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Abstract
We propose a method for reducing the spatial discretization error of coarse computational fluid dynamics (CFD) problems 
by enhancing the quality of low-resolution simulations using deep learning. We feed the model with fine-grid data after 
projecting it to the coarse-grid discretization. We substitute the default differencing scheme for the convection term by a 
feed-forward neural network that interpolates velocities from cell centers to face values to produce velocities that approximate 
the down-sampled fine-grid data well. The deep learning framework incorporates the open-source CFD code OpenFOAM, 
resulting in an end-to-end differentiable model. We automatically differentiate the CFD physics using a discrete adjoint code 
version. We present a fast communication method between TensorFlow (Python) and OpenFOAM (c++) that accelerates the 
training process. We applied the model to the flow past a square cylinder problem, reducing the error from 120% to 25% in 
the velocity for simulations inside the training distribution compared to the traditional solver using an x8 coarser mesh. For 
simulations outside the training distribution, the error reduction in the velocities was about 50%. The training is affordable 
in terms of time and data samples since the architecture exploits the local features of the physics.

Keywords  Deep Learning · Computational fluid dynamics · Finite volume method · OpenFOAM · Discretization error

1  Introduction

Over the last decade, machine learning (ML) has arisen as a 
crucial technology for enhancing the solving of partial dif-
ferential equations (PDEs) [1]. The field of fluid dynamics 
has been part of this revolution. Computational fluid dynam-
ics (CFD) witnessed the introduction of novel learning tech-
niques [2]. Non-linear PDEs describe fluid motion, usually 

showing chaotic spatiotemporal dependencies and structures 
with a wide range of scales, making Direct Numerical Simu-
lation (DNS) unfeasible in most cases. More economical 
alternatives exist, like Large Eddy Simulations (LES) [3, 4], 
in which only grid structures are solved while the rest are 
modeled, or Reynolds-Averaged Navier–Stokes (RANS) [5], 
in which all the scales are modeled. However, the resolution 
process can be complex and time-consuming, even with LES 
or RANS.

Enhancing CFD simulations through ML may accelerate 
the computations without deeply compromising accuracy or 
produce more accurate results with similar computational 
time. For this purpose, the ML model can completely sub-
stitute the traditional CFD solver, leading to reduced-order 
models (ROMs) or partially enhancing some specific compo-
nents’ performance. The ROMs exhibit accelerated time-to-
solution but pay the cost of low fidelity and a narrow range 
of applicability [6–9]. ROMs use linear data compression 
techniques like dynamic-mode decomposition (DMD) [10] 
and principal-component analysis (PCA) [11], or non-linear 
compression like autoencoders [12]. When substituting a 
component of the traditional solver, the typical approach 
replaces the turbulent closure model [13], which is one of 
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the significant sources of error, with an ML model. Thus, 
Ling et al. [14] outperform the traditional solvers using a 
deep neural network for RANS turbulence modeling. Alter-
natively, Obiols-Sales et al. [15] speed up the convergence 
of RANS simulations by substituting the traditional solver 
with a subrogated model composed of a convolutional neural 
network (CNN) while the solution’s residual of the learned 
model is below a certain threshold; when this criterion is 
unsatisfied, they switch again to the traditional solver. Ajuria 
et al. [16] accelerate the algorithm by substituting the Jacobi 
solver with a CNN for the Poisson equation, one of the most 
expensive parts of the traditional numerical solver.

A relevant point in ML computations is the generalization 
properties of the resulting approximation. Ideally, an ML 
model should enhance the simulation performance within 
multiple initial/boundary conditions, be accurate for unseen 
CFD simulations, and use an acceptable amount of data and 
time for training. Thus, Kim et al. [17] seek to improve the 
precision of the Finite Volume Method (FVM) [18] combin-
ing predictions of a pre-trained neural network [19] and of 
a traditional solver. Another promising approach consists 
on reducing the discretization error on coarse meshes [20], 
applying a method called learned discretizations [21]. For 
example, Kochkov et al. [22] estimate spatio-temporal oper-
ators on low-resolution grids through CNNs for accelerat-
ing DNS and LES simulations, learning from fine-resolution 
data. This technique calls the CFD solver during training in 
a solver-in-the-loop [23] ML model. This coupling demands 
an end-to-end differentiable framework; thus, translating 
the fluid solver to an automatic differentiable language is 
a stringent requirement [24]. This limitation reduces the 
applicability of this kind of method to cases employing the 
already implemented physics models. Another drawback of 
the methodology is the demanding training process from a 
user point of view, because CNNs require a large dataset for 
predicting unsteady fluid flows [25].

We extend the learned discretization technique to a real 
case with non-trivial geometries and more complex flow 
dynamics, such as the flow past a square cylinder problem 
[26]. In these convection-dominated flows, the discretization 
of the convective term is a critical source of error where the 
differencing scheme relating the cell’s face and center val-
ues plays a major role in stability and precision. Numerous 
scheme versions may be found in the literature depending on 
the conditions of the simulated case. We reduce the spatial 
discretization error on coarse meshes for unsteady RANS [5] 
simulations by replacing the traditional differencing scheme 
with a feed-forward neural network, which learns from high-
resolution data, which is previously restricted to the coarse 
grid discretization.

In contrast to previous works, we embed the open-source 
CFD code OpenFOAM [27] in the training loop to exploit 
the vast range of physics and numerical solvers this program 

has implemented. Besides, our neural network’s architec-
ture exploits the local features of the flow to speed up the 
training process. We also develop a communication method 
between the ML framework and the CFD code to accelerate 
the training process compared with a hard-disk communica-
tion. Our algorithm applies the technique to our case study, 
but it is easily generalisable to any fluid case simulated in 
OpenFOAM.

Our algorithm imitates a machine learning technique 
commonly applied in the image processing field called 
super-resolution [28], following the idea of enhancing a 
low-quality image. Super-resolution consists of finding a 
mapping to reconstruct the high-resolution flow fields from 
the low-resolution data. Multiple methods have been pro-
posed in the field of fluid dynamics [29] varying the archi-
tecture, the flow conditions, and the loss function for impos-
ing the physics. In contrast, our method learns a correction 
while keeping the coarse-grid discretization. The method 
increases the accuracy of low-quality simulations online 
based on high-quality data, previously projected into the 
coarse discretization, employing data-driven models. Our 
model enforces physical constraints of the governing equa-
tions while enhancing certain parts of the traditional solver. 
Its main limitation resides in the necessity of data with an 
image format, that is, structured data generated from Carte-
sian meshes with cells of the same size.

The structure of the paper is as follows: Sect. 2 describes 
the fluid problem and the different spatial discretizations 
involved. Section 3 defines the physics to solve and explain 
the traditional solver’s algorithm. Then, Sect. 4 gathers the 
formal definition of the deep-learning model and the techni-
cal details of its implementation. Section 5 shows the numer-
ical results of our approach and the performance comparison 
with the traditional solver. Finally, in Sect. 6, we summarise 
the findings and indicate the lines for future research. Addi-
tionally,  A explains how we create the training data.

2 � Problem description

2.1 � Fine discretization

The flow past a square cylinder is a well-known engineer-
ing problem with multiple industrial applications in offshore 
platforms [30], bridge piers [31], high-rise buildings [32], or 
coastal engineering [33]. The state-of-the-art of this prob-
lem is well-developed with numerous numerical [34–36] 
and experimental studies [37–39], leading to a case that 
balances industry and research. There is no general conven-
tion between authors on the definition of the computational 
domain and boundary conditions; thus, we define our 2D 
problem (see Fig. 1) following [40], where D is the side of 
the square column.
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According to the non-dimensional Reynolds number, 
which measures the ratio between inertial and viscous 
forces, we can identify different flow regimes [34, 40]. Most 
applications are interested in transition to turbulence or fully 
turbulent regimes, where attached vortex shedding appears 
in the wake of the obstacle and forms the von Kármán 
street vortex effect. These streets can be more or less stable 
depending on the turbulence grade of the flow, resulting in 
unsteady numerical simulations.

