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Abstract

At the extreme densities reached in the core of neutron stars, it is possible that deconfined quark matter is produced.
The formation of this new phase of strongly interacting matter is likely to occur via a first-order phase transition for
the typical temperatures reached in astrophysical processes. The first seeds of quark matter would then form
through a process of nucleation within the metastable hadronic phase. Here, we address the role of the thermal
fluctuations in the hadronic composition on the nucleation of two-flavor quark matter. At finite temperature, the
thermodynamic quantities in a system fluctuate around average values. Nucleation being a local process, it is
possible that it occurs in a subsystem whose composition makes the nucleation easier. We will consider the total
probability of the nucleation as the product between the probability that a subsystem has a certain hadronic
composition different from the average in the bulk, and the nucleation probability in that subsystem. We will show
how those fluctuations of the hadronic composition can increase the efficiency of nucleation already for tem-
peratures ~(0.1—1) keV. However, for temperatures <(1—10) MeV, the needed overpressure exceeds the max-
imum pressure reached in compact stars. Finally, for even larger temperatures the process of nucleation can take
place, even taking into account finite-size effects.

Unified Astronomy Thesaurus concepts: Neutron star cores (1107); Neutron stars (1108); Compact objects (288);

Nuclear physics (2077); Nuclear astrophysics (1129)

1. Introduction

Quantum chromodynamics (QCD), namely the theory that
describes strongly interacting matter, predicts that at suffi-
ciently high baryonic densities, hadronic matter undergoes a
phase transition to deconfined quark matter. The order of this
phase transition and its critical density are, however, totally
unknown. Neutron stars (NSs), being the densest stellar objects
in the Universe, are the most promising sites for this transition
to occur, and in recent years several studies have shown that by
using the presently available observational data, the core of
NSs is very likely to be formed by deconfined quark matter
(see, e.g., Annala et al. 2020). The more extreme scenario in
which stars entirely formed by quark matter exist, namely
quark stars, is also viable and actually favored by recent data
indicating that the maximum mass of compact stars could be
larger than ~2.6 M., (Bombaci et al. 2021).

A crucial question concerns the astrophysical evolutionary
paths that lead to the formation of deconfined quark matter. A
possible scenario has been proposed in Fischer et al. (2018):
Deconfinement already occurs during the initial stages of the
core-collapse supernovae (CCSNe) associated with blue
supergiant stars. Actually, it is the formation of quark matter
itself that provides the necessary energy output that leads to the
explosion; see Sagert et al. (2009). Another possibility is that
deconfinement occurs after a proto-neutron star (PNS) has been
formed, and specifically only when neutrino untrapping sets in
(Pons et al. 2001). Finally, binary neutron star mergers
(BNSMs) could also possibly produce quark matter inside the
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hot and fast-rotating post-merger remnant (Bauswein et al.
2019; Prakash et al. 2021). In all these studies, quark matter is
assumed to be produced in thermodynamic equilibrium with
the hadronic phase, and the microphysics of the production of
finite-size quark matter structures is neglected.

However, if deconfinement is a first-order phase transition,
the process of nucleation of quark matter droplets within the
metastable hadronic phase must be taken into account in order
to provide a complete description of the system. By considering
that in CCSNe, PNSs, and BNMs temperatures up to a few tens
of MeV can be reached, thermal nucleation is most likely the
more efficient mechanism at work for the formation of quark
matter droplets. Nucleation of quark matter in NSs has been
studied in a number of papers and within two approaches: (i)
nucleation of (-stable quark matter within (-stable hadronic
matter (see, e.g., Berezhiani et al. 2003; Drago et al. 2004;
Mintz et al. 2010a, 2010b), and (ii) nucleation of the quark
phase out of chemical equilibrium within J-stable hadronic
matter (see, e.g., lida & Sato 1997; Olesen & Madsen 1994;
lida & Sato 1998; Bombaci et al. 2004, 2009, 2016). The
second approach, in particular, is based on the following
argument: The nucleation of quark matter is a process mediated
by the strong interaction, whose typical timescale (~10~ % s) is
much smaller than that of the weak interaction. Thus, during
the formation of the first seeds of quark matter, weak interac-
tions do not have sufficient time to change the flavor compo-
sition of matter. The nucleation process, therefore, is calculated
by using an out-of-equilibrium quark phase whose flavor
composition is identical to that of the (-stable hadronic phase
and not by taking into account the quark phase already in (-
equilibrium. Only after the creation of the first seed of quark
matter do weak interactions have time to change the compo-
sition of quark matter and bring it to S-equilibrium.
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NS matter is a multicomponent system in which thermal
fluctuations in the number densities of the different particles
could be significant, at least at high temperatures. In the first of
the two approaches outlined above, it is assumed that those
fluctuations are so efficient that quark matter is produced
already at chemical equilibrium, while in the second approach
the role of those fluctuations is completely disregarded. The
aim of this work is to address quantitatively the role of the
thermal fluctuations of number densities on the nucleation of
quark matter. To this purpose, we will develop a general fra-
mework for dealing with the nucleation associated with first-
order phase transitions in multicomponent systems. In this
paper, we will limit the discussion to the case of two-flavor
quark and hadronic matter (i.e., nucleonic matter), thus to a
two-component system, and we leave the study of the three-
flavor case for a forthcoming paper.’

