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The pressure dependence of the thermodynamic critical field Bc in elemental indium (In) and tin (Sn)
superconductors was studied by means of muon-spin rotation/relaxation. Pressure enhances the deviation of
Bc(T ) from the parabolic behavior expected for a typical type-I superconductor, suggesting a weakening of the
coupling strength α = 〈�〉/kBTc (〈�〉 is the average value of the superconducting energy gap, Tc is the transition
temperature, and kB is the Boltzmann constant). As pressure increases from 0.0 to � 3.0 GPa, α decreases lin-
early, approaching the limiting weak-coupling Bardeen-Cooper-Schrieffer (BCS) value αBCS � 1.764. Analysis
of the data within the framework of Eliashberg theory reveals that only part of the pressure effect on α can
be attributed to the hardening of the phonon spectra, reflected by a decrease in the electron-phonon coupling
constant. Nearly 40% of the effect is caused by an increased anisotropy of the superconducting energy gap.

DOI: 10.1103/PhysRevB.110.214515

I. INTRODUCTION

Pressure is known to be one of the important parameters
in superconductor physics. It enables the discovery of many
new materials that do not superconduct or may not even exist
under ambient pressure conditions but exhibit significantly
high critical temperatures under applied pressure [1–3]. In
particular, pressure experiments have enabled the discovery of
completely new classes of high-temperature superconducting
materials, with transition temperatures exceeding the liquid
nitrogen level, such as nickelates [4], or even approaching
room temperature, such as hydrides [5–7]. At the same time,
pressure serves as a clean tuning parameter that, without caus-
ing structural changes, fine tunes the crystal lattice and, as
a consequence, allows tracking the corresponding changes in
various superconducting properties of the material.

In most conventional phonon-mediated superconductors,
the application of pressure leads to a decrease in both the
superconducting transition temperature Tc and the super-
conducting energy gap � [1–3,8–11]. At first glance, it is
expected that these two quantities would change proportion-
ally to each other. This expectation is dictated, in particular,
by the universal relation established within Bardeen-Cooper-
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Schrieffer (BCS) theory [12,13]:

αBCS = �

kBTc
= π

eγE
� 1.764, (1)

where γE and kB are the Euler and Boltzmann constants,
respectively. Experimentally, however, it was found that �

decreases faster than Tc, suggesting that α = �/kBTc is, in
fact, pressure dependent [8,9,14,15].

Note, that in superconductor physics α = �/kBTc has a
special meaning and is offen called the coupling strength.
By comparing αs with the universal BCS value αBCS, the su-
perconductors are divided into strong-coupling (α � 1.764),
intermediate-coupling (α � 1.764) and weak-coupling (α �
1.764) classes. The BCS theory implies that in a case of a
single, uniform (in both real and momentum space) order
parameter, αBCS � 1.764 sets the lower bound for possible
coupling strength values. In other words, weaker coupling,
i.e., α < αBCS becomes physically impossible.

Regarding the above-mentioned faster decrease of � com-
pared to Tc, two important consequences are expected to
follow: (i) Pressure reduces the coupling strength α and moves
the superconductor into the weak-coupling direction. (ii) As
α approaches the weak-coupling BCS value αBCS = 1.764,
the coupling strength should saturate and remain unchanged
with further increases in pressure. The first statement was
indeed confirmed in tunneling studies of various conventional
superconductors, suggesting the universality of the trend. Ex-
periments reveal that moderate pressures (up to ∼2.0 GPa)
lead to substantial decrease in α in various single-element
and binary superconducting materials [8,9,14,15]. The sec-
ond trend, namely the saturation of α as it approaches αBCS,
has not been experimentally confirmed so far. On the con-
trary, measurements of the thermodynamic critical field Bc in
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elemental aluminum reveal that α may decrease below the
αBCS level due to enhanced anisotropy of the superconducting
energy gap [16].

From the theoretical side, Leavens and Carbotte, Ref. [17],
have shown that the effect of pressure on the energy gap in
conventional phonon-mediated superconductors is expected
to be twofold. First, pressure decreases the mean gap value
much more significantly than Tc due to the effect of phonon
hardening. Second, pressure is expected to increase the gap
anisotropy, i.e., the ratio between the largest and smallest
energy gap values. This suggests that in studies of the pressure
effect on coupling strength α, both of the aforementioned
contributions need to be considered.

