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A B S T R A C T

In this work, we present and analyze a Stabilization-free Virtual Element high order scheme
for 2D second order elliptic equation. This method is characterized by the definition of new
polynomial projections that allow the definition of structure-preserving schemes. We provide
a necessary and sufficient condition on the polynomial projection space that ensure the well-
posedness of the scheme and we derive optimal a priori error estimates. Several numerical
tests assess the stability of the method and the robustness in solving problems characterized by
anisotropies.

1. Introduction

Virtual Element Methods (VEMs) [1,2] are numerical methods for the solution of partial differential equations that allow the use
of general polygonal and polyhedral meshes, which is a topic of large interest in several engineering applications. The main idea
of this family of methods is to define discrete functional spaces containing polynomials and other unknown functions, in order to
satisfy the required Sobolev regularity of the scheme and use classic sets of degrees of freedom. The problem’s differential operator is
then approximated by the sum of a bilinear form providing consistency on polynomials and another bilinear form ensuring stability
whose choice remains somehow arbitrary during the years. A large literature on the role of the stability term has been produced
in the last years, in particular it has been shown that its isotropic nature can causes some issues in applications characterized by
advection-dominated regime [3,4]. Furthermore, in the classical a posteriori error analysis [5,6] the stability term appears on the
right-hand side and it does not need to reduce under mesh refinement, bringing some issues in the adaptive theory. The interest
in the topic of stabilization is proven by a large number of recent works that have been published, we mention for instance [7]
where a reduced basis method to design the stabilization term is proposed, [8–10] where bounds for the stability terms used in
the a posteriori error analysis are presented, [11] where a quantitative study of the parameters involved in the stabilization is
performed, and [12] where authors show the sensitivity of the solution of eigenvalue problems to variable parameters included in
the discretization matrices.

More recently, new H1-conforming and H (div)-conforming VEM schemes were proposed in [13–17], based on consistent and
stable polynomial projections of basis functions, thus allowing the definition of coercive discrete bilinear forms based only on
polynomial projections, that preserve the structure of the problem’s operator. These methods have then been applied in a lot of
contests: problems characterized by anisotropies [18], elasticity problems [19–21], convection-dominated problems [22], finite
strain problems [23], and for bi-dimensional elastoplastics models [24,25].
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In this paper, we deal with a 2D H1-conforming Virtual Element Method discretization and generalize the scheme presented
in [17] to allow for arbitrary polynomial accuracy of the method. Also, the scheme is formulated for a general second order elliptic
PDE with variable coefficients. The proposed method of degree 𝑘 is based on high-degree polynomial projections, whose divergence
is of degree 𝑘− 2. We identify a necessary and sufficient condition on the polynomial space such that the projection operator is stable
nd thus the method is well-posed and optimal a priori error estimates can be derived. We notice that the polynomial degree of
uch projections depends on the element’s geometry. Hence, an algorithm is proposed to compute the optimal polynomial projection.
umerical tests are presented to confirm the robustness of the presented method. In particular, we select several polygonal shapes

o assess the stability of the method for different accuracy orders 𝑘. Furthermore, we propose comparisons with a standard VEM
pproach to problems characterized by anisotropies.

The paper is structured as follows. The model problem is presented in Section 2. Section 3 is devoted to the presentation of
he discrete scheme and the definition of the new higher-order polynomial projections. Well-posedness of the discrete problem is
iscussed in Section 4. Section 5 shows the 𝐿2 and 𝐻1 a priori error estimates. The computation of the projection is shown in
ection 6. Finally, Section 7 contains the numerical tests.

2. Model problem

Let 𝛺 ⊂ R2 be a bounded open set. We are interested in solving the following general second-order problem:
{

∇ ⋅ (−∇𝑢 + 𝜷𝑢) + 𝛾 𝑢 = 𝑓 in 𝛺,
𝑢 = 0 on 𝜕 𝛺,

(1)

where 𝜷 ∈ (𝐿∞(𝛺))2 with ∇ ⋅ 𝜷 = 0, and 𝛾 ∈ 𝐿∞(𝛺) and non negative on 𝛺, the loading term 𝑓 ∈ 𝐿2(𝛺). We assume the symmetric
diffusive tensor  ∈ (𝐿∞(𝛺))2×2 and satisfy:

0|𝒗|2 ≤ 𝒗 ⋅(𝒙)𝒗 ≤ 1|𝒗|2, ∀𝒗 ∈ R2, ∀𝒙 ∈ 𝛺 , (2)

where 0 and 1 are positive constants and |⋅| denotes the euclidean norm. We define the bilinear form (⋅, ⋅) ∶ H1
0(𝛺) × H1

0(𝛺) → R
as the sum of three contributions, i.e.

 (𝑢, 𝑣) ∶= 𝑎 (𝑢, 𝑣) + 𝑏 (𝑢, 𝑣) + 𝑐 (𝑢, 𝑣) , ∀ 𝑢, 𝑣 ∈ H1
0(𝛺), (3)

where

𝑎 (𝑢, 𝑣) ∶= ∫𝛺
(∇𝑢) ⋅ ∇𝑣, (4)

𝑏 (𝑢, 𝑣) ∶= ∫𝛺
(𝜷 ⋅ ∇𝑢) 𝑣, (5)

𝑐 (𝑢, 𝑣) ∶= ∫𝛺
𝛾 𝑢𝑣, (6)

and, for the right-hand side, the linear form 𝐹 (⋅) ∶ H1
0(𝛺) → R

𝐹 (𝑣) ∶= ∫𝛺
𝑓 𝑣 ∀ 𝑣 ∈ H1

0(𝛺). (7)

The variational formulation of (1) reads as: find 𝑢 ∈ H1
0(𝛺) such that,

 (𝑢, 𝑣) = 𝐹 (𝑣) ∀ 𝑣 ∈ H1
0(𝛺). (8)

More general boundary conditions can be considered and will be considered in the numerical tests.

3. Mesh and discretization

In order to define the discrete form of (8), let ℎ be a conforming polygonal tessellation of 𝛺 and 𝐸 denotes a generic polygon
of ℎ. Moreover, let ℎ𝐸 denote the diameter of 𝐸 and the mesh size ℎ ∶= max𝐸∈ℎ

ℎ𝐸 .
We assume that ℎ satisfies the standard mesh assumptions for VEM, described in Assumption 3.1.

Assumption 3.1 (Mesh assumptions). ∃ 𝜅 > 0 such that ∀𝐸 ∈ ℎ,

• 𝐸 is star-shaped with respect to a ball of radius 𝜌𝐸 ≥ 𝜅 ℎ𝐸 ,
• for every edge 𝑒 ⊂ 𝜕 𝐸, |𝑒| ≥ 𝜅 ℎ𝐸 .

Notice that the above conditions imply that, denoting by 𝑁𝐸 the number of vertices of 𝐸, it holds that the number of vertices of
each polygon 𝐸 has an upper bound, i.e.

∃𝑁max > 0 ∶ ∀𝐸 ∈ ℎ, 𝑁𝐸 ≤ 𝑁max . (9)
2
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3.1. Discretization

Let 𝜶 = (𝛼1, 𝛼2) ∈ N2, then we denote by 𝒙𝜶 a generic element of degree |𝜶| = 𝛼1 + 𝛼2 of the basis of homogeneous polynomials
in R2, i.e. 𝒙𝜶 = 𝑥𝛼11 𝑥

𝛼2
2 . For any given 𝜔 ⊂ R2, let P𝑘 (𝜔) be the space of polynomials of degree up to 𝑘 defined on 𝜔, and given

𝑚, 𝑛 ∈ N, with 𝑛 < 𝑚, let

P𝑚 (𝜔) ⧵ P𝑛−1 (𝜔) ∶= span{𝒙𝜶
|𝜔
}𝑚
|𝜶|=𝑛 .

Then, let 𝛱∇,𝐸
𝑘 ∶ H1(𝐸) → P𝑘 (𝐸) be the H1 orthogonal operator, defined up to a constant by the orthogonality condition: ∀ 𝑢 ∈ H1(𝐸),

(

∇
(

𝛱∇,𝐸
𝑘 𝑢 − 𝑢

)

,∇𝑝
)

𝐸
= 0 ∀ 𝑝 ∈ P𝑘 (𝐸) . (10)

In order to define 𝛱∇,𝐸
𝑘 uniquely, we choose any continuous and linear projection operator P0 ∶ H1(𝐸) → P0 (𝐸), whose

continuity constant in H1 norm is independent of ℎ𝐸 and continuous with respect to deformations of the geometry, and we impose
∀ 𝑢 ∈ H1(𝐸),

P0
(

𝛱∇,𝐸
𝑘 𝑢 − 𝑢

)

= 0. (11)

Remark 1. Under the current mesh assumptions, given by Assumption 3.1, a suitable choice for P0 is the integral mean on 𝐸,
i.e.

P0 (𝑢) ∶=
1
|𝐸| ∫𝐸

𝑢 𝑑 𝑥 ∀𝑢 ∈ H1(𝐸).

Notice that this is a common choice, see for instance [2].
For any given 𝐸 ∈ ℎ, we define the local Virtual Space of order 𝑘 according to [2,26] as

𝐸ℎ,𝑘 ∶= {𝑣ℎ ∈ H1(𝐸) ∶ 𝛥𝑣ℎ ∈ P𝑘 (𝐸) , 𝛾𝑒
(

𝑣ℎ
)

∈ P𝑘 (𝑒) ∀𝑒 ⊂ 𝜕 𝐸 ,
𝑣ℎ ∈ 𝐶0(𝜕 𝐸) ,

(

𝑣ℎ −𝛱
∇,𝐸
𝑘 𝑣ℎ, 𝑝

)

𝐸
= 0 ∀𝑝 ∈ P𝑘 (𝐸) ⧵ P𝑘−2 (𝐸)} (12)

Given 𝑣ℎ ∈ 𝐸ℎ,𝑘, the chosen degrees of freedom of this space are

• 𝑁𝐸 pointwise values of 𝑣ℎ at the vertices of the polygon,
• if 𝑘 > 1, 𝑘 − 1 pointwise values of 𝑣ℎ at Gauss–Lobatto quadrature points internal to each edge,
• if 𝑘 > 1, 𝑘(𝑘−1)

2 internal moments 1
𝐸

(

𝑣ℎ, 𝑚𝑖
)

𝐸 , ∀ 𝑖 = 1,… , 𝑛𝑘−2, where 𝑛𝑘−2 ∶= dimP𝑘−2 (𝐸) and {𝑚𝑖}
𝑛𝑘−2
𝑖=1 is the scalar monomial

basis of P𝑘−2 (𝐸) defined as 𝑚𝑖 ∶=
(

𝒙−𝒙𝐸
ℎ𝐸

)𝜶𝑖
, correlating each index 𝑖 to a multi-index 𝜶𝑖 = (𝛼𝑖,1, 𝛼𝑖,2) such that |

|

𝜶𝑖|| ≤ 𝑘 − 2.

Moreover, we define the global discrete space as ℎ,𝑘 ∶= {𝑣 ∈ H1
0(𝛺) ∶ 𝑣

|𝐸 ∈ 𝐸ℎ,𝑘} . Note that 𝑣ℎ ∈ ℎ,𝑘 is a continuous function that
is a polynomial of degree 𝑘 on each edge of the mesh.

To define our discrete bilinear form, for any given 𝐸 ∈ ℎ, let 𝓁𝐸 be a given natural number and let 𝑘,𝓁𝐸 (𝐸) be the polynomial
pace given by

𝑘,𝓁𝐸 ∶=
[

P𝑘−1(𝐸)
]2 ⊕ 𝐜𝐮𝐫 𝐥

(

P𝑘+𝓁𝐸 (𝐸) ⧵ P𝑘 (𝐸)
)

= 𝒙P𝑘−2 (𝐸)⊕ 𝐜𝐮𝐫 𝐥P𝑘+𝓁𝐸 (𝐸) ,
(13)

where for any 𝑝 ∈ P𝑘+𝓁𝐸 (𝐸), 𝐜𝐮𝐫 𝐥 𝑝 =
(

𝜕 𝑝
𝜕 𝑥2 ,−

𝜕 𝑝
𝜕 𝑥1

)

. Notice that 𝑘,𝓁𝐸 ⊂
[

P𝑘+𝓁𝐸−1(𝐸)
]2

and that we exploit the surjectivity of the
ivergence operator defined from 𝒙P𝑘−2 (𝐸) to P𝑘−2 (𝐸) (see [27, Prop. 2.3.3]). Then, let 𝛱0,𝐸

 ∇ ∶ H1(𝐸) → 𝑘,𝓁𝐸 be the L2-projection
perator of the gradient of functions in H1(𝐸), defined, ∀𝑢 ∈ H1(𝐸), by the orthogonality condition

(

𝛱0,𝐸
 ∇𝑢,𝒑

)

𝐸
= (∇𝑢,𝒑)𝐸 ∀𝒑 ∈ 𝑘,𝓁𝐸 . (14)

Remark 2. Notice that for each function 𝑢ℎ ∈ 𝐸ℎ,𝑘, the projection 𝛱0,𝐸
 ∇𝑢ℎ is computable exploiting only the degrees of freedom

f 𝑢ℎ.

