≡ dLI , (3.2a)

HI ≡ dBI +
[
8LI sψ1γaψ

2 − 4 iM I
(

sψ1γaψ
1 − sψ2γaψ

2
)]
V a , (3.2b)

DχI ≡ dχI + 1
4γabω

abχI , (3.2c)

together with the ones of their complex conjugates,

sE
sI ≡ dsL

sI , (3.3a)
sH

sI ≡ d sB
sI −

[
8sL

sI
sψ1γaψ2 + 4 i ĎM

sI
(

sψ1γaψ
1 − sψ2γaψ

2
)]
V a , (3.3b)

DχsI ≡ dχsI + 1
4γabω

abχ
sI . (3.3c)

We note that the definitions (3.2b) and (3.3b) include new objects that we name M I .
The corresponding 2-gravitini monomials also appear in the (on-shell) formulations of hy-
permultiplets, at the supergravity level, where an arbitrary number of scalars are dualized
into 2-form fields [43–47, 70, 71]. In these papers, such terms multiply the components of the
SU(2)-composite connection on the scalar σ-model, and are assumed to be functions only of
the scalars remaining after dualization (in our notations, the LI), but not of the scalars that
have been dualized. As we are going to see, this last statement has to be reconsidered, though.

The super-field strengths defined above should satisfy the following Bianchi identities
in superspace:

dEI = 0 , (3.4a)

dHI =
[
8dLI sψ1γaψ

2 − 4 i dM I
(

sψ1γaψ
1 − sψ2γaψ

2
)]
V a , (3.4b)

D2χI = 0 , that is

D2ζI = 0
D2ζ

sI = 0
, (3.4c)

and

d sE
sI = 0 , (3.5a)

d sH
sI = −

[
8dsL

sI
sψ1γaψ2 + 4 i dĎM

sI
(

sψ1γaψ
1 − sψ2γaψ

2
)]
V a , (3.5b)

D2χ
sI = 0 , that is

D2ζI = 0
D2ζ

sI = 0
. (3.5c)

Consistency of the theory in superspace relies on Fierz identities in the odd directions of
superspace5 and requires that the Bianchi identities (3.4), (3.5) have to be satisfied when
the super-field strengths are expressed as exterior forms, on a basis of superspace spanned
by the (flat) supervielbein (V a,ΨA).

5The relevant Fierz identities are given in appendix A.3.
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We find that this requires the supercurvatures to enjoy the following parametrizations
on a basis of 1- and 2-forms in superspace:

EI = EIaV
a + sψ1ζI + sψ2ζsIδ

I sI , (3.6a)

HI = HI
abcV

aV bV c − 2i
(

sψ1γabζ sJδ
I sJ + sψ2γabζ

I
)
V aV b , (3.6b)

Dζ
sI = DaζsIV

a + δI sI

(
iEIaγ

aψ2 − 3
2 ih

I
aγ

aψ1
)
, (3.6c)

DζI = DaζIV a + iEIaγ
aψ1 + 3

2 ih
I
aγ

aψ2 , (3.6d)

and

sE
sI = sE

sI
aV

a + sψ1ζIδ
I sI + sψ2ζ

sI , (3.7a)
sH

sI = sH
sI
abcV

aV bV c + 2i
(

sψ1γabζ
sI + sψ2γabζJδ

J sI
)
V aV b , (3.7b)

Dζ sI = Daζ
sIV a + i sE

sI
aγ

aψ2 −
3
2 i h̄

sI
aγ

aψ1 , (3.7c)

DζI = DaζIV a + δI sI

(
i sE

sI
aγ

aψ1 + 3
2 i h̄

sI
aγ

aψ2
)
. (3.7d)

In order for the parametrizations (3.6) of the supercurvatures to satisfy the Bianchi identi-
ties (3.4), the tensors appearing in the parametrizations of the spinors should be identified
as follows in terms of the physical fields:

EIa = ∂aL
I , (3.8)

sE
sI
a = ∂asL

sI , (3.9)

and

hIa = 1
6ϵabcdH

I|bcd = 1
6ϵabcd∂

bBI|cd , (3.10)

sh
sI
a = 1

6ϵabcd
sH

sI|bcd = 1
6ϵabcd∂

b
sB

sI|cd . (3.11)

From the study of the d2-closure of the Bianchi identities, we also find the following relations:

∂[aE
I
b] = 0 , (3.12a)

ψ

∇EIa = sψ1∂aζ
I + sψ2∂aζsIδ

I sI , (3.12b)
∂[dHI abc] = 0 , (3.12c)

ψ

∇HI
abc = −2i sψ2γ[ab∂c]ζ

I − 2i sψ1γ[ab∂c]ζ sJδ
I sJ , (3.12d)

where we have denoted with
ψ

∇ ≡ sψA∇A + sψA∇A the spinorial derivative, that is the
components of the differential along the odd directions of superspace.

Moreover, we find that the Bianchi identities are satisfied only if we require:

/∂ζI = 0 , /∂ζ
sI = 0 , (3.13)
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that is when the (free) spinor-field equations are satisfied. As a consequence, the double-tensor
multiplets are well-defined representations of supersymmetry in superspace only on-shell,
namely they close the supersymmetry algebra only on-shell.

This is not enough, however. Indeed, we find that the scalar quantities M I , ĎM
sI are not

functions of the scalars LI , sL
sI of the supermultiplets, but should be new scalars satisfying:

dM I = ∂aM
IV a + i

(
sψ1ζsIδ

I sI − sψ2ζI
)
, (3.14a)

dĎM
sI = ∂aĎM

sIV a − i
(

sψ1ζ
sI − sψ2ζIδ

I sI
)
. (3.14b)

As we are going to see in the next paragraph, the above expressions are nothing but the
superspace parametrizations of the scalars that have been Hodge-dualized into the tensors
BI
µν ,

sB
sI
µν , to get the double-tensor multiplets from a set of hypermultiplets (see eqs. (3.17)).

Comparison with hypermultiplets in N = 2 superspace. On-shell, the hyperscalars in
N = 2 superspace can be parametrized on the basis of supervielbein 1-forms (V a, ψA, ψ

A) as

UAα = UAαa V a + sψAζα + ϵABCαβ sψBζβ . (3.15)

Decomposing the SU(2) and symplectic indices we get

U1I = U1I
a V

a + sψ1ζI + sψ2ζsIδ
I sI = (U2sI)∗ δI sI , (3.16a)

U2I = U2I
a V

a + sψ2ζI − sψ1ζsIδ
I sI = −(U1sI)∗ δI sI . (3.16b)

The above expressions are useful because they show which combinations of the hyperini are
the supersymmetric partners of a given component of the scalar vielbein.

As we have discussed above, the double-tensor multiplets considered here exhibit, as
bosonic field strengths, a scalar sector spanned by the complex vielbein EI ≡ U1I and a
tensorial sector obtained after dualizing the scalar vielbein U2I into the complex 3-form
field strengths HI of the 2-forms BI , in the parent hypermultiplets model. The complex
conjugate multiplet features, instead, as bosonic field strengths, the scalar vielbein sE

sI

and the 3-forms sH
sI , related by Hodge-duality to the scalar vielbein sU1sI . Altogether, the

superspace parametrizations of the hypermultiplet scalar vielbein, with split indices SU(2)×
Sp(2n) → U(n), read:

EI ≡ U1I = U1I
a V

a + sψ1ζI + sψ2ζsIδ
I sI , (3.17a)

i dM I ≡ U2I = U2I
a V

a −
(

sψ1ζsIδ
I sI − sψ2ζI

)
, (3.17b)

sE
sI ≡ U2sI = U2sI

a V
a + sψ1ζIδ

I sI + sψ2ζ
sI , (3.17c)

i dĎM
sI ≡ U1sI = U1sI

a V
a + sψ1ζ

sI − sψ2ζIδ
I sI . (3.17d)

In particular, we remark that the superspace parametrizations (3.17b), (3.17d) identify
the quantities M I , ĎM

sI , appearing in (3.2b) and (3.3b) and required for consistency to sat-
isfy (3.14), with the scalars of the parent hypermultiplets that have been dualized into tensors.
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3.2 Supersymmetry transformation laws in superspace

In the geometric approach to supersymmetric theories in superspace, it is straightforward to
derive the supersymmetry transformation laws of the fields, since they amount to diffeomor-
phisms in the odd directions of superspace which, in the case of rigid supersymmetry, reduce
to super-translations (that is rigid translations of the odd coordinates θAα → θAα + ϵAα along the
odd directions θAα , with constant Grassmann parameter ϵAα , generated by the supercharges
QαA). As such, they can be accounted for through the corresponding Lie derivative of the
superfields. If we generically denote by Φ(x, θ) a given superfield, then its supersymmetry
transformation law in superspace is

δϵΦ = ℓϵΦ = dιϵ(Φ) + ιϵ(dΦ) . (3.18)

Here ιϵ denotes contraction along the tangent-space vector (see appendix B)

ϵ ≡ ϵαAQαA + ϵαAQαA ,

such that

ιϵ(ψA) = ϵA , ιϵ(ψA) = ϵA . (3.19)

Using (3.2)–(3.3) and (3.6)–(3.7), we find

δϵL
I = ιϵ(EI) = sϵ1ζI + sϵ2ζsIδ

I sI , (3.20a)

δϵB
I = ιϵ(dBI) = ιϵ

{
−
[
8LI sψ1γaψ

2 − 4iM I
(

sψ1γaψ
1 − sψ2γaψ

2
)]
V a +HI

}
= −

[
8LI

(
sϵ1γaψ

2 + sϵ2γaψ1
)
− 4iM I

(
sϵ1γaψ

1 + sϵ1γaψ1 − sϵ2γaψ
2 − sϵ2γaψ2

)]
V a

− 2i
(

sϵ1γabζ sJδ
I sJ + sϵ2γabζ

I
)
V aV b , (3.20b)

