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A B S T R A C T

In contemporary industrial applications, predictive models have been pivotal in bolstering production effi-
ciency, product quality, scalability, and cost-effectiveness while promoting sustainability. These predictive
models can be constructed solely based on domain-specific knowledge, exclusively on observational data, or
by amalgamating both approaches. They are commonly referred to as Full-, Zero-, or Partial-knowledge-based
predictive models, respectively. Full-knowledge based models are highly explainable, point-wise accurate, data
efficient, computationally demanding in the prediction phase to achieve high accuracy. Zero-knowledge based
models are poorly explainable, data hungry, highly accurate on average, computationally demanding in the
construction phase but inexpensive the prediction phase. Partial-knowledge based models focus on taking the
best of the two worlds. To maintain a focused scope and avoid redundancy with existing literature, our review
will primarily delve into the key industrial applications within a narrow context, encompassing sectors such as
extraction, chemical processes, manufacturing, transportation, energy, and construction. Our approach entails
several steps. Initially, we conducted a meta-review to pinpoint gaps in previously published surveys on Full-,
Zero-, and Partial-knowledge-based predictive models for industrial applications. Subsequently, we present a
formal analysis of the subject matter, supplemented with illustrative examples to offer valuable insights. The
core of our work comprises a review of existing research categorized by specific industrial applications. Finally,
we outline the unresolved challenges and future prospects in this burgeoning field of research. We contend
that our work serves as a valuable resource, catering to the needs of both young researchers seeking a solid
foundation for their studies, industrial practitioners aiming to grasp core concepts and applications, and senior
researchers seeking potential real-world applications for their findings.
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1. Introduction

The Industry has always been the ideal breeding ground for tech-
ological advancement and innovation to thrive [1–3]. From its birth

till today (see Fig. 1), the industry went through a series of radical
transformations that, in time, became more and more frequent [2].
The industrial transformation led also to changes in the evolution of
society [2,4]. The 1st Industrial Revolution (late 18th to early 19th
entury) was facilitated by the introduction of the steam engine, the

mechanized textile production, and iron manufacturing, which resulted
n the mechanization of traditional industries, leading to increased
roductivity and urbanization [5]. The 2nd Industrial Revolution (late

19th to early 20th century) was propelled by the adoption of electricity,
he internal combustion engine, and the expansion of the railroad
etwork, resulting in the widespread use of electricity, the rise of the

automobile industry, and the expansion of heavy industry [6]. The 3rd
ndustrial Revolution (Late 20th century) was driven by computers,
igital technology, and the internet, leading to the digitization of
nformation and automation of processes, transforming industries and
ommunication [7]. The 4th Industrial Revolution (ongoing, began in

the late 20th century) was facilitated by artificial intelligence, machine
learning, blockchain, and the Internet of Things, characterized by the
fusion of physical, digital, and biological technologies, revolutionizing
industries, healthcare, and daily life [8,9]. Recent advances in artificial
ntelligence, quantum computing, advanced robotics, and nanotechnol-
gy raise the question of whether a 5th revolution is ongoing with a
tronger focus on the societal impact of the tighter interaction between
umans and machines [10].

In this work, we will use the term industrial applications, referring
to sectors like extraction [11], chemical processes [12], manufactur-
ing [13], transportation [14], energy [15], and construction [16].
Consequently, sectors like health [17], agriculture [18], utilities [19,
20], and defense [21], which warrant separate comprehensive analyses,
are intentionally excluded from this review.

In this context, the primary scopes of the industrial revolutions were
o enhance many different Key Performance Indicators (KPIs) such as

efficiency, flexibility, scalability, customization, automation, decentral-
ization, quality [22]. While these KPIs have remained relatively con-
sistent over time, while changing name and focus (e.g., from resource
savings or waste minimization to sustainability), the tools for achiev-
ing and optimizing them have undergone significant changes [22].
In fact, the shift in the innovation tools driven by the most recent
industrial revolutions represents a profound departure from traditional
approaches [10,23,24]. While conventional innovation tools focus on
 e

2 
incremental improvements to physical products, nowadays, the in-
dustry prioritizes disruptive innovation, integrating digital technolo-
gies, and data-driven decision-making [10,23,24]. This shift empha-
izes customer-centricity and customization, enabling companies to

tailor products to individual needs [24]. Additionally, modern industry
embraces agility, rapid iteration, and ecosystem collaboration, fostering
 dynamic and adaptable innovation landscape that can respond swiftly

to changing market dynamics and customer preferences [3]. More in
detail, digitalization means that products are increasingly connected
and smart, incorporating sensors and data analytics to enhance func-
tionality and provide real-time insights [3]. Mass customization is
easier due to advanced manufacturing technologies allowing products
to be tailored to individual customer needs [24]. Innovation now
elies heavily on data analysis, enabling companies to gather valuable
nsights from user behavior and product usage, leading to continuous
mprovements [24]. Rapid prototyping, iterative design, and shorter

development cycles are the norm, allowing for quicker adaptation to
changing market demands [25]. Companies collaborate with partners
and leverage open innovation platforms to access a broader pool of
deas and expertise [26].

The significance of the proposed review lies in its exploration of
redictive models, which are central to the advancement of machine
earning applications across various domains. These models, which
nclude mathematical and computational algorithms, harness domain
nowledge, computational resources, historical data, and statistical
nalysis to forecast future events or outcomes [27]. Often referred

to as digital twins of real systems [28], predictive models serve as
the cornerstone for the development of more sophisticated prescriptive
models. Prescriptive models, which build on the predictive insights, not
nly anticipate future outcomes but also recommend optimal strategies
o achieve specific objectives [29]. This survey will provide a compre-

hensive analysis of how these models are evolving in the context of
the latest technological advancements, highlighting their critical role
in the field and their potential to drive innovation in machine learning
applications. In essence, predictive models show the path ahead, while
rescriptive models guide organizations on how to navigate that path
ffectively [29] (see Fig. 2).

As a result, predictive models open up numerous opportunities
for innovation [30]. Predictive models can help optimize industrial
rocesses by forecasting outcomes and recommending actions [29].

This leads to more efficient resource utilization, reduced waste, and
cost savings [31]. Predictive maintenance models can predict equip-
ment failures before they occur, allowing for timely maintenance and
preventing costly unplanned downtime [32]. Predictive models can
dentify defects and anomalies in real-time or in the production process,
nsuring that products meet quality standards and reducing the need
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Fig. 1. Industrial revolutions.
Fig. 2. Predictive models.
for post-production inspection and rework [33]. Predictive models
can forecast demand for raw materials and finished products, helping
companies optimize their inventory levels and reduce carrying costs
while ensuring product availability [31]. Industrial processes often
consume significant amounts of energy. Predictive models can optimize
energy consumption by forecasting demand patterns and suggesting
energy-saving strategies [30]. Predictive models can improve supply
chain efficiency by predicting demand fluctuations, transportation de-
lays, and optimizing logistics and distribution routes [34]. Predictive
models can predict safety risks, such as equipment failures or hazardous
conditions, allowing for preventive measures to protect workers and the
environment [35]. In industries like chemical manufacturing, predic-
tive models can optimize chemical reactions and process parameters to
maximize yield and minimize waste [28]. Predictive models can ana-
lyze market trends and customer behavior to make informed decisions
about production, pricing, and marketing strategies [30]. Companies
that effectively leverage predictive models gain a competitive edge by
making data-driven decisions, reducing costs, and improving product
quality and customer satisfaction [27]. In highly regulated industries,
predictive models can help ensure compliance with quality and safety
standards [36]. Predictive models can allocate resources such as labor,
machinery, and raw materials more effectively, improving overall oper-
ational efficiency [37]. Predictive models can assess and mitigate risks
associated with various aspects of industrial operations, from supply
chain disruptions to financial risks [31].

Predictive models can be constructed solely based on domain-
specific knowledge [27,38–40] (i.e., full-knowledge based predictive
models - FKPMs, or physical models, or White-Box models, or transpar-
ent models), exclusively on observational data [27,39,40] (i.e., zero-
knowledge based predictive models - ZKPMs, or data-driven models,
or Black-Box models, or machine learning based models), or by amal-
gamating both approaches [39,41,42] (i.e., partial-knowledge based
predictive models - PKPMs, or hybrid models, or Gray-Box models, or
physics-informed models).
3 
FKPMs are built based on a-priori knowledge (e.g., physical laws
or logical constraints) of the real system and can be very reliable
and, by definition, explainable [39]. In fact, by construction, they only
produce plausible predictions and can be easily inspected, corrected,
and improved because of their full transparency [27]. They can also
be empowered by using some historical data to estimate parameters
of interest for the models [43]. The expected accuracy of the results
improves with the increased amount of detail in modeling the physical
phenomenon [44]. However, increasing the accuracy of FKPMs usually
results in quite a high request in terms of computational requirements
(e.g., computational fluid dynamic models) [44]. This fact limits their
use in the wild, where huge computational capabilities are seldom
available, making them unsuited for prescriptions [41].

ZKPMs, instead, do not require any a-priori knowledge about the
system but rather are built on historical data (and some possible
forecasted data like, e.g., weather conditions) collected from the real
system [45]. ZKPMs are usually constructed using Machine Learning
(ML) models. ZKPMs usually require a large amount of data and com-
putational resources to be constructed (i.e., the learning phase) to reach
satisfying performance in model accuracy [46]. Instead, once the model
is constructed, its use for making predictions (i.e., the forward phase)
is usually computationally inexpensive [47]. This has big added value
for ZKPMs as only the forward phase needs to be exploited to use
them in operation (e.g., for making prescriptions). For these reasons,
these models are sometimes also leveraged to surrogate FKPMs to
create a good approximation of FKPMs but with large computational
advantages [40]. However, since they rely only on historical obser-
vations, ZKPMs work well statistically (i.e., on average) [47]. Still,
they can produce implausible estimations (i.e., not physically plausible
estimations) in particular situations [41]. Unfortunately, by nature,
ZKPMs are Black-Box models that are hard to inspect (i.e., poorly
explainable) and correct from these errors (which can also be due to
spurious correlation or shortcuts learned by the model), making them
unsuitable for safety-critical applications [48]. In particular, the major
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Fig. 3. Paper structure and organization.
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lack of ZKPMs is that they commonly fail to make accurate predictions
in extrapolating scenarios, namely in scenarios when ZKPMs are used
in situations quite distant from the one observed in the data [39].

PKPMs have been recently introduced to fill both the gaps of FKPMs
nd ZKPMs and develop models able to take the best of the two
orlds. PKPMs can exploit the a-priori knowledge about the real system
nd avoid implausible predictions, increase explainability, reduce the
omputational requirements of FKPMs by exploiting historical data, and
educe ZKPMs need for large amounts of historical data by starting
rom an already good approximation of the phenomenon provided by
KPMs. The idea of PKPMs is to start from a ZKPMs and to enrich it with
omain knowledge in three different ways (that can also be combined
ogether):

• pre-processing: the data are generated (e.g., when surrogating
an FKPM [49,50]) processed (e.g., feature engineering [51], and
data cleaning and cleansing [52]), or enriched (e.g., serial Gray-
Box models [53], data augmentation [54]) leveraging the a-priori
knowledge about the real system;

• in-processing: the ZKPMs leverage the a-priori knowledge during
the learning phase (e.g., to decide the functional form of the
model [55–57], to modify the training phase [58], the model
selection or performance tuning phase [59]);
 r

4 
• post-processing: the prediction of the ZKPMs are ‘‘adjusted’’ lever-
aging the a-priori knowledge about the real system (e.g., paral-
lel Gray-Box models [60], physical plausibility [61], and logic
constraints [61]).

In this work, we argue that our review of FKPMs, ZKPMs, and PKPMs
for industrial applications is able to

• conduct a meta-review to pinpoint gaps in previously published
surveys on this topic underlying our contribution (see Section 2);

• provide a strong formal background of the subject (see Section 3);

• provide illustrative examples to offer valuable insights on the
formal analysis (see Section 4);

• critically review the current work categorized by specific indus-
trial applications (see Section 5);

• outline the unresolved challenges and future prospects in this
burgeoning field of research (see Section 6).

Therefore, this review will serve as a valuable and fundamental re-
ource, catering to the needs of young researchers seeking a solid
oundation for their studies, industrial practitioners aiming to grasp
ore concepts and applications, and senior researchers seeking potential
eal-world applications for their findings. The organization of this
eview is also graphically depicted in Fig. 3.
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2. Meta-review

In the literature, it is possible to find many different reviews par-
tially dealing with the topics covered in our work. For this reason,
this section reviews the current reviews to allow the reader to trace
these works and better understand our novel contribution. In particular,
Section 2.1 describes this review’s search and selection criteria that will
lead to the meta-review of Table 1, while Section 2.2 focuses on the
gaps in the current reviews that will be addressed in our work.

2.1. Search and selection criteria

This section presents the search and selection criteria we adopted
in our meta-review. In particular, we searched for reviews in a specific
ime window using a series of keywords in the academic database
copus.1

For what concerns the time window, according to [35], Physics-
nformed ML, representing the latest wake of advancements in predic-

tive models, began around 2016. The literature review on predictive
odels, until 2016, has been fully covered by the survey of [39].

For these reasons, our analysis will cover the last 10 years (i.e., from
2013) to cover also some precursor works that may have been over-
looked [39].

For what concerns the keywords to be searched, we applied the
following criteria

• Paper containing in the title, abstract, or keywords a series of
strings referring to the context of this paper;

• Paper containing in the title, abstract, or keywords ‘‘review’’ or
‘‘overview’’ or ‘‘survey’’.

Since the results of this search2 reported more than 500 papers (see
n Fig. 4 the word cloud of their indexed Scopus keywords) we reduced
his number filtering just the papers cited (according to Scopus)

• by ≥30 papers for works published from 2013 to 2021;
• by ≥20 papers for works published in 2022;
• by ≥10 papers for works published in 2023
• by ≥1 papers for works published in 2024.

Moreover, papers cited in relevant papers found in the application
review (Section 5) have also been included.

The resulting papers have been filtered, selecting all the general
or industry-related reviews. The result of this search is summarized in
Table 1 where we reported: the work reference, the year of publication,
the time span covered by the work, the analyzed FKPMs, ZKPMs, and
PKPMs, the presence of a formal analysis, the presence of illustrative
examples, and the domain of application. Fig. 5 shows the word cloud
of their indexed Scopus keywords.

1 https://www.scopus.com/
2 This is the exact Scopus search string: TITLE-ABS-KEY(((theory-guided
achine learning) OR (informed machine learning) OR (physics-informed
achine learning) OR (physics-infused machine learning) OR (physics-guided
achine learning) OR (physics-driven machine learning) OR (theory-guided
ata-driven) OR (physics-informed data-driven) OR (physics-infused data-

driven) OR (physics-guided data-driven) OR (physics-based data-driven) OR
(theory-guided neural network) OR (theory-guided neural networks) OR
(physics-informed neural network) OR (physics-informed neural networks)

R (physics-infused neural network) OR (physics-infused neural networks)
R (physics-guided neural network) OR (physics-guided neural networks)
R (physics-driven neural network) OR (physics-driven neural networks) OR

gr?y-box) OR (hybrid data-driven) OR (hybrid modeling) OR (hybrid mod-
lling) OR (hybrid machine learning) OR (hybrid data driven)) AND (review
R overview OR survey)) AND PUBYEAR > 2022.
5 
2.2. Findings

From Table 1, we can derive a series of observations regarding the
urrent reviews on the topics faced in this work and our contribution.

Although they have different nomenclatures, all the reviews agree
that predictive models should be classified into FKPMs, ZKPMs, and
PKPMs.

Every review describes FKPMs as methods that infer relationships
between physical variables, according to physics [27]. According to
[39], FKPMs can be Physics-Equation-based (e.g., Algebraic equations,
Ordinary differential equations -ODE-, or partial differential equations
-PDE-) or State-Machines-based (Mealy or Moore machines). A general
formal analysis of FKPMs is present in [39], while [27,62,66], and [82]
provide domain-specific ones.

The different definitions of ZKPMs can be summarized as ‘‘mod-
ls that completely rely on data’’ [39]. ZKPMs include all the tech-
iques under the Supervised Machine Learning umbrella, e.g., Shal-
ow [84] and Deep Models [84], Frequentist [85] and Bayesian mod-

els [86], and Binary or Multiclass Classification [87] and Regres-
sion [88]. In [39], a brief analysis of ZKPMs models is presented, while
in [27,62,66], and [78] an analysis of their application to different
domains is provided.

Regarding PKPMs, every review agrees with a simple definition,
‘‘models leveraging both on domain knowledge and available data’’,
but a comprehensive analysis of the methods and application domains
is not reported. In literature, it is possible to find precursor surveys
like [62,63], reviewing hybrid methods (e.g., serial and parallel PKPMs)
hat are a sub-family of PKPMs that simply combine FKPMs and ZKPMs,
ithout modifications of their inner structure, that have been used

ince the 1990s. In fact, as described in [66,89] was the very first
ork proposing to leverage on a-priori knowledge for the neural net-

works implementation, while [90] presented the first application of
a serial combination of a ZKPM and an FKPM. As per [63], the first
theoretical analysis of serial and parallel combination was addressed
by [91]. Over time, the integration of FKPMs and ZKPMs has become in-
reasingly tight. According to [35,42] first introduced ‘‘Theory-guided

data science’’ as integrating scientific theories into data science. Many
urveys [35,41,72,74,79,81,92], recognize the works of [58,93,94] as a

breakthrough in the field of PKPMs. The authors proposed the integra-
tion of differential equations (i.e., Physics-Equation-based FKPMs) and
neural networks (i.e., specific ZKPMs) by modifying the loss function
leveraged during the training phase of the neural networks. The first
review of PKPMs was proposed by [72], defining a PKPM as the com-
bination of an FKPM (i.e., a domain knowledge source) and a technique
of integrating it inside the ZKPM (i.e., a data-driven model). The work
of [41] is currently the most popular review about PKPMs, in which
the authors presented three ways of informing a ZKPM employing
an FKPM (i.e., observational, learning, and inductive biases). Other
notable works are the one of [39], which approaches the develop-
ment of Cyber Physical Systems with FKPMs, ZKPMs, and PKPMs,
nd [27], which analyzes recent trends of hybrid modeling for smart

manufacturing.
Based on this meta-review it is possible to find the following gaps
• a formal analysis of FKPMs, ZKPMs, and PKPMs able to cover

and generalize the three families of PMs with a uniform and
consistent taxonomy for PKPMs is still missing in the literature
since each survey introduces a different classification method
partially covering the FKPMs, ZKPMs, and PKPMs landscapes;

• simple illustrative example to understand the advantages and
disadvantages of FKPMs, ZKPMs, and PKPMs is still missing;

• a review covering all ways in which FKPMs, ZKPMs, and PKPMs
have been leveraged in Industrial Application (in a sense ex-
plained in the introduction) is still missing since most reviews
focused on a very narrow domain.

