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ARTICLE INFO ABSTRACT

Keywords: We consider formulations of the Shifted Boundary Method based on extrapolation operators
Shifted boundary method other than the Taylor expansion. In the specific case of the Poisson equation, we prove that
Immersed boundary method this approach is stable, provided some basic properties of well-posedness of the extrapolation

Small cut-cell problem
Approximate domain boundaries
Weak boundary conditions
Unfitted finite element methods

operator are verified.

1. Introduction

When computational mechanics problems involve complex geometries or geometries that are described in non-canonical formats
(i.e., STL geometric representations, etc.), the pre-processing phase of cleaning the geometry from spurious artifacts and generating
the computational grid may require an overwhelming part of the design and analysis cycle (up to 70%-90%).

In this context, immersed/embedded/unfitted computational methods may provide a more flexible approach to computing, as
they do not require fitting the grid to the geometrical features of the shapes to be simulated. In this class of methods are the Immersed
Boundary Finite Element Method (IBFEM) [1], the cut Finite Element Method (cutFEM) [2-18], the Finite Cell Method [19,20], and
related earlier and recent methods [21-25].

Most of these approaches require the geometric construction of the partial elements cut by the embedded boundary, which
can be both algorithmically complicated and computationally intensive, due to data structures that are considerably more complex
with respect to corresponding fitted finite element methods. Furthermore, integrating the variational forms on the characteristically
irregular cut cells may also be difficult and advanced quadrature formulas might need to be employed [19,20].

The Shifted Boundary Method (SBM) was proposed in [26] as an alternative to existing embedded/unfitted boundary methods
and belongs to the more specific class of approximate domain methods [27-35]. Specifically, the SBM was proposed in [26] for the
Poisson and Stokes flow problems and generalized in [36] to the advection—diffusion and Navier-Stokes equations, and in [37] to
hyperbolic conservation laws. An analysis of the stability and accuracy of the SBM for the Poisson, advection—diffusion, and Stokes
operators was also included in [26,36,38], respectively. A high-order version of the SBM was proposed in [39] with a traditional
Nitsche penalty stabilization and in [40] without penalties. Applications to solid and fracture mechanics problems were presented
in [41-45] and simulations of static and moving interfaces were developed in [46,47].
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The SBM is built for minimal computational complexity and does not contain any cut cell by design. In fact, the location where
boundary conditions are applied is shifted from the true to an approximate (surrogate) boundary, and, at the same time, modified
(shifted) boundary conditions are applied in order to avoid a reduction in the convergence rates of the overall formulation. In
particular, if the boundary conditions associated to the true domain are not appropriately modified on the surrogate domain, only
first-order convergence is to be expected.

In the original version of the SBM, the shifted boundary conditions are defined by means of Taylor expansions and are applied
weakly, using Nitsche’s method, leading to a simple, robust, accurate and efficient algorithm.

However, a Taylor expansion is not the only option to construct a shift in boundary conditions and we consider here an alternative
approach.

The new extension operators we develop in this work are in the general class of extrapolation operators based on clouds of
sampling points (e.g., moving least squares, gradient reconstruction, etc.) and are more naturally applicable when the SBM is paired
with meshfree/meshless Galerkin approximations [41].

Polynomial extension operators have been applied very recently by Burman et al. in [48] as an alternative to ghost penalties in
cutFEMs. In these developments, integration over cut cells of the governing equations was still performed. Our extension operators,
instead, are used in combination with the shifted boundary concept to completely avoid integration over cut cells.

Using these new concepts, we derive a Nitsche-type variational formulation and we develop its analysis of stability and
convergence, for the Poisson problem with Dirichlet boundary conditions.

A series of computational experiments is presented last, for both the Poisson and linear elasticity equations, including both
Dirichlet and Neumann boundary conditions.

This article is organized as follows: Section 2 introduces the general SBM notation; the SBM variational formulation for the
Poisson problem is presented in Section 3; the SBM variational formulation for the compressible elasticity equations is developed in
Section 4; the definition and properties of the extension operators are discussed in Section 5; the numerical analysis of stability and
convergence (for the Poisson problem) is provided in Section 6; numerical tests are presented in Section 7; and, finally, conclusions
are summarized in Section 8.

2. Overview of the shifted boundary method (without Taylor expansions)

Notation. Throughout the paper, we will denote by L?(2) the space of square integrable functions on 2. We will use the Sobolev
spaces H™(Q) = W™2(Q) of index of regularity m > 0 and index of summability 2, equipped with the (scaled) norm

m 1/2
— 2 k k.12
ol smey = <||u||L2(Q)+I;||l<9> D u||L2(Q)> : &

where DF is the kth-order spatial derivative operator and /(A) = meas,, (A)!/7a is a characteristic length of the domain A (n, = 2,3
indicates the number of spatial dimensions). Note, in particular, that H*(2) = L?*(Q). As usual, we use a simplified notation for
norms and semi-norms, i.e., we set [|0]l,, o = V]l ym(q) and |v; o = 1)+ D* vl = ||l(.Q)"D"v||Lz(Q).

2.1. The true domain, the surrogate domain and maps

Let 2 be a connected open set in R" with Lipschitz boundary. We consider a closed domain & such that clos(2) C & and we
introduce a family 7, of admissible and shape-regular triangulations of &. Then, we restrict each triangulation by selecting those
elements that are fully contained in clos(£2), i.e., we form the inner triangulation

I, :={T €39, : T C clos(2)},
which identifies the surrogate domain
@, =int| | T|c e

=

with surrogate boundary I}, := 0,. We also denote by i the outward-oriented unit normal vector to I},. Obviously, 5, is an
admissible and shape-regular triangulation of £, (see Fig. 1). For reasons that will appear clear in what follows, it is also useful to
define the outer triangulation

Ip =T €Ty, : T Cclos(Z \ 2)}, @
and the corresponding outer (inactive) domain
@ =int| |J T|co2\2 3)
=
with boundary I, (the orange polygonal line in Fig. 1). The classical SBM relies on the construction of a map

Mhifh—>1—',
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Fig. 1. The true domain © and its boundary I, the surrogate domain (3, c 2 and its boundary [, the outer surrogate domain €, and its boundary I’,.
XX,

which associates a point x = M,,(X) on the physical boundary I to any point X on the surrogate boundary I}, [49]. Through M,,
a distance vector function dy, , can be defined as the difference d,, h(ic) = x — X = [M,, — I](X), where | is the identity map. In what
follows, for the sake of simplicity, we will remove the subscript “M,” from dy,, and we will write d, instead.

With the purpose of imposing boundary conditions on I, rather than I', a shift operator can be defined on I, through a Taylor
expansion along d, namely S,v := v+ Vo - d. With this approach, for example, a Dirichlet boundary condition v = g(x) on I is
transformed into a surrogate boundary condition S,v = g(M,,(X)).

2.2. Shifts by way of extension operators

The Taylor expansion, however, is not the only way to construct an extension to I of a field v defined on the surrogate domain
Q,. We propose here an alternative strategy, more compatible with the typical data structures of mesh-free methods.