Now, we can define the discrete bilinear forms. Let 𝐸ℎ ∶𝐸ℎ,𝑘 × 𝐸ℎ,𝑘 → R be defined as

𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

∶= 𝑎𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

+ 𝑏𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

+ 𝑐𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

∀𝑢ℎ, 𝑣ℎ ∈ 𝐸ℎ,𝑘 , (15)

and 𝑎𝐸ℎ , 𝑏𝐸ℎ , 𝑐𝐸ℎ , ∶𝐸ℎ,𝑘 × 𝐸ℎ,𝑘 → R defined, ∀𝑢ℎ, 𝑣ℎ ∈ 𝐸ℎ,𝑘, as

𝑎𝐸
(

𝑢 , 𝑣 )

∶=
(

 ⋅𝛱0,𝐸∇𝑢 , 𝛱0,𝐸∇𝑣
)

, (16)
3

ℎ ℎ ℎ  ℎ  ℎ 𝐸



Computer Methods in Applied Mechanics and Engineering 438 (2025) 117839S. Berrone et al.

w
a
w
a
o

𝜋

𝑏𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

∶=
(

𝜷 ⋅𝛱0,𝐸
𝑘−1∇𝑢ℎ, 𝛱

0,𝐸
𝑘 𝑣ℎ

)

𝐸
, (17)

𝑐𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

∶=
(

𝛾 𝛱0,𝐸
𝑘 𝑢ℎ, 𝛱0,𝐸

𝑘 𝑣ℎ
)

𝐸
. (18)

where, ∀𝐸 ∈ ℎ, 𝛱0,𝐸
𝑘 ∶ L2(𝐸) → P𝑘 (𝐸) is the L2-projection, defined ∀𝑢 ∈ L2(𝐸) by

(

𝛱0,𝐸
𝑘 𝑢, 𝑝

)

𝐸
= (𝑢, 𝑝)𝐸 ∀𝑝 ∈ P𝑘 (𝐸) . (19)

The above projection is computable for any given 𝑣ℎ ∈ ℎ,𝑘. We remark that from the assumption on the diffusive tensor  given
in (2), for any 𝐸 ∈ ℎ, we define:

∨
𝐸 ∶= inf

𝒙∈𝐸
sup
𝒗∈R2

𝒗 ⋅(𝒙)𝒗
|𝒗|2

, ∧
𝐸 ∶= sup

𝒙∈𝐸
sup
𝒗∈R2

𝒗 ⋅(𝒙)𝒗
|𝒗|2

. (20)

Summing up over all the elements of ℎ, we define ℎ ∶ℎ,𝑘 × ℎ,𝑘 → R as

ℎ
(

𝑢ℎ, 𝑣ℎ
)

∶=
∑

𝐸∈ℎ

𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

∀𝑢ℎ, 𝑣ℎ ∈ ℎ,𝑘 , (21)

which results to be the sum of the following global discrete bilinear forms:

𝑎ℎ
(

𝑢ℎ, 𝑣ℎ
)

∶=
∑

𝐸∈ℎ

𝑎𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

(22)

𝑏ℎ
(

𝑢ℎ, 𝑣ℎ
)

∶=
∑

𝐸∈ℎ

𝑏𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

(23)

𝑐ℎ
(

𝑢ℎ, 𝑣ℎ
)

∶=
∑

𝐸∈ℎ

𝑐𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

(24)

We can state the discrete problem as: find 𝑢ℎ ∈ ℎ,𝑘,𝓵 such that

ℎ
(

𝑢ℎ, 𝑣ℎ
)

=
∑

𝐸∈ℎ

(

𝑓 , 𝛱0,𝐸
𝑘 𝑣ℎ

)

𝐸
∀𝑣ℎ ∈ ℎ,𝑘 . (25)

4. Well-posedness

The main result presented in this section consists in the coercivity and continuity of the bilinear discrete form 𝑎𝐸ℎ defined in (16).
In this perspective, we previously introduce the following notations. Let 𝐸 ∈ ℎ, {𝜙𝜕𝑖 }

𝑘𝑁𝐸
𝑖=1 denotes the set of basis functions of 𝐸ℎ,𝑘

hich are lagrangian with respect to the boundary degrees of freedom of 𝐸ℎ,𝑘, and the set of basis functions {𝜙◦
𝑖 }
𝑛𝑘−2
𝑖=1 of 𝐸ℎ,𝑘 which

re lagrangian with respect to the internal degrees of freedom of 𝐸ℎ,𝑘. Hence, let us consider the decomposition 𝐸ℎ,𝑘 = ◦
𝑘 (𝐸)⊕𝜕𝑘 (𝐸),

here ◦
𝑘 (𝐸) = span{𝜙◦

𝑖 , ∀𝑖 = 1,… , 𝑛𝑘−2} and 𝜕𝑘 (𝐸) = span{𝜙𝜕𝑖 , ∀𝑖 = 1,… , 𝑘𝑁𝐸}. For each 𝑢ℎ ∈ 𝐸ℎ,𝑘, there exist unique 𝑢◦ℎ ∈ ◦
𝑘 (𝐸)

nd 𝑢𝜕ℎ ∈ 𝜕𝑘 (𝐸) such that 𝑢ℎ = 𝑢◦ℎ+𝑢
𝜕
ℎ and 𝑢◦ℎ =

∑𝑛𝑘−2
𝑖=1 𝜆◦𝑖

(

𝑢◦ℎ
)

𝜙◦
𝑖 and 𝑢𝜕ℎ =

∑𝑘𝑁𝐸
𝑖=1 𝜆𝜕𝑖

(

𝑢𝜕ℎ
)

𝜙𝜕𝑖 . In the following, we omit the dependency
f 𝜆◦𝑖 and 𝜆𝜕𝑖 on the virtual function, with a slight abuse of notation.

Furthermore, without loss of generality let {𝜋𝑖}
𝑘𝑁𝐸−1
𝑖=1 denote a set of scaled basis functions of the space P0

𝑘−1 (𝜕 𝐸) ∶= {𝜋 ∶
|𝑒

∈ P𝑘−1 (𝑒) ,∀𝑒 ⊂ 𝜕 𝐸 , ∫𝜕 𝐸 𝜋 = 0}, such that ‖

‖

𝜋𝑖‖‖L∞(𝜕 𝐸) = 1. Hence for a given 𝑢𝜕ℎ ∈ 𝜕𝑘 (𝐸), since the tangential derivative
∇𝑢𝜕ℎ ⋅ 𝒕

|

|

|𝜕 𝐸 ∈ P0
𝑘−1 (𝜕 𝐸) let 𝛬𝜕𝑖

(

𝑢𝜕ℎ
)

be defined such that

∇𝑢𝜕ℎ ⋅ 𝒕
|

|

|𝜕 𝐸 =
𝑘𝑁𝐸−1
∑

𝑖=1
𝛬𝜕𝑖

(

𝑢𝜕ℎ
)

𝜋𝑖 . (26)

In the following, we omit the dependency of 𝛬𝜕𝑖 on the virtual function, with a slight abuse of notation.

Lemma 1. Let 𝐸 ∈ ℎ and let 𝑢𝜕ℎ ∈ 𝜕𝑘 (𝐸). Then, the following estimates hold true:

𝐶𝜕 ‖‖
‖

∇𝑢𝜕ℎ
‖

‖

‖L2(𝐸)
≤
√

ℎ𝐸 |𝜕 𝐸|
𝑘𝑁𝐸−1
∑

𝑖=1

|

|

|

𝛬𝜕𝑖
|

|

|

, (27)

𝐶𝜕

𝑘𝑁𝐸 − 1
‖

‖

‖

∇𝑢𝜕ℎ
‖

‖

‖L2(𝐸)
≤

√

ℎ𝐸 |𝜕 𝐸| max
𝑖

|

|

|

𝛬𝜕𝑖
|

|

|

, (28)

for a positive constant 𝐶𝜕 independent of ℎ𝐸 and depending on the ratio 𝜌𝐸∕ℎ𝐸 .

Proof. First, let us recall the following result that can be proved following the techniques in [28, Proposition 4.4] and in [29,
Lemma 3.19]. For any 𝑢𝜕ℎ ∈ 𝜕𝑘 (𝐸), the estimate

𝜕 ‖ 𝜕‖
1
2 ‖ 𝜕 ‖
4

𝐶 ‖

‖

∇𝑢ℎ‖
‖L2(𝐸)

≤ ℎ𝐸 ‖

‖

∇𝑢ℎ ⋅ 𝒕‖
‖L2(𝜕 𝐸) ,



Computer Methods in Applied Mechanics and Engineering 438 (2025) 117839S. Berrone et al.

r

P

P

holds for a positive constant 𝐶𝜕 depending only on the ratio 𝜌𝐸∕ℎ𝐸 . Hence, the norm at the right-hand side can be estimated as
follows:

(𝐶𝜕)2 ‖‖
‖

∇𝑢𝜕ℎ
‖

‖

‖

2

L2(𝐸)
≤ ℎ𝐸

‖

‖

‖

∇𝑢𝜕ℎ ⋅ 𝒕
‖

‖

‖

2

L2(𝜕 𝐸)

= ℎ𝐸
𝑘𝑁𝐸−1
∑

𝑖=1

(

𝛬𝜕𝑖
)2

∫𝜕 𝐸
𝜋2𝑖 d𝑠 ≤ ℎ𝐸 |𝜕 𝐸|

𝑘𝑁𝐸−1
∑

𝑖=1

(

𝛬𝜕𝑖
)2 ,

which yields (27). The estimate (28) derives immediately from (27), since
𝑘𝑁𝐸−1
∑

𝑖=1

|

|

|

𝛬𝜕𝑖
(

𝑢𝜕ℎ
)

|

|

|

≤ (𝑘𝑁𝐸 − 1) max
𝑖

|

|

|

𝛬𝜕𝑖
|

|

|

. □

Lemma 2. Under the mesh Assumption 3.1, for every 𝐸 ∈ ℎ and for every 𝑢◦ℎ ∈ ◦
𝑘 (𝐸) ∃𝒑

◦
∗ ∈ 𝒙P𝑘−2 (𝐸) such that

(∇𝑢◦ℎ,𝒑
◦
∗) ≥ 𝐶◦ ‖

‖

‖

∇𝑢◦ℎ
‖

‖

‖L2(𝐸)
, (29)

‖

‖

𝒑◦∗‖‖L2(𝐸) ≤ 𝐶◦, (30)

where 𝐶◦ and 𝐶
◦
are two positive constants independent of ℎ𝐸 .

Proof. Recalling that 𝑢◦ℎ =
∑𝑛𝑘−2
𝑖=1 𝜆◦𝑖 𝜙

◦
𝑖 , we define 𝒑◦∗ ∈ 𝒙P𝑘−2 (𝐸) as

𝒑◦∗ ∶=
𝑛𝑘−2
∑

𝑖=1

𝑠𝑔(𝜆◦𝑖 )
|𝐸|

𝐦𝑖 (31)

where for each 𝑖 = 1,… , 𝑛𝑘−2 and 𝑚𝑖 scaled monomial basis function of P𝑘−2 (𝐸), i.e. 𝑚𝑖 = 𝑚(𝛼𝑖,1 ,𝛼𝑖,2) =
( 𝑥1−𝑥𝐸 ,1

ℎ𝐸

)𝛼𝑖,1 ( 𝑥2−𝑥𝐸 ,2
ℎ𝐸

)𝛼𝑖,2
, 𝐦𝑖

is given by

𝐦𝑖 = − ℎ𝐸
𝛼𝑖,1 + 𝛼𝑖,2 + 2

(

𝑚(𝛼𝑖,1+1,𝛼𝑖,2)
𝑚(𝛼𝑖,1 ,𝛼𝑖,2+1)

)

.

Notice that 𝐦𝑖 satisfies −∇ ⋅ 𝐦𝑖 = 𝑚𝑖. Hence, exploiting the definition of the internal degrees of freedom and the equivalence of
norms we obtain

(

∇𝑢◦ℎ,𝒑
◦
∗
)

𝐸 = − (

𝑢◦ℎ,∇ ⋅ 𝒑◦∗
)

𝐸 =
𝑛𝑘−2
∑

𝑖=1

𝑠𝑔(𝜆◦𝑖 )
|𝐸|

(

𝑢◦ℎ, 𝑚𝑖
)

𝐸

=
𝑛𝑘−2
∑

𝑖=1
𝑠𝑔(𝜆◦𝑖 )𝜆

◦
𝑖 =

𝑛𝑘−2
∑

𝑖=1

|

|

𝜆◦𝑖 || ≥ 𝐶◦ ‖
‖

‖

∇𝑢◦ℎ
‖

‖

‖L2(𝐸)
,

which proves (29). On the other hand, using the definition (31), Young’s inequality and since ‖

‖

‖

𝑚(𝛼𝑖,1 ,𝛼𝑖,2)
‖

‖

‖L∞(𝐸)
≤ 1 ∀𝑖, we get (30)

as follows

‖

‖

𝒑◦∗‖‖
2
L2(𝐸) =

1
|𝐸|2

𝑛𝑘−2
∑

𝑖=1

𝑛𝑘−2
∑

𝑗=1
∫𝐸

𝐦𝑖 ⋅𝐦𝑗 ≤
𝑛𝑘−2
2 |𝐸|2

𝑛𝑘−2
∑

𝑖=1

‖

‖

𝐦𝑖
‖

‖

2
L2(𝐸)

=
𝑛𝑘−2
2 |𝐸|2

𝑛𝑘−2
∑

𝑖=1

ℎ2𝐸
(𝛼𝑖,1 + 𝛼𝑖,2 + 2)2 ∫𝐸

(

𝑚2
(𝛼𝑖,1+1,𝛼𝑖,2)

+ 𝑚2
(𝛼𝑖,1 ,𝛼𝑖,2+1)

)

=
𝑛𝑘−2
|𝐸|

𝑛𝑘−2
∑

𝑖=1

ℎ2𝐸
(𝛼𝑖,1 + 𝛼𝑖,2 + 2)2 =

𝑛𝑘−2 ℎ2𝐸
|𝐸|

𝑘−2
∑

𝑗=0

𝑗 + 1
(𝑗 + 2)2 =∶ 𝐶◦

2
,

where at the last step we used the fact that there exactly 𝑗 + 1 monomials of degree 𝑗. Notice that 𝐶◦ depends on 𝑘 and the polygon
egularity parameter, but it does not depend on ℎ𝐸 . □

As a further ingredient, the proof of the local coercivity requires an assumption on 𝓁𝐸 .

Assumption 4.1. We assume 𝓁𝐸 to be the smallest integer such that any polynomial 𝑞 ∈ P𝑘+𝓁𝐸 (𝐸) can be identified by a set of
degrees of freedom which contains 𝑘𝑁𝐸 − 1 distinct moments 1

|𝜕 𝐸|
(

𝑞 , 𝜋𝑖
)

𝜕 𝐸 with respect to a scaled polynomial basis of the space
0
𝑘−1 (𝜕 𝐸) ∶= {𝜋 ∶ 𝜋

|𝑒
∈ P𝑘−1 (𝑒) ,∀𝑒 ⊂ 𝜕 𝐸 , ∫𝜕 𝐸 𝜋 = 0}.