δϵζsI = ιϵ(dζsI) = δI sI

(
iEIaγ

aϵ2 − 3
2 ih

I
aγ

aϵ1
)
, (3.20c)

δϵζ
I = ιϵ(dζI) = iEIaγ

aϵ1 + 3
2 ih

I
aγ

aϵ2 , (3.20d)

and

δϵsL
sI = ιϵ( sE

sI) = sϵ1ζIδ
I sI + sϵ2ζ

sI , (3.21a)

δϵ sB
sI = ιϵ(d sB

sI) = ιϵ
{[

8sL
sI

sψ1γaψ2 + 4iĎM sI
(

sψ1γaψ
1 − sψ2γaψ

2
)]
V a + sH

sI
}

=
[
8sL

sI
(

sϵ1γaψ2 + sϵ2γaψ
1
)

+ 4iĎM sI
(

sϵ1γaψ
1 + sϵ1γaψ1 − sϵ2γaψ

2 − sϵ2γaψ2
)]
V a

+ 2i
(

sϵ1γabζ
sI + sϵ2γabζIδ

I sI
)
V aV b , (3.21b)

δϵζ
sI = ιϵ(dζ

sI) = i sE
sI
aγ

aϵ2 −
3
2 i

sh
sI
aγ

aϵ1 , (3.21c)

δϵζI = ιϵ(dζI) = δI sI

(
i sE

sI
aγ

aϵ1 + 3
2 ih̄

sI
aγ

aϵ2
)
. (3.21d)
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3.3 The superspace Lagrangian

The supersymmetry invariant 4-form Lagrangian in superspace, constructed geometrically
with the rheonomic approach [49], reads

Lsuperspace = a1δI sJ

[
ẼI|a

(
sE

sJ− sψ1ζJδ
J sJ− sψ2ζ

sJ
)

+ s̃E
sJ |a
(
EI− sψ1ζI− sψ2ζsIδ

I sI
)]
V bV cV dϵabcd

+a2
˜̄hsI
cδI sI

[
HI +2 i

(
sψ1γabζ sJδ

I sJ + sψ2γabζ
I
)
V aV b

]
V c

+a2h̃
I
cδI sI

[
sH

sI−2 i
(

sψ1γabζ
sI + sψ2γabζJδ

J sI
)
V aV b

]
V c

− 1
4
(
a1δI sJ Ẽ

I|ℓ
s̃E

sJ
ℓ +a2h̃

I|ℓ˜̄h sJ
ℓ δI sJ

)
V aV bV cV dϵabcd

+ a3
4
(
ζ̄Iγ

aDζI + ζ̄
sJγ
aDζ sJ + ζ̄IγaDζI + ζ̄

sJγaDζ
sJ

)
V bV cV dϵabcd

+b1E
I
(
ζ̄Iγabψ1−δI sJ ζ̄

sJγabψ
2
)
V aV b+sb1 sE

sI
(
ζ̄

sIγabψ2−δJ sI ζ̄
Jγabψ

1
)
V aV b

+ ib3H
I
(

sψ1ζ
sIδI sI− sψ2ζI

)
+ isb3 sH

sI
(

sψ1ζsI− sψ2ζIδI sI

)
+c1

(
ζ̄Iγaζ

I− ζ̄
sIγaζ

sI
)(

sψ1γbψ
1− sψ2γbψ

2
)
V aV b

+c2
(
ζ̄IζsI

sψ1γabψ2− ζ̄Iζ
sI

sψ1γabψ
2
)
V aV b

+c4
(
LI sE

sI− sL
sIEI

)
δI sI

(
sψ1γaψ

1− sψ2γaψ
2
)
V a

+c5
(
M IU1sI−ĎM

sIU2I
)
δI sI

(
sψ1γaψ

1− sψ2γaψ
2
)
V a , (3.22)

where

a2 = −9
4 a1 , a3 = −2ia1 , b1 = sb1 = 3ia1 , b3 = sb3 = −3

2 ia1 ,

c1 = c2 = 3ia1 , c̃1 = c̃2 = −3ia1 , c4 = 3a1 , c5 = −3ia1 ,
(3.23)

so that

Lsuperspace = a1

{
δI sJ

[
ẼI|a

(
sE

sJ− sψ1ζJδ
J sJ− sψ2ζ

sJ
)

+ s̃E
sJ |a
(
EI− sψ1ζI− sψ2ζsIδ

I sI
)]
V bV cV dϵabcd

− 9
4

˜̄hsI
cδI sI

[
HI+2 i

(
sψ1γabζ sJδ

I sJ+ sψ2γabζ
I
)
V aV b

]
V c

− 9
4 h̃

I
cδI sI

[
sH

sI−2 i
(

sψ1γabζ
sI+ sψ2γabζJδ

J sI
)
V aV b

]
V c

− 1
4δI sJ

(
δI sJ Ẽ

I|ℓ
s̃E

sJ
ℓ −

9
4 h̃

I|ℓ˜̄h sJ
ℓ

)
V aV bV cV dϵabcd

− i2
(
ζ̄Iγ

aDζI+ζ̄
sJγ
aDζ sJ+ζ̄IγaDζI+ζ̄ sJγaDζ

sJ

)
V bV cV dϵabcd

+3i
[
EI
(
ζ̄Iγabψ1−δI sJ ζ̄

sJγabψ
2
)
− sE

sI
(
δJ sI ζ̄

Jγabψ
1−ζ̄

sIγabψ2
)]
V aV b

+ 3
2H

I
(

sψ1ζ
sIδI sI− sψ2ζI

)
+ 3

2
sH

sI
(

sψ1ζsI− sψ2ζIδI sI

)
+3i

(
ζ̄Iγaζ

I−ζ̄
sIγaζ

sI
)(

sψ1γbψ
1− sψ2γbψ

2
)
V aV b

+3i
(
ζ̄IζsI

sψ1γabψ2−ζ̄Iζ
sI

sψ1γabψ
2
)
V aV b

+3δI sI

(
LI sE

sI−sL
sIEI

)(
sψ1γaψ

1− sψ2γaψ
2
)
V a

−3iδI sI

(
M IU1sI−ĎM

sIU2I
)(

sψ1γaψ
1− sψ2γaψ

2
)
V a
}
. (3.24)
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We are now going to discuss the Euler-Lagrange equations in superspace, derived from the
above Lagrangian.

Field equations. The spacetime field equations are given by the internal components (that
is those along products of the vierbein V a only) of the field equations in superspace, while
the other components have to vanish identically. This is a necessary condition for the theory
in superspace to be equivalent to the one on spacetime, and they do indeed vanish identically,
upon using the parametrizations (3.6)–(3.7).

The field equations of the auxiliary fields ẼIa , h̃Ia and of their complex conjugates iden-
tify them on-shell with the supercovariant field strengths appearing in the parametriza-
tions (3.6)–(3.7):

δL
δẼIa

= 0 : ẼIa = EIa ,
δL
δ s̃E sI

a

= 0 : s̃E
sI
a = sE

sI
a , (3.25a)

δL
δh̃Ia

= 0 : h̃Ia = hIa = 1
6ϵabcdH

I|bcd ,
δL
δ˜̄hsI

a

= 0 : ˜̄hsI
a = h̄

sI
a = 1

6ϵabcd
sH

sI|bcd . (3.25b)

Then, using (3.25), the field equations for the other bosonic fields read

δL
δLI

= 0 : ∂a∂asL
sI = 0 , δL

δsLsI
= 0 : ∂a∂aL

I = 0 ; (3.26a)

δL
δBI

= 0 : ∂a∂[a sB
sI
bc] = 0 , δL

δ sB sI
= 0 : ∂a∂[aB

I
bc] = 0 . (3.26b)

Finally, the field equations of the spinors are

/∂ζI = 0 , /∂ζ
sI = 0 , /∂ζI = 0 , /∂ζ

sI = 0 . (3.27)

Eqs. (3.26) and (3.27) are the field equations of the set of free double-tensor multiplets.
All the other contributions to the variations in superspace, but also the variations of the
superspace Lagrangian with respect to the scalars M I , ĎM

sI that have been dualized into the
2-forms BI , sB

sI , vanish identically thanks to (3.6)–(3.7).
Anyhow, these scalars satisfy the harmonic equations:

∂a∂
aM I = 0 , ∂a∂

a
ĎM

sI = 0 . (3.28)

This is due to the fact that, as pointed out below, in eqs. (3.31), they are on-shell related
to the tensors BI

ab by

∂aM
I = −1

4 iϵabcd∂
bBIcd , ∂aĎM

sI = 1
4 iϵabcd∂

b
sB

sIcd , (3.29)

so that the conditions (3.28) hold identically:

∂a∂aM
I = −1

4 iϵabcd∂
a∂bBIcd ≡ 0 , (3.30)

and the same for the complex conjugates.
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3.4 Remarks emerging from the superspace analysis

From the closure of the Bianchi identities in superspace, we find, in particular,

hIa = 2
3 i∂aM

I = 1
6ϵabcdH

I|bcd , (3.31a)

sh
sI
a = −2

3 i∂a
ĎM

sI = 1
6ϵabcd

sH
sI|bcd , (3.31b)

together with the following superspace parametrization for the quantities dM I appearing
in the superspace definition of the 3-form field strengths:

dM I = −iU2I = −3
2 i h

I
aV

a + i
(

sψ1ζ sJδ
J sJ − sψ2ζJ

)
, (3.32a)

dĎM
sI = −iU1sI = 3

2 i h̄
sI
aV

a − i
(

sψ1ζ
sI − sψ2ζJδ

sIJ
)
. (3.32b)

Furthermore, we get
ψ

∇hIa = −2
3
(

sψ1∂aζsIδ
I sI − sψ2∂aζ

I
)
, (3.33a)

ψ

∇h̄sI
a = −2

3
(

sψ1∂aζ
sI − sψ2∂aζIδ

I sI
)
. (3.33b)