The paper is organized as follows. In Section 2, a brief
theoretical background for calculating fluctuations and
nucleation is presented. The description of the nucleation
process in the presence of thermal fluctuations is detailed in
Section 3. The equations of state (EOSs) for nucleons, quarks
and electrons are given in Section 4. Results of our calculations
are presented in Section 5. A summary and the conclusions are
presented in Section 6.

2. Background

In this section, we present a brief theoretical background on
thermal fluctuations in the hadronic phase and on nucleation.

2.1. Thermal Fluctuations

Let us consider a closed macroscopic system. Let us focus on
a certain subsystem, small compared to the whole system, in
which the thermodynamic quantities fluctuate. According to
Boltzmann’s principle, the probability of a fluctuation of one or
more thermodynamical quantities is

PZKexp[—Wmm/To], (1)

where W,;, is the minimum work needed to produce a certain
variation of the thermodynamic quantities in the considered
subsystem (namely the work needed if the transformation is
reversible) and K the normalization factor (Landau & Lifshitz
1969). The work done is equal to the variation of the total
internal energy of the whole system:

Wmin = AE + AEOy (2)

where E is the internal energy of the small subsystem and Ej is
the internal energy of the surrounding part, which plays the role
of a reservoir (of energy and/or particles). Since the reservoir is
much larger than the subsystem, we can assume that the
intensive thermodynamic quantities such as the pressure P, the
temperature 7, and the chemical potentials {0} of all the
particle species i remain constants. Note that no assumptions at
this stage are made on the thermodynamic quantities in the
subsystem. These considerations allow us to substitute the

5> The two conserved charges in the system are the baryonic and the electric

charges, which can be mapped into the conservation of up and down quark
flavors. Electrons are also included in the calculations but their density is fixed
by the requirement of charge neutrality.

Guerrini et al.
following relation:

AEy = TyASy — PoAVy + Y 11;(AN;o. (3)

in the minimum work formula, leading to

Wain = AE 4+ TyASo — PoAVy + > 14 (AN o. 4)

Using the reversibility of the process AS = —AS,, the con-
servation of the total volume AV = —AV,, and the conserva-
tion of the number of particles for each species AN; = —AN;,
we obtain (Landau & Lifshitz 1969)

Wain = AE — THAS + PoyAV — > 11, (AN, &)

Note that the conservation of the number of particles for each
species used in the previous step is not necessarily true. For
example, in the case in which weak interactions play a role, the
number of particles in the system is not conserved for all the
species i independently. However, we can in principle rephrase
the above discussion by considering N; as being the (net)
numbers of the globally conserved charges (e.g., if weak
interactions occur the baryon number B and the electric charge
C are conserved while the strangeness S and the isospin [
are not).

2.2. Nucleation

Nucleation can be considered as a particular case of fluc-
tuation, and thus it can be studied within the same formalism
introduced before. In a homogeneous phase, small localized
fluctuations in the thermodynamical variables can give rise to
the appearance of virtual drops of a new phase (e.g., a liquid
droplet in a vapor phase or a quark droplet in a hadronic phase).
If the homogeneous phase is stable, these droplets are unstable
and disappear. However, if the homogeneous phase is meta-
stable (i.e., if it is not the most energetically convenient bulk
phase) when the fluctuation generates a droplet large enough to
be stable, this first seed could trigger the transformation of all
or part of the homogeneous system into the new phase (Landau
& Lifshitz 1969). In order to trigger the phase transition, a
droplet of the new phase in the metastable homogeneous phase
has to be “large enough,” since the gain in terms of volume
energy (i.e., in terms of bulk energy) has to be able to over-
come the energy needed to create the interface between the two
phases. Assuming that the seed is spherical, the critical radius
R. is the minimal radius for a droplet of the new phase to be in
unstable equilibrium with the homogeneous phase, leading then
to the phase transition. The conditions for the existence of a
seed of the new phase “II” in (unstable) equilibrium with the
old homogeneous phase “I” are the following (Landau & Lif-
shitz 1969):

