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Quantum correlations, like entanglement, represent the characteristic trait of quantum mechanics and
pose essential issues and challenges to the interpretation of this pillar of modern physics. Although quan-
tum correlations are largely acknowledged as a major resource to achieve quantum advantage in many
tasks of quantum technologies, their full quantitative description and the axiomatic basis underlying them
are still under investigation. Previous works have suggested that the origin of nonlocal correlations is
grounded in principles capturing (from outside the quantum formalism) the essence of quantum uncer-
tainty. In particular, the recently introduced principle of relativistic independence has given rise to a
new bound intertwining local and nonlocal correlations. Here, we test such a bound by realizing together
sequential and joint weak measurements on entangled photon pairs, allowing us to simultaneously quantify
both local and nonlocal correlations by measuring incompatible observables on the same quantum system
without collapsing its state, a task typically forbidden in the traditional (projective) quantum measure-
ment framework. Our results demonstrate the existence of a fundamental limit on the extent of quantum

correlations, shedding light on the profound role of uncertainty in both enabling and balancing them.

DOI: 10.1103/PRXQuantum.5.040351

I. INTRODUCTION

Investigating the very principles behind the laws of
nature is one of the most captivating and intricate fields
of scientific research. In this sense, quantum mechanics
(QM) has demonstrated extraordinary predictive power
when modeling the behavior of microscopic particles, also
providing tools for technological boosts in fields such as
communication [1-6], computation [7—11], imaging [12—
17], hypothesis testing [18-21], metrology [22-26], and
sensing [27-34], but a large debate is still ongoing in
the scientific community about its foundational aspects.
Particularly relevant is the investigation of nonlocal traits
of quantum correlations among spatially separated parties
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[35], a research field that originated in 1935 with the
Einstein-Podolsky-Rosen (EPR) paradox [36]. In 1964,
Bell demonstrated how locality constrains the correlations
between measurements on a bipartite system [37], proving
that QM can exceed such a bound and, therefore, prov-
ing that its predictions are incompatible with those of any
(classical) local hidden variable theory (LHVT) [37,38].

Later on, Tsirelson made an important step toward
a quantitative analysis of quantum mechanical correla-
tions, demonstrating that they are nevertheless bounded
[39]. Subsequently, many physicists have devoted large
efforts toward the investigation of quantum correlations
and the first principles determining their strength [40—46],
also trying to rule out probabilistic models exhibit-
ing stronger-than-quantum correlations without violating
the no-signaling principle [47]. However, none of these
attempts has managed to account for the whole set of
one- and two-point correlators in the simplest bipartite
two-outcome scenario.

Recently, Carmi and Cohen have proposed a new fun-
damental principle, called relativistic independence (RI)

Published by the American Physical Society
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[48], stating that generalized local uncertainty relations
(most generally defined, even outside quantum mechanics)
cannot be affected by spacelike separated parties. Similarly
to the works in Refs. [42,46], this approach emphasizes
the major role of uncertainty in nature [49]. In addition,
it allows us to derive familiar as well as novel bounds on
quantum correlations, without explicitly assuming the full
mathematical structure of QM. Indeed, correlations arising
in theories complying with RI must satisfy certain bounds
displaying an interplay between the nonlocal correlations
shared among the parties of a multipartite system and
the local correlations within the laboratory of each party
(e.g., those related to quantum uncertainty) [48—50], ruling
out theories admitting stronger-than-quantum correlations.
Such RI-derived bounds generalize other known bounds
on nonlocal quantum correlations and their experimental
study is the main topic of this work.

The need to estimate both local and nonlocal cor-
relations at once makes the experimental test of these
bounds quite a challenging task, requiring us to quantify
correlations among several incompatible (noncommuting)
observables measured on the same quantum system with-
out radically changing its state, which is prohibited by
Heisenberg’s uncertainty principle and by wave-function
collapse in the standard projective-measurement scheme.
In the following, we show how we have managed to test
the RI bound by producing polarization-entangled pho-
ton pairs and performing a sequence of two weak mea-
surements (WMs) [51—64] on both photons of each pair,
allowing us to quantify all the correlations needed for
testing the RI bound. Our results lead to a new experi-
mental characterization of the set of nonlocal correlations
within entangled states while emphasizing the role of local
correlations in determining and bounding them. We also
demonstrate the operative meaning of the bound stemming
from RI, thereby clarifying its physical interpretation.

II. THEORETICAL FRAMEWORK

The correlations arising in quantum theory are much
more intricate and interesting than those appearing in clas-
sical physics. In particular, because of quantum entangle-
ment, measurements made on distant systems can lead to
nonlocal correlations, i.e., correlations that are classically
inexplicable because of their incompatibility with local
realism (provided that the “free-choice assumption” or
“statistical independence” holds [65—67]). This statement
is captured by the violation of Bell inequalities [35,38],
one of which is the Clauser-Horne-Shimony-Holt (CHSH)
inequality:

|B| = [(41B1) + (41B2) + (42B1) — (42B7)] <2, (1)

where B is the so-called Bell-CHSH parameter and 4; and
B, are local dichotomic variables measured in the labora-
tories of two observers, Alice (4) and Bob (B), with two

different measurement settings, i.e., i,j = 1,2. In quantum
mechanics, they are represented by Hermitian operators,
the nonlocal correlations of which may exceed the value
of 2, reaching the aforementioned Tsirelson bound, i.e.,

1Bl < 2v/2, )

which determines the maximal extent of nonlocal quantum
correlations. This inequality sets a bound on quantum cor-
relations in bipartite scenarios without specifying how it is
approached, i.e., what the bound on nonmaximal quantum
correlations looks like and what makes them nonmaximal.
Subsequently, richer bounds have been proposed [68—76]
and tested [77].

