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Abstract

In this paper, some properties of the order dependent time-homogeneous
load-sharing model are obtained, including an algorithmic procedure
to simulate samples from this model. Then, the problem of how to
get predictions of the future failure times is analysed in a sample
from censored data (early failures). Punctual predictions based on
the median, the mean and the convolutions of exponential distribu-
tions are proposed and prediction bands are obtained. Some illustrative
examples show how to apply the theoretical results. An application
in the study of lifetimes of coherent systems is proposed as well.

Keywords: Hazard rate function, Load-sharing model, Quantile regression,
Simulation, Predictions.

1 Introduction

The hazard rate function is an efficient tool to describe and characterize dis-
tributions. It is widely used and applied in several fields of probability and
statistics, especially in reliability theory and survival analysis, in order to study
aging properties and make comparisons among distributions. This function
is commonly considered for univariate distributions, but the interest towards



Springer Nature 2021 BTEX template

2 Simulations and predictions of future values in the THLS model

more concrete and realistic models brought to ponder the possibility of defining
a corresponding multivariate version.

An appropriate formulation of a multivariate version of hazard rate should
result an efficient tool to describe stochastic dependence among failure-times,
under a scheme of longitudinal observations. This requirement led to the for-
mulation of the concept of multivariate hazard rates. The first steps in the
study of such a concept were made by Cox [2] for bivariate distributions and
since then this problem has been extensively studied and generalized by many
other researchers, see e.g. [10, 15, 16] and the references therein.

When the description of stochastic dependence among failure-times is based
on the multivariate conditional hazard rates, the interesting class of time-
homogeneous load sharing models emerges in a natural way. These models
form a subclass of the load-sharing models and their interest is based on some
shared properties with the exponential distributions. A wide and still devel-
oping literature has been devoted to this topic. As classical references one can
refer to [3, 12, 14]. In the time-homogeneous model the load shared by the
components in a system (or the systemic risk in an economic situation) does
not depend on time and it only changes when a component fails (or e.g. a bank
goes bankrupt). In several practical situations this is a reasonable assumption
since when a component fails, the other components have to cover the load
assigned to the failed component. This assumption allows us to estimate the
parameters (constant hazard rates) of the models in practice. Load-sharing
models have been extensively studied in [18, 19] in the case of parallel systems
with two components. There the components start operating by sharing the
total load L with load proportions o and 1 — «; then, when one component
fails, the other one continue working with the total load L.

In this paper, some properties of and time-homogeneous load-sharing mod-
els are considered for a new generalized version of this model recently proposed
in [5, 6] and called the order dependent version. Then, two objectives are pur-
sued. Firstly, a method for simulate samples from these models is discussed
and an algorithmic procedure to do so is proposed. Secondly, a study on the
predictions of future failure values under these models is performed. The sta-
tistical analysis about predictions is carried out by assuming different levels of
knowledge about the sample. Predictions intervals are obtained as well by using
convolutions of exponential distributions. Finally, it is explored the problem of
predicting the lifetime of a coherent system whose components are distributed
according to an order dependent time-homogeneous load-sharing model.

The rest of the paper is organized as follows. In Section 2, the formal defini-
tion of multivariate conditional hazard rate functions and the order dependent
time-homogeneous load-sharing model are given and some properties of this
model are explored. The study about predictions of future values is performed
in Section 3 where different ways of obtaining predictions are presented. In
Section 4, a procedure has been proposed to generate a sample from an order
dependent time-homogeneous load-sharing model and an example is provided.
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In Section 5, several examples about predictions are discussed and an appli-
cation to the analysis systems is provided. Finally, Section 6 contains the
conclusions and summarizes the results of the paper.

2 The models

Let Xq,..., X, be non-negative random variables with an absolutely continu-
ous joint distribution. For a fixed index j € [n] = {1,...,n} and i1,...,ix € [n]
with j ¢ I = {i1,...,ir}, and an ordered sequence 0 < t; < --- < ¢, the mul-
tivariate conditional hazard rate (MCHR) function A;(t|é1, ...,k t1,...,tk)
is defined as follows [16]:

)\j(t|i1,...,ik; t17...,tk)

. 1 .
= All_r)%_'_ EP (Xj <t+ At ’Xil =11,..., X, = t]ﬁI}{lglngh > t> . (1)
Furthermore, we use the following notation for the MCHR functions with no
failures

, 1
)\j(ﬂ@):AllLI(lH KtIED(Xj <t+4+ At X1, > t), (2)

where Xi., = min(Xy,...,X,).

