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THE STRUCTURE OF HOMOGENEOUS RIEMANNIAN

MANIFOLDS WITH NULLITY

ANTONIO J. DI SCALA, CARLOS E. OLMOS, AND FRANCISCO VITTONE

Abstract. We find new conditions that the existence of nullity of the curva-

ture tensor of an irreducible homogeneous space M = G/H imposes on the Lie

algebra g of G and on the Lie algebra g̃ of the full isometry group ofM . Namely,

we prove that there exists a transvection of M in the direction of any element

of the nullity, possibly by enlarging the presentation group G. Moreover, we

prove that these transvections generate an abelian ideal of g̃. These results con-

stitute a substantial improvement on the structure theory developed in [DOV].

In addition we construct examples of homogeneous Riemannian spaces with

non-trivial nullity, where G is a non-solvable group, answering a natural open

question. Such examples admit (locally homogeneous) compact quotients. In

the case of co-nullity 3 we give an explicit description of the isometry group of

any homogeneous locally irreducible Riemannian manifold with nullity.

1. Introduction

In a previous paper [DOV] we developed a general theory for the structure of

irreducible homogeneous spaces M = G/H in relation to the nullity distribution ν

associated to the curvature tensor R. The nullity subspace of M at p is defined as

νp = {v ∈ TpM : R · , ·v = 0}.

Since M is homogeneous, all these subspaces have the same dimension, called the

index of nullity of M . The assignment p 7→ νp defines an autoparallel distribution,

with flat totally geodesic integral manifolds, called the nullity distribution or simply

the nullity of M . The manifold M is said to have trivial nullity if either ν = {0}

or ν is the tangent space of a local de Rham flat factor of M (i.e., ν is a parallel

distribution with respect to the Levi-Civita connection of M).

The theory developed in [DOV] allowed us to prove some interesting results. On

the one hand, we showed that if M = G/H is a simply connected homogeneous

Riemannian manifold without Euclidean de Rham factor such that the Lie algebra

g of G is reductive (in particular, if M is compact) or g is 2-step nilpotent, then
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ν must be trivial (cf. [DOV, Proposition C]). On the other hand, we were able to

construct the first known examples of irreducible homogeneous spaces with non-

trivial nullity. All these examples are solvmanifolds which do not admit compact

quotients. Moreover, we showed in part (4) of [DOV, Theorem A] that if the co-

nullity (i.e. the co-dimension of the nullity ν) is k = 3, then the presentation group

G must be solvable. However, as we pointed out in the Introduction of [DOV],

we did not know of any example of an irreducible simply connected homogeneous

Riemannian manifold M = G/H with positive index of nullity such that either H

is non-trivial or G is non-solvable. In this paper we answer the second question

by constructing examples of Riemannian homogeneous spaces with non-trivial nul-

lity and non-solvable presentation group. Such examples admit compact (locally

homogeneous) quotients (see Section 6).

The main goal of the paper is to revisit the structure theory developed in [DOV]

and substantially improve it. Let M = G/K be a locally irreducible homogeneous

Riemannian manifold with non-trivial nullity ν. One can consider some natural

distributions associated to ν. Namely, ν(1), ν(2), ν̂ and U .

The distributions ν(1) and ν(2) are called the osculating distributions of order 1

and 2 of ν, respectively. If one puts ν(0) = ν, then ν(i+1) is obtained by adding

to ν(i) the covariant derivative, in any direction, of fields that lie in ν(i) (i = 0, 1).

The distribution ν(1) can, in turn, be decomposed as

ν(1) = ν + ν̂

where ν̂p is the linear span of {∇νpZ} with Z ∈ KG(M) ≃ g, the space of Killing

fields of M whose flow belong to G (see equation 2.8). The distribution ν̂ is called

the adapted distribution of ν.

Finally, the distribution U , called the bounded distribution. Namely, Up consists

of the directions of the Killing fields in KG(M) whose covariant derivatives along

the leaf of nullity N(p) lie in ν (see equation(3.1)).

All these distributions are G-invariant and verify the following inclusions (see

[DOV, Theorem A (1)]):

{0} ( ν ( ν(1) ( ν(2) ⊂ U ( TM.

This imposes a first important restriction: if M has non-trivial nullity, then the

co-nullity must be at least 3.

Another important consequence of a non-trivial nullity is the existence of the so-

called adapted transvections. These are transvections induced by G (i.e. elements

of KG(M) such that (∇X)p = 0) whose initial condition lie in ν̂. In [DOV, Theorem

A (2)] it was proven that for each v ∈ ν̂p there exist an adapted transvection Y with

Yp = v such that the Jacobi operator R · , vv = 0, [Y, [Y,K(M)]] = 0 and Y does not

belong to the center of KG(M) (where K(M) denotes the space of Killing fields of
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M). The existence of an adapted transvection Y of order two, i.e. ad2Y = 0. plays

a crucial role in the construction of the examples of [DOV, Section9]).

In this paper we further examine the restrictions that the existence of nullity

imposes on the Lie algebra K(M). In particular, we prove that there exists a

transvection, that might not belong to KG(M), in the direction of any element

of ν. Moreover, we prove that these transvections generate an abelian ideal a of

K(M). Our main structure result is the following:

Theorem 1.1. Let M = G/H be a simply connected irreducible homogeneous

Riemannian manifold with a non-trivial nullity distribution ν, let g = Lie(G) ≃

KG(M) and g̃ = Lie(I(M)) ≃ K(M). Then

1) For any p ∈ M , v ∈ νp there exists a transvection with initial condition v

(possibly, not in g).

2) Let t̃r
p

0 ⊂ g̃ be the vector space of transvections at p with initial condition

in νp. Then g′ := t̃r
p

0 + g is a Lie subalgebra of g̃ which does not depend on

p ∈ M . Moreover, g is an ideal of g′.

3) The set t̃r
p

0 generates an abelian ideal a in g̃. Moreover, a does not depend

on p ∈ M and coincides with the ideal generated by t̃r
p

0 in g′.

4) The integrable distribution D of M , given by Dq = a.q, contains ν(2). More-

over, ν and ν(1) are parallel along any orbit Ā · q, where Ā is the closure in

I(M) of the Lie group associated to a.

Part (2) and (3) of the above theorem explains why the adapted transvections

of [DOV, Theorem A (2)] have order two. In fact, any adapted transvection can

be obtained as the Lie bracket of a transvection in ˜trp0 and a Killing field in KG(M)

(see Remark 5.1). Hence the subspace of adapted transvections is contained in the

abelian ideal a.

Moreover, since the adapted transvections cannot lie in the center of KG(M),

the existence of the abelian ideal a implies that the Lie algebra g of G cannot be

reductive. This gives a conceptual much simpler proof of [DOV, Proposition C].

The results of Theorem 1.1 also allow us to improve part (4) of Theorem A of

[DOV]. In fact, we obtain the following explicit description of the Lie group G in

case of co-nullity k = 3.