Assumption 1. We will assume that the grid is two-dimensional and composed of the union of triangles. With some adjustments,
the following results can be extended to the case of quadrilateral grids in two dimensions and also three-dimensional grids.

We start with three definitions that will be useful in what follows.

Definition 1. Let _Q{ be the union of the elements between I, and I, that is the union of the elements intersected by the true
boundary I'. Namely:

Ql'={Teg,:TnI+0}.
Definition 2. Let Q) =Q,uQl.

Definition 3. Let V,(2,) := {Uh € C%Qy)lvyr € PNT).NT € F), | be the space of globally continuous functions over €,
that are piecewise linear over each T € J,. Let the space Vh(!}p be defined in an analogous way, that is, Vh(();rl) 1=
{uh € C%@y)lopr € PNT)NT € T, with T ¢ fz;}
With the previous definitions, the extension E, can be described as the map
Ej : Vi(@2p) = Vi(@)),
v, — Epup.

In particular, we require the consistency property that (E,vy),5, = vy, for any v, € V(2.
3. The SBM for the Poisson equation

Let ©2 be a bounded and connected open subset of R" with Lipschitz-continuous boundary I' = dI', which is partitioned as
I = I'pu Iy with I'yn I’y = . Specifically, I';, is the Dirichlet boundary and I'y is the Neumann boundary. The strong form of
the Poisson problem with a non-homogeneous Dirichlet and Neumann boundary condition reads



R. Zorrilla et al. Computer Methods in Applied Mechanics and Engineering 421 (2024) 116782

—Au=f in Q, (4a)
u=up on I'p, (4b)
Vu-n=gy  on Iy, (40)

where u is the solution field, uj, its value on the Dirichlet boundary I'j,, g the value of the normal gradient along the Neumann
boundary I'y, and f a source term.

3.1. Existence, uniqueness and regularity of the infinite dimensional problem

Let us denote by H!/2(Q2) a fractional trace space (typically associated with H!(£2)), and H~'(2) the dual (space) of Hg(_Q).
The well-posedness of the infinite dimensional problem is discussed, for example, in [50] (Theorem 5.1, p. 80), with the following
result:

Theorem 1 (Well-Posedness of the Infinite-Dimensional Problem). Let §2 be a bounded and connected open subset of R"d with Lipschitz-
continuous boundary I' = I'p, (pure Dirichlet problem). Given f € H~'(2) and up, € H'/>(I'), there exists a unique solution u € H'(£2) of
Problem (4) with pure Dirichlet conditions. Furthermore, if the boundary I' is of class €2, f € L*(2) and uj, € H>?(I'), then u € H*(2)
and satisfies

lullzo < € (1 /oo + luplis/2r) %)

for a constant C independent of f and up,.
3.2. Weak discrete formulation

We propose the following discretization of Problem (4), inspired by Nitsche’s method [51,52] for the weak enforcement of
boundary conditions:

Find u;, € V,,(€2;,) such that, Yw, € V,,(2,)

(Vup, Vwy)g, = (Vuy - i, wy) f, = (Epuy, —up, V(E,wy) - n— ahT'Eqwy)
HEp(wp), V(Epup) -n—gndpry = (fswp)g, (6)

where
meas, (T)

L= @

meas,,d_l(E)’

with E is an edge/face of the mesh lying on I}, such that £ c 9T n I, and T € J,,. In what follows, besides the shape-regularity
of the grids, we will assume that there exist two global constants &, & € R* such that &h < h) < &h, so that 4 and h, can be
assumed interchangeable.

Remark 1. The proposed variational form bears some similarities with the work of Lozinski and co-authors [25,53]. However
in [25] the domain &, > £, the operator E,, is not introduced, and appropriate ghost penalty operators are required for the stability
of the discrete formulation. We prefer to introduce the operator E, and avoid ghost penalties, which require additional used-defined
parameters in the variational formulation.

In the case when Neumann boundary conditions are present, in order to maintain optimal accuracy, we will also consider a mixed
formulation inspired [42,46], which employs piecewise-linear, globally continuous interpolations for both the primary variable u
and its gradient. Let

V(2 = {vh € (C%Qp)" vy € (PN(T)Y'4 VT € th} ®

be the space of globally continuous, piecewise-linear vector functions. The mixed variational form of the SBM with extension
operators reads:

Find u), € V,,(2,,) and B, € V,(2,) such that, for any w,, € V},(2,) and any y, € V,(32,),

0 =(Bp. Vwp)g, = Bp - i wp) g, = (f,wp)g, + By = Vi, wy)g,
— (Epup —up, Epyy) - n— ah'Eqwy) ) + (EnBy) - n— gn- Epwy)r,
+ (V- B+ f.1,V- ‘I/h)gh — (Bn — Vup. 75 (wy + th))(}h , ©)

where g, is a new nodal variable that approximates the gradient of u. The last two terms in (9) are appropriate variational multiscale
stabilization terms that were originally introduced in [54]. In the numerical computations that follow, a = 10.0, 7, = hl(2), and
75 =1 /2, with I(£2) the largest dimension of the bounding box of Q.

4
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4. The SBM for the linear elasticity equations

We will also consider the equations of (compressible) linear elasticity, which are more relevant in practical applications. Their
strong form is given as

-V -(oc(m)=»b in Q, (10a)
u=up on I'p, (10b)
on=ty on Iy, (10¢)

where u is the displacement field, u;, its value on the Dirichlet boundary I'p, t, the traction along the Neumann boundary I'y, and
b a body force. The stress o is a linear function of u, according to the constitutive model

o(u) = Ce(u),
where C is the fourth-order elasticity tensor. Recalling the definition (8), we will then consider the following variational formulation,

which can be considered a vectorial generalization of (6):

Find u;, € V,(2,) such that, Vw, € V ,(2,),

(Ce(up), ey g, — (Cey), wy @ ), — ((Epuy, — up) ® n, Ce(Epwy))ry, + (Equy —up, a|ClhT'Eywy)r,
+HEpw), (Ce(uy)) - n— tN)rN = (b, wh)_éhv (11)

where |C| is the Frobenius norm of the tensor C.

Remark 2. Observe that in the case in which 2, = @, thatis [}, = I' and E,, = I, (11) collapses to the canonical Nitsche’s variational
formulation:

(Ce(up), e(wy))g, — (Ceup), wy, @ n)p, — ((uy —up) @n, Ce(wy)) )

+up —up,alClhT ' wy) ) — Wy ty) = (bwy)g, . (12)
5. Extension operators

We will consider two different definitions of E,. Consider the following definition of the extension operator:

Epvon (@) = ) Ny)vy+ Y, Npx)¥p, 13)
Aef BeS

where . is the set of nodes (vertices) of the grid that belong to (3, .# is the set of nodes of the grid on I, and N, and N are
the finite element shape functions associated with nodes A € ./ and B € ./, respectively. v, = v,,(x 4) represent the nodal values of
v, over 3, and the extension operator E,, is defined by the nodal values ¥ over [,. Similarly the gradient of the extension E,uv,,
of v, is computed as:

VERw (x) i= Y VN, (x)V4+ Y, VN (x) Vg, (14)
Aed Bes

Next, we consider two different extension operators.
5.1. An extension operator based on the average gradient

This first strategy for the construction of the extension operator relies on computing a discrete gradient G() = {Gd(-)}Z”: , on
nodes located along the boundary I, by way of the (lumped) L2-projection of gradients from neighboring elements. We will describe
this approach for simplex-type elements (for which elemental gradients are constant), but similar derivations apply to quadrilateral
or hexahedral elements.