In this work, we seek to advance the frontiers of this
expedition toward the ultimate set of quantum correlations,
exploring novel and more elaborate bounds on nonlocal
(quantum) correlations. Remarkably, we experimentally
show that these bounds on nonlocal correlations between
Alice and Bob, as captured by B, stem from the local cor-
relations between their operators 4, and 4, on one side
and B, and B, on the other. Moreover, they prove that a
necessary condition for quantum correlations to achieve
their maximum value is zero correlation between the two
measurements on each party’s laboratory.

A. Generalized uncertainty relations and the
relativistic independence bound

The RI principle [48] stems from an attempt to quan-
tify the strength of quantum correlations from outside the
quantum formalism. It therefore aims at encoding two
basic requirements, uncertainty and locality (in the sense
that local uncertainty relations do not depend on mea-
surement choices made by other parties), using a general
statistical structure, namely, the covariance matrix, into
which only the measured outcomes can be inserted (rather
than other theoretical constructs such as Hermitian oper-
ators, commutators, etc.). The first point to be recalled
here is the affinity between the Robertson-Schrodinger
uncertainty relations and the positive semidefiniteness of
the corresponding covariance matrix [49,50]—this will
be illustrated in Eq. (4) below. The second point, which
may require some conceptual leap, is the ability to tran-
scend single-system uncertainty relations to bipartite (or,
in general, multipartite) uncertainty relations. Finally, the
RI principle ensures that such multipartite uncertainty
relations encoded within covariance matrices will depend
only on local parameters and, from that, it enables us
to derive various bounds on quantum correlations. So,
let our two observers, Alice and Bob, share a bipartite
system. As stated above, they can measure the physical
variables 4; and B; and they can estimate the variances Aﬁl_

and A%, and the covariances C(B;,4;) = Ep4; — Ep Ey,,
where E 4 and E B, are the one-point correlators for Alice
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and Bob (respectively) and Ep, are the two-point cor-
relators between the two observers. The full system is
governed by a generalized uncertainty relation that can be
written as the following positive-semidefiniteness condi-
tion [48] (see Appendix A):
A C(B,4
Ayp = [CT(Ble) (AA ):| >0, 3)

where C(B, A) is the cross-covariance matrix [78] between
Alice and Bob, constituted by the C(B;, 4;) elements and
representing the nonlocal correlations of the bipartite sys-
tem, while A, and Ap are the local covariance matrices
for A and B, respectively, representing the local uncertainty
relations of each subsystem, i.e., the familiar ones pertain-
ing to 4; and A4, in Alice’s laboratory and B; and B, in
Bob’s laboratory. Now, let Bob measure just one variable
B;, choosing one of the two available measurement set-
tings. The generalized uncertainty relations are obtained
by imposing positive semidefiniteness to a submatrix of
A 43, ie., the existence of some 7; from which stems the
expression

‘ Ay, CBj,41) C(Bj,4)
Nyp=|C®B.4) A o200 @
C*(B;, 42) rr Aiz

LHVTs, QM, and even some models allowing for stronger-
than-quantum correlations all satisfy Eq. (4). The 7;
term is typically unmeasurable, as it corresponds to the
nonobservable correlations between local variables and
its form depends on the theory considered; e.g., in QM,
one has 7 =r =2 = (414> + A24,))/2 — (41)(4>).
In this case, Eq. (4) leads to the Schrédinger-Robertson
uncertainty relation applied to the nonlocal operators B; 4;
and B; A, [48]. Unfortunately, the uncertainty principle and
wave-function collapse do not allow us to measure »
together with all other quantities appearing in Eq. (4), at
least within the traditional (projective) quantum measure-
ment framework.

The fact that the » coefficient might depend on j means
that, in principle, even in a spacelike separated scenario,
Bob might still have a (nonlocal) influence on the gener-
alized uncertainty relations. The RI principle forbids such
nonlocal influence, stating that, in case of spacelike sep-
aration, the generalized uncertainty relations on Alice’s
(Bob’s) side are independent of what occurs in Bob’s
(Alice’s) laboratory, i.e.,

2 2
AAl 7 RI AAI r

Jj _ _
AA—[r; Aiz]_)AA_[r* Aaj' ©)

From this formulation, one can derive the following bound
(see Appendix A), displaying the interplay between local

correlations within each party’s laboratory and the nonlo-
cal correlations arising between the two parties:

B 2 r 2
el o

In the QM case, i.e., for = 12, Eq. (6) becomes

0<RI=

2

0<RI= + A%<, @)

‘ B
2V2
where B represents the nonlocal-correlations contri-
bution and A =r¢/2A,, A4, being proportional to
the real part of the Pearson correlation coefficient
((A2A41) — (A2)(A1))/ A4, Ay, [79] between the two mea-
surements occurring in Alice’s laboratory, accounts for
the (local) correlations stemming from the uncertainty
relations on Alice’s side.

Equations (6) and (7) suggest that in quantum mechan-
ics, but also more generally, large nonlocal correlations
and large local correlations cannot coexist. Put differ-
ently, to have violations of the CHSH inequality, we must
have small correlation between Alice’s local choices (and
similarly for Bob).

III. THE EXPERIMENT

To test the RI bound in Eq. (7), it is required to simul-
taneously evaluate the (nonlocal) correlations between A
and B measurements and the (local) correlations between
the two measurements performed either in laboratory A4 or
laboratory B. This corresponds to evaluating, at once, the
Bell-CHSH parameter B as well as the Pearson correla-
tor between the two measurements realized in one of the
laboratories, which we choose to be Alice’s. In general,
these measurements involve incompatible (noncommut-
ing) observables, resulting in this task being forbidden by
wave-function collapse and by Heisenberg’s uncertainty
principle in the traditional quantum measurement frame-
work based on projective measurements. However, such
a condition can be relaxed by implementing a sequence
of two WMs per branch, as shown in Fig. 1, thus avoid-
ing wave-function collapse (together with the inevitable
entanglement breaking) at the cost of some tiny decoher-
ence affecting the entangled state after the measurement
process (for details, see Appendixes B and C). In this way,
each entangled pair undergoes all the measurements (i.e.,
two per photon) needed to evaluate the local and nonlocal
correlations forming the RI bound.