Remark 3. Assumption 4.1 is equivalent to assert that the L2(𝜕 𝐸)-orthogonal projection operator defined from P𝑘+𝓁𝐸 (𝐸) to
0
𝑘−1 (𝜕 𝐸) is surjective.
5
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(

f

Theorem 1. Under the mesh Assumptions 3.1 and 4.1, for every 𝐸 ∈ ℎ, the projection operator 𝛱0,𝐸
 ∇, defined in (14), is coercive,

namely there exists a positive constant 𝛼𝐸∗ , independent of ℎ𝐸 , such that
‖

‖

‖

𝛱0,𝐸
 ∇𝑢ℎ

‖

‖

‖

2

L2(𝐸)
≥ 𝛼𝐸∗ ‖

‖

∇𝑢ℎ‖‖
2
L2(𝐸) , ∀𝑢ℎ ∈ 𝐸ℎ,𝑘. (32)

Proof. From the definition of the operator 𝛱0,𝐸
 ∇ (14), we have

‖

‖

‖

𝛱0,𝐸
 ∇𝑢ℎ

‖

‖

‖L2(𝐸)
‖

‖

∇𝑢ℎ‖‖L2(𝐸)
= sup

𝒑∈𝑘,𝓁

(

𝛱0,𝐸
 ∇𝑢ℎ,𝒑

)

𝐸
‖

‖

∇𝑢ℎ‖‖L2(𝐸) ‖𝒑‖L2(𝐸)
= sup

𝒑∈𝑘,𝓁

(

∇𝑢ℎ,𝒑
)

𝐸
‖

‖

∇𝑢ℎ‖‖L2(𝐸) ‖𝒑‖L2(𝐸)
. (33)

We now consider 𝑢ℎ = 𝑢◦ℎ+𝑢
𝜕
ℎ, with 𝑢◦ℎ ∈ ◦

𝑘 (𝐸) and 𝑢𝜕ℎ ∈ 𝜕𝑘 (𝐸), and we employ Lemma 2 denoting by 𝒑◦∗ ∈ 𝒙P𝑘−2 (𝐸) the polynomial
hat satisfies (29) and (30). Let 𝒑𝜕∗ ∈ 𝐜𝐮𝐫 𝐥P𝑘+𝓁𝐸 (𝐸) such that 𝒑∗ ∶= 𝒑𝜕∗ + 𝒑◦∗, then (33) can be rewritten as

‖

‖

‖

𝛱0,𝐸
 ∇𝑢ℎ

‖

‖

‖L2(𝐸)
‖

‖

∇𝑢ℎ‖‖L2(𝐸)
≥

(

∇𝑢◦ℎ,𝒑∗
)

𝐸 +
(

∇𝑢𝜕ℎ,𝒑∗
)

𝐸
‖

‖

∇𝑢ℎ‖‖L2(𝐸) ‖‖𝒑∗‖‖L2(𝐸)
=

(

∇𝑢◦ℎ,𝒑
◦
∗
)

𝐸 +
(

∇𝑢𝜕ℎ,𝒑∗
)

𝐸
‖

‖

∇𝑢ℎ‖‖L2(𝐸) ‖‖𝒑∗‖‖L2(𝐸)

≥
𝐶◦ ‖

‖

‖

∇𝑢◦ℎ
‖

‖

‖L2(𝐸)
+
(

∇𝑢𝜕ℎ,𝒑∗
)

𝐸

‖

‖

∇𝑢ℎ‖‖L2(𝐸)
(

‖

‖

𝒑𝜕∗‖‖L2(𝐸) + 𝐶◦
) . (34)

Let us focus on the term at the numerator of (34)

(∇𝑢𝜕ℎ,𝒑∗)𝐸 = (∇𝑢𝜕ℎ,𝒑𝜕∗)𝐸 + (∇𝑢𝜕ℎ,𝒑◦∗)𝐸 . (35)

Let 𝑞 ∈ P𝑘+𝓁𝐸 (𝐸) be such that 𝒑𝜕∗ = 𝐜𝐮𝐫 𝐥 𝑞, hence we have
(

∇𝑢𝜕ℎ,𝒑
𝜕
∗
)

𝐸 =
(

∇𝑢𝜕ℎ, 𝐜𝐮𝐫 𝐥 𝑞
)

𝐸 =
(

∇𝑢𝜕ℎ ⋅ 𝒕, 𝑞)𝜕 𝐸 , (36)

where 𝑞 ∈ P𝑘+𝓁𝐸 (𝜕 𝐸) represents the trace of the polynomial 𝑞 on 𝜕 𝐸 when no confusion arises.
Applying the representation of ∇𝑢𝜕ℎ ⋅ 𝒕 given in (26), let 𝛬𝜕𝑖𝑀 be the maximum of {𝛬𝜕𝑖 }

𝑘𝑁𝐸−1
𝑖=1 , and, by using Lemma 1, it holds

true that
√

ℎ𝐸 |𝜕 𝐸|𝛬𝜕𝑖𝑀 ∶=
√

ℎ𝐸 |𝜕 𝐸| max
𝑖

|

|

|

𝛬𝜕𝑖
|

|

|

≥ 𝐶𝜕

𝑘𝑁𝐸 − 1
‖

‖

‖

∇𝑢𝜕ℎ
‖

‖

‖L2(𝐸)
. (37)

We now employ the key Assumption 4.1 by setting the moments of 𝑞 with respect of each basis function {𝜋𝑖}
𝑘𝑁𝐸−1
𝑖=1 as follows

1
|𝜕 𝐸|

(

𝑞 , 𝜋𝑖𝑀
)

𝜕 𝐸 ∶= 𝑠𝑔(𝛬𝜕𝑖𝑀 )

√

ℎ𝐸 |𝜕 𝐸|
|𝜕 𝐸| −

(∇𝑢𝜕 ,𝒑◦∗)𝐸
𝛬𝜕𝑖𝑀

1
|𝜕 𝐸| ,

1
|𝜕 𝐸|

(

𝑞 , 𝜋𝑖
)

𝜕 𝐸 ∶= 𝑠𝑔(𝛬𝜕𝑖 )

√

ℎ𝐸 |𝜕 𝐸|
|𝜕 𝐸| , ∀ 𝑖 ≠ 𝑖𝑀 ,

and all the other degrees of freedom of 𝑞 eventually present are set to zero. Substituting these definitions of the moments of 𝑞 in
35), and using Lemma 1

(∇𝑢𝜕ℎ,𝒑∗)𝐸 =
√

ℎ𝐸 |𝜕 𝐸|
𝑘𝑁𝐸−1
∑

𝑖=1

|

|

|

𝛬𝜕𝑖
|

|

|

≥ 𝐶𝜕 ‖‖
‖

∇𝑢𝜕ℎ
‖

‖

‖L2(𝐸)
. (38)

On the other hand, we remark that from (30) and (37) we get
|

|

|

|

|

|

(∇𝑢𝜕ℎ,𝒑
◦
∗)𝐸

𝛬𝜕𝑖𝑀 |𝜕 𝐸|
|

|

|

|

|

|

≤

√

ℎ𝐸 |𝜕 𝐸|(𝑘𝑁𝐸 − 1) ‖‖
‖

∇𝑢𝜕ℎ
‖

‖

‖L2(𝐸)
‖

‖

𝒑◦∗‖‖L2(𝐸)

𝐶𝜕 |𝜕 𝐸| ‖‖
‖

∇𝑢𝜕ℎ
‖

‖

‖L2(𝐸)

≤
√

ℎ𝐸 |𝜕 𝐸|
|𝜕 𝐸| (𝑘𝑁𝐸 − 1)𝐶◦

𝐶𝜕
,

and employing the definitions of the moments of 𝑞 and we obtain, by a scaling argument,

‖

‖

‖

𝒑𝜕∗
‖

‖

‖L2(𝐸)
= ‖𝐜𝐮𝐫 𝐥 𝑞‖L2(𝐸) ≤ 𝐶𝑒𝑞

(

|

|

|

|

|

|

(∇𝑢𝜕ℎ,𝒑
◦
∗)𝐸

𝛬𝜕𝑖𝑀 |𝜕 𝐸|
|

|

|

|

|

|

+
𝑘𝑁𝐸−1
∑

𝑖=1

√

ℎ𝐸 |𝜕 𝐸|
|𝜕 𝐸|

)

≤ 𝐶𝜕 , (39)

where 𝐶𝑒𝑞 and 𝐶𝜕 are positive constants independent of ℎ𝐸 . In particular, 𝐶𝑒𝑞 ∶= max𝑖 ‖‖∇𝜓𝑖‖‖L2(𝐸), where {𝜓𝑖}𝑖 is a set of basis
unction of P𝑘+𝓁𝐸 (𝐸) Lagrangian in the degrees of freedom defined in Assumption 4.1. With the two bounds (38) and (39) at hand,

we can conclude the proof by replacing them in (34)
‖

‖

‖

𝛱0,𝐸
 ∇𝑢ℎ

‖

‖

‖L2(𝐸)
‖

‖

∇𝑢ℎ‖‖L2(𝐸)
≥
𝐶◦ ‖

‖

‖

∇𝑢◦ℎ
‖

‖

‖L2(𝐸)
+ 𝐶𝜕 ‖‖

‖

∇𝑢𝜕ℎ
‖

‖

‖L2(𝐸)

‖

‖

∇𝑢ℎ‖‖L2(𝐸)
(

𝐶◦ + 𝐶𝜕
) ≥ min{𝐶◦, 𝐶𝜕}

𝐶◦ + 𝐶𝜕
=∶ 𝛼𝐸∗ ,

where we use the triangle inequality ‖∇𝑢 ‖ ≤ ‖

‖∇𝑢◦‖‖ + ‖

‖∇𝑢𝜕‖‖ . □
6

‖ ℎ‖L2(𝐸)
‖

ℎ
‖L2(𝐸) ‖

ℎ
‖L2(𝐸)
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Now, for each 𝐸 ∈ ℎ, let

‖

‖

|

|

𝑢ℎ‖‖||
2
𝐸 ∶= ‖

‖

‖

√

∇𝑢ℎ
‖

‖

‖

2

L2(𝐸)
+ ‖

‖

‖

√

𝛾 𝛱0
𝑘𝑢ℎ

‖

‖

‖

2

L2(𝐸)
, ∀𝑢ℎ ∈ 𝐸ℎ,𝑘.

Furthermore, we define the respective global norm as

‖

‖

|

|

𝑢ℎ‖‖||
2
𝛺 ∶=

∑

𝐸∈ℎ

‖

‖

|

|

𝑢ℎ‖‖||
2
𝐸 , ∀𝑢ℎ ∈ ℎ,𝑘.

Theorem 2. Under the mesh Assumptions 3.1 and 4.1, the bilinear form ℎ, defined in (21), is continuous, i.e. there exists a positive
constant 𝛯∗ such that

ℎ
(

𝑢ℎ, 𝑣ℎ
)

≤ 𝛯∗
‖

‖

|

|

𝑢ℎ‖‖||𝛺 ‖

‖

|

|

𝑣ℎ‖‖||𝛺 , ∀𝑢ℎ, 𝑣ℎ ∈ ℎ,𝑘. (40)

Proof. For every 𝑢ℎ, 𝑣ℎ ∈ ℎ,𝑘, employing the definition of the bilinear form 𝑎ℎ (22) and the continuity of the projection operator
𝛱0,𝐸

 ∇ (14), the Cauchy–Schwarz inequality, and the hypothesis on  (2) and (20), we get

𝑎ℎ
(

𝑢ℎ, 𝑣ℎ
)

=
∑

𝐸∈ℎ

𝑎𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

=
∑

𝐸∈ℎ

(

𝛱0,𝐸
 ∇𝑢ℎ, 𝛱0,𝐸

 ∇𝑣ℎ
)

𝐸
≤

∑

𝐸∈ℎ

∧
𝐸

(

∇𝑢ℎ, 𝛱0,𝐸
 ∇𝑣ℎ

)

𝐸

≤
∑

𝐸∈ℎ

∧
𝐸
‖

‖

∇𝑢ℎ‖‖L2(𝐸)
‖

‖

‖

𝛱0,𝐸
 ∇𝑣ℎ

‖

‖

‖L2(𝐸)
≤

∑

𝐸∈ℎ

∧
𝐸
‖

‖

∇𝑢ℎ‖‖L2(𝐸) ‖‖∇𝑣ℎ‖‖L2(𝐸)

≤
∑

𝐸∈ℎ

∧
𝐸

∨
𝐸

‖

‖

‖

√

∇𝑢ℎ
‖

‖

‖L2(𝐸)
‖

‖

‖

√

∇𝑣ℎ
‖

‖

‖L2(𝐸)
. (41)

On the other hand, for the bilinear forms 𝑏ℎ (23), we employ the continuity of operator 𝛱0,𝐸
𝑘−1 and the Poincaré inequality on 𝛺. In

particular, we get
|

|

|

𝑏ℎ
(

𝑢ℎ, 𝑣ℎ
)

|

|

|

≤
∑

𝐸∈ℎ

|

|

|

𝑏𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

|

|

|

=
∑

𝐸∈ℎ

|

|

|

|

(

𝜷 ⋅𝛱0,𝐸
𝑘−1∇𝑢ℎ, 𝛱

0,𝐸
𝑘 𝑣ℎ

)

𝐸

|

|

|

|

≤
∑

𝐸∈ℎ

‖𝜷‖𝐿∞(𝐸)
‖

‖

‖

𝛱0,𝐸
𝑘−1∇𝑢ℎ

‖

‖

‖L2(𝐸)
‖

‖

‖

𝛱0,𝐸
𝑘 𝑣ℎ

‖

‖

‖L2(𝐸)

≤
∑

𝐸∈ℎ

‖𝜷‖𝐿∞(𝐸)
‖

‖

∇𝑢ℎ‖‖L2(𝐸) ‖‖𝑣ℎ‖‖L2(𝐸)

≤ max
𝐸∈ℎ

⎛

⎜

⎜

⎜

⎝

‖𝜷‖𝐿∞(𝐸)
√

∨
𝐸

⎞

⎟

⎟

⎟

⎠

∑

𝐸∈ℎ

‖

‖

‖

√

∇𝑢ℎ
‖

‖

‖L2(𝐸)
‖

‖

𝑣ℎ‖‖L2(𝐸)

≤ max
𝐸∈ℎ

⎛

⎜

⎜

⎜

⎝

‖𝜷‖𝐿∞(𝐸)
√

∨
𝐸

⎞

⎟

⎟

⎟

⎠

‖

‖

‖

√

∇𝑢ℎ
‖

‖

‖L2(𝛺)
‖

‖

𝑣ℎ‖‖L2(𝛺)

≤ 𝐶𝑃 ℎ max
𝐸∈ℎ

⎛

⎜

⎜

⎜

⎝

‖𝜷‖𝐿∞(𝐸)
√

∨
𝐸

⎞

⎟

⎟

⎟

⎠

‖

‖

‖

√

∇𝑢ℎ
‖

‖

‖L2(𝛺)
‖

‖

∇𝑣ℎ‖‖L2(𝛺)

≤ 𝐶𝑃 ℎ max
𝐸∈ℎ

⎛

⎜

⎜

⎜

⎝

‖𝜷‖𝐿∞(𝐸)
√

∨
𝐸

⎞

⎟

⎟

⎟

⎠

max
𝐸∈ℎ

1
√

∨
𝐸

‖

‖

‖

√

∇𝑢ℎ
‖

‖

‖L2(𝛺)
‖

‖

‖

√

∇𝑣ℎ
‖

‖

‖L2(𝛺)
. (42)

Finally, for the bilinear form 𝑐ℎ (24) we have that

𝑐ℎ
(

𝑢ℎ, 𝑣ℎ
)

=
∑

𝐸∈ℎ

𝑐𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

=
∑

𝐸∈ℎ

(

𝛾 𝛱0,𝐸
𝑘 𝑢ℎ, 𝛱0,𝐸

𝑘 𝑣ℎ
)

𝐸

=
∑

𝐸∈ℎ

(

√

𝛾 𝛱0,𝐸
𝑘 𝑢ℎ,

√

𝛾 𝛱0,𝐸
𝑘 𝑣ℎ

)

𝐸

=
∑

𝐸∈ℎ

‖

‖

‖

√

𝛾 𝛱0,𝐸
𝑘 𝑢ℎ

‖

‖

‖L2(𝐸)
‖

‖

‖

√

𝛾 𝛱0,𝐸
𝑘 𝑣ℎ

‖

‖

‖L2(𝐸)
. (43)

Recalling the definition of the bilinear for (21), summing up (41), (42), and (43), we conclude the proof. □
7
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Theorem 3. For a sufficient small h, and under the mesh Assumptions 3.1 and 4.1, the bilinear form ℎ, defined in (21), is coercive,
i.e. there exists a positive constant 𝛯∗ such that

ℎ
(

𝑢ℎ, 𝑢ℎ
)

≥ 𝛯∗
‖

‖

|

|

𝑢ℎ‖‖||
2
𝛺 , ∀𝑢ℎ ∈ ℎ,𝑘. (44)

Proof. Let 𝑢ℎ ∈ ℎ,𝑘, from the definition of 𝑎𝐸ℎ (16), employing Theorem 1 and the definitions of ∨
𝐸 and ∧

𝐸 (20), we get

𝑎ℎ
(

𝑢ℎ, 𝑢ℎ
)

=
∑

𝐸∈ℎ

𝑎𝐸ℎ
(

𝑢ℎ, 𝑢ℎ
)

=
∑

𝐸∈ℎ

(

𝛱0,𝐸
 ∇𝑢ℎ, 𝛱0,𝐸

 ∇𝑢ℎ
)

𝐸

≥
∑

𝐸∈ℎ

∨
𝐸
‖

‖

‖

𝛱0,𝐸
 ∇𝑢ℎ

‖

‖

‖

2

L2(𝐸)
≥

∑

𝐸∈ℎ

∨
𝐸𝛼

𝐸
∗
‖

‖

∇𝑢ℎ‖‖
2
L2(𝐸) ≥

∑

𝐸∈ℎ

∨
𝐸

∧
𝐸
𝛼𝐸∗

‖

‖

‖

√

∇𝑢ℎ
‖

‖

‖

2

L2(𝐸)
.