From Equation (1), it readily follows that the function
Aj(t31, ... ik t1,...,t) describes the hazard rate of X; at time ¢ given an
observed history, from 0 to ¢, in which the failure of components X, , ..., X;,
have been observed at times t1,...,%, respectively. Moreover, the function
A;(t]0) in Equation (2) describes the hazard rate of X, at time ¢, conditional
on the observation (X7i., > t) (i.e., no failures in [0, ¢]) and is sometimes called
in the literature risk-specific, or initial, failure rate (see [16]).

If the random wvariables Xji,...,X, are independent, then the mul-
tivariate conditional hazard rate functions degenerate into the classical
marginal hazard rate functions, in the sense that, for j ¢ {iy,... ik},
Aj(tie, .o ik t1, ..., tg) = rj(t) for all ¢ > 0 regardless of iy,...,49; and
failure times ¢1,...,tx, where r;(-) is the hazard rate function of X,. Fur-
thermore, if the random variables are exchangeable, i.e., (Xi,...,X,) =sr
(Xx(1), -+ Xr(n)) for any permutation 7 of [n], where =g7 denotes the equal-
ity in law, then the multivariate conditional hazard rate functions do not
depend on j and i1, ..., but only on k and the failure times ¢1, ..., tx. Then,
in the exchangeable case, the quantities defined by Equations (1) and (2)
respectively become

Nj(tliny o ing try o t) = X ey, ), A (E0) = XO@),

for ke {1,2,....,n—1}and 0 <t; <tg <--- <ty < 1.
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The joint probability density function f of (Xi,...,X,,) can be determined
and computed in terms of the multivariate conditional hazard rate functions.
The result can be stated as follows.

Proposition 1 The joint probability density function f of (Xi,...,Xn) can be
obtained for 0 <t1 <tp <--- <tn as

t1 n
flt1, ..o tn) = A1 (t1|0) exp [_/0 (jz_:l )\j(u@)> du]
to n
.)\2(t2|1; tl)exp 7/251 jgz)\j(u‘l; tl) du

thi1 n
A1 (Bl 1, K b1, tg) exp 7/ >Nl kst ty) | du
t

j=k+1

tn
o An(tnll, ..o on =15 t1, ... tp—1) exp [/ An(ull,...;n—1; tl,...,tnl)du:| .

tn—1
3)

Stmilar expressions hold when t1,...,tn are such that 0 < trq) < - < p(p for
some permutation m of the set [n].

For details on the proof of this proposition, one may refer to [15].

The multivariate conditional hazard rate functions are, in particular, a use-
ful tool to study the minimum among dependent random variables as showed
in [4]. In that paper, the authors proved that, for any vector of dependent
random variables, the probabilities of the events related to the behavior of
the minimum are equal to the probabilities of the same events for a vector of
independent random variables.

The multivariate conditional hazard rate functions are efficient tools to
describe the joint distribution of lifetimes subject to load-sharing situations,
see [11, 12, 14] for some applications. If the MCHR, functions do not depend
on the failure times of the components, t1, ..., tx, then we have a load-sharing
model. In this case, the current hazard of a working component only depends
on the calendar time ¢ and on the set of working components. Moreover, if
in addition the MCHR functions do not depend on the calendar time ¢, then,
they are constant functions and we talk about time-homogeneous load-sharing
models. In particular, they can be seen as a natural generalization of the joint
distribution of a vector of independent and exponentially distributed random
variables.

For a review on general properties of load-sharing (LS) models and
time-homogeneous load-sharing (THLS) models see [12, 14, 17]. The formal
definitions of LS and THLS models can be stated as follows.
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Definition 1 Let (X1,...,Xn) be a random vector with absolutely continuous joint
distribution. It is distributed according to a load-sharing model (LS) if, for any
i1,...,i € [n] and j € I = {i1,..., i}, there exist functions yu;(¢|I) such that, for
all 0 <ty <.+ <ty <,

Nttt t) = (),

Furthermore, a load-sharing model is time-homogeneous (THLS) when there exist
non-negative numbers 1, (I) and p; (@) such that, for any ¢t > 0 and any j ¢ I,

pj (¢1) = (1),
Aj (t0) = 13 (0).

In this paper, we will consider a more general class of models introduced in
[6] which contains LS and THLS models as particular cases. This is the formal
definition.

