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Abstract

This work explores the cavity method from statistical physics as applied to systems
of variables interacting on diluted graphs. The cavity approximation, originally
conceived for studying disordered systems like spin glasses, has evolved into a
versatile framework, providing message-passing algorithms such as belief propagation.
Here we consider both static (equilibrium) and dynamic (non-equilibrium) scenarios,
exploiting the effectiveness of the cavity approach in its analytical as well as

algorithmic variations.

The first chapter introduces the mathematical formulation of the cavity method
as originated in physics and then re-invented in the fields of communications and

computer science.

In chapter two we study the closest vector problem, a prototypical task in discrete
optimization with applications in cryptography and the theory of computational
complexity. By means of a mapping to a spin glass model, the cavity method
provides semi-analytical results for an infinite-size system. These are then compared
with the outcome of approximate optimization on finite instances. Of particular
interest is the interplay between phase transitions in the geometry of the space of

solutions and the performance of optimization algorithms.

In the third chapter, devoted to non-equilibrium dynamics, we introduce and
develop the Matrix Product Belief Propagation (MPBP) algorithm for computing
observables of Markov processes on graphs. We consider how reweighting a process,
an operation which arises naturally when considering inverse problems and atypical
trajectories, can lead to major computational challenges. By leveraging the matrix
product state approximation from quantum mechanics, MPBP reduces computational
complexity while maintaining high accuracy for dynamical models such as epidemic

spreading and Glauber dynamics.
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Finally, chapter four contains ongoing work on an extension of MPBP able to
describe the steady state of stochastic processes on graphs. This is done by exploiting
the Uniform Matrix Product State (UMPS) formalism originally formulated for
homogeneous one-dimensional quantum systems.
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Chapter 1
The cavity method

The cavity method is a powerful tool that originated in statistical physics to deal with
complex problems in disordered systems. It was first developed to tackle systems like
spin glasses, where traditional methods, like mean-field approximations, often failed
to capture the full picture. In its original form, the method was devised to describe
systems made of a large homogeneous bulk comprised of a virtually infinite number
of microscopic degrees of freedom. Later, the same approach was re-discovered
independently in the telecommunications and computer science communities, where
it assumed a more algorithmic character: it was used to compute properties of a
finite number of elementary degrees of freedom, ruled by potentially heterogeneous

interactions.

Here we will recall some basic history and mathematical foundations of the

method. For an in-depth treatment see, e.g. [1, 2].

1.1 A non-exhaustive history of the cavity method

1.1.1 The Bethe-Peierls Approximation

The method has its roots back in the 1930s when Hans Bethe and Rudolf Peierls
introduced what we now call the Bethe-Peierls approximation [3], a significant step
in understanding how particles on a lattice interact with their nearest neighbors. In

particular, they were interesting in studying a simple model of magnetism where
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binary variables {41} representing classical spins, i.e. magnetic dipoles, are attracted
by the surrounding ones through some potential. In the simplified mathematical
representation, each spin is connected to its few nearest neighbors, thus forming a
graph of interactions. According to the axioms of statistical physics, the state of
such system at equilibrium is described by a Boltzmann distribution which depends
on the internal energy of the system when found in a given configuration of +1’s
and —1’s. To compute interesting physical quantities such as the magnetization, i.e.
the proportion of positively oriented spins, one must first marginalize the Boltzmann
distribution. To do so in an exact fashion is a computationally prohibitive task, hence
the need for approximate methods that would return a good estimate while reducing

the computational load.

Bethe and Pierls proposed a strategy which consists in assuming that any two
spins sharing a interaction only influence each other through that direct interaction. In
general this is true only approximately, as the two spins may very well be interacting
via the mediating action of other surrounding spins. However, if there are no loops
in the structure of interactions, in other words if the underlying graph is a tree,
then the hypothesis of direct interaction turns out to be exact. A consequence of
the hypothesis is that if one imagines to remove a single variable from the system,
thus creating a cavity, its neighbors become statistically independent, allowing for
a simplified mathematical treatment. Once the behavior of the system without the
spin is understood, the spin is reintroduced, and its interactions with its neighbors
are taken into account. This gives a recursive way to estimate properties like local

magnetization or correlations.

1.1.2 The independent discovery of an algorithmic version

While the cavity method emerged from the statistical physics community, a parallel
development occurred independently in the field of computer science, specifically
in the study of probabilistic graphical models. This algorithm, known as belief
propagation (BP), was introduced by Judea Pearl in the 1980s as a message-passing
algorithm to perform inference on Bayesian networks, graphical models representing

probabilistic dependencies between random variables [4].

In belief propagation, nodes in a graph represent random variables, and edges

represent pairwise interactions between them. These nodes iteratively pass “messages”
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to each other, updating their beliefs about the states of neighboring nodes based on
conditional probabilities. The algorithm computes marginal probabilities of each
variable by iterating over these local conditional probabilities. As it turns out, the
approximation made by BP is equivalent to the cavity approach. The difference,
which has more to do with nomenclature and conventions than with essence, is that
physicists tend to be interested in infinite-size systems, the so-called thermodynamic
limit. The parameters describing the interactions are either homogeneous throughout
the system, or described by some probability distribution. On the other hand, in
computer science problems, the graph of interactions is typically finite and given and
the parameters heterogeneous.

In the 90’s, following a revival of Gallager’s work on Low Density Parity Check
Codes [5], belief propagation was successfully applied to the problem of reliable
communication over noisy information channels [6, 7]. The statistical physics
community contributed to the analytical study of these topics [8], for a review see
[9]. About at the same time, the cavity method and its algorithmic declinations
found application in the analysis of constrained satisfaction problems (CSPs) from
computer science [10-14]. These problems are particularly interesting in that they

play a prominent role in the theory of complexity.

Many other phenomena have successfully been studied via BP or its variants:
without being extensive we mention compressed sensing [15], learning in neural

networks [16], and matrix inversion [17].

In many of the applications mentioned here, the cavity method features a strong
connection with replica theory. Although beyond the scope of this work, it is worth
mentioning that this parallelism has been widely acknowledged, to the point that the
two often give the same results, and are in some cases considered as the same level

of approximation [18, 19].

Finally, it is worth noting that BP can be seen as a special case of the expectation
propagation approximation when performed with a fully factorized trial distribution
[20].
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1.2 Mathematical description

1.2.1 Factor Graphs and graphical models

Factor graphs are a powerful graphical representation that play a central role in
probabilistic inference and the belief propagation algorithm. A factor graph & =
((V,F),E) is comprised of two sets of nodes, variable nodes V = {1,2,...,N} and
factor nodes F = {1,2,...,M}, and a set of edges E C {(ia)|i € V,a€ F}. Itis a
bipartite graph as there are no edges connecting two variable nodes or two factor
nodes. Variable nodes are used to represent the degrees of freedom of interest. Factor

node represent functions, or interactions, among the variables they are connected to.

Factor graphs are useful to represent the structure of the local interactions between
variables in a multivariate function such as a probability distribution. Consider a
set of variables X = {x},x2,...,xy} and a global function f(x) that can be factored
into a product of local functions f,(x,) over subsets of variables x, = {x; : (ia) € E}.
This factorization can be written as:

Fx)=T] falxa), (1.1)

acF

where each f,(x,) is a local function (factor) that depends on a subset of variables

A factor graph provides a visual representation of this factorization, where:

* Each variable x; is represented as a variable node.
* Each local function f; is represented as a factor node.

* Edges connect each factor node f, to the variable nodes x; on which f, depends.

As an example, consider a function of three variables x,x;,x3 that factors as:

F(x1,x2,x3) = fia(x1,x2) f23(x2,x3). (1.2)

The corresponding factor graph is depicted in fig 1.1. Factor nodes are usually
represented by boxes, variable nodes by circles.
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f12 f23
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I T2 I3

Fig. 1.1 A factor graph for the function f(x1,x2,x3) = fi2(x1,%2) f23(x2,X3).

Factor graphs are particularly useful in situations where computation is performed
over a large number of variables, especially when the system exhibits a certain
sparsity structure that allows for efficient inference algorithms. In particular, Boltzmann
distributions from statistical physics p(x) oc e BH (%) are suited for such representations
whenever the Hamiltonian H is a sum of local terms H(x) = Y, H,(x,) each

involving a small number of variables. After exponentiation one recovers

p(x) = % [T va(xa), (1.3)

acF

which is of the form (1.1), with y, == e PHa Here B is a real parameter which in
physics is the inverse of the temperature. It can be safely set to 1 in cases where

there is no notion of temperature.

1.2.2 The belief propagation Algorithm

The belief propagation (BP) algorithm is a message-passing algorithm used to
approximately compute marginals of a distribution of the form (1.3) factorized
on a factor graph & = ((VUF),E). For each variable node i € V, we denote by
di={a € F: (ia) € E} the set of factor nodes connected to i, and similarly for each
factor node a € F the set of variable nodes connected to a: da = {i € V : (ia) € E}.
We introduce messages m;_,, and m,_,; on each edge (i,a) € E as the marginal
probability laws of x; in the cavity graph where some interactions are discarded:
mi_q(x;) is the marginal of x; when factor a is removed, and m,_,;(x;) is the marginal

of x; when one removes all the factors in di\ a. The BP messages obey the following
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recursive equations:

1

Mi—q(X;) = . H mp_i(X;)
Li=a pegia 14
1 (1.4)
Mg —i(x;) = . Z Va(Xa) H mjﬁa(xj)
Za—si X9a\i jeda\i

where z;_,4, 24— are normalization factors. On a tree, i.e. a graph with no loops, the
equations above can be solved by sweeping through the graph twice, once inwards
from the leaves to the core and once outwards. Also, and perhaps more importantly,
messages computed as above can be used to obtain marginals p;(x;) = Yixj} i p(x)
of the probability distribution under consideration.

On the other hand, on a graph with loops, the BP algorithm is in general not
exact. In this case, one initializes the messages to some random values and then
iterates (1.4) until a fixed point is found. On a fixed point, messages are used to
compute beliefs, which are estimates for the true marginals. The extent to which BP
on a loopy graph is wrong is often hard to quantify, although there exist rigorous
results for some specific instances [21-25]. A brief summary of the limitations of

the cavity assumption on graphs with loops is given later in section 1.2.6.

The calculations of observables presented in the following assume messages to
be at a fixed point, and it will not in general provide an exact answer unless on a tree.

The belief for a generic variable x; is given by

1
pi(xi) = = [ | masi(xi) (1.5)
< acodi

where z; is the constant necessary to properly normalize to a probability distribution.

The joint distribution for the set of variables incident on factor a, factor belief, is
given by

1
= —Vu(Xa) [ mjmalx)) (1.6)

Pa(Xq) =
Za j€da

where again z, is the appropriate normalization constant.

For later convenience, let us define quantities

Zai = Y Masi(Xi)Misa (%) (1.7)

Xi
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on every edge (ai) € E. Tt will be useful in the following to express message

normalizations z;_s4,Z4—; in terms of z,;:

bi(x,') = Z ba (Xa)

Xa\i

— Y 1w, (x0) [T mias)

X\ L4 i€da

1
= _Z‘Pa(xa) H M jq(Xj) Mia(Xi)
Za Xo\i jEda\i

[\

(1.8)

—
Za—siMai(Xi)
o
= 2 i (x) i (x;).
Za

Since b;(x;) is normalized by construction,
Zosi
1=Y bi(x;) = 24 (1.9)
Xi Za

and therefore

Zai = 2. (1.10)

Zai

Similarly, in order to express also z;_,, in terms of z,;, one can re-write the

expression for b; separating the a-th incoming message

bi(x;) = ! TT mi(xi) mai(xi)

% pedi\a

ZimsaMia(X;) (.11
2
= %mia(xi)mai(xi)-
l

Again imposing normalization for b;, one gets

Zi
1= Y bil) = =z (1.12)
Xi l

giving
Zissg = —. (1.13)

Zai
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Let us mention that for graphs where interactions are pairwise, i.e. factor nodes
have at most two neighbors, the BP equations simplify considerably. We will exploit

such simplifications in some examples later in this chapter, as well as in chapter 3.

1.2.3 The Bethe Free Energy

BP also provides an approximation to the free energy associated to the distribution
(1.3), defined as F' = ~B | log Z. Motivated by how one can re-write the free energy
in cases where the distribution is factorized on a tree, the Bethe Free Energy as a
function of node and factor beliefs F5¢¢[b] is defined by [1]

—BFEhelb] = — Y'Y by (x,)] [f; i’:j)} _Z(l — |8i|)Zbi(xi)log [b;(x;)]

a X,
(1.14)

where |di| is the degree, i.e. the number of neighbors, of node i.

It is possible to derive an expression FB¢the [m] for the free energy only in terms
of messages. This is found to be a more convenient form when one wants to, for
instance, compute the average free energy over distributions of messages obtained
via the cavity method. We report here the full derivation since it is sometimes omitted
in textbooks. Substituting the definitions for node and factor beliefs in the logs in
(1.14),

log [‘[;f;((z))} = log [l I mia(xi)]

i€da (1.15)
— Z logmiq(x;) —logz,
i€da
logb;(x;) = Y, logmgi(x;) —logz; (1.16)
acadi

The first term in (1.14) is

SV Y ba(xa) log {f}’, } LYY bulxa) Y logmia(x) + Y Y bux) ogz,

a Xq a Xq i€da a Xq
\‘,_./
= —ZZb X) Z logmiq (x; +ZlogZa
a X, i€da

(1.17)
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The second is

=2 (1=19i) Y bilxi) log [bi(xi)] =

2 (1=19i]) | =X bi(xi) Y logmai(xi) + ) bi(xi)logzi | = (1.18)
i Xj acdi L/_/

1

Z(l—lalD —Zbi(x,') Z logmai(x,-)—i—logz,- .

i X acdi
At this point, the expression in (1.14) reads
—BFBethe —Zlogza +Z (1—19i[)logzi—

ZZb X,) Z logmiq (x;) Z 1—|di|) Zb X;) Z log mg;(x;).
i X;

a Xgq i€da acdi
(1.19)
Substituting further,
Z|ai|10gzl Z|al|10g [Z H Myp; xz ]
i Xi bedi
=Y ) log | Y mai(xi) T mei(x)
i acdi X bEdi\a
— ——
| Mig(Xi)Zisa | (1.20)

=Y ) log | mai(xi)mia(xi)zisa

i acdi Xi

N J/

Zai

= Z (10g Zai +10g Zi—m) .
(i.a)
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Now

_ g bethe _ Zlog 20+ Zlogzz Y logzi— ) logzi
(i,a) (i,a)

—ZZb Xy) Z logmiq (x;) Z 1—|di|) Zb X;) Z log mg;(x;).
i X;

a Xq icda

acdi
(1.21)
Expanding logm;,(x;) in the fourth term,
Y'Y ba(x4) Y logmia(x;) =
a Xg icda
ZZba(XG) Z Z log mp;(x;) ZZb Xy) Z logziyq =
a Xq i€dabedi\a a Xq i€da (1.22)
1
Zzba(xa) Z Z logmbz Zlogzl%a
a Xq i€dabedila (i,a)
therefore

_ﬁFBethe :Zlogza —+ ZlOgZi - Z 10gZai _W
a i (i.a) i

Y'Y b(xa) Y Y logmbi(xi)JrEl/Og% (1.23)
a Xq i€dabedi\a ]
—Z (1—19i]) Zb xi) Y logmai(xi).

acdi

Now the goal is to get rid of the two last remaining terms. We re-arrange the
sums in the fourth term in order to recover the definition of b; as marginalization of
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by
Y Y buxa) Y, Y logmy(x) ==Y Y Y YY) ba(xa)logmyi(x;)

a Xgq i€dabedi\a a jedabedila Xi Xq\i

~——
b,‘(x,')
= —Z Z Z Zbi(xi) logmb,-(xi)
a jcdabedila Xi

We can substitute Y , Y ;c9, With ) ;Y ,c 5, since they both count each edge exactly

once

==Y Y Y ) bixi)logmp(x;).
i acdibedi\a Xi
(1.24)

Now the fourth and fifth terms of (1.23) look like

—Z Z Z Zb,-(x,-)logmbi(x,-)—Z(l—|8i]) Z Zb,-(x,-)logma,-(x,-) (125)

i a€dibedi\a Xi i acoi Xi

which gives zero, because the quantity Y, b;(x;)logmy,(x;) is counted (|di| — 1)
times by the summation )¢9, , over all neighbors of i except one (a).

Finally, we get the free energy in terms of messages

1
B

FBethe [m] —

{Zlogza {mia}icoa, Yal + Zlogzi {Mai}acail — Z log z4; [mai, Mia] } .
a i (i,a)

(1.26)
It is worth noting that the expression above contains all terms that are by-products

of the computation of messages and beliefs. Hence, the calculation of the free energy
can be conveniently embedded in the one for the update of messages.

As a final remark, although not shown here, it is possible to show that extermizing
the Bethe Free Energy with respect to the messages while imposing the appropriate
normalization and compatibility conditions, recovers the BP equations [2]. This

provides an interpretation for the BP algorithm with a variational flavor.

1.2.4 Infinite graphs

Belief Propagation naturally lends itself to generalizations in several directions.
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Infinite size

Physicists are often interested in studying systems in the thermodynamic limit of an
infinite number of degrees of freedom. This often leads to analytical simplifications,
besides being a good approximation in many cases where in practice one is interested
in working with very large systems, such as in error correction where codes of large
block length are known to perform well [26]. One obvious strategy is to work with
large enough instances that approximate the thermodynamic limit. However, the
cavity approximation allows for a more efficient approach.

A classic example of infinite-size is the planar ferromagnetic Ising model,
described by the distribution

p(0) o< &P/ L) 9% (1.27)

where {(ij)} are the edges of a square lattice extending indefinitely in space. In this
case, one can imagine to apply the BP approximation by computing messages on
all the edges. Because of the symmetry of the graph and the homogeneity of the J
coupling, it is not hard to be convinced that at a fixed point, all messages should be

equal. It is therefore enough to write a fixed point equation! for a single message
3
m(o) o< [Zef“’m(a’)] . (1.28)
G/

Disorder

Suppose now that the situation is a little more complicated and, while each node in
the graph still has the same number of neighbors, the coupling constants are now
edge dependent J;; and drawn independently from some probability distribution
py. The situation where parameters of the problem are sampled from a probability
distribution is what people refer to as disorder.

One can still avoid instantiating one or many large finite instances of the system.
The idea, going sometimes under the name density evolution [1], is to consider the

probability distribution over the messages induced by the distribution of the J’s.

"Here we used the simplified expression of the BP equations for pairwise interactions, where
usually only one type of messages (here variable — factor) is used.
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Provided that two independence assumptions hold, exactly or approximately: (1)
The J’s are sampled independently on each edge (2) The cavity hypothesis that fixing
the value of a node decouples its neighbors, one can write a BP-like equation for the

distribution of messages. This looks like

k—1 k=1
P [m(0)] = / Dmy - D11 [m<o> < [T %m;(a))| [12 [mj(a))]
j=10;j J=1
(1.29)
where by Dm ; we mean an integral over all possible values taken by a message. This

is usually done only in specific cases where messages can be completely specified

by a single real, or even integer (see, e.g. [12] or section 2.3)).

Finally, disorder can also appear in the structure of the graph. In graph ensembles
such as Erdos-Renyi it’s the distribution of the node degrees which induces a
distribution over the BP messages. An instance of this can be found later in 2.3.

The approach presented here goes under the name Replica Symmetric (RS) cavity
method and 1s explored in more detail in section 2.3. Connections with Replica
theory, which lends the name to this flavor of the cavity method, are beyond the

scope of this work. More details can be found in [1].

1.2.5 Max-sum, or the zero-temperature limit of BP

Temperature, or equivalently its inverse f3, arises naturally in physics contexts.
However, it can be a useful concept to introduce artificially in a computational
problem to study a probability distribution around its regions of largest probability.

In the following we will consider a Boltzmann distribution’ p(x) = %e*ﬁH ),

In the B — oo (zero-temperature) limit, the probability mass concentrates on the
configurations that minimize the energy: x* € argmin, H(x). In this case the average

2Any given distribution ¢ can be cast into this form by defining H(x) := —é logg(x).
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energy equals the minimum one

_ Ly H(x)e PHX

<H> er—ﬁH(X) (130)
Y HE)e BHK)
B—reo x*€argming H(x)
— Zx*eargmian(X) e—ﬁH(x*) (131)
e (1.32)

The entropic component of the free energy vanishes and energy and free energy

coincide
F= —élog;e_lm(x) (1.33)
Fize —%1ogm3xeﬁf’ x) (1.34)
= minH (x) (1.35)
— H(x"). (1.36)

There exists a variant of BP dealing with systems at zero temperature which
works directly with logarithms of probabilities instead of probabilities themselves.
It is called max-sum (or min-sum) and it is useful to tackle optimization problems

defined as the zero-temperature limit of a distribution factorized on a factor graph

p(x) = %eﬁZaHa(Xa). (1.37)

Consider BP messages as defined previously, and the following change of
variables

mia(x7) o< B (%)

mg;(x;) o< Ptai(xi) (1.38)



1.2 Mathematical description 15

whose inverse is

1
hig(x;) = E logmiq(x;) + const
(1.39)

1
ugi(x;) = E logmyg;(x;) + const.

Substituting this definition in the BP equations (1.4), then taking the limit § — oo

gives the max-sum equations

hisa(xi) =Y, up—si(x)

bedi\a
(1.40)
Ug—i(X;) = max | Y (Xq) + Z h]'—m(xj) .
Xda\i jEda\i
Beliefs are obtained as
1
hi(x;) = Elogbi(x,') + const (1.41)
= ¥ ttasilx). (142)
acodi

If the ground state (configuration of minimum energy) is unique, then, modulo

the approximation introduced by the cavity assumption, decision variables

x; = argmax h;(x;) (1.43)

Xi
solve the optimization problem x* = argmin, H (x). In situations where the ground
state is not unique but one is interested in retrieving any one minimizers, some
strategies can be employed to bias max-sum towards a specific solution. These

techniques, decimation and reinforcement, are explained later in chapter 2.

1.2.6 Limitations of the cavity assumption

As anticipated, the cavity assumption holds exactly only on trees, it is only approximately
true otherwise. It was found, at first empirically, that for systems that are not acyclic,

but where correlations decay fast enough along loops, calculations based on the
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different flavors of the cavity method give almost exact results. A paramount example
is given by models living on large, diluted random graphs, such as Erdos-Renyi or
Random Regular graphs. These are graphs sampled from a uniform measure over
all graphs with a fixed size and a certain degree distribution. In the infinite size
limit these locally present a tree-like structure: the subgraph around any node up to
finite distance contains no loop with high probability (going to 1 in the limit of size
N — o).

BP can even be asymptotically exact on such systems, however local tree structure
is not a sufficient condition. A modern point of view classifies problems on random
graphs according to the structure of correlation functions across the system (see
[1, Chapt. 22] and references therein). In particular, given a joint distribution
p(x1,x2,...,xy) and the corresponding marginals
{Piriniy(Xiy s X155+ 5 %)) Yi i, ige{1,2,...,N}» TWO types of correlations are taken into
account. The first is /-point correlations, with / finite with respect to N:

Y

x(l) = N1 Z Hpi17i2>~-~7i1(xi17x12’"'7xiz)_pi1 (Xil)"'pi,(xi,)
i1,y €{1,2,...N}
(1.44)

a measure of how close joint distributions are to being factorized®. This correlation
measure can be related to the stability of the system under small perturbations [1]:
whenever x(l) /N stays finite as N — oo, the system is strongly correlated and hardest

for BP to correctly describe.

There can be situations where /-point correlations vanish but BP still has trouble
converging and finding good solutions. This is due to another type of correlations

called point-to-set correlations. Let us define B;(i) the set of vertices at distance

less or equal than / from a given origin vertex i, B;(i) its complement, and xp, ;) the
corresponding set of variables. The point-to-set correlation function at vertex i and

distance [ is defined as

G(i) = HP;‘,B,(;‘) (xi,Xp, (1)) — Pi(Xi) P,(i) (XB,(i))Ha (1.45)

again as a measure of how “dependent” a given variable is from others far away. In
simple terms, non-vanishing point-to-set correlations mean that variables living in

far-apart points of the graph can still influence each other.

3The sum over all choices of vertices is needed to average over possible inhomogeneities in the
system
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Defining such two kinds of correlation functions allows for a classification of the
possible scenarios. Depending on whether none, both or one of the two vanish at

long distance on the graph, three regimes can be identified:

* Replica Symmetric (RS): both types of correlations are “short-ranged”, BP

and the RS cavity method are asymptotically exact.

* Dynamical 1-step Replica Symmetry Breaking (d1RSB): two-point correlations
vanish but point-to-set correlations are long-range. In this regime there exists a
stable BP fixed point well describing the distribution p(x), however iterations
starting from a random initialization have a vanishing probability of finding it.
Nevertheless, and this is clearest in constraint satisfaction problems, samples
that are typical of p are far apart in configuration space, such that going from
one to the other requires to rearrange a large portion of the system [27]. This
regime can be probed dynamically, hence the name, by initializing a local
algorithm such as BP in a typical configuration taken from p(x), and verifying
that the dynamics gets stuck.

* Replica Symmetry Breaking (RSB): BP and the RS cavity method are not
enough to correctly describe the system. In some cases a so-called static
1RSB picture is appropriate, in which case BP and the RS cavity method need
to be improved upon in order to describe the more complex behavior. The
resulting methods take the names survey propagation (SP) and 1RSB cavity
method, respectively. We will describe both directly for a specific model in
chapter 2, because an example is useful in explaining the idea, and because
implementation details depend substantially on the features of the specific

model.