For this reason, this review will focus on filling these four gaps in
Sections 3, 4, and 5, respectively.

https://www.scopus.com/
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Fig. 4. Word cloud of the indexed Scopus keywords of all the retrieved works from Scopus for the meta-review.
Fig. 5. Word cloud the indexed Scopus keywords of the works reported in Table 1.
Fig. 6. Predictive model.

3. Formal analysis

In this work, we deal with the problem of building predictive
models. We have a system 𝚂 that, given some input 𝑋 ∈  , where
 is the input space, produces some output 𝑌 ∈  , where  is the
output space. The scope is to build a model 𝙼 of 𝚂 that, given only 𝑋
can produce 𝑌 ∈  such that 𝑌 ≈ 𝑌 according to a desired metric ℳ.
This concept is graphically depicted in Fig. 6.

Note that 𝚂 may be both deterministic and non-deterministic [95],
and  and  may be, e.g., a d-dimensional real vector [95], a graph
6 
[96], a tree [97], an image [98], natural language [99], or a mix of the
aforementioned information. Note also that, in general, there may not
be any causal link [100] between𝑋 and 𝑌 but just correlation [95,101].
Finally, note that 𝑋 usually contains things that are easily or cheaply
measurable while 𝑌 usually contains things that are hard or costly to
measure and, consequently, may produce value [102].

This section will present a formal analysis of the 𝙼 construction
using FKPMs, ZKPMs, and PKPMs. 𝙼 is usually defined as a model 𝑓
chosen in a set of possible ones  . In this work, formal analysis refers
to systematically examining the model’s mathematical, statistical, or
logical structure to understand its behavior under various conditions.
This process is instrumental in identifying the underlying assumptions,
limitations, and potential biases inherent in the models facilitating the
identification of optimal model parameters and structures, and con-
tributing to the development of more efficient, effective, and reliable
predictive tools.

In order to design and build 𝙼 we may have different sources of
information. We report here the four main ones.

• Domain Knowledge: this source of information refers to the pre-
existing understanding of the dynamics and operational principles
governing 𝚂. Such knowledge can manifest in various forms.
One example is the physical laws that are comprehensive or
partial descriptions of the causal relationships between inputs
and outputs within the system [41]. A second example may be
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Table 1
Related works in chronological order..

Review Year Timespan FKPMs ZKPMs PKPMs Formal
Analysis

Practical
Example

Domain

[62]
2013 Unspecified Computational Fluid

Dynamics, Zonal
approach, Nodal
approach

Multiple Linear
Regression, Genetic
Algorithm, Neural
network, Support
vector machine

Hybrid models Yes No Buildings’
Energy

[63] 2014 1992–2013 Linear/nonlinear
Ordinary/Partial
differential
equations,
Linear/Nonlinear
algebraic equations

Neural networks,
Partial least squares,
Splines, Kernels

Serial, Parallel Partial
(PKPMs)

No Chemical,
Biochemical

[64] 2014 Unspecified White-Box Black-Box Gray-Box No No Buildings’
Energy

[65] 2016 2000–2016 White-Box Black-Box Gray-Box, Hybrid
models

No No Vehicle Fuel
Consumption

[42] 2017 Unspecified No No Theory-guided design,
Theory-guided learning,
Theory-guided
refinement, Learning
hybrid models of theory
and data-science,
Augmenting
theory-based models

Partial
(PKPMs)

No Science

[66] 2018 Unspecified White-Box Black-Box Gray-Box (Parallel,
Serial, Mixed
parallel/serial)

Yes No Chemical,
Petroleum,
Energy

[67] 2018 2007–2017 White-Box Black-Box Gray-Box No No Buildings’
Energy

[39] 2020 Unspecified Physics equation
based CPS, State
Machine Based
Cyber-Physical
System

Data-driven CPS Physics-based
Pre-processing,
Physics-based Network
Architectures,
Physics-based
Regularization,
Miscellaneous

Yes No General

[68] 2020 Unspecified Simulation Machine Learning Simulation-assisted ML,
ML assisted simulation

No No General

[28] 2020 Unspecified No No Serial, Parallel No No Chemical

[69] 2020 Unspecified White-Box Black-Box (Neural
networks, Support
vector machine,
Random forest,
Gradient boosting,
Multiple linear
regression)

Gray-Box No No Buildings’
Energy

[70] 2020 Unspecified No No Physics-guided loss
function, Physics-guided
initialization,
Physics-guided design
of architecture,
Residual modeling,
Hybrid physics-ML
models

No No General

[71] 2021 Unspecified No No Gray-Box Yes No Buildings’
Energy

(continued on next page)
the input/output insensitivity, which pertains to the invariance
of the output against variations in the input under specific con-
ditions [103]. A final example is the output constraints, which
include any prerequisites or limitations imposed on the output,
ensuring it adheres to certain criteria or standards [104]. Domain
knowledge plays a crucial role in understanding and predicting
the behavior of 𝚂, offering valuable insights into its functioning
and facilitating the development of more accurate and efficient
predictive models.
7 
• Measures: this source of information is intrinsically linked to do-
main knowledge as it often enables the direct measurement or col-
lection of data pertaining to the characteristics of a system [102].
For instance, it is feasible to ascertain specific attributes, such as
machinery’s actual weight, or to gather data, such as its plate in-
formation. Such empirical data are invaluable, particularly in the
context of developing FKPMs (see Section 3.1). These models ne-
cessitate precise information about 𝚂 to be effectively constructed
and validated.
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Table 1 (continued).
[40] 2021 1992–2020 Mechanistic models Data-driven models

(Neural networks,
Support vector
machine,
Multivariate
Adaptive Regression
Splines, Latent
Variable Models)

Serial, Parallel,
Surrogate, Alternative
models

No No Chemical

[72] 2021 Unspecified No No Knowledge source,
Knowledge
representation,
Knowledge integration’s
way (training data,
hypothesis set, learning
algorithm, final
hypothesis)

Partial
(PKPMs)

No General

[41] 2021 Unspecified No No Observational bias,
Inductive bias, Learning
bias

Partial
(PKPMs)

Yes General

[73] 2021 Unspecified White-Box Black-Box Gray-Box No No Batteries

[74] 2022 Unspecified No No Mechanistic feature
processing,
Physics-informed model
development,
Data-driven discovery

Partial
(PKPMs)

No Manufactur-
ing

[75] 2022 2014–2021 No No Data, cost function,
initialization, run time,
architecture

No No Civil
Engineering

[76] 2022 Unspecified No No ML compliments
science (Inverse
models, direct hybrid
models, reduced order
models, uncertainty
quantification, discover
laws), Science
compliments ML
(design, learning,
refinement)

No No Chemical

[77] 2022 Unspecified No No Physics-informed loss
function,
Physics-informed
initialization,
Physics-informed design
architecture, Hybrid
physics-DL models

Partial
(PKPMs)

No Power
Systems

[27] 2022 Unspecified Physics-based
models

Data-driven models Physics-informed ML
(data, modeling, loss
function), ML assisted
simulation, Explainable
Artificial Intelligence

Yes No Manufactur-
ing

[78] 2022 Unspecified No Gaussian Process,
Neural networks

Hybrid sub-modeling,
Physics-informed ML,
Model calibration

Partial
(ZKPMs,
PKPMs)

Yes General

[79] 2022 2018–2022 No No Physics-informed neural
networks

Partial
(PKPMs)

No Science

[80] 2022 2001–2021 White-Box Black-Box
(Statistical and ML
models)

Gray-Box (Black-Box
based on White-Box
and White-Box based
on Black-Box)

No No Ship Fuel
Consumption

[81] 2022 Unspecified No No Physics-informed data,
architecture, loss
function, optimization,
inference

Partial
(PKPMs)

No General

(continued on next page)
• Example of the Input/Output relation (Dataset): this source of
information is typically required by the ZKPMs (see Section 3.2).
In the era of big data, an extensive array of information has been
amassed and archived across various systems [105]. Although
collecting input data is generally cost-effective, acquiring output
data can be challenging due to its inherent value [102]. The
8 
collection of output data is frequently expensive or, in some
instances, unfeasible if the outputs are only determinable in the
future [102]. However, within historical datasets, such output
information might be readily and economically accessible. For-
mally, a dataset [95] is characterized as a collection of 𝑛 in-
stances demonstrating the input/output relationship, denoted as
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Table 1 (continued).
[82] 2022 2002–2022 Physics-based

(Electrochemical,
Equivalent circuit,
Semi-empirical)

No Gray-Box (Data-driven
assisted physical
models, Physics-guided
data-driven)

Partial
(FKPMs,
PKPMs)

No Batteries

[83] 2022 Unspecified No No Physics-guided loss
function, Physics-guided
initialization,
Physics-guided design
of architecture, Hybrid
physics-ML models

Partial
(PKPMs)

No Engineering,
Environmen-
tal Systems

[35] 2023 2016–2022 No No Physics-informed loss
function,
Physics-informed
architecture

Partial
(PKPMs)

No General
s
s

d

b
o

n

r

𝑛 = {(𝑋1, 𝑌1),… , (𝑋𝑛, 𝑌𝑛)}. In certain cases, particularly his-
torical ones, obtaining output data for every input may remain
prohibitively expensive or impossible. This scenario necessitates
the compilation of an alternative dataset, referred to as unsu-
pervised [106], represented as 𝑚 = {𝑋1,… , 𝑋𝑚}. Despite this
dataset’s absence of output data, it can still offer significant value
for specific applications [107,108].

• Experience: this source of information is the most complex one
to describe since it cannot be formalized as the previous ones.
For example, in FKPMs (see Section 3.1), experience allows us
to disregard some effects since previous analyses on the same
topic resulted in this know-how. In ZKPMs (see Section 3.2),
experience may lead to choosing a particular ML algorithm rather
than another one or to choosing a particular deep learning archi-
tecture. Finally, in PKPMs (see Section 3.3), experience may lead
to choosing the most suited way to blend FKPMs and ZKPMs. In
synthesis, the experience can be defined as all how users and de-
velopers of FKPMs, ZKPMs, and PKPMs reduce the number of free
choices, according to their previous knowledge, experience, or
know-how [72]. This, in practice, can make more of a difference
with respect to actual technical skills [72].

These sources can be present simultaneously or not, and the availabil-
ity of specific sources determines whether one can construct FKPMs,
KPMs, or PKPMs

Another important aspect to consider is the timing associated with
oth 𝑋 and 𝑌 during the model’s construction and usage. In fact,
odel construction is a retrospective work where we can assume to

know everything [47] (both past, present, and future). During model
operation, instead of just knowing some past and present information,
we may have an estimation of some data about the future [109]
e.g., weather forecast), and we usually want to predict some present
nformation [110] (i.e., nowcasting) of more probably, some future
nformation [111] (i.e., forecasting). Note that present and future may
ot be simply associated with the actual flux of time but they are
ssociated with the actual time in which that information is available.
or instance, we may know now if a machinery component is worn,
ut we will know it just when this problem generates a fault or when
n operator checks and measures it. In this perspective, predicting
omething about the past (i.e., backcasting [112]) can still be useful
f that information is lost (and we need that for, e.g., diagnostics
urposes) or that past condition will be labeled in the future.

To provide a clearer understanding of this concept, we illustrate it
with the graphical representation shown in Fig. 7.

The remaining part of this section is devoted to the formal analysis
of how FKPMs (Section 3.1), ZKPMs (Section 3.2), and PKPMs (Sec-
tion 3.3) can be designed and operated. In other words, will describe
what happens in the red dashed blocks of Fig. 8.

3.1. Full knowledge predictive models

FKPMs, in general, require all four sources of information to be
uilt [38]. They are the oldest way to build predictive models and,
9 
historically, the ones that have been more used until the advent of
the digital era [40]. As with all 𝙼 they are characterized by a model 𝑓
chosen in a set of possible ones  and they can be designed as follows
(see Fig. 9)

• the predictive model 𝑓 takes as inputs a subset of the possible
ones 𝑋′ ⊆ 𝑋 since it may be too complex or not possible, based
on the domain knowledge, to model the relation between 𝑌 and
some 𝑋. Moreover, based on the experience, it may be worthy or
worthless to actually model some relation since it is important or
negligible for the specific application;

• the functional form of 𝑓 (e.g., linear or differential equations)
depends on the domain knowledge. For some systems 𝚂, we may
have just simplified relations to model a phenomenon (e.g., em-
pirical formulas), while for others, we may have the exact solution
(e.g., exact differential equations). The functional form of 𝑓 can
also be generated incrementally by many interconnected blocks,
which adds hierarchy and interpretability to the model;

• the parameters 𝜃 that characterize 𝑓 can be subdivided in three
main groups 𝜃𝐾 , 𝜃𝑀 , and 𝜃𝐷 such that 𝜃 = 𝜃𝐾 ∪𝜃𝑀 ∪𝜃𝐷, 𝜃𝐾 ∩𝜃𝑀 =
⊘, 𝜃𝐾 ∩ 𝜃𝐷 = ⊘, and 𝜃𝑀 ∩ 𝜃𝐷 = ⊘, and

– 𝜃𝐾 are set based on the domain knowledge (e.g., the univer-
sal constant of gravitation);

– 𝜃𝑀 are set based on the measures (e.g., the mass of a
machinery);

– 𝜃𝐷 are tuned by an algorithm 𝒜𝐻 , characterized by its hy-
perparameters 𝐻 that leverages: the available 𝑛 (to guide
the selection of the optimal parameters), the experience (to
guide the selection of the algorithm and its hyperparame-
ters) and the domain knowledge (to give a range of possible
values of 𝜃𝐷, namely ).

The definition/creation of the functional form 𝑓 of an FKPM is
omething that may take hours, days, or even years to be formulated
ince it is heavily guided by humans [68].

The definition/creation of the functional form 𝑓 of an FKPM is often
eeply dependent and crafted toward a particular application [38]. For

example, a particular phenomenon in certain operating conditions can
e well approximated by a simple empirical formula, while in other
perating conditions, the only good solution is the one of solving a

complex set of partial differential equations [38].
The search of 𝜃𝐷 can be performed with a grid search when the

umber of parameters is very low (i.e., less than 10) otherwise, we
need to formulate the problem as an optimization problem that can
be convex (then easy to solve) or non-convex by differentiable (less
easy but still manageable with multi-start gradient descent algorithms)
or non-convex (then manageable just employing meta-heuristic algo-
ithms or with differentiable surrogates) [113]. Each optimizer has its

hyperparameters to be tuned, and, in this case, only experience coupled
with grid search can help us in the process [114]. In all cases, the best
main idea behind the search for the best values of 𝜃𝐷, namely 𝜃∗𝐷 can
be formulated as follows

𝜃∗ = ar g min 𝙴(𝜃 , ), (1)
𝐷 𝜃𝐷∈
𝐷 𝑛
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Fig. 7. Past, present, and future in designing 𝙼 of Fig. 6. Different quantities that vary in time (continuous/discrete structured/unstructured quantities). At the time 𝑡0 (present),
we know some of them (dashed red boxes) because they are part of the estimated future information used as input. As output (making some back-, now-, fore-casting), there is
some quantity of interest that we do not know (dashed blue boxes).
Fig. 8. Design 𝙼 of Fig. 6.
10 
Fig. 9. FKPMs.
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where  is the search space (induced by domain knowledge or experi-
ence) and 𝙴(𝜃 ,𝑛) is the error, measured with reference to the desired
metric [115], determined by the specific 𝜃𝐷 over the data 𝑛 and 𝒜𝐻 is
the algorithm, together with it hyperparameters 𝐻 , leveraged to solve
the min problem.

Depending on the application, the needed accuracy, the input avail-
able, how much 𝚂 has been studied in the past, and the computa-
tional power, one may find many different solutions toward better
FKPMs [38].

FKPMs have different advantages and disadvantages. Regarding the
advantages FKPMs

• they require a relatively small amount of data to be constructed
[40];

• they work well in interpolation (i.e., close to the available mea-
sure or the design condition) [116];

• they work reasonably well in extrapolation (i.e., far away from
the available measure or the design condition). By reasonably
well, we meant that maybe they are not perfectly accurate, but
they always provide behavior that is physically plausible by con-
struction [116];

• they are explainable and understandable by construction. As a
consequence, they can be easily inspected, tested, and queried
and they can provide new insight into the problem [117];

• in some cases they require a small amount of computational
power when used to make predictions (e.g., empirical mod-
els) [62].

Regarding the disadvantages FKPMs
• they require a lot of human intervention and time to be designed,

constructed, and tested [38];
• they do not fully exploit all the measures (inputs) that nowadays

can be retrieved in a real application [43];
• in some cases their accuracy is low due to their inability to model

complex phenomena or to leverage all the data [62];
• in some cases, they require a huge amount of computational

power when used to make predictions (e.g., numerical solution
of complex partial differential equations), preventing their use for
design optimization purposes [44].