Let 9.4 :={T € I, : TN A # @} be the set of elements in €2, that share node A, and .#; the set of nodes that belong to element
T. Then we define

N 1 1
Gup)p = 5— Y ITIVopr == 2, ITI Y, (VNp)rvs, 15)
Z:TGfTh:A IT] T€T )4 ZTGgh:A IT] TeI,  BEMN

where |T| = meas, (T) is the measure of the element 7' (area/volume in two/three dimensions). In plain words, we associate
to each node the area/volume-weighted average of the gradients of the elements that share it as shown in Fig. 2. More
specifically, Figs. 2(a), 2(b), and 2(c) show which elements inside 3, are involved in the calculation of the nodal gradient G
associated with three different nodes on I7,.
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r
(a) Elements and nodes involved in the nodal gradient calculation of the (b) Elements and nodes involved in the nodal gradient calculation of the
node circled in light purple. node circled in cyan.

r
(c) Elements and nodes involved in the nodal gradient calculation of the (d) The shaded elements are involved in the computation of the average

node circled in teal. gradients extension operator at the node in the gray circle.

Fig. 2. Extension by average gradients. The blue, red and orange curves represent the true boundary I' and surrogate boundaries I, and [, respectively. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The extension of v, to a node B on [}, is then constructed as the weighted average of the linear extrapolations of v, along each
edge e, p connecting A to B, where each weight is the inverse of the edge length |e,z| = |x5 — x4|. Namely:

! 2 leasl™ (Va+(Gopy - eqp). (16)

Vg :=Ejuu(xp) = -
ZAG/VB leas! A€My

where ./ is the set of nodes on I, that are connected by an edge e, to node B and we used ¥y as the short-hand notation for
E,vn(xp), with B € 4. Fig. 2(d) depicts the final stage of the extension procedure, and all the elements and nodes involved in the
calculation of (16). For simplicity, we will rewrite (16) as
~ : leapl”!
Ejvu(xp) = Z agy (V4 +(Gup)y-eqp), with aBA=L_1- a7
Aey ZAGA?B leap!

Remark 3. It is easily seen that 3, 7 @4 = | and that (E,v,)g, = vy, for any v, € Vi(2p).

Similarly, (15) can be refactored as
IT|

N L (18)
ZTeth;A IT|

(Gup)y = Z Bar Voplp.  with =

TE€Tp.a
and ZTe&‘M Par =1

5.2. An extension operator based on moving least-squares

A second extension operator we consider stems from meshfree numerical methods, such as the Diffuse Element Method [55],
and leverages a Moving Least-Squares (MLS) approximation of the field of interest.

We start by defining the cloud of sample nodes over which the least-square procedure will be used. Given a node B € ./, we
consider the set ./ of nodes that are connected to B by a single edge, that is the first “layer” of neighboring nodes, shown in
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(a) First layer of the MLS cloud of nodes (teal dots) for the seed node circled (b) Second layer of the MLS cloud nodes (cyan dots), originating from the
in grey. first layer of nodes (teal dots).

Fig. 3. Extension by MLS. The blue, red and orange curves represent the true boundary I' and surrogate boundaries I, and I, respectively. For a seed node
on [}, circled in gray, the figure shows the cloud of sample nodes utilized by the MLS extension operator. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Fig. 3(a). The second layer in the cloud is the set of nodes in £, that are edge-neighbors of nodes in the first layer, as shown
in Fig. 3(b), and so forth. Note that the first layer of nodes lies on 7, but all other layers may include also nodes that lie on the
interior of ;.

In order to obtain a well-posed (non-singular) MLS algebraic problem, the sample nodes must be in sufficient number and
distributed with some uniformity. These two requirements are normally met by immersed grids, which maintain good quality metrics
as they do not need to conform to the geometry of boundaries. In addition, depending on the order of the polynomial used in the
MLS approximation, there is a minimal requirement on the number of layers to be used: for first-order (linear) approximation, at
least two layers are required; for second-order accuracy, at least three layers are required; etc. In all numerical tests, we will always
choose the minimal number of layers necessary to achieve the accuracy of the interpolation utilized.

Let J/ BM LS be the chosen cloud of sample nodes associated with B € .#. The MLS approximation takes the form

Up= ) wopaVa 19)

MLS
AE./VB

where the wp,’s are appropriate weights that must fulfill the partition of unity property }’,. ,mrs wps = 1. These weights are
obtained by solving an appropriate least-square minimization problem, which we describe next in the case of first-order approxi-
mation. The procedure for higher-order approximations will be very similar. A linear approximation to v,(x) in a neighborhood of
the node B (of coordinate x ) can be cast in the form

v,(x) = ¢[B]T p(x), (20)
where

p(x) = [1,x,31"
in two dimensions, and

P(x) = [1,x,y.z]"

in three dimensions. Here the notation ¢[B] indicates that the array of coefficients ¢ depends on the seed node B. ¢[B] is obtained
as the solution to the least-squares minimization problem

. 2
arg min Z (x4, %p) (c[B]Tp(xA)—vA) R (21)
c[B]eR"d+! Ae/@us

where we have introduced the Gaussian smoothing kernel

lespl
¢(xy,xp) =exp| — A8 > ]
Z(maer/Vé”LS lessl)

which adds more weight to the information near node B. Again, |e,z| = |xp — x 4| denotes the length of the segment e 45 connecting
node A and node B. The classic closed form of the minimization problem (21) is given by

cBI=MIBI"" 3 (x4 xp)P(x 1)V, (22)

MLS
AeA/B
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Fig. 4. Integration over I' (in blue). The intersections of I' with the underlying grid (light blue dots), the piecewise-linear interpolate I, of I' (light blue
segments), and the quadrature points associated with the mid-point quadrature integration rule (black crosses). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

where M[B] the Grammian matrix

MBl= ) x4 xpPxIP (xy).

Ae/MLS

Substituting (22) into (20) yields

Vg = p’ (xg)M[B]™! z D(x 4, xp)P(X AV 4 |,

rMLS
AeNy

which is equivalent to setting
wpa = Py, xp)P" (x)MLBI™'P(x,)
in (19).

Remark 4. The partition of unity property

Z wpy =1 (23)

rMLS
AN

can be easily proved starting from (19) and using the property that the least-square extrapolation is exact up to linear fields by
construction. Hence considering the constant field v, = 1 and substituting V3 =1 and v, =1 in (19), we obtain (23).

Remark 5. Each coefficient wp, only depends on the mesh and can be computed once and for all in a pre-processing stage of the
computations.