The above relations identify the M I ’s (and ĎM
sI ’s) with the scalar isometries that have

been dualized into tensor fields. Surprisingly, they need necessarily to be included in the
definition of the super-field strengths, for the consistency of the theory. Moreover, from
the fact that on-shell

hIµ = 1
6ϵµνρσH

Iνρσ = 1
6ϵµνρσ∂

νBIρσ, (3.34)

we get the harmonic conditions (3.28), which are the free equations of motion for the set of
scalars M I , ĎM

sI . Therefore, despite the surprising fact that the consistency of the off-shell
(self-interacting) theory requires the introduction of extra unphysical d.o.f. — associated
with the scalars that have been dualized — the latter satisfy on-shell the field equations
of free scalar fields. This follows from the algebraic duality relation (3.34) and, as such, it
holds true also in more complicated models, where the double-tensor multiplets are coupled
to other supersymmetric multiplets. As a consequence, the scalars M I are fully decoupled,
on-shell, from the physical sector.6

Let us now observe that, given the relations (3.31) and (3.32), we have in fact two
different expressions for the spinorial derivative of hIa, h̄

sI
a: one is given by (3.33), the other is

obtained by evaluating the spinorial derivative of HI|abc and sH
sI|abc, which read

ψ

∇HI
abc = −2i

(
sψ1γ[ab∂c]ζsIδ

I sI + sψ2γ[ab∂c]ζ
I
)
, (3.35a)

ψ

∇ sH
sI
abc = 2i

(
sψ1γ[ab∂c]ζ

sI + sψ2γ[ab∂c]ζIδ
I sI
)
. (3.35b)

6This is reminiscent of what happens in chiral (4n + 2)-dimensional supersymmetric models, where the
on-shell matching of degrees of freedom requires the (2n + 1)-form field strengths of tensor multiplets to be
self-dual. An action principle, implementing the self-duality constraint dynamically, was found by A. Sen [72],
at the cost of introducing off-shell new, unphysical d.o.f. (in that case, extra 2n-indices antisymmetric tensor
fields), satisfying on-shell harmonic equations, and then fully decoupled from the physical spectrum. We will
further elaborate on this in the Conclusions.
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Using (3.35) in (3.31), instead we get

ψ

∇hIa = 1
6ϵabcd

ψ

∇HI|bcd = − i3ϵabcd
(

sψ1γ
bc∂dζ

sIδ
I sI + sψ2γbc∂dζI

)
= 2

3
(

sψ1γad∂
dζ

sIδ
I sI− sψ2γad∂

dζI
)
, (3.36a)

ψ

∇h̄sI
a = 1

6ϵabcd
ψ

∇ sH
sI|bcd = i

3ϵabcd
(

sψ1γbc∂dζ
sI + sψ2γ

bc∂dζIδ
I sI
)

= −2
3
(
− sψ1γad∂

dζ
sI + sψ2γad∂

dζIδ
I sI
)
. (3.36b)

Requiring equivalence of (3.33) with (3.36) implies

sψ1∂aζsIδ
I sI − sψ2∂aζ

I = −
(

sψ1γad∂
dζ

sIδ
I sI− sψ2γad∂

dζI
)
, (3.37a)

sψ1∂aζ
sI − sψ2∂aζIδ

I sI = − sψ1γad∂
dζ

sI + sψ2γad∂
dζIδ

I sI , (3.37b)

which are satisfied if

/∂ζI = 0 , /∂ζ
sI = 0 , /∂ζI = 0 , /∂ζ

sI = 0 .

The latter are the field equations for the spinors, eqs. (3.27), and this shows, already at
the level of the Bianchi identities of the bosonic fields in superspace, that the double-tensor
multiplet is an on-shell multiplet. The same result is retrieved by inspecting the Bianchi
identities of the spinors themselves in superspace. Here, the on-shell condition is found in
the 2ψ-sector of the superspace Bianchi identities.

4 Spacetime description of the model

We shall now derive the supersymmetry transformation laws and the supersymmetry invariant
Lagrangian of the double-tensor multiplets in the spacetime component approach. We will
see that the relevant results obtained above in superspace are also retrieved as physical
conditions when we restrict ourselves to spacetime.

4.1 Supersymmetry transformation laws on spacetime

In rigid, flat superspace the supervielbein reads

V a = V a
µ dx

µ + i

2
sθAγ

adθA + i

2
sθAγadθA , (4.1a)

ψA = dθA , (4.1b)
ψA = dθA , (4.1c)

where V a
µ is the spacetime vierbein, and θA, θ

A are the left- and right-chirality projections
of the Grassmann-odd coordinates of superspace. It is then straightforward to derive the
supersymmetry transformation laws in spacetime, by projecting on spacetime eqs. (3.20)–
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(3.21). They read

δϵL
I = sϵ1ζI + sϵ2ζsIδ

I sI , (4.2a)

δϵB
I
µν = −2i

(
sϵ1γµνζsIδ

I sI + sϵ2γµνζ
I
)
, (4.2b)

δϵζsI = i ∂µL
Iγµϵ2δI sI −

3
2 ih

I
µγ

µϵ1δI sI , (4.2c)

δϵζ
I = i ∂µL

Iγµϵ1 + 3
2 ih

I
µγ

µϵ2 , (4.2d)

their complex conjugates being

δϵsL
sI = sϵ1ζIδ

I sI + sϵ2ζ
sI , (4.3a)

δϵ sB
sI
µν = 2i

(
sϵ1γµνζ

sI + sϵ2γµνζIδ
I sI
)
, (4.3b)

δϵζ
sI = i ∂µsL

sIγµϵ2 −
3
2 ih̄

sI
µγ

µϵ1 , (4.3c)

δϵζI = i ∂µsL
sIγµϵ1δI sI + 3

2 ih̄
sI
µγ

µϵ2δI sI . (4.3d)

This result coincides with the direct computation obtained by acting with supersymmetry
transformations, generated by the supercharges QA, QA, on the spacetime restriction of the
fields, generically denoted by Φ(x):

δϵΦ(x) =
[(
ϵAαQ

α
A + ϵαAQ

A
α

)
,Φ(x)

]
. (4.4)

Supersymmetry invariance. Let us inspect here the closure of the supersymmetry algebra
on the double-tensor multiplets restricted to spacetime. This amounts to check under which
conditions the commutator of two supersymmetry transformations, with spinor-parameters
ϵ, σ respectively, does reproduce the supersymmetry algebra (B.1), with pµ = ∂µ and vanishing
central charges (since we are considering massless representations):

[δϵ, δσ] =
[
ϵAαQ

Aα, σBβ Q
β
B

]
+
[
ϵAα̂Q

α̂
A, σβ̂BQ

β̂B
]

= −ϵAα
{
QαA, QβB

}
σBβ − ϵAα

{
QαA, Q

βB
}
σBβ

= −i
(

sϵAγ
µσA + sϵAγµσA

)
pµ

= i
(

sσAγ
µϵA + sσAγµϵA

)
∂µ .

(4.5)

Applying the commutator of two supersymmetry transformations, eq. (4.5), to the holomorphic
scalars LI , we get

[δϵ, δσ]LI = i
(

sσAγ
µϵA + sσAγµϵA

)
∂µL

I , (4.6)

consistently with (4.5).
On the other hand, the action of (4.5) on the antisymmetric tensors BI

µν gives

[δϵ, δσ]BI
µν = 3i

(
sσAγ

ρϵA + sσAγρϵA
)
∂[ρB

I
µν]

+ 4∂[µ
[
LI
(

sσ1γν]ϵ
2 + sσ2γν]ϵ1

)]
− 1

2h
I
[µ

(
sσAγν]ϵ

A − sσAγν]ϵA
)
,

(4.7)
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which is not in the form (4.5) required for closure, in particular because of the term in
hIµ, which appears in the supersymmetry transformation laws (4.2c), (4.2d) and is related
to the tensors field strengths by hIµ ∝ ϵµνρσ∂

νBρσ. However, if we use instead for hIµ the
expression (3.31), that is hIµ = 2

3 i ∂µM
I , eq. (4.7) can be rewritten in the form (4.5) up

to a gauge transformation

Bµν → Bµν + ∂[µX
I
ν] , (4.8)

that is

[δϵ, δσ]BI
µν = i

(
sσAγ

ρϵA + sσAγρϵA
)
∂ρB

I
µν + ∂[µX

I
ν] , (4.9)

since in this case we can define:

XI
ν ≡ 2i

(
sσAγ

ρϵA + sσAγρϵA
)
BI
νρ

+ 4
[
LI
(

sσ1γνϵ
2 + sσ2γνϵ1

)]
− i

3 M
I
(

sσAγνϵ
A − sσAγνϵA

)
.

(4.10)

As far as the spinors of the multiplet are concerned, applying explicitly the commutator
of two supersymmetry transformations to the spinors ζI , and using

δσh
I
µ = − i3 ϵµνρλ

(
sσ1γ

νρ∂λζ
sI δ
I sI + sσ2γνρ∂λζI

)
, (4.11)

we obtain

[δϵ, δσ] ζI = i
(

sσAγ
µϵA + sσAγµϵA

)
∂µζ

I

− i

2
(

sσ1γ
µϵ1 + sσ1γµϵ1 − sσ2γ

µϵ2 − sσ2γµϵ2
)
γµ/∂ζ

I (4.12a)

+ i (sσ1ϵ2 − sσ2ϵ1) /∂ζ
sI δ
I sI ,

[δϵ, δσ] ζ
sI = i

(
sσAγ

µϵA + sσAγµϵA
)
∂µζsI

+ i

2
(

sσ1γ
µϵ1 + sσ1γµϵ1 − sσ2γ

µϵ2 − sσ2γµϵ2
)
γµ/∂ζsI (4.12b)

− i (sσ1ϵ2 − sσ2ϵ1) /∂ζI δI sI .

This reproduces the supersymmetry algebra (4.5) only on-shell, in which case the second
and third lines of eqs. (4.12) vanish.