Definition 2 Let (Xi,...,Xn) be a random vector with absolutely continuous
joint distribution. It is distributed according to an order dependent load-sharing
(ODLS) model if, for any i1,...,i; € [n] and j ¢ {i1,...,ix}, there exist functions
pj(tli1, ..., i) such that, for all 0 <t < --- <ty <t

)\j(t|i1, eyt Ty ) = Mj(t|i1, ey Bg)-
Furthermore, an order dependent load-sharing model is time-homogeneous (shortly

written as ODTHLS) when there exist non-negative numbers j; (i1, . . ., i) and p;(0)
such that, for any ¢t > 0 and any j ¢ I,

uj(t|i1, ceyig) = ,uj(ih cey k),
Aj (80) = pu; (D).

In the rest of the paper, by requiring that the vector (X1,...,X,) follows
an ODTHLS model, we will implicitly assume that the parameters of the model
are given as p;(0), with j € [n], and p;(i1, ..., i), with I = {i1,...,ix} C [n]
and j ¢ I.

Remark 1 1f for any non-empty set I C [n] and any j ¢ I, the function p;(ti1,. .., i)
is invariant under permutations of i1, ..., 4, then the ODLS model reduces to a LS
model. In the same way, if for any non-empty set I C [n] and any j ¢ I the number
(i1, ..., 1) is invariant under permutations of i1, ..., 4, then the ODTHLS model
reduces to a THLS model. Note that this model includes a kind of weak exchange-
ability property since the multivariate conditional hazard rate functions just depend
on the set of broken components I = {iy,...,i;} instead of the vector of ordered
failures (i1, ...,4) used in the ODLS model.

Under the assumption of a ODTHLS model, the expression of the joint
probability density function given in Equation (3) simplifies considerably as
can be seen in the following proposition.
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Proposition 2 The joint probability density function f of (X1,...,Xn) under the
ODTHLS model can be obtained for 0 <t; <tg < --- <ty as

flt1, .. tn) = 0) exp [—tlzuj ] exp[ (ta — 1) Z ]

pgr1(1,. .. k) exp [—(tk+1—tk) Z uj(l,...,k)]

j=k+1
: ,LLn(l, ceey M — 1) exp [7(tn 7tn71)//m(1, sy — 1)]7

for 0 < t1 <to < - < tn. Similar expressions hold when t1,...,tn are such that
tr(1) < 0 < tr(n) for some permutation w of the set [n].

Dealing with an ODTHLS model, the following quantities are of great
interest

My, ... ig) = Y pnlin,. .. ix); (4)
he{i1,...,ix}
: , piin, - - k)
pj(ll,...7lk):m. (5)

They are very useful in the study of the order statistics of (Xi,...,X,) as
stated in the following proposition extracted from [17] and adapted here to
the more general ODTHLS model (see also Section 3 of [5]).

Proposition 3 Let (X1,...,Xn) be distributed according to an ODTHLS model and
let ™ be a fized permutation of [n]. Then, forr=1,2,...,n—1

P(X1i = Xp(1)s- s Xrin = Xp() =
p‘IT(].)(@)pﬂ'(Q) (ﬂ-(l))pﬂ(?)) (ﬂ-(]—)? W(Q)) Ceeet Pr(r) (77(1)7 ERRE) 7T(T - 1))
and
P(X1.p = X7r(1)7 oy Xpin = Xﬂ'(n)) =
prr(l)(@)prr(Q) (ﬂ-(l))pﬂ'(S) (W(l)v ﬂ(z)) Tt pﬂ'(n—l)(ﬂ_(l)v s ,7T(TL - 2)) (6)

In order to state the following result, let us denote by A() a vector
(M,---,Ar) € RY and by G (t) the survival function of the random vari-
able S, = 22:1 I's, where I'y,...,I, are independent random variables with
exponential distributions of parameters (hazard rates) A, ..., A, respectively.
Moreover, for a permutation 7 of [n] and r € [n], we place

A () = (M(0), M(x(1)),...,M(x(1),...,7(r —1))).