Other notable generalizations of BP which will not be used in this manuscript
are the cluster variational method [28, 29], later encompassed in generalized BP [2],
tree-reweighted BP [30], a hybrid message passing-Monte Carlo strategy [31], the
integration of BP with tensor network techniques [32].
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Equilibrium






Chapter 2
The closest vector problem

In this chapter, we present a comprehensive study of the Closest Vector Problem
(CVP), a constrained optimization problem that is central to various computational
fields. Despite the apparent simplicity of CVP’s formulation, defined by linear
constraints over the Galois Field GF (2) coupled with a linear optimization function,
the problem exhibits a rich and complex structure characterized by non-trivial phase
transitions. We use the cavity formalism presented in the previous chapter to study
the interplay between these transitions and the performance of message-passing
algorithms that look for approximate solutions to the optimization problem.

We first focus on ensembles of systems where each variable participates in at most
two constraints. This allows us to derive exact results and demonstrate the correctness
of the max-sum algorithm. This result is particularly significant for understanding
the behavior of CVP in simpler, yet highly relevant, instances. We then move on
to explore more complex instances where variables are involved in more than two
constraints. In these scenarios, several critical phase transitions arise. Notably, we
identify two distinct clustering transitions: one affecting the solution space of the
linear system of constraints, and another impacting the solution of the optimization
problem. Between these transitions, the solution space of the linear system remains
well-connected, but the energy landscape becomes glassy, with optimal solutions
forming clustered structures. Surprisingly, message-passing algorithms perform
efficiently in this intermediate regime, only experiencing a decline in performance

once the solution set of the linear system itself begins to cluster.
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2.1 Problem setting

We are going to study a problem whose mathematical formulation can be derived

from (at least) four directions, each originating in a different field of science:

* The closest vector problem (CVP), a classic in discrete constrained optimization

with interesting consequences for cryptography (discrete mathematics).

* The decoding phase of a certain strategy for lossy compression of binary data

from a random source (telecommunications).

* Solving XORSAT formulas with an added bias on each variable to be true or

false (computer science).

* Finding the ground state of a p-spin Ising model with +-1 external fields and

ferromagnetic interactions (statistical physics of disordered systems).

We will show how all can be mapped onto the last one. Once the problem is
framed in a familiar statistical mechanical context, it can be tackled via the cavity

method, in some of its declinations illustrated earlier.

The main motivation for studying this model is that it is an ideal framework to
understand, via statistical mechanics computations, the mechanisms underlying the
hardness in approximating optimal solutions. As we will see, it shows a wide range
of non-trivial properties in the geometry of the solution landscape. At the same time,
it conserves some analytic feasibility by means of linear algebra techniques, coming
from the fact that its configurations are solutions of a linear system of equations.

2.1.1 The closest vector problem

The Closest Vector Problem (CVP) [33] is a constrained optimization problem in
which the objective is to find the vector in a high-dimensional lattice that is closest
to a given reference vector (in general, external to the lattice). In this work we will
study lattices defined by linear subspaces of GF(gq)", the n-dimensional vector space
over the Galois Field GF(q).
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We will be mostly interested in the case ¢ = 2, where the field is based on the set
{0,1}, endowed with XOR () as the addition operation

x®y=1[x#)] 2.1)
and AND as multiplication
xy=1x=1Ay=1] (2.2)

where 1 is the indicator function. With a slight abuse of notation, we will sometimes
confuse the field GF(2) with its base set {0, 1}.

The constrained optimization problem can be formulated as follows. Consider a
reference vector y € GF(2)" and a linear subspace 4" C GF(2)" of dimension k < n,
often referred to as the lattice. y may or may not belong to %, although in the
regimes we will be studying it most often does not. The goal is to find a vector X € €
that is the closest to y

X = argmindy (X,y) (2.3)
XE¥

where distances are measured by the Hamming distance
1 n
du(x,y) = p Y xi®yi. (2.4)
i=1

The problem of finding the closest vector requires, in principle, to go through all
the 2% elements of the lattice, checking their distance from the reference. Indeed, the
CVP has been proven to be computationally NP-hard [34] and hard to approximate,
even allowing a potentially slow pre-processing step [35, 36]. CVP is a fundamental
problem in theoretical computer science: some versions of it were among the first
ones where an equivalence between worst case and average case complexity has been
shown. Such an equivalence has been exploited to propose a robust cryptosystem
[37].

2.1.2 Lossy compression of a random binary source

The CVP offers a direct application in lossy compression of a symmetric binary

source, a.k.a. source coding. In this context, the goal of compression is to reduce an
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input y € GF(2)" into a compressed form ¢ € GF(2)*, where k < n. Decompression
then transforms ¢ back into an estimate x € GF(2)". Distortion is measured by
the Hamming distance dy (y,x), which counts the number of differing components
between the two vectors. A good compression method minimizes this distortion,
and its performance is evaluated based on the average distortion over random binary

inputs.

For example, a simple compression method involves truncating the input to the
first k components during compression and randomly reconstructing the remaining
n —k components during decompression. Naturally, better performance can be
achieved. Shannon established the optimal performance for a given input distribution
by using a duality with the channel coding problem [38—40]. The minimum
achievable average distortion for a binary symmetric source, with a given pair

(n,k), is expressed as
D=H '(1-R) (2.5)
where R = ]E( is the compression rate, and

H(p) = —plogy(p) — (1 —p)logy(1—p) (2.6)

is the binary entropy function, with H~! as its inverse. Figure 2.1 shows the rate-
distortion plane and the corresponding regimes. Throughout this chapter, algorithm
quality will be assessed by plotting rate and distortion values on this plane. The

closer to the bottom-left corner, the better the performance.

Interestingly, random codes form an asymptotically optimal but computationally
inefficient scheme. These codes are constructed by selecting 2¥ random vectors
Vi,...,Vy from GF(2)", known as codewords. The compression process involves
finding the codeword v; closest to y, and the binary representation ¢ of i serves as the
compressed vector. As n and k approach infinity, with a fixed rate R = % the average
distortion (dy (v;,y)) converges to the optimal line [38]. A computationally efficient
alternative can be constructed by replacing random vectors with solutions of random
linear systems in discrete space, as done in [41], which is the approach we adopt
here.

The lossy compression problem for a random uniform binary source is formally

equivalent to that of reliable transmission (channel coding) in a binary symmetric
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Fig. 2.1 The rate-distortion plane and its regimes. The blue line represents Shannon’s bound,
while the orange line depicts the trivial strategy of copying the first k bits and randomly
reconstructing the rest.

channel, as described in [26]. Although channel coding has been studied using the
cavity method [42, 43], the two problems differ in their source vector ensembles. In
channel coding, the source vector is a perturbed codeword, whereas in compression,
it is a random uniform vector. Thus, compression corresponds to a channel coding
problem where decoding errors occur with non-vanishing probability, making it
fundamentally more challenging. Moreover, the sets of "good" codes also differ:
in channel coding, closely spaced codewords degrade performance because of non-
vanishing error rates, while in compression, this proximity is not harmful and may
even offer computational advantages. A more detailed comparison with channel
coding is given in appendix A.1.

2.1.3 XORSAT formulas

Random codes, introduced in the previous section, correspond to the solution set
of XORSAT formulas derived from a random ensemble. XORSAT, short for XOR-
satisfiability, is a type of constraint satisfaction problem in Boolean logic, where
clauses consist of the XOR operation applied to Boolean variables. This class of
problems is an important subset of SAT (Satisfiability) problems, where the objective
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is to determine whether there exists an assignment of Boolean variables, true or false,
that satisfies the given set of constraints or clauses. XORSAT belongs to the broader

class of constraint satisfaction problems (CSPs).

Let H be an m x n matrix with Boolean entries H;, € {0,1}, where i € {1,...,n}
and a € {1,...,m}. The solution set of the corresponding homogeneous XORSAT
problem is defined as

¢ ={xe{0,1}": Hx =0} (2.7)
where the equality is intended modulo 2. Each row of the linear system

Y Huixi =0 (2.8)
i

can be viewed as a clause, or parity-check in communication theory. The matrix
H is typically referred to as the parity-check matrix, and the set of clauses forms
a XORSAT formula. The system is homogeneous, meaning the right-hand side is
the null vector b = 0. This homogeneity does not result in a loss of generality, as
any instance with non-zero b can be transformed into a homogeneous one via gauge

transformation [12].

The random XORSAT ensemble (see [12, 44]) is defined by selecting b uniformly
at random from {0, 1}" and choosing H from a random matrix ensemble. In this
work, we focus on the ensemble where H is sampled uniformly from matrices
that have a prescribed distribution of non-zero entries per row and per column.
The topology of a XORSAT instance can be represented by a bipartite graph ¢ =
((V,F),E). The variable nodes V correspond to the binary variables xi, ..., x,, while
the factor nodes F represent the m constraints encoded by the rows of H. An edge
(i,a) € E is drawn if the variable x; appears in the a-th constraint, that is, if H;; = 1.

A notable characteristic of random CSPs is the emergence of phase transitions as
the number of variables n and constraints m grow infinitely large, while maintaining
a fixed ratio & = m/n, which represents the density of constraints per variable. For
instance, the satisfiability threshold o, separates a satisfiable regime, where o < Qgy
and random XORSAT instances typically admit solutions, from an unsatisfiable
phase, where o > (i, and solutions rarely exist. Another transition, known as the
clustering transition, occurs in the satisfiable phase at o; < 0y. Below oy, the

solution set of typical instances is relatively well-connected, and any solution can
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be reached from another through a path of nearby solutions. Above ¢, the solution
set fragments into an exponential number of distinct clusters of solutions, which are

internally well-connected but isolated from each other.

2.1.4 Mapping onto a p-spin Ising model

All three problems mentioned above can be mapped onto that of studying the zero-
temperature regime of a discrete p-spin Ising model. Besides the convenience of
working in a setting familiar to physicists, this point of view allows to study the same
system at finite temperature, which corresponds to solving a “softer” version of the

optimization problem. This can prove useful in addressing algorithmic issues.
An instance of the CVP, where the lattice is taken to be the set of solution of a

random XORSAT instance as defined above, reads:

% = argmindy (X,y) (2.9)
x:Hx=0

where H € {0,1}"" and y € {0, 1}".

By means of a simple change of variables,
(2.10)

the problem can be re-written as a statistical physics model. We define the probability

law:
1 n n
- 1 .= 1| | P S0 2.11
M) = 7i5) (H [1;10 D =

with B a real parameter. The problem (2.9) is then equivalent to finding the
configuration ¢ maximizing the probability law u (o), or equivalently minimizing
the energy function

E(G) = —iG,’Si (212)
i=1
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under the set of constraints {[];c9,0; = 1}"_,. Note that E(o) can be related to the
distortion defined earlier in (2.4) as follows: E(0) = 2dy(x,y) — 1.

It will be convenient to define a softened version of the probability law (o),
by replacing the hard constraints on the factors 1 [[];c9, 0; = 1] by a soft constraint
P (Micoa 0 ’1), with J a real parameter:

__— o BEs0o) (2.13)

where:

EJ(G) = —Ji

=1

(H o,-—1) —icisi. (2.14)
i€da i=1

The first term is bringing an energetic cost 2J to each unsatisfied clause, while the
second term is the original energy function, which favors configurations close to the
source. In statistical physics, this model is known as the p-spin model in presence
of heterogeneous external fields sy,...,s,. Sending J — oo allows to recover the
probability law u (o) defined in (2.11).

2.1.5 Random ensemble of instances

We will be interested in the characterization of the ‘typical’ properties of this
constrained optimization problem, where typical is defined with respect to a random
ensemble of instances, a property being considered typical if it occurs with a
probability going to one in the thermodynamic limit. In particular, we will consider
random external fields s1,...,s, in which each external field s; is 1.i.d. uniformly in
{—1,1}.

For what concerns the randomness in the choice of the parity-check matrix,
we will borrow from the literature on communications over noisy channels and
work with irregular code ensembles [45, 46]. It is convenient to switch to the
equivalent representation of the set of constraints in terms of a factor graph ¢ =
((VUF),E). We will consider random graph ensembles with fixed degree profiles,
denoted G,(A,P). Let A= {Ay,...,A4,, } be the degree profile of the variable
nodes, with dj,x the maximal degree, and A; the fraction of variable nodes of degree
i. Respectively, let P = {p;,..., p... } be the degree profile of the factor nodes, with
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kmax the maximal degree, and p; the fraction of factor nodes of degree i. The degree
profiles are normalized: Zfl;“‘i"‘ Ai =1and ;™" p; = 1, and they satisfy the following
relation

kmax dmax

mZipi:nZil,-:|E| :
i=1 i=1

We will be interested in the thermodynamic limit n,m — oo, with a fixed ratio
o = m/n, and fixed fractions A;, p;’s independent of n. The ratio « is called the

density of constraints per variable and is related to the degree profiles as follows:
yomax i,
LI ipi

are locally tree-like: the neighborhood of an uniformly chosen vertex within a finite

o= . In the thermodynamic limit, random graphs extracted from G, (A, P)

distance is acyclic, with probability going to 1. Note that in the formalism of lossy

compression, the compression rate R = == can be expressed in terms of the degree
profiles:
dmax :
max lﬂ/
R:l—a:l—%. (2.15)
LIV ipi

As mentioned earlier, CVP is a computationally hard problem. We therefore now
turn to employing the cavity method as a heuristic to provide approximate results, as

well as to study theoretical aspects of the problem.

2.2 Belief Propagation

In this section we apply the belief propagation (BP) and max-sum (MS) algorithms
presented in section 1.2 for the approximation of the distribution under consideration.
When possible, we will work in the slightly more generic version (2.13) with soft
couplings. The hard constraint case J — oo follows directly. We will see how the
specific structure of the problem allows for simplifications: namely, BP messages

can be encoded in a single real number, MS messages in an integer.
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2.2.1 Belief propagation equations

The BP equations (1.4) specialized for the model under consideration read

1 .
Mi—q(0;) = — ePowi H mp—i(0;)
li—a bedi\a 2.16)
1 , ) '
Ma—si(0}) = Z P 1jcoa o) H mjq(0;)
La—i 6yg; j€da\i

where z; .4,z,; are normalization factors. The most attentive reader will have
noticed that these differ from the general form we have given in (1.4) because of the
external field term eP% in the first equation. This is because factors that depend on
a single variable can conveniently be incorporated in the variable-to-factor equation.

It is of course possible, and completely equivalent, to treat them as regular factors.

Variable beliefs are given by

I g6
bi(o) = —ePo T mp—i(o7) (2.17)
< bedi
and factor beliefs by
1 G
ba(0a) = — Y. P/ Tica® TT mj_,a(0;). (2.18)
Za [FP jeaa

Since messages can take only two values, constrained to sum to 1 for normalization,

one can parametrize them using only one real number. Consider the following

parametrization
ePuai(ci)
Ma—i(0;) eBuai(+1)  pButai(—1) (2.19)
eﬁhia(ci)
miea(ci) b

eBhia(+1) -+ eBhia(—1)"

The distributions above can be fully specified by a single parameter defined (with

a slight abuse of notation) as
Ugi(0;) = UaiGi,  hia(0;) = hiaG; (2.20)

in terms of the real numbers ug;, hj,.
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We can re-write BP updates (2.16) in terms of the new messages

PO Lbeaiativi

ePhia0i o BOisi

[Treoira2cosh (Buy;)
s (2.21)
ePraivi o Y ePIoMlicaaioi T ﬂ.
Gai jcda\i 2€osh (Bhja)

The second equation becomes, using the identities ¢* = cosh(x) +sinh(x), cosh(—x) =
cosh(x), sinh(—x) = —sinh(x)

_ o,
e | | . . _ et
e Z cosh ([3]6, H q)—f—smh ([3]61 H 0})] H 2cosh(ﬁhja)

Oa\i L jeda\i jeda\i jeda\i

[ hja0;
oc cosh (BJ) + o; o sinh (ﬁ])] L
= IL o O] T o (g
E[iva 1 emnios] 11 550
o +0; ojtan _
Oai | jcoavi jeoai 2¢0sh (Bhja)
G jePhiad
o 1+ o;tanh (BJ —
: ( )J.el(g\igjﬁcosh (tha)
o< 1 +ojtanh (BJ) [] tanh (Bhja)
jeda\i

o etanh*1 [tanh([i’]) [Tjcoani tanh(ﬁhj)] Oi

(2.22)
from which we read off
1 k
Ugi = Etanh*l tanh(BJ) [ Jtanh(h;) | . (2.23)
i=1
Finally, the two BP updates are
hia =Y, upi+si
bedi\a
] (2.24)
Ugi = —tanh~! | tanh(BJ) H tanh(ﬁhja)]
B j€da\i
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The normalization of variable beliefs are given by

ePBuvioi

H 2cosh

R BO'iSi
=) e —_—
=L ] o

_ 2cosh [B (si+ Ypeqitpi)]
[lpeoi2cosh(Buy)

(2.25)

The normalization of factor beliefs can be obtained via a calculation analogous

t0 (2.22) N
eP"ja0;j

— ﬁfHaaG -
=) e 1H2cosh(ﬁhja)

Oda j€da

(2.26)
= cosh(BJ) |1+ tanh (BJ) I;I tanh (Bh;q)
Jeoda

In the J — oo limit, one has tanh(3J) = 1. The factor cosh(3J) in front can be
disregarded as it is a constant with no physical meaning .

A reasoning analogous to the one done for the first update equation gives an
expression for the beliefs as

bi(0;) o< ePhici (2.27)
with
hi=Y upi+si. (2.28)
bedi

Let us mention that this version of the BP updates, while involving fewer
parameters, can be numerically unstable with respect to one implementing (2.16)
directly. The reason is that tanh is numerically indistinguishable from +1 for large

(absolute) values of its arguments. For instance, in Julia v10.5,

julia> atanh(tanh(20))
Inf

INotice that one can cleanly get rid of it by restoring the —1 in the energy term J[];c9, 0i — 1,
resulting in a e B/ factor multiplying z,. This gives an overall contribution of cosh(BJ)e 8/ =

% which is well-behaved for any J, B positive.
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2.2.2 Max-sum equations

As illustrated in section 1.2.5, the max-sum algorithm can be used to describe the

minimum energy states by taking the 8 — oo limit of the BP equations (2.21). The

first equation is

hia="Y_ upi+si,
bedi\a

just as in the finite-temperature case. Similarly for the beliefs

hi=Y upi+si,
bedi

The factor-to-variable equation is more involved:

UaiOi = 5 e

B

B—reo
— Iga\x [JG,‘ H .Gj—l— Z .hjan] .
—aV jeda\i jeda\i

11 { ﬁgla’f[Jo'iHje&a\iG./'J"Zjeaa\ih_iaoj]}
0g e

After some algebra (see appendix A.3), one arrives to the final result

Ugi = sign hi <min{ min |h; ,J}).
’ (jeg\i Ja) fea“\"‘ d

In summary, the max-sum equations read

Ugi = sign hj (min{min hi ,J})
’ (jeg\i m) jea“\"‘ d

hia =Y, upi+si
bedi\a

h; = Z Up; + ;.
beodi

In the J — oo limit one simply discards J.

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

In the case of a tree graph where max-sum is exact, the belief /; corresponds to
the difference in energy AE; = EM"(4) — EM"(—), where EM"(o) is the ground
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state energy when o; is fixed to the value o. Since the energy function E (o) takes
only integer values, one can deduce that the max-sum messages satisfying equations
(2.33) and max-sum beliefs (corresponding to differences in energy) also take integer
values. This observation will be useful later when applying the replica symmetric

cavity method (section 2.3).

Replacing the hard constraints by soft constraints is equivalent to introducing a
cut-off on the values of the factor-to-variable u,_,; € [—J,J]. The variable-to-factor
messages then take values h; 4 € [—1 —J(dmax — 1), 1 +J(dmax + 1)] where dqy is
the maximum node degree (number of neighbors) in the graph.

Decision variables

Once the beliefs have been computed, the max-sum estimate for the minimum energy

configuration is given by

o; = argmaxb;(o;) = sign(h;). (2.34)

i

It may very well happen that, on a well converged max-sum fixed-point, variables
are undecided, i.e. h; = 0 for some i. This corresponds to having multiple configurations
minimizing the energy, across which variable o; takes different values. Since one is
interested in finding a single minimizer, several strategies can be employed to break
this symmetry and have the algorithm collapse on a single solution. The details are

given in sections 2.2.4 and 2.2.5.

2.2.3 Energy and free energy

On a fixed point, beliefs can be used to compute the average of the energy (2.14)

(E) = — i ((H Oi)p, — 1) - i<o,~>bis,~. (2.35)

a=1 i€da i=1

We showed in the introductory chapter how, at zero temperature, average energy,
minimum energy and free energy all coincide. In this regime, once messages and

beliefs have been computed with max-sum, it is most convenient to compute the
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energy through the Bethe free energy (1.26). Written in terms of messages in the u,

parametrization, it reads

n

F(uh) = Z Fo({hisa}icaa) + ZE’({ua—n'}aeai) + Z Fig(hisa,ua—i) (2.36)
a=1

i=1 (i,a)€E
with
F, | |
= ——=10gz
a ﬁ a
1 eBoihia
= ——log A RE
B (6(1:]]%“—11'1—8161 2cosh(p hi")>
1 " 1
— _log ( Y TI eﬁqhm) + = log [ ] 2cosh(Bhia) (2.37)
B 0ullicoa=1i€da B i€da
B Y |hial +0 (— I1 hia) 2min |hig| + ) |hia|
i€da i€da icoa i€da
=0 (— H hia) Zmin |hia|
i€da i€da
and
F | log
= ——logz
i ﬁ 1
1 Boi(si+Yacoi tai)
=——log Z ¢ -
B & [Tacoi2cosh(Buai)
| . (2.38)
— —_log ZeﬁGt(Si+Zaeaiuai) 4= Z log(2cosh(Buy;))
B O; B acdi
22 it ¥ o+ Y Ja
acoi acdi
and
1 eﬁo-i(hia+uui)
F,=——1o
ia ﬁ g (; COSh(ﬁhia)COSh<Buai) (2.39)
B

—o0
—— —|hia + tai| + |hia| + |Uail
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In summary,

Fa({hi—m}ieaa> 2m(19n ’hz—>a| (H hz—>a>
i€da

({ua—n}aeaz =— |8+ Z Ug—i| + Z ’ua—>z|
acdi acdi
Fia (hi—>a7 ua—>i) = |ua—>i + hl—>a|

+ ‘ua%i‘ + ’hiﬁa’- (2.40)

With soft constraints, i.e. J finite, the factor contribution E,({h;_4 }ic9,) to the Bethe
minimal energy (2.36) is replaced by

Fy({hi—a}icoq) = 2min (J, neq(i)n ]hHaO Q) (H hHa> . (2.41)
l a

i€da
Adding the terms together, something cancels out and we spot variable beliefs /;

+/;{%

"‘Z —|Si+ Z Ugi

)

® ( H hla> 2m1n|hm|

i€da acdi
h;
[ (2.42)
ZX(; _’hia:”ai‘+’hia’+M
=Y o[ -]] hm) 2m1n|h,a|] Z Y |hidl +): (|9i] — 1) |n;|.
a i€da i a€di

Grouping together the second and third terms we see that the free energy is

composed of a factor and a variable term

(19il = D kil = Y [hial | . (243)

acdi

)

iev

)

acF

0 ( I1 h,a> 2mm\hm|

i€da

This expression will turn out useful later in the context of the replica symmetric

cavity method (section 2.3).
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2.2.4 Decimation

The output of the BP algorithm is just an estimate of single-site marginals, and to find
a solution to the optimization problem, one needs to convert these marginals into a
specific spin configuration. However, note that picking 6* where 6, = argmax b;(c;)
does not lead to a good result in general, as it disregards existing correlations between
variables (e.g. in case of problems with hard constraints this strategy can lead to
inconsistencies, since 6* in general does not satisfy the constraints). To overcome
this issue one typically resorts to decimation: sequentially, one variable is fixed
according to its belief by means of a strong external field, then BP (or MS) is run

again until convergence, and so on.

Here we employ a similar strategy which however takes advantage of the set
of XORSAT constraints being a linear system of equations. We first use Gaussian
elimination to build a basis for this linear system, thereby identifying a subset of
independent variables. The decimation procedure is then applied only to these
independent variables. Once all independent variables are fixed, the remaining
variables are determined by the linear constraints, thus ensuring that we obtain a
solution to the linear system. At each time step, the algorithm solves iteratively
the BP equations (2.16) until convergence and computes the marginal probabilities
of each variable. Then, the algorithm picks the most biased variable, i.e. i* =
argmax;(u;(+) — ui(—)) among the independent variables that are not yet decimated,
samples o; € {—1, 1} according to its marginal y; and switches on a strong external
field in the corresponding direction, in such a way that o; is now fixed in the
direction of its belief. In the max-sum limit of B — oo, the system should be fully
concentrated on the configurations of minimal energy. If the minimum is not unique,
then decimation is still needed to break the symmetry between equivalent ground
states. Alternatively, one can add a small symmetry-breaking random external field
so that the ground state becomes unique. This is the strategy we adopted for max-sum
to obtain the results later in this chapter. Survey propagation, presented later in 2.4.1,

is also complemented with a decimation procedure.

2.2.5 Reinforcement

An alternative to decimation is reinforcement, which consists in updating the external

field on a variable according to its belief, thus guiding the system to full polarization.
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Reinforcement is also sometimes called soft decimation, as it sets at each iteration a
soft external field of all variables instead of a strong field on only one variable. The
reinforcement procedure can also be employed to help convergence of MS equations,
the small external fields accumulate during time (before convergence) to drive the
system to a model with strong external fields for which convergence is easier to
achieve. At each iteration ¢ of the max-sum algorithm (2.33), the external field on

each variable is updated according to its belief

D — 0 4 y(e)n? (2.44)

s =
with hl@ the max-sum belief computed at time #, and () a used-defined reinforcement
schedule. In practice, to obtain the results in this chapter, we used the same value at

each iteration y(t) =y ~ Ni;el}' where Nj;., is the number of iterations.