Specifically, our entangled-pair source (EPS) gener-
ates polarization-entangled photon pairs in the singlet
state |[Y_) = Lz (|H4 V) — |V4Hpg)) (Where H and V indi-
cate, respectively, the horizontal and vertical polarization
components) via degenerate spontaneous parametric
down-conversion (SPDC) in a Sagnac interferometer.
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FIG. 1. The scheme of the experimental setup. Our entangled-
pair source (EPS), based on spontaneous parametric down-
conversion (SPDC) occurring in a Sagnac interferometer, gen-
erates entangled photon pairs in the state [y_) = (|H V) —
|V Hg))/ V2, sending one photon to Alice (4) and the other to
Bob (B). Both 4 and B implement two WMs in a row, each
carried by a pair of birefringent crystals preceded by a half-
wave plate (HWP), setting the measurement bases i,j = 1,2. In
this way, our two-photon state undergoes joint [54-57,80] and
sequential [58—61,63] WMs at once, preventing the [y_) state
wave function from collapsing, although at the cost of some
small decoherence, allowing us to estimate all the measurement
correlations (highlighted by different colors, with {4;,4,} =
(414, 4+ A2A,) required for testing the RI bound in Eq. (7).
Finally, both photons 4 and B are detected by a two-dimensional
(2D) spatially resolving detector with internal time-tagging capa-
bility, with dedicated coincidence electronics (labelled as “&”).
A detailed description of the experimental setup is reported in
Appendix B.

Both photons of each pair are spectrally filtered by
narrow-band interference filters and then spatially fil-
tered by coupling them into single-mode optical fibers,
getting decoupled and collimated into Gaussian spa-
tial distributions before being addressed to Alice and
Bob (see Appendix B). This results in an over-
all initial wave function of our two-photon state of
the form |W;,) = [¢-) ® lﬁ‘A) ® [fyA) ® MCB) ® VyB>’ where
(¢lfz) = (1/@moH)*)exp (—(£%/40?)) is the o-wide
Gaussian distribution of the photons in each trans-
verse direction ¢ = x4,y4,X5,¥p. The generated sin-
glet state presents visibility V" = (N(+, —) + N(—,+) —
N(+,4+) =N(=,-)/WN(+,—) + N(—+) + N(+,+) +
N(—,—)) = 0.983 £ 0.001, where N (%, £) is the number
of two-photon counts registered while projecting photons
A and B onto the states defining the diagonal-antidiagonal
polarization basis, i.e., |+) = Lz (H) £+ 7).

In both Alice’s and Bob’s laboratories, each WM is real-
ized by exploiting the weak coupling between polarization
and transverse momentum induced on the photon by a pair
of thin birefringent crystals. The first crystal of the pair
is the principal one and it induces a spatial walk-off (for
the polarization component lying in the same plane as the
crystal extraordinary (e) optical axis) in one of the two

independent transverse directions x (for the first WM) and
y (for the second one), leaving the two WMs occurring
on each photon independent of each other. Anyway, this
crystal also introduces a temporal delay and a phase shift
between the H and V polarization components; the follow-
ing “compensation” crystal, with the optical e axis oriented
along the y axis (for the first WM) and the x axis (for the
second one), is rotated along its optical e axis to compen-
sate the temporal delay and nullify the phase shift without
introducing any spatial decoherence. Each crystal pair is
preceded by a half-wave plate (HWP), allowing us to select
the polarization basis of the subsequent WM; the com-
bined effect of HWP and crystal pair realizes the unitary
transformation

~ i N A
Ug = exp (—i—zqul'I(z?Kj) ® PC/'K) , (8)

where g, is the coupling constant (K =4,B, j = 1,2,
¢1 =x, { =y) indicating the measurement strength,
I1(¥;) is the polarization projector along the direction

described by the angle ¥g;, and IA’QK is the transverse
momentum of the photon on the optical plane of the crys-
tal. For the WM condition to hold, the coupling constants
8y must be much smaller than the spread of the pointer
observable [51], i.e., in the specific case, of the width o
of the spatial Gaussian distribution of the photons (a thor-
ough study of the effect of the measurement strength g on
the WM can be found in Ref. [62]). This is needed to grant
an (almost) negligible backaction of the measurement on
the quantum system undergoing it, thus preventing wave-
function collapse. Although, in principle, this would imply
(8¢ /o) < 1, it has been shown [62] that for the kind
of measurements needed in our experiment, it is already
possible to achieve such a regime for (gg, /o) < 0.2, as
implemented in our setup (for details, see Appendix C).

After the four WMs, the entangled photon pairs are
addressed to two spatially resolving detectors, allowing us
to extract, for each twofold coincidence, the coordinates
of the firing pixels and thus obtain the coincidence-count
tensor N (X4, Y4, X3, Yp), where X, Y, and Xp, Yp arc the
pixel coordinates in which the two photon of each pair
impinge.