Then, we have the following proposition. It is the adapted version to the
ODTHLS model of a result in [17] for the THLS model.
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Proposition 4 Let (X1,...,Xn) be distributed according to an ODTHLS model.
Then, for anyt >0 and j € [n],

P(X1.n > t|X1n = Xj) = exp(ftM(@)),
and for any permutation 7 of [n] and k € {2,...,n},

IP}()(k::n > t|X1:n = Xﬂ(1)7 cos Xp—ip = Xﬂ(k—1)7 Kk = Xw(k)) = é[\(k)(ﬂ') (t)

(7)

To prove Proposition 4, an important property of interarrival times of
ODTHLS models follows. In fact, in [17] it is observed that conditioning on the
event (X1, = Xr(1)s-++» Xpin = Xn(k), the interarrival times Xi.,, Xo., —
Ximyeooy Xpn—Xk_1.n can be seen as independent random variables, exponen-
tially distributed with parameters M (@), M (w(1)),..., M(=x(1),...,7(k — 1)),
respectively. Two simple consequences of this fact, which will reveal to be key
tools for our predictions and simulations, are presented in the following two
remarks.

Remark 2 From Proposition 4, the independence between the events (Xi., > t) and
(X1:n = X) readily follows. In fact

n
P(X1m >t) = > P(X1n = Xj)P(X1n > t{ X110 = X;)
Jj=1

= exp(—tM(0)) ZP(XI:TL = Xj)
j=1
= exp(—tM(0)).

Remark 3 We note that M (@), M(x(1)),..., M(x(1),...,7(k — 1)) do not depend
on (k) and then the interarrival times (or spacings) X1.n, X2 — X1y -« -y X —
Xk _1.n, can be seen as independent random variables, exponentially distributed with
parameters M (0), M (w(1)),..., M(w(1),...,m(k — 1)), respectively, given (X1.p, =
Xr1)s--+» Xo—1n = er(k—l))~ Hence, under this conditioning event, from (7), the
distribution of X}.,, is a convolution of k independent exponential distributions.

3 Predictions

In this section, we consider the problem of predicting future failure times in
the ODTHLS model. More precisely, we analyze different scenarios given by
different levels of knowledge. We start by giving the prediction of X41., given
the observed history

Hk = {Xltn = Ax(l) = tlaX2:n = Agx(2) = t2; .. ~;Xk:n = Xw(k) = tk} (8)

for k < n, where 7 is a permutation of [n].
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Proposition 5 Let (X1,...,Xn) follow an ODTHLS model. Given the history H,
in (8) for k < mn, the median prediction of the next failure time Xy 1., s given by
log 2
) (9)
M(r(1), ., 7(R)
where ty, is the value taken by the k-th order statistic, and the mean prediction of
Xkt1:n 18 given by

)?kJrl:n = m(tk) =t +

1
M(r(1), - 7(k)
Moreover, a prediction band of size v = 8 — «, with o, 8,7 € (0,1), is given by
[tk + qo,tr + qB], where qo and qg are the respective quantiles of the exponential
distribution with parameter M (mw(1),...,n(k)).

Xk:-i—l:n =t +

Proof We start by recalling that for the ODTHLS models the dependence on the val-
ues taken by the variables is lost under conditioning with respect to the past history,
so that the relevant information contained in Hj is the same as the one contained
in (X1:n = Xr(1), X2 = Xr(2)s- -+ Xk = Xp(x))- As observed above under this
model, given (X1.n, = X7 (1), X2in = Xr(2)s- -+ s Xkin = X (r)), the interarrival times
X1y, X2 — Xiny -+ Xoin — Xk—1:m> Xk+1:n — Xk can be seen as independent
random variables, exponentially distributed with parameters M (0), M(x(1)),...,
M(n(1),...,w(k — 1)), M(m(1),...,m(k)), respectively. Hence, conditioning on the
given history, the interarrival time Z 1 = Xp 1., — X:p, is exponential with param-
eter M(m(1),...,m(k)) and its value can be estimated by its median. If we denote by
MAL (e (1),... (k) = m the median of an exponential distribution with
parameter M (m(1),...,m(k)), then the median prediction of Xy 1., is given by

. B B B log 2
Khttin = W) =+ 101 (x(1) k) = B 37 )

which proves (9).

