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ABSTRACT: We explore the properties of a set of free double-tensor multiplets in N' = 2
supersymmetry, focusing on their behavior within rigid superspace. These multiplets can be
obtained from hypermultiplets by Hodge-dualizing half of their scalars, and feature an off-shell
matching of bosonic and fermionic degrees of freedom. Despite this fact, the supersymmetry
algebra results to close only on-shell. Our analysis is conducted both in superspace, using the
geometric (rheonomic) approach, and in spacetime, comparing how our results are obtained
in the two approaches. Notably, the cohomology of superspace requires that the scalars
Hodge-dual to the antisymmetric tensors crucially contribute to the superspace description of
the tensors super-field strengths. This shows an inherent non-locality of the theory, already
in the free case, which however does not forbid a Lagrangian description.
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Introduction

Finding a general off-shell formulation of supersymmetric field theories is a major challenge of

theoretical physics. It would be a very desirable goal, in particular in the rigid supersymmetric

case, towards their description as quantum field theories. Still, this is a problematic issue. It

is possible in general for theories with 4 supercharges (A =1 in four spacetime dimensions):

several (on-shell equivalent) versions of off-shell representations of N' = 1 supersymmetry



were indeed constructed since the early years of the birth of supersymmetry [1-11]. However,
in the M -extended supersymmetric cases, an off-shell supersymmetric description in ordinary
superspace (./\/l4|4N, in the D = 4 case) can be formulated only for a very restricted class of
supermultiplets [12-21]. An interesting analysis for the rigid supersymmetric N' = 2 case of
supermultiplets admitting an off-shell extension can be found in [22].

N-extended supersymmetry constrains the dynamics of the fields more strongly with
respect to the N = 1 case, giving in general better renormalization properties to the
corresponding theories. Rigid N-extended supersymmetric theories are anyhow studied as
quantum field theories on spacetime by expressing their field content either in terms of
physical components or in terms of N' = 1 off-shell superfields [23], even though in this
way their non-renormalization properties are not fully manifest and the calculations quite
involved. This is in general possible because the actions of the supersymmetric theories are
off-shell invariant under supersymmetry transformations, even when the transformations
close the superalgebra only on-shell.

Studying N-extended theories in terms of N' = 1 off-shell representations allows to
partially recover their off-shell structure. However, an important difference between N' = 1
and N-extended supersymmetry resides in their different cohomological structure. This
is best caught in their superspace formulation: indeed, in the N -extended cases the Fierz
identities among the gravitini 1-forms (which span the cotangent space of the odd directions
of superspace, even in the rigid supersymmetric case) are a source of non-trivial cocycles,
thus endowing the extended theories with a much richer cohomological structure with respect
to the minimal case. This is responsible, for example, for the central extension of the
supersymmetry algebra, where the central charges are in fact associated with topological
charges [24]. Such richness is however lost in the A/ = 1 formulations of the A -extended
theories, which then describe, through their quantum Lagrangian, perturbative patches of
the quantum field theory [25, 26].

A general off-shell description of representations for extended supersymmetry, with fully
manifest supersymmetry, was shown to be possible at the cost of including an infinite number
of auxiliary fields. As discussed in detail in [27] for the N' = 2 and N/ = 3 cases in D = 4, this
was shown to be due to some “no-go” theorems [28-30], stating that an off-shell formulation
of matter multiplets with a finite number of component fields is not possible when the bosonic
physical fields belong to a non-real representation of the R-symmetry group. In particular,
this is the case for the hypermultiplets in the N' = 2, D = 4 theory, which are self-CPT
conjugate multiplets with maximum helicity 1/2 and scalars sitting in the (pseudo-real)
fundamental representation of the R-symmetry group SU(2).

In the presence of an infinite number of auxiliary fields, instead, the no-go theorems
can be evaded and an off-shell formulation found. Two main different approaches were
developed during the years, which are both formulated on some extensions of the notion
of superspace. They were named, respectively, harmonic superspace [27] and projective
superspace [31, 32] approaches, complementary to each other in many respects (see [33] for
details), yet mathematically related [34-36].

In this paper, trying to better understand the critical issues about this point towards
exploring alternative superspace approaches, we focus on a set of N’ = 2 multiplets, strictly



related to hypermultiplets: the so-called double-tensor multiplets [37-41]. These multiplets
have the intriguing peculiarity of exhibiting the matching of bosonic and fermionic degrees of
freedom (d.o.f.) both off- and on-shell. We consider the simplest case of free double-tensor
multiplets in rigid superspace, which makes transparent our investigation on their off-shell
behavior, exploring both the cases of flat and super anti-de Sitter (AdS) backgrounds.

The double-tensor multiplets are complex multiplets whose bosonic field content is given

I
po

conjugates Ll , Bgy (where the indices I,I = 1,...,n label the multiplets), while the fermionic

by complex scalars L’ and complex antisymmetric tensors B! | together with their complex

field content is composed by Dirac spinors x! (with complex conjugate XI_ # x!). These
multiplets can also be obtained by dualizing half of the scalars of a set of hypermultiplets,
in such a way that U(n) out of the SU(2) x Sp(2n) Hyper-Kéhler holonomy be preserved.
They belong to the more general family of tensor multiplets, investigated on-shell at the
supergravity level in [42-47] and obtained by dualizing an arbitrary number of hyperscalar
isometries, but they are special, in that they are the only ones in the family with off-shell
matching of degrees of freedom.

In A = 1 supersymmetry, analogous multiplets exist, the so-called linear multiplets (see,
e.g., [42, 48]). These are real multiplets featuring one real scalar and one real antisymmetric
tensor as bosonic field content, and with a Majorana spinor as superpartner. They can be
obtained by Hodge-dualizing the pseudoscalar in an N' = 1 Wess-Zumino muliplet into an anti-
symmetric tensor field (a 2-form). The A/ = 1 linear multiplets enjoy off- and on-shell matching
of d.o.f. and close the supersymmetry algebra identically, without the use of the field equations.

We will analyze the N/ = 2 double-tensor multiplets both in superspace, within the
geometric (a.k.a. rheonomic) approach [49] (see also [50-53] for recent comprehensive reviews
of this approach), and in the spacetime component approach, showing how the same results are
obtained in the two formalisms. The comparison between the theory developed in superspace
and the one restricted to spacetime is useful because it shows that some significant results
we obtain, which are better understood in the rheonomic approach — where they express
properties of the cohomology of the superspace — are also retrieved as physical conditions
in the spacetime component approach.

In our study, we find a couple of surprises: first of all, despite the off-shell matching
of bosonic and fermionic degrees of freedom, the double-tensor multiplets are not off-shell
multiplets, as the supersymmetry algebra leaving invariant the Lagrangian closes only when
the field equations of the spinors are satisfied, i.e. on-shell. This fact, which is an important
difference with respect to the A/ = 1 linear multiplet case, is directly observed in both the
superspace and the spacetime component approaches. Such result is not pretty new, as it was
already noticed in [41]. But we find another unexpected peculiarity, related to the definition of
the super-field strength of the 2-forms in superspace: the consistency of the theory, expressed
through the cohomology of the superfield description in superspace, crucially requires to
include into the spectrum of the theory also the scalars whose field strengths are Hodge-dual
to the ones of the tensors themselves, namely those scalars of the parent hypermultiplet model
that have been dualized to obtain the double-tensor multiplets from a set of hypermultiplets.

This last finding is unexpected and, to our knowledge, new. Indeed, a necessary condition
for the hypermultiplet-scalars to be Hodge-dualized into tensors is that they are axionic fields,



appearing in the Lagrangian only covered by derivatives [43-47]. As such, they are expected
to correspond to translational symmetries of the hyper-scalar sector. The same is also
implicitly assumed to hold, a fortiori, in the theory after dualization, that is for the double-
tensor multiplets. However, we find that those scalars contribute necessarily, not covered by
derivative, to the definitions of the tensor super-field strengths in superspace, and they also
appear in the superspace Lagrangian. Still, they do not spoil the possibility of a Lagrangian
description of the theory, since their superspace field equations are identically satisfied, with
no further constraints, upon use of the on-shell conditions on all the physical fields.

The need to include the free scalars Hodge-dual to the tensor fields suggests a possible
interpretation to the infinite number of auxiliary fields required for an off-shell description,
and which is a crucial ingredient of the harmonic superspace formulation of these multiplets:
they are possibly related to the harmonic expansion of the scalars that have been dualized to
obtain the double-tensor multiplets, on-shell non-locally related to their Hodge-dual tensors.

These peculiar features, related to an inherent non-locality of the theory, are caught in
the simplest way from the superspace description of the theory within the geometric approach,
due to the fact that the Fierz identities on polynomials of the gravitini 1-forms are sources
of non-trivial cocycles which enrich the cohomological structure of superspace with respect
to that of spacetime. This was noticed in the pioneering work [54], where this feature was
applied to construct D = 11 supergravity in terms of a so-called Free Differential Algebra, and
it was then further investigated more recently (see, for example, [53, 55-59]). The non-trivial
cocycles due to the odd sector of superspace are recovered also on the restriction to spacetime
of the given supergravity theory. However, in the limit to rigid supersymmetry, at least for
the case of flat, Minkowskian superspace, the spacetime projection of the gravitino 1-form
vanishes, ¥, 4 = 0, so that this cohomological richness is not manifest. Still, as we will show
explicitly, the non-trivial cocycles from the odd sector of superspace also affect the spacetime
projection. Their effects are captured by the emergence also in the restriction to spacetime,
for a consistent formulation of the theory, of the scalars dual to the antisymmetric tensors
of the multiplet together with the tensors themselves.

A known effect of the non-trivial cocycles in superspace is that they manifest themselves
as central (or quasi-central, in higher dimensions) charges providing, in the AN -extended
theories, a central extension of the supersymmetry algebra [24]. To explore the role of central
charges in this context, we then also analyse if it is possible to embed our set of double-tensor
multiplets in a curved (AdS) rigid supersymmetric background. Rigid supersymmetric models
in curved backgrounds [60-62] were not very much explored in the literature, in particular in
the case of extended theories (some relevant results in the extended supersymmetric case
are [63—65], and [66] for an application in D = 3 with 8 supercharges). Here we find that for
the N/ = 2 hypermultiplets it is doable, and we present its explicit superspace construction
once the deformations due to the cosmological constant are included. On the other hand, in
the case of the double-tensor multiplets, and in the absence of gauge matter multiplets, it
appears not to be possible to find a consistent description of them in an AdS background,
despite the fact that the construction is possible at the supergravity level [43—47, 67-71].