Corollary 1.2. Let Mn = G/H be a simply connected irreducible homogeneous

Riemannian manifold of co-nullity 3, where G is connected (n > 3). Then H is

trivial and G = Rn−1 ⋊R.

Observe that the projection from M to the quotient Ā\M by the orbits of Ā is

a G-invariant Riemannian submersion with intrinsically flat fibers.

Finally, we give an explicit way to construct non-solvable examples. Namely:

Theorem 1.3. Let K be a simply connected compact simple Lie group and let

ρ : K → SOn be an irreducible orthogonal representation. Let V0 be a non-trivial
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vector subspace of Rn such that dim(V0)(1 + dim(K)) < n. Then there exists a

left invariant metric 〈 , 〉 on G = Rn ⋊ρ K such that M = (G, 〈 , 〉) is an irre-

ducible Riemannian manifold and the nullity subspace νe contains V0 (and hence

has dimension at least dim(V0)). In particular, the quotient N = Zn\M of M

by the orbits of Zn is a compact, locally irreducible, non-homogeneous but locally

homogeneous Riemannian manifold with a non-trivial nullity distribution.

Note that for any simply connected and simple compact Lie group K there exists

a representation ρ : K → SOn for arbitrary large n. The manifold M given by the

above theorem is homotopic to a compact simply connected Lie group and thus it

admits no solvable transitive group of isometries.

Observe that, as we mentioned before, any compact locally irreducible homoge-

neous Riemannian manifold has a trivial nullity distribution ([DOV, Proposition

C]). Then the compact manifold N = Zn\M , given by the above theorem, shows

that the assumption of homogeneity can not be replaced by local homogeneity. This

also answers a natural question (other examples of compact locally homogeneous

spaces with non-trivial nullity were found in [GG]).

2. Preliminaries

In this section we introduce some basic facts which will be needed in the rest of

the paper. For further details we refer to [DOV]. Let (M, 〈 , 〉) be a (connected)

complete Riemannian manifold with Levi-Civita connection ∇ . A vector field X of

M is called a Killing field if (∇·X)p is a skew-symmetric endomorphisms of TpM ,

for all p ∈ M . Such a condition, the so-called Killing equation, is equivalent to

the fact that the flow φt of X is by isometries. The Lie algebra Lie(I(M)) of the

group I(M) of isometries of M is naturally identified with the Lie algebra K(M)

of Killing fields of M . Namely, u ∈ Lie(I(M)) = Te(I(M)) induces the Killing

field ũ defined by ũp = d
dt0

Exp(tu).p and the map u 7→ ũ is a linear isomorphism.

Moreover, [u,w]˜ = −[ũ, w̃] since ũ and w̃ are naturally identified with the right

invariant fields of I(M) with initial conditions u and w, respectively.

Let G act by isometries on M . The Killing fields of M induced by elements

in the Lie algebra of G are denoted by KG(M) (briefly, the Killing fields induced

by G). If the action of G on M is not almost effective, then there exist non-zero

elements z ∈ g such that z̃ = 0.

Let X ∈ K(M). The initial conditions of X at p ∈ M are given by the pair

(X)p := (Xp, (∇X)p) ∈ TpM ⊕ Λ2(TpM).

These conditions completely determine the Killing field X , in the sense that two

Killing fields with the same initial conditions at some point p must coincide on

M . A Killing field is called a transvection at p if its initial conditions at p are

(X)p := (Xp, 0), i.e., if (∇X)p = 0.
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A Killing field X satisfies, besides the Killing equation, the following identity,

for all p ∈ M , u, v ∈ TpM

(2.1) ∇2
u,vX = Ru,Xp

v affine Killing equation .

where R is the Riemannian curvature tensor of M . The affine Killing equation

reflects the fact that the flow of X preserves the Levi-Civita connection.

From the affine Killing equation and the Bianchi identity one can determine the

initial conditions at p of the bracket [X,X ′] of two Killing fields in terms of the

initial conditions (X)p = (v,B), (X ′)p = (v′, B′). Namely,

(2.2) ([X,X ′])p = (B′(v) −B(v′), Rv,v′ − [B,B′]).

This equation gives a useful formula for computing the curvature in terms of the

Killing fields X and Y . Namely:

(2.3) RXp,Yp
= (∇[X,Y ])p + [(∇X)p, (∇Y )p]

The so-called Koszul formula gives the Levi-Civita connection in terms of brack-

ets of vector fields and scalar products. From the fact that the Lie derivative of

the metric tensor along any Killing vector field is zero one has the following useful

formula (see e.g. (3.4) of [ORT]):

(2.4) 2〈∇XY, Z〉 = 〈[X,Y ], Z〉+ 〈[X,Z], Y 〉+ 〈[Y, Z], X〉.

Let X be a Killing field and let φt(q) be its associated flow. Let p ∈ M and let

c(t) = φt(p) be the integral curve of X by p. Let τt denote the parallel transport

along c(t), form 0 to t. Then τ−1
t ◦ dφt : TpM → TpM is a 1-parameter subgroup

of linear isometries. Moreover, (see e.g. Remark 2.3 of [OS])

(2.5) τ−1
t ◦ dpφt = et(∇X)p

or equivalently

(2.6) τt = dpφt ◦ e
−t(∇X)p .

Remark 2.1. (cf. [DOV, Remark 2.3]). Let X ∈ K(M) and let T ⊂ SO(TpM)

be the torus given by the closure of {et(∇X)p : t ∈ R}. Then for any given d ∈ T

there is a sequence of real numbers {tn}n∈N which tends to +∞ and such that

τ−1
tn

◦ dpφtn = etn(∇X)p tends to d. In particular, for d = es0(∇X)p , where s0 ∈ R is

arbitrary.

The nullity of the curvature tensor R at p ∈ M is the subspace νp of TpM defined

as

νp := {v ∈ TpM : Rv,x = 0, ∀x ∈ TpM}

or, equivalently, from the identities of the curvature tensor,

νp := {v ∈ TpM : Rx,yv = 0, ∀x, y ∈ TpM}.
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The map ν : p 7→ νp defines an autoparallel distribution in the open and dense

subset Ω of M where the dimension dim(νq) is locally constant, called the nullity

distribution of M . If M is homogeneous, then ν is a distribution in M and one has:

Theorem 2.2 (cf. [DOV] Theorem C). If M is a homogeneous compact Riemann-

ian manifold with no Euclidean local de Rham factor, then its nullity distribution

is trivial.

We recall Lemma 2.8 of [DOV]:

Lemma 2.3. Let M be a Riemannian manifold. Let γv(t) be a geodesic with

γv(0) = p, γ′
v(0) = v and such that γ′

v(t) belongs to the nullity subspace νγv(t) for

every t (if ν is a distribution, then this is equivalent to the fact that v ∈ νp). Denote

by τt the parallel transport along γv(t) from 0 to t. If Z is an arbitrary Killing field

on M , then

(i) Zγv(t) = τt(Zp) + tτt(∇vZ).