2.3 The replica symmetric cavity method

We now look at the problem of estimating the optimal distortion that can be achieved
for an average instance of CVP sampled from a given random ensemble, in the
limit n — oo. As introduced in section 1.2.4, the idea of the cavity method is to use
the infrastructure of BP (or MS) messages to construct updates for the probability
distributions induced on messages by some disorder in the model. This allows to
work directly in the thermodynamic limit while dealing with disorder. In our case,
the disorder comes from two factors. The first is the randomness of the source
vector s, which we recall is made of independent components, each taken from a
Bernoulli(0.5). The second is the randomness in the graph, whose variable and

factor nodes have different degrees according to some given probability distribution.

We look at p(u) and ¢g(h), which are the distributions for a generic max-sum
message message from factor to variable u,; and from variable to factor A;,, respectively.
One could do the same with BP messages, however we showed how MS messages
for this problem only take integer values. This is a massive advantage, as their

distribution can be specified by a limited set of real parameters.
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2.3.1 Fixed degrees

We will begin by considering an edge connecting a factor of degree k+ 1 with a
variable of degree d 4 1. Later, we will perform an average over the degree profile

according to the desired graph ensemble.

Assuming messages are distributed according to the distributions p(u),q(h), the

laws for the outgoing messages, at fixed degrees, are given by

k
Z 5 fMS h17 7hk))Hq(hl)
= ) (2.45)
Zps Z 0 h?fMS(uh .,ud;S))Hp(ua)
ULy, Ug a=1
where f™ (uy,...,uq;s) and f™(hy,..., k) are shorthand notation for the r.h.s. of

the MS equations (2.33) and &(x,y) = 1 [x =] is the Kroenecker delta function.
Here s denotes one component of the source vector, distributed as ps. In addition to
these two, we can also compute (almost for free) the distribution of a belief, which
an expression similar to g(h) but with d 4 1 incoming u’s.

For practical computational reasons, we will assume || < J although in principle
there is no bound. This way we can build ¢(/) on a computer as an array with indices
fixed at -J:J. Notice that the u’s instead are bounded by +J by construction (see
(2.33)).

Factor to variable

Substituting the expression for the MS update in the first equation in (2.59) gives
k k
pe(u)=Y & umin {17 ‘nllink‘hﬂ}sign 117 ) | [Ta(rj). (2.46)
Ryl J=ses j=1 j=1

First it is useful to distinguish the case u = 0. In this case, we call n the number of

incoming A’s which are equal to zero (there must be at least one for the delta to be
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satisfied) and separate the sum over the zero /4’s and the non-zero ones:

p0= ¥ 5 (0min{s min | }) TTo(s)

hla~~-7hk
k k
-y (fl)q(ow I1 ¥ ahy)
n=1 J=n+1h;7#0
k
=Y (z]z)q@)” [1-4q(0)"" St
n=1
k
=), (ﬁ)Q(O)” [1—q(0)]* " = [1—q(0)]*
g:O
[4(0)+1—g(0)]*
=1-[1-¢(0)"

As for the case u # 0, we can limit ourselves to studying what happens for u > 0
as p(u) = p(—u) by symmetry, since the distribution of the source bit is symmetric.

It is useful to separate the sum over signs and absolute values of the /’s

k k
pr(u) = Z Z 0 (u,min{], __nllink}hj‘}nsign(hj)) Hq(|hj|sign(hj))
|71 ]y x| sign(hy ). sign(hy) J= 0 J=1 J=1

.....

k
= Z 2k=1g (u,min {J, min Vll’}) H‘](hj)
|h1‘7"'7‘hk| J:17~~~~,k

j=1
1 k k
=5 Y JT2a(m)- Y  TJ2a(n)
‘h1|?"'7|hk‘2uj:1 |h1‘,...,‘hk|>uj:1

:% [2 y q(h)r [2 Y q(h)r

h>u h>u

(2.48)
In the second line we used again the symmetry on the signs to write g (|/;] sign(/;)) =
4 (lhj|) = q(h;) and to say that H’;zl sign (/) is positive in half of the possible
configurations of hy,...,h;, namely 2%=1 times. In the third line, we used
{\hll,...,\hk\ : min{],min_,-:h”,k ’hj‘} = u} ={ml,..., || = up\{|h1],..., || > u}.
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Finally,

1—[1—q(0) u=0

2.49
2t { [Yhsu Q(hﬂk - D:h>u(I(h)]k} u>0 4

pr(u) =

Variable to factor

Substituting the expression for the MS update in the second equation in (2.59) gives

d d
Z Z o (h,s—i— Z ua) p(s) Hp(ua). (2.50)
s a=1

up,..ug se{£1} a=1

First notice that py(+1) = ps(—1) = 3, so that

d d
= X Z (h»SJr )y ”a) T[T p(ua)- 2.51)
a=1 a=1

Up,...,.uqg s

This is a convolution power: define g,(h) =¥, . ., L5 38 (h.s+ X2 ua) T2, p(ua)
and build a recursive relation

b1\ bol
“Eotw) £ T30 (nmss B T
up Upyeosllp—] S a=1 a=1 (2.52)
=Y p(up)qy—1(h—up)

up

with b < d and with initial condition
1
26 (h,s) 5 (h,+1)+38(h,—1)). (2.53)

Denoting by ® the convolution operation

(feg) =Y f&) (2.54)
x+y=z
we get
qga(h) =qo®p®---@p. (2.55)
N——

d times
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Thanks to the argument above, the distribution of a belief is analogously given
by
by(h) =qo®p®---®p. (2.56)
——
d+1 times

2.3.2 Arbitrary degree profile

For an arbitrary degree profile P, A, given an edge (a, i) taken uniformly at random,
the probability that node i has degree d (d — 1 neighbors plus a) is A4, the probability
of a having k — 1 neighbors besides i is py, where

gy = PR (2.57)

doax 27 k Kmax +
L i i ip

These are called residual degree distributions in graph theory.

Using these coefficients to weight the incoming probabilities to take into account
the degree profile, gives:
u) o< Y prpi(u)
‘o (2.58)
h) o ; Aaqa(h)

Finally, through (2.45), these result in two self-consistency equations for the
distributions p(u),q(h)

u) “Zﬁk Z 5(u,fms(h1, . ,]’lk)) Hq(lfll’)
k hy,..hy i=1

4 (2.59)
hye<Y AaY ps(s) Y, 8(h, f™(ur, .. uz:s) H
d s Uut,...,uq a=1
These are the RS cavity equations. Just as in the single-instance case, on a fixed
point of these one can compute expectations of observables.

2.3.3 Averages of observables

In the limit J — oo, B — oo, the overlap of a typical configuration with the source

O =Y ,si0; coincides with minus the free energy density of the system. Recalling
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the expression we found in (2.43) for the free energy in terms of max-sum messages,

one gets for the overlap

n

o ) _ 1 <@ <_ I hm> 2min\hia\> _12<<\aiy ~1) rh,-|>
n ma=1 i€da i€da {q(hia) }icoa izl {a(hi)}

1
+ . Z< Z ’hia’>
i=1 \acdi {9(hia) Yicoa
k k
=—a) P ) O (—E’H) 2l,:I§17i“r.17k|hi|ECI(hi)

+Y Ag {d2|h|Qd—l(h) —(d - 1)Z|h!61d(h)}
d h h
(2.60)
where we have spotted the density of clauses or one minus the compression rate
o="=1—-R.
n

The first term can be simplified in a way analogous to (2.48), giving

k k k
Y o6 (—Hh,-) 2i7n]1ink|h,~\Hq(h,-) =2y link|h,-]Hq(h,~)
i=1 Ty i=1 i=1

T By, 01

=25y (4w (2 q(h’>)“

h>0 n=l1 W>h
k k
op (zan) (go)

h>0 nW>h W>h

(2.61)
Finally, the overlap is given by
k k
O=—a) P2*Y h < ) q(h’)> - ( ) q(h’)>

k h>0 W>h n>h (2 62)

+Y Ag {dz |Alga—1(h) = (d 1)) W‘]d(h)} :
a z

h

From the overlap, one can compute the distortion as

D:%(l—O). (2.63)
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2.4 Survey propagation and the 1RSB cavity method

As we will see, in some regimes BP and its replica symmetric (RS) variants are not
sophisticated enough methods to describe the system at hand. In such cases one can
posit a 1-step replica symmetry breaking (I1RSB) scenario. Just as at the RS level
one has BP (and MS) as an algorithm for single instances and the RS cavity method
for ensembles of graphs in the thermodynamic limit, the situation is analogous in the
IRSB formalism. The corresponding algorithm is called survey propagation while
the ensemble version takes the name 1RSB cavity method.

2.4.1 Survey propagation

Survey propagation was first introduced as an algorithm to find solutions to the
particular problem of K-satisfiability [10, 13]. Since then it has been framed as
the algorithmic counterpart of the 1RSB cavity method and it can be derived for a

generic model? from first principles [1].

The idea is to consider an auxiliary model where variables are the Max-Sum

messages u, h described by

Py(u,h) = ﬁ]l (u,h) fixed-point of max-sum | e 7 (®h) (2.64)
where sets of messages are given non-zero probability only if consistent with the
Max-Sum updates, with a weight depending on the free energy F as defined in (2.36).
The so-called Parisi paramter y acts as an inverse temperature for the upper-level
system. Finding a good value for y is in general a delicate matter for which rigorous
theory is still lacking; see section 2.6.4.

In practice, we have defined a new statistical mechanical model whose variables
are messages, given non-zero probability only if they are a solution to the max-sum

equations. On this new outer model, we “simply” apply BP.

2There are, however, considerable restrictions to those models where the BP/MS equations take a
particularly simple form
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Auxiliary factor graph

One can ask what is the new factor graph corresponding to the higher-level model.
For a given pair (a,i) of neighboring factor and variable in the original graph, the
corresponding region in the auxiliary graph is shown in fig. 2.2. Messages, which

lived on the edges of the original model, now are the variables.

Via—i Via—a

Vi—ia Va—sia

Fig. 2.2 Snapshot of the auxiliary factor graph around a node (i,a)

We can rewrite (2.64) with both the indicator function and the free energy split
intro products

P (ll h HlP {uan za}leaa HlP {uan la}aeal Hlea Uqi, la)
(i.a)

(2.65)
where the factors of the new model are of three types
=e yFa H ]1 |:l/tal == {hla}Jeaa\zﬂ
i€da
= e i H 1 [hla = {ubz}beaz\a)] (2.66)
acdi
\Ilia — eyFia
where M $ is shorthand notation for the Max-Sum equations (2.33).
Notice that this can be seen as a Boltzmann distribution
1
Py(u,h) = ——e PNy hsatisty MS (2.67)

E(y)

where the role of the energy is played by the free energy of the underlying model
and the role of the (inverse) temperature is played by the real number y. Additionally,
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we constrain the new variables, i.e. the old messages, to be satisfying the max-sum
equations.

On the auxiliary model, we write the BP equations. In principle there are four
types of messages:

° Via%i(uaia hia)

° Vi%ia(uaiy hia)

° Via—)a(uaia hia)

° Va—>ia(uai7 hia)
plus the ones from ¥;, factors. However, some simplifications are possible. The
messages coming from W;, factors can be incorporated in other equations, analogously
to what happened for the external fields in the BP equations (2.16). The updates for

the first and third kinds of messages are simple enough to also be incorporated in the
others: first, we observe that v;,_,; is just the product of two incoming messages

1 .
Via—>a(uai7hia) = Z.—Vi%ia(uaiahia)eyﬁa (268)
ia—a

and similarly

Via%i(”aiy hia) = Va—n’a(uah hia)eyFia~ (2.69)

Zia—i

Furthermore, the dependence on one of the two sets of (old) messages is
unnecessary. To show it, we write the BP update for v;,_,, and vj,_,;:

1 .
Via—)a(uaiahia) = z eyFm Vi%ia(uaiyhia)
a—a
1 .
= e Z Wi ({ucis hictecar) H Vib—si(Upis hip)
Lia—a {hip ubitpeaina bedi\a
1 . VF,
=——" ) ] [hic = fMS({Mdi}deai\c)} IT vie—iCupi,hip)
Sia—a {hivupitbeoia cedi bedi\a

(2.70)
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The exponents add up, giving

l .
Cia = Fi— Fiy = — 7 log ==
ﬁ Zia
.13 1
= —5logzig

B
. ePubioi Bsio;
e |2 T e

Gi bedi\a

[3—>—0°> _ l log [ H eiﬁ ‘uhi‘ max eBGi(Zbe()i\a ubi“‘Si)
bedi\a Oi

] 2.71)

1 1
= ——log [e_ﬁ Lreoia \ubi\] — —log |:eﬁ|2b€8i\a Mbi+sz‘q
B B

= Z |upi| —

bedi\a

Z Up; + Si

bedi\a

Notice that Cj,, which in principle could depend on both the 4 and u messages,

only depends on uy;.
So,
1

: H 1 |:hic :fMS({Mdi}deai\c) e*)’@‘a({ubi}beai\a) H Vib%i(ubi,hib)-
Lia—a {hiv upitpeaina c€Ii bedi\a

(2.72)

Via—sa (uai7 hia) =

Similarly,

1 .
Via—)i(uaiahia) =—2eh Z lPa({Mak,hka}keaa) H Vja%a(”ajahja)

Zia—i {uaj.hja} jeaari jeda\i
1 F; —yE, -MS
= - .ey ia Z e Va H 1 [”ak =f ({hla}leaa\k)] H Vja—m(uaj;hja)-
Ya=t i) ieaa keda j€da\i

2.73)
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Here the exponents become

1 Z
Cai ::Fa_Fia: _Blogz__a
ia

1 ePhiac;

:_Elog Z Z H leja)

G; G, SAT j€da\i (2.74)

ﬁi) _llog [ H e Plhial  max eﬂz_jeaa\ihjacj]
. . 0;,0,)\;:SAT
JjEda\i =a\i

1 1
= ——log [e*ﬁ Yreaira |hja|} — —log [eﬁ Zbe&i\a|hja|:|
B B
-0,
giving

1

TT 1 [ = £ ({hiabicoan) | TT Viesaltass hja)-

a1 (4, hia} jean  kEDa jedai

Via—i(Uais hia) =
(2.75)

Notice that vj,_,, does not depend on u;, as well as v;,_,; does not depend on #;,,.
We can therefore make the ansatz that a consistent solution to these equations can be

found of the form (taking the opportunity to move to a less cumbersome notation)

Qia (hia) = Via—m(hia) (276)

Pui(Uai) = Via—i(Uai)
Now the sums on the £;;, in (2.72) only act on the respective |di| — 1 indicator
functions giving 1. The same happens for the sums on the u,;’s in (2.75). The

equation for Q admits further simplification using the constraint imposed in the delta

1 _ M| — N
Qia(hia) = Z_ Z 6 <hia _ Z Up; — Si) e y(Zheat\a ‘Mbl| ‘Zheaz\uubz'i‘&’) I_I Pbi(ubi)
"4 {upitpeoina bedi\a bEdi\a
1 A _ s
= ?ey|hza‘ Z o <hia _ Z Up; _Si> e )’Zbeaz\ambz‘ H Pbi(ubi)
“ {upitpeaina bedi\a bedi\a

2.77)



48 The closest vector problem

Survey

When working on single graph instances, we would like to obtain marginals for
each variable i and use them as decision variables to find a solution. This can be
done by adding n extra factor nodes {4;}; to the auxiliary graph, each attached to

one (original) variable i. Messages i — h; will contain the information we seek.

Messages h; — i flowing out from these nodes towards the rest of the graph will be
uniform, hence they will not be seen by the rest of the system, keeping the whole
probability distribution untouched. We can also imagine to incorporate in factor i the
constraint to be fulfilled by MS beliefs, namely #; = s; + Y jc9; upi- The situation is
depicted in fig. 2.3.

h.: eYFia
(3

Q

Via—i Via—a

(i,a)

Vi—ia Va—ia

Fig. 2.3 Snapshot of the auxiliary factor graph around a node (i,a) with extra node A;

Following the rules of BP updates for factors,

Bi(hi) =V, (h;)

1
7 )3 (H 1 [hlc = " ({uaitacoic) ]) 1 [hi =Y wi+si
' {”bhhib}beaz c€di bedi
1
=— Z e V(= Ihil+Lpeoi |unil) <H 1 [hlc — {“dz}deaz\c)]>
" {upishiv Y peai cedi
x1 [hi =Y wpitsi| [ Poilup)
bedi bedi
1
:_ey\hil Z e*yibeai\ubi\(g <hi—Si— Z Mbi) H Pbi(ubi)
i {upitpeai bedi bedi
(2.78)

which is unsurprisingly very similar to the update for Q,;.

T Poiusi)

bedi
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Finally, the survey propagation equations read

= ¥ o (w= pip sl T sin0) T 0t

{ ]a}jeaa\l J€ a\ jeda\i jeda\i

Qia(hia)zziey|hi“| Y 5(hia— Y l/lbi—Si> [T Poiupi)e

ia {upi}beoia bedi\a bedi\a

1
Bi(h)=—_e"l Y & <hi—Si— Y sz> T Piuepi)e ™.
Zi {upitpeai bedi bedi 2.79)

7

The computational complexity of the updates in (2.79) is manifestly exponential
in the factor and node degrees. In appendix A.4, we show how such cost can be
brought down to polynomial.

2.4.2 Average overlap

We wish to compute the free energy of the lower-level system averaged over the
distributions resulting from a fixed point of SP variable and factor beliefs, in order to
obtain a probability distribution to average over. Variable beliefs are given by the

product of incoming messages

1
F;
Bia(hiavuai) = ?ey “VisiaVa—sia
a
— _eyFia via%ae_yFia Via—>ie_yFm
Zia
1
—VF i
= ia(ttai la)Qia(hia)Pai(uai)
Zia
1 , e —lus
— _ey(|hla+ual| ‘hza‘ |uwDQia(hia)Pai(uai)-

ia

(2.80)

Factor beliefs are of two types, one for ex-variables i and one for ex-factors a

1 1
Bi({“ai}aeal) = 7 lP I_I Pm uaz — Ze —VFi({#ai }aeai) H Pm uaz

L acoi 2.81)
Ba({hia}ieaa Z \P H Qla la — _e_yF ({hza}leaa I_I Pal Mal

a i€da acdi
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where we dropped the indicator functions in ¥; and ¥, since they were functions of
the “other” set of messages ({hj,} for ¥; and {u,;} for ¥,).

To compute the average overlap, we need to compute the average of F', the free

energy of the original model, over the probability distribution B we just computed

< Fu({hia}) +ZF {uai}) ZFia(hiaa”ai)>
B (2.82)

= Z {hm} Z {ual} (Z)< la(hia’ u“i)>Bia

and
0= ——(F)s. (2.83)

n

Some further simplifications are reported in appendix A.S.

2.4.3 1RSB free energy and complexity

The 1RSB formalism gives access to two more quantities, playing the role of free
energy and entropy for the auxiliary model whose variables are BP messages.
The IRSB free energy is related to the logarithm of the partition function E(y)

of distribution (2.64)
1

F™"(y) = =~ logE(y). (2:84)
y
Z(y) can be obtained by means of a Bethe factorization analogous to the one in
(1.26).

The role of the entropy is played by the complexity ¥(y), which is related to the

number of solutions at a given “inverse temperature” y. It can be computed as

£() =y [0 ™ ()] (285)

where O(y) is the average overlap, corresponding to the free energy of the underlying
model and to minus the energy of the outer one. A complexity value of zero indicates
that there is only one solution to the max-sum equations. Negative values of the
complexity are a good diagnostic for wrong assumptions: it might be the case, for

instance, that a 1RSB picture is not appropriate.
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2.4.4 The 1RSB cavity method and population dynamics

Analogously to what we have seen at a replica symmetric level, the recipe to deal
with probabilistic ensembles of models in the thermodynamic limit is to write self-

consistency equations for the distributions of SP messages. These are:

k
~ [ poi Doyt [P= 7" (@u.....00] [T 2(2))
o (2.86)
2(0 /DP1 .DP,1 [Q 7SP(P,... P ]H@ P,)
b=1
where 7 and £5F are shorthand notation for (2.79). These equations always admit
a trivial fixed-point

Z(P) =) p(h)8[P,5(-—h)]

h

Y q()3[Q,8(- —u)]

h

(2.87)

S
©
I

with p(u) and g(h) solution of the RS equation (2.59). In the RS phase, this trivial
fixed-point is the unique solution, while in the 1RSB phase, the trivial solution

becomes unstable and the above equations admit a non-trivial solution.

It is clear that, since SP messages are complicated distributions themselves,
managing distributions over those is unfeasible. The typical strategy is then to keep
a finite population of SP messages (actually, one population of P messages and one
population of Q messages) playing the role of a finite-sample approximation to the
distribution of distributions. This finite set of messages is updated by an iterative
procedure:

1. Sample a factor node degree k from the residual distribution (2.57)
2. Sample k messages from the Q population
3. Compute the outgoing P message according to the first SP equation in (2.79)

4. Replace a message at random in the P population with the newly-computed
one

5. Repeat
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and analogously for Q-messages. The procedure is iterated until some convergence
criterion is met, for instance the average first moment of the population reaches a
stationary point. Beliefs, which are then used to estimate observables, can either be
computed on the converged population, or during the iterations together with the

messages.

Notice that in practice, for efficiency reasons, we used a slightly different
procedure. One can sample the degree k + 1 from the degree profile instead of
the residual distribution, then sample k4 1 Q messages. Each combination (there
are k+ 1 of them) of all-but-one of these, passed through the SP update, gives an
outgoing P message. The k+ 1 resulting P messages are then substituted in block
in their the population. Since in our implementation of SP computing one outgoing
message is as expensive as computing all the outgoing messages from a node, this

strategy helped with faster convergence.

The description of the 1RSB cavity method concludes the methodological part
of this chapter. In the following we begin employing the tools just described to study
instances of CVP.

2.5 A simple case: cycle codes

We start our analysis with a family of linear systems called cycle codes which
were already studied in [46]. They correspond to systems of linear equations (in
GF(2)) in which each variable participates in at most 2 equations. In the graphical
representation, a cycle code is a bipartite graph ¢4 = ((V UF),E) in which each
variable node i € V has degree < 2. This particular ensemble has a simple structure
that allows to provide exact results. In particular, we know that max-sum is exact
under some conditions, as already shown in [47]. We also present a greedy optimal
algorithm that, by leveraging a mapping onto another optimization problem on

graphs, is guaranteed to find the optimal solution in polynomial time.

2.5.1 A greedy but optimal algorithm

We start by describing a greedy optimal (GO for short in the figures) algorithm to
solve the optimization problem
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n
in E(x)= mi i D i 2.88
Jpin E(X) = min, Y x5 2388)

which is the {0, 1}-variable version of minimizing the p-spin energy (2.12).

It is an iterative strategy which outputs a codeword at each iteration, with the
guarantee that the energy E(x) either decreases with respect to the previous iteration,

or is at the minimum.

As a preliminary step, if there are any leaves, i.e. variables of degree 1, we add
a constraint connected to all of them. This amounts to adding a new row to matrix
H but does not change the space of solutions: it is equal to the sum of all the rows

where the leaves were involved, hence it is linearly dependent on the others.

Now that all variables have degree exactly 2, it is convenient to consider a slightly
simplified factor graph &’ = (F,E’) were vertices are the old set of factors F, and
the edges ¢ = (a,b) € E’ are linking two ex-factors a,b € F through the variable
node i € V that was attached to them in the original graph ¢. At this point, a set of
edges on ¢’ corresponds to a set of variables in ¢. Two observations are due: the
first is that cycles on ¢’ correspond to cycles on . The second is that, given a cycle
on ¢, a vector with 1’s on the variables touched by the cycle and 0’s elsewhere is a
codeword, because for each clause the number of connected variables that are 1 is

even, thereby satisfying all XOR constraints.

For the iterative part of the algorithm, one keeps a current guess x for the optimal
codeword, which is updated at each step by summing it (modulo 2) with another
codeword. This amounts to flipping the bits in one codeword that are equal to one
in the other (and vice-versa). More specifically, let us first define a weight function
on the edges of ¢’ Wixy) E' — {—1,1} which also depends on the current guess
x and on the source vector y. Edge eg € E’, which as we saw is in one-to-one
correspondence with variable i € V, is given weight

/

W(xy) (ez) =1-2x;®yi
+1  ifx =y (2.89)
—1 ifxl- 75 Vi.

Now, if there exists a cycle .Z C E’ where the sum of the weights of the included

edges is negative, the corresponding cycle on ¢ identifies a codeword x . It is easy
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to see that the new codeword obtained by summing it to the previous guess gives
a new codeword X' = x® X ¢ with a strictly smaller energy. The procedure can be
iterated until no negative cost cycle is present in the auxiliary graph, at which point
the algorithm stops and the current guess is the solution. Crucially, negative cost
cycles can be found in polynomial time, as shown in [48]. [AB: Converges within n
steps].

2.5.2 Comparison of cavity predictions and algorithmic performances
on single instances

We focus on cycle codes with a factor degree profile P = {py, pr+1}, where k is
a positive integer and py, pr+1 € [0, 1] with py + prs1 = 1. The variable degree
profile is A = {4, = 1}, meaning each variable node has a fixed degree of 2. The
compression rate for this family of instances is expressed as a function of k and py 1:

2

R(k, =]1—-—
( Pk+1) K+ pret

(2.90)
By varying k and py 1, the full range R € [0, 1] can be covered. Figure 2.4 shows
the performance of the greedy optimal (GO) algorithm (red circles) and MaxSum
with reinforcement (green squares). These results are compared with the replica
symmetric prediction (gray dashed line). The results in Figure 2.4 are shown in the
rate-distortion plane introduced earlier (see Figure 2.1). The blue line represents the
exact rate-distortion bound, given by (2.5), which shows the minimum distortion
achievable at a given rate R. The red line corresponds to the distortion achieved with
the trivial compression strategy described in Section 2.1.2.