The paper is organized as follows: in section 2 we give the field content of the flat NV = 2
background and of the double-tensor multiplets, and we show how the latter can be obtained



from the hypermultiplets via dualization. In section 3 we explicitly construct and analyze
the double-tensor model in superspace, adopting the rheonomic approach. We provide the
supersymmetry transformation rules, the superspace Lagrangian and the field equations of
the theory, showing that: (i) The supersymmetry transformations leaving the superspace
Lagrangian invariant only close on-shell; (ii) It is necessary to include the (free) scalars whose
field strengths are Hodge-dual to the ones of the tensors themselves (and complex conjugates)
for the consistency of the theory. In section 4 we give the spacetime component description
of the model, showing how these results are recovered in this framework. Subsequently, in
section 5 we discuss the case of a curved (super AdS) background with negative cosmological
constant, presenting the deformation induced by the background for the hypermultiplets
and proving that such deformation is not compatible with the free double-tensor multiplets.
Section 6 is devoted to our conclusions and possible future developments. In appendix A we
collect our notation and conventions, together with useful formulas on the Clifford algebra
and Fierz identities. In appendix B we give the N/ = 2 super-Poincaré Lie algebra in its
standard formulation and in its dual Maurer-Cartan description in terms of 1-forms. In
appendix C we make some comparison with the A/ = 1 linear multiplets, which close off-shell.

2 Field content

In this section we are going to present the field content of the A/ = 2 double-tensor multiplets
in four-dimensional spacetime, which are the main object of this paper. We will work in
rigid N' = 2 superspace, with R-symmetry SU(2) x U(1), and we will then project the
results on spacetime.

2.1 The flat N = 2 background
The N = 2 background superspace is spanned by the supervielbein 1-form
(Va9 Wy), (2.1)

where the 1-form V¢, with a = 0,1, 2, 3, spans the even directions of superspace, and W4,
with A = 1,2, are instead a couple of Majorana spinor 1-forms spanning the odd directions.
We will find it convenient to define their Weyl projections with respect to left /right projectors
Py = LI+ ) as

YA =P Uy, YA=P_Uy, (2.2)

such that 514 = ¥4, 1504 = —1pA. A complete set of definitions is given in appendix A.

The N = 2 background also includes a graviphoton 1-form which, however, does not
play any role here, since in the flat background the matter multiplets are not charged under
it. Its role is instead relevant in the case of a curved supersymmetric background, as we
are going to see in section 5.

2.2 The double-tensor multiplets

The double-tensor multiplets are given by n complex multiplets, labeled by indices I, =
1,...,n:

o' = (L, B' '), o' = (L1, B.XT), (2.3)



where L! are n holomorphic scalars, B! = B{ujd:c“ A dx¥ are n holomorphic 2-forms, while
x! are n Dirac spinors, defined by

' =T +ic™ (2.4)

Here,
Ca = 715G and ¢* = —v5¢%, (2.5)

where o« = (I, 1), appear in the left and right projections of the Dirac spinors:
Px'=¢!, Py =il (2.6)

~ The complex conjugate multiplet cT)i is given in terms of the bosonic fields Ll = (L1,
B! = (B")*, which are n anti-holomorphic scalars and 2-forms, respectively, and by the

spinors y!:!

X =o't ict (2.7)

The adjoint spinors are:
X' =0 =g —idt (2.8)
X' =0 = ¢ =g (2.8b)

where (x = +Cxy5 and (* = —(%y5 give the chiral projections of the adjoint spinors, so that:

XI]P)-‘F = 51:6[[7 XI[P— = _7:5[ ’ (298‘)
X'Py = —iCrs' x'po=¢t. (2.9b)

Note that the positions of the indices are immaterial in the bosonic sector, so that indices
of a given holomorphy (I, or I) can be freely raised and lowered with the Kronecker delta
dr., or 077, while for the chiral projections of the spinors they are stuck, being associated

with the chirality properties of the given component.

Counting the degrees of freedom. The total number of bosonic degrees of freedom in
each double-tensor multiplet is given as follows: the tensor field Bﬁy has 3 off-shell complex
d.o.f., that on-shell reduce to 1 complex d.o.f.; the scalar L’ has 1 complex d.o.f. both
off- and on-shell. The total number of bosonic d.o.f is then given by 8 real d.o.f. off-shell
and 4 real d.o.f. on-shell.

On the other hand, the fermionic field content of each multiplet being given by Dirac
spinors, the total number of fermionic off-shell d.o.f. amounts to 4 complex, namely 8 real,
d.o.f. that are halved on-shell, so that we have on-shell 4 real degrees of freedom.

The double-tensor multiplets thus enjoy exact matching of bosonic and fermionic d.o.f.,
both off-shell and on-shell. In the N’ = 1 case, multiplets with similar features exist, the
so-called linear multiplets [42, 48], each featuring a real scalar and a real antisymmetric tensor
(3+1 off-shell real boson d.o.f.), together with one Majorana spinor (4 off-shell real fermionic

In general, we denote with a “bar” on spinors the adjoint spinors, as defined in appendix A. For this
reason, we omit the bar on the Dirac spinors x’ belonging to the conjugate multiplets ¢’.



d.o.f.). The linear multiplets enjoy matching of d.o.f. both off- and on-shell, and they do
close the supersymmetry algebra without use of the field equations. As we are going to show
in section 3, for the A/ = 2 double-tensor multiplets, instead, despite their “power-counting”
matching, closure of the supersymmetry algebra requires use of the spinor field equations,
and is therefore satisfied only on-shell. This fact was already observed in [41].

The difference between the N' =1 and the N/ = 2 case resides in the different cohomo-
logical structure of the two superspaces, expressed through their different Fierz identities.
A detailed comparison of off-shell behavior of the double-tensor multiplets with the N/ =1

linear multiplets is given in appendix C.

2.3 Dualizing hypermultiplets

Double-tensor multiplets can be obtained by Hodge-dualizing half of the scalars in a set of
n hypermultiplets, in such a way to preserve one of the three complex structures of their
Hyper-Kéhler structure, and thus breaking the manifest SU(2) R-symmetry:

SU(2) — U(1). (2.10)

The hypermultiplets are D = 4, N' = 2 self-CPT conjugate multiplets, given in terms of
the fields

(¢", Cas €%, (2.11)

where v = 1,...,4n and o« = 1,...,2n is an Sp(2n,R) index. A set of n hypermultiplets
is therefore composed by 4n real scalars, g%, which can be thought of as coordinates of an
Hyper-Kéhler o-model, and by 2n Majorana spinors, which can be decomposed in their
chiral left-handed and right-handed projections defined by eq. (2.5).2 The metric h,, on the
Hyper-Kéhler o-model can be conveniently expressed as hy, = UAUBPe, BCqp, in terms
of a complex scalar vielbein U4%(q) = U*dg", with holonomy in SU(2) x Sp(2n,R), and
enjoying the reality condition

Uno = (U™) = eapCapld®. (2.12)

Here, A =1,2is an SU(2) R-symmetry index, eap = —€pa, and Cqp = —Cpq is the invariant
metric of Sp(2n,R).

We want to analyze the conditions for the dualization of half of the scalars in the
hypermultiplets, in such a way to preserve a complex structure in the residual scalar sector.
This requires, as a preliminary condition, the Hyper-Kéhler manifold spanned by the scalars
q" to admit at least 2n translational isometries.

To find the correct assignment in order to get complex multiplets as the resulting

multiplets, it is useful to explicitly decompose the symplectic indices as « = (I, 1), I = 1,...n,

O §,+ 01
Con — i1 - 2.13
y (_H@>, . (_10), (2.13)

2Let us stress that o« is not a spinorial index, which is left implicit here, but is instead an index related

I =1,...n, and write

to the internal symmetry Sp(2n), which enumerates the fields in the hypermultiplets. In our notation, the
position of the internal symmetry index on the spinor (lower or upper) is also associated with its chirality, as
explained in appendix A.



so that the reality condition (2.12) can be rewritten as
= (UM) =UTsr, U = (UPT) = -u'Ts,r. (2.14)

We consider the case where the metric on the scalar o-model is flat, that is 21 = §A* 3
With this choice, corresponding to choose as scalar coordinates the complex fields (Lf, M)

and their complex conjugates (Ef M r ) such that

A {qu 1, PAl=iM!, qlf _ i]\?f, qu _ Ef} : (2.15)
we have

Ut =dr! = (Uy,p)*, UM =idM! = —(Up)*. (2.16)

To obtain the double-tensor multiplets, the scalar vielbein U?!, together ‘with its complex
conjugate, —U' are Hodge-dualized into 3-form field strengths H I H' of the complex
2-forms B! = B{“,dx“ Adx?, BT = Bﬁyd:):“ A dz?:

*UH = gH], * UM = —%FIT, (2.17)
that is
geuupa U 9,q" = HImve = gle plivel (2.18a)
3 v ’
2 ewea My o fllve _ gl pllvel (2.18b)
3 v ' '

We remark that the dualization (2.18) breaks the manifest SU(2) x Sp(2n) covariance of
the N' = 2 model considered.

The remaining scalar sector is spanned by the complex vielbein Ef = Y = dL! and
by its complex conjugate ET =y = g1,

To identify which components of the hyperini belong to the multiplet ¢! and which
ones to its complex conjugate (T)f , we can consider the supersymmetry transformation laws
of the scalars L' ,Ef in the hypermultiplets prior to dualizations (for example, see [70]).
From the general relation

U5 = ¢ 4 ABC*Peap(s, (2.19)

where 4 = Pyey4, e = P_e4 are respectively the left and right projections of the super-
symmetry parameter, we find:

6.L" = 6.q" = ¢ + 2p¢o"!

= (& —im) X, (2.20a)
0L = 6.q” = a1¢o" + 22
= (51 - z'5_2> YL, (2.20b)

where y!, x! are the Dirac spinors introduced in (2.4), (2.7).

3This is always possible, in general, in the rigid supersymmetric case, with a proper choice of coordinates
on the o-model.



3 Construction of the double-tensor multiplets in superspace

In this section we will present our results in the rheonomic approach in superspace, where
they have been first derived and where they are fully manifest.

3.1 Rheonomic approach in superspace

We follow the general prescriptions of the rheonomic approach [49] (see also the recent
reviews [50, 53]), where the supersymmetry transformation laws of the fields in the multiplet
are obtained as diffeomorphisms along the odd directions of superspace.