We fix the diameter of the square column D = 1 m, an 
inlet velocity of 1 m/s, and a kinematic viscosity � = 2 ⋅ 10−6 
m/s2 , obtaining a Reynolds number Re = 5 ⋅ 105 . Although 
this regime corresponds to a fully turbulent flow, we will 
obtain results closer to the laminar wake regime due to the 
use of unsteady RANS equations. In the case of simulating 
the flow in a high-fidelity manner, it would exhibit much 
finer length scales [41]. Nevertheless, building a mesh that is 
fine enough to describe the physics with fidelity is necessary. 
We define our fine spatial discretization f as a structured 
mesh formed by 303,146 quadrilateral cells of the same size. 
The cell size of the mesh is selected to adequately recover 
the von Kármán effect, although at an increased computa-
tional cost. We establish a fixed temporal step of 0.005 s, 
obtaining a Courant-Friedrichs-Lewy (CFL) number [42] 
equals 0.32. Although the simulated fine timestep is 0.005 
s, we save the simulation result for each coarse timesteps 
(0.04 s) to force a time matching with the x8 coarse dis-
cretization. We simulate over 20 s and discard the first 4 s, 
obtaining 400 snapshots. We discard these steps to eliminate 
the simulation’s undesirable and unphysical behaviour prior 
to the wake formation.

From now on, we will present different operators and 
variables with the subscripts c (coarse) or f (fine), indicating 
to which spatial discretization we apply them. For the trans-
formation of fine data into coarse dimensions, we introduce 
the projection operator Pc

f
∶ ℝ

mf → ℝ
mc , which is applied to 

a generic scalar-valued field � leading to:

where the subscript c, f denotes the fine data projected onto 
the coarse dimension, R is the number of fine cells inside a 
coarse cell i, and mc is the number of cells of the destination 
coarse mesh. This operator runs through each cell of the 
coarse mesh and computes the arithmetic mean of the fine 
data contained within the considered cell. With this con-
servative averaging, we ensure that the resulting projected 
field fulfills continuity.

2.2 � Coarse discretization

By down-sampling the fine mesh isotropically by a factor 
of x8, we define our coarse discretization c, which produces 
low-accuracy results. We apply our method to this mesh to 
enhance its solution from a learned model fed by highly-
accurate data. We mantain the same CFL number of the fine 
case, that is 0.32; thus, coarse timestep is eight times big-
ger than the fine one. This mesh is composed by 4736 cells 
and 9296 interior faces. In order to illustrate the difference 
between both discretizations, we present Fig. 2. It depicts a 
general comparison between the results obtained using both 
discretizations, the down-sampled fine result, and the error 
of the coarse simulation compared with the down-sampled 
case.

2.3 � Generalization cases

We evaluate the generalization capabilities of our model 
testing its performance in two new cases derived from the 
one presented in Fig. 1. The first case consists of extend-
ing the simulation in time out of the training distribution. 
Thus, we let the model evolve from 20 s to 25 s, along 125 
timesteps. The second experiment consists of extending the 

(1)�c,f = P
c
f
(�f ) =

1

R

R∑
j=1

�i
f
(j) with i ∈ {1, ...,mc},

Fig. 1   Schematic description of 
the computational domain and 
boundary conditions
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flow past a square cylinder in domain, inserting a second 
column and generating the two-columns-in-tandem case. 
The boundary and the flow conditions are maintained from 
the single-column case, as well as the size of the columns. 
Figure 3 describes this case.

3 � Baseline solver

3.1 � Governing equations

The system of PDEs describing the dynamics of an incom-
pressible fluid flow is called the Navier–Stokes equations 
(NSE). We solve a Reynolds-averaged version of these equa-
tions, where all turbulence scales are modeled. Thus, the 
instantaneous values of the involved fields are decomposed 
into a mean component and a fluctuating one:

This simplification is commonly applied in industry due 
to the high computational cost of the alternative resolution 
techniques. The resulting equations are the Unsteady Reyn-
olds-Averaged Navier–Stokes (URANS) [18]:

where ū is the mean velocity field, p̄ is the mean pressure 
field, the constants � and � are the density and the kinematic 
viscosity, and �R is the Reynolds stress tensor computed 
by the Boussinesq approximation. Due to this variable, a 

(2)𝜙(x, t) = 𝜙̄(x, t) + 𝜙�(x, t).

(3)∇ ⋅ ū = 0,

(4)
𝜕ū

𝜕t
+ ∇ ⋅ (ū⊗ ū) − 𝜈∇2

ū = −
1

𝜌
∇p̄ +

1

𝜌
∇ ⋅ 𝜏R,

Fig. 2   Qualitative comparison of the results employing the different discretizations at t = 20 s

Fig. 3   Schematic description of the computational domain and boundary conditions
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closure turbulence model is necessary. We use the k − � SST 
[43], which adds two additional equations:

where k is the turbulent kinetic energy, � is the turbulent 
specific dissipation rate, �t is the turbulent viscosity defined 
as the ratio between k and � , and the rest of the variables 
are constants of the model. For the near-wall treatment of 
these turbulent variables, we employ wall functions to avoid 
the computational cost of resolving the boundary layer [44].

3.2 � Solver algorithm

The complex PDE system describing the problem’s physics 
requires an ad hoc iterative solving process. Multiple opti-
mized algorithms exist depending on the fluid flow condi-
tions; we use an operator-splitting method called Pressure 
IMplicit for Pressure-Linked Equations (PIMPLE [18]) for 
this case. This method is a predictor-corrector algorithm, 
formed by four main stages as described in Fig. 4: (Stage 1) 
the velocity predictor, (Stage 2) the pressure equation stage, 
(Stage 3) the velocity corrector, and (Stage 4) the turbulence 
equations stage.

First, we construct a linearized momentum equation 
derived from (4) using the FVM and taking as input the vari-
ables at time t. The solution of this equation is the predicted 
mean velocity ū∗ , which does not satisfy continuity (3). Dur-
ing the second step, we form and solve a Poisson equation by 
combining (3)-(4), leading to a predicted mean pressure p̄∗ . 
During (Stage 3), the algorithm corrects the mean velocity 
based on the expected pressure computed in the previous 
step. This stage is repeated in the correction loop until the 
corrected mean velocity ū∗∗ is conservative. At the end of 
this stage, we obtain a candidate mean velocity and a candi-
date mean pressure, which can be sent back to (Stage 1) in 
case the convergence criteria are not satisfied. In that case, 

(5)
𝜕k

𝜕t
+ ∇ ⋅ (ūk) = 𝜏R ∶ ∇ū − 𝛽∗k𝜔 + ∇ ⋅ [(𝜈 + 𝜎∗𝜈t)∇k],

(6)

𝜕𝜔

𝜕t
+ ∇ ⋅ (ū𝜔) = 𝛼

𝜔

k
𝜏R ∶ ∇ū − 𝛽𝜔2 + ∇ ⋅ [(𝜈 + 𝜎𝜈t)∇𝜔],

we would be restarting the PIMPLE loop taking ū∗∗ and 
p̄∗ as the new input of the iteration. Once convergence is 
reached, we obtain the mean velocity and mean pressure for 
the time t + 1 . Finally, we jump into the final stage, where 
we solve the turbulence Eqs. (5)–(6), producing k and � at 
time t + 1.