(ii) ∇γ′

v(t)
(∇Z) = 0, i.e., ∇Z is parallel along γv(t), or equivalently

(∇Z)γv(t) = τt((∇Z)p) := τt ◦ (∇Z)p ◦ τ
−1
t .

Let M = G/H be a simply connected homogeneous Riemannian manifold with-

out Euclidean de Rham factor and assume that its nullity distribution ν is non-

trivial. Observe that ν is not a parallel distribution, otherwise M would split off

a Euclidean factor. In addition, in this case, a non-trivial Killing field cannot be

always tangent to the nullity distribution ([DOV, Propositon 3.19]).

For a G-invariant distribution D on M , consider the osculating distribution D(1)

of D defined as

D(1)
q := Dq + span {∇wX : X ∈ C∞(D), w ∈ TqM}

where C∞(D) denotes the tangent fields of M that lie in D. It is not difficult to

see that D(1) is a G-invariant distribution of M such that D ⊂ D(1). Moreover, if

D is not parallel, then D(1) properly contains D. On has that (cf. [DOV, Lemma

3.1])

(2.7) D(1) = D + D̂

where

D̂q := {∇vZ : Z ∈ KG(M), v ∈ Dq}.

D̂ is called the adapted distribution of D. The adapted distribution might depend

on the presentation group G, but the higher order osculating distributions D(k) :=

(D(k−1))(1) (where D(0) = D) do not depend on G.

Let ν(1) be the osculating distribution of the nullity distribution and set ν(2) :=

(ν(1))(1), called the second order osculating distribution of ν. Both ν(1) and ν(2) are
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G-invariant distributions. Since ν is not parallel, ν is properly contained in ν(1).

So one has that

(2.8) ν(1)q = νq + ν̂q = νq + span {∇vZ : Z ∈ KG(M), v ∈ νq}

and one can describe ν(2) as

(2.9) ν(2) = ν(1) + ˆν(1) = ν + ν̂ + ˆ̂ν.

where ˆ̂ν = span {∇vZ : Z ∈ KG(M), v ∈ ν̂q} (cf. [DOV, Formula 5.0.2]).

The osculating distributions of ν have the following properties:

Lemma 2.4 ([DOV] Theorem A and Corollary 3.13). Let M be a Riemannian

homogeneous manifold which does not split off a local Euclidean de Rham factor

and with non-trivial nullity distribution ν. Then:

(1) ν and ν(1) are autoparallel distributions and ν ( ν(1) ( ν(2) ( TM . In

particular, the co-dimension of ν is at least 3.

(2) For any v ∈ ν̂q there exists a transvection Y of M which belongs to KG(M)

and such that Yp = v (such a transvection is called an adapted transvec-

tion). Moreover, the Jacobi operator R., vv is null,

[Y, [Y,K(M)]] = {0}

and [Y,KG(M)] 6= {0}, i.e Y does not belong to the center of KG(M).

Observe that if X is a transvection at p, since ∇ is torsion free,

(2.10) ∇Xp
Z = [X,Z]p .

Hence, from property (2) of Lemma 2.4 one gets that

(2.11) ˆ̂νp = {[X,Z]p : Z ∈ KG(M), X is an adapted transvection at p}.

3. The ideal u00

We keep the notation of Section 2. Let M = G/H be a simply connected

Riemannian homogeneous manifold without Euclidean de Rham factor and assume

that the nullity distribution ν of M is non-trivial.

The bounded algebra of M at p is given by

(3.1) up := {Z ∈ KG(M) : ∇νpZ ⊂ νp}.

From formula (2.2) one obtains that up is a Lie subalgebra of KG(M) (see [DOV,

Section 5]) which verifies that for every g ∈ G,

ugp = Adgu
p.

So Up = up.p defines an integrable distribution. Namely, the integral manifold of

U by p is the orbit by p of the Lie group associated to up. The distribution U is
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the so-called bounded distribution. It contains the first two osculating distributions

([DOV, Theorem A]). More precisely, on has that

(3.2) ν ( ν(1) ( ν(2) ⊂ U ( TM.

Observe that any transvection at p belongs to up. In particular,

(3.3) trp := {X ∈ KG(M) : X is a transvection at p with Xp ∈ ν(1)p } ⊂ up.

Moreover, by [DOV, Remark 3.10] one has that

(3.4) R trp,up = 0

Then, from (2.2), it follows that trp is an abelian Lie subalgebra of up.

Observe that since ν̂p ⊂ ν
(1)
p , from item (2) of Lemma 2.4 one gets that for each

u, v ∈ ν̂p there exist transvections X,Y ∈ trp such that Xp = u, Yp = v. So by

(3.4) Ru,v = RXp,Yp
= 0, i.e.,

(3.5) Rν̂p,ν̂p = 0.

Remark 3.1. From (2.8) and Lemma 2.4, any X ∈ trp is the sum of an adapted

transvection at p (i.e., a transvection whose value al p belongs to ν̂p) and a transvec-

tion tangent to the nullity at p. But we do not know whether there exists a transvec-

tion in any direction of νp. We will prove this fact in the next section (but such a

transvection might not belong to KG(M)).

Remark 3.2. From Lemma 2.4 one has that R ·,Xp
Xp = 0, for all X ∈ trp.

Polarizing this formula one gets that R ·,Xp
Yp + R ·,Yp

Xp = 0 for all X,Y ∈ trp.

Note that from Bianchi identity R ·,Xp
Yp − R ·,Yp

Xp = −RXp,Yp
· = 0 (see (3.4)).

Then, for all X,Y ∈ trp,

R ·,Xp
Yp = 0.

Let

(3.6) u
p
0 := {Z ∈ KG(M) : ∇νpZ = 0}

and

(3.7) u
p
00 := {Z ∈ KG(M) : ∇νpZ = 0 and ∇ν̂pZ = 0}.

Equivalently, by (2.8),

(3.8) u
p
00 := {Z ∈ KG(M) : ∇(ν(1))pZ = 0}

Clearly,

(3.9) trp ⊂ u
p
00 ⊂ u

p
0 ⊂ up.

Lemma 3.3. If U ∈ u
p
0, then ∇ν̂pU ⊂ ν̂p.
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Proof. Let (U)p = (u,B) be the initial conditions of U . Let Z ∈ KG(M) be

arbitrary with initial conditions (Z)p = (z,B′) and put W = [U,Z]. Let v ∈ νp

be arbitrary. Observe that, from the definition of ν̂p, ∇vW ∈ ν̂p. From (2.2) the

initial conditions of W at p are

(W )p = (B′(u)−B(z), Ru,z − (BB′ −B′B)).

Since v ∈ νp, one has that B(v) = 0 and Ru,z(v) = 0. Hence

∇vW = −B(B′(v)) ∈ ν̂p.