5.3. Integration of the variational terms involving the extension operators

One key aspect that has not yet been discussed is the integration of the variational terms defined over the boundary I and
involving the extension operator. This procedure requires the definition of specific integration points along I and corresponding
weights. We will describe it only in the two-dimensional case for triangular elements. The discussion can be generalized to
quadrilateral elements in two dimensions and tetrahedral or hexahedral elements in three dimensions.

Given a geometric representation of I' (e.g., a level-set, an STL surface, etc.), the integration procedure can be devised in multiple
stages (see Fig. 4 for reference):

1. Construct the extension operators over the cloud of points /.

2. Compute the intersections of the true boundary with the underlying immersed grid (the light blue dots in Fig. 4), and
approximate the true boundary I with a piecewise-linear polygonal curve I, (the light blue segmented curve in Fig. 4),
connecting the intersection points with straight segments.

3. Define a quadrature formula on each of the segments composing I, (e.g., the mid-point formula, depicted with black crosses
in Fig. 4).
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Fig. 5. Auxiliary sketch for the proof of Lemma 2.

The proposed interpolation and integration approach is second-order accurate, and therefore compatible with the order of
approximation of the proposed SBM. Of course, one could use more general representations of the surface than just a polygonal
curve, and, analogously, one could use integration rules more general than the simple mid-point rule.

5.4. Properties of the extension operator E,

This section is devoted to the derivation of the main abstract properties of the extension operator E, introduced in Section 2.2.
This is a very technical section and the reader could simply browse through it in a first reading of the article. The main results are
summarized in a number of lemmas and corollaries that will be used in the numerical analysis described in Section 6.

In what follows, the notation a < b, for some quantities a and b that depend on the triangulation ", indicates that a < cb, for
some positive real constant ¢ independent of 7", The first important result is the following fundamental lemma:

Lemma 1. Let T be a triangular element contained in Qi’: and let T /i’,(T) be the set of triangles in 2, whose vertices influence the definition
of the extension operator E; on the triangle T. Then it holds:

IVE,opllor < ”Vvh”()"o/‘i;_(T), Yo, € V,(2)).

Proof. The proof of Lemma 1 is based on the following technical lemma:

Lemma 2. Given any triangle T with vertices x4, x, and x. then
[ Ivuax = o) = ontee)l +lontep) = ouxoP. Vo, € 71D
where the symbol “~” indicates equivalency up to a positive constant.
Proof. Both sides are invariant under affine transformations, so it is enough to map back to the parent (reference) element 7' and
use the equivalence of the norms in 2!(T)/R. [

We will now proceed with the proof of Lemma 1, distinguishing between the case of the gradient-based and the moving
least-squares extension operator.

Gradient-based extension. Consider the situation depicted in Fig. 5. Recalling (17) and (18), and using Remark 3, we have:

Vp—ve = Z apa(Va— Ve —(Guy)y - eqp) = Z apa(Vy —Ve) — Z apa(Gup)y - eyp.
Aedg Aefg,A#C Aedg

Now, if the nodes A and C belong to the same triangle T, then v, — V¢ = Vo, ;- €4 and
VA = Vel? < 1o Plleacl < 3 Vo = [ 190, o)
T
Instead, if node A and C do not belong to the same triangle, but are connected by p triangles, one has

Vi —Ve = (Vy —VM1)+(VM1 —VM2)+(VM2 —vM3)+ +(VMH - Vo)

and the previous estimate can be applied term by term. Thus,
2

Z apgs(vy—ve)| < 2 az, Z_(VA_VC)ZS Z /T’ |Vo,|?

Aedg Aefg AeNy T'eT ;- (2y)

<1
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for a set of triangles 7 (_Qh) connecting node A and C. On the other hand,
2
- 2
(Gup)y - eAB) =| Y, BarVour-ean z Pir Z IV oy II? ”eAB||2 S Z / [Voul, (25)
TE€T A Teah A TE€T A TE€T A
—— ~H9ACH2
<1

so that

2

~ - ~ 2
Y Gup)y-eap| <card(fp) D (Gupy-esp) s Y D / [Vo,|?.
Aefy WA@VB A€M TET)a
Moving least-square extension. In this case, recalling (19) and Remark 4, we have

Vp—ve = 2 wps(V4 = V)
AN MLS

and arguments similar to the case of the gradient-based extension operator can be used. []

We consider next a number of important results that are consequences of Lemma 1.

Corollary 1. It holds

1/2 ~
hT/ IVEopllorar S ||th||0’9“,”), Yo, € V,(2p).

Proof. We have

MIVER o = 1VEr B [ ar < (B P [ 0 = 19,0l O
\ ) 0,7nrr T

constant

Corollary 2. There exists a constant c,, independent of the mesh size, such that

112V (Epopllor < cliVopllog,, Yo, € Va(y).

Proof. This result easily follows from the scaled trace inequality (Theorem 5), together with Lemma 1. The constant c, is independent
from the mesh size, as it depends on the constants appearing in the statements of Theorem 5 and Lemma 1 []

Corollary 3. There exists a constant cg, independent of the mesh size, such that

llopllo,7, < co <||Ehvh||01— + max [d|IVugllo Qh) Yo, € V,,(2p).

Proof. Observe that, by definition, (E, U\ F, = Unify, and, looking at the sketch of Fig. 6, notice that the following identity holds:
E,v,(x) — ELu,(X) = Eju,(M %) — EQup (%) = Z (VEv ) - drrs
T'eT (x,d)

where 7 (%,d) is the set of all elements of the grid that are intersected by the distance vector d that maps X to x and d;s are
vectors that subdivide d, that is d = ;g ;.q) dr» With dpv connecting the two edges of element T’. Hence dys = nyvd with
Yrreg@ay iy = 1. Note that the cardinality of 7 (%, d) is finite since the mesh must be regular and therefore the angles formed
by the corners of the elements must be uniformly bounded from below. The graphical sketch of Fig. 6 refers to the case in which
card(J (x%,d)) = 2. Whence,

Epop I S BB+ D i PICVE0)) 0 P 1d.

T'eT (x.d)

Integrating over T n I, (recall that T n I}, may be just a vertex of T) for an element T € .Q£ yields

2
2 2 2 2
ol S IEvpll2 Z (Vo)™ ) max |d] / dly, S NEuwull2 .~ + max [d*|VE,vpr 13 -
hllo rar, h=hllo rnr, hZr2IT T0F, Taf, h h=hllo rnr, Tr, hZnT lo,T

T/ (%.d)

We conclude by summing over all T € Q{ . O

Remark 6. From the inspection of the proof of Corollary 3, we actually have proven the following result:

10
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Fig. 6. Auxiliary sketch for the proof of Corollary 3.

Corollary 4. There exists a constant ¢g, independent of the mesh size, such that

2o - <o (IR 2E a2, + X0 ALY g2 Vop € V(@)
Unlly 7, = C@ nUnllo,r %2?} Iy Unllo g, |- Up € Vp(&2p)-
h

5.4.1. The extension operator E, in H*(£;)

The purpose of this section is to extend some of the results of the previous section to the case in which a function is in H?(2),)
instead of V"(§,). These results will be instrumental to prove convergence of the proposed algorithms in Section 6.2.