On the other hand, given the definition of 𝑏ℎ (5), using the continuity of the bilinear form (42), we have

𝑏ℎ
(

𝑢ℎ, 𝑢ℎ
)

≥ −𝐶𝑃 ℎ max
𝐸∈ℎ

⎛

⎜

⎜

⎜

⎝

‖𝜷‖𝐿∞(𝐸)
√

∨
𝐸

⎞

⎟

⎟

⎟

⎠

max
𝐸∈ℎ

1
√

∨
𝐸

‖

‖

‖

√

∇𝑢ℎ
‖

‖

‖

2

L2(𝛺)

where 𝐶𝑃 is the Poincaré constant. Finally, for the reactive term 𝑐ℎ (6), we proceed as follows

𝑐ℎ
(

𝑢ℎ, 𝑢ℎ
)

=
∑

𝐸∈ℎ

𝑐𝐸ℎ
(

𝑢ℎ, 𝑢ℎ
)

=
∑

𝐸∈ℎ

(

𝛾 𝛱0,𝐸
𝑘 𝑢ℎ, 𝛱0,𝐸

𝑘 𝑢ℎ
)

𝐸
=

∑

𝐸∈ℎ

‖

‖

‖

√

𝛾 𝛱0,𝐸
𝑘 𝑢ℎ

‖

‖

‖

2

L2(𝐸)
.

We conclude the proof by summing the three global bilinear form and under the hypotesis that ℎ is sufficiently small. In particular
f for instance ℎ is such that

𝐶𝑃 ℎ max
𝐸∈ℎ

(

‖𝜷‖𝐿∞(𝐸)

∨
𝐸

)

max
𝐸∈ℎ

√

∨
𝐸

0
≤ 1

2
min
𝐸∈ℎ

∨
𝐸

∧
𝐸
𝛼𝐸∗ (45)

it results 𝛯∗ = min
{

1, 12 min𝐸∈ℎ

∨
𝐸

∧
𝐸
𝛼𝐸∗

}

. □

Remark 4. The assumption that ℎ has to be sufficiently small is needed only if the bilinear form 𝑏ℎ is included in the operator ℎ.
Since we impose Dirichlet boundary conditions, we can overcome this assumption resorting to a skew-symmetric bilinear form 𝑏ℎ
(see [4,30]). However, the extension to more general boundary conditions would not be straightforward.

This theorem implies that the bilinear form of the discrete problem (25) satisfies the hypothesis of the Lax–Milgram theorem,
hence the problem admits a unique solution.

4.1. Necessity of Assumption 4.1

In this subsection, we analyze Assumption 4.1. In particular, we prove that it is not only a sufficient but also a necessary condition,
to get the coercivity of operator 𝛱0,𝐸

 ∇ given in Theorem 1.

Lemma 3. Let 𝜕 ,0𝑘 (𝐸) ∶=
{

𝑣ℎ ∈ 𝜕𝑘 (𝐸) ∶ ∫𝜕 𝐸 𝑣ℎ = 0}. Then,
∀𝜋 ∈ P0

𝑘−1 (𝜕 𝐸) ,∃! 𝑢ℎ ∈ 𝜕 ,0𝑘 (𝐸) ∶𝜋 =
(

∇𝑢ℎ ⋅ 𝒕
)

|

|

|𝜕 𝐸 . (46)

Proof. First, we notice that dim(P0
𝑘−1 (𝜕 𝐸)) = dim(𝜕 ,0𝑘 (𝐸)) = 𝑘𝑁𝐸 − 1 and ∀𝑢ℎ ∈ 𝜕 ,0𝑘 (𝐸),

(

∇𝑢ℎ ⋅ 𝒕
)

|

|

|𝜕 𝐸 ∈ P0
𝑘−1 (𝜕 𝐸). Then, to prove

(46) it is enough to show that, given a basis
{

𝜑𝜕𝑖
}𝑘𝑁𝐸−1
𝑖=1 of 𝜕 ,0𝑘 (𝐸), the set of functions

{

(

∇𝜑𝜕𝑖 ⋅ 𝒕
)

|

|

|𝜕 𝐸
}𝑘𝑁𝐸−1

𝑖=1
is linearly independent

n 𝜕 𝐸. Suppose ∃ 𝛼𝑖, 𝑖 = 1,… , 𝑘𝑁𝐸 − 1 such that:
𝑘𝑁𝐸−1
∑

𝑖=1
𝛼𝑖
(

∇𝜑𝜕𝑖 ⋅ 𝒕
)

|

|

|𝜕 𝐸 = 0 ,

then, we get
(

∇

(𝑘𝑁𝐸−1
∑

𝑖=1
𝛼𝑖𝜑

𝜕
𝑖

)

⋅ 𝒕

)

|

|

|

|

|

|𝜕 𝐸
= 0 .

Since 𝜑𝜕𝑖 ∈ 𝐶0(𝜕 𝐸), there exists a constant 𝑐 ∈ R, such that
(𝑘𝑁𝐸−1

∑

𝛼𝑖𝜑
𝜕
𝑖

)

|

|

|

|

= 𝑐 .
8
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Integrating on 𝜕 𝐸, and recalling that ∫𝜕 𝐸 𝜑𝜕𝑖 = 0 ∀𝑖 = 1,… , 𝑘𝑁𝐸 − 1, we get that 𝑐 = 0. Finally, since
{

𝜑𝜕𝑖
}𝑘𝑁𝐸−1
𝑖=1 form a basis of

𝜕 ,0
𝑘 (𝐸), we conclude the proof. □

Remark 5. The space of the tangential derivatives of functions in ℎ,𝑘 is P0
𝑘−1 (𝜕 𝐸).

Theorem 4. Let 𝐸 ∈ ℎ be given and let (32) hold true. Then Assumption 4.1 holds true.

Proof. To prove Assumption 4.1, we prove that the L2(𝜕 𝐸)-orthogonal projection on P0
𝑘−1 (𝜕 𝐸), denoted by 𝛱0,𝜕 𝐸

𝑘−1 , is surjective from

𝑘+𝓁𝐸
(𝐸) (see Remark 3). Consider the following subspace of P𝑘+𝓁𝐸 (𝐸):

𝑘+𝓁𝐸 ∶=
{

𝑝 ∈ P𝑘+𝓁𝐸 (𝐸) ∶ 𝐜𝐮𝐫 𝐥 𝑝 = 𝛱0,𝐸
 ∇𝑣ℎ, for some 𝑣ℎ ∈ 𝐸ℎ,𝑘,∫𝜕 𝐸

𝑝 = 0
}

.

By (32) we have that dim Im𝛱0,𝐸
 ∇ = 𝑘𝑁𝐸 + 𝑘(𝑘−1)

2 − 1. Then, since ∀𝑢ℎ ∈ 𝐸ℎ,𝑘, 𝛱
0,𝐸
 ∇𝑢ℎ ∈ 𝒙P𝑘−2 (𝐸)⊕ 𝐜𝐮𝐫 𝐥𝑘+𝓁𝐸 ,

dim𝑘+𝓁𝐸 = dim Im𝛱0,𝐸
 ∇ − dim𝒙P𝑘−2 (𝐸) = 𝑘𝑁𝐸 − 1 = dimP0

𝑘−1 (𝜕 𝐸) . (47)

Let 𝑝̄ ∈ 𝑘+𝓁𝐸 , and let 𝑣̄ℎ ∈ 𝐸ℎ,𝑘 such that 𝐜𝐮𝐫 𝐥 𝑝̄ = 𝛱0,𝐸
 ∇𝑣̄ℎ, from Lemma 3 we have

‖

‖

‖

𝛱0,𝜕 𝐸
𝑘−1 𝑝̄

‖

‖

‖L2(𝜕 𝐸) = sup
𝜋∈P0𝑘−1(𝜕 𝐸)

(𝜋 , 𝑝̄)𝜕 𝐸
‖𝜋‖L2(𝜕 𝐸)

= sup
𝑢ℎ∈𝐸ℎ,𝑘

(

∇𝑢ℎ ⋅ 𝒕, 𝑝̄
)

𝜕 𝐸
‖

‖

∇𝑢ℎ ⋅ 𝒕‖‖L2(𝜕 𝐸)

≥

(

∇𝑣̄ℎ ⋅ 𝒕, 𝑝̄
)

𝜕 𝐸
‖

‖

∇𝑣̄ℎ ⋅ 𝒕‖‖L2(𝜕 𝐸)
=

(

∇𝑣̄ℎ, 𝐜𝐮𝐫 𝐥 𝑝̄
)

𝜕 𝐸
‖

‖

∇𝑣̄ℎ ⋅ 𝒕‖‖L2(𝜕 𝐸)
=

‖

‖

‖

𝛱0,𝐸
 ∇𝑣̄ℎ

‖

‖

‖

2

L2(𝐸)
‖

‖

∇𝑣̄ℎ ⋅ 𝒕‖‖L2(𝜕 𝐸)

=

‖

‖

‖

𝛱0,𝐸
 ∇𝑣̄ℎ

‖

‖

‖L2(𝐸)
‖𝐜𝐮𝐫 𝐥 𝑝̄‖L2(𝐸)

‖

‖

∇𝑣̄ℎ ⋅ 𝒕‖‖L2(𝜕 𝐸)
≥
√

𝛼𝐸∗
‖

‖

∇𝑣̄ℎ‖‖L2(𝐸) ‖𝐜𝐮𝐫 𝐥 𝑝̄‖L2(𝐸)
‖

‖

∇𝑣̄ℎ ⋅ 𝒕‖‖L2(𝜕 𝐸)
,

where in the last step we have used (32). Finally, by using a trace inequality we get the injectivity of the operator. Indeed

‖

‖

‖

𝛱0,𝜕 𝐸
𝑘−1 𝑝̄

‖

‖

‖L2(𝜕 𝐸) ≥ 𝐶
√

𝛼∗
‖

‖

∇𝑣̄ℎ‖‖L2(𝐸) ‖𝐜𝐮𝐫 𝐥 𝑝̄‖L2(𝐸)
ℎ−1∕2𝐸

‖

‖

∇𝑣̄ℎ‖‖L2(𝐸)
≥ 𝐶

√

𝛼∗ℎ
1∕2
𝐸 ‖𝐜𝐮𝐫 𝐥 𝑝̄‖L2(𝐸)

≥ 𝐶
√

𝛼∗ℎ
−1∕2
𝐸 ‖𝑝̄‖L2(𝐸) ,

where the last equality holds since ∫𝜕 𝐸 𝑝̄ = 0. By (47), we infer that the operator 𝛱0,𝜕 𝐸
𝑘−1 is a bijection from 𝑘+𝓁𝐸 to P0

𝑘−1 (𝜕 𝐸), and
s thus surjective from P𝑘+𝓁𝐸 (𝐸). Thus, Assumption 4.1 is satisfied. □

To conclude, the proof of Theorem 4 implies that Assumption 4.1 and (32) are equivalent.

5. Error estimates

In this section, we derive optimal a priori error estimates for the proposed scheme. First, we need to recall well-known results
in literature about polynomial approximation and interpolation error estimates for the VEM space ℎ,𝑘 (see [31, Theorem 11]).

Lemma 4. Under Assumption 3.1, given 𝛱0,𝐸
𝑘 be the local L2-orthogonal projection into P𝑘 (𝐸) and 𝛱

∇,𝐸
𝑘 H1(𝐸)-orthogonal projection

efined by (10), then, ∃𝐶 > 0, that depends only on  and on the degree 𝑘, such that ∀𝜙 ∈ H𝑠(𝐸)
|

|

|

𝜙 −𝛱0,𝐸
𝑘 𝜙||

|𝑚,𝐸
≤ 𝐶 ℎ𝑠−𝑚𝐸 |𝜙|𝑠,𝐸 , with 𝑚 ≤ 𝑠 ≤ 𝑘 + 1 , (48)

and if 𝑠 ≥ 1
|

|

|

𝜙 −𝛱∇,𝐸
𝑘 𝜙||

|𝑚,𝐸
≤ 𝐶 ℎ𝑠−𝑚𝐸 |𝜙|𝑠,𝐸 , with 𝑚 ≤ 𝑠 ≤ 𝑘 + 1 , (49)

where |⋅|𝑠,𝐸 denotes the H𝑠(𝐸)-seminorm.

Remark 6. The results of the previous lemma can be easily extended to the vector case of 𝝓 ∈
[

H𝑠(𝐸)
]𝑑 , with 𝑑 ∈ N, where the

projection operators are defined component-wise 𝛱0,𝐸
𝑘 ∶

[

L2(𝐸)
]𝑑

→
[

P𝑘 (𝐸)
]𝑑 and 𝛱∇,𝐸

𝑘 ∶
[

H1(𝐸)
]𝑑

→
[

P𝑘 (𝐸)
]𝑑 .

Lemma 5. Under Assumption 3.1, let 𝑢 ∈ H𝑠(𝛺), 1 ≤ 𝑠 ≤ 𝑘 + 1, there exists 𝐶 > 0 such that ∀ℎ, ∃𝑢I ∈ ℎ,𝑘 satisfying
‖

‖

𝑢 − 𝑢I‖‖L2(𝛺) + ℎ ‖‖∇𝑢 − ∇𝑢I‖‖L2(𝛺) ≤ 𝐶 ℎ𝑠 |𝑢|𝑠,𝛺 , (50)

where 𝐶 is a positive constant, depending only on 𝑘 and on the mesh regularity (the aspect ratio of ℎ).
9
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a

Theorem 5. Let 𝑢 ∈ H𝑠(𝛺) ∩ H1
0(𝛺) and 𝑓 ∈ Hmax{0,𝑠−2}(𝛺), with 1 ≤ 𝑠 ≤ 𝑘+ 1, be the solution and the right-hand side of (1), respectively.