3.3 � Differencing schemes

The first step of the solver consists of linearizing the momen-
tum equation to obtain a system of linear equations, which 
can be generalized for a cell p as:

where the sub-index nb refers to the neighboring cells of p 
and S to the source. We obtain the ap and anb coefficients by 
discretizing (4) using the Finite Volume Method (FVM), 
producing a matrix system, where ap and anb are the diagonal 
and off-diagonal matrix coefficients, respectively. The mean 
velocity of each cell composes the vector of unknowns, and 
each cell’s source term generates the system’s right-hand 
side. Thus, for a 2D domain formed by m cells, the matrix 
of coefficients will be a sparse m × m matrix with 5 non-
zero entries per row and column since each cell will be only 
influenced by itself and its nearest neighboring cells.

In contrast to other numerical methods for solving PDEs, 
FVM works with fluxes throughout the faces of the cells, 
which makes the method especially convenient for fluid 
flows. However, it is necessary to use differencing schemes 
to relate face values with cell center values during this 
process. In case of velocities, we can define the mean face 
velocity ūF using a 2D general differencing scheme through 
the inverse operator I ∶ ℝ

2N
→ ℝ

2 , such that:

where N is the selected stencil around face F and w are 
the interpolation weights. The mean face velocity is not 
computed explicitly; in contrast, the interpolation weights 

(7)apūp +
∑
nb

anbūnb = Sp,

(8)ūF = I(ū(N)) =

N∑
i=1

wiūi,

Fig. 4   Schematic description of PIMPLE algorithm
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wi contribute to the matrix of coefficients through ap and 
anb of  (7), following an implicit approach. A differenc-
ing scheme is an algebraic expression for relating a cell’s 
face and center values based on some constant interpola-
tion weights. Experts have developed numerous differenc-
ing schemes (e.g., Upwind, QUICK, TVD schemes [18]) 
depending on the flow condition, resulting in variations 
of the stencil size and the interpolation weights. However, 
no general approach has been reached. For this reason, its 
choice is case-dependent, producing different results in accu-
racy and stability. Our approach builds a custom version of 
a differencing scheme employing deep learning.

4 � Deep‑convection model

4.1 � Formal description

As mentioned in Sect. 2, our problem is fully turbulent, so 
the convective contribution is the most crucial term of (4). 
The use of an appropriate mesh is essential for discretizing 
this term since a coarser mesh would considerably impact 
the accuracy due to its spatial discretization error. In particu-
lar, when we discretize the convective term using FVM, we 
obtain the following expression:

where ūF is the mean velocity and FF is the mass flux, both 
at each face F of the finite volume P. While the mass flux 
can be interpolated linearly from the cell center to the face, 
the mean face velocity must be interpolated carefully due to 
its major impact on the results [45]. In addition, a correct 
prediction of ū in the momentum predictor step will produce 
an indirect improvement in the prediction of p̄ , k, and �.

As explained, the critical interpolation is carried out by 
a differencing scheme. Our approach substitutes the differ-
encing scheme used for the convective term with a custom 
version based on data-driven discretizations [21]. Thus, we 
replace the constant interpolation weights wi of (8) by a 
vector of optimized interpolation weights w̃i generated by 
a feed-forward neural network. We can therefore define a 
modified inverse operator Ĩ ∶ ℝ

3N
→ ℝ

2 , such that:

where � are the parameters of the neural network. In con-
trast to traditional differencing schemes, our approach 
takes the mean velocity and mean pressure as inputs and 

(9)
∫Vp

∇ ⋅ (ū⊗ ū) dV = ∮𝜕VP

(ū⊗ ū) dS

=
∑
F

ūF ⊗ ūFSF =
∑
F

ūFFF,

(10)ūF = �I(ū(N), p̄(N);𝜃) =

N∑
i=1

�wiūi,

returns a vector of interpolation weights that are space and 
time-dependent. The resulting operators I  and Ĩ  are local, 
meaning they compute the value at face F based only on its 
neighborhood. However, we apply the local operators to all 
the internal faces of the domain, resulting in the mean face 
velocities of the domain ūF(n) as:

where n is the number of faces of the domain. We encapsu-
late the rest of the resolution process described in Sect. 3.2 
in a forward operator F ∶ ℝ

5m+2n
→ ℝ

2m , such that:

where st denotes the set of input variables:

being m the number of cells of the mesh. We fully define our 
model by composing these operators ( F◦I)(st) and apply-
ing them to a spatial discretization. In particular, we run 
the learned model on coarse meshes, which we indicate by 
the subscript c. We train it in such a way that the generated 
interpolation weights deliver a mean velocity ūc as close as 
possible to the mean velocity from the fine discretization 
projected onto the coarse one ūc,f  . Thus, we can formulate 
the training as the following minimization problem:

where Pc
f
 is the projection operator described in (1), the sub-

script f refers to the fine discretization and ‖ ⋅ ‖ is a discreate 
vector norm.

Our method, called Deep-Convection (DC), mimics the 
super-resolution techniques employed in image process-
ing, which augment the accuracy of low-quality images 
based on high-quality data [28]. However, in our approach 
the enhancement is carried out maintaining the resolu-
tion and previously projecting the training data to the 
coarse-grid discretization. With this approach, the pri-
mary benefit is that it maintains the physical constraints 
of the governing equations while exploiting the benefits 
of a data-driven model for enriching certain parts of the 
traditional solver with high-resolution data.

The selected loss function to measure the error between 
the predicted values and the training data is a multi-step 
mean absolute percentage error, defined as:

(11)

ūF(n) ∶=
�I(ū(Nj)

, p̄(Nj)
;𝜃) =

Nj∑
i=1

�wijūij with j ∈ {1, ..., n},

(12)ū
t+1 ∶= F(ūF(n);s

t),

(13)s
t ∶=

m⋃
j=1

{ūt
(j)
, p̄t

(j)
, kt

(j)
,𝜔t

(j)
},

(14)

�∗ ∶= argmin
�

�
j

‖(Fc◦Ĩc)(P
c
f
(st

f
)) − P

c
f
◦(Ff◦If )(s

t
f
)‖,
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where �c is a general scalar-valued field computed using the 
coarse discretization and �c,f  is the projection of the fine data 
�f  onto the coarse mesh c. In this case, �c,f  is the training 
data or the ground truth. Due to its multi-step feature, we 
gather the solver prediction results over a number of accu-
mulated timesteps T and then compare them with the refer-
ence solution over this period. The number of accumulated 
timesteps T is a crucial hyperparameter, which should be 
selected based on a trial-and-error procedure. A higher T 
will imply a better generalization of the model, but it will 
increase the training process cost. Different features of 
the problem, such as the complexity of the fluid flow, the 
number of interior faces of the domain, or the number of 
timesteps outside of the training distribution you pretend to 
simulate, will influence the value of T, so it is complicated 
to give an a priori estimation. Since we work with mini-
batches of training data, the summation over B refers to eval-
uating all the cases composing the considered mini-batch. 
As we mentioned, we apply (15) to the mean velocity, which 
is a vector field consisting of two components ū = (ūx, ūy) in 
our case. Thus, we employ the previous equation with each 
component, resulting in the final loss as the evaluation of the 
following weighting loss function L:

where we set the weighting factors �x and �y based on each 
component’s loss of the baseline coarse solver. We construct 
the loss function based just on the velocities for the sake of 
simplicity and with the intention of obtaining an indirect 