In this paper, we studied the effect of pressure on the
superconducting energy gap in elemental indium (In) and tin
(Sn). The average values of the superconducting energy gap
(〈�〉) were determined from measurements of the temperature
evolution of the thermodynamic critical field Bc using the
muon-spin rotation/relaxation technique. The analysis of the
experimental data within the phenomenological α-model of
Padamsee et al. [18,19] suggests that an increase in pres-
sure from p = 0.0 to � 3.0 GPa leads to a decrease in α =
〈�〉/kBTc from 1.89 to 1.78 for indium and from 1.83 to
1.77 for tin, respectively. A simple model based on Eliashberg
theory allows us to distinguish between the enhancement of a
gap anisotropy and the phonon hardening effects.

II. EXPERIMENTAL DETAILS

Sn and In samples were prepared from commercially avail-
able solid pieces (� 3 − 4 mm in size). The clean metals were
obtained from Alfa Aesar (tin, 99.999% purity) and ChemPur
(indium, 99.9999% purity). Pieces of soft In and Sn metal
were placed inside the 5 mm in diameter (d = 5 mm) pressure
cell channel and pressed with a force of ∼1 − 1.5 ton. Follow-
ing this procedure, the metal fills the pressure cell channel and
forms cylindrically shaped samples. The amount of material
was chosen to achieve the compressed sample height approx-
imately 15 mm (h � 15 mm). No pressure medium was used.
The pressure cell consisted of three cylinders (three-wall pres-
sure cell), where under ambient conditions each inner cylinder
remains precompressed by the outer one. The construction and
the characteristics of the three-wall pressure cell are described
in Ref. [20].

The muon-spin rotation/relaxation (μSR) under pressure
experiments were performed at the μE1 beamline using the
General Purpose Decay (GPD) spectrometer, Paul Scherrer
Institute, PSI Villigen, Switzerland [21,22]. The 4He cryostat
equipped with the 3He inset was used. The external magnetic
field Bap was applied perpendicular to the initial muon-spin
direction, corresponding to the transverse-field (TF-μSR) ge-
ometry. The experiments were conducted in the temperature
range of 0.25 to 4.0 K and in the field range of 0.5 to 40 mT.

The TF-μSR measurements were performed in the inter-
mediate state, i.e., when the type-I superconducting sample
is separated on the normal state (NS) and the superconduct-
ing (SC) [i.e., Meissner domains, see e.g., Refs. [23–31] and
schematic in Fig. 1(a)]. The magnetic field Bap was applied
perpendicular to the cylindrical axis of the sample. In this
geometry the sample’s demagnetization factor is estimated

to be n = (2 + d/
√

2h)−1 � 0.45 [32], and the intermediate
state is expected to form for applied fields in the range Bc <

Bap � 0.55 · Bc. The modified B − T scan measuring scheme,
as discussed in Refs. [24,26], was used. At each particular
temperature, the measured points were reached by first in-
creasing Bap above Bc (Bap � 35 mT) and then decreasing it
back to the measurement field. The B − T points were taken
along the � 0.7 · Bc(T ), and 0.8 · Bc(T ) lines. The TF-μSR
data analysis procedure and the way of obtaining Bc from
TF-μSR data are described in Appendix A.

III. EXPERIMENTAL DATA AND DISCUSSIONS

A. Pressure dependences of the thermodynamic
critical field Bc in In and Sn

The magnetic field distribution in type-I superconductor in
the intermediate state, which is probed directly by means of
TF-μSR, consists of two peaks corresponding to the response
of the domains remaining in the superconducting Meissner
state (B = 0) and in the normal state (B = Bc > Bap) [see the
schematic representation at Fig. 1(a) and the raw μSR data at
Fig. 4 in Appendix A]. Consequently, in TF-μSR experiments
the value of Bc is directly and very precisely determined by
measuring the position of B > Bap peak [23–26,33–38].