An alternative way of predicting Xy 1., is based on the mean of the exponential
distribution with parameter M (m(1),...,n(k)) and in this framework the prediction
is

1
M(m(1),...,7(k))

If we want to get a confidence v = S — «, where «, 3,7 € (0,1) and ¢
and qg are the respective quantiles of the exponential distribution with parameter
M(w(1),...,7(k)), then we use that

Xit1:=th + E(Xps1:0n — Xpeon[Hp) =t +

P (tk +qa < X1 <t + 41 X1 = X1y -0 Xbn = Xy = tk) =7
where we have omitted t1,...,¢x_1 in the conditioning event since they are not

relevant for our purposes. This concludes the proof. |

For example, in the above proposition, the centered 90% prediction band
is obtained with § = 0.95 and a = 0.05 as

Coo = [tk + q0.05, tk + Go.95)
log(0.95) . log(0.05)
M(r(1),... 7)) " MxQ),... (k)

= tk‘i
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Here, we prefer to use the predictions given by the median m(ty), instead of
the ones based on the mean, since they are obtained by using quantiles as well
as the prediction bands.

We now turn to consider another scenario concerning a different observed
history. We suppose to know how the realizations of the variables are ordered
up to a certain index, for instance k, without knowing the values taken. Hence,
we have information just about 7(1),...,7(k) but not on t1,...,t; and our
purpose is to predict Xgi1.n-

Proposition 6 Let (X1,...,Xy) follow an ODTHLS model. Let us suppose to know
the history X1 = Xp(1), Xom = Xn(2), -+ s Xkon = Xy (r), for k < n. The median
and the mean prediction of the next failure time Xy1., are respectively given by

Xt = Mar(0) + Mar(e(1)) + -+ MAL (1), 7 () (10)
- 1 1 1
Kevrn = 370y Y 3ty T M@)o ()

Furthermore, the prediction for Xyii., can be obtained by the median of the
convolution of k + 1 independent exponential distributions with parameters M (),
M(r(1),... . M(x(1), .., n(k)).

Proof Two reasonable ways of predicting Xy 1., are given by estimating each inter-
arrival time through the median or the mean and then provide the estimate of Xy 1.,
as

Xpttn = ma @) T MMx1) T T MM (x(1),...,w (k)
1 1 1

Xpi1m = W+m+m+M(n(l),...,ﬂ(k))’

where the first is the prediction based on the median and the second on the mean.
Moreover, by observing that

XkJrl:n - Xl:n + (X2:n - Xl:n) + -+ (XkJrl:n - Xk:n)a

another option to predict Xy41., is to obtain the median of the convolution given
above, i.e., the convolution of k+1 independent exponential distributions with param-
eters M(0), M(n(1)),...,M(w(1),...,n(k)). Note that the mean of that convolution
coincides with (11). O

Now, let us suppose £ < n — 1 and that our purpose is to predict Xjyo:p.
By the assumptions of the model, the value of X 2., will depend on which
path will be traversed to move from Xj.,, to Xjo., i.e., on which of the n — k
available alternatives will be assumed for Xy 1.,. Thus we obtain the following
result.
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Proposition 7 Let (X1,...,Xn) follow an ODTHLS model. Given the history H,
in (8) for k <mn —1, the prediction of Xyo., is given by

)?k+2:n = )?kJrl:n"" Z pj(ﬂ(l),~~~777(k))M(7T(1)
JE{m(1),...,mw(k)}

where )/karl:n is the median prediction of Xy 1., obtained as in Proposition 5.

log 2
v (k) )

Proof Let j ¢ {m(1),...,n(k)}. We have

IFD()(.’c-l—lzn = Xj|X1:n = XT{'(l)7 vy X = X'fr(k)) =Py (W(1)7 R ﬂ—(k‘))v (12)
where the dependence on ti,to,...,t; in the conditioning event is lost due to the
properties of the model. Proceeding as above, we can predict the value of Xy 1.,
namely )?kJrlm. Then, by using this value and the median regression, we can predict
the value of Xy 9., in n—k different ways depending on which variable is the (k+1)-
th order statistic. Hence, for each j ¢ {m(1),...,m(k)}, we obtain a prediction of
X)+2:n, namely 55/942271 Finally, based on (12), the final prediction of Xyo., is
obtained by the weighted mean of all n — k predictions as

Rivzn= D pi(D) . m)X,,,
JE{m (1), (k) }
or, equivalently, since the values p;(m(1),...,7(k)) sum to one,
Xiyon = Xpp1m + > pi(m(1), ..o m(R)mpr(r(1),... . w(k).5)
JE{m (1) (k) }
~ log 2
= AXIc—i-lzn+ Z pj(ﬂ'(l),...,ﬂ”(k))M(ﬂ(l) o8 ’/T(k) ])

JE{m (1) (k) }

Again, we remark that the above prediction can be done also in terms of
the mean instead of the median. In order to set a different prediction and to
obtain the related prediction bands, we state the following result.