But the set {B′(v)}, for Z ∈ KG(M) and v ∈ νp arbitrary, spans ν̂p. Then

B(ν̂p) ⊂ ν̂p .

�

Theorem 3.4. u
p
00 is an ideal of KG(M) and does not depend on p ∈ M (and so

in the next we will refer to it as u00). Moreover, for any p ∈ M , trp is contained

in the center z(u00) of u00.

Proof. Let Z ∈ KG(M) be arbitrary with initial conditions (Z)p = (z,B′) and let

U ∈ u
p
00, with initial conditions (U)p = (u,B). Set W = [U,Z]. Let us see first

that W ∈ u
p
0.

From (2.2), the initial conditions of W at p are

(W )p = (B′(u)−B(z), Ru,z − (BB′ −B′B)).

Since U ∈ u
p
00 one has that B(νp) = B(ν̂p) = 0. On the other hand, from the

definition of ν̂ on gets that B′(νp) ⊂ ν̂p, hence B(B′(νp)) = 0.

So, if v ∈ νp is arbitrary, then

∇vW = Ru,zv −B(B′(v)) +B′(B(v)) = −B(B′(v)) = 0.

Then W ∈ u
p
0. So we need to prove that ∇ν̂pW = 0.

Let now r ∈ ν̂p. From Lemma 3.3 one has that ∇rW ∈ ν̂p. So, in order to show

that ∇rW = 0, we only have to show that the projection of ∇rW to ν̂p is zero. Let

s ∈ ν̂p be arbitrary. Then

〈∇rW, s〉 = 〈Ru,zr, s〉 − 〈B(B′(r)), s〉 + 〈B′(B(r)), s〉.

Since r, s ∈ ν̂p, by (3.5) Rr,s = 0. Hence 〈Ru,zr, s〉 = 〈Rr,su, z〉 = 0.

On the other hand, recall that B(ν̂p) = 0 hence B(r) = B(s) = 0 and then

〈∇rW, s〉 = −〈B(B′(r)), s〉 = 〈B′(r), B(s)〉 = 0.

Then W ∈ u
p
00 and thus up00 is an ideal of KG(M).

Being u
p
00 an ideal it does not depend on p ∈ M , since u

gp
00 = Ad(g)up00.

By making use of (2.2), (3.4) and (3.9) one obtains that trp ⊂ z(up00) for all

p ∈ M . �
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Remark 3.5. Observe that the center of an ideal of a Lie algebra g is an abelian

ideal of g. Then z(u00) is an abelian ideal of KG(M).

4. Transvections in the directions of the nullity

All throughout this section M = G/H will be a homogeneous Riemannian man-

ifolds with nullity distribution ν and curvature tensor R.

Lemma 4.1. Let p ∈ M , v ∈ νp. Then ∇vR = 0.

Proof. Since the first terms of both the equations in i) and ii) are linear in v, it

is clear that we only need to prove them for v in a set of generators of νp. Now

each leaf of ν is a homogeneous, flat totally geodesic submanifold of M (see [DOV,

Paragraph 3.2]). Hence νp is generated by the direction of homogeneous geodesics

tangent to ν, which are given by the flow of some Killing field in KG(M) (cf. [DOV,

Paragraph 2.5]).

So let v ∈ νp be such that there exist a homogeneous geodesic γv(t) tangent to

ν with γv(0) = p and γ′
v(0) = v and let X ∈ KG(M) be such that

γv(t) = φt(p)

where φt is the flow associated to X .

Let τt be the parallel transport along γv(t) from 0 to t. By Lemma 2.3,

Zγv(t) = τt(Zp) + tτt(∇vZ)

and ∇γ′

v(t)
(∇Z) = 0 and the same is true if one replaces Z by Y . From (2.2) one

has that

(∇[Y, Z])γv(t) = RYγv(t),Zγv(t)
− [(∇Y )γv(t), (∇Z)γv(t)].

Observe that C(t) = [(∇Y )γv(t), (∇Z)γv(t)] is a parallel skew symmetric (1, 1) tensor

along γv(t) since both terms of the bracket are so. Then

C(t) = τt(C(0)) = τt ◦C(0) ◦ τ−1
t .

Set u = Yp, u
′ = ∇vY , w = Zp, w

′ = ∇vZ. Then,

(∇[Y, Z])γv(t) = Rτt(u),τt(w) + t(Rτt(u),τt(w′) +Rτt(u′),τt(w))

+ t2Rτt(u′),τt(w′)−C(t)
(4.1)

By (2.6) one has that

(4.2) τt = dφt ◦ gt ,

where gt := e−t(∇X)p is a one parameter group of linear isometries of TpM . So,

since φt preserves the curvature,
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(∇[Y, Z])γv(t) −Rτt(u),τt(w) =

dφt

(

t(Rgt(u),gt(w′) +Rgt(u′),gt(w)) + t2Rgt(u′),gt(w′)

)

−τt(C(0)))

= dφt ◦

(

t(Rgt(u),gt(w′) +Rgt(u′),gt(w)) + t2Rgt(u′),gt(w′)

)

◦ dφ−1
t −

τt ◦ C(0) ◦ τ−1
t

(4.3)

Observe that, since M is homogeneous, ‖Rx,y‖ is bounded if ‖x‖ and ‖y‖ are

bounded. In addition, recall that the covariant derivative of any Killing field is

parallel along the nullity (cf. Lemma 2.3). Hence (∇[Y, Z])γv(t) is parallel and thus

the norm of the left hand side of (4.3) is bounded.

On the other hand, ‖τt ◦ C(0) ◦ τ−1
t ‖ is also bounded and then

(4.4) α(t) = ‖t(Rgt(u),gt(w′) +Rgt(u′),gt(w)) + t2Rgt(u′),gt(w′)‖

must be bounded.

Fix an arbitrary t and choose a sequence tn → +∞ such that gtn → gt (see

Remark 2.1) and put

Rn = (Rgtn (u),gtn (w′) +Rgtn (u′),gtn (w)).

Since α(tn)
tn

→ 0, ‖Rn‖ and ‖Rgtn (u′),gtn (w′)‖ are bounded, and

α(tn)

tn
≥

∣

∣tn‖Rgtn (u′),gtn (w′)‖ − ‖Rn‖
∣

∣

we must have that both tn‖Rgtn (u′),gtn (w′)‖ and ‖Rn‖ tend to 0. In particular,

0 = lim
n→∞

Rn = Rgt(u),gt(w′) +Rgt(u′),gt(w)

and

0 = lim
n→∞

Rgtn (u′),gtn (w′) = Rgt(u′),gt(w′).