The Fourier transforms of TF-μSR data for supercon-
ducting Sn sample measured at p � 1.6 Gpa are shown in
Fig. 1(b). The figure represents part of the experimental data
accumulated at B − T scan with Bap � 0.7 · Bc(T ). Note that
in addition to B = 0 and B = Bc peaks corresponding to the
response of the sample, the background peak caused by muons
stopped in the pressure cell walls [denoted as PC background
in Fig. 1(b)] is also seen. The mean value of the background
field is equal to Bap, while the broadening of the background
signal is caused by the influence of the sample’s stray field on
the pressure cell walls [39].

The temperature dependences of the thermodynamic crit-
ical field Bc at pressures ranging from p = 0.0 to � 3 GPa
are presented in Figs. 1(c) and 1(d) for the In and Sn
samples, respectively. Deviations of the Bc vs. T curves
from the parabolic function D(T/Tc) = Bc(T/Tc)/Bc(0) −
[1 − (T/Tc)2], where Bc(0) is the zero-temperature value of
the thermodynamic critical field, are shown in Figs. 1(e) and
1(f). The analysis of Bc(T, p) dependences was performed
within the framework of the phenomenological α-model of
Padamsee et al. [18,19], allowing the Bc(T ) dependences to be
analyzed with only three independent parameters: Tc, Bc(0),
and � (see Appendix B for details). Fits of the α-model to the
Bc(T ) data are shown by solid lines in Figs. 1(c)–1(f).

Figure 2 shows dependences of Tc, Bc(0), and the average
value of the superconducting gap (〈�〉) on the applied pres-
sure. Asterisks correspond to the values obtained from fits of
Bc(T ) curves for indium and tin reported by Finnemore and
Mapother in Ref. [40]. It should be noted that our experiments
were performed on nonoriented metallic samples, so the value
of the superconducting gap corresponds to a mean (i.e., aver-
aged) 〈�〉 value. Figure 2 suggests, that for both In and Sn
samples, all three thermodynamic quantities decrease nearly
linearly with increasing pressure. The solid lines represent
linear fits, with the parameters summarized in Table I.
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FIG. 1. (a) The schematic representation of separation of a type-I cylindrical sample into the normal state (NS) and the superconducting
(SC) domains. The magnetic field in NS domains is equal to the thermodynamic critical field, BNS = Bc. The field in SC domains is equal to
zero, BSC = 0. (b) Fourier transforms of TF-μSR data for the tin sample measured at p = 1.60 GPa. Peaks at B = 0, B = Bc, and B � Bap

correspond to the contributions of the superconducting domains, normal state domains, and the background caused by the pressure cell,
respectively. (c) Temperature dependences of the thermodynamic critical field Bc in elemental indium measured at pressures p = 0.05, 1.07,
2.09, and 2.98 GPa. (d) Bc(T ) dependences in elemental tin measured at p = 0.0, 1.60, 2.45, and 2.87 GPa. (e) Deviation functions D(T/Tc ) =
Bc(T/Tc )/Bc(0) − [1 − (T/Tc )2] as obtained for the indium sample. (f) D(T/Tc ) dependences for the tin sample. The solid lines in (c)-(f) are
fits of phenomenological α-model to the Bc(T ) data (see Appendix B for details).

From the data presented in Fig. 2 and Table I, the following
three important points emerge:

(i) The zero-pressure values of the superconducting tran-
sition temperature Tc, the thermodynamic critical field Bc(0),
and the averaged superconducting energy gap 〈�〉, as well as
the pressure slopes of Tc and 〈�〉, are in a good agreement
with the literature data [1–3,8,9,14,15,27,40,41].

(ii) With increasing pressure, the superconducting energy
gap 〈�〉 decreases faster than the transition temperature Tc, in
agreement with the results reported in the literature [9,14,15].

(iii) The relative pressure shifts of the thermodynamic crit-
ical field Bc(0) and the superconducting energy gap 〈�〉 are
the same within experimental uncertainties. This could be due
to the fact that Bc(0) is the measure of the energy, which has to
be supplied to the material to destroy superconductivity. This
implies that both Bc(0) and 〈�〉 are subject to similar energy
scales in conventional phonon-mediated superconductors.