(15)Ψ(�c,�c,f ) ∶=
1

B

B�
i=1

∑T

j=1
‖�tj

c,f
(i) − �

tj
c (i)‖L1

∑T

j=1
‖�tj

c,f
(i)‖L1

⋅ 100,

(16)L(ūc, ūc,f ;𝜃) ∶= 𝜅xΨ(ū
x
c
, ūx

c,f
) + 𝜅yΨ(ū

y
c
, ū

y

c,f
),

improvement on the rest of the variables [22]. Including 
more fields in the loss function increases the training cost 
due to the reconstruction of additional intermediate deriva-
tives, and generates a multi-objective optimization problem 
of coupled variables, commonly difficult to address [46]. 
Another possibility could have been to include the correction 
of other variables, adding them to the neural network’s out-
put while maintaining the loss function. This solution would 
also induce a more costly training process associated with 
a more complex optimization problem. A solution could be 
to introduce independent extra neural networks related to 
the correction of the rest of the variables and train them 
separately in a sequential way. However, exploring these 
alternatives is beyond the scope of the present paper, we 
may consider them in future works. Figure 5 outlines the 
algorithm and clarifies the relation between these operators. 
Thus, we start with the input variables at time t, then we 
apply sequentially the operators Ĩc and Fc , and finally obtain 
as output all the variables at time t + 1 . Then we apply L to 
ū
t+1
c

 to get the corresponding loss.
Another difference compared with the traditional 

approach is that we are not taking the nearest-neighboring 
cells when building the stencil around a face. This means 
that the matrix of coefficients described in Sect. 3.3 is no 
longer sparse with 5 non-zero entries per row/column, which 
may induce stability problems during the iterative procedure 
for solving the system. In contrast, we follow a Deferred 
Correction [47] approach, commonly used for implement-
ing high-order (HO) schemes. The technique consists of 
constructing the matrix of coefficients of  (7) using the 
Upwind differencing scheme while inserting on the r.h.s. of 
this equation the difference between the face velocity com-
puted through the high-order scheme and the face velocity 

Fig. 5   Schematic of the relation between variables and operators
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obtained using the Upwind scheme, computed explicitly. 
Thus, we define the convective flux using our model as:

where the superscripts DC and U refer to the Deep-Convec-
tion and Upwind schemes.

4.2 � Deep learning architecture

The architecture of the modified inverse operator Ĩ  com-
prises seven different types of operations, which we named 
as blocks, and we depicted their connectivities in Fig. 6. We 
treat each velocity component independently, so we take 
three inputs at time t: each component of the mean velocity 
and the mean pressure.

In the first block type, the r variable for a general face F 
of a cell P is:

where U and D are the upwind and the downwind cell to 
P, respectively. The variable rF measures the ratio between 
the upstream and downstream gradients from face F. In this 
case, (18) assumes a 1D stream and a mesh with cells of the 
same size. Total Variation Diminishing schemes inspire the 
computation of this variable [48], commonly used due to 

(17)
FFū

DC
F

= FFū
U
F

���
implicit

+FF(ū
DC
F

− ū
U
F
)

���������������
explicit

,

(18)rF ∶=
ūP − ūU

ūD − ūP
,

their outstanding performance. The most important advan-
tage of these schemes is that they preserve monotonicity, 
ensuring a stable and non-oscillatory solution. This feature 
is reached by monitoring the r values, permitting the differ-
encing scheme to act if the range of r is between [0, 2] and 
changing to the Upwind scheme otherwise. The r variable 
can be interpreted as a second derivative or as a measure of 
the acceleration of the velocity field at F. Values below zero 
or higher than two mean a sharp change in the acceleration, 
being the face velocity totally influenced by the upwind or 
the downwind cell, respectively. For values between zero 
and two, our network should discover how to combine the 
neighboring cell center values. This interpretation justifies 
our second type of blocks, that clip the values of r to the 
acting range [0, 2]. The third block, following Fig. 6, is the 
normalization one. Normalization of the neural network’s 
inputs is a standard process that offers several benefits, like 
faster convergence or enhanced generalization. Moreover, it 
is also necessary in this case because the orders of magni-
tude of pressure and velocities are different. We normalize 
the velocities and the pressure in the following way:

where i refers to each component of the mean velocity and 
patm is the atmospheric pressure. Both types of normalization 

(19)ūi
norm

∶=
ūi

max(ūi)
with i ∈ {x, y},

(20)p̄norm ∶= p̄ − patm,

Fig. 6   Architecture’s sketch
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are zero preserving, which means the zero value in the nor-
malized space is equal to the zero in the original one. In 
the case of the velocity, the normalized values are forced to 
be in the range [-1,1], preserving the original sign, which 
indicates the direction of the flow. The normalized value 
is equivalent to the pressure resulting from subtracting the 
reference pressure from the total pressure (summation of 
static and dynamic pressure). An extra transformation for 
enforcing pnorm values between [-1,1] is unnecessary since 
the pressure variation for our flow conditions is very low. In 
cases with high-pressure variation, adding a transformation 
to the pressure similar to (19) would be recommended.

The next block, (see Fig. 6), is patch extraction, which con-
sists of going through every internal face of the domain and 
extracting the values of the neighboring cells after fixing the 
desired dimension of the stencil. We establish a stencil size of 
4 × 3 for vertical faces and 3 × 4 for horizontal faces. Figure 7 
depicts a graphical description of the stencils employed.

Special treatment is necessary for boundary patches or 
patches associated with faces where at least one of its neigh-
boring cells falls outside the domain. In these cases, we 
fill the missed values with an artificial value, particularly 
with zeros, similarly to the padding applied in CNNs. This 
approach is linked to the election of the previous normaliza-
tion since a cell with zero velocity and pressure in the nor-
malized spaces means a wall cell with atmospheric pressure 
in the original spaces. We deal with the patches rather than 
the complete domain, aiming to exploit the local features of 
physics. CNNs were employed in previous works [15, 22] to 
extract the flow features accurately. However, our approach 
exploits the local features of the physics that describe the 
fluid dynamics to construct smaller neural networks, train 
the model with fewer data snapshots and reduce the training 
cost. Therefore, our procedure is “patch-based” rather than 
“domain-based”. Thus, we consider small patches, where the 
main benefits of CNNs are impaired. Hence, as we do not 
find significant reasons for selecting CNNs over other types 
of architecture, we decided to employ the simplest one, the 
fully connected neural networks. Other architectures will be 
explored in future works. The patch extraction block also 

separates the patches generated in the function of the internal 
face in xfaces or vertical faces and yfaces or horizontal ones.

Afterward, the two groups of patches are sent, as Fig. 6 
depicts, respectively to two neural networks Nx

e
 and Ny

e
 of 

the same shape, which act as encoders compressing the patch 
information ( rx, ry, ūx, ūy, p̄ ) to a latent space. We gather 
these networks’ output and insert them into a third neural 
network NG , which generates the modified interpolation 
weights w̃ . Finally, in the last block, called uF computation, 
we obtain the mean face velocities based on the original 
mean velocities following (11). Figure 6 outlines the blocks 
defined and their connectivities.

The neural networks Nx
e
 and Ny

e
 are composed of four 

hidden layers of size 53, 49, 45, and 41, while the network 
NG has two hidden layers of size 31 and 32. Altogether, the 
trainable parameters of the models add up to 22,036. In the 
case of the activation function, we employ the hyperbolic 
tangent to all the present layers. We initialize these neural 
networks following the standard Keras initialization, namely, 
the weights employ a uniform Xavier/Glorot initialization 
[49] and the bias are set to zero.