4.2 The spacetime Lagrangian

Projecting on spacetime the superspace Lagrangian (3.24), going to second order on the
scalar fields, that is setting ẼIµ = EIµ = ∂µL

I , and then choosing a1 = −1
6 to get the standard

normalization of the scalars kinetic terms, we obtain

Lsp-t =
[(

∂µL
I∂µsL

sJ + 9
4 h̃

I
µ
˜̄h sJµ

)
δI sJ + 3

8
(
h̃Iσ

sH
sJ
µνρ + ˜̄h sJ

σH
I
µνρ

)
ϵµνρσδI sJ

− i
(
ζ̄Iγ

µ∂µζ
I + ζ̄

sIγ
µ∂µζ

sI
) ]
d4x ,

(4.13)
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corresponding to the hypermultiplets Lagrangian. In (4.13), just as in (3.24), h̃Iµ,
˜̄hsI
µ are

Lagrange multipliers implementing, at first order, the kinetic terms of the antisymmetric
tensors. Upon variation of (4.13), we find

δLsp-t

δ˜̄hsI
µ

= 0 : h̃Iµ = 1
6ϵµνρσH

I|νρσ ; δLsp-t

δh̃Iµ
= 0 : ˜̄hsI

µ = 1
6ϵµνρσ

sH
sI|νρσ , (4.14)

which, plugged back into the spacetime Lagrangian, give

Lsp-t =
[(
EIµ

sE
sJµ + 3

8H
I
µνρ

sH
sJµνρ

)
δI sJ − i

(
ζ̄Iγ

µ∂µζ
I + ζ̄

sIγ
µ∂µζ

sI
)]
d4x . (4.15)

Using the supersymmetry transformation laws (4.2) in eq. (4.15), we find that the action
is supersymmetry invariant off-shell upon identifying the quantities h̃Iµ and ˜̄hsI

µ in (4.14)
with the tensors hIµ, h̄

sI
µ, appearing in the supersymmetry transformation laws of the spinors,

that is by requiring:

hIµ = 1
6ϵµνρσH

I|νρσ , h̄
sI
µ = 1

6ϵµνρσ
sH

sI|νρσ . (4.16)

Correspondingly, the spacetime Lagrangian is invariant up to a boundary term:

δϵLsp-t = ∂µ

[
∂νL

I
(
ζ̄Iϵ1η

µν − δI sI ζ̄
sIγµνϵ2

)
+ ∂νL̄

sI
(
ζ̄

sIϵ2η
µν − δI sI ζ̄

Iγµνϵ1
)

+ 3
2h

I
ν

(
ζ̄Iγ

µνϵ2 + δI sI ζ̄
sIϵ1ηµν

)
− 3

2 h̄
sI
ν

(
ζ̄

sIγ
µνϵ1 + δI sI ζ̄

Iϵ2ηµν
)]
. (4.17)

4.3 Remarks emerging from the spacetime analysis

In the spacetime approach, the need to include the antisymmetric tensors BI
µν ,

sB
sI
µν together

with the scalars M I , ĎM
sI related to them via Hodge-duality is subtle, and not so manifest as it

is in the superspace approach. This condition is however required, and hidden in the double
role of the quantities hIµ appearing in the supersymmetry transformations (4.2c)–(4.2d) of
the spinors, as it is clarified in section 3.4 and summarized in eq. (3.31):

• At the Lagrangian level, a possible role of the scalars M I is not evident, since the
spacetime Lagrangian does not include them. Moreover, the condition (4.17) for the
invariance of the action under supersymmetry requires hIµ to be related by Hodge-duality
to the tensor field strengths HI

µνρ.

• The closure of the supersymmetry algebra on the tensors BI
µν , eq. (4.9), requires instead

hIµ to be total derivatives, that is to satisfy hIµ ∝ ∂µM I .

We therefore obtain that the consistency of the supersymmetry algebra on the fields requires
a double nature of the algebraic vectors hIµ in (4.2c)–(4.2d): on the one hand, they have to
be algebraically related to the tensor field strengths HI

µνρ through (4.14) to have invariance
of the Lagrangian up to total derivative under the transformations (4.2) and their complex
conjugates; on the other hand, they have instead to be total derivatives hIµ ∝ ∂µM I , in order
for the transformations (4.2) to close the supersymmetry algebra.
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5 Adding the cosmological constant

We would like to explore here the compatibility of our multiplets with the full centrally
extended supersymmetry algebra. To this aim, we consider the embedding of hypermultiplets
and double-tensor multiplets in a rigid but curved supersymmetric background, that is a
super AdS background, with cosmological constant Λ = − 3

ℓ2 .

5.1 The curved background

The rigid, super AdS geometry is defined by the Maurer-Cartan equations of the OSp(2|4)
superalgebra. In terms of 4-component gravitini ΨA, it reads

R̂ab ≡ dω̂ab + ω̂acω̂c
b = 1

ℓ2
V aV b + 1

2ℓ
sΨAγ

abΨBδAB , (5.1a)

T a ≡ D̂V a − i

2
sΨAγ

aΨBδAB = 0 , (5.1b)

F ≡ dA− sΨAΨBϵAB = 0 , (5.1c)

∇̂ΨA ≡ D̂ΨA + 1
2ℓAΨBϵAB = + i

2ℓγaΨAV
a , (5.1d)

where ω̂ab is the supertorsionless connection in the deformed background, D̂ is the correspond-
ing Lorentz covariant derivative, and ∇̂ the full (Lorentz and gauge) covariant derivative.
The Bianchi identities

D̂R̂ab = 0 , (5.2a)

D̂T a − R̂abVb + i

2∇̂
sΨAγ

aΨBδAB −
i

2
sΨAγ

a∇̂ΨBδAB = 0 , (5.2b)

dF + ∇̂sΨAΨBϵAB − sΨA∇̂ΨBϵAB = 0 , (5.2c)

∇̂2ΨA −
1
4γabR̂

abΨA −
1
2ℓdAΨBϵAB = 0 (5.2d)

are identically satisfied, relying on the 3-Ψ equation (Fierz identity):

1
4γabΨA

sΨBγ
abΨCδBC −

1
2γaΨA

sΨBγ
aΨCδBC = ϵABϵCDΨB

sΨCΨD . (5.3)

Here, the graviphoton A is a background gauge field of the algebra SO(2) ⊂ SU(2)R, which
is the residual part of the R-symmetry SU(2)R × U(1) preserved in the presence of the
cosmological constant. We remark that, differently from the flat case, the gravitino is
minimally coupled with A in the curved background, the AdS radius behaving as (the inverse
of) an electric charge. This implies that the electric-magnetic duality invariance of the
graviphoton A and of its Hodge-dual Ã, holding in the absence of gauge couplings, is now
broken.7 Indeed, in flat superspace the Maurer-Cartan equations of the background include
F̃ ≡ ⋆dA, which is defined as

F̃(= dÃ) = sΨAγ5ΨBϵAB , (5.4)

7More precisely, Ãµ is the potential whose field strength ∂[µÃν] is Hodge-dual to ∂[µAν].
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and satisfies

dF̃ = 0 . (5.5)

On the other hand, in the OSp(2|4)-invariant background, necessarily F̃ ̸= dÃ, because
in this case we get

dF̃ = − i
ℓ

sΨAγ5γaΨBϵABV
a ̸= 0 . (5.6)

In terms of the left-handed and right-handed components of the gravitini, the super-
symmetric background is

R̂ab ≡ dω̂ab + ω̂acω̂c
b = 1

ℓ2
V aV b + 1

2ℓ
(

sψAγ
abψBδ

AB + sψAγabψBδAB
)
, (5.7a)

T a ≡ D̂V a − i sψAγ
aψA = 0 , (5.7b)

F ≡ dA− sψAψBϵ
AB − sψAψBϵAB = 0 , (5.7c)

∇̂ψA ≡ D̂ψA + 1
2ℓAψBϵACδ

BC = + i

2ℓγaψ
BV aδAB , (5.7d)

∇̂ψA ≡ D̂ψA + 1
2ℓAψ

BϵACδBC = + i

2ℓγaψBV
aδAB . (5.7e)

In the following, we are going to discuss the effects of the deformed background on the
supersymmetry properties of the matter multiplets considered in this paper.

5.2 Charged matter fields in superspace

Let us first consider the immersion in the curved background of a set of hypermultiplets, and
then see what does change if we have instead the double-tensor multiplets.

The hypermultiplets are on-shell multiplets and, as we have seen, in the flat background
they are on-shell equivalent to the double-tensor multiplets. In gauged, matter-coupled
supergravity, when we consider a symplectic covariant gauging [43–47, 67], dualizing some of
the charged scalars of the hypermultiplets into tensors amounts to change the symplectic
frame of the electric and magnetic set of gauge fields. This implies in particular that, given an
electrically charged scalar in the hypermultiplets, its Hodge-dual tensor is instead electrically
charged with respect to the Hodge-dual gauge field, which is then ill-defined. Indeed, the
gauge-coupled tensor undergoes the anti-Higgs mechanism, where the coupling to the gauge
field makes the tensor massive, its mass behaving as a magnetic charge.

However, in our case we are not coupling the matter multiplets to N = 2 dynamical
gauge multiplets, and we consider supergravity as a rigid background, where in particular
the graviphoton is an external background field associated with an Abelian gauge connection
of SO(2) ⊂ SU(2)R.