B. Pressure evolution of the coupling strengths α = 〈�〉/kBTc

Figure 3 shows the dependences of α = 〈�〉/kBTc on pres-
sure. In both In and Sn samples, α decreases with increasing
pressure. In the indium sample, α changes from 1.89(1) at
ambient pressure to 1.78(1) at p � 3.0 GPa [Fig. 3(a)], while
in the tin sample it decreases from 1.83(1) to 1.77(1) as pres-
sure increases from 0 to � 2.9 GPa [Fig. 3(b)]. Following the
definition of α = �/kBTc as the coupling strength (see above),
this implies that pressure lowers the coupling strength and
moves both In and Sn superconductors from the intermediate-
coupling to the weak-coupling regime. Note that the effect of
decreased coupling is also seen in D(T/Tc) data [Figs. 1(e)
and 1(f)] implying that pressure increases the deviation of
Bc(T ) curves from parabolic behavior.

The linear fits of α(p) presented in Fig. 3 yield
α(p) = 1.892(5) − 0.037(2) · p for In and α(p) =
1.833(5) − 0.024(4) · p for Sn superconducting sample,

TABLE I. Pressure dependences of thermodynamic parameters for In and Sn samples. Tc(p = 0) is the superconducting transition
temperature at p = 0, Bc(0, p = 0) is the zero-temperature zero-field value of the thermodynamic critical field, and 〈�(p = 0)〉 is the average
zero-pressure value of the superconducting energy gap.

Tc(p = 0) dTc/dp d ln Tc/dp Bc(0, p = 0) dBc(0)/dp d ln Bc(0)/dp 〈�(p = 0)〉 d〈�〉/dp d ln〈�〉/dp
Sample (K) (K/GPa) (1/GPa) (mT) (mT/Gpa) (1/GPa) (mev) (meV/GPa) (1/GPa)

Indium 3.39(2) −0.346(1) −0.102(1) 28.15(5) −3.25(6) −0.115(2) 0.550(4) −0.0643(5) −0.117(2)
Tin 3.71(2) −0.440(1) −0.119(1) 30.45(6) −3.94(5) −0.129(2) 0.586(6) −0.0748(5) −0.126(2)
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FIG. 2. Pressure dependence of (a) the superconducting tran-
sition temperatures Tc; (b) the zero-temperature values of the
thermodynamic critical fields Bc(0); and (c) the mean values of the
superconducting energy gaps 〈�〉 for In and Sn samples. These
quantities are obtained from the analysis of Bc(T, p) data within
the framework of the phenomenological α-model of Padamsee et al.
[18,19]. The circles correspond to the data obtained in the present
study. The asterisks represent parameters obtained from the analysis
of the data of Finnemore and Mapother [40]. The solid lines are linear
fits.
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FIG. 3. (a) Dependence of the coupling strength α = 〈�〉/kBTc

on applied pressure p for the indium sample. Red circles correspond
to the experimental data. The phonon hardening and anisotropic
contributions are shown in light blue and pink, respectively. The solid
and dashed lines are linear fits with α(p) = 1.892(5) − 0.037(2) · p
and α(p) = 1.894(2) − 0.025(1) · p, respectively (see text for fur-
ther details). (b) The same as in (a), but for the tin sample. The solid
and dashed lines correspond to linear fits with α(p) = 1.833(5) −
0.024(4) · p and α(p) = 1.833(3) − 0.015(1) · p, respectively (see
text for further details). The dotted lines in (a) and (b) represent
the universal BCS value αBCS = 1.764. The asterisks are parameters
obtained from the analysis of the data of Finnemore and Mapother
[40].

respectively. Comparison with the universal weak-coupling
BCS value αBCS = 1.764, which sets the lower limit
for the possible coupling strengths in phonon-mediated
superconductors with an isotropic energy gap, implies that
α(p) data would approach the αBCS value at p � 3.55 GPa
for In and p � 2.89 GPa for Sn, respectively. If we were
able to reach pressures higher than these limiting values,
it might be possible to test the hypothesis that α values
smaller than αBCS cannot be achieved. It is interesting to note
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that the last two points measured at pressures p = 2.45 and
2.87 GPa in the tin sample result in similar α = 1.765(10)
values, which may indicate the saturation of α precisely at
the weak-coupling BCS value αBCS = 1.764. However, more
measurements at higher pressures are needed to confirm or
refute this observation.