20
Pi=pPy— 2, 6
I I X (6)
PP, 1) = gy (P, Th), (7N
Ti = T, (®)

namely the mechanical, chemical, and thermal equilibrium
conditions, where o is the surface tension and e the conserved
chemical potentials, one for every globally conserved charge.
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The presence of a finite-size term in the mechanical equili-
brium condition implies that Py > Pp. This also implies that
the transition will start at a pressure Py > P,, where P, is the
equilibrium pressure when o — 0. We will call overpressure
the difference P; — P,.

3. Framework

At finite temperature, the thermodynamic quantities in a
system fluctuate around average values. In particular, let us
consider a hadronic system at fixed temperature and pressure. It
is possible to compute the average values of the particle frac-
tions in [-equilibrium { );»Hg}.G The values obtained, however,
are just average values. We will call H a hadronic system in (-
equilibrium. If we divide the system into several small sub-
systems, we cannot assume that the actual composition { y[H *} in
each of these subsystems is identical to the average one. We
will call H* an out-of-equilibrium hadronic subsystem having
the composition {y"/ .

We expect that the higher the temperature, the more likely it
is to find subsystems with compositions that significantly
deviate from the averages. Since nucleation is a local process, it
is possible that it occurs in a subsystem whose composition
makes the formation of a seed of the new phase more con-
venient than if average values are taken into account.

In this scheme, the probability of generating a seed of the
new phase is the product of two probabilities, P, P,, where P,
is the probability that a certain subsystem of the hadronic phase
is in the H™ state, whose particle fractions { yiH*} are different

from the average fractions {yiH‘g} by {Ay;}:
W=y 4 Ay, ©)

and P, is the probability that a critical droplet of Q quark
matter is nucleated from a subsystem in which the hadronic

phase is in a H* state. The flavor composition { yl.Q*} of Q" is

. *
“frozen,” namely it corresponds to { yiH } for the same argument
as to the strong and weak interaction timescales reported in
Section 1:

yiQ* _ yiH*' (10)

Thus, we define Q" as an out-of-equilibrium quark phase
having the same flavor composition of H™.

3.1. Nucleation (H* — Q")

Let us start by computing the probability P,. The first key
element is the work W,, namely the minimum work needed to
generate a seed of quark matter Q* from a subsystem H* of the
hadronic system. As discussed above, and following Bombaci
et al. (2016), the flavors are conserved during nucleation. For

6 Here, i labels all the particle species in the hadronic phase (i.e., i = p, n, e in
the two-flavor case) or, equally, a set of a linear combination of them. For
example, in the two-flavor case, one can use y,, y, as independent variables or
Yu = 2Yp + Yn» Ya = Yp + 2y,, namely the quark flavor composition. The frac-
tion of a particle species i is y; = N;/Np where N; and Ny are the numbers of
particles i and the baryon number. If not otherwise specified, N; and y; will stay,
respectively, for the net number and fraction of i (e.g., y, = y,- — y,+) while
the other thermodynamic quantities for the sum of the two contributions
(e.g., B =P, + P,+).
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example, in the two-flavor case,

N = N = oNF" 4 NI (11)
N =N =N 4 o], (12)
N2 = NI (13)

This implies also that the total baryonic number is conserved
NI+ NE = NE" = N§ = (Ng + N2)/3 = Np, thus

yMQ :yfl :2}):, —|—ynH s (14)

* * * *
W= =yl eyl (15)
¥ =y, (16)

where y; = N;/Np are the particle fractions that we will use in
the following calculations. Note that H” is in principle an out-
of-equilibrium phase, thus p, = —puc. By using Equation (5)
and by introducing the free energy F' = E — ST and the Gibbs
free energy ® = F 4 PV, we obtain

