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Summary

Electromagnetic simulations are essential across various applications, from antenna design
and radar to biomedical imaging and wireless communications, where accurate and fast handling
of complex geometries, materials, and wide frequency ranges is often needed. Among the meth-
ods developed in computational electromagnetics (CEM), the Boundary Element Method (BEM)
offers distinct advantages, especially in reducing unknowns through surface discretization and
inherently satisfying radiation conditions at infinity, which is ideal for modelling the scattering
from piecewise homogeneous and isotropic media. High-order discretizations further enhance
BEM’s accuracy, making it suitable for large-scale and complex models. However, BEM faces
challenges such as high computational costs, the need for precise singular integral evaluations,
and issues with ill-conditioning in complex scenarios. Acceleration techniques, including the
fast multipole method (FMM) and low-rank block matrix compression within the framework of
hierarchical matrices, have mitigated some of these obstacles by reducing computational and
storage costs of matrix assembly and algebraic operations. Moreover, preconditioning strategies,
such as quasi-Helmholtz decompositions and Calderón preconditioners, have been developed to
address stability and conditioning of the numerical systems, allowing to significantly reduce the
number of iterations when resorting to iterative solvers. Limitations remain however, in partic-
ular for high-order discretizations and complex material interfaces, for which the extension of
these techniques were not fully investigated. This work aims to address these gaps by introducing
new quasi-Helmholtz and Calderón preconditioning techniques tailored to high-order elements
as well as structures with junctions, providing new advances in BEM’s applicability to practical
and large-scale problems.
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Chapter 0

Introduction

Electromagnetic simulations play a significant role in a wide range of applications, from
antenna design and radar systems to biomedical imaging and wireless communication. These
applications often require accurate and efficient numerical methods that are capable of handling
complex geometries, diverse materials, and a large range of frequencies. To address these
challenges, computational electromagnetics (CEM) offers a variety of methods, including finite
element method (FEM) [131, 100], finite difference time domain (FDTD) [145, 133], and
boundary element method (BEM) [75, 106, 123]. Each technique has its strengths, and the
choice of which to use strongly depends on the nature of the problem that we need to solve.

Among these methods, BEM stands out for several reasons. When modelling objects
composed of several simple media (that are homogeneous, linear and isotropic), it only requires
the discretization of surface boundaries, which significantly reduces the number of unknowns
in comparison with volume methods such as FEM and FDTD. Additionally, BEM implicitly
satisfies radiation conditions at infinity, which is a major advantage in electromagnetic scattering
problems compared to the other techniques—that require meshing a relatively large region of the
exterior domain and imposing approximating boundary conditions or perfectly matched layers
at its truncating borders [15]. The efficiency of BEM can be further improved by resorting to
high-order discretization [67, 115]. Very often, increasing the order of the boundary elements
offers higher accuracy for a given number of unknowns, making them especially valuable to
model complex and large-scale materials with high precision [108].

Despite these advantages, however, BEM faces several well-known challenges:

1. The method assembles very populated matrices, which lead to large computational time
and storage costs [20].

2. It involves the evaluation of singular integrals, for which the accurate numerical approxi-
mation is critical and may be expensive to compute [52].

3. It suffers from ill-conditioning in certain scenarios, such as at low or high frequencies,
in the presence of spurious resonances, with high-contrast media or for dense discretiza-
tion [2]. These issues can limit the method’s applicability, as the solution will suffer from
numerical error and iterative solvers will not converge, or have very slow convergence [122,
70].

During the past years, several advances have been made to mitigate these drawbacks. Tech-
niques such as the fast multipole method (FMM) [54, 126] and block low-rank compression
of hierarchical matrices (H-mat) [20, 12, 97] have been developed to reduce memory and
computational complexity of assembling and solving the BEM linear systems. Regarding the
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computation of singular integrals, specialized integration rules have been developed to numer-
ically approximate them. While they are currently quite reliable and effective, researches are
still conducted nowadays to further improve these techniques [123, 52, 111].

Finally, preconditioning strategies have been introduced to address ill-conditioning and en-
sure the stability of BEM solvers. Among others, we can refer to the quasi-Helmholtz decompo-
sitions [138, 2], Calderón preconditioning [42, 7], multiresolution / hierarchical methods [4, 3],
potential-based formulations [55, 38] and on-surface radiation conditions (OSRC) [56]. Unfor-
tunately, few of these techniques are effective or even available with high-order discretizations.
Moreover, handling complex scenarios such as the modelling of junctions between metallic
and dielectric objects—which is a key situation in industrial applications—represents a major
challenge for these methods [146]. These two limitations have been a significant barrier to the
broader adoption of BEM in practical engineering problems. Specifically, they have prevented
the use of efficient iterative solvers across a wide range of problems, often forcing reliance on
direct solvers. While direct solvers can provide more robust solutions, their computational and
memory costs grow prohibitively large for complex or large-scale problems, severely limiting
BEM’s ability to model such scenarios efficiently.

Within this context, this thesis will introduce new preconditioning techniques specifically
designed for complex scenarios, including the modelling of metallic junctions and the use of
high-order boundary elements. Through novel developments, especially in quasi-Helmholtz
decompositions and Calderón preconditioners, this work aims at pushing the boundaries of what
is achievable with BEM in both academic research and industry.

The following of this thesis is organized as follows. The three first chapters introduce the
background and the notations. In Chapter 1, we derive the surface integral equations from
the Maxwell’s equations and we arrive at the variational formulations of these equations. In
Chapter 2, we introduce the high-order boundary element method that consists in discretizing the
variational formulations with mesh parametrizations and finite dimensional functional spaces
defined from mappings of high-degree polynomial functions. In Chapter 3 we introduce the
principles behind numerical methods and acceleration strategies to solve linear systems arising
from BEM discretizations.

In Chapter 4, we study the application of the quasi-Helmholtz projectors to solve low-
frequency problems when modelling metallic objects with junctions. In Chapter 5, we introduce
a generalization of the quasi-Helmholtz projectors to precondition at low-frequency the linear
systems arising from high-order discretization. The use of these high-order quasi-Hemholtz
projectors is then extended in the two last chapters where we investigate the preconditioning
of the electric field integral equation (EFIE) to cure its dense-refinement breakdown in the
context of high-order discretization. In Chapter 6, we show that the filtering of the Laplacian
operator appearing in the computation of the quasi-Helmholtz projectors enables the construction
of a wavelet-like preconditioner which further stabilizes the EFIE. Finally, a novel Calderón
preconditioning technique is presented in Chapter 7, where we show that the high-order quasi-
Helmholtz projectors allow to build a dual space based on p-refinement, providing a stable and
well-conditioned formulation. In Chapter 8 we conclude and discuss the next developments and
possible extensions.
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Chapter 1

From Maxwell’s Equations to Surface
Integral Equations

In this chapter, we introduce the fundamental equations of electromagnetics that we derive
to obtain the surface integral equations on which we focus in this manuscript. We refer to
Appendix A for a list of the physics quantities we describe hereafter.

1.1 Notations
Let us consider a smooth scalar function 𝑓 : R3 × R+ → C that is function of the Cartesian

coordinates 𝒓 = (𝑟1, 𝑟2, 𝑟3)T and of the time variable 𝑡 ≥ 0. We denote the nabla operator by
∇ = (𝜕𝑟1 , 𝜕𝑟2 , 𝜕𝑟3)T, which allows us to define, in the Cartesian coordinates, the gradient and the
Laplacian of 𝑓 as ∇ 𝑓 and Δ 𝑓 = ∇ · (∇ 𝑓 ), respectively. Let us consider now a smooth vector
field 𝒇 = ( 𝑓1, 𝑓2, 𝑓3)T : R3 × R+ → C3, for which the divergence, rotational and Laplacian are
defined as ∇ · 𝒇 , ∇ × 𝒇 and 𝚫 𝒇 respectively, where [𝚫 𝒇 ]𝑖 = Δ 𝑓𝑖. The partial derivatives with
respect to the time variable are denoted by 𝜕𝑡 𝑓 and 𝜕𝑡 𝒇 = (𝜕𝑡 𝑓1, 𝜕𝑡 𝑓2, 𝜕𝑡 𝑓3)T. The real parts of
complex-valued scalar and vector fields are denoted by Re( 𝑓 ) and Re( 𝒇 ) and their conjugate
are 𝑓 and 𝒇 = ( 𝑓 1, 𝑓 2, 𝑓 3)T.

Let us consider a volume Ω ⊆ R3. We denote by 𝐿2(Ω) the space of square integrable
functions in Ω. Let 𝑓 , 𝑔 ∈ 𝐿2(Ω), and 𝒇 , 𝒈 ∈ 𝐿2(Ω)3. We define the 𝐿2 inner-product on Ω as

( 𝑓 , 𝑔) ≔
∫
Ω

𝑓 (𝒓)𝑔(𝒓) d𝑉 (𝒓) , ( 𝒇 , 𝒈) ≔
∫
Ω

𝒇 (𝒓) · 𝒈(𝒓) d𝑉 (𝒓) . (1.1)

We denote by 𝛿0 the distribution (called Dirac delta) that verifies∫
Ω

𝛿0( |𝒓′ − 𝒓 |) 𝒇 (𝒓′) d𝑉 (𝒓′) ≔ 𝒇 (𝒓) . (1.2)

Let Γ be a surface manifold contained in Ω. We denote by 𝐿2(Γ) the space of square
integrable functions on Γ and 𝐿2

𝑡 (Γ) the space of square integrable tangent vector fields on Γ.
Consider 𝑓 , 𝑔 ∈ 𝐿2(Γ) and 𝒇 , 𝒈 ∈ 𝐿2

𝑡 (Γ). We define the 𝐿2 inner-product on Γ as

⟨ 𝑓 , 𝑔⟩ ≔
∫
Γ

𝑓 (𝒓)𝑔(𝒓) d𝑆(𝒓) , ⟨ 𝒇 , 𝒈⟩ ≔
∫
Γ

𝒇 (𝒓) · 𝒈(𝒓) d𝑆(𝒓) . (1.3)

We denote by 𝛿Γ the distribution (called surface Dirac delta) that verifies∫
Ω

𝒇 (𝒓)𝛿Γ (𝒓) d𝑉 (𝒓) ≔
∫
Γ

𝒇 (𝒓) d𝑆(𝒓) . (1.4)
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We define the Gram matrices between two sets of scalar functions { 𝑓𝑚}𝑀𝑚=1, {𝑔𝑛}𝑁𝑛=1 in 𝐿2(Γ)
and two sets of tangent vector fields { 𝒇𝑚}𝑀𝑚=1, {𝒈𝑛}𝑁𝑛=1 in 𝐿2

𝑡 (Γ), denoted by G 𝑓 ,𝑔 ∈ R𝑀×𝑁 and
G 𝒇 ,𝒈 ∈ R𝑀×𝑁 , respectively, with components[︁

G 𝑓 ,𝑔

]︁
𝑚𝑛

≔ ⟨ 𝑓𝑚, 𝑔𝑛⟩ ,
[︁
G 𝒇 ,𝒈

]︁
𝑚𝑛

≔ ⟨ 𝒇𝑚, 𝒈𝑛⟩ . (1.5)

1.2 Modelling of Electromagnetic Problems

1.2.1 Time-Domain Maxwell’s Equations
In absence of electric charge and current excitations, the propagation of an electromagnetic

field is given by the following homogeneous Maxwell’s equations [40]⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∇ × 𝑯 − 𝜕𝑡𝑫 = 0 (Maxwell-Ampère) ,
∇ × 𝑬 + 𝜕𝑡𝑩 = 0 (Maxwell-Faraday) ,
∇ · 𝑫 = 0 (Maxwell-Gauss) ,
∇ · 𝑩 = 0 (Maxwell-Thomson) .

(1.6)

In a simple medium (that is linear, isotropic, and homogeneous), the electric field 𝑬 and
the magnetic field 𝑯 are linked to the electric induction 𝑫 and magnetic induction 𝑩 by the
following relationships

𝑫 = 𝜀 𝑬 ,

𝑩 = 𝜇 𝑯 ,
(1.7)

where the scalar permittivity 𝜀 and the permeability 𝜇 are the characteristic constants of the
medium.

1.2.2 Time-Harmonic Maxwell’s Equations
We consider an electromagnetic field for which the time-dependency corresponds to a cosine

wave at a given frequency 𝑓 with associated angular frequency 𝜔 = 2𝜋 𝑓 , and wavenumber
𝑘 = 𝜔

√
𝜇𝜀. The electric and magnetic fields can thus be expressed in the following form

𝒖(𝒓, 𝑡) = 𝒖0(𝒓) cos(𝜔𝑡 + 𝜙(𝒓)) , (1.8)

where 𝒖 is a placeholder that stands for the vector fields 𝑬, 𝑯, 𝑫 and 𝑩.
Subsequently, we extend the electromagnetic field in the complex plane, by defining the

phasors
𝒖(𝒓) = 𝒖0(𝒓)𝑒 𝑗𝜙(𝒓) , (1.9)

in such a way that
𝒖(𝒓, 𝑡) = Re

(︁
𝒖(𝒓)𝑒 𝑗𝜔𝑡

)︁
. (1.10)

We then have the additive rule

𝒖(𝒓, 𝑡) + 𝒗(𝒓, 𝑡) = Re
(︁
(𝒖(𝒓) + 𝒗(𝒓)) 𝑒 𝑗𝜔𝑡

)︁
, (1.11)

as well as the time-differentiation rule

𝜕𝑡𝒖(𝒓, 𝑡) = Re
(︁
𝑗𝜔 𝒖(𝒓)𝑒 𝑗𝜔𝑡

)︁
. (1.12)
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From these two properties, we notice that the time-dependency here is simply expressed
through the quantity 𝑒 𝑗𝜔𝑡 that we can factorize in the Maxwell’s equations when they are
applied to the phasors. We thus obtain the time-harmonic Maxwell’s equations by dividing
the aforementioned equations by 𝑒 𝑗𝜔𝑡 > 0, which removes the time-dependency from these
equations, ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∇ × 𝑯 − 𝑗𝜔 𝑫 = 0 (Maxwell-Ampère) ,
∇ × 𝑬 + 𝑗𝜔 𝑩 = 0 (Maxwell-Faraday) ,
∇ · 𝑫 = 0 (Maxwell-Gauss) ,
∇ · 𝑩 = 0 (Maxwell-Thomson) .

(1.13)

Once this system is solved, it is straightforward to retrieve the time-dependent vector fields
of the original problem by computing for a fixed time 𝑡 the real parts (1.10), for 𝑬 (𝒓, 𝑡), 𝑯(𝒓, 𝑡),
𝑫 (𝒓, 𝑡) and 𝑩(𝒓, 𝑡).

Alternatively, (1.8) can be thought as one of the modes of a Fourier series that we get
by decomposing the time-dependent electromagnetic wave. This last statement shows that
time-domain problems can be solved, or at least approximated, by combining the solutions of
time-harmonic problems. In the following, we will focus on solving the time-harmonic equations
only and we will not mention the time-domain equations anymore.

1.2.3 Jump Conditions
We consider that 𝜇 and 𝜀 are piecewise constants, which defines a set of simple media. We

denote by Γ the interface between two of these media. For any vector field 𝒖, its jump across
the interface Γ is

[︁
𝒖
]︁
≔ (𝒖1 − 𝒖2) |Γ, where 𝒖1 and 𝒖2 refer to the vector field 𝒖 evaluated from

outside and from inside Γ, respectively, according to the convention that has to be fixed for the
direction of the unit normal vector to Γ, denoted 𝒏. In absence of surface currents and surface
charges, the jump conditions at every interface Γ between these media is [106][︁

𝑬 × 𝒏
]︁
= 0 ,

[︁
𝑫 · 𝒏

]︁
= 0 ,[︁

𝑯 × 𝒏
]︁
= 0 ,

[︁
𝑩 · 𝒏

]︁
= 0 .

(1.14)

These boundary conditions express the fact that the electric and magnetic fields are tangent-
continuous across the interface while the electric and magnetic inductions are normal-continuous.

Following the Maxwell-Ampère and Maxwell-Faraday equations (1.13), we also find[︃(︃
1
𝑗𝜔𝜇

∇ × 𝑬

)︃
× 𝒏

]︃
= 0 , (1.15a)[︃(︃

1
𝑗𝜔𝜀

∇ × 𝑯

)︃
× 𝒏

]︃
= 0 . (1.15b)

Moreover, the jump condition (1.14) on the surface of a perfectly conducting (PEC) object
can be further specified, accordingly to the fact that the electric field inside a PEC object is zero.
The jump condition thus transforms into the PEC boundary condition, for 𝒓 ∈ Γ

𝑬 (𝒓) × 𝒏(𝒓) = 0 . (1.16)

1.2.4 Radiation Conditions at Infinity
To ensure that the Maxwell’s equations define a well-posed mathematical problem, additional

propagation conditions need to be taken into account. In the following, we assume that the
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electromagnetic field always satisfies the Sommerfeld’s radiation condition, which ensures that
electromagnetic waves radiate outward from sources and do not return from infinity [106]

lim
|𝒓 |→+∞

|𝒓 |
(︁
𝜕|𝒓 |𝒖(𝒓) + 𝑗 𝑘𝒖(𝒓)

)︁
= 0 , (1.17)

where 𝒖 is, once again, a placeholder for the vector fields 𝑬, 𝑯, 𝑫 and 𝑩.

1.3 Derivation of the Vector Helmholtz Equation

1.3.1 Scattered Field Solving
In the following of the thesis, the electromagnetic field is decomposed in terms of an

incident field—that is given in the definition of the electromagnetic problem we aim to solve—
and a scattered field—that has to be determined to solve the electromagnetic problem. This
terminology refers to the scattering of an incident wave that impinges on the surface of an object
obstacle, but identical derivations can be done in a more general context, in terms of field and
current excitations and radiated fields (for antenna problems for instance).

Figure 1.1: Illustration of an incident field that impinges on a scattering object with a resulting
scattered field.

To start, we choose to focus on the model problem illustrated in Figure 1.1. Given an
incident electromagnetic field (𝑬inc,𝑯inc) in a medium Ω1—that is assumed to be independent
of the obstacle—we aim to find the scattered electromagnetic field (𝑬sct,𝑯sct) that arises
from the presence of an obstacle Ω2. Subsequently, we express the total field (𝑬,𝑯) =

(𝑬inc,𝑯inc) + (𝑬sct,𝑯sct) into the two domains as

(𝑬inc,𝑯inc) =
{︃
(𝑬inc

1 ,𝑯inc
1 ) in Ω1,

(0, 0) in Ω2,
(1.18)

and
(𝑬sct,𝑯sct) =

{︃
(𝑬sct

1 ,𝑯
sct
1 ) in Ω1,

(𝑬sct
2 ,𝑯

sct
2 ) in Ω2,

(1.19)

where, by construction, (𝑬sct
1 ,𝑯

sct
1 ) is only produced by the excitation source in Ω1 and the jump

conditions at the interface Γ, and (𝑬sct
2 ,𝑯

sct
2 ) is only produced by the excitation source in Ω2
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(that is zero in our model problem) and the jump conditions at the interface Γ. We also impose
that the magnetic permeability 𝜇 and electric permittivity 𝜀 are piecewise constant, i.e.,

𝜇 =

{︃
𝜇1 if 𝒓 ∈ Ω1 ,
𝜇2 if 𝒓 ∈ Ω2 ,

and 𝜀 =

{︃
𝜀1 if 𝒓 ∈ Ω1 ,
𝜀2 if 𝒓 ∈ Ω2 .

(1.20)

Moreover, the scattered field (𝑬sct,𝑯sct) has to verify the Sommerfeld’s radiation condi-
tion (1.17) that describes its behavior at infinity.

1.3.2 Expressing the Maxwell’s Equations in the Whole Space
We go back to the time-harmonic Maxwell’s equations (1.13) that are first expressed sepa-

rately in each domain ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∇ × 𝑯1 − 𝑗𝜔𝜀1𝑬1 = 0
∇ × 𝑬1 + 𝑗𝜔𝜇1𝑯1 = 0
𝜀1∇ · 𝑬1 = 0
𝜇1∇ · 𝑯1 = 0

in Ω1, (1.21)

and ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∇ × 𝑯2 − 𝑗𝜔𝜀2𝑬2 = 0
∇ × 𝑬2 + 𝑗𝜔𝜇2𝑯2 = 0
𝜀2∇ · 𝑬2 = 0
𝜇2∇ · 𝑯2 = 0

in Ω2, (1.22)

with (𝑬1,𝑯1) = (𝑬sct
1 ,𝑯

sct
1 ) + (𝑬

inc
1 ,𝑯inc

1 ) in Ω1, and (𝑬2,𝑯2) = (𝑬sct
2 ,𝑯

sct
2 ) in Ω2.

To be able to recast these partial differential equations into surface integral equations, we
first need to extend their domains of application to the whole three-dimensional space R3. After
extending the incident field (𝑬inc

1 ,𝑯inc
1 ) into the whole space R3—that would exist in absence

of any obstacle—we extend the solution in Ω1 by the field in R3

(
∼
𝑬1,

∼
𝑯1) =

{︃
(𝑬sct

1 ,𝑯
sct
1 ) in Ω1 ,

(−𝑬inc
1 ,−𝑯inc

1 ) in Ω2 ,
(1.23)

and the solution in Ω2 by the field in R3

(
∼
𝑬2,

∼
𝑯2) =

{︃
(0, 0) in Ω1 ,
(𝑬sct

2 ,𝑯
sct
2 ) in Ω2 .

(1.24)

These vector fields are constructed so that the total field in R3 is

(𝑬,𝑯) = (
∼
𝑬1,

∼
𝑯1) + (

∼
𝑬2,

∼
𝑯2) + (𝑬inc

1 ,𝑯inc
1 ) =

{︃
(𝑬1,𝑯1) in Ω1 ,
(𝑬2,𝑯2) in Ω2 ,

(1.25)

where, to insist, (𝑬inc
1 ,𝑯inc

1 ) is continuous and is defined in the whole space.
This modification of the original problem relies on the superposition principle, which shows

that we can introduce an arbitrary incident field in a given domain, providing the corresponding
scattered field is adjusted to cancel it inside that domain. This approach is motivated by the
need for a continuous incident field in R3, ensuring that the discontinuities of the total field
across interfaces are solely represented by the scattered fields (1.23) and (1.24) in the equivalent
problem.

7



From Maxwell’s Equations to Surface Integral Equations

1.3.3 Jump Formulae
Let us consider a piecewise smooth function 𝑢 in R3 that has a discontinuity across a smooth

and oriented surface Γ—which separates two media Ω1 and Ω2. We define

𝑢 ≔

{︄
𝑢1 in Ω1 ,

𝑢2 in Ω2 ,
(1.26)

and we denote by 𝒏 = (𝑛1, 𝑛2, 𝑛3)T the outgoing unit normal to Γ—that goes from Ω2 to Ω1 in
our model problem.

Proposition 1.1 (Jump formula for scalar functions). The jump formula gives the partial deriva-
tives of 𝑢, in the sense of distributions, in terms of the partial derivatives of 𝑢1 in Ω1 and 𝑢2 in
Ω2 and of the jump [𝑢] ≔ (𝑢1 − 𝑢2) |Γ across Γ

𝜕𝑟𝑖𝑢 =
{︁
𝜕𝑟𝑖𝑢

}︁
+ [𝑢] 𝑛𝑖 𝛿Γ , (1.27)

where {︁
𝜕𝑟𝑖𝑢

}︁
=

{︃
𝜕𝑟𝑖𝑢1 in Ω1 ,
𝜕𝑟𝑖𝑢2 in Ω2 .

(1.28)

Proof. For any smooth vector field 𝝋, the integration by parts gives us, for 𝑑 ∈ {1,2},∫
Ω𝑑

∇ · 𝝋 𝑢 d𝑉 = −
∫
Ω𝑑

𝝋 · ∇𝑢 d𝑉 ±
∫
Γ

𝝋 · (−𝒏) 𝑢 d𝑆

= −
∫
Ω𝑑

𝝋 · (∇𝑢 ± 𝑢 𝒏 𝛿Γ) d𝑉 ,
(1.29)

where the sign in front of the surface integral is positive if the integration is done in Ω1 and
negative if it is done in Ω2. This proves a vector field identity that is the jump formula for the
gradient, for which each component gives (1.27). □

Proposition 1.2 (Jump formulae for the rotational and the divergence). Consider a piecewise
smooth vector field

𝒖 ≔

{︄
𝒖1 in Ω1 ,

𝒖2 in Ω2 ,
(1.30)

that has a discontinuity across Γ. From the scalar case (1.27), we deduce the jump formula for
its rotational

∇ × 𝒖 = {∇ × 𝒖} +
[︁
𝒏 × 𝒖

]︁
𝛿Γ , (1.31)

where
{∇ × 𝒖} =

{︃
∇ × 𝒖1 in Ω1 ,
∇ × 𝒖2 in Ω2 ,

(1.32)

and
[︁
𝒏 × 𝒖

]︁
≔ (𝒏 × 𝒖1 − 𝒏 × 𝒖2) |Γ along Γ, while the jump formula for its divergence is

∇ · 𝒖 = {∇ · 𝒖} +
[︁
𝒖 · 𝒏

]︁
𝛿Γ , (1.33)

where
{∇ · 𝒖} =

{︃
∇ · 𝒖1 in Ω1 ,
∇ · 𝒖2 in Ω2 ,

(1.34)

and
[︁
𝒖 · 𝒏

]︁
≔ (𝒖1 · 𝒏 − 𝒖2 · 𝒏)Γ.
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From the extension of the total field (1.25) in R3, from the boundary condition (1.14), and
because—by construction—the extension of the incident field in R3 is continuous across Γ, we
have the following jump relations [︂

𝒏 ×
∼
𝑯1

]︂
+

[︂
𝒏 ×

∼
𝑯2

]︂
= 0 ,[︂ ∼

𝑬1 × 𝒏
]︂
+

[︂ ∼
𝑬2 × 𝒏

]︂
= 0 ,

(1.35)

and [︂
𝜀1
∼
𝑬1 · 𝒏

]︂
+

[︂
𝜀2
∼
𝑬2 · 𝒏

]︂
= 0 ,[︂

𝜇1
∼
𝑯1 · 𝒏

]︂
+

[︂
𝜇2
∼
𝑯2 · 𝒏

]︂
= 0 .

(1.36)

This shows that we can define, at the interface Γ, the electric and magnetic surface current
densities, that verify

𝑱 =

[︂
𝒏 ×

∼
𝑯1

]︂
= −

[︂
𝒏 ×

∼
𝑯2

]︂
,

𝑴 =

[︂ ∼
𝑬1 × 𝒏

]︂
= −

[︂ ∼
𝑬2 × 𝒏

]︂
,

(1.37)

as well as the electric and magnetic surface charge densities, that verify

𝜌𝑒 =

[︂
𝜀1
∼
𝑬1 · 𝒏

]︂
= −

[︂
𝜀2
∼
𝑬2 · 𝒏

]︂
,

𝜌𝑚 =

[︂
𝜇1
∼
𝑯1 · 𝒏

]︂
= −

[︂
𝜇2
∼
𝑯2 · 𝒏

]︂
.

(1.38)

Moreover, the incident field (𝑬inc
1 ,𝑯inc

1 ) is a solution of the homogeneous Maxwell’s equa-
tions (1.13) as it has no jump across Γ. By application of the jump formulae (1.31) and (1.33),
we subsequently extend the systems (1.21) and (1.22) in R3, in the sense of distributions, as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∇ ×
∼
𝑯1 − 𝑗𝜔𝜀1

∼
𝑬1 = 𝑱 𝛿Γ ,

∇ ×
∼
𝑬1 + 𝑗𝜔𝜇1

∼
𝑯1 = −𝑴 𝛿Γ ,

𝜀1∇ ·
∼
𝑬1 = 𝜌𝑒 𝛿Γ ,

𝜇1∇ ·
∼
𝑯1 = 𝜌ℎ 𝛿Γ ,

(1.39)

and ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
∇ ×

∼
𝑯2 − 𝑗𝜔𝜀2

∼
𝑬2 = −𝑱 𝛿Γ ,

∇ ×
∼
𝑬2 + 𝑗𝜔𝜇2

∼
𝑯2 = 𝑴 𝛿Γ ,

𝜀2∇ ·
∼
𝑬2 = −𝜌𝑒 𝛿Γ ,

𝜇2∇ ·
∼
𝑯2 = −𝜌𝑚 𝛿Γ .

(1.40)

1.3.4 Vector Helmholtz Equation
We thus have two systems of partial differential equations, with non-zero righ-hand sides, in

the form ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
∇ ×

∼
𝑯 − 𝑗𝜔𝜀

∼
𝑬 = 𝑱𝛿Γ ,

∇ ×
∼
𝑬 + 𝑗𝜔𝜇

∼
𝑯 = −𝑴𝛿Γ ,

𝜀∇ ·
∼
𝑬 = 𝜌𝑒 𝛿Γ ,

𝜇∇ ·
∼
𝑯 = 𝜌ℎ 𝛿Γ ,

(1.41)
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where we omitted to write the subscripts for the two domains. Simply notice that the signs
convention here corresponds to that of Ω1 and that we simply have to take the right-hand side
with opposite signs for Ω2. To solve this system, we express its solution as the sum of the two
solutions (

∼
𝑬𝑒,

∼
𝑯𝑒) and (

∼
𝑬ℎ,

∼
𝑯ℎ) found when 𝜌ℎ = 0 and 𝜌𝑒 = 0, respectively. This technique

follows the steps derived in [40].

Case where the magnetic surface charge density is zero.
For twice differentiable vector and scalar functions 𝑨 and 𝜓 (without discontinuity), we have

the following two properties

∇ · (∇ × 𝑨) = 0 , (1.42)
∇ × (∇𝜓) = 0 . (1.43)

These identities, compared with the second and fourth equations of the system (1.41) (with
𝜌ℎ = 0) show that

∼
𝑬𝑒 and

∼
𝑯𝑒 can be written as

∼
𝑬𝑒 = −∇

∼
𝜓 − 𝑗𝜔

∼
𝑨 , (1.44)

∼
𝑯𝑒 =

1
𝜇
∇ ×

∼
𝑨 , (1.45)

where
∼
𝑨 and

∼
𝝍 are continuous but their derivatives have a jump across Γ, so that,

∇ · (∇ ×
∼
𝑨) = 0 , (1.46)

∇ × (∇
∼
𝜓) = 𝑴𝛿Γ . (1.47)

The vector field
∼
𝑨 and the scalar

∼
𝜓 are called the magnetic vector potential and the electric

scalar potential, respectively.
Moreover, we have some degrees of freedom in the choice of the scalar and vector potentials

so that we can arbitrarily set the Lorenz gauge

∇ ·
∼
𝑨 = − 𝑗𝜔𝜀𝜇

∼
𝜓 . (1.48)

By inserting (1.44), (1.45) and (1.48) into the first equation in (1.41) and by using the
property

∇ × (∇ ×
∼
𝑨) = ∇(∇ ·

∼
𝑨) − 𝚫

∼
𝑨 , (1.49)

we find the following vector Helmholtz equation for the magnetic vector potential

−(𝚫 + 𝑘2)
∼
𝑨 = 𝜇𝑱𝛿Γ , (1.50)

while using the property
∇ · (∇𝜓) = Δ

∼
𝜓 , (1.51)

together with the third equation in (1.41) and the Lorenz gauge (1.48) gives us the scalar
Helmholtz equation for the electric scalar potential

−(Δ + 𝑘2)
∼
𝜓 =

𝜌𝑒

𝜀
𝛿Γ . (1.52)

10
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Case where the electric surface charge density is zero.
Equally, we use the vector identities (1.42) applied to the first and third equations of the

system (1.41) (with 𝜌𝑒 = 0) to show that
∼
𝑬ℎ and

∼
𝑯ℎ can be written as

∼
𝑬ℎ = −

1
𝜀
∇ ×

∼
𝑭 (1.53)

∼
𝑯ℎ = −∇

∼
𝜑 − 𝑗𝜔

∼
𝑭 , (1.54)

where
∼
𝑭 and ∼𝝋 are continuous but their derivatives have a jump across Γ, so that,

∇ · (∇ ×
∼
𝑭) = 0 , (1.55)

∇ × (∇∼𝜑) = −𝑱𝛿Γ . (1.56)

The vector field
∼
𝑭 and the scalar ∼𝜑 are called the electric vector potential and the magnetic scalar

potential, respectively. Further, as in the previous case, we set the Lorenz gauge

∇ ·
∼
𝑭 = − 𝑗𝜔𝜀𝜇 ∼𝜑 . (1.57)

By inserting (1.53), (1.54) and (1.57) into the second equation in (1.41) and by using the
property (1.49), we find the following vector Helmholtz equation for the electric vector potential

−(𝚫 + 𝑘2)
∼
𝑭 = 𝜀𝑴𝛿Γ , (1.58)

while using the property (1.51) together with the fourth equation in (1.41) and the Lorenz
gauge (1.57) gives us the scalar Helmholtz equation for the magnetic scalar potential

−(Δ + 𝑘2)∼𝜑 =
𝜌ℎ

𝜇
𝛿Γ . (1.59)

Case where both magnetic and electric surface charge densities are non-
zero.

The general case where neither 𝜌𝑒 = 0 nor 𝜌ℎ = 0 is found as the summation of the
solutions (1.44)–(1.45) and (1.53)–(1.54) and by using the Lorenz gauges (1.48), (1.57)

∼
𝑬 =

∼
𝑬𝑒 +

∼
𝑬ℎ = − 𝑗𝜔

∼
𝑨 + 1

𝑗𝜔𝜇𝜀
∇(∇ ·

∼
𝑨) − 1

𝜀
∇ ×

∼
𝑭 , (1.60)

∼
𝑯 =

∼
𝑯𝑒 +

∼
𝑯ℎ =

1
𝜇
∇ ×

∼
𝑨 − 𝑗𝜔

∼
𝑭 + 1

𝑗𝜔𝜇𝜀
∇(∇ ·

∼
𝑭) . (1.61)

Solving the vector Helmholtz equations (1.50), (1.58) for the magnetic and electric vector
potentials

∼
𝑨 and

∼
𝑭 will finally allow us to express the electromagnetic field (

∼
𝑬,
∼
𝑯) in terms of

surface potentials applied to the electric and magnetic surface current densities 𝑱 and 𝑴. The
determination of these surface current densities, that will become the functional unknowns of
surface integral equations, will allow us to find the solution of the Maxwell’s equations.
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1.3.5 Functional Spaces
Now that we have set the surface current density unknowns 𝑱 and 𝑴, we may be interested

in defining the correct spaces they belong to.
For physics reasons, we look for a finite energy electromagnetic field, which translates into

mathematics as
∼
𝑬 ∈ 𝐿2(R3)3 and

∼
𝑯 ∈ 𝐿2(R3)3. From the Maxwell-Ampère and Maxwell-

Faraday equations (1.13), this also implies that ∇ ×
∼
𝑬 ∈ 𝐿2(R3)3 and ∇ ×

∼
𝑯 ∈ 𝐿2(R3)3. We

thus define
𝐻 (∇×,R3) ≔

{︁
𝒖 ∈ 𝐿2(R3)3 : ∇ × 𝒖 ∈ 𝐿2(R3)3

}︁
(1.62)

as the functional space to which
∼
𝑬 and

∼
𝑯 belong, that verifies the inclusions 𝐻1(R3)3 ⊂

𝐻 (∇×,R3) ⊂ 𝐿2(R3)3, where 𝐻1(R3) is the space of functions in 𝐿2(R3) for which the gradient
is in 𝐿2(R3)3.

For a scalar function 𝑢 ∈ 𝐻1(R3), the trace theorems [106] on the surface boundary Γ state
that 𝑢 |Γ ∈ 𝐻1/2(Γ) and 𝜕𝒏𝑢 |Γ ≡ (∇𝑢 · 𝒏) |Γ ∈ 𝐻−1/2(Γ) with

𝐻1/2(Γ) ≔
{︃
𝑢 ∈ 𝐿2(Γ) :

∫
Γ

∫
Γ

|𝑢(𝒓) − 𝑢(𝒓′) |2
|𝒓′ − 𝒓 |3

d𝑆(𝒓)d𝑆(𝒓′) < +∞
}︃
, (1.63)

and where 𝐻−1/2(Γ) is the functional space that is dual to 𝐻1/2(Γ) [29]. These spaces verify
the inclusions 𝐻1/2(Γ) ⊂ 𝐿2(Γ) ⊂ 𝐻−1/2(Γ).

Next, we define the surface gradient gradΓ as the surface tangent component of the “standard”
gradient ∇. For a smooth function 𝜑 defined in the neighborhood of Γ, we thus have, for 𝑟 ∈ Γ,

gradΓ𝜑(𝒓) ≔ 𝒏(𝒓) × (∇𝜑(𝒓) × 𝒏(𝒓)) . (1.64)

Conversely, if we study a function 𝜑 that is only defined on the surface Γ, we can think of
a smooth prolongation ˜︁𝜑 defined in the neighborhood of Γ such that gradΓ𝜑 ≡ gradΓ˜︁𝜑. By
duality, we define the surface divergence divΓ𝒖 of a sufficiently smooth surface tangent vector
field 𝒖 so that for every smooth function 𝜑∫

Γ

𝜑 divΓ𝒖 d𝑆(𝒓) = −
∫
Γ

gradΓ𝜑 · 𝒖 d𝑆(𝒓) . (1.65)

From the trace theorem [106], the surface current densities 𝑱 and 𝑴 belong to the functional
space

𝐻−1/2(divΓ, Γ) ≔
{︂
𝒖 ∈ 𝐻−1/2

𝑡 (Γ) : divΓ𝒖 ∈ 𝐻−1/2(Γ)
}︂
, (1.66)

where 𝐻−1/2
𝑡 is the space dual to

𝐻
1/2
𝑡 (Γ) ≔

{︃
𝒖 ∈ 𝐿2

𝑡 (Γ) :
∫
Γ

∫
Γ

|𝒖(𝒓) − 𝒖(𝒓′) |2
|𝒓′ − 𝒓 |3

d𝑆(𝒓)d𝑆(𝒓′) < +∞
}︃
. (1.67)

Furthermore, we define the surface vector and scalar curl operators for sufficiently smooth
scalar function 𝜑 and vector field 𝒖 as

curlΓ𝜑 = gradΓ𝜑 × 𝒏 , (1.68)

curlΓ𝒖 = divΓ (𝒖 × 𝒏) , (1.69)
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respectively, with the duality stemming from (1.65)∫
Γ

𝜑 curlΓ𝒖 d𝑆(𝒓) =
∫
Γ

curlΓ𝜑 · 𝒖 d𝑆(𝒓) . (1.70)

Finally, it can be shown that [29]

𝐻−1/2(curlΓ, Γ) ≔
{︂
𝒗 ∈ 𝐻−1/2

𝑡 (Γ) : curlΓ𝒗 ∈ 𝐻−1/2(Γ)
}︂

=

{︂
𝒗 = 𝒏 × 𝒖 : 𝒖 ∈ 𝐻−1/2(divΓ, Γ)

}︂
.

(1.71)

1.4 Stratton-Chu Representation Formula

1.4.1 Green’s Kernel for the Helmholtz Equation
The Green’s kernel is a mathematical tool that allows for solving linear partial differential

equations with non-zero right-hand side that are expressed in the sense of distributions as

𝔇𝒓𝒖(𝒓) = 𝒇 (𝒓) , (1.72)

where 𝔇𝒓 is a linear differential operator applied to functions in R3 that incorporates boundary
conditions in its definition. It is possible to express the solution 𝒖 from the solution of the
fundamental equation that is given, in the sense of distributions, as

𝔇𝒓𝑔( |𝒓 |) = 𝛿0( |𝒓 |) , (1.73)

where 𝑔 is called the Green’s kernel. The solution of (1.72) is indeed given, up to the solutions
of the homogeneous equation 𝔇𝒓𝑔( |𝒓 |) = 0, by

𝒖(𝒓) =
∫
R3
𝑔( |𝒓′ − 𝒓 |) 𝒇 (𝒓′) d𝒓′ , (1.74)

as we check that

𝔇𝒓𝒖(𝒓) =
∫
R3

𝔇𝒓𝑔( |𝒓′ − 𝒓 |) 𝒇 (𝒓′) d𝒓′

=

∫
R3
𝛿0( |𝒓′ − 𝒓 |) 𝒇 (𝒓′) d𝒓′ = 𝒇 (𝒓) .

(1.75)

Proposition 1.3 (Green’s kernel of the Helmholtz equation [106]). Except for some wavenum-
bers 𝑘∗, for which the squares are the eigenvalues of the Laplacian operator −Δ, the unique
fundamental solution of the Helmholtz equation, which solves the fundamental equation in the
sense of distributions

−
(︂
Δ + 𝑘2

)︂
𝑔 = 𝛿0 , (1.76)

and that verifies the Sommerfeld’s condition (1.17) is

𝑔( |𝒓 |) = 𝑒− 𝑗 𝑘 |𝒓 |

4𝜋 |𝒓 | . (1.77)

This fundamental solution is called the Green’s kernel of the Helmholtz equation, that will also
refer to the function of two-variables

𝐺 (𝒓, 𝒓′) = 𝑔( |𝒓′ − 𝒓 |) = 𝑒− 𝑗 𝑘 |𝒓
′−𝒓 |

4𝜋 |𝒓′ − 𝒓 | . (1.78)
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Proof. In spherical reference, we notice that the right-hand side 𝛿0( |𝒓 |) is independent of the
polar and azimuthal angles. Hence, the equation is invariant by rotation and becomes

−
(︃

1
𝑟2 𝜕𝑟

(︂
𝑟2𝜕𝑟𝑔(𝑟)

)︂
+ 𝑘2𝑔(𝑟)

)︃
= 𝛿0(𝑟) , (1.79)

where 𝑟 ≡ |𝒓 | is the radial distance of the spherical coordinates.
One can check that the solution of the associated homogeneous equation (with zero right-

hand side) is in the form

𝑔(𝑟) = 𝐴𝑒
𝑗 𝑘𝑟

𝑟
+ 𝐵𝑒

− 𝑗 𝑘𝑟

𝑟
, (1.80)

where 𝐴 and 𝐵 are two constants to be determined. Moreover, in spherical coordinates, the
Sommerfeld’s condition becomes

lim
𝑟→+∞

𝑟 (𝜕𝑟𝑔(𝑟) + 𝑗 𝑘𝑔(𝑟)) = 0 , (1.81)

which implies 𝐴 = 0.
Notice that it is relevant to consider the solution of the homogeneous equation as the right-

hand side is zero whenever 𝑟 is not zero. Taking into account 𝛿0(𝑟) as the right-hand side will
allow us to determine 𝐵. To do so, we first define a ball 𝐵(𝜖) of radius 𝜖 centered at the origin
𝑟 = 0, and we denote by 𝑆(𝜖) its surface boundary, that is the sphere of radius 𝜖 . One can easily
show that

lim
𝜖→0

∫
𝐵(𝜖)

𝑔( |𝒓 |) d𝑉 (𝒓) = lim
𝜖→0

∫ 2𝜋

0

∫ 𝜋

0

∫ 𝜖

0
𝑔(𝑟) 𝑟2𝑠𝑖𝑛𝜃 d𝑟d𝜃d𝜙 = 0 , (1.82)

as 𝑔(𝑟)𝑟2 is bounded in the limit of 𝑟 → 0 (and it goes to zero, in fact). Moreover, it follows
from the divergence theorem that∫

𝐵(𝜖)
Δ𝑔( |𝒓 |) d𝑉 (𝒓) =

∫
𝑆(𝜖)

∇𝑔( |𝒓 |) · 𝒏𝜖 (𝒓) d𝑆(𝒓)

=

∫ 2𝜋

0

∫ 𝜋

0
𝜕𝑟𝑔(𝜖) 𝜖2 sin 𝜃 d𝜃d𝜙

= −4𝜋𝐵 (1 + 𝑗 𝑘𝜖) 𝑒− 𝑗 𝑘𝜖 ,

(1.83)

where 𝒏𝜖 (𝒓) = 𝒓/|𝒓 |, for 𝒓 ∈ 𝑆(𝜖), is the outgoing unit normal to the sphere 𝑆(𝜖). From (1.82)
and (1.83), and by definition of the fundamental equation (1.76), we find

lim
𝜖→0

∫
𝐵(𝜖)
−

(︂
Δ + 𝑘2

)︂
𝑔( |𝒓 |) d𝑉 (𝒓) = 4𝜋𝐵

= lim
𝜖→0

∫
𝐵(𝜖)

𝛿0( |𝒓 |) d𝑉 (𝒓) = 1 ,
(1.84)

which proves 𝐵 = 1/(4𝜋). □
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1.4.2 Expressing the Electromagnetic Field in Terms of Sur-
face Potentials

By application of Proposition 1.3, the magnetic and electric vector potentials, solutions of
the vector Helmholtz equations (1.50) and (1.58) are given by, for 𝒓 ∉ Γ,

∼
𝑨(𝒓) = 𝜇

∫
Γ

𝐺 (𝒓, 𝒓′)𝑱(𝒓′) d𝑆(𝒓′) , (1.85)

∼
𝑭(𝒓) = 𝜀

∫
Γ

𝐺 (𝒓, 𝒓′)𝑴 (𝒓′) d𝑆(𝒓′) . (1.86)

By inserting these solutions into (1.60) and (1.61) we find an expression of the electric and
magnetic fields

∼
𝑬 and

∼
𝑯 in terms of surface potentials applied to the electric and magnetic

surface current densities 𝑱 and 𝑴. Before giving an explicit expression of the solution of the
original problem (1.21)–(1.22) we give the following result that will allow to slightly rearrange
the fomulation.

Proposition 1.4 (Divergence of the vector potentials). Consider the divergence of the surface
vector potential applied to a surface current density 𝒖 ∈ 𝐻−1/2(divΓ, Γ). The following property
holds

∇ ·
∫
Γ

𝐺 (𝒓, 𝒓′)𝒖(𝑟′) d𝑆(𝒓′) =
∫
Γ

𝐺 (𝒓, 𝒓′)divΓ𝒖(𝑟′) d𝑆(𝒓′) . (1.87)

Proof. We first write

∇ ·
∫
Γ

𝐺 (𝒓, 𝒓′)𝒖(𝑟′) d𝑆(𝒓′) =
∫
Γ

∇𝐺 (𝒓, 𝒓′) · 𝒖(𝑟′) d𝑆(𝒓′). (1.88)

Then, we use the fact that ∇𝐺 (𝒓, 𝒓′) = −∇′𝐺 (𝒓, 𝒓′) and it follows that ∇′𝐺 (𝒓, 𝒓′) · 𝒖(𝒓′) =
grad′Γ𝐺 (𝒓, 𝒓′) · 𝒖(𝒓′), because 𝒖 is tangent to Γ. We finally proceed to an integration by parts
according to the definition of the surface divergence (1.65). Remark that the prime on divΓ is
omitted for simplicity of notations, as there is no ambiguity with 𝒖 only depending on 𝒓′. □

From equations (1.60)–(1.61) and by using the solutions of the vector potentials (1.85)–
(1.86) together with the result of Proposition (1.4), we find the following expression for the
solutions of (1.21) and (1.22), that is the so-called Stratton-Chu representation formula [40]⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∼
𝑬1 = − 𝑗𝜔𝜇1S𝑠,1𝑱 + 1

𝑗𝜔𝜀1
Sℎ,1𝑱 − D1𝑴 ,

∼
𝑯1 = − 𝑗𝜔𝜀1S𝑠,1𝑴 + 1

𝑗𝜔𝜇1
Sℎ,1𝑴 + D1𝑱 ,

∼
𝑬2 = 𝑗𝜔𝜇2S𝑠,2𝑱 − 1

𝑗𝜔𝜀2
Sℎ,2𝑱 + D2𝑴 ,

∼
𝑯2 = 𝑗𝜔𝜀2S𝑠,2𝑴 − 1

𝑗𝜔𝜇2
Sℎ,2𝑴 − D2𝑱 ,

(1.89)

with the potentials, for 𝒖 ∈ 𝐻−1/2(divΓ, Γ), 𝑑 ∈ {1,2} and 𝒓 ∉ Γ,(︁
S𝑠,𝑑𝒖

)︁
(𝒓) ≔

∫
Γ

𝐺𝑑 (𝒓, 𝒓′)𝒖(𝒓′) d𝑆(𝒓′) , (1.90)(︁
Sℎ,𝑑𝒖

)︁
(𝒓) ≔ ∇

∫
Γ

𝐺𝑑 (𝒓, 𝒓′)divΓ𝒖(𝒓′) d𝑆(𝒓′) , (1.91)

(D𝑑𝒖) (𝒓) ≔ ∇ ×
∫
Γ

𝐺𝑑 (𝒓, 𝒓′)𝒖(𝒓′) d𝑆(𝒓′) , (1.92)
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where we have indexed the Green’s kernel by the indices of the media Ω1 and Ω2 as it depends
on the wavenumbers 𝑘1 ≔ 𝜔

√
𝜀1𝜇1 and 𝑘2 ≔ 𝜔

√
𝜀2𝜇2.

Using the definitions (1.23) and (1.24), we find the following integral representations of the
electromagnetic fields outside Γ{︄

𝑬1 = 𝑬inc
1 − 𝑗𝜔𝜇1S𝑠,1𝑱 + 1

𝑗𝜔𝜀1
Sℎ,1𝑱 − D1𝑴

𝑯1 = 𝑯inc
1 − 𝑗𝜔𝜀1S𝑠,1𝑴 + 1

𝑗𝜔𝜇1
Sℎ,1𝑴 + D1𝑱

in Ω1 \ Γ , (1.93)

and inside Γ {︄
𝑬2 = 𝑗𝜔𝜇2S𝑠,2𝑱 − 1

𝑗𝜔𝜀2
Sℎ,2𝑱 + D2𝑴

𝑯2 = 𝑗𝜔𝜀2S𝑠,2𝑴 − 1
𝑗𝜔𝜇2
Sℎ,2𝑴 − D2𝑱

in Ω2 \ Γ . (1.94)

1.4.3 Tangent Trace of the Surface Potentials
In order to derive the surface integral equations—that will leverage the boundary condi-

tions (1.14)—we need to express the tangent trace on Γ of the electromagnetic field, from inside
and outside Γ. From (1.93) and (1.94), we can express them as functions of the tangent trace of
the surface potentials (1.90)–(1.92).

Definition 1.1 (Principal value [106]). Let us consider an integrable function 𝑓 (𝒓, 𝒓′) on Γ and
the associated surface integral operator

L(𝒓) =
∫
Γ

𝑓 (𝒓, 𝒓′) d𝑆(𝒓′) . (1.95)

The Cauchy principal value of L is defined as the following limit

p.v.L(𝒓) = lim
𝜖→0

∫
Γ\𝐵(𝒓,𝜖)

𝑓 (𝒓, 𝒓′) d𝑆(𝒓′) , (1.96)

where 𝐵(𝒓, 𝜖) is the ball centered on 𝒓 and of radius 𝜖 .

Proposition 1.5 (Tangent traces of the potentials, [106]). Let us denote by Γ the interface
between two domains Ω1 and Ω2. The tangent traces of the potentials S𝑠,𝑑 and Sℎ,𝑑 , with
𝑑 ∈ {1,2}, are continuous across Γ and for every 𝒓 ∈ Γ where Γ admits a tangent plane, we find(︁

T𝑠,𝑑𝒖
)︁
(𝒓) ≔ 𝒏(𝒓) ×

(︃
lim˜︁𝒓∈Ω𝑑→𝒓

(︁
S𝑠,𝑑𝒖

)︁
(˜︁𝒓))︃ (1.97)

= 𝒏(𝒓) ×
∫
Γ

𝐺𝑑 (𝒓, 𝒓′)𝒖(𝒓′) d𝑆(𝒓′) ,(︁
Tℎ,𝑑𝒖

)︁
(𝒓) ≔ 𝒏(𝒓) ×

(︃
lim˜︁𝒓∈Ω𝑑→𝒓

(︁
Sℎ,𝑑𝒖

)︁
(˜︁𝒓))︃ (1.98)

= 𝒏(𝒓) × gradΓ

∫
Γ

𝐺𝑑 (𝒓, 𝒓′)divΓ𝒖(𝒓′) d𝑆(𝒓′) .

Differently, the tangent trace of the potentials D𝑑 (for 𝑑 ∈ {1,2}) is discontinuous across Γ and
for every 𝒓 ∈ Γ where Γ admits a tangent plane, we find

𝒏(𝒓) ×
(︃

lim˜︁𝒓∈Ω1→𝒓
(D1𝒖) (˜︁𝒓))︃ = (K1𝒖) (𝒓) −

𝒖(𝒓)
2

,

𝒏(𝒓) ×
(︃

lim˜︁𝒓∈Ω2→𝒓
(D2𝒖) (˜︁𝒓))︃ = (K2𝒖) (𝒓) +

𝒖(𝒓)
2

,
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1.4 – Stratton-Chu Representation Formula

where for 𝑑 ∈ {1,2}

(K𝑑𝒖) (𝒓) ≔ 𝒏(𝒓) × p.v.
∫
Γ

∇𝐺𝑑 (𝒓, 𝒓′) × 𝒖(𝒓′) d𝑆(𝒓′) , (1.100)

and where the gradient of the Green’s kernel (1.78) is found as, for 𝑑 ∈ {1,2}

∇𝐺𝑑 (𝒓, 𝒓′) =
(︃
𝑗 𝑘𝑑 |𝒓′ − 𝒓 | + 1

4𝜋 |𝒓′ − 𝒓 |2

)︃
𝒓′ − 𝒓

|𝒓′ − 𝒓 | 𝑒
− 𝑗 𝑘𝑑 |𝒓′−𝒓 | . (1.101)

Proof. At a point 𝒓 ∈ Γ where Γ admits a tangent plane, the surface integral of a function
𝑓𝑑 (𝒓, 𝒓′) can be split in the form

𝒏(𝒓) ×
∫
Γ

𝑓𝑑 (𝒓, 𝒓′) d𝑆(𝒓′) = 𝒏(𝒓) × p.v.
∫
Γ

𝑓𝑑 (𝒓, 𝒓′) d𝑆(𝒓′)

± 𝒏𝑑 (𝒓) × lim
𝜖→0

∫
ℎ𝑆𝑑 (𝒓,𝜖)

𝑓𝑑 (𝒓, 𝒓′) d𝑆(𝒓′) ,
(1.102)

where ℎ𝑆𝑑 (𝒓, 𝜖) is the half-sphere of radius 𝜖 centered on 𝒓 ∈ Γ that is located in Ω𝑑 and where
the sign in front of the second integral is positive if 𝒓′ ∈ Ω1 and negative if 𝒓′ ∈ Ω2 so that
𝒏𝑑 = ±𝒏 is the unit normal going from inside to outside Ω𝑑 . The integral on ℎ𝑆𝑑 (𝒓, 𝜖) can be
expressed in spherical coordinates as∫

ℎS(𝒓,𝜖)
𝑓𝑑 (𝒓, 𝒓′) d𝑆(𝒓′) =

∫ 2𝜋

0

∫ 𝜋/2

0
𝑓𝑑 (𝒓, 𝒓′) 𝜖2 sin 𝜃 d𝜃d𝜙 , (1.103)

where

𝒓′ = 𝒓 + 𝜖 ⎛⎜⎝
sin 𝜃 cos 𝜙
sin 𝜃 sin 𝜙

cos 𝜃

⎞⎟⎠ . (1.104)

For the integral operator S𝑠,𝑑 , the limit of this integral is zero, while it tends towards a vector
orthogonal to the surface for Sℎ,𝑑 , so that there is no discontinuity in the tangent direction for
both operators. For D𝑑 , however, we can write from (1.101) and |𝒓′ − 𝒓 | = 𝜖

∇ ×
∫
ℎ𝑆𝑑 (𝒓,𝜖)

𝐺𝑑 (𝒓, 𝒓′)𝒖(𝒓′) d𝑆(𝒓′)

=

∫ 2𝜋

0

∫ 𝜋/2

0
∇𝐺𝑑 (𝒓, 𝒓′) × 𝒖(𝒓′) 𝜖2 sin 𝜃 d𝜃d𝜙

=

∫ 2𝜋

0

∫ 𝜋/2

0

(︃
𝑗 𝑘𝑑𝜖 + 1

4𝜋

)︃
𝒏𝜖 (𝒓) 𝑒− 𝑗 𝑘𝑑𝜖 × 𝒖(𝒓′) sin 𝜃 d𝜃d𝜙 ,

(1.105)

where the outgoing unit normal to ℎ𝑆𝑑 (𝒓, 𝜖) is

𝒏𝜖 (𝒓) ≔
𝒓′ − 𝒓

|𝒓′ − 𝒓 | →𝜖→0
𝒏𝑑 (𝒓) . (1.106)

Taking the limit of (1.105) when 𝜖 goes to zero, we find

𝒏𝑑 (𝒓) × lim
𝜖→0

∇ ×
∫
ℎS(𝒓,𝜖)

𝐺𝑑 (𝒓, 𝒓′)𝒖(𝒓′) d𝑆(𝒓′) = −
𝒖(𝒓)

2
, (1.107)

where we used 𝒏𝑑 × (𝒏𝑑 × 𝒖) = −𝒖 as 𝒖 is a tangent vector.
□
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We also define the surface integral operator

S𝑑 ≔ − 𝑗 𝑘𝑑S𝑠,𝑑 + ( 𝑗 𝑘𝑑)−1Sℎ,𝑑 . (1.108)

From Proposition 1.5, the tangent trace of S𝑑 is continuous across Γ where Γ admits a tangent
plane, and we have for 𝑑 ∈ {1,2}

(T𝑑𝒖) (𝒓) ≔ 𝒏(𝒓) ×
(︃

lim˜︁𝒓∈Ω𝑑→𝒓
(S𝑑𝒖) (˜︁𝒓))︃

= − 𝑗 𝑘𝑑
(︁
T𝑠,𝑑𝒖

)︁
(𝒓) + ( 𝑗 𝑘𝑑)−1 (︁

Tℎ,𝑑𝒖
)︁
(𝒓) .

(1.109)

1.5 Surface Integral Equations and Variational Prob-
lems for Dielectric and Metallic Boundaries

1.5.1 Case of a Dielectric Interface
The Integral equations relating the surface current densities 𝑱 and 𝑴 are obtained by using the

Stratton-Chu representation formula (1.89) in conjunction with the boundary conditions (1.14).
Subsequently, we obtain the system of integral equations that is widely-known as the Poggio-
Miller-Chang-Harrington-Wu-Tsai (PMCHWT) formulation [146]⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(︂
𝜂1T1 + 𝜂2T2

)︂
𝑱 −

(︂
K1 + K2

)︂
𝑴 = −𝒏 × 𝑬inc ,

−
(︂
K1 + K2

)︂
𝑱 −

(︂ 1
𝜂1
T1 +

1
𝜂2
T2

)︂
𝑴 = 𝒏 × 𝑯inc ,

(1.110)

where 𝜂𝑑 =
√︁
𝜇𝑑/𝜀𝑑 , for 𝑑 ∈ {1,2}, are the charecteristic impedances of the media Ω1 and Ω2.

The variational problem associated with the PMCHWT formulation is
Find 𝑱,𝑴 ∈ 𝐻−1/2(divΓ, Γ) such that for every 𝑱′,𝑴′ ∈ 𝐻−1/2(divΓ, Γ):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⟨︂
𝒏 × 𝑱′,

(︂
𝜂1T1 + 𝜂2T2

)︂
𝑱
⟩︂
−

⟨︂
𝒏 × 𝑱′,

(︂
K1 + K2

)︂
𝑴

⟩︂
= −

⟨︂
𝑱′, 𝑬inc

⟩︂
−
⟨︂
𝒏 × 𝑴′,

(︂
K1 + K2

)︂
𝑱
⟩︂
−

⟨︂
𝒏 × 𝑴′,

(︂ 1
𝜂1
T1 +

1
𝜂2
T2

)︂
𝑴

⟩︂
=

⟨︂
𝑴′,𝑯inc

⟩︂ (1.111)

1.5.2 Case of a PEC Boundary
When Γ is a perfectly electrically conducting boundary (that is used to model the surface

of metallic objects), the PEC boundary condition (1.16) implies that 𝑴 = 0. From this same
boundary condition, and in conjunction with the Stratton-Chu representation formula (1.89), we
get two surface integral equations known as the electric field integral equation (EFIE) [146]

T 𝑱 = −1
𝜂
𝒏 × 𝑬inc , (1.112)
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and the magnetic field integral equation (MFIE) [146](︂
1
2I − K

)︂
𝑱 = 𝒏 × 𝑯inc , (1.113)

where I is the identity operator. Notice that for both equations we removed the indices relating
the media Ω1 and Ω2, as there is no ambiguity with the electric field being zero in Ω2 (the
characteristic constants without indices are thus those of Ω1).

As discussed in Proposition 1.3, the Green’s kernel is not unique for some frequencies
related to the eigenvalues of the Laplacian operator. It results that the EFIE and MFIE suffer
from numerical instability due to the presence of spurious resonances at some frequencies [2].
Instead, the weighted sum of these two equations, known as the combined field integral equation
(CFIE), is free from spurious resonances, for 𝛼 ∈]0,1[, [146]

𝛼T 𝑱 + (1 − 𝛼)𝒏 ×
(︂

1
2I − K

)︂
𝑱

= −𝛼
𝜂
𝒏 × 𝑬inc + (1 − 𝛼)𝒏 × 𝒏 × 𝑯inc .

(1.114)

Subsequently, we provide the variational problems for the EFIE and MFIE.
Electric Field Integral Equation

Find 𝑱 ∈ 𝐻−1/2(divΓ, Γ) such that for every 𝑱′ ∈ 𝐻−1/2(divΓ, Γ):⟨︂
𝒏 × 𝑱′,T 𝑱

⟩︂
= −1

𝜂

⟨︂
𝒏 × 𝑱′, 𝒏 × 𝑬inc

⟩︂
(1.115)

Magnetic Field Integral Equation
Find 𝑱 ∈ 𝐻−1/2(divΓ, Γ) such that for every 𝑱′ ∈ 𝐻−1/2(divΓ, Γ):⟨︂

𝒏 × 𝑱′,
(︂

1
2I − K

)︂
𝑱
⟩︂
=

⟨︂
𝒏 × 𝑱′, 𝒏 × 𝑯inc

⟩︂
(1.116)

1.6 Calderón Identities
From the definition of the surface current densities (1.37) and from the Stratton-Chu rep-

resentation formula (1.89), we can write the following identity, that stands for any 𝑱,𝑴 ∈
𝐻−1/2(divΓ, Γ), for 𝑑 ∈ {1,2},(︃ 1

2I ∓ K𝑑 ∓T𝑑
±T𝑑 1

2I ∓ K𝑑

)︃ (︃
𝑴
𝜂𝑑 𝑱

)︃
=

(︃
𝑴
𝜂𝑑 𝑱

)︃
, (1.117)

where in “±” and “∓” it is understood that the “upper” sign stands for 𝑑 = 1 and the “lower”
sign for 𝑑 = 2. This shows that the operators

C𝑑 ≔
(︃ 1

2I ∓ K𝑑 ∓T𝑑
±T𝑑 1

2I ∓ K𝑑

)︃
(1.118)

are projectors, that are known as the Calderón projectors [82].
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It follows that (I − C𝑑) ◦ C𝑑 = 0, which can be written as(︃
−1

2I ∓ K𝑑 ∓T𝑑
±T𝑑 −1

2I ∓ K𝑑

)︃
◦

(︃ 1
2I ∓ K𝑑 ∓T𝑑
±T𝑑 1

2I ∓ K𝑑

)︃
=

(︃
K𝑑 ◦ K𝑑 − 1

4I − T𝑑 ◦ T𝑑 T𝑑 ◦ K𝑑 + K𝑑 ◦ T𝑑
−T𝑑 ◦ K𝑑 − K𝑑 ◦ T𝑑 K𝑑 ◦ K𝑑 − 1

4I − T𝑑 ◦ T𝑑

)︃
=

(︃
0 0
0 0

)︃
,

(1.119)

which in turns implies the two Calderón identities

T𝑑 ◦ T𝑑 = −1
4I + K𝑑 ◦ K𝑑 , (1.120)

and
T𝑑 ◦ K𝑑 = −K𝑑 ◦ T𝑑 . (1.121)

For smooth enough surface boundaries Γ, the operator K𝑑 is compact so that T𝑑 ◦ T𝑑 is a
scaling of the identity operator plus a compact perturbation. Its spectrum is thus bounded with
eigenvalues clustering at −1/4 [42].
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Chapter 2

High-Order Boundary Element Method

In this chapter, we describe the boundary element method that allows to discretize the
variational problems of the integral equations that we previously derived. Overall, the method
needs the following three ingredients:

• An approximation of the surface boundary Γ by a set of adjacent geometrical elements
that is referred to as a mesh discretization.

• An approximation of the Sobolev functional spaces by finite dimensional subspaces as-
sociated with the elements of the mesh, that are referred to as finite element spaces, or
boundary element spaces in the context of surface boundary equations.

• Numerical methods to approximate the surface integrals appearing in integral operators
and inner-products of the variational problems, that are referred to as quadrature rules.

2.1 Mesh Discretization of Surface Boundaries

2.1.1 Reference Triangle
In this thesis, we consider the case where the surface Γ is approximated by a mesh of curved

triangles [67, 115]. We start by defining a reference triangle ˆ︁𝐾 that is parameterized with local
coordinates ˆ︁𝒓 = (𝑢, 𝑣)T , (2.1)

such that ˆ︁𝐾 := {0 ≤ 𝑢 ≤ 1; 0 ≤ 𝑣 ≤ 1 − 𝑢} . (2.2)

Here and in the following of the document, the symbols “with hat” will refer to local variables
while the symbols “without hat” will refer to global variables.

We consider the three vertices of the reference triangle

ˆ︁𝒑1 = (1,0)T , ˆ︁𝒑2 = (0,1)T , ˆ︁𝒑3 = (0,0)T , (2.3)

and we denote by ˆ︁𝑒𝑏 the edge that is opposite to ˆ︁𝒑𝑏, i.e., ˆ︁𝑒1 is the edge between ˆ︁𝒑2 and ˆ︁𝒑3, ˆ︁𝑒2
is the edge between ˆ︁𝒑3 and ˆ︁𝒑1, while ˆ︁𝑒3 is the edge between ˆ︁𝒑1 and ˆ︁𝒑2. Finally, we denote
by ˆ︁𝒗 the unit outgoing normal to the edges of ˆ︁𝐾 , and more specifically, ˆ︁𝒗𝑏 is the unit outgoing
normal to edge ˆ︁𝑒𝑏.

These different elements are illustrated in Figure 2.1.
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Figure 2.1: Reference triangle and its geometrical elements. The size of the outgoing unit
normals are shrunk and should equal the length of the edges.

2.1.2 Local-to-Global Parametrization
For each cell 𝐾 of the mesh, we build a local-to-global parametrization that maps the local

coordinates ˆ︁𝒓 ∈ ˆ︁𝐾 to the global points 𝒓 ∈ 𝐾ˆ︁𝐹𝐾 : ˆ︁𝐾 −→ 𝐾ˆ︁𝒓 −→ 𝒓 = ˆ︁𝐹𝐾 (ˆ︁𝒓) , (2.4)

and that ensures the continuity of the mesh along the borders of the triangles. Such parametriza-
tion can be obtained with the Lagrange interpolation of control points that are located on the
surface Γ. The lowest order 𝑞 = 1 of such interpolation provides flat triangles, where the
interpolatory points are located on the vertices of the reference triangle. For quadratic triangles
(𝑞 = 2), the interpolatory points are the vertices and the edge-centroids of the reference triangle.
Notice that for general geometries, it is not possible to perfectly fit the mesh to the surface Γ

with Lagrange interpolation, and only the control points are ensured to be located on Γ. A
more general setting is provided by the non-uniform rationale B-splines (NURBS) that offer
additional degrees of freedom in choosing the control points and imposing regularity on the
borders between mesh elements [137].

2.1.3 Unit Normal and Jacobian Matrices
Given this parametrization, we denote by

Jˆ︁𝐹𝐾 =

(︂
𝜕𝑢ˆ︁𝐹𝐾 𝜕𝑣 ˆ︁𝐹𝐾 )︂

T (2.5)

the Jacobian of ˆ︁𝐹𝐾 (a 2 × 3 matrix) and by

Jˆ︁𝐹−1
𝐾

=
(︁
gradΓ𝑢 gradΓ𝑣

)︁
(2.6)

the Jacobian of the inverse mapping ˆ︁𝐹−1
𝐾

(a 3 × 2 matrix). Moreover, we have [115]

Jˆ︁𝐹𝐾Jˆ︁𝐹−1
𝐾

= I , (2.7)

where I is the two-dimensional identity matrix.
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The area of the elementary surface is

ˆ︁J𝐾 =

√︂
det

(︂
Jˆ︁𝐹𝐾JTˆ︁𝐹𝐾

)︂
= |𝜕𝑢ˆ︁𝐹𝐾 × 𝜕𝑣 ˆ︁𝐹𝐾 | , (2.8)

and the outgoing unit normal to 𝐾 is

ˆ︁𝒏𝐾 =
𝜕𝑢ˆ︁𝐹𝐾 × 𝜕𝑣 ˆ︁𝐹𝐾ˆ︁J𝐾 , (2.9)

that is expressed in global coordinates as 𝒏(𝒓) = ˆ︁𝒏𝐾 ◦ ˆ︁𝐹−1
𝐾
(𝒓), for 𝒓 ∈ 𝐾 , which is therefore the

outgoing unit normal to the mesh approximation of Γ.
Furthermore, the property (2.7) implies that

gradΓ𝑢 =
1ˆ︁J𝐾 𝜕𝑣 ˆ︁𝐹𝐾 × ˆ︁𝒏𝐾 ,

gradΓ𝑣 =
1ˆ︁J𝐾 ˆ︁𝒏𝐾 × 𝜕𝑢ˆ︁𝐹𝐾 , (2.10)

and it follows

ˆ︁𝒏𝐾 = ˆ︁J𝐾gradΓ𝑢 × gradΓ𝑣 . (2.11)

We can now prove the following relationship between the Jacobian of ˆ︁𝐹𝐾 and that of ˆ︁𝐹−1
𝐾

.
Let us define an arbitrary vector ˆ︁𝒙 = (𝑥1, 𝑥2)T ∈ ˆ︁𝐾 and the ninety-degree rotation matrix

ˆ︁R =

(︃
0 −1
1 0

)︃
, (2.12)

which is the counterpart of the 𝒖 → 𝒏 × 𝒖 operator in the reference triangle. We thus have
from (2.10)

1ˆ︁J𝐾 JTˆ︁𝐹𝐾ˆ︁Rˆ︁𝒙 =
1ˆ︁J𝐾 JTˆ︁𝐹𝐾

(︃
−𝑥2
𝑥1

)︃
=

1ˆ︁J𝐾 (︂
𝑥1𝜕𝑣 ˆ︁𝐹𝐾 − 𝑥2𝜕𝑢ˆ︁𝐹𝐾 )︂

= 𝑥1ˆ︁𝒏𝐾 × gradΓ𝑢 + 𝑥2ˆ︁𝒏𝐾 × gradΓ𝑣

= ˆ︁𝒏𝐾 × (︂
J𝐹−1

𝐾
ˆ︁𝒙)︂ .

(2.13)

Remark 2.1. If the geometry is planar, we can define a mapping from R2 to R2, so that Jˆ︁𝐹𝐾
and Jˆ︁𝐹−1

𝐾

are two-dimensional square matrices, and ˆ︁J𝐾 = det Jˆ︁𝐹𝐾 . As we are in two dimensions,ˆ︁𝒏𝐾× is replaced by ˆ︁R, so that we get

ˆ︁RJˆ︁𝐹−1
𝐾

=
1ˆ︁J𝐾 JTˆ︁𝐹𝐾ˆ︁R . (2.14)

By using ˆ︁R−1 = ˆ︁RT and the inverse formula for two-dimensional matrices, we finally obtain

Jˆ︁𝐹−1
𝐾

=
1ˆ︁J𝐾 ˆ︁RTJTˆ︁𝐹𝐾ˆ︁R = J−1ˆ︁𝐹𝐾 (only in 2D!) . (2.15)
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Table 2.1: Location of the Lagrange interpolatory points in the reference triangle.

𝑞 = 1 𝑞 = 2 𝑞 = 3 𝑞 = 4

ˆ︁𝒓 (𝑞)𝑚,𝑛

2.1.4 Example with the Lagrange interpolation
In this section, we present the parametrization of the mesh triangles by uniform Lagrange

interpolation—with interpolatory points on the triangles that are uniformly distributed, as shown
in Table 2.1.

For a given order of interpolation 𝑞 ≥ 1, we first define the Silvester-Lagrange polynomials
of a single variable 𝑢 ∈ [0,1] as

L (𝑞)
𝑛 (𝑢) ≔

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 𝑛 = 0 ,
1
𝑛!

𝑛−1∏︂
𝑚=0
(𝑞𝑢 − 𝑚) 𝑛 = 1, . . . , 𝑞 .

(2.16)

These functions are polynomials of degree 𝑛. For 1 ≤ 𝑛 ≤ 𝑞, they are unity at 𝑛
𝑞

and zero at
𝑢 = 0, 1

𝑞
, . . . , 𝑛−1

𝑞
, while it is constant equal to one for 𝑛 = 0. On the reference triangle of local

coordinates ˆ︁𝒓 = (𝑢, 𝑣), we define the Lagrange polynomials of two variables as

L (𝑞)
ℓ,𝑚,𝑛
(ˆ︁𝒓) = L (𝑞)

ℓ
(𝑢)L (𝑞)

𝑚 (𝑣)L (𝑞)
𝑛 (1 − 𝑢 − 𝑣) , (2.17)

with 0 ≤ ℓ, 𝑚, 𝑛 ≤ 𝑞 and ℓ + 𝑚 + 𝑛 = 𝑞. These functions interpolate at the points ˆ︁𝒓 (𝑞)𝑠,𝑡 = ( 𝑠
𝑞
, 𝑡
𝑞
),

with 0 ≤ 𝑠 + 𝑡 ≤ 𝑞 (see Table 2.1), i.e.,

L (𝑞)
ℓ,𝑚,𝑛
(ˆ︁𝒓 (𝑞)𝑠,𝑡 ) = 𝛿ℓ,𝑠𝛿𝑚,𝑡 , (2.18)

where 𝛿𝑚,𝑛 is the Kronecker symbol.
The parametrization of the triangles 𝐾 in the mesh approximation of Γ is thus given by

ˆ︁𝐹𝐾 (ˆ︁𝒓) = 𝑞∑︁
ℓ=0

𝑞−ℓ∑︁
𝑛=0

𝒑𝐾ℓ,𝑚,𝑞−ℓ−𝑚L (𝑞)
ℓ,𝑚,𝑞−ℓ−𝑚 (ˆ︁𝒓) , (2.19)

where the control points 𝒑𝐾
ℓ,𝑚,𝑛

are built such that ˆ︁𝐹𝐾 (ˆ︁𝒓𝑠,𝑡) = 𝒑𝐾𝑠,𝑡,𝑞−𝑠−𝑡 ∈ Γ. These points can
be obtained from various algorithms that are called meshers. In this thesis, the meshes used
for the numerical experiments are made with the software Gmsh [60] which provides Lagrange
interpolatory meshes up to order 10 and features to design geometries.

Next, we compute the partial derivatives of the mesh parametrization

𝜕𝑢ˆ︁𝐹𝐾 (ˆ︁𝒓) = 𝑞∑︁
ℓ=0

𝑞−ℓ∑︁
𝑚=0

𝒑𝐾ℓ,𝑚,𝑛

(︂
L̇
(𝑞)
ℓ (𝑢)L

(𝑞)
𝑚 (𝑣)L (𝑞)

𝑛 (1 − 𝑢 − 𝑣) (2.20)

−L (𝑞)
ℓ
(𝑢)L (𝑞)

𝑚 (𝑣)L̇
(𝑞)
𝑛 (1 − 𝑢 − 𝑣)

)︂
, (𝑛 = 𝑞 − ℓ − 𝑚) ,
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𝜕𝑣 ˆ︁𝐹𝐾 (ˆ︁𝒓) = 𝑞∑︁
ℓ=0

𝑞−ℓ∑︁
𝑚=0

𝒑𝐾ℓ,𝑚,𝑛

(︂
L (𝑞)
ℓ
(𝑢)L̇ (𝑞)

𝑚 (𝑣)L
(𝑞)
𝑛 (1 − 𝑢 − 𝑣) (2.21)

−L (𝑞)
ℓ
(𝑢)L (𝑞)

𝑚 (𝑣)L̇
(𝑞)
𝑛 (1 − 𝑢 − 𝑣)

)︂
, (𝑛 = 𝑞 − ℓ − 𝑚) ,

where the first derivatives of the Silvester-Lagrange functions are found as

L̇ (𝑞)
𝑛 (𝑢) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 𝑛 = 0 ,
𝑞

𝑛!

𝑛−1∑︁
ℓ=0

𝑛−1∏︂
𝑚=0
𝑚≠ℓ

(𝑞𝑢 − 𝑚) 𝑛 > 0 . (2.22)

The computation of the outgoing unit normal, area of the elementary surface, Jacobians of
the mapping and inverse mapping is now a simple application of the above definitions.

2.1.5 Integration and Differentiation on Surface Boundaries
With this mapping, integration on Γ can be approximated by integration on the mesh, for

any integrable function 𝑓 in Γ as∫
Γ

𝑓 (𝒓) d𝑆(𝒓) ≈
∑︁
𝐾

∫
ˆ︁𝐾 𝑓 ◦ ˆ︁𝐹𝐾 (ˆ︁𝒓) ˆ︁J𝐾 (ˆ︁𝒓) dˆ︁𝒓 , (2.23)

where for any integrable function 𝑔 in ˆ︁𝐾∫
ˆ︁𝐾 𝑔(ˆ︁𝒓) dˆ︁𝒓 =

∫ 1

𝑢=0

∫ 1−𝑢

𝑣=0
𝑔(𝑢, 𝑣) d𝑣d𝑢 . (2.24)

In the following of the thesis, we will not repeat that the integration on the mesh is an approx-
imation of the integration on Γ, and the symbol “Γ” will now refer to its mesh approximation,
by abuse of notation.

Remark 2.2. It is very common to make use of the fact that the integrals are systematically
computed via global-to-local variable transformations, which introduce the composition of
functions in the form

𝑓 ◦ ˆ︁𝐹𝐾 (ˆ︁𝒓) ≔ 𝑓 (ˆ︁𝐹𝐾 (ˆ︁𝒓)) . (2.25)

As it will be shown hereafter, the boundary element functions in global coordinates will always
be defined as mappings of local functions that depend on the local coordinates ˆ︁𝒓 = (𝑢, 𝑣), which
will introduce a composition with the inverse parametrization ˆ︁𝐹−1

𝐾
(𝒓). Very often in practice,

this inverse parametrization is not analytically available, and the explicit computation of such
mapping may resort to numerically solving a minimization problem giving the local coordinatesˆ︁𝒓 that solve |ˆ︁𝐹𝐾 (ˆ︁𝒓)− 𝒓 | = 0. While such computation is needed for some methods approximating
singular integrals [52], it is not to directly evaluate the integrand in (2.23) as we will always
have mappings of functions that are composed with ˆ︁𝐹−1

𝐾
◦ ˆ︁𝐹𝐾 (ˆ︁𝒓) = ˆ︁𝒓 (see for instance the next

example (2.26) and replace 𝑓 by 𝜆 in (2.23); this also works for every vector and scalar functions
introduced thereafter). This also shows that the term 𝐹𝐾 (ˆ︁𝒓) is not explicitly computed neither
and that integration is directly done in local coordinates.
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Now, let us consider a piecewise smooth function in the form , for 𝒓 ∈ 𝐾 ,

𝜆(𝒓) = ˆ︁𝜆𝐾 ◦ ˆ︁𝐹−1
𝐾 (𝒓) , (2.26)

which is continuous across the edges of the mesh, i.e., ˆ︁𝜆𝐾 (ˆ︁𝒓) = ˆ︁𝜆𝐿 (ˆ︁𝒓′) for any ˆ︁𝒓 ∈ 𝐾 and ˆ︁𝒓′ ∈ 𝐿
such that ˆ︁𝐹𝐾 (ˆ︁𝒓) = ˆ︁𝐹𝐿 (ˆ︁𝒓′), where 𝐾 and 𝐿 are two adjacent triangles.

Proposition 2.1 (Surface gradient and vector curl of continuous functions). The surface gradient
and surface vector curl of 𝜆 are well defined and are given, for 𝒓 ∈ 𝐾 , by

gradΓ𝜆(𝒓) =
(︂
Jˆ︁𝐹−1

𝐾

ˆ︁∇ˆ︁𝜆𝐾 )︂
◦ ˆ︁𝐹−1

𝐾 (𝒓) , (2.27)

curlΓ𝜆(𝒓) =
(︃

1
J𝐾

JT
𝐹𝐾

ˆ︁RTˆ︁∇ˆ︁𝜆𝐾 )︃
◦ 𝐹−1

𝐾 (𝒓) . (2.28)

Proof. Consider a continuous function
∼
𝜆 defined for 𝒓 = (𝑥, 𝑦, 𝑧)T ∈ R3 and denote by 𝜆 its

trace on Γ such that 𝜆(𝒓) =
∼
𝜆(𝒓) for 𝑟 ∈ Γ . Using the chain rule and the definition of the surface

gradient (1.64), we have, for 𝒓 ∈ 𝐾 ,

gradΓ𝜆(𝒓) = 𝒏(𝒓) × ∇
∼
𝜆(𝒓) × 𝒏(𝒓)

= 𝒏(𝒓) ×
(︂
𝜕𝑢ˆ︁𝜆𝐾 (ˆ︁𝒓) ∇𝑢 + 𝜕𝑣ˆ︁𝜆𝐾 (ˆ︁𝒓)∇𝑣)︂ × 𝒏(𝒓)

= 𝜕𝑢ˆ︁𝜆𝐾 (ˆ︁𝒓) gradΓ𝑢 + 𝜕𝑣ˆ︁𝜆𝐾 (ˆ︁𝒓) gradΓ𝑣

=

(︂
Jˆ︁𝐹−1

𝐾

ˆ︁∇ˆ︁𝜆𝐾 )︂
◦ ˆ︁𝐹−1

𝐾 (𝒓) .

(2.29)

The identity for the curl comes from (2.13) which shows, for 𝒓 ∈ 𝐾 ,

curlΓ𝜆(𝒓) = gradΓ𝜆(𝒓) × 𝒏(𝒓) = −
(︂ˆ︁𝒏𝐾 (𝒓) × Jˆ︁𝐹−1

𝐾

ˆ︁∇ˆ︁𝜆𝐾 )︂
◦ ˆ︁𝐹−1

𝐾 (𝒓)

=

(︃
1ˆ︁J𝐾 JTˆ︁𝐹𝐾ˆ︁RTˆ︁∇ˆ︁𝜆𝐾 )︃

◦ ˆ︁𝐹−1
𝐾 (𝒓) .

(2.30)

□

We now consider a piecewise smooth vector field in the form, for 𝒓 ∈ 𝐾 ,

𝝍(𝒓) =
(︃

1ˆ︁J𝐾 Jˆ︁𝐹𝐾 ˆ︁𝝍𝐾 )︃
◦ ˆ︁𝐹−1

𝐾 (𝒓) , (2.31)

which is normal-continuous across the edges of the mesh, i.e., ˆ︁𝝍𝐾 (ˆ︁𝒓) ·ˆ︁𝒗(ˆ︁𝒓) = −ˆ︁𝝍𝐿 (ˆ︁𝒓′) ·ˆ︁𝒗(ˆ︁𝒓′)
for any ˆ︁𝒓 ∈ 𝐾 and ˆ︁𝒓′ ∈ 𝐿 such that ˆ︁𝐹𝐾 (ˆ︁𝒓) = ˆ︁𝐹𝐿 (ˆ︁𝒓′), where 𝐾 and 𝐿 are two adjacent triangles.

Proposition 2.2 (Surface divergence of div-conforming functions). The surface divergence of
𝝍 is well defined and is given, for 𝒓 ∈ 𝐾 , by

divΓ𝝍(𝒓) =
(︃

1ˆ︁J𝐾 ˆ︁∇ · ˆ︁𝝍𝐾 )︃
◦ ˆ︁𝐹−1

𝐾 (𝒓) . (2.32)

Such a vector 𝝍 is said to be div-conforming.
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Proof. Consider a continuous function in the form 𝜆(𝒓) = 𝜆𝐾 ◦𝐹−1
𝐾
(𝒓), for 𝒓 ∈ 𝐾 . By definition

of the surface divergence (1.65) and from (2.7) and (2.27)

⟨𝝍, gradΓ𝜆⟩ =
∑︁
𝐾

∫
ˆ︁𝐾
(︂
JTˆ︁𝐹𝐾 ˆ︁𝝍)︂

(ˆ︁𝒓) · (︂Jˆ︁𝐹−1
𝐾

ˆ︁∇ˆ︁𝜆)︂ (ˆ︁𝒓) dˆ︁𝒓 = ∑︁
𝐾

∫
ˆ︁𝐾 ˆ︁𝝍(ˆ︁𝒓) · ˆ︁∇ˆ︁𝜆(ˆ︁𝒓) dˆ︁𝒓

= −
∑︁
𝐾

∫
ˆ︁𝐾 ˆ︁∇ · ˆ︁𝝍(ˆ︁𝒓)ˆ︁𝜆(ˆ︁𝒓) dˆ︁𝒓 +∑︁

𝐾

∫
𝜕ˆ︁𝐾 ˆ︁𝜆(ˆ︁𝒓) ˆ︁𝝍(ˆ︁𝒓) ·ˆ︁𝒗(ˆ︁𝒓) d𝑙 (ˆ︁𝒓)

= −
∑︁
𝐾

∫
ˆ︁𝐾 ˆ︁∇ · ˆ︁𝝍(ˆ︁𝒓) ˆ︁𝜆(ˆ︁𝒓) dˆ︁𝒓 = −⟨divΓ𝝍, 𝜆⟩ ,

(2.33)

where divΓ𝝍 is defined as in (2.32). The cancellation of the line integrals along the boundary
of ˆ︁𝐾 is a consequence of the normal-continuity of 𝝍. □

Finally, we consider a vector field in the form

𝝋(𝒓) = 𝒏(𝒓) × 𝝍(𝒓) =
(︂
Jˆ︁𝐹−1

𝐾

ˆ︁𝝋𝐾 )︂
◦ ˆ︁𝐹−1

𝐾 (𝒓) , (2.34)

with ˆ︁𝝋𝐾 = ˆ︁Rˆ︁𝝍𝐾 , that is a consequence of (2.13). As it is the ninety-degree rotation of a
normal-continuous vector field, 𝝋 is tangent-continuous across the edges of the mesh, i.e.,ˆ︁Rˆ︁𝝋𝐾 (ˆ︁𝒓) ·ˆ︁𝒗(ˆ︁𝒓) = −ˆ︁Rˆ︁𝝋𝐿 (ˆ︁𝒓′) ·ˆ︁𝒗(ˆ︁𝒓′) for any ˆ︁𝒓 ∈ 𝐾 and ˆ︁𝒓′ ∈ 𝐿 such that ˆ︁𝐹𝐾 (ˆ︁𝒓) = ˆ︁𝐹𝐿 (ˆ︁𝒓′), where
𝐾 and 𝐿 are two adjacent triangles.

Proposition 2.3 (Surface scalar curl of curl-conforming functions). The surface scalar curl of
𝝋 is well defined and is given, for 𝒓 ∈ 𝐾 , by

curlΓ𝝋(𝒓) =
(︃

1ˆ︁J𝐾 ˆ︁∇ · ˆ︁RT ˆ︁𝝋𝐾 )︃
◦ ˆ︁𝐹−1

𝐾 (𝒓) . (2.35)

Such a vector 𝝋 is said to be curl-conforming.

Proof. By definition of the surface scalar curl (1.69)

curlΓ𝝋 = divΓ (𝝋 × 𝒏) = divΓ𝝍 , (2.36)

and it follows from (2.32) and ˆ︁R−1 = ˆ︁RT that, for 𝒓 ∈ 𝐾 ,

curlΓ𝝋(𝒓) =
(︃

1ˆ︁J𝐾 ˆ︁∇ · ˆ︁𝝍𝐾 )︃
◦ ˆ︁𝐹−1

𝐾 (𝒓)

=

(︃
1ˆ︁J𝐾 ˆ︁∇ · ˆ︁RT ˆ︁𝝋𝐾 )︃

◦ ˆ︁𝐹−1
𝐾 (𝒓) .

(2.37)

□

Proposition 2.4 (Nullspaces of the surface divergence and scalar curl). Let us consider a
continuous function 𝜆, we have the following properties

divΓcurlΓ𝜆 = 0 , (2.38)
curlΓgradΓ𝜆 = 0 . (2.39)
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Proof. We prove the first relation by using (2.28) and (2.32), for 𝒓 ∈ 𝐾 ,

divΓcurlΓ𝜆(𝒓) = divΓ
(︃

1ˆ︁J𝐾 JTˆ︁𝐹𝐾ˆ︁RTˆ︁∇ˆ︁𝜆𝐾 )︃
◦ ˆ︁𝐹−1

𝐾 (𝒓)

=

(︃
1ˆ︁J𝐾 ˆ︁∇ · ˆ︁RTˆ︁∇ˆ︁𝜆𝐾 )︃

◦ ˆ︁𝐹−1
𝐾 (𝒓) = 0 ,

(2.40)

as a consequence of ˆ︁∇ · ˆ︁RTˆ︁∇ = 𝜕𝑣𝜕𝑢 − 𝜕𝑢𝜕𝑣 = 0.
The second relation thus follows by definition of the surface vector and scalar curls (1.68)–

(1.69)
curlΓgradΓ𝜆 = divΓ (gradΓ𝜆 × 𝒏) = divΓcurlΓ𝜆 = 0 . (2.41)

□

2.2 Boundary element spaces
In this section, we denote by 𝐸 , 𝑉 , and 𝐶 the numbers of edges, vertices, and cells of the

mesh, respectively.

2.2.1 Definitions
The definition of the following boundary element spaces are motivated by the previous

mapping properties of continuous, div-conforming and curl-conforming vector fields. In order
to discretize the integral equations, a usual choice is to select subspaces of 𝐻1/2(Γ), 𝐻−1/2(Γ),
𝐻−1/2(divΓ, Γ) and 𝐻−1/2(curlΓ, Γ) that are obtained as local-to-global mappings of polynomial
spaces in the local coordinates.

Let us first denote by ˆ︁P𝑝 ≔ span
{︁
𝑢𝑖𝑣 𝑗 , 0 ≤ 𝑖 + 𝑗 ≤ 𝑝

}︁
(2.42)

the space of polynomials of degree up to 𝑝 on the reference triangle, which is of dimension

dimˆ︁P𝑝 = (𝑝 + 1) (𝑝 + 2)
2

. (2.43)

The continuous Galerkin space of order 𝑝, denoted as CG𝑝 ⊂ 𝐻1/2(Γ), is the space of
functions (for 𝒓 ∈ 𝐾)

𝜆(𝑝) (𝒓) = ˆ︁𝜆𝐾 ◦ ˆ︁𝐹−1
𝐾 (𝒓) = ˆ︁𝜆𝐾 (ˆ︁𝒓) , (2.44)

where ˆ︁𝜆𝐾 (ˆ︁𝒓) ∈ ˆ︁P𝑝+1 , (2.45)

with continuity across the edges of the mesh. This space is of dimension

𝐿𝑝 = 𝑉 + 𝑝𝐸 +
𝑝(𝑝 − 1)

2
𝐶 . (2.46)

The bubble functions 𝛽(𝑝) ∈ B𝑝 ⊂ CG𝑝+1 are the continuous Galerkin functions of order
𝑝 + 1 that vanish along the edges of the cells. This space is of dimension

𝐵𝑝 =
𝑝(𝑝 + 1)

2
𝐶 . (2.47)
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The discontinuous Galerkin space of order 𝑝, denoted as DG𝑝 ⊂ 𝐻−1/2(Γ), is the space of
functions (for 𝒓 ∈ 𝐾)

𝜎 (𝑝) (𝒓) =
(︃ˆ︁𝜎𝐾ˆ︁J𝐾

)︃
◦ ˆ︁𝐹−1

𝐾 (𝒓) , (2.48)

where ˆ︁𝜎𝐾 (ˆ︁𝒓) ∈ ˆ︁P𝑝 , (2.49)

without any imposed continuity across the edges of the mesh. This space is of dimension

𝑆𝑝 =
(𝑝 + 1) (𝑝 + 2)

2
𝐶 . (2.50)

The Raviart-Thomas space of order 𝑝, denoted as RT𝑝 ⊂ 𝐻−1/2(divΓ, Γ), is the space of
vector fields (for 𝒓 ∈ 𝐾)

𝝍 (𝑝) (𝒓) = ⎛⎜⎝
JTˆ︁𝐹𝐾 ˆ︁𝝍𝐾ˆ︁J𝐾 ⎞⎟⎠ ◦ ˆ︁𝐹−1

𝐾 (𝒓) , (2.51)

where ˆ︁𝝍𝐾 (ˆ︁𝒓) ∈ (ˆ︁P𝑝)2 + (︃
𝑢

𝑣

)︃ ˆ︁P𝑝 , (2.52)

with normal-continuity across the edges of the mesh, This space is of dimension

𝑁𝑝 = (𝑝 + 1)𝐸 + 𝑝(𝑝 + 1)𝐶 . (2.53)

The rotated Raviart-Thomas functions 𝝋(𝑝) ∈ 𝒏 × RT𝑝 ⊂ 𝐻−1/2(curlΓ, Γ) are in the form
(for 𝒓 ∈ 𝐾)

𝝋(𝑝) (𝒓) =
(︂
Jˆ︁𝐹−1

𝐾

ˆ︁𝝋𝐾 )︂
◦ 𝐹−1

𝐾 (𝒓) . (2.54)

If 𝝋(𝑝) = 𝒏 × 𝝍 (𝑝) , with 𝝍 (𝑝) ∈ RT𝑝, we have

ˆ︁𝝋𝐾 = ˆ︁Rˆ︁𝝍𝐾 ∈ (ˆ︁P𝑝)2 + (︃
−𝑣
𝑢

)︃ ˆ︁P𝑝 , (2.55)

with tangent-continuity across the edges of the mesh. This space is also of dimension 𝑁𝑝.

Proposition 2.5 (Relationship Between the Boundary Element Spaces). These boundary element
spaces are related to each other through the surface differential operators

curlΓCG𝑝 ⊂ RT𝑝 , (2.56)
gradΓCG𝑝 ⊂ 𝒏 × RT𝑝 , (2.57)

divΓRT𝑝 ⊂ DG𝑝 , (2.58)
curlΓ (𝒏 × RT𝑝) ⊂ DG𝑝 . (2.59)

Moreover,

divΓcurlΓCG𝑝 = 0 , (2.60)
curlΓgradΓCG𝑝 = 0 . (2.61)

Proof. These are direct applications of propositions 2.1, 2.2, 2.3 and 2.4, together with the fact

that ˆ︁∇ˆ︁P𝑝+1 ⊆ ˆ︁P2
𝑝 and ˆ︁∇ · (︃ˆ︁P2

𝑝 +
(︃
𝑢

𝑣

)︃ ˆ︁P𝑝)︃ = ˆ︁P𝑝. □
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2.2.2 Quasi-Helmholtz Decompositions of the Raviart-Thomas
and Rotated Raviart-Thomas Spaces

It is known that any smooth vector field 𝒇 can be expressed in terms of its Helmholtz
decomposition [29]

𝒇 = curlΓ𝜙 + gradΓ𝛾 + 𝒉 (2.62)

where 𝜙 and 𝛾 are twice differentiable scalar functions. This states that 𝒇 can be decomposed as
a sum of a solenoidal (divergence-free) component curlΓ𝜙, an irrotational (curl-free) component
gradΓ𝛾, and an harmonic (both divergence- and curl-free) component 𝒉, that are orthogonal to
each other

⟨gradΓ𝛾, curlΓ𝜙⟩ = ⟨gradΓ𝛾, 𝒉⟩ = ⟨𝒉, curlΓ𝜙⟩ = 0 . (2.63)

This decomposition does not hold for div- and curl-conforming vector fields, but a similar
result can still be obtained, which is the so-called quasi-Helmholtz decomposition.

For div-conforming vector fields 𝝍 ∈ RT𝑝, the scalar surface curl is not well-defined,
and it turns out that their irrotational and harmonic components cannot be defined neither.
Nevertheless, there exists a quasi-irrotational vector field 𝒖⊥ ∈ RT𝑝 and a quasi-harmonic
vector field 𝒉⊥ ∈ RT𝑝 such that 𝝍 ∈ RT𝑝 can be decomposed in terms of its quasi-Helmholtz
decomposition [2]

𝝍 = curlΓ𝜆 + 𝒖⊥ + 𝒉⊥ , (2.64)

where curlΓ𝜆 ∈ RT𝑝, for some 𝜆 ∈ CG𝑝, is the (actual) solenoidal component.
This decomposition verifies the following properties closely related to those of the continuous

Helmholtz decomposition:

(i) The three components are orthogonal to each other, i.e., ⟨𝒖⊥, curlΓ𝜆⟩ = ⟨𝒖⊥, 𝒉⊥⟩ =

⟨𝒉⊥, curlΓ𝜆⟩ = 0.

(ii) The vector fields 𝒉⊥ and curlΓ𝜆 are divergence-free.

(iii) The vector field 𝒖⊥ is a weak surface gradient, in the sense that it is orthogonal to
divergence-free functions.

(iv) There exists 𝜎 ∈ DG𝑝 such that divΓ𝝍 = divΓ𝒖⊥ = 𝜎.

For curl-conforming vectors 𝝋 ∈ 𝒏 × RT𝑝, the quasi-Helmholtz decomposition becomes

𝝋 ≔ 𝒏 × 𝝍 = gradΓ𝜆 + 𝒏 × 𝒖⊥ + 𝒏 × 𝒉⊥ , (2.65)

which shows that it can be decomposed in terms of an irrotational component gradΓ𝜆, a quasi-
solenoidal component 𝒏 × 𝒖⊥ ∈ 𝒏 × RT𝑝 and a quasi-harmonic component 𝒏 × 𝒉⊥ ∈ 𝒏 × RT𝑝.

Equally:

(i) The orthogonality between the three components is preserved.

(ii) The vector fields 𝒏 × 𝒉⊥ and gradΓ𝜆 are curl-free.

(iii) The vector field 𝒏 × 𝒖⊥ is a weak vector surface curl, in the sense that it is orthogonal to
curl-free functions.

(iv) There exists 𝜎 ∈ DG𝑝 such that curlΓ𝝋 = curlΓ (𝒏 × 𝒖⊥) = divΓ (𝒖⊥) = 𝜎.
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Proposition 2.6 (Completeness of the quasi-Helmholtz decomposition). Let us consider a closed
surface Γ discretized by a mesh of 𝑉 vertices, 𝐸 edges and 𝐶 triangular cells, that is possibly
multiply connected with genus 𝐻. We have

𝑁𝑝 = (𝑆𝑝 − 1) + (𝐿𝑝 − 1) + 2𝐻 , (2.66)

where for div-conforming / curl-conforming functions, 𝑆𝑝 − 1 is the number of independent
quasi-irrotational / quasi-solenoidal functions, 𝐿𝑝 − 1 is the number of independent solenoidal
/ irrotational functions and 2𝐻 is the number of quasi-Harmonic functions. The case of open
boundaries, junctions and multiple bodies will be covered in chapter 4 for order 0. Similar
relationship is obtained at higher order.

Proof of Equation (2.66). For closed geometry, the Euler-Poincaré formula states that

𝐸 = (𝐶 − 1) + (𝑉 − 1) + 2𝐻 , (2.67)

which gives (2.66) at order 𝑝 = 0. We then compute from (2.50) and (2.46)

𝐿𝑝 + 𝑆𝑝 = 𝑉 + 𝑝𝐸 + (𝑝2 + 𝑝 + 1)𝐶 . (2.68)

Hence,

(𝑆𝑝 − 1) + (𝐿𝑝 − 1) + 2𝐻 = (𝐶 − 1) + (𝑉 − 1) + 2𝐻 + 𝑝𝐸 + 𝑝(𝑝 + 1)𝐶
= 𝐸 + 𝑝𝐸 + 𝑝(𝑝 + 1)𝐶 = 𝑁𝑝 .

(2.69)

□

2.2.3 Interpolatory Basis Functions
In this section we describe a particular choice of basis functions, that are interpolatory basis

functions—i.e., they are built from the definition of a set of interpolatory points on which they
are zero, except on one of these points [67]. Other choices of basis functions are possible, such
as the hierarchical basis functions, for which the basis functions are built hierarchically order by
order, where a set of basis functions is defined at each order to complete the lower order space
so as to span the higher order space [115]. Differently, the interpolatory basis functions of a
given order are all different from those of the previous orders [115].

Discontinuous Galerkin basis functions
The discontinuous Galerkin basis functions are the more trivial to implement as no continuity

needs to be imposed. Such basis functions can be built from the previous definition of the
Silvester-Lagrange interpolatory functions (2.16) of order 𝑝 [69]ˆ︁𝜎 (𝑝)𝒊 (ˆ︁𝒓) = L (𝑝)

𝒊[1] (𝑢)L
(𝑝)
𝒊[2] (𝑣)L

(𝑝)
𝒊[3] (1 − 𝑢 − 𝑣) , (2.70)

where 𝒊, is a three-dimensional array of indices such that 𝒊[1] + 𝒊[2] + 𝒊[3] = 𝑝. On each cell
𝐾 , we can define (𝑝 + 1) (𝑝 + 2)/2 functions in global coordinates such that

𝜎
(𝑝)
𝑛 (𝒓) =

⎧⎪⎪⎨⎪⎪⎩
(︃

1ˆ︁J𝐾ˆ︁𝜎 (𝑝)𝒊𝑛

)︃
◦ ˆ︁𝐹−1

𝐾 (𝒓) , if 𝒓 ∈ 𝐾 ,

0 , otherwise ,
(2.71)
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where 𝒊𝑛 is the array of indices associated with the basis function 𝜎 (𝑝)𝑛 in local coordinates. For

𝑝 ≥ 1, the functions ˆ︁𝜎 (𝑝)𝒊𝑛
interpolate in the reference triangle at the points ˆ︁𝒓 (𝑝)ℓ =

(︂
ℓ[1]
𝑝
,
ℓ[2]
𝑝

)︂T
,

with ℓ[1] + ℓ[2] ≤ 𝑝, i.e., ˆ︁𝜎 (𝑝)𝒊 (ˆ︁𝒓 (𝑝)ℓ ) = 𝛿𝒊[1],ℓ[1]𝛿𝒊[2],ℓ[2] . (2.72)
For 𝑝 = 0, these functions are constant equal to one on a given triangle and are zero otherwise.
For that reason they are often called patch functions. We set ˆ︁𝒓 (0)ℓ ≡ ˆ︁𝒓 (0) = (︂

1
3 ,

1
3

)︂
to be the

barycenter of the reference triangle.

Continuous Galerkin basis functions
We define the continuous Galerkin basis functions in local coordinates by using the Silvester-

Lagrange basis functions of order 𝑝 + 1 [69]ˆ︁𝜆(𝑝)𝒊 (ˆ︁𝒓) = L (𝑝+1)
𝒊[1] (𝑢)L

(𝑝+1)
𝒊[2] (𝑣)L

(𝑝+1)
𝒊[3] (1 − 𝑢 − 𝑣) , (2.73)

with 𝒊[1] + 𝒊[2] + 𝒊[3] = 𝑝 + 1. The implementation of continuous Galerkin basis functions
is a bit more complicated as it requires the finding for common interpolatory points at the
boundary of the triangles, wherever the basis function is not zero. Thus, there exists three types
of continuous basis functions:

• Vertex-based functions: if 𝒊 = (𝑝, 0, 0) or 𝒊 = (0, 𝑝, 0) or 𝒊 = (0, 0, 𝑝), the function
is unity at one of the vertices of the reference triangle and equals zero along the edge
opposite to that vertex. We need to connect this function to the functions associated with
the same vertex in the other triangles so as to impose continuity.

• Edge-based functions: if only a single index in 𝒊 equals zero, the function is unity on
one point along one of the edges of the reference triangle, while it is zero along the other
edges. We need to connect this function to the function that equals one at the same point
on the other side of that edge so as to impose continuity.

• Cell-based functions: otherwise, the function is zero along all the edges of the reference
triangle, and the interpolatory point where it is not zero is inside of the cell. As a
consequence, we do not need to associate this function with any other function. These
functions are bubble functions, and these are the basis functions we need to span the
subspace B𝑝 ⊂ CG𝑝+1.

For each vertex of the mesh, we can define a single vertex-based function, for which the
domain consists of all the triangles adjacent to the vertex. For each edge of the mesh, we can
define 𝑝 +1 edge-based functions, for which the domain consists of the two triangles adjacent to
the edge. For each triangle of the mesh, we can define 𝑝(𝑝 + 1)/2 cell-based (bubble) functions,
for which the domain consists of that single triangle. Let us denote by 𝐾1, . . . , 𝐾𝑀 the triangles
composing the domain of a continuous function (where 𝑀 = 1 for cell-based functions, 𝑀 = 2
for edge-based functions and 𝑀 ≥ 3 for vertex-based functions). The continuous functions in
global coordinates are thus found as

𝜆
(𝑝)
𝑛 (𝒓) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ˆ︁𝜆(𝑝)
𝒊
𝐾1
𝑛

◦ ˆ︁𝐹−1
𝐾1
(𝒓) if 𝒓 ∈ 𝐾1,

...
...ˆ︁𝜆(𝑝)

𝒊
𝐾𝑀
𝑛

◦ ˆ︁𝐹−1
𝐾𝑀
(𝒓) if 𝒓 ∈ 𝐾𝑀 ,

0 otherwise,

(2.74)
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where 𝒊𝐾ℓ𝑛 , for ℓ = 1, . . . , 𝑀 , is the array of local indices for the interpolatory point associated
with 𝜆

(𝑝)
𝑛 (𝒓) in triangle 𝐾ℓ. Notice that there is no reason these indices are the same for

each triangle 𝐾1, . . . 𝐾𝑀 , and that they are found, by construction, to match with the same
interpolatory point in the global coordinates of each triangle.

At order zero we only have vertex-based basis functions. They are the linear piecewise
functions that equal one at a given vertex and go to zero on the opposite edges to the vertex. For
that reason, they are often called pyramid functions.

Raviart-Thomas basis functions
Lowest order (𝑝 = 0):

At order zero, we define in the reference triangle the three edge-based basis functions [115]ˆ︁𝝍 (0)1 (ˆ︁𝒓) = (𝑢 − 1, 𝑣)T , (2.75a)ˆ︁𝝍 (0)2 (ˆ︁𝒓) = (𝑢, 𝑣 − 1)T , (2.75b)ˆ︁𝝍 (0)3 (ˆ︁𝒓) = (𝑢, 𝑣)T . (2.75c)

which are linear vector fields going from the vertex ˆ︁𝒑𝑏 to the opposite edge ˆ︁𝑒𝑏, with 𝑏 = 1,2,3,
respectively (see the notations in Figure 2.1). In global coordinates, the associated basis functions
are defined on both sides of a given edge that separates two triangles 𝐾 and 𝐿. They are obtained
by identifying the local basis function associated with that edge, and they are multiplied by
opposite signs so that the basis function goes outside 𝐾 and goes inside 𝐿 across their common
edge, in order to ensure normal-continuity. We can write

𝝍 (0)𝑛 (𝒓) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︃
1ˆ︁J𝐾 JTˆ︁𝐹𝐾 ˆ︁𝝍 (0)

𝑏𝐾𝑛

)︃
◦ ˆ︁𝐹−1

𝐾
(𝒓) if 𝒓 ∈ 𝐾 ,

−
(︃

1ˆ︁J𝐿 JTˆ︁𝐹𝐿ˆ︁𝝍 (0)𝑏𝐿𝑛 )︃
◦ ˆ︁𝐹−1

𝐿
(𝒓) if 𝒓 ∈ 𝐿,

0 otherwise,

(2.76)

where 𝑏𝐾𝑛 and 𝑏𝐿𝑛 are the edge indices (𝑏 = 1,2,3) in the reference triangle that are associated
with the basis function 𝝍 (0)𝑛 (𝒓) for triangle 𝐾 and 𝐿, respectively. These basis functions are
known as the Rao-Wilton-Glisson (RWG) basis functions [118]. They are div-conforming vector
fields, as their normal component is continuous across edge ˆ︁𝑒𝑏 and zero along the others.

Subsequently, we compute their divergences in local coordinates

∇ · ˆ︁𝝍 (0)
𝑖
(ˆ︁𝒓) = 2 , (𝑖 = 1,2,3) , (2.77)

and in global coordinates

divΓ𝝍 (0)𝑛 (𝒓) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(︂
2/ ˆ︁J𝐾 )︂

◦ ˆ︁𝐹−1
𝐾
(𝒓) if 𝒓 ∈ 𝐾 ,

−
(︂
2/ ˆ︁J𝐾 )︂

◦ ˆ︁𝐹−1
𝐾
(𝒓) if 𝒓 ∈ 𝐿,

0 otherwise.

(2.78)
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Higher orders (𝑝 ≥ 1):

The high-order div-conforming basis functions, are obtained by multiplying the RWG func-
tions with high-order scalar basis functions [67]. We first define the shifted Silvester-Lagrange
polynomials of order 𝑝 (in one dimension), that are obtained from the definition of the Silvester-
Lagrange polynomials (2.16), for 𝑝 ≥ 2 [69]

R (𝑝)𝑛 (𝑢) = L (𝑝)
𝑛−1

(︃
𝑢 − 1

𝑝

)︃
, 1 ≤ 𝑛 ≤ 𝑝 + 1 , (2.79)

These functions are polynomials of degree 𝑛 − 1. For 2 ≤ 𝑛 ≤ 𝑝 + 1. they are unity at 𝑛−1
𝑝

and
zero at 𝑢 = 1

𝑝
, . . . , 𝑛−2

𝑝
, while it is constant equal to one for 𝑛 = 1. Additionally, their derivatives

are computed as

Ṙ
(𝑝)
𝑛 (𝑢) = L̇

(𝑝)
𝑛−1

(︃
𝑢 − 1

𝑝

)︃
, (2.80)

where L̇
(𝑝)
𝑛−1 is defined in 2.22.

We now define the shifted Silvester-Lagrange polynomials in the reference triangle, for
𝑝 ≥ 0 [69]

R (𝑝)
𝑏,𝒊 (ˆ︁𝒓) = L (𝑝+2)

𝒊[𝑏] (𝝃 [𝑏])R
(𝑝+2)
𝒊[𝑏−1] (𝝃 [𝑏 − 1])R (𝑝+2)

𝒊[𝑏+1] (𝝃 [𝑏 + 1]) , (2.81)

where we have set 𝝃 = (ˆ︁𝒓1,ˆ︁𝒓2,1 − ˆ︁𝒓1 − ˆ︁𝒓2) and where 𝒊 is a three-dimensional array of indices
such that 𝒊[1] + 𝒊[2] + 𝒊[3] = 𝑝 + 2, 0 ≤ 𝒊[𝑏] ≤ 𝑝 and 1 ≤ 𝒊[𝑏 + 1], 𝒊[𝑏 − 1] ≤ 𝑝 + 1. Notice
that with these notations, the entries of 𝝃 and 𝒊 have to be considered with a modulo of three,
i.e., 𝝃 [𝑏] = 𝝃 [𝑏 + 3] = 𝝃 [𝑏 − 3] and 𝒊[𝑏] = 𝒊(𝑏 + 3) = 𝒊(𝑏 − 3), for 𝑏 = 1,2,3.

These functions interpolate at the shifted interpolatory points on the reference triangle
which correspond to the uniform Lagrange interpolatory points in the reference triangle, less the
vertices of the triangle and less the points on the opposite edges to ˆ︁𝑒𝑏, that we denote as ˆ︁𝒓 (𝑞)

𝑏,𝑚,𝑛
.

(see Table 2.2 for an illustration of the distribution of these points).
Subsequently, we compute their partial derivatives with respect to 𝝃 as

𝜕𝝃 [𝑏]R
(𝑝)
𝑏,𝒊 (ˆ︁𝒓) = L̇

(𝑝+2)
𝒊[𝑏] (𝝃 [𝑏])R

(𝑝+2)
𝒊[𝑏+1] (𝝃 [𝑏 + 1])R (𝑝+2)

𝒊[𝑏−1] (𝝃 [𝑏 − 1]) ,

𝜕𝝃 [𝑏+1]R
(𝑝)
𝑏,𝒊 (ˆ︁𝒓) = L (𝑝+2)

𝒊[𝑏] (𝝃 [𝑏]) Ṙ
(𝑝+2)
𝒊[𝑏+1] (𝝃 [𝑏 + 1])R (𝑝+2)

𝒊[𝑏−1] (𝝃 [𝑏 − 1]) ,

𝜕𝝃 [𝑏−1]R
(𝑝)
𝑏,𝒊 (ˆ︁𝒓) = L (𝑝+2)

𝒊[𝑏] (𝝃 [𝑏])R
(𝑝+2)
𝒊[𝑏+1] (𝝃 [𝑏 + 1]) Ṙ (𝑝+2)𝒊[𝑏−1] (𝝃 [𝑏 − 1]) .

(2.82)

Finally, we define the high-order Raviart-Thomas basis functions in the local coordinates asˆ︁𝝍 (𝑝)
𝑏,𝒊 (ˆ︁𝒓) = R (𝑝)

𝑏,𝒊 (ˆ︁𝒓)ˆ︁𝝍 (0)𝑏 (ˆ︁𝒓) , (2.83)

where, again, 𝒊[1] + 𝒊[2] + 𝒊[3] = 𝑝 + 2, 0 ≤ 𝒊[𝑏] ≤ 𝑝 and 1 ≤ 𝒊[𝑏 + 1], 𝒊[𝑏 − 1] ≤ 𝑝 + 1.
Additionally, their surface divergences can be found asˆ︁∇ · ˆ︁𝝍 (𝑝)

𝑏,𝒊 (ˆ︁𝒓) = ˆ︁∇R (𝑝)
𝑏,𝒊 (ˆ︁𝒓) · ˆ︁𝝍 (0)𝑏 (ˆ︁𝒓) +R (𝑝)

𝑏,𝒊 (ˆ︁𝒓)ˆ︁∇ · ˆ︁𝝍 (0)𝑏 (ˆ︁𝒓)
= 𝝃 [𝑏 + 1]

(︃
𝜕𝝃 [𝑏+1]R

(𝑝)
𝑏,𝒊 (ˆ︁𝒓) − 𝜕𝝃 [𝑏]R (𝑝)𝑏,𝒊 (ˆ︁𝒓))︃

+ 𝝃 [𝑏 − 1]
(︃
𝜕𝝃 [𝑏−1]R

(𝑝)
𝑏,𝒊 (ˆ︁𝒓) − 𝜕𝝃 [𝑏]R (𝑝)𝑏,𝒊 (ˆ︁𝒓))︃ + 2R (𝑝)

𝑏,𝒊 (ˆ︁𝒓) .
(2.84)
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Table 2.2: Location of the shifted Lagrange interpolatory points in the reference triangle.

𝑝 = 0 𝑝 = 1 𝑝 = 2 𝑝 = 3

ˆ︁𝒓 (𝑞)1,𝑚,𝑛

ˆ︁𝒓 (𝑞)2,𝑚,𝑛

ˆ︁𝒓 (𝑞)3,𝑚,𝑛

These basis functions are known as the Graglia-Wilton-Peterson (GWP) functions and they
span the Raviart-Thomas space of order 𝑝 [67]. They form a natural extension of the RWG
functions as the definition of RWG functions is retrieved for 𝑝 = 0 (in that case R (0)

𝑏,𝒊 (ˆ︁𝒓) = 1
for every 𝑏 ∈ {1,2,3}, and we notice 𝒊[𝑏] = 0, 𝒊[𝑏 + 1] = 1 and 𝒊[𝑏 − 1] = 1 even though it is
useless at order zero).

In global coordinates, there are two types of GWP basis functions:

• Edge-based functions:

For all edge 𝑒 that is shared between two triangles 𝐾 and 𝐿, we can define 𝑝 + 1 basis
functions

𝝍 (𝑝)𝑛 (𝒓) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︃
1ˆ︁J𝐾R (𝑝)

𝑏𝐾𝑛 ,𝒊
𝐾
𝑛

JTˆ︁𝐹𝐾 ˆ︁𝝍 (0)
𝑏𝐾𝑛

)︃
◦ ˆ︁𝐹−1

𝐾
(𝒓) if 𝒓 ∈ 𝐾 ,

−
(︃

1ˆ︁J𝐿R (𝑝)
𝑏𝐿𝑛 ,𝒊

𝐿
𝑛

JTˆ︁𝐹𝐿ˆ︁𝝍 (0)𝑏𝐿𝑛 )︃
◦ ˆ︁𝐹−1

𝐿
(𝒓) if 𝒓 ∈ 𝐿,

0 otherwise,

(2.85)

with surface divergence

divΓ𝝍 (𝑝)𝑛 (𝒓) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︃
1ˆ︁J𝐾 ˆ︁∇ · ˆ︁𝝍 (𝑝)

𝑏𝐾𝑛 ,𝒊
𝐾
𝑛

(ˆ︁𝒓))︃ ◦ ˆ︁𝐹−1
𝐾
(𝒓) if 𝒓 ∈ 𝐾 ,

−
(︃

1ˆ︁J𝐿 ˆ︁∇ · ˆ︁𝝍 (𝑝)
𝑏𝐾𝑛 ,𝒊

𝐿
𝑛

(ˆ︁𝒓))︃ ◦ ˆ︁𝐹−1
𝐿
(𝒓) if 𝒓 ∈ 𝐿,

0 otherwise,

(2.86)

where 𝑏𝐾𝑛 and 𝑏𝐿𝑛 are the local indices of edge 𝑒 in triangles 𝐾 and 𝐿 and where 𝒊𝐾𝑛 and 𝒊𝐿𝑛 are the
arrays of local indices associated with the same interpolatory point defining the basis function
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𝝍 (𝑝)𝑛 , in 𝐾 and 𝐿, such that

𝒊𝐾𝑛 [𝑏𝐾𝑛 ] = 𝒊𝐿𝑛 [𝑏𝐿𝑛 ] = 0 ,
1 ≤ 𝒊𝐾𝑛 [𝑏𝐾𝑛 + 1], 𝒊𝐿𝑛 [𝑏𝐾𝑛 + 1] ≤ 𝑝 + 1 ,
𝒊𝐾𝑛 [𝑏𝐾𝑛 − 1] = 𝑝 + 2 − 𝒊𝐾𝑛 [𝑏𝐾𝑛 + 1] ,
𝒊𝐿𝑛 [𝑏𝐿𝑛 − 1] = 𝑝 + 2 − 𝒊𝐿𝑛 [𝑏𝐿𝑛 + 1] .

(2.87)

These functions are div-conforming as they are normal-continuous across edge 𝑒 and tangent
to the other edges of 𝐾 and 𝐿.

• Cell-based functions:

For every cell 𝐾 , we can define 3𝑝(𝑝 + 1)/2 additional basis functions

𝝍 (𝑝)𝑛 (𝒓) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(︃

1ˆ︁J𝐾R (𝑝)
𝑏𝐾𝑛 ,𝒊

𝐾
𝑛

JTˆ︁𝐹𝐾 ˆ︁𝝍 (0)
𝑏𝐾𝑛

)︃
◦ ˆ︁𝐹−1

𝐾
(𝒓) if 𝒓 ∈ 𝐾 ,

0 otherwise,
(2.88)

with surface divergence

divΓ𝝍 (𝑝)𝑛 (𝒓) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(︃

1ˆ︁J𝐾 ˆ︁∇ · ˆ︁𝝍 (𝑝)
𝑏𝐾𝑛 ,𝒊

𝐾
𝑛

(ˆ︁𝒓))︃ ◦ ˆ︁𝐹−1
𝐾
(𝒓) if 𝒓 ∈ 𝐾 ,

0 otherwise,
(2.89)

where 𝑏𝐾𝑛 = 1,2,3 is the local index of the edges of triangle 𝐾 and 𝒊𝐾𝑛 is the array of local indices
which is associated with an interpolatory point defining the basis function 𝝍 (𝑝)𝑛 , such that

1 ≤ 𝒊𝐾𝑛 [1] ≤ 𝑝 ,
1 ≤ 𝒊𝐾𝑛 [2] ≤ 𝑝 + 1 − 𝒊𝐾𝑛 [1] ,

𝒊𝐾𝑛 [3] = 𝑝 + 2 − 𝒊𝐾𝑛 [1] − 𝒊𝐾𝑛 [2] .
(2.90)

These functions are div-conforming as they equal zero on one edge of𝐾 and are tangent along the
two others. With this definition, we obtain three different basis functions for each interpolatory
point located inside the cell (for each possible value of 𝑏𝐾𝑛 ). Because they are two-dimensional
vectors, only two basis functions are independent so that one cell-based basis function needs to be
removed for each interpolatory point located inside the cell [67]. The choice of the basis func-
tion to remove can be done arbitrarily, and for instance, we can systematically drop the case
𝑏𝐾𝑛 = 3. In this way, we only build 𝑝(𝑝 + 1) instead of 3𝑝(𝑝 + 1)/2 basis functions for each cell
of the mesh.

2.3 Discretization of the Variational Problem

2.3.1 Standard Discretization of the EFIE
We focus here on the discretization of the electric field integral equation in its variational

form (1.115).
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2.3 – Discretization of the Variational Problem

For a given mesh approximation ofΓ, and for a given order 𝑝, the Sobolev space𝐻−1/2(divΓ, Γ)
is restricted to the Raviart-Thomas space RT𝑝. This technique is known as the Galerkin method,
where the same finite/boundary elements are used to approximate the testing and source func-
tions. More specifically, we approximate the surface current density (the source function)
as

𝑱 ≈
𝑁𝑝∑︁
𝑛=1
[ 𝒋𝑝]𝑛𝝍 (𝑝)𝑛 , (2.91)

and the EFIE is tested with rotated basis functions {𝒏 × 𝝍 (𝑝)} (the testing functions). This
defines 𝑁𝑝 equations, for 𝑚 = 1, . . . , 𝑁𝑝,⟨︄

𝒏 × 𝝍 (𝑝)𝑚 ,T
𝑁𝑝∑︁
𝑛=1
[ 𝒋𝑝]𝑛𝝍 (𝑝)𝑛

⟩︄
= −1

𝜂

⟨︂
𝒏 × 𝝍 (𝑝)𝑚 , 𝒏 × 𝑬inc

⟩︂
. (2.92)

By linearity of the EFIE operator T , we can finally express this system of equations in terms of
a square matrix system of size 𝑁𝑝

T𝑝 𝒋𝑝 = 𝒆𝑝 . (2.93)

The system matrix is
T𝑝 ≔ − 𝑗 𝑘T𝑠 |𝑝 + ( 𝑗 𝑘)−1Tℎ |𝑝 , (2.94)

with the discretization of the integral operators

[T𝑠 |𝑝]𝑚𝑛 ≔ ⟨𝒏 × 𝝍 (𝑝)𝑚 ,T𝑠𝝍 (𝑝)𝑛 ⟩

=

∫
Γ

∫
Γ

𝐺 (𝒓, 𝒓′)𝝍 (𝑝)𝑚 (𝒓) · 𝝍 (𝑝)𝑛 (𝒓′) d𝑆(𝒓′)d𝑆(𝒓) ,
(2.95)

[Tℎ|𝑝]𝑚𝑛 ≔ ⟨𝒏 × 𝝍 (𝑝)𝑚 ,Tℎ𝝍 (𝑝)𝑛 ⟩

= −
∫
Γ

∫
Γ

𝐺 (𝒓, 𝒓′)divΓ𝝍 (𝑝)𝑚 (𝒓)divΓ𝝍 (𝑝)𝑛 (𝒓′) d𝑆(𝒓′)d𝑆(𝒓) ,
(2.96)

where an integration by parts (1.65) has been used in (2.96), allowing to symmetrize the
expression and to remove the hypersingularity of the gradient of the Green’s kernel. The
discretization of the right-hand side is

[𝒆𝑝]𝑚 ≔ −1
𝜂
⟨𝒏 × 𝝍 (𝑝)𝑚 , 𝒏 × 𝑬inc⟩

= −1
𝜂

∫
Γ

𝝍 (𝑝)𝑚 (𝒓) · 𝑬inc(𝒓) d𝑆(𝒓) .
(2.97)

In the following of the thesis, when there will be no ambiguity about the order, we will
omit the index 𝑝 in the subscripts of the system matrix, unknown and right-hand side vectors.
The distinction will only be needed in Chapter 7 where a refinement in order (p-refinement)
will be needed to generate an auxiliary space. We will also refer to the column elements as
expansion / source functions, and the row elements as testing functions and we will use the same
terminology for the integration points 𝒓′ and 𝒓, respectively.
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2.3.2 The case of Thin PEC Layers
As the operators appearing in the EFIE are continuous across the boundary, the same equation

can be used to model thin PEC layers, that form open surface manifolds. The same derivation,
however, cannot be done with the MFIE and CFIE that can be used only to model closed PEC
boundaries [146].

Thin PEC layers model the limit case where the thickness of the PEC boundary is negligible
with respect to the other dimensions of the object and with respect to the wavelength. In that
limit, the two parallel surfaces merge together, and a thin layer is formed [146] (see Figure 2.2
below). We refer to [27] and references therein for mathematical analysis of the EFIE on open
structures.

𝛿 > 0

𝛿 = 0

Ω1Ω2

Ω1

Figure 2.2: Cross section of a closed PEC boundary of thickness 𝛿 > 0 and associated thin layer
obtained as the limit case where 𝛿 goes to zero. Dotted lines mean that the basis functions on
that side are removed.

From the discretization point of view, no basis function is associated with the edges along
the border of the open surface, as the basis functions need to be normal-continuous across the
edges. This can also be seen from the fact that the basis functions that were living on the corner
of the boundary cancel out when the two triangles forming their domains are merged.

In the interior of the surface, each basis function is duplicated on the same interpolatory
point with, for instance, opposite signs, corresponding to the currents on the “upper” and “lower”
sides of the boundary. To build a linearly independent system, these basis functions need to be
computed only once, and the coefficient unknown associated with the remaining basis function
becomes the combination of one less the other coefficient associated with the two original basis
functions. In other words, if we have two basis functions 𝝍1 and 𝝍2 with associated coefficients
𝛼1 and 𝛼2, respectively, one possible choice is to replace them by 𝝍 = 𝝍1 = −𝝍2 with associated
coefficient 𝛼 = 𝛼1 − 𝛼2 as we get 𝛼𝝍 = 𝛼1𝝍1 + 𝛼2𝝍2. With this choice, the representation
of the unknowns in terms of surface current densities on both sides of the PEC layer becomes
a representation in terms of jumps of the surface current densities across the PEC thin layer.
Notice that removing 𝛼1 and 𝛼2 from the unknowns of the linear system by replacing them with
𝛼 will prevent their recovery. Nevertheless, as the solution of the EFIE approximation is the
sum of the basis functions times their associated coefficients (2.91), finding the coefficient 𝛼 is
all we need.

2.3.3 The Case of PEC Junctions
With thin PEC Layers, we may also model structures with junctions, that correspond to the

limit case where the thickness of several connected PEC objects goes to zero along the same
edge. We thus obtain edges in the mesh that are shared by more than two triangles.
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We first consider the case where all the objects connected to the junction are thin PEC layers.
For an edge 𝑒 shared by 𝑛𝑒 triangles, we automatically have (𝑝 + 1)𝑛𝑒 basis functions along
that edge. For the same reason than explained in the case of a simple open boundary (without
junctions), one basis function per interpolatory point needs to be removed in order to provide
a linearly independent system [89]. It can be seen, indeed, that summing the basis functions
associated with the same interpolatory point located on an edge will give zero, so that one of
these basis functions is minus the sum of all the others. For that interpolatory point located on
an edge, we can then build (𝑛𝑒 − 1) basis functions, with associated coefficients for which the
sum is the same than that of the 𝑛𝑒 original unknowns. With these notations, the number of
basis functions—and the dimension of the Raviart-Thomas space—is

𝑁𝑝 = (𝑝 + 1)
𝐸∑︁
𝑒=1
(𝑛𝑒 − 1) + 𝑝(𝑝 + 1)𝐶 . (2.98)

Notice that 𝑛𝑒 = 2 in the case where edge 𝑒 does not form a junction and is inside the open
surface, and 𝑛𝑒 = 1 when it is on the border of the surface, which gives the standard number of
unknowns (2.53) if there is no junction at all.

Finally, another type of junction configuration can also be modeled, where not all the PEC
objects connected to the edge are open boundaries. In that case, no basis function connecting
the two sides of any closed object is defined, as there was no current there before merging the
edges of the mesh (i.e., before considering the thickness of the PEC to be zero at that location).
In that configuration, there is no linear dependency between the basis functions, so that none of
them is removed [146]. We finally denote by 𝑐𝑒 the number of closed bodies connected to the
edge 𝑒. With these notations

𝑁𝑝 = (𝑝 + 1)
𝐸∑︁
𝑒=1
(𝑛𝑒 −max(1, 𝑐𝑒)) + 𝑝(𝑝 + 1)𝐶 , (2.99)

where max(1, 𝑐𝑒) = 1 if there is no closed boundary connected to the edge 𝑒.
To recap, different possible cases of PEC junctions are illustrated in Figure 2.3.

a) b)

c) d)

Figure 2.3: Cross section of a junction edge with different types of configuration as described
in [146]: a) all surfaces are open, dotted lines mean that the basis functions on that side are
removed, b) all surfaces are closed, c) one surface is closed and the other is open, d) more
general case with several closed and open surfaces. In cases c) and d), the number of closed
bodies connected to the edge 𝑒 is 𝑐𝑒 = 2.
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2.4 Numerical Integration
The computation of the boundary element matrix discretization of the integral equations

requires the use of numerical quadrature methods. Notice that the entries of the system matrices
arising from the boundary element method are evaluations of double integrals, which imply that
most of the elements of the matrix are non-zero. This is different from the more standard finite
element method, for which the Galerkin discretization of a differential operator introduces a
single integral only—which implies the computation of a (very) sparse matrix.

Moreover, the integrals that we need to evaluate to assemble the system matrices are singular.
In particular, standard quadrature rules would imply the evaluation of singular functions of order
of magnitude O(|𝒓′ − 𝒓 |−1) in (2.95)–(2.96) and O(|𝒓′ − 𝒓 |−2) (1.92), where 𝒓′ and 𝒓 are the
source and testing points, respectively. This is not a desirable feature to apply standard Gaussian
quadrature rules, as it would result in the evaluation of functions that are divided by zero, or by
values close to zero. Therefore, we need to use specialized methods to approximate the integral
of singular functions.

Let us define an integrable function of two variables 𝑓 (𝒓, 𝒓′) with singularity at most
O(|𝒓′ − 𝒓 |−2)—which encompasses the different integral operators considered in that thesis,
including the cases where the functions to integrate behave as O(|𝒓′ − 𝒓 |−1) and O(1). The
double integrals on the surface boundary Γ can thus be approximated as∫

Γ

∫
Γ

𝑓 (𝒓, 𝒓′) d𝑆(𝒓′)d𝑆(𝒓) ≈
∑︁
𝐾

∑︁
𝐿

∫
𝐾

∫
𝐿

𝑓 (𝒓, 𝒓′) d𝑆(𝒓′)d𝑆(𝒓) ,

=
∑︁
𝐾

∑︁
𝐿

∫
ˆ︁𝐾
∫

ˆ︁𝐾 ˆ︁𝑓𝐿,𝑀 (ˆ︁𝒓,ˆ︁𝒓′) dˆ︁𝒓′ dˆ︁𝒓 , (2.100)

where ˆ︁𝑓𝐿,𝑀 (ˆ︁𝒓,ˆ︁𝒓′) = 𝑓 (ˆ︁𝐹𝐾 (ˆ︁𝒓), ˆ︁𝐹𝐿 (ˆ︁𝒓′)) ˆ︁J𝐾 (ˆ︁𝒓) ˆ︁J𝐿 (ˆ︁𝒓′) . (2.101)

Notice that when the elements 𝐾 and 𝐿 are touching, the inner integral (on triangle 𝐾) is
considered as a principal value.

The approximation of these integrals is then separated into three cases:
1) When the two triangles 𝐿 and 𝐾 are far enough from each other, standard Gaussian

quadratures can be used. We define Gaussian quadrature points ˆ︁𝒓𝑖 = (𝑢𝑖, 𝑣𝑖) in the reference
triangle, associated with weights 𝑤𝑖 such that∫

ˆ︁𝐾
∫

ˆ︁𝐾 ˆ︁𝑓𝐿,𝑀 (ˆ︁𝒓,ˆ︁𝒓′) dˆ︁𝒓′ dˆ︁𝒓 ≈∑︁
𝑖

𝑤𝑖

∑︁
𝑗

𝑤 𝑗
ˆ︁𝑓𝐿,𝑀 (ˆ︁𝒓𝑖,ˆ︁𝒓 𝑗 ) . (2.102)

In general, these quadrature rules are able to exactly integrate polynomials of a given
order, and the approximation error still reduces with the number of points for non-polynomial
functions. Notice that the more 𝑓 (𝒓, 𝒓′) is having variations—because of increasing order of
the basis functions and because of increasing wavenumber in the Green’s kernel—the more
quadrature points we need. For instance, the number of Gaussian points has to be increased
quadratically with respect to the order of basis functions [115].

2) When the geometrical elements are touching each other, different methods can be used,
such as the so-called singularity subtraction and singularity cancellation methods. The singular-
ity subtraction [74] consists in removing the singular part of the function 𝑓 (𝒓, 𝒓′) for which we
know the analytical solution, and to use Gaussian quadrature methods to evaluate the remain-
ing part. The singularity cancellation [102] consists in applying a coordinate transform to the
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integration variables, with an associated Jacobian determinant that cancels out the singularity
in 𝑓 (𝒓, 𝒓′). In [123], Sauter and Schwab propose three singularity cancellation techniques for
the cases of common triangle, common edge and common vertex. For each of these specific
cases, the technique proceeds to a mapping of the pair of reference triangles ˆ︁𝐾 × ˆ︁𝐾 into a com-
bination of several square domains, for which the associated Jacobian determinant cancels the
O(|𝒓′ − 𝒓 |−2) singularity. Gaussian quadrature rules for the square are then used to approximate
these integrals.

3) When the triangles 𝐾 and 𝐿 are too close to apply the Gaussian quadrature, but are not
touching, different techniques need to be applied. These integrals are often referred to as near
singular integrals. A technique may consist in splitting 𝑓 (𝒓′, 𝒓) into two contributions [101].
The first contribution is 𝑓 (𝒓′⊥, 𝒓), where 𝒓′⊥ is the orthogonal projection of 𝒓′ ∈ 𝐿 onto the
triangle 𝐾 , for which the associated integral can be computed via singularity cancellation or
singularity extraction. The second contribution is the remainder 𝑓 (𝒓′, 𝒓) − 𝑓 (𝒓′⊥, 𝒓), for which
the associated integral can be evaluated with standard Gaussian quadrature rules.

2.5 Discussion on the Discretization of the Other
Variational Problems

In this section, we recap the differences between the discretization of the EFIE variational
formulation and the discretization of the other variational formulations (for the MFIE, CFIE and
PMCHWT). These formulations will not be further explored in the following of the thesis and
this is done only briefly to introduce the possible extensions of our work and the difficulties that
may be encountered while doing so.

2.5.1 Discretization of the MFIE and CFIE
The discretization of the MFIE introduces the need for the computation of a so-called mixed

Gram matrix, that evaluates the inner products between 𝐻−1/2(divΓ, Γ) and 𝐻−1/2(curlΓ, Γ)
boundary elements. While this inner product is 𝐿2-stable with the continuous spaces, it produces
an ill-conditioned Gram matrix when using the same boundary element spaces (up to the rotation)
to discretize both 𝐻−1/2(divΓ, Γ) and 𝐻−1/2(curlΓ, Γ) [42, 28].

At order zero, when using RWG functions (2.76) to expand the current (2.91), this problem
has been solved by introducing the Buffa-Christiansen (BC) functions [7], which are found as
a linear combination of RWG functions built on the barycentric refinement of the mesh. These
functions are said to be dual to the RWG functions in the sense that the dimension of its solenoidal
and quasi-irrotational subspaces are exchanged with respect to the dimension of the solenoidal
and quasi-irrotational subspaces of the Raviart-Thomas space of order 0, respectively. This
property is the key to obtain a well-conditioned Gram matrix, that evaluates the inner products
between RWG and rotated BC functions [7, 46]. At higher order, the construction of a dual
space sharing similar properties has been introduced in [135]. Another construction will be
proposed in Chapter 7 and will be applied to the discretization of the Calderón identity in the
context of operator preconditioning of the EFIE.
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2.5.2 Discretization of PMCHWT
The discretization of the PMCHWT variational formulation can be done by using the

Raviart-Thomas elements for both expansion and testing spaces, and both magnetic and electric
unknowns.

The modelling of more than two regions is obtained by superposing all the problems that
we obtain when Ω1 represents one of the regions, where the excitation fields and currents are
non-zero, and Ω2 contains all the other regions, where the excitation fields and currents are set
to zero (see Section 1). One major challenge in that case, however, is related to the presence of
several dielectric interfaces touching at the same edge, that we refer to as dielectric junctions.

Differently from the case of PEC junctions, the basis functions at a dielectric junction need
to share the same unknowns when they are associated with the same interpolatory point, which
is a consequence of the boundary conditions (1.14). From the implementation point of view, this
can be done by assembling the matrix discretization separately for each domain and by summing
at the same row and same column the contributions of the basis functions associated with an
identical interpolatory point, located at the interface between several domains.

The situation complexifies further when the junction is made of several dielectric interfaces,
thin PEC layers and closed PEC boundaries. The rules to set the coefficient unknowns can
still be obtained as a consequence of the boundary conditions (1.14), and can be found, for
instance, in [146]. Notably, when the edge is shared with PEC boundaries, the magnetic
surface current density 𝑴 is zero and no magnetic basis functions are set for the interpolatory
points along the junction, in every domain. This means that the number of basis functions to
discretize the electric and magnetic surface current densities may not be the same when dealing
with composite structures. Along PEC boundaries, and at junctions with PEC boundaries, the
PMCHWT formulation is replaced by the EFIE, MFIE or CFIE. It is advised in general to
chose the EFIE for thin PEC layers and the CFIE for closed PEC objects [146] in order to avoid
spurious resonances. In any case, this results in an overall system discretization that relies on
hybrid formulations.

Very few preconditioning techniques are compatible with the modelling of dielectric junc-
tions. An alternative proposed in [43, 47] is to get rid of the junctions by considering a fictitious
space of zero thickness between the different objects, so that the interfaces are duplicated and
the junctions are artificially removed. This way of modelling the interfaces is referred to as the
multi-trace formulation, in opposition to the single-trace formulation that refers to the technique
of enforcing continuity by merging the unknowns, as presented above. However, the multi-trace
formulation results in two major drawbacks: (i) every unknown is duplicated on each interface,
including the case where there is no junction, which implies a system that is at least twice
bigger than with the single-trace formulation; and (ii) this fills the entire matrix of non-zero
coefficients, which is not the case with the single-trace formulation as interactions associated
with non-touching regions are zero in that case.
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Chapter 3

Numerical solvers

3.1 Spectral Decompositions, Pseudoinversion and
Orthogonal Projections

In this section, we collect the different notions of linear algebra that allow us to define the
eigenvalue and singular value spectra of a matrix as well as their connections to inversion,
pseudoinversion, orthogonal projections and stability of a linear system. These results can be
found in the books [14, 96, 130].

Definition 3.1 (Eigenvalues). Let A be a matrix of size 𝑁 × 𝑁 . We say that 𝜐 ∈ C is an
eigenvalue of A if their exists an eigenvector 𝒙 such that A𝒙 = 𝜐𝒙.

Theorem 3.1 (Cayley-Hamilton). The matrix A possesses 𝑁 eigenvalues (possibly equal to the
same value multiple times, or equal to zero), that are the roots of the characteristic polynomial
det(𝜐I − A). In the following we denote by {𝜐𝑖}𝑁𝑖=1 the set of eigenvalues of A, such that
|𝜐1 | ≥ . . . ≥ |𝜐𝑁 |.

Theorem 3.2 (Courant-Fischer-Weyl min-max principle). Let A be an Hermitian matrix (i.e.,
A = A∗) of size 𝑁 and let us consider the Rayleigh-Ritz quotient (for 𝒙 ≠ 0)

𝑅A(𝒙) =
𝒙∗A𝒙

𝒙∗𝒙
. (3.1)

Then,

𝜐𝑖 = max
M⊂R𝑁
dim(M)=𝑖

min
𝒙∈M

𝑅A(𝒙) = min
M⊂R𝑁

dim(M)=𝑁−𝑖+1

max
𝒙∈M

𝑅A(𝒙) , (3.2)

with, in particular,
𝜐1 = max

𝒙∈R𝑁
𝑅A(𝒙) , 𝜐𝑁 = min

𝒙∈R𝑁
𝑅A(𝒙) . (3.3)

Theorem 3.3 (Diagonalization of an Hermitian Matrix). Let A be an Hermitian matrix of size
𝑁 . There exists a unitary matrix U such that A = UDU∗, where D is a diagonal matrix containing
the eigenvalues of A (i.e., [D]𝑖𝑖 = 𝜐𝑖). Notice that the columns of U are the eigenvectors of A,
which form an orthonormal basis of R𝑁 .

Definition 3.2 (Singular Value Decomposition (SVD)). Let A be any matrix of size 𝑀 × 𝑁 .
There exist a unitary matrix U of size 𝑀 × 𝑀 (UU∗ = U∗U = I), a unitary matrix V of size
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𝑁 × 𝑁 (VV∗ = V∗V = I) and a diagonal matrix S of size 𝑀 × 𝑁 with non-negative diagonal
entries, such that A = USV∗. We denote by {𝑠𝑖}min(𝑀,𝑁)

𝑖=1 the diagonal entries of S, which are,
by definition, the singular values of A, with 𝑠1 ≥ . . . ≥ 𝑠min(𝑀,𝑁) ≥ 0, while the columns of U
and V are there associated singular vectors. Notice that if A is Hermitian, then V = U and its
singular value decomposition matches with its eigenvalue decomposition.
Proposition 3.1 (Characterization of the SVD). Let us consider the singular value decomposition
A = USV∗. Then, AA∗ = USSTU∗ and A∗A = VSTSV∗ are two Hermitian semidefinite positive
matrices, with eigenvalues {𝑠2

𝑖
}min(𝑀,𝑁)
𝑖=1 (completed with zeros to match the dimension of V

and U). Conversely, the non-zero singular values of A are the square roots of the non-zero
eigenvalues of A∗A and AA∗.
Theorem 3.4 (Courant-Fischer-Weyl min-max principle for singular values). Let A be any
matrix of size 𝑀 × 𝑁 with associated normal Rayleigh-Ritz quotient (for 𝒙 ≠ 0)

𝑅A∗A(𝒙) =
𝒙∗A∗A𝒙

𝒙∗𝒙
=
|A𝒙 |2
|𝒙 |2

. (3.4)

Then, for 𝑖 = 1, . . . ,min(𝑀, 𝑁),

𝑠𝑖 = max
M⊂R𝑁
dim(M)=𝑖

min
𝒙∈M

|A𝒙 |
|𝒙 | = min

M⊂R𝑁
dim(M)=min(𝑀,𝑁 )−𝑖+1

max
𝒙∈M

|A𝒙 |
|𝒙 | , (3.5)

with, in particular,

𝑠1 = max
𝒙∈R𝑁

|A𝒙 |
|𝒙 | , 𝑠𝑁 = min

𝒙∈R𝑁
|A𝒙 |
|𝒙 | . (3.6)

Definition 3.3 (Rank of a Matrix). Let us consider the matrix A of size 𝑀 × 𝑁 with singular
values {𝑠𝑖}min(𝑀,𝑁)

𝑖=1 . There exists 𝑟 ≤ min(𝑀, 𝑁) such that 𝑠𝑖 = 0 for all 𝑖 > 𝑟. This value
corresponds to the rank of A, which is the number of linearly independent columns and rows
of A. The matrix is said to be full rank / invertible when 𝑟 = 𝑀 = 𝑁 , full row rank when
𝑟 = 𝑀 < 𝑁 , full column rank when 𝑟 = 𝑁 < 𝑀 , and rank-deficient otherwise.
Theorem 3.5 (Spectral Norm and Spectral Radius). For any matrix A, its spectral norm is

∥A∥ = 𝑠1 , (3.7)

where 𝑠1 is its maximal singular value. For a square matrix, its spectral radius is defined as

𝜌(A) = |𝜐1 | , (3.8)

where 𝜐1 is its eigenvalue of maximal modulus. Furthermore, it can be shown that

𝜌(A) ≤ ∥A∥ . (3.9)

Definition 3.4 (Reduced SVD). Let us consider a matrix A of rank 𝑟 with singular value
decomposition USV∗. We can set U = (˜︁U ˜︁U⊥) and V = (˜︁V ˜︁V⊥) such that

A =

(︂˜︁U ˜︁U⊥)︂ (︃˜︁S 0
0 0

)︃ (︃˜︁V∗˜︁V∗⊥
)︃

= ˜︁U˜︁S˜︁V∗ , (3.10)

where ˜︁S is a square diagonal matrix of size 𝑟 × 𝑟 containing the positive singular values of
A, and where ˜︁U and ˜︁V are rectangular matrices of size 𝑀 × 𝑟 and 𝑁 × 𝑟 respectively. This
decomposition is referred to as the reduced singular value decomposition. Notice that U and V
being unitary matrices, we have ˜︁U∗˜︁U = ˜︁V∗˜︁V = I, ˜︁U∗˜︁U⊥ = ˜︁V∗˜︁V⊥ = 0, ˜︁U˜︁U∗ = I − ˜︁U⊥˜︁U∗⊥ and˜︁V˜︁V∗ = I − ˜︁V⊥˜︁V∗⊥.
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Definition 3.5. The range (or the column space) of a matrix A refers to the vector space spanned
by its columns, i.e.,

range A ≔
{︁
𝒙 ∈ C𝑀 : ∃𝒚 ∈ C𝑁 such that 𝒙 = A𝒚

}︁
. (3.11)

If we denote by ˜︁U˜︁S˜︁V∗ the reduced SVD of A, then range A = range ˜︁U.

Definition 3.6 (Moore-Penrose Pseudoinverse [14]). Let us consider a matrix A with a reduced
singular value decomposition ˜︁U˜︁S˜︁V∗. The Moore-Penrose pseudoinverse of A is defined as

A+ = ˜︁V˜︁S−1˜︁U∗ . (3.12)

Notice that if A is a (square) invertible matrix, this definition matches with the definition of the
inverse of A, as in that case ˜︁U˜︁U∗ = I and ˜︁V˜︁V∗ = I. The Moore-Penrose pseudoinverse allows to
solve ill-posed systems, i.e., when A is rectangular or square and not invertible, but the system
A𝒙 = 𝒃 can be solved because 𝒃 belongs to the range of A. More generally, the vector 𝒙 = A+𝒃
minimizes |A𝒙 − 𝒃 | (in the Euclidean norm).

Proposition 3.2 (Properties of the Moore-Penrose Pseudoinverse [14]). We can check that

1. AA+A = A.

2. A+AA+ = A+.

3. AA+ and A+A are Hermitian matrices.

4. If A has linearly independent columns (full column rank) and B has linearly independent
rows (full row rank), then (AB)+ = B+A+.

5. If A is full column rank, then A+A = I.

6. If A is full row rank, then AA+ = I.

Proposition 3.3. Let us consider a matrix A with a singular value decomposition USV and a
reduced singular value decomposition ˜︁U˜︁S˜︁V∗. We also define the orthogonal complement to ˜︁U
as ˜︁U⊥ such that U = (˜︁U ˜︁U⊥) and ˜︁U∗˜︁U⊥ = 0. We thus have

A (A∗A)+A∗ = ˜︁U˜︁U∗ ,
I − A (A∗A)+A∗ = ˜︁U⊥˜︁U∗⊥ . (3.13)

Proof. We check from the definition of the pseudoinverse and from ˜︁U∗˜︁U = ˜︁V∗˜︁V = I that

A (A∗A)+A∗ = ˜︁U˜︁S˜︁V∗ (︂˜︁V˜︁S˜︁U∗˜︁U˜︁S˜︁V∗)︂+ ˜︁V˜︁S˜︁U∗ = ˜︁U˜︁S˜︁V∗ (︂˜︁V˜︁S2˜︁V∗)︂+ ˜︁V˜︁S˜︁U∗
= ˜︁U˜︁S˜︁V∗ (︂˜︁VS−2˜︁V∗)︂ ˜︁V˜︁S˜︁U∗ = ˜︁U˜︁U∗ . (3.14)

Further, from the definition of U, we have

UU∗ = ˜︁U˜︁U∗ + ˜︁U⊥˜︁U∗⊥ = I , (3.15)

such that I − A (A∗A)+A∗ = ˜︁U⊥˜︁U∗⊥. □
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Definition 3.7. The orthogonal projector onto the range of A is given by

P𝐴 = A (A∗A)+A∗ , (3.16)

while the orthogonal projector onto the space orthogonal to the range of A is I − P𝐴.

Proof. Let us define two matrices A ∈ C𝑁×𝑀 and B ∈ C𝑁×(𝑁−𝑀) that are orthogonal to each
other (i.e., A∗B = 0). Then, for any vector 𝒙 ∈ C𝑁 , the rank theorem states that there exist
𝒚𝐴 ∈ C𝑀 and 𝒚𝐵 ∈ C𝑁−𝑀 such that the orthogonal decomposition 𝒙 = A𝒚𝐴 + B𝒚𝐵 is unique.
We denote by ˜︁U˜︁S˜︁V the reduced SVD of A. We thus have from Proposition 3.3

P𝐴𝒙 =

(︂˜︁U˜︁U∗)︂ ˜︁U˜︁S˜︁V∗𝒚𝐴 + (︁
A (A∗A)+A∗

)︁
B𝒚𝐵

= ˜︁U˜︁S˜︁V∗𝒚𝐴 = A𝒚𝐴 ,
(3.17)

and
(I − P𝐴)𝒙 = B𝒚𝐵 = P𝐵𝒙 . (3.18)

□

Theorem 3.6. [Truncated SVD] Let us consider a matrix A of rank 𝑟, with reduced singular
value decomposition ˜︁U˜︁S˜︁V∗. The best approximation of A by a matrix of rank 𝑟′ < 𝑟 is given by
the truncated SVD

A𝑟 ′ = ˜︁U𝑟 ′˜︁S𝑟 ′˜︁V∗𝑟 ′ (3.19)

where ˜︁U𝑟 ′ and ˜︁V𝑟 ′ are the matrices containing the 𝑟′ first columns of ˜︁U and ˜︁V and ˜︁S𝑟 ′ is the
diagonal matrix containing the upper left 𝑟′ × 𝑟′ block of ˜︁S. Moreover, the truncating error is

∥A − A𝑟 ′ ∥ = 𝑠𝑟 ′+1 , (3.20)

where 𝑠𝑟 ′+1 is the (𝑟′ + 1)-th highest singular value of A.

Definition 3.8 (Condition number). Let us consider a (square) invertible matrix A of size 𝑁 . Its
condition number is defined as

cond(A) ≔ ∥A∥ ∥A−1∥ = 𝑠1
𝑠𝑁
, (3.21)

where 𝑠1 ans 𝑠𝑁 are the maximal and minimal singular values of A, respectively. For a (possibly
rectangular) matrix of rank 𝑟, we define the pseudo condition number as

cond+(A) ≔ ∥A∥ ∥A+∥ = 𝑠1
𝑠𝑟
, (3.22)

where 𝑠𝑟 is the smallest non-zero singular value of A. A matrix with a high condition number
(or pseudo condition number) is said to be ill-conditioned.

Theorem 3.7 (Error bound on the solution of invertible linear systems). Let us consider the
system A𝒙 = 𝒃 where A is a (square) invertible matrix and 𝒃 is a non-zero vector. If we consider
a perturbation 𝛿𝒃 on 𝒃, the perturbation 𝛿𝒙 on the solution 𝒙, that satisfies A(𝒙 + 𝛿𝒙) = 𝒃 + 𝛿𝒃,
is bounded in relative norm by the condition number as

|𝛿𝒙 |
|𝒙 | ≤ cond(A) |𝛿𝒃 ||𝒃 | . (3.23)

If we consider a perturbation 𝛿A on A, the perturbation 𝛿𝒙 on the solution 𝒙, that satisfies
(A + 𝛿A) (𝒙 + 𝛿𝒙) = 𝒃, is bounded in relative norm by the condition number as

|𝛿𝒙 |
|𝒙 + 𝛿𝒙 | ≤ cond(A) ∥𝛿A∥∥A∥ . (3.24)
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3.2 Matrix Factorizations and Direct Solvers
Let us consider the linear system

A𝒙 = 𝒃 . (3.25)

Direct solvers refer to the computation of the solution of (3.25) with algorithms that are done
in a finite and predetermined number of steps. According to Theorem 3.7, the accuracy of
the numerical solution depends on the working machine precision in addition to the condition
number of A. To solve the system, these algorithms usually rely on the pre-computation of
a factorization of A [65], with matrices that are straightforward to invert. Examples of such
matrices are

• Diagonal matrices, that imply multiplying the right-hand side by the inverse of the diagonal
entries.

• Orthogonal / unitary matrices, that imply multiplying the right hand side by their transposes
/ conjugate transposes.

• Upper and lower triangular matrices, that imply solving the system with backward and
forward substitutions.

• Permutation matrices, that imply reordering the elements of the solution.

The singular value decomposition (SVD), for instance, has these properties. If the system
matrix is written as A = USV∗, where U and V are unitary matrices and S is a diagonal matrix
of non-zero entries, the solution of the system is formally given by 𝒙 =

(︂
V

(︂
S−1 (U∗𝒃)

)︂)︂
, where

two matrix-vector products with U∗ and V and division by the diagonal elements of S are carried
out.

The QR-decomposition is based on Gram-Schmidt orthogonalization and provides a factor-
ization of the system matrix in the form A = QR, where Q is a unitary matrix and R is an upper
triangular matrix. The solution of the system is formally given by 𝒙 =

(︁
R−1 (Q∗𝒃)

)︁
, where a

matrix-vector product with the conjugate transpose of Q and a backward substitution with the
elements of R are carried out.

The LU-factorization gives a factorization of A in terms of a multiplication between a lower
triangular matrix L and an upper triangle matrix U. This decomposition is not always possible
and the most general case resorts to a permutation matrix P, such that A = PLU. The solution of
the linear system can be formally written as 𝒙 =

(︂
U−1

(︂
L−1

(︂
PT𝒃

)︂)︂)︂
, which implies permuting

the elements of b (with the map given by P), and applying forward and backward substitutions
with the matrices L and U, respectively.

These direct solvers share the same computational complexity, which is cubic with respect to
the size of the system [65]. More precisely, the factorization of A requires a cubic amount of op-
erations while the solving steps require a quadratic number of operations. Nevertheless, it should
be noted that the LU-factorization is faster to compute than the SVD and QR-decomposition,
and it is usually preferred when solving well-posed linear systems (with a square and invertible
matrix A). The SVD and QR-decomposition are however useful to solve rectangular systems, or
ill-posed systems associated with non-invertible square matrices, as these factorizations allow
to compute A+𝒙 [14].

Despite their high complexity, direct solvers are widely used in computational electromag-
netics for two main reasons:
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• They are quite well adapted to deal with a large number of right-hand side vectors (i.e.,
for several excitation field and current sources in the electromagnetic problem) as the
factorization can be done once for all.

• They are more robust to ill-conditioning than iterative solvers as the termination of the
algorithm is ensured.

3.3 Iterative Solvers
Differently from direct solvers, iterative solvers are algorithms that compute an approxima-

tion of the solution step-by-step with a sequence of vector iterates {𝒙𝑖} that converge to the
exact solution of the linear system A𝒙 = 𝒃 under some circumstances [122]. The number of
iterations is not known in advance and it is not even ensured that the convergence will finally
occur, except for certain solvers applied to some classes of matrices. For instance, the conjugate
gradient (CG), which belongs to the family of Krylov solvers, converges in at most 𝑁 iterations
(where 𝑁 is the size of the system) when solving Hermitian positive definite systems in exact
arithmetic [77]. However, this is not even true with finite machine precision as small errors in the
computation of the iterates, especially for ill-conditioned matrices, will hinder the computation
of the actual converging sequence, and at least slow down that convergence, if not jeopardizing
it [107]. Most of these solvers rely on stopping criteria, for instance when the relative residual
norm

|A𝒙𝑖 − 𝒃 |
|𝒃 | (3.26)

or the relative difference between two iterates

|𝒙𝑖 − 𝒙𝑖−1 |
|𝒙𝑖−1 |

(3.27)

are lower than a given threshold tol > 0. In this section, we briefly describe the principles of
some of these iterative solvers.

3.3.1 Stationary methods
Stationary methods generate a sequence of iterates in the form 𝒙𝑖+1 = 𝐹 (𝒙𝑖) which, in case

of convergence, tend towards the stationary point 𝒙 = 𝐹 (𝒙) that matches with the solution of
the linear system A𝒙 = 𝒃 [122].

A first example is the Richardson method, where given a constant 𝛼 > 0,

𝒙𝑖+1 = Rich(𝒙𝑖, 𝑨, 𝒃) ≔ 𝒙𝑖 + 𝛼(𝒃 − A𝒙𝑖) . (3.28)

The method converges if ∥I − 𝛼A∥ < 1 and for Hermitian positive definite matrices this is
ensured if 𝛼 = 2/(𝜐1 + 𝜐𝑁 ) where 𝜐1, 𝜐𝑁 > 0 are the maximal and minimal eigenvalues of A,
respectively.

Other examples of stationary methods are based on the decomposition of A in terms of
its lower, diagonal and upper parts, that is A = L + D + U where D is diagonal, L is lower
triangular (without diagonal), and U is upper triangular (without diagonal). For instance, the
Jacobi method is given by the sequence of iterates

𝒙𝑖+1 = Jac(𝒙𝑖, 𝑨, 𝒃) ≔ D−1(𝒃 − (L + U)𝒙𝑖) (3.29)
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that converges if and only if 𝜌(D−1(L + U)) < 1 and the Gauss-Seidel method is given by the
sequence of iterates

𝒙𝑖+1 = GS(𝒙𝑖, 𝑨, 𝒃) ≔ (L + D)−1(𝒃 − U)𝒙𝑖) (3.30)

that converges if and only if 𝜌((L + D)−1U) < 1.
The convergence of these methods is clearly not ensured for every matrix, and it is often

very slow when it occurs. The stationary methods can however be used in multigrid methods,
which provide more efficient iterative solvers.

3.3.2 Multigrid methods
Multigrid methods are a widely used class of algorithms that are particularly well-suited

to iteratively solve matrix systems arising from the discretization of elliptic partial differential
equations [123, 104, 109, 19, 120, 134].

Given a matrix A(0) of size 𝑁 associated with the system A(0)𝒙 (0) = 𝒃 (0) , the objective is to
look for restriction and prolongation matrices R1,0 and P0,1 such that A(1) = R1,0A(0)P0,1 is a
matrix of smaller size that shares some spectral properties with A(0) . In particular, if we denote
by

𝒓 (0)
𝑖

= 𝒃 (0) − A(0)𝒙 (0)
𝑖

(3.31)

the residual associated with the first system for a given iterate 𝒙 (0)
𝑖

, and we set

𝒓 (1)
𝑖

= R1,0𝒓
(0)
𝑖
, (3.32)

then the solution of the system
A(1)𝒆(1)

𝑖
= 𝒓 (1)

𝑖
(3.33)

allows to define the correction
𝒙 (0)
𝑖+1 = 𝒙 (0)

𝑖
+ P0,1𝒆

(1)
𝑖

(3.34)

that should have a smaller residual norm than 𝒙𝑖, i.e., |𝒓 (0)
𝑖+1 | ≤ |𝒓

(0)
𝑖
|.

The construction of the restriction and prolongation matrices depends on the type of system
we are solving. For instance, when A(0) is obtained as the Galerkin discretization of a differential
equation, these matrices can be built as the projection of the basis functions onto the functions
defined on another grid level. In a more general context, these matrices can be built by inspecting
the coefficients in the matrix A(0) in order to reproduce the effects of a grid coarsening. Such
techniques can be applied to a wider variety of matrices and are referred to as algebraic multigrids.

Further, this procedure can be reproduced at multiple levels. We denote by 𝐿 the num-
ber of levels and by Rℓ+1,ℓ and Pℓ,ℓ+1 the restriction and prolongation matrices for each level
ℓ = 0, . . . , 𝐿 − 1 such that A(ℓ+1) = Rℓ+1,ℓA(ℓ)Pℓ,ℓ+1 are matrices of decreasing size for which
the solution of the associated linear systems allows to reduce the residual norm at the lower
levels. Moreover, the coarsening matrices are made in a way that the size of the system at level
ℓ + 1 is reduced by an almost constant factor with respect to the size of the system at level ℓ. If
𝐿 = O(log 𝑁), the size of A𝐿 is close to that factor, and its associated system can be solved with
a direct solver at little cost.

For solving the system A𝒙 = 𝒃, multigrid methods then consist in repeating a recursive
procedure (for instance the V-cycle described in Algorithm 2) until reaching the chosen tolerance
threshold (parameter tol) or the maximum number of iterations (parameter maxiter); as shown
in Algorithm 1.
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At each level of the V-cycle, a stationary method referred to as smoother is employed to
approximate the solution at that given level. We can choose for instance the Richardson, Jacobi
or Gauss-Seidel methods to define the smoothing function (with the functions Rich, Jac and GS
in (3.28), (3.29) and (3.30)). Only few iterations of the smoother are done at the beginning
(parameter 𝜈1) and at the end (parameter 𝜈2) of the level. In between of these two smoothing
steps, restriction (3.32), correction (3.33) and prolongation (3.34) are computed in order to
improve the convergence obtained with the smoother. The direct inversion of the coarsened
system in the correction step is only done at the highest level ℓ = 𝐿 and the V-cycle is called
recursively at the other levels in order to get an approximate solution of the system.

For some class of matrices, such as the Galerkin discretization of the Laplacian equation [120]
or the Laplacian of graphs [19], this method is very effective and can be carried out in log 𝑁
iterations, where 𝑁 is the size of the system, such that the overall complexity is 𝑁 log 𝑁 (as A
is sparse).

Algorithm 1 Multigrid(A, 𝒃, 𝒙0,maxiter, tol, 𝐿)
Initialization of level 0:
A(0) ← A
𝒙 (0)0 ← 𝒙0
Coarsening:
Compute Rℓ+1,ℓ, Pℓ,ℓ+1 and A(ℓ+1) = Rℓ+1,ℓA(ℓ)Pℓ,ℓ+1, for ℓ = 0, . . . , 𝐿 − 1.
for 𝑖 = 0, . . . ,maxiter − 1 do

𝒙 (0)
𝑖+1 = V-cycle(𝒙 (0)

𝑖
, 𝒃, 0, 𝐿)

if |𝒃 − A(0)𝒙 (0)
𝑖+1 |/|𝒃 | < tol then

return 𝒙 (0)
𝑖+1

end if
end for
return No convergence

Algorithm 2 V-cycle(𝒙 (ℓ) , 𝒓 (ℓ) , ℓ, 𝐿)
Pre-smoothing: 𝒙 (ℓ) ← smoother(𝒙 (ℓ) ,A(ℓ) , 𝒓 (ℓ)) [𝜈1 times]
Restriction: 𝒓 (ℓ+1) = Rℓ+1,ℓ

(︂
𝒓 (ℓ) − A(ℓ)𝒙 (ℓ)

)︂
Correction:
if 𝑞 < 𝐿 then

𝒆(ℓ+1) ← V-cycle
(︂
𝒓 (ℓ+1) , ℓ + 1, 𝐿

)︂
else

𝒆(ℓ+1) ← solve (A𝐿 , 𝒓𝐿)
end if
Prolongation: 𝒙 (ℓ) ← 𝒙 (ℓ) + Pℓ,ℓ+1𝒆(ℓ+1)
Post-smoothing: 𝒙 (ℓ) ← smoother(𝒙 (ℓ) ,A(ℓ) , 𝒓 (ℓ)) [𝜈2 times]
return 𝒙 (ℓ)
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3.3.3 Krylov methods
Another family of iterative solvers is based on the use of the Krylov subspaces [73]

K𝑖 (A, 𝒓) = span
(︂
𝒓,A𝒓,A2𝒓, . . . ,A𝑖 𝒓

)︂
, (3.35)

as they generate a sequence of iterates in the form

𝒙𝑖+1 = 𝒙𝑖 + 𝛼𝑖 𝒑𝑖 , (3.36)

where 𝒑𝑖 ∈ K𝑖 (A, 𝒓0) is the search direction, 𝛼𝑖 ∈ R is the step length at iteration 𝑖, and where
the residuals are 𝒓𝑖 = 𝒃 − A𝒙𝑖 (with 𝒓0 defining the Krylov space that is considered here).

The distinction between the different Krylov methods resides in the definition of the search
direction and step length. For instance, in the Hermitian positive definite case (i.e., when 𝒙∗A𝒙
defines a norm) the method of the conjugate gradient (CG) [77] generates a sequence of search
directions 𝒑𝑖+1 = 𝒓𝑖+1 + 𝛽𝑖 𝒑𝑖, where 𝛽𝑖 is computed to form A-conjugate vectors

𝒑∗𝑖 A 𝒑 𝑗 = 0 , 𝑖 ≠ 𝑗 , (3.37)

and computes the step length 𝛼𝑖 to minimize the A-norm of the residual

𝛼𝑖 ≔ argmin
𝛼

𝒓∗𝑖+1A𝒓𝑖+1 . (3.38)

In particular, these two properties together with A being Hermitian positive definite imply the
orthogonality between the residuals

𝒓∗𝑖 𝒓 𝑗 = 0 , 𝑖 ≠ 𝑗 , (3.39)

and the method requires at most 𝑁 iterations to find the exact solution assuming exact arithmetic,
where 𝑁 is the size of the system. This still holds for Hermitian indefinite matrices, providing
𝒑∗
𝑖
A 𝒑𝑖 ≠ 0 for every iteration 𝑖 until convergence. Also the following convergence estimate can

be proven [107]√︃
(𝒙 − 𝒙𝑖)TA(𝒙 − 𝒙𝑖) ≤ 2

(︄√︁
cond(A) − 1√︁
cond(A) + 1

)︄ 𝑖 √︃
(𝒙 − 𝒙0)TA(𝒙 − 𝒙0) , (3.40)

where 𝒙 is the exact solution of the system A𝒙 = 𝒃. This convergence estimate indicates that
the smaller is the condition number of A, the faster is the convergence in the norm induced by
matrix A. Moreover, it is known that ill-conditioning of A introduces numerical errors in the
computation of the iterates, which implies loss of orthogonality between the residuals, compro-
mising the convergence of the method [107].

In the more general case, when A is not Hermitian, the conjugate gradient method is
not suitable to solve the underlying system anymore, but other Krylov methods with similar
properties can be employed instead.

The generalized minimal residual (GMRES) method [121] minimizes the residual norm |𝒓𝑖 |
with a sequence of orthonormal search directions 𝒑∗

𝑖
𝒑 𝑗 = 𝛿𝑖, 𝑗 . In this way, the method converges

in exact arithmetic in at most 𝑁 iterations. One major drawback, however, is that it requires to
store all the previous search directions to build an orthonormal basis with the updated search
direction, leading to the storage of an increasingly large number of vectors. To tackle this issue,
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the orthogonalization process may be restarted after a given number of iterations. While that
strategy may be effective for some systems, this does not ensure the convergence of the algorithm
in a general context however.

The biconjugate gradient (BiCG) method [122] generates two sequences of iterates to solve
A𝒙 = 𝒃 and A∗˜︁𝒙 = 𝒃, respectively, with bi-conjugate search directions

𝒑∗𝑖 A˜︁𝒑 𝑗 = 0 , 𝑖 ≠ 𝑗 , (3.41)

and bi-orthogonal residuals
𝒓∗𝑖˜︁𝒓 𝑗 = 0 , 𝑖 ≠ 𝑗 , (3.42)

while the residual norm is not minimized. This method suffers from severe numerical instabili-
ties, and it is usually stabilized by adding one iteration of GMRES after each iteration, which is
referred to as biconjugate gradient stabilized (BiCGSTAB) method. The quasi-minimal residual
(QMR) method [58] generates the same type of bi-conjugate and bi-orthogonal sequences than
BiCG, but it additionally solves a least square problem in order to build residuals with a mini-
mal norm. Differently from GMRES, the minimization of the residuals is carried out within a
norm induced by a tridiagonal matrix that simplifies the minimization problem and that avoids
the need to store all the previous search directions. However, this modified norm is different
at each iteration, so that the full-orthogonalization between the residuals is not ensured. The
transpose-free quasi-minimal residual (TFQMR) method [57] is a variant of QMR that avoids
computing products with the conjugate transpose of A.

Unfortunately, few convergence results have been established for these methods, and they
are not as sharp as for the conjugate gradient (3.40). Nevertheless, it has been proven for some
classes of matrices, that a small condition number, or, in some other cases, bounded eigenvalues
clustered away from zero, imply rapid convergence of Krylov methods [57, 70, 99].

When the matrix A is ill-conditioned, the preconditioning of the system is needed to enhance
the convergence of Krylov solvers [113, 99]. Left and right preconditioners C𝐿 and C𝑅 are
found—one potentially being the identity matrix—that allow to define a preconditioned matrix
C𝑅AC𝐿 for which the spectrum is bounded, and for which the solution of associated linear
systems with Krylov solvers should require less iterations. We then solve the preconditioned
system

C𝐿AC𝑅𝒚 = C𝐿𝒃 , (3.43)

with 𝒙 = C𝑅𝒚, that is equivalent to the original system A𝒙 = 𝒃 whenever C𝐿 and C𝑅 are
full rank matrices. Notice that during the iterative process, we only carry out matrix-vector
products, first with C𝑅, then with A, and finally with C𝐿 , so that the two matrix-matrix products
in C𝐿AC𝑅 are never explicitly computed. Ideally, the cost to assemble these matrices and to
iteratively solve the underlying preconditioned system should lead to a faster computation than
the direct inversion, or than using iterative solvers without preconditioning (when convergence
still occurs). Moreover, it is not rare that C𝐿 and C𝑅 are the inverse of some operators, as a good
preconditioner would consist in approximating the inverse of A by C𝐿C𝑅. Hence, the matrix-
vector products associated with these two preconditioning matrices are sometimes computed
via numerical solvers as well. For instance, backward/forward substitutions with incomplete
(sparse) LU-factorizations or multiplication with sparse approximation of the inverse (SAI)
can be used as preconditioners [113, 33]. For Laplacian operators, few iterations of multigrid
methods can be used as a preconditioner for the conjugate gradient, instead of being used as
a stand-alone iterative solver [103]. In the following chapters, we will present preconditioners
that are more specific to the integral equations.
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3.4 Fast Matrix-Vector Products
In this section, we introduce some principles related to the implementation of fast matrix-

vector products, which are essential for accelerating the operations performed at each step of iter-
ative solvers—as these methods rely on repeating matrix-vector multiplications with the system
matrix. The combination of fast matrix-vector products with preconditioning techniques—that
aim at reducing and controlling the number of iterations—is the backbone of fast and scalable
solvers. It must be noted that any efficient solver should additionally rely on effective paralleliza-
tion of the matrix-vector products, and the adaptation of these algorithms to a parallel framework
must be additionally taken into account. This parallelization can be further improved via do-
main decomposition techniques, that consist in partitioning the simulation into smaller problems
associated with subdomains of the object—that can be solved independently, in parallel—with
additional coupling problems to be solved in order to impose continuity at their interfaces [110,
151, 80].

In the context of surface integral equations, most of the fast matrix-vector products algorithms
are based on the decomposition of the matrix system into near-field and far-field interaction
blocks; which are blocks of matrices that contain interactions between groups of functions that
are near or far from each other, respectively [20]. No quantitative details is given here about that
definition, and we refer to [20, 12] for more details.

With a proper ordering of the basis functions, the associated blocks of near-field interactions
are mostly located in the diagonal of the system matrix. Their evaluations are done in a standard
way, with specialized quadrature rules for singular and near-singular integrals, as described in
Section 2.4. These blocks can be stored separately from the far-interaction blocks. If the object
of the simulation is large enough with respect to the wavelength, only a small part of the matrix
entries correspond to near-field interactions, so that the matrix containing these associated blocks
is sparse (with O(𝑁) non-zero entries, where 𝑁 is the size of the system).

For far-field interactions, efficient computation can be achieved by exploiting the separability
of the Green’s kernel for two sufficiently distant points 𝒓 and 𝒓′ [20, 54]:

𝐺 (𝒓, 𝒓′) ≈
𝑟𝑘∑︁
𝑖=1

𝑓𝑖 (𝒓)𝑔𝑖 (𝒓′) , (3.44)

where 𝑟𝑘 is the approximating (truncated) rank of the Green’s kernel. This separation allows to
compute integrals in a factorized form, if the supports of two basis functions 𝜓 and 𝜑 are far
enough from each other:∫

Γ×Γ
𝐺 (𝒓, 𝒓′)𝜓(𝒓)𝜑(𝒓′) d𝑆(𝒓′)d𝑆(𝒓) ≈

𝑟𝑘∑︁
𝑖=1

∫
Γ

𝑓𝑖 (𝒓)𝜓(𝒓) d𝑆(𝒓)
∫
Γ

𝑔𝑖 (𝒓′)𝜑(𝒓′) d𝑆(𝒓′) . (3.45)

Based on this principle, the fast multipole method (FMM) [54] is a powerful algorithm
widely used for accelerating matrix-vector products. The core idea of the FMM is to approxi-
mate interactions between two distant clusters of basis functions using multipole expansions of
the Green’s kernel. This process aggregates the interactions at the source cluster, translates them
to the target cluster, and disaggregates them for evaluation at the finer level, thereby replacing
dense "basis-to-basis" computations with computationally cheaper "group-to-group" interac-
tions [125]. This structured approach dramatically reduces the number of direct evaluations,
making the computation much more efficient.
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The FMM’s efficiency can be further enhanced using a hierarchical scheme, commonly im-
plemented with recursive octree partitioning of the domain. This extension, known as the mul-
tilevel fast multipole algorithm (MLFMA)[126], accelerates aggregation and disaggregation via
fast interpolation and anterpolation techniques. For example, the Fast Fourier Transform (FFT)
can be leveraged to efficiently evaluate these operations [132]. MLFMA achieves O(𝑁 log 𝑁)
complexity for both the storage of matrix elements and the computation of matrix-vector prod-
ucts, making it highly suitable for large-scale problems.

An alternative yet complementary approach leverages algebraic matrix compression. This
method approximates the far-interaction blocks A of the system matrix in low-rank form: A ≈
UV∗, where U and V are matrices with a much smaller number of columns than A [20]. The
truncated SVD is the optimal method for constructing such approximations, as it minimizes
the approximation error for a given rank in the spectral norm (see Proposition 3.6). However,
computing the SVD is computationally expensive and requires full knowledge of all matrix
entries.

To circumvent this bottleneck, the adaptive cross approximation (ACA) [12] can be employed.
The ACA builds a low-rank approximation iteratively by selecting pivotal rows and columns of
the matrix block, which are computed on the fly, and that stops before assembling the whole
matrix. This approach avoids evaluating the full matrix and provides a practical trade-off
between computational cost and accuracy. The approximation process uses a stopping criterion
to control the accuracy by estimating the residual error without explicitly constructing the full
matrix block. Similar to the FMM, hierarchical clustering via recursive octree partitioning can be
applied to the ACA. The resulting multilevel ACA (MLACA) achieves O(𝑁 log 𝑁) complexity
for both storage and matrix-vector product computations [150].

Finally, these two algorithms can be combined together to provide a more robust algo-
rithm. More precisely, the FMM is more adapted to high-frequency while the low-rank block
compressions are more effective for low-frequency and more distant interactions.

3.5 Discussion and Objectives of the Next Chapters
In summary, iterative solvers present several advantages over direct solvers. While direct

solvers provide solutions in a finite number of operations, they have a computational complexity
that grows prohibitively large as the size of the system increases, with O(𝑁3) complexity for the
computational cost and O(𝑁2) for the storage cost. In contrast, iterative solvers combining fast
matrix-vector products and preconditioning techniques, offer a promising alternative with the
potential for quasi-linear (O(𝑁 log 𝑁)) complexity, for both storage and computational costs.

The effectiveness of iterative solvers, however, is challenged by the need for efficient and
robust preconditioners within a generalized framework, in particular in the context of arbitrary
frequency, geometry, materials, and discretization density.

More particularly, the EFIE faces limitations in low-frequency and dense-refinement scenar-
ios [2], which can lead to convergence breakdowns of iterative solvers and loss of accuracy of
the solution. The PMCHWT formulation inherits these breakdowns too [45]. While spurious
resonances do not significantly affect the scattered field produced by the EFIE solution [41,
9], they also contribute to an unbounded spectrum in the neighborhood of certain resonant
frequencies [2]. The CFIE offers a potential remedy to this issue, but it also suffers from
low-frequency and dense-refinement breakdowns. Also, the MFIE and Calderón approaches
for the EFIE, CFIE and PMCHWT formulations encounter challenges due to the presence of
topological cycles in the geometry, causing some eigenvalues associated with these cycles to
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approach zero [2]. There also exist high-contrast [66] and high-conductivity [64] breakdowns
of the PMCHWT formulation.

In the next chapters we will introduce preconditioning formulations allowing to cure the
low-frequency and dense-refinement breakdowns of the EFIE. In particular, we will focus on the
development of new techniques to precondition problems involving junctions and linear systems
arising from high-order discretizations, for which only few strategies have been investigated in the
literature as of now. These constitute important steps in developing the same preconditioning
framework for the other aforementioned formulations, as most of their stabilization related
techniques rely on the schemes developed for the EFIE [2].
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Chapter 4

Quasi-Helmholtz Projectors for Open
Boundaries with Junctions

Preliminary results of this work were presented at the 2022 IEEE International Symposium
on Antennas and Propagation [24]. A revised version of this chapter has been published as
a communication letter in IEEE Transactions on Antennas and Propagation under creative
commons license [23].

4.1 Introduction
Time-harmonic electromagnetic scattering and radiation problems for perfectly electrically

conducting (PEC) objects are often solved using the electric field integral equation (EFIE)
when spurious resonances cannot arise. Unfortunately, as the modelling frequency decreases,
this formulation is subject to increasingly severe ill-conditioning and yields increasingly less
accurate results because of loss of significance in floating point operations [2]. A classical
approach to fix the low-frequency breakdown is to leverage quasi-Helmholtz decompositions [2]
to treat independently the solenoidal and non-solenoidal contributions of the elements of the
discrete system. This can be achieved, for instance, using Loop-Star decompositions [2, 138, 87,
8]. However, this approach worsens the conditioning of the system for dense meshes and requires
the identification of the global cycles in the structure, which is often a burdensome operation [2].
This burden can significantly worsen in the presence of open boundaries with junctions since
they can give rise to a significant number of global cycles associated with apertures [142, 87].

The quasi-Helmholtz projectors [8] exploits orthogonal projections over the Loop and Star
subspaces to decompose and rescale the problematic contributions of the system matrices,
solution, and right-hand side. This technique does not require an explicit identification of the
global cycles and does not worsen the dense discretization conditioning of the preconditioned
equations but its generalization to the presence of junctions had not been investigated yet.

The contribution exposed in the chapter is twofold: (i) the usage of quasi-Helmholtz pro-
jector strategies for structure containing junctions is investigated, addressing the questions of
completeness and orthogonality of the underlying decompositions and (ii) the computational
cost of the approach is analyzed both by studying the effect of the presence of junctions on the
inversion of the graph Laplacian that appears in the definition of the projectors and by verify-
ing the overall numerical performance of the scheme. In particular, we study numerically the
performance of the aggregation-based algebraic multigrid (AGMG) [104, 109], which is one
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Quasi-Helmholtz Projectors for Open Boundaries with Junctions

possible implementation of multigrid methods, well-known for providing an efficient precondi-
tioner for graph Laplacian systems [19, 84]. Our observations show that the effectiveness of the
quasi-Helmholtz projectors approach is not jeopardized in the presence of junctions and that it
can be successfully used with realistic structures of industrial relevance.

4.2 RWG connectivity and dual graph at low-order
In this Section, we investigate the relationship between the lowest order Raviart-Thomas

basis functions (the RWG functions) and the graph connectivity of the element of the mesh.
First, we notice that the RWG basis functions (2.76) can be rewritten as

𝝍𝑛 (𝒓) =
⎧⎪⎪⎨⎪⎪⎩
±
𝒓 − 𝒓±𝑛
J± if 𝒓 ∈ 𝑐±𝑛

0 otherwise
, (4.1)

where the notation for the geometrical elements describing a pair of adjacent triangular cells
𝑐±𝑛 is given in Fig. 4.1 and J± denotes their respective elementary surface areas. With these
notations, the RWG functions can be seen as the link between two adjacent cells of the mesh.
Hence, we can compare these basis functions to the edges of an associated graph, for which the
nodes are the cells of the mesh.

cn–  

vn–  
rn–  

cn
+

vn
+

rn
+

Figure 4.1: Notations of the vertices and cells used to define the RWG functions.

The EFIE can be used for both open and closed manifolds that can contain junctions, i.e.
structures for which the associated mesh contains edges shared by more than two cells (see for
instance Fig. 4.2, Fig. 4.3 and [34]). A popular approach to handle structures with junctions
is to associate to a mesh edge 𝑒 which connects together 𝑛𝑒 cells, 𝑛𝑒 − 1 independent RWG
functions [34, 146]. These functions are defined by considering 𝑛𝑒 − 1 independent couples
of cells sharing the edge [146]. Different choices of configurations that define RWG functions
spanning the same space are possible, but they lead to different connectivity properties between
cells. Here and in the rest of this contribution we consider that two adjacent cells 𝑐𝑚, 𝑐𝑛 are
connected if there exists an RWG function 𝝍𝑖 such that 𝑐+

𝑖
= 𝑐𝑚 and 𝑐−

𝑖
= 𝑐𝑛 or 𝑐+

𝑖
= 𝑐𝑛 and

𝑐−
𝑖
= 𝑐𝑚. In particular, the degrees of connectivity—the number of cells connected to a given cell

via RWG functions—and the graph distance—the smallest number of RWG functions needed to
link a given pair of cells—depend on this choice. We provide in Fig. 4.2 a visual representation
of two of the possible configurations along with their consequences on the connectivity of
the underlying graph. The nodes of this graph, that we will refer to as the dual graph of the
discretization, correspond to the cells 𝑐𝑚 of the mesh and its edges link pairs of nodes (𝑐𝑚, 𝑐𝑛)
if there exists an RWG function 𝝍𝑖 such that 𝑐+

𝑖
= 𝑐𝑚 and 𝑐−

𝑖
= 𝑐𝑛. With this formalism, the total

number of basis functions associated with a mesh containing 𝐸 edges is 𝑁 =
∑︁𝐸
𝑒=1 (𝑛𝑒 − 1).

We recap, here, that after replacing (2.91) into (1.112) and by testing the equation with
rotated RWG functions {𝒏 × 𝝍𝑚}𝑁𝑚=1, we obtain the 𝑁 × 𝑁 linear system

T 𝒋 = 𝒆 , (4.2)
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4.3 – Loop and Star Decomposition with Junctions

where T = − 𝑗 𝑘 T𝑠 + 1
𝑗 𝑘

Tℎ with [T𝑠]𝑚𝑛 = ⟨𝒏 × 𝝍𝑚,T𝑠𝝍𝑛⟩, [Tℎ]𝑚𝑛 = ⟨𝒏 × 𝝍𝑚,Tℎ𝝍𝑛⟩, and
[𝒆]𝑚 = −⟨𝒏 × 𝝍𝑚, 𝒏 × 𝑬inc

𝜂
⟩, and where ⟨ 𝒇 , 𝒈⟩ :=

∫
Γ
𝒇 (𝒓) · 𝒈(𝒓) d𝑆(𝒓).

Figure 4.2: Two conventional ways to define an independent set of RWG functions on a junction-
edge and their associated graph representation. It illustrates two extreme configuration scenarios:
on the left, the one giving rise to the maximal degree of connectivity, with one cell connected
to all the others; on the right, the one giving rise to the minimal degree of connectivity (but
maximal graph distance), with each cell connected to at most two other cells through this edge.

4.3 Loop and Star Decomposition with Junctions
The EFIE (2.93) is known to suffer from severe ill-conditioning and dramatic losses of

accuracy at low-frequency (see [2] and references therein). These problems can be tackled
starting with a Loop-Star decomposition of the solution vector, i.e. by decomposing the solution
vector 𝒋 in (2.91) as

𝒋 = 𝚺𝒔 + 𝚲𝒍 +H𝒉 , (4.3)

where𝚺, 𝚲, and H are the Star-to-RWG, Loop-to-RWG, and quasi-Harmonic-functions-to-RWG
transformation matrices, respectively, and 𝒔, 𝒍 and 𝒉 are the vectors containing the associated
expansion coefficients. In the presence of junctions, the matrix𝚺 is defined as in the junction-less
case [2] as

[𝚺]𝑚𝑛 =
{︃±1 if 𝑐±𝑚 is cell 𝑛

0 otherwise
, (4.4)

which is also referred to as the charge matrix, in the sense that it corresponds to the discretization
of the divergence operator [2] and its rank equals the number of independent charges [87]. With
this definition, 𝚺 contains the information on the connectivity between cells. This connectivity
depends on the choice of the RWG configuration along the junctions (see the discussion above
and Fig. 4.2) and impacts the spectral properties of 𝚺. These properties and their influence on
the performance of the proposed method are further investigated in Section 4.5.

Regarding the Loops, we propose the following definition based on the dual graph faces (see
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Fig. 4.3), for compactness[︁
𝚲
]︁
𝑚𝑛

=

{︃
±1 if 𝒗±𝑚 belongs to the dual-face 𝑛

0 otherwise . (4.5)

The construction of the quasi-Harmonic-functions-to-RWG transformation matrix H requires
the identification of the global cycles associated with the genus of the geometry (see [2] and
references therein).

The use of the Loop-Star basis is known to be problematic under certain circumstances
because, on the one hand, it worsens the conditioning of the original EFIE [2] and, on the other
hand, it requires the detection of topological Loops in H that can jeopardize the overall linear
complexity of the scheme. Moreover, even the presence of open structure cycles (that in the
formalism of this chapter are associated with the matrix 𝚲) can be problematic and it can require
an expensive cycle detection procedure. The reader should also note that the recovery of even
standard Loops (around the vertices of the junction edges) can be problematic when several
junctions are present.

Figure 4.3: Dual graph (in red) associated with a mesh (in gray) which contains open boundaries,
a junction, and an aperture. This graph highlights the existence of two local Loops around the
vertex belonging to the junction and one global Loop around the aperture.

4.4 Quasi-Helmholtz Projectors

4.4.1 Definition
The above drawbacks can be tackled by leveraging on the quasi-Helmholtz projectors.

Similarly to what is done in the junction-less case, we define the projector to the non-solenoidal
subspace as

PΣ = 𝚺
(︁
𝚺T𝚺

)︁+𝚺T , (4.6)
where “+” denotes the Moore-Penrose pseudoinverse (3.12), and the projector to the solenoidal
subspace as

PΛ𝐻 = I − PΣ . (4.7)
Finally, we use the quasi-Helmholtz decomposition provided by the projectors to compensate

the frequency scaling of the solenoidal and non-solenoidal parts of the EFIE system when the
frequency is decreasing [2, 87]. To this end, we define the preconditioning matrix

P =
1
√
𝑘

PΛ𝐻 + 𝑗
√
𝑘PΣ (4.8)
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to form the preconditioned EFIE

P
(︃
− 𝑗 𝑘 T𝑠 +

1
𝑗 𝑘

Tℎ

)︃
P𝒚 = P𝒆 , (4.9)

that exhibits a bounded condition number at low-frequency [2], and where

P𝒚 = 𝒋 . (4.10)

Additionally, to avoid loss of significant digits at low-frequency, (4.9) needs to be expanded
in order to impose PΛ𝐻Tℎ = TℎPΛ𝐻 = 0 and the Loop contributions of right-hand side and post-
processing field solutions need to be computed using specific techniques [2]. More precisely,
we write

PTP = − 𝑗𝐶 PΛ𝐻T𝑠PΛ𝐻 − 𝑗/𝐶 Tℎ + 𝑘 PΛ𝐻T𝑠PΣ + 𝑘 PΣT𝑠PΛ𝐻 + 𝑗 𝑘2/𝐶 PΣT𝑠PΣ . (4.11)

and the right-hand side is expressed as

P𝒆 = 𝑗
√︁
𝑘/𝐶 PΣ𝒆 +

√︁
𝐶/𝑘 PΛ𝐻𝒆sub, (4.12)

where 𝒆sub is the right-hand side subtracted from its divergence-free (static) component [2].
Finally, the post-processing computation of the electric field requires a similar treatment, by
using separately the solenoidal and non-solenoidal contributions of the solution

𝒋sol =
√︁
𝐶/𝑘 PΛ𝐻 𝒚 and 𝒋nsol = 𝑗

√︁
𝑘/𝐶 PΣ𝒚 (4.13)

and subtracting the static part of the Green’s kernel when integrating with the solenoidal contri-
bution [2].

4.4.2 Study of orthogonality and completeness
To ensure the proper applicability of the quasi-Helmholtz projectors to arbitrary problems

with junctions, orthogonality between the Loop and Star bases and the completeness of the
proposed quasi-Helmholtz decomposition must be verified.

The orthogonality between the Loop / quasi-Harmonic-functions and the Star transformation
matrices follows from the fact that, across a triangle, a cycle has to enter through one edge and
to exit through another one, whereas a Star associated with a given cell exits across all the
branches made by the RWG functions defined on that cell, even in the presence of junctions.
It results in a null dot product between the columns of 𝚲 / H and 𝚺, which finally gives
𝚺T𝚲 = 0 and 𝚺TH = 0.

Next, we show the completeness of the quasi-Helmholtz decomposition, i.e., that the Loops,
quasi-Harmonic functions and Stars span the entire RWG space. We establish our result for
connected geometries. The generalization to the non-connected case is straightforward, by
individually applying the following result to each connected subdomain. We first describe the
elements of the dual graph: 𝑆 is the number of nodes that correspond to the cells of the mesh, 𝐹
is the number of faces that correspond to the local Loops and apertures, including the exterior
boundary of open objects, and 𝐻 is the number of handles of the structure, present in both the
mesh and its dual graph, which corresponds to 2𝐻 quasi-harmonic functions; 𝑁 denotes the
number of RWG functions and so the number of edges of the dual graph. We can then relate
these quantities using the Euler-Poincaré formula [51] applied to the dual graph

𝑁 = (𝑆 − 1) + (𝐹 − 1) + 2𝐻. (4.14)
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First, the number of independent cycles (Loops and quasi-Harmonic functions) is known to
be (𝐹 − 1) + 2𝐻 [71] where the linear dependency between the non-Harmonic cycles is taken
into account. Next, the rank of 𝚺 is 𝑆 − 1 since it has a nullspace associated with the constant
vector. This is related to the fact that a div-conforming current has a neutral charge along
the whole structure [87], as a consequence of the divergence theorem and by definition of the
div-conforming functions (see Section 2.2.3)∫

Γ

divΓ𝜓𝑖 (𝒓) d𝑆(𝒓) = −
∑︁
𝐾

∫
𝜕𝐾

divΓ𝜓𝑖 (𝒓) · 𝝂𝐾 (𝒓) d𝑙 (𝒓) = 0 , (4.15)

where 𝝂𝐾 is the outgoing unit normal to the border of triangle 𝐾 . Hence, the rank of the subspace
orthogonal to the range of 𝚺 is 𝑁 − (𝑆− 1) = 𝐹 − 1+ 2𝐻, which corresponds to the total number
of independent cycles. Because 𝚲 and H are both orthogonal to 𝚺, it results the completeness
between the Loop and Star bases and that PΛ𝐻 is the projector onto the solenoidal subspace
(local Loops and global cycles).

4.5 Spectral Analysis of Graph Laplacians with
Junctions

The computation of the Star projector (4.6) requires solving systems arising from the pseu-
doinversion of𝚺T𝚺. Thus, the spectral properties of this matrix directly impact the computational
efficiency of this procedure. In particular, the definition (4.4) of 𝚺 is the one of the adjacency
matrix of the dual graph described above, which in turn means that 𝚺T𝚺 is the graph Laplacian
associated with this graph [49]. The spectral properties of this class of matrices have been
thoroughly studied [95, 98, 49].

First, the graph Laplacian 𝚺T𝚺 has a nullspace associated with the constant functions re-
stricted to each connected subdomain of Γ. Because the pseudoinverse of 𝚺T𝚺 in (4.6) will
only be applied to vectors belonging to the range of 𝚺T, we will focus on the spectral properties
of the graph Laplacian restricted to this subspace. In particular, we will consider the pseudo
condition number (3.22) to that subspace that we define as the ratio between the largest singular
value 𝜐max and the smallest non-zero singular value 𝜐min of 𝚺T𝚺, i.e.

cond+
(︂
𝚺T𝚺

)︂
=
𝜐max
𝜐min

. (4.16)

In practice, the convergence of several iterative methods will be faster if this pseudo condition
number is close to one, provided that the initial guess belongs to the range of 𝚺T (see for
instance the convergence results on the conjugate gradient method in solving singular symmetric
systems [86]). The maximal singular value can be bounded as [95]

𝛿 ≤ 𝜐max ≤ 2𝛿 , (4.17)

where 𝛿 denotes the maximal degree of connectivity of the graph associated with𝚺T𝚺. Regarding
the minimal non-zero singular value, we have the upper bound [49]

𝜐min ≤ 1 −
√
𝛿 − 1
𝛿

(︃
1 − 2

𝐷

)︃
+ 2
𝐷
, (4.18)
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Figure 4.4: Spectrum of the graph Laplacian 𝚺T𝚺 for structures with multiple sheets, each
discretized with two triangles. The two connectivity configurations of Fig. 4.2 are tested and
yield different spectra for same structures.

where 𝐷 denotes the diameter of the graph associated with 𝚺T𝚺. Let us first consider the case
of 𝛿 growing. Combining (4.17) and (4.18) we get

cond+
(︂
𝚺T𝚺

)︂
≥ 𝛿

1 −
√
𝛿−1
𝛿

(︂
1 − 2

𝐷

)︂
+ 2
𝐷

. (4.19)

This inequality shows that the pseudo condition number increases asymptotically with the
maximal degree of connectivity 𝛿. When 𝛿 is bounded and 𝐷 grows, however, (4.19) does not
provide a useful bound, but the following [98]

2

⌈︄√︂
cond+

(︂
𝚺T𝚺

)︂√︂𝛼2 − 1
4𝛼

+ 1

⌉︄ ⌈︃
log𝛼

𝑆

2

⌉︃
≥ 𝐷 (4.20)

can be used instead, where 𝛼 is any arbitrary real number greater than 1, and 𝑆 is the dimension
of 𝚺T𝚺. This shows that the pseudo condition number increases asymptotically with respect
to the graph diameter 𝐷, provided that log𝛼 𝑆

2 increases slower than 𝐷. This requirement is
met whenever 𝛿 is bounded, since in that case 𝐷 increases as 𝑆𝑑 , with 𝑑 = 1 for elongated
(quasi-lineic) surfaces, 𝑑 = 1/2 for surfaces of balanced length and width and 𝑑 = 1/3 for
three dimensional lattice (quasi-volumic) structures. Equations (4.19) and (4.20) only imply an
increase of the pseudo condition number in the asymptotic limit. However, these bounds are
sharp enough that this increase has been observed numerically for small degrees of connectivity
and small graph diameters, as shown in Fig. 4.4.

A direct consequence of (4.20), is that cond+
(︂
𝚺T𝚺

)︂
increases asymptotically when refining

the mesh, since 𝐷 will be increasing. The second consequence from the above analysis is that the
pseudo condition number cond+

(︂
𝚺T𝚺

)︂
also increases asymptotically when inserting additional
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sheets to the structure. To further clarify this, let us consider the two extreme configurations of
RWG functions along the junctions, illustrated in Fig. 4.2, both implying different asymptotic
behavior for the degrees of connectivity and graph diameters. In the first case (as in Fig. 4.2, left),
the graph diameter is not impacted by the presence of junctions but the connectivity increases
with the maximal number of sheets connected together, which results in an increase of the
pseudo condition number. In the second case (as in Fig. 4.2, right), the connectivity is bounded
but the graph diameter increases with the maximal number of sheets connected together, which
also results in an increase of the pseudo condition number.

Because of this conditioning behavior, the computation of the quasi-Helmholtz projectors
requires an efficient method to precondition and solve graph Laplacian systems. In Section 4.6,
we will investigate numerically the effects of using multigrid approaches [19, 84, 104, 109] for
this purpose.

4.6 Numerical Results
This section will first show the performance of algebraic multigrids in performing the graph

Laplacian pseudoinverses required by quasi-Helmholtz projectors, then the overall precondi-
tioning approach will be validated on simply and non-simply connected structures containing
junctions.

4.6.1 Pseudoinversion of the Graph Laplacian
First, we investigate the use of the aggregation-based algebraic multigrid (AGMG), described

in [109, 104] and its robustness in preconditioning the graph Laplacian 𝚺T𝚺 in the presence
of junctions. We study the number of iterations as a function of the number of unknowns,
when refining mesh of structures having a bounded number of junctions and with the RWG
configuration on junctions that maximizes the connectivity (Fig. 4.2, left). Table 4.1 shows
that the number of iterations of AGMG increases logarithmically with the number of unknowns
for various structures while the pseudo condition number increases linearly with the number
of unknowns. This results in a quasi-linear number of operations since each iteration requires
sparse matrix vector products.

Next, we address the question of the AGMG performance when the number of connected
sheets increases. Fig. 4.5 shows the time required by the setup and solving phases of AGMG as a
function of the number of sheets, when the graph Laplacian is built using the two extremal RWG
configurations (minimal and maximal connectivity). We observe that the setup time increases
almost quadratically when the number of sheets and the connectivity both increase, while it
remains linear when the number of sheets increases but the connectivity is bounded. In both
cases, the solving time is quasi-linear with respect to the number of unknowns. Note that for
a smaller number of junctions, we however observe better performance with the configuration
having the maximal connectivity. The computation time for the first experiment has not been
reported above because the scenario is similar to the second configuration in Fig. 4.5, and
numerical observations have shown a similar behavior.

For this particular version of algebraic multigrid, our numerical observations thus point out
that the connectivity plays an important role in the performance of the graph Laplacian inversion
using AGMG and that the proper RWG configuration on junctions can be chosen to get a robust
algorithm.
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Table 4.1: Number of iterations achieved by AGMG for increasingly dense discretization with
a residual error below 10−8.

Structure Unk. Cond. Iter. Structure Unk. Cond. Iter.

7.2E3 1.1E4 21 2.9E3 2.5E3 18
6.9E4 1.1E5 22 2.8E5 2.3E5 24
7.0E5 1.0E6 22 2.7E6 2.3E6 22

1.2E3 1.5E3 18 3.2E3 8.4E3 19
1.2E5 1.3E5 22 3.0E5 7.5E5 22
1.2E6 1.3E6 23 3.0E6 7.5E6 23

9.6E3 5.1E3 19 4.0E3 7.5E3 19
2.4E5 1.2E5 20 4.0E5 7.1E5 22
2.7E6 1.2E6 24 1.0E6 1.8E6 24
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Figure 4.5: Computational time required by AGMG to solve graph-Laplacian systems for
increasing number of junctions. Configuration (1) and (2) are respectively corresponding to the
maximal and minimal degree of connectivity that we get with a given RWG configuration on
junctions.
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4.6.2 Efficiency of the Quasi-Helmholtz Preconditioning for
Structures with Junctions

We now numerically test the efficiency of the proposed method with application to the
computation of the radar cross section (RCS) of a jet engine illuminated by an incident plane
wave 𝑬inc(𝒓) = 𝒛/|𝒛 |𝑒− 𝑗 𝑘 𝒓·𝒙/|𝒙 |. The shell of the engine is a toroidal geometry that gives two
quasi-Harmonic functions. On the front, the blades of the turbine are approximated by metallic
sheets and are connected to the rotor by junctions. This part of the structure is separated from
the shell and generates an independent set of Loops and Stars (with respect to the Euler-Poincaré
formula). In particular, 𝚺 has a nullspace of dimension 2 generated by the constant functions
restricted to each separated subdomain. On the back, a fence made of metallic sheets connects the
shell to the nozzle forming junctions at both extremities of the sheets as well as apertures between
them. The nozzle itself is an open surface with an aperture at its end. The object is discretized
using 9191 RWG functions that can be split into 3011 and 6180 Loops and Stars respectively.
The average number of iterations of AGMG required to solve a single graph Laplacian system
with a desired accuracy of 10−6 is 19, which is repeated at every multiplication involving the
projectors in the iterative inversion of the preconditioned EFIE. The surface current density
calculated at a frequency of 1 Hz using the EFIE preconditioned with the quasi-Helmholtz
projectors is given in Fig. 4.6.

-ẑ+ŷ

+x◌̂

Amplitude of the surface 
current density (A/m)

1.0e-3 2.0e-3 3.5e-3 6.0e-3

+ẑ

Figure 4.6: Surface density current calculated along the surface of the turbine with the quasi-
Helmholtz projectors at 1 Hz.

Our work (4.9) is compared with the standard EFIE (without preconditioning) as well as
the Loop-Star decomposed EFIE [2]. In Fig. 4.7, we observe that the two preconditioning
techniques give rise to systems with a bounded condition number when the frequency decreases,
while the condition number dramatically increases for the standard formulation until it saturates
due to numerical effects. In addition, the condition numbers obtained with the quasi-Helmholtz
projectors are significantly lower than the Loop-Star decomposed EFIE. Solving with the solver
TFQMR at 1 Hz for a desired accuracy of 10−6, the iterative procedure requires less iterations
when the system is preconditioned with the quasi-Helmholtz projectors than when precondi-
tioned using a Loop-Star decomposition, since only 419 iteration are required for the former
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instead of 4416 for the latter. Under these conditions, the EFIE does not converge without
preconditioning. We also note that the two preconditioning methods give comparable results at
low-frequency, unlike the standard formulation (solved via direct factorization), as is shown in
Fig. 4.8.
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Figure 4.7: Condition number of the EFIE with and without preconditioning in function of the
frequency for the model of turbine.
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Figure 4.8: Bistatic RCS (dBsm) in the (𝒙̂, 𝒛) plane given the scattered far field produced by the
turbine with an incident plane wave at a frequency of 1 Hz.

Finally, in Table 4.2 we report the number of iterations and computation time required to
solve the EFIE with and without preconditioning, showing better performance for the proposed
scheme at a frequency of 5 MHz.
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Table 4.2: Number of iterations and run time of TFQMR to solve the EFIE with and without
preconditioning at medium and low frequencies for the model of turbine with 9191 RWG
functions.

Standard EFIE Loop-Star This work
Freq. Iter. Time (s) Iter. Time (s) Iter. Time (s)
5 MHz 1632 176.7 4064 690.8 393 137.2
1 Hz No convergence 4416 779.0 419 142.3

4.7 Conclusion
We theoretically and numerically showed how the quasi-Helmholtz projectors method can

be used to model low frequency problems containing junctions with the EFIE. Explanations
concerning the generalization of the Loops and Stars for such structures were given and we
showed that multigrid solvers can be used to efficiently compute the projectors, even in the
presence of a large number of junctions and densely discretized open structures.

This work also opens new perspectives in preconditioning problems arising from the mod-
elling of relatively complex and industrially relevant structures, and shows that such remedies
are possible to build in that context.
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Chapter 5

High-Order Quasi-Helmholtz Projectors

Preliminary results of this work were presented at the XXXVth URSI General Assembly and
Scientific Symposium 2023 [21]. A revised version of this chapter has been published as a
journal paper in IEEE Transactions on Antennas and Propagation under creative commons
license [22].

5.1 Introduction
As introduced in the previous chapter, the stabilization of the EFIE using quasi-Helmholtz

decompositions [138, 149, 87, 53] is well-known and has also been investigated in the high-
order case [141, 136, 63]. It consists in a change of basis that allows to reorganize the system
into solenoidal and non-solenoidal contributions and to rescale them appropriately to cure the
problematic behavior of the EFIE at low-frequency. However, the construction of the solenoidal
basis functions can be burdensome because it requires the identification of the global cycles; a
task that might be challenging when modelling complex geometries (see Chapter 4).

More recently, the method of the quasi-Helmholtz projectors has been developed for the
stabilization of the EFIE discretized with RWG functions [2]. The method generates orthogonal
projectors over the solenoidal and non-solenoidal subspaces from the computation of the Star
matrix, without having to explicitly identify the cycles. They are subsequently used to separate
and to rescale the different contributions of the EFIE, without further degrading the condition
number when increasing the mesh-density [2].

This work proposes for the first time the high-order counterpart of the quasi-Helmholtz pro-
jectors for the stabilization of the EFIE when using high-order basis functions. The contribution
will first present a general definition of the Star basis functions in high-order that encompasses
several choices in terms of basis elements and testing in the charge space. The contribution will
then show that the consequential definition of the quasi-Helmholtz projectors is not dependent
on any of these specific choices. Finally the new projectors will be used to regularize the electric
field integral equation discretized with high-order elements.

5.2 Definition
In this section we will define high-order quasi-Helmholtz projectors to address the above

described low-frequency limitations of the EFIE in the high-order case. From the zeroth-order
case [2] we learn that primal projectors can be obtained from a properly chosen Star matrix.
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The problem is that a unique definition of a Star matrix in high-order can be challenging [141].
In this contribution, we will propose one approach to define a Star matrix that, indeed, does not
lead to a unique definition. We will equally show in this chapter, however, that the corresponding
Star (non-solenoidal) projector will be invariant, regardless of the non-uniqueness of the Star
definition we will adopt.

Given the coefficients 𝒋 of a function expressed as a linear combination of GWP functions,
one could think of building a high-order Loop-Star decomposition in the form

𝒋 = 𝚺𝒔 + 𝚲𝒍 +H𝒉. (5.1)

Similarly to the zeroth-order case, 𝚲 and H express the high-order local-Loops-to-GWP and
global-cycles-to-GWP change of bases, respectively [2]. As pertains to 𝚺, we will refer to this
matrix as the high-order Star matrix, with an abuse of terminology steming from the zeroth-
order case. It is a matrix orthogonal to 𝚲 and H that complements the space of coefficients so
that (5.1) stands for every 𝒋 ∈ C𝑁𝑝 , where 𝑁𝑝 is the dimension of the Raviart-Thomas space, as
defined in Chapter 2.

The columns of the matrix𝚲 can be found as the expansion coefficients of the set of solenoidal
functions {curlΓ𝜆(𝑝)𝑖 }

𝐿𝑝

𝑖=1 expressed in the GWP basis, where {𝜆(𝑝)
𝑖
}𝐿𝑝
𝑖=1 is a set of basis functions

for the continuous space CG𝑝, for instance the interpolatory functions defined in Section 2.2.3.
As the GWP functions are interpolatory, it is possible to find these coefficients by evaluating the
solenoidal functions at the interpolatory points associated with the GWP functions. In a more
general case, this matrix can be found as the solution of the system

G𝝍 (𝑝) ,𝝍 (𝑝)𝚲 = G𝝍 (𝑝) ,curlΓ𝜆 (𝑝) , (5.2)

that can be inverted by block as the solenoidal functions {curlΓ𝜆(𝑝)𝑖 }
𝐿𝑝

𝑖=1 are generated by a
local combination of GWP functions (the GWP functions that share the same support than the
solenoidal functions). Of course, we can also directly compute

𝚲 = G−1
𝝍 (𝑝) ,𝝍 (𝑝)

G𝝍 (𝑝) ,curlΓ𝜆 (𝑝) , (5.3)

if we do not care about computational performance and are looking for an explicit expression
of that matrix. The columns of H are less straightforward to define. One possible choice
is to express the global cycles in terms of an RWG combination, as this corresponds to the
identification of cycles in the dual graph (see Section 4.3) and to express the RWG functions
in the GWP basis of order 𝑝 (via interpolation or by solving a system with Gram matrices as
in (5.2)).

Nevertheless, in the following, we will not need an explicit definition of these two matrices.
We will only be using the fact that both 𝚲 and H contain coefficient representations of solenoidal
functions, that are orthogonal to the coefficients of Star functions, given by the columns of 𝚺.

Consider now the injective linear function L

L : DG𝑝 −→ R
𝑆𝑝

𝑞 −→ L𝑞 (5.4)

with L𝑚𝑞 := [L𝑞]𝑚. It should be noted that injectivity and linearity imply

L𝑞 = 0 ⇐⇒ 𝑞(𝒓) = 0 ∀𝒓 ∈ Γ. (5.5)

Now we can propose the following general definition for 𝚺[︁
𝚺
]︁
𝑚,𝑛

= L𝑛divΓ𝝍 (𝑝)𝑚 . (5.6)
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By the construction of 𝚺 and because 𝚲 and H describe solenoidal functions we get

𝚺T𝚲 = 0 (5.7)

and
𝚺TH = 0. (5.8)

The above conditions result in that all coefficients of solenoidal functions are in the null-space
of 𝚺T. Also the converse statement, all elements of the null space of 𝚺T are coefficients of
solenoidal functions, is true following from (5.5) and (5.6). Since the solenoidal subspace of
the GWP functions has a dimension 𝑁𝑝 − 𝑆𝑝 +𝑁bodies [141], the null-space of 𝚺T has dimension
𝑁𝑝 − 𝑆𝑝 + 𝑁bodies, where 𝑁bodies is the number of disconnected bodies in Γ. As a consequence,
the dimension of the range of 𝚺T, which is also the dimension of the range of 𝚺, equals to
𝑁𝑝 − (𝑁𝑝 − 𝑆𝑝 + 𝑁bodies) = 𝑆𝑝 − 𝑁bodies. This fact proves that

[︁
𝚺,𝚲,H

]︁
, a rectangular matrix,

has a rank equal to the number of basis functions 𝑁𝑝 in (2.53). This shows that our definition of
the high-order Stars produces a valid complement of the solenoidal subspaces as the columns of[︁
𝚺,𝚲,H

]︁
are coefficient representations of functions that generate the entire GWP space.

We are now ready to define the quasi-Helmoltz projectors. In particular, mimicking the
zeroth-order case, define

PΣ = 𝚺
(︂
𝚺T𝚺

)︂+
𝚺T (5.9)

and
PΛ𝐻 = I − PΣ, (5.10)

in which “+” is used to denote the Moore-Penrose pseudoinverse [14]. It should be noted that,
because of the orthogonality of the projectors, i.e.

PΣPΛ𝐻 = PΣ (I − PΣ) = PΛ𝐻PΣ = PΣ − PΣ = 0 , (5.11)

and because of completeness of the decomposition, PΛ𝐻 is the projector onto the solenoidal
(local and global Loops) subspace.

5.3 Uniqueness of the Projectors
From the generality of our definition of 𝚺 in (5.6) one could think of obtaining a different

set of projectors for each specific choice 𝚺. We will now prove instead that the high-order
quasi-Helmholtz projectors, with our definition, are invariant under any particular choice of the
high-order Star matrix. In particular

Proposition 5.1. Consider two different operators L and ˆ︁L both satisfying definition and
properties in (5.4) with associated matrices 𝚺 and ˆ︁𝚺, respectively defined via (5.6), then there
exists an invertible matrix M so that ˆ︁𝚺 = 𝚺M.

Proof. Consider an arbitrary basis
{︂
𝑏
(𝑝)
ℓ

}︂𝑆𝑝
ℓ=1

of DG𝑝. We can then express the divergence of

each 𝝍 (𝑝)𝑚 (𝒓) as

divΓ𝝍 (𝑝)𝑚 (𝒓) =
𝑆𝑝∑︁
ℓ=1

𝑎𝑚ℓ𝑏
(𝑝)
ℓ
(𝒓) , (5.12)

71



High-Order Quasi-Helmholtz Projectors

with a proper set of coefficients {𝑎𝑚ℓ}
𝑆𝑝

ℓ=1 for each 𝝍 (𝑝)𝑚 (𝒓). Since both 𝚺 and ˆ︁𝚺 are defined on
the same GWP set 𝝍 (𝑝)𝑚 (𝒓) and assuming the same ordering of the basis functions in both cases,
from (5.12) we have

𝚺 = AL and ˆ︁𝚺 = Aˆ︁L , (5.13)

with
[︁
A
]︁
𝑚ℓ

= 𝑎𝑚ℓ,
[︁
L
]︁
ℓ𝑛

= L𝑛𝑏 (𝑝)ℓ , and
[︁ˆ︁L]︁

ℓ𝑛
= ˆ︁L𝑛𝑏 (𝑝)ℓ .

Using the definition, linearity, and injectivity of L, together with the completeness of the

basis
{︂
𝑏
(𝑝)
ℓ

}︂𝑆𝑝
ℓ=1

, we obtain

LT𝒙 = 0⇒
𝑆𝑝∑︁
ℓ=1

(︁
L𝑚𝑏 (𝑝)ℓ

)︁
𝑥ℓ = 0 , ∀𝑚 = 1, . . . , 𝑆𝑝

⇒ L𝑚 ⎛⎜⎝
𝑆𝑝∑︁
ℓ=1

𝑥ℓ𝑏
(𝑝)
ℓ

⎞⎟⎠ = 0 , ∀𝑚 = 1, . . . , 𝑆𝑝 (5.14)

⇒
𝑆𝑝∑︁
ℓ=1

𝑥ℓ𝑏
(𝑝)
ℓ

= 0⇒ 𝒙 = 0 ,

which, with linearity, establishes the invertibility of L. The same strategy shows the invertibility
of ˆ︁L. We now have

A = A⇒ Aˆ︁Lˆ︁L−1 = ALL−1 ⇒ ˆ︁𝚺ˆ︁L−1 = 𝚺L−1 , (5.15)

from which we obtain the looked for relationshipˆ︁𝚺 = 𝚺M , (5.16)

with M = L−1ˆ︁L, an invertible matrix. □

The well-posedness of the definition of the projectors in (5.9) and (5.10) now follows. In
particular

Corollary 5.1. The quasi-Helmholtz projectors are invariant on any specific choice of a high-
order Star matrix satisfying (5.6).

Proof. Given two matrices as above, we have from the previous proposition that ˆ︁𝚺 = 𝚺M with
M invertible. First note that, letting

𝚺 = ˜︁U˜︁S˜︁VT (5.17)

be the reduced singular value decomposition (SVD) of 𝚺 (see Definition 3.4), then

MT𝚺T𝚺M =

(︂
MT˜︁V˜︁S)︂ (︂˜︁S˜︁VTM

)︂
, (5.18)

where the left matrix in parenthesis is a full column rank matrix and the right matrix in parenthesis
is a full row rank matrix. By using the properties of the Moore-Penrose pseudoinverse (see
Proposition 3.2) we get (︂

MT𝚺T𝚺M
)︂+

=

(︂˜︁S˜︁VTM
)︂+ (︂

MT˜︁V˜︁S)︂+
, (5.19)

as well as ˜︁S˜︁VTM
(︂˜︁S˜︁VTM

)︂+
=

(︂
MT˜︁V˜︁S)︂+

MT˜︁V˜︁S = I , (5.20)
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from which it follows that

Pˆ︁Σ = ˆ︁𝚺 (︂ˆ︁𝚺Tˆ︁𝚺)︂+ ˆ︁𝚺T

= 𝚺M
(︂
MT𝚺T𝚺M

)︂+
MT𝚺T (5.21)

= ˜︁U˜︁S˜︁VTM
(︂˜︁S˜︁VTM

)︂+ (︂
MT˜︁V˜︁S)︂+

MT˜︁V˜︁S˜︁UT

= ˜︁U˜︁UT = 𝚺
(︂
𝚺T𝚺

)︂+
𝚺T = PΣ .

The uniqueness of PΣ combined with (5.10) directly implies that of PΛ𝐻 . □

To fix ideas and obtain an algorithm for the projectors, we propose to choose the following
explicit definition of the Star matrix 𝚺[︁

𝚺
]︁
𝑚𝑛

=

∫
Γ

divΓ𝝍 (𝑝)𝑚 (𝒓)𝜎 (𝑝)𝑛 (𝒓) d𝑆(𝒓) , (5.22)

where {𝜎 (𝑝)𝑛 }
𝑆𝑝

𝑛=1 are the interpolatory basis functions of DG𝑝 defined in Section 2.2.3. We
will see in the next chapters that this definition allows to connect the Star matrix with a mixed
discretization of the Laplacian operator. This matrix can also be seen as the testing with GWP
functions of a weak gradient applied to the discontinuous functions, which shows that the
quasi-Helmholtz decomposition relates a decomposition of Raviart-Thomas functions in terms
of divergence free functions and weak gradient of discontinuous functions (see (2.64)).

Another possible choice of Star matrix is

[︁ˆ︁𝚺]︁
𝑚𝑛

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ˆ︁∇ · ˆ︁𝜓 (𝑝)

𝑏𝐾𝑚,𝒊
𝐾
𝑚

(ˆ︁𝒓 (𝑝)𝒊𝑛
) , if 𝜎𝑛 is not zero on triangle 𝐾 [cell- and edge-based GWP]

−ˆ︁∇ · ˆ︁𝜓 (𝑝)
𝑏𝐿𝑚,𝒊

𝐿
𝑚

(ˆ︁𝒓 (𝑝)𝒊𝑛
) , if 𝜎𝑛 is not zero on triangle 𝐿 [edge-based GWP only]

0 , otherwise
(5.23)

where we used the notations of Section 2.2.3. This second definition gives the expansion
coefficients of the GWP functions in the basis of discontinuous Garlerkin interpolatory functions,
i.e.,

divΓ𝜓 (𝑝)𝑚 (𝒓) =
𝑆𝑝∑︁
𝑛=1

[︁ˆ︁𝚺]︁
𝑚𝑛
𝜎
(𝑝)
𝑛 (𝒓) . (5.24)

Moreover, this generalizes the definition we gave at order zero (4.4) (up to a scaling factor), as
we have [︁ˆ︁𝚺]︁

𝑚𝑛
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2 , if 𝐾 is triangle 𝑛 ,
−2 , if 𝐿 is triangle 𝑛 ,

0 , otherwise ,
(5.25)

for 𝑝 = 0.
Finally, we check that these two definitions verify Proposition 5.1. From (5.24), it is direct

to see that
𝚺 = ˆ︁𝚺G𝜎 (𝑝) ,𝜎 (𝑝) , (5.26)

and we have ˆ︁𝚺 = 𝚺M , (5.27)

where M = G−1
𝜎 (𝑝) ,𝜎 (𝑝)

is an invertible matrix.
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5.4 Stabilization of the EFIE
Now, from (5.11), the high-order quasi-Helmholtz projectors satisfy

PΛ𝐻Tℎ = TℎPΛ𝐻 = 0 and TℎPΣ = PΣTℎ = Tℎ , (5.28)

which generalizes the analogous property valid in the zeroth-order case [2]. As a matter of fact,
from (5.24), the matrix Tℎ can be expressed in the following form

Tℎ = ˆ︁𝚺Wˆ︁𝚺T , (5.29)

where [︁
W

]︁
𝑚𝑛

=

∫
Γ

∫
Γ

𝐺 (𝒓, 𝒓′)𝜎 (𝑝)𝑚 (𝒓)𝜎 (𝑝)𝑛 (𝒓′) d𝑆(𝒓′) d𝑆(𝒓) , (5.30)

is a full-rank matrix that discretizes the single layer potential with DG𝑝 functions. This shows
that Tℎ has the same range than ˆ︁𝚺, which is also the range of 𝚺 and PΣ.

This allows to proceed with the same formal strategy developed for zeroth-order projectors
that here will work for the high-order EFIE. Define the preconditioning matrix

P = 𝑗
√︁
𝑘/𝐶 PΣ +

√︁
𝐶/𝑘 PΛ𝐻 , (5.31)

with the scaling factor

𝐶 =

√︄
∥Tℎ∥

∥PΛ𝐻T𝑠PΛ𝐻 ∥
. (5.32)

The preconditioned system reads
PTP𝒚 = P𝒆, (5.33)

with
𝒋 = P𝒚. (5.34)

The proof of low-frequency well-conditioning and stability of (5.33) is formally identical to the
one for the zeroth-order case [2] and we omit it here for the sake of conciseness.

5.5 Implementation Details
In this section, we deal with implementation related details that could be useful to the reader

while implementing all new techniques described here.
We assume that all matrix-vector products are done in a quasi-linear number of operations,

using multipole or compression-based approaches [112, 119] for the integral operators and a
sparse algorithm for the Star matrices. Note that, to match the computational complexity of fast
matrix-vector product algorithms, the naive computation of the norms in (5.32) should be avoided
and iterative approaches, such as power iterations [129], should be used instead. Moreover, the
numerical (pseudo-)inversion of 𝚺T𝚺 in (5.9) has to be done iteratively whenever a product with
the projectors is involved. As in the zeroth-order case, this matrix is similar to the one we get
by discretizing the Laplacian equation with finite elements of order 𝑝. We can thus rely on
algorithms tailored to solve such systems from other fields of applications [76]. In particular,
multigrid algorithms have proven to be quite effective. Because there exists several variants of
multigrids, one could use the p-multigrid versions [134, 76, 83] (tailored for high-order finite
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elements) but there are also robust implementations of the standard algebraic multigrid [103]
generalized to different scenarios that are often easier to use in a black-box fashion.

Finally, to maximize the effect of our regularization to all frequencies, the computation of
the projected EFIE has to be done carefully. For numerical purposes, the properties (5.28) have
to be enforced explicitly in the computation of the preconditioned matrix [2], which reads

PTP = − 𝑗𝐶 PΛ𝐻T𝑠PΛ𝐻 − 𝑗/𝐶 Tℎ + 𝑘 PΛ𝐻T𝑠PΣ

+ 𝑘 PΣT𝑠PΛ𝐻 + 𝑗 𝑘2/𝐶 PΣT𝑠PΣ .
(5.35)

The loss of significant digits in the computation of the right-hand side also has to be avoided,
as is well-known when dealing with very low-frequency numerical strategies [2]. In particular,
the solenoidal and non-solenoidal contributions of the right-hand side must be computed sepa-
rately, and the static part of the excitation source is subtracted when tested with the solenoidal
functions [149, 2]. More explicitly, we write

P𝒆 = 𝑗
√︁
𝑘/𝐶 PΣ𝒆 +

√︁
𝐶/𝑘 PΛ𝐻𝒆sub, (5.36)

where 𝒆sub is the subtracted right-hand side [2]. Finally, the post-processing computation of the
electric field requires a similar treatment, by using separately the solenoidal and non-solenoidal
contributions of the solution

𝒋sol =
√︁
𝐶/𝑘 PΛ𝐻 𝒚 and 𝒋nsol = 𝑗

√︁
𝑘/𝐶 PΣ𝒚 (5.37)

and subtracting the static part of the Green’s kernel when integrating with the solenoidal contri-
bution [2].

5.6 Numerical Results
In this section, we give numerical results that validate the use of the quasi-Helmholtz projec-

tors by comparing it against the standard EFIE and against a standard quasi-Helmholtz decom-
position. The quasi-Helmholtz decomposition we adopted for comparison is a generalization of
the Loop/Star technique (L/S-EFIE) from the zeroth-order: the matrix 𝚺 is used for generating
the Stars and the Loops are computed as described in [141]. The meshes are generated from the
software Gmsh that provides quadratic (curvilinear) triangles [60]. The singular integrals are
computed using the singularity cancellation scheme described in [123] while near-singular and
far interactions are computed with Gaussian quadratures. Moreover, because we are interested
in studying the condition number of the underlying systems, the projectors need to be explicitly
computed, which prevents the use of a fast strategy as described in Section 5.5. To this extent,
we rely on a direct pseudo-inversion of 𝚺T𝚺 based on the computation of its reduced SVD.

Our first validation is done over the unitary sphere for different frequencies. Figure 5.1 shows
the condition number of the system matrix for each different method as a function of frequency
and for different orders. We observe that the condition number of the standard EFIE increases
dramatically, as expected, while it remains constant for the standard Loop/Star technique and for
the approach proposed here based on high-order quasi-Helmholtz projectors. For the latter case,
however, the condition number is lower. This effect can be better understood from the test in
Figure 5.2 where the condition number is shown in function of the inverse mesh size. It is clear
that, differently from standard Loop/Star, the new projectors do not worsen the spectral behavior
of the original EFIE generalizing what happens in the zeroth-order case [2]. The radar cross
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sections (RCS) at 100Hz and at 3×108Hz are obtained in Figures 5.3 and 5.4, respectively. This
shows that the low frequency-breakdown, absent at higher frequencies, is instead corrupting the
results at low-frequency when no low-frequency treatment is employed. At the same time, these
results validate the stability of our scheme in a wide frequency range.
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Figure 5.1: Condition number of the system matrices in function of the frequency for order zero
to three.
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Figure 5.3: Radar cross section (RCS) in dBsm at 100Hz.
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Figure 5.4: Radar cross section (RCS) in dBsm at 3 × 108Hz.

To test the performance of our scheme on a non-simply connected geometry we used the
“two interlocked Möbius ring” structure, that consists of two separate objects with interlaced
holes and handles. The rings are of radius 1m and are discretized with 3780 cells and 5670
edges. In total, there are 72 global Loops associated with this topology. Figure 5.5 shows the
surface density current obtained by solving the EFIE with and without preconditioning at 10Hz
using basis functions of order two (39690 unknowns). We get, without the need of detecting
the global Loops, the same results with the quasi-Helmholtz projectors and the Loop/Star-EFIE
for which however the global Loops must be explicitly detected. It should also be noted that the
accuracy is completely lost without preconditioning.
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Figure 5.5: Absolute value of the surface density current (in dBA/m) for the interlocked Möbius
ring irradiated by a plane wave at 10Hz, with preconditioning (left) and without (right).

Our final validation test scenario is on the model of an airliner with 2D apertures corre-
sponding to the windows and the shell of the jet engine. The mesh contains 3942 cells and 5750
internal edges, and we use basis functions of order two (42900 unknowns). In addition to show
the relevance of our method to solve industrial scenarios, this example completes the numerical
study with problems containing global Loops around apertures, which are of different kind than
the harmonic Loops of the previous example (see the definition of 𝚲 in Chapter 4). Figure 5.6
shows the surface density current obtained by solving the EFIE with and without preconditioning
at 1Hz. As for the previous case, the quasi-Helmholtz projectors give an identical solution as the
one obtained with Loop-Star decompositions (which however requires Loop detection), while
the solution without preconditioning is completely jeopardized.

Figure 5.6: Absolute value of the surface density current (in dBA/m) for the airliner irradiated
by a plane wave at 1Hz, with preconditioning (left) and without (right).

5.7 Conclusion
In this chapter, we have extended the use of the quasi-Helmholtz projectors for stabilizing

the EFIE when discretized with high-order basis functions. The new scheme is based on
a generalized definition of Star matrix that is wide enough to encompass numerous relevant
scenarios, including the use of GWP basis elements. The contribution has shown that this
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results into unique quasi-Helmholtz projectors irrespectively of the specific choice of Star
matrix. Numerical results have shown the effectiveness of the new approach.

In addition to enable the low-frequency preconditioning of the EFIE, high-order quasi-
Helmholtz projectors will allow us to provide efficient preconditioners to cure the dense-
refinement breakdown of the EFIE (with respect to the mesh density, and with respect to
the basis functions order), as it will be presented in the two next chapters.
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Chapter 6

High-Order Quasi-Helmholtz Filters

Preliminary results of this work were presented at the 2024 IEEE International Symposium
on Antennas and Propagation [26].

6.1 Introduction
In addition to suffer from the low-frequency breakdown, the EFIE suffers from the so-

called h-refinement breakdown, that occurs when the average edge size ℎ of the mesh elements
decreases for a fixed frequency. This ill-conditioning is related to the fact that the EFIE operator
acts differently on the solenoidal and non-solenoidal functions. More specifically, the singular
values associated with solenoidal functions decrease as O(ℎ), while the eigenvalues associated
with non-solenoidal functions increase as O(1/ℎ) [2]. Other ill-conditioning effects due to
the discretization are related to non uniform scalings between the basis functions. Notably,
the condition number deteriorates for meshes that are ill shaped (presence of sharp elements)
and non-uniform (high contrast between the size of the elements), and the condition number
increases almost exponentially with the basis functions order, if the basis functions are not
orthogonal, as it is the case with the interpolatory functions [2].

Several strategies have been proposed to address the low-frequency breakdown, the h-
refinement breakdown, or both (the reader may refer to [2] for a complete review). Recently,
quasi-Helmholtz filters have been proposed as an alternative approach to treating both low-
frequency and h-refinement breakdowns of the EFIE [94]. These are obtained by filtering the
graph Laplacian matrices appearing in the quasi-Helmholtz projectors definitions to further
flatten the spectrum of the preconditioned system. This approach can be seen as a direct exten-
sion of the low-frequency stabilization leveraging quasi-Helmholtz projectors, where filtering
operations allow additional curing of the h-refinement breakdown. Following the generalization
of the quasi-Helmholtz projectors to the high-order case, this work addresses the treatment of
the low-frequency and the h-refinement breakdown by using the quasi-Helmholtz filters in a
strategy compatible with arbitrary basis function order.

6.2 Orthonormalization of the Basis Functions
The linear systems arising from the BEM may suffer from ill-conditioning because of the lack

of orthogonality between the basis functions [94]. The problem further worsens for non-uniform
meshes and for increasing orders. This can be tackled by resorting to the transformation matrices
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that orthonormalize the basis functions with respect to the inner product (1.3), which are given
by the inverse square roots of the Gram matrices associated with these basis functions (1.5): we
compute G−1/2

𝜆 (𝑝) ,𝜆 (𝑝)
for the continuous scalar functions, G−1/2

𝝍 (𝑝) ,𝝍 (𝑝)
for the div-conforming vector

functions and G−1/2
𝜎 (𝑝) ,𝜎 (𝑝)

for the discontinuous scalar functions.
Subsequently, the normalized EFIE is ˜︁T˜︁𝒋 = ˜︁𝒆 , (6.1)

where ˜︁T = − 𝑗 𝑘˜︁T𝑠 +
1
𝑗 𝑘

˜︁Tℎ , (6.2)

˜︁T𝑠 = G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

T𝑠G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

, (6.3)˜︁Tℎ = G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

TℎG−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

, (6.4)

𝒋 = G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

˜︁𝒋 , (6.5)˜︁𝒆 = G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

𝒆 , (6.6)

while the normalized GWP-to-Star and GWP-to-Loop transformation matrices are˜︁𝚺 = G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

𝚺G−1/2
𝜎 (𝑝) ,𝜎 (𝑝)

= G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

GdivΓ𝝍 (𝑝) ,𝜎 (𝑝)G
−1/2
𝜎 (𝑝) ,𝜎 (𝑝)

, (6.7)˜︁𝚲 = G1/2
𝝍 (𝑝) ,𝝍 (𝑝)

𝚲G−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

= G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

G𝝍 (𝑝) ,curlΓ𝜆 (𝑝)G
−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

, (6.8)

with the orthogonal property analog to (5.7)˜︁𝚺T˜︁𝚲 = 0 . (6.9)

Consequently, the quasi-Helmholtz decomposition of the expansion coefficients expressed
in the orthonormalized basis is

C𝑁 = ˜︁Σ ⊕ ˜︁Λ ⊕ ˜︁𝐻 , (6.10)
where ˜︁Σ = range(˜︁𝚺), (6.11)˜︁Λ = range(˜︁𝚲), (6.12)

and ˜︁𝐻 = null(˜︁𝚺) ∩ null(˜︁𝚲). (6.13)
Finally, the normalized quasi-Helmholtz projectors are

P˜︁Σ = ˜︁𝚺 (︂˜︁𝚺T˜︁𝚺)︂+ ˜︁𝚺 , (6.14)

P˜︁Λ = ˜︁𝚲 (︂˜︁𝚲T˜︁𝚲)︂+ ˜︁𝚲 , (6.15)

P˜︁𝐻 = I − P˜︁Σ − P˜︁Λ , (6.16)

with the analog properties derived from (5.28)

P˜︁Λ˜︁Tℎ = ˜︁TℎP
˜︁Λ = P˜︁𝐻˜︁Tℎ = ˜︁TℎP

˜︁𝐻 = 0 , (6.17)

P˜︁Σ˜︁Tℎ = ˜︁TℎP
˜︁Σ = ˜︁Tℎ , (6.18)
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and the normalized projector-based EFIE becomes˜︁P˜︁T˜︁P˜︁𝒚 = ˜︁P˜︁𝒆 , (6.19)

with ˜︁P = 𝑗

√︃
𝑘/˜︁𝐶P˜︁Σ +√︃˜︁𝐶/𝑘P˜︁Λ˜︁𝐻 , (6.20a)˜︁𝒋 = ˜︁P˜︁𝒚 , (6.20b)

P˜︁Λ˜︁𝐻 = P˜︁Λ + P˜︁𝐻 = I − P˜︁Σ , (6.20c)

˜︁𝐶 =

⌜⎷
∥˜︁Tℎ∥

∥P˜︁Λ˜︁𝐻˜︁T𝑠P
˜︁Λ˜︁𝐻 ∥ . (6.20d)

In addition to improve the conditioning of the EFIE and that of its projector-based counterpart,
the spectrum analysis of the orthonormalized Loop and Star bases will lead to an effective strategy
to precondition the underlying systems for dense mesh discretization. This issue is addressed in
the following sections.

6.3 Analysis of the Spectrum of the Quasi-Helmholtz
Decomposition

In this section, we investigate the spectrum properties of the operators that we need to pseudo-
invert in order to compute the normalized projectors (6.15) and (6.14). We show that they are
Galerkin discretization matrices of the Laplace-Beltrami eigenvalue problem in standard [131]
and mixed [92, 18] finite element methods (FEM), respectively. Consequently, we leverage
results arising from FEM together with operator spectral theory to analyze the spectrum of the
orthonormalized quasi-Helmholtz decomposition.

6.3.1 Relationship with the Laplace-Beltrami Eigenvalue Prob-
lem

The Laplace-Beltrami eigenvalue problem reads [106]

−divΓgradΓ 𝑓𝑛 = 𝜐𝑛 𝑓𝑛 , (6.21)

where {𝜐𝑛}𝑛∈N are the Laplace-Beltrami eigenvalues associated with the eigenfunctions { 𝑓𝑛}𝑛∈N.
In standard FEM, this problem is discretized as [131, 17]

GgradΓ𝜆
(𝑝) ,gradΓ𝜆

(𝑝)U = G𝜆 (𝑝) ,𝜆 (𝑝)UD˜︁Λ (6.22)

where U contains the eigenvectors (i.e., the expansion coefficients of approximations of the
Laplace-Beltrami eigenfunctions) and D˜︁Λ is a diagonal matrix that contains their associated
eigenvalues 𝜐˜︁Λ

𝑛 (i.e., approximations of the Laplace-Beltrami eigenvalues). This generalized
eigenvalue equation can be recast into the standard eigenvalue equation(︂

G−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

GgradΓ𝜆
(𝑝) ,gradΓ𝜆

(𝑝)G−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

)︂
V = VD˜︁Λ

with U = G−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

V .
(6.23)
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It follows that ˜︁𝚲T˜︁𝚲 = G−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

𝚲TG𝝍 (𝑝) ,𝝍 (𝑝)𝚲G−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

= G−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

GcurlΓ𝜆 (𝑝) ,curlΓ𝜆 (𝑝)G
−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

= G−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

GgradΓ𝜆
(𝑝) ,gradΓ𝜆

(𝑝)G−1/2
𝜆 (𝑝) ,𝜆 (𝑝)

(6.24)

is a Galerkin discretization matrix of the Laplace-Beltrami eigenvalue problem.
Alternatively, the Laplace-Beltrami eigenvalue problem can be discretized via mixed FEM [92,

18]. More precisely, by introducing the auxiliary vector 𝒖𝑛 = gradΓ 𝑓𝑛, the Laplace eigenvalue
problem can be rewritten as {︄

𝒖𝑛 − gradΓ 𝑓𝑛 = 0
divΓ𝒖𝑛 = −𝜐𝑛 𝑓𝑛

. (6.25)

The unknown 𝒖𝑛 is approximated by a linear combination of Raviart-Thomas functions, while
𝑓𝑛 is approximated by a linear combination of discontinuous Galerkin functions (therefore, the
gradient in the first row has to be considered in the distributional sense). After testing the first
row by Raviart-Thomas elements and the second row by discontinuous Galerkin functions, and
by applying integration by parts, we find the saddle point system(︃

G𝝍 (𝑝) ,𝝍 (𝑝) 𝚺
𝚺T 0

)︃ (︃
A
B

)︃
=

(︃
0 0
0 −G𝜎 (𝑝) ,𝜎 (𝑝)

)︃ (︃
A
B

)︃
D˜︁Σ , (6.26)

where A and B contain the expansion coefficients of the approximated eigenfunctions and D˜︁Σ
contains their associated eigenvalues 𝜐˜︁Σ

𝑛 . Rearranging the first row, we find

A = −G−1
𝝍 (𝑝) ,𝝍 (𝑝)

𝚺B , (6.27)

while the second row is
𝚺TA = −G𝜎 (𝑝) ,𝜎 (𝑝)BD˜︁Σ , (6.28)

which finally gives (︂
𝚺TG−1

𝝍 (𝑝) ,𝝍 (𝑝)
𝚺
)︂

B = G𝜎 (𝑝) ,𝜎 (𝑝)BD˜︁Σ . (6.29)

This generalized eigenvalue equation can be recast into the standard eigenvalue equation(︂
G−1/2
𝜎 (𝑝) ,𝜎 (𝑝)

𝚺TG−1
𝝍 (𝑝) ,𝝍 (𝑝)

𝚺G−1/2
𝜎 (𝑝) ,𝜎 (𝑝)

)︂
C = CD˜︁Σ

with B = G−1/2
𝜎 (𝑝) ,𝜎 (𝑝)

C .
(6.30)

It follows that ˜︁𝚺T˜︁𝚺 = G−1/2
𝜎 (𝑝) ,𝜎 (𝑝)

𝚺TG−1
𝝍 (𝑝) ,𝝍 (𝑝)

𝚺G−1/2
𝜎 (𝑝) ,𝜎 (𝑝)

(6.31)

is a Galerkin discretization matrix of the Laplace-Beltrami eigenvalue problem.

6.3.2 Convergence and Asymptotic Behavior of the Laplace-
Beltrami Eigenvalues

The two discretizations of the Laplace-Beltrami eigenvalue problems (6.22) and (6.26) have
been intensively studied in the past decades [17, 18, 92, 131, 148]. In particular, the convergence
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of the eigenvalues of the discretized systems (6.24) and (6.31) to the eigenvalues of the Laplace-
Beltrami operator (6.21) are well known, and proved to be (for ℎ small enough)

0 < 𝜐˜︁Λ
𝑛 − 𝜐𝑛 ≤ 𝐶1ℎ

2(𝑝+1) , (6.32)

0 < 𝜐˜︁Σ
𝑛 − 𝜐𝑛 ≤ 𝐶2ℎ

2(𝑝+1) , (6.33)

where 𝐶1 and 𝐶2 are two coefficients independent of ℎ but dependent on other parameters, such
as the order 𝑝, the shape of the mesh, and the eigenvalue that we want to approximate [148]. In
particular, it has been shown [131] that 𝐶1 ≤ 𝐶3𝜐

𝑝+2
𝑛 where 𝐶3 is a coefficient independent of 𝑝

and𝜐𝑛. These bounds show that convergence is ensured for ℎ→ 0. Additionally, the convergence
rate with respect to ℎ is improved when 𝑝 increases. Yet, the convergence pertaining only to 𝑝
(for ℎ fixed) remains ambiguous [148].

Finally, we rely on the spectral theory on the Laplace-Beltrami operator to analyze the
asymptotic behavior of the discrete eigenvalues. Assuming that the eigenvalues are given in
increasing amplitude, the Weyl’s law is a classical result that establishes [10]

𝜐𝑛 ∼
4𝜋𝑛

area (Γ) . (6.34)

This shows, together with (6.32) and (6.33), that the discrete eigenvalues 𝜐˜︁Λ
𝑛 and 𝜐˜︁Σ

𝑛 will grow
as their index 𝑛 when refining in ℎ.

6.4 Operator Filtering

6.4.1 Spectrum Filtering and Wavelet-Like Decomposition
Consider a generic matrix X ∈ R𝑁×𝑀 of rank 𝑟 (used as a placeholder for either 𝚺 or 𝚲

as well as for their respective normalized counterparts ˜︁𝚺 or ˜︁𝚲) with associated column space
𝑋 = range(X). Denote its reduced singular value decomposition (SVD) X = UXSXVT

X (i.e., the
SVD that does not explicitly compute the nullspace of X), where UX ∈ R𝑁×𝑟 and VX ∈ R𝑀×𝑟 are
unitary matrices with columns being the singular vectors of X and where SX ∈ R𝑟×𝑟 is a diagonal
matrix containing the non-negative singular values {𝑠𝑖}𝑟𝑖=1 of X in an increasing amplitude (see
Definition 3.4). The reduced SVD of the symmetric positive semi-definite matrix XTX (which
matches with its eigenvalue decomposition) is thus given by

XTX = VXS2
XVT

X . (6.35)

To derive our filtering strategy, we first define the truncated diagonal matrix SX,𝑛[︁
SX,𝑛

]︁
𝑖𝑖
=

{︄
𝑠𝑖 if 𝑖 ≤ 𝑛
0 otherwise

, (6.36)

which allows for the following definition of the truncated SVD of X [94]

X𝑛 = UXSX,𝑛VT
X , (6.37)

where we used UT
XUX = I. Accordingly, the truncated SVD of XTX is(︁

XTX
)︁
𝑛
= VXS2

X,𝑛V
T
X = XT

𝑛X𝑛 , (6.38)
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and the truncated version of the projector on 𝑋 , i.e., the projector on 𝑋𝑛 = range(X𝑛) is

P𝑋𝑛 = X𝑛

(︁
XT
𝑛X𝑛

)︁+XT
𝑛 = UXSX,𝑛VT

X
(︁
VXS2

X,𝑛V
T
X
)︁+VXSX,𝑛UT

X

= UXSX,𝑛VT
X
(︁
VXS−2

X,𝑛V
T
X
)︁
VXSX,𝑛UT

X = UXI𝑛UT
X

= UXSXVT
X
(︁
VXS2

XVT
X
)︁+
𝑛
VXSX,𝑛UT

X = X
(︁
XTX

)︁+
𝑛
XT ,

(6.39)

where we used VT
XVX = I, S−1

X,𝑛SX = S−1
X,𝑛SX,𝑛 = I𝑛 and SXS−1

X,𝑛 = SX,𝑛S−1
X,𝑛 = I𝑛, with the

truncated inverse of SX defined as[︁
S−1

X,𝑛
]︁
𝑖𝑖
=

{︄
1/𝑠𝑖 if 𝑖 ≤ 𝑛
0 otherwise

, (6.40)

and the truncated identity defined as

[I𝑛]𝑖𝑖 =
{︄

1 if 𝑖 ≤ 𝑛
0 otherwise

. (6.41)

Then, for 𝑚 > 𝑛

P𝑋𝑚P𝑋𝑛 = UXI𝑚UX
TUXI𝑛UX

T = UXI𝑛UX
T

= P𝑋𝑛 P𝑋𝑚 = P𝑋𝑛 .
(6.42)

This implies the following property (for 𝑚 > 𝑛 > 𝑝 > 𝑞)(︂
P𝑋𝑚 − P𝑋𝑛

)︂ (︂
P𝑋𝑝 − P𝑋𝑞

)︂
= P𝑋𝑚P𝑋𝑝 − P𝑋𝑚P𝑋𝑞 − P𝑋𝑛 P𝑋𝑝 + P𝑋𝑛 P𝑋𝑞
= P𝑋𝑝 − P𝑋𝑞 − P𝑋𝑝 + P𝑋𝑞 = 0,

(6.43)

as well as (for 𝑚 > 𝑛)(︂
P𝑋𝑚 − P𝑋𝑛

)︂ (︂
P𝑋𝑚 − P𝑋𝑛

)︂
= P𝑋𝑚P𝑋𝑚 + P𝑋𝑛 P𝑋𝑛 − P𝑋𝑛 P𝑋𝑚 − P𝑋𝑚P𝑋𝑛
= P𝑋𝑚 + P𝑋𝑛 − 2P𝑋𝑛 = P𝑋𝑚 − P𝑋𝑛 .

(6.44)

For a logarithm base 𝛼, we define the wavelet-like operators on {𝑋ℓ}𝑁𝑋,𝛼+1ℓ=1 , with 𝑁𝑋,𝛼 =

⌊log𝛼 (𝑟)⌋, as

W𝑋
1 = P𝑋𝛼−1 , (6.45a)

W𝑋
ℓ = P𝑋

𝛼ℓ−1 − P𝑋
𝛼ℓ−1−1 , ℓ = 2, . . . , 𝑁𝑋,𝛼 , (6.45b)

W𝑋
𝑁𝑋,𝛼+1 = P𝑋 − P𝑋

𝛼
𝑁𝑋,𝛼−1

. (6.45c)

These operators are projectors, i.e.,

W𝑋
ℓ W𝑋

ℓ = W𝑋
ℓ ∀ℓ = 1, . . . , 𝑁𝑋,𝛼 + 1 (6.46)

which is a consequence of (6.44). They are also orthogonal to each other, i.e.,

W𝑋
𝑛 W𝑋

𝑚 = 0 , 𝑛 ≠ 𝑚 , (6.47)
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which is a consequence of (6.43). Furthermore, they form by construction a partition of the
projector on 𝑋 , i.e.,

𝑁𝑋,𝛼+1∑︁
ℓ=1

W𝑋
ℓ = P𝑋 . (6.48)

This defines a wavelet-like partition of the subspace 𝑋

𝑋 =

𝑁𝑋,𝛼+1⨁︂
ℓ=1

𝑊𝑋
ℓ , (6.49)

with𝑊𝑋
ℓ
= range

(︂
W𝑋

ℓ

)︂
.

From (5.7) and (6.9), it can be shown that for any integer 𝑚 and 𝑛

𝚺T
𝑛𝚲𝑚 = ˜︁𝚺T

𝑛
˜︁𝚲𝑚 = 0 , (6.50)

which also implies

PΣ
𝑛PΛ

𝑚 = P˜︁Σ
𝑛P˜︁Λ

𝑛 = 0 . (6.51)

We additionally get for any integer 𝑛

PΣ
𝑛P𝐻 = PΛ

𝑛 P𝐻 = P˜︁Σ
𝑛P˜︁𝐻 = P˜︁Λ

𝑛 P˜︁𝐻 = 0 . (6.52)

According to these orthogonality properties, the quasi-Helmholtz decomposition (5.1) and
its normalized counterpart (6.10) can be further decomposed into wavelet-like quasi-Helmholtz
decompositions

C𝑁 =

𝑁Σ,𝛼+1⨁︂
ℓ=1

𝑊Σ
ℓ

𝑁Λ,𝛼+1⨁︂
ℓ=1

𝑊Λ
ℓ

⨁︂
𝐻 , (6.53)

and

C𝑁 =

𝑁˜︁Σ,𝛼+1⨁︂
ℓ=1

𝑊
˜︁Σ
ℓ

𝑁˜︁Λ,𝛼+1⨁︂
ℓ=1

𝑊
˜︁Λ
ℓ

⨁︂ ˜︁𝐻 , (6.54)

respectively.

6.4.2 Preconditioning the Electric Field Integral Equation
The wavelet-like decompositions enable us to define the quasi-Helmholtz filters [94]

QΛ =

𝑁Λ,𝛼+1∑︁
ℓ=1

𝛽Λℓ WΛ
ℓ , (6.55)

QΣ =

𝑁Σ,𝛼+1∑︁
ℓ=1

𝛽Σℓ WΣ
ℓ , (6.56)

with

𝛽Λℓ = ∥WΛ
ℓ T𝑠WΛ

ℓ ∥
−1/2 , ℓ = 1, . . . , 𝑁Λ,𝛼 + 1 , (6.57a)

𝛽Σℓ = ∥WΣ
ℓ TℎWΣ

ℓ ∥
−1/2 , ℓ = 1, . . . , 𝑁Σ,𝛼 + 1 . (6.57b)
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as well as the normalized quasi-Helmholtz filters

Q˜︁Λ =

𝑁˜︁Λ,𝛼+1∑︁
ℓ=1

𝛽
˜︁Λ
ℓ W˜︁Λ

ℓ , (6.58)

Q˜︁Σ =

𝑁˜︁Σ,𝛼+1∑︁
ℓ=1

𝛽
˜︁Σ
ℓ W˜︁Σ

ℓ , (6.59)

with

𝛽
˜︁Λ
ℓ = ∥W˜︁Λ

ℓ
˜︁T𝑠W

˜︁Λ
ℓ ∥
−1/2 , ℓ = 1, . . . , 𝑁˜︁Λ,𝛼 + 1 , (6.60a)

𝛽
˜︁Σ
ℓ = ∥W˜︁Σ

ℓ
˜︁TℎW

˜︁Σ
ℓ ∥
−1/2 , ℓ = 1, . . . , 𝑁˜︁Σ,𝛼 + 1 . (6.60b)

The preconditioning matrices are finally given by

Q = 𝛾Σ QΣ + 𝛾Λ QΛ + 𝛾𝐻P𝐻 , (6.61)
with

𝛾Σ = 𝑗 𝑘1/2∥QΣTℎQΣ∥−1/2 (6.62a)
𝛾Λ = 𝑘−1/2∥QΛT𝑠QΛ∥−1/2 , (6.62b)
𝛾𝐻 = 𝑘−1/2∥P𝐻T𝑠P𝐻 ∥−1/2 , (6.62c)

for the standard EFIE and by ˜︁Q = 𝛾
˜︁Σ Q˜︁Σ + 𝛾˜︁Λ Q˜︁Λ + 𝛾 ˜︁𝐻P˜︁𝐻 , (6.63)

with

𝛾
˜︁Σ = 𝑗 𝑘1/2∥Q˜︁Σ˜︁TℎQ

˜︁Σ∥−1/2 , (6.64a)

𝛾
˜︁Λ = 𝑘−1/2∥Q˜︁Λ˜︁T𝑠Q

˜︁Λ∥−1/2 , (6.64b)

𝛾
˜︁𝐻 = 𝑘−1/2∥P˜︁𝐻˜︁T𝑠P

˜︁𝐻 ∥−1/2 , (6.64c)

for the normalized EFIE. This yields the preconditioned systems

QTQ𝒚 = Q𝒆 , (6.65)

with 𝒋 = Q𝒚, and ˜︁Q˜︁T˜︁Q˜︁𝒚 = ˜︁Q˜︁𝒆 , (6.66)

with ˜︁𝒋 = ˜︁Q˜︁𝒚.
The analysis conducted in [94] demonstrates that

cond
(︂˜︁Q˜︁T˜︁Q)︂

= 𝑂 (1), ℎ→ 0, 𝑘 → 0 , (6.67)

which is a consequence of the choice of the scaling factors (6.60) and (6.64) and the convergence
results on the eigenvalues of (6.24) and (6.31).

As it concerns the standard EFIE, cond (QTQ) worsens with respect to cond(˜︁Q˜︁T˜︁Q) because
of the ill-conditioning of the Gram matrix G𝝍 (𝑝) ,𝝍 (𝑝) for increasing 𝑝 and for meshes with non-
uniform diameters of the cells. Nevertheless, the condition number can be bounded whenever
an efficient strategy is used to precondition the Gram matrix without necessarily relying on the
computation of its inverse square root [94].
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6.5 Implementation related details
In this section, we discuss the techniques that will be useful to efficiently implement the

methods presented here within an iterative solver.
Fast algorithms are assumed to be used for the computation of the matrices, i.e., multipole

or compression-based techniques for the integral operator matrix discretizations [40, 112, 119],
together with sparse algorithms for the Gram matrices [37]. The action of the linear algebra
operations, such as matrix inversions and matrix square roots, are computed on the fly when
multiplied with the vectors of the iterative process. They must be done with iterative methods
which imply a reduced computational cost (in time an storage) due to the fast algorithms em-
ployed to store the matrices and compute their associated matrix-vector products. The matrices
𝚲T𝚲 and 𝚺T𝚺 are ill-conditioned for increasing discretization (in ℎ and 𝑝) and their pseudo-
inversions require suitable algorithms such as multigrid techniques [120, 84, 109, 104, 22].
These pseudo-inverses obtained via multigrid can be used as preconditioners for the conjugate
gradient method when pseudo-inverting their normalized counterpart (6.24) and (6.31). Sim-
ilarly, the evaluation of the spectral norms is efficiently done via power iteration methods that
also benefit from matrix-vector product acceleration.

Moreover, the definition of the filters involves the computation of several SVDs, which,
while offering a comprehensive theoretical framework, are computationally prohibitive. In [94],
alternative filtering algorithms are introduced, and their effectiveness is shown for the computa-
tion of the zeroth-order quasi-Helmholtz filters. These algorithms can be used equally for higher
orders, and we refer to the aforementioned paper for more details about their descriptions.

Finally, all the products of Tℎ / ˜︁Tℎ with QΛ / Q˜︁Λ and P𝐻 / P˜︁𝐻 must be explicitly set to zero
to avoid numerical instabilities due to the loss of significant digits appearing at low frequency.
Further treatments on the right-hand side, solution vector, and computation of the scattered
field are required to ensure numerical stability at very low frequency, as is commonly done in
low-frequency stabilization strategies (see Chapter 5).

6.6 Numerical results
To corroborate our theoretical developments, we first display in Figure 6.1 the singular values

of the Laplace-Beltrami operator Δ, for the unitary sphere, together with the approximating
eigenvalues of ˜︁𝚲T˜︁𝚲 and ˜︁𝚺T˜︁𝚺, obtained for ℎ = 58cm and 𝑝 = 2. We observe that there is a
good match between these singular values and they all grow linearly with the spectrum index, as
expected by the Weyl’s law (6.34) and the convergence of the discrete eigenvalues to those of the
continuous operator (6.32)–(6.33). This allows to effectively filter these spectra through the use
of truncated singular value decompositions. In the same figure, we display the filtered singular
value spectrum of the operators with a filtering parameter 𝛼 = 2. We observe that these three
spectra are flat and bounded, indicating a condition number almost equal to 𝛼. Subsequently,
we display in Figure 6.2 the eigenvalues of the two matrices that we filter in the EFIE filtering
approach, namely P˜︁Λ˜︁T𝑠P

˜︁Λ and P˜︁Σ˜︁TℎP
˜︁Σ = ˜︁Tℎ. We observe that the decrease and increase of the

singular values, respectively, are linear with respect to the spectrum index, as they inherit the
behavior of the associated Laplacian discretizations ˜︁𝚲T˜︁𝚲 and ˜︁𝚺T˜︁𝚺. Again, this enables effective
filtering of these spectra, that we display in the same figure. Equally, we observe the the filtered
spectra are flat and bounded, indicating a condition number almost equal to 𝛼.
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Figure 6.1: Singular value spectra of the continuous and discretized Laplacian operators along
with their filtered counterparts for the sphere at order 2 with ℎ = 58cm.
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Figure 6.2: Singular value spectra of P˜︁Λ˜︁T𝑠P
˜︁Λ and ˜︁Tℎ and of their filtered counterparts for the

sphere at order 2 with ℎ = 58cm.
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Figure 6.3: Singular value spectra of the EFIE (without preconditioning), projector-based EFIE
and filter-based EFIE for the sphere at order 2 with ℎ = 58cm. Frequency is 𝑓 = 10kHz.
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With the same discretization, and at frequency 𝑓 = 10kHz, we display in Figure 6.3 the
spectra of the EFIE, quasi-Helmholtz projector-based EFIE and quasi-Helmholtz filter-based
EFIE (with normalization). We observe that the gap between the maximal and minimal singular
values of the EFIE is substantially larger than with the two other formulations. The projector-
based EFIE displays a smaller gap than the non-preconditioned EFIE. It notably reduces the
distance between the two clusters of singular values associated with non-solenoidal (top-left) and
solenoidal (bottom-right) singular values. However, it does not entirely flatten the spectrum.
The filter-based EFIE, instead, displays a very flat spectrum, indicating a condition number
almost equal to 𝛼.

To showcase the performance of our technique, the normalized filter-based EFIE (6.66)
is compared with the normalized EFIE (6.1) and the normalized quasi-Helmholtz projector-
based EFIE (6.19). These formulations are applied to solve electromagnetic problems on
three canonical shapes: a sphere of radius 1 m uniformly meshed (all triangles of the mesh
discretization are identical), a torus of outer radius 0.5 m and inner radius 0.15 m and the NASA
almond (of size 25.24 cm × 9.75 cm × 3.25 cm) [143].
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Figure 6.4: Condition number of the different formulations matrices for the Sphere of radius 1m
as a function of the number of unknowns (for decreasing ℎ). Frequency is 𝑓 = 10kHz.
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Figure 6.5: Condition number of the different formulations matrices for the Torus of outer
radius 50cm and inner radius 15cm as a function of the number of unknowns (for decreasing ℎ).
Frequency is 𝑓 = 10kHz.
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Figure 6.6: Condition number of the different formulations matrices for the NASA almond
of dimensions 25.24cm × 9.75cm × 3.25cm as a function of the number of unknowns (for
decreasing ℎ). Frequency is 𝑓 = 10kHz.

Figures 6.4, 6.5 and 6.6 display the condition number of the underlying matrices as a
function of the number of unknowns, at fixed frequency 𝑓 = 10kHz, for the system matrices
obtained for simulations with the sphere, torus and NASA almond, respectively. As expected,
the matrices obtained with the standard EFIE present an extremely high condition number that
increases linearly with the number of unknowns (i.e., as the square of 1/ℎ), whereas matrices
preconditioned with the quasi-Helmholtz projectors present a lower condition number which
also increases for decreasing ℎ. The quasi-Helmholtz filtered matrices, instead, present an
almost constant condition number.
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Figure 6.7: Residual error as a function of the number of unknowns for the iterative solver
TFQMR for simulations of the unitary sphere discretized with ℎ = 10cm. Frequency is 𝑓 = 10
kHz.

Further, we display in Figure 6.7 the residual error as a function of the number of unknowns
obtained with the iterative solver TFQMR when modelling the unitary sphere at frequency
𝑓 = 10kHz, with ℎ = 10cm. As it was expected with the computation of the condition
number, we observe an almost constant number of iterations at a fixed precision with the quasi-
Helmholtz filters preconditioning, while it increases for increasing order (that is with the number
of unknowns) with the quasi-Helmholtz projectors preconditioning. At this frequency, TFQMR
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does not convergence when solving the non-preconditioned EFIE. These observations are valid
for different orders and showcase the effectiveness of our scheme in curing the dense-refinement
breakdown of the EFIE and quasi-Helmholtz projectors-based EFIE.

Figures 6.8, 6.9 and 6.10 display the condition number as a function of the frequency, at a
fixed mesh parameter ℎ, for the system matrices obtained for simulations with the sphere, torus
and NASA almond, respectively. As expected, the condition number of the non-preconditioned
EFIE increases quadratically for decreasing frequencies. Instead, projector-based and filter-
based preconditioned matrices have stable condition numbers with respect to the frequency,
showing that these two techniques are both capable of curing the low-frequency breakdown.
Nonetheless, the filter-based preconditioning provides significantly lower condition numbers
than the projector-based preconditioning. These observations are valid for different orders and
showcase the effectiveness of our scheme in curing the low-frequency breakdown of the EFIE.
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Figure 6.8: Condition number of the different formulations matrices for the sphere of radius 1
m at different frequencies. Average mesh edge size is ℎ = 58cm.
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Figure 6.9: Condition number of the different formulations matrices for the torus of outer radius
50cm and inner radius 15cm at different frequencies. Average mesh edge size is ℎ = 8cm.
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Figure 6.10: Condition number of the different formulations matrices for the NASA almond of
dimensions 25.24cm × 9.75cm × 3.25cm at different frequencies. Average mesh edge size is
ℎ = 1.3cm.

Finally, we display in Figure 6.11 the condition number obtained with the different formula-
tions without normalization (see (2.93), (4.6) and (6.65)). We observe that the filtering technique
still allows to get an almost constant condition number with respect to the mesh parameter ℎ,
but it is not stable for increasing order of the basis functions. In fact we observed an exponential
growth of the condition number for increasing 𝑝. These observations indicate however that an
absence of normalization can be acceptable for relatively low orders, while an efficient technique
to normalize the basis functions becomes necessary for higher orders.
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Figure 6.11: Condition number of the different formulations matrices for the Sphere of radius 1
m as a function of the number of unknowns (for decreasing ℎ) without normalization. Frequency
is 𝑓 = 10kHz.

6.7 Conclusion
We presented an arbitrary-order preconditioning strategy capable of addressing both h-

refinement and low-frequency breakdowns. These issues are met in several industrial applica-
tions where mesh densities and object size appear to be substantially smaller than the frequency
of the electromagnetic problem and can compromise the precision of the solution in addition to
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slow done or even prevent the convergence of iterative solvers. Furthermore, the proposed ap-
proach allows the use of basis functions of arbitrary order, leading to faster convergence toward
the physical solution as the mesh is refined, which is of considerable industrial significance.

Our technique resorts to the filtering of the quasi-Helmholtz projectors, introduced in Chap-
ter 5. It can be seen as an extension of this previous method, where the EFIE spectrum is
further stabilized. Theoretical considerations and experimental validations showcased the effec-
tiveness of the proposed strategy against other techniques. Preconditioning effect with regard to
p-refinement has also been observed and is currently under theoretical investigations.

Notice that the computation of inverse square roots of Gram matrices may represent an ex-
pensive process and we may look for some alternatives. In the next section, we will also employ
these matrices to normalize the EFIE. There, we will introduce an efficient alternative that con-
sists in partially-orthonormalizing the basis functions with sparse transformation matrices. This
technique can be used equally in the context of quasi-Helmholtz Laplacian filters. Moreover, we
did not explore the use of other kind of basis functions. It is known for instance that hierarchical
basis functions, which span the same Raviart-Thomas spaces than the GWP functions, possess
some orthogonality between the different levels of basis functions, which results in a smaller
conditioning of the associated discretization matrices [108].
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Chapter 7

Projector-Based Calderón Preconditioners
for High-Order Discretizations

Preliminary results of this work were presented at the 2024 International Conference on
Electromagnetics in Advanced Applications [25].

7.1 Introduction
In this chapter, we propose a preconditioning strategy for the EFIE that is based on the use

of both quasi-Helmholtz projectors and Calderón identities (7.14). Calderón preconditioners
are techniques that consist in mapping the EFIE operator to a second kind Fredholm integral
operator—a class of operators that are not prone to dense-refinement breakdowns—by com-
posing it with itself [82, 42]. However, the presence of a mixed-Gram matrix—that contains
the inner products between div-conforming and curl-conforming functions—arising from the
discretization of the Calderón identity, requires identifying a dual space so as to actually build
a well-conditioned system [42, 28, 136].

Relationships between Calderón preconditioners and quasi-Helmholtz decompositions are
well-established [28], even in the high-order case [136, 42]. Roughly speaking, the reason
why a straightforward discretization of the Calderón identity is not effective relates to the
duality between the quasi-Helmholtz decompositions of div-conforming and curl-conforming
functions. As a matter of fact, the functions from one space can be obtained by evaluating the
cross product between the normal to the surface and the functions from the other space [30].
Hence, the quasi-Helmholtz decomposition of div-conforming functions—which separates them
into solenoidal (divergence-free) and quasi-irrotational contributions—transforms into a quasi-
Helmholtz decomposition of curl-conforming functions in terms of irrotational (curl-free) and
quasi-solenoidal contributions (see Section 2.2.2). Regrettably, when the same finite element
space (up to the rotation) is used in both expanding and testing the mixed-Gram matrix, there is a
mismatch between the number of solenoidal/quasi-irrotational functions of the expanding space
and quasi-solenoidal/irrotational functions of the testing space, which results in an unstable
discretization [42, 7]. At the lowest order, it is common to use the barycentric refinement-based
Buffa-Christiansen (BC) basis functions [7] to construct a space dual to that of the Rao-Wilton-
Glisson (RWG) basis functions [118]; in the sense that the solenoidal and quasi-irrotational
RWG-based functions are associated with the vertices and cells of the mesh, respectively,
whereas the solenoidal and quasi-irrotational BC-based functions are associated with the cells
and vertices, respectively. A comparable technique based on barycentric refinement has also
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been proposed at higher order [136]—for instance, when expanding the surface current density
with Graglia-Wilton-Peterson (GWP) basis functions [67]. There, a successful strategy to obtain
a valid dual space (with a number of solenoidal and quasi-irrotational basis functions that are
exchanged with respect to those of the primal space) is to project the rotated solenoidal and quasi-
irrotational functions of the primal mesh onto the quasi-irrotational and solenoidal functions of
the barycentric-refined mesh, respectively, while the same functional order is set to both spaces.

In the present contribution, we derive and analyze another strategy which leverages p-
refinement (that is, when increasing the number of unknowns by increasing the order of the
basis functions), rather than mesh-refinement. We show that the normalized version of the
high-order quasi-Helmholtz projectors applied to the normalized EFIE (see Section 6.2) allows
for properly building a space that is dual to the Raviart-Thomas space of a given order 𝑝. Quite
similarly to what was done in [136], in the case of barycentric refinement, the rotated solenoidal
and quasi-irrotational contributions of the GWP functions of order 𝑝 are projected onto the
quasi-irrotational and solenoidal contributions of the GWP functions of an order higher than 𝑝,
respectively. Nonetheless, the formulation proposed in this chapter is substantially different than
in the latter work, as it does not require the inversion of the mixed-Gram matrix. To this extent,
our strategy is closer to the one presented in the seminal work of Christiansen and Nédélec [42],
where it is proposed to solve a saddle-point system in order to produce such projection, that
preserves the cancellation of the scalar potential applied to itself—another property that is
crucial to build effective Calderón preconditioners. In that latter case, however, the dual space
is built from the primal space, which introduces a nullspace in the preconditioned system, and
no EFIE normalization nor orthogonal projectors are employed.

Following our strategy, we will show experimentally that a proper choice to produce a stable
and well-conditioned discretization of the Calderón identity is to use a space dual to the Raviart-
Thomas space of order 𝑝, that is built from an auxiliary Raviart-Thomas space of order 𝑝 + 1
complemented with curl of order 𝑝+1 bubble functions (a subspace of the Raviart-Thomas space
of order 𝑝 + 2). Implementation details and algorithmic efficiency of the proposed method—
including an alternative to the computation of exact basis functions orthonormalization—will
then be discussed, while numerical experiments will showcase stable condition numbers of the
new formulation in the dense-refinement and low-frequency regimes.

7.2 Background and Notations
Consider a closed and possibly multiply-connected boundary surface Γ of a PEC object.

Given the incident electric field 𝑬inc that impinges on Γ, the EFIE allows finding the induced
surface current density 𝑱 and reads

T 𝑱 = −𝒏 × 𝑬inc/𝜂. (7.1)

For a given order 𝑝, we approximate the surface current density as

𝑱 ≈
𝑁𝑝∑︁
𝑛=1
[ 𝒋𝑝]𝑛𝝍 (𝑝)𝑛 , (7.2)

and the EFIE is tested with rotated basis functions {𝒏 × 𝝍 (𝑝)} which leads to the matrix system
of size 𝑁𝑝

T𝑝 𝒋𝑝 = 𝒆𝑝 , (7.3)
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with

T𝑝 ≔ − 𝑗 𝑘T𝑠 |𝑝 + ( 𝑗 𝑘)−1Tℎ |𝑝 , (7.4)

[T𝑠 |𝑝]𝑚𝑛 ≔ ⟨𝒏 × 𝝍 (𝑝)𝑚 ,T𝑠𝝍 (𝑝)𝑛 ⟩ , (7.5)

[Tℎ |𝑝]𝑚𝑛 ≔ ⟨𝒏 × 𝝍 (𝑝)𝑚 ,Tℎ𝝍 (𝑝)𝑛 ⟩ , (7.6)

[𝒆𝑝]𝑚 ≔ −⟨𝒏 × 𝝍 (𝑝)𝑚 , 𝒏 × 𝑬inc/𝜂⟩ . (7.7)

We finally consider a normalization of the EFIE that consists in orthonormalizing the basis
functions with respect to the inner-product (1.3), that becomes˜︁T𝑝

˜︁𝒋𝑝 = ˜︁𝒆𝑝 , (7.8)

with ˜︁T𝑝 ≔ − 𝑗 𝑘˜︁T𝑠 |𝑝 + ( 𝑗 𝑘)−1˜︁Tℎ |𝑝 , (7.9)

where ˜︁T𝑠 |𝑝 ≔ G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

T𝑠 |𝑝G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

, (7.10)˜︁Tℎ|𝑝 ≔ G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

Tℎ |𝑝G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

, (7.11)˜︁𝒋𝑝 ≔ G1/2
𝝍 (𝑝) ,𝝍 (𝑝)

𝒋𝑝 , (7.12)˜︁𝒆𝑝 ≔ G−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

𝒆𝑝 . (7.13)

This normalization allows to mitigate ill-conditioning related to the lack of orthogonality between
the basis functions, that substantially deteriorates for non-uniform meshes and high orders [94].
In spite of this normalization, the system may remain ill-conditioned however, and in particular,
it is known that the spectrum of the EFIE is unbounded and its matrix discretization (even
with normalization) has eigenvalues that go to zero and to infinity (i) for fixed frequency and
increasing discretization and (ii) fixed discretization and decreasing frequency [94]. Additional
preconditioning techniques are thus needed to improve the effectiveness of numerical solvers in
such scenarios.

The preconditioning strategy employed in this work leverages the Calderón identity (1.120)

T ◦ T = −1
4I + K ◦ K , (7.14)

where I is the identity operator and K is the double layer potential (1.100). For sufficiently
smooth geometries, K is compact and it follows that the eigenvalues of T ◦ T are bounded and
clustered around −1/4 [82].

Furthermore, we can expand (7.14) as

T ◦ T = −𝑘2T𝑠 ◦ T𝑠 − Tℎ ◦ T𝑠 − T𝑠 ◦ Tℎ −
1
𝑘2Tℎ ◦ Tℎ , (7.15)

and the property divΓ (𝒏 × gradΓ) = −divΓcurlΓ = 0 shows that

Tℎ ◦ Tℎ = 0 . (7.16)

The cancellation of (7.16) is crucial to ensure the boundedness of the T ◦ T spectrum [7] at
low-frequency, as the operator (7.14) thus tends towards the static limit

−Tℎ ◦ T𝑠 − T𝑠 ◦ Tℎ (7.17)
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when 𝑘 goes to zero, which has a bounded spectrum for simply-connected geometries [8]. There-
fore, any effective preconditioner based on the Calderón identity must preserve that cancellation.

For multiply connected geometries, however, it can be shown that (7.17) has a nullspace
in statics that is spanned by the harmonic functions [8] (associated with the topological cycles
around the handles of the structure). Following the developments in [8], further treatments will
thus be introduced to stabilize the Calderón identity at low-frequency when topological cycles
arise from multiply connected geometries.

7.2.1 Extended Raviart-Thomas Space
In the following strategy we will need to complement the Raviart-Thomas space of order 𝑝

by additional cell-based solenoidal functions. We use here the space B𝑝 of bubble functions of
order 𝑝, that are the continuous functions of order 𝑝 which vanish on the border of every cells
of the mesh (see Section 2.2). We define these extended Raviart-Thomas spaces as

RT𝑝⊕𝑏 ≔ RT𝑝 ∪ curlΓB𝑝 , (7.18)

and we have RT𝑝 ⊆ RT𝑝⊕𝑏 ⊆ RT𝑝+1. Notice that 𝑝(𝑝 − 1)𝐶/2 basis functions in curlΓB𝑝
are already included in the set of basis functions of RT𝑝 [141]. It turns out that only 𝑝𝐶 basis
functions are actually added to those of RT𝑝 in order to span RT𝑝⊕𝑏. Hence, this space is of
dimension

𝑁𝑝⊕𝑏 = 𝑁𝑝 + 𝑝𝐶 . (7.19)

When the EFIE is discretized with the extended Raviart-Thomas space, 𝑝𝐶 additional
solenoidal basis functions {curlΓ𝛽(𝑝)𝑛 }𝑝𝐶𝑛=1 are added to the set of GWP functions {𝝍 (𝑝)𝑛 }

𝑁𝑝

𝑛=1 in
order to obtain the basis functions {𝝍 (𝑝⊕𝑏)𝑛 }𝑁𝑝⊕𝑏

𝑛=1 . The space of discontinuous functions is not
augmented, i.e., DG𝑝⊕𝑏 ≔ DG𝑝, while 𝑝𝐶 bubble basis functions {𝛽(𝑝)𝑛 } are added to the set
of continuous basis functions, i.e., CG𝑝⊕𝑏 ≔ CG𝑝 ∪ B𝑝, and we have CG𝑝 ⊆ CG𝑝⊕𝑏 ⊆ CG𝑝+1
with basis functions {𝜆(𝑝⊕𝑏)𝑛 }𝐿𝑝⊕𝑏

𝑛=1 , where

𝐿𝑝⊕𝑏 = 𝐿𝑝 + 𝑝𝐶 . (7.20)

Assuming an ordering of the basis functions that places at first the GWP functions and
thereafter the curl of bubble functions, the quasi-Helmholtz transformation matrices become

𝚺𝑝⊕𝑏 =

(︃
𝚺𝑝
0

)︃
, 𝚲𝑝⊕𝑏 =

(︃
𝚲𝑝 0
0 I

)︃
, (7.21)

and the Gram matrix associated with the augmented bases are

G𝝍 (𝑝⊕𝑏) ,𝝍 (𝑝⊕𝑏) =

(︃
G𝝍 (𝑝) ,𝝍 (𝑝) G𝝍 (𝑝) ,curlΓ𝛽 (𝑝)

GcurlΓ𝛽 (𝑝) ,𝝍 (𝑝) GcurlΓ𝛽 (𝑝) ,curlΓ𝛽 (𝑝)

)︃
, (7.22)

G𝜆 (𝑝⊕𝑏) ,𝜆 (𝑝⊕𝑏) =

(︃
G𝜆 (𝑝) ,𝜆 (𝑝) G𝜆 (𝑝) ,𝛽 (𝑝)

G𝛽 (𝑝) ,𝜆 (𝑝) G𝛽 (𝑝) ,𝛽 (𝑝)

)︃
, (7.23)

G𝜎 (𝑝⊕𝑏) ,𝜎 (𝑝⊕𝑏) = G𝜎 (𝑝) ,𝜎 (𝑝) , (7.24)

which allow to compute the normalized quasi-Helmholtz transformation matrices (6.7) and (6.8),
and the normalized projectors as in (6.14), (6.15) and (6.16). Further, the properties (6.17)–
(6.18) are preserved when the EFIE is discretized with the same ordering of RT𝑝⊕𝑏 basis
functions and normalized with the inverse square-root of (7.22).
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7.3 The Novel Calderón Preconditioner for High-
Order Discretization of the EFIE

7.3.1 Proposed Formulation
In this contribution, we propose a discretization of T ◦ T in the form

−˜︁𝚯T
𝑟,𝑝

˜︁T𝑟˜︁𝚯𝑟,𝑝
˜︁T𝑝 , (7.25)

where 𝑟 is the order of an auxiliary Raviart-Thomas space that has to be properly chosen with
respect to the space of order 𝑝 and where ˜︁𝚯𝑟,𝑝 is a (normalized) discretization of the operator

Θ : H−1/2
divΓ −→ H−1/2

curlΓ
𝝍 −→ 𝒏 × 𝝍

. (7.26)

The rationale behind this expression is that the testing functions in ˜︁T𝑝 and ˜︁T𝑟 , that are curl-
conforming, need to be rotated in order to match with the entries of the EFIE discretization, that
are coefficients of div-conforming functions. Similar developments have been made in [42] and
we refer to this reading for complimentary justifications.

This discretization leads us to the Calderón preconditioning of the normalized system (7.8)˜︁T𝑟,𝑝˜︁T𝑝
˜︁𝒋𝑝 = ˜︁T𝑟,𝑝˜︁𝒆𝑝 , (7.27)

with the preconditioner ˜︁T𝑟,𝑝 = −˜︁𝚯T
𝑟,𝑝

˜︁T𝑟˜︁𝚯𝑟,𝑝 . (7.28)

In the following, we investigate the construction of ˜︁𝚯𝑟,𝑝 in order to build an effective
preconditioner for the normalized system. In particular, we look for a matrix that will ensure the
following properties: (i) it has to preserve the cancellation of Tℎ ◦ Tℎ after discretization, i.e.,˜︁Tℎ|𝑟˜︁𝚯𝑟,𝑝

˜︁Tℎ |𝑝 = 0 , (7.29)

and (ii) it has to be a stable discretization of Θ : 𝝍 → 𝒏 × 𝝍, in the sense that ˜︁𝚯𝑟,𝑝 is a matrix
with a bounded spectrum.

These two properties will lead to a stable discretization of the Calderón identity and, as
a consequence, the preconditioned system (7.27) will have a bounded spectrum for dense
discretizations and at low-frequency in the case of simply connected geometries [42, 79]. The
case of multiply connected geometries will require a slight modification of the preconditioned
formulation (7.27) that will be presented thereafter.

7.3.2 Discretization of the Surface Rotation Operator
The boundary element discretization of the operatorΘ : 𝝍 → 𝒏×𝝍 (with orthonormalization

of the basis functions) leads to the definition of the normalized mixed-Gram matrix

˜︁Gmix
𝑟,𝑝 ≔ G−1/2

𝝍 (𝑟 ) ,𝝍 (𝑟 )
G

𝝍 (𝑟 ) ,𝒏×𝝍 (𝑝)G
−1/2
𝝍 (𝑝) ,𝝍 (𝑝)

. (7.30)
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First, it is important to notice that

P˜︁Λ
𝑟
˜︁Gmix
𝑟,𝑝 P˜︁Λ

𝑝 = P˜︁Λ
𝑟
˜︁Gmix
𝑟,𝑝 P˜︁𝐻

𝑝 = P˜︁𝐻
𝑟
˜︁Gmix
𝑟,𝑝 P˜︁Λ

𝑝 = 0 , (7.31)

which results from the property

⟨ 𝒇 , 𝒏 × curlΓ𝜆⟩ = ⟨ 𝒇 , gradΓ𝜆⟩
= −⟨divΓ 𝒇 , 𝜆⟩ = 0 ,

(7.32)

for any solenoidal functions curlΓ𝜆, with continuous functions 𝜆—associated with the coeffi-
cients in the columns of P˜︁Λ

𝑝 / P˜︁Λ
𝑟 —and any divergence-free functions 𝒇—associated with the

coefficients in the columns of P˜︁Λ
𝑝 / P˜︁Λ

𝑟 and P˜︁𝐻
𝑝 / P˜︁𝐻

𝑟 . Another property that we would like to
preserve from the continuous case is

⟨gradΓ𝛾, 𝒏 × gradΓ𝜙⟩ = −⟨gradΓ𝛾, curlΓ𝜙⟩
= ⟨𝛾, divΓcurlΓ𝜙⟩ = 0 ,

(7.33)

for any continuous functions 𝜙 and 𝛾 such that gradΓ𝛾 and gradΓ𝜙 are irrotational functions.
Because div-conforming spaces do not include irrotational functions, (7.33) does not have a
discretized counterpart, and, as a matter of fact, the cancellation does not hold with quasi-
irrotational functions (that are weak gradients of discontinuous functions)

P˜︁Σ
𝑟
˜︁Gmix
𝑟,𝑝 P˜︁Σ

𝑝 ≠ 0 . (7.34)

It turns out that the discretization of Tℎ ◦ Tℎ (7.16) using the mixed-Gram matrix (7.30) for the
discretization of Θ : 𝝍 → 𝒏 × 𝝍 is not zero, according to the following derivation

˜︁Tℎ |𝑟˜︁Gmix
𝑟,𝑝

˜︁Tℎ |𝑝 = ˜︁Tℎ |𝑟P
˜︁Σ
𝑟
˜︁Gmix
𝑟,𝑝 P˜︁Σ

𝑝
˜︁Tℎ|𝑝 + ˜︁Tℎ |𝑟P

˜︁Σ
𝑟
˜︁Gmix
𝑟,𝑝

(︂
I − P˜︁Σ

𝑝

)︂ ˜︁Tℎ |𝑝

+ ˜︁Tℎ |𝑟
(︂
I − P˜︁Σ

𝑟

)︂ ˜︁Gmix
𝑟,𝑝 P˜︁Σ

𝑝
˜︁Tℎ |𝑝 + ˜︁Tℎ |𝑟

(︂
I − P˜︁Σ

𝑟

)︂ ˜︁Gmix
𝑟,𝑝

(︂
I − P˜︁Σ

𝑝

)︂ ˜︁Tℎ |𝑝 (7.35)

= ˜︁Tℎ |𝑟P
˜︁Σ
𝑟
˜︁Gmix
𝑟,𝑝 P˜︁Σ

𝑝
˜︁Tℎ|𝑝 ≠ 0 ,

where the cancellation of the three last terms in (7.35) follows from (6.17).
Instead, let us define the following modified discretization of Θ : 𝝍 → 𝒏 × 𝝍

˜︁𝚯𝑟,𝑝 ≔ ˜︁Gmix
𝑟,𝑝 − P˜︁Σ

𝑟
˜︁Gmix
𝑟,𝑝 P˜︁Σ

𝑝 , (7.36)

that can be seen as a correction of (7.30) in order to impose the discretized counterpart of (7.33).
Indeed, we now have by construction

P˜︁Σ
𝑟
˜︁𝚯𝑟,𝑝P

˜︁Σ
𝑝 = 0 , (7.37)

while the discretized counterpart of (7.32) is still preserved

P˜︁Λ
𝑟
˜︁𝚯𝑟,𝑝P

˜︁Λ
𝑝 = P˜︁Λ

𝑟
˜︁𝚯𝑟,𝑝P

˜︁𝐻
𝑝 = P˜︁𝐻

𝑟
˜︁𝚯𝑟,𝑝P

˜︁Λ
𝑝 = 0 , (7.38)

as a consequence of (6.17) and (7.31). We thus obtain the first desired property (7.29) when
using (7.36) as a modified discretization of Θ : 𝝍 → 𝒏 × 𝝍.
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Expanding (7.36) with the projectors (i.e., by multiplying with I = P˜︁Σ
𝑟 + P˜︁Λ

𝑟 + P˜︁𝐻
𝑟 on the

left and on the right) and imposing the cancellations (6.17), (7.37) and (7.38) give us another
expression of the modified mixed-Gram matrix˜︁𝚯𝑟,𝑝 =

(︂
P˜︁Σ
𝑟 + P˜︁𝐻

𝑟

)︂ ˜︁Gmix
𝑟,𝑝

(︂
P˜︁Λ
𝑝 + P˜︁𝐻

𝑝

)︂
+

(︂
P˜︁Λ
𝑟 + P˜︁𝐻

𝑟

)︂ ˜︁Gmix
𝑟,𝑝 P˜︁Σ

𝑝 (7.39)

Specifically, when Γ is simply connected, P˜︁𝐻
𝑝 = 0 and P˜︁𝐻

𝑟 = 0, so that ˜︁𝚯𝑟,𝑝 can be char-
acterized as the transformation matrix that maps coefficients of solenoidal functions of order
𝑝 onto coefficients of quasi-irrotational functions of order 𝑟 and, vice-versa, coefficients of
quasi-irrotational functions of order 𝑝 onto coefficients of solenoidal functions of order 𝑟 . This
defines a mapping of the order 𝑟 basis functions into a set of dual functions; in the sense that—if˜︁𝚯𝑟,𝑝 is full rank—the dual space is of same dimension than the primal space of order 𝑝 and the
numbers of solenoidal and quasi-irrotational functions are exchanged with those of the primal
space [136]. However, if the dimension of the auxiliary space of order 𝑟 is not high-enough with
respect to the dimension of the primal space of order 𝑝, this transformation matrix may be sin-
gular, or introduce an ill-conditioning of the preconditioned formulation (7.27). In Section 7.5,
we will present numerical experiments to showcase that 𝑟 ≥ (𝑝 + 1) ⊕ 𝑏 provides a well-
conditioned formulation. Theoretical developments are still under investigation to corroborate
these observations.

7.3.3 Suppression of the Static Nullspace Associated with the
Quasi-Harmonic Subspace

It is known that the integral operatorT ◦T has a static nullspace associated with the harmonic
functions, which comes from the static nullspace of both interior and exterior magnetic field
integral operators [48]. It turns out that there are the same number of eigenvalues than the number
of topological loops that tend towards zero as O(𝑘2) [8]. This results in an ill-conditioning of
the preconditioned formulation (7.27) at low-frequency.

To remove the static nullspace, we can stabilize the two EFIE discretizations ˜︁T𝑝 and ˜︁T𝑟 at
low-frequency, with techniques similar to the usual low-frequency preconditioning of the EFIE
leveraging the quasi-Helmholtz projectors [2]. This approach is similar to the one proposed
in [8] and it allows to remove the overall dependency of the preconditioned formulation in the
low-frequency regime. We thus propose to define the matrices (for ℓ = 𝑝, 𝑟)˜︁P𝑘ℓ = 𝑘−1

(︂
I − P˜︁Σ

ℓ

)︂
+ 𝑘P˜︁Σ

ℓ (7.40)

so that we have from (6.17) and (6.18)˜︁P𝑘𝑝˜︁T𝑝 = − 𝑗
(︂
I − P˜︁Σ

𝑝

)︂ ˜︁T𝑠 |𝑝 − 𝑗˜︁Tℎ |𝑝 − 𝑗 𝑘2P˜︁Σ
𝑝
˜︁T𝑠 |𝑝 , (7.41)˜︁T𝑟˜︁P𝑘𝑟 = − 𝑗˜︁T𝑠 |𝑟

(︂
I − P˜︁Σ

𝑟

)︂
− 𝑗˜︁Tℎ |𝑟 − 𝑗 𝑘2˜︁T𝑠 |𝑟P

˜︁Σ
𝑟 , (7.42)

which tend towards frequency-independent and full-rank matrices in the low-frequency limit.
This, in turns, shows that the preconditioned system˜︁T𝑘𝑟,𝑝˜︁T𝑘

𝑝
˜︁𝒋𝑝 = ˜︁T𝑘𝑟,𝑝˜︁𝒆𝑝 , (7.43)

with the rescaled EFIE matrix ˜︁T𝑘
𝑝 ≔

˜︁P𝑘𝑝˜︁T𝑝 , (7.44)
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and the rescaled preconditioner ˜︁T𝑘𝑟,𝑝 ≔ −˜︁𝚯T
𝑟,𝑝

˜︁T𝑟˜︁P𝑘𝑟 ˜︁𝚯𝑟,𝑝 , (7.45)

is independent of the frequency in the low-frequency limit, as no frequency-dependent terms are
present in ˜︁𝚯𝑟,𝑝.

Moreoever, the cancellation of the Tℎ ◦ Tℎ discretization is preserved under the proposed
rescaling (︂˜︁Tℎ|𝑟˜︁P𝑘𝑟 )︂ ˜︁𝚯𝑟,𝑝

(︂˜︁P𝑘𝑝˜︁Tℎ|𝑝
)︂
= 0 , (7.46)

indicating that the preconditioning is also effective for dense discretizations. Another justifica-
tion of this assertion is that no dependency of the spectrum with respect to the discretization is
introduced by the matrices (7.40) as projectors have eigenvalues equal to one or zero.

Additionally, we can notice that˜︁P𝑘𝑟 ˜︁𝚯𝑟,𝑝
˜︁P𝑘𝑝 = P˜︁Σ

𝑟
˜︁Gmix
𝑟,𝑝

(︂
I − P˜︁Σ

𝑝

)︂
+

(︂
I − P˜︁Σ

𝑟

)︂ ˜︁Gmix
𝑟,𝑝 P˜︁Σ

𝑝 + 𝑘−2
(︂
I − P˜︁Σ

𝑟

)︂ ˜︁Gmix
𝑟,𝑝

(︂
I − P˜︁Σ

𝑝

)︂
= ˜︁𝚯𝑟,𝑝 + (𝑘−2 − 1)

(︂
I − P˜︁Σ

𝑟

)︂ ˜︁Gmix
𝑟,𝑝

(︂
I − P˜︁Σ

𝑝

)︂
,

(7.47)

has a singularity that is associated with the quasi-harmonic functions, as we can show from (7.31)
that (︂

I − P˜︁Σ
𝑟

)︂ ˜︁Gmix
𝑟,𝑝

(︂
I − P˜︁Σ

𝑝

)︂
= P˜︁𝐻

𝑟
˜︁Gmix
𝑟,𝑝 P˜︁𝐻

𝑝 . (7.48)

7.4 Implementation Related Details

7.4.1 Enforcing the Numerical Stability at Low-Frequency
At low-frequency, important instabilities may arise because of finite precision and round-off

errors in the computation of the matrices, and re-expressions of the preconditioned equations
need to be established to remove terms going to infinity as the frequency goes to zero. These
terms are implicitly canceling out in the original formulations (7.27) and (7.43), but they are
not truly removed within numerical finite precision. Making these cancellations explicit will
provide actual numerical stability of the proposed preconditioning strategy at low-frequency.

From (7.39), we define the matrices˜︁A𝑟,𝑝 ≔

(︂
P˜︁Σ
𝑟 + P˜︁𝐻

𝑟

)︂ ˜︁Gmix
𝑟,𝑝

(︂
P˜︁Λ
𝑝 + P˜︁𝐻

𝑝

)︂
, (7.49)˜︁B𝑟,𝑝 ≔ (︂

P˜︁Λ
𝑟 + P˜︁𝐻

𝑟

)︂ ˜︁Gmix
𝑟,𝑝 P˜︁Σ

𝑝 , (7.50)

such that ˜︁𝚯𝑟,𝑝 = ˜︁A𝑟,𝑝 + ˜︁B𝑟,𝑝. In order to avoid computing the projectors on the solenoidal
and quasi-harmonic subspaces—which, we recall, may be cumbersome and computationally
expensive—(6.16) and (7.31) are used to rewrite˜︁A𝑟,𝑝 = ˜︁Gmix

𝑟,𝑝

(︂
I − P˜︁Σ

𝑝

)︂
, (7.51)˜︁B𝑟,𝑝 = (︂

I − P˜︁Σ
𝑟

)︂ ˜︁Gmix
𝑟,𝑝 P˜︁Σ

𝑝 . (7.52)

We also define ˜︁A𝑘
𝑟,𝑝 ≔

(︂
I − (1 − 𝑘2)P˜︁Σ

𝑟

)︂ ˜︁Gmix
𝑟,𝑝

(︂
I − P˜︁Σ

𝑝

)︂
. (7.53)
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such that ˜︁P𝑘𝑟 ˜︁𝚯𝑟,𝑝
˜︁P𝑘𝑝 = 𝑘−2˜︁A𝑘

𝑟,𝑝 + ˜︁B𝑟,𝑝.
We can now use (7.37) and (7.38) to rewrite the preconditioned systems (7.27) and (7.43) as˜︁T𝑟,𝑝˜︁T𝑝 = 𝑘

2˜︁𝚯T
𝑟,𝑝

˜︁T𝑠 |𝑟˜︁𝚯𝑟,𝑝
˜︁T𝑠 |𝑝 + ˜︁AT

𝑟,𝑝
˜︁Tℎ |𝑟˜︁A𝑟,𝑝

˜︁T𝑠 |𝑝 + ˜︁𝚯T
𝑟,𝑝

˜︁T𝑠 |𝑟˜︁B𝑟,𝑝˜︁Tℎ|𝑝 , (7.54)˜︁T𝑘𝑟,𝑝˜︁T𝑝 = ˜︁𝚯T
𝑟,𝑝

˜︁T𝑠 |𝑟
(︂˜︁A𝑘

𝑟,𝑝 + 𝑘2˜︁B𝑟,𝑝)︂ ˜︁T𝑠 |𝑝 + ˜︁AT
𝑟,𝑝

˜︁Tℎ |𝑟˜︁A𝑟,𝑝
˜︁T𝑠 |𝑝 + ˜︁𝚯T

𝑟,𝑝
˜︁T𝑠 |𝑟˜︁B𝑟,𝑝˜︁Tℎ|𝑝 , (7.55)

respectively. These expressions do not suffer from numerical instability at low-frequency and
should therefore be used when going to that regime.

Additionally, subtraction of the static (divergence-free) part of the righ-hand side vector ˜︁𝒆𝑝
needs to be carried out to enforce the same cancellations than for the system matrix. We denote
the frequency-scaled static component of the right-hand side as ˜︁𝒆sub

𝑝 , which is found so as to
verify ˜︁𝒆𝑝 = P˜︁Σ

𝑝˜︁𝒆𝑝 + 𝑘 (︂
I − P˜︁Σ

𝑝

)︂ ˜︁𝒆sub
𝑝 . (7.56)

Therefore, the right-hand side vectors of the preconditioned systems (7.27) and (7.43) are
reformulated, respectively as˜︁T𝑟,𝑝˜︁𝒆𝑝 = 𝑗˜︁𝚯T

𝑟,𝑝
˜︁T𝑠 |𝑟

(︂
𝑘2˜︁A𝑟,𝑝˜︁𝒆sub

𝑝 + 𝑘˜︁B𝑟,𝑝˜︁𝒆𝑝)︂ + 𝑗˜︁AT
𝑟,𝑝

˜︁Tℎ|𝑟˜︁A𝑟,𝑝˜︁𝒆sub
𝑝 + 𝑗 𝑘˜︁𝚯T

𝑟,𝑝
˜︁T𝑠 |𝑟˜︁B𝑟,𝑝˜︁𝒆𝑝 , (7.57)˜︁T𝑘𝑟,𝑝˜︁𝒆𝑝 = 𝑗˜︁𝚯T

𝑟,𝑝
˜︁T𝑠 |𝑟

(︂˜︁A𝑘
𝑟,𝑝˜︁𝒆sub

𝑝 + 𝑘˜︁B𝑟,𝑝˜︁𝒆𝑝)︂ + 𝑗˜︁AT
𝑟,𝑝

˜︁Tℎ |𝑟˜︁A𝑟,𝑝˜︁𝒆sub
𝑝 + 𝑗 𝑘˜︁𝚯T

𝑟,𝑝
˜︁T𝑠 |𝑟˜︁B𝑟,𝑝˜︁𝒆𝑝 . (7.58)

These expressions do not suffer from numerical instability at low-frequency if we assume that
𝑘 ˜︁𝒆𝑝 and ˜︁𝒆sub

𝑝 are bounded from above when the frequency goes to zero. This is in particular the
case for plane-wave excitations [2]. The case of other excitation kinds is not studied here, but
similar developments with the quasi-Helmholtz projectors can be found in [64, 81].

7.4.2 Efficiency of the Algorithm within Fast Iterative Frame-
works

The proposed preconditioned systems (7.27) and (7.43) are fully compatible with acceleration
strategies for iterative solvers. Fast matrix-vector products can indeed be performed by applying
the system matrix’s action to the solver’s iterate stepwisely, from the rightmost to the leftmost
products in the formulation, and by leveraging fast matrix-vector products associated with the
matrices that compose the underlying systems. In absence of normalization (i.e., if we replace
the inverse square-roots of Gram matrices by the identity), these fast matrix-vector products can
all be carried out in a log-linear complexity with respect to the dimensions of the matrices, 𝑁𝑝
and 𝑁𝑟 :

• For matrices composing the non-normalized EFIE matrices (T𝑠 |𝑝, Tℎ |𝑝, T𝑠 |𝑟 and Tℎ|𝑟)
fast multipole method (FMM) [40] and compression techniques [20] can be achieved with
log-linear complexity.

• The quasi-irrotational transformation matrices 𝚺𝑝 and 𝚺𝑟 as well as the mixed-Gram
matrix G𝝍 (𝑟 ) ,𝒏×𝝍 (𝑝) are sparse, so that their associated matrix-vector products are done in
linear complexity, as well as the explicit computation of 𝚺T

𝑝𝚺𝑝 and 𝚺T
𝑟 𝚺𝑟 that still possess

a linear number of non-zero entries.

• The action of the pseudo-inversions (𝚺T
𝑝𝚺𝑝)+ and (𝚺T

𝑟𝚺𝑟)+ to the solver’s iterate involved
in the multiplication by the quasi-Helmholtz projectors can be carried out with algebraic-
multigrid (AMG) solvers [104, 78, 134], in a log-linear complexity.
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Table 7.1: Ratio between the dimensions of the auxiliary space (of order 𝑟) and of the primal
space (of order 𝑝) for 𝐶 = 2𝐸/3

Order 𝑝 0 1 2 3 4 5 6

𝑁(𝑝+1)⊕𝑏/𝑁𝑝 4.00 2.50 2.00 1.75 1.60 1.50 1.43
𝑁𝑝+2/𝑁𝑝 7.00 3.60 2.62 2.17 1.91 1.74 1.63

The normalization of the system may be more expensive as it requires fast iterative solvers
for computing the multiplication by inverse square-roots of Gram matrices. This can be done
efficiently with Tchebychev polynomial expansions or Padé approximants [37]. Even though, this
technique may imply a large number of inner iterations if the Gram matrices are ill-conditioned.
Additionally, the matrix to pseudo-invert in the projectors (6.14) is not sparse anymore and
AMG cannot be directly used. A strategy recently proposed [94] is to use algebraic-multigrid
applied to 𝚺T

𝑝𝚺𝑝 and 𝚺T
𝑟𝚺𝑟 as preconditioners for the conjugate gradient (CG) solver applied to

the iterative inversion of ˜︁𝚺T
𝑝
˜︁𝚺𝑝 and ˜︁𝚺T

𝑟
˜︁𝚺𝑟 , respectively, where the matrix-vector products are

done stepwisely too. In the following subsection, we will investigate experimentally the use of
a substitution matrix, that allows to form a partially-orthonormal basis (leading to an effective
preconditioning of the system) without the need for any inverse square-roots and that preserves
the sparsity of the normalized matrices (enabling the direct use of AMG for the computation of
the projectors).

Regarding the computational cost resulting from the use of an auxiliary space (of order 𝑟)
of higher dimension than the primal space (of order 𝑝), we can have a look to the ratio between
their dimensions. For the auxiliary space of order 𝑟 = (𝑝 + 1) ⊕ 𝑏, we find

𝑁(𝑝+1)⊕𝑏/𝑁𝑝 = 1 + 𝐸 + 3(𝑝 + 1)𝐶
(𝑝 + 1)𝐸 + 𝑝(𝑝 + 1)𝐶 . (7.59)

If the reader prefers rather using complete order Raviart-Thomas spaces, one possible choice is
to use 𝑟 = 𝑝 + 2 instead, for which we find

𝑁𝑝+2/𝑁𝑝 = 1 + 2𝐸 + (4𝑝 + 6)𝐶
(𝑝 + 1)𝐸 + 𝑝(𝑝 + 1)𝐶 . (7.60)

These two ratios tend towards 1 as 𝑝 increases. In Table 7.1 we display their values for 𝑝
going from zero to six and for 𝐶 = 2𝐸/3—which corresponds to the case of simply-connected
geometries, and that is a fair approximation of the mesh elements distribution for closed surfaces
with a small amount of topological loops. This shows that for 𝑟 = (𝑝 + 1) ⊕ 𝑏, the auxiliary
space dimension is never higher than four times the primal space dimension, and rapidly goes
under twice that size (for 𝑝 ≥ 2). Instead, standard strategies based on barycentric refinement,
such as in [136], always require the use of an auxiliary space that is six times bigger than the
primal space, as both numbers of edges and cells are multiplied by six. These considerations
show that 𝑁𝑟 is of the same order of magnitude than 𝑁𝑝 and that the overall multiplication with
the system matrix is done in a log-linear complexity with respect to the dimension of the original
system (2.93).
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Table 7.2: Number of instances of each kind of matrix-vector product per iteration.

Formulation EFIO Sparse AMG (+ CG) Inv-sqrt

(7.27) 2 12 4 26
(7.43) 2 14 5 30
(7.54) 5 25 9 60
(7.55) 5 30 11 64

To conclude this subsection, we summarize in Table 7.2 the number of instances carried
out for each kind of matrix-vector product at one step of the iterative inversion of the pre-
conditioned systems (7.27) and (7.43)—corresponding to the simply- and multiply-connected
cases, respectively—as well as for their expanded counterparts (7.54) and (7.55)—needed in the
low-frequency regime. “EFIO” stands for fast multiplications with the EFIE operators (2.94)
(for orders 𝑟 and 𝑝) in the case of formulations (7.27) and (7.43), or with the underlying ma-
trices (7.5) and (7.6) in the case of formulations (7.54) and (7.55). “Sparse” stands for sparse
multiplications with the matrices 𝚺𝑝, 𝚺𝑟 and G𝝍 (𝑟 ) ,𝒏×𝝍 (𝑝) . “AMG (+ CG)” stands for the itera-
tive pseudo-inversion of ˜︁𝚺T

𝑝
˜︁𝚺𝑝 and ˜︁𝚺T

𝑟
˜︁𝚺𝑟 and hides additional products with the normalization

matrices, several iterations needed to solve the underlying systems, and a setup phase done once
for all at the beginning of the program. “Inv-sqrt” stands for the additional multiplications with
inverse square-roots of Gram-matrices used for the normalization. We remind the reader that
the inverse square-roots of Gram matrices can be replaced by a product with a sparse matrix,
that still enables an effective preconditioning of the system, as it will be discussed in further
details now.

7.4.3 Replacing the Inverse Square-Roots by Sparse Trans-
formation Matrices

Only two types of inverse square-roots of Gram matrices are used in the proposed precon-
ditioning technique. The inverse square-roots of the Gram matrix G𝜎,𝜎 between DG functions,
and of the Gram matrix G𝝍,𝝍 between RT𝑝 functions, where we have removed the annotations
for the order (superscripts over the basis functions and subscripts under the functional spaces),
as this strategy can be applied equally to any order.

On the one hand, the computation of the inverse square-root of G𝜎,𝜎 can be done in a linear
complexity, if we assume the discontinuous basis functions to be ordered cell-by-cell, as it results
in a block diagonal matrix, for which the matrix operations can be done block-wisely. If the
basis functions are not grouped properly, this should be enforced with a permutation matrix (see
Step 0 and Step 1 of the algorithm for G𝝍,𝝍).

On the other hand, however, the computation of the inverse square-root of G𝝍,𝝍 is more
complicated, as the presence of edge-based functions implies a global orthonormalization of the
basis functions. This results in an inverse square-root of the Gram matrix that is a dense matrix—
and that is computed in a cubic complexity with a direct algorithm. The algorithm we present
now allows for computing a sparse transformation matrix that partially-orthonormalizes the basis
functions and that leads to Gram matrices and preconditioned systems that are well-conditioned
with respect to the mesh refinement and the basis functions order.

Step 0: We first impose that the basis functions are ordered as follows:

1. We group the edge-based functions together.
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2. Within this group, we give contiguous indices to edge-based functions associated with the
same edge.

3. We group the cell-based functions together.

4. Within this group, we give contiguous indices to cell-based functions associated with the
same cell.

Notice that among the cell-based functions are included the curl of bubble functions, and that
this defines an ordering different from the one used in subsection 7.2.1. If this ordering is not
naturally imposed, we can assemble a permutation matrix Q0 such that

QT
0G𝝍,𝝍Q0 :=

(︃
G𝑒,𝑒 G𝑒,𝑐

G𝑐,𝑒 G𝑐,𝑐

)︃
, (7.61)

which contains the inner products between edge-based / edge-based, edge-based / cell-based and
cell-based / cell-based basis functions, grouped by common edges {𝑒𝑖}𝑁𝑖=1 and common cells
{𝑐𝑖}𝐶𝑖=1, i.e.,

G𝑒,𝑒 :=
⎛⎜⎜⎜⎜⎝
G𝑒1,𝑒1 G𝑒1,𝑒2 · · · G𝑒1,𝑒𝐸

G𝑒2,𝑒1 G𝑒2,𝑒2 · · · G𝑒2,𝑒𝐸
...

...
. . .

...

G𝑒1,𝑒1 G𝑒1,𝑒2 · · · G𝑒𝐸 ,𝑒𝐸

⎞⎟⎟⎟⎟⎠
(7.62)

G𝑒,𝑐 :=
⎛⎜⎜⎜⎜⎝
G𝑒1,𝑐1 G𝑒1,𝑐2 · · · G𝑒1,𝑐𝐶

G𝑒2,𝑐1 G𝑒2,𝑐2 · · · G𝑒2,𝑐𝐶
...

...
. . .

...

G𝑒1,𝑐1 G𝑒1,𝑐2 · · · G𝑒𝐸 ,𝑐𝐶

⎞⎟⎟⎟⎟⎠
, (7.63)

G𝑐,𝑐 :=
⎛⎜⎜⎜⎜⎝
G𝑐1,𝑐1 0 · · · 0

0 G𝑐2,𝑐2
. . .

...
...

. . .
. . . 0

0 · · · 0 G𝑐𝐶 ,𝑐𝐶

⎞⎟⎟⎟⎟⎠
, (7.64)

and G𝑐,𝑒 = GT
𝑒,𝑐. Notice that G𝑒𝑖 ,𝑒 𝑗 ≠ 0 if and only if edges 𝑒𝑖 and 𝑒 𝑗 belong to the same triangle,

while G𝑒𝑖 ,𝑐 𝑗 ≠ 0 if and only if 𝑒𝑖 is an edge of triangle 𝑐 𝑗 .
Step 1: We make the cell-based functions orthonormal to each other. Because cell-based

functions defined on different cells are already orthogonal to each other, we only need to
orthonormalize the cell-based functions cell-by-cell. As a matter of fact, G𝑐,𝑐 is block-diagonal,
so that its inverse square-root is computed block-wisely, in a linear complexity

G−1/2
𝑐,𝑐 =

⎛⎜⎜⎜⎜⎜⎝
G−1/2
𝑐1,𝑐1 0 · · · 0
0 G−1/2

𝑐2,𝑐2
. . .

...
...

. . .
. . . 0

0 · · · 0 G−1/2
𝑐𝐶 ,𝑐𝐶

⎞⎟⎟⎟⎟⎟⎠
. (7.65)

We now set
Q1 :=

(︃
I 0
0 G−1/2

𝑐,𝑐

)︃
, (7.66)
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such that

QT
1QT

0G𝝍,𝝍Q0Q1 =

(︄
G𝑒,𝑒 G𝑒,𝑐G−1/2

𝑐,𝑐

G−1/2
𝑐,𝑐 G𝑐,𝑒 I

)︄
. (7.67)

Step 2: We make the edge-based functions orthogonal to the cell-based functions. This is
done by setting

Q2 :=
(︃

I 0
−G−1/2

𝑐,𝑐 G𝑐,𝑒 I

)︃
, (7.68)

which yields

QT
2QT

1QT
0G𝝍,𝝍Q0Q1Q2 =

(︃
B𝑒,𝑒 0

0 I

)︃
, (7.69)

with B𝑒,𝑒 := G𝑒,𝑒 −G𝑒,𝑐G−1
𝑐,𝑐G𝑐,𝑒.

Step 3: We partially-orthonormalize the edge-based basis functions. We first write

B𝑒,𝑒 :=
⎛⎜⎜⎜⎜⎝
B𝑒1,𝑒1 B𝑒1,𝑒2 · · · B𝑒1,𝑒𝐸

B𝑒2,𝑒1 B𝑒2,𝑒2 · · · B𝑒2,𝑒𝐸
...

...
. . .

...

B𝑒1,𝑒1 B𝑒1,𝑒2 · · · B𝑒𝐸 ,𝑒𝐸

⎞⎟⎟⎟⎟⎠
, (7.70)

where each block corresponds to the grouping of the basis functions edge-by-edge, with B𝑒𝑖 ,𝑒 𝑗 ≠
0 if and only if 𝑒𝑖 and 𝑒 𝑗 belong to the same triangle. In order to fully-orthonormalize these
functions, the correct strategy would laverage the computation of the inverse square-root of B𝑒,𝑒.
We want to avoid that as it would result in a dense matrix for which the direct computation is
done in a cubic complexity. Instead, we solely compute the inverse square-root of the block
diagonal,

Q3 :=

⎛⎜⎜⎜⎜⎜⎝
B−1/2
𝑒1,𝑒1 0 · · · 0
0 B−1/2

𝑒2,𝑒2
. . .

...
...

. . .
. . . 0

0 · · · 0 B−1/2
𝑒𝐸 ,𝑒𝐸

⎞⎟⎟⎟⎟⎟⎠
, (7.71)

and we finally set Q := Q0Q1Q2Q3 such that the block diagonal of QTG𝝍,𝝍Q is the identity
matrix and its off-diagonal blocks are non-zero if and only if they are associated with edges
belonging to the same triangle.

Overall, this transformation maps the GWP basis functions into another set of basis functions
spanning the same Raviart-Thomas space, for which:

• Cell-based basis functions are orthonormal to every basis function.

• Edge-based basis functions are orthonormal to every cell-based basis function, edge-based
basis function defined on the same edge, and edge-based basis function that do not share
the same domain.

• Only edge-based basis functions defined on different edges of the same triangle are not
orthonormal to each other.
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The transformation matrix Q is sparse and can be computed in a linear complexity as
it only involves inverse square-roots of diagonal blocks and multiplications between sparse
matrices. Numerical experiments have shown that for quasi-uniform meshes, this partial-
orthonormalization of the basis functions yields a well conditioned Gram matrix QTG𝝍,𝝍Q,
with a condition number that is almost constant when refining the mesh and/or increasing the
basis functions order (see Table 7.3 in the numerical experiments). It turns out that Q can
replace G−1/2

𝝍,𝝍 in the preconditioned formulations (7.27), (7.43), (7.54) and (7.55) and still
allows to get a bounded spectrum independent of the mesh refinement. With this strategy, no
direct nor iterative computation of inverse square-root of Gram matrices is needed, and these
operations are replaced by sparse multiplications with the matrix Q (in Table 7.2, the values
in the column “Inv-sqrt” are set to zero and added to the column “Sparse”). Additionally, the
partial-orthonormalization of the quasi-irrotational transformation matrices 𝚺𝑝 and 𝚺𝑟 can be
computed directly (with sparse matrix-matrix products) so that AMG can be applied directly to
compute the iterative pseudo-inversion in (6.14).

7.5 Numerical Validations

7.5.1 Validation of the Simply-Connected Formulation
To illustrate the effects of the choice of 𝑟 on the spectrum of the preconditioned formula-

tion (7.27), we set ˜︁T𝑟,𝑝˜︁T𝑝 = −1
4L𝑟,𝑝 + C𝑟,𝑝 , (7.72)

with
L𝑟,𝑝 ≔

(︂˜︁𝚯T
𝑟,𝑝

˜︁Gmix
𝑟,𝑝

)︂T (︂˜︁𝚯T
𝑟,𝑝

˜︁Gmix
𝑟,𝑝

)︂
, (7.73)

and
C𝑟,𝑝 ≔ ˜︁T𝑟,𝑝˜︁T𝑝 + 1

4L𝑟,𝑝 , (7.74)

and we display in Figure 7.1 the moduli of the eigenvalues of the matrices involved in the
formulation (7.27) for various values of 𝑟 when modelling the unitary sphere at 1MHz with
𝑝 = 2 and ℎ = 58cm. We additionally display the spectrum of the matrix

L−1
𝑟,𝑝

(︂˜︁T𝑟,𝑝˜︁T𝑝

)︂
(7.75)

to illustrate the spectral equivalence between L−1
𝑟,𝑝 and the preconditioned matrix ˜︁T𝑟,𝑝˜︁T𝑝.

We firstly observe that the EFIE matrices ˜︁T𝑝 and˜︁T𝑟,𝑝 exhibit analogous spectra characterized
by an interchange between solenoidal (small eigenvalues) and non-solenoidal (high eigenvalues)
contributions. For 𝑟 = 𝑝 and 𝑟 = 𝑝 + 1, however, there is an ill-conditioning of ˜︁T𝑟,𝑝, L𝑟,𝑝 and˜︁T𝑟,𝑝˜︁T𝑝, with eigenvalues equal to zero for 𝑟 = 𝑝 and going to zero for 𝑟 = 𝑝 + 1. Instead,
these matrices are well-conditioned for 𝑟 = (𝑝 + 1) ⊕ 𝑏 and 𝑟 = 𝑝 + 2, with almost flat spectra.
In comparison, the eigenvalues moduli of C𝑟,𝑝 are substantially smaller than those of L𝑟,𝑝 and
go to zero with the spectrum index, indicating that it corresponds to a compact perturbation in
the spectrum of ˜︁T𝑟,𝑝˜︁T𝑝. We also observe that the eigenvalues moduli of (7.75) are very close
to 1/4, indicating that −1

4L𝑟,𝑝 and ˜︁T𝑟,𝑝˜︁T𝑝 are spectrally equivalent. To further confirm these
observations, we display the eigenvalues of these matrices in the complex plane for 𝑟 = (𝑝+1)⊕𝑏
in Figure 7.2, showing that the eigenvalues of the preconditioned matrix actually cluster around
-1/4—and are not scattered along the circle of radius 1/4.
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Figure 7.1: Moduli of the eigenvalues of the matrices involved in the preconditioned formula-
tion (7.27) for simulations of the sphere at frequency 𝑓 = 1MHz, with 𝑝 = 2 and ℎ = 0.58cm.
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Figure 7.2: Eigenvalues of the matrices involved in the preconditioned formulation (7.27) for
simulations of the sphere at frequency 𝑓 = 1MHz, with 𝑝 = 2 and ℎ = 0.58cm.

From now, and in the following experiments, the order of the auxiliary space is always set
to 𝑟 = (𝑝 + 1) ⊕ 𝑏.

To further validate the preconditioned formulation (7.27), we compare the ratio between
the maximal and minimal moduli of the eigenvalues of the underlying matrix with that of
the normalized EFIE stabilized using quasi-Helmholtz projectors (6.19) and with that of the
normalized EFIE without preconditioning (6.1). To start, we display in Figure 7.3 the eigenvalue
moduli ratios as a function of the number of unknowns, for order 𝑝 = 0,1,2, and for 𝑟 = (𝑝+1)⊕𝑏,
that are obtained for simulation of the sphere of radius 1m at frequency 𝑓 = 1MHz, with
ℎ = 0.58cm. We observe that the eigenvalues obtained with the Calderón preconditioning
strategy have moduli that are relatively close to each other, indicating that they have a bounded
eigenvalue spectrum independently of the discretization; while both projectors-based and non-
preconditioned EFIE relate system matrices with unbounded spectra. To showcase the stability at
low-frequency, we display in Figure 7.4 the eigenvalue moduli ratio of the expanded version of the
preconditioned formulation (7.54) as well as that of the expanded version of the projectors-based
EFIE (as in (5.35) but with normalization), in addition to that of the standard (normalized) EFIE.
The system matrices are obtained for simulations of the sphere of radius 1m, with ℎ = 0.58cm.
Again, the eigenvalues of the Calderón preconditioned matrix are bounded when the frequency
decreases, and it is also the case for the projectors-based EFIE—that display a higher ratio
nonetheless. Instead, the non-preconditioned EFIE displays an unbounded spectrum as the
frequency goes to zero. Finally, we show in Figure 7.5 the effects of the preconditioning on the
number of iterations carried out by the iterative solver TFQMR. We observe that for a given
residual error, an almost constant number of iterations is needed when solving the Calderón
formulation, for increasing order, that is with an increasing number of unknowns. Instead,
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TFQMR suffers from an increase of the number of iterations when solving the projectors-based
EFIE formulation, while it does not converge when solving the standard EFIE formulation.
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Figure 7.3: Ratio between the maximal and minimal eigenvalue moduli as a function of the
number of unknowns for simulations of the sphere ( 𝑓 = 1MHz).
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Figure 7.4: Ratio between the maximal and minimal eigenvalue moduli as a function of the
frequency for simulations of the sphere (ℎ = 58cm).
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Figure 7.5: Error residual as a function of the number of iterations carried out by the solver
TFQMR with the different formulations for simulations of the sphere ( 𝑓 = 1MHz, ℎ = 0.58cm).

7.5.2 Validation of the Multiply-Connected Formulation
To illustrate the effects of the low-frequency rescaling on the spectrum of the rescaled

formulation (7.43) for multiply connected geometries, we set˜︁T𝑘𝑟,𝑝˜︁T𝑘
𝑝 = −1

4L𝑟,𝑝 + C𝑘
𝑟,𝑝 , (7.76)

with L𝑟,𝑝 defined as in (7.73) and with

C𝑘
𝑟,𝑝 ≔

˜︁T𝑘𝑟,𝑝˜︁T𝑘
𝑝 + 1

4L𝑟,𝑝 , (7.77)

and we display in Figure 7.6 the eigenvalue moduli of the matrices involved in (7.27) and (7.43)
obtained for simulations of a torus at 1Hz. We additionally display the spectrum of the matrix

L−1
𝑟,𝑝

(︂˜︁T𝑘𝑟,𝑝˜︁T𝑘
𝑝

)︂
(7.78)

to illustrate the spectral equivalence between L−1
𝑟,𝑝 and the preconditioned matrix ˜︁T𝑘𝑟,𝑝˜︁T𝑘

𝑝. We
first observe that without rescaling, the original preconditioned matrix (7.27) has two singular
values that go to zero, associated with the two topological loops of the geometry. With the
rescaling in (7.43), ˜︁T𝑘

𝑝 and ˜︁T𝑘𝑟,𝑝 have flatter spectra than their non-rescaled counterparts ˜︁T𝑝 and˜︁T𝑟,𝑝, as their divergence-free and quasi-irrotational components have been properly rescaled for
the low-frequency regime. It turns out that the two singular values going to zero are removed
from the spectrum of ˜︁T𝑘𝑟,𝑝˜︁T𝑘

𝑝 and we still observe that the singular values of C𝑘
𝑟,𝑝 correspond to a

compact perturbation of −1
4L𝑟,𝑝 in the spectrum of the preconditioned matrix. We also observe

that the eigenvalues of (7.78) have moduli very close to 1/4, indicating that −1
4L𝑟,𝑝 and ˜︁T𝑘𝑟,𝑝˜︁T𝑘

𝑝

are spectrally equivalent. To further confirm these observations, we display the eigenvalues of
these matrices in the complex plane for the rescaled formulation (7.43) in Figure 7.7, showing
that the eigenvalues of the preconditioned matrix actually cluster around −1/4—and are not
scattered around the circle of radius 1/4.

To further validate the preconditioned formulation (7.43), we display in Figure 7.8 the eigen-
value moduli ratio of the underlying system matrices as a function of the number of unknowns,
for order 𝑝 = 0,1,2, and for 𝑟 = (𝑝 + 1) ⊕ 𝑏, that are obtained for simulation of the torus of outer
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Figure 7.6: Moduli of the eigenvalues of the matrices involved in the preconditioned formula-
tion (7.43) for simulations of the torus of outer radius 0.5 m and inner radius 0.15 m at frequency
𝑓 = 1Hz, with 𝑝 = 2 and ℎ = 8cm.

radius 0.5 m and inner radius 0.15 m at frequency 𝑓 = 10MHz, with the different formulations.
We observe that the eigenvalues of the matrix obtained with the Calderón formulation is bounded
when the number of unknowns increases; while both projectors-based and non-preconditioned
EFIE yield matrices with unbounded spectra as the number of unknowns increases. To show-
case the stability at low-frequency, we display in Figure 7.8 the eigenvalue moduli ratio of the
expanded version of the Calderón formulation (7.55) and those of the expanded version of the
projectors-based EFIE and of the standard (normalized) EFIE. The system matrices are obtained
for simulation of the torus for a mesh discretization corresponding to ℎ = 8cm. Again, the
eigenvalues obtained with the Calderón formulation are bounded when the frequency decreases,
and it is also the case for the projectors-based EFIE—that display a higher ratio nonetheless.
Instead, the non-preconditioned EFIE displays an unbounded spectrum as the frequency goes
to zero. Finally, we show in Figure 7.10 the effects of the preconditioning on the number of
iterations of the iterative solver TFQMR. We observe that for a given residual error, an almost
constant number of iterations is needed when solving the Calderón formulation, for increasing
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Figure 7.7: Eigenvalues of the matrices involved in the preconditioned formulation (7.43) for
simulations of the torus of outer radius 0.5 m and inner radius 0.15 m at frequency 𝑓 = 1Hz,
with 𝑝 = 2 and ℎ = 8cm.

order, that is with an increasing number unknowns. Instead, TFQMR suffers from an increase
of the number of iterations when solving the projectors-based EFIE formulation, while it does
not converge when solving the standard EFIE formulation.
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Figure 7.8: Ratio between the maximal and minimal eigenvalue moduli as a function of the
number of unknowns for simulations of the torus ( 𝑓 = 1MHz).
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Figure 7.9: Ratio between the maximal and minimal eigenvalue moduli as a function of the
frequency for simulations of the torus (ℎ = 8cm).
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Figure 7.10: Error residual as a function of the number of iterations carried out by the solver
TFQMR with the different formulations for simulations of the torus ( 𝑓 = 1MHz and ℎ = 8cm).

7.5.3 Validation for Less Regular Geometries
For smooth geometries, the Calderón identity allows to get a preconditioned EFIE formula-

tion for which the eigenvalues cluster around -1/4. In that section, we show that well-conditioned
matrices can also be obtained for less regular geometries. We do the same tests than for the
torus and for the sphere with the NASA Almond of dimensions 25.24cm × 9.75cm × 3.25cm.
In Figure 7.11 and Figure 7.12, we display the ratios between the moduli of the eigenvalues
as a function of the number of unknowns (for 𝑓 = 1MHz) and as a function of the frequency
(for ℎ = 1.3cm), respectively. In Figure 7.13, we display the residual error as a function of the
number of iterations. The same observations than for the sphere and the torus are obtained with
that geometry, indicating that the proposed Calderón preconditioning strategy is also effective
for non-smooth geometries.
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Figure 7.11: Ratio between the maximal and minimal eigenvalue moduli as a function of the
number of unknowns for simulations of the NASA almond ( 𝑓 = 1MHz).
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Figure 7.12: Ratio between the maximal and minimal eigenvalue moduli as a function of the
frequency for simulations of the NASA almond (ℎ = 1.3cm).
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Figure 7.13: Error residual as a function of the number of iterations carried out by the solver
TFQMR with the different formulations for simulations of the NASA almond ( 𝑓 = 1MHz and
ℎ = 1.3cm).
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7.5.4 On the Use of Partial-Orthonormalization
In Section 7.4.3, we described an algorithm that provides a partial-orthonormalization of the

basis functions carried out via the computation of a sparse transformation matrix. To end this
experimental section, we showcase the effectiveness of the preconditioning when using partial-
orthonormalization instead of the full orthonormalization provided by the expensive inverse
square-root computations.

First, Table 7.3 displays the condition number of the partially-normalized Gram matrices
QTG𝝍,𝝍QT for basis functions order from 0 to 6 that are obtained for simulations of the unitary
sphere with ℎ = 105𝑐𝑚 and ℎ = 30cm. This shows that an almost constant condition number
of the Gram matrix can be obtained with this mapping, and that the partially-orthonormalized
Gram matrix is spectrally equivalent to the identity matrix (that is, the Gram matrix associated
with fully-orthonormalized basis functions). As a comparison, the condition number of the non-
normalized Gram matrix is shown for the same orders and we observe that it severely increases
with the order and the mesh refinement. Notice that this condition number equals one with the
full-orthonormalization, by definition of the inverse square-root G−1/2

𝝍,𝝍 G𝝍,𝝍G−1/2
𝝍,𝝍 = I.

Table 7.3: Comparision of the condition number betweem the Gram matrix associated with
the GWP functions and its partially-orthonormalized counterpart, for different orders and mesh
discretization of the unitary sphere.

ℎ (cm) 𝑝 = 0 𝑝 = 1 𝑝 = 2 𝑝 = 3 𝑝 = 4 𝑝 = 5 𝑝 = 6

105
𝑁𝑝 100 210 360 550 780 1050 1360

cond(G𝝍,𝝍) 1.07E1 1.11E2 6.71E2 3.63E3 1.76E4 9.59E4 4.45E5
cond(QTG𝝍,𝝍Q) 1.98 1.94 2.01 2.02 2.11 2.12 2.19

26.3
𝑁𝑝 1600 3360 5760 8800 12480 16800 21760

cond(G𝝍,𝝍) 1.35E1 1.36E2 8.47E2 4.55E3 2.22E4 1.22E5 5.66E5
cond(QTG𝝍,𝝍Q) 2.20 2.07 2.21 2.19 2.31 2.32 2.40

In Figures 7.14, 7.15 and 7.16, we display the eigenvalue moduli ratios of the Calderón pre-
conditioned system along with that of the projectors-based EFIE and the standard EFIE, obtained
with partial-orthonormalization (where G−1/2

𝝍,𝝍 is replaced by Q), at frequency 𝑓 = 1MHz, for the
sphere, the torus, and the NASA almond, respectively. In Figures 7.17, 7.18 and 7.19, we display
the associated effects on the number of iterations to achieve a given residual error when solving
these formulations with the iterative solver TFQMR. These experiments show that similar results
can be obtained when replacing the full-orthonormalization by partial-orthonormalization, and,
in particular, we get almost the same number of iterations for the Calderón preconditioned for-
mulation in both cases. This indicates that an effective preconditioning scheme can be obtained
at a smaller cost, without the need for computing inverse square-roots of Gram matrices.
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Figure 7.14: Ratio between the maximal and minimal eigenvalue moduli as a function of the
number of unknowns for simulations of the sphere, with partial orthonormalization ( 𝑓 = 1MHz).

10 3 10 4

Number of unknowns N

10 0

10 5

E
ig

en
va

lu
e 

m
od

ul
i r

at
io

Standard EFIE
QH Projectors
Calderón

p=0
p=1
p=2

Figure 7.15: Ratio between the maximal and minimal eigenvalue moduli as a function of the
number of unknowns for simulations of the torus, with partial orthonormalization ( 𝑓 = 1MHz).
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Figure 7.16: Ratio between the maximal and minimal eigenvalue moduli as a function of the
number of unknowns for simulations of the NASA almond, with partial orthonormalization
( 𝑓 = 1MHz).
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Figure 7.17: Error residual as a function of the number of iterations carried out by the solver
TFQMR with the different formulations for simulations of the sphere, with partial orthonormal-
ization ( 𝑓 = 1MHz, ℎ = 58cm).
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Figure 7.18: Error residual as a function of the number of iterations carried out by the solver
TFQMR with the different formulations for simulations of the torus, with partial orthonormal-
ization ( 𝑓 = 1MHz, ℎ = 8cm).
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Figure 7.19: Error residual as a function of the number of iterations carried out by the solver
TFQMR with the different formulations for simulations of the NASA Almond, with partial
orthonormalization ( 𝑓 = 1MHz, ℎ = 1.3cm).
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7.6 Conclusion
In this chapter, we proposed a novel Calderón preconditioner for the high-order boundary

element discretization of the electric field integral equation. This new technique leverages the
high-order quasi-Helmholtz projectors and is based on the definition of a dual space that is
built from a space of higher order. The preconditioned system is also stable at low-frequency,
and we presented an extension of the scheme for multiply-connected geometries, for which a
null-space associated with the topological loops of the geometry was originally present. We
gave additional details about the implementation of the method and we introduced a technique
to partially-orthonormalize the basis functions, which allows to stabilize the system with respect
to the choice of the basis functions without the need for any expensive computation of inverse
square-root matrices. Final experiments allowed to corroborate our theory and to showcase the
effectiveness of our approach in providing well-conditioned systems, solvable in a small and
stable number of iterations.
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Chapter 8

Conclusion and Perspectives

In this thesis, we presented new preconditioning techniques allowing to tackle the low-
frequency and dense-refinement breakdowns of the electric field integral equation (EFIE). These
strategies enable the computation of well-conditioned linear systems that can subsequently be
solved in few iterations when resorting to iterative solvers.

In Chapters 1 and 2, we recapped the derivation of some surface integral equations and their
discretization via the boundary element method (BEM) allowing us to define the linear systems
to be solved in the subsequent chapters. This includes the introduction of high-order boundary
elements which were the focus of an important part of that PhD. In Chapter 3, we introduced
the background in linear algebra and the key concepts to tailor efficient fast iterative solvers,
including the implementation of fast matrix-vector product algorithms in the context of integral
equations and their use in conjunction with preconditioning techniques.

In Chapter 4, we focused on the generalization of the quasi-Helmholtz projectors to pre-
condition the EFIE when modelling PEC boundaries with junctions. To our knowledge, this is
the first time a quasi-Helmholtz decomposition approach is applied to the preconditioning of
such structures without any modification of the degrees of freedom setting. We then showed
that the use of these projectors allows to properly rescale the solenoidal and non-solenoidal
contributions of the EFIE—which provides a matrix system with a bounded condition number
at low-frequency—and we verified that algebraic multigrid can be used efficiently to compute
the projectors in the presence of junctions.

In Chapter 5, we introduced the first ever proposed definition of the quasi-Helmholtz pro-
jectors within the framework of high-order boundary element discretization. Notably, we
proved their uniqueness given a particular choice and ordering of basis functions, and their
well-posedness in providing a quasi-Helmholtz decomposition of high-order Raviart-Thomas
elements. We subsequently showed the effectiveness of the quasi-Helmholtz projectors stabi-
lization technique to precondition the EFIE at low-frequency when discretized with high-order
basis functions.

The definition of these high-order quasi-Helmholtz projectors has been the key contribution
of this thesis. In particular, it allowed us to define two other high-order compatible precondition-
ing techniques, that are effective to cure both low-frequency and dense-refinement breakdowns
of the EFIE.

The first technique to cure the dense-refinement breakdown was presented in Chapter 6. It
consists in filtering the discretized Laplacian operator matrices appearing in the definition of the
quasi-Helmholtz projectors, which, combined with a wavelet approach, enables the construction
of a successful preconditioner for the EFIE. In particular, we showed that it allows to get a
bounded spectrum and an almost constant number of iterations at a given precision threshold
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for increasingly dense discretization as well as for decreasing frequency.
The second presented technique that cures the dense refinement breakdown belongs to the

class of Calderón preconditioners and was introduced in Chapter 7. Thanks to the use of the
quasi-Helmholtz projectors, we have constructed for the first time a dual space that is based
on p-refinement rather than mesh-refinement, and that is therefore well-suited for high-order
frameworks. Several numerical experiments were given to corroborate that theory.

Moreover, these two last techniques introduced the need for an orthonormalization of the
basis functions, which relies on the iterative computation of inverse square-roots of Gram
matrices—the matrices that evaluate the inner products between the basis functions. In Chap-
ter 7, we also described an algorithm to replace these operations by partial-orthonormalization
of the basis functions, which relies on the cheaper computation of sparse matrices. While these
developments are as of now empirical, we have shown numerically that the well-conditioning
of the Calderón formulation is relatively preserved when resorting to partial- instead of full-
orthonormalization.

Promising extensions of this work are currently investigated:

• While in each of these chapters we have discussed the algorithmic efficiency of these
approaches, some implementation efforts remain to be done in order to get an overall fast
solver. Notably, the hybridization of these techniques with fast matrix-vector products
algorithms and high-performance computing paradigms are still under developments and
have not been thoroughly studied in this thesis.

• The extension of these preconditioning techniques to the other formulations introduced
in Chapter 1 are under investigation. The reason why we focused on the EFIE is that the
integral operator appearing in that formulation is also part of the PMCHWT and CFIE
formulations, and is the main cause of their ill-conditioning. Previous works at order zero
have shown that these equations can be preconditioned with few modifications of the EFIE
preconditioning strategies [2], and the same adaptations should be effective with our high-
order schemes. Additionally, the definition of a new dual space based on p-refinement can
find other applications than the discretization of the Calderón identity. We are currently
investigating its use to discretize the MFIE operator, accordingly to the applications that
have been found at order zero with Buffa-Christiansen basis functions [46].

• In Chapter 1, we have discussed the difficulties of preconditioning problems arising
from the single-trace modelling of dielectric objects when there are junctions between
multiple interfaces. As it has been done in Chapter 4, in the context of metallic junctions,
an extension of the quasi-Helmholtz projectors to the context of dielectric junctions
could be investigated, that would allow to define low-frequency and dense-refinement
preconditioning strategies for very arbitrary problems. Alternatively, the extension of our
methods to the context of multi-trace modelling could rely on existing developments done
at order zero [43, 47].
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Appendix A

Physics Quantities

Light-speed in the vacuum: 𝑐 = 299792458 m·s−1

Magnetic permeability of the vacuum: 𝜇0 = 4𝜋 × 10−7 ≈ 1.2566370614 × 10−6 H·m−1

Electric permittivity of the vacuum: 𝜀0 = (𝜇0𝑐
2)−1 ≈ 8.8541878176 × 10−12 F·m−1

Magnetic permeability of the material: 𝜇 = 𝜇0𝜇𝑟 (H·m−1) [𝜇𝑟 ∈ C in frequency-domain]
Electric permittivity of the material: 𝜀 = 𝜀0𝜀𝑟 (F·m−1) [𝜀𝑟 ∈ C in frequency-domain]
Characteristic impedance of the material: 𝜂 =

√︁
𝜇/𝜀 (Ω)

Frequency: 𝑓 (Hz)
Angular frequency: 𝜔 = 2𝜋 𝑓 (rad·s−1)
Wavenumber: 𝑘 = 𝜔

√
𝜇𝜀 (rad·m−1)

Wavelength: 𝜆 = 2𝜋/𝑘 (m)

Electric field: 𝑬 (V·m−1)
Magnetic field: 𝑯 (A·m−1)

Electric induction: 𝑫 (C·m−2)
Magnetic induction: 𝑩 (Wb·m−2 = T)

Electric surface current density: 𝑱 (A·m−1)
Magnetic surface current density: 𝑴 (V·m−1)

Electric surface charge density: 𝜌𝑒 (C·m−2)
Magnetic surface charge density: 𝜌ℎ (Wb·m−2 = T)
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