Then, ∃𝐶𝐸 𝑁 > 0 independent of ℎ such that the unique solution 𝑢ℎ ∈ ℎ,𝑘 of problem (25) satisfies the following error estimate:
‖

‖

|

|

𝑢 − 𝑢ℎ‖‖||𝛺 ≤ 𝐶𝐸 𝑁ℎ𝑠−1
(

|𝑢|𝑠,𝛺 + |𝑓 |max{0,𝑠−2},𝛺
)

. (51)

Proof. Let 𝑢I be given by Lemma 5. Applying the triangle inequality, we have
‖

‖

|

|

𝑢 − 𝑢ℎ‖‖||𝛺 ≤ ‖

‖

|

|

𝑢 − 𝑢I‖‖||𝛺 + ‖

‖

|

|

𝑢I − 𝑢ℎ‖‖||𝛺 . (52)

We deal with the two terms separately. The first can be bounded applying (50) and the regularity hypothesis on  (20) and 𝛾, i.e.

‖

‖

|

|

𝑢 − 𝑢I‖‖||
2
𝛺 =

∑

𝐸∈ℎ

‖

‖

‖

√

∇(𝑢 − 𝑢I)
‖

‖

‖

2

L2(𝐸)
+ ‖

‖

‖

√

𝛾 𝛱0,𝐸
𝑘 (𝑢 − 𝑢I)

‖

‖

‖

2

L2(𝐸)

≤
∑

𝐸∈ℎ

∧
𝐸
‖

‖

∇𝑢 − ∇𝑢I‖‖2L2(𝐸) + ‖𝛾‖L∞(𝐸)
‖

‖

𝑢 − 𝑢I‖‖
2
L2(𝐸)

≲ max
{(

max
𝐸

∧
𝐸

)

,
(

max
𝐸

‖𝛾‖L∞(𝐸)

)

ℎ2
}

ℎ2(𝑠−1) |𝑢|2𝑠,𝛺 , (53)

where ≲ denotes that there exists a constant independent of ℎ and of the problem’s parameters. This notation is widely used in the
following.

On the other hand, in order to deal with the second term of (52) let 𝜀ℎ = 𝑢I − 𝑢ℎ. First, applying the coercivity of the bilinear
form ℎ(44), problems (25) and (8)

𝛯∗
‖

‖

|

|

𝜀ℎ‖‖||
2
𝛺 ≤ ℎ

(

𝜀ℎ, 𝜀ℎ
)

=
∑

𝐸∈ℎ

𝐸ℎ
(

𝑢I − 𝑢, 𝜀ℎ
)

+ 𝐸ℎ
(

𝑢, 𝜀ℎ
)

−
(

𝑓 , 𝛱0,𝐸
𝑘 𝜀ℎ

)

𝐸

=
∑

𝐸∈ℎ

𝐸ℎ
(

𝑢I − 𝑢, 𝜀ℎ
)

+ 𝐸ℎ
(

𝑢, 𝜀ℎ
)

− 𝐸
(

𝑢, 𝜀ℎ
)

+
(

𝑓 , 𝜀ℎ −𝛱0,𝐸
𝑘 𝜀ℎ

)

𝐸
(54)

The first term is estimated using the continuity of  (40) and (53):


(

𝑢I − 𝑢, 𝜀ℎ
)

≤ 𝛯∗
‖

‖

|

|

𝑢 − 𝑢I‖‖||𝛺 ‖

‖

|

|

𝜀ℎ‖‖||𝛺

≲ 𝛯∗
√

max
{(

max
𝐸

∧
𝐸

)

,
(

max
𝐸

‖𝛾‖L∞(𝐸)

)

ℎ2
}

ℎ𝑠−1 |𝑢|𝑠,𝛺 ‖

‖

|

|

𝜀ℎ‖‖||𝛺 (55)

Regarding the second and third local terms, they provide the approximation error with respect to polynomials. Applying definitions
of 𝐸ℎ and , we can split them as

𝐸ℎ
(

𝑢, 𝜀ℎ
)

− 𝐸
(

𝑢, 𝜀ℎ
)

= 𝑎𝐸ℎ
(

𝑢, 𝜀ℎ
)

− 𝑎𝐸
(

𝑢, 𝜀ℎ
)

+ 𝑏𝐸ℎ
(

𝑢, 𝜀ℎ
)

− 𝑏𝐸
(

𝑢, 𝜀ℎ
)

+ 𝑐𝐸ℎ
(

𝑢, 𝜀ℎ
)

− 𝑐𝐸
(

𝑢, 𝜀ℎ
)

. (56)

The first and the second term of (56) can be bounded exploiting [2, Lemma 5.3] and, since
[

P𝑘−1(𝐸)
]2 ⊂ 𝑘,𝓁𝐸 ∀𝓁𝐸 ≥ 0, we can

pply (48), i.e. for each 𝑣 ∈ H𝑟(𝐸)
‖

‖

‖

∇𝑣 −𝛱0,𝐸
 ∇𝑣‖‖

‖L2(𝐸)
≤ ‖

‖

‖

∇𝑣 −𝛱0,𝐸
𝑘−1∇𝑣

‖

‖

‖L2(𝐸)
≲ ℎ𝑟−1𝐸 |𝑣|𝑟,𝐸 , (57)

and we obtain

𝑎𝐸ℎ
(

𝑢, 𝜀ℎ
)

− 𝑎𝐸
(

𝑢, 𝜀ℎ
)

=
(

𝛱0,𝐸
 ∇𝑢, 𝛱0,𝐸

 ∇𝜀ℎ
)

𝐸
−
(

∇𝑢,∇𝜀ℎ
)

𝐸

≤ ‖

‖

‖

𝛱0,𝐸
 (∇𝑢) −∇𝑢‖‖

‖L2(𝐸)
‖

‖

‖

∇𝜀ℎ −𝛱
0,𝐸
 ∇𝜀ℎ

‖

‖

‖L2(𝐸)

+ ‖

‖

‖

𝛱0,𝐸
 ∇𝑢 − ∇𝑢‖‖

‖L2(𝐸)
‖

‖

‖

∇𝜀ℎ −𝛱
0,𝐸
 (∇𝜀ℎ)

‖

‖

‖L2(𝐸)

+∧
𝐸
‖

‖

‖

𝛱0,𝐸
 ∇𝑢 − ∇𝑢‖‖

‖L2(𝐸)
‖

‖

‖

∇𝜀ℎ −𝛱
0,𝐸
 ∇𝜀ℎ

‖

‖

‖L2(𝐸)

≲ ℎ𝑠−1𝐸 |∇𝑢|𝑠−1,𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸) + ℎ
𝑠−1
𝐸 |𝑢|𝑠,𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸) +∧
𝐸ℎ

𝑠−1
𝐸 |𝑢|𝑠,𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸)

≲
‖‖W𝑠−1,∞(𝐸)

√

∨
𝐸

ℎ𝑠−1𝐸 |𝑢|𝑠,𝐸
‖

‖

‖

√

∇𝜀ℎ
‖

‖

‖L2(𝐸)
. (58)

The third and the fourth term of (56) can be bounded applying the estimate in [2, Lemma 5.3] and the polynomial approximation
estimate (48), i.e.

𝑏𝐸ℎ
(

𝑢, 𝜀ℎ
)

− 𝑏𝐸
(

𝑢, 𝜀ℎ
)

=
(

𝜷 ⋅𝛱0,𝐸
𝑘−1∇𝑢, 𝛱

0,𝐸
𝑘 𝜀ℎ

)

𝐸
−
(

𝜷 ⋅ ∇𝑢, 𝜀ℎ
)

𝐸

≤ ‖

‖

‖

𝛱0,𝐸
𝑘−1 (𝜷 ⋅ ∇𝑢) − 𝜷 ⋅ ∇𝑢‖‖

‖L2(𝐸)
‖

‖

‖

𝜀ℎ −𝛱
0,𝐸
𝑘 𝜀ℎ

‖

‖

‖L2(𝐸)

+ ‖

‖

‖

𝛱0,𝐸
𝑘−1∇𝑢 − ∇𝑢‖‖

‖L2(𝐸)
‖

‖

‖

𝜷 𝜀ℎ −𝛱
0,𝐸
𝑘−1

(

𝜷 𝜀ℎ
)

‖

‖

‖L2(𝐸)

+ ‖𝜷‖ ∞
‖

‖𝛱0,𝐸∇𝑢 − ∇𝑢‖‖ ‖

‖𝜀 −𝛱0,𝐸𝜀 ‖

‖

10

L (𝐸)
‖

𝑘−1
‖L2(𝐸) ‖ ℎ 𝑘 ℎ

‖L2(𝐸)
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(

≲ ℎ𝑠𝐸 |𝜷∇𝑢|𝑠−1,𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸) + ℎ
𝑠
𝐸 |𝑢|𝑠,𝐸 |

|

𝜷𝜀ℎ||1,𝐸 + ‖𝜷‖L∞(𝐸) ℎ
𝑠
𝐸 |𝑢|𝑠,𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸)
≲ ‖𝜷‖W𝑠−1,∞(𝐸) ℎ

𝑠
𝐸 |𝑢|𝑠,𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸) . (59)

The last two terms of (56) can be bounded applying the estimate in [2, Lemma 5.3] and the polynomial approximation estimate
48), i.e.

𝑐𝐸ℎ
(

𝑢, 𝜀ℎ
)

− 𝑐𝐸
(

𝑢, 𝜀ℎ
)

=
(

𝛾 𝛱0,𝐸
𝑘 𝑢, 𝛱0,𝐸

𝑘 𝜀ℎ
)

𝐸
−
(

𝛾 𝑢, 𝜀ℎ
)

𝐸

≤ ‖

‖

‖

𝛱0,𝐸
𝑘 (𝛾 𝑢) − 𝛾 𝑢‖‖

‖L2(𝐸)
‖

‖

‖

𝜀ℎ −𝛱
0,𝐸
𝑘 𝜀ℎ

‖

‖

‖L2(𝐸)

+ ‖

‖

‖

𝛱0,𝐸
𝑘 𝑢 − 𝑢‖‖

‖L2(𝐸)
‖

‖

‖

𝛾 𝜀ℎ −𝛱0,𝐸
𝑘 (𝛾 𝜀ℎ)‖‖

‖L2(𝐸)

+ ‖𝛾‖L∞(𝐸)
‖

‖

‖

𝛱0,𝐸
𝑘 𝑢 − 𝑢‖‖

‖L2(𝐸)
‖

‖

‖

𝜀ℎ −𝛱
0,𝐸
𝑘 𝜀ℎ

‖

‖

‖L2(𝐸)

≲ ℎ𝑠+1𝐸 |𝛾 𝑢|𝑠,𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸) + ℎ
𝑠+1
𝐸 |𝑢|𝑠,𝐸 |

|

𝛾 𝜀ℎ||1,𝐸 + ‖𝛾‖L∞(𝐸) ℎ
𝑠+1
𝐸 |𝑢|𝑠,𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸)
≲ ℎ𝑠+1𝐸 ‖𝛾‖W𝑠,∞(𝐸) |𝑢|𝑠,𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸) (60)

The last term of (54) can be bounded applying the definition of𝛱0,𝐸
0 , the Cauchy–Schwarz inequality and the approximation property

(48), i.e.
∑

𝐸∈ℎ

(

𝑓 , 𝜀ℎ −𝛱0,𝐸
𝑘 𝜀ℎ

)

𝐸
=

∑

𝐸∈ℎ

(

𝑓 −𝛱0,𝐸
𝑘 𝑓 , 𝜀ℎ −𝛱0,𝐸

𝑘 𝜀ℎ
)

𝐸

≤
∑

𝐸∈ℎ

‖

‖

‖

𝑓 −𝛱0,𝐸
𝑘 𝑓‖‖

‖L2(𝐸)
‖

‖

‖

𝜀ℎ −𝛱
0,𝐸
𝑘 𝜀ℎ

‖

‖

‖L2(𝐸)

≲ ℎ𝑠−1 |𝑓 |max{0, 𝑠−2},𝛺
∑

𝐸∈ℎ

1
√

∨
𝐸

‖

‖

‖

√

∇𝜀ℎ
‖

‖

‖L2(𝐸)

≲ 1

min𝐸
√

∨
𝐸

ℎ𝑠−1 |𝑓 |max{0, 𝑠−2},𝛺 ‖

‖

|

|

𝜀ℎ‖‖||𝛺 .

(61)

Finally, considering together (55), (58), (59), (60) and (61), and substituting them into (54), we obtain

𝛯∗
‖

‖

|

|

𝜀ℎ‖‖||
2
𝛺 ≲ 𝛯∗

√

max
{(

max
𝐸

∧
𝐸

)

,
(

max
𝐸

‖𝛾‖L∞(𝐸)

)

ℎ2
}

ℎ𝑠−1 |𝑢|𝑠,𝛺 ‖

‖

|

|

𝜀ℎ‖‖||𝛺

+
∑

𝐸∈ℎ

⎛

⎜

⎜

⎜

⎝

‖‖W𝑠−1,∞(𝐸)
√

∨
𝐸

‖

‖

‖

√

∇𝜀ℎ
‖

‖

‖L2(𝐸)
+ ℎ2𝐸 ‖𝛾‖W𝑠,∞(𝐸)

‖

‖

∇𝜀ℎ‖‖L2(𝐸)

+ ‖𝜷‖W𝑠−1,∞(𝐸) ℎ𝐸 ‖

‖

∇𝜀ℎ‖‖L2(𝐸)
)

ℎ𝑠−1 |𝑢|𝑠,𝛺 + 1

min𝐸
√

∨
𝐸

ℎ𝑠−1 |𝑓 |max{0, 𝑠−2},𝛺 ‖

‖

|

|

𝜀ℎ‖‖||𝛺

≲ 𝛯∗
√

max
{(

max
𝐸

∧
𝐸

)

,
(

max
𝐸

‖𝛾‖L∞(𝐸)

)

ℎ2
}

ℎ𝑠−1 |𝑢|𝑠,𝛺 ‖

‖

|

|

𝜀ℎ‖‖||𝛺

+ 1

min𝐸
√

∨
𝐸

max
{

‖‖W𝑠−1,∞(𝛺) , ℎ2 ‖𝛾‖W𝑠,∞(𝛺) , ℎ ‖𝜷‖W𝑠−1,∞(𝛺)

}

ℎ𝑠−1 |𝑢|𝑠,𝛺 ‖

‖

|

|

𝜀ℎ‖‖||𝛺

+ 1

min𝐸
√

∨
𝐸

ℎ𝑠−1 |𝑓 |max{0, 𝑠−2},𝛺 ‖

‖

|

|

𝜀ℎ‖‖||𝛺 (62)

Considering this last estimate together with (53), we have the thesis (51). □

Theorem 6 (L2 Error Estimate). Let 𝛺 be convex. Let 𝑢 ∈ H𝑠(𝛺) ∩ H1
0(𝛺) and 𝑓 ∈ Hmax{0, 𝑠−2}(𝛺), with 1 ≤ 𝑠 ≤ 𝑘+ 1, be the solution and

the right-hand side of (1), respectively. Then, ∃𝐶 > 0 such that the unique solution 𝑢 ∈ ℎ,𝑘 of problem (25) satisfies the following error
estimate:

‖

‖

𝑢 − 𝑢ℎ‖‖L2(𝛺) ≤ 𝐶 ℎ𝑠 (|𝑢|𝑠,𝛺 + |𝑓 |max{0, 𝑠−2},𝛺
)

. (63)

Proof. Let us define the auxiliary problem: let 𝜓 ∈ H2(𝛺) ∩ H1
0(𝛺) the solution of the adjoint problem ∗ (𝜓 , 𝑣) =

(

𝑢 − 𝑢ℎ, 𝑣
)

𝛺
∀𝑣 ∈ H1

0(𝛺), where, given 𝑎 and 𝑐 as in (4) and (6),

∗ (𝜓 , 𝑣) ∶= 𝑎 (𝜓 , 𝑣) − ∫𝛺
(𝜷 ⋅ ∇𝜓) 𝑣 + 𝑐 (𝜓 , 𝑣) . (64)

By definition,  (𝑢, 𝑣) = ∗ (𝑣, 𝑢) for each 𝑢, 𝑣 ∈ H1
0(𝛺) and we get:

‖ ‖ ‖ ‖
11

|𝜓|2 ≲ ‖

𝑢 − 𝑢ℎ‖L2(𝛺) , ‖∇𝜓‖L2(𝛺) ≲ ‖

𝑢 − 𝑢ℎ‖L2(𝛺) , (65)
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where, as previously, ≲ denotes that there exists a constant independent of ℎ and of the problem’s parameters. Let 𝜓𝐼 denote the
interpolant of 𝜓 for which it holds true

‖

‖

𝜓 − 𝜓𝐼‖‖L2(𝛺) + ℎ ‖‖∇𝜓 − ∇𝜓𝐼‖‖L2(𝛺) ≤ 𝐶 ℎ2 |𝜓|2,𝛺 . (66)

Applying the auxiliary problem, the discrete problem (25) and the definition of  (3), we have

‖

‖

𝑢 − 𝑢ℎ‖‖
2
L2(𝛺) = ∗ (𝜓 , 𝑢 − 𝑢ℎ

)

= 
(

𝑢 − 𝑢ℎ, 𝜓
)

= 
(

𝑢, 𝜓 − 𝜓𝐼
)

+ 
(

𝑢, 𝜓𝐼
)

− 
(

𝑢ℎ, 𝜓
)

= 
(

𝑢, 𝜓 − 𝜓𝐼
)

+
(

𝑓 , 𝜓𝐼
)

𝛺 − 
(

𝑢ℎ, 𝜓
)

= 
(

𝑢, 𝜓 − 𝜓𝐼
)

+
(

𝑓 , 𝜓𝐼
)

𝛺 −
∑

𝐸∈ℎ

(

𝑓 , 𝛱0,𝐸
𝑘 𝜓𝐼

)

𝐸
+ ℎ

(

𝑢ℎ, 𝜓𝐼
)

− 
(

𝑢ℎ, 𝜓
)

= 
(

𝑢 − 𝑢ℎ, 𝜓 − 𝜓𝐼
)

+
∑

𝐸∈ℎ

(

𝑓 , 𝜓𝐼 −𝛱0,𝐸
𝑘 𝜓𝐼

)

𝐸
+ ℎ

(

𝑢ℎ, 𝜓𝐼
)

− 
(

𝑢ℎ, 𝜓𝐼
)

. (67)

Let us consider the terms of the previous relation separately. First, applying the continuity of  (40), proceeding as (53), and using
(65) and (66), we have, for the first term,


(

𝑢 − 𝑢ℎ, 𝜓 − 𝜓𝐼
)

≤ 𝛯∗
‖

‖

|

|

𝑢 − 𝑢ℎ‖‖||𝛺 ‖

‖

|

|

𝜓 − 𝜓𝐼‖‖||𝛺

≲ 𝛯∗
√

max
{(

max
𝐸

∧
𝐸

)

,
(

max
𝐸

‖𝛾‖L∞(𝐸)

)

ℎ2
}

ℎ ‖
‖

|

|

𝑢 − 𝑢ℎ‖‖||𝛺 |𝜓|2,𝛺

≲ 𝛯∗
√

max
{(

max
𝐸

∧
𝐸

)

,
(

max
𝐸

‖𝛾‖L∞(𝐸)

)

ℎ2
}

ℎ ‖
‖

|

|

𝑢 − 𝑢ℎ‖‖||𝛺 ‖

‖

𝑢 − 𝑢ℎ‖‖L2(𝛺) . (68)

The second term of (67) is estimated using the orthogonality property of 𝛱0,𝐸
0 , we have that ∀𝐸 ∈ ℎ

‖

‖

‖

𝜓𝐼 −𝛱
0,𝐸
𝑘 𝜓𝐼

‖

‖

‖L2(𝐸)
≤ ‖

‖

‖

𝜓𝐼 −𝛱
0,𝐸
𝑘 𝜓‖‖

‖L2(𝐸)
, (69)

hence we have
∑

𝐸∈ℎ

(

𝑓 , 𝜓𝐼 −𝛱0,𝐸
𝑘 𝜓𝐼

)

𝐸
=

∑

𝐸∈ℎ

(

𝑓 −𝛱0,𝐸
𝑘 𝑓 , 𝜓𝐼 −𝛱0,𝐸

𝑘 𝜓𝐼
)

𝐸

≤
∑

𝐸∈ℎ

‖

‖

‖

𝑓 −𝛱0,𝐸
𝑘 𝑓‖‖

‖L2(𝐸)
‖

‖

‖

𝜓𝐼 −𝛱
0,𝐸
𝑘 𝜓𝐼

‖

‖

‖L2(𝐸)

≲ ℎ𝑠 |𝑓 |max{0, 𝑠−2},𝛺 |𝜓|2,𝛺 ≲ ℎ𝑠 |𝑓 |max{0, 𝑠−2},𝛺 ‖

‖

𝑢 − 𝑢ℎ‖‖L2(𝛺) . (70)

where (50), (48) and (65) are applied, omitting higher order terms.
Finally, considering (67) we have to bound ℎ

(

𝑢ℎ, 𝜓𝐼
)

− 
(

𝑢ℎ, 𝜓𝐼
)

. Applying definitions of ℎ and , we can split them as

ℎ
(

𝑢ℎ, 𝜓𝐼
)

− 
(

𝑢ℎ, 𝜓𝐼
)

=
∑

𝐸∈ℎ

𝑎𝐸ℎ
(

𝑢ℎ, 𝜓𝐼
)

− 𝑎𝐸
(

𝑢ℎ, 𝜓𝐼
)

+𝑏𝐸ℎ
(

𝑢ℎ, 𝜓𝐼
)

− 𝑏𝐸
(

𝑢ℎ, 𝜓𝐼
)

+ 𝑐𝐸ℎ
(

𝑢ℎ, 𝜓𝐼
)

− 𝑐𝐸
(

𝑢ℎ, 𝜓𝐼
)

. (71)

Considering for each 𝐸 ∈ ℎ the local contribution, we can apply [2, Lemma 5.3], orthogonality properties similar to (69), adding
and subtracting terms, the polynomial approximation property (48), the estimates (66) and (65) for 𝜓 , hence we obtain the following
local estimates

𝑎𝐸ℎ
(

𝑢ℎ, 𝜓𝐼
)

− 𝑎𝐸
(

𝑢ℎ, 𝜓𝐼
)

=
(

𝛱0,𝐸
 ∇𝑢ℎ, 𝛱0,𝐸

 ∇𝜓𝐼
)

𝐸
−
(

∇𝑢ℎ,∇𝜓𝐼
)

𝐸

≤ ‖

‖

‖

𝛱0,𝐸
 (∇𝑢ℎ) −∇𝑢ℎ

‖

‖

‖L2(𝐸)
‖

‖

‖

∇𝜓𝐼 −𝛱
0,𝐸
 ∇𝜓‖‖

‖L2(𝐸)

+ ‖

‖

‖

𝛱0,𝐸
 ∇𝑢ℎ − ∇𝑢ℎ‖‖

‖L2(𝐸)

(

‖

‖

‖

∇𝜓𝐼 −𝛱
0,𝐸
 (∇𝜓)‖‖

‖L2(𝐸)
+∧

𝐸
‖

‖

‖

∇𝜓𝐼 −𝛱
0,𝐸
 ∇𝜓‖‖

‖L2(𝐸)

)

≲
(

‖

‖

‖

𝛱0,𝐸
 (∇𝑢) −∇𝑢‖‖

‖L2(𝐸)
+ ‖

‖

∇𝑢 −∇𝑢ℎ‖‖L2(𝐸)
)

⋅
(

‖

‖

∇𝜓𝐼 − ∇𝜓‖
‖L2(𝐸) +

‖

‖

‖

∇𝜓 −𝛱0,𝐸
 ∇𝜓‖‖

‖L2(𝐸)

)

+
(

‖

‖

‖

𝛱0,𝐸
 ∇𝑢 − ∇𝑢‖‖

‖L2(𝐸)
+ ‖

‖

∇𝑢 − ∇𝑢ℎ‖‖L2(𝐸)
)

⋅
(

‖

‖

∇𝜓𝐼 −∇𝜓‖
‖L2(𝐸) +

‖

‖

‖

∇𝜓 −𝛱0,𝐸
 (∇𝜓)‖‖

‖L2(𝐸)

+∧
𝐸

(

‖

‖

∇𝜓𝐼 − ∇𝜓‖
‖L2(𝐸) +

‖

‖

‖

∇𝜓 −𝛱0,𝐸
 ∇𝜓‖‖

‖L2(𝐸)

))

≲

⎛

⎜

⎜

⎜

ℎ𝑠−1𝐸 |𝑢|𝑠,𝐸 + max

⎧

⎪

⎨

⎪

√

∧
𝐸

‖‖W𝑠−1,∞(𝐸)
, 1
√

∨

⎫

⎪

⎬

⎪

‖

‖

|

|

𝑢 − 𝑢ℎ‖‖||𝐸

⎞

⎟

⎟

⎟

‖‖W𝑠−1,∞(𝐸) ℎ |𝜓|2,𝛺
12

⎝ ⎩

𝐸
⎭ ⎠
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≲

⎛

⎜

⎜

⎜

⎝

ℎ𝑠−1𝐸 |𝑢|𝑠,𝐸 + max

⎧

⎪

⎨

⎪

⎩

√

∧
𝐸

‖‖W𝑠−1,∞(𝐸)
, 1
√

∨
𝐸

⎫

⎪

⎬

⎪

⎭

‖

‖

|

|

𝑢 − 𝑢ℎ‖‖||𝐸

⎞

⎟

⎟

⎟

⎠

‖‖W𝑠−1,∞(𝐸) ℎ ‖‖𝑢 − 𝑢ℎ‖‖L2(𝛺)

and, similarly,

𝑏𝐸ℎ
(

𝑢ℎ, 𝜓𝐼
)

− 𝑏𝐸
(

𝑢ℎ, 𝜓𝐼
)

=
(

𝜷 ⋅𝛱0,𝐸
𝑘−1∇𝑢ℎ, 𝛱

0,𝐸
𝑘 𝜓𝐼

)

𝐸
−
(

𝜷 ⋅ ∇𝑢ℎ, 𝜓𝐼
)

𝐸

≲

⎛

⎜

⎜

⎜

⎝

ℎ𝑠−1𝐸 |𝑢|𝑠,𝐸 + 1
√

∨
𝐸

‖

‖

|

|

𝑢 − 𝑢ℎ‖‖||𝐸

⎞

⎟

⎟

⎟

⎠

‖𝜷‖W𝑠−1,∞(𝐸) ℎ
min{2,𝑘}

‖

‖

𝑢 − 𝑢ℎ‖‖L2(𝛺)

and

𝑐𝐸ℎ
(

𝑢ℎ, 𝜓𝐼
)

− 𝑐𝐸
(

𝑢ℎ, 𝜓𝐼
)

=
(

𝛾 𝛱0,𝐸
𝑘 𝑢ℎ, 𝛱0,𝐸

𝑘 𝜓𝐼
)

𝐸
−
(

𝛾 𝑢ℎ, 𝜓𝐼
)

𝐸

≲
(

ℎ𝑠𝐸 |𝑢|𝑠,𝐸 + ‖

‖

𝑢 − 𝑢ℎ‖‖L2(𝐸)
)

‖𝛾‖W𝑠,∞(𝐸) ℎ
2
‖

‖

𝑢 − 𝑢ℎ‖‖L2(𝛺) .

Hence, the estimate (71) results

ℎ
(

𝑢ℎ, 𝜓𝐼
)

− 
(

𝑢ℎ, 𝜓𝐼
)

≲ max
𝐸∈ℎ

(

max
{

‖‖W𝑠−1,∞(𝐸) , ‖𝜷‖W𝑠−1,∞(𝐸) ℎ
min{1,𝑘−1}, ‖𝛾‖W𝑠,∞(𝐸) ℎ

2
})

⋅ℎ𝑠 |𝑢|𝑠,𝛺 ‖

‖

𝑢 − 𝑢ℎ‖‖L2(𝛺)

+ max
𝐸∈ℎ

⎛

⎜

⎜

⎜

⎝

max

⎧

⎪

⎨

⎪

⎩

√

∧
𝐸

‖‖W𝑠−1,∞(𝐸)
, 1
√

∨
𝐸

⎫

⎪

⎬

⎪

⎭

⎞

⎟

⎟

⎟

⎠

⋅ max
𝐸∈ℎ

(

max
{

‖‖W𝑠−1,∞(𝐸) , ‖𝜷‖W𝑠−1,∞(𝐸) ℎ
min{1,𝑘−1}

})

⋅𝐶𝐸 𝑁ℎ𝑠
(

|𝑢|𝑠,𝛺 + |𝑓 |𝑠−1
)

‖

‖

𝑢 − 𝑢ℎ‖‖L2(𝛺)

+𝐶𝑃 max
𝐸

⎛

⎜

⎜

⎜

⎝

1
√

∨
𝐸

⎞

⎟

⎟

⎟

⎠

𝐶𝐸 𝑁ℎ𝑠
(

|𝑢|𝑠,𝛺 + |𝑓 |𝑠−1
)

ℎ2 ‖𝛾‖W𝑠,∞(𝛺)
‖

‖

𝑢 − 𝑢ℎ‖‖L2(𝛺) (72)

where we apply the error estimate (51) and a Poincaré inequality.
Finally, applying (68), (70), (72) to (67) and simplifying, we obtain the thesis (63). □

6. Computation of 𝜫𝟎,𝑬
 𝛁

Algorithm 1 Algorithm for the computation of 𝓁𝐸 and of the corresponding right-hand side on a given polygon.
Input: A polygon 𝐸 ∈ ℎ

1: Let 𝓁𝐸 be the smallest number satisfying (76).
2: Compute the matrix 𝐵 corresponding to 𝓁𝐸 defined by (74).
3: Compute the factor 𝑅 of a QR decomposition of 𝐵 (Householder QR is advisable).
4: 𝑁 ← number of diagonal elements of 𝑅 whose absolute value is ≥ 1e − 11.
5: while 𝑁 < 𝑘𝑁𝐸 + 𝑘(𝑘−1)

2 − 1 do
6: 𝓁𝐸 ← 𝓁𝐸 + 1.
7: Compute 𝐵̃ =

(

𝐶̃𝜕𝑘+𝓁𝐸 0
)

such that
(

𝐶̃𝜕𝑘+𝓁𝐸

)

𝑖𝑗
=
(

∇𝜑𝜕𝑗 ⋅ 𝒕, ̃𝑟𝑖
)

𝜕 𝐸 , ∀𝑟𝑖 basis of homogeneous polynomials of degree 𝑘 + 𝓁𝐸 .