Wa = Fyr — Fyt + Py,(Vgr — Vig?) + 0S g+
=By — By — V(P — Pi)
+ Vy*(Py* — Ppy) + 0Spr
=By — Dyt — Vo (Pys — Pyt) + 0Sgn. (I7)

where o is the surface tension and Sy the surface area of the
quark matter droplet (see Landau & Lifshitz 1969). We have
assumed the temperature to be constant in the whole system
during the process Ty, = T+ = T+ and that the surrounding
part “y” is in the hadronic phase. Moreover, Py* = Py, = Py
since we are assuming that the hadronic matter fluctuation
occurs at constant pressure (see Section 3.2). The surface ten-
sion between the hadronic and quark phases o plays a key role
in the phase transition by increasing/decreasing the work
required to form a quark matter droplet. If too large, it can even
prevent quark nucleation (see, e.g., Mintz et al. 2010a, 2010b).
However, its value is poorly known at present and estimates for
its value are strongly model dependent. In Heiselberg et al.
(1993), it was found that o ~ (10—100) MeV fm 2. In lida &
Sato (1997, 1998), a value of o ~ 10 MeV fm 2 was estimated
by using a Fermi-gas model for a quark matter droplet in
vacuum. In Fraga et al. (2019), lower values were obtained,
o~ (2—10) MeV fm 2, by using a chiral nucleon-meson
model (without quark degrees of freedom) in which the chirally
restored phase is identified with quark matter. Moreover, o
could also depend on the temperature. For instance, in Bessa
et al. (2009), the temperature dependence of o is consistently
computed within a general framework in which a potential for
the order parameter is introduced to describe first-order phase
transitions. In the present work, we will assume o to be a
density- and temperature-independent input parameter. Its
impact will be investigated by using two different values
o =10, 30 MeV fm >,

The “local” compositions { yiH *} and { yl.Q*} are related to the
average compositions by Equations (9)-(10) and, under the
assumption that the temperature 7 is the same in all the phases,
we are left with the following independent variables: the
composition fluctuations {Ay;}, the temperature 7, the quark
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seed volume and surface Vj+ and Sp+, and two more intensive
variables, one for each phase (e.g., Pp* and Py or np o+ and
ng.p*, ...). However, we want to rewrite the system only in
terms of hadronic quantities as independent variables. The idea
is then to use the equilibrium conditions to connect the inten-
sive independent quark variable with the hadronic one. We will
follow the approach of Bombaci et al. (2016; see also Landau
& Lifshitz 1969), where a low degree of metastability
Py* = Pgy+ is assumed. We will say that the system has a “low
degree of metastability” if

6Py = |Pus — P < P, (18)
6Py = |Pgr — Bl < P, (19)

where P, is, again, the pressure at the equilibrium when
R, — 400 (plane surface) or o — 0, so that

Wi (Pes T) = e (P, T), (20)

where k labels every globally conserved charge. That is, P, is
the common pressure of the two phases in an ordinary first-
order phase transition at temperature 7. In other words, a sys-
tem has a low degree of metastability if the overpressure nee-
ded in the metastable phase to balance the finite-size effects due
to the surface tension is relatively small.

Under the condition of low metastability, the quark Gibbs
energy Py*(Py*, T) can be expanded around Py

Por(Po*, T) = Pox(Ppy+, T) + aP—Q*
T

~ &p(Pyr, T) + Vo(Pyr — Pppo). 1)

(Pox — Py»)

By substituting Equation (21) in Equation (17), we obtain
Wa(Py+, T) = @o«(Py*, T) — P+, T) + 0Sg=  (22)

Note that ®,* is computed at the hadronic pressure Py+. Using
® =) ,u;N;, we have

Wo= D pf NE = 3o N+ 0Sgr
i i
= No| 2o mP 3¢ = o 3|+ oSgr
i i
=npo*Vo*(por — pg) + 080, (23)

where

¢H* _ PH* + Eg* — SH*T

Hie = =2 m 4

Np np H+
is the average chemical potential (or Gibbs energy per baryon) of
the hadronic phase, and a similar expression holds for the Q*
phase. It is important to note that in Equation (23) the thermo-
dynamic quantities are computed at the same (external) pressure.
Another possible approach is presented in Mintz et al. (2010a,
2010b), where the low degree of metastability is not assumed,
but the hadron and quark phases are computed at the same
Gibbs energy per baryon. In that case, we would obtain W, =
—Vo(Pg* — Py*) + 0Sy+. Finally, note that Equation (23) can
also be obtained starting from a free energy functional of the
order parameter with an effective potential having a global
minimum and a local minimum (metastable phase; Langer 1969;
Scavenius et al. 2001; Bessa et al. 2009; Mintz et al. 2010b). For
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example, in Bessa et al. (2009), in the spirit of the Landau—
Ginzburg theory, an effective potential is introduced for the
order parameter (modeled as a scalar field). By solving the
corresponding Euler-Lagrange equation, under the assumption
of a rapid variation of the field within the region separating the
metastable phase from the stable phase, Equation (23) is
obtained. That corresponds to the so-called thin-wall approx-
imation, which we also assume here, that allows one to neglect
the width of the surface separating the two phases with respect to
the radius of the quark matter droplet. Moreover, in Bessa et al.
(2009), the thin-wall approximation is applied using both a
constant and a temperature-dependent surface tension, o(7). In
particular, it has been shown that if the temperature dependence
of o is neglected, the nucleation rates are overestimated. This
could indeed affect our results, which are instead obtained with
constant o. This issue needs to be investigated in future works.

Assuming that the quark seed is a sphere of radius R, we
obtain

W, = %WR3HB,Q*(MQ* — py*) + 4moR>2. (25)

The free variables are then Py, {Ay;}, T, and R. As reported in
Section 4, the used EOSs are in the form

X= X(nB’ {yi}’ T)’ (26)

where X =¢, P, i, ... is a generic thermodynamic quantity. The
Gibbs energies per baryon of Q" and H* are then computed as

1o Prr, (A}, T) = pglng.oPu. (321, T), (€). T1,
@7

pPos {0}, T) = piyg Inp.u Py (), T), (37, T,
(28)

where ng g+ = ng o (Py, {yiQ*}, T) and ng g+ = ng g (Py, {)’,»H*L T)
are the baryon densities in the quark and hadron phases at
which the pressure is Py. The free variables {Ay;} are impli-
citly contained in {yl.Q*} and {yl.H*}. The particle fractions are
computed at the same pressure:

2 (P, { Ay}, T) =25 (Py. { Ay}, T)
+ 3 (P { Ay}, T, (29)

3 P, Ay}, T) =y Py, (Ay}, T)

+ 297 (Py, (Ay), T), (30)

¥ Py, (Ay), T) = 3™ (P, {Ay), T). 31)

The work has two terms: a volume term R’ that can be both
positive and negative, and a surface term ocR> that is always
positive and is due to the finite-size effects. The work W, is then
positive and growing for all R if py«(Py, T) > py(Py, T),
while it reaches a maximum and then decreases if
uQ*(PH, T) < py«(Py, T), ie., if the hadronic phase is meta-
stable. In such a case, W, is a potential barrier. The critical radius
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is the radius at which W, has a maximum:
Rc(Py, {Ay}, T)
20 ng (P, {Ay}, T)

— . (32)
//[/H*(PH’ {A)’,L T) - ,LLQ*(PH, {Ay1}7 T)
The work at the critical radius is
Wa, . (Py, {Ay}, T)
3. -2
«(Py, {Ay}, T

3 [y Pu, {Ay}, T) — pg(Pu, {8y}, TP

We want now to compute the probability of overcoming the
potential barrier and generate the first seed of quark matter.
There are two possible mechanisms: thermal fluctuations or
quantum tunneling.

The thermal nucleation probability (Langer 1969; Langer &
Turski 1973; Landau & Lifshitz 1969), namely the probability
of generating a critical seed of quark matter via thermal
nucleation, reads

WZ,L‘(PH7 {Ay,}, T)
T

Poth(Py, {Ay}, T) = exp [ ] 34)
The quantum tunneling nucleation will be treated within a
semiclassical approach (lida & Sato 1998). First, we will
compute the ground-state energy E of the drop in the potential
barrier W, in the Wentzel-Kramers—Brillouin (WKB) approx-
imation. Then, the probability of tunneling will be given by

PSPy, {Ay), T) = exp[—Ax(Py, {Ay}, T)], (35)

where A>(Py, {Ay;}, T) is the action under the barrier com-
puted at the ground-state energy Eo(Py, {Ay;}, 1):

A (E) = 2LR+ JRM(R) + E — Wa(R)[[Wa(R) — E]dR,
(36)

where R_ and R, are the classical turning points and M the
droplet effective mass. All details can be found in Ilida &
Sato (1998).

3.2. Composition Fluctuation (Hz —H")

Finally, let us compute the probability ;. Following Landau
& Lifshitz (1969), we will compute the probability that at
constant pressure and temperature and for a fixed number N of
baryons in the subsystem, the local particle composition of
hadronic matter differs from its average values by {Ay;}. As
reported in Section 2.1, this probability is

PlzKexp[—%], 37

where K is the normalization factor. The work W, is the
minimum work needed to change the hadronic composition by
a set {Ay;}:

Wi = Fy — F, + Pu,(Vir — Vi) — Ng>_ i " Ay, (38)

where we have used Equation (5) and Ay, = yiH "t yiH‘a. Then,

Wi= By — Oy, — N> Ay, (39)

Guerrini et al.
=Ned oy = ), (40)
i

where we used Py, = Py = Py since we are computing the
fluctuations at a given constant pressure and & =F + PV =
>_itt:N;. The chemical potentials y; in H* and in Hg are com-
puted at the same fixed pressure and temperature:

(P, 1A, T) = 1 Tng (P, (3), T), ), T
11 (Py, T) = ul! Ing (P, (), T), (3™, T1,

where ng y+ = ng y(Py, {y,-H*}, T) and ng y, = np i (Py, {)’,'H'f}, T)
are the baryon densities computed at the same pressure and
temperature but at different particle fractions (i.e., different
compositions). Again, y[H* = yib(” + Ay. The independent
variables at this stage are then Ng, Py, T, and {Ay;}. The
quantity W (N, {Ay;}, Py, T) is always positive, and it is zero
when Ay;=0 (i.e., when the composition of the considered
subsystem is equal to the average composition of the bulk,
thus ufl* = uiH”).

The greater the number of particles fluctuating {AN;} =
{NpAy;}, the greater the work needed for such a fluctuation W,
and the lower the probability exp(—W,;/T) for it to occur. For
vanishingly small temperature, exp(—W;/T) = 0 only if
{Ay;} — 0, thus the role of thermal fluctuation in the hadronic
composition is negligible. Moreover, it can be shown that in the
small fluctuation limit ({Ay;} < 1, {AN;} < Np), exp(—W/T)
is a multivariate Gaussian (see Appendix A).

The number of baryons Ng we are interested in is the one that
is contained in the seed of quark matter. Note that Nppy, =
Np g+ = Np g+ = Np by construction, but Vg, = Vyr = Vyr =
4/37R3. We fix Nz by using the volume of the first quark
droplet:

Np(R, Py, {Ay}, T) = ngo«(Pu, {Ay}, T)Vox(R).  (41)
Thus,

Wi = ng o VS v (uf — ) (42)

4 * . *
= 5,05 7RY 5! (i — ™). (43)

In the thermal nucleation case, the first droplet of quark matter
has a critical radius R,, thus

‘/VI,L‘(PI‘L {AY,L T) = VVI[R(‘(PH’ {Ay[}’ T)7 PH? {Ay[}’ T]a
(44)

where the critical radius R. is computed in Equation (32).
Whereas, in the quantum nucleation case, the first droplet of
quark matter is generated with a radius R, , namely the classical
turning point, thus

VVI,+(PH7 {Ay,}’ T) = VVI[R+(PH7 {A)’,}’ T)7 PHv {A)’,}, T]
(45)

The classical turning point is computed as shown in lida &
Sato (1998).

We finally need to identify the normalization factor. In
principle, K(Pg, T) should be computed by imposing the
multidimensional integral of Py(Py, {Ay}, T) (Equation (37))
in —oco < {Ay;} < 400 (i.e., a multidimensional integral where
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the integrating variables are all Ay;) be equal to 1. An esti-
mation of the normalization factor will be provided in
Appendix A. However, as will be shown in Section 5, the
nucleation probability varies exponentially as pressure and
temperature change, while the normalization factor K(Py, T)
has a much weaker dependence on them. The role of the nor-
malization factor is then negligible in order to identify the
temperature and pressure conditions at which nucleation
occurs. Thus, we will set K(Py, T) =1 for simplicity:

Wie(Pu, {Ay}, T)
T

PPy, {Ay}, T) = exp [— ] (46)

VVL+(PH’ {Ayl}’ T)
T

Pi(Pu, (Ay), T) = exp [— ] (47)

3.3. Total Process (Hs —H" — Q")

The total probability to generate a seed of Q™ matter in a
hadronic matter with a certain pressure Py and temperature 7 is
thus given by the product between the (quantum or thermal)
nucleation probability 7P, and the probability P, that the con-
sidered hadronic subsystem, characterized by a number of
baryons Ng, has a composition { yl.H *}. The number of baryons
Np in Equation (40) is fixed by the critical radius R, or by the
classical turning point radius R, in the thermal and quantum
nucleation, respectively, as shown in Equations (44) and (45).

A useful quantity to compute is the nucleation time, namely
the typical time needed to generate a critical seed of quark
matter. In the case of thermal nucleation (Langer 1969; Langer
& Turski 1973), it reads

—1
TPy, {Ay}, T) = [VnucziQoPlthpzth] , (48)
T

where k is the so-called dynamical prefactor, which is related
to the growth rate of the drop radius R near the critical radius
R., and )y is the so-called statistical prefactor, which measures
the phase-space volume of the saddle-point region around R..
The result of multiplying P, by the prefactors is the thermal
nucleation rate, namely the number of critical quark seeds
generated in one cubic femtometer per second. Here, V. is the
volume inside which the values of Py and T are approximately
equal to the ones used in the calculation and where the
nucleation has the highest probability of taking place. Usually,
for compact objects (Bombaci et al. 2016), this region is
assumed to be a sphere of ~100 m in the center of the star.

If, instead, quantum nucleation is the fastest process (lida &
Sato 1998), the nucleation time reads

TPy, (A}, T) = [Nauco PFPIT !, (49)

where N,,,,. ~ 10*® is the number of nucleation centers expected
in the same innermost region of the compact object discussed
above (lida & Sato 1998; Bombaci et al. 2016) and v is the
oscillation frequency computed in the WKB approximation.
The details are reported in lida & Sato (1997, 1998). In the
nucleation time, the exponential dominates with respect to the
prefactors. For that reason, in many works the prefactors are
replaced by simple expressions as 7% or p* (in units of
s7! fm_3; see, e.g., Di Toro et al. 2006; Mintz et al. 2010a,
2010b) due to dimensional arguments. In this paper, we will

Guerrini et al.

follow the latter approach and calculate nucleation times as
TPy, (A}, T) = [Vaue py=PthPoth]'[s], (50
TP, {AY), T) = [Vaue 11 PP ], (51)

Of course, the real nucleation time is the minimum between
the one calculated by using thermal nucleation or by using
quantum nucleation:

7(Py, {Ay;}, T) = min[79, 71]. (52)

The idea is that sets of fluctuation {Ay;} can exist for which
nucleation is more favorable than in the case in which only the
average composition { y,-H‘“} is considered. To allow such a
process, however, it is necessary to “pay the price” of produ-
cing a fluctuation in the composition, { yl.H *}, whose probability
strongly decreases as {Ay;} increases. Clearly, the larger the
temperature, the more likely the fluctuations corresponding to
large values of {Ay;}. Thus, nucleation can be much more
efficient with respect to the scenario considered in Bombaci
et al. (2016). On the other hand, at small temperatures, P;
becomes vanishingly small except for very small values of
{Ay;}. The contribution of thermal fluctuations in the compo-
sition of the hadronic phase becomes negligible, and we thus
expect to return to the case analyzed in Bombaci et al. (2016),
in which the composition of the quark matter seed is identical,
in terms of flavors, to the average composition of the hadronic
phase at equilibrium { y,-H"}.

In principle, a complete discussion of the role of fluctuations
should consider all the possible sets { Ay;}, and the nucleation
time should be computed by integrating over all those sets.
However, this approach is computationally very time intensive.
Therefore, in this work, we will focus only on two extreme
cases. The first one, indicated with (3%, corresponds to
{Ay; =0} (i.e., no fluctuations in the hadronic composition, as
done in Bombaci et al. 2016). The second one, (30), is based
on a choice of {Ay;} such that {yiQ*} = {yiQ"}, namely in the
hadronic subsystem, the flavor composition is identical to the
flavor composition of quark matter in S-equilibrium. Thus, in
the two-flavor case, the former (3%) corresponds to

v Py, T) = y!(Py, T), (53)
v (Py, T) = 3Py, T), (54)
VI (Py, T) = ¥ (Py, T), (55)

while the latter (63) corresponds to

290 (Py, T) — 32 (Py, T)

H* o
yp (PH’ T)_ 3 s (56)
0,
" 2y (Pu, T) — y%(Py, T
WPy Ty = 20 P8 )3 Y P 1) 57)
v (Py, T) = y2 (P, T), (58)