The procedure goes as follows: one first defines the super-field strengths in superspace of
all the fields involved (both dynamical and background fields) in terms of differential forms
and their exterior differential operator d, satisfying d> = 0, based on symmetry arguments
only — for the supergravity background, the super-field strengths are vanishing and defined
by the Maurer-Cartan equations of the N’ = 2 super-Poincaré algebra in its dual form; for
the dynamical fields of the double-tensor multiplets, they are instead non-vanishing, and
determined by Lorentz-covariant expressions in superspace required to admit, as a possible
configuration, the vacuum configuration where all the field strengths are zero. The N = 2
supersymmetry algera and its dual description in terms of Maurer-Cartan forms is given
in appendix B.

By acting with the exterior differential on the super-field strengths, we obtain the Bianchi
identities that the fields have to satisfy. One then requires the field strengths to be differential
forms in superspace, by giving them a general parametrization on a basis of the cotangent
space to superspace, spanned by the supervielbein (V® W4). The actual expressions of
the various components in the parametrizations are then determined by requiring that the
parametrizations of the super-field strengths do satisfy the Bianchi identites in superspace.

The flat A = 2 superspace background is given in terms of the vanishing Lorentz curvature
R®_ supertorsion T and gravitini field strengths p4, p. The background also includes the
(vanishing) graviphoton super-field strength, F°. They satisfy the Maurer-Cartan equations
of the super-Poincaré algebra:*

RY® = dw®™ + Wi Aw® =0, (3.1a)
T =DV —ipgy 4 =0, (3.1b)
1 - 1 -
F=dA—-— AB _ —_AyPBeap =0, 3.1
\@wwge \/5‘” Yean (3.1c)
pa=Dihy =0, (3.1d)
pA =Dy =0. (3.1e)

The super-field strengths of the double-tensor multiplets, in the absence of other matter
multiplets, are defined as Lorentz-covariant expressions admitting the vacuum configuration

“Here, D denotes the Lorentz-covariant derivative, acting on Lorentz vectors K¢ as DK® = dK* +w*, AK?,

and on spinors A as DX\ = d\ + %’Yab w*® A'X. On the flat background, where w®®

is a pure gauge, they are
gauge-equivalent to the ordinary exterior differentials. To lighten the notation, we will generally omit writing

the wedge product “A” between differential forms.



in superspace, and they are

El =aL’, (3.2a)

H' = dB' + [8L117a0? — 4i M ($17a0" = davats?) |V, (3.2b)
1

Dy =dy! + Z%bw“bxl, (3.2¢)

together with the ones of their complex conjugates,

Bl =aL’, (3.3a)

A = dB" — [8LT§ yaths + 40 M (Y17at" — vovats?) |V, (3.3b)
— — 1 —

Dy =dy! + ivabw“bxl. (3.3¢)

We note that the definitions (3.2b) and (3.3b) include new objects that we name M.
The corresponding 2-gravitini monomials also appear in the (on-shell) formulations of hy-
permultiplets, at the supergravity level, where an arbitrary number of scalars are dualized
into 2-form fields [43-47, 70, 71]. In these papers, such terms multiply the components of the
SU(2)-composite connection on the scalar o-model, and are assumed to be functions only of
the scalars remaining after dualization (in our notations, the L), but not of the scalars that
have been dualized. As we are going to see, this last statement has to be reconsidered, though.

The super-field strengths defined above should satisfy the following Bianchi identities
in superspace:

dET =0, (3.4a)
dH" = [SLPryay? — 4idM! ($17a0" = Poyar?)| V7, (3.4b)
D¢ =0
D2\ =0, thatis ¢ , (3.4c)
D¥; =0
and
dET =0, (3.5a)
dH" = — [8dL § yatir + i dM (Prrad)’ — Taats?) | V2, (3.5b)
_ D2 =0
D>’ =0, thatis C{ . (3.5¢)
DX =0

Consistency of the theory in superspace relies on Fierz identities in the odd directions of
superspace® and requires that the Bianchi identities (3.4), (3.5) have to be satisfied when
the super-field strengths are expressed as exterior forms, on a basis of superspace spanned
by the (flat) supervielbein (V¢ W 4).

5The relevant Fierz identities are given in appendix A.3.
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We find that this requires the supercurvatures to enjoy the following parametrizations
on a basis of 1- and 2-forms in superspace:

E' = BjVe 49" 4 dogpo', (3.6a)
H' = Hyp VOV = 2 (§1ymCs6" + 0Pl VIV, (3.6b)
DG = DurV + by (iBI"0° = 5 il (3.60)
D¢ = D¢V 4 Bl + 5 il s, (3.64)
and
ET = EIVe + n (16T + 42¢7 (3.72)
a7 = AL Vovive 4+ 2i (@El’)’abéj + &27ab<J5JT> veve, (3.7b)
DI = DTV 4 Bl — 5 iy, (3.7¢)
D¢ = DaliV + 6,7 (ingy“wl + ;’ihgy%ﬁ) : (3.7d)

In order for the parametrizations (3.6) of the supercurvatures to satisfy the Bianchi identi-
ties (3.4), the tensors appearing in the parametrizations of the spinors should be identified
as follows in terms of the physical fields:

B} =0,L", (3.8)
El = 0,1, (3.9)
and
hl = éeabcdHﬂde = %eabcdabBHCda (3.10)
hl = ééabcdﬁﬂm = %Eabcdabéj|6d~ (3.11)

From the study of the d?-closure of the Bianchi identities, we also find the following relations:

dEj =0, (3.12a)
P _ _ _
VEL =91 0.¢" + 1204(70™ (3.12b)
a[dI—IIabc] =0, (3120)
Y _ _ _
v‘Plébc = _2i¢27[abac} <] - 2i¢1’}/[abac]<j6[] ) (312(31)

1 _ _
where we have denoted with V = ¢4V 4 + ¢4V the spinorial derivative, that is the
components of the differential along the odd directions of superspace.
Moreover, we find that the Bianchi identities are satisfied only if we require:

gt =0, d;=0, (3.13)
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that is when the (free) spinor-field equations are satisfied. As a consequence, the double-tensor
multiplets are well-defined representations of supersymmetry in superspace only on-shell,
namely they close the supersymmetry algebra only on-shell.

This is not enough, however. Indeed, we find that the scalar quantities M?!, M I are not
functions of the scalars L, LT of the supermultiplets, but should be new scalars satisfying:

M = 9, MV 1 (1514;5” — 2t ) , (3.14a)
aMT = 9, MV — (@15 — ocrolT ) : (3.14b)

As we are going to see in the next paragraph, the above expressions are nothing but the
superspace parametrizations of the scalars that have been Hodge-dualized into the tensors
B{W, Bﬁw to get the double-tensor multiplets from a set of hypermultiplets (see egs. (3.17)).
Comparison with hypermultiplets in A/ = 2 superspace. On-shell, the hyperscalars in
N = 2 superspace can be parametrized on the basis of supervielbein 1-forms (V% 4, sz) as

U™ = YAV 4 A + ABC* P yp(p . (3.15)
Decomposing the SU(2) and symplectic indices we get

U = UMV T+ et = WP 81T (3.16a)
U — uglva + QZQCI _ 1/71Cj51f _ —(lelf)* s (3.16b)

The above expressions are useful because they show which combinations of the hyperini are
the supersymmetric partners of a given component of the scalar vielbein.

As we have discussed above, the double-tensor multiplets considered here exhibit, as
bosonic field strengths, a scalar sector spanned by the complex vielbein E! = U and a
tensorial sector obtained after dualizing the scalar vielbein U2/ into the complex 3-form
field strengths H! of the 2-forms B', in the parent hypermultiplets model. The complex
conjugate multiplet features, instead, as bosonic field strengths, the scalar vielbein ET
and the 3-forms HT , related by Hodge-duality to the scalar vielbein U 1, Altogether, the
superspace parametrizations of the hypermultiplet scalar vielbein, with split indices SU(2) x
Sp(2n) — U(n), read:

Bl =y — uilva T+t %CI_(;U”
idM! = y2 — uglva . (@1@_511’ . 1;241) 7
Bl = U = y2Ive + 1o + 93¢ (3.17¢
idM" = U = UMV 4 T — ¢t (3.17d
In particular, we remark that the superspace parametrizations (3.17b), (3.17d) identify

the quantities M1, M, appearing in (3.2b) and (3.3b) and required for consistency to sat-
isfy (3.14), with the scalars of the parent hypermultiplets that have been dualized into tensors.
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3.2 Supersymmetry transformation laws in superspace

In the geometric approach to supersymmetric theories in superspace, it is straightforward to
derive the supersymmetry transformation laws of the fields, since they amount to diffeomor-
phisms in the odd directions of superspace which, in the case of rigid supersymmetry, reduce
to super-translations (that is rigid translations of the odd coordinates 82 — 64 + €2 along the
odd directions Hf, with constant Grassmann parameter €2, generated by the supercharges
Q%) As such, they can be accounted for through the corresponding Lie derivative of the
superfields. If we generically denote by ®(z,0) a given superfield, then its supersymmetry
transformation law in superspace is

0P = LD = die(P) + 1e(dD) . (3.18)
Here ¢ denotes contraction along the tangent-space vector (see appendix B)
€= €aaQ + 0%,
such that
(W) =€, ic(pa) =ea. (3.19)
Using (3.2)—(3.3) and (3.6)—(3.7), we find

5 LT = 1 (ET) = ¢! + &¢z0'T (3.20a)
0B = 1e(dB") = 1 { = [8L1Pr17ae? — i (dryav! = doyav®)| VO + HT}
= - [SLI (51%1/12 + 627(11/}1) - 4iMI (Elf)/awl + El%ﬂ/’l - E2’Ya¢2 - €2’Yaw2)} Ve

=21 (@rw 0" + Sl ) VIV?, (3.200)
5y = uddy) = by (1B = S inlet) (3.20¢)
6CT = 1(d¢!) = iEIy% + %ih£7a62, (3.20d)

and
5. LT = 1 (ET) = e ¢p6' + &¢T (3.21a)

(5€Bf = Le(déf) = Le { [SEEELM@/Q + 4’iMf (&1%&#1 - &27a¢2>} Vet E’j}
=[S (@yathe + @rat!) + 1M (€1700" + @ vaths — @70t — Evatin) |V

+2i (€ + Evalrd! ) VIV, (3.21D)
56(]_ = Le(dCI_) = ingy“Q - gif_zgy“el , (3.21c)
0eCr = te(dCr) = 047 (iECI:’yael + 2ih£vae2) . (3.21d)
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3.3 The superspace Lagrangian