8: 𝑅 ←
[

𝐵̃ ; 𝑅
]

9: Using Givens rotations, update 𝑅 to triangular matrix.
10: 𝐵 ←

[

𝐵 ; 𝐵̃
]

11: 𝑁 ← number of diagonal elements of 𝑅 whose absolute value is ≥ 1e − 11.
12: end while
13: return 𝓁𝐸 , 𝐵.

In this section, we analyze the computation of 𝛱0,𝐸
 ∇ and, following [17], we propose an algorithm that provides the polynomial

projection degree ensuring stability. The algorithm is based on an incremental QR decomposition of the right-hand side of the linear
system that needs to be solved to compute the matrix representing the projection operator. In particular, let 𝐸 ∈ ℎ be given and let
{𝜑 }

dim𝐸ℎ,𝑘 be a lagrangian basis of 𝐸 with respect to the degrees of freedom. In particular, let {𝜑𝜕}𝑘𝑁𝐸 and {𝜑◦}
dimP𝑘−2(𝐸) be the
13
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subsets of basis functions lagrangian with respect to the boundary and the internal degrees of freedom, respectively. Furthermore,
iven any value of 𝓁𝐸 , let 𝐌 = {𝒎𝑖}

dim[P𝑘−1(𝐸)]2
𝑖=1 be a scaled monomial basis of

[

P𝑘−1(𝐸)
]2 and let 𝐂 = {𝐜𝐮𝐫 𝐥 𝑟𝑖}

dimP𝑘+𝓁𝐸
(𝐸)−dimP𝑘(𝐸)

𝑖=1 be
 basis of 𝐜𝐮𝐫 𝐥

(

P𝑘+𝓁𝐸 (𝐸) ⧵ P𝑘 (𝐸)
)

. Let 𝐵 be the matrix with the following block structure

𝐵 =

(

𝐸𝜕𝑘−1 𝐸◦
𝑘−1

𝐶𝜕𝑘,𝓁𝐸 0

)

, (73)

where
(

𝐸𝜕𝑘−1
)

𝑖,𝑗 =
(

∇𝜑𝜕𝑗 ,𝒎𝑖

)

𝐸
, ∀𝑖 = 1,… , dim

[

P𝑘−1(𝐸)
]2 , 𝑗 = 1,… , 𝑘𝑁𝐸

(

𝐸◦
𝑘−1

)

𝑖,𝑗 =
(

∇𝜑◦
𝑗 ,𝒎𝑖

)

𝐸
, ∀𝑖 = 1,… , dim

[

P𝑘−1(𝐸)
]2 , 𝑗 = 1,… , dimP𝑘−2 (𝐸)

(

𝐶𝜕𝑘,𝓁𝐸

)

𝑖,𝑗
=
(

∇𝜑𝜕𝑗 ⋅𝒕, 𝑟𝑖
)

𝜕 𝐸 , ∀𝑖= 1,… , dimP𝑘+𝓁𝐸 (𝐸)− dimP𝑘 (𝐸) , 𝑗= 1,… , 𝑘𝑁𝐸

(74)

We notice that the matrices 𝐸𝜕𝑘−1 and 𝐸◦
𝑘−1 are used in the computation of the standard projector of the stabilized VEM method and

that our approach requires the additional computation of the matrix 𝐶𝜕𝑘,𝓁𝐸 , that involves only 1D boundary integrals. Hence, the
matrix 𝛱̂ representing the projection defined in (14) is the solution of the matrix equation

𝐺𝛱̂ = 𝐵 , (75)

where 𝐺 is the mass matrix of the polynomial basis 𝐌 ∪ 𝐂. In order to get a stable scheme, we need to ensure that the rank of 𝛱̂
is at least 𝑘𝑁𝐸 + 𝑘(𝑘−1)

2 − 1, and since 𝐺 is symmetric and positive definite, this is guaranteed if the rank of 𝐵 is 𝑘𝑁𝐸 + 𝑘(𝑘−1)
2 − 1.

ollowing [17], we employ an incremental Q-less QR decomposition of 𝐵, with increasing polynomial degrees, which is described
n Algorithm 1. First, we set 𝓁𝐸 to be the smallest integer satisfying

dim𝑘,𝓁𝐸 ≥ dim ∇𝐸ℎ,𝑘 ⟺ (𝓁𝐸 + 𝑘 + 1)(𝓁𝐸 + 𝑘 + 2) ≥ 2𝑘𝑁𝐸 , (76)

which is a necessary condition for the injectivity of 𝛱0,𝐸
 ∇. We then compute the 𝐵 matrix corresponding to 𝓁𝐸 and the factor

𝑅 of an Householder QR-decomposition of 𝐵. The rank of 𝐵 is then computed as the number of diagonal elements of 𝑅 that are
greater than a chosen threshold (that we chose equal to e − 11). If the rank is not large enough, we compute additional rows of the
right-hand side corresponding to homogeneous polynomials of degree 𝓁𝐸 + 1 and we update the 𝑅 matrix by using Givens rotations
on the additional rows, until we reach the desired rank. Notice that the computational cost of the algorithm is equivalent to the one
of computing the 𝑅 matrix of a QR decomposition of the final right-hand side. Applying Algorithm 1, we identify the minimum 𝓁𝐸
roviding numerically the coercivity and the corresponding right-hand side 𝐵. Then, we compute the matrix 𝐺 and solve (75).

Remark 7. Notice that considering the second decomposition of 𝑘,𝓁𝐸 in (13) together with Lemma 2, we can rewrite Algorithm
1 computing the incremental QR decomposition only for the basis functions {𝜑𝜕𝑗 }

𝑘𝑁𝐸
𝑗=1 related to the boundary degrees of freedom.

7. Numerical results

In this section, we first carry out a numerical investigation on the stability of the method given by the application of Algorithm
1 on different sets of polygons, then we present some convergence tests. In all the numerical tests we use the following definition
f the scalar monomial basis of P𝑘 (𝐸):

𝑚𝑖 ∶=
(

2
𝒙 − 𝒙𝐸
ℎ𝐸

)𝜶𝑖
, 𝑖 = 1,… , 𝑛𝑘.

In particular, the factor 2 allows for a dramatic reduction of the ill-conditioning of the matrix, as shown in [32]. These monomials
re also used in the definition of internal degrees of freedom.

7.1. Coercivity tests

We here take into consideration elements with different polygonal shape and we apply Algorithm 1 to get a stable local discrete
ilinear form. Then, we build the corresponding local stiffness matrix 𝐴𝐸 related to the local discrete bilinear form 𝑎𝐸ℎ . In all the

tests, we report the square root of the smallest non-vanishing singular value 𝜎𝐸 to estimate the square root of the coercivity constant
n Theorem 1. For each set of polygons, we perform this test for 𝑘 = 2, 3, 4. Analogous tests for 𝑘 = 1 are performed in [17], where

a lowest-order version of the scheme is introduced.

7.1.1. Regular polygons
We first consider the test case of regular polygons whose vertices are given by the set

{

cos
(

2𝜋(𝑖−1)
𝑁𝐸

)

, sin
(

2𝜋(𝑖−1)
𝑁𝐸

)}𝑁𝐸

𝑖=1
. The results

for the cases 𝑘 = 2, 3, 4 are reported in Tables 1, 2, 3, respectively.

7.1.2. Concave polygons
Now, we consider the set of concave polygons depicted in Fig. 1. The results for the cases 𝑘 = 2, 3, 4 are reported in Tables 4, 5,

6, respectively.
14
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Table 1
Regular polygons, 𝑘 = 2. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 3 4 5 6 7 8 9 10

𝓁𝐸 1 (0) 2 (1) 3 (1) 4 (2) 5 (2) 6 (3) 7(3) 8 (3)
𝜎𝐸 6.5e−01 7.0e−01 6.8e−01 6.5e−01 6.2e−01 5.9e−01 5.6e−01 5.3e−01

𝑁𝐸 11 12 13 14 15 16 17 18

𝓁𝐸 9 (4) 10 (4) 11 (4) 12 (4) 13 (5) 14 (5) 15 (5) 16 (5)
𝜎𝐸 5.1e−01 4.9e−01 4.8e−01 4.6e−01 4.5e−01 4.3e−01 4.2e−01 4.1e−01

Table 2
Regular polygons, 𝑘 = 3. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 3 4 5 6 7 8 9 10

𝓁𝐸 0 (0) 1 (1) 2 (1) 3 (2) 4 (2) 5 (3) 6 (3) 7 (4)
𝜎𝐸 4.5e−01 3.9e−01 3.1e−01 2.5e−01 2.8e−01 2.4e−01 2.3e−01 2.0e−01

𝑁𝐸 11 12 13 14 15 16 17 18

𝓁𝐸 8 (4) 9 (4) 10 (5) 11 (5) 12 (5) 13 (6) 14 (6) 15 (6)
𝜎𝐸 2.1e−01 1.9e−01 1.9e−01 1.7e−01 1.8e−01 1.7e−01 1.7e−01 1.6e−01

Table 3
Regular polygons, 𝑘 = 4. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 3 4 5 6 7 8 9 10

𝓁𝐸 1 (0) 2 (1) 3 (1) 4 (2) 5 (2) 6 (3) 7 (3) 8 (4)
𝜎𝐸 4.6e−01 4.8e−01 4.2e−01 3.4e−01 2.7e−01 2.3e−01 2.0e−01 1.7e−01

𝑁𝐸 11 12 13 14 15 16 17 18

𝓁𝐸 9 (4) 10 (5) 11 (5) 12 (6) 13 (6) 14 (6) 15 (7) 16 (7)
𝜎𝐸 1.5e−01 1.4e−01 1.2e−01 1.1e−01 1.0e−01 9.4e−02 8.8e−02 8.2e−02

Fig. 1. Concave polygons with 𝑁𝐸 ranging from 4 to 18.

7.1.3. Convex polygons
We here consider the set of convex polygons shown in Fig. 2. In Tables 7, 9, 11, we report the results for 𝑘 = 2, 3, 4, respectively.

The tables show that in cases of elements with a lot of edges, the value of 𝜎𝐸 might be small. In Tables 8, 10, and 12 we show that,
ncreasing the value of 𝓁𝐸 by one, we can enlarge the value of 𝜎𝐸 . In Table 12 we report also the effect of increasing 𝓁𝐸 by two,

we note an increasing behavior of 𝜎𝐸 w.r.t. 𝓁𝐸 .

7.1.4. Hexagon with aligned edges
We consider the set of hexagonal-shape elements with aligned edges depicted in Fig. 3. We perform the test for different order

f the method, 𝑘 = 2, 3, 4, and we collect the results in Tables 13, 14, 16, respectively.
15
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Table 4
Concave polygons, 𝑘 = 2. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 4 5 6 7 8 9 10 11

𝓁𝐸 1 (1) 1 (1) 3 (2) 2 (2) 4 (3) 3 (3) 5 (3) 4 (4)
𝜎𝐸 3.9e−01 3.5e−02 4.2e−01 1.1e−01 3.9e−01 6.2e−02 3.6e−01 6.4e−02

𝑁𝐸 12 13 14 15 16 17 18

𝓁𝐸 6 (4) 4 (4) 7 (4) 5 (5) 8 (5) 5 (5) 9 (5)
𝜎𝐸 3.2e−01 2.9e−02 2.5e−01 8.9e−02 1.9e−01 1.4e−02 1.5e−01

Table 5
Concave polygons, 𝑘 = 3. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 4 5 6 7 8 9 10 11

𝓁𝐸 1 (1) 2 (1) 3 (2) 3 (2) 5 (3) 3 (3) 6 (4) 4 (4)
𝜎𝐸 2.1e−01 1.8e−01 2.8e−01 1.1e−01 3.1e−01 9.2e−04 2.8e−01 6.3e−03

𝑁𝐸 12 13 14 15 16 17 18

𝓁𝐸 7 (4) 5 (5) 8 (5) 6 (5) 9 (6) 6 (6) 10 (6)
𝜎𝐸 2.3e−01 1.6e−02 1.6e−01 2.4e−02 1.1e−01 6.3e−03 8.3e−02

Table 6
Concave polygons, 𝑘 = 4. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 4 5 6 7 8 9 10 11

𝓁𝐸 1 (1) 2 (1) 3 (2) 2 (2) 4 (3) 3 (3) 6 (4) 4 (4)
𝜎𝐸 7.2e−02 5.8e−02 7.1e−02 2.3e−03 6.3e−02 6.1e−04 2.4e−02 5.3e−04

𝑁𝐸 12 13 14 15 16 17 18

𝓁𝐸 8 (5) 5 (5) 9 (6) 6 (6) 10 (6) 7 (7) 11 (7)
𝜎𝐸 1.8e−01 9.1e−04 1.2e−01 2.9e−03 8.0e−02 2.8e−03 5.4e−02

Fig. 2. Convex polygons with 𝑁𝐸 ranging from 3 to 18.