By relying just on WMs, i.e., without any postselection
added after the weak couplings, we avoid wave-function
collapse and manage to recover all the one- and two-point
correlators needed for testing the RI bound. Indeed, con-
sidering only projections onto the real plane of the Bloch
sphere, after the entangled pair undergoes the four WMs,
one can extract the cross-correlations,

(G4 ® TB)out = (Woul Giu ® Lip |Wour)

~ 8,80y (V-1 TT(D4) ® T1(W3,) 1Y),
)
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the single-branch sequential correlations,
<XK yK)out = (qjout| XK i,K |\yout>

N ngzgyK W Ao, o) | 1), (10)

and the single-observable expectation values,

(G )ou = (Wourl G [Wou) = e (Y| TI(Wx) 1Y) ,

where j,/=1,2 and K = A4, B, the projectors lcl(z?Kj)
are defined as f[(z?Kj) =+ 8z(ﬁ1<j)/2), the sym-
bol {,} indicates the anticommutator, and |V, =
U,,0,,0,,U,, |¥,) is the bipartite state after all weak
couplings [for the sake of readability, we omit from
Eq. (11) the tensor with the identity operator for the system
subspace where no observable is evaluated]. Combining all
these elements, one can evaluate the RZ quantity in Eq. (7)
as

(11)
PN PP PSP PSS o 5 2
Xy XB)out _ (X4YB)out (Y4XB)out (Y4YB)out _ (Y4)out _ (XB)out + 2
Rz— _ 8X,8Xp 8x,8vp 8Y,8Xp 8Y,8Yp &y, 8Xp
242
2
oy Vdow _ Kpdout(Vadout
8X,87, 8X 487y

; (12)

+
2 (AA,A)OIH _ <Xf‘”gut <$]A)out _
8Xy g)z(A 8Yy

where the first term corresponds to the |B/2\/§ |2 value
and the second one accounts for the A? component (a
detailed description of the experimental setup can be found
in Appendix B). By comparing Egs. (9)<12), one can
appreciate how, in the weak-approximation regime (i.e.,
for a small coupling condition g, /o < 1, as in our case),

the weakly measured RZ is independent of the exact
8¢y Vvalues, since they cancel out when substituting the
expressions of Egs. (9)~(11) in Eq. (12).

The experimental results are shown in Fig. 2. In the
figure, we plot the results obtained for the RI bound in
Eq. (7) by choosing on Alice’s side the {0, 7 /2} measure-
ment basis (where {y,y + 7/2} is a basis defined by the
rotation angle y with respect to the {H, V'} basis) on the
first measurement block and the {(7r/4) + 68, 3w /4) + 8}
basis on the second one, while Bob performs the first and
second measurements in his laboratory in the {7 /8, 57 /8}
and {(3m/8)+ 4, (77 /8) + 8} bases, respectively. We
choose these measurement bases because, for § = 0, they
grant a maximal violation of the CHSH inequality, satu-
rating the Tsirelson bound and maximizing the nonlocal
correlations in our experiment (cancelling the local ones),
as per Eq. (7). This means that in our setup, the parame-
ter § plays the role of an “angular mismatch” in the second
measurement of each observer with respect to the one max-
imizing the Bell-CHSH parameter |5|; by varying 8, we
are able to quantitatively investigate the interplay between
local and nonlocal correlations in our system.

F2y
2
gYA

In Fig. 2(a), we show the RZ parameter, quantifying
the total contributions due to the local correlations on
Alice’s laboratory and the nonlocal correlations between
Alice’s and Bob’s measurements, as a function of §. The
experimental points (red dots) are in good agreement with
the theoretical predictions (blue curve) within the experi-
mental uncertainties (red vertical bars) and highlight how
the nonlocal bound in Eq. (7) is always satisfied by the
measurement correlations registered. On the other hand,
in Fig. 2(b) we show the interplay between the two RZ
addenda, accounting, respectively, for nonlocal correla-
tions of 4 and B (the reddish theoretical curve and the
experimental dots) and the local correlations on Alice’s
side (the blue theoretical curve and the experimental dots).
In particular, we observe how, for measurement choices
closer to the ones allowing for a maximal violation of the
CHSH inequality (i.e., for § € [—(;r/4),7/4]), there is a
trade-off between local and nonlocal correlations, the lat-
ter reaching their maximum for § = 0, in correspondence
with the RI bound saturation and in the complete absence
of local correlations.

For this specific setting, our experiment yields RZ =
0.98 £0.11, in excellent agreement with the theoreti-
cal predictions, just like all the other points reported in
Fig. 2(a), which can be further confirmed by looking sep-
arately at the local and nonlocal terms of Eq. (7) shown
in Fig. 2(b). Table I reports the different contributions
to the experimental uncertainty obtained for RZ (8 = 0).
Specifically, orzsat 1S the statistical uncertainty given
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(a)
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2 8 8 4

FIG. 2. The experimental test of the RI bound. (a) The overall RI: the test of the nonlocal-correlations bound in Eq. (7), derived
from the RI principle, on the measurements performed by Alice and Bob on an entangled photon pair. Specifically, the RZ parameter
is evaluated with Alice measuring the polarization of photon A first in the {0, 77 /2} basis and then in the {(;t/4) + 8, (37t /4) + &} basis,
with § playing the role of a mismatch parameter with respect to the measurements, allowing for a maximal violation of the CHSH
inequality, while Bob realizes subsequent polarization measurements on photon B in the {7 /8,57 /8} and {(37/8) + 8, (7 /8) + &}
bases, respectively. (b) The separate contributions to RI: the interplay between local and nonlocal correlations within the bipartite
system analyzed, highlighted by the behavior with respect to the mismatch parameter § of the two contributions to RZ, i.e., the
Tsirelson-bound-normalized Bell-CHSH parameter (red curve and orange dots), accounting for the nonlocal correlations; and the
Pearson correlation coefficient between the two measurements 4, A, (azure curve and blue dots), accounting for the local correlations
in Alice’s laboratory. In both plots, the dots and continuous curves represent the experimental results and the theoretical expectations,
respectively. The uncertainty bars account for statistical uncertainties and all other uncertainty contributions (for details, see Appendix

D). The plots show the (a) overall RZ and (b) separate contributions to RZ.

by the data set collected during the experimental run,
while orzca accounts for the uncertainties arising from
the measurement-apparatus calibration procedure (for
details on the experimental-uncertainties evaluation, see
Appendix D).