The supersymmetry invariant 4-form Lagrangian in superspace, constructed geometrically

with the rheonomic approach [49], reads

Esuperspace =ai 5[j [E'Ha (Ej - @Zl <J6Jj - &207) + Ej\a (EI - ﬁ‘;lcl - @ZQCféIT)] VbVCVdeabcd

where

so that

£superspace =a1

+ashls,; [HI+2Z' @17aij5lj+1Z2%bCI) Vavb] Ve
+ashlé;; [P_Ii— 2i (zﬁlfyaij-i-lEﬂabCﬂﬁ) Vavb} Ve
- % (@107 B E] +ash!h] 5, 5) VOVIVV deqpey
+ 22 (G D + "D+ ¢y DG+ DG ) VIV e
+b B (5]%1;#}1 - 5Ij§j7abw2> VeVt b B (G%‘”’Z)Z B 5Jf§J%bwl) vev?
+ibg H! (1;1&511’— @2@1) +iby HT (TZKT— &241511’)
+e1 (Cra¢’ = Cad”) (e = o) VAV
+ez (Crérbrvanz = C'¢T P ) VOV
+es (L'ET = LTET) 6,7 (¥17aw — hoyat)®) VO
(

tes (MU = MUY 577 (P17a0" = dorat®) V, (3.22)
a —ga a —2ia b b 3ia bs = b ——3za
2 44 3 1, 1 1 1, 03 3 a1, (3.23)
Cl = Cy = 31(11 N 51 = 52 = —Sial 5 4 = 3(11 y Cy = —3ZCL1 s

5,7 [EI\ (Ej—%CJ(SJj—?Zij) _|_§j|a (EI—IFCI—%CI*(SH)} vacvdfabcd

—

l\D\N ..Mr—n..l;\co.-l;\co
>
O M~

Orr [HIJFQZ' (@1%ij51‘7+1§27@§1) V“Vb} Ve

517 [H' =21 (0" yas¢ +2vaC 0" ) VOV V0

Pl
Q~

5,7 (0, 7ENE] - 9}#'%’) VAV YV %qpeq
(Cmabchrgﬂapgucf D¢ +Cy “DCJ) VIV epea

{ (g%b;@l 5,7¢7 yabuﬂ) —E! (5 77¢7 vabwl—gfvabibz)} veve
45 B (') 4 5 B (07 8,7)

+3i (EIVaCI—C_ﬂaCf) (1;1%1#1 —1/72%1/12) veyt

31 (Cr¢rtryanta =10 ) VOV

+38;7 (L'BT = LTE") (417a0" — $27a0?) V

=308y (MU = MUY (Y1709 —2vats?) va} . (3.24)

+
8°
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We are now going to discuss the Fuler-Lagrange equations in superspace, derived from the
above Lagrangian.

Field equations. The spacetime field equations are given by the internal components (that
is those along products of the vierbein V' only) of the field equations in superspace, while
the other components have to vanish identically. This is a necessary condition for the theory
in superspace to be equivalent to the one on spacetime, and they do indeed vanish identically,
upon using the parametrizations (3.6)—(3.7).

The field equations of the auxiliary fields ECIL, lNLCIL and of their complex conjugates iden-
tify them on-shell with the supercovariant field strengths appearing in the parametriza-
tions (3.6)—(3.7):

;E?] =0: E!'=E! ;fj —0: El=EI (3.25a)
a ECL

5L - 1 5L =: -7 1 _ -

57 =0 Al = nl = geadeHI jbed =7 = 0: hl=hnl= geabcdHI lbed —(3.25D)

a

Then, using (3.25), the field equations for the other bosonic fields read

% =0: 0“0, L' =0, ;L_EI =0: 0°0,L' = 0; (3.26a)

% =0: 90, Bl =0, ;g[ =0: 90, Bly = 0. (3.26b)
Finally, the field equations of the spinors are

dr=0, 9§ =0, d'=0. dg=o. (3.27)

Egs. (3.26) and (3.27) are the field equations of the set of free double-tensor multiplets.
All the other contributions to the variations in superspace, but also the variations of the
superspace Lagrangian with respect to the scalars M, M I that have been dualized into the
9-forms B!, B!, vanish identically thanks to (3.6)—(3.7).

Anyhow, these scalars satisfy the harmonic equations:

0,0°M! =0, 9,0°M! =0. (3.28)

This is due to the fact that, as pointed out below, in egs. (3.31), they are on-shell related
to the tensors Béb by

1 —7 1 _7
aaMI = _ZieabcdabBICd ) 8aMI = ZieabcdabBICd ’ (329)
so that the conditions (3.28) hold identically:
1
D0, M! = —Zieabcdaaabecd =0, (3.30)

and the same for the complex conjugates.
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3.4 Remarks emerging from the superspace analysis

From the closure of the Bianchi identities in superspace, we find, in particular,

2 1
hl = 3 i, M' = éeabcdHI lbed (3.31a)
_ 2. —7 1

hl = -3 i0,M! = éeabcdHI [bed (3.31b)

a

together with the following superspace parametrization for the quantities dM?! appearing
in the superspace definition of the 3-form field strengths:

dM! = —iy? = —gz‘hgva T (&1{76‘” - &%J) : (3.32a)
AMT = iy = giﬁgva — (&16 - @gaﬁ) . (3.32b)
Furthermore, we get
%hﬁ = —% ($10a¢r0" = 20uC") (3.332)
Vil = 2 (80,7 — Baurd"") (3.33)

The above relations identify the M!’s (and M I ’s) with the scalar isometries that have
been dualized into tensor fields. Surprisingly, they need necessarily to be included in the
definition of the super-field strengths, for the consistency of the theory. Moreover, from
the fact that on-shell

1

1
h, H'P7 = e 0B, (3.34)

w = EEMVPU
we get the harmonic conditions (3.28), which are the free equations of motion for the set of
scalars M1, M I Therefore, despite the surprising fact that the consistency of the off-shell
(self-interacting) theory requires the introduction of extra unphysical d.o.f. — associated
with the scalars that have been dualized — the latter satisfy on-shell the field equations
of free scalar fields. This follows from the algebraic duality relation (3.34) and, as such, it
holds true also in more complicated models, where the double-tensor multiplets are coupled
to other supersymmetric multiplets. As a consequence, the scalars M’ are fully decoupled,
on-shell, from the physical sector.®

Let us now observe that, given the relations (3.31) and (3.32), we have in fact two
different expressions for the spinorial derivative of hl, E{;: one is given by (3.33), the other is
obtained by evaluating the spinorial derivative of H!l%¢ and H d labe  which read

() _ =
VH({bc =2 (71117[(11;30] Cféll + wQV[abac} CI> > (3353)

Y _ - _ . _
VH Y, = 2i (@DIV[abac]CI + 1!}27[ab3c]§15n) : (3.35b)

5This is reminiscent of what happens in chiral (4n + 2)-dimensional supersymmetric models, where the
on-shell matching of degrees of freedom requires the (2n 4 1)-form field strengths of tensor multiplets to be
self-dual. An action principle, implementing the self-duality constraint dynamically, was found by A. Sen [72],
at the cost of introducing off-shell new, unphysical d.o.f. (in that case, extra 2n-indices antisymmetric tensor
fields), satisfying on-shell harmonic equations, and then fully decoupled from the physical spectrum. We will
further elaborate on this in the Conclusions.
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Using (3.35) in (3.31), instead we get

¢ 1 1 7 _ -
Vhg = geabchHHde = — 3 Cabed (ﬁlwbcadCﬂ;H + @0271’63%1)

2 ,_ = _
= 5 (91700016 —077000%¢") | (3.36a)

Vhy = éﬁabcd%H”de = éeabcd (inc@de + &ﬂbcadCﬁH)
= —g (—1;1’Yad3de+ 1;2’Yad5dCl5H> : (3.36b)
Requiring equivalence of (3.33) with (3.36) implies
18670 — 020" = — ($170a0"¢r8" —0"70ad'¢") (3.37a)
100! — 928,181 = —1000%¢T + Poyaad?Crd! (3.37b)
which are satisfied if
dor=0, =0, ¥'=0, P;=0.

The latter are the field equations for the spinors, eqs. (3.27), and this shows, already at
the level of the Bianchi identities of the bosonic fields in superspace, that the double-tensor
multiplet is an on-shell multiplet. The same result is retrieved by inspecting the Bianchi
identities of the spinors themselves in superspace. Here, the on-shell condition is found in
the 2¢-sector of the superspace Bianchi identities.

4 Spacetime description of the model

We shall now derive the supersymmetry transformation laws and the supersymmetry invariant
Lagrangian of the double-tensor multiplets in the spacetime component approach. We will
see that the relevant results obtained above in superspace are also retrieved as physical

conditions when we restrict ourselves to spacetime.

4.1 Supersymmetry transformation laws on spacetime

In rigid, flat superspace the supervielbein reads

Ve = Vedat + %émadef‘ + %éfwade " (4.1a)
Ya=dbya, (4.1b)
YA = do?, (4.1c)

where V' is the spacetime vierbein, and fy4, 64 are the left- and right-chirality projections
of the Grassmann-odd coordinates of superspace. It is then straightforward to derive the
supersymmetry transformation laws in spacetime, by projecting on spacetime egs. (3.20)—
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(3.21). They read

5 LT = ¢! 4 ot (4.2a)
6B}, = =2 (@17 (0" + @) | (4.2)
0eCr =1 0 LIy"e%8 7 — gih{ﬂuﬁl‘sn’: (4.2¢)
6.CT =0, Ly e + gih{ﬂﬂ@ , (4.2d)

their complex conjugates being

5. LT =& (6 + T, (4.3a)
6B, = 2i (F ¢! + @0’ | (4.3b)
5ECT = i@ufj'y“eg — giﬁf}y“q , (4.3¢)
5:Cr =10, LIy e 5,7 + giﬁf}wé(sn—. (4.3d)

This result coincides with the direct computation obtained by acting with supersymmetry
transformations, generated by the supercharges Q 4, @%, on the spacetime restriction of the
fields, generically denoted by ®(z):

6e(r) = | (24 +€4QL) ()] (4.4)

Supersymmetry invariance. Let us inspect here the closure of the supersymmetry algebra
on the double-tensor multiplets restricted to spacetime. This amounts to check under which
conditions the commutator of two supersymmetry transformations, with spinor-parameters
€, o respectively, does reproduce the supersymmetry algebra (B.1), with p, = 0,, and vanishing
central charges (since we are considering massless representations):

[0, 8] = [e4aQ, 0 Q] + [ed @4, 0@
= —caa {Q*, Q5 } o — €1 {03, Q7 } opg
= —i (earto + #9"04) py
— (@wﬂef‘ Iy N A) 3,

Applying the commutator of two supersymmetry transformations, eq. (4.5), to the holomorphic
scalars L1, we get

[0, 0] L' = i (Gay" e + 5% ea) BuL (4.6)

consistently with (4.5).
On the other hand, the action of (4.5) on the antisymmetric tensors B[w gives

[0c, 0c] BIIW =3 (EA'ypeA + c_fAypeA) a[pBZw}

b0, [ (i + o0a)] - S (et - ) s
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which is not in the form (4.5) required for closure, in particular because of the term in
hfb, which appears in the supersymmetry transformation laws (4.2¢), (4.2d) and is related
to the tensors field strengths by h,ﬂ X €upe0”BP?. However, if we use instead for hﬁ the
expression (3.31), that is hﬁ = %i@MMI, eq. (4.7) can be rewritten in the form (4.5) up
to a gauge transformation

By = By, + 01X}, (4.8)
that is
(0,65 BL, = i (2a77e" + 0"%ea) 9,BL, + 0 X1y (4.9)
since in this case we can define:

Xl{ =2 (5,47”6‘4 + 5A’ype,4) B,{p
i (4.10)
+4 [LI (51’71,62 + 527,,61” -3 M! (E’A’)/VEA — 6’47,,6,4) .