It is worth noting that the MaxSum results show slightly higher distortion than
the GO algorithm, due to the fact that MaxSum does not converge for all instances. In
contrast, the GO algorithm provides the exact solution in all cases. When MaxSum
fails to converge, the strategy was to separate the variables into independent and
dependent sets, as discussed in section 2.2.4. After running the MaxSum on (2.33)
for some time without convergence, the independent variables were fixed based
on their beliefs, and the dependent variables were adjusted to satisfy the linear

constraints.
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Fig. 2.4 Results for cycle codes: rate-distortion performance for the GO and Max-Sum
algorithms on graphs of size n = 1800, with degree profile A(x) = x? and P(x) = pix* +
Prs1X¥T1. Points represent the average over 20 random graphs and source vectors.
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Fig. 2.5 Detail of the rate-distortion diagram at large rate for cycle codes. Two observations
suggest that replica symmetry is not the correct framework: points obtained with the GO
algorithm start to deviate from the RS prediction, and the RS prediction falls below the
Shannon bound for rates close to 1.

For rates up to R = 0.6 (i.e., k < 5), we observe good agreement between the
RS cavity prediction and the results of both algorithms. Numerical analysis showed
that for R < 0.6, the unique solution of the IRSB equations (2.86) is the trivial RS
solution (2.87), confirming that we remain in the Replica Symmetric phase in this

regime.

For higher rates (R > 0.6), several indicators suggest that the RS solution is
no longer accurate. First, there is a discrepancy between its predicted average
distortion and the results obtained with GO on large instances (size n = 16000).
Above R = (.95, the distortion predicted by the RS ansatz even falls below the exact
rate-distortion lower bound. While it is possible that an RSB transition occurs as
k increases, we were unable to confirm this hypothesis due to convergence issues
when solving the 1RSB equations numerically at higher rates. It might also be that
in this regime one cannot exchange the thermodynamic and zero-temperature limit,

and therefore that the cavity method is not correct.
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2.6 Moving to higher degrees

In the previous section, we demonstrated that the constrained optimization problem
CVP on cycle codes, where variable nodes have a degree of at most 2, can be solved
exactly. In this section, we turn our attention to random graph ensembles with
variable nodes of higher degree. We will show that transitioning to these ensembles
has two effects: it enables to reach lower minimal energies for a given rate, at the

same time it adds some computational complications.

We analyze random graph ensembles with a variable degree profile A = {1,143},
meaning a fraction A, of variable nodes have degree 2, and a fraction A3 =1 — A,
have degree 3. The factor degree profile is P = {p3 = 1}, indicating all factor nodes
have a fixed degree of 3. This represents the simplest non-trivial phase diagram. For
this ensemble, the compression rate can be written as a function of the fraction of
degree 3 variables:

1—23

R(A3) = 3

€10,1/3]. (2.91)

We will compare this random graph ensemble to cycle codes, characterized by
the variable degree profile P = {p3 = 1} and A = {A;,42}, where a fraction 1,
of variable nodes has degree 1, and a fraction A, = 1 — A; has degree 2. In this

ensemble, the rate is expressed in terms of the fraction of degree 1 variables:

R(M) = ”T’l‘ € [1/3,2/3]. 2.92)

2.6.1 Results from the Cavity Method

In Fig. 2.6, the left panel presents the results of the cavity method, using both the
RS formalism (solid lines) and the 1RSB formalism (circles). For the ensemble with
degree 1 and 2 variable nodes corresponding to the rate in equation (2.92) (in green),
we observe that the RS and 1RSB predictions coincide, as the only 1RSB solution
found for this ensemble is the trivial RS solution . The minimal distortion for this
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Fig. 2.6 Left panel: zero-temperature cavity prediction of the minimal distortion. In green:
for variable nodes of degree 1 and 2 (2.92), in pink: for variable nodes of degree 2 and 3
(2.91). 1RSB points are obtained by optimizing the Parisi parameter y, see 2.6.4. Solid lines
represent the RS prediction, circles represent the 1RSB prediction. The gray dashed line is
the RS prediction for the ensemble from the previous section (2.90). The two vertical lines
correspond to the clustering transitions for CVP (at RSVP = 1/3, dashed line) and for the
XORSAT problem (at Rff ~ 0.197, solid line). Right panel: zoom-in near R = 1/3, showing
fixed y = 1.0 results for minimal distortion (top) and complexity (bottom), indicating a
continuous clustering transition.
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graph ensemble is higher than for the ensemble studied in the previous section, with
rate (2.90), shown by the gray dashed line.

The more interesting case is the graph ensemble with variable nodes of degree 2
and 3, corresponding to (2.91). The RS prediction (pink line) is evidently unphysical
at small rates, as it falls below the rate-information bound. Therefore, a 1RSB
formalism is (at least) required to produce a reliable prediction of the minimal
distortion in this case: pink circles represent the 1RSB solution, calculated using the
optimal Parisi parameter y = y°P'(R) (see discussion in 2.6.4). The system enters a
IRSB phase when a non-zero fraction of degree 3 variables is introduced, as detailed
near A3 = 0 in the right panel of Fig. 2.6.

Decreasing the rate below the critical value of RSVP = 1/3, marked by the vertical
dashed line in fig. 2.6, left panel, a non-trivial RSB solution arises. The right
panel displays a detail close to the CVP transition (upper-right) and the complexity
computed by the IRSB cavity method (lower-right), showing that such transition is
first order. This 1RSB prediction is confirmed through finite-size analysis, presented
in section 2.6.3. We were able to reach the physical solution down to R = 0.15
(left-most pink circle). Below this rate, no physical solution was found. Additional
details on the numerical resolution of the 1RSB equations, particularly for small

rates, are provided in section 2.6.4.

Decreasing the rate further to Rff ~ (0.197, one encounters the dynamical-1RSB
transition in the XORSAT problem? corresponding to the measure (2.11) without the
external field, at B = 0 (solid vertical line in fig. 2.6).

There is a rate range R € [R?,RdCVP] where the constrained optimization problem
is in a 1RSB phase, despite the underlying XORSAT problem defining the set of
constraints being replica symmetric. This outcome is particularly intriguing because
it indicates that the structure of the constraint set alone does not fully explain the
complexity of the constrained optimization problem. As we will see in the next
section, the role played by these critical rate values is even more important when

considering the performance of optimization algorithms on single instances.
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Fig. 2.7 Rate-distortion performance for max-sum with reinforcement (red stars), for Belief
Propagation with decimation at § = 3 (blue squares), and survey propagation at y maximizing
the 1RSB free energy (green diamonds), on graphs of size n = 1800, degree profile A =
{A2,A3}, P = {p3 = 1}. Points are the average over 15 random graphs and source vectors.
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2.6.2 Algorithmic results

Figure 2.7 is perhaps the most significant plot of this chapter. It illustrates the
performance of three algorithms: max-sum with reinforcement (represented by red
stars), belief propagation with decimation at a finite but large inverse temperature
B = 3 (blue squares), and survey propagation with decimation (green diamonds) at
y = y°PY(R) (refer to the discussion in 2.6.4). Additionally, the results from the cavity
method using the 1RSB ansatz are shown as pink circles.

The two critical values of the rate Rff = 0.25,R§ljVP = 1/3 divide the phase

diagram into three regions:

* Forrate R > RdCVP, the problem is in a replica symmetric phase: RS algorithms
are exact, IRSB ones collapse on the trivial RS solution.

* In the intermediate regime RS? <R< RSVP the CVP is in a dynamical 1RSB
phase, but the underlying XORSAT problem is not. Quite surprisingly, BP
and MS keep performing fairly well, and resorting to SP does not provide a

significant advantage.

* For R < Rj'; also the underlying XORSAT problem crosses a dynamical
transition. The performance of all algorithms degrades: it is comparable

with the trivial compression scheme.

It is worth emphasizing that the algorithmic transition for CVP does not coincide
with the prediction by the 1RSB cavity method, which occurs at RSVP = 1/3. Instead,
it aligns with the clustering transition in the XORSAT problem at Rf; ~0.197, which
governs the constraints but is unrelated to the optimization function. In order to
obtain a complete description of the transition happening in the space of codewords,
we conjecture that a full RSB formalism [49, 50] might be needed. That, however,
would be computationally prohibitive. We can nonetheless hypothesize what happens
to the geometry of the space of solutions as follows.

In the range [R,RSVF], the set of codewords is well-connected. However,
despite the simplicity of the optimization function (2.12), the problem is found in
a glassy phase, where the energy landscape features many local minima separated

by free-energy barriers. Optimization algorithms can still function efficiently: the

3This threshold can be computed by means of the leaf removal algorithm [12].



62 The closest vector problem

solution space is well-connected through paths of solutions, even if they are not
highly optimized, and the continuous phase transition induces correlations that
polynomial algorithms can effectively approximate. As the clustering transition
at Rf; approaches, the solution space takes on a sponge-like structure, with small
corridors connecting regions that will soon become clusters. With the space of
solutions organized with such a topology, the effect of the external field is strong,
creating free energy barriers hard to overcome by message-passing algorithms.
When R < Rff, the most abundant solutions cluster, making jumps between solutions
increasingly difficult and creating substantial algorithmic barriers. In this regime,
the effects of the random first-order transition (RFOT) become evident, and all

algorithms become trapped in high-distortion solutions.

What we find most interesting about the results in fig.2.7 is that BP and MS,
whose degree of approximation is that of a RS ansatz, still perform well inside the
dynamical 1RSB phase. We propose two possible explanations. The first follows
from the geometric argument above: although the “thermodynamically correct”
solutions are already separated by barriers, local algorithms can exploit a network of
well-connected, although suboptimal, solutions. The second explanation is that these
versions of BP and MS are not actually local, due to the strategy we used in case of
non-convergence (finding a basis for the set of codewords, fixing the independent
variables according to their beliefs, the dependent ones are fixed consequently?):
computing a basis for the space of codewords is a global operation, made possible
thanks to the vector space structure of the codewords. In this regime we indeed made

heavy used of this strategy, as BP and MS often failed to converge.

Finally, we observe that in fig.2.7, for rates around R = 0.3, max-sum achieves
a distortion lower than the 1RSB prediction for n — c. This might also due to the

uncorrectedness of the 1RSB picture.

2.6.3 Exact enumeration

While in the case of cycle codes the theoretical prediction provided by the cavity
method could be matched by algorithmic results, in this regime none of our polynomial-
time heuristic is able to reach low enough distortions. We therefore turned to an

exhaustive approach. We conducted an exact enumeration for small graph sizes and

4See section 2.2.4
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Fig. 2.8 Exact enumeration. The four top lines with points correspond to (from top to bottom)
n=16,32,48,96. Further down, the n — oo predictions are made by means of a linear fit in
1/n. In pink: prediction of the zero-temperature 1RSB cavity method.
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Fig. 2.9 Left panel: y dependence of the RSB solution for R = 0.17. Top left: 1RSB free-
energy F!™°, top right: internal distortion Diy(y), where the horizontal black line represents
the rate-distortion bound D;(R). Bottom left: complexity X,(y), bottom right: weight P*'&(J).
Right panel: optimal value of y computed for several rates. Population size is 5-10° and
J =20.

a finite-size study of the random graph ensemble with degree profile A = {4,,13}
and P = {p3 = 1} to compare with the results of the IRSB cavity method.

Figure 2.8 presents the exact results for graph sizes n € {16,32,48,96}. The
data are averaged over several random instances from the graph ensemble G, (A, P).
For each instance, the solution set of the associated XORSAT problem is computed
exactly, and the solution with the minimal distortion is extracted. A linear extrapolation
is applied to approximate the large-size limit, which shows good agreement with the
1RSB cavity prediction.

This exact enumeration procedure allows us to provide predictions for rates
smaller than R = 0.15, below which the 1RSB cavity method fails to yield a physical
solution. We suspect that the correct physical solution may require an infinite replica
symmetry breaking, so instabilities in the 1RSB solution at very small rates are

unsurprising.

2.6.4 Instability in the zero-temperature solution

To numerically solve the 1RSB cavity cavity equations, we employed the softened

measure (2.13), which allows us to represent populations of Max-Sum messages as
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finite vectors of size 2J + 1. In the large B limit, the softened measure (2.13) focuses
on configurations that minimize the energy, as described in (2.14). In the IRSB
phase, these configurations are organized into an exponential number of clusters,

separated by free-energy barriers.

Choosing the appropriate value of y to correctly describe this cluster decomposition
is a delicate task. Based on the foundational work in [51], the IRSB free-energy
Feler, defined in (2.84), should be maximized with respect to y. In practice, for
each value of the rate shown in Fig. 2.6, we analyzed the y-dependence of the
1RSB equation solutions (2.86) for the random graph ensemble with degree profiles
A ={A2,A3} and P = {p3 = 1}. Figure 2.9 (left panel) illustrates this y-dependence
for rate R = 0.17, i.e. in the clustered phase R < RSVP . In the right panel, the
optimal value of y is shown as a function of the rate. For each rate, the IRSB
free-energy F,'™"(y) and complexity Z.(y) (2.85) were computed. Additionally, the
internal distortion Djy(y), derived from the internal energy as Diy(y) =20(y) — 1,
where O(y) represents the overlap corresponding to the internal energy of the outer
model (see (2.85)), was evaluated. With the correct choice of y, Diy(y) provides
a prediction for the minimal distortion. Furthermore, the averaged distribution of

cavity fields was computed as:
PYE(R) — / 42" (P)P(h). (2.93)

From this analysis, we determined the optimal value of y for each rate, yopt(R), as
the value that maximizes the free energy F,/™(y), while adhering to the following
constraints: the complexity is positive, X.(y) > 0; the internal distortion exceeds the
rate-distortion bound, Diy(y) > D;, where Dy is the solution of equation (2.5); and
the averaged distribution P?'€ has no weight at +J.

This last constraint is essential because the Max Sum beliefs /; represent the
difference between the ground-state energies when the variable o; is flipped: h; =
EMin(4+) — EMIn(—). If h; = +J, flipping the variable i either requires rearranging
O(J) other variables or violating a constraint (see the definition of the soft energy
function in 2.14). Therefore, we discard solutions with non-zero weight at 4=/, as

they might correspond to configurations that do not satisfy all constraints.

For the case of R = 0.17, we observe that F,/™?(y) increases smoothly with y,
up to y = 0.46, where there is a sharp transition toward a solution with non-zero
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weight in P2¢(+J). Since all the constraints are met at y = 0.46, the optimal value
is y°P'(R = 0.17) = 0.46. However, as the rate decreases, determining yop; becomes
increasingly challenging due to the growing sharpness of the jump in F!™(y),

reducing the accuracy of this determination.

For rates smaller than R = (.15, we were unable to find a value of y that satisfied
all the constraints. Despite our efforts, we could not identify a physical 1RSB
solution, leading us to hypothesize that a transition to a 2RSB or even a full RSB
phase may occur at smaller rates. Further investigation into this phenomenon is left

for future work.

2.7 Conclusion

In this chapter, we explored the Closest Vector Problem (CVP), an emblematic task
in discrete optimization with applications in cryptography and complexity theory,
and a connection to data compression and satisfiability formulas. Despite its simple
formulation, the problem presents a rich and complex structure, characterized by
phase transitions and clustering phenomena. By mapping the problem to that of
finding the ground state of a p-spin Ising model, we were able to analyze the problem
using the cavity method. Unlike in many other constrained satisfaction problems, the
set of constraints in CVP has a vector space structure. This allowed us to leverage

linear algebraic tools such as gaussian elimination to help in the study.

For a certain family of random graphs, called cycle codes, we show that the
problem is well described by a replica symmetric ansatz, and can be solved exactly
in polynomial time. For more complicated ensembles, finding both the minimum
energy and a minimizing configuration becomes highly non-trivial. Using replica
symmetry breaking-level approximations, we explored how phase transitions in the
geometric properties of the space of solutions affect both analytical predictions and

algorithmic performance.

Overall, the work presented in this chapter constitutes a step in understanding the
inherent complexity of CVP and offered insights into solving it through polynomial-

time heuristics.
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Chapter 3

Reweighted Markov processes on
graphs

While in the previous chapter we employed the cavity method to study a system at
equilibrium, we now turn to a dynamical problem. In particular, we will be interested
in a family of stochastic dynamics which are simple enough to study, but present
consistent computational hurdles once their “reweighted” version is considered. We
will see which physical systems are well described by such reweighted processes,
what the mathematical challenges are, and finally present an approximate method to

compute marginal distributions and other observables.

3.1 Markov processes on graphs

Markov processes on graphs have been used extensively in the literature to describe
a variety of phenomena such as epidemic spreading, reaction-diffusion systems in
biology, opinion dynamics, dynamics of spin systems, and more. See e.g. [52, 53]
for extensive reviews. We will be concerned with Markov processes for discrete

variables, with discrete time evolution.

Let us consider a set of discrete variables x = xy,...,xy, x; € {1,2,...,g;}, found
in some configuration at time ¢ = 0, then evolving through T discrete time steps,
according to some stochastic rule. Any single realization of such process, called

a trajectory, is uniquely identified by the state in which every variable is found at
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every time step. The space of all trajectories is therefore denoted mathematically as

X = {xﬁ}ie{l,z,..,,N}- (3.1)
t€{0,1,...,T}
In the rest of this chapter, we will mostly use bold letters to indicate multiple variable
indices x4 = {x;}jeca (the set of all variables is x = X(1.2,...n}) and overbars for
multiple times indices X; = {x}};—o.7. A full trajectory is denoted by X.

A stochastic process is nothing but a probability distribution over the space of
trajectories p : x — {0, 1}. Such distribution assigns a probability to each realization

(trajectory) of the process.

By means of repeated applications of the definition of conditional probability,

one can always re-write a stochastic process in an “autoregressive” form

T

pX) =[] p(x'{x"} i) (3.2)
=0
where the 0-th term involves no conditioning. Whenever the conditional probabilities
p(x'|{x"},<;) are known in closed form, it means that there exists a simple (stochastic)
time-evolution rule expressing the system’s state at time ¢ given the state at previous

times!

. This is often informally referred to as causality property. A prominent
example is given by Markov processes, the main subject of this chapter, for which it

holds that
(X' [{x"}ucs) = p(x'|x' ). (3.3)

In words, the rule for the time evolution between times ¢ and ¢ + 1 only depends on
the state of the system at time ¢ and not on the full history. Then the distribution for

the full trajectory can be written as

T-1

p(x)=p(x’x',...x") =px*) [T p(x*'|x). (3.4)
=0

In the class of models considered in this work, the time evolution is determined
by interactions among the variables, which are encoded in a graph &4 = (V, E). Here

V =1,2,...,N are the vertices, each one associated to a variable, and E C V X V are

"Here we are not taking into account the complexity of variable x which could in principle take a
prohibitively large number of values.
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edges connecting pairs of vertices. Crucially, in this work we will consider diluted,
in computer science lingo sparse, graphs, i.e. where the number of neighbors for
each node is small enough to be considered a small constant with respect to the total
number of variables. The reason for this choice, which will become clear in the
following, boils down to computational tractability. Taking into account the structure
of the graph, transition rules take the following form

N
p(xTIx) = HW?I(X?I’XZ),»)@) (3.5)
i=1

where di = {j € V : (ij) € E} is the set of neighbors of vertex i in the graph ¥.
The functions {WTL] }is are normalized with respect to xﬁ“ , hence the conditional

probability notation.

The factorization in (3.5) implies that, given the state of the system at time
t, variables at time 7 + 1 are statistically independent from one another. In other
words, (3.5) provides a rule to update the state of all variables simultaneously, what
is commonly known as a parallel update rule. It is important to notice that there
are case where instead a sequential update is relevant. See e.g. the discussion in
appendix B.1.1.

We further ask that the probability for the initial state to be factorized
0 N 0/.0
p(x’) = [Twi (). (3.6)
i=1
All in all, the class of processes studied in this work are of the form

T—1
pX) =T [wed) [T wit (x5, 40| - 3.7)
j t=0

3.1.1 Examples of Markov processes on graphs

We will mostly be concerned with two instances from the class of processes just
described: the Susceptible-Infectious-Susceptible (SIS) model of epidemic spreading
(and some of its variants), and parallel Glauber dynamics for classical binary spin

systems.
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SIS epidemiological model

A family of epidemiological models which were successful despite their simplicity
assigns a discrete variable to each individual in a population, according to their state
of infection to a given disease. One of the simplest is the SIS model, where the
state of each individual at a given time is x} € {S,I}, i.e. they are either healthy (S)
or not (I). Each individual starts with a probability ¥; of being infectious at time
zero. Then at each time step a susceptible node i can be infected by each of its
infectious neighbors j € di with probability Aj;, and an infectious node can recover
with probability p;. Optionally, one can also introduce an auto-infection probability
«;, which has no physical meaning but can prove useful when dealing with some
computational issues. Mathematically, following the notation from earlier in this
section we have:

wi(x) =7, Vi (3.8)

and

1— (1= &) [Ticoi(1 = A;)% 0 ifxt =1
1-— Pi 1fx§ =S.

Variants of SIS such as SIRS (Susceptible-Infectious-Recovered-Susceptible) can
be easily obtained by introducing further states and parameters for the corresponding
transitions.

Parallel Glauber dynamics

Glauber dynamics [54] is a continuous-time stochastic process for binary {+1}
variables. It is a kinetic extension to the Ising model of magnetism. Here we consider
a variation of the original formulation where time is discretized and variables are
updated synchronously, hence the name parallel. Parameters of the model are:
inverse temperature § € R, pair-wise coupling strengths {J;;}j)ee, Jij = Jji € R
and external magnetic fields {A;};cy, h; € R. The Markov transition rules are given
by
eﬁ"f“(ije o1 Jijot+hi)

Wit (o™ |oh,) = ) :
2cosh [ﬁ (Zjeai-]ijoj —i-hi)}

1

(3.10)
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It is worth noting that, while continuous-time Glauber dynamics, as well as the

discrete-time version with asynchronous update, converge to an equilibrium distribution
p(0) o P [X(ij)eE Jijoioj+Licy hioi] (3.11)

which is the Boltzmann distribution of an Ising model, this is not true for the parallel
update rule. However, some equivalence can be restored at the level of single-site
and pair observables. More details on the links between the sequential and parallel

rules of Glauber dynamics can be found in appendix B.1.1.

Other models

Other instances of Markov dynamics on graphs include: bootstrap percolation (which
can be shown to be equivalent to Glauber dynamics [55]), kinetically constrained
systems used to model glassy materials [56], exclusion processes in biology [57], the

voter model of opinion dynamics [58], linear threshold and cascade models [59, 60].

3.1.2 Discrete versus continuous time

Models such as SIS are often introduced in a continuous-time framework as being
governed by ODEs [61, 62]. While continuous-time processes can exhibit substantially
different behavior from discrete ones, in many cases one can make contact between
the two. After all, any modern ODE-based strategy will eventually rely on a
numerical solver applying some time discretization. The continuous SIS model
is often presented in terms of a master equation for variables x;(z) € {0,1} where
0=S8,1=1

%x (1) = —pPixi(t) + (1 —x;(z Z kj,x] (3.12)

JjEIi
where ﬁi,ii ; have units of time~! and are instantaneous rates of recovery and

transmission, respectively.

In models such as this one, where the probability of an event (infection, recovery)
happening in a time unit goes to zero as the length of the unit shrinks, the connection
with the discrete-time variant can be made by picking p; = p;At, A;; = =L At in (3.9)
and sending Ar — 0. In practice, dealing with the discrete-time version with small

At is often enough to well approximate continuous-time behavior (see e.g. fig. 3.7).
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More in general, continuous-time behavior can be simulated by introducing a
further transition which does nothing, i.e. the variable doesn’t change its state, with
a certain probability pg. In this case, the transition takes the form

~t+1/ t+1 _ +1/ 141 +1
W (xS, xd) = (1= po)wi ™ (6 x5, x0) 4+ pod (6T xh). (3.13)
It is worth noting that a small value of py implies that it takes a large total number

of time-steps T in order to describe the same physical time interval. This can become

computationally prohibitive.

3.1.3 Mathematical tractability

A Markov process of the form (3.7) is fairly convenient to treat computationally, as

several basic operations can be performed efficiently:

* Normalization: the distribution is already normalized.

* Sampling: to sample a trajectory, one first samples an initial state for each
variable independently from w?(x?). Then, given the state at time 7, each
variable at time ¢+ 1 is sampled independently from wi™! (x{*!|x  x!). The
computational cost is manifestly linear in 7'. It is exponential in the degree
(number of neighbors) of each node, however this is not a problem if the graph

is sparse.

* Observables: the ubiquitous operation of computing the average of some
trajectory-dependent observable .7 involves summing over the whole trajectory
space

A=(d)=) p(X)Z (), (3.14)
X

an operation whose cost scales exponentially both with the system size N and
the time horizon T. However, good approximations can often be obtained
by a Monte Carlo approach: drawing M samples from p, then replacing the

extensive average with statistics over the samples

. 1Y
A=—=—Y A", xW ~p. (3.15)
M=
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As anotable example of observable average, one is often interested in computing
marginal distributions, i.e. the distribution for the state of a single node i at a

single time-step ¢, Vi, t

pi(x) =Y p(X)8(x,x}). (3.16)

X

Alternatively to the Monte Carlo approach for estimating observables, several
analytical approximation techniques have been proposed, especially in the statistical
physics community, mostly relying on some assumption of site-based and/or time-
based independence. We review them in section 3.3.1.