Consider now the space V(2,;J;,) = V,(2,) + H*(2,) c H*(8,;J,,), which extends V},($2,,) to function spaces that can represent
the exact solution of the infinite dimensional variational problem associated to (4). Consider also H*(,;J,) = HTE@ H*(T) with
‘broken’ norm || - ”2,!?;,,57;, = ZTEth [l ll,7- We associate to V(Qh;F/:h) the norm

2 _ 2 2
10l ., = ol + 1heol3 5 (26)
where
2 2 -1/2 2
Nl = IV 115 o+ I~ 2E g I 1 @7

and we note that if v € V,(£,), then lolly .5, = vl

Definition 4.  For any w € V(£2,;9;), let E w := E,(l,w), where |,w is the piecewise-linear function that interpolates w at the
nodes of 7"(2,).

The previous definition is consistent, since if w = w, € V"(3,), then l,w = w;,. Then E, is well-defined on V(&3,;J,) and
Corollary 2 can be extended as follows:

Corollary 5. It holds

112V Ep)llo.r S Nwllyo,.5,, Vi € V(@ Tp).

Proof. Applying Corollary 2, we have that

122V E o = 1RV E, Ao r S IVl g,

172
2
< IVawllog, + IV - Lo)llgg, < IVwlog, +( 3 hT|w|2,T> Slwlyg,s, O
Tegh

Similarly, Corollary 4 can be extended as

Corollary 6. For any w € V(2,:9,) it holds
maxpnp |d|
“12,02 < =12 2 Tl 2
A= wlly - < 1A Eqwlly - + <1 + TITEI?;% <—hT lwlly, g, 5.

Proof. We start by writing

1= 2wl 7, < 1B~ Pl 7, + VA2 = 1w)llo 7, -

11
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Observing that on I, one has l,w = E,(l,w) = E,w, then

12
-1/2 -1/2 -1/2 maxpop, |d|
1=l 7, = BBy ()l 7, S WA/ Ep(w)lio r +Tn;2}2xr T — IVazwllo.a,
h

1/2
maxynz, |d|
—1/2 h
SN PEwllg r + max | ———— | llwllyg, .5,
TeQl hr

as in the proof of Corollary 5. On the other hand,

-1/2 2 -21151/2 2 -2 2 2 2
R Ol D YR o R R Ol P W (||w—Ihwnw+hT||V(w—Ihw>||0,T)
TeIh Tni=9 Tegh
-2 4 2 4 2 2 2 2
< X n (hwBy + i) s Y el S el g o
Tegh Tegh

which concludes the proof. []

5.4.2. Estimate of the approximation error
We wish to estimate

A2 Epw — wllgr.  Yw € HA(Q). (28)

To this end, we prove some technical lemmas:

Lemma 3. Let T be a triangle in .Q}f. Then Yz, € V,(2,),

1/2
||Ehzh_zh||o,T1hT< Z |2A_ZA|2> )

Aep

where z, = z,(x,), 24 = (E,z;,)(x4), and N7 the set of nodes that belong to element T.
Proof. A scaling argument and the equivalence of norms on the reference element 7" yields the desired result. []

Lemma 4. If z, and z, are as in Lemma 3, one has
1/2

3 2
1z -zl S| X 1Vz4l3
T’egj;(r)

Proof. We recall that /’;(T) be the set of triangles in £, whose vertices influence the definition of the extension operator E, on
the triangle 7. We split the proof in the case of the gradient-based extension and the moving least-square extension:

Gradient-based extension. We have

7, = Z aqp (2 +(Gzp)p - epy) -
BeJiy
and

zy = Z AupZy = Z aAB<ZB+Vzh|TAB-eBA>,
Be, Be,

——

=1
where Vz, . - is the gradient measured on either of the elements that share the edge ep, (observe that the gradients on either
element have the same projection along e ,). Hence

and

5 2 A 2 2 222 2
24 —2z4 < Y WBz)p = Vapr,, IPllegal® S D IVzyrlPhd = Y IVzuell}

BeJiy TET .4 TET .4

Moving least-square extension. In this case, in view of (19) and Remark 4, we have

124 — 24l == z ®aplZp — 24l
BeyMLS

and |z — z,| can be bound by the sum of gradients of z, as done in the proof of Lemma 1 (for the moving least-square case). []

12
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Now we can proceed to bound (28), as summarized in the following result:

Corollary 7. Assume that w € H*(Q}), where O = O, u Q] Then
1! (Byw = w)llo.r S b lwh g

with hp, = max{hy : TnT,+0).

Proof. Consider an element in 7 C .Q{ . Then

hy*Epw = wllorar S IEw = wlloz + hr | VEw = w)lo 29)
and

IVEw —wllor S IVEw = w)llor + IVUw = wllgr S h}l IE,w —lywlor + hrlwly T, (30)
where E,w - l,w e P(T). Substituting (30) into (29), we have

m2IEpw = wllorar $ 2MEpw = lwlloz + llw = Lwllor + h2wlyr S IEqw = wlloz + B lwlyr

Now observe that for an arbitrary © € P!(T), we have E,z = ¢ (for both the gradient-based and moving least-squares extension
operators) and |,z = 7. Hence, setting z = w — r, we have E,w — |,w = E,z — |,z and, using Lemmas 3 and 4:
1/2

2
IEpw — lpwllor = IExz — lpzllor S Ar Z ||V(|h7~)||0,Tr
T'eg .(T)

Now
VA2 lloz < IVzllozr + 11V(z = 1a2)llo 77
with
IVz =127 = IV = Lwllorr S hyrlwly e

Let us set now §(T) = J{T' € g, ’;(T )} and observe that diam($(T)) =~ hy =~ hp, VT' € T /"j(T), since only a finite number of
elements, independent of &, belongs to 5 A’} (T). Hence

172

> VGG | = 1Vzlosa = 1V = Dllo.sar

T’e./‘/’jf,(T)
and choosing 7 as the projection of w upon %!(S§(T)) in the gradient norm, we have
1/2

[IV(w = DI S hylwly g0y = Z (hpr|wly )
T'eg’f;.m

In conclusion,
1/2

2
IEpw = lywllor S| Y, (hprlwly)*|

T'eg/{ﬁ(r)

which completes the proof. []
6. Numerical analysis of the method for the Poisson equation

In what follows, we perform the numerical analysis of the proposed method. Under a number of technical assumptions, we
prove numerical stability, continuity, asymptotic consistency, and optimal convergence of the variational formulation in the natural
norm. These are the main results discussed next and a reader more interested in the actual numerical performance of the proposed
approach can skip this section and move directly to Sections 4 and 7.
6.1. Well-posedness and stability

In the proofs of numerical stability and convergence that follow, we will make the following technical assumptions.

Assumption 2. The boundary conditions in problem (6) are only of Dirichlet type, that is I = I'y,.