Proposition 8 Let (Xi,...,Xn) follow an ODTHLS model. Let w be a fized
permutation of [n] and k < n — 1. Then,

IP)()(ICJrZ:n - Xk:n > t‘/Hk:) = Z Pj (77(1)7 cee ,W(k))é,r,(.k)(ﬂ_) (t)7 (13)
T (1),..,m (k) !
where Hy, is the history in (8), éT(k)(ﬂ)
able Y1+Ys, where Y1 and Yo are %ndependent random variables with exponential dis-
tributions of parameters (hazard rates) M (w(1),...,n(k)) and M(xw(1),...,w(k), ),
respectively.

(t) is the survival function of the random vari-

Proof The result follows by the law of total probability and by Proposition 4 observ-
ing that Xy 2., — Xj.p, can be seen as the sum of two independent interarrival times,
Xitom — Xigen = (Xit2m — Xkt1:n) + (Xk41:0 — Xpon) With exponential distribu-
tions. ]
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Conditioning on the observed history, the interarrival time Xyo., — Xi:pn
is a mixture of n — k distributions which are sums of two independent expo-
nential distributions, not necessarily with the same parameters. We refer for
example to (4.8) and (4.9) in [9] for the analytical expressions of the survival
functions of such distributions, see also [13] p. 299. In particular, it is nec-
essary to distinguish between the case in which the exponential distributions
have the same parameter or not. If Y7 and Y5 are independent and exponen-
tially distributed with parameters A and p, A # u, then the survival function
of Y = Y1 + Y2 is \

Fy(t) = P ﬁ )\eﬁ‘t 7 /\ef“t, (14)
for ¢ > 0. In the case A = pu, the survival function of Y is given, for ¢ > 0, as

Fy(t) = (1 4+ Mt)e . (15)

The median of such distributions can also be a good prediction for Xy y2.5,.
Numerical methods should be used to get that median from (13), (14) and
(15). Then, if we want to get a confidence v = §— «, where «, 5,7 € (0,1) and
go and gg are the respective quantiles of the distribution given in Proposition
8, we use that

Ptk + go < Xiyom < tr +qs|Hir) = 7.

Remark 4 By proceeding in this way, it is possible to estimate each Xs., for s > k.
As seen above, with the increase of s there will be more terms in the convolutions.
In particular, by supposing to know the history H in (8), the estimation of Xs:n

will be based on the sum of ((n;k)'

n—s+1)!
prediction bands by giving a result similar to Proposition 8. In this case, we will need
distributions constructed as the sum of s — k independent exponential distributions.

Such distributions have been studied in [1, 7].

terms. Moreover, it is also possible to construct

Remark 5 The prediction techniques described in this section can be applied also
to the residual lifetimes of an ODTHLS model. Suppose to know the observed his-
tory Hy in (8) for k < n, and that the remaining variables X ,...,X; _, are
greater than a time ¢ (¢ > ti). Then, the joint distribution of the residual life-
times X, —¢,..., X, _, —t is still an ODTHLS model and its parameters are
given in terms of the ones of (X1,...,Xn) (see [4]). For instance, we simply have
P, (0) = pj, (w(1),...,m(k)), for I € {1,...,n — k} and the minimum of the residual
lifetimes, X (1) — ¢, can be estimated by the median of the exponential distribu-

tion with parameter M (w(1),...,n(k)) giving ¢ + m as prediction for
X (kt1)-
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4 Simulated samples from the ODTHLS model

Let (Xi,...,X,) be a random vector satisfying the ODTHLS model with
parameters j;(0) and p;(i1,...,4), I = {i1,...,ix} C [n] and j ¢ I. There
are n! ways to order the variables X1, ..., X,, and, for each one, the probabil-
ity that such an order corresponds to the sequence given by the order statistics
is given in Proposition 3. These probabilities depend on the parameters of the
model, hence, once they are fixed, it is possible to choose one of the permu-
tations by a random generation. For instance, it is possible to simulate the
random choice between all the permutations by generating a uniform number
in (0,1).

Suppose that the permutation 7 is randomly selected in the set of all the
permutations of [n] according to the probabilities given in (6) and the fixed
parameters of the model. Hence, we have Xi., = Xr(1),..., Xnin = Xa(n)-
By Proposition 4 and Remark 2, the minimum is distributed as an exponen-
tial random variable with parameter M (), and it is not affected by which is
the random variable in which it is assumed. Then, it is possible to