3.2 Reweighted dynamics

An accurate description of the type of stochastic dynamics described above can
answer questions like “What is the threshold value of transmission probability for
which an epidemic becomes endemic in a population?” or “What will be the long-
time behavior of Glauber dynamics at low temperature?”. But what about questions
like “What is the probability that a certain individual was the zero-patient of a
pandemic given the results of tests performed throughout the population at different
moments in time?” or the more abstract “What is the probability of a very rare
trajectory which will never be seen in practice and whose contribution to averages is
negligible?”. These and other tasks belong to the class of inverse problems, which
are the main scope of this chapter. Provided that one accepts to follow a Bayesian
prescription, the questions above can be formulated as the computation of a posterior
probability distribution

1
p(xX|0) = —=p(X)p(0O[x (3.17)
(x]0) >(0) )p(O[x)
where we are denoting by O a set of observations performed on the system during
the time evolution. p(X) is the prior over the trajectories, which we take of the form
(3.7). p(O[x) is the likelihood, i.e. the probability of observing O for a realization X

of the dynamics.
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We will make the assumption that the likelihood factorizes over sites and time-
steps

O|X Hp (3.18)

and provide examples below for why this is reasonable.

The posterior probability finally takes the form of a reweighted version of the
unconditioned process (the prior) by means of reweighting factors ¢/ (x}) = p(O}|x}):

T-1

N
H ) [T w1, X o (0t | (3.19)

t=0

where we dropped the dependence on the observation set, which is always given. Z
is the appropriate, observation-dependent, normalization constant corresponding to
the marginal likelihood p(O).

In other words, the posterior is a new process which is obtained from the prior by
multiplying the probability of each trajectory according to the observations encoded
in the reweighting factors. Furthermore, the result must be properly normalized.
This seemingly harmless operation is in fact disguising a consistent amount of
computational intricacy. Before diving into that, let us mention some phenomena

that are well described by reweighted Markov dynamics.

3.2.1 Examples of reweighted dynamics
Epidemic reconstruction from partial observations

Suppose to have a model of the form (3.7) for how an infectious disease spreads over
a known network of contacts, together with data coming from the results of tests
performed over a generic subset of the population. Data is in the form O = {0}
where O} € {S,1} is the result of the test performed on individual i at time 7. Under
the reasonable assumption that test results are statistically independent, the likelihood

takes the form

P(OfR) = Ha5(0§7x§)(1 — )!=8(01) (3.20)

i
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where o € [0, 1] is the accuracy of tests, i.e. the probability of giving the correct
result.

In the limit o = 1 of perfectly reliable tests one gets p(O|X) = §(0%,x}). Notice
that this amounts to giving zero probability weight to any trajectory which is
not compliant with all of the observation, and renormalizing the weight for the
trajectories which are compatible with the observations.

Of particular interest in this case are the marginals at time zero {p?(x)};, as
they reveal with which probability an individual was the seed, or zero-patient, of the
epidemic [63, 64].

Large deviations: zooming in on rare trajectories

A typical (pun intended) scenario where reweighted stochastic dynamics appear

naturally is the analysis of rare events.

When dealing with high-dimensional probability distributions, most of the
probability weight ends up being assigned to a small fraction of fypical instances [65].
While such typical realization of a process contribute the most to the computation of
averages, there are cases where one is interested in studying the properties of atypical
events whose probability is exponentially small in the dimensionality of the problem.
In analogy with traditional approaches in equilibrium statistical mechanics [66, 67],
the task can be approached mathematically by introducing a tilted (reweighted)
version of the original distribution. We will display such rather general idea with an

example from Glauber dynamics.

Consider the parallel Glauber dynamics (3.10) for an underlying Ising system
of binary {£1} variables living on a diluted graph of size N > 1, evolving from a
certain initial condition for 7' time-steps

w(©) =[] |w(c?) [Tw(o!""|ch,) (3.21)
j 0

tHly ot - . . .
where w(o! |07 ) o< €/ L% Suppose one is interested in computing statistics
of the magnetization at final time Zl\,ZfV: , of . This can be done by introducing an

o _ T
external field 4 at final time in the form of reweighting factors [; (])iT (GiT) =T1;¢" .
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The full process then has the form
_ 1 — pyN T
q(c) = T}Z)W(G)ehzizl o (3.22)

where we stressed the dependence of the normalization constant on the external field.
By defining a field-dependent “free energy” one gets

1

f(h) =~ log Z(h) (3.23)
1 . ol
= —Nlog%:W(G)geh i (3.24)

The next step is to re-organize the summation over the input space grouping trajectories
by their magnetization at final time

1 1
fh)=—log [ dm ¥ W (o)L o (3.25)
- G:y,0/=Nm
1 1
=~ log / dme™™ Y w(o) (3.26)
-1 Gy, 07 =Nm
1 1
= —log dme N (8(m)—hm) (3.27)
where we defined ]
g(m) = - log Y W) (3.28)

Gy, Gl-T =Nm

In the large N limit we invoke Laplace’s approximation to replace the integral

over m by a maximization and get

f(h) = —]lvlogmaxe—N (g(m)—hm) (3.29)
— _]lv loge_Nminm{g(m)_hm} (330)
= min{g(m) — hm}. (3.31)

In regions where g(m) is convex, the Legendre transform (3.31) can be inverted

to obtain a large deviation law for the probability p(m) ~ e~N¢ (m) of observing the
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system at final time with magnetization m. This, however, implies being able to

compute f(h), which as we will see can be a complicated task.

3.2.2 The computational challenge

Reweighted dynamics turn out to be quite more challenging than their free counterpart.
Not only the Markov property ceases to hold, the resulting process is in fact not even
causal anymore! Indeed, the reweighted process (3.19) loses the good properties
listed in 3.1.3:

* Normalization: evaluating the distribution (3.19) at a point in trajectory space

requires first computing the normalization constant

T-1

N
Z=Y TTIwed) [Twe =G, (4 (3.32)
X i=1

t=0
which costs & (eMT) operations.

* Sampling: the fact that the process is not Markov forbids any obvious strategy
for efficient sampling.

* Observables: as in the non-reweighted case, computing averages is computationally
expensive. The back-up strategy mentioned earlier of estimating them via a
Monte Carlo approach is not viable either, since obtaining samples from g is
difficult.

Let us again stress that, as in the non-reweighted case, the quantity one is most
often interested in computing are the marginal distributions (3.16). And as in the
non-reweighted case the task is more complicated when dealing with recurrent

dynamics.

3.3 Related work

This section reviews statistical physics inspired method that have been used to
estimate marginals of Markov dynamics on graphs, overcoming some of the issues

mentioned above such as recurrent dynamics and reweighting. However, no approximation
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strategy has, to the best of our knowledge, been able to address all of the limitations.
This is what motivated us to work on an alternative method, Matrix Product Belief

Propagation, which is the main content of this chapter.

3.3.1 Mean-field and message-passing methods

"Mean-field" refers to a broad class of methods, commonly developed within the
statistical physics community, that aim to approximate the behavior of complex
interacting systems. Although the definition varies, mean-field typically refers
to an approximation in which a structured multivariate probability distribution is
simplified through some form of factorization. In dynamical contexts, this often
means assuming statistical independence between neighboring variables at a given

time.

Pair-based mean-field [68, 69], Dynamic Message Passing (DMP) [70-72], and
the Cavity Master Equation (CME) [73, 74] are fast, approximate methods, originally
formulated as ODEs in continuous time for vectors of single-edge quantities (such
as cavity magnetizations). DMP and CME are exact on acyclic graphs and non-
recurrent models (such as SI or SIR), but they are only approximate on recurrent
models. Crucially, none of the three is able to deal with reweighted processes. The
n-step Dynamic Message Passing [75] assumes an n-Markov structure on messages,
focusing mainly on n = 1. Its characteristics are essentially the same as DMP but

apply to discrete time evolution, describing interactions at a distance # in time.

Different variations of the Cluster Variational Method (CVM) [76, 77] approximate
dynamics by treating exactly correlations between variables that are close either in
time or space. It is in principle possible to extend CVM to work with reweighted

processes, however, to the best of our knowledge this has not been done.

The so-called dynamic cavity (DC) method [78] is an extension of the cavity
approach to dynamical problems. It assumes a tree-like factorization and computes
messages which are now defined over joint trajectories in time of pairs of neighboring
nodes. Messages are computed sequentially in time, requiring as many steps as
the epochs in the dynamics. Since it is based on a cavity assumption, DC is exact
on graphs with no cycles, and can be declined in an ensemble version in order to
work directly in the thermodynamic limit (as explained in 1.2.4 for the static case).

On the other hand, it works with distributions over single-site or pair trajectories,
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which require as much as &(e!) parameters, which is often impractical. For non-
recurrent models, where variables can only progress sequentially through a finite
set of g states without returning to previously visited states, the space of trajectories
grows polynomially with the time horizon. For instance, with g = 4, a trajectory
(1,2,2,2,3,4,4) over epochs r = 0,...,6 can be represented by the tuple (1,4,5),
indicating the epochs when the variable transitions to the next state. Examples of non-
recurrent models include SI, SIR, and SEIR compartmental models in epidemiology,
where individuals transition between states such as Susceptible, Exposed, Infective,
and Recovered. Although non-recurrent models are commonly used, more realistic
descriptions often require accounting for re-infections, in which case recurrent
models like SIS and SIRS are needed.

In recent work [79, 80], a variant of DC was applied to Glauber dynamics on
a random regular graph with degree 3. Instead of representing messages exactly,
this method approximates the trajectory of single variables and pairs of variables
using the matrix product ansatz from quantum mechanics [81-83]. This type of
approximation, also known as tensor train in mathematics, has been used before also
in out-of-equilibrium statistical physics [57, 84], and machine learning [85, 86], and
will appear again later in this work. While promising, the matrix product dynamic
cavity approach has two significant limitations: first, it is computationally expensive,
as updating a node of degree z requires operations of order M%*~!, where M is the
matrix size, or bond dimension [80]. Second, the method is designed to analyze free

dynamics without reweighting.

Inverse problems that involve reweighted dynamics have been explored in
[59, 87], though primarily for non-recurrent models. Their approach, called Pair
Trajectory Belief Propagation, is closely related to dynamic cavity methods. Large
deviations were studied in [88] using perturbation theory in the specific case of
Glauber dynamics on a chain. Recently, inference in epidemic processes has been
tackled by fitting a non-reweighted process to the reweighted one [89], however this
method requires sampling to estimate gradients in a variational inference framework.
Finally, in the spirit of the cavity approximation, an expansion for small infection
rates has been proposed in [90]. Although possible in principle, this method has not
been generalized beyond the SIRS model of epidemics.

Table 3.1 summarizes the features of a pool of the discussed methods. The

features considered include:
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Reweighting Recurrent Autocorrelations
models
BP for non-recurrent models | Y N Y
IBMF, DMP, CME N Y N
Dynamic Cluster Variational | * Y Two-times only
Mat.rlx Product Dynamic N % %
Cavity
Matrix ' Product  Belief Y Y Y
Propagation

Table 3.1 Features of existing analytical methods for the description of stochastic dynamics
on graphs. Y = yes, N = no. Asterisks indicate that while the method could, in principle,
include the considered feature, this has not, to the best of our knowledge, been implemented.
IBMF stands for Individual-Based Mean Field, DMP for Dynamic Message Passing, and
CME for Cavity Master Equation. We did not include the perturbative approach [88] as it
focuses on a very specific setting.

* Handling of reweighted dynamics
* Application to recurrent models

¢ Estimation of autocorrelations, i.e., correlations between a variable and itself
at a later time

3.3.2 Importance sampling Monte Carlo

Although it is not viable to extract samples directly from the reweighted process,
a Monte Carlo approach to the estimation of observables is still possible in the
form of importance sampling. This was proposed in the context of epidemic source
reconstruction in [63]. The idea of importance sampling is to draw samples from
a simple distribution, then reweight them to reproduce, modulo some possible
approximation, the desired statistics. In the case of reweighted dynamics, this
amounts to draw M samples {i(“)} independently from the prior (3.7), then

reweight them with their likelihood (the reweighting factors). For a generic observable
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o7, this looks like
Mo (KT, 91 () ™)

A=
Yy i 9f ()W)

(3.33)

As always when performing importance sampling on distribution whose normalization
is unknown, both numerator and denominator are unbiased estimators of the corresponding

quantities in (3.19). Their quotient, however, is not.

The main issue with this strategy is that, as N, 7 and the number of observations
increase, it becomes very (exponentially) unlikely that a trajectory sampled from
the prior is given large weight by all of th ¢ terms. In other words, trajectories
typical of the prior process are given a very small weight in the posterior, with high
probability. As a result, it takes an exceedingly large amount of samples for the prior
process to realize a trajectory which is typical of the posterior and by so to contribute

meaningfully to the computation of observables.

3.4 Matrix Product Belief Propagation

In this section we present Matrix Product Belief Propagation (MPBP), introduced
in [47], a method to compute marginals of reweighted Markov dynamics on diluted
graphs. MPBP is essentially a two-layer approximation. To address the complexity
given by the interaction of the N degrees of freedom, we employ a cavity approximation
inspired by the dynamic cavity [78] or equivalently the pair trajectory belief propagation
[59] formalism. On top of that, to address the complexity in 7 coming from
the (in general) recurrent character of the dynamics, we adopt the matrix product
approximation of [79, 80].

3.4.1 A slightly more general framework

Before diving into the details of the method, let us mention that the ideas in the next
pages are not limited to dynamics. In fact, the technique we propose, despite being
motivated by Markov dynamics of the form (3.19), applies more in general. For

completeness, let us recap here the mathematical context in full detail.
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Consider a graph ¢4 = (V,E) with V = {1,2,....N},E C V x V. Consider

a multivariate random variable X = {x’} © iey } where xt € {1,2,...,4;}, i.e.
t€{0,1,2,....T
variables are discrete and do not need to have domains of the same size. We will be

interested in probability distributions over such a variable of the form

T_

S XD, ) (3.34)

N
H i Xi

t=0 i=1

Connection with the framework of dynamics is readily done by identifying
S XL x) = w(a) O 0w xh x) ¢! (4T, However, the “time” axis
doesn’t need to be interpreted as such: nothing prevents us to use it to denote a
further spatial dimension, as long as interactions in the systems are well described
by a factorization like the one in (3.34). Exploration in this direction, as well as
establishing connections with previous work that goes as back as the forties [91] is

beyond the scope of this manuscript and is left as future investigation.

Here, the goal is to describe the distribution (3.34) as closely as possible, albeit

in an approximate manner. This can be done by estimating the following quantities:

* Marginals

gi(x) =Y q(X)8(x,x}), Vi, (3.35)

X
* The partition function, or normalization constant

T-1 N

Z=Y TTT1/7" (e xh,x0) (3.36)

x =0 i=1

* Pairwise marginals for neighboring variables

qi;(x,y) Zq 8(y,x}), Vi,(ij) €E. (3.37)

¢ Autocorrelations

Zq xﬁ,xl Vi,t,s (3.38)

for some two-time observable f.



3.4 Matrix Product Belief Propagation 85

In the following we will be mostly concerned with the computation of marginals,

although all of the other quantities can be estimated as well.

3.4.2 Belief Propagation equations

Once presented with equation (3.34) and the goal of computing marginals, what
we propose is to take a path such as the one in [59]. One would like to apply the
cavity approximation which, however, was originally formulated for static problems.
The solution is to first group together the trajectory of each node i of the graph into
a macro-variable x; = {xﬁ},:()’l_‘“_j. At this point the full distribution looks like a

static distribution for the new trajectory-wide variables

N
q(x) o< [ [ fi (%i: %5:) (3.39)

i=1
upon identifying f; (%;,%5;) = [T 1T (¥, x},,x!). It is easy to see that the new
variables interact, under (3.39), on a certain factor graph. It is therefore possible to

apply, at least formally, the cavity (BP) approximation to it.

The factor graph associated with (3.39) would present many small loops due to
the presence of both X; and X; in factors f; and f;, even in cases where the original
graph is acyclic. Therefore, we work on the so-called dual factor graph where
variables are pair of trajectories (¥;,X;) living on the edges of the original graph. The
procedure in sketched in fig. 3.1 for a toy graph with three nodes. For more details
about this step we refer the reader to [59, fig. 3, eqns 8,9].

~ f-j .

j Lo
@) (7,7,
T zj Tp

Fig. 3.1 Construction of the dual factor graph for a toy dynamics with three variables
interacting on a tree. Left: the original graph of pair-wise interactions. Center: the factor
graph resulting from representing the distribution (3.39). Right: the dual factor graph with
the new pair variables. Each factor f; should also contain additional terms ensuring that
trajectory X; takes the same values on all edges.
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The BP equations on the dual factor graph read

T—1
Ly T 6 ) [T meimm). G40

L= ] %p ; 1=0 k€di\j

mi— (X, Xj) =

Since the number of joint trajectories (X;,X;) is exponentially large in 7', an
exact representation of the messages is in general computationally unfeasible. Here,
similarly to [79], we parametrize messages in terms of matrix product states [83, 82,
81], also known as tensor trains in the mathematical literature [92]. Following the
jargon of tensor networks, in the rest of the paper we will refer to the size of the

matrices as bond dimension.

3.4.3 The matrix product ansatz

Following the ideas in [79], messages are parametrized in terms of matrix products
mi_, j(Xi,X;) ocHAHJ ) (3.41)

where, for any (x},x}), A}, ;(x},x}) is a real-valued matrix. We set AY to have one

l—> j(
row and AT to have one column, so that the whole product gives a scalar. Since
notation at this point usually creates some confusion in the reader, let us re-write

(3.41) with the indices for matrix multiplication spelled out:

T

mi%j(f;‘,fj) o< Z H [Ai—n (XI xtj>]a17a1+1 (3.42)

ala?,....al t=0

T+1

witha® =a = 1 to ensure that the result is of dimension 1 x 1.

Plugging the ansatz (3.41) into the RHS of the BP equation (3.40) gives

ml—>](-xla-x] OCHBl—>j i?xl;) (343)
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where, at fixed i, j, £,x;", ¥, %, Bj, (x ™!, xf, %) is a matrix

Bi%](xt 17 ] Z thl X817x:) ® Ak—)z (344)

{xt }keal\J keal\]

with ® the Kroenecker product (A ® B); j) (k1) = Ai,jBr,i-

The previous equation is useful as a compact representation. To be fully precise,
one should specify the values for the B matrices also in the corner cases t = 0,T.

These, with matrix indices made explicit, read:

[B?ﬁ (x x??'xo)] al = Z f; 1|X817 1) H [Ak t(xl(27 O)Lll
J T a Y keaij {xk}kea,\, it — k
(3.45)
Bi (xt 1vx€'7xt') = fH—l i 7 tlv z) A z(x ) t) & at!
|: —J J }{a;ﬂaf_‘_l}keai\j {xf ]Eal\j a kel;lI\J |: k— k ] o k+
vie{l,...,T—1} (3.46)
[B,T_H (xT xT)] ol }kea,\j Z H [A,{%l(x,{,xT)}az . (3.47)

{x] Yecon  kEIiN]

In order to close the BP equations under the ansatz (3.41), some more work is
required. First, the B matrices defined above depend on three variables instead of
only xﬁ,x’j. Second, and more importantly, the Kroenecker product in (3.44) makes it
explicit that the size of the matrices in the outgoing message is larger compared to
the incoming ones. For a node with degree |di| = z, the Kroenecker product of z — 1
incoming matrices of bond dimension M results in a B matrix of bond dimension
M*!. Clearly if this procedure were to be iterated, the size of the matrices would

quickly become unmanageable.

The following shows how one can take care of the first issue by means of
successive singular value decompositions (SVDs). Such a procedure also serves as
a preliminary step for a second series of SVDs, aimed at reducing the size of the
matrices. These ideas, already discussed in [79] are reminiscent of the density matrix

renormalization group (DMRG) algorithm from many-body quantum physics [93].
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Intermezzo 1: the singular value decomposition

The SVD decomposes a complex-valued matrix A as A = U AVT, or, with indices
spelled out
M
Aij=Y UV}, (3.48)
k=1
where M is the rank of A, * denotes complex-conjugation and T complex-conjugation
and matrix transpose. Here we will be working with real-valued matrices but the

dagger notation helps preventing confusion with the T symbol for the time horizon.

The matrices U, A,V enjoy some special properties. A is zero everywhere except
on the diagonal where it contains the so-called singular values. Without loss of
generality, one can pick the order of rows and columns such that the singular values
are sorted as A; > Ay > ... > Ay > 0. Singular values are real and non-negative
by construction because they correspond to the eigenvalues of AAT, in turn equal
to those of ATA. Furthermore, the matrix U is said to be left-orthogonal because it
holds UTU = 1. Similarly, V is right-orthogonal, as VV' = 1.

The SVD can be used to produce low-rank approximations to a given matrix A
which conveniently come with a rigorous estimate of the approximation error. A
compressed version of A is constructed by keeping only the M’ < M largest singular
values. Call A the diagonal matrix which is equal to A except it has zeros instead of
the last M — M’ elements. Then the truncated version of A is A = UAV'. As matrix

elements:
~ M/
Aij =Y UiV (3.49)
k=1
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The truncation error, as measured by the Frobenius norm? is given by

e =[A—Allf

=tr|(a-R)" (a-5)]

—Tr [ATA— ATA— ATA + ATA}

—Tr [VAUTUAV' — VAUTUAV — VAUTUAVT + VAUTUAV? (3:50)
—Tr [A2] — Tr [AA] — Tr [AA] +Tr [A2] |

M M
=Y =Y A
k=1 k=1

M
:Z,Ilg

k=M"+-1

i.e. the sum of the squares of the discarded singular values.

To understand the usefulness of this strategy, notice that, once the smallest
M — M’ singular values have been truncated to zero, one might as well delete the
corresponding M — M’ columns of U and of V, as they would be multiplied by zero
anyway. In practice, one then stores the truncated U, A,V to take advantage of the

reduced dimensionality.

Intermezzo 2: discrete variables as tensor indices

A crucial observation in understanding the following steps is this: a function of
discrete variables f(x1,x2,x3,X4) is, as a piece of data, equivalent to a multidimensional
array (tensor) Fy, x, x3.x,- The connection is particularly evident when the function
f is stored on a computer by enumerating its value at all inputs. It turns out that both
DMRG and the matrix product dynamic cavity method make heavy use of the fact
that tensor indices and dependence on discrete variables can be interchanged.

Consider the following problem: given a matrix whose entries depend on two
discrete variables A(x,y), the goal is two factorize it as the product of two matrices,

each depending on one of the two variables. In other words, one looks for B(x),C(y)

2The Frobenius norm of a matrix M is ||M||p = \/Tr(MM') = Yij Mlzj

3We will not speak about tensors in the differential geometric sense in this work. Whenever the
reader encounters a tensor, they should always think “multidimensional array”
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such that
=Y B [CONy;- (3.51)

k

This is easily done by first reshaping the data in A into a matrix A whose row
indices are the concatenation of the row index of A, and the values of variable x.

Similarly for the columns. Explicitly:

A

Ali), () = (A - (3.52)

Then, a SVD is performed on A

| <

Y By, (3.53)
Finally, the inverse reshaping operation is performed on B, C to get

(3.54)

One must pay a price for such a factorization, which lies in the range of index k.
If, for simplicity, A is N x N and x,y take one of g values, the number of columns of
B (equivalently, rows of C) is M < gN.

SVD sweeps

We have left the BP update with messages in the form of B matrices (3.44). Now a
first sweep of SVDs is done from left to right# =0,1,2,...,7 — 1 by performing a

decomposition

Bl (it ) 2 L (o)A [V ()] (3.55)

+1

where, following the procedure described above, x;™" is incorporated as column

index, xﬁ,x’j as column indices.

At this point, the C' matrix is in the sought form. The remaining factors are

multiplied to the right to redefine matrix B! as A" [V! (x! ! )} Bfilj EARNTAR X .

Then, the decomposition (3.55) is repeated on the new B’ +1 and so on. Once arrlved
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to the end of the tensor train at# = T', we have that B} , ;(x; 1 x X)) = X, XG) =

) (see (3.47)). Therefore, at the end of this first sweep, the message looks

l*}](
l*)](
like

mi_ (%, X;) H P (3.56)

where, thanks to the properties of the SVD, it holds that

Y [C (2] () =1, Ve {o,1,...,T—1}. (3.57)
xhxt
L)

At this point the form (3.41) is recovered: the BP equations are closed under a
matrix product ansatz for messages.

Again following [79], a second sweep of SVD is performed, this time with
the goal of reducing the size of the matrices (bond dimension), while attempting to
preserve most of the information. Going rightto leftr =7,7 —1,..., 1, incorporating

x%. x'. as column indices one has
17 J

L () M AL () (3.58)
with truncation to a prescribed number of singular values. This step is followed
as before by the redefinition of C'~! as C! _}1} (Wt 1)U A, and so on until the
leftmost end of the chain of matrices is reached.

At this point the reader might wonder why we do not directly truncate during the
first sweep of SVDs. The reason is the following: imagine having two copies of the
same tensor train and performing a low-rank approximation on a single matrix in
one of the two. No matter how small the truncation error made on the single matrix,
the distance between the two tensor trains as wholes can be arbitrary large, since
even a small error will likely propagate considerably after multiplication with the
other matrices. This is not the case, however, if all the other matrices are isometries:
in that case the global error can be shown to be equivalent to the local one. Let us
look at the generic ¢-th step of the second sweep, from right to left. The MPS is in

the so-called mixed-canonical form [93]:

CO...ctA .. AT (3.59)
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with C9- .. C"~! left-orthogonal (C*C = 1) and A’*! ... AT right-orthogonal (AAT =
1). C' is the matrix about to be truncated according to (3.58). The global error,
computed as the (square of the) 2-norm of the difference between the tensor train

before and after replacing C* with the truncated A’ is
g =||c0...c’A AT 0. CAT AT
=|lc" — A"

M
L M

k=M'+1

(3.60)

where in the second line we used the semi-orthogonality of A and C matrices, and in
the last line we used (3.50).