4.3 � Strong restrictions

4.3.1 � Interpolation accuracy

We enhance the numerical accuracy of the convective pro-
cess using some modified interpolation weights w̃ = (w̃x, w̃y) 
generated by our neural network; thus, we need to guarantee 
that the interpolation is at least first-order accurate like it is 
done for typical polynomial interpolation. We ensure the 
accuracy required by imposing the following restrictions:

where N is the stencil selected around face F.
We impose this restriction following the technique 

described in [21, 22], which applies an affine transforma-
tion w̃ = Ax + b to the unconstrained output x of the neural 
network. Starting from the linear system of equations C� = � 
constructed from the standard formula for generating the 
finite difference coefficients for a N-point stencil, we define 
the reduced constant matrix Cr as the first N − 1 rows of C . 
Thus, the matrix A is the nullspace of the reduced constraint 
matrix, and the vector b is an arbitrary valid set of interpola-
tion weights. In this case, it equals the standard-finite differ-
ence solution � . Thus, if we need N interpolation weights, 
our neural network will generate N − 1 , and we obtain the 
remaining one using this affine transformation. We also 
explore other options, such as producing the N unconstrained 
coefficients by the neural network and dividing each one by 
their sum. However, this alternative induced instabilities in 

(21)
N∑
i=1

w̃x
i
= 1 and

N∑
i=1

w̃
y

i
= 1

Fig. 7   Description of the stencil used for vertical faces (left) and hori-
zontal faces (right)
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the training process and produced initial coefficients further 
away from the optimum in the solution space.

4.3.2 � Bounding neural network prediction on boundary 
patches

In a learning model predicting temporal data, we distinguish 
three different regions: short-, mid-, and long-term simula-
tions. The first region encompasses those simulations inside 
the training distribution, which the model should perform 
successfully. Mid-term simulations are those outside the 
training distribution but close to the seen data, so a well-
designed model must predict them correctly. Long-term sim-
ulations are related to predictions far away from the training 
distribution, where a learning model just based on data is 
incapable of being accurate [17] due to the weak extrapolat-
ing capabilities of neural networks.

As mentioned in Sect. 4.2, a desirable property for a dif-
ferencing scheme is monotonicity preserving, which means it 
does not create new undershoots and overshoots in the solu-
tion or accentuate existing extremes. TVD schemes achieve 
this feature through a flux limiter function, which changes to 
the Upwind scheme when the change in the velocity gradient 
is very sharp on both sides of the face. We observed that our 
neural network generally maintains this property, except for 
long-term simulations and boundary patches. The first case is 
a normal behavior in neural networks predicting time series 
related to the degradation of the solution after a great number 
of timesteps. This can be solved in our case by extending the 
training to a higher value of accumulated timesteps T. The 
second issue is not a desirable behaviour and must be pre-
vented to avoid an early degradation of the solution.

The the neural network can produce unphysical predic-
tions for some boundary patches, especially around the col-
umn. This phenomenon is related to the near-wall treatment 
applied to the turbulent quantities and the size of the cells of 
the first wall layer. Consequently, the wall function damps 
the solution on these cells, producing accurate results for 
short-term simulations even if the neural network predic-
tion is completely wrong. However, this small error accu-
mulates and arises during mid-term simulations, producing 
a wrong generalization. Thus, we implement a 1D limiter to 
bound the prediction of our neural network in these types 
of patches, inspired by the limiters of TVD schemes. Thus, 
considering a face F surrounded by its owner cell o and its 
neighbor cell n, we define the lower b− and upper b+ bounds 
of our limiting criteria, such that:

where � is a constant for extending or narrowing the range 
of action of the limiter. We check the mean face velocities 

(22)
b− = min(ūo, ūn) − 𝜆|min(ūo, ūn)|,
b+ = max(ūo, ūn) + 𝜆|max(ūo, ūn)|,

predicted in the boundary patches by our neural network so 
that if they are out of the bounds in (22), we change to the 
Upwind scheme. Hence, we obtain our bounded mean face 
velocity ū∗

F
 as:

being ūF the unconstrained velocity generated by the model. 
As we treat each velocity component uncoupled, this limiter 
is applied independently to each component.

We apply this constraint in the prediction stage once the 
model is trained in an unconstrained way. Otherwise, the gen-
eralization in the surroundings of the column deteriorates. A 
correct selection of � is crucial since, in case of underestimat-
ing or overestimating this parameter, we will not be correct-
ing enough the solution or spoiling the neural network’s pre-
diction, respectively. We set � = 0.3 experimentally using the 
training data once the neural network is completely trained. 
Besides, we employ the same mesh description as Open-
FOAM, so we can easily filter and detect boundary patches.

4.4 � Training process

We built the dataset for training the model from a CFD simu-
lation of the domain described in Section 2 simulated for 
20 s. However, during the first 4 s, the flow shows a tran-
sient and undesirable behavior until the wake starts to be 
formed. For this reason, we discard the first 100 timesteps, 
resulting in 400 training snapshots. We create the input–out-
put entries of the dataset following A, after projecting the 
data to the coarse dimension and after fixing the number of 
timesteps accumulated T, according to the multi-step loss 
function (15). Due to the center-to-face approach, we gen-
erate a number of samples equal to the number of internal 
faces from a snapshot of the complete domain. The number 
of epochs and training samples depends directly on the num-
ber of timesteps accumulated, which will be defined for each 
case in the results section. Algorithm 1 formally describes 
the multi-step training process.

We employ a batch size of 30 and a stochastic gradient 
descent optimizer, Adam [50], with an initial learning rate 
of �0 = 0.01 and the rest of the parameters as default. Moreo-
ver, we use a callback to reduce the learning rate on the fly if 
the training loss did not decrease after a certain number Z of 
epochs. We monitor the training convergence by a stopping 
criterion that checks if the loss function plateaus during a 
certain number of iterations (around 20), once we reach the 
lowest learning rate we set in the callback.

(23)ū∗
F
∶=

⎧
⎪⎨⎪⎩

Upwind(ūo, ūn) if ūF < b−,

ūF if b− ≤ ūF ≤ b+,

Upwind(ūo, ūn) if ūF > b+,
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Algorithm 1   Multi-step training process

Input: θ0,η0,T ,data; // Initial variables and training data
Output : θ∗,�∗; // Optimal weights and optimal loss

1 θ0t ← θ0 ;
2 for t ← 1 to T do
3 (stc,f , ū

t
c,f ) ← BuildTrainingData(data,t); // From CFD simulation

4 �0t ← L((Fc ◦ Ĩc)(stc,f ), ū
t
c,f ; θ

0
t ); θ

1
t ← θ0t − η0 ∂�

∂θ
(θ0t );

5 θ∗t ← θ0t ; �
∗
t ← �0t ; i ← 1;

6 while not converged do
7 �it ← L((Fc ◦ Ĩc)(stc,f ), ū

t
c,f ; θ

i
t); θ

i+1
t ← θit − ηit

∂�
∂θ
(θit);

8 if �it > �∗t during more than Z iterations then
9 ηi+1

t ← Decrease(ηit); θ
i+1
t ← θ∗t

10 else
11 θ∗t ← θit; η

i+1
t ← ηit; �

∗
t ← �it;

12 �∗ ← �∗t ; θ
∗ ← θ∗t ; i ← i+ 1

13 θ0t+1 ← θ∗;

14 return θ∗,�∗

4.5 � Implementation details

The fluid dynamic part of the method has been imple-
mented using OpenFOAM-v2112 [27], while the deep 
learning framework has been TensorFlow [51] in Python 
3.10. Although TensorFlow has a C++ API, we decided to 
implement the data-driven part in Python to easily create and 
deploy learning models. Besides, the machine learning com-
munity has widely developed models using Python. Hence, 
another reason for this decision is not to limit the use of the 
model and expand the outreach to a broader community. The 
training and the simulations were performed in a worksta-
tion with an Intel(R) Xeon(R) W-2295 CPU equipped with 
188 GB of RAM.