IV. DISCUSSION AND CONCLUSIONS

The interplay between local and nonlocal correlations
is of major relevance not just for the investigation of QM
foundations [81] but also for quantum technologies, given
the role of nonclassical correlations in quantum imag-
ing and sensing, quantum metrology, quantum information
processing, and computation. Our experiment allows the
realization, for the first time, of simultaneous joint and
sequential measurements on the same quantum system
without collapsing its wave function, providing an elab-
orate characterization of the set of quantum correlations,

TABLE 1. The uncertainty budget for the average value of the
quantity RZ estimated in our experiment for § = 0, i.e., in cor-
respondence with the RI bound saturation. The contributions to
the overall experimental uncertainty oz are (for details, see
Appendix D) or 7 stat, the statistical-uncertainty contribution, and
ORZTcal, the uncertainty contribution accounting for the setup
calibration procedure.

) RI ORT ORI stat
0 0.98 0.11 0.08 0.08

ORT cal

as derived from the RI principle [48] and explicitly
demonstrating an interplay between the amount of local
and nonlocal correlations available in a quantum system.
Moreover, our work substantiates the hypothesis [82,83]
that quantum mechanics is as nonlocal as it is without
violating causality, due to the existence of uncertainty.
This result, following a rich and flourishing research path
[84-94], represents a significant step toward understanding
nonlocality in our most fundamental theory of nature [95].

On the practical side, such a measurement capability
provides the key to investigating novel applications of
quantum theory combining both local and nonlocal cor-
relations. Prime among these are quantum computation
and simulation, which employ entanglement and nonlo-
cal correlations but balance them with local correlations
to obtain optimal outcomes [96,97]. Furthermore, the pro-
posed technique enables us to measure both local and
nonlocal correlations on the same quantum system with-
out inducing major decoherence on its state; this can, e.g.,
help in assessing the performance of near intermediate-
scale quantum devices without significantly interfering
with their operation.
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APPENDIX A: DERIVATION OF THE
RELATIVISTIC INDEPENDENCE BOUND

As one can deduce from Eq. (4), Bob can nonlocally
tamper with the generalized uncertainty relation encoded
in that positive semidefinite matrix since, in general, 7;
depends on Bob’s choice j . The RI principle is the require-
ment for the generalized uncertainty relations to exist
and remain independent of Bob’s (Alice’s) measurement
choices, i.e., r; =r [see Eq. (5)]. It has been shown
[48] that the RI principle establishes a bound on local
and shared correlations between Alice’s and Bob’s mea-
surements. By the Schur complement [98] condition for
positive semidefiniteness, one can write Eq. (4) as

— r
1
M_IAAM_1 = 7 Ay A
1
| Ay, Ay,
12l ez
= pheh el ]’
[Pj102 10
lpi21* pi1ps2 _24,-1 | C (B}, 42)
= A2M J>
[pflpj‘z o117 B C*(Bj,41)
x [C(B;,42)  C(Bj, A)]M™",

(AT)

where M is a diagonal matrix with nonvanishing terms
(not changing the positivity—just needed for transform-
ing covariance into correlation), Ay, and Ay, are the
local variances, and p;; = (Epja; — Ep Ea)/ Ap Ay, is the

Pearson correlation coefficient between 4; and B;. The
positive-semidefiniteness condition for a generic n X n
matrix I implies that, for any vector u; € C”, one has
w;Tu] > 0[49]. If we consider n = 2 and u; = [(—1), 1],
by applying this property to Eq. (A1), we obtain

r
1 loy I oy p1
Ay A
Ag Ay, Py Py 1Poj
(A2)
implying
. r .
2 1+(—1YR6( )>Z|p1‘+(—1)'/02‘|2‘
( Ay, Ay, / !
(A3)

By taking the square root on both sides, summing over
Bob’s choices j = 1,2, and using the triangle inequality
Is| + || = |s + t], Eq. (A3) implies that

Bl<v2y 1+<—1y‘( ’ ) (Ad)

j=12 AAZAAI

where B = (4,B)) + (4,B,) + (4,B,) — (4:B,) is the
Bell-CHSH parameter. Now, since /1 —a <1 —a/2 for
a € [0, 1], the RI bound follows (upon squaring and rear-

ranging):
sl (e[l ]) < e
— e — ,
232 204, Ay, -

which for the QM case (» = r2) becomes

B | ey 2
sl +amnar) =
22 204, Ay,

APPENDIX B: EXPERIMENTAL DETAILS

0<RI =

0<RI= (A6)

A detailed scheme of our experimental setup is pre-
sented in Fig. 3. The setup consists of two main parts,
one dedicated to the generation of polarization-entangled
photon pairs and the other focused on their (weak)
measurement and detection. The polarization-entangled
two-photon state is produced by means of type-1I spon-
taneous parametric down-conversion (SPDC) occurring in
a periodically poled potassium titanyl phosphate (PPKTP)
crystal hosted in a Sagnac interferometer. The PPKTP
crystal is pumped by a cw laser at 405 nm, producing
degenerate SPDC photon pairs at 810 nm. The down-
converted photons, exiting the Sagnac interferometer in
the singlet state |_) = (|H V) — IVAHB))/\/E, are then
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spectrally filtered, coupled to single-mode fibers, and col-
limated into Gaussian spatial modes |f; ) ® Ity A(B)) (with
(¢]fz) = (1/@mo®)*) exp (—(£%/40?)), where ¢ =x,y
and o are the Gaussian distribution widths in both the x
and y directions). The combination of both quarter- and
half-wave plates (QWP,; and HWP ), respectively)
allows us to compensate for the polarization changes due
to the propagation within the single-mode fibers. In this
way, we are able to send photon pairs in the state |\¥;,) =
1V_) ® |fr,) ® |fis) ® |fis) ® |fy) to the A and B branches
with visibility V" = (N(+, =) + N(—,+) = N(+,+) —
N(==)/(N(+, =)+ N(—=,+) + N(+,+) + N(—, —))
= 0.983 £ 0.001, where N(o,B) is the number of two-
photon counts registered while projecting photons 4 and
B onto the |&) and |B) states, respectively, and |£) =
L (1H) £ (7).