3.2. Zero knowledge predictive models

ZKPMs, in general, require only two sources of information to be
built: the dataset and experience [47]. They are application-
independent and do not need any domain knowledge about 𝚂 or
measures about the systems (i.e., constants that characterize the phe-
nomena) [47]. Thanks to the availability of large amounts of data and
computational power, they became popular in the last twenty years, the
digital era [40]. Also in this case, the 𝙼 are characterized by a model 𝑓
chosen in a set of possible ones  and they can be designed as follows
(see Fig. 10)

• the predictive model 𝑓 takes as inputs all the available ones
𝑋 since that can handle a huge number (the only limit is the
computational power) of different input sources (e.g., scalars,
vectors, time series, images, graphs, and natural language). Note
that ZKPMs do not distinguish between causality and correlations,
so it may be risky to put ‘‘too much’’ into 𝑋 since doing so in-
creases the probability of stumbling upon a spurious correlation.
This concept is referred to in ZKPMs with the simplified sentence
‘‘garbage in, garbage out’’;

• the functional form of 𝑓 depends on two main types of param-
eters. The hyperparameters that regulate the functional form in
this field, called architecture, of the model (e.g., linear, nonlinear,
kerneled, convolutive, attention, and recursive) while the param-
eters are the ones that fixed the hyperparameters, define a specific
model . Hyperparameters inherit their name from the fact
that they strongly influence the performance of the model both
11 
Fig. 10. ZKPMs.

positively (as for FKPMs, sometimes more complex models lead
to higher performance) and negatively (too much complexity may
lead to poor performance; see later the problem of overfitting).
The functional form of 𝑓 is usually monolithic, i.e., given and 𝑋
produces directly the 𝑌 , with no intermediate blocks that have
specific hierarchy or interpretability properties;

• since we do not have any domain knowledge that guides our
choice, the only information about the quality of our model 𝙼

must be extracted from 𝑛. This leads to an immediate problem:
we cannot use the same data to build, optimize, and estimate
the model’s performance; otherwise, we risk obtaining optimistic
results. This problem, in ZKPMs, is called data-snooping [118],
which leads to problems commonly referred to as over-fitting,
over-validation, and over-test. The standard solution is to assume
that the dataset in 𝑛 is independent and identically distributed
(i.e., i.i.d.), split (one or multiple, 𝑟, times) the data in three sets
called learning 𝑖𝑙, validation  𝑖𝑣, and test  𝑖

𝑡 such that 𝑛 =
𝑖𝑙 ∪  𝑖𝑣 ∪  𝑖

𝑡 and 𝑖𝑙 ∩  𝑖𝑣 = ⊘, 𝑖𝑙 ∩  𝑖
𝑡 = ⊘, and  𝑖𝑣 ∩  𝑖

𝑡 = ⊘
with 𝑖 ∈ {1,… , 𝑟} then

– use 𝑙 to optimize the parameters 𝜃 that characterize 𝑓
using an algorithm 𝒜𝐻 , characterized by its hyperparam-
eters 𝐻 , that tries to find the 𝜃 that minimizes the error,
measured with some metric, of 𝑓 on 𝑙 subject to some
constraint on 𝜃. In other words, 𝒜𝐻 chooses 𝑓 ∈  , where
 is more or less explicitly induced by the constraint on 𝜃,
𝒜 , or 𝐻 . These problems are usually convex (allowing find-
ing the optimal point efficiently) or at least differentiable
(allowing finding a local minima efficiently via gradient
descent). Note that always exists a combination of 𝒜 and
𝐻 that leads to an arbitrarily small error on 𝑙, which is, in
general, not good since we do not want to simply memorize
the information in 𝑙 (over-fitting), but we want to work
well on previously unseen data (generalize). In other words
we need to carefully tune 𝒜 and associated 𝐻 ;

– then we need to use 𝑣 to optimize the choice of the
algorithms 𝒜 and its hyperparameters 𝐻 finding 𝒜 and
associated 𝐻 that minimizes the error, measured with some
metric, of the 𝑓 generated by 𝒜𝐻 on 𝑣. In other words,
𝑓 generated by 𝒜𝐻 using 𝑛 should work well on the
previously unseen (and i.i.d.) data  ; These problems are
𝑣
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usually non-convex and not-differentiable globally. For this
purpose, it is commonly addressed with some global grid
search (e.g., search for different algorithms) in combination
with some local optimization of differentiable or differen-
tiable surrogate problems (e.g., search for the optimal value
of a hyperparameter). Note that experience may lead to
some pruning to the choices to check against the data. In
this case, if the number of choices for 𝒜 and relative 𝐻
is too high, we risk making a choice that is only able to
minimize the error on 𝑣 and not on previously unseen data.
So we cannot trust the error that the model 𝑓 generated by
the best 𝒜 and relative 𝐻 performs on 𝑣;

– then we need to use 𝑡, a fresh new (and i.i.d.) set of data
with respect to 𝑙 and 𝑣 to check the performance of 𝑓
generated by the best 𝒜 and relative 𝐻 using 𝑙 ∪ 𝑣.
This error, by definition, is a statistically unbiased estima-
tor of the error that the 𝑓 generated by the best 𝒜 and
relative 𝐻 will perform on previously unseen data since
𝑡 is only used once. A common mistake [119,120] is to
reuse 𝑡 multiple times, performing the so-called over-test
or data-snooping [118], which is a big mistake in practical
situations: from the evaluation procedure we expected a cer-
tain level of accuracy and then, when the model is actually
used in production, the accuracy is much less.

This approach, which is at the basis of all resampling approaches,
is commonly used by practitioners, but other, more theoretical
approaches exist [121].

One problem of the i.i.d. assumption is that it is never verified in
ractice [47]. The solution to this problem is to make the datasets 𝑙,

𝑣, and 𝑡 verify the i.i.d. assumption as much as possible [122]. Let
s give some examples. If we need to recognize images, we need to be
ure that 𝑛 contains images coming from different places (e.g., varying
ackground) and time (e.g., varying light exposition). This problem
s called the design of experiments for data collection [123]. Another

problem is when we want to predict a time series. In this case, we
cannot put random samples (past and future samples) in 𝑙, 𝑣, and
𝑡 but we always need to keep the sequence in time, namely 𝑙, 𝑣,
nd 𝑡 should contain data from [𝑡1, 𝑡2), [𝑡2, 𝑡3), and [𝑡3, 𝑡4] respectively
ith 𝑡1 < 𝑡2 < 𝑡3 < 𝑡4 [124].

Note also that the algorithm 𝒜 , usually called supervised ML al-
orithms in this context, are characterized by its hyperparameters 𝐻 ,
elects a ZKPMs (𝙼) 𝑓 ∈  based on the available data such 𝑓 = 𝒜𝐻 (𝑛)
nd many different ML algorithms exist in the literature [95,125]. One

may think that, at least theoretically, there should exist at least an
optimal 𝒜 simplifying the selection of it. Instead, the no-free-lunch
theorem [126] ensures that there is no way to determine a-priori the
best ML algorithms to use for a specific application.

Many different ML algorithms and families of algorithms exist in the
literature. Nevertheless, the most commonly and effective families3 are

• kernel methods [127];
• ensemble methods [128];
• neural network [98];
• Bayesian approaches [129];

some of them also empowered by fuzzy techniques [130,131]. More
abstractly, there are two main approaches to ML. When data is tab-
ular (or more properly unstructured), usually shallow ML models are
employed [95]. Shallow models directly manipulate 𝑋 to generate

, which is considered a good representation for making effective
redictions. When data is structured (e.g., images, graphs, and natural
anguage), usually, deep ML models are employed [98] . Deep models

are exploited since directly manipulating 𝑋 to generate 𝑌 is not effec-
ive (and not possible in some cases), and it is needed to first learn a

3 See also the top performing models in the popular Kaggle www.kaggle.
om ML competition website.
12 
good representation of the input data (in fact, deep learning is some-
times referred to as representation learning) from the data and then,
using this representation, effective predictions are generated. This also
opened the way to procedures like transfer learning [132,133] with pre-
trained4 and foundation5 models (i.e., reuse the same representation for
multiple tasks).

In order to tune the parameters 𝜃 of 𝑓 , all ML models mostly rely
n the Empirical Risk Minimization (ERM) principle [95,98,134]. ERM

suggests finding the function that fits (e.g., minimizes the empirical
rror) a training set searching in a set of (possibly unknown [135–

137]) set of functions  carefully tuned during the model selection
phase [121]. The set of functions from which the ERM chooses depends
n an accuracy term on the data, possibly plus one or more regularizers

(e.g., p-norm of the weights) [134]. Regularizers can also be implicitly
enforced via model functional form (e.g., convolutions or transform-
ers) [98,134] or via optimization (e.g., stochastic gradient descent with
early stopping and dropout) [134,138]. The tuning procedure trades off
errors in the training data and the complexity of the solution. More
formally, an ML algorithm that finds the best parameters 𝜃, namely
𝑓 ∈  , can be formulated as

𝑓 ∗ = ar g min
𝑓∈

𝙴(𝑓 ,𝑛) + 𝙲(𝑓 ), (2)

where  is space of models induced, implicitly or explicitly, by the
choice of the algorithms, 𝙴(𝑓 ,𝑛) is the error, measured with reference
to the desired metric [115], determined by the specific 𝑓 over the data
𝑛 and 𝙲(𝑓 ) the complexity of the solution.

In order to select the best algorithm and hyperparameters config-
urations 𝒜 ∗

𝐻∗ in a set of possible ones 𝐻 = {𝒜 𝑎
𝐻1
,… ,𝒜 𝑎

𝐻ℎ𝑎
,𝒜 𝑏

𝐻2
,

… ,𝒜 𝑏
𝐻ℎ𝑏

⋯} the following procedure has to be applied

𝒜 ∗
𝐻∗ ∶ ar g min

𝒜𝐻∈

1
𝑟

𝑟
∑

𝑖=1
𝙴(𝒜𝐻 (𝑖𝑙),

𝑖
𝑣), (3)

where 𝒜𝐻 (𝑖𝑙) is a model 𝑓 built with the algorithm 𝒜 with its set of
hyperparameters 𝐻 and with the data 𝑖𝑙, and where 𝙴(𝑓 , 𝑖𝑣) is the
desired metric for 𝑓 computed using the data in  𝑖𝑣. Since the data in
𝑖𝑙 are independent of the data in  𝑖𝑣, 𝒜

∗
𝐻∗ should be an algorithm and

the associated set of hyperparameters which allows achieving a small
error on a data set that is independent of the training set.

Then, to evaluate the performance of the optimal model, which is
∗ = 𝒜 ∗

𝐻∗ (𝑛) the following procedure has to be applied

𝙴(𝑓 ∗) = 1
𝑟

𝑟
∑

𝑖=1
𝙴(𝒜 ∗

𝐻∗ (𝑖𝑙 ∪  𝑖𝑣), 
𝑖
𝑡 ). (4)

Since the data in 𝑖𝑙 ∪  𝑖𝑣 are independent from the ones in  𝑖
𝑡 , 𝙴(𝑓 ∗)

is an unbiased estimator of the true performance, measured with the
metric 𝙴, of the final model [121].

Note that some ML algorithms can also leverage 𝑚 to create
he model, namely unlabeled samples. For this purpose, two main
pproaches exist

• if 𝑛 is reasonably large, it is split in 𝑙, 𝑣, and 𝑡 and then
semi-supervised ML algorithms [106] are applied as follows

𝑓 ∗ = 𝒜𝐻 (𝑙 ∪𝑚), (5)

namely, some algorithms can leverage both 𝑚 and labeled sam-
ples to obtain a better model than simply leveraging the la-
beled samples. 𝑚 is instead useless for performance tuning and
assessing where labels are mandatory since errors need to be
computed;

• if 𝑛 is too small, splitting it into train, validation, and test is
not possible. The 𝑛 is split just in 𝑣 and 𝑡 (mandatory to be
able to tune hyperparameters and assess the performance of the
final model) and then unsupervised ML algorithms [139–141] are

4 https://modelzoo.co
5 https://huggingface.co

http://www.kaggle.com
http://www.kaggle.com
https://modelzoo.co
https://huggingface.co
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applied as follows

𝑓 ∗ = 𝒜𝐻 (𝑚), (6)

namely, some algorithms can leverage 𝑚 to create models that
can be used in a supervised setting (e.g., anomaly and novelty
detection).

Depending on the application, the needed accuracy, the type of
input available, the experience of the data scientists, and the com-
putational power, many different solutions may be found for better
ZKPMs.

ZKPMs have different advantages and disadvantages. Regarding the
advantages ZKPMs

• they require small if not zero intervention of the humans and time
to be designed, constructed, and tested [47];

• they can fully exploit all the measures (inputs) in all the formats
(unstructured and structured) that nowadays can be retrieved in
a real application [47];

• if available data is large enough, they usually perform very well
on average in real-world applications [47];

• they work very well in interpolation (i.e., close to the available
measure or the design condition) [28];

• they usually require a very small amount of computational power
when used to make predictions (with some exceptions for deep
models or pre-trained/foundation models) [47].

Regarding the disadvantages ZKPMs
• they require a large amount of data to be constructed, huge in

the case of deep models if no pre-trained/foundation model is
available [39];

• they usually require a large (huge in the case of very deep models)
amount of computational power to be constructed [47];

• they generally do not work well in extrapolation (i.e., far away
from the available measure or the design condition) [28];

• since they are not guided by any knowledge of the physical phe-
nomena they can be completely detached from the physical prin-
ciples, sometimes generating completely absurd predictions [41].
In fact, they are designed to work well on average and not
point-wise;

• they are, in general, not explainable and understandable. As a
consequence, they are hard to be inspected, tested, and queried,
even if some mitigation strategies exist [117,142–144].

Because of the reason explained above, ZKPMs are used in prac-
tice both like the FKPMs, namely for modeling purposes, but also to
surrogate other, less computationally efficient, predictive models [40].
For example, complex computational fluid dynamics simulations that
take days to make predictions can be surrogated with a ZKPM using
previous simulations to generate predictions in some fraction of mil-
liseconds. This is extremely important in practical applications where
predictive models do not live just to make predictions, but are used for
optimization or decision support.

3.3. Partial knowledge predictive models

PKPMs arise from acknowledgments of the advantages and disad-
vantages of both FKPMs (see Section 3.1) and ZKPMs (see Section 3.2)
with the purpose of blending them toward the definition of predictive
models able to take the best of the two worlds [40]. In particular,
they try to fill the main limitation of FKPMs with respect to their
computational demand in making accurate predictions and non-optimal
performance, especially in interpolation, where instead ZKPMs ex-
cel, and the main limitation of ZKPMs with respect to their demand
for a large amount of data, limited physical plausibility, and poor
performance in extrapolation, where instead PKPMs excel [42].

For this reason, PKPMs require all four sources of information to
be built (domain knowledge, measures, dataset, and experience) [72].
They are the newest way to build predictive models and are considered
one of the most promising frontiers in industry and academia [72].
As with all 𝙼, they are characterized by a model 𝑓 chosen in a set of
possible ones  , and they can be designed as follows (see Fig. 11).
13 
Fig. 11. PKPMs.

• usually in PKPMs, as for the ZKPMs, the predictive model 𝑓 takes
as inputs all the available ones 𝑋 (with no problem in handling
both quantity and variety). In general, as ZKPMs, there is a risk
of stumbling upon a spurious correlation, but this is limited by
the injection of domain knowledge with more or less complete
FKPMs that inform the ZKPMs within three main ways

– pre-processing (see Section 3.3.1): it refers to the prepara-
tory steps taken to modify data, or guide the choice of
the algorithm, before applying ZKPMs, aiming to enhance
the models’ ability to extract information effectively. This
process is critically important in the context of ZKPMs due
to the principle of ‘‘garbage in, garbage out’’, which empha-
sizes the quality of input data as a determinant of output
quality. Pre-processing constitutes a method through which
individuals, perhaps unknowingly, engage in informed
ZKPMs practices such as feature engineering, data cleaning
and cleansing, and data augmentation. These practices are
vital in refining data to better suit ZKPMs, thereby im-
proving model performance. For example, in serial PKPMs,
an initial estimate is generated using FKPMs and then
it is used as a hint for the subsequent ZKPMs, namely
a prediction made by an FKPMs may be adjusted based
on available data. Such methods fall into a category that
leverages domain knowledge to assist ZKPMs in completing
the ‘‘last mile’’, where human expertise may fall short.
This approach underscores the symbiosis between domain-
specific insights and ZKPMs, aiming to bridge the gap where
human knowledge alone is insufficient, thereby enhancing
the model’s predictive accuracy and reliability;

– in-processing (see Section 3.3.2): it involves integrating do-
main knowledge into the core learning mechanism ZKPMs,
thereby infusing it directly into the ZKPMs learning pro-
cess. This approach necessitates encoding domain knowl-
edge into a more mathematical form, such as laws, trends,
or constraints and requires robust collaboration between
domain experts and data scientists. Unlike pre-processing,
in-processing demands modifications to the mathematical
learning mechanism itself, aiming to steer the model to-
ward a desired behavior. Such modifications may involve
altering the functional structure of the model, introducing
constraints, or incorporating new regularization techniques.
Specific techniques like knowledge distillation [145,146],
where a simpler model tries to approximate a more com-
plex one, can be used in this context to distillate a simple
ZKPM from a complex FKPM. These adjustments are made
to preserve the advantageous properties of ZKPMs, such as
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convexity and differentiability while ensuring that domain
knowledge contributes effectively to the model’s perfor-
mance. Moreover, this strategy seeks to enhance the model’s
point-wise performance, not merely its average ones, by
making it capable of leveraging domain-specific insights.
This approach underscores the importance of a synergistic
relationship between domain expertise and data science,
enabling the development of more accurate, reliable, and
context-aware ZKPMs;

– post-processing (see Section 3.3.3): it involves adjusting
the outputs of an ML model to align with domain-specific
knowledge after the model has been applied. One method
involves using ZKPM predictions to estimate quantities,
which are then utilized within FKPMs to enhance explain-
ability and reduce possible errors (e.g., parallel gray box
models). Another approach entails enforcing the ZKPMs out-
puts to adhere to specific logical rules. For instance, if the
model determines that an obstacle is a pedestrian, it cannot
simultaneously decide to continue at the same speed and
trajectory, implying that the path is clear. Generally, like
pre-processing, this approach aims to leverage the ZKPMs
‘‘as-is’’ capitalizing on pre-existing functionalities without
directly altering the ZKPMs mechanism itself. However,
similar to in-processing, it necessitates significant manip-
ulation of the predictor’s behavior to mitigate potential
errors inherent in ZKPMs outputs, requiring profound do-
main knowledge. This strategy emphasizes the importance
of integrating domain expertise with ZKPMs outputs to
ensure that the final results are both accurate and contextu-
ally relevant; By applying domain-specific constraints and
knowledge post-prediction, researchers and practitioners
can refine the utility and applicability of ZKPMs, particu-
larly in complex or sensitive areas where logical consistency
and domain fidelity are of paramount importance. This
approach underscores the need for a collaborative effort
between domain experts and data scientists to enhance the
interpretability and reliability of machine learning systems;

also note that there is not always such a clear cut between the
approaches to define a PKPM and that pre-in- and post-processing
can be combined;

• since PKPMs combine FKPMs and ZKPMs, they are characterized
by the parameters of the FKPMs and parameters and hyperparam-
eters of the ZKPMs that are tuned as explained in Sections 3.1 and
3.2 respectively;

PKPMs have different advantages and disadvantages that can be
summarized as follows

• they can handle all kinds of inputs and outputs and large amounts
of data as for ZKPMs [41];

• they can encapsulate different levels of domain knowledge as they
can leverage also partial knowledge that would not be enough to
generate an FKPMs [72];

• they require less data than ZKPMs but more data than FKPMs
[40];

• they require less human intervention than FKPMs but more than
ZKPMs [68];

• they require a large amount of computational power (and then
time) to be constructed but surely less than FKPMs (that require
human time and not simply computational power) and usually a
bit more than ZKPMs [41];

• they are extremely computationally cheap to use to make predic-
tions as ZKPMs [47];

• they perform very well both in interpolation (better than FKPMs
and sometimes even better than ZKPMs) and extrapolation (often
reaching if not surpassing the performance of FKPMs) [41];

• they are usually much more physically plausible than ZKPMs but
not always reaching the same level of physical plausibility as
FKPMs [41];
14 
Fig. 12. PIPMs: pre-processing.