4.5.1 � Communication between programs

We work with two different pieces of software that must 
communicate during prediction and training. Moreover, 
they are written in different programming languages, mak-
ing communication more complex. The critical step becomes 
during training since this process requires bidirectional 

communication, as Fig. 8 depicts. The training process also 
requires fast communication because the dataflow path is 
repeated hundreds of thousands of times while optimizing 
the network parameters.

We found libraries in the literature that permit the execu-
tion of Python codes from OpenFOAM, like PythonFOAM 
[52] or Pybind11 [53], as well as codes that launch Open-
FOAM simulations from Python, like PyFOAM [54]. How-
ever, none of these allow communication with the necessary 
characteristics. For this reason, we developed a new, fast, 
and bidirectional communication method. We based our 
method on RAM communication using the Python binding 
Ctypes [55] for transferring data between C++ and Python 
and the Shared Memory technique [56] to allocate data in 
RAM. Furthermore, we created a library for reading/writing 
data in OpenFOAM ASCII input/output format from Python, 
converting it to Python data and vice versa. For testing, we 
implemented a hard-disk communication to compare the 
performance of our method. We observed an 80% run-time 
reduction in the training process using the in-RAM method 
compared to the basic hard disk one.

Fig. 8   Dataflow between 
software
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It is worth mentioning that TensorFlow divides the entire 
dataset into mini-batches of data to exploit GPU paralleliza-
tion. In our case, we ran both the TensorFlow and the Open-
FOAM parts in CPU, but we parallelized the execution of the 
simulations that compose each batch using the OpenMP [57] 
package. That is why our batch size is not a power of two 
as usual since we are limited to the number of CPU threads. 
In the next version of the code, we plan to make the deep 
learning part fully GPU-compatible, so that the execution of 
the code becomes a sequential GPU-CPU-GPU procedure.

4.5.2 � Differentiation of OpenFOAM

In search for the optimal weights of the neural network, 
TensorFlow applies an algorithm called backpropagation 
[58] based on automatic differentiation (also known as 
algorithmic differentiation, or just AD) [59]. This technique 
assumes that any differentiable function F ∶ ℝ

n
→ ℝ

m can 
be described as the composition of elementary functions for 
which the exact derivative is known. Then, the derivative of 
the loss w.r.t. the network parameters is obtained by apply-
ing the chain rule on this composition. Once this deriva-
tive is computed, minimizing the loss using an optimizer 
is possible. This method is feasible because the framework 
of TensorFlow is fully differentiable, so any code can be 
backpropagated as long as it is written using the package’s 
functions.

In Section 4.1, we describe our method as a composition 
of the functions Ic and Fc , while the operator L applied to 
this composition returns the loss, as Figure 9 describes. We 
obtain the optimum parameters of the neural network by 
computing the derivative of the loss w.r.t. the parameters of 
the network � , which in our case is defined as:

The terms �L∕�Fc and �Ĩc∕�� are automatically calculated 
by TensorFlow through AD, but the derivative �Fc∕�Ĩc must 

(24)
�L

��
=

�L

�Fc

⋅

�Fc

�Ĩc
⋅

�Ĩc
��

.

be specified by the user. This is because the operator Fc is 
carried out by OpenFOAM, which is implemented in the 
non-differentiable C++ programming language. Thus, we 
need to compute or approximate the derivative of the for-
ward operator, which in terms of variables is equivalent to 
𝜕ūt+1

c
∕𝜕ūF.

We fill this gap using a discrete adjoint version of Open-
FOAM developed by Towara [60]. This method applies AD 
by operator overloading to the program’s core instead of 
solving the adjoint equations as a continuous adjoint soft-
ware. By evaluating the chain rule on a per-operation level 
through the whole solver execution, it calculates the deriva-
tive we need. Additionally, the code allows to efficiently 
evaluate Jacobian-vector (tangent/forward AD) and vector-
Jacobian (reverse/adjoint AD) products, leading to an eco-
nomical and adequate solution for our problem. Note the 
strong relation in concepts between adjoint AD and back-
propagation in ML [24].

Other alternatives, such as reconstructing the missed 
derivative using finite differences or employing a Bayes-
ian optimizer, are computationally expensive, making these 
options unfeasible for our purpose.

5 � Results and discussion

5.1 � Sensitivity study to the reduction of mesh 
resolution

We first analyze the model’s behavior induced by the resolu-
tion reduction from the fine to the coarse mesh. For this pur-
pose, we define the reduction factor Fr as the ratio between 
the number of cells of the fine mesh and the coarse one in 
each of the main directions:

(25)Fr =
mx

f

mx
c

=
m

y

f

m
y
c

,

Fig. 9   Representation of the forward and backward directions of the algorithm
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where m is the number of cells. As the reduction between 
meshes is isotropic, the reduction factor is the same in the 
directions of x and y. We conducted the sensitivity study 
varying the resolution factor and observing the error by the 
multi-step mean absolute percentage error Ψ under the same 
training conditions. The training with each mesh predicts 
just one timestep, so we fix the number of accumulated time 
steps T to 1, obtaining 399 training snapshots. We establish 
the number of epochs or training iterations to 100, with a 
callback to reduce the learning rate by a factor of 0.5 if the 
loss does not decrease after six epochs. The obtained weight-
ing factors (described in (16)) were almost constant for each 
of the coarse discretizations analysed. For this reason and 
for carrying out a fair comparison, we employed the same 
weighting factors in this sensitivity analysis.

Figure 10a, b gather the resulting value of the loss func-
tion of each component of the velocity once the training 
process is completed (last epoch value). Regarding the effect 
of the resolution factor, we observe a lower degradation in 
the prediction of the Deep-Convection model compared 
with the baseline solver for the x-component of the veloc-
ity. A similar degradation is observed for the y-component. 
For a resolution factor of ×4 , the reduction in the loss for 
the ūx is 45% and for ūy 37%, while in the case of ×32 , the 

x-component exhibits a reduction of 70% and the y-compo-
nent 39%. These percentages may be controlled by varying 
the weighting factors of (16).

Figure 10c shows the computational time required to 
execute one epoch of the training tepoch . We observe that this 
computation time decreases drastically with the increase of 
the resolution factor. This makes the training for a reduction 
of x2 unfeasible due to its computational cost and the fea-
sibility of the x4 case dependent on the available resources. 
For this reason, to test the model in the worst conditions, we 
decided to continue the experiments with the mesh with an 
x8 reduction factor.

One advantageous feature of the model is the fast con-
vergence shown during training. Figure 11 shows how the 
Deep-Convection model outperforms the baseline solver 
after a couple of epochs for both velocity components. 
Moreover, it reaches 81% and 71% of the total loss reduc-
tion for x and y components within the first ten iterations. 
In contrast to previous “domain-based” models presented in 
Section 1, which usually need over 1000 epochs to complete 
the training, our “patch-based” model achieves convergence 
in around 70 epochs. This feature is vital when training with 
more than one accumulated timestep because it permits a 
reduction in the training duration. The rest of the resolution 

Fig. 10   Results of the sensitivity analysis for reducing the mesh resolution. a Error on the x-component of the velocity. b Error on the y-compo-
nent of the velocity. c Training computation time per epoch

Fig. 11   Training curves and loss of the baseline solver for both velocity components for an x8 mesh
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cases show a similar training curve, with almost identical 
speed of convergence. Regarding Fig. 11, we also observe 
the good behavior of the minimization algorithm, producing 
a smooth reduction in the loss. Thus, we can state the correct 
reconstruction of the missed derivative, described in Sec-
tion 4.5.2, and the successful coupling between TensorFlow 
and OpenFOAM.