The subsequent WMs are carried out by exploiting
the weak coupling between polarization and transverse
momentum induced on each photon by pairs of thin cal-
cite (CaCOs) birefringent crystals. Each pair is composed
of a principal crystal (PCyp)/) and a compensation crys-
tal (CCyp)j), where j = 1,2 indicates the position of the
crystal pair in the measurement sequence. The optical e
axes of PCy(p)1 and PCyp)2 are oriented along perpendic-
ular planes, specifically the z-x and y-z planes (with a 7 /4
angle with respect to the photon propagation direction z),
in order to induce a spatial walk-off (for the polarization
component lying in the same plane as the crystal e axis) in
the two independent transverse directions x and y, to avoid
affecting each other. Moreover, the PCy)j crystals also
introduce a temporal delay and a phase shift between the
H and V polarization components, which need to be com-
pensated. The compensation crystals CCyz)1 and CCyz)2
are mounted onto a motorized rotating stage, with the opti-
cal e axis lying, respectively, in the y and x direction (i.e.,
orthogonal to both the z direction and the principal crystal
optical e axis). By rotating the compensation crystal along
its optical axis, it becomes possible to restore the temporal
delay and correct the phase without introducing any addi-
tional spatial decoherence. Each crystal pair is preceded
by a half-wave plate (HWP 451 and HWP 45 2), enabling
the choice of different polarization bases for each weak
measurement implemented and allowing us to realize the
unitary transformation in Eq. (8). Finally, entangled pho-
tons are detected by a 24 x 24 single-photon avalanche-
diode array (SPADA), i.e., a single-photon detector with
2D spatial resolution composed of an array of SPADs
with internal time-tagging electronics [99] able to record
the arrival time (with 2-ns resolution) and the position of
each detected photon pair. Lenses L1 and L2 constitute
an imaging system needed to match the photon spatial-
distribution dimensions with those of the SPADA active
area. The internal time tagger of the SPADA allows us
to extract the twofold coincidences and the coordinates of

the firing pixels, constituting the coincidence-count ten-
sor N(Xy, Y4, X3, Yp), where X, Y, and Xp, Yp are the
pixel coordinates in which the two photons of each pair
are detected.

APPENDIX C: ANALYSIS OF THE STATE
DECOHERENCE INDUCED BY THE WEAK
INTERACTIONS

After the four (weak) von Neumann couplings occurring
in our setup (Fig. 1), the output state reads

|Wour) = i]yB UyA IAJXB UXA |Win) = UJ/B OyA UXB fjm ly-)
® |fey) ® |) @ |fis) ® |55 (C1)

where the (A];J.K values (j = 1,2, K = A4, B) are the evolu-
tion operators defined in Eq. (8), |{y_) is the polarization-
entangled singlet state generated by our EPS, and the
lf;,-K) values are the (Gaussian) spatial components of the
entangled-pair wave function. This means that the overall
density matrix of the (pure) output state can be writ-
ten as Pout = |Wout) (Wout|. If we restrict ourselves to the
polarization subspace, the partial trace over the spatial

degrees of freedom leads to the polarization-state den-

sity matrix ,oéft) = Trx, 5.5 (Pout), Which presents some

slight decoherence (due to the loss of information on the
spatial degrees of freedom caused by the trace operation)
with respect to the initial state p;, = |W;,) (V;,| because of
the occurring WMs. We quantify this decoherence by com-

paring the purities 73(,0,‘(1/[)) and P(péft)) (where P(p) =

n

Tr(p?) and ,oi(f) = Tty 505 (Pin)) of the polarization-
state density matrix before and after the WMs, both
extracted via quantum tomographic reconstruction [100].
For the sake of simplicity, let us now assume that all the
weak couplings in our setup have approximately the same
strength, i.e., g;, =~ g, and consequently let us introduce
the parameter = 1 — exp (—(g%/80%)), which plays the
role of some “decoherence parameter” [101,102] (as we
will see in the following). Given our weak-interaction
regime, in which (g/0) < 1 implies 2 — 0, the output-
state purity 77(,0(%)) can be expanded around 2 = 0 as
follows:

1
Plpol) 1 = 42 + 507 (22 + cosfd(er — az)]

+ cos[4(a1 — B1)] + cos[4(az — B1)]
+ cos[4(a1 — B2)] + cos[4(az — B2)]

+cos[4(B1 — B2)]) + O(R). (€2)

Remarkably, for the small interaction strength of the WMs
implemented in our experiment (g/o < 0.2, correspond-
ing to © < 0.005, clear evidence of the weakness of
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A representation of our experimental setup. Polarization-entangled photon pairs in the singlet state |_) = (|H4V3p) —

|V4Hg))/ V2 are generated in a Sagnac interferometer, coupled to an optical fiber, and collimated in a Gaussian spatial mode. Then,
each photon undergoes two weak measurements in a row, each realized by a pair of birefringent crystals preceded by a HWP. At the end
of the measurement process, the photon pair is detected by a 24 x 24 SPAD array with 2D spatial resolution. CC, compensation crys-
tal; DHWP, dual half-wave plate; DM, dichroic mirror; HWP, half-wave plate; Iris, pump beam pinhole; L1 and L2, imaging-system
lenses; L,,1 and L,2, pump-beam focusing lenses; M, mirror; OFC, optical-fiber coupler; OI, optical isolator; PBS, polarizing beam
splitter; PC, principal crystal; PPKTP, periodically poled potassium titanyl phosphate; QWP, quarter-wave plate; SMF, single-mode
fiber; SPAD, single-photon avalanche diode; TM, triangular mirror; WM, weak measurement.

our measurements), the angular dependence of Eq. (C2)
becomes negligible and the amount of decoherence in péft)
is the same for every choice of «; and B;.