• they work well, on average, as ZKPMs, and they often reach if not
surpass the point-wise performance of FKPMs [58];

• they improve the explainability of ZKPMs, but they often remain
quite unexplainable as ZKPMs, especially when they are asked to
leverage a large mass of heterogeneous data [48];

3.3.1. Pre-processing
In PKPMs, pre-processing plays a crucial role in enhancing the

predictive model performance by leveraging domain knowledge (i.e., a
potentially partial FKPM) to effectively inform, a-priori, ZKPMs (see
Fig. 12 where we took the general schema of PKPMs in Fig. 11 and we
put in gray the parts that are not relevant for pre-processing PKPMs).
Pre-processing acts, a-priori, in different ways

• modifying the input 𝑋 [147];
• modifying the dataset 𝑛 [54];
• guiding the ZKPMs selection 𝒜𝐻 .
Modifying the input means cleaning and cleansing the inputs to

remove inconsistencies and errors, ensuring that the information fed
into the ZKPMs is of high quality [52]. Also, feature engineering and
enrichment (i.e., transforming existing data attributes and creating new
features to capture the underlying physical phenomena) are relevant to
the task [147] . Feature reduction or selection techniques to minimize
redundancy and focus on the most informative attributes, thereby op-
timizing computational efficiency and model interpretability, are also
important steps in modifying the inputs [51]. More formally, this step
can be formulated as

𝑋 → 𝜙(𝑋), (7)

where 𝜙 ∶  → 𝛷 is a function that maps the input from the
original space to another one induced by the domain knowledge (i.e., a
potentially partial FKPMs).

Modifying the dataset involves selecting and enriching the available
data, not only choosing the most appropriate data but also designing
experiments to collect this data if necessary, ensuring it accurately
represents the phenomena under study [148]. This might involve rec-
ognizing which subsets of data are of higher quality due to external
factors [149]. Data enrichment strategies are similar to the analogy of
rotating images in image recognition or using FKPMs to generate more
data [54]. More formally, this step can be formulated as

𝑛 → ′
𝑛′ , (8)

namely, we modify and transform the dataset (removing, stratifying in
quality, and adding samples).

Guiding the ZKPMs selection means guiding the selection of the
ML algorithm (or hyperparameters) behind the ZKPMs [72]. This is
a pivotal part of the process and should be informed by the specific
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Fig. 13. PIPMs: in-processing.

characteristics of the pre-processed and enriched dataset and the phys-
ical laws and domain knowledge underpinning the problem space [72].
For example, if we are in a safety-critical situation, it is better to use
(even if less accurate) a fully interpretable model [143]. If we deal with
images, convolutions are the best choice, while transformers are the
way to go if we have to deal with natural language [39]. If we have a
lot of structured data, deep models are probably the best choice, while
for medium/small cardinality unstructured datasets, shallow models
are the optimal choice [95,98]. This mix of domain knowledge and
experience can make a difference in delivering PKPMs. More formally,
this step can be formulated as

𝒜𝐻 → 𝒜 ′
𝐻 ′ , (9)

namely, we modify and transform the choices to be made in the
performance assessment phase.

This comprehensive approach to pre-processing prepares the data
for the learning process and aligns it closely with the physical insights
and constraints of the domain, setting the stage for more accurate,
reliable, and interpretable PKPMs.

3.3.2. In-processing
In PKPMs, in-processing plays a crucial role in enhancing the predic-

tive model performance by leveraging domain knowledge of a poten-
tially partial, but well mathematically encoded, FKPMs to inform the
learning process of a ZKPMs effectively (see Fig. 13 where we took the
general schema of PKPMs in Fig. 11 and we put in gray the parts that
are not relevant for in-processing PKPMs).

In-processing in PKPMs involves the integration of domain-specific
physical laws and principles directly into the model training process
to ensure that the models adhere closely to known scientific knowl-
edge [41]. This means acting on the model’s functional form and in
the way its parameters are actually found. Selecting the functional form
means selecting how inputs are translated in predictions (e.g., decision
trees, boosting, bagging, convolutions, and attentions) [47]. When
certain physical laws are known, these can be used to guide the model
in several ways [72]. One approach is to ensure the model’s predic-
tions do not deviate significantly from these laws by incorporating a
regularization term that penalizes deviations from the expected phys-
ical behavior [41]. This regularization can help maintain the model’s
fidelity to the physical law, such as the relationship between specific
inputs and outputs, ensuring that if an input value increases, the
output adjusts in a physically consistent manner [72]. Moreover, when
dealing with complex systems where simulators exist but are too slow
for practical use, surrogate models can be developed [55–58]. These
models aim to mimic the simulator’s outputs while being computa-
tionally efficient, thus requiring the model to accurately capture the
15 
Fig. 14. PIPMs: post-processing.

underlying physical relationships [55–58]. Incorporating physical laws
into machine learning does not always require exhaustive or precise
details; even hints or partial knowledge about the physical system
can be beneficial [72]. This approach allows the inclusion of soft
constraints or priors that guide the learning process, ensuring that the
model’s predictions remain plausible within the physical context [72].
During performance tuning, preference can be given to models that
not only achieve comparable accuracy but also align more closely with
domain knowledge, are simpler, more explainable, and adhere to the
known physical laws [72]. This preference toward models that respect
domain knowledge ensures that the final PKPM solutions are not just
data-driven but also grounded in the physical reality of the domain,
enhancing their reliability, interpretability, and applicability to real-
world problems [41]. More formally, this step can be formulated as a
modification of the learning process of ZKPMs as formulated in Eq. (2)

 →  ′, (10)

𝑓 ∗ = ar g min
𝑓∈ ′

𝙴(𝑓 ,𝑛) + 𝙲(𝑓 ) + 𝙺(𝑓 ), (11)

namely, we modify and transform the function space  and we add a
regularizer 𝙺(𝑓 ) that embeds domain knowledge [58].

In summary, the in-processing strategy within PKPMs represents a
paradigm shift toward developing ML models that are informed by and
compliant with the foundational principles of physical sciences [72].
This approach significantly contributes to creating models that are not
only predictive but also interpretative and aligned with the real-world
phenomena they aim to simulate, thereby bridging the gap between
data-driven insights and physical domain knowledge [72].

3.3.3. Post-processing
In PKPMs, post-processing leveraged domain knowledge (i.e., poten-

tially, partial bust still well mathematically encoded, FKPMs) to align
the output of ZKPMs (see Fig. 14 where we took the general schema of
PKPMs in Fig. 11 and we put in gray the parts that are not relevant for
post-processing PKPMs).

Post-processing in PKPMs focuses on refining predictions of ZKPMs
to ensure they align with domain-specific knowledge, constraints, and
practical considerations [104]. This stage is crucial for enforcing certain
characteristics and relationships that must be present in the predic-
tions [104]. For instance, in a monitoring system, if a model predicts
the health status of machinery, it must recognize hard constraints such
as a fault prediction of a piece of the system means that there is an
anomaly also for the entire system (i.e., constraint in the hierarchy
of the predictions). Furthermore, post-processing involves adjusting
predictions to ensure they do not deviate excessively from established
practices, like the settings of machinery, thereby ensuring that the
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model’s recommendations are practical and implementable within cur-
rent protocols [72]. This step not only enhances the model’s reliabil-
ity but also its acceptance among practitioners [104]. Ensuring that
the model’s decisions are in harmony with domain knowledge can
be straightforward if the model is inherently explainable [117]. For
models that are not easily interpretable, techniques such as feature
importance analysis can provide global explainability, offering insights
into what the model considers important across all decisions [150,151].
For local explainability–understanding individual predictions–tools can
be employed to break down the decision-making process for specific
cases [150]. Finally, one can decide to build FKPMs, then interpretable
and controllable, that require some inputs that are not easy to measure
or estimate: in this case, ZKPMs may be of support and more easily
controllable since their estimate can be verified and controlled by the
subsequent FKPMs toward final PKPMs [40]. The simplest way is to
use a ZKPM to adjust the prediction of a FKPM, using the so-called
parallel hybrid models architecture [60]. More formally, this step can
be formulated as a modification of the output of the ZKPMs

𝑓 (𝑋) → 𝜓(𝑓 (𝑋)) (12)

namely, we modify the output by means of a function 𝜓 ∶  →  that
encapsulates our domain knowledge.

The good property of the post-processing approach lies in its ability
to adapt and apply ZKPMs as is, without needing to modify the underly-
ing, maybe already running, predictive models [40]. By applying these
post-processing steps, practitioners can ensure that the predictions are
not only accurate but also adhere to physical laws, ethical consid-
erations, and practical necessities, making them more relevant and
trustworthy in real-world applications [48]. This approach leverages
the power of ZKPMs while respecting the nuances and constraints of
the physical and practical world [40].

4. Illustrative examples

In this section, we will present the application of the concepts
illustrated in Section 3 to a simple example to better understand what
has been presented before, how to apply it in practice, and what results
one could expect.

Specifically, Section 4.1 will present our illustrative example: a
mass–spring-damper system with no external force applied. Then, Sec-
tion 4.2 will present how data has been generated. Subsequently,
Section 4.3 will present the application of the FKPMs, the ZKPMs,
and the PKPMs to our illustrative example. Then, the scenario under
consideration (Section 4.4) and the evaluation methods (Section 4.5)
will be presented. Finally, Section 4.6 will report the results and discuss
them. All the code developed to derive the results of this section has
been made publicly available.6

4.1. The mass-spring-damper system

Let us start with the description of the illustrative example. Let us
consider a mass–spring-damper system [152], with no external force
applied, represented in Fig. 15. The mass–spring-damper system is a
model used in physics and engineering to describe a simple harmonic
oscillator with damping. It consists of three primary components: a
mass (𝑚) representing the oscillating object, a spring (𝑘) attached to the
mass that provides a restoring force that tries to bring the mass back to
its equilibrium position, and a damper (𝜇) that models the resistance
or damping force that opposes the motion of the mass. In the absence
of external forces, the mass is initially positioned at a specific point,
following which the system is allowed to evolve autonomously over
time.

6 https://github.com/lucaoneto/PhysicsInformedMassSpringDamper
16 
Fig. 15. Mass-spring-damper system.

Assume we have the capability to measure the displacement 𝑢(𝑡) of
the mass at various moments in time 𝑡 ∈ [0, 𝑡𝑚]. The scope is to predict
the mass’s position at any given time (both in the past, 𝑡 ∈ [0, 𝑡𝑚], and
in the future 𝑡 ∈ (𝑡𝑚, 𝑡𝑓 ]).

We will call our measures, according to what described in Section 3,
dataset, i.e., 𝑛 = {(𝑥1, 𝑦1),… , (𝑥𝑛, 𝑦𝑛)} = {(𝑡1, 𝑢(𝑡1)),… , (𝑡𝑛, 𝑢(𝑡𝑛))},
namely our input space is the time and our output space is the mass’s
position.

The FKPMs that we can formulate in this scenario are numerous
and depend on the level of accuracy that we want to achieve. The
simplest FKPM is commonly described by a second-order differential
equation [152]

𝑚
𝑑2𝑢(𝑡)
𝑑 𝑡2 + 𝜇

𝑑 𝑢(𝑡)
𝑑 𝑡 + 𝑘0𝑢(𝑡) = 0. (13)

where
• 𝑚 𝑑2𝑢(𝑡)

𝑑 𝑡2 represents the inertial force of the mass 𝑚 (measured in
[𝑘𝑔]), and 𝑑2𝑢(𝑡)

𝑑 𝑡2 denoting the acceleration;
• 𝜇 𝑑 𝑢(𝑡)𝑑 𝑡 corresponds to the damping force and 𝑑 𝑢(𝑡)

𝑑 𝑡 to the velocity.
𝜇 (measured in [𝑁 𝑠∕𝑚]) and 𝑑 𝑢(𝑡)

𝑑 𝑡 together model the damping
resistance or frictional force;

• 𝑘0𝑢(𝑡) represents the restoring force exerted by the spring, with
𝑘0 (measured in [𝑁∕𝑚]) as the spring constant and 𝑢(𝑡) as the
displacement from equilibrium.

For scenarios where the linear approximation of the proportional re-
lationship between force and displacement of the spring is insufficient,
a more complex representation can be considered [152]

𝑚
𝑑2𝑢(𝑡)
𝑑 𝑡2 + 𝜇

𝑑 𝑢(𝑡)
𝑑 𝑡 + 𝑘1𝑢(𝑡) + 𝑘2𝑢3(𝑡) = 0. (14)

where, as in Eq. (13), 𝑘1𝑢(𝑡) represents the linear restoring force exerted
by the spring, 𝑘2𝑢3(𝑡) approximates the nonlinear restoring forces, and
𝑘1 (measured in [𝑁∕𝑚]) and 𝑘2 (measured in [𝑁∕𝑚3]) are the constants that
quantify the strength of the linear and nonlinear effects respectively.

Note that other, more accurate, FKPMs can be formulated (e.g., in-
serting a non-linearity in damping force), but this is out of the scope
of this section. What is important, for the scopes of this section, is that
the second FKPM of Eq. (14) is more accurate than the first FKPM of
Eq. (13).

4.2. Data generations

Based on what was described in the previous section, we now
present how the 𝑛 is generated. Specifically, we consider two aspects

• the data-generating model;
• the quality of the measures.

For what concerns the data-generating model, we will consider two
FKPMs:

https://github.com/lucaoneto/PhysicsInformedMassSpringDamper
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Table 2
Data generation parameters.

Parameter Eq. (13) Eq. (13)

𝑚 1
𝑢0 1
𝑡𝑓 1
𝑡𝑚 𝑡𝑓∕3
𝜎 .1
𝜇 3
𝑘0 250 –
𝑘1 – 230
𝑘2 – 3
w
p
t

s
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t
j
O
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n
w
(

o

• the most accurate one of Eq. (14), that, for the purpose of this
section, will be considered as the oracle (i.e., the ground truth).
In other words, this represents the real system;

• the less accurate one of Eq. (13), that, for the purpose of this
section, will be considered as a good approximation of Eq. (14).
In other words, this represents a good simulator of the real system
or a surrogate of the real system using an FKPM.

For what concerns the quality of the measures, we will consider two
scenarios:

• a theoretical one where we assume to be able to measure exactly
the time and position of the mass;

• a realistic one where the measures are corrupted by noise.
Then, in order to generate our data, we simply define an initial

displacement 𝑢(0) = 𝑢0, and then we solved Eqs. (13) and (14) using
the Eulero’s method [153] obtaining 𝑢(𝑡), and then we generated the
following 4 datasets

• (13),0
𝑛 = {(𝑡, 𝑢(𝑡))|𝑡 ∈ {0, 𝑡𝑚

𝑛−1 ,… , 𝑡𝑚}} with 𝑢(𝑡) the solution of
Eq. (13);

• (13),𝜎
𝑛 = {(𝑡, 𝑢(𝑡) +  (0, 𝜎2))|𝑡 ∈ {0, 𝑡𝑚

𝑛−1 ,… , 𝑡𝑚}} with 𝑢(𝑡) the
solution of Eq. (13);

• (14),0
𝑛 = {(𝑡, 𝑢(𝑡))|𝑡 ∈ {0, 𝑡𝑚

𝑛−1 ,… , 𝑡𝑚}} with 𝑢(𝑡) the solution of
Eq. (14);

• (14),𝜎
𝑛 = {(𝑡, 𝑢(𝑡) +  (0, 𝜎2))|𝑡 ∈ {0, 𝑡𝑚

𝑛−1 ,… , 𝑡𝑚}} with 𝑢(𝑡) the
solution of Eq. (14);

where  (0, 𝜎2) is a realization of a Gaussian distribution of mean 0 and
ariance 𝜎2, and 𝑛 is the number of samples.

In our data generation process the free parameters have been set as
reported in Table 2.

In order to give a better idea of the FKPMs of Eqs. (13) and (14)
nd the generated data ((13),0

𝑛 , (13),𝜎
𝑛 , (14),0

𝑛 , and (14),𝜎
𝑛 ) for a single

ealization of the noise, we report them in Fig. 16.

4.3. Full-, zero-, and partial-knowledge predictive models

In this section we will describe how to build FKPMs, ZKPMs, and
KPMs for our specific illustrative example. Note that our proposal is

not the only possible one. Nevertheless, to the authors’ best knowledge,
t is the state-of-the-art one for each case.

In a real scenario, the available information is:
• the domain knowledge about the problem; In this case the phys-

ical knowledge about the system of Fig. 15;
• measures (the mass, as we will see later);
• the available data; In this case (13),0

𝑛 , (13),𝜎
𝑛 , (14),0

𝑛 , or (14),𝜎
𝑛 ;

• the experience of the authors.
To develop the FKPM, as a first step (see Section 3.1), we need to

tart from the physical knowledge and generate the functional form of
he FKPM. The result of this process can be, of course, tautologically,
he two FKPM of Eqs. (13) and (14) that we use to generate the data

since this is an illustrative example. The difference, in this part, is that,
since we have just the physical knowledge and the data available, some
parameters of those models can be assumed to be known (e.g., 𝑚 since
it can be easily measured statically or it can be known in advance)
while some others need the be tuned on the available data (e.g., 𝑢0,
𝜇, 𝑘 , 𝑘 , and 𝑘 since the only quantity that we assume that we can
0 1 2

17 
measure about the dynamic system is the time and position). A simple
ay to tune the unknown parameters is to grid search them, finding the
arameters that best fit the available data. In other words, one needs to
est multiple combinations of the unknown parameter, solve Eqs. (13)

or (14) based on the opted FKPM using the Eulero’s method and then
elect the combination with minimal error on (13),0

𝑛 , (13),𝜎
𝑛 , (14),0

𝑛 ,
or (14),𝜎

𝑛 . In our case, we searched the parameters in the [1, 100] range
ith a grid of 45 points equally spaced in logarithmic scale (15 point

each decade).
To develop the ZKPM, as a first step (see Section 3.2), we need

o choose the right ML algorithms and then tune its hyperparameters
ust based on the available data with a grid search hold-out method.
f course, one should test multiple algorithms but in practice, based
n the experience of the data scientist or machine learner, it can be
mmediately clear from the beginning a good algorithm to test (e.g., a

universal approximator that has shown in the past to work well in
similar problems). In our case, we proceeded as follows. First of all,
ote that the input 𝑥 (in our case the time) is in [0, 1] (𝑡 = 𝑡∕𝑡𝑓 ). Then,
e defined a functional form of the model as a polynomial of degree 𝑝

a universal approximator)

𝑓 (𝑥) =
𝑝
∑

𝑖=0
𝑤𝑖𝑥

𝑖, (15)

where 𝑝 is a hyperparameter and 𝑤0,… , 𝑤𝑝 are parameters. Then, as
loss functions, we opt for the squared error

𝓁(𝑓 (𝑥), 𝑦) = (𝑦 − 𝑓 (𝑥))2. (16)

Then, as regularization, we opt for a classical measure of complex-
ity [154]

𝙲(𝑓 ) = ∫

1

0

(

𝑑2𝑓 (𝑥)
𝑑 𝑥2

)2

𝑑 𝑥 = 𝒘′𝐶𝒘, (17)

where

𝐶𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

0 If 𝑗 < 2 ∨ 𝑗 < 2
𝑖(𝑖−1)𝑗(𝑗−1)
𝑖+𝑗−3 Otherwise

,

𝑖, 𝑗 ∈ {0,… , 𝑝}. (18)

Then, our algorithm will be (see the relation with Eq. (2) in Section 3.2)

min
𝒘

‖𝑋𝒘 − 𝒚‖2 + 𝜆𝒘′𝐶𝒘, (19)

where

𝒘 =
⎡

⎢

⎢

⎣

𝑤0
⋮
𝑤𝑝

⎤

⎥

⎥

⎦

, 𝑋 =
⎡

⎢

⎢

⎣

𝑥01 ⋯ 𝑥𝑝1
⋮ ⋱ ⋮
𝑥0𝑛 ⋯ 𝑥𝑝𝑛

⎤

⎥

⎥

⎦

, 𝒚 =
⎡

⎢

⎢

⎣

𝑦1
⋮
𝑦𝑛

⎤

⎥

⎥

⎦

, (20)

and 𝜆 is a hyperparameter. Note that Problem (19) has a closed form
solution

𝒘 = (𝑋′𝑋 + 𝜆𝐶)+𝑋′𝒚, (21)

where (𝑋′𝑋 + 𝜆𝑀)+ is the Moore–Penrose inverse of (𝑋′𝑋 + 𝜆𝑀). In
rder to tune our hyperparameters (in our case 𝑝 and 𝜆), we can use

multiple grid search hold-out methods (e.g., cross-validation and boot-
strap). Given the low cardinality of 𝑛 (see next section) we will use the
leave-one-out method. In our case, we searched the 𝜆 hyperparameter
in the range [10−6, 10+6] with a grid of 65 points equally spaced in
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Fig. 16. FKPMs of Eqs. (13) and (14) and the generated data ((13),0
𝑛 , (13),𝜎

𝑛 , (14),0
𝑛 , and (14),𝜎

𝑛 ) for a single realization of the noise.
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logarithmic scale (5 point each decade) and the 𝑝 hyperparameter in
0, 1,… , 30].