5.2 � Performance on mid‑term simulation

The promising results of the previous section show that the 
model can predict a single timestep effectively. However, it 
is necessary to evaluate the mid-term performance of the 
model since stability and a correct generalization are cru-
cial for obtaining a valuable method. Thus, we trained the 
model from 1 to 6 accumulated timesteps until convergence 
and from 7 to 13 with a fixed number of epochs. Generali-
zation properties can be improved by training with a large 
value of T. Unfortunately, as T increases, the training costs 
also increase, so it is necessary to find a balance between 
generalization and cost. In addition, the increase in T must 
be progressive. Otherwise, the training will diverge. In the 
first stages of the training with 1 ≤ T ≤ 6 , we can execute 
as many epochs as we want since the cost is affordable, so 
we extend the execution until convergence. For T ≥ 6 the 
execution costs increase. However, by executing a limited 
number of epochs (without reaching full convergence), 
the method retains adequate generalization properties and 
accuracy since the highest loss decrease occurs within the 

first training iterations (see Fig. 11) We also employed the 
callback mentioned in the previous section to reduce the 
learning rate on the fly.

The experiment simulates of the training data from the 
first to the last. Thus, the baseline solver and the Deep-
Convection start from the same initial conditions at 4 s and 
evolve until reaching 20 s, going along 399 timesteps. It is 
evident that the longer the simulation, the higher the effect 
of the coarse mesh in the error since the error accumulates 
from one timestep to another. Furthermore, the relative 
error in the y-component of the velocity is higher than in 
the x-component due to the manifestation of the von Kármán 
effect as an oscillation along the y-axis. Figure 12 gathers 
the evolution of all the variables involved in the simulation.

Figure 12a, b show that the Deep-Convection model 
reduces the error more than 50% both in the x- and y-velocity 
components until t = 12 s. The reduction is even higher for 
the following timesteps, reaching a reduction above 75% of 
both velocity components at t = 20 s. This improvement in 
the performance of the DC model after t = 12 s is due to the 
full development of the flow at this point, being the under-
developed flow harder to enhance. The relative error in the 
y-component of the velocity is almost five times higher than 
in the x-component, as anticipated, and the increase of the 
error with time is much more controlled with the DC model 
than with the baseline one. At t = 20 s, the velocity results 
are completely different, being the ones produced with the 
DC model more similar to the ground truth, as depicted in 
Fig. 13.

Fig. 12   Comparison of results for a mid-term simulation between the baseline solver and the Deep-Convection. a Error on the x-component of 
the velocity. b Error on the y-component of the velocity. c Error on the pressure. d Error on the k variable. e Error on the �  variable
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Figure 12d, e show a similar behaviour of the turbulent 
quantities k and � , reducing the error from 70 to 20% and 
from 50 to 25% at t = 20 s, respectively. Like the velocity, 
the error reduction increases after t = 12 s, when the flow 
becomes a fully developed flow. Hence, the turbulent varia-
bles modeling improves indirectly by enhancing the velocity 
with fine-scale effects. Figure 12c depicts that the pressure 
also reduces its error, but the reduction is far less significant. 
Before t = 12 s, the pressure error of the DC model is practi-
cally the same as the baseline one, increasing after this point 
until around 20%.

Although the improvement in the pressure modeling is 
less significative than in the rest of the variables, we observe 
a greater similitude between the ground truth vs. the field 
produced by the DC model than vs. the field of the baseline 
model, as Fig. 14 shows. Another model limitation comes 
from the computation of hydrodynamic coefficients. Due 
to the problem caused by the law of the wall function (see 
Section 4.3.2), the model predicts drag coefficients with 
no enhancement compared with the baseline model for 
timesteps beyond those seen during training. For this rea-
son, our model is inadequate for computing the temporal 

evolution of drag or lift coefficients. A solution to this prob-
lem could be to add an extra neural network to correct the 
cells affected by the law of the wall function, switch to a 
LES simulation, or impose the hydrodynamic coefficients 
as hard constraints in the loss function. This topic will be 
studied in upcoming works.

Figure 15 depicts the modified interpolation coefficients 
w̃ generated by the neural network. In the case of the x-com-
ponents of these coefficients, we observe that the higher con-
tribution corresponds to the upwind and downwind cells of 
the considered face. Hence, the main contribution of the 
model mimics the Upwind differencing scheme, taking into 
account the directionality of the flow while using the contri-
bution of the rest of the cells to correct the predicted value. 
However, the distribution of the y-components is completely 
different. Although the higher positive coefficients belong 
to the upwind or the downwind cell, the contribution of the 
rest of the cells is more important than for the x-component 
case. This is due, as mentioned before, to the fact that the 
correction needed in the y-component is higher than in the 
x-component. Thus, although both velocity components 
follow the same physics, each needs a different degree of 

Fig. 13   Comparison of each 
component of the velocity field 
and error at t = 20 s between the 
ground truth, the Deep-Con-
vection model, and the baseline 
solver
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correction, which justifies using a separate encoder for each 
velocity component.

A crucial aspect that should be assessed is the computa-
tional cost associated with the prediction of the DC model 
compared with the baseline model, as well as the reduction 
in time compared to the fine simulation and the time invested 
in training the model. Table 1 gathers the computation time 
per simulated timestep of the DC model and the baseline 

using the fine and the coarse meshes employing a single 
processor.

The difference in computation time between the baseline 
model using the coarse mesh and the DC model is due to the 
deep-learning framework. This time difference can be dras-
tically reduced by employing the graph TensorFlow mode 
instead of the eager mode we employed, making it almost 
negligible. In our case, the eager mode is justified in facili-
tating the development of the communication code between 
Python and C++. Despite this penalty, the DC model is 60 
times faster than the fine baseline model. Thus, the results 
Fig. 12 shows take about 4 min, with a 25% error compared 
with the high-precision simulation, which takes 4 h in a sin-
gle core. The time for training the model (excluding the time 
for generating the training data) was 38.11 h, although the 
code can also be further optimized. Based on experiments in 
simpler cases, we estimate a reduction 35% in training time 
could be possible by code optimization, added to the reduc-
tion due to the graph TensorFlow mode. The time employed 
in converting the fine data to the coarse dimension and in 
constructing the dataset from the CFD simulation is negli-
gible compared with the training time, being it in the order 
of seconds.Fig. 14   Comparison of pressure field at t = 20 s between the ground 

truth, the Deep-Convection model, and the baseline solver

Fig. 15   Modified interpolation coefficients generated by the neural network for a face F (in dashed yellow line) and velocity streamlines. a Con-
tribution to the x-velocity component. b Contribution to the y-velocity component

Table 1   Comparative computation time of the different models and 
discretizations

Model Computation time 
per coarse timestep 
[s]

Baseline fine 38
Baseline coarse 0.41
Deep-convection 0.61
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5.3 � Generalization

Once we verified the model’s good behavior under the train-
ing data, we then evaluate its generalization outside the 
training distribution. Theoretically, since the model exploits 
the local features of the physics, it can be applied to any flow 
with characteristics similar to those seen during training. For 
this purpose, we prepare two experiments: (1) extending the 
simulation time of the original case until t = 25 s, and (2) 
applying the model to a case with two tandem columns with 
an extended domain.