In summary, the total error for a full sweep of truncations is

T
e<) €. (3.61)

How to pick the number of singular values to be retained is a design choice. It
can be done adaptively as in [79] by selecting a threshold 11 on the maximum error
one is willing to make for each matrix, and then computing M’ such that & < 7.
Since, at difference with the matrix product cavity method, MPBP is an iterative
algorithm, we picked a different strategy. During the first iterations messages are
still far from the fixed point, hence there is no particular advantage in being too
accurate by picking a large bond dimension. Then, the strategy we adopted most
often was to increase the bond dimension to get a finer result as the iterations proceed
and messages are closed to a fixed point. Hybrid strategies are also possible: one
can truncate according to a threshold but without exceeding a fixed maximum bond

dimension.

SVDs constitute the bottleneck of the whole MPBP algorithm, even considering
the improvements presented in section 3.6. Although we have not explored them
directly, we mention that, whenever one is interested in truncating a matrix of size
M to M' < M, it can be beneficial to employ some iterative techniques [94, 95] that
never explicitly compute the singular values that will eventually be discarded.
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3.4.4 Bond dimension

Excessive truncation of the matrix product can sometimes result in an ill-defined
probability distribution, manifesting in negative values. This issue was encountered
during our experiments and, as expected, increasing the bond dimension consistently
resolved the problem. Figure 3.2 illustrates the effect of varying the bond dimension
in two settings that will appear in the results section 3.7.

10 F T T T T = T T T T T T
‘\ 0.9 1
|
~ 0.8 r 1
05 4
= 07 .
Il —~
2 00 f 1 ¥ 06 F 1
<5 ~ M=1
~ — M =12 M=2
& —M=38 0.5 —M=5 1
—05 F|—M=5 T — M =10
M=3 — M =15
M=2 (a) 04 ®) — M= 25 1
4 Monte Carlo 4 Monte Carlo
=10 4 1 L L L ] 0.3 L L L 1 i
0 10 20 30 40 50 0 5 10 15 20 25

Fig. 3.2 Effect of varying the bond dimension M on the accuracy of the approximation. (a)
SIS model on a tree, with the same settings as in Figure 3.4. A small bond dimension results
in unreasonable outcomes. (b) Glauber dynamics on an infinite random regular graph of
degree 8, with the same settings as Figure 3.10.

Considering the expressive power of the MPS ansatz, it is reasonable to expect
that conservative truncation (i.e., using a larger bond dimension) will yield increasingly
accurate approximations. In fact, it is known that tensor trains with arbitrarily large
bond dimensions can represent any distribution exactly [92]. However, establishing
a precise quantitative relationship between bond dimension and the complexity of

the distribution being captured remains challenging and an open research question.

Based on discussions from quantum mechanics (e.g., [93, section 4.2.2]), it
is plausible that strong, long-range correlations, temporal in our case, spatial in
quantum systems, require larger matrices for accurate representation. Nevertheless,
this is not the complete picture. A clear counterexample is the SI epidemic model,
whose trajectories can be represented by MPS with finite bond dimensions®, despite
involving infinite-range correlations.

4see appendix B.2
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3.4.5 Convergence

The BP equations are iterated until they converge to a fixed point. We chose to
implement an asynchronous update scheme, as it generally exhibits better convergence
properties compared to a synchronous one. However, both methods are largely
interchangeable. As is common with BP, the procedure is highly parallelizable, with

the synchronous approach offering even greater potential for parallel execution.

To assess convergence to a fixed point, we calculated the marginal distributions
at all nodes and epochs, denoted as bi(x}) (see (3.63)), and checked whether, for

iteration it and the subsequent one:

max  max max‘ [b?(xﬁ)](iﬂrl) - [bﬁ(xﬁ)}(it) <€ (3.62)

ic{1,...,N}1€{0,...,T} x

for some small threshold €. A more stringent criterion can be employed by computing
max(iJ)eE Zfiij ||mi_>j()_ci,)_6j)(it+l) — mi_>j(J_Ci,)_Cj)(it) HF Both criteria yield similar

results?.

It is important to note that, in the case of non-reweighted dynamics, one can
incrementally build the messages from time O to time 7', as in matrix product dynamic
cavity [79], without needing to iterate until convergence. Since each SVD sweep
across the T matrices runs in linear time with respect to T, the total computational
complexity of this scheme scales quadratically with 7. In contrast, our method,
which initializes messages for all T epochs and performs Ny, iterations, has a
computational cost of &'(Nj,,T ). The two approaches are essentially equivalent, as
we typically observed that the number of iterations required for convergence is on
the order of 7.

3.4.6 Infinite graphs

Just as it was mentioned in section 1.2.4 for static problems, BP lends itself to
computations in the thermodynamic limit. This is possible on models whose
parameters are homogeneous enough: on random regular graphs with uniform
properties, one message is enough (the same idea was exploited in message-passing

schemes for dynamical processes [79, 73]).

3The interested reader can check https://github.com/stecrotti/MatrixProductBP.jl/blob/
ae7bd61cda354bff29deea7bbe4887773e9e25¢1/notebooks/convergence.ipynb


https://github.com/stecrotti/MatrixProductBP.jl/blob/ae7bd61cda354bff29deea7bbe4887773e9e25e1/notebooks/convergence.ipynb
https://github.com/stecrotti/MatrixProductBP.jl/blob/ae7bd61cda354bff29deea7bbe4887773e9e25e1/notebooks/convergence.ipynb
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On systems with disorder, e.g. on Erdos-Renyi graphs, a population dynamics
approach can be employed, analogous to the one explained for the static case in
section 2.4.4.

3.5 Observables

This section shows how observables can be computed once the BP equations have
reached a fixed point. In particular, we are interested in the distribution of single-
variable and pair trajectories and marginalizations therein, and in the bethe free
energy. The latter can be used to estimate the normalization constant for the joint
distribution. As we saw earlier, it corresponds to the marginal likelihood in a

Bayesian inference setting.

Single variable beliefs and pair beliefs, the BP estimates for single-variable and

pair trajectory, respectively, are given by

ZHf’+l Lxt, o) x T masi (e %) (3.63)

Z’ Xg; t= kedi

and
b,-j(xl-,)‘cj) = %jmiﬁj()_ci,)_cj)mjﬁi(xj,fi). (3.64)
It is easy to see that both types of beliefs admit a matrix product representation
which follows directly from the ansatz on messages. As a result, evaluating terms
like single-time marginals p’(x!) or autocorrelations (x\x' ™) reduces to computing
the marginals of trajectory distributions that are parametrized by matrix product
states (equiv. tensor trains). This can be done efficiently [92] and is reported in the

following.

3.5.1 Efficient computations on matrix product distributions

Given a joint distribution in matrix product form

p(xo’x17.."xT) :% Z [AO()CO)LI1 [Al(xl)}alﬂz... [AT—l(xT—l)}aT_]ﬂT [AT()CT)}

ala?,....al
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one can efficiently compute: normalization, marginals, autocorrelations. Notice that

replacing the tuple (xf,xtj) with a single variable x’ implies no loss of generality,

since the joint state of two discrete variables can always be merged into a single,

larger one.

Normalization and marginals Marginalizing at time ¢ gives

Py =Y p(%xl,. 2"
{Xw}syét

LY T AW R

at ’at+l

where we defined partial normalizations from the left and from the right

t

[Lt]a”'l = ]Z . IJOZS:[ s(xs)]a“‘,a“'l = zt: [Lt_l]a’ Xt: [At(xt)]a’,a""l
yeees@ 5= Tx a X
[Rt]a’ = t+1z TsI;[t;[ S<xs)]a5,a5+l - ;1;[At(xr)]atﬂ’“ [RHIL#“

which are computed recursively, starting from initial conditions

The normalization is given by

Z=Y [L'] ju [RT] jo1 VEEOL,...,T—1.
al

Autocorrelations

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

Further define “middle” partial normalizations from ¢ to s (¢ < s without loss of

generality)
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s—1
I:Mt75:| at+17au - Z H Z [Au(xu)]auﬂwrl (371)

— — u U
al*?,.at =T u=t+1xfx}

- Z [Mm_l]aul,aé‘fl (Z [As_l(xs_l)]w‘l,w‘) (3.72)

as—1 yu—1

with initial condition

(MY =8(a,b) Vre{0,1,...,T—1}. (3.73)

ab

Finally, the joint distribution for the variable at two epochs is

PR ) =Y p(¥at, ) (3.74)
{xu}u;ét,s
1
—7 Z.H [Ll_l}a’ [At(xl)]a’,a’“ [Mt7s]af+l,as [As(xs)]asﬂsﬂ [Rﬁ_l]a”l ’
a.a
aa't!
(3.75)

3.5.2 Bethe Free Energy

The BP formalism also gives access to the Bethe Free Energy, an approximation to
(minus the logarithm of) the normalization of (3.34), which can be interpreted as the
likelihood of the parameters of the dynamics (e.g. infection rates, temperature,...).
In cases where such parameters are unknown, one can imagine inferring them via a

maximum-likelihood procedure [96].
The Bethe Free Energy for a graphical model with pair-wise interactions is given
by

F=—Y logzi+ 12 Y logz; (3.76)
i 2 i jedi

where
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T—1

= Z H fiHI()éJrl\Xi;px?) H My (X, X;) (3.77)
Xi,Xg; t=0 kedi

zij = ), Misj (%, X)m i (X}, %) (3.78)
XiXj

It is useful to define

T-1 .
=Y Y TLAT G ) [T i) = = (3.79)

%X X5 j =0 kedi\j <ij

Finally,

F = Z [(% - 1) logzi—% Z longj] . (3.80)

JjEdi

The last manipulation is useful in that this expression of the free energy only
depends on {z;,z; ; }. These quantities are computed in any case when one normalizes
messages and beliefs, resulting in no computational overhead with respect to just

performing a BP iteration.

3.6 Reduction in computational complexity

Similarly to what happens for the matrix product cavity method [79], the matrices
prior to truncation have dimensions of M1 where M is the matrix size in the
incoming messages, and z is the degree. The computational bottleneck arises from the
sweeps of singular value decompositions (SVDs), resulting in a cost of &(M 3(2_1))
for a single node BP update. Although it demonstrated in [80, section 6] that
for Glauber dynamics this cost could be reduced to &(M?*~1), the exponential
dependence on the degree remains problematic, even for graphs with moderate
connectivity. Here, we present an enhanced method that, for a broad class of
models, such as many in epidemiology and Glauber dynamics for some choice
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of couplings, achieves a computational cost of ¢(M%). The degree dependence

becomes polynomial and is determined by the specifics of the model.

In many cases, transition probabilities w(x! ! |x}.,x}) depend on X/, only through
an intermediate variable that encodes the aggregate interaction with all neighboring
nodes. For instance, in epidemic models such as SI, SIR, and SIRS, the transition
probability only depends on whether at least one neighbor has infected node i.
In Glauber dynamics, the transition probability relies on the local field, which is
a weighted sum of neighboring spins. Formally, let us define intermediate scalar
variables y%, where A C di, that summarize information about xi‘. From the definition
of conditional probability, we can write:

(7 ) = X (4 ) p (5 (31
Yoi

If it is the case that given Xgi, the corresponding y variables are independent, then
some simplifications are possible. More formally, if the following holds:

p (yfAUB‘foUBvxi') = Z P (yi&UB’ygvy%”xé)

YA,YB

X p (v, VX)) (3.82)
=Y p(Vausli.ye.x)

YA,YB

x p (Valxa,xh) p (vlxp,xt) (3.83)

for any AUB C di, then the outgoing messages can be computed recursively starting

from just two quantities:
. t 4t
p <yj|xj7x§>
* P (auslyar i)

This approach is more efficient than the naive implementation, provided the number
of values each y can take does not grow exponentially with the number of x’s

involved.
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Rewriting the BP equation (omitting ¢ terms for simplicity) using auxiliary
variables {y/ }acy; yields:

miy (%, %) o< Y [ Twd ™ xGp o) TT musi G ) (3.84)
X0, ! kedi\j
b Z Z Hp XIJrl‘yaz\]? i ]) (ylal\J‘Xtal\Jaxf) H .mk%i(jk;xi)
XonjYai\; ! kedi\j
(3.85)
<y I:[P (Y5055 X i T > i) (3.86)
yal\/

where g ji(Yon jXi) = Xxyp Htp(yf)i\jyxgj\ﬁxlé) [Mkeai j mi—si(Xe, i)
Now, 7y, j; can be determined as the aggregation of all messages 7i,; for
k< jand k > j:

mai\j%i(yai\ja-xl ZZHP y()l\j|y<J7y>]7 l)m<j(y<J7xl)m>j(y>]7xl) (3 87)

y<jy>] t

This can be naturally expressed in matrix product form as:

At t 1

ZZP yal\j|y<J7y>]7 z) [A<J(y<]7 l)]at altl [A>J(y>]> ):|bt7bt+1

)’<])’>,

(3.88)

where the matrix subscripts correspond to the messages in (3.87). The matrix on the
left-hand side has double the size (double the number of rows, columns) of those
on the right-hand side, necessitating SVD-based truncations as outlined earlier. The

computational bottleneck arises from performing SVD on A’ which is reshaped

di\j—7’
such that (a’,b") form the row index and (a'*!, 6"y o\ x}) form the column index.
The cost is & (nM®), where n is the number of values taken by ygl.\j. The latter
depends on the model. Provided n grows polynomially with the degree z = |dil, the

exponential cost is avoided.
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The messages 7 can be recursively computed, as they exhibit similar properties
to (3.83):

maus(avs %) = Y, [1POhusYasve,xt)ia(3a, Xi)mg (p, %) (3.89)
yAvYB !
starting with gy (Vixy, %) = g TTe P (Vg 1 X ) mi—i (3, Xi) and ritg (3o, Xi) o<

1V (99, %;). Then, using (3.86), we can compute m;_, ;(X;,X;) for all j. As shown in

1+1
i

(3.44), the matrices now depend on both x;™" and xi.:

Bgﬁj(xi*lax;xlj) = Z P(x§+l|yf9,~\j,x§,xﬂ-)fiai\jai()’ﬁi\jaxﬁ)- (3.90)
Youj

These matrices are processed similarly to the generic BP implementation detailed in
the main text. At this point, the already computed quantities can be used to retrieve
the belief at node i:

bi(xi) o< Y T P 1y X )9, (Fa:. %) (3.91)

Yoi !
where j is any neighbor of node i.

The procedure is linear in degree, yielding an overall cost of & (znM®) to update
all outgoing messages from a node. In cases where no convenient choice of auxiliary
variables y exists, the scheme can still be applied with y, = ®,ca{x),} and n ~ g%,

recovering the exponential dependence on degree.

In the following we give the details of the efficient update scheme for the SIS
model and some class of Glauber dynamics.
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SIS model

For the SIS model (and similarly for SIRS), we define y!, as the event that at least
one neighbor in A infects node i:

Ai® (¥ 1) + (1= Ai) 6 (v, S) ifxp =S

tt
p yk|xk,xt~ = (3.92)
( 2 o(y,,S) otherwise
p (Vauslyas v xi) = 8 Vs D1 [Ya = IV =1] + 84 5. )L Yy =SAyp =5].
(3.93)

In this scenario, all y variables are binary, resulting in a computational cost of
0 (zM") to update z messages.

Glauber dynamics

In the case of parallel Glauber dynamics, the most general setting where these
simplifications hold involves couplings with constant absolute values |J;;| = J and
arbitrary external fields, often referred to as the &/ Ising model. The case J;; = J,
h = 0 is automatically covered. The transition probability (3.10) takes the form:

Pt U (Eyeonsientn)f) +h] o Por [/ (i) o] 5 gy

where y, = Y4 sign(Ji) 0. It can be easily seen that p <yf{k} oy, G{) =0 (yf{k}, sign(.l,-k)ci)
and p (¥, gy, 0!) = 6 (/4 5,y +%)- In this case, ), can take values from
—|Al,—|A]+2,...,|A] —2,|A], resulting in 2|A| 4 1 possible values. The maximum

range is achieved when A = di\ j, leading to a computational cost of &(z2M5) to

update z messages.

Figure 3.3 illustrates the recursive procedure and displays the time required to
execute 10 iterations of MPBP for an SIS model on a star graph (one central node
connected to z others) of varying sizes. The naive approach shows exponential

growth in computational time, while the recursive strategy results in linear behavior.



3.7 Results 103

L1 L2 L3 L4 w 8 —0—‘ Naive ‘8 - ‘
O O O O § —4— Recursive § 10°° ¢ ¢ . .
l F —~ 6 E +M=5 '
Dyl Dy2 Dy3 Dy4 N f 2 1077 [l M=7

—— —— ,w é :%O

Ly Lysa = : :

N— S °
N
I291234 >

< 0
s

(a) (b)

Fig. 3.3 (a) Graphical depiction of the recursive procedure described in this section. (b)
Computer time to run 10 iterations of MPBP with the naive vs recursive update for a
SIS model on a star graph of degree z, A = 0.2,p = 0.1,y = 0.05, no reweighting, bond
dimension 5, average over 20 random instances. Inset: absolute difference between values of
the marginals for the two methods, averaged over epochs, sites, and instances, for two values
of bond dimension. Such small errors happen because the recursive method truncates after
incorporating each of the intermediate y-dependent messages.

3.7 Results

In this section we illustrate the effectiveness of MPBP applied to dynamics of
epidemic spreading and of the kinetic Ising model. We first focus on free dynamics,
showing results that are at least comparable with the existing methods, often more
accurate. Then we move to reweighted processes, where our approach really
represents an innovation.

3.7.1 Non-reweighted epidemic processes

As examples of free dynamics, we estimate the marginal probability of an individual
being in the infectious state under the SIS model, in several settings. As a comparison
we report the curves obtained using a discrete-time version of Dynamic message
Passing (DMP) [72], Individual-Based Mean Field (IBMF) [97], and Cavity Master
Equation (CME) [74], which were originally devised for continuous time evolution.
These methods were described earlier in section 3.3.1, while the connection between
continuous-time processes and their discretized counterpart in section 3.1.2. In the

legends of figures 3.5, 3.4, 3.6, discretized version are denoted by a “-d” prefix.
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Fig. 3.4 Marginal of node 395, the most connected one of a random tree with N = 1000
nodes, A = 0.3,p = 0.2. Node 395 is the only infectious at time zero. Bond dimension 12.
Inset: error with respect to Monte Carlo.

We evaluate the accuracy of each method by considering the average absolute

error with respect to a Monte Carlo simulation
I ¢ MC
g;:ﬁz‘p(xgzz)_p (o =1). (3.95)
i=1

Fig. 3.4 shows predictions for the probability of being in the infectious (/) state
for a single node on a random tree. In this case a single node was picked as the sole
infectious individual at time zero. At difference with the mean-field methods, MPBP
is exact on trees, modulo the matrix product approximations. Here one can see how
the agreement with the Monte Carlo estimate is good for modest bond dimension
(10).

Fig. 3.5 shows the average probability for a single variable to be infectious on
an Erdos-Renyi (ER) graph of size N = 1000 nodes. In this case the probability of
being the zero patient was picked uniform for all nodes ¥; = y. Since ER graphs are
asymptotically tree-like, we expect the cavity approximation to hold exactly in this

casc.

The same analysis is repeated on Zachary’s karate club graph [98] (fig.3.6), the
same benchmark used in [72, 73].

Finally, we compare MPBP against three continuous-time methods, DMP, IBMF
and CME, on the karate club graph (fig. 3.7). The comparison is made by multiplying
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Fig. 3.5 Marginal of node 1 of a ER graph with N = 1000 nodes, average connectivity ¢ =5,
A =0.1,p =0.05,y=0.08. Bond dimension 10. Inset: error with respect to Monte Carlo.
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Fig. 3.6 Marginal of node 29 (zero-based numbering to match previous works) of Zachary’s
karate club network, N = 34 nodes, A = 0.1, p = 0.05, node 0 is the only infectious at time
zero. Bond dimension 10. Inset: error with respect to Monte Carlo.
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Fig. 3.7 Comparison with continuous-time mean-field methods. Marginal of node 29 (zero-
based numbering to match previous works) of Zachary’s karate club network, N = 34 nodes,
A =0.1,p = 0.05, node 0 is the only infectious at time zero. Bond dimension 10. Inset:
error with respect to Monte Carlo.

the transmission and recovery rates for the continuous setting A, p by the time-step
At (in this case Ar = 1) to turn them into probabilities to be handled by MPBP. MPBP

gives the best overall prediction across the considered window.

It must be pointed out that although MPBP shows by far the best performance in
these comparison, the other considered methods are significantly simpler. On the
other hand, none of the other methods is devised to analyze reweighted dynamics.

3.7.2 Epidemic reconstruction

Moving to reweighted processes, fig.3.8 shows the efficacy of MPBP when performing
inference of trajectories given some observations. On a small (N = 23) random graph,
a 10-step trajectory y was sampled from a SIS prior distribution with A = 0.15,p =
0.12,y=0.13. We then observed the state of a random half / C V of the nodes, added
the corresponding reweighting factors [Tjc; ¢ (x]) = [Tic; 6 (v7, x!') and performed
inference using (3.17). The MPBP estimate for the posterior marginals, obtained
with matrices of size 3, agrees almost perfectly with Monte Carlo simulations. This
is good indication that MPBP applied to sparse problems will keep giving accurate
results even when on larger and/or more constrained instances where Monte Carlo

methods fail, leaving little to compare against.



3.7 Results 107

1.00
0.75
0.50
0.25

< 1LopFT—T T T L — T — T T T

0.00 ! ! TR
0.000.250.500.75 1.00

p(at = I) — MonteCarlo

L 05) hS 1k b 1k 1
= 0.0

\

L p(zl =I) — MPBP

Fig. 3.8 MPBP (solid line) with bond dimension 3 correctly computes marginals of an
SIS model defined on an Erdos-Renyi graph with 23 nodes and average connectivity 4,
A =0.15,p = 0.12,y = 0.13. The state of a random half of the variables was observed
at final time 7 = 10 and used to reweight the distribution (red dots). Black dots are the
average over 10° Monte Carlo simulations. (Bottom-right) Comparison of all points from
the previous plots, the Pearson correlation coefficient is 0.9986.

Fig. 3.9 Inference on a single epidemic outbreak sampled from a SIRS model on an Erdos-
Renyi graph with average connectivity ¢ = 2.5, N = 100. Bond dimension M = 3. The
process to be inferred was drawn from a SIRS prior with A =0.4,p = 6 =0.15,y=0.01,
the same parameters were used for the inference. The state of 75% of the nodes was observed
at time 10 (white=S, red=I, black=R) and used to reweight the distribution. Black lines
correspond to true infection periods.

Realistic scenarios are often better described by the Susceptible-Infectious-
Recovered-Susceptible (SIRS) model where transmission of infections is analogous
to the SIS case, but an infectious node i can recover with probability p; and a
recovered become susceptible again with probability ¢;. From a practical point
of view, extending the SIR to SIRS in the MPBP framework takes little effort: it
suffices to enrich the factors with the new transition R — S. Fig. 3.9 shows the
performance of MPBP at estimating the posterior trajectories for a single realization
of an epidemic drawn from a prior whose parameters A, p, o,y are homogeneous
and known. The state of a random three quarters of the system was observed at an
intermediate time (colored dots). We see good agreement between the true infection
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Fig. 3.10 Time evolution of the average magnetization (o} ) for an infinite 8-Random Regular
Graph, BJ = 0.2, compared against Monte Carlo simulation on a graph of size Ny¢c = 5000.
Bond dimension 25. The dashed horizontal line is the equilibrium value for the magnetization
of the underlying Ising model. Inset: time autocovariances computed by MPBP.

times (black lines) and the marginal probabilities of being Infectious (in yellow).

Nodes are sorted in increasing order of true first infection time.

3.7.3 Non-reweighted Glauber dynamics

As examples of free dynamics we consider the evolution of magnetization (o} ) and
time autocovariance (o, 67) — (o} )(0o;’) for pairs of epochs (z,s), on ferromagnetic,

Random Field and spin-glass Ising Models, under the Markov transition (3.10). For
the results in figures 3.10 and 3.12 we picked the same settings as in [77].

First we consider a model with uniform couplings J;; = J on an infinite Random
Regular Graph like the one studied in [79] but with degree 8 instead of 3, taking
advantage of the computational cost linear in the number of neighbors. Fig. 3.10
shows the time evolution of the average magnetization, compared against Monte
Carlo simulations on a large graph. We also report the equilibrium value for
the magnetization of the underlying Ising model, computed by standard belief
propagation, to show empirically that the dynamics converge to the correct equilibrium
state at large times. A discussion on why this is expected to be the case can be found
in appendix B.1.1. The inset shows the average time autocovariance for single
nodes. We did not report Monte Carlo estimates here because the sampling error
(~ \/Nsampies) is orders of magnitude larger than the values themselves. Indeed,
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Fig. 3.11 Time evolution of the average pair-wise correlation (o} G}“) for an infinite 8-

Random Regular Graph, J = 0.2, compared against Monte Carlo simulation on a graph of
size Ny = 5000. Bond dimension 25 (same settings as fig. 3.10). The dashed horizontal line
is the equilibrium value for the pairwise correlation (0;0;) of the underlying Ising model.

analytical methods such as MPBP offer a precious alternative to Monte Carlo
whenever one is interested in estimating quantities that are close to zero.

For the same system, we also compute pair-wise correlations at subsequent
epochs (o} G]t-+1> for neighboring variables i, j, (ij) € E. At large times, this is the
correct quantity to look at when comparing to the equilibrium value of the correlation
in the underlying Ising model. This is due to the nature of the parallel update (see

appendix B.1.1 for further details).

Next, we apply MPBP to an infinite Erdos-Renyi graph, again with uniform
couplings and in the ferromagnetic phase, using the population dynamics approach
presented in section 2.4.4. Figure 3.12 shows the magnetization as a function of time.
Similarly to the previous case, the equilibrium value of the magnetization can be

obtained by population dynamics on the underlying, static, Ising model.

We move on to study a Random Field Ising Model (RFIM) with uniform
couplings and random external fields s; = £h on a large finite graph. Magnetization
and autocovariances are plotted in fig. 3.13.