Then, from (4.1),

Rτt(u),τt(w) = (∇[Y, Z])γv(t) + C(t)

Since (∇[Y, Z])γv(t) and C(t) are parallel along γv(t) one concludes that R is parallel

along γ(t) and so ∇vR = 0. �

Remark 4.2. Let p ∈ M and let X be a Killing field. Let B = (∇X)p and

let T be a tensor. Since the Levi-Civita connection is torsion free one has that

∇Xp
T − (LXT )p = B.Tp, where LX is the Lie derivative along X and B acts as a

derivation on the algebraic tensor Tp. If T is invariant under isometries, or more

generally under the flow of X, then LXT = 0. Hence ∇Xp
T = B.Tp. In particular,

if T = R is the curvature tensor, then ∇Xp
R = B.Rp (cf. [CO, Section 2]). Assume

now that M is homogeneous with nullity ν and that Xp ∈ νp. Then, by Lemma 4.1,

B.Rp = 0 or, equivalently, etB(Rp) = Rp. �
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We will now introduce some notation that we will keep for the rest of this section.

First, recall that one can identify any Killing field Y with its initial conditions

(Y )p = (Yp, (∇Y )p) at p. Under this identification the Lie bracket is given by (2.2)

and one can think of KG(M) as a linear subspace of TpM ⊕ so(TpM).

On the other hand, recall that if g be an isometry of M and Y is a Killing field

of M , then g∗(Y ) is also a Killing field, where (g∗(Y ))q := dg(Yg−1(q)).

Let now γv(t) be a homogeneous geodesic with v ∈ νp and let X ∈ KG(M) be

such that γv(t) = φt(p), where φt is the flow associated to X .

Let us consider, for Z ≃ (u,C) in KG(M) ⊂ TpM ⊕ so(TpM), the one parameter

family Zt ∈ KG(M) given by

Zt := (φ−t)∗(Z).

The map Z → Zt is a one parameter group of automorphisms of the Lie algebra

KG(M) and, as it is well-known d
dt |0

Zt = [X,Z].

From (2.5) and Lemma 2.3 one has that, if B = (∇X)p, then

(4.5) (Zt)p = (e−tBu+ te−tBCv, e−tBCetB).

The following result is crucial for our purposes.

Lemma 4.3. We keep the previous notation and assumptions. Let

ht : TpM ⊕ so(TpM) → TpM ⊕ so(TpM)

be the one parameter group of linear isomorphisms given by

ht(u,C) = (e−tBu, e−tBCetB).

Then ht(K
G(M)) ⊂ KG(M) and ht : KG(M) → KG(M) is a Lie algebra auto-

morphism, where KG(M) is identified with a linear subspace of TpM ⊕ so(TpM).

Moreover, ht(K
G
p (M)) ⊂ KG

p (M) where KG
p (M) is the isotropy algebra at p.

Proof. Fix t ∈ R and let tk be sequence that tends to +∞ and such that e−tkB

tends to e−tB (see Remark 2.1). Let Z ≃ (u,C) ∈ KG(M). Then by (4.5) 1
tk
(Ztk)p

converges to (e−tBCv, 0). Hence (te−tBCv, 0) ∈ KG(M) (observe that this is a

transvection at p). Then, since Zt ∈ KG(M), one obtains that

ht(Z) = Zt − (te−tBCv, 0) ∈ KG(M)

and hence ht(K
G(M)) ⊂ KG(M). The fact that [ht(Y ), ht(Z)] = ht([Y, Z]), for any

Y, Z ∈ KG(M), follows from a direct computation, using (2.2) and the fact that

e−tB(Rp) = Rp (see Lemma 4.1 and Remark 4.2).

The last assertion is trivial since the isotropy algebra corresponds to those pairs

with first component equals to zero. �

Lemma 4.4. We keep the notation and assumptions of this section. Let X ∈

KG(M) be such that γ(t) = φt(p) is a (homogeneous) geodesic tangent to the the
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nullity, where φt is the flow associated to X. If M is simply connected, then there

exists a transvection at p with initial conditions (Xp, 0).

Proof. We may assume that G is simply connected. In this case the action of G

is not necessarily effective, but almost effective. Observe that, since M is simply

connected, then H := Gp must be connected. Then the one parameter group of

Lie algebra automorphisms ht induces a one parameter group of automorphisms Lt

of G, with deLt = ht. Moreover, Lt(H) = H . Then Lt induces a one parameter

group of diffeomorphisms ℓt of M = G/H given by

ℓt(gH) = Lt(g)H.

Observe that ℓt(p) = p for all t ∈ R. Let Z = (u,C) ∈ KG(M) ≃ g. Then

dpℓt(u) = dpℓt(Z.p) =
d
ds0

ℓt(Exp(sZ)p)

= d
ds0

Lt(Exp(sZ))p = ht(Z).p = e−tBu.
(4.6)

We conclude that dpℓt is a linear isometry for all t ∈ R. Note that, for all g ∈ G,

ℓt(x) = Lt(g)ℓt(g
−1x)

or, equivalently,

ℓt = mLt(g) ◦ ℓt ◦mg−1 ,

where mr(x) = rx, r ∈ G, x ∈ M . Then

dgpℓt = dpmLt(g) ◦ dpℓt ◦ dgpmg−1 .

So dgpℓt is a linear isometry. Since g ∈ G is arbitrary, then ℓt is an isometry that

fixes p.

From (4.6) we obtain that the Killing field associated to the one parameter group

of isometries ℓt is Y = (0,−B). Then U = X + Y is the transvection with initial

conditions (Xp, 0). �

Corollary 4.5. Let M = G/H be a simply connected homogeneous Riemannian

manifold with a non-trivial nullity distribution ν. Then, for all p ∈ M , v ∈ νp there

exists a transvection Y such that Yp = v (it could happen that Y /∈ KG(M)).

Proof. It follows from Lemma 4.4 and the fact that the directions of homogeneous

geodesics span νp. �

5. The abelian ideal generated by the transvections

Let M = G/H be a locally irreducible Riemannian homogeneous manifold with

a non-trivial nullity. Let

(5.1) tr
p
0 := {X ∈ KG(M) : X is a transvection at p with Xp ∈ νp}

(compare with (3.3)) and let

(5.2) t̃r
p

0 := {X ∈ K(M) : X is a transvection at p with Xp ∈ νp}.
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By Corollary 4.5 one has that dim(t̃r
p

0) = dim(νp). Observe that the inclusion

tr
p
0 ⊂ t̃r

p

0 could be strict.

Remark 5.1. The adapted transvections at p, with respect to G, are given by

[KG(M), t̃r
p

0]. In fact, let v ∈ νp, X ∈ t̃r
p

0 with Xp = v and Z ∈ KG(M). Then

([X,Z])p = (∇vZ, 0) which defines an arbitrary adapted transvection (see (2.2)).

Thus, [KG(M), t̃r
p

0] ⊂ KG(M) and hence KG(M) + t̃r
p

0 is a Lie algebra of Killing

fields of M . Observe that this Lie algebra does not depend on p ∈ M . This follows

from the fact that Adg(t̃r
p

0) = t̃r
gp

0 for all g ∈ G.