As we are going to see, this introduces a relevant difference between hypermultiplets
and double-tensor multiplets, allowing this gauging deformation in the former case, but
not in the latter.
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5.2.1 Hypermultiplets in OSp(2|4) rigid superspace

Let us consider a set of free hypermultiplets in rigid superspace. As we have seen in section 2.3,
in the simplest description, with the same notation introduced there, the n hypermultiplets
can be expressed in terms of 4n scalars qAα, and of 2n Majorana spinors whose left-handed
and right-handed components are ζα, ζα respectively. In the flat rigid superspace background,
their field strengths can be defined as

UAα ≡ dqAα , (5.8a)

∇ζα ≡ dζα + 1
4ω

abγabζ
α , (5.8b)

∇ζα ≡ dζα + 1
4ω

abγabζα , (5.8c)

and they satisfy on-shell the Bianchi identities

dUAα = 0 , (5.9a)
∇2ζα = 0 , (5.9b)
∇2ζα = 0 , (5.9c)

if their superspace parametrizations, that is their expressions as 1-forms in superspace, are

UAα = UAαa V a + sψAζα + ϵABCαβ sψBζβ , (5.10a)
∇ζα = ∇aζαV a + iUAαa γaψA , (5.10b)
∇ζα = ∇aζαV a + iϵABCαβUBβa γaψA . (5.10c)

In the OSp(2|4) background, however, the Bianchi identities in superspace get modified
and are not anymore satisfied by the above definitions (5.8) and parametrizations (5.10).
This is due to the fact that, in the deformed background, the Lorentz-covariant derivative
of the gravitino is not zero anymore, being instead

D̂ψA = 1
2ℓ
(
iγaψ

BV aδAB −AψBϵACδBC
)
, (5.11a)

D̂ψA = 1
2ℓ
(
iγaψBV

aδAB −AψBϵACδBC
)
, (5.11b)

as it follows from eqs. (5.7d)–(5.7e). Let us emphasize that, since the graviphoton gauges a
U(1) ⊂ SU(2)R in the R-symmetry, then the gauging affects the matter fields charged with
respect to SU(2)R, and in particular the scalars in the hypermultiplets. Hence, the scalars in
the hypermultiplets are charged, with a charge related to the AdS radius ℓ. More precisely,
the modified Lorentz-covariant derivatives (5.11) of the gravitini break the supersymmetry
invariance of the theory, which can however be recovered by appropriately deforming the
supercurvatures of the fields. The modified definitions of the field strengths are

ÛAα ≡ ∇̂qAα = dqAα + 1
2ℓAϵ

ABδBCq
Cα , (5.12a)

∇̂ζα ≡ dζα + 1
4γabω̂

abζα , (5.12b)

∇̂ζα ≡ dζα + 1
4γabω̂

abζα . (5.12c)
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With the notations of [71], the charge deformation corresponds to gauging a translational
isometry in the scalar sector, with scalar Killing vector

kAα0 ≡ UAαu ku0 = 1
2ℓϵ

ABδBCq
Cα . (5.13)

The Bianchi identities in superspace are now

∇̂ÛAα = 1
2ℓ dAϵ

ABδBCq
Cα , (5.14a)

∇̂2ζα = 1
4γabR̂

abζα , (5.14b)

∇̂2ζα = 1
4γabR̂

abζα , (5.14c)

and closure of supersymmetry now requires their superspace parametrizations to be mod-
ified into

ÛAα = ÛAαa V a + sψAζα + ϵABCαβ sψBζβ , (5.15a)
∇̂ζα = ∇̂aζαV a + iÛAαa γaψA +Nα

Aψ
A , (5.15b)

∇̂ζα = ∇̂aζαV a + iϵABCαβÛBβa γaψA +NA
α ψA , (5.15c)

where:

Nα
A = −1

ℓ
δABq

Bα , NA
α = −1

ℓ
CαβδBCϵACqBβ . (5.16)

Moreover, for the Bianchi identities (5.14) to be satisfied by the parametrizations (5.16), the
further differential condition has to be satisfied between ÛAαa and the spacetime covariant
derivative of the spinors:

∇̂ÛAαa = sψB
(
δAB∇̂aζα + i

2ℓγaζβϵ
ACCαβδBC

)
+ sψB

(
∇̂aζβϵABCαβ + i

2ℓγaζ
αδAB

)
. (5.17)

We have then shown that, for the hypermultiplets, the embedding in a curved background
is possible, and it reproduces the rigid limit, in the OSp(2|4) background, of the results
from gauged supergravity [70].

5.2.2 Double-tensor multiplets in OSp(2|4) rigid superspace

For the double-tensor multiplets, instead, the immersion in a curved but rigid supersymmetric
background turns out not to be possible. We can grasp the problem by recalling that, just
as we observed for the case of the hypermultiplets, the deformed background implies in
particular that the Lorentz-covariant derivative of the gravitino is not zero anymore, being
instead given by eqs. (5.11). As a consequence, in the presence of the deformed background,
the definitions of the super-field strengths get modified. As we have seen in (5.12a), for the
case of the (undualized) hypermultiplets compatibility with the curved background implies
the following peculiar (gauging) deformation on the scalar sector:

∇̂qαA = dqαA + 1
2ℓAϵABq

αB , (5.18)
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that is, in terms of the scalar fields appearing in the double-tensor multiplets, qαA = {qIA =
(LI , iM I), qsIA = (sL

sI , iĎM
sI)}:

ÊI ≡ dLI + i

2ℓ AM
I , (5.19)

∇̂M I ≡ dM I + i

2ℓ AL
I . (5.20)

The complex conjugates undergo analogous deformations:

ŝE
sI ≡ dsL

sI − i

2ℓA
ĎM

sI , (5.21)

∇̂ĎM
sI ≡ dĎM

sI − i

2ℓA
sL

sI . (5.22)

Eq. (5.19) implies, in particular, that the gauged scalar vielbein ÊI should include the scalars
that have been Hodge-dualized into antisymmetric tensors.

Correspondingly, their Bianchi identities get modified, into:

∇̂ÊI = i

2ℓ M̂
I dA . (5.23)

It is in fact possible to find a consistent deformation of the scalars parametrizations in
superspace, that is

ÊI ≡ EI + i

2ℓM
IA , (5.24)

where, to satisfy the Bianchi identities of the scalars LI , the gauged field strengths of the
(dualized) scalars M I have to be:

∇̂M I ≡ dM I + i

2ℓL
IA , (5.25)

and the parametrizations of the spinors should acquire a fermion shift:

D̂ζ
sI = D̂aζsIV

a + δI sI

(
iEIaγ

aψ2 − 3
2 ih

I
aγ

aψ1
)

+NA
sI ψA , (5.26a)

D̂ζI = D̂aζIV a + iEIaγ
aψ1 + 3

2 ih
I
aγ

aψ2 +N I
Aψ

A , (5.26b)

where, as for the hypermultiplets:

N I
A = −1

ℓ

(
LIδA1 + iM IδA2

)
, NA

sI = −δI sI

1
ℓ

(
LIδA2 − iM IδA1

)
. (5.27)

On the other hand, closure of the 2-form Bianchi identities is problematic. To compensate
for the modified covariant derivatives of the gravitino background, it turns out that the
gauged field strengths of the 2-forms BI should be defined as:

ĤI ≡ HI + i

2ℓ A B̃
I . (5.28)
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In the above equation, the tensors B̃I
µν , and their field strengths H̃I

µνρ are new tensor fields,
different from the BI

µν , HI
µνρ. Their field strengths H̃I

µνρ are Hodge-dual to the field strengths
of the scalars LI , and read (in the flat-space case):

H̃I ≡ dB̃I − 8M I
sψ1γaψ2V

a + 4iLI
(

sψ1γaψ
1 − sψ2γaψ

2
)
V a , (5.29)

with the corresponding parametrizations (in flat superspace) being

H̃I = H̃I
abcV

aV bV c + 2
(

sψ1γabζ
I − sψ2γabζsIδ

I sI
)
V aV b . (5.30)

This, however, requires the further identifications, to be implemented on-shell on the spinors
parametrizations:

EIa = 3
2 h̃

I
a = 1

4ϵabcdH̃
I|bcd , hIa = −2

3∂aM
I . (5.31)

These quantities would appear naturally if we had decided to dualize the LI instead of the
M I from the very beginning.

All of the modifications above hint at the fact that the coupling with the curved
background (which is charged under the graviphoton background field) implies the “resurgence”
of the Hodge-duals of all the fields involved, namely to consider the (complex) enlarged
multiplet

ϕ̃ ≡
(
LI ,M I , BI , B̃I , ζI , ζ

sI

)
,

which enjoys matching of d.o.f. only on-shell, where M I and BI , but also LI and B̃I , are
related by Hodge-duality. However, even taking this into account, the Bianchi identities of
the tensor fields do not close the supersymmetry algebra.

We conclude that, differently from the hypermultiplets, for the double-tensor multiplets
it is not possible to find a superspace parametrization allowing to close the supersymmetry
algebra in the curved background. There are several ways to understand this result. From
eqs. (5.25), (5.28) one is to observe that both the fields M I and BI should be electrically
charged with respect to the background gauge field A. This is in contrast with the fact that
they are Hodge-dually related (see, e.g., [67]), as mentioned at the beginning of section 5.2. A
way out is to assume instead the BI to be magnetically charged under A, that is electrically
charged under the dual gauge vector Ã, which is not well-defined, being associated with a
magnetic charge (see eq. (5.6)). However, this would imply that in this case the electrically
charged fields would be the scalars LI and M I , which would bring us to the case of the
hypermultiplets, considered in section 5.2.1.

A group-theoretical way to understand this result is to observe that the U(1) symmetry
gauged by the background field A does not preserve the structure of the double-tensor
multiplets, being incompatible with their complex structure. This is evident referring to
the formulation of the double-tensor multiplets in terms of dualized hypermultiplets (cf.
section 5.2.1). Indeed, the complex structure of the double-tensor multiplets

(LI)∗ = sL
sI ←→ (q1I)∗ = q2sI , (5.32a)

(BI)∗ = sB
sI ←→ (q2I)∗ = −q1sI (5.32b)
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is defined by the diagonal U(1) factor in the U(1)R ×U(n) symmetry of the theory, where
U(1)R ⊂ SU(2)R is the subset of the R-symmetry kept manifest by the double-tensor multiplet
representation, and acting on the R-symmetry indices A = 1, 2, while U(n) ⊂ Sp(2n) is
associated with the indices I, sI.