Leavens and Carbotte [17], have shown that the effect of
pressure on α in conventional phonon-mediated superconduc-
tors consist of two components. The first contribution arises
from phonon hardening effects, while the second is deter-
mined by pressure-induced changes in the gap anisotropy. In
Appendix C we describe a simple model that allows us to
determine the pressure dependence of the phonon contribution
to the coupling strength. The resulting phonon hardening and
anisotropic contributions are presented in Fig. 3 in light blue
and pink colors, respectively. Clearly, only part of the pressure
effect on 〈�〉/kBTc can be attributed to the phonon term.
Nearly 40% of the effect is likely caused by the pressure-
induced increase in the anisotropy of the superconducting
energy gap. It is worth noting that the enhancement of gap
anisotropy due to applied pressure was recently reported for
elemental aluminum [16]. Considering that our experiments
were performed on non-oriented samples, the thermodynamic
quantities reported here, namely Bc and �, correspond to
averaged values. This does not allow us to speculate on the
angular dependence of the superconducting energy gap, nor
to obtain the absolute value of the gap anisotropy.

IV. CONCLUSIONS

To conclude, the pressure dependence of the thermo-
dynamic critical field Bc in elemental superconductors in-
dium (In) and tin (Sn) was studied using the muon-spin
rotation/relaxation technique. With the pressure increase from
0.0 to � 3.0 GPa, the coupling strength α = 〈�〉/kBTc de-
creases: from 1.89 to 1.78 for indium and from 1.83 to 1.77
for tin, respectively. Linear fits suggest that the coupling
strength approaches the limiting weak-coupling BCS value
αBCS = 1.764 at p � 3.55 GPa for In and � 2.89 GPa for Sn.
This implies that pressure lowers the coupling strength and
moves both In and Sn superconductors from the intermediate-
coupling to the weak-coupling regime. The analysis of α(p)
data within the framework of the Eliashberg theory reveals
that only part of the pressure effect might be attributed to
the hardening of the phonon spectra, which is reflected in
a decrease of the electron-phonon coupling constant. Nearly
40% of the effect is caused by increased anisotropy of the
superconducting energy gap.
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APPENDIX A: TF-μSR DATA ANALYSIS PROCEDURE

The experimental TF-μSR data were analyzed by separat-
ing the signal into the sample (s) and the pressure cell (pc)

contributions:

A0P(t ) = AsPs(t ) + ApcPpc(t ). (A1)

Here, A0 represents the initial asymmetry of the muon-spin
ensemble, while As (Apc) and Ps(t ) [Ppc(t )] denote the asym-
metry and the time evolution of the muon-spin polarization for
the sample (pressure cell), respectively.

The sample part was described by considering the contri-
butions from the normal state (NS) and the superconducting
(SC) domains:

Ps(t ) = fNS e−λNSt cos(γμBNSt + φ)

+ fSC
[

1
3 + 2

3

(
1 − σ 2

GKTt2
)
e−σ 2

GKTt2/2
]
. (A2)

The first term on the right-hand side of the equation cor-
responds to the sample’s normal state response: fNS is the
volume fraction of normal state domains ( fNS = 1 for T �
Tc), λNS is the exponential relaxation rate, and BNS is the
internal field [BNS = Bc for T < Tc(Bap) and BNS = Bap for
T � Tc(Bap), respectively]. The second term describes the
contribution of the superconducting part of the sample re-
maining in the Meissner state (BSC = 0). fSC = 1 − fNS is the
superconducting volume fraction. The term is approximated
by the Gaussian Kubo-Toyabe (GKT) function with the re-
laxation rate σGKT, which is generally used to describe the
nuclear magnetic moment contribution in zero-field experi-
ments (see, e.g., Refs. [42,43] and references therein). The
pressure cell contribution was described by

Ppc(t ) = e−λpct cos(γμBapt + φ). (A3)

Here, λpc is the exponential relaxation rate caused by the
pressure cell material.

Figure 4(a) shows the TF-μSR time spectra collected on
the tin sample at T = 0.26 K, p = 2.87 GPa, and Bap =
14.0 and 16.0 mT. The solid lines correspond to the fit of
Eq. (A1) to the experimental data. The Fourier transforma-
tions of TF-μSR time spectra presented in panel (a) are shown
in Fig. 4(b). The peaks at B = 0 and B = Bc denote the re-
sponse of the Meissner (superconducting) and the normal state
domains, respectively. Peaks at B = Bap represent the pressure
cell contribution.