13
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Assumption 3. For some arbitrarily small ¢ € RY, it holds

|d| ~ h'*¢. (31)

Remark 7. Assumption 3 will not be used in numerical computations, but is simply confined to the mathematical proofs. For
example, when nested grid refinement is employed, then ¢ = 0 in Assumption 3. The condition ¢ > 0 implies that the grids are
adapted after every refinement so that [, is pushed slightly towards I

Under Assumption 2, (6) reduces to:

Find u;, € V;,(€2;,) such that,

ap(up, wy) = 1,(wy), Ywy, € Vy(2y), (32a)

where

ap(up, wy) = (Vi Vwy)g, = (Vi - i, w0p) = (Epity, VEg104) - o — ah'E ) s (32b)
Ih(wy) = (fswp) g, — (& V(Eqwy) - it — ah T Ejuop) . (320)

Remark 8. Because of the use of the extension operator E,, the bilinear form a;(u,, w;) is not symmetric.

As a first step, we prove that the proposed method is stable, by a coercivity argument.

Theorem 2 (Coercivity). Consider the bilinear form a;(uy, w) defined in (32), under Assumptions 1, 2, and 3. Then, for a sufficiently
large, there exists a constant C, > 0, independent of the mesh size, such that

ap(up,up) 2 Ca“uh”i Vuy, € Viy(8p), (33)

where ||u,||, was defined in (27).

Proof. By substitution, we have
ap(up,up) = Hvuh”éﬁh = (Vup, - b up)p, = (Epup, V(Epup) - n)p + a”h_]/thuh”(z),r' (34

From Cauchy’s inequality, Young’s e-inequality, we obtain
-1
2 _ 1y a2l —1/2, 12
ap(up ) 2N Vy 12 o = SRV - = e 2
-1
) € - -
- Ellh'/zV(Ehuh) “nllg - >l V2B uplI2 -+ all A 2By 12 (35)

Corollary 4 then yields

max,7 |d|

2 €1 1/2 =12 ‘® -1/2 2 NI} 3

anl ) 21V unlly 5, = 5 W82Vt -G = 5~ <||h PEpupllg p + max, (—hT IVully 5,
h

—1
€ € _ _
= S WAV Epn) -l = SR By o+ allh™ 2By G - (36)

The discrete trace inequality (A.4b) in Appendix, Corollary 2, and the definition of the norm || - ||, yield

~ €1 ) maxynr, |d| 1 1 ~
ay(up,up) 2 (1 ~Cig ey~ g max (T IVanlly g, + (@ = 50 ") I V2Epup g,
h

) — PN maxpny, 1d| 1 1 )
> 1-¢g_2_° SRALT Rt PMN S . 37
—mm< 15 7%% T 2g }22’2( hy O e T2, ) Inlla 37)

Taking now ¢; = 1/(3C;), ¢, = 1/(3c.), @« = 1/2 +3/2(C; + c,) and observing that, by Assumption 3, for a sufficiently refined grid,
max; e or hy! maxpqp, ld|) < (9éCp)~", we obtain the asymptotic coercivity statement (33) with C, = 1/2. [

6.2. Consistency and convergence analysis

From now on, we pose the following regularity assumption on the exact solution u of our Dirichlet problem (see [49,56]):
Assumption 4. Assume that I is of class 2, f € L*(Q) and uj, € H3/*(I').

14
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As a consequence, Theorem 1 guarantees u € H>(2) with the estimate (5). Actually, u can be extended to a function, still denoted
by u, which belongs to H*(2;) and satisfies

||u||2_Q; <C(Ifllo.0+ ||MD||3/2,F) - (38)

See, for more details [57]. This assumption allows us to keep technicalities at a minimum in the subsequent consistency and
convergence analysis. Note however that it can be weakened to include domains with a finite number of corners and/or edges
(see [49,56]).

Observe that the bilinear form a(-, -) is well-defined also on the space V (£2,,; J,,) X V,,(2,) introduced in Section 5.4.1. The proof
of convergence of the SBM for Problem (4) using the natural norm || - ||, defined in (27), relies on Strang’s Second Lemma, stated
without proof, as it is classic [50]:

Lemma 5 (Strang’s Second Lemma). If u;, € V,,(£2,) is the solution of (32), then

lla = uplly g, 5, < (1 +c! ||a,,||yh(_@h)xvh(gh)) Eyp@) + C;'E, (). (39a)
where
E,,(u)= inf u—w 5 .G (39b)
W= inf =l

is the approximation error and
1, (w;) — a,(u, w
E ,w)= sup —I n(0p) = ap, wy)| (39¢)
W€V, (Dp) ||wh||V(fz,,;7“,,)
is the consistency error.

From Theorem 2, we already have that C, is a constant independent of the mesh size. Hence, to estimate the discretization error
in the norm || - ”V(Qh:»‘fm we need to prove that Nlanllv,@,xvi(y is bounded from above and to estimate the approximation and
consistency errors in terms of the mesh size hg, . Recalling the notation at the beginning of Section 5.4.1, we have the following
result:

Proposition 1 (Boundedness). There exists a constant Co > 0, independent of the mesh size, such that

apu,w) < Cgllully g, .5 10lly 5,5, Y. w € V(23 Tp). (40)

Proof. Using the Cauchy-Schwartz inequality we obtain:
ap(u, w) = (Vu, Vw)g, = (Vu- it,w)p, — (Epu, VE,w) - n) - + (Epu, ah'Eqw)

< W Vullo,g, IVwllo g, + 1R2Vu-allg 7, 1872wy 7, + 1A 2Eullo A2V (Epw) - nllg

+allh” 2B pullo pllh™ 2Bl . (41)
Using now the scale trace inequality (A.3b) in Theorem 6 of Appendix and Corollaries 5 and 6, we obtain
maxp 7 |d|
) i o “12 2 Tnf, o
ap(u, w) 5 | Vullg g, IVwllo,g, + Crllullyg,.5,) (”h Epwlly - + <1 +Tnel?2)z- (—hT lwllyg,:5,)
+ 187 PEpullo rllwlly g5, + allh™ 2Epullo 1A 2Epwllo -
s ”ullv(gh;ffh)”w”V«}h;‘(fh)’ (42)

which can be restated by saying that there exists a positive constant Cg, independent of the mesh size, such that

a,(u, w)
||ah||V(ﬂh%7h)><V<-‘?h;7n)= sup sup — — <Cg. O (43)
ueV (2y:9,) wev (2,:97) ”u”V(.Qh;ET,,)”w”V(Q,,;S/‘,,)

Proposition 2 (Approximability). There exists a constant C,, > 0, independent of the mesh size, such that

Eopn) S Cyhg, lulyg,,  Yu€V(Q;:9,), (44)
where hg, is the maximum hy for T C Q.
Proof. Let w, = l,u in (39b), where l,u is the standard piecewise-linear Lagrange interpolate of u on the triangulation J,,.
Consequently, the goal is to estimate

llu = lyullya,.5,) = 1Y@ = 1llgg, + 17 Ex@ = Lllo p + 1k =Ly g, 5,

<V = Lwllog, + 1A 2E @=Ll r + hg, lulyg, - (45)