On the other hand, A is the gauge connection of another U(1) group, that is of the
U(1)R ⊂ SU(2)R, the subgroup of the R-symmetry preserved by the curved background. In
other words, A does not act on the U(n) factor, making the two symmetries incompatible.

The situation is totally different if the theory is in interaction with a set of dynamical
gauge multiplets, and/or at the supergravity level. In both cases, when the gauge fields
and their magnetic duals are dynamical fields, it is perfectly possible to construct gauge
covariant couplings of the tensors to them. In particular, at the supergravity level this
analysis was extensively carried out in, e.g., [43–47, 67]. A general study of double-tensor
multiplets coupled with gauge multiplets in curved rigid superspace will be the object of
a future investigation.

6 Conclusions

Our study of N = 2 double-tensor multiplets explicitly showed that, despite the matching of
bosonic and fermionic degrees of freedom both off- and on-shell, the double-tensor multiplets
close the supersymmetry algebra only on-shell. Moreover we found, unexpectedly, that the
scalars M I , Hodge-duals to the antisymmetric tensors BI

µν in the multiplet, explicitly appear
naked in the off-shell definition of the superfields. We propose that this may be the origin
of the mismatch between power-counting and effective closure off-shell of supersymmetry
on these representations. Indeed, since the Hodge-duality relation between the scalars M I

and the tensors BI
µν emerges only on-shell, the scalars M I are off-shell independent of the

tensors BI , and should then be included in the off-shell counting of degrees of freedom. They
always satisfy on-shell harmonic field equations (see eq. (3.28)).

This is reminiscent of what happens in chiral (4n + 2)-dimensional supersymmetric
models, where the on-shell matching of degrees of freedom requires the (2n+ 1)-form field
strengths of the 2n-indices antisymmetric tensors to be self-dual. In these theories, however,
the self-duality constraint is added “by hand”, on the on-shell solutions, since the kinetic
term of self-dual (2n+ 1)-forms is automatically vanishing. A dynamical way to implement
the self-duality constraint, from an action principle, was introduced by A. Sen [72] (see
also [73, 74]), and extended to superspace in [75]. This however requires to include off-shell
new, unphysical, d.o.f. (in that case, extra antisymmetric tensor fields), which however satisfy
on-shell harmonic equations, and are then fully decoupled from the physical spectrum. It
would be interesting to better understand the possible relations between our case and the
(4n + 2)-dimensional chiral models of [73–75].

The double-tensor multiplets considered here are a particular case belonging to the
general family of N = 2 tensor multiplets, which was extensively studied at the supergravity
level in [42–47]. In the above mentioned papers, full covariance with respect to the maximal
SU(2) × Sp(2n) holonomy of the quaternionic sector before dualization was kept. Then,
a next step in our investigation will be the extension of our explicit framework to the
supergravity case, where we would like to clarify if the extra scalars do play a role also in
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that case, or if this phenomenon, that we observed in the rigid theory, should be relaxed
in the more general supergravity context, allowing closure of supersymmetry also in the
absence of the dualized scalars.

A further possible extension of our analysis is the coupling of the double-tensor multiplets
to a set of gauge multiplets in rigid superspace.

The results presented in this paper are intended as a preliminary investigation towards
exploring alternative off-shell formulations of these multiplets, possibly with a finite number
of auxiliary fields in an extension of superspace different from the harmonic (or the projective)
one. A promising tool in this direction is the use of the so-called (dual formulation of
the) hidden superalgebras [54] underlying supersymmetric theories in the presence of higher
p-forms (p-indices antisymmetric tensor fields). These superalgebras define an extension
of superspace which includes not only extra even directions but also extra odd directions
associated with spin-3/2 fields [54] (see also [56–59]). Such extension might allow to circumvent
the hypothesis of the no-go theorem on auxiliary fields in N -extended supersymmetry, which
indeed contemplates only spin-1/2 fields. A preliminary result in this direction is provided by
the study presented in [76], where a hidden superalgebra [58] underlying N = 1, D = 4 “flat”
supergravity (meaning in the absence of any internal scale in the Lagrangian), was found. In
that case, the bosonic and fermionic 1-forms dual to the generators of the hidden superalgebra
play the specific role of “topological auxiliary fields”: their inclusion, by means of boundary
terms in the theory, restores supersymmetry when a nontrivial spacetime boundary is present.
Moreover, as later observed in [77], they serve as auxiliary fields for the (off-shell) bulk
theory. Specifically, the field equations for these fields enforce the Bianchi identities of the
Lorentz spin connection and gravitino 1-form fields. In this context, the rheonomic approach
consistently proves to be a valuable asset in the construction of both rigid supersymmetric
theories and supergravities.

Another approach for circumventing the no-go theorems, at the supergravity level, involves
deriving N = 2 supergravity coupled with a single hypermultiplet using the double copy
prescription described in [78–81] for pure N = 1 super Yang-Mills, framed within the context
of homotopy algebras. This prescription aims to provide an off-shell and gauge-independent
theory valid to all orders of interaction (currently demonstrated up to the third order) in
generic spacetime dimensions. Although at present this scheme has only been studied for
bosonic theories, a first example of its application to a supersymmetric double copy will be
soon available in the upcoming paper [82] by one of the authors. Some remaining challenges
in this approach would be to extend the technique to superspace and to incorporate in
the theory an arbitrary number of hypermultiplets, tensor multiplets or, in general, matter
multiplets not belonging to the adjoint representation. It would also be interesting to see
whether the resulting set of auxiliary fields in superspace corresponds to the one proposed
by the hidden superalgebras formulation described above.
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A Conventions, notation and useful formulas

In the following, we are going to report the set of conventions that have been used in our work.
In particular, we will present our notations for 2-component and 4-component Majorana
spinors as well as for Dirac spinors. Furthermore, we write down some Fierz identities, that
were used to find our results.

A.1 Conventions on spinors

We denote with Ψ, ΨA (A = 1, 2 ∈ U(2)) the (4-components) Majorana spinor gravitini in
N = 1 and N = 2, respectively. The Majorana spinor condition, on a general spinor λ, is

sλ = λtC , (A.1)

where the adjoint spinor sλ is defined as

sλ ≡ λ† γ0 . (A.2)

The Weyl projections on the left and right chiral components of the spinors are given in
terms of the projectors

P± ≡
1
2 (I± γ5) : (A.3)

ψ• ≡ P+Ψ → N = 1 Chiral Majorana spinor ,
ψ• ≡ P−Ψ → N = 1 Anti-chiral Majorana spinor , (A.4)
ψA ≡ P+ΨA → N = 2 Chiral Majorana spinors ,
ψA ≡ P−ΨA → N = 2 Anti-chiral Majorana spinors .

We define the N = 2 Dirac gravitino 1-form and its complex conjugate:

ψ ≡ Ψ1 + iΨ2 ; ψ∗ ≡ Ψ1 − iΨ2 . (A.5)

Their adjoint spinor-1-forms are

sψ = sΨ1 − isΨ2 ; sψ∗ = sΨ1 + isΨ2 . (A.6)

They are related to the Majorana gravitini 1-forms by

Ψ1 = 1
2(ψ+ψ∗) ; sΨ1 = 1

2(sψ+ sψ∗) ;

Ψ2 = − i2(ψ−ψ∗) ; sΨ2 = i

2(sψ− sψ∗) .
(A.7)

Finally, it is convenient to introduce the Dirac spinor 1-form combinations

ψ± ≡
1
2 (ψ± γ5ψ

∗) = P±Ψ1 + iP∓Ψ2 :
{
ψ+ = ψ1 + iψ2

ψ− = ψ1 + iψ2
, (A.8)
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and their adjoint,

sψ± ≡
1
2
(

sψ± sψ∗γ5
)

= sΨ1P± − isΨ2P∓ :
{

sψ+ = sψ1 − i sψ2

sψ− = sψ1 − i sψ2
. (A.9)

They satisfy

Ę(ψ±) ≡ (ψ±)† γ0 = sψ∓ . (A.10)

A.2 Properties of gamma-matrices

The four-dimensional Dirac matrices are defined as

γa ≡
(

0 σa

sσa 0

)
, γ5 ≡ −

i

4!ϵabcdγ
aγbγcγd , γab ≡ γ[aγb] =

(
σ[a

sσb] 0
0 sσ[aσb]

)
, (A.11)

with σa ≡ (I, σx), sσa ≡ (I,−σx), where σx are the Pauli matrices and x = 1, 2, 3. The
Dirac gamma matrices fulfill

γ†0 = γ0 , (A.12a)
γ0γ

aγ0 = (γa)† , (A.12b)
γ†5 = γ5 , (A.12c)
γ∗5 = γ5 , (A.12d)

(γ5)2 = 1 , (A.12e)
{γa, γb} = 2ηab , (A.12f)
[γa, γb] = 2γab , (A.12g)
γaγb = ηab + γab . (A.12h)

Moreover, they respect the following duality properties:

γa = − i

3!ϵabcdγ5γ
bcd , γab = − i2ϵabcdγ5γ

cd ,

γabc = iϵabcdγ5γ
d , γabcd = iϵabcdγ5

(A.13)

and show some remarkable products, such as:

γaγ
a = 4 , (A.14a)

γabγ
ab = −12 , (A.14b)

γabγ
c = 2γ[aδ

c
b] + iϵab

cdγ5γd , (A.14c)

γabγ
cd = γab

cd − 4δ[c
[aγb]

d] − 2δcdab , (A.14d)

γbγ
a1...akγb = 2(2− k)(−1)kγa1...ak , (A.14e)
γaγmγ

a = −2γm , (A.14f)
γabγ

a = −3γb , (A.14g)
γaγmnγ

a = 0 , (A.14h)
γabγmγ

ab = 0 , (A.14i)
γabγmnγ

ab = 4γmn . (A.14j)
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The charge conjugation matrix C =
(
ϵαβ 0
0 ϵα̇β̇

)
has the following properties:

C2 = −1 , CT = −C , (Cγa)T = Cγa , (Cγ5)T = −Cγ5 ,

(Cγ5γa)T = −Cγ5γa , (Cγab)T = Cγab .
(A.15)

A.3 Useful Fierz identities

In the following we provide a list of useful Fierz identities for spin- 1
2 and spin-3

2 fermions
in an N = 2 supersymmetric theory.