Throughout the rest of this section we will denote by g = Lie(G) ≃ KG(M) and

by g̃ = Lie(I(M)) ≃ K(M). Set

g′ = g+ t̃r
p

0 ⊂ g̃.

and put

t̃r
p
= {X ∈ g′ : X is a transvection at p with Xp ∈ ν(1)p }

From Remark 5.1, g′ is a Lie subalgebra of g̃. On the other hand, from Lemma 2.4

and Remark 5.1, it follows that ν̂p = [g, t̃r
p

0].p and form Corollary 4.5, νp = t̃r
p

0.p.

Since ν(1) = ν + ν̂ one gets that

(5.3) t̃r
p
= [g, ˜trp0] + t̃r

p

0

and

(5.4) t̃r
p
.p = ν(1)p .

The last equality implies, since a transvection at p is defined by its value at p, that

(5.3) does not depend on G and hence

(5.5) t̃r
p
= [g′, ˜trp0] + t̃r

p

0 = [g̃, ˜trp0] + t̃r
p

0.

Let a be the ideal generated by t̃r
p

0 in g′.This ideal does not depend on p ∈ M

since any g ∈ G maps νp into νgp and so it maps t̃r
p

0 into t̃r
gp

0 . Observe that with

the same arguments of Theorem 3.4 and Remark 3.5 one gets that a is an abelian

ideal.

Lemma 5.2. The abelian ideal a does not depend on the presentation group G. In

particular, a is also the ideal of g̃ generated by t̃r
p

0.

Proof. It suffices to show that the ideal ā of g̃ ≃ K(M) generated by t̃r
p

0 coincides

with a. Let us denote, for a pair of Lie subalgebras b and c of a Lie algebra,

[c, b]0 = b and inductively [c, b]k+1 = [c, [c, b]k]. We need to show that for each

r ∈ N,

(5.6)

r
∑

k=0

[g′, ˜tr0
p
]k =

r
∑

k=0

[g̃, t̃r
p

0]
k.
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Let us write

(5.7) g̃ = g′ ⊕ h′,

where h′ is a linear subspace of the full isotropy algebra g̃p. We shall prove first

that

(5.8)

[

h′,
r

∑

k=0

[g̃, ˜trp0]
k

]

⊂
r

∑

k=0

[g̃, ˜trp0]
k

Since the isotropy at p maps νp into itself and transvections into transvections one

has that [h′, ˜trp0] ⊂
˜trp0 and so (5.8) holds for r = 0. Assume now that (5.8) is true

for some r. Then
[

h′, [g̃, ˜trp0]
r+1

]

=
[

h′, [g̃, [g̃, ˜trp0]
r]
]

=
[

[h′, g̃], [g̃, ˜trp0]
r]
]

+
[

g̃, [h′, [g̃, ˜trp0]
r]
]

⊂ [g̃, [g̃, ˜trp0]
r] +

[

g̃,

r
∑

k=0

[g̃, ˜trp0]
k

]

⊂

r+1
∑

k=0

[g̃, ˜trp0]
k.

This implies that (5.8) holds for every r ∈ N.

Let us turn to the proof of (5.6). It trivially holds for r = 0, and from equation

(5.5), one gets that it holds for r = 1. So assume that (5.6) is true for some r. In

particular,

[g̃, ˜trp0]
r ⊂

r
∑

k=0

[g̃, t̃r
p

0]
k =

r
∑

k=0

[g′, ˜tr0
p
]k

From this and from (5.8) one gets that

[g̃, ˜trp0]
r+1 = [g′ + h′, [g̃, ˜trp0]

r] ⊂
r+1
∑

k=0

[g′, ˜tr0
p
]k

which implies the non-trivial inclusion on (5.6). �

Proof of Theorem 1.1. Part (1) is just Corollary 4.5. Part (2) follows from Remark

5.1. Part (3) follows from Lemma 5.2 and its preceding paragraph.

Let us prove (4): by (2.8) and (2.9) one has that ν(1) = ν + ν̂ and

ν(2) = ν(1) + ˆ̂ν

where ˆ̂νq = span {∇vZ : Z ∈ KG(M), v ∈ ν̂q}.

Observe that, from (5.4), ν
(1)
p = t̃r

p
.p and from (5.5), t̃r

p
⊂ a. So ν

(1)
p ⊂ a.p. On

the other hand, from Lemma 2.4 and remark 5.1, any element v ∈ ν̂p is the initial

value of a transvection X ∈ [g, t̃r
p

0]. Then for each Z ∈ g ≃ KG(M) one has that

∇vZ = ∇Xp
Z = [X,Z]p. Hence ˆ̂νp ⊂ [g, [g, t̃r

p

0]].p ⊂ a.p and so ν
(2)
p ⊂ a.p. This

proves the first assertion of (4).

Let a ∈ Ā. One has that t̃r
ap

= Ada(t̃r
p
) (resp., t̃r

ap

0 = Ada(t̃r
p

0)). Then, since Ā

is abelian, t̃r
ap

= t̃r
p
(resp.,t̃r

ap

0 = t̃r
p

0) for all a ∈ Ā. Observe that the distribution
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ν(1) (resp., ν), restricted to Ā · p, is spanned by the elements X of t̃r
p
(resp., t̃r

p

0).

Since ∇X = 0 when restricted to Ā.p, we obtain the second part of (4). �

Proof of Corollary 1.2. The isotropy H is trivial by Theorem A (3) of [DOV]. Ob-

serve that, with the same argument, any presentation group of M must have trivial

isotropy. So, in this case, g = g′ = g̃.

Let a be the abelian ideal of g generated by t̃r
p

0 (see part (3) of Theorem 1.1).

Since M is non-flat, a.p is properly contained in TpM . From Theorem A (1) of

[DOV] one has that ν
(2)
p has codimension 1 in TpM (cf. 3.2). Then, from part

(4) of Theorem 1.1, a has codimension 1 in g. If w ∈ g does not belong to a then

g = Rw ⋊ a. Let A be the Lie normal subgroup of G associated to a and L be the

one-dimensional Lie subgroup of G associated to Rw. Let π : Ã ≃ Rn−1 → A and

π′ : L̃ ≃ R → L be the universal cover of A and L, respectively. Then the map

m : L̃ × Ã → G given by m((l, a)) = π′(l)π(a) is a covering map. Since G ≃ M is

simply connected one has that m is a diffeomorphism. Hence L ≃ R and A ≃ Rn−1

and thus G is isomorphic to a semidirect product Rn−1 ⋊R. �

We finish this section with a lemma and a remark that will be needed in the

following section.

Lemma 5.3. . Let M = G/H be a (connected) homogeneous Riemannian manifold

where G is a connected closed Lie subgroup of Io(M). Let N be a connected closed

abelian normal subgroup of G and let N · p ⊂ M be any orbit. Then the isotropy

Np is trivial.