It is interesting to investigate the behavior of Glauber dynamics when the
interactions are non-reciprocal, i.e. J;; # Jj; in general. This does not have a static
counterpart. Indeed, the dynamics does not converge to any equilibrium state. Figure

3.14 shows the time evolution of the average magnetization on a random regular
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Fig. 3.12 Time evolution of the average magnetization (o}) for an infinite Erdos-Renyi graph
with mean connectivity ¢ = 4, BJ = 0.5, compared against Monte Carlo simulation on a
graph of size Ny;c = 5000. Bond dimension 18. The dashed horizontal line is the equilibrium
value for the magnetization of the underlying Ising model. Inset: time autocovariances
computed by MPBP.
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Fig. 3.13 Time evolution of the average magnetization (o) for an on Erdos-Renyi graph with
mean connectivity ¢ = 3, BJ =2/c, N = Nyc = 1000 and Bh; = +0.6 sampled uniformly,
bond dimension 10. Inset: time autocovariances computed by MPBP.
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Fig. 3.14 Time evolution of the average magnetization (o!) for a random regular graph
with connectivity ¢ = 4, directed couplings BJ;; sampled i.i.d. from Uniform({£1}),
N = Ny;c = 1000 and 7 = 0.5. Bond dimension 12. Inset: time autocovariances computed
by MPBP compared with Monte Carlo estimates (same color means same value of 7).

graph of size N = 50, with directed coupling sampled uniformly and independently
in {41} and a uniform external field 2 = 0.5. Again, we see good agreement between

the MPBP and Monte Carlo predictions, also for what concerns time autocovariances.

Finally, we consider an antiferromagnetic model with J = —1 at zero temperature
(in practice we set a large number 8 = 100), focusing on the nearest-neighbor
correlation (0] 0%), (i, j) € E rather than the magnetization, which is null at steady
state. Above the critical inverse temperature for an infinite random regular graph of
degree 3 B, = log (1 + \/§> [99], the underlying Ising system is in a glassy phase.
For this model we used Glauber updates (3.10) the modified version of the dynamics
reported in (3.13) with pg = 0.25.

3.7.4 Large deviations of Glauber dynamics

As anticipated in section 3.2.1, the MPBP formalism allows for the description of
rare trajectories. Here we study the large deviation behavior of a Glauber process
W(o) =11V, W(G,Q)H,T;gl w(o! ! |05,) by tilting it with an external field at final
time [1; ¢/ (o) =[1;¢"% . In the thermodynamic limit N — oo this allows to select
a particular value for the magnetization at final time m = %in Gl-T. As explained in
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Fig. 3.15 Time evolution of nearest-neighbor correlations (o] 07}) in an antiferromagnetic
Ising model at zero temperature on a random regular graph with connectivity ¢ = 3, BJ =
—100, N = Ny;c = 1000. The Glauber dynamics here is the “damped” version (equation
(3.13)) with pg = 0.25. Bond dimension 20. Inset: time autocovariances computed by MPBP
compared with Monte Carlo estimates (same color means same value of 7).
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Fig. 3.16 Large deviation study of Glauber dynamics on an infinite 3-Random Regular
Graph. Free dynamics with BJ = 0.6, T = 10, magnetization at time zero m® = 0.1,
zero external field, reweighted with an external field at final time []; ¢/ (1) = [T, e,
(a) Magnetization vs reweighting field, (b) Bethe Free Energy vs reweighting field, (c)
Magnetization-constrained free energy g(m) vs magnetization. Bond dimension 25.

section 3.2.1, the Bethe free energy can be used to compute the probability
p(m) ~ e Nt (3.96)

that the system is found in a state with average magnetization m at the final time.

Fig. 3.16 shows the estimate of g(m) for a ferromagnetic Ising model on an
infinite random graph initialized at magnetization m® = 0.1 and evolving for T = 10
epochs. p(m) has a minimum at m = 0.145 which corresponds to the free dynamics
h=0.
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Such an analysis could not have been carried out by means of Monte Carlo
methods since the probability of sampling a trajectory ending at m is infinitesimal,

as is clear from the large deviation law in fig. 3.16.

3.8 Conclusion

In this chapter, we introduced Matrix Product Belief Propagation (MPBP) as a novel
approach to computing marginals in reweighted Markov dynamics on sparse graphs.
By leveraging the cavity approximation and matrix product states, MPBP offers a
scalable solution to the computational challenges inherent in reweighted processes.
The MPBP framework was shown to handle recurrent models and reweighted
dynamics, thus overcoming limitations of earlier methods such as Dynamic Cavity
and Dynamic Message Passing. Moreover, we demonstrated that MPBP can achieve
accurate results with manageable computational complexity, upon careful selection

of the bond dimension.

In conclusion, MPBP combines the strengths of tensor network methods with
belief propagation to yield a versatile algorithm. As future developments, we
envisage inferring the hyperparameters of the dynamics, such as the infection

probability in epidemic processes.



Chapter 4

Steady state of Markov processes on
graphs

Note: This final chapter contains results which were still preliminary at the date of
submission of the manuscript. Later developments can be found in [100].

Staying in the realm of Markov processes on graphs, without reweighting, an
interesting question concerns the steady state, i.e. the long time limit of the dynamics.
The problem relates to questions such as “Will an epidemic process decay or be
sustained on the long run?”, or “How will a certain biological system behave after an
initial transient?”, or yet “Can we build computers out of animal neurons by reading

off the results of calculations from the stationary response of their activations?”

This chapter proposes a method that, building on the matrix product cavity
method [79] and matrix product belief propagation (MPBP) [47] discussed earlier in
chapter 3, estimates the steady state distribution of Markov processes on graphs.

4.1 Introduction and related work

Given a homogeneous Markov process

p(®) =p(x’x',... x") = p(x’) [T p(x"'x) 4.1)



4.1 Introduction and related work 115

with transitions encoded in a time-independent matrix W
P TX) = Won 4, 4.2)

stationary states correspond to the dominant (right) eigenvectors of W. However,
finding these is often computationally infeasible when x lives in a huge space, as in
the cases we have considered so far. For a system of N interacting variables each

taking one of ¢ values, the transition matrix has ¢*" entries.

It is well known that a certain class of Markov dynamics, those satisfying the
detailed balance condition, converge to an equilibrium distribution [101]. This
provides a consistent simplification, in that the equilibrium distribution is typically
much simpler to analyze, for instance with the statistical mechanics-inspired methods
presented in chapters 1 and 2. For dynamics without equilibrium, alternative methods
must be employed.

Surely, one can adopt one of the method developed to track the full dynamics
and let it run for how long it needs to reach a steady state. Such strategies,
already presented in the previous chapter, include Monte Carlo simulations [63]
and analytical approximations [70, 72, 73, 97, 87]. The main issue with sampling,
besides the potentially arbitrary number of epochs one needs to wait before reaching
the steady state, is that observables computed in this way suffer from an intrinsic
uncertainty of the order of the square root of the number of samples. This, as we will
see later with a practical example (see fig. 4.2), can become problematic whenever
the value of the quantity of interest approaches zero. Mean-field approximations
are typically more efficient than Monte Carlo, but suffer from a few limitations:
difficulty of dealing with recurrent dynamics, failure to capture time correlations.
The backtracking version of the dynamic cavity method [102] describes processes of
the class we are interested in as they approach an attractor. However, it suffers from
exponential computational complexity in the number of epochs considered.

We showed earlier how the proposed MPBP algorithm can overcome some of
these limitations. The purpose of this chapter is to adapt MPBP using a slightly
different ansatz for the messages, in order to directly describe the steady state without
having to track the transient of the dynamics. Open source code for the algorithm
described in the following will be available upon publication at [103].
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4.2 A parametrization invariant to time translations

In the MPBP algorithm, messages are parametrized by a matrix product state, a.k.a
tensor train. We report equation (3.41) here for completeness:

T
mi—)j(fi,fj) °<HA€_>j()C€,XtJ> : (4.3)

t=0

We are interested in the 7 — oo limit, where we expect any property of the system,
including BP messages, to obey time-shift invariance. It therefore makes sense to
restrict the ansatz to a unique time-independent tensor A = Al = ... = AT = A. We
propose a class of distributions parametrized by a single tensor A, repeated infinitely

many times, i.e.

ga(x) =Tr

T
[TAG)
(=0

- Z [A(xo)}ao,al [A(xl)}al,az o [A(XT)}(XTﬁtO

o ol,....af

4.4)

where Tr is the matrix trace and the limit 7 — oo is intended. Such a mathematical
object is referred to as a Uniform MPS! (UMPS) [104, 105].

The infinite time limit is handled somehow non-rigorously here, as in other
definitions of UMPSs from quantum mechanics [104, 105]. The trace operator,
which amounts to imposing the periodic boundary conditions implied by the time-
shift property, is often omitted as it is not really important in the 7 — oo limit. Indeed,
whatever finite subset of the UMPS we might be interested in, “sees” to its right
and to its left an infinite train of matrices which effectively cancel the influence of

boundary conditions.

It is not immediately clear why a UMPS assumption should be correct for a
version of MPBP describing the steady state. We justify it by arguing that it is indeed
the correct description for a process slightly different than the one we are interested
in (4.1), then showing that any finite-time statistics are equal for the two processes.

Consider a modified version of the homogeneous Markov chain (4.1) where one

!The corresponding more “mathematics” nomenclature Uniform Tensor Train is not commonly
used.
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adds a further transition that loops back from time 7 to time 0

1 T-1

pr(x,...x") = Zv (x%x") E) w(xTx'). 4.5)
Its marginal at time ¢ = 0 is given by
1 T-1
pr(x’ =%) =7 ]Z w (x°|x7) E) w(xx") .
Xl (4.6)
:ZLT W) s

where (W"); ; is the i, j element of the n-th matrix power of the transition matrix
4.2).

On the other hand, consider the following conditional probability induced by the
original process (4.1) ending att =7 + 1
x/ = X|x

T-1
p ") =) L [T e )

o xT 1=0 “.7)

which is equal to (4.6) up to normalization. Now, and this is the final step, provided
that the transition W satisfies the hypotheses of the Perron-Frobenius theorem, one
has that, in the limit 7 — oo, the process (4.1) converges to a unique stationary
distribution 7 [106]. This means that the system at any large time is distributed
according to 7 regardless of the initial condition, i.e.
p(xIH =xx0 =)= (W) =% r(x). (4.8)
The benefit of working with (4.5) instead of (4.1) is that the former is by
construction invariant for cyclic shifts of its inputs, i.e. pr(x =X) = pr(x =
m, (X)) where 7 is a cyclic permutation 7, (x0,...,x7) = x/,... x! T modT = Ag
a consequence, all MPBP messages will also be invariant to time shifts and hence
admit a UMPS representation of the form (4.4). Indeed, it is known that any cyclic-
invariant distribution can be parametrized by a UMPS [81, Theorem 3], albeit with

bond dimension potentially exponentially large in 7.
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4.3 Belief Propagation and truncations

4.3.1 The BP equations

We consider processes on a graph G = (V = {1,2,...,N},E C V x V) where the
Markov transition takes the form

N
w (XH_] x') = Hwi(x?q x5, x%) 4.9)
i=1

with di denoting the neighborhood of node i in G. As anticipated, we propose a
UMPS ansatz (4.4) for the messages

mi j(%;,%;) = Tr
t=0

T
[TAi- xj)] (4.10)
with 7" — oo. Replacing this in the MPBP update equation (3.40), one obtains

Bisj(ith )= Y wild g x) @) Arssilax) @.11)
{xﬁc}keat\] ke&z\]

The outgoing message Tr [Hr oBiss j(x + X5, X ])] can be re-cast in the form (4.4) by
first performing a SVD, B, j(x/ ™! x!, L) = U (x, ) AV (x £+1), then multiplying

each AV factor in the infinite product by the followmg U factor to get
A,~_>j(x,~,xj) :AVT<X,')U()C5,XJ'). (412)

This closes the BP equations under the UMPS ansatz.

Just like the in transient case, the BP equations (4.11),(4.12) are iterated until
a fixed point is found. Then, formulas (3.63), (3.64) are used to compute single-
variable and pair beliefs. These are then further marginalized to compute single-
time and n-points (in time) statistics. The details of how such calculations can be

performed for UMPS messages are given later in section 4.4.

The algorithm naturally allows for a “cavity method” version suited for ensembles
of infinite graphs.
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4.3.2 Truncating an infinite message

The BP update with UMPS ansatz presents the same shortcoming of its finite-time
counterpart: the bond dimension (matrix size) grows exponentially throughout the
iterations. Trying to apply here the same SVD-based strategy presented in the
previous chapter, however, is not feasible, since it does not preserve the homogeneity

of the parametrization by a single matrix A instead of a time-dependent A’.

Instead, we turn to the literature on many-body quantum mechanics, where
UMPSs have been used to describe one-dimensional systems with (spatially) homogeneous
properties. In that context, several truncation methods have been developed, such as
infinite Time Evolving Block Decimation [107], infinite DMRG [108] and Variational
Uniform Matrix Product State (VUMPS) [105]. Here we use the VUMPS algorithm
presented in [105] and implemented in [109]. The objective in VUMPS is to
variationally maximizes the dot product between the target MPS ¢4 and truncated

one ¢4/
A ={(qalqa’) ZqA X)qar (X (4.13)

The search for the optimal A’ is done within the manifold of UMPSs with a fixed

bond dimension to which one wishes to truncate to.

Such an objective function is naturally suited for the quantum realm, where g4
and g4 would be complex-valued, L,-normalized quantum states. Indeed, in that
case the maximizer of the overlap is equal to the minimizer of a distance between
the two states

dy g =Y |qa(x) — qu (x)|?
=Y lga(®) P+ Y lga (x)* =2 Y Re g} (x)ga(x)] (4.14)
=2{1—Re[(galqa’)]}

where by * we denote complex-conjugation. We argue the overlap to be a sensible
choice of objective function also in our real-valued, Li-normalized case as, for

instance, it is maximized by A = A’.

The VUMPS algorithm works iteratively by starting from an initial guess for A’
with a given bond dimension, then progressively refines the estimate. One iteration
consists in the following steps [105, 110]:
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1. Bring both the target and truncated UMPSs in the so-called mixed gauge or
mixed canonical form. The canonical form has proven to provide numerical
stability besides simplifications in the calculations in many tensor network
applications [93].

2. Compute the gradient of the overlap in the new parametrization and set it to
zero. This results in a self-consistency matrix equation together with another

equation ensuring that the truncated UMPS is in the mixed gauge.

3. Restore the single-matrix form of the truncated UMPS.

Notice that the usual description of the VUMPS algorithm is given in terms of
the truncation of a quantum UMPS to which a Hamiltonian operator has been applied
[105]. We achieved plain truncation by passing a trivial identity Hamiltonian to the
approximate function of the MPSK:it.jl library [109].

For more thorough explanations of VUMPS we refer the reader to [105, 110,
111].

4.4 Observables

This section is the counterpart of 3.5, but for uniform MPSs: we show how to
efficiently compute quantities of interest from a distribution parametrized by a MPS,
this time a time-shift invariant one of the form (4.4): g4 (x) o< Tr [[T_( A(x")].

As a preliminary step, let us define
Zy =Y A(x) (4.15)
and its left / and right » dominant eigenvectors given by

Zil=Al
Zar = Ar.

(4.16)

In the jargon of tensor networks, / and r are the left and right environment.
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Assuming that these leading eigenvectors are unique, repeated application of Z4
gives
lim Z2 o< rI7. (4.17)

T—o0
Notice that if they are indeed unique, then they must also be real-valued, as they
correspond to the result of multiplying a generic vector v infinitely many times by

Z4. In particular, one can take v real-valued.

Single-time marginals are then obtained as

u@)= )  a®

octr ,[ZA7ZA ~ ZNA(X)ZAZp -+ Z4)

octr [rm()&)m} (4.18)
—tr [z*rl”‘A (o )r}

o<lTA(X)r.

Similarly, the joint distribution of n consecutive epochs is given by

t+n—1
ga(x AT e [ I1 A(xf)] r. (4.19)
T=t

Once n-time marginals are computed, it is straightforward to extract quantities such

as single-time averages and time autocorrelations.

A completely analogous reasoning goes for statistics derived from pair beliefs
which can be obtained as in the finite-7 case using (3.64).

4.5 Results

We first apply the algorithm to parallel Glauber dynamics of classical spin o € £1
variables, governed by the transition (3.10)

eﬁc;+l (Zjeal‘lljcjt+hl)

2cosh [ﬁ (Zjeai']ijoj' + h")}

1 1
Wt'+ (Git+ ’631) =

1

, (4.20)
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Fig. 4.1 Magnetization in Glauber dynamics on infinite Random 3-Regular Graph. (a)
Paramagnetic regime J = 0.4,h = 0.2 (b) Ferromagnetic regime J = 1,4 = 0. Comparison
with equilibrium magnetization of the underlying Ising model.
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Fig. 4.2 Time autocovariance in Glauber dynamics on infinite Random Regular Graph.
(a) Paramagnetic regime J = 0.4,h = 0.2 (b) Ferromagnetic regime J = 1,h = 0. Bond
dimension 10.

with J;; = Jj; = J, h; = h, on an infinite Random Regular Graph (RRG) of degree
3. The process is known to converge to the equilibrium state of an Ising model
[54, 47]. Fig. 4.1 compares the average magnetization with the equilibrium value
that can be obtained via the standard cavity method. As expected, increasing the

bond dimension results in improved accuracy.

Fig. 4.2 shows, for the same system, the steady-state autocovariance at distances
up to At = 20 epochs of the dynamics. We compare with Monte Carlo estimates
on increasingly large random graphs, whose accuracy degrades as the values of the
autocovariance approach zero.
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Fig. 4.3 Parallel Glauber dynamics on an infinite regular bipartite graph G = (V = AUB,E)
with non-reciprocal couplings Jp_.4 = 0.1,J4_p = 0.5, external fiel 7 = 0.2, and degrees
ka = 3,kp = 4. Points correspond to the transient of a Monte Carlo simulation on a random
graph with N = N4 + Np vertices, Ny = 1200, Np = 900. Bond dimension 5.

Next, we turn to dynamics with a non-equilibrium steady state, such as the
modified Glauber dynamics with non-reciprocal interactions J;; # Jj;. As a simple
system presenting this feature, we analyze an infinite regular bipartite graph with
vertices V = AUB and edges E C (ij) :i € A, j € B. The non-reciprocal coupling
strengths are J;; = Ja,pif i €A, j € B, and J;; = Jp_.4 otherwise. A further extent of
asymmetry is added by picking different degrees for A and B vertices ks = 3,kp = 4.
Fig. 4.3 shows the average magnetization for nodes in each block of the bipartition,
as well as the global average. Good agreement is observed with Monte Carlo

simulations on a large random graph.

Another example of dynamics whose steady state does not have a known analytical
expression is the SIS model of epidemic spreading. The Markov rule for the time-

discretized version of this model reads [112, 47]

it =S e (1-A1 [ = 1] )+ 1 =1 et
Wl(x§+l‘xai7xi) - 1— {]1 [x :JZ] [Tjcai (1 —1]1 [xtj :1]) +1[¢ :1]p} xﬁ“ 7
4.21)

with variables x € {S,1}, A and p the transmission and recovery probabilities. The
transition probability for xi.“ = [ is obtained by normalization. At fixed p = 0.1 and
for several values of A, we compute the probability for a node to be infectious at the
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Fig. 4.4 SIS model on an infinite 3-RRG with recovery probability p = 0.1 and varying
transmission probability A. Probability of a single individual being infectious at steady state
for our methods and the mean-field approaches described in the main body. Inset: absolute
error |p(x; = 1) — pyc(x; = I)| with respect to a Monte Carlo simulation. Monte Carlo and
mean-field methods are run on a finite graph of size N = 5- 103, and for finite time horizons
Tyuc =4-10°, Tyr = 10*. Bond dimension 14.

steady state on an infinite 3-RRG and measure the absolute error with respect to an
extensive Monte Carlo simulation. The performance is compared with the discretized
version [47] three mean-field approaches: Dynamic Message Passing (DMP) [72],
Independent-Based Mean Field (IBMF) [97] and Cavity Master Equation (CME)
[73]. Our method achieves the best precision across the whole range of transmission
probabilities.

Finally, we show how continuous-time dynamics can be approximated within
our method by multiplying the parameters A, p by a smaller and smaller time step
At (see also section (3.1.2)). Fig. 4.5 shows how Ar = 1072 is enough to reproduce
the steady state probability of being infectious as computed by a continuous-time
Monte Carlo simulation [113]. Let us mention that, although the same procedure can
and has been employed on the transient version of MPBP, in that case it comes at the
cost of an increase by a factor Az in the length of messages. The issue is removed by

moving to the single-matrix ansatz.
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Fig. 4.5 Approximation of continuous-time SIS model on an infinite 3-RRG by rescaling
the transmission and recovery probabilities A = p = 0.1 by a factor Az. Comparison with a
Gillespie-like Monte Carlo simulation on a graph of size N = 2- 10°.

4.6 Limitations

Accurately describing the dynamics when the system is close to a phase transition
can pose some difficulties. We conjecture that this has to do with correlations in time
becoming long-ranged and therefore a larger bond dimension is needed [93]. Fig. 4.6
displays the bond dimension needed to achieve a given precision on the computation
of single-time marginals. In the case of Glauber dynamics on a k-regular graph, we
know that the underlying Ising model in zero field exhibits a ferromagnetic transition

k_
at a critical value of coupling strength Jo = 10g2k72 which is J¢ ~ 0.5493 for k = 3.

Fig. 4.6a shows how the bond dimension needed to get within 10~ of the correct
equilibrium magnetization grows sharply in the vicinity of J¢. This observation is
consistent with finite-7 results [80].

The situation is not much different when turning to the SIS model, always on a
3-regular graph. At fixed recovery probability p = 0.1, there is a critical value of
transmission probability 0.5 < A¢ < 0.06 : under the threshold the only fixed point
of the dynamics is the state where all individuals are in the susceptible state. Above
Ac, on an infinite graph, the epidemic stays sustained indefinitely. Fig. 4.6b shows
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Fig. 4.6 Study of the bond dimension needed to get within a given precision on single-time,
single-site observables. (a) Glauber dynamics on an infinite 3-RRG with a small symmetry-
breaking external field 2 = 0.1, varying the coupling strength J. The target measure is a
relative error of 103 on the single-site magnetization (c!) (b) SIS model on an infinite
3-RRG with recovery probability p = 0.1 and varying transmission probability A. The
target measure is a relative error of 8- 10~ on the single-site probability of being infectious

plx =1).

how the vicinity of the transition is the region of parameter space where it is the
hardest to get accurate estimates.

4.7 Conclusion

In this chapter, we explored the steady-state behavior of Markov processes on graphs,
building upon the Matrix Product Belief Propagation (MPBP) framework introduced
in the previous chapter. We proposed a method for estimating the steady-state
distribution by adapting MPBP with a time-translation-invariant ansatz, leveraging
the concept of Uniform Matrix Product States (UMPS). This approach allowed us to
bypass the need for simulating transient dynamics, enabling a more direct analysis
of the system’s long-time behavior.

Our method was successfully applied to various types of dynamics, including
Glauber dynamics on infinite random graphs and epidemic spreading models such as
the SIS model. In each case, the steady-state estimates produced by our algorithm
were shown to match or surpass the accuracy of alternative approaches, including
Monte Carlo simulations and mean-field methods. We also demonstrated the



4.7 Conclusion 127

method’s ability to handle both equilibrium and non-equilibrium steady states, as well

as to approximate continuous-time dynamics through appropriate time discretization.

While the proposed method offers significant computational advantages, especially
for large systems and long time horizons, we also identified some limitations.
Specifically, near phase transitions, where long-range time correlations become
prominent, the accuracy of the method is diminished unless larger bond dimensions
are used. Nonetheless, this chapter has presented a robust and efficient framework

for analyzing the steady states of stochastic dynamical systems on graphs.

Future work may focus on improving the handling of phase transitions, potentially
through adaptive bond dimension techniques, and further extending the applicability
of this method to other types of stochastic dynamics and graph structures.



Conclusions






Chapter 5
Conclusions

This dissertation investigated the cavity method, a powerful framework originating
in statistical physics, for analyzing systems of variables interacting on diluted graphs.
Through a series of studies, we have demonstrated the versatility and efficacy of this

approach in equilibrium and non-equilibrium contexts.

In chapter 1, the theoretical foundation of the cavity method was laid out,
tracing its evolution from the Bethe-Peierls approximation to its modern algorithmic
incarnations, such as belief propagation (BP). We detailed its application to the
approximation of probability distributions on factor graphs, establishing a basis for
subsequent chapters.

Chapter 2 focused on the Closest Vector Problem (CVP), a well-known optimization
task in discrete mathematics and computer science. After mapping CVP to the
minimization of the energy of a spin-glass model, the cavity method provided semi-
analytical insights into the infinite-size limit and revealed phase transitions in the
geometry of the space of solutions. Notably, the interplay between solution space
clustering and algorithmic performance was characterized, highlighting the behavior

of cavity-based algorithms in the various regimes.

In chapter 3, we turned to non-equilibrium dynamics, introducing the Matrix
Product Belief Propagation (MPBP) algorithm. This novel approach is based on
treating a system of interacting and time-evolving random variables as a static
system whose degrees of freedom are time trajectories. It is then possible to apply

the BP algorithm, combined with the matrix product approximation from quantum
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mechanics, to tackle computational challenges in reweighted Markov processes, such

as epidemic spreading and Glauber dynamics.

Chapter 4 extended the MPBP framework to describe the steady-state behavior
of stochastic processes on graphs. Leveraging the Uniform Matrix Product State
(UMPS) formalism, this method offers a promising direction for understanding
steady states in systems with complex interactions.