As far as the spinors of the multiplet are concerned, applying explicitly the commutator
of two supersymmetry transformations to the spinors ¢!, and using

Gohy, = —% €uvpA (517”p3ACf5H + 527”’3ACI) , (4.11)

we obtain
[0c, 05 ] =i (EA’y“eA + EA’y“eA) 8M(I
_ % (5’17“61 + alyte — aoyte? — 5‘2’7M62> %ﬁ{[ (4.12a)
+i (Fres — oer) P 67T
[0, 061 G = i (Fane® + 549 ea) Ol
+ % (c‘nv“el + ol yter — Fayte — 527“62) Y@z (4.12b)
— i (G169 — Go€1) ICT 617
This reproduces the supersymmetry algebra (4.5) only on-shell, in which case the second
and third lines of egs. (4.12) vanish.

4.2 The spacetime Lagrangian

Projecting on spacetime the superspace Lagrangian (3.24), going to second order on the
scalar fields, that is setting Eﬁ = ElIL = 8MLI , and then choosing a1 = —% to get the standard
normalization of the scalars kinetic terms, we obtain

9

—— ~ =7 3 ~ —_ 7 = 7 Voo
Lops = [ (QLLI@“LJ - 4hthﬂ> Syt g (hgﬂ;{yp + th;Vp) PIS,;

(4.13)
—i (o, + o’ |,
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corresponding to the hypermultiplets Lagrangian. In (4.13), just as in (3.24), Bﬁ,ﬁ; are
Lagrange multipliers implementing, at first order, the kinetic terms of the antisymmetric
tensors. Upon variation of (4.13), we find

6£sp—t ~ 1 5£sp—t =7 1

. I _ Ilvpo . —n. I _ 1|
(S;L]_ =0: hﬂ = éeuypa'H | pU’ 551 =0: hﬂ = EGNVPO-H ‘ pO" (414)
m I

which, plugged back into the spacetime Lagrangian, give

_- 3 _ 5 e _ -
Lo = [(BLE 4 20l 100 ) 61— i (G#0,6! +Gonc)| e, (019
Using the supersymmetry transformation laws (4.2) in eq. (4.15), we find that the action
is supersymmetry invariant off-shell upon identifying the quantities ﬁﬁ and ﬁﬁ in (4.14)
with the tensors h{“ Bﬁ, appearing in the supersymmetry transformation laws of the spinors,
that is by requiring:
1 1

b= GewprHV = e B (4.16)

Correspondingly, the spacetime Lagrangian is invariant up to a boundary term:
0eLspt = Oy [8,,[/ (ffqn‘“’ — 5Ij517””62) +0,L! (fjegn‘“’ — 611*5[7‘“’61)
3.1 (> o7 3.7 /= _
+ 5hh (G e+ ¢ ) = Th (Ger + 5HC16277“”)] . ()

4.3 Remarks emerging from the spacetime analysis

In the spacetime approach, the need to include the antisymmetric tensors B{W, Bgy together
with the scalars M, M I related to them via Hodge-duality is subtle, and not so manifest as it
is in the superspace approach. This condition is however required, and hidden in the double
role of the quantities h/{ appearing in the supersymmetry transformations (4.2c)—(4.2d) of

the spinors, as it is clarified in section 3.4 and summarized in eq. (3.31):

« At the Lagrangian level, a possible role of the scalars M7 is not evident, since the
spacetime Lagrangian does not include them. Moreover, the condition (4.17) for the
invariance of the action under supersymmetry requires h/{ to be related by Hodge-duality

to the tensor field strengths H l{,j 0

e The closure of the supersymmetry algebra on the tensors Bﬁy, eq. (4.9), requires instead
hﬁ to be total derivatives, that is to satisfy hﬁ x 8“MI.

We therefore obtain that the consistency of the supersymmetry algebra on the fields requires
a double nature of the algebraic vectors hlﬂ in (4.2¢)—(4.2d): on the one hand, they have to
be algebraically related to the tensor field strengths H ;{Vp through (4.14) to have invariance
of the Lagrangian up to total derivative under the transformations (4.2) and their complex
conjugates; on the other hand, they have instead to be total derivatives hﬁ x 0, M I in order

for the transformations (4.2) to close the supersymmetry algebra.
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5 Adding the cosmological constant

We would like to explore here the compatibility of our multiplets with the full centrally
extended supersymmetry algebra. To this aim, we consider the embedding of hypermultiplets
and double-tensor multiplets in a rigid but curved supersymmetric background, that is a
super AdS background, with cosmological constant A = _Z%‘

5.1 The curved background

The rigid, super AdS geometry is defined by the Maurer-Cartan equations of the OSp(2|4)
superalgebra. In terms of 4-component gravitini ¥ 4, it reads

~ 1 1 =
R = di™ + 66" = VOV + S Uay™Updap, (5.1a)
7% = Py — %\TIA7“\I/B<SAB —0, (5.1b)
F=dA—U,Upgeap =0, (5.1c)
~ ~ 1 )
V4 = DU+ o AVpeas = +2i£7aprva, (5.1d)

where & is the supertorsionless connection in the deformed background, D is the correspond-
ing Lorentz covariant derivative, and V the full (Lorentz and gauge) covariant derivative.
The Bianchi identities

DR® =0, (5.2a)
DT — RV, + %@if AV U Bdap — %\Tf AV VU Boap =0, (5.2b)
dF + VU Upesp — U VUgeap =0, (5.2¢)
Vi, — iyabﬁgabw - %gdA\IJBeAB =0 (5.2d)
are identically satisfied, relying on the 3-¥ equation (Fierz identity):
1 — 1 _
b ¥a¥sr"¥edpe — 57V aPpy" Yedpe = eapecpVp¥e¥p. (5.3)

Here, the graviphoton A is a background gauge field of the algebra SO(2) C SU(2)g, which
is the residual part of the R-symmetry SU(2)r x U(1) preserved in the presence of the
cosmological constant. We remark that, differently from the flat case, the gravitino is
minimally coupled with A in the curved background, the AdS radius behaving as (the inverse
of) an electric charge. This implies that the electric-magnetic duality invariance of the
graviphoton A and of its Hodge-dual A, holding in the absence of gauge couplings, is now
broken.” Indeed, in flat superspace the Maurer-Cartan equations of the background include

F = *dA, which is defined as

]:—(: dA) = \I’A’yg,\I/BEAB, (5.4)

"More precisely, [1,, is the potential whose field strength B[HAV] is Hodge-dual to ), A,).
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and satisfies
dF =0. (5.5)

On the other hand, in the OSp(2|4)-invariant background, necessarily F # dA, because
in this case we get

5 i
dF = —g\I/Afyg)'ya\I/BeABVa #0. (5.6)

In terms of the left-handed and right-handed components of the gravitini, the super-
symmetric background is

R = dotb + et = glzvavb + % (Paypd? + pAy g Poap) (5.7a)
T =DV —ihay™ 2 =0, (5.7b)
F =dA—appe? —ptpBeyp =0, (5.7¢)
Vs = Doa+ o, Abpeacd™ =+ otV oas, (5.7d)
Tyt = Dy 4+ AP0 =+ a5 (5.7)

In the following, we are going to discuss the effects of the deformed background on the
supersymmetry properties of the matter multiplets considered in this paper.

5.2 Charged matter fields in superspace

Let us first consider the immersion in the curved background of a set of hypermultiplets, and
then see what does change if we have instead the double-tensor multiplets.

The hypermultiplets are on-shell multiplets and, as we have seen, in the flat background
they are on-shell equivalent to the double-tensor multiplets. In gauged, matter-coupled
supergravity, when we consider a symplectic covariant gauging [43-47, 67|, dualizing some of
the charged scalars of the hypermultiplets into tensors amounts to change the symplectic
frame of the electric and magnetic set of gauge fields. This implies in particular that, given an
electrically charged scalar in the hypermultiplets, its Hodge-dual tensor is instead electrically
charged with respect to the Hodge-dual gauge field, which is then ill-defined. Indeed, the
gauge-coupled tensor undergoes the anti-Higgs mechanism, where the coupling to the gauge
field makes the tensor massive, its mass behaving as a magnetic charge.

However, in our case we are not coupling the matter multiplets to A/ = 2 dynamical
gauge multiplets, and we consider supergravity as a rigid background, where in particular
the graviphoton is an external background field associated with an Abelian gauge connection
of SO(2) C SU(2)g.