Proof. Since N is abelian, then N = T k × Rm where T k is a torus. Since N is a

normal subgroup and G is connected the conjugation by g ∈ G Ig : N → N acts

trivially on T k. Thus, T k is included in the center C(G) of G. Since Np is compact,

Np ⊂ T k. Then Np ⊂ C(G) and hence Np = {1} since G acts effectively. �

Remark 5.4. We have the following infinitesimal version of Lemma 5.3. Let a be

an abelian ideal of g = Lie(G), where G acts, by isometries, almost effectively and

transitively on M . Then a∩gp = {0} for all p ∈ M , where gp is the isotropy algebra

at p. This can be proved as follows: the Killing form of g is null when restricted to

a and it is negative definite when restricted to the isotropy algebra (see the proof of

Lemma 2.7 of [DOV]).

6. Non-solvable examples

Let K be a simple simply connected compact Lie group with Lie algebra k and

let ρ : K → SOn be an irreducible orthogonal representation. Let us consider
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the semidirect product G = Rn ⋊ρ K. Namely G = Rn × K and (v, k)(v′, k′) =

(v + ρ(k)(v′), kk′). Observe that the Lie algebra of G is g = Rn ⋊ρ k, which is the

vector space Rn ⊕ k with the following Lie bracket [ , ]: if v, w ∈ Rn and X,Y ∈ k

then

[v, w] = 0, [X,Y ] = [X,Y ]k, [X, v] = dρe(X)(v).

Let us consider the simply connected Riemannian manifold M = G, with a left

invariant metric which restricted to Rn coincides with the canonical metric of Rn.

Then for each w ∈ Rn ⊂ g, the Killing vector field of M induced by w is

w̃(v,k) = (w, 0k).

Moreover, from (2.4), and the fact that ρ is an orthogonal representation, one

obtains that for each v, w ∈ Rn

(6.1) ∇ṽw̃ = 0.

Let D be the (integrable) distribution of M defined at p = (v, k) by Dp =

(Rn, 0k). It is not hard to prove that D is left-invariant, and from equation (6.1)

one obtains that D is an autoparallel distribution.

Remark 6.1. The only proper ideal of g is Rn. In fact, consider the projection

π : g → g/Rn ≃ k and let J be a proper ideal of g. Then π(J) is an ideal of this

quotient, and since k is simple, either π(J) = {0} or π(J) ≃ k. If π(J) = 0, then

J ⊂ Rn. But then J is a k-invariant subspace of Rn. Since the action of K on

Rn is irreducible one concludes that J = Rn. A similar argument shows that if

π(J) =≃ k, then J = g.

Remark 6.2. Let u ∈ g and let ũ be the Killing field induced by u, i.e. ũq = u.q.

Then, if g is an isometry, g∗(ũ) = Adg(u)
˜. In particular, u is a transvection at q

if and only if g∗(ũ) is a transvection at g(q).

Lemma 6.3. If M has a non-trivial Euclidean de Rham factor then D is a par-

allel distribution and the Killing fields induced by Rn ≃ Lie(Rn) are parallel fields.

Furthermore, M is isometric to the Riemannian product of the Euclidean space Rn

by the Lie group K with a left invariant metric.

Proof. Let M = E×M ′ where E ≃ Rr is the Euclidean de Rham factor and M ′ is

the product of the irreducible de Rham factors. Then the space of Killing fields of

M decomposes as

(6.2) K(M) = K(Rr)⊕K(M ′)

and the full isometry group of M decomposes as

(6.3) I(M) = I(E)× I(M ′).
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Let E be the parallel distribution of M associated to the flat de Rham factor. Then

its first osculating distribution E(1) (see equation 2.7) coincides with E and so

(6.4) ∇Ep
X ⊂ Ep

for all X ∈ KG(M) ≃ g = Lie(G), p ∈ M . The same argument used in [DOV,

Proposition 3.6] shows that there exists always a transvection induced by G in the

direction of ∇vX , for all X ∈ KG(M), v ∈ Ep (the argument used in the proof of

such a proposition does not use that there is no flat de Rham factor, except for

finding a transvection not in the nullity).

Case (i): ∇vX = 0, for all X ∈ KG(M), v ∈ Ep. Then, if X ∈ KG(M),

X = T +Z where T is a transvection of the Euclidean factor and Z is a Killing field

of M ′ (by enlarging G to the full isometry group and with the usual identification

6.2). Then, if Xp ⊥ Ep, for some p ∈ M , the field X must be always tangent to the

distribution E⊥ associated to the factor M ′. Let us regard K ⊂ I(M) and consider

the projection π : K → I(E) according to the decomposition 6.3. Then π(K) is a

compact subgroup of isometries of E ≃ Rr. Then there exists q ∈ E which is fixed

by π(K) or equivalently, since π(K) is connected, u.q = 0 for all u ∈ Lie(π(K)).

We may regard E as a fixed integral manifold of E and so we will regard q as an

element of M . Then k.q ⊥ Eq where k = Lie(K). Then, from what previously

observed, any Killing field X induced by an element of k lies in E⊥. Since E⊥ is

G-invariant, the Killing fields induced by G which lie in this distribution are an

ideal, let us say I, of g. Since k ⊂ I, from remark 6.1 we conclude that I = g and

thus E = {0}. A contradiction that show that this case cannot hold if E 6= {0}.

Case (ii): ∇vX 6= 0, for some X ∈ g and some v ∈ Ep. Since, by (6.4), ∇vX ∈ Ep

we conclude that there exists a non-trivial transvection Y induced by G such that

Yp ∈ Ep. Such a transvection must be always tangent to the Euclidean factor of

M and must be a transvection at any point. Then, for any g ∈ G, g∗(Y ) lies in E

and it is a transvection at any point of M (see Remark 6.2). Then the ideal J of

g generated by Y consists of transvections at any point that lie in E . Since such

transvections must commute we conclude that J is a non-trivial abelian ideal of g.

Thus by Remark 6.1, J = Rn. In particular r = dim(E) = n. Observe that in this

case any element v of J induces a parallel vector field ṽ of M which proves the first

assertions. This implies that D = E .

Let us consider again the natural projection π : K → I(E). Then, as in the proof

of case (i), k.q ⊥ Eq = Dq. Then, since G acts simply transitively on M we must

have that K act simply transitively on the integral manifold by q of the parallel

distribution associated to the factor M ′ of M . From this we conclude that M ′ is

isometric to K with a left invariant metric. �

Lemma 6.4. Let M = Rn ⋊ρ K be a semidirect product with a left invariant

metric which restricted to Rn coincides with the canonical metric of Rn, where ρ :
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K → SOn is an irreducible orthogonal representation and K is a simply connected

compact simple Lie group with dim(K) < n. Assume that M has no Euclidean de

Rham factor. Then M is an irreducible Riemannian manifold.