APPENDIX B: α− MODEL IN ANALYSING Bc(T ) DATA

The α-model assumes that the normalized superconducting
energy gap is described as:

δ(t ) = �(t )

�
= �BCS(t )

�BCS
. (B1)

Here, � is the zero-temperature value of the gap, and t =
T/Tc is the reduced temperature. The function δ(t ) is the
same as in BCS theory [44], and it is calculated using
the BCS value αBCS = 1.764. On the other hand, to calcu-
late the temperature evolution of the electronic free energy,
entropy, heat capacity and thermodynamic critical field, the
α-model assumes α = �/kBTc is an adjustable parameter.

The temperature evolution of Bc can be determined
from the difference between the normal state and the
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FIG. 4. (a) TF-μSR time spectra for a tin sample taken at
T � 0.26 K, p = 2.87 GPa, and Bex = 14.0 (red symbols) and
16.0 mT (black symbols), respectively. The solid lines are fits of
Eq. (A1) [with the sample and pressure cell contributions described
by Eqs. (A2) and (A3)] to the experimental data. (b) Fourier trans-
forms of TF-μSR time-spectra presented in (a). Arrows indicate the
positions of the zero field in the superconducting domains (BSC = 0),
the thermodynamic critical field in the normal state domains (BNS =
Bc) and the applied field (Bap) in the pressure cell.

superconducting state entropies SNS − SSC via [18,19]:

B2
c

8π
= Tc

∫ 1

t
[SNS(t ′) − SSC(t ′)]dt ′ (B2)

with

SNS(t )

γeTc
= t

and

SSC(t )

γeTc
= 6α2

π2t

∫ ∞

0
f (α, E , t )

(
E + ε2

E

)
dε.

TABLE II. The initial parameters used for solving the
Eliashberg equations (p = 0). λ is the electron-phonon coupling
constant, μ∗(ωc ) is the Coulomb pseudopotential, �0 Tc(p = 0) is
a typical phon frequency, �log is the logarithmic cutoff frequency, ωc

is a cutoff energy, ωmax is a maximum quasiparticle energy, and γG is
the Grüneisen parameter.

�0 �log ωc ωmax

λ μ∗(ωc ) (meV) (meV) (meV) (meV) γG

In 0.81 0.095149 5.10 5.83 48 50 2.55
Sn 0.72 0.137460 9.00 9.90 57 60 2.57

Here, f (α, E , t ) = [exp(αE/t ) + 1]−1 is the Fermi function,
E = E (ε, δ(t )) = [ε2 + δ(t )2]0.5, and γe is the normal state
electronic specific heat coefficient. The temperature depen-
dence of the normalized gap, Eq. (B1), is described as δ(t ) =
tanh{1.82[1.018(1/t − 1)]0.51} [45], which is a simplified
version of Mühlschlegel’s BCS approximation reported in
Ref. [44].

APPENDIX C: CALCULATIONS
OF THE PHONON-HARDENING CONTRIBUTIONS

ON THE COUPLING CONSTANT 〈�〉/kBTc

The calculations were performed within the s-wave Eliash-
berg approach by solving two coupled equations for the
gap �(iωn) and the renormalization functions Z (iωn) with
ωn representing Matsubara frequencies. The imaginary-axis
equations, within the validity range of the Migdal theorem
[46], read [41,47]:

ωnZ (iωn) = ωn + πT
∑

m


(iωn, iωm )NZ(iωm )

+ [�N + �M]NZ(iωn) (C1)

and

Z (iωn)�(iωn) = πT
∑

m

[
(iωn, iωm ) − μ∗(ωc)

×�(ωc − |ωm|)]N�(iωm )

+ [�N − �M]N�(iωn). (C2)

Here,


(iωn, iωm ) = 2
∫ +∞

0
d��α2F (�)/[(ωn − ωm )2 + �2],

N�(iωm ) = �(iωm )/
√

ω2
m + �2(iωm ),

and

NZ(iωm ) = ωm/

√
ω2

m + �2(iωm ).