As we are going to see, this introduces a relevant difference between hypermultiplets
and double-tensor multiplets, allowing this gauging deformation in the former case, but
not in the latter.
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5.2.1 Hypermultiplets in OSp(2|4) rigid superspace

Let us consider a set of free hypermultiplets in rigid superspace. As we have seen in section 2.3,
in the simplest description, with the same notation introduced there, the n hypermultiplets
can be expressed in terms of 4n scalars ¢*%, and of 2n Majorana spinors whose left-handed
and right-handed components are (y, (* respectively. In the flat rigid superspace background,
their field strengths can be defined as

U = dg", (5.82)
1
VC = ¢+ g, (5.8b)
1
Via = dCu + Zwab%bb@ca (5.8¢)
and they satisfy on-shell the Bianchi identities
duU*™ =0, (5.9a)
V¥ =0, (5.9b)
V3x =0, (5.9¢)

if their superspace parametrizations, that is their expressions as 1-forms in superspace, are

U = ULV + A + BT Pp(p (5.10a)
VC* = VOV + il A%y )y (5.10b)
Vix = ValaV +ieapCopl PPyt . (5.10¢c)

In the OSp(2|4) background, however, the Bianchi identities in superspace get modified
and are not anymore satisfied by the above definitions (5.8) and parametrizations (5.10).
This is due to the fact that, in the deformed background, the Lorentz-covariant derivative
of the gravitino is not zero anymore, being instead

. 1. .
Dy = 5, (a0 PV 645 — AYpeacd®®) (5.11a)
. 1. .
Dy = o (s 0" — ApPepe) | (5.11b)

as it follows from egs. (5.7d)—(5.7e). Let us emphasize that, since the graviphoton gauges a
U(1) € SU(2)g in the R-symmetry, then the gauging affects the matter fields charged with
respect to SU(2) g, and in particular the scalars in the hypermultiplets. Hence, the scalars in
the hypermultiplets are charged, with a charge related to the AdS radius £. More precisely,
the modified Lorentz-covariant derivatives (5.11) of the gravitini break the supersymmetry
invariance of the theory, which can however be recovered by appropriately deforming the
supercurvatures of the fields. The modified definitions of the field strengths are

1

Z)Aoc = @quc — quoc + ?EAEAB(SchC“a (512&)
- 1

V(= dC* + Jrad ™, (5.12b)
A I

V(o = dCx + —7ab@ thx' (5.12¢)

4
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With the notations of [71], the charge deformation corresponds to gauging a translational
isometry in the scalar sector, with scalar Killing vector

1
kit = YAy = ﬂeABcschC“. (5.13)

The Bianchi identities in superspace are now

. 1
VU = o dAe*B§oqC™, (5.14a)
VI = ivabﬁi“%“, (5.14b)
~ 1 A
V%u = ZyabR“bga, (5.14c)

and closure of supersymmetry now requires their superspace parametrizations to be mod-
ified into

Z/?A(X _ Z;{;locva + IZACOC + €ABC“BQ/7BC[3 7 (5.15&)
VCY = Vo (V4 il A%y %) 4 + NSy# (5.15b)
Via = ValaV +ieapCaplPPy iy + Niipa (5.15¢)
where:
1 1
NX = —Z(gABqB(X, Né? = _Z C“B(SBCeACqBB. (516)

Moreover, for the Bianchi identities (5.14) to be satisfied by the parametrizations (5.16), the
further differential condition has to be satisfied between Zflf"‘ and the spacetime covariant
derivative of the spinors:

VU = 9P (6&‘%("‘ + ;EVaC[SEACC(XB(;BC) +Up (@aCﬁeAB(C"‘ﬁ + ;E%C“cSAB) . (5.17)

We have then shown that, for the hypermultiplets, the embedding in a curved background
is possible, and it reproduces the rigid limit, in the OSp(2|4) background, of the results
from gauged supergravity [70].

5.2.2 Double-tensor multiplets in OSp(2|4) rigid superspace

For the double-tensor multiplets, instead, the immersion in a curved but rigid supersymmetric
background turns out not to be possible. We can grasp the problem by recalling that, just
as we observed for the case of the hypermultiplets, the deformed background implies in
particular that the Lorentz-covariant derivative of the gravitino is not zero anymore, being
instead given by eqgs. (5.11). As a consequence, in the presence of the deformed background,
the definitions of the super-field strengths get modified. As we have seen in (5.12a), for the
case of the (undualized) hypermultiplets compatibility with the curved background implies
the following peculiar (gauging) deformation on the scalar sector:

. 1
VoA = dg™t + Q—EAEABqO‘B, (5.18)
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that is, in terms of the scalar fields appearing in the double-tensor multiplets, A = {qI A=
(LI? iMI)? qIA - (I’I7 ZMI)}

Bl =dL! + i AM (5.19)
VM =dam’ + Qig AL, (5.20)

The complex conjugates undergo analogous deformations:

Bl =dr! - &AMT, (5.21)
VM = dn! - ZigAEf. (5.22)

Eq. (5.19) implies, in particular, that the gauged scalar vielbein E! should include the scalars
that have been Hodge-dualized into antisymmetric tensors.
Correspondingly, their Bianchi identities get modified, into:

VE! = é MTdA. (5.23)

It is in fact possible to find a consistent deformation of the scalars parametrizations in
superspace, that is

El=FEl 4 QLEMIA, (5.24)

where, to satisfy the Bianchi identities of the scalars L!, the gauged field strengths of the
(dualized) scalars M! have to be:

VM =dm! + %KLIA, (5.25)

and the parametrizations of the spinors should acquire a fermion shift:

A

A . a 3. a
DC; = DalV + 6,7 (zEéry v = iy wl) + Nfa, (5.26a)
R R , 3
D¢ = DotV + i Ely 9y, + 5 ihEy %y + NiyA (5.26b)
where, as for the hypermultiplets:
1 , 1 )
Nh=-7 (Llom +iM'35) , Nf = 8115 (L1042 = iM"541) . (5.27)

On the other hand, closure of the 2-form Bianchi identities is problematic. To compensate
for the modified covariant derivatives of the gravitino background, it turns out that the
gauged field strengths of the 2-forms B! should be defined as:

A=+ zie ABL. (5.28)
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In the above equation, the tensors Bfw, and their field strengths H ;51/0 are new tensor fields,

different from the Bﬁ,/, H 15'/ - Their field strengths H /5,/ ,» are Hodge-dual to the field strengths

of the scalars L, and read (in the flat-space case):
A = dB" = 8M' ) 00V + ALY (17! — darat?) V7, (5.29)
with the corresponding parametrizations (in flat superspace) being
Y = Hy VoVVe 42 (9uc! = dorm¢po'h) veve. (5.30)

This, however, requires the further identifications, to be implemented on-shell on the spinors
parametrizations:

a

3:7 1 -~ 2
El = §h£ = ZeabcdH”dev hé = —gaaMI- (5.31)

These quantities would appear naturally if we had decided to dualize the L! instead of the
M from the very beginning.

All of the modifications above hint at the fact that the coupling with the curved
background (which is charged under the graviphoton background field) implies the “resurgence”
of the Hodge-duals of all the fields involved, namely to consider the (complex) enlarged
multiplet
o= (!, M, B B, ;)
which enjoys matching of d.o.f. only on-shell, where M! and B!, but also L! and B!, are
related by Hodge-duality. However, even taking this into account, the Bianchi identities of
the tensor fields do not close the supersymmetry algebra.

We conclude that, differently from the hypermultiplets, for the double-tensor multiplets
it is not possible to find a superspace parametrization allowing to close the supersymmetry
algebra in the curved background. There are several ways to understand this result. From
egs. (5.25), (5.28) one is to observe that both the fields M’ and B! should be electrically
charged with respect to the background gauge field A. This is in contrast with the fact that
they are Hodge-dually related (see, e.g., [67]), as mentioned at the beginning of section 5.2. A
way out is to assume instead the B! to be magnetically charged under A, that is electrically
charged under the dual gauge vector A, which is not well-defined, being associated with a
magnetic charge (see eq. (5.6)). However, this would imply that in this case the electrically
charged fields would be the scalars L’ and M!, which would bring us to the case of the
hypermultiplets, considered in section 5.2.1.

A group-theoretical way to understand this result is to observe that the U(1) symmetry
gauged by the background field A does not preserve the structure of the double-tensor
multiplets, being incompatible with their complex structure. This is evident referring to
the formulation of the double-tensor multiplets in terms of dualized hypermultiplets (cf.
section 5.2.1). Indeed, the complex structure of the double-tensor multiplets

(LI)* — EI (qll)* — qQI, (532&)

—
(Bl = B! . () = —¢'1 (5.32b)
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is defined by the diagonal U(1) factor in the U(1)gr x U(n) symmetry of the theory, where
U(1)r C SU(2)R is the subset of the R-symmetry kept manifest by the double-tensor multiplet
representation, and acting on the R-symmetry indices A = 1,2, while U(n) C Sp(2n) is
associated with the indices I, 1.

On the other hand, A is the gauge connection of another U(1) group, that is of the
U(1)r C SU(2)g, the subgroup of the R-symmetry preserved by the curved background. In
other words, A does not act on the U(n) factor, making the two symmetries incompatible.

The situation is totally different if the theory is in interaction with a set of dynamical
gauge multiplets, and/or at the supergravity level. In both cases, when the gauge fields
and their magnetic duals are dynamical fields, it is perfectly possible to construct gauge
covariant couplings of the tensors to them. In particular, at the supergravity level this
analysis was extensively carried out in, e.g., [43-47, 67]. A general study of double-tensor
multiplets coupled with gauge multiplets in curved rigid superspace will be the object of
a future investigation.

6 Conclusions

Our study of NV = 2 double-tensor multiplets explicitly showed that, despite the matching of
bosonic and fermionic degrees of freedom both off- and on-shell, the double-tensor multiplets
close the supersymmetry algebra only on-shell. Moreover we found, unexpectedly, that the
scalars M', Hodge-duals to the antisymmetric tensors Bﬁu in the multiplet, explicitly appear
naked in the off-shell definition of the superfields. We propose that this may be the origin
of the mismatch between power-counting and effective closure off-shell of supersymmetry
on these representations. Indeed, since the Hodge-duality relation between the scalars M
and the tensors B[w emerges only on-shell, the scalars M are off-shell independent of the
tensors B!, and should then be included in the off-shell counting of degrees of freedom. They
always satisfy on-shell harmonic field equations (see eq. (3.28)).

This is reminiscent of what happens in chiral (4n + 2)-dimensional supersymmetric
models, where the on-shell matching of degrees of freedom requires the (2n + 1)-form field
strengths of the 2n-indices antisymmetric tensors to be self-dual. In these theories, however,
the self-duality constraint is added “by hand”, on the on-shell solutions, since the kinetic
term of self-dual (2n + 1)-forms is automatically vanishing. A dynamical way to implement
the self-duality constraint, from an action principle, was introduced by A. Sen [72] (see
also [73, 74]), and extended to superspace in [75]. This however requires to include off-shell
new, unphysical, d.o.f. (in that case, extra antisymmetric tensor fields), which however satisfy
on-shell harmonic equations, and are then fully decoupled from the physical spectrum. It
would be interesting to better understand the possible relations between our case and the
(4n + 2)-dimensional chiral models of [73-75].