Fierz identities for two Majorana fermions. For 1-form fermions (gravitini):

ψA sψB = 1
2

sψBψA −
1
8γab

sψBγ
abψA , (A.16a)

ψA sψB = 1
2

sψBψA − 1
8γab

sψBγabψA , (A.16b)

ψA sψB = 1
2γa

sψBγaψA , (A.16c)

ψA sψB = 1
2γa

sψBγ
aψA . (A.16d)

For 0-form fermions (left-handed λ•, ξ•, or right-handed λ•, ξ•):

λ•sξ• = −1
2

sξ•λ• + 1
8γab

sξ•γ
abλ• , (A.17a)

λ•sξ• = −1
2

sξ•λ• + 1
8γab

sξ•γabλ• , (A.17b)

λ•sξ• = −1
2γa

sξ•γaλ• . (A.17c)

Fierz identities for three Majorana gravitini. For three 1-form gravitini we find

γaψ
C

sψAγ
aψB = −γaψB sψAγ

aψC = 2ψA sψBψC ̸= 0 , (A.18a)
γabψ(A sψBγ

abψC) = 0 , (A.18b)
γabψ[A sψB]γ

abψC = 6ψC sψAψB , (A.18c)
γabψA sψBγabψC = 0 , (A.18d)

which are particular cases of

γabψA sψBγabψC = 0 , (A.19a)
γaψ

(A
sψB)γaψC = 0 , (A.19b)

γaψ(A sψBγ
aψC) = 0 , (A.19c)

γabψ(A sψBγ
abψC) = 0 . (A.19d)

B N = 2 super-Poincaré algebra and its dual formulation

Here we show the relation between the (dual) formulation of the superalgebra, expressed in
terms of Maurer-Cartan equations, and the standard formulation of the same superalgebra,
usually written down by means of graded commutators.
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The N = 2 Poincaré superalgebra underlying the rigid supersymmetric background is
given in terms of the following non-vanishing (anti-)commutators:

[Jab, pc] = −2ηc[apb] , (B.1a)

[Jab, Jcd] = −4δ[c
[aJ

d]
b] , (B.1b)

[Jab, QαA] = 1
2(γab)αβQβA , (B.1c)

[Jab, Qα̇A] = 1
2(γab)α̇β̇Qβ̇A , (B.1d)

{QαA, Qβ̇B} = −iδAB (Cγa)αβ̇ pa , (B.1e)

{QαA, QβB} = CαβϵABZ , , (B.1f)
{Qα̇A, Qβ̇B} = Cα̇β̇ϵABZ̄ , (B.1g)

[T x, T y] = ϵxyzT z , (B.1h)

where pa and Jab are the translation and the rotation generators respectively, QAα, QAα̇ are
the left- and right-handed chirality projections of the supersymmetry generators, satisfying

γ5

(
QA

QA

)
=
(
QA

−QA

)
. (B.2)

The superalgebra also includes the SU(2)×U(1) R-symmetry generators T xAB, T 0
AB, under

which the odd generators QA, QA of the super-Poincaré algebra are not-charged. A linear
combination of them, Z(T x, T 0), behaves as a complex central charge of the supersymmetry
algebra. With a small abuse of notation, we denoted:

(Cγa)αβ̇ ≡ ϵ
αβ(σa)ββ̇ . (B.3)

It is possible to express the superalgebra in a dual form, in terms of the Maurer-
Cartan 1-forms

σA ≡ (V a, ωab, A, Ã, ψAα, ψ
A
α ),

where V a and ωab are the bosonic vielbein 1-form and Lorentz spin-connection respectively,
A an Abelian gauge connection (the graviphoton, which in the rigid background is a pure
gauge), Ã its Hodge dual magnetic field, and ψA, ψ

A are the left- and right-handed chirality
projections of the gravitini 1-forms:

γ5

(
ψA
ψA

)
=
(
ψA
−ψA

)
. (B.4)

The set of 1-forms σA are defined as the Poincaré dual of the superalgebra generators

fA ≡ (pa, Jab, Z,QAα, QαA)

satisfying σA(fB) = δAB , that is to say

V a(pb) = δab , ωab(Jcd) = 2δabcd , A(Re(Z)) = 1 , Ã(Im(Z)) = 1 ,
ψαA(QβB) = δβαδ

B
A , ψα̇A(Qβ̇B) = δα̇

β̇
δAB ,

(B.5)
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and

dσA(fB, fC) = −1
2σ

A([fB, fC}) , (B.6a)

σA∧ σB (fC , fD) = 1
2
(
σA(fC)σB(fD)− σB(fC)σA(fD)

)
, (B.6b)

where [·, ·} indicates the graded commutator.
Using the above definitions, it is straightforward to derive the Maurer-Cartan equations

expressing the superalgebra (B.1) in its dual form. They are:

dωab + ωac ∧ ωcb = 0 , (B.7a)
dV a + ωabVb − i sψAγ

aψA = 0 , (B.7b)

dψA + 1
4γabω

abψA = 0 , (B.7c)

dψA + 1
4γabω

abψA = 0 , (B.7d)

dA− sψAψBϵ
AB − sψAψBϵAB = 0 , (B.7e)

dÃ− sψAψBϵ
AB + sψAψBϵAB = 0 . (B.7f)

Eqs. (B.7) are the equations defining our flat, rigid supersymmetric background.

C Comparison with N = 1 linear multiplets

In the N = 1 supersymmetry case, it is possible to introduce the so-called linear multiplets,
which are real multiplets realizing an off-shell representation of N = 1 supersymmetry. A
general superspace description of free linear multiplets in rigid, flat N = 1 superspace was
given in [48]. To clarify similarities and differences of the double-tensor multiplets with
respect to the case of N = 1 linear multiplets, let us compare explicitly the expressions for
the super-field strengths and Lagrangian in the two models.

C.1 N = 1 linear multiplets in rigid, flat superspace

The N = 1 linear multiplets are real multiplets, each composed by a real scalar XI , a real
2-form BI and a Majorana spinor λI (I = 1, . . . ,m):

ΦN=1 =
(
XI ,BI , λI

)
. (C.1)

These multiplets realize an off-shell representation of N = 1 supersymmetry. In [48], the
Lagrangian and supersymmetry transformation laws of a set of free linear multiplets in
a flat supersymmetric background was constructed, using a general set of coordinates zi
(i = 1, . . . ,m being anholonomic indices on the scalar sigma model) for the scalar sector, and
thus expressing it as a non-linear σ-model. Here, we choose to describe the scalar sector as a
linear σ-model, picking as coordinates the scalar sections themselves: zi → XI(z) = XI .
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The background field content of the model is the following (with the gravitino Ψ being
a Majorana spinor):

Rab ≡ dωab + ωac ∧ ωcb = 0 , (C.2a)

DV a ≡ dV a + ωabV
b = i

2
sΨγaΨ , (C.2b)

DΨ ≡ dΨ + 1
4γabω

abΨ = 0 . (C.2c)

The definitions of the super-field strengths read (in terms of 4-components Majorana spinors
not decomposed in their chiral projections)

EI ≡ dXI , (C.3a)
HI ≡ dBI − iXI

sΨγaΨV a , (C.3b)

DλI ≡ dλI + 1
4ω

abγabλ
I . (C.3c)

The corresponding Bianchi identities are

dEI = 0 , (C.4a)
dHI = −idXI

sΨγaΨV a , (C.4b)
D2λI = 0 . (C.4c)

Off-shell closure in superspace. One finds that the Bianchi identities (C.4) are satisfied
by the following rheonomic parametrization of the superfields in superspace:

EI = EIaV a + sΨλI , (C.5a)
HI = HIabcV aV bV c + sλIγabΨV aV b , (C.5b)

∇λI = ∇aλIV a +
(
i

2E
I
a + 3

2γ5hIa
)
γaΨ , (C.5c)

where

hIa = 1
6ϵabcdH

I|bcd . (C.6)

It is important to emphasize that, for this kind of supermultiplets, the Bianchi identities (C.4)
are identically satisfied by the superfield parametrizations (C.5), relying on the N = 1 Fierz
identities, without use of the field equations.

It is instructive to see explicitly how this works, in the complementary spacetime approach,
that is to show that in this case, differently from the N = 2 double-tensor multiplets, the
supersymmetry algebra closes off-shell on the fields.

Off-shell closure on spacetime. The supersymmetry transformation laws are

δϵX
I = sϵλI , (C.7a)

δϵBIµν = −sϵγµνλ
I , (C.7b)

δϵλ
I =

(
i

2∂µX
I + 3

2hIµ γ5

)
γµϵ . (C.7c)
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We then find, using the properties of the γ-matrices given in (A.15):

[δϵ, δσ]XI = i

2∂µX
I (sσγµϵ− sϵγµσ) + 3

2hIµ (✘✘✘✘
sσγµ γ5ϵ−✘✘✘✘

sϵγµ γ5σ)

= −i∂µXI
sϵγµσ , (C.8a)

[δϵ, δσ]BIµν = i

2∂ρX
I (−sσγµνγ

ρϵ+ sϵγµνγ
ρσ)− 3

2hIρ (−sσγµνγ5γ
ρϵ+ sϵγµνγ5γ

ρσ)

= −3i ∂[ρBIµν]sϵγ
ρσ − i∂[µX

I
sϵγν]σ

= −i∂ρBIµν sϵγρσ + ∂[µΞIν] , (C.8b)

[δϵ, δσ]λI = − i2 γ
µ (σsϵ− ϵsσ) ∂µλI + 1

4 γ5γ
µ (σsϵ− ϵsσ) ϵµνρσ γρσ∂νλI

= − i2 γ
µ
(1

2γρsϵγ
ρσ − 1

4γρσsϵγρσσ

)
∂µλ

I+

+ i

2 γ5γ
µ
(1

2γρsϵγ
ρσ − 1

4γρσsϵγρσσ

)
γµνγ5∂

νλI

= − i4sϵγρσ
[(
−✟✟✟✟
γρ/∂λ

I + 2∂ρλI
)

+
(
✟
✟✟✟

γρ/∂λ
I + 2∂ρλI

)]
+

+ i

8sϵγρσσ
[
✟

✟✟γνγρσ +✘✘✘✘✘γµγρσγ
µν
]
∂νλ

I

= −isϵγρσ∂ρλI , (C.8c)

where

ΞIµ ≡ −2iBIµνsϵγνσ − iXI
sϵγµσ . (C.9)

We remark that, for the cancellation of the terms in /∂λI (which would spoil the closure
off-shell) in (C.8c), it is crucial that the contributions in sϵγρσ from the first term (coming
from δXI), cancel against the second ones from the third term (coming from δhIµ), where
we used (C.6) (and the same for the terms in sϵγρσσ).