Since the singlet state produced by our EPS presents an
initial purity of 0.98, the induced decoherence should lead
to an output-state purity P(pé‘fl't)) =~ 0.96. The tomograph-
ically reconstructed output state for § = 0, on the other
hand, features P(,of,ft)) = 0.94, quite close to the theoret-
ical expectations, with the further purity drop most likely
due to the nonoptimality of our optical components (not
included in the theoretical analysis). Nevertheless, these
results demonstrate how, after the WM process, the polar-
ization state has just suffered a slight decoherence, instead
of the full wave-function collapse eventually induced by
strong (projective) measurements.

APPENDIX D: STATISTICAL ANALYSIS

In our experiment, we perform six data acquisitions,
with different setup configurations. To calibrate the sys-
tem, we send only either horizontally (H) or vertically
(V) polarized photons to both 4 and B, by generating the
two-photon separable states |H4Vp) and |V Hp). Consid-
ering that the first birefringent crystal pairs in 4 and B
(composed, respectively, of the PCx1 and CCk1 crystals
in Fig. 3, where K = A4, B) shift the H-polarized photons
along the x transverse direction, while the second crystal
pairs (formed by the PCg2 and CCk2 crystals) shift the V-
polarized photons along y, the |H,V3g) and |V, Hpg) states
allow us to obtain (via a linear regression of several subsets
and subsequent average) the spatial distribution centers for
the H and ¥ photons. From these acquisitions, we can also
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extract the photon-distribution centers in the unperturbed
case and, as a consequence, the g¢, values.

For convenience, the center of the unperturbed (shifted)
spatial distribution is dubbed EK,O(D (¢ =x,y; K=A4,B).
In light of this, the WM interaction intensities can be
obtained as (for further details on the connection between
spatial distributions and the WM interaction intensity, see
Ref. [103,104]):

ek = Ck1 — ko (DI)
Then, we set HWPp to produce the singlet state |¢_), and
the HWPs on 4 (HWP41 and HWP,2) and B (HWP31
and HWPg2) sides so as to get a full data set allowing us
to evaluate the RZ bound for a fixed “mismatch param-
eter” §, obtaining a set of {x (¢ = x,y; K = A4, B) values.
Finally, we remove the PCgm and CCgm birefringent crys-
tals (m = 1,2) and perform three data acquisitions with
only HWPs in the photon paths. In the first acquisition,

J

B=4 -

we keep the same HWPxm angles as the RZ acquisi-
tion and send the singlet state |_) as input. Conversely,
the second and third acquisitions are performed with all
the HWPgxm angles on their 0 values and with |H4V3)
and |V4Hp), respectively, as input states. This allows us
to evaluate (and eventually compensate for) the unwanted
spatial deviation induced on the photons by the HWP posi-
tion change between the calibration and RZ acquisitions,
which we dub as EK,shift. Once again, they are extracted by
linear regression and subsequent averaging.

The left-hand side of the RI bound in Eq. (7) is the
square sum of two terms, one (|B /22 |) concerning the
nonlocal correlations between Alice and Bob and the other
(A) accounting for the local correlations on Alice’s side.
Following the same mathematical derivation leading to
Eq. (7), we can express the Bell-CHSH parameter B as
(from now on, we drop the ., subscript for the sake of
readability):

(o) ) (i) (rin)_(i) _pis

8x,8xp x,8vp

The expressions <§A'K> (¢=X,Y; K=4,B) and <EA ® Z’B>
(¢ =X,Y; K = A, B) can be evaluated as

<Z’K> = <§K —Cko— Z’K,shift> 5 (D3)
<2A ® 23) = <(§A — Za0 — Cashin) (85 — $po — EB,shift)>-
(D4)

Substituting in Eq. (D2), we obtain the following expres-
sion for the Bell-CHSH parameter:

B4 X4 — Xi0 — Xasnie) X — Xpo — Xpghi)
(Xa1 — Xpo) (X1 — Xpo)

Xy — X0 — Xasnie) Y — Vg0 — Vanin)
X4 — X40) (V1 — Yp0)

n Yy — ~YA,£) — Y shin) ({(B - 5(13,0 — X i)
(Ya1 — ya0) X1 — Xpo)

Yy — Va0 — Yasnin) Yz — Yoo — Vasni))
(Yag — Y40) (Y1 — Vi)

Ya— Va0 — Visnin ~ Xip — Xp.o — Xpshifi )
Yi1—Yap Xp1 —Xpo

(D5)

8v,8xp

_ i +2.
gr,8vp gy, Exp

(D2)

(

Conversely, the A quantity in Eq. (7) can be expressed as

gx,87,

(D6)

where
Cyu = <XA i'A) - <)A(A> <$]A> , (D7)
. 2
Sca =8¢y <§A> — <§A> , (D8)

with ¢ =x,y and ¢ =2X,¥. Substituting Zx = ¢x —
{k0 — Lk shire into Eq. (D7), one obtains

Coyu= ((XA — X0 — )?A,shift) (Y4 — Yio— S'A,shift))
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— <XA — XVA,O — XA,Shift) <YA — XA,O — yA’shift) allowing us to write A as
= (XuYa) — (Xu) (Ya), (D9) e (X, Y4) — (X) ()

2\/ ((XA) — X0 — )?A,shift) ()?A,l + X shife — (X4))
which follows from linearity of the expectation value. By 1
comparing Eq. (D7) with Eq. (D9), it appears evident how X = = = = .
C,y 4 turns out to be independent of both the set of coordi- \/ (<YA> — Yo — YA,Shift) (YAJ + Y shift — <YA>)
nates of the unperturbed distribution center ()~( 4,05 Y 40) and (D11)
the one accounting for the unwanted deviations induced by
the HWPs (X, snifi> Yy shift)- For each quantity P = {B, A, RZ}, the associated experi-