The double-tensor multiplets considered here are a particular case belonging to the
general family of A = 2 tensor multiplets, which was extensively studied at the supergravity
level in [42-47]. In the above mentioned papers, full covariance with respect to the maximal
SU(2) x Sp(2n) holonomy of the quaternionic sector before dualization was kept. Then,
a next step in our investigation will be the extension of our explicit framework to the
supergravity case, where we would like to clarify if the extra scalars do play a role also in
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that case, or if this phenomenon, that we observed in the rigid theory, should be relaxed
in the more general supergravity context, allowing closure of supersymmetry also in the
absence of the dualized scalars.

A further possible extension of our analysis is the coupling of the double-tensor multiplets
to a set of gauge multiplets in rigid superspace.

The results presented in this paper are intended as a preliminary investigation towards
exploring alternative off-shell formulations of these multiplets, possibly with a finite number
of auxiliary fields in an extension of superspace different from the harmonic (or the projective)
one. A promising tool in this direction is the use of the so-called (dual formulation of
the) hidden superalgebras [54] underlying supersymmetric theories in the presence of higher
p-forms (p-indices antisymmetric tensor fields). These superalgebras define an extension
of superspace which includes not only extra even directions but also extra odd directions
associated with spin-3/2 fields [54] (see also [56-59]). Such extension might allow to circumvent
the hypothesis of the no-go theorem on auxiliary fields in A -extended supersymmetry, which
indeed contemplates only spin-1/2 fields. A preliminary result in this direction is provided by
the study presented in [76], where a hidden superalgebra [58] underlying N' =1, D = 4 “flat”
supergravity (meaning in the absence of any internal scale in the Lagrangian), was found. In
that case, the bosonic and fermionic 1-forms dual to the generators of the hidden superalgebra
play the specific role of “topological auxiliary fields”: their inclusion, by means of boundary
terms in the theory, restores supersymmetry when a nontrivial spacetime boundary is present.
Moreover, as later observed in [77], they serve as auxiliary fields for the (off-shell) bulk
theory. Specifically, the field equations for these fields enforce the Bianchi identities of the
Lorentz spin connection and gravitino 1-form fields. In this context, the rheonomic approach
consistently proves to be a valuable asset in the construction of both rigid supersymmetric
theories and supergravities.

Another approach for circumventing the no-go theorems, at the supergravity level, involves
deriving N/ = 2 supergravity coupled with a single hypermultiplet using the double copy
prescription described in [78-81] for pure A/ = 1 super Yang-Mills, framed within the context
of homotopy algebras. This prescription aims to provide an off-shell and gauge-independent
theory valid to all orders of interaction (currently demonstrated up to the third order) in
generic spacetime dimensions. Although at present this scheme has only been studied for
bosonic theories, a first example of its application to a supersymmetric double copy will be
soon available in the upcoming paper [82] by one of the authors. Some remaining challenges
in this approach would be to extend the technique to superspace and to incorporate in
the theory an arbitrary number of hypermultiplets, tensor multiplets or, in general, matter
multiplets not belonging to the adjoint representation. It would also be interesting to see
whether the resulting set of auxiliary fields in superspace corresponds to the one proposed
by the hidden superalgebras formulation described above.
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A Conventions, notation and useful formulas

In the following, we are going to report the set of conventions that have been used in our work.
In particular, we will present our notations for 2-component and 4-component Majorana
spinors as well as for Dirac spinors. Furthermore, we write down some Fierz identities, that
were used to find our results.

A.1 Conventions on spinors
We denote with ¥, U4 (A =1,2 € U(2)) the (4-components) Majorana spinor gravitini in
N =1 and N = 2, respectively. The Majorana spinor condition, on a general spinor J, is

A=)\C, (A1)

where the adjoint spinor X is defined as

A= A0, (A.2)

The Weyl projections on the left and right chiral components of the spinors are given in
terms of the projectors

1

P.= 3 (I+n~s) : (A.3)
Ve =P U — N =1 Chiral Majorana spinor,

PP =P_w — N =1 Anti-chiral Majorana spinor, (A.4)
g =Py Wy — N =2 Chiral Majorana spinors,

YA =P Ty — N =2 Anti-chiral Majorana spinors.

We define the A/ = 2 Dirac gravitino 1-form and its complex conjugate:

P=0 +i0y; P =T — iUy, (A.5)
Their adjoint spinor-1-forms are

P=U; —iUy; P* =T +iTy. (A.6)
They are related to the Majorana gravitini 1-forms by

1 — 1 - -
vy = §(ll)+1l’*)§ Uy = 5(11) +9*);

; - P (A.7)
\1’2:—5(11)_11)*); \1’225(11’_11)*)-
Finally, it is convenient to introduce the Dirac spinor 1-form combinations
1 . : Yy =1+ iy
=—-(p+ =P, U PLW, : A8
Pt 2(11) YUP*) =PrWy + Py {ll)_—leriwz’ (A.8)
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and their adjoint,

— — — — Us = s —_ ‘72
(P + P 5) = TyPs — iToP {%f - Zi } zZQ . (A.9)

N

P

They satisfy
(Vx) = (We) 70 = V. (A.10)
A.2 Properties of gamma-matrices

The four-dimensional Dirac matrices are defined as

0 o° ) b d b [ab] 0[“51’} 0
¢ = = ——€abedV VYN, 0 = 120 = , A1l
Y <5a 0) s = paear™ Y AT ="y 0 slagt (A.11)

with ¢ = (I,0%), d* = (I,—0"), where o are the Pauli matrices and = = 1,2,3. The
Dirac gamma matrices fulfill

=0, (A.12a)
70770 = ()7, (A.12b)
=1, (A.12¢)
V=5, (A.12d)
(v5)%> =1, (A.12e)
(v~} = 2%, (A.12f)
7 =29, (A.12g)
Yiyb = 44 (A.12h)
Moreover, they respect the following duality properties:
_ ot bed _ b cd
Ya = 31 abed V57 s Yab = 2 abedV57Y s (A13)
Yabe = Z‘Gabcd’}%’yd ) Yabed = 1€abed V5
and show some remarkable products, such as:
Y =4, (A.14a)
Yaby™ = =12, (A.14b)
YabY© = 27[a61(7:] + 2AfaIJCdP)%’Yd ) (A14C)
Yab ! = e — 40107 — 2654, (A.14d)
’7b’7a1'"ak’7b — 2(2 _ k)(_l)k7a1ak , (A14e)
7a7m7a = _27m ) (A.14f)
Yaby* = =3% (A.14g)
YaYmn¥* =0, (A.14h)
Yap¥m ¥ =0, (A.14i)
’Yab'Ymn’Yab = 4Ymn - (A14J)

— 30 —



afs 0
The charge conjugation matrix C' = (60 ) has the following properties:
€44
02 = _]- ’ CT = _Ca (Cﬁ)/a)T = C’Ya; (075)T == _075 ) (A 15)
(Cr572)" = =Cr57a, (Crab)” = CYap - '

A.3 Useful Fierz identities

In the following we provide a list of useful Fierz identities for spin—% and spin—% fermions
in an A/ = 2 supersymmetric theory.

Fierz identities for two Majorana fermions. For 1-form fermions (gravitini):

atp = %&Bm - é%b@BVGWm (A.16a)
WAGE = %&Bwﬁl _ é%b&BvabwA’ (A.16D)
Phap? = %%@BVWA, (A.16¢)
phpp = %’WEBW“%/JA- (A.16d)
For O-form fermions (left-handed A, &, or right-handed A®,£®):
Aebe = —%E.A. + é'}’abéo’}/abA. : (A.17a)
N —%E’A' + %'yab?v“bx : (A.17b)
Ae® = —%%5’7“/\.. (A.17c)

Fierz identities for three Majorana gravitini. For three 1-form gravitini we find

Va0 Pay VP = —7apPhay = 2pap Py £ 0, (A.18a)
YasahBY " bey =0, (A.18Db)
Vs atp Yo = 6ot ats (A.18¢)
YarpahPy?Pp¢ =0, (A.18d)
which are particular cases of
YahahPy*yC =0, (A.19a)
Yoy PPy pe =0, (A.19D)
Yath(ahBY V) =0, (A.19¢)
Yabt(a¥BY " ey = 0. (A.19d)

B N = 2 super-Poincaré algebra and its dual formulation

Here we show the relation between the (dual) formulation of the superalgebra, expressed in
terms of Maurer-Cartan equations, and the standard formulation of the same superalgebra,
usually written down by means of graded commutators.
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The N = 2 Poincaré superalgebra underlying the rigid supersymmetric background is
given in terms of the following non-vanishing (anti-)commutators:

[Jabapc] = _277c[apb] > (Bla)
[Jap, J%] = —45{2,]{)}‘1} : (B.1b)
1
[Jap, Q4] = 5('7ab)aﬁQﬂA> (B.1c)
1 .
[Jab, Qaa] = 5(%1;)@6625,47 (B.1d

[Q°4, Qup} = —i64 (CY)* 4 pa
{QQA, QBB} — CQBGABZ .
{Qan,Qsp} = Cdg'fABZa (B.1g
[T*,TY] = "*T7, (
where p, and J,;, are the translation and the rotation generators respectively, Q4%, Q 44 are
the left- and right-handed chirality projections of the supersymmetry generators, satisfying

A A
V5 (34) = (—QQA> . (B.2)

The superalgebra also includes the SU(2) x U(1) R-symmetry generators T% 5,795, under
which the odd generators Q 4, Q4 of the super-Poincaré algebra are not-charged. A linear
combination of them, Z(T% T?), behaves as a complex central charge of the supersymmetry
algebra. With a small abuse of notation, we denoted:

(CY)* 5= €*P(0%) 5. (B.3)

It is possible to express the superalgebra in a dual form, in terms of the Maurer-
Cartan 1-forms

a‘A = (Va, wab, A, 1217 wAaa wél)»

where V¢ and w® are the bosonic vielbein 1-form and Lorentz spin-connection respectively,
A an Abelian gauge connection (the graviphoton, which in the rigid background is a pure
gauge), A its Hodge dual magnetic field, and 14, ¢4 are the left- and right-handed chirality
projections of the gravitini 1-forms:

)-(3)

are defined as the Poincaré dual of the superalgebra generators

fA = (paa J(lb? Za QAay Q%)

satisfying o*(fg) = J4, that is to say

The set of 1-forms oA

V% (ps) = 0y, w(Jea) = 2005, A(Re(Z)) =1, A(Im(Z))=1,

. . B.5
Van(QPP) = 0868 ySA(Qyp) = 0504, (B.5)

- 32 —



and

Ao (fi Je) = =50 (. Se}), (B.6a)
AN (fer fp) = 5 (4 (fe)oB( ) — B (fe)o () (5.60)

where [-,-} indicates the graded commutator.
Using the above definitions, it is straightforward to derive the Maurer-Cartan equations
expressing the superalgebra (B.1) in its dual form. They are:

dw™ + W Aw® =0, (B.7a)
dV® + WV, — it gy =0, (B.7b)
1
dpa+ Y Pa =0, (B.7c)
1
a9 + vt =0, (B.74)
dA — Pappe’® —pApPesp =0, (B.7e)
dA —pappe” + P pPeap = 0. (B.7f)

Eqgs. (B.7) are the equations defining our flat, rigid supersymmetric background.