In the first experiment, we follow a similar procedure to 
the previous section; both the Deep-Convection model and 
the baseline solver start from the same initial conditions at 
t = 20 s, and they evolve 125 timesteps until reaching t = 25 
s. The ground truth data used for evaluating the performance 
of the models is obtained using the same configuration as 
for the training data. Figure 16 depicts the results of the 
experiment.

Figures 16a, b show that both components of the veloc-
ity follow a similar trend, reducing the DC model error by 
about 50%. In the case of the pressure, both the DC and the 
baseline solver get a similar error, continuing the behavior 
of the training data. For the turbulent variables, Figure 16d, 
e show that the DC model reduces the error compared to 
the baseline solver, although in a minor grade than with the 
training data.

In the second experiment, we extended the domain in 
the x-direction until 21D, and we inserted a second column 
at a distance of 5D from the original, aligned and with the 
same size as the first one. Similarly to the training data, we 
discard the first initial timesteps due to the formation of the 
wake. However, since the domain is larger in this case, the 
wake formation takes longer, so we decided to exclude the 
first 8 s of the simulation. Thus, the experiment starts the 
simulation at t = 8 s and lets both models evolve until t = 20 
s. Figure 17 depicts the results of the experiment.

Although the tandem experiment’s flow regime is the 
same as in training data, the second column introduces 
new fluid behavior, becoming a more challenging experi-
ment than just expanding the domain. Despite this difficulty, 
Fig. 17a, b show that the Deep-Convection model reduces 
the error in both components of the velocity by around 50% 
compared with the baseline. The reduction in the error is 
more evident after t = 14 s, where the wake is fully devel-
oped in both columns, showing the same trend as with the 
training data. Thus, we expect a higher reduction in the 
error before t = 20 s, both for the accumulation of the error 
in the baseline solver and for the full development of the 
flow behind the columns. Figure 17c shows agreement in 
the pressure with the previous results, with no significant 
variation compared with the baseline solver. The turbu-
lent quantities follow a similar reduction than in the time-
extended experiment, with a higher improvement expected 
in the following timesteps due to the total formation of the 

Fig. 16   Comparison of results for the extended-in-time simulation 
between the baseline solver and the Deep Convection model. a Error 
on the x-component of the velocity. b Error on the y-component of 

the velocity. c Error on the pressure. d Error on the k variable. e Error 
on the �  variable
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wakes. For a deeper exploration of the results, we include 
the evolution of some variables along the longitudinal line 
y = 3D∕4 (taking y = 0 the lower wall at the bottom of the 
domain) at t = 20 s in Fig. 18. In particular, we observe a 
better agreement of the velocity generated by the DC model 
with the ground truth and a more precise concordance of 
the DC model to the complex evolution of the turbulence 
viscosity �t , defined as the ratio between k and �.

These results show that the model accomplishes its 
objective of reducing the spatial discretization error in 
coarse meshes. Our model is unaware of the flow regime 
for two reasons: it receives the inputs in a normalized way 
and it does not see any information about the Reynolds 
number. Hence, it is unable to generalize to other Rey-
nodls numbers different from the one it was trained for. 
This limitation is inherent to our model since it was not 

Fig. 17   Comparison of results for the extended-in-domain and tan-
dem simulation between the baseline solver and the Deep-Con-
vection. a Error on the x-component of the velocity. b Error on the 

y-component of the velocity. c Error on the pressure. d Error on the k 
variable. e Error on the �  variable

Fig. 18   Comparison of the variables along the longitudinal line y = 3D∕4 at t = 20 s. a Evolution of the x-velocity component. b Evolution of 
the y-velocity component. c Evolution of the turbulent viscosity �t
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conceived for that purpose. Our objective was to apply 
our method to the fully turbulent regime, so while main-
taining the Reynolds number of the simulation close to 
the Reynolds number of the training data, the model is 
expected to generalize well. In the case of extending its 
application to different Reynolds numbers, it would be 
necessary to include some knowledge of the grade of 
turbulence in the input of the neural network (e.g., tur-
bulent viscosity of the Reynolds number). In the case of 
long-term simulations, the model is expected to produce 
degraded results due to the common problem of neural 
networks predicting time series. We extended the simu-
lation of the two-columns-in-tandem in time to illustrate 
this behavior (see Fig. 19). A solution could be to monitor 
the residual of the NSE and switch to the baseline solver 
when the residual is over a certain threshold, as done in 
[17].

6 � Conclusions and future work

We have developed and validated an OpenFOAM-embed-
ded deep learning framework for incorporating fine-scale 
effects and flow structures into coarse mesh numerical 
simulations, minimizing the spatial discretization error at 
a reduced computational cost. We employed a feed-forward 
neural network to replace the traditional differencing scheme 
for the convective term. The model learns from simulations 
generated with a fine mesh and modifies the coarse solver to 

generate results close to the trained data. The framework is 
an end-to-end differentiable model, so we employed a dis-
crete adjoint version of the CFD code to differentiate the 
physics automatically. We also developed a fast communi-
cation method between the programming languages of the 
programs (Python and C++). We trained the model with 
fine data projected to the coarse dimension for a flow past a 
square cylinder problem at a Reynolds number Re = 5 ⋅ 105 , 
obtaining 60 times faster results with a 25% error for both 
velocity components. We assessed the model’s generaliza-
tion outside the training distribution in a time-extended and 
a two-columns-in-tandem simulation. The model’s response 
was similar in both cases, generating an error reduction of 
50% for both components of the velocity, a slight reduction 
in the turbulent variables, and a similar error in the pressure, 
compared with the baseline model. Hence, our model brings 
a new tool for generating precise results at a significantly 
reduced computational cost with application to a broad range 
of fluid dynamics problems.

As possible future lines of research, we highlight the 
inclusion of a second neural network to correct the pres-
sures and the extension of the method to LES simulations, 
with the objective of improving the drag prediction. Another 
research line would be to extend the technique to unstruc-
tured meshes, considering new architectures like graph 
neural networks. Further research on the influence of the 
down-sampling operator would be highly desirable to under-
stand the method’s capabilities. Finally, following the recent 

Fig. 19   Comparison of results for the two-columns-in-tandem experiment extending the simulation time until failure. a Error on the x-compo-
nent of the velocity. b Error on the y-component of the velocity. c Error on the pressure. d Error on the k variable. e Error on the �  variable
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developments in uncertainty quantification in fluid dynamics 
[61], we find it promising to combine the presented method-
ology with machine-learning-based uncertainty quantifica-
tion for both aleatoric (data) [62] and epistemic (models) 
[63] uncertainties.

Appendix A. Construction of training data 
from a CFD simulation

After performing a CFD simulation with the features 
described in sections 2 and 4.4, we obtain n snapshots, one 
for each timestep ti ∈ [t0, t1, ..., tn] . We down-sample this fine 
data to the desired coarse resolution using the projection 
operator Pc

f
 . Thus, we generate a projected version of the 

fine data that gathers each involved variable (ū, p̄, k,𝜔) at 
time ti , forming the training snapshots di ∈ [d0, d1..., dn].

As seen in (15), the loss function is multi-step, which 
means that the loss is not computed regarding only the pre-
diction of one timestep but regarding several. For this rea-
son, we need to group the training snapshots in input–out-
put samples as a function of the number of accumulated 
timesteps T. A higher number of accumulated timesteps 
will improve the generalization of our model, but it will 
produce a computationally more expensive training pro-
cess. Thus, it is essential to select this variable properly. 
The grouping process, outlined in Fig.  20, consists of 
going through all the available training snapshots and fix-
ing di as training input, while the following T snapshots 

will be the training output. This process will produce n − T  
training samples.
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