Finally, to develop the PKPM (see Section 3.3), we need to combine
he previous FKPMs and ZKPMs. In fact, in this case, we will fully
everage the two sources of information: physical knowledge and the
ata. Note that, as described in Section 4.2, we consider the FKPM
f Eq. (14) as a sort of oracle that in practice is unknown, while the
KPM of Eq. (13) is known also in practice. This means that our PKPM

needs both to fit the data as the ZKPM and also exploit the physical
information embedded in the FKPM of Eq. (13). The state-of-the-art
pproach to achieve this goal is to add a penalty term in the ZKPM
f Eq. (19) that forces the 𝑓 (𝑥) (namely the approximation of 𝑢(𝑦)) to

follow the principle of Eq. (13). More formally

𝙿(𝑓 ) = ∫

1

0

(

𝑚
𝑑2𝑓 (𝑥)
𝑑 𝑥2 + 𝜇

𝑑 𝑓 (𝑥)
𝑑 𝑥 + 𝑘0𝑓 (𝑥)

)2

𝑑 𝑥 = 𝒘′𝑃𝒘, (22)

where

𝑃 = 𝑘20𝑃1+𝜇
2𝑃2+𝑚2𝐶+𝑘0𝜇(𝑃3 + 𝑃 ′

3)+𝜇 𝑚(𝑃4 + 𝑃 ′
4)+𝑘0 𝑚(𝑃5 + 𝑃

′
5), (23)

with

𝑃1,𝑖,𝑗 =
1

𝑖 + 𝑗 + 1 , 𝑃2,𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

0 If 𝑖 < 1 ∨ 𝑗 < 1
𝑖𝑗

𝑖+𝑗−1 Otherwise
,

3,𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

0 If 𝑖 < 1
𝑖
𝑖+𝑗 Otherwise
,

𝑃4,𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

0 If 𝑖 < 2 ∨ 𝑗 < 1
𝑖(𝑖−1)𝑗
𝑖+𝑗−2 Otherwise
,

𝑃5,𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

0 If 𝑖 < 2
𝑖(𝑖−1)
𝑖+𝑗−1 Otherwise
,

(24)

where 𝑖, 𝑗 ∈ {0,… , 𝑝}. Note that the quantity of Eq. (22) forces the
model 𝑓 (𝑥) to follow the FKPM of Eq. (13) inexpensively with respect
to other naive approaches, such as sampling different values of 𝑥 and
mpose the point-wise equality. Thanks to Eq. (22) we can modify
he ZKPM of Eq. (19) as follows (see the relation with Eq. (11) in

Section 3.3 and more specifically, Section 3.3.2)
2 ′ ′
min

𝒘
‖𝑋𝒘 − 𝒚‖ + 𝜆1𝒘 𝐶𝒘 + 𝜆2𝒘 𝑃𝒘, (25)

18 
where 𝑝, 𝜆1, and 𝜆2 are the hyperparameters of the algorithm. Note that
roblem (25) has the following closed form solution

𝒘 = (𝑋′𝑋 + 𝜆1𝐶 + 𝜆2𝑃 )+𝑋′𝒚. (26)

In order to tune our hyperparameters (𝑝, 𝜆1, and 𝜆2) we will use, as
for the ZKPM, the leave-one-out method searching 𝜆1 and 𝜆2 in the
range [10−6, 10+6] with a grid of 65 points equally spaced in logarithmic
scale (5 point each decade) and the 𝑝 hyperparameter in [0, 1,… , 30].
As a final remark, note that the value of 𝑘0 and 𝜇 need to be set based
on the scenario under consideration (see Section 4.4), as described in
Section 3.3, while 𝑚, as described for the FKPM, can be measured.

4.4. Scenarios: Surrogation and modeling

In this section, we will describe the two realistic scenarios we
considered to test the performance of the FKPM, ZKPM, and PKPM per-
ormance described in the previous section. In particular, we considered
wo different scenarios: the surrogation and the modeling.

In the surrogation scenario, we consider the case having a simulator
f the reality (in our case the FKPM of Eq. (13)) which can be a
oftware simulator (and then we can measure everything with no noise

producing (13),0
𝑛 ) or a model scale test (and then we can make measure

orrupted by noise producing (13),𝜎
𝑛 ) that we want to surrogate since

t takes too much time to make predictions. Then, starting from (13),0
𝑛

or (13),𝜎
𝑛 we want to fit the very same FKPM (i.e., the one described

n Section 4.3, to test how good would be to tune the very same model
on the data produced by its specific instance), the ZKPM of Section 4.3,
and the PKPM of Section 4.3. Note that, in this scenario of PKPM, 𝑘0 and
𝜇 are known exactly both if we are using a software simulator and both
if we are performing a model scale test (since the physical simulator can
e manipulated arbitrarily).

In the modeling scenario, instead, we consider the case of measuring
data from the real system (in our case the FKPM of Eq. (14)) and to
be able to measure time and displacement with very high precision
producing (14),0

𝑛 or to have lower quality measures producing (14),𝜎
𝑛 .

Then, starting from (14),0
𝑛 or (14),𝜎

𝑛 we want to fit a simpler FKPM
(i.e., the one described in Section 4.3, simulating a partial physical
knowledge of the reality), the ZKPM of Section 4.3, and the PKPM
f Section 4.3. note that, in this scenario of PKPM, both 𝑘0 and 𝜇

are unknown parameters. To determine their values, we will apply an

FKPM fitting process to the data to extract these quantities.



S. Zampini et al.

n

t

t

a

Information Fusion 119 (2025) 102996 
Table 3
Results for the Surrogation scenario using (13),0

𝑛 : training time, prediction time, interpolation error, and extrapolation error of FKPM (with
𝑛 = 11), ZKPM, and PKPM (with 𝑛 = 22).

FKPM ZKPM PKPM

(𝑛 = 11) (𝑛 = 22)

MAE Interpolation 0.0176 0.00179 0.00143
Extrapolation 0.0374 2.888 0.0253

Time Training ∼ 160 s ∼ 5 s ∼ 170 s
Predicting ∼ 10−3 ms ∼ 10−4 ms ∼ 10−4 ms
t
(
e

4.5. Evaluation: Interpolation and extrapolation

This section will describe how we will evaluate the performance
of the different models (FKPM, ZKPM, and PKPM) in the scenarios
(surrogation and modeling).

For this purpose, we will use tree metrics: the training time, the
prediction time, and the accuracy.

For the training time, we intend the time needed to construct the
FKPM, ZKPM, and PKPM using the available data (we disregard the
time needed to acquire that physical knowledge for the FKPM).

For the prediction time, given a specific time 𝑡, we intend the time
eeded to predict the displacement 𝑢(𝑡).

For accuracy, the discussion is a bit more complicated. As described
in Section 4.2 and also looking at Fig. 16, data are sampled for 𝑡 ∈
[0, 𝑡𝑚 = 𝑡𝑓∕3] while phenomena is observer for 𝑡 ∈ [0, 𝑡𝑓 = 1]. If we
examine the error of our predictive model within the time interval
𝑡 ∈ [0, 𝑡𝑚], we are essentially analyzing the interpolation error. This
refers to the deviation or discrepancy of the model’s predictions around
the data points we already have. If we look at the error of our predictive
model in 𝑡 ∈ [𝑡𝑚, 𝑡𝑓 ], we are looking at the extrapolation error, the
error far away from the available data, namely in conditions non-
observed during the data collection. As an error measure, we will
exploit the Mean Absolute Error (MAE) between the data generating
model (i.e., the FKPM of Eq. (13) for the surrogation scenario and the
FKPM of Eq. (14) for the modeling scenario).

4.6. Results and discussion

In this section, we will present the results of our illustrative example
of Section 4.1 of applying the methodology described in Section 4.3 on
he scenarios described in Section 4.4 evaluating the results according

to Section 4.5 leveraging the data described in Section 4.2.
In order to compare FKPM, ZKPM, and PKPM fairly, the cardinality

of the dataset 𝑛 has been set differently for the FKPM with respect to
he ZKPM and the PKPM. In fact, as explained in Section 3, FKPM is

usually exploited when the number of samples is limited while ZKPM
nd PKPM are usually exploited when a larger number of samples is

available. In our case we set 𝑛 = 11 for the FKPM and 𝑛 = 22 for the
ZKPM and the PKPM.

According to what was described in the previous sections, we will
report four different conditions

• surrogation scenario (we have a simulator of the reality, i.e., the
FKPM of Eq. (13))

– with no noise 𝜎 = 0 (we have a software simulator, i.e., we
can measure everything with no noise, producing (13),0

𝑛 ).
The results of this case are reported in Table 3 and Fig. 17;

– with noise (see Table 2) 𝜎 = 0.1 (we have a model scale test,
i.e., we can make measures corrupted by noise, producing
(13),𝜎
𝑛 ). The results of this case are reported in Table 4 and

Fig. 18;
• modeling scenario (we measure data from the real system, i.e., the

FKPM of Eq. (14))
– with no noise 𝜎 = 0 (we measure time and displacement

with very high precision producing (14),0
𝑛 ). The results of

this case are reported in Table 5 and Fig. 19;
19 
– noise 𝜎 = 0.1 (we have lower quality measures producing
(14),𝜎
𝑛 ). The results of this case are reported in Table 6 and

Fig. 20.
Specifically, Tables 3–6 report, the MAE (in interpolation and ex-

trapolation) and the Time (training and test) of the tree predictive
models (FKPM, ZKPM, and PKPM), averaged over 30 repetition of
the experiments in case of the presence of the noise (in order to
remove the dependency of the results from the single noise realization).
Figs. 17–20, instead, report the Ground Truth (the FKPM of Eq. (13)
for the surrogation scenario and the FKPM of Eq. (14) for the modeling
scenario), the predictive models (FKPM, ZKPM, and PKPM), and the
datasets leveraged to build the predictive models. In this case, we
reported just a single representative realization of the noise in the cases
of noise presence, for space constraints and for clarity.

From Tables 3–6 and Figs. 17–20 it is possible to observe that:
• the FKPMs usually behave quite well both in interpolation and in

extrapolation, producing predictions that are consistent with the
physical behavior of the system;

• the ZKPMs outperform the FKPMs in interpolation, while in ex-
trapolation, the ZKPMs predictions are completely meaningless
with respect to the physical behavior of the system;

• the PKPMs outperform the FKPMs and the ZKPMs in both interpo-
lation and extrapolation, producing both accurate and physically
consistent predictions;

• result does not change in the presence or absence of noise. The
presence of noise simply reduces the performance of both FKPMs,
ZKPMs, and PKPMs;

• the training time is high for all the models. The time depends
mostly on the granularity of the grid for the grid search (see
Section 4.3). One could optimize this search, but this is out of
our scope. Note that the PKPMs is the most computationally
demanding predictive model to be built since it requires building
an FKPM and a ZKPM;

• the prediction time is very low for all models since our illustrative
example is very simple. Nevertheless, one can still observe an
improvement of one order of magnitude in prediction time using
the ZKPMs or PKPMs instead of FKPMs;

note that these results matched the theoretical expectation discussed in
Section 3.

Finally, note that increasing the granularity of the grid search could
improve the quality of the results. For example, a very fine grid in the
case of the absence of noise for the surrogate scenario may strongly
increase the quality of the FKPM which will tend to zero. Nevertheless,
this is not feasible in a practical situation, resulting in an explosion of
the training time.

5. Full-, zero-, and partial-knowledge predictive models for indus-
trial applications

This section provides the actual review of FKPMs, ZKPMs, and
PKPMs for industrial applications focusing, as described in the in-
roduction, on six main domains: extraction (Section 5.1), chemical
Section 5.2), manufacturing (Section 5.3), transportation (Section 5.4),
nergy (Section 5.5), and construction (Section 5.6).

For this purpose, as in Section 2, we searched for papers in a specific
time window using a series of keywords in the academic database
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Fig. 17. Results for the Surrogation scenario using (13),0
𝑛 : ground truth, (13),0

11 , (13),0
22 , and the prediction of the FKPM, ZKPM, and PKPM.

Fig. 18. Results for the Surrogation scenario using (13),𝜎
𝑛 : ground truth, (13),𝜎

11 , (13),𝜎
22 , and the prediction of the FKPM, ZKPM, and PKPM for a single realization of the noise.

Fig. 19. Results for the Modeling scenario using (14),0
𝑛 : ground truth, (14),0

11 , (14),0
22 , and the prediction of the FKPM, ZKPM, and PKPM.

Fig. 20. Results for the Modeling scenario using (14),𝜎
𝑛 : ground truth, (14),𝜎

11 , (14),𝜎
22 , and the prediction of the FKPM, ZKPM, and PKPM for a single realization of the noise.
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Table 4
Results for the Surrogation scenario using (13),𝜎

𝑛 : mean and standard deviation (of the 30 repetitions of the experiment) of training time,
prediction time, interpolation error, and extrapolation error of FKPM (with 𝑛 = 11), ZKPM, and PKPM (with 𝑛 = 22).

FKPM ZKPM PKPM

(𝑛 = 11) (𝑛 = 22)

MAE Interpolation 0.0394 ± 0.0165 0.0390 ± 0.0051 0.0343 ± 0.0091
Extrapolation 0.0662 ± 0.0487 3.1649 ± 0.358 0.0287 ± 0.0038

Time Training ∼ 160 s ∼ 5 s ∼ 170 s
Predicting ∼ 10−3 ms ∼ 10−4 ms ∼ 10−4 ms
Table 5
Results for the Modeling scenario using (14),0

𝑛 : training time, prediction time, interpolation error, and extrapolation error of FKPM (with 𝑛 = 11),
ZKPM, and PKPM (with 𝑛 = 22).

FKPM ZKPM PKPM

(𝑛 = 11) (𝑛 = 22)

MAE Interpolation 0.0233 0.0020 0.0012
Extrapolation 0.0528 2.8706 0.0233

Time Training ∼ 160 s ∼ 5 s ∼ 330 s
Predicting ∼ 10−3 ms ∼ 10−4 ms ∼ 10−4 ms
Table 6
Results for the Modeling scenario using (14),𝜎

𝑛 : mean and standard deviation (of the 30 repetitions of the experiment) of training time, prediction
time, interpolation error, and extrapolation error of FKPM (with 𝑛 = 11), ZKPM, and PKPM (with 𝑛 = 22).

FKPM ZKPM PKPM

(𝑛 = 11) (𝑛 = 22)

MAE Interpolation 0.0556 ± 0.0039 0.0403 ± 0.0.0060 0.0391 ± 0.0108
Extrapolation 0.1045 ± 0.0175 3.0229 ± 0.3624 0.0962 ± 0.0257

Time Training ∼ 160 s ∼ 5 s ∼ 330 s
Predicting ∼ 10−3 ms ∼ 10−4 ms ∼ 10−4 ms
m

i
t

P
w
t

Scopus2.1. The time window exploited is the same as Section 2, namely
apers published after 2013. For the FKPMs and the ZKPMs, which

belong to a more established field of research, we noticed that many
reviews already exist that exhaustively cover all the main achieve-
ments in these industrial domains. Hence, we simply reference FKPMs
and ZKPMs review papers for the reader to have an entry point for
deepening the concepts. For the PKPMs, which are the main subject
of our work, we reference all the most recent papers that are not
overed by any review. In fact, in this case, this field of research is

quite immature, and new important results are reached frequently in
he last years. Because of the number of works retrieved in Scopus2.1

with the keyword-based search we needed to filter the works based on
heir importance and impact so, as in Section 2, we also introduced a

minimum number of citations required for the paper to be reported in
this work.

In each of one Sections 5.1–5.6 a summary table, i.e., Tables 7–12
respectively, for the most relevant research paper has been reported
containing: the work reference, the year of publication, the type of
PKPM (i.e., Pre-, In-, and Post-Processing), the application domain, the
available and/or generated data, the available prior-knowledge and/or
FKPMs, the ZKPMs exploited, and a summary of the obtained results.

5.1. Extraction

The extractive industry provides raw materials and fuels essential
for various industrial processes [155]. It encompasses mining, drilling,
and refining operations crucial for producing metals, minerals, and
energy sources like oil and gas [156]. These materials are the back-
one of modern industrial production, powering manufacturing and
nfrastructure development worldwide [155]. Improving the processes

and balancing the need for raw materials with sustainability concerns
is vital for ensuring the long-term viability of both industry and the
planet [156]. Predictive models, such as FKPM, ZKPM, and PKPM
are increasingly employed to optimize operations, anticipate resource
availability, predict the composition of the subsurface, and enhance
safety protocols [11].
21 
Numerical simulation is one of the most widely adopted FKPM.
Previous works review the application of FKPM in the mining pro-
cess [157], while others are devoted to related fields such as the

ineral processing [158] or the tunneling [159].
The applications of ZKPMs are covered extensively in the literature.

Some important works are [160,161] devoted to the oil and gas and
the mineral industries respectively.

For what concerns PKPMs, some works marginally cover their ap-
plication in the extractive industry [66], but a review of the topic
s practically absent. We intend to fill this gap and summarize the
rending applications of PKPMs in this field.