C Comparison with A/ = 1 linear multiplets

In the N' = 1 supersymmetry case, it is possible to introduce the so-called linear multiplets,
which are real multiplets realizing an off-shell representation of A/ = 1 supersymmetry. A
general superspace description of free linear multiplets in rigid, flat A/ = 1 superspace was
given in [48]. To clarify similarities and differences of the double-tensor multiplets with
respect to the case of N' =1 linear multiplets, let us compare explicitly the expressions for
the super-field strengths and Lagrangian in the two models.

C.1 N =1 linear multiplets in rigid, flat superspace

The N = 1 linear multiplets are real multiplets, each composed by a real scalar X!, a real
2-form B! and a Majorana spinor A/ (I = 1,...,m):

Dpg = (XI,BI,)\I> . (C.1)

These multiplets realize an off-shell representation of N’ = 1 supersymmetry. In [48], the
Lagrangian and supersymmetry transformation laws of a set of free linear multiplets in
a flat supersymmetric background was constructed, using a general set of coordinates 2’
(t=1,...,m being anholonomic indices on the scalar sigma model) for the scalar sector, and
thus expressing it as a non-linear o-model. Here, we choose to describe the scalar sector as a
linear o-model, picking as coordinates the scalar sections themselves: 2! — X!(2) = X/,

— 33 —



The background field content of the model is the following (with the gravitino ¥ being
a Majorana spinor):

R® = dw® + Wi Aw® =0, (C.2a)

DV = dV® + w VP = %\Twa\p, (C.2b)
1

DV = d¥ + Z’yabw“b‘l/ =0. (C.2¢)

The definitions of the super-field strengths read (in terms of 4-components Majorana spinors
not decomposed in their chiral projections)

el =dx7’, (C.3a)

HI = dB! — iX 10y, 0V, (C.3b)
1

DX = d\ + Zwab’yab)\l. (C.3¢)

The corresponding Bianchi identities are

et =0, (C.4a)
dH! = —idXTT~, 0V (C.4b)
DA\ =0. (C.4c)

Off-shell closure in superspace. One finds that the Bianchi identities (C.4) are satisfied
by the following rheonomic parametrization of the superfields in superspace:

El=glve L oA, (C.5a)
HE = HL, VVIVE 4 My, VeVt (C.5Db)
' 3
VA =V NVe 4 (;5; + 275h£> YO, (C.5¢)
where
1
hl = gﬁabcdHIIde- (C.6)

It is important to emphasize that, for this kind of supermultiplets, the Bianchi identities (C.4)
are identically satisfied by the superfield parametrizations (C.5), relying on the N' = 1 Fierz
identities, without use of the field equations.

It is instructive to see explicitly how this works, in the complementary spacetime approach,
that is to show that in this case, differently from the A" = 2 double-tensor multiplets, the
supersymmetry algebra closes off-shell on the fields.

Off-shell closure on spacetime. The supersymmetry transformation laws are

s X =ext, (C.7a)
5B, = ey (C.7b)
S = <;8uXI + ;h,ﬂ 75) yHe. (C.7¢)
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We then find, using the properties of the y-matrices given in (A.15):
] 3
0c,85] X = S0,X7 (e = &"0) + Shi, (375¢ — E4750)
= -0, X &yto, (C.8a)
i _ _ 3 _ _
[, 0o Bi,, = QapXI (*UV;WVPE + E’Y;WVPU) - §h£ (*07uu757p€ + 6'7,u1/75’7p0-)
= -3i9,
S U = (C.8b)

Bfw] eyPo — iG[MXIE%] o

) 1
[0, 0, N = _% V¥ (o€ — ) O AT + 1757 (08 = €0) €y ~P7 GV \

i 1 1
=3 ol (27pwp0 - 4%067”"0) N+

i 1 1
t3 Y5y (2%67’3 o— Z’Vpae'yp 0) Yy 0 A

:—iefy 0'[( W—}—?a AI)+(W+20[,/\I)}+
167 70 [0 + e ™| DN

= —ieyPod N (C.8¢c)
where

Eﬁ = -2 Bﬁﬁy”a —iX'ey,0. (C.9)

We remark that, for the cancellation of the terms in @A/ (which would spoil the closure
off-shell) in (C.8c¢), it is crucial that the contributions in éy?o from the first term (coming
from 6X7), cancel against the second ones from the third term (coming from 5h£), where
we used (C.6) (and the same for the terms in ey”?o).

On the contrary, in the case of the Wess-Zumino multiplets, which can be obtained from
the linear multiplets by Hodge-dualizing the tensors, that is by replacing hfL — BMYI , Y1
being pseudoscalars, the contributions from 58“Y[ have the same structure as the ones from
00, X I so that the cancellation does not take place.

The N = 1 linear multiplets superspace Lagrangian. The rheonomic N’ = 1 linear
multiplets Lagrangian in superspace is

L parspace = 1011 (87— INT) VEVEVdeypg — éalaméﬂfé@’ VPV e
+ ashl (M — 81y N 4 WVVY) VE éazﬁl h] 81 VVV Ve
+ a3 N Y VA VIV EV e ypeq
+ 01877 EN Ny ys UV VP + by H N y5 U
1615 (chf A U5 W 4 o s\ @%bxp) vy, (C.10)
with coefficients

ag = —9(11, asz = —ial, bl = 3ia1 y b2 = —3i(11, Cl = Cy = *Z'al . (C.ll)
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C.2 N = 2 in Dirac-spinor formalism

To clarify similarities and differences of the double-tensor multiplets with A/ = 1 linear
multiplets, we find it useful to reformulate the model in terms of Dirac spinors.

As far as the two (Majorana spinors) gravitini W4 are concerned, they can be expressed
in terms of a single (Dirac spinor) gravitino 1 and of its complex conjugate P*, defined
as (see also appendix A for details):

P=0 +i¥y, VP =T — iUy, (C12>
their adjoint spinors being
IT) = II)T’)/O = \I’l — i‘jg ll_)* = Il)t’yO = \I’l + i\jg . (013)

In terms of them, the background is given by

RY = dw™® + Wi Aw® =0, (C.14a)
T =dV® + WV’ — %q}y%p =0, (C.14b)
F=dA— =0, (C.14c)
F=dA -y =0, (C.14d)
Dy =dy + i%bw“bﬂ) =0, (C.14e)
while the parametrizations of the hypermultiplet scalars, egs. (3.17), read
Bl = U ="'V + (=% y) X = U,V + X (0 = 3597) (C.15a)
= UV + D¢+ oo
FAMT = U = URTVO i (B + Do) x! = UV — i (b + ) (C.15D)
_ Z/IZIV‘L _ 1;1@’5”:4‘ Q5241' 7
BT = U =0TV (b ) = UV T (b )
=UZVE 4 (o 03T (C.15¢)
M = U =TV =i (=) X = UV i (= )
= UV + ¢! — oot (C.15d)

Here, the Dirac spinors x?, Xf and the adjoint spinors X7, X1 are related to the left-handed
and right-handed projections of the hypermultiplet spinors (y, (% in the following way:

X' = (¢ ¢t X' = (¢ =i’ (C.16a)
X' = (Go +icT) X' = (Gl =il (C.16b)

At this point, we find convenient to introduce the following Dirac spinor 1-form com-

binations (see also appendix A):

by =1 +iy?

_]‘ *
ll):l:—§<ll):t'751b)7 {w—:d}l—’_in’
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and their adjoint,

P
Vo =l —ithy

In terms of them, egs. (C.15) take the simpler form:

Bl = uM =y va 4 §p_y! ( )
dM! = —itd* = —iU?'Ve Py, (C.17b)
Bl = u =1V (C.17¢)
dM’ = —it' = —iuTve —poyT. (C.17d)

Correspondingly, the definitions and superspace parametrizations of the superfields read

E! = Eldy
=Elve 4 I, (C.18a)
H = dB" + 4% yays (L (2004 + M) Ve
= Hyp VOVIVE =20 957ax VOV, (C.18b)
Dx! = DXV + i BIy*y + ghgww, , (C.18c)
and
El = E{dzi
= ElVe 4 P oyT, (C.19a)
AT = dB" + 400 5 (L (20 — M) v
= HL, VPV — 20 _y57ax VOV, (C.19b)
DX = Dux'V* + i EIy"p_ + ;Bgyam. (C.19¢)

The formulation of the N/ = 2 model in terms of one Dirac gravitino makes it evident
that the complex structure of the supersymmetric background, which is associated with the
U(1) € SU(2)r: b — ™, is different from the one acting on the double-tensor multiplets,
which is instead: {4+ — P=.

The double-tensor multiplets Lagrangian with Dirac spinors. In terms of the Dirac
spinor quantities above, the N' = 2 superspace Lagrangian of the double-tensor multi-
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plets (3.24) boils down to
Esuperspace = al(S[J{ {Ella (Ej - IT)-i—Xj) + Ej\a (EI - J)—X[>} vacvdfabcd

DR (B = s V) 4 R (B 4 s V)| Ve

(EIMEJ 9 hfth) Vavbvcvdeabcd

l\D\N »Jk\

OJ

— (DX 4 D) VIV e
i [E V415X + B D _vaprsx } %

i (H-x + B 9x)
+ 3 X7 9ax O pys b4 VOV
— =i ()fojllvabwm + xfy5xjﬁ),%b¢+) yayb
+3(L'BET — LB ) % _quystoy v

l\D\CO

N

~ 3 (Mfulj — My ) J)%yg,mva} . (C.20)

The relations found for the N' = 2 double-tensor multiplets disclose an important difference
between the N' =1 case: in the double-tensor model, the consistency of the theory, namely
the closure of the Bianchi identities, requires the scalars M’ M I , Hodge-dually related to
the 2-forms, to appear naked in the superspace extension of the tensor field strengths, as
we can see from (3.2b) and (3.31a). This is not the case for the N' = 1, where the scalars
of the theory prior to dualization do not appear anymore after dualizing them into tensors.
In the N/ = 1 theory, both the off-shell matching of bosonic and fermionic d.o.f. and the
off-shell closure of the supersymmetry algebra are realized.
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