On the contrary, in the case of the Wess-Zumino multiplets, which can be obtained from
the linear multiplets by Hodge-dualizing the tensors, that is by replacing hIµ → ∂µY

I , Y I

being pseudoscalars, the contributions from δ∂µY
I have the same structure as the ones from

δ∂µX
I , so that the cancellation does not take place.

The N = 1 linear multiplets superspace Lagrangian. The rheonomic N = 1 linear
multiplets Lagrangian in superspace is

LN=1
superspace = a1δIJ ẼI|a

(
EJ − sΨλJ

)
V bV cV dϵabcd −

1
8a1δIJ ẼI|ℓẼJℓ V aV bV cV dϵabcd

+ a2h̃Ic
(
HI − δIJsλJγabΨV aV b

)
V c − 1

8a2h̃I|ℓh̃Jℓ δIJV aV bV cV dϵabcd

+ a3δIJsλIγa∇λJ V bV cV dϵabcd

+ b1δIJEIsλJγabγ5ΨV aV b + b2HI
sλIγ5Ψ

+ δIJ
(
c1sλIλJ sΨγabγ5Ψ + c2sλIγ5λ

J
sΨγabΨ

)
V aV b , (C.10)

with coefficients

a2 = −9a1 , a3 = −ia1 , b1 = 3ia1 , b2 = −3ia1 , c1 = c2 = 3
4 ia1 . (C.11)
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C.2 N = 2 in Dirac-spinor formalism

To clarify similarities and differences of the double-tensor multiplets with N = 1 linear
multiplets, we find it useful to reformulate the model in terms of Dirac spinors.

As far as the two (Majorana spinors) gravitini ΨA are concerned, they can be expressed
in terms of a single (Dirac spinor) gravitino ψ and of its complex conjugate ψ∗, defined
as (see also appendix A for details):

ψ ≡ Ψ1 + iΨ2 , ψ∗ ≡ Ψ1 − iΨ2 , (C.12)

their adjoint spinors being

sψ ≡ ψ†γ0 = sΨ1 − isΨ2 sψ∗ ≡ ψtγ0 = sΨ1 + isΨ2 . (C.13)

In terms of them, the background is given by

Rab ≡ dωab + ωac ∧ ωcb = 0 , (C.14a)

T a ≡ dV a + ωabV
b − i

2
sψγaψ = 0 , (C.14b)

F ≡ dA− sψψ = 0 , (C.14c)
F̃ ≡ dÃ− sψγ5ψ = 0 , (C.14d)

Dψ ≡ dψ+ 1
4γabω

abψ = 0 , (C.14e)

while the parametrizations of the hypermultiplet scalars, eqs. (3.17), read

EI ≡ U1I = U1I
a V

a +
(

sψ− sψ∗γ5
)
χI = U1I

a V
a + sχI (ψ− γ5ψ

∗) (C.15a)

= U1I
a V

a + sψ1ζI + sψ2ζsIδ
I sI ,

i dM I ≡ U2I = U2I
a V

a + i
(

sψ+ sψ∗γ5
)
χI = U2I

a V
a − isχI (ψ+ γ5ψ

∗) (C.15b)

= U2I
a V

a − sψ1ζsIδ
I sI + sψ2ζI ,

sE
sI ≡ U2sI = U2sI

a V
a +

(
sψ+ sψ∗γ5

)
χ

sI = U2sI
a V

a + sχ
sI (ψ+ γ5ψ

∗)

= U2sI
a V

a + sψ1ζIδ
I sI + sψ2ζ

sI , (C.15c)

i dĎM
sI ≡ U1sI = U1sI

a V
a − i

(
sψ− sψ∗γ5

)
χ

sI = U1sI
a V

a + isχ
sI (ψ− γ5ψ

∗)

= U1sI
a V

a + sψ1ζ
sI − sψ2ζIδ

I sI . (C.15d)

Here, the Dirac spinors χI , χsI and the adjoint spinors sχ
sI , sχI are related to the left-handed

and right-handed projections of the hypermultiplet spinors ζα, ζα in the following way:

χI ≡
(
ζI + iζ

sJδ
I sJ
)
, sχI ≡

(
ζ̄I − i ζ̄

sIδ
I sI
)
, (C.16a)

χ
sI =

(
ζIδ

I sI + iζ
sI
)
, sχ

sI ≡
(
ζ̄Jδ

J sI − iζ̄ sI
)
. (C.16b)

At this point, we find convenient to introduce the following Dirac spinor 1-form com-
binations (see also appendix A):

ψ± ≡
1
2 (ψ± γ5ψ

∗) ,
{
ψ+ = ψ1 + iψ2

ψ− = ψ1 + iψ2
,
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and their adjoint,

sψ± ≡
1
2
(

sψ± sψ∗γ5
)
,

{
sψ+ = sψ1 − i sψ2

sψ− = sψ1 − i sψ2
.

In terms of them, eqs. (C.15) take the simpler form:

EI ≡ U1I = U1I
a V

a + sψ−χ
I (C.17a)

dM I ≡ −iU2I = −iU2I
a V

a + sψ+χ
I , (C.17b)

sE
sI ≡ U2sI = U2sI

a V
a + sψ+χ

sI , (C.17c)

dĎM
sI ≡ −iU1sI = −iU1sI

a V
a − sψ−χ

sI . (C.17d)

Correspondingly, the definitions and superspace parametrizations of the superfields read

EI ≡ EIi dzi

= EIaV
a + sψ−χ

I , (C.18a)

HI ≡ dBI + 4 i sψ+γaγ5
(
LI(z)ψ+ +M Iψ−

)
V a

= HI
abcV

aV bV c − 2sψ+γ5γabχ
IV aV b , (C.18b)

DχI ≡ DaχIV a + i EIaγ
aψ+ + 3

2h
I
aγ

aψ− , (C.18c)

and

sE
sI ≡ sE

sI
i dz

i

= sE
sI
aV

a + sψ+χ
sI , (C.19a)

sH
sI ≡ d sB

sI + 4 i sψ−γaγ5
(

sL
sI(z)ψ− − ĎM

sIψ+
)
V a

= sH
sI
abcV

aV bV c − 2sψ−γ5γabχ
sIV aV b , (C.19b)

DχsI ≡ Daχ
sIV a + i sE

sI
aγ

aψ− + 3
2 h̄

sI
aγ

aψ+ . (C.19c)

The formulation of the N = 2 model in terms of one Dirac gravitino makes it evident
that the complex structure of the supersymmetric background, which is associated with the
U(1) ⊂ SU(2)R: ψ → ψ∗, is different from the one acting on the double-tensor multiplets,
which is instead: ψ± → ψ∓.

The double-tensor multiplets Lagrangian with Dirac spinors. In terms of the Dirac
spinor quantities above, the N = 2 superspace Lagrangian of the double-tensor multi-
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plets (3.24) boils down to

Lsuperspace = a1δI sJ

{[
ẼI|a

(
sE

sJ − sψ+χ
sJ
)

+ s̃E
sJ |a
(
EI − sψ−χ

I
)]
V bV cV dϵabcd

− 9
4
[˜̄h sJ
c

(
HI − isψ+γabγ5χ

IV aV b
)

+ h̃Jc

(
sH

sJ + isψ−γabγ5χ
sIV aV b

)]
V c

− 1
4

(
ẼI|ℓ s̃E

sJ
ℓ −

9
4 h̃

I|ℓ˜̄h sJ
ℓ

)
V aV bV cV dϵabcd

− i

2
(

sχIγaDχ sJ + sχ
sJγaDχI

)
V bV cV dϵabcd

− 3i
[
EI sψ+γabγ5χ

sJ + sE
sJ
sψ−γabγ5χ

I
]
V aV b

− 3
2 i

(
HI

sψ−χ
sJ + sH

sJ
sψ+χ

I
)

+ 3i sχ
sJγaχ

I
sψ−γbγ5ψ+V

aV b

− 3
2 i
(

sχIχ
sJ
sψ−γabγ5ψ+ + sχIγ5χ

sJ
sψ−γabψ+

)
V aV b

+ 3
(
LI sE

sJ − sL
sJEI

)
sψ−γaγ5ψ+V

a

− 3i
(
M IU1 sJ − ĎM

sJU2I
)

sψ−γaγ5ψ+V
a
}
. (C.20)

The relations found for the N = 2 double-tensor multiplets disclose an important difference
between the N = 1 case: in the double-tensor model, the consistency of the theory, namely
the closure of the Bianchi identities, requires the scalars M I , ĎM

sI , Hodge-dually related to
the 2-forms, to appear naked in the superspace extension of the tensor field strengths, as
we can see from (3.2b) and (3.31a). This is not the case for the N = 1, where the scalars
of the theory prior to dualization do not appear anymore after dualizing them into tensors.
In the N = 1 theory, both the off-shell matching of bosonic and fermionic d.o.f. and the
off-shell closure of the supersymmetry algebra are realized.
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