For the extraction industry, we used a particular search string7 con-
taining a series of keywords related to the extractive industry and the
KPMs. Since the results of this search reported more than 1400 papers
e reduced this number by filtering just the papers cited (according

o Scopus) by ≥25 papers for works published from 2013 and 2021,
by ≥15 papers for works published in 2022, by ≥10 papers for works
published in 2023, and by ≥1 papers for works published in 2024.

7 This is the exact Scopus search string: TITLE-ABS-KEY((({theory-
guided machine learning}) OR ({informed machine learning}) OR ({physics-
informed machine learning}) OR ({physics-infused machine learning}) OR
({physics-guided machine learning}) OR ({physics-driven machine learn-
ing}) OR ({theory-guided data-driven}) OR ({physics-informed data-driven})
OR ({physics-infused data-driven}) OR ({physics-guided data-driven}) OR
({physics-based data-driven}) OR ({theory-guided neural network}) OR
({theory-guided neural networks}) OR ({physics-informed neural network})
OR ({physics-informed neural networks}) OR ({physics-infused neural net-
work}) OR ({physics-infused neural networks}) OR ({physics-guided neural
network}) OR ({physics-guided neural networks}) OR ({physics-driven neural
network}) OR ({physics-driven neural networks}) OR (gr?y-box) OR ({hybrid
data-driven}) OR ({hybrid modeling}) OR ({hybrid modelling}) OR ({hybrid
machine learning}) OR ({hybrid data driven})) AND (mine OR extraction OR
quarrying OR cave OR quarry OR soil OR petroleum OR petrol OR oil OR
deposits OR petrochemicals OR petchems OR mineral OR fossil OR gas OR
coal OR extractivism OR reservoir)) AND PUBYEAR>2012
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The literature analysis shows that fossil fuel extraction is the preva-
lent application of PKPMs in the mining industry. In particular, great
ttention is reserved to the subsurface porosity and the reservoir mod-
ls. Full-knowledge numerical simulations represent the traditional
pproach to these problems and many tools are present in the mar-
et [162]. However, they are computationally inefficient and prac-
itioners need more viable techniques, like PKPMs [162]. The most
opular PKPMs for reservoir modeling are represented by graph models

derived from the domain knowledge, in which the parameters are
stimated by a data-driven algorithm leveraging on historical sam-
les [162–167]. This class of methods was tested in several fields,
eaching an accuracy comparable to commercial numerical simula-
ors while guaranteeing a lower prediction time by two orders of
agnitude [167].

The reduction of the computational burden is also faced by other
approaches that use PKPMs as efficient surrogates, taking advantage of
neural operators, physics-informed neural networks, or outputs of an
FKPM to train the model [168–171].

Reviewed works have been summarized in Table 7.

5.2. Chemical

The chemical industry is a broad sector that encompasses the pro-
duction and manufacturing of a wide range of chemical substances and
materials [173]. This industry typically refers to the transformation of
raw materials, such as oil, air, water, metals, and minerals, into tens
of thousands of different products [173]. The main subdomains within
his vast industry include agrochemicals, pharmaceuticals, polymers,
nd oleochemicals, each serving different market needs and applica-

tions [173]. One of the primary open challenges facing the industry
is sustainability, including the reduction of carbon footprint, manage-

ent of chemical waste, and the adaptation to renewable resources
midst growing environmental concerns [174]. The future direction of

the chemical industry is increasingly oriented toward green chemistry
and biotechnology, aiming to develop processes and products that are
environmentally friendly and sustainable [174]. Predictive models play
 crucial role in this sector, offering profound benefits in optimizing
roduction processes, forecasting market demands, enhancing material
roperties, and innovating new products [173]. By leveraging FKPMs,
KPMs, and PKPM it is possible to reduce costs, improve efficiency, and
ccelerate research and development, underscoring their importance in
riving the industry forward [40].

According to [40], the FKPMs currently used for the chemical
ndustry were first introduced in 1960 by [175]. Detailed reviews on
his subject can be found in [176–178].

For what concerns the ZKPMs for the chemical industry, many
exhaustive reviews already exist, see [179–184] and reference therein.

For what concerns the applications of the PKPMs to the chemical
ndustry several detailed review articles already exist [28,40,63,66,76]
ut they should be integrated by several relevant papers not included or

published after their publication date. This work fills the gap, including
papers published after 2020 that have not already been covered, to
avoid overlaps with previous works.

For the chemical industry, we exploited a particular search string8

that considers a series of keywords related to the chemical industry and

8 This is the exact Scopus search string: TITLE-ABS-KEY((({theory-
guided machine learning}) OR ({informed machine learning}) OR ({physics-
informed machine learning}) OR ({physics-infused machine learning}) OR
({physics-guided machine learning}) OR ({physics-driven machine learn-
ng}) OR ({theory-guided data-driven}) OR ({physics-informed data-driven})

OR ({physics-infused data-driven}) OR ({physics-guided data-driven}) OR
({physics-based data-driven}) OR ({theory-guided neural network}) OR
({theory-guided neural networks}) OR ({physics-informed neural network})
OR ({physics-informed neural networks}) OR ({physics-infused neural net-
ork}) OR ({physics-infused neural networks}) OR ({physics-guided neural r

22 
the predictive models. Since the results of this search reported more
than 1000 papers, we reduced this number by filtering just the papers
cited (according to Scopus) by ≥15 papers for works published from
2020 and 2022, by ≥10 papers for works published in 2023, and by ≥1
apers for works published in 2024.

Process modeling is the prevalent application field of PKPMs in
the chemical industry. Applications to processes span a wide range
of domains, from the production of chemicals, materials, and drugs
(e.g., methane in [185], polymers in [186], or 𝛽-carotene in [187]) to
the treatment of wastewater [188,189]. A second field of interest in the
chemical sector is the prediction of properties of substances [147,190,
191].

The most adopted type of PKPMs is the combination of an FKPM
with a separated ZKPM. In particular, in several papers the output of
a ZKPM is post-processed by an FKPM [187,192–194], in others the
input of a ZKPM is pre-processed using an FKPM [188] or the outputs
of a ZKPM and an FKPM are combined to get the final output [186].
More recent works adopt a more integrated way of combining FKPMs
and ZKPMs by modifying the model inner structure [189] or the loss
function [185,189]. Specifically, [185] used a physics-informed neural
etwork to surrogate the solution of a differential equation.

Other techniques, such as in physics-informed feature-engineering,
are used by [147] to predict the properties of new shape memory
alloys. [190] predicted the temperature-dependence of viscosity for
oxide glass-forming liquids using a zero-knowledge neural network
to estimate the parameters of the full-knowledge MYEGA viscosity
equation. Moreover, [191] introduced a multi-fidelity neural network
(MFNN). It is composed of a ‘‘low-fidelity’’ neural network (𝑁 𝑁𝐿),
rained with the output of an FKPM, and a ‘‘high-fidelity’’ neural
etwork (𝑁 𝑁𝐻 ) that takes as additional input the output of 𝑁 𝑁𝐿, and

is trained with experimental data.
These works in the field of PKPMs have been summarized in Table 8.

5.3. Manufacturing

The manufacturing industry encompasses the process of convert-
ing raw materials or components into finished goods through various
production methods [226]. This sector involves a wide range of ac-
ivities, including design, machining, fabrication, and assembly, across

all industrial fields [226]. Challenges within manufacturing include
improving product design, optimizing production efficiency, ensuring
product quality, and navigating supply chain disruptions [227]. Pre-
ictive modeling plays a crucial role in addressing these challenges by
everaging physical knowledge and data analytics to improve processes,
orecast demand, optimize inventory management, and enhance oper-
tional processes, ultimately driving efficiency and competitiveness in

the industry [227]. In the new framework of smart manufacturing, the
equests for superior quality, higher customization, lead time reduction,
nd compliance with safety it is essential to increase the performance

of predictive models [35].
The class of FKPMs is mainly represented by numerical simula-

tions [228]. In literature, it is possible to find general reviews [228]
and reviews dedicated to specific fields, such as additive manufactur-
ing [229].

For what concerns ZKPMs, an increasing amount of reviews con-
cerning manufacturing has been published in recent years [230–232].

We also found previous reviews on PKPMs, focused on the paradigm
of smart manufacturing [27,74] and additive manufacturing [82]. How-
ver, the literature lacks a work generally focused on the manufacturing

network}) OR ({physics-guided neural networks}) OR ({physics-driven neural
network}) OR ({physics-driven neural networks}) OR (gr?y-box) OR ({hybrid
data-driven}) OR ({hybrid modeling}) OR ({hybrid modelling}) OR ({hybrid
machine learning}) OR ({hybrid data driven})) AND (chemistry OR chemical
OR pharma OR pharmaceutical OR compound OR molecule OR reaction OR

eactor OR culture OR bioreactor OR batch)) AND PUBYEAR>2020
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Table 7
Papers about PKPMs in extraction industry.

Paper Year PKPM Application
domain

Available and/or
generated data

Prior Knowledge
and/or FKPM

ZKPM Results & comparison between
FKPM, ZKPM, and PKPM

[163] 2016 In (parameters
tuning)

Reservoir
waterflooding

(i) Synthetically
generated data (1050
days simulated using
Eclipse 100). (ii)
Experimental data
(5800 samples)

1-dimensional
connective flow
units model

Interior-point
method

(i)With PKPM, NPV increased
more than 3 times. PKPM is
comparable to FKPM but more
efficient (ii) With PKPM,
+20% oil production rate and
−4% water cut. No
comparisons vs ZKPM

[162] 2016 In (parameters
tuning)

Reservoir
waterflooding

Field data (1925 days) 1-dimensional
connective flow
units model

Interior-point
method

Graphs show that the PKPM
can have an accuracy similar
to FKPM simulations, but with
superior efficiency. No
comparisons vs ZKPM

[164] 2017 In (parameters
tuning)

Reservoir
waterflooding

Synthetically generated
data (field example
trained with
simulations of 800
days)

1-dimensional
connective flow
units model

Ensemble
smoother with
multiple data
assimilation

Graphs show that the PKPM
can have an accuracy similar
to FKPM simulations, but with
superior efficiency. PKPM
outperforms a previous
capacitance-resistance PKPM.
No comparisons vs ZKPM

[165] 2018 In (parameters
tuning)

Reservoir
waterflooding

Synthetically generated
data (field example
trained with Eclipse
100 simulations of
2050 days)

1-dimensional
connective flow
units model

Ensemble
smoother with
multiple data
assimilation

In the field test, optimization
with PKPM increases NPV of
40%. No comparisons vs
FKPM and ZKPM

[166] 2018 In (parameters
tuning)

Unconventional
reservoir flow
modeling

Field data (300 days) Diffusive
diagnostic function

Ensemble
smoother with
multiple data
assimilation

Graphs show that the PKPM
can have a good accuracy on
the testset

[172] 2020 Post Hydraulic
fracturing

Synthetically generated
data (2841 snapshot of
251 points each)

Fracture
propagation PKN
model

Neural network Graphs shows that PKPM and
ZKPM perform similarly in
interpolation. PKPM is much
better in extrapolation. FKPM
can predict the trend, but
with low accuracy.

[168] 2020 Pre & In
(surrogate)

Reservoir
simulation

Synthetically generated
data (5700 data points)

AD-GPRS
full-order
simulations and
Darcy’s model

Neural network Tested in 100 cases, PKPM
can predict the production
with an average error of 0.14
and is 1000 times faster than
the FKPM simulation. No
comparisons vs ZKPM

[53] 2021 Pre Carbonate rock
permeability
estimation

Experimental data
(1100 samples of
100 × 100 × 160
voxels) and data from
literature (400
samples). Ground-truth
porosity computed
using Lattice Boltzmann
method

Pore network
model

Linear regression,
Support vector
regression,
Gradient boosting,
Random forest,
Deep neural
network,
Convolutional
neural network

PKPMs tested varying the
architecture. PKPMs give a
best value of 𝑅2 of 0.87,
FKPM 0.15. No comparisons
vs ZKPM

[169] 2021 Pre (surrogate) Reservoir pressure
management

Synthetically generated
data (variable number
of samples)

Theis model Neural network PKPM can predict
overpressure with RMSE < 0.1
mmH2O. No comparisons vs
FKPM and ZKPM.

(continued on next page)
industry, which we intend to cover.
For what concerns the manufacturing industry, we used a particular

earch string9 considering a series of keywords related to the manufac-
uring industry and the predictive models. The results of this search

9 This is the exact Scopus search string: TITLE-ABS-KEY((({theory-
guided machine learning}) OR ({informed machine learning}) OR ({physics-
informed machine learning}) OR ({physics-infused machine learning}) OR
({physics-guided machine learning}) OR ({physics-driven machine learn-
ng}) OR ({theory-guided data-driven}) OR ({physics-informed data-driven})

OR ({physics-infused data-driven}) OR ({physics-guided data-driven}) OR
({physics-based data-driven}) OR ({theory-guided neural network}) OR

({theory-guided neural networks}) OR ({physics-informed neural network})

23 
reported more than 2900 papers, and then we reduced this number
by filtering just the papers cited (according to Scopus) by ≥50 papers

OR ({physics-informed neural networks}) OR ({physics-infused neural net-
work}) OR ({physics-infused neural networks}) OR ({physics-guided neural
network}) OR ({physics-guided neural networks}) OR ({physics-driven neural
network}) OR ({physics-driven neural networks}) OR (gr?y-box) OR ({hybrid
data-driven}) OR ({hybrid modeling}) OR ({hybrid modelling}) OR ({hybrid
machine learning}) OR ({hybrid data driven})) AND (manufacturing OR manu-
facture OR additive OR production OR design OR machined OR machining OR
milling OR product OR metal OR plastic OR composite OR wood OR ceramic

OR cnc)) AND PUBYEAR>2012
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Table 7 (continued).
[170] 2022 In (surrogate) Porous media gas

drainage
Synthetically generated
data (11 saturation
profiles made of 100
points each)

Buckley–Leverett
model

Neural network The best PKPM gives a
𝑀 𝐸 𝐴𝑟𝑒𝑠𝑖𝑑 𝑢𝑎𝑙 of 0.01. ZKPM
neural network is comparable
in interpolation, but accuracy
drops in extrapolation. No
comparisons vs FKPM

[171] 2022 In (surrogate) Subsurface
oil/water
two-phase flow
modeling

Synthetically generated
data (1000 samples
simulated with SGeMS’s
sequential Gaussian
simulation)

two-phase
underground
oil/water flow 2D
model

Fourier neural
operator network

Tested in reservoir saturation
prediction the proposed PKPM
reduces 𝑅𝑀 𝑆 𝐸 by more than
46% with respect previous
PKPMs. No comparisons vs
FKPM and ZKPM

[167] 2023 In (parameters
tuning)

Reservoir
waterflooding

Synthetically generated
data (field example
trained with Eclipse
100 simulations of
2400 days)

1-dimensional
connective flow
units model

Ensemble
smoother with
multiple data
assimilation

Results of PKPM are
comparable to FKPM (Eclipse
100) and it is 2 order of
magnitude more efficient. No
comparisons vs ZKPM.
p

w

≥
w
a

u

t
p

a

for works published from 2013 and 2021, by ≥30 papers for works
ublished in 2022, by ≥10 papers for works published in 2023, and
y ≥1 papers for works published in 2024.

The results show how PKPMs have been implemented in many
fields, such as design [208,209], quality prediction [196], quality
ontrol [198,203], treatments [200], machining processes [204], and
erformance prediction [206].

Modern technologies exploit PKPMs more than the traditional ones.
or example, in additive manufacturing PKPMs have been leveraged
or several scenarios, from melting pool modeling [199] to defect

prediction [51,196] and fatigue life prediction [205,210,211]. It is also
worth noting the works of [197,200] which applied PKPMs in the world
of composite materials.

Several typologies of PKPM have been exploited. Physics-informed
neural network are the most adopted [198,200–203,206,208–210], but
ther techniques are present such as feature pre-processing
51] and surrogate models of computationally expensive FKPMs [196,

197].
From these works, we can infer that PKPMs in manufacturing are

ainly used to improve computational efficiency and tackle the tra-
itional models’ data dependency. However, it is worth highlighting
lso the use of PKPMs to identify the input parameters (i.e., inverse
roblem) [203] and to augment the generalization ability of traditional

ZKPMs [51].
Table 9 summarizes the reviewed papers.

5.4. Transportation

The transportation industry is the backbone of the world’s industry,
nvolving the movement of goods and passengers [233]. The most
mportant branches are automotive, marine, aerospace, and railway,
ut the transportation industry also involves traffic management and
he logistics industry [234]. Predictive models are indispensable tools
o forecast trends, optimize operations, improve sustainability, and
itigate risks [235]. In the automotive sector, predictive modeling

ids in demand forecasting, maintenance schedules, and autonomous
ehicle development, revolutionizing how we commute and transport

goods [236–238]. Similarly, in the marine industry, predictive models
optimize vessel routing, predict weather patterns, and enhance naviga-
ion safety, ensuring seamless maritime and port operations [239]. In

aerospace, predictive modeling plays a crucial role in aircraft design,
perations optimization, and maintenance scheduling, advancing air
ravel toward greater reliability and fuel efficiency [240]. Finally, in

the rail industry, predictive modeling facilitates efficient scheduling,
maintenance planning, and infrastructure management, contributing to
he reliability and sustainability of rail transportation networks [241].

A general review of FKPMs applied to transportation can be found
in [242].
24 
A plethora of surveys cover the applications of ZKPMs in the trans-
ortation industry. Some notable examples are [34,243], devoted to

goods transportation and traffic management, respectively.
The work on PKPMs in the transportation industry is still limited.

Some review papers cover specific fields, such as fuel consumption [65,
80] or ship motion [244]. However, to the best of our knowledge, no

orks cover the entire sector. To bridge this gap, we searched related
papers using a specific string10 to include all the inherent papers. Since
the results of this search reported more than 1200 papers, we reduced
this number by filtering just the papers cited (according to Scopus) by
25 papers for works published from 2013 and 2021, by ≥15 papers for
orks published in 2022, by ≥10 papers for works published in 2023,
nd by ≥1 papers for works published in 2024.

Results show how ship operation optimization is one of the most ex-
plored fields in the context of PKPMs for transportation. Several works
apply PKPMs to predict and reduce fuel consumption [212,215,216],
to model the ship behavior [213,214,220,225], and to consolidate the
se of recent forms of propulsion [224]. PKPMs have also been imple-

mented to model the behavior of batteries in relation to the operation
of the vehicles that they supply [221,222]. The study of the cumulative
damage of aircraft is another application of PKPMs [217,223].

Popular PKPMs are physics-inspired structures with data-driven pa-
rameter estimations [213,214,216] and physics-inspired regularization
[107,212] and architectures [217,222].