Overall, this thesis illustrates the power of the cavity method across diverse
domains, from combinatorial optimization to stochastic dynamics. The developed
methodologies deepen our theoretical understanding of hard optimization problems
and paradigmatic models of stochastic dynamics. Future research could explore
further generalizations of the cavity method, particularly for what concerns inference

and steady-state behavior in stochastic processes.
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A.1 Lossy compression and channel coding

The problem of channel coding is formally identical to source coding in the sense
that it is stated as the minimization of the same energy function (2.14) (see e.g.
[42, equation 3]. However, there are two main differences that make one problem
substantially harder than the other. The first difference is a design choice: a set of
codewords which is good for channel coding is typically awful for source coding.
In the communication problem one wants codewords to be as far as possible from
one another, while for compression one wants them covering the whole space, so
that any point is close enough to at least one codeword. The second difference
lies in the distribution of the source vector. While here we are taking every bit of
the source uniformly at random, in channel coding the source vector is made of a
codeword with a small fraction of corrupted bits. This means that, provided the code
is well-designed, there will always be one codeword significantly closer to the source

than others, making the problem typically easier.

The results of the two problems are not directly comparable, however we give
in Fig. A.1 some evidence that the compression problem becomes easy when the
source vector is close enough to a codeword. We place ourselves in a regime where
the compression problem with symmetric source is in a IRSB phase, but modify
the source starting from a codeword and then flipping a fraction € of the bits. The
compression is then performed by max-sum with reinforcement. For small values of
€, max-sum is able to solve the problem exactly, as the number of unsatisfied factors
is zero and the distortion is equal to €. Indeed, by construction, € is the (normalized)
Hamming distance from the starting codeword. By definition, the closest codeword
will always be at a distance smaller or equal than €. As € increases, we observe a
transition where the algorithm stops converging to solutions, and the vectors found
(after fixing a set of independent variables as described in section 2.5.2) have a
distortion which is even worse than the 1RSB prediction for the same graph (for a

symmetric source).
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Fig. A.1 Performance of max-sum with reinforcement on source vectors made by perturbing

the all-zeros codeword with en bit flips. n = 1800,A = {4, =

0.45,23 = 0.55},P = {ps =

1},R = 0.15, average over 50 instances. The upper panel shows the average distortion, with
the Shannon bound and 1RSB prediction for a symmetric source as references. The lower

panel shows the number of unsatisfied factors.
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A.2 Generalization to GF(q)

As shown in the context of channel coding [114] and source coding [115], distortion
performance can be improved by working with variables in the finite field GF(q)
with ¢ = 2K k € N, as a generalization of binary numbers. In this case the parity
check matrix H has elements H,; € {0,1,...,q— 1}, and similarly for the source

vector .

The Boltzmann distribution (2.13) becomes:

w(x) = :

NI

[11| D Hajxj=0| exp <—B ZdH(xi,Si)> (A.1)
a=1 i=1

j€da

where by & we indicate the XOR function, which applies point-wise to the binary
representation of GF(2X) numbers. The Hamming distance dy(x,y) between two
numbers in GF(2¥) is the number of ones in the binary representation of x @y. The
operation H,x; is intended as the GF(2*) multiplication.

The max-sum equations in GF(q) read:

Ug—i(Xi) = max Y, hjsalx))| — Cassi
Xa\i*Breda Hak=0 | ;25\ (A2)
hisa(xi) =Y upsi(xi) —dr(xi,yi) — Cissa

bedi\a

where C;_,, and @Hi are constants ensuring respectively that maxy, /;_,,(x;) = 0 and

maxy, ug—i(x;) = 0.

For a source vector y € {0,1}", the corresponding GF(2¥) counterpart is obtained
by grouping bits in groups of k and interpreting them as binary code. Of course
vector sizes must be adjusted as to produce integer values. Likewise, given a solution
for the problem on GF(2X), one unwraps each element into & bits and concatenates

them to obtain a binary vector.

Figure A.2 shows the results of max-sum algorithm with reinforcement, plotted
against the Replica-Symmetric prediction. Increasing ¢, one observes indeed that the
average minimal distortion decreases. The results of max-sum and the RS prediction

starts to differ when ¢ increases, especially at large rate R. This phenomenon was
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Fig. A.2 Rate-distortion performance for the GF(g) max-sum algorithm on codes of n = 6720
bits (points), plotted against the Replica-Symmetric prediction (plain lines). The degree
profile is A(x) = {Ay = 1}, P(x) = { px, Pk+1}. Points are the average over 10 random graphs
and source vectors. For each instance, max-sum was run from 5 random initializations of
messages, the one that gave the minimum number of unsatisfied constraints was kept

already encountered for g = 2 (see main text, section 2.5.2 in particular Fig. 2.4.).
We leave for future work the investigation of this discrepancy, as already argued in
section 2.5.2 it is possible that the zero-temperature cavity method is not correct
in this regime. Another possibility is the apparition of a 1RSB or full RSB phase

transition as ¢, R increases for cycle codes.
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A.3 Details of the max-sum equations for CVP

This section provides details of the calculation of factor-to-variable max-sum messages
for the CVP

U,i0; = max [JG,’ H oj+ Z hjaO'j]. (A.3)

=a\i jeda\i jeda\i

It is useful to notice that the set of configurations for the neighboring spins 0, ;

can be split according to their product: 0,,\; = {0;]j € da\i,[];0; = 0;} U{0;|j €
da\i,[];0; = —o0;}. Therefore

Uy;0; = max< J+ max Zhlacj, —J+ max Zh]aoj (A4
[1j0/=0i"5 [1j0=—0;

Taking a closer look to the inner max, there are two cases: it can be that the signs
of the incoming fields have the same parity (sign) as o;, in which case the max is
obtained by aligning each spin to its field. Otherwise, one must pick one variable for
which the spin must take opposite sign with respect to the field: it must be the one

which gives the smallest loss, i.e. min; |4 |

h: -sign(hj,) = 0;
max thdj Zj| ja| [1;sig ( ja) i
[10/=0i"5 Ylhjal —2minj|hj,| otherwise

:Z‘hja’ —20 (—G,‘Hhm) mjin]hja|.
J J

(A.S)

where O is the step function ®(x) = 1[x > 0].

Similarly,

o A Zhacj Y |hja| —20 <a,-tha> m}n\hjay. (A.6)
jOI=0 j j
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Now (A.4) becomes

Uai0; =Y |hja| +max {1—2@) (—Githa> m}n\hja\, —J—-20 <citha> mjin\hja]}
j j

J

(A7)
To get ug;,
1
Ugi = ) (tai(1) — uai(—1))
1
= 5 max {J—Z@ (—tha> min |hjq|, —J —20 (tha) m1n|hja|}
j / j /

1
— 5 max {J—2® (tha> min [hja|, —J 20 (—tha> mjin|hja|}
j j
1
=-0| - h; max<J—2 min |h —J max< J,—J —2 min |h;
2 ( ,ell\,. "’) ( { jin e } { jin e })
+l® + H hjq | | max{J,—J—2 min ‘hja‘ —max<J—2 min ‘hja‘ —J
2 jeda\i jeda\i jeda\i
1
=* —sign h; max< J,—J—2 min |h max<J—2 min |hi,|,—J
27 <j€la—£\i ”’) ( { Jeaa\z| ’“’} { Jeaa\z| s D

1
= —sign max{] —J—2 min ‘h]a‘} max{] 2 min ‘h]a })
2 jeaa\l Jjeda\i jeda\i

1
_xx _sign< > (J max J 2 min ‘h]a‘ J})
2 j€8a\z jeda\i

1
= —sign J+mm{2 min |hja| — J,J}>
2 ]E&a\l jedaii
1.
— E51gn min< 2 mll’l }hja| 2J
]Ec?a\t jeda\i

= sign hig min< min |h;,|,J
s <jel;£\l_ / ) ( {jGBa\l| 7 | })
(A.8)

where at * we used the fact that sign(x) = @(x) — ®(—x) and at ** the fact that J > 0.
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A.4 Simplifications for the survey propagation equations

We report here simplifications that reduce the computational cost of the SP equations
(2.79).

First SP equation For a generic factor degree k + 1, the first equation reads

k k
P(u) = Z 5<u,j_rr11ink‘hj}l—[1sign(hj))I—[]Qj (hj)- (A.9)
i b

hl:'-'7hk

Since it looks just like the first equation in (2.59), one might be tempted to
directly write down the same simplifications. However, notice that here the symmetry
assumptions p(u) = p(—u) and g(h) = g(—h) do not hold anymore. What’s more,
at difference with (2.59), here the incoming messages need not be equal.

We first consider the case u =0

P(0) =P (at least one /; = 0)

~

(A.10)

For u # 0 the trick is to write down the set over which the sum is performed as
the difference of two other sets that are easier to treat:

k
A(u) =< hy,....h: min |hj| = ign(h;) = si
(w) { eeeshi: min (i) = [ul. ] ] sign(h) slgnw)}

J=!

k k
:{|h1|,...|hk| > |u|,[[lsign(hj) = sign(u)} \ {|h1|,...|hk| > |u|,I:Ilsign(hj) = sign(u)}

J= J=

k
:{|h1|,...|hk| > |ul, [T sign(h;) = sign<u>}
i—1

j=

k
\ {\h1|, |y | > |u+sign(u)|,Hsign(hj) = sign (u + sign(u))
=1
! (A.11)
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where we used the fact that |h| > |u| = || > |u| + 1 = |u+sign(u)| and sign(u) =

sign (u+ sign(u)). We can use this fact to build a recursion

n

an(u) = Y [12i(h:)

|h1‘7‘hn|2‘1/l‘ i=1
iy sign(h;)=sign(u)
Z On(hp)an—1 (usign(hy)) (A.12)
|h |2 ul
= an_1( Z On(hy) +an—1(—u) Z 0, (hy)
hnzu hy<—u

with initial condition ag(u) = 8 (1 — sign(u)). Finally,

Plu) = a(u) — a(u+sign(u)) u70 (A13)

=T, (1-0,(0))  u=0

where the quantities a; depend on the incoming Q’s through (A.12).

Second SP equation For a generic variable node of degree d + 1, the second SP

equation reads

o)=Yy 5<h,s— y Mb) [T Polup)e . (A.14)
b=ld ) b=1..

We have
0(h) = &gy (h) (A.15)

where ¢, satisfies the recursion

=Y fo(up)gp—1(h—up) (A.16)

where fj,(up) = Py (up)e 1| and with initial condition ensuring the shift by s

qo(h) = 6(h—s). (A.17)

Finally,
on)y=elgy® fi®---® fy (A.18)



150 Equilibrium

where we recall that ® means convolution.

Survey As in the RS case, the survey update is very much similar to the one for Q

B(h)=eMgo® fi@ @ fui1. (A.19)
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A.5 Simplification for the overlap computed by survey

propagation

We report here simplification to the expression for the average overlap as computed
by survey propagation through equations (2.82), (2.83).

Edge contribution

1 N
<Fia(hia7uai)>B,-a = Z_ Z Fiq (h[a,bta[)e yFw(hla’um)Qia (hia)Pai(uai)
1 ugi,hia (AZO)
Zig = Z e_yFia(uai’hm)Qia (hia)Pai(uai)
Ugishia
Variable contribution Adopting a lighter notation a = 1,...,d <> a € di where

|di| =d and s; = s, we have

d
Zi= Y efiteta) T Py(u,

ULy, Uy a=1

d
Z e)’(’s+ZZ:1ua|—):Z:1 ‘I/l(t') Hpa(ua)

UL ,..nlly a=1 (A.21)
d
_ Zey|h Z 5( —S_Zua)HPa € —y|ug
a a=1
_wk Zey\h\qd

where at * we introduced an identity and ** is analogous to the steps leading to
(A.18):
h) = Zpa(ua)e_y‘ud%lfl (h—uq)
Ua (A.22)
qo(h) = 6(h—s)
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Thus
<F,'(I/l1,... Z F ula -, u —yF HPLZ ua
l”l: -Ud a=1
1 d
:Z Z — S"‘ZM(Z +Z|M ’ ‘S—’_Z“ 1”11‘ Z“_l|ua‘ HPa Ug
Luy,...,ug a=1

:legeyhu Z ) (h—s—gua) ( In| + Z |ua|) HP )eltal
:——Zeylhlw Y 5( —s—gua)ﬁPa(ua)e_y””

Ugy.-uqg a=1

h d d )
—I—Zzh:ey| |u17Z 0 (h—s—Zua) ) ]ub\HPa(ua)e*””"‘
S SELTIUNES JEC) o I (R v
h a

l =1uy,....uq

x T Paltta)e ™1l |uy|
a=1

Q_N

(A.23)
where at * we again used the recursion on the ¢;,’s just like for Z;. The second term

is similar except for the additional sum.

In summary,

<E~<u1,...,ud>>3.=——Zey'h'\h|qd )+ Zey‘h\Z Y 5( —s—;ua)

=1Uy,...,uq

X Hpa(ua)e*yluauub\
a=1

Zi= Zey‘h‘%(h)
" (A.24)
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Factor contribution Adopting a lighter notation i = 1,...,k <> i € da where

|da| = k, we have

Z, = Z e VEa(hy,-..
-

Z o YO(— I hi)2mingy 'MHQI

||:»

k | .
=1+ ¥ {@( th) (e—y"‘m‘“f—wlhii—1)}HQ,~<h,~)
h

/’l],...7 k i=1 i=1
SR USRI M § X0
=0 By i
min;—p kh=u
[ h
=1+ Z (efzy” — 1) (ar(—u) —ar(—u—1))
u=1

(A.25)
where at * we introduced an identity and ** uses the same recursion as (A.13) and

the sum might as well start at u = 1.
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With similar reasoning one gets

k
(Fa({hia}))5 Z Fu(hy,. .., )e_yF”(hl""’hk)HQi(hi)
Za hyye.h i=1
:i Z @( H hla) 2m1n|h |€ YO(—TIlicoa m)zmmzeaamm‘HQ
Za hy,... hy i€da i=1
1
== Z { ( H h,a> 2m1n|h,a|
a h1:~~-7hk icda

) k
o <_ I m) ‘0 <_ I hm> eﬂmmfeaahm'] H@-(m)}
i€da i€da =
1 _
:*Z_am;hk{ ( tha) 2m1n!h e yzmln'ea“'h’“‘HQ }

i€da
1 o0
*% —2yu
="'V 2ue (h
Z & L o
u=0 h17~--7hk i=1
min;|hi|=u
Tisign(h;)=—1

:***Zi i Que (ar(—u) —ar(—u—1))
a =1
(A.26)

where * is the usual delta trick, ** uses ®* = @ and *** again invokes the a; recursion

and the sum might as well start from 1.

In summary:

(), =5, 1 20> )~ (1)
“ (A.27)
=1+ ; (efzy” — 1) (ax(—u) —ax(—u—1)).
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B.1 Parallel Glauber dynamics and equilibrium

B.1.1 Marginals and correlations in Parallel Glauber dynamics

It is well known that (fully symmetric) Glauber dynamics with asynchronous update
converges to the equilibrium distribution for the underlying Ising model on a graph
G = (V,E) [54] (a fact that can be verified by checking the detailed balance condition)

p¢4(0) o< exp {ﬁ [ Z Jijoioj+ ﬁ‘,hi(fi] } . (B.1)

(ij)€E i=1

Parallel updates like the ones considered in this work, instead, lead to a stationary
distribution [116]

P9 (6) o< exp {Z llogcoshﬁ ( Y Jij0j+hi> +ﬁh50'i] } : (B.2)

i jEIi

Here we show that, provided that the underlying model lives on a bipartite graph:

1. The two distributions have the same marginals, i.e. p®/(o;) = p™“(0o;).

2. The joint distribution for neighboring variables p¢?(c;, 0;) is equal to p(c! ™, o))
where 6!, 6'*! are configurations sampled using the parallel Glauber update
at the stationary state.

To see why the two propositions are true, consider an augmented system G =
(V,E) consisting of two copies of the vertices of the original graph. The new system
is made of 2N variables {0y, ...,0n,0],..., 0y }. Each variable o; interacts with the
copies of its neighbors in the original graph {GJ’.} j:(ij)eE»> and vice-versa. The new

system is distributed according to
} . (B.3)

By marginalizing over ¢ or ¢’, it is easy to see that either subset is distributed

N
p™8(0,0") < exp {B Z [ Z JijGiGJ/‘+Zhi(Gi +0))
i=1 i

J:(ij)EE

according to p**. Moreover, because the original graph G was bipartite (V =
AUB,ANB = 0), the new graph G is made of two disconnected components: the
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first contains variables {0;}ica U {07} jep, the second the other half. By construction,
the two subsets of variables corresponding to the two components are distributed
independently and each according to p?. Without loss of generality, take i € A.
Since the two sets {0;}icv and {0;}ica U {0} jep, follow the same distribution, in
particular they share the same marginal for the set {i} Udi, i.e. p®4(0;,04;, = 0'5;) =
p8(o;,0'5;) = p' (') p™8(oi|o’y;). Marginalizing over the neighbors, one
sees that p™8(o;) = p*(o;) = p®4(0;), thereby proving the first claim. Moreover,
p™8(0i|0’9:) = (o] ™!

1

= 0j|0}), = 0’y;), the transition (3.10). By marginalizing
over all neighbors but j, one obtains that i and j at two subsequent steps of the
dynamics follow the equilibrium distribution, proving the second claim. As acyclic
graphs are bipartite, these results hold for any acyclic graph, including the infinite

size limits of Erdos-Renyi and Random Regular graphs considered in the article.

Note that the bipartiteness of G is not a serious restriction. Indeed, given
an arbitrary graph G, possibly non bipartite, one can design a parallel dynamics
converging to p®4 by considering an associated bipartite graph G’ which is constructed
from G as follows: for every edge (i, j), add a new spin o;; and replace (i, j) by a
couple of edges (i, (ij)), ((ij), j) connected to ij with couplings J; ;; = +o0,J;; j = Ji;
(or alternatively, J; ;; = tanh ™! [\/tanh(|J;;|)] ,Jij,j = Jiijsign(Jij)). Marginalizing
over the extra spins {0o;;} one recovers the original p®? and the new graph G’ is
clearly bipartite.

B.1.2 Self-coupling

A way of obtaining the equilibrium distribution of a given Ising Hamiltonian that is
alternative to the pg — oo limit of (3.13) is given by self-couplings. One can enrich
the dynamics by adding a coupling J; between a spin and itself at the successive
epoch. The transition becomes

eﬁclt+l (ZanlJlJG]t+Jl’Gf+]1l)

2cosh [ﬁ (zjeaij,-jo; +Jio! +hi)}

w(GI.’“|G§i,G{) —

(B.4)

and the stationary distribution

1

pstat<o) o< exp {Z llogcoshﬁ (Z Jijo; —|—Jii6i—|-hj> +ﬁhi0'i] } . (B.5)

] JjEIi
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In the limit J;; > 1, one gets

logcosh 8 <Z JijGj—{-JiiGi—Fhi) = Z JijGiGj—i—Jii—F/’liG,'—F ﬁ(e_Jii) (B.6)

jeai jeai
} . (B.7)

By comparison with (B.1), we see that the resulting distribution is that of an

and the stationary distribution becomes

1
p"(0) < exp {2[32 [5 Y Jijoioj +hio;

i jEIi

Ising model at equilibrium at double the inverse temperature.

B.2 Models that admit tensor train representation

We show examples of models which can be represented exactly by a tensor train or

matrix product state (MPS).

Models with mass on a finite support Any arbitrary distribution p(x) = p(x®,x!,... ,x7)
can in principle be represented via a MPS, albeit with bond dimension exponentially
large in T': to see this, re-write p trivially as a superposition of delta distributions

T
p® =Y rOM]]8(.Y) (B.8)
y =0

where the product over ¢ is interpreted as a product of 1 x 1 matrices. Since the linear
combination of two MPSs is itself a MPS [92]:

a[JA') +p][B' () =]]C'(¥) (B.9)
with
' Al(x) 0 AT ()
CO(XO) — [ aAO(XO) bBO(xo) } , C (xt) = [ 0 Bt(x’) , CT(xT) _ BT(XT>
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then p can be expressed by a MPS with bond dimension ¢’ , g being the number of
values taken by each x’. Now, if the distribution under consideration puts non-zero
probability only over a small set .7 of trajectories, the number of components in the

superposition, and hence the final bond dimension, is |.7|.

Any non-recurrent and Markovian model with g states such as SIR (Susceptible
Infectious Recovered, ¢ = 3), SEIR (Susceptible Exposed Infectious Recovered,
g = 4), etc., allows only a sub-exponential fraction of the g7 potential trajectories.
Take as an example the SIR model: each message m;_.; can be parametrized by
the infection and recovery times for individuals i and j, for a total &'(T*) possible
trajectories. The same reasoning goes for a generic non-recurrent Markovian model

with ¢ states, yielding bond dimension & (qu).

Chain models Consider 7 + 1 variables each taking one in ¢ values whose

distribution is factorized over an open chain
p(x ) < [T W (). (B.11)

We show that there exists an equivalent formulation in MPS form, with matrices

of size g x g. Introduce additional variables {a'};—.rwith a’ = x' to get

T-2
Pl 2o ¥ 860 [Ty @ s @) by T )
a,....al

al, t=0
(B.12)
T—-1
< Y (A [T @)y g [ATED] (B.13)
al,a,....al =1
T
= [JA () (B.14)
t=0

with
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[A°()] =35(x%a")
A ()] g1 =y (d S @) VEEL2,. T—1 (B.15)
AN =y )

where each a ranges over g values. We note the following implication: messages
in the 1-step DMP method [75], which are parametrized as chain models, can be
represented with matrices of size ¢ x ¢°.

One-particle trajectories in the SI model We show that the probability of any
trajectory of an individual in the SI model can be represented by a MPS with matrices
of size 2 x 2. It suffices to show that such probability factorizes over a chain. In the
following we will sometimes use the convention S = 0,/ = 1. The rule that once an

individual i is infected at time ¢ it can never recover is then encoded compactly as

|J SN PR

For a generic time ¢ consider the conditional probability p(x' +1 \xo,x1 peeey XD,
If X' = I then p(x'*1x% x!, ... &) = §(¥*+1,I). If ¥ = S then it must also be that
¥ =x!=...=x"1=5. We conclude that the state at time 7 + 1 depends on the
previous states only through the state at time #: p(x'*!x0,x!, ... x') = p(¥*|x).

Hence,

p(xX0xt ) = Tl—llp(xﬂrl K0 Xt = TIIIp()ctJrl Ix') (B.16)

t=0 =0
The same thesis can be proven via a different argument: for “non-recurrent” models
like SI, information about the trajectory can be encoded into a single parameter: the
infection time. Infection at some time #; € {0, 1,...,T,o} (we use the convention that
no infection corresponds to ¢ = o0) corresponds tox’ = ... =x "1 =S x =... xT =L

It is sometimes convenient to switch between these two equivalent representations.

We propose a chain-factorized ansatz and show that it fully specifies the probability
of a trajectory
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T-1
p(xX0xt . xl) = H 1< xtﬂ} g ()| q" (7). (B.17)
t=0

The probability of any of the allowed trajectories is

t—1 T
pli=1)=p(® = ... =X =52 = .. =1) = [[¢O[[¢ (D). B1S)
t=0

t=t

The ratio of probabilities of infection at times 7 + 1 and ¢ gives

- . (B.19)
p(ti=t) q'(I)
Parametrizing as ¢' (S) o< 1,¢'(I) o< e ™", we get
(S ti=t+1
i —1og L) _jog Pi=1+1) (B.20)

g~ % pli=1)

In full detail, the resulting MPS is

[A°(:0)], 8
AT ()] g1 =1l <Xg 7N (a)S(K,a™) Veel,...,T—1 (B2
[AT(XT)LT =1

1

Pair trajectories in the SI model We show that any BP message in the SI model
can be represented exactly by a MPS with matrices of size 6 x 6. Consider the BP
equations for the SI model parametrized with infection times (see [87])
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mij(titj) o< Y 8 (tl,mm {tk}) IT musitc,ti) (B.22)
Loi\j keai\j
L[t <] T] Yrlt <odmisi(teti) =1 [ <] T] Y11 <t mysi(ti i)
kedi\j kedi\j
(B.23)
oc 1 [l‘l‘ < l‘j} aHj(ti) —1 [li < lj] b,'_>j(ll') (B.24)
o 1 [l‘i < l‘j} ci%j(ti) +1 [Z‘i = l‘j} bi%j(ti) (B.25)

where we used 6 (x,mingeg{xr}) = [Tres 1 [x < x| — [Tkes 1 [x < xi] and defined
ai—j(ti) = [keai j Lo L[t < tel musi(tis ti), bis (1) = Tkeai j Lo, 1lti < ti] miasi(ti, 1),
Cisj(ti) = @iy j(t:) — biyj(t:).

Once normalized, both ¢;,; and b;_, ; are probability distributions for a single
SI trajectory, hence they can be re-parametrized (with a slight abuse of notation)
as MPSs ¢;j(x;) = [T, 1 [¥7! > o] &, ;(xh), bissj(x) = TL 1 (X7 > 2] B, ().
Introducing the SI rule also for x;,we get

misj(xivxj) < [ [0 [ = ] 1[0 > ] iy (i) +
t

+111

t

(B.26)

141 +1 ~t
S/RNEARETAE RRAR R A L AN
The first term is a chain-factorized distribution for, say, x; times the constraint
xj- = xf‘v’t, hence it can be represented as an MPS with 2 x 2 matrices. The second

term is a chain of 4-state variables {(xﬁ,x’j)},:o:r, hence it can be represented as an
MPS with 4 x 4 matrices. In full detail
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[Tt [ <d] e =) [ = 0] o 00 =

t

Y [Tt [ <] 608 a )1 [af < ] 1 [, < K)o al) (B2Y)

Xi» 4 P i ="jl %]

t ~
Lal

1 T
CEm e
Finally, since the mixture of two MPSs is itself an MPS (B.9), we get that m; _, ;

can be written as a MPS with matrices of size 2 +4 = 6.
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