15
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We begin by stating a classical interpolation result
1A~ = Lllg g, + 1Y@ = wllog, < Cihg, lubg,. (46)

where C, is a positive constant independent of the mesh size, and we also observe that ||A~'/2E,,(u — |,u)|lo - = 0, by Definition 4.
Replacing (46) in (45) gives (44) with C,, =1+ C;. O

Proposition 3 (Consistency Error). There exists a constant Cy > 0 independent of the mesh size and u such that

Ecpw) < Cghp, luly g+ - (47)

Proof. Integrating by parts the bilinear form a,(-,-) given in (32b) and applying Corollary 7 yields
lap(u,wp) = 1yl = | = Epu—u+ u=g VEywy) -7t —ah ' Epwy)

=0
< {Epu—u, V(E,wy) - t) | + (Eju — u, ah ] Efpw)) |
< NA™V2Epu = wllg - (I12Y/2V(ELwy) - nllg r + llah™ 2 Ewyllo.r)

S hilub g llwnllyg,:5,)- (48)

The proof is concluded by replacing (48) in (39¢). [

Theorem 3 (Convergence in the Natural Norm). Under Assumption 4 and the condition that h, is sufficiently small, the numerical solution
uy, of the SBM (6) satisfies the following error estimate:

llu—uplly(a,.5, < Chg, (I1f oo + llupllsjor) - (49)

where u is the exact solution of Problem (4) and C > 0 is a constant independent of the mesh size and the solution.

Proof. Combining Strang’s abstract error estimate (39a) with the stability bound (33), the error estimates in Propositions 2 and 3,
and the regularity estimate (38) gives (49). [

7. Numerical studies
We consider a series of two-dimensional tests to verify the main theoretical results obtained in the previous sections.
7.1. Poisson problem on an annulus

The computational domain is an annulus of inner radius a = 1 and outer radius » = 3. Strong Dirichlet conditions are applied
on the outer boundary, which is body-fitted (i.e., the nodes of the grid lie on the true boundary I'), while weak SBM boundary
conditions of Dirichlet or Neumann type are applied on the inner boundary, which is immersed.

The exact solution # to this problem is generated with the method of manufactured solutions, by applying an appropriate forcing
term f compatible with the following analytical expression:

i(x,y) = ‘l‘ (9—):2—y2 —21n3+1n(x2+y2)) +isinxsinhy.

7.1.1. Extension operator consistency and accuracy

This preliminary test aims at verifying the accuracy and consistency of the extension operators. In this test, the values of the
exact solution & are initially imposed at all the nodes in £, and the two versions of the extension operator E, are combined with
formulas (13) and (14), to compute E,i on fh. The quality of the extension operators is quantified with the L%-norm of the error
IE,& — ally,r and the H'-seminorm of the error |E,i — aly.r, both evaluated over I'.

Fig. 7 depicts the convergence of the L*-error on the boundary I' for the two variants of the extension operator.

Both the MLS and the average gradient extensions feature optimal, quadratic convergence rate, with slightly lower errors for the
average gradient extension (see Fig. 7(a)). A similar behavior is observed for the H!-seminorm of the errors (see Fig. 7(b)), which
show optimal, linear convergence rates.

7.1.2. Dirichlet and Neumann boundary conditions convergence

In this test we assess the convergence rate of the L?-error ||u — | L2 (computed over £,), when imposing Dirichlet and
Neumann boundary conditions.

We present the results obtained with formulation (6), as well as the mixed formulation of the Poisson Eq. (9).

Fig. 8 depicts the results obtained when enforcing a Dirichlet boundary condition in the inner boundary of the annulus, with a
penalty parameter a = 10.0. The proposed method exhibits optimal quadratic convergence of the L?-norm of the error, for both the
MLS and the average gradient extension operators. Convergence is also optimal (first-order) for the H'!-seminorm of the error, as
shown in Fig. 9. Figs. 8 and 9 also demonstrate that similar results are obtained with the mixed form (9).
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(a) L?-norm of the error. (b) H'-seminorm of the error.

Fig. 7. Accuracy test of the extension operators (annulus geometry). Convergence of the error norms for MLS and average gradient (labeled as V-based) extension
operators, for a given analytical solution field on £,. Dashed and dash-dotted lines represent linear and quadratic convergence rates, respectively.

—»— Primal 7= —>— Primal -
107" k| —¥— Mixed 1 e 107" | —¥— Mixed 1 2t

<
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lun = @llg g,

[lun, — @
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(a) MLS extension operator. (b) Average gradient extension operator.

Fig. 8. Poisson problem on an annulus domain with an unfitted Dirichlet boundary condition. Convergence of the L?>-norm of the error, |Ju;, — illyg,, for the
MLS and average gradient extension operators. Results are presented for primal (irreducible) and mixed formulations. Dashed and dash-dotted lines represent
linear and quadratic convergence rates.

Fig. 10 shows the convergence results when Neumann boundary conditions are imposed over the inner boundary of the annulus.
In this case, the L?-error of the solution obtained with the irreducible formulation (6) is only first-order accurate, for both variants of
the extension operator. Quadratic convergence rates are reestablished using the mixed-form of the variational Egs. (9) in conjunction
with the MLS extension (see Fig. 10(a)), but not the average gradient extension (see Fig. 10(b)). The H!-seminorms of the error
converge optimally for both irreducible and mixed formulations and both types of extension, as shown in Fig. 11.

7.2. Poisson problem on a trapezoidal plate

This test was originally presented in [56] and is very well suited to prove that the proposed method is not affected by irregular
grid patterns in the surrogate boundary. The computational domain 2 (Fig. 12) consists of a right trapezoid with unit height (s = 1.0),
top side of length »; = 0.6, and bottom side of length b, = 0.4. The exact solution

i(x,y) = ysin(2zx) — x cos(2rny),
is enforced using the method of manufactured solutions, by enforcing the source term
£ (x,y) = 4z (ysin2zx) — x cos(2xy)) .
In order to create irregular patterns in the surrogate grid, we start by meshing the trapezoid with rectangular (quadrilateral) elements

of aspect ratio 5:1, which are subsequently divided into four triangular elements each. Hence the top, left, and bottom sides of the
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h
(a) MLS extension operator. (b) Average gradient extension operator.

Fig. 9. Poisson problem on an annulus domain with an unfitted Dirichlet boundary condition. Convergence of the H'-seminorm of the error, |u, — ily g, for the
MLS and average gradient extension operators. Results are presented for primal (irreducible) and mixed formulations. Dashed and dash-dotted lines represent
linear and quadratic convergence rates.

1L 1L
10 —>%— Primal ) IR 10 —%— Primal | RS i
—¥— Mixed | = —¥— Mixed i it
10°F
<1071
=
102k
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h
(a) MLS extension operator. (b) Average gradient extension operator.