Proof. Let g = Rn⋊dρ k be the Lie algebra of G = Rn⋊ρK, let Mi be an irreducible

de Rham factor of M and let πi : g → Lie(I(Mi)) the the natural projection.

Observe that J := ker(πi) is an ideal which is properly contained in g. Then from

Remark 6.1 either J = {0} or J = Rn.

Assume that J = Rn. Let us denote also by πi the induced Lie group morphism

from G into I(Mi)
o. Then πi(G) = πi(K) is compact. Since πi(G) must act

transitively on Mi, we conclude that Mi is compact.

If J = {0} then πi(R
n) is an n-dimensional ideal of πi(g). By Remark 5.4

dim(πi(R
n).q) = n for any q ∈ Mi and hence dim(Mi) ≥ n. Since dim(M) =

n + dim(K) < 2n there is at most one of such factors with ker(πi) = {0}. Note

that there must be one of such factors, let us say M1, since M in non-compact.

Let D be the parallel foliation of M associated to M1. Let M ′ be the product

of the de Rham factors Mi of M different from M1 (and so ker(πi) = Rn). Assume

M ′ in non-trivial. We identify M ′ with the integral manifold of D⊥ by e = (0, 1).

We have shown that any irreducible de Rham factor of M ′ is compact, and so M ′ is

compact. Let π : G → I(M ′)o be the natural projection. Then clearly ker(π) = Rn

and so, π(G) = π(K) and π(G) is locally isomorphic to K. Since D⊥ is G-invariant

we have that M ′ = H · e for some simply connected compact Lie subgroup H of

K. Observe, since G acts without isotropy, that H that has no isotropy and in

particular acts effectively on M ′. Observe that π(G) contains the restriction to M ′

of H (that we identify with H acting by left multiplications on M ′). From [OT]

(see also [Go]) one has that H is a normal subgroup of I(M)o. Then H is a normal

subgroup of π(G). Since H 6= {1} and K is simple, we conclude that H ≃ π(G).

Then dim(M ′) = dim(K) and so dim(M1) = n. Observe, since π(Rn) = 0, that the

Killing fields induced by the elements in Lie(Rn) ≃ Rn ⊂ g lie in the distribution

D. Then, by Remark 5.4, Rn acts transitively (by isometries) on M1. Then M1 is

flat. A contradiction that proves the M ′ is trivial. �

Proposition 6.5. Let K be a simply connected compact simple Lie group and let

ρ : K → SOn be an irreducible orthogonal representation. Let V0 be a non-trivial

vector subspace of Rn such that dim(V0)(1+dim(K)) < n. Then there exists a left

invariant metric 〈 , 〉 on G = Rn ⋊ρ K such that M = (G, 〈 , 〉) is an irreducible

Riemannian manifold and the nullity distribution ν of M at (0, e) contains V0

(hence the index of nullity of M is at least dim(V0)).

Proof. Let us define, for i ≥ 1,

Vi = [g,Vi−1] + Vi−1 = [k,Vi−1] + Vi−1.
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Since [k,Vi] ⊂ Vi+1 and K acts irreducibly on Rn there exists d ∈ N such that Vd =

Rn. We choose d to be the minimal with this property. Observe that dim(V1) ≤

dim(V0) dim(K)+dim(V0) = dim(V0)(1+dim(K)) < n. So V1 is a proper subspace

of Rn and thus d ≥ 2. Let e = (0, 1) ∈ G, let ( , ) be the canonical inner product

of Rn and let 〈 , 〉′ be an inner product in k ≃ k.e. Let w ∈ k and v ∈ Vd−1 be such

that [w, v] /∈ Vd−1. Let 0 6= z ∈ k be perpendicular to w. Let v′ be the orthogonal

projection of [w, v] into the orthogonal complement V⊥
d−1 of Vd−1 in Vd = Rn (any

element of Rn ⊂ g defines a Killing field which is identified with its value at e). Let

V̄ be the orthogonal complement of v′ in V⊥
d−1. So

TeG = Vd−1 ⊕ V⊕ Rv′ ⊕ k.

Let us consider the inner product 〈 , 〉 on TeG defined by:

1) 〈 , 〉 = ( , )× 〈 , 〉′ when restricted to
(

Vd−1 ⊕ V̄
)

⊕ k.

2) 〈 , 〉 = ( , ) when restricted to Rn ⊂ TeG.

3) v′ is perpendicular to the orthogonal complement of the linear span of w, z

in k and 〈v′, w〉 = a, 〈v′, z〉 = b, where a, b are small generic constants, that will be

fixed later, and such that 〈 , 〉 is a positive definite inner product of TeG.

From formula (2.4) one obtains that the elements of Vd−2 define transvections

at e (by making use that the bracket by an element of k defines a skew symmetric

transformation of Rn).

Let us write [v, z] = λv′ +u, where u ⊥ v′. Identifying x ∈ g with the associated

Killing field q 7→ x.q we have that

2〈∇w.ev, z.e〉 = 〈[w, v].e, z.e〉+ 〈[w, z].e, v.e〉+ 〈[v, z].e, w.e〉

= 〈[w, v].e, z.e〉+ 〈[v, z].e, w.e〉 = b+ λa
(6.5)

(observe that [v, w] ∈ k and v ∈ Vd−1 are perpendicular). One can choose the

generic constants a and b such that b + λa 6= 0. Then the Killing field q 7→ v.q is

not a transvection at e. Then, by Lemma 6.3, M has no Euclidean factor. Hence,

by Lemma 6.4, M is an irreducible Riemannian manifolds. From formula (2.3) we

obtain that Vd−2.e ⊂ νe since the elements of both Vd−2 and [g,Vd−2] ⊂ Vd−1

induce transvections. �

Proof of Theorem 1.3. If follows directly from Proposition 6.5. �

References

[BCO] Berndt, J., Console, S., and Olmos, C, Submanifolds and holonomy, Research Notes in

Mathematics Chapman & Hall/CRC, Boca Raton FL , Second Edition 2016.

[BOR] Berndt, J., Olmos, C.,and S. Reggiani, Compact homogeneous Riemannian manifolds with

low co-index of symmetry, J. Eur. Math. Soc. (JEMS), 19 (2017), 221–254.

[CO] Console, S., Olmos, C., Curvature invariants, Killing vector fields and cohomogeneity,

Proc. AMS 137 (2009), 1069–1072.



THE STRUCTURE OF HOMOGENEOUS RIEMANNIAN MANIFOLDS WITH NULLITY 21

[DOV] Di Scala, A. J.,Olmos, C., and Vittone, F., Homogeneous Riemannian manifolds with

non-trivial nullity, Transformation Groups, 17 (2022), 31-72

[Go] Gordon, C., Riemannian Isometry Groups Containing Transitive Reductive Subgroups,

Math, Ann. 248 (1980), 185–192.
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