The parameters �N and �M represent the scattering rates
from nonmagnetic and magnetic impurities, respectively; �

is the Heaviside function; ωc is a cutoff energy; μ∗(ωc) is the
Coulomb pseudopotential, and α2F (�) is the electron-phonon
spectral function. The electron-phonon coupling constant is

214515-6



PRESSURE WEAKENS COUPLING STRENGTH IN IN AND … PHYSICAL REVIEW B 110, 214515 (2024)

0.65

0.70

0.75

0.80

0.85

5.0

5.5

6.0

Ω
0
(m
eV
)

λ

Indium
(a)

(b)

0 1 2 3

0.60

0.65

0.70

0.75

9.0

9.5

10.0

Ω
0
(m
eV
)

λ

p (GPa)

Tin

FIG. 5. (a) Pressure dependences of the coupling constant λ

(closed circles) and a typical phonon energy �0 (open circles) cal-
culated within the Eliashberg approach for superconducting indium.
(b) The same as in (a) but for superconducting tin.

defined as

λ = 2
∫ +∞

0
d�

α2F (�)

�
.

In general, the solution of the Eliashberg equations re-
quires a number of input parameters. One has to introduce
the electron-phonon spectral function α2F (�), the Coulomb
pseudopotential μ∗(ωc), the nonmagnetic �N and magnetic
�M impurity-scattering rates. However, some of these parame-
ters can be extracted from experiments, and some can be fixed
by suitable approximations. In particular, one may assume
�N = 0, since for an s−wave order parameter the nonmag-
netic impurity scattering rate has no influence on functions
�(iωn) and Z (iωn). Moreover we put �M = 0 because in the
studied materials, high purity Sn and In samples, the magnetic
impurities are absent. The electron-phonon spectral functions
α2F (�)s, the coupling constants λs, the cut-off energy ωc and
the maximum quasiparticle energy ωmax were obtained from
Ref. [41].

To calculate the effect of pressure on α = 〈�〉/kBTc,
the following minimal model was developed. The
electron-phonon spectral function was assumed to have a
Dirac delta function shape: α2F (�) = 0.5λ�0δ(� − �0),
where �0(p = 0) is a typical phonon energy, and λ(p = 0)
is the experimental value of the electron-phonon spectral
function at p = 0 [41]. The use of such an approximation,
in place of exact electron-phonon spectral function, allows
for a simple calculations of the effect of pressure on the
phonon spectrum. λ(p = 0) is an experimental value, so
the values of �0(p = 0) and μ∗(ωc) were fixed to match
the exact experimental Tc and 〈�〉 values. The values of
�0(p = 0) were found to be close to the representative energy
�log = 2

∫
α2F (�,p=0)

�
ln �d� of the phonon spectra [41]. The

initial input parameters of the Eliashberg equations are
summarized in Table II.

The pressure dependence of a typical phonon energy �0(p)
was calculated by using the relation [48]:

�0(p)

�0(p = 0)
= V (p)

V (p = 0)

−γG

. (C3)

Here γG is the Grüneisen parameter. The values of the
Grüneisen parameter for In and Sn at p = 0, as reported in
Ref. [49], are shown in Table II.

The V (p)/V (p = 0) dependences were obtained from
band calculations [50,51] and approximated by using a third-
order polynomials as

V (p)

V (p = 0)
= 1 − 2.224 · 10−2 p + 1.01 · 10−3 p2

− 3.43892 · 10−5 p3

and

V (p)

V (p = 0)
= 1 − 1.767 · 10−2 p + 6.63325 · 10−4 p2

− 1.50771 · 10−5 p3

for In and Sn, respectively.
With �0(p) calculated by means of Eq. (C3), one gets λ(p)

by solving the Eliashberg equations under the condition that
the theoretically obtained transition temperature values match
the experimental Tc(p) dependences as presented in Fig. 2(a).
The such obtained pressure evolutions of λ and �0 are shown
in Fig. 5. With all the variables known [λ(p), �0(p), and
μ∗(ωc)], the gap �(iωn, T ) was calculated by solving the
Eliashberg equations on the imaginary axis at low temper-
atures (T = Tc/12). Subsequently, using Padé approximants
method [41], �(p) and the coupling constant �(p)/kBTc were
calculated. Finally, the phonon-hardening contributions on
the coupling constant α were obtained as α(p) = 1.894(2) −
0.025(1) · p for In and α(p) = 1.833(3) − 0.015(1) · p for Sn
superconducting samples, respectively.
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