Table 7
Convex polygons, 𝑘 = 2. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 3 4 5 6 7 8 9 10

𝓁𝐸 1 (0) 1 (1) 1 (1) 2 (2) 2 (2) 3 (3) 3 (3) 3 (3)
𝜎𝐸 5.0e−01 2.8e−01 1.0e−03 7.9e−02 2.9e−02 2.8e−02 1.3e−02 7.2e−05

𝑁𝐸 11 12 13 14 15 16 17 18

𝓁𝐸 4 (4) 4 (4) 4 (4) 4 (4) 5 (5) 5 (5) 5 (5) 5 (5)
𝜎𝐸 5.0e−04 1.0e−04 2.5e−04 2.2e−07 2.8e−04 1.6e−05 9.5e−07 1.9e−08
16
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c

Table 8
Convex polygons, 𝑘 = 2. Increased values of 𝓁𝐸 with respect to Table 7, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 14 14 𝑁𝐸 17 17 𝑁𝐸 18 18

𝓁𝐸 4 (4) 5 (4) 𝓁𝐸 5 (5) 6 (5) 𝓁𝐸 5 (5) 6 (5)
𝜎𝐸 2.2e−07 6.6e−04 𝜎𝐸 9.5e−07 1.6e−04 𝜎𝐸 1.9e−08 9.9e−05

Table 9
Convex polygons, 𝑘 = 3. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 3 4 5 6 7 8 9 10

𝓁𝐸 0 (0) 1 (1) 2 (1) 2 (2) 3 (2) 3 (3) 3 (3) 4 (4)
𝜎𝐸 3.4e−01 4.1e−02 8.3e−03 3.6e−02 3.1e−02 2.2e−03 7.2e−04 5.8e−06

𝑁𝐸 11 12 13 14 15 16 17 18

𝓁𝐸 4 (4) 5 (4) 5 (5) 5 (5) 6 (5) 6 (6) 6 (6) 6 (6)
𝜎𝐸 7.9e−05 2.7e−06 7.6e−05 9.7e−07 1.9e−05 3.1e−07 6.1e−08 5.2e−08

Table 10
Convex polygons, 𝑘 = 3. Increased values of 𝓁𝐸 with respect to Table 9, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 14 14 𝑁𝐸 16 16

𝓁𝐸 5 (5) 6 (5) 𝓁𝐸 6 (6) 7 (6)
𝜎𝐸 9.7e−07 2.3e−04 𝜎𝐸 3.1e−07 8.9e−06

𝑁𝐸 17 17 𝑁𝐸 18 18 18

𝓁𝐸 6 (6) 7 (6) 𝓁𝐸 6 (6) 7 (6) 8(6)
𝜎𝐸 6.1e−08 2.3e−06 𝜎𝐸 5.2e−08 5.5e−07 1.3e−05

Table 11
Convex polygons, 𝑘 = 4. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 3 4 5 6 7 8 9 10

𝓁𝐸 1 (0) 1 (1) 1 (1) 2 (2) 2 (2) 3 (3) 3 (3) 4 (4)
𝜎𝐸 3.5e−01 2.9e−02 2.2e−06 1.6e−02 1.6e−05 1.1e−04 3.6e−05 7.4e−07

𝑁𝐸 11 12 13 14 15 16 17 18

𝓁𝐸 4 (4) 5 (5) 5 (5) 6 (6) 6 (6) 6 (6) 7 (7) 7 (7)
𝜎𝐸 1.9e−06 2.6e−06 1.5e−06 2.7e−06 1.6e−06 7.9e−08 2.4e−07 1.1e−07

Table 12
Convex polygons, 𝑘 = 4. Increased values of 𝓁𝐸 with respect to Table 11, in parentheses the smallest value
satisfying the necessary condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 10 10 𝑁𝐸 16 16 16

𝓁𝐸 4 (4) 5 (4) 𝓁𝐸 6 (6) 7 (6) 8 (6)
𝜎𝐸 7.4e−07 1.8e−05 𝜎𝐸 7.9e−08 2.6e−07 7.6e−06

𝑁𝐸 17 17 𝑁𝐸 18 18 18

𝓁𝐸 7 (7) 8 (7) 𝓁𝐸 7 (7) 8 (7) 9 (7)
𝜎𝐸 2.4e−07 2.8e−06 𝜎𝐸 1.1e−07 4.9e−07 1.5e−05

As in previous cases, Tables 14 and 16 show that in the cases of elements with a lot of edges, the computed 𝜎𝐸 might be small.
In this cases, increasing the value of 𝓁𝐸 we obtain larger 𝜎𝐸 , as depicted in . In particular, for 𝑘 = 4 we provide Table 17 with the
values of 𝓁𝐸 such that the values of 𝜎𝐸 are larger than 1e−06.

7.1.5. Triangle with aligned edges
Finally, we take into consideration the case of the triangles with aligned edges shown in Fig. 4. The singular values 𝜎𝐸 and the

omputed 𝓁𝐸 are shown in Tables 18, 19, 20 for the cases 𝑘 = 2, 3, 4, respectively.

7.2. Convergence tests

In this section, we perform three tests solving problem (1) on the unit square, tessellated by three families of meshes. The first
is made by cartesian meshes, labeled Cartesian and shown in Fig. 5(a). The second sequence, depicted in Fig. 5(b) and labeled
17
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Fig. 3. Hexagons with aligned edges with 𝑁𝐸 ranging from 7 to 18.

Table 13
Hexagon with aligned edges, 𝑘 = 2. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 7 8 9 10 11 12 13 14

𝓁𝐸 2 (2) 3 (3) 3 (3) 3 (3) 4 (4) 4 (4) 4 (4) 5 (4)
𝜎𝐸 5.8e−03 1.1e−02 9.5e−03 3.4e−03 2.8e−02 1.5e−02 2.1e−04 1.7e−04

𝑁𝐸 15 16 17 18

𝓁𝐸 5 (5) 5 (5) 6 (5) 6 (5)
𝜎𝐸 1.7e−04 1.1e−04 6.5e−04 5.2e−04

Table 14
Hexagon with aligned edges, 𝑘 = 3. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 7 8 9 10 11 12 13 14

𝓁𝐸 3 (2) 3 (3) 3 (3) 4 (4) 4 (4) 5 (4) 5 (5) 6 (5)
𝜎𝐸 6.5e−03 5.6e−05 2.0e−07 1.4e−04 3.2e−06 5.8e−04 1.6e−06 1.4e−07

𝑁𝐸 15 16 17 18

𝓁𝐸 6 (5) 7 (6) 7 (6) 8 (6)
𝜎𝐸 6.3e−08 4.7e−07 1.3e−07 2.1e−06

Table 15
Hexagon with aligned edges, 𝑘 = 3. Increased values of 𝓁𝐸 with respect to Table 14, in parentheses the smallest value
satisfying the necessary condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 9 9 𝑁𝐸 14 14 𝑁𝐸 16 16

𝓁𝐸 3 (3) 4 (3) 𝓁𝐸 6 (5) 7 (5) 𝓁𝐸 7 (6) 8 (6)

𝜎𝐸 2.0e−07 2.3e−04 𝜎𝐸 1.4e−07 1.1e−06 𝜎𝐸 4.7e−07 3.8e−06

𝑁𝐸 15 15 15 𝑁𝐸 17 17

𝓁𝐸 6 (5) 7 (5) 8 (5) 𝓁𝐸 7 (6) 8 (6)

𝜎𝐸 6.3e−08 7.4e−07 5.6e−06 𝜎𝐸 1.3e−07 3.7e−06

Table 16
Hexagon with aligned edges, 𝑘 = 4. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 7 8 9 10 11 12 13 14

𝓁𝐸 3 (2) 4 (3) 4 (3) 4 (4) 5 (4) 5 (5) 7 (5) 8 (6)
𝜎𝐸 3.0e−04 1.4e−06 5.2e−07 3.0e−07 1.0e−06 3.6e−07 1.5e−06 3.2e−07

𝑁𝐸 15 16 17 18

𝓁𝐸 8 (6) 9 (6) 9 (7) 9 (7)
𝜎𝐸 3.2e−07 1.7e−07 1.4e−07 2.0e−07
18
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Table 17
Hexagon with aligned edges, 𝑘 = 4. Increased values of 𝓁𝐸 with respect to Table 16, in parentheses the smallest value satisfying
the necessary condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 7 8 9 10 11 12 13 14

𝓁𝐸 3 (2) 4 (3) 5 (3) 5 (4) 5 (4) 6 (5) 7 (5) 13 (6)
𝜎𝐸 3.0e−04 1.4e−06 6.7e−06 4.8e−06 1.0e−06 1.4e−05 1.5e−06 2.4e−06

𝑁𝐸 15 16 17 18

𝓁𝐸 12 (6) 13 (6) 12 (7) 13 (7)
𝜎𝐸 1.4–06 1.6e−06 1.2e−06 1.2e−06

Fig. 4. Triangles with aligned edges with 𝑁𝐸 ranging from 4 to 18.

Table 18
Triangles with aligned edges, 𝑘 = 2. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 4 5 6 7 8 9 10 11

𝓁𝐸 1 (1) 2 (1) 3 (2) 3 (2) 4 (3) 5 (3) 5 (3) 6 (4)
𝜎𝐸 3.7e−01 4.1e−01 3.9e−01 2.1e−01 2.4e−01 3.3e−01 1.0e−01 1.1e−01

𝑁𝐸 12 13 14 15 16 17 18

𝓁𝐸 7 (4) 7 (4) 8 (4) 9 (5) 9 (5) 10 (5) 11 (5)
𝜎𝐸 2.9e−01 4.3e−02 4.6e−02 2.0e−01 1.7e−02 1.7e−02 1.0e−01

Table 19
Triangles with aligned edges, 𝑘 = 3. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 4 5 6 7 8 9 10 11

𝓁𝐸 2 (1) 3 (1) 4 (2) 5 (2) 6 (3) 6 (3) 8 (4) 9 (4)
𝜎𝐸 2.5e−01 2.8e−01 3.2e−01 9.5e−02 1.0e−01 7.1e−02 2.6e−02 2.6e−02

𝑁𝐸 12 13 14 15 16 17 18

𝓁𝐸 10 (4) 11 (5) 12 (5) 12 (5) 14 (6) 15 (6) 16 (6)
𝜎𝐸 1.2e−01 6.1e−03 6.0e−03 4.5e−03 2.6e−03 1.8e−03 1.2e−02

Table 20
Triangles with aligned edges, 𝑘 = 4. Values of 𝓁𝐸 given by Algorithm 1, in parentheses the smallest value satisfying the necessary
condition (76), and computed value of 𝜎𝐸 .
𝑁𝐸 4 5 6 7 8 9 10 11

𝓁𝐸 3 (1) 4 (1) 5 (2) 7 (2) 8 (3) 9 (3) 11 (4) 12 (4)
𝜎𝐸 1.6e−01 1.7e−01 2.8e−01 4.0e−02 4.0e−02 1.5e−01 5.8e−03 4.6e−03

𝑁𝐸 12 13 14 15 16 17 18

𝓁𝐸 13 (5) 15 (5) 16 (6) 17 (6) 21 (6) 21 (7) 21 (7)
𝜎𝐸 3.9e−02 3.3e−03 7.1e−03 1.6e−02 1.7e−01 1.8e−01 1.3e−01
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Fig. 5. Meshes used for convergence tests.

Fig. 6. Test 1: Convergence plots.

Concave, is made by pentagons, half of which are concave. Finally, the last family, shown in Fig. 5(c) and labeled Polymesher,
is made by convex polygons, obtained using Polymesher [33].

For each test, we compute the discrete solution 𝑢ℎ for various orders of the method, in particular 𝑘 = 2, 3, 4, and show the
convergence curves of Energy and L2 errors, that we measure as follows
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L2 error2 =
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The discrete solution 𝑢ℎ is obtained selecting locally on each polygon 𝐸 the value 𝓁𝐸 as described in Section 6, using the value of
𝓁𝐸 provided by Algorithm 1.

7.2.1. Test 1
Let us consider problem (1) with

 =
(

1 0
0 1

)

, 𝜷 =
(

1
1

)

, 𝛾 = 1,

and the forcing term being such that the exact solution is 𝑢𝑒𝑥(𝑥, 𝑦) = sin(2𝜋 𝑥) sin(2𝜋 𝑦) + 𝑥. We consider Dirichlet conditions on 𝜕 𝛺
according to the exact solution. In Fig. 6, we report the trend of the Energy and L2 errors for all the families of meshes considered.
The results are a numerical confirmation of the convergence rates proved in Section 5.

7.2.2. Test 2
Now, we want to analyze problem (1) where  =

(

8 ⋅ 10−3 0
0 1

)

is an anisotropic diffusivity tensor, 𝜷 =
(

0 0
)⊺ and 𝛾 = 0. We

set Dirichlet boundary conditions and the forcing term such that the exact solution results 𝑢𝑒𝑥(𝑥, 𝑦) = 10−2𝑥𝑦(1 −𝑥)(1 −𝑦)(𝑒20𝑥− 1). We
compare the results given by the proposed method with the ones perfomed using a standard VEM method [2], where the discrete
20
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problem is given by substituting in (25) the definition of the local bilinear form 𝑎𝐸ℎ with

𝑎𝐸ℎ
(

𝑢ℎ, 𝑣ℎ
)

=
(

𝛱0,𝐸
𝑘−1∇𝑢ℎ, 𝛱

0,𝐸
𝑘−1∇𝑣ℎ

)

𝐸
+ ‖‖L∞(𝐸) 𝑆

𝐸
(

(𝐼−𝛱∇,𝐸
𝑘 )𝑢ℎ, (𝐼−𝛱

∇,𝐸
𝑘 )𝑣ℎ

)

(77)

and 𝑆𝐸 ∶𝐸ℎ,𝑘 × 𝐸ℎ,𝑘 → R denotes the local dofi-dofi stabilizing bilinear form

𝑆𝐸
(

𝑢ℎ, 𝑣ℎ
)

= 𝜒𝐸 (𝑢ℎ) ⋅ 𝜒𝐸 (𝑣ℎ) ∀𝑢ℎ, 𝑣ℎ ∈ 𝐸ℎ,𝑘 ,

with 𝜒𝐸 (𝑣ℎ) defined as the vector of degrees of freedom of 𝑣ℎ on 𝐸. This stabilization is chosen since it is the most widely used in
the VEM literature. In Fig. 7, we report the results obtained by the two methods in the case 𝑘 = 2. In the captions, we refer to the
proposed method with the acronym SFVEM and to the standard method with VEM. We observe that standard VEM displays larger
errors in the case of Polymesher mesh, whereas the two methods behave equivalently in the case of Concave and Cartesian
meshes. As also discussed in [18], these results can be related to the isotropic nature of the stabilization term, that can induces
arger error when the mesh is not aligned with the principal directions of the anisotropy.

7.2.3. Test 3
With the same purpose of the previous test case, we now take into consideration a case where  =

(

1 0
0 6.25 ⋅ 10−4

)

,

𝜷 =
(

0 0
)⊺ and 𝛾 = 0. We impose Dirichlet boundary conditions and the forcing term such that the exact solution results

𝑢𝑒𝑥(𝑥, 𝑦) = sin(2𝜋 𝑥) sin(80𝜋 𝑦). We depict the convergence results for the two analyzed methods with 𝑘 = 2 in Fig. 8. We observe that
as in the previous test, differences between the two methods’ behavior appear when the mesh is not aligned with the anisotropy,
i.e. when Polymesher meshes are used. Moreover, due to the very strong anisotropy of the solution, we see in 8(a) and 8(b) that
the proposed method reaches the expected asymptotic regime before the standard VEM.

Conclusions

In this work, we propose a high-order virtual element scheme for a 2D second order elliptic equation, that do not require an
rbitrary stabilizing term. It is based on the definition of high-order polynomial projections that induce the existence of consistent
nd stable bilinear forms. The well-posedness is proved and optimal a priori error estimates are derived, identifying a necessary
nd sufficient condition on the projection polynomial space. We propose an algorithm to provide the polynomial projection degree

ensuring stability, based on a local incremental QR decomposition. Numerical tests on polygons with several different shapes confirm
he local stability of the method and validate the proposed algorithm. Finally, we perform convergence test to assess the robustness
f the proposed method, especially in problems characterized by anisotropic diffusion and solutions. We compare the performance
ith a stabilized VEM scheme and results on meshes that are not aligned with anisotropies show that a structure-preserving scheme

an reduce the magnitude of the error and help convergence.
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Fig. 7. Test 2: Convergence plots. In each figure, the 𝑦-axis on the left refers to the errors, while the 𝑦-axis on the right refers to the ratio between the errors
made by the two methods.
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Fig. 8. Test 3: Convergence plots. In each figure, the 𝑦-axis on the left refers to the errors, while the 𝑦-axis on the right refers to the ratio between the errors
made by the two methods.
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