Furthermore, simple manipulation shows that mental uncertainty is evaluated as

op = 1/cr%’mt + 6727,cal’ (D12)

where op g represents the statistical contribution to the
overall uncertainty and

Sea = ((?A) — Lap — gA,shift) (EA,] + Cashift — (§A>> )
(D10)

J

2 2
P 2 P 5
Opcal = = o - + = 05z . (D13)

5:25(,? <3§KJ ) Pk §Y <3§K,shiﬂ Pl anit

K=AB K=AB

j=0,1
is the uncertainty associated with the calibration procedure (1) Let ¢k, 1.e., the position ¢ of the ith detected photon
(including the HWP-induced spatial shift), with Op ik, on the branch K, be a random variable with variance
being the uncertainty contribution to op ¢, depending on V2 [CKz] = V7 (where { = X, 7). ' -
the calibration parameters g, and o, &, being the (2) For independent events, the covariance condition

uncertainty contribution associated with the spatial shift Xy, Ygr, = OXic Yy 8y 18 satisfied.

induced by the HWPs.
To evaluate the statistical uncertainty op 1, We assume

. Then, we can write o as
the following hypotheses: P stat

TABLE II. The uncertainty budget for the average value of the TABLE 1II. The uncertainty budget for Alice’s local
Bell-CHSH parameter 13 estimated in our experiment. o3, Total correlations parameter A estimated in our experiment. o4, Total
uncertainty; opsa, Statistical-uncertainty contribution; op.c, uncertainty; o, Statistical-uncertainty contribution; oa cal,
uncertainty contribution due to the setup calibration procedure ~ uncertainty contribution due to the setup calibration procedure
and the correction of the HWP-related (unwanted) spatial shifts. and the HWP-related (unwanted) spatial shifts.

) B OB O 13,stat O3 cal 8 A A OAstat OAcal
—7/2 —0.15 0.16 0.11 0.11 —/2 —0.037 0.027 0.027 6.6 x 1073
—37/8 —0.40 0.15 0.11 0.11 —3r/8 —0.365 0.027 0.027 5.6 x 10~
—7/4 ~1.52 0.16 0.12 0.10 —r/4 —0.503 0.029 0.029 1.1 x 1073
—/8 —2.42 0.15 0.11 0.10 —/8 —0.386 0.027 0.027 5.0x 107*

0 —2.79 0.16 0.12 0.11 0 —0.076 0.031 0.031 1.7 x 1073

/8 —2.50 0.16 0.11 0.11 /8 0.339 0.027 0.027 43 x 1074
/4 —1.49 0.12 0.05 0.11 /4 0.480 0.013 0.013 9.2 x 1074
3n/8 —0.63 0.25 0.12 0.22 37/8 0.333 0.027 0.027 6.4 x 1074
/2 —0.28 0.16 0.12 0.11 /2 —0.081 0.030 0.030 1.7 x 1074
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TABLE IV. The uncertainty budget for the experimental estimation of the three elements presented in Eq. (D15), i.e., the RI param-
eter RZ; R1s = |B /2«/§|2, accounting for the contribution of nonlocal correlations to RZ; RZ = A2, constituting the RZ part
due to local correlations. o'g 7, Overall uncertainty associated with RZ; or1 swt, Statistical-uncertainty contribution to oR7; ORZ cals
uncertainty contribution to oz due to the setup calibration procedure and the correction of the HWP-related (unwanted) spatial shifts;
ORI, overall uncertainty associated with the RZ nonlocal component RZj; orz, , overall uncertainty associated with the RZ local

component RZ 5.

) RT ORI ORZ stat ORZ cal RIs ORIg RIa ORZ,
—m/2 0.0043 0.0056 0.0037 0.0042 0.0029 0.0060 0.0014 0.0020
—37/8 0.153 0.024 0.022 0.010 0.020 0.015 0.133 0.020
—m/4 0.542 0.059 0.044 0.039 0.288 0.059 0.253 0.029
—m/8 0.884 0.082 0.054 0.063 0.735 0.094 0.149 0.021

0 0.98 0.11 0.085 0.077 0.97 0.11 0.0058 0.0048

/8 0.898 0.086 0.054 0.067 0.783 0.097 0.115 0.018
/4 0.509 0.045 0.019 0.041 0.278 0.046 0.231 0.013
37/8 0.159 0.041 0.022 0.035 0.049 0.039 0.111 0.018
/2 0.017 0.011 0.0078 0.0075 0.010 0.011 0.0066 0.0048
N 8P>22} N(ap><a7>>
Op stat = P g + ol K 7| (D14)
{:ZX’Y [; <3§K,i K ggzj,y ng 9k ) \ 9k Ktk
K=AB K=AB
K'#K=AB

where N is the total number of detected photons. Note
that for P = A, only terms with K = 4 contribute to the
uncertainty.

Furthermore, in order to quantify separately the uncer-
tainty contribution associated with the local and nonlocal
parts of the RZ quantity in Eq. (7), we rewrite it as

2

+ A’ =RIg+RIa, (D15)

B
RI = | ——
‘2«/5

with RZIz = |B/2v/2|*> and RIa = A? accounting,
respectively, for the contributions of the nonlocal and local
correlations to RZ. By exploiting Egs. (D12){D14) with
P = R1g, RIa,we obtain the overall uncertainties orz,
and orz, associated with RZz and RZ,, achieving a
good estimate of the oz 7 amount due to nonlocal and local
correlations (although the intertwining between local and
nonlocal terms in oz makes it impossible to write it as

— 2 2
ORT = 4/ORzs T O'RIA).

A detailed uncertainty budget is reported in Tables [I-1V.
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