Fig. 10. Poisson problem on an annulus domain with an unfitted Neumann boundary condition. Convergence of the L?>-norm of the error, [|u), — illo.g, for the
MLS and average gradient extension operators. Results are presented for primal (irreducible) and mixed formulations. Dashed and dash-dotted lines represent
linear and quadratic convergence rates.

trapezoid are meshed with a body fitted grid, while the right (oblique) side is immersed. The location of the oblique side is slightly
displaced according to the following definition of the distance function:

d(x,y)=sgn(d) ‘max (d, sd)‘ s
where d will be defined momentarily, and e, = 107!2. Assuming that the bottom left corner of the trapezoid is placed at (—0.5, —0.5)
in the reference coordinates, d is given by
_ Sx—y
26

Dirichlet conditions are applied on the entire boundary. The computational results, described in Fig. 13 show optimal convergence
of the L?-error for both the MLS and average gradient extension operators.

d(x,y) =

7.3. Compressible Cook’s membrane

This last example extends the previous results to the case of compressible linear elasticity, using the formulation described in
Section 4 to solve the classical compressible Cook’s membrane benchmark.

The problem geometry and material properties are described in Fig. 14. The Young modulus and Poisson ratio are equal to 200
N/mm? and 0.3, respectively. The problem is solved for a set of “structured” triangular meshes with size ranging from 0.75 mm to
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(a) MLS extension operator. (b) Average gradient extension operator.

Fig. 11. Poisson problem on an annulus domain with an unfitted Neumann boundary condition. Convergence of the H'-seminorm of the error, |u, — il g, for
the MLS and average gradient extension operators. Results are presented for primal (irreducible) and mixed formulations. Dashed and dash-dotted lines represent

linear and quadratic convergence rates.

= b >

e—— by —

(a) Problem domain Q. (b) Computational domain &, for & = 0.1.

Fig. 12. Problem domain Q.

12 mm. These grids are fitted to all sides of the membrane except the left vertical side, which is immersed. A vertical (tangential)
distributed load of 0.00625 N/mm? is applied along the vertical right side of the membrane. Zero displacement is enforced on the

left vertical side, using the proposed unfitted method.
Since there is no analytical solution for this problem, we compare the results obtained with the proposed immersed method

against a reference solution obtained with a body-fitted grid and a piecewise-linear finite element formulation. The element size
of the body-fitted grid is chosen to be less than one tenth of the element size of the finest immersed grid used. Fig. 15 shows the
L?-norm and H'-seminorm of the error, both converging with optimal rates.

8. Summary

We introduced and analyzed a new variant of the SBM method that utilizes general extension operators rather than Taylor

expansions to shift the location where boundary conditions are applied.
In particular, we analyzed how the properties of the extension operators affect the numerical stability and convergence of the

overall shifted formulation.
We considered two variants of the extension operator, one based on averaging the gradient of the solution on a patch of elements

near the surrogate boundary, and another based on a Moving Least Square technique.
Both approaches were tested in the context of the Laplace equation and the equations of compressible linear elasticity, in the

case of Dirichlet and Neumann conditions.

19



R. Zorrilla et al.

Computer Methods in Applied Mechanics and Engineering 421 (2024) 116782

10—2 2

—>— Primal e
—¥— Mixed 1 -

—»— Primal
10-2 H —¥— Mixed 1 e
L1073 L
=
|
i 1041
10-°
0.0125 0.025 0.05 0.1 0.2

(a) MLS extension operator.

0.4

(b) Average gradient extension operator.

Fig. 13. Poisson problem on a trapezoidal plate. Convergence of the |lu, —illo g, error norms for MLS and average gradient extension operators. Results are
presented for primal (irreducible) and mixed formulations. Dashed and dash-dotted lines represent linear and quadratic convergence rates.

e 48mm ——*

o——— 44mm ——— >« 16mm I

]

E = 200 N/mm?
y=03

Fig. 14. Compressible Cook’s membrane. Geometry,
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Fig. 15. Compressible Cook’s membrane. Error norms for MLS and average gradient (labeled as V-based) extension operators. Dashed and dash-dotted lines
represent linear and quadratic convergence rates.
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Future research will be directed in the context of computational fluid dynamics and IsoGeometric Analysis (IGA), including the
extension of the proposed method to thin-walled (i.e. shell-like) structures.
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Appendix. Some useful inequalities
Hereafter, we collect some well-known inequalities that are used in the mathematical proof of Section 3.

Theorem 4 (Trace Theorem). Assume A C R"d is open and bounded and 0A is Lipschitz. Then the trace operator T : H'(A) — L*(0A)
such that Tw = w)y, satisfies

2 _ 2 —L)1,112 2 1
Nl = ITwI2, < € (1A Nl + 1N, ). Ve HI(A), A1)
where C is a constant that may depend on the shape of A but not on its size, and I(A) = meas(A)'/" is a characteristic length of the domain A.

Let 5" be the regular triangulation introduced in Section 2.1, and let H*(2,,9") = [[yes+ H*(T) be the ‘broken’ Sobolev
space of order k > 0 with semi-norm |vl, 5, 7» = Xregn |Vl 7. For the sake of simplicity, here and in the rest of the paper we use
the symbol |hvl, g, s+ to indicate the scaled quantity }regn |hrvl, r. The general trace theorem above can be particularized to
functions belonging to such spaces as follows.

Theorem 5 (Scaled Trace Inequalities). There exists a constant c¢; > 0 independent of the mesh size such that for any element T C Q,
with an edge y; C I}, one has

Ihg2wl, < e (ol + 1wy ). Ve H'(D). (A.22)
Summing over all the elements with at least one of their edges on the boundary I}, we obtain

I Pwld . <o (Il +1hwl o). Vo€ H'(.57). (A.2b)

Combining these inequalities component-wise, one gets analogous results for vector- or tensor-valued functions.
Theorem 6 (Scaled Vector/Tensor Trace Inequalities). There exists a constant C; > 0 independent of the mesh size such that
1/2

I vw-viz, < (lwlir + |hTw|§‘T), Vw € HX(T), (A.32)

A2V VI <€ ('wlifzh + |hw|§ﬁhﬁ) . Vwe H'(@,)nHXS,.5M), (A.3b)

In'Peainl? . < C; (@, +lhe@)?, )

<c, (lwli_éh + |hw|§ygh’jh> . Vwe (H'(8,)n HX(O,, 5. (A.3¢)

In (A.3a) and (A.3b), v denotes any unit vector field defined on the boundary.
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Using the equivalence of norms in a finite dimensional space, we obtain the following trace inequalities for piecewise-affine
functions.

Theorem 7 (Discrete Trace Inequalities). There exist constants ¢;,C; > 0 independent of the mesh size, such that

IVhrwl,, <é&lwlll,. Ywe PNT). (A.4a)
and, for all vector functions w" belonging to the space of piecewise-linear and globally continuous functions over the mesh 7,
I 2Vwhvi] o < GVl (A.4b)
VAV - W} . < CIV-whlZ , (Ado)
' 2e@™all] < Clle@™Ig 5 - (A.4d)

In the second inequality, v denotes any unit vector field defined on the boundary.
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