In most cases, PKPMs are used to improve the accuracy of tradi-
ional methods, although it is noteworthy the use of PKPMs to im-
ose a knowledge-based constraint [219] and reduce computational

time [218].
Table 10 summarizes the reviewed papers.

10 This is the exact Scopus search string: TITLE-ABS-KEY((({theory-
guided machine learning}) OR ({informed machine learning}) OR ({physics-
informed machine learning}) OR ({physics-infused machine learning}) OR
({physics-guided machine learning}) OR ({physics-driven machine learn-
ing}) OR ({theory-guided data-driven}) OR ({physics-informed data-driven})
OR ({physics-infused data-driven}) OR ({physics-guided data-driven}) OR
({physics-based data-driven}) OR ({theory-guided neural network}) OR
({theory-guided neural networks}) OR ({physics-informed neural network})
OR ({physics-informed neural networks}) OR ({physics-infused neural net-
work}) OR ({physics-infused neural networks}) OR ({physics-guided neural
network}) OR ({physics-guided neural networks}) OR ({physics-driven neural
network}) OR ({physics-driven neural networks}) OR (gr?y-box) OR ({hybrid
data-driven}) OR ({hybrid modeling}) OR ({hybrid modelling}) OR ({hybrid
machine learning}) OR ({hybrid data driven})) AND (ship OR aerospace OR
plane OR wing OR car OR automotive OR traffic OR naval OR freight OR
irlines OR marine OR rail OR infrastructures OR railway OR aircraft OR

transportation OR vehicle)) AND PUBYEAR>2012
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Table 8
Papers about PKPMs in chemical industry.

Paper Year PKPM Application
domain

Available and/or
generated data

Prior Knowledge
and/or FKPM

ZKPM Results & comparison between
FKPM, ZKPM, and PKPM

[147] 2021 Pre Shape memory
alloys design

Data of existing alloys
(528 from literature
and 26 from authors’
lab)

Thermodynamics
and kinetics of
phase
transformations

Gaussian process PKPM is more accurate than
ZKPM in predicting 𝑇̃ and 𝑇 .
No comparisons vs FKPM

[190] 2021 Post Viscosity prediction Data extracted from
SciGlass database
(17584 data of 847
oxide liquids)

MYEGA viscosity
equation

Neural network PKPM predicts testset with
𝑅2 = 0.97. No comparisons vs
FKPM and ZKPM

[186] 2021 Post Semi-batch
polymerization
reactors

Synthetically generated
(125 batches)

Physical equations
(e.g., mass and
energy balances)

Symbolic
regression

PKPM is qualitatively more
accurate than the simplified
FKPM. No comparisons vs
ZKPM

[192] 2021 Post Chromatographic
processes

Synthetically generated
data (17 BT curves)
and experimental data
(17 BT curves)

Lumped kinetic
model

Neural network PKPM 3 times more accurate
than FKPM in interpolation
and extrapolation. No
comparisons vs ZKPM

[193] 2021 Post Czochralski silicon
single crystal
growth process

Experimental data
(5000 sets of crystal
growth, continuously
selected at intervals of
5 data points)

Hydrodynamic and
geometric model

LSTM network Compared 3 different LSTMs
inside PKPM. M-LSTM-HW is
the most accurate in all the
tests. No comparisons vs
FKPM and ZKPM

[187] 2021 Post Yeast astaxanthin
production

Experimental data
(quantity not specified)

Kinetic model Gaussian process PKPM has higher accuracy
and lower uncertainty than
FKPM, for all the predicted
quantities. No comparisons vs
ZKPM

[185] 2021 In (sur-
rogate)

Catalytic CO2
methanation

Initial and boundary
conditions and
synthetically generated
data (Inverse problem.
Different sized datasets)

Governing equations Neural network Once trained, PKPM is more
efficient than FKPM
(numerical solution). Error
< 0.3% in inverse problem
(parameters identification).

[194] 2022 Post 𝛽-carotene
production

Experimental data
(quantity not specified)

Kinetic model Neural network PKPM is more accurate than
FKPM, for all the predicted
quantities. No comparisons vs
ZKPM

[188] 2022 Pre Wastewater
treatment

Data from a full-scale
WWTP (1248 data after
pre-treatment)

Activated sludge
model

LSTM network PKPM is more accurate than
ZKPM (𝑀 𝑆 𝐸 −22, 5%) and
FKPM (MSE −93, 0%)

[195] 2022 In &
Post

Industrial
fermentation process

Experimental data
(from a sponsoring
industry, quantity not
specified)

Kinetic model Neural network PKPM is more accurate than
FKPM, for all the predicted
quantities. No comparisons vs
ZKPM

[191] 2023 Pre Nanofluids viscosity
prediction

Experimental data
(1425 data of 19 class
of nanofluids)

Viscosity theoretical
models (Einstein,
Batchelor,
Brinkman, Masoumi,
and Udawattha)

Neural network PKPM is more accurate than
ZKPM (𝑅2 = 0.991 vs
𝑅2 = 0.977). No comparisons
vs FKPM

[189] 2023 Pre & In (i) Semi-batch
reactor. (ii)
Wastewater
treatment

(i) Synthetically
generated data (500
data from numerical
solution). (ii) Data from
literature (1345 data)

Chemical equations Neural network
and Recurrent
neural network

Tested several structures of
PKPM and compared with
ZKPMs. PKPMs outperform
ZKPMs in all the tests. No
comparisons vs FKPM
25 
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Table 9
Papers about PKPMs in manufacturing industry.

Paper Year PKPM Application
domain

Available and/or
generated data

Prior Knowledge
and/or FKPM

ZKPM Results & comparison between
FKPM, ZKPM, and PKPM

[196] 2020 Pre
(surrogate)

Additive
manufacturing
defect prediction

Experimental (320
hatches) and
synthetically generated
data (3200 simulation
blocks)

Numerical
simulation of plastic
damage model

Neural network In the LPBF case, the
𝐹 − 𝑆 𝑐 𝑜𝑟𝑒 for bulk and
overhang is 87.5% and 79.6%
for PKPM and ZKPM
respectively. No comparisons
vs FKPM.

[197] 2020 Pre
(surrogate)

Composite materials
damage
characterization

Synthetically generated
(10000 simulations of
LS-DYNA) and
experimental data (3
ICT tests)

Numerical
simulation of plastic
damage model

Neural network The 𝑅𝑀 𝑆 𝐸 of PKPM with
respect to FKPM is 1.9 k J k J

m2

for fracture energy. No
comparisons vs ZKPM.

[198] 2020 In (surrogate) Surface cracks
ultrasound
quantification

Experimental data
(240 × 240 grid, 1024
time instants, 3
different wave-crack
orientations)

Acoustic wave
equation

Neural network Inverse problem. With 20% of
data PKPM can predict sound
speed with an error of 1%. No
comparisons vs FKPM and
ZKPM

[199] 2021 Pre & In Additive
manufacturing melt
pool modeling

Synthetically generated
data (quantity not
specified)

Momentum, mass
and energy
conservation

Neural network PKPM results are comparable
to numerical FKPMs. No
comparisons vs ZKPM

[51] 2021 Pre Additive
manufactured
components porosity
analysis

Experimental data (549
3D-printed components)

Physical parameters
affecting the process

Linear
regression,
Gaussian
process, Support
vector regression

Accuracy of PKPMs and
ZKPMs are comparable, but
PKPMs are independent from
the specific machine
parameters. No comparisons
vs FKPM

[200] 2021 In (surrogate) Composite materials
curing process

Initial and boundary
conditions

Thermodynamics
equations

Neural network Max error of PKPM with
respect to FKPM is 0.97 ◦𝐶.
PKPM can extrapolate better
than ZKPM

[201] 2021 In (surrogate) Component
elastodynamics

Initial and boundary
conditions

Elastodynamics
equations

Neural network Qualitative comparison of
PKPMs with different
hyperparameters and reference
FKPM numerical solution. No
comparisons vs ZKPM

[202] 2021 Pre & In
(surrogate)

Composite materials
curing process

Initial and boundary
conditions

Heat transfer law
and degree of cure
equation

Neural network PKPM compared to the FKPM
numerical simulation. PKPM
10 times faster and error
< 1.6𝐾 and 0.007 of
temperature and degree of
cure respectively. No
comparisons vs ZKPM

[203] 2022 Pre & In
(surrogate)

Internal structure
and defects of
components

Different data for each
case (initial and
boundary conditions,
internal samples)

Mechanical laws
(different
assumptions for
different cases)

Neural network Inverse problem. PKPM
predicts the defect parameters
with a max error of 6.8%. No
comparisons vs FKPM and
ZKPM.

[204] 2022 Pre & In Machining tool wear Experimental data (3
datasets of 315 data)

Tool wear empirical
equation

Neural network PKPM predicts the wear with
an 𝑅𝑀 𝑆 𝐸 of 3.17, 3.01, and
7.58 in x, y, and z
respectively. PKPM is better
than all the tested ZKPMs, no
comparisons vs FKPM

[205] 2022 Pre & In Additive
manufactured
components fatigue

Data from literature
(12 samples)

Fracture mechanics
model

Neural network In the test, PKPM and ZKPM
give 𝑅2 = 0.591 and 𝑅2 = 0.322
respectively. No comparisons
vs FKPM

[206] 2023 In Fatigue life
prediction

Data from literature (3
materials: WIRE 85
samples, 2024-T4 252
samples, AAW 200
samples)

Fatigue model Neural network Measure of the physical
consistency: PKPM and ZKPM
has a minimum value of −0.99
and −0.53. No comparisons vs
FKPM

(continued on next page)
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Table 9 (continued).
[207] 2023 In (surrogate) Finite-strain

plasticity modeling
Initial and boundary
conditions

Finite-strain
elastoplasticity
model

Neural network 3 step loading test: PKPM
gives an error of 3.58% with
respect to the FKPM. No
comparisons vs ZKPM

[208] 2023 In (surrogate) Topological
optimization

Boundary conditions Deep energy method Neural network Images show a good
agreement between PKPM and
FKPM. PKPM is less sensitive
to the number of nodes

[209] 2023 In (surrogate) Topological
optimization

Boundary conditions Total potential
energy model

Neural network In the 3D example the
difference between PKPM and
FKPM is less than 5%. No
comparisons vs ZKPM

[210] 2023 Pre & In Additive
manufactured
components fatigue

Data from literature
(561)

Fracture mechanics
model

Neural network PKPM more interpretable than
ZKPM. PKPM gives an 𝑀 𝑆 𝐸
20% lower than ZKPM. No
comparisons vs FKPM

[211] 2023 (i) Pre (ii)
Post

Additive
manufactured
components fatigue

Experimental data (62
tests)

Paris’ law, 𝛿 𝜎 model Neural network,
Support vector
regression

Several PKPM architectures
tested. 𝑅𝑀 𝑆 𝐸 given by all
PKPMs is less than FKPMs and
ZKPMs
i
t

l

c

5.5. Energy

The energy industry is a fundamental pillar supporting the func-
ioning of societies, providing essential power for cities and indus-
ries [245]. Renewable energy sources such as solar, wind, and hydro-

electric power are increasingly gaining prominence due to their sustain-
bility and environmental benefits, while traditional fossil fuels con-
inue to supply a significant portion of global energy needs [246]. En-

ergy storage methods, including batteries, pumped hydro storage, and
merging technologies like hydrogen fuel cells, are critical for balanc-
ng supply and demand, ensuring stability in power grids, and facilitat-
ng the integration of intermittent renewable energy sources [247]. Pre-
ictive modeling techniques are increasingly applied in the energy sec-
or to forecast energy production, consumption, and storage, optimize
omponents’ maintenance, enhancing operational efficiency [245].

In the literature, we found several reviews on using FKPMs in the
energy industry. We highlight [248] focused on thermal plants, [249]
ocused on the application of FKPMs and ZKPMs for the solar energy

forecast, and [250] focused on the hydrogen fuel cells.
The applications of ZKPMs in smart energy management are re-

iewed in [245]. We also cite the works of [251,252], devoted to two
ore specific fields, such as renewables and batteries.

For what concerns PKPMs, an increasing interest is rising toward
atteries modeling, reviewed in [73,82]. [66] reviewed the serial and
arallel combination of FKPMs and ZKPMs in different sectors, includ-
ng the energy industry. Finally, [77] cover the applications of PKPMs
or power systems.

Our work aims to provide a comprehensive overview of applications
n the energy industry. In order to do that, we selected a search string11

11 This is the exact Scopus search string: TITLE-ABS-KEY((({theory-
guided machine learning}) OR ({informed machine learning}) OR ({physics-
informed machine learning}) OR ({physics-infused machine learning}) OR
({physics-guided machine learning}) OR ({physics-driven machine learn-
ng}) OR ({theory-guided data-driven}) OR ({physics-informed data-driven})

OR ({physics-infused data-driven}) OR ({physics-guided data-driven}) OR
({physics-based data-driven}) OR ({theory-guided neural network}) OR
({theory-guided neural networks}) OR ({physics-informed neural network})
OR ({physics-informed neural networks}) OR ({physics-infused neural net-

ork}) OR ({physics-infused neural networks}) OR ({physics-guided neural
network}) OR ({physics-guided neural networks}) OR ({physics-driven neural
network}) OR ({physics-driven neural networks}) OR (gr?y-box) OR ({hybrid
data-driven}) OR ({hybrid modeling}) OR ({hybrid modelling}) OR ({hybrid

achine learning}) OR ({hybrid data driven})) AND (energy OR energies OR
enewable OR wind OR turbine OR grid OR battery OR solar OR photovoltaic
R geothermal OR heat OR nuclear OR electricity OR lithium OR fuel OR

cell)) AND PUBYEAR>2012
27 
considering several related keywords. Since the results of this search
reported more than 2900 papers, we reduced this number by filtering
just the papers cited (according to Scopus) by ≥30 papers for works
published from 2013 and 2021, by ≥20 papers for works published in
2022, by ≥10 papers for works published in 2023, and by ≥1 papers for
works published in 2024.

Following the general trend of industry [73], results highlight a
significant interest in batteries and renewables. Many works address
the battery modeling, in particular, to estimate the states of charge and
health during operation [253–257]. Furthermore, [258,259] apply a
PKPM to optimize wind turbine maintenance. The work of [260] tries to
forecast photovoltaic production. Other notable works devoted to rele-
vant sectors are [261,262], inherent to fuel cell operation optimization
and nuclear reactor modeling, respectively.

The most common type of PKPM in the examined literature is the
feeding of ZKPMs with additional features outputted by FKPMs [255–
257,260,263,264]. The second most adopted PKPM is the surrogation
of heavy computational FKPMs with more efficient PKPMs [254,261,
262].

Table 11 summarizes the reviewed papers.

5.6. Construction

The construction industry includes a diverse range of activities, in-
cluding residential, commercial, and infrastructure development [267].
With increasing concerns about sustainability and environmental im-
pact, there is a growing emphasis on energy efficiency within con-
struction practices [268]. Efforts to enhance energy efficiency in build-
ngs have become of paramount importance in the construction indus-
ry, driven by both environmental concerns and regulatory require-

ments [268]. Incorporating technologies like smart insulation, efficient
ighting, and renewable energy sources can significantly reduce en-

ergy consumption and carbon emissions in buildings [269]. Leverag-
ing predictive modeling and data analytics holds promise in optimiz-
ing resource utilization, enhancing project planning, and mitigating
risks [270]. FKPMs, ZKPMs, and PKPMs aid in forecasting project out-
comes, identifying potential challenges, and optimizing building effi-
iency, ultimately contributing to a more sustainable and cost-effective

building life cycle.
An extensive review of the applications of FKPMs in the building

sector was proposed by [271]. Another interesting work is [272],
concerning structural optimization in civil engineering.

The work of [273] reviews the applications of ZKPMs during the
whole life cycle of the buildings. An interesting survey of ZKPMs
applications to structural health monitoring was proposed by [274].
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Table 10
Papers about PKPMs in transportation industry.

Paper Year PKPM Application
domain

Available and/or
generated data

Prior Knowledge
and/or FKPM

ZKPM Results & comparison between
FKPM, ZKPM, and PKPM

[212] 2015 In Ship efficiency
estimation

Performance evaluated
with several different
dataset sizes

Ship fuel
consumption model

Kernel method The best PKPM predicts the
fuel consumption with
𝑀 𝐴𝑃 𝐸 = 1.49%, FKPM with
20.95% and ZKPM (best) with
1.71%

[213] 2015 In
(parameters
tuning)

Ship maneuvering
model

Experimental data
(quantity not specified)

Dynamical model Least-squares
support vector
regression

Qualitatively PKPM is
comparable to ZKPM but less
accurate than FKPM

[214] 2015 In
(parameters
tuning)

Ship maneuvering
model

Synthetically generated
data (graphs shows a
simulation of about
400s)

Dynamical model 𝜖 support vector
regression

PKPM is more accurate than
FKPM and ZKPM in all the
tests

[215] 2017 (i) Pre (ii) In Ship trim
optimization for fuel
consumption

Performance evaluated
with several different
sized datasets

Ship fuel
consumption model

Regularized least
squares, lasso
regression, and
random forest

Fuel consumptions 𝑀 𝐴𝑃 𝐸:
FKPM 20.95%, best ZKPM
1.95%, best PKPM
Pre-processing 0.83%, , best
PKPM In-processing 0.95%

[216] 2019 In
(parameters
tuning)

Ship fuel
consumption
forecast

Data sampled in 7
years of ship operation
(daily sampling)

Fuel consumption
model

Genetic
algorithm

The proposed PKPM predicts
the consumption with
𝑅2 = 0.90 (a previous PKPM
with 𝑅2 = 0.88). No
comparisons vs FKPM and
ZKPM

[116] 2020 Pre Propeller noise
prediction

Experimental data (258
tests in the cavitation
tunnel of University of
Genoa)

Cavitation vortex
and high-frequency
noise models

Neural network In the interpolation test MAE
of PKPM is −20% and −82%
with respect to ZKPM and
FKPM respectively. In the
extrapolation test MAE of
PKPM is −29% and −69% with
respect to ZKPM and FKPM
respectively.

[217] 2020 Pre & In Wings cumulative
damage modeling

Synthetically generated
data (15 planes,
174000 cycles each)

Paris’ law Recurrent neural
network

The accuracy of PKPM on the
test set is 96.55%. No
comparisons vs FKPM and
ZKPM

[218] 2020 In Traffic state
estimation

Synthetically generated
data (1000 samples
extracted from a
500 × 500
spatiotemporal grid)

Lighthill–Whitham–
Richards model

Neural network Eulerian test accuracy: PKPM
73.7% and ZKPM 37%.
Lagrangian test accuracy:
PKPM 79% and ZKPM 86.1%.
PKPM > 2 times faster than
ZKPM. No comparisons vs
FKPM

[219] 2021 In Port state control Total of 1,974 records
(Hong Kong port)

Monotonicity
regarding ship
flag/recognized or-
ganization/company
performance

Extreme gradient
boosting

PKPM improves by 20% the
current scheduling method.
PKPM outperforms the ZKPM
XGBoost

[220] 2021 Pre Ship maneuvering
model

Synthetically generated
(70 simulations of 600
samples) and
experimental data
(quantity not specified)

Hydrodynamic
model

Neural network In simulation PKPM predicts
the trajectory with an error
90% lower than FKPM. No
comparisons vs ZKPM

[221] 2021 Pre & In Unmanned aerial
vehicle batteries
modeling

Data from NASA’s
prognostic Center of
Excellence Data
Repository (36
discharge curves)

Electrochemical
model

Recurrent neural
network

Tested on random loading
cases, PKPM can predict
voltage with 𝑅𝑀 𝑆 𝐸 < 0, 088%
for 7 batteries out of 8. No
comparisons vs FKPM and
ZKPM

[222] 2023 Pre Vehicle batteries
heat generation
estimation

Virtual battery data for
five standard driving
tests

Single particle
model with
thermodynamics

LSTM network Comparison of different
architectures of PKPM. The
best can predict heat
generation with an
𝑅𝑀 𝑆 𝐸 = 1.428 for the WLTP
standard. No comparisons vs
FKPM and ZKPM

(continued on next page)
28 
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Table 10 (continued).
[223] 2023 Pre Aerospace alloys

fatigue modeling
Experimental data (500
samples)

Basquin model,
Smith-Watson-
Topper model,
Neuber’s rule

Support vector
machine,
random forest,
extreme gradient
boosting

PKPM improves by 2% the
predictions that lie in the ±2
error bands. Graphs shows
that the 𝑀 𝑆 𝐸 of PKPM is
about 30% lower than FKPM.
No comparisons vs ZKPM

[224] 2023 Pre Safety assessment of
solid oxide fuel cell
for ships

Synthetically generated
and experimental data
(4392 samples)

Fuel cell
electrochemical
model

Gradient
boosting

In predicting leaks, PKPM has
an accuracy 11% better than
ZKPM. No comparisons vs
FKPM

[225] 2024 In & Post Ship speed
prediction

Experimental data
(from two ships 63000
and 8600 samples
respectively)

P-v curve in calm
water

Neural network,
extreme gradient
boosting

PKPM is 30% more accurate
than ZKPM. No comparisons
vs FKPM
Fig. 21. Number of papers resulting from a general PKPM-related search in Scopus, grouped by year.
A large number of review papers cover the use of PKPMs in the field
of building efficiency [62,64,67,69,71]. The work of [75] provides a
wider view of PKPMs applied to civil engineering, focusing on build-
ing information modeling, structural health monitoring systems, and
structural design and analysis. This work will give an updated overview
of the PKPMs applied to the entire construction industry, excluding
previously covered works. We used a specific search string12 with the
goal of covering the most representative works. The search reported
more than 1800 papers, then we reduced this number by filtering
just the papers cited (according to Scopus) by ≥40 papers for works
published from 2013 and 2021, by ≥20 papers for works published in
2022, by ≥10 papers for works published in 2023, and by ≥1 papers for
works published in 2024.

The results show that the main use of PKPMs in the construction
industry is related to building efficiency, followed by structural set-
tlement and health monitoring. Several works address the problem of
building thermal modeling, to optimize the building efficiency [275–
280]. Another group of works tackles the problem of structural in-
tegrity [281–283], while others address the interaction between struc-
tures and soil [284,285].

12 This is the exact Scopus search string: TITLE-ABS-KEY((({theory-
guided machine learning}) OR ({informed machine learning}) OR ({physics-
informed machine learning}) OR ({physics-infused machine learning}) OR
({physics-guided machine learning}) OR ({physics-driven machine learn-
ing}) OR ({theory-guided data-driven}) OR ({physics-informed data-driven})
OR ({physics-infused data-driven}) OR ({physics-guided data-driven}) OR
({physics-based data-driven}) OR ({theory-guided neural network}) OR
({theory-guided neural networks}) OR ({physics-informed neural network})
OR ({physics-informed neural networks}) OR ({physics-infused neural net-
work}) OR ({physics-infused neural networks}) OR ({physics-guided neural
network}) OR ({physics-guided neural networks}) OR ({physics-driven neural
network}) OR ({physics-driven neural networks}) OR (gr?y-box) OR ({hybrid
data-driven}) OR ({hybrid modeling}) OR ({hybrid modelling}) OR ({hybrid
machine learning}) OR ({hybrid data driven})) AND (construction OR building
OR concrete OR demolition OR bricklayers OR civil OR offshore OR residential
OR plant OR bridge OR hvac)) AND PUBYEAR>2012
29 
Most of the PKPMs use a physics-informed regularization term in the
loss function as a method to increase the model performance [278,279,
281,282,285]. Another popular class uses a physics-inspired structure
with data-driven parameters tuning [275,280]. In particular, this class
of methods was extensively covered in previous review works [62,64,
67,69,71].

Table 12 summarizes the reviewed papers.

6. Open problems and future perspectives

While FKPMs and ZKPMs approaches are already widely adopted,
PKPMs are gaining traction (see Fig. 21), despite major challenges due
to their relatively recent emergence [42].

Despite the rapid progress, there remains a conspicuous shortage
of professionals simultaneously trained on the specific domain and
machine learning hindering the widespread adoption of PKPMs [83].
PKPMs have been developed for a limited number of applications, ad-
dressing only a fraction of the vast array of conceivable problems [42].
PKPM methods promise enhanced performance, but realizing this ad-
vantage often demands considerable development efforts [35]. Un-
like traditional models, which may require a less upfront investment,
PKPMs sometimes incur higher development costs, necessitating careful
evaluation of the trade-offs between development expenses, computa-
tional effort, and performance improvements [35].

PKPMs’ advantages are not limited to improving model accuracy,
but they can be a breakthrough in several scenarios. Particularly note-
worthy are cases with sparse data but rich domain knowledge, where
PKPMs can effectively outperform traditional ZKPMs [41]. In certain
situations, PKPMs can offer significant advantages in terms of explain-
ability, providing insights into the underlying physical processes driv-
ing model predictions [27]. The possibility to impose knowledge-based
constraints can substantially improve the models’ trustworthiness [72].
Furthermore, the pre-training of models using physics-based knowl-
edge, followed by fine-tuning with available data, has demonstrated
remarkable success, ensuring an augment of the performance [78].
Finally, PKPMs shine in inverse problems. The inverse problem applica-
tion has the potential to become the foremost application of PKPMs, of-
fering significant capabilities for prescriptive analysis and optimization



S. Zampini et al. Information Fusion 119 (2025) 102996 
Table 11
Papers about PKPMs in energy industry.

Paper Year PKPM Application
domain

Available and/or
generated data

Prior Knowledge
and/or FKPM

ZKPM Results & comparison
between FKPM, ZKPM,
and PKPM

[253] 2017 Post Modeling SOC and
temperature of
batteries

Experimental data
(PCD, HPPC e CCD
tests. Quantity not
specified)

Equivalent circuit
and thermal models

Neural
network

PKPM tested varying
conditions and
hyperparameters. PKPM
validated for practical
battery management
systems. No
comparisons vs FKPM
and ZKPM

[265] 2020 Post Critical heat flux Data from literature
(1865 test cases)

Liu model Neural
network,
Random
forest

𝑟𝑅𝑀 𝑆 𝐸 is 5.5%,
30.9%, and 13.6% for
the best PKPM, FKPM,
and ZKPM respectively

[258] 2020 Pre & In Wind turbine
bearings

Data from literature
(NREL database, hourly
from 2007 to 2013)
and synthetically
generated (bearing life
curves)

Bearing models LSTM
network

PKPM qualitatively has
a good adherence with
the bearing damage
curve. No comparisons
vs FKPM and ZKPM

[254] 2021 Pre
(surrogate)

Battery
electrode-level state
estimation

Synthetically generated
data (75 simulations of
power profiles)

Electrochemical and
thermal models

LSTM
network

The maximum value of
𝑅𝑀 𝑆 𝑃 𝐸 for all the
quantities predicted by
PKPM is 2.93%
(without noise).
Improvement between
75% and 95% with
respect to ZKPM. No
comparisons vs FKPM

[263] 2021 Pre Prediction of
polarization curves
of solid oxide fuel
cell anodes

Data from literature
(quantity not specified)

Fundamental
conservation laws of
mass and electrical
charge

Neural
network

PKPM has a 𝑀 𝑆 𝐸 that
is 63% lower than
FKPM. No comparisons
vs ZKPM

[259] 2022 Pre & In Wind turbine
bearings

Data from literature
(NREL database, hourly
from 2007 to 2013)
and synthetically
generated (bearing life
curves)

Bearing models LSTM
network

PKPM trained with
different sized datasets.
Best 𝑅𝑀 𝑆 𝐸 for grease
damage is 0.021.
Qualitatively better
than ZKPM. No
comparisons vs FKPM

[262] 2022 Pre
(surrogate)

Nuclear reactor
modeling

Synthetically generated
data (18480 samples)

Neutronic field
simulation

Decision tree,
k-nearest-
neighbors

In the forward case, the
PKPMs have a
reconstruction error of
2.7% with respect to
the FKPM simulation.
PKPM is 3 orders of
magnitude faster. No
comparisons vs ZKPM

[255] 2022 Pre Battery health
management

Data from NASA Ames
Prognostics Center of
Excellence (9 different
datasets)

Calendar and cycle
aging models

LSTM
network

PKPM more accurate
than FKPM and ZKPM
(Best 𝑀 𝐴𝑃 𝐸: PKPM
0.92%, FKPM 3.59%,
and ZKPM 4.12%)

[260] 2023 Pre Photovoltaic power
forecasting

Experimental data
(from 14 plants) and
numerical (weather
predictions)

PV model chain Neural
network

With data sampled for
more than 1 year,
PKPM more accurate
than FKPM. No
comparisons vs ZKPM

[257] 2023 Pre Battery health
prognosis

(i) Data from NASA
(first 90 life cycles of 3
batteries and first 60
life cycles of 1 battery).
(ii) Experimental data
(1400 life cycles)

Pseudo
2-dimensional
electrochemical
model

LSTM
network

(i) PKPM gives
𝑅2 > 0.711. (ii) PKPM
gives 𝑅2 > 0.989. No
comparisons vs FKPM
and ZKPM

[256] 2023 Pre & Post Battery voltage
modeling

(i) Synthetically
generated data (DFN
model). (ii)
Experimental data
(commercial battery).
Quantity not specified

(i) Single particle
model with thermal
dynamics. (ii)
Nonlinear double
capacitor equivalent
circuit model

Neural
network

(i) PKPM more accurate
than FKPM in all the
tests. (ii) PKPM more
accurate than FKPM
and ZKPM in all the
tests

(continued on next page)
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Table 11 (continued).
[266] 2024 Pre Power system load

margin prediction
(i) Synthetically
generated data (1000
samples from nominal
IEEE 68-bus). (ii)
Synthetically generated
data (1000 samples
from nominal BIPS)

Load margin
assessment model

Neural
network

PKPM more accurate
and robust than ZKPM.
PKPM is slower than
ZKPM in training.
Similar in prediction
times. No comparisons
vs FKPM

[261] 2024 Pre
(surrogate)

Solid oxide fuel
cells operating
condition
optimization

Synthetically generated
data (50000 simulated
data)

Local overpotential
model

Neural
network

PKPM 10000 times
faster than FKPM. Error
0.513% and 2.86%
with respect to FKPM
and experiments,
respectively. No
comparisons vs ZKPM

[264] 2024 Pre Battery remaining
useful life prediction

Data from literature
(72 data after cleaning)

Constant current
charging process
model

Neural
network

PKPM gives a
𝑀 𝐴𝑅𝐸 = 3.19%, 44%
less than ZKPM. No
comparisons vs FKPM
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tasks, such as process management and efficiency enhancements [41].
Looking ahead, the trajectory of PKPMs suggests a trend toward

eeper integration [40,41,62,211]. Early combination methods of in-
uts and outputs of FKPMs and ZKPMs, are moving to an increased
ntegration, such as in feature pre-processing, structural constraints on
odel architectures, and regularization techniques [72]. Greater inte-

ration necessitates increased effort and demand for specific skill sets
that may not always be readily available [35]. Therefore, it becomes
even more crucial to carefully weigh the trade-offs between benefits
and costs [35].

Despite the potentially higher costs associated with PKPM methods,
ncreasingly stringent regulations may serve as a catalyst for their
doption, driven by their superior accuracy and reliability [80,224].

In fact, the burgeoning need for precise predictive capabilities, par-
ticularly in regulated industries, may further incentivize the diffusion
of PKPM approaches [28]. The adoption of improved models is also
pulled by Industry 4.0 and 5.0 which tighten up the competitiveness
oward a more customer-based production [23]. The possibility of
aving a more trustworthy model will allow PKPMs to be implemented
n responsibility sectors, in which the use of ZKPMs is limited [104].

Crucially, the future success of PKPMs hinges on fostering closer
collaboration between domain experts and data scientists [72]. As such,
nitiatives to bridge the gap between these two domains will be pivotal
n realizing the full potential of PKPMs across diverse applications [83].

Through concerted efforts to address these challenges and capitalize on
merging opportunities, PKPMs are poised to revolutionize predictive
odel paradigms, paving the way for unprecedented advancements at

he intersection of physics and machine learning [41].

7. Conclusions

Predictive models have been pivotal in bolstering production effi-
ciency, product quality, scalability, and cost-effectiveness while pro-

oting sustainability in contemporary industrial applications. To main-
ain a focused scope and avoid redundancy with existing literature, our
eview has primarily delved into the key industrial applications within
 narrow context, encompassing sectors such as extraction, chemi-
al processes, manufacturing, transportation, energy, and construction.
hese sectors are central to ongoing discussions on sustainability and
nvironmental impact. Consequently, sectors like health, agriculture,
tilities, and defense warrant separate comprehensive analyses and
re intentionally excluded from this review. In this context, predic-
ive models have been developed on different bases: solely based on
omain-specific knowledge, exclusively on observational data, or by

amalgamating both approaches, commonly referred to as Full-, Zero-,
or Partial-knowledge-based predictive models, respectively.

In our review, we followed a procedure that we believe can cater
o the needs of both young researchers seeking a solid foundation for
31 
their studies, industrial practitioners aiming to grasp core concepts
and applications, and senior researchers seeking potential real-world
pplications for their findings. In fact, as a first step, we conducted a
eta-review to pinpoint gaps in previously published surveys on Full-

 Zero-, and Partial-knowledge-based predictive models for industrial
pplications. Subsequently, we presented a formal analysis of the sub-
ect matter, supplemented with illustrative examples to offer valuable
nsights. The core of our work comprises a review of existing research
ategorized by specific industrial applications. Finally, we outline the
nresolved challenges and future prospects in this burgeoning field of
esearch.
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Table 12
Papers about PKPMs in construction industry.

Paper Year PKPM Application
domain

Available and/or
generated data

Prior Knowledge
and/or FKPM

ZKPM Results & comparison
between FKPM, ZKPM,
and PKPM

[275] 2018 In
(parameters
tuning)

Building thermal
modeling

Experimental data
(measurements of 31
days)

RC model Genetic
algorithm
and pattern
search
algorithm

The best FKPM, ZKPM,
and PKPM give an
average MAE of 0.7 ◦𝐶,
0.4 ◦𝐶, and 1.0 ◦𝐶
respectively

[281] 2020 In Building seismic
response modeling

(i) Synthetically
generated data (100
seismic sequences of
1001 data). (ii)
Experimental data (23
seismic events)

Equations of motion Neural
network

(i) In the worst
scenario PKPM has a
correlation factor
𝑟 = 0.61, ZKPM 0.37.
(ii) The error of PKPM
in predicting the
displacement is < 5%
with a confidence
interval > 93%. No
comparisons vs FKPM

[282] 2021 Pre & In Structural damage
identification

(i) Synthetically
generated data (100
simulations of damage
cases). (ii) Experimental
data (60 shaking tests)

Mechanics of
structures

Neural
network

(i) 97.5% of the errors
of PKPM are < 0.2.
22.3% of errors of
ZKPM are > 1. (ii)
93.3% of the errors of
PKPM are < 0.1. 20%
of errors of ZKPM are
> 0.2. No comparisons
vs FKPM

[276] 2022 Pre & In Building thermal
modeling

Synthetically generated
data (3672 simulation
samples)

Heat transfer law Multiple
linear
regression

PKPM has a mean
𝑅𝑀 𝑆 𝐸 of 81.312, the
best ZKPM 92.836. No
comparisons vs FKPM

[277] 2022 Pre & In Building thermal
modeling

Experimental data
(training set of 370
days of measurements)

Laws of
thermodynamics

Linear
regression

In the test PKPM gives
𝑀 𝐴𝐸 < 0.1, while
ZKPM 𝑀 𝐴𝐸 > 0.1. No
comparisons vs FKPM

[278] 2022 Pre & In Building thermal
modeling

Experimental data (125
days, 48 samples per
day)

RC model Neural
network

PKPM predicts 𝑇 with
and error < 0.5 ◦𝐶,
60 − 70% better than
ZKPM. No comparisons
vs FKPM

[279] 2023 In Building thermal
modeling

Experimental data (236
samples for each
scenario)

RC model Neural
network

In the worst scenario
PKPM predicts 𝑇 with
𝑀 𝐴𝐸 = 0.25, ZKPM
with 0.47. No
comparisons vs FKPM

[284] 2024 Post Tunnel settlement
analysis

(i) Synthetically
generated data
(simulations of 10 load
cases). (ii)
Experimental data (12
sets of measurements
available)

Multi-beam model Neural
network

(i) PKPM predicts
foundation modulus
with 𝑅2 > 0.973 (ii)
PKPM predicts
settlement with
𝑅2 = 0.895. No
comparisons vs FKPM
and ZKPM.

[283] 2024 Post Structure full-field
response modeling

(i) Synthetically
generated data (time
series of 12000
samples). (ii)
Synthetically generated
data (time series of
11360 samples)

Impulse response
matrix

Convolutional
neural
network

(i) PKPM predicts the
displacement with
𝑅𝑀 𝑆 𝐸 = 1.41%, FKPM
4.37%. (ii) PKPM
predicts the
displacement with
𝑅𝑀 𝑆 𝐸 = 3.61%. No
comparisons vs ZKPM

[285] 2024 In Structure interaction
with soil

Boundary conditions Laterally loaded pile
governing equations

Neural
network

PKPM is comparable to
FKPM FEM simulation,
but 3000 times faster.
No comparisons vs
ZKPM

[280] 2024 In
(parameters
tuning)

Building thermal
modeling

Synthetically generated
data (measurements of
37 days in summer and
37 in winter)

Single-zone building
model

Trust Region
Reflective
algorithm

PKPM compared to
ZKPM in different
scenarios. Results are
comparable. PKPM
requires less data. No
comparisons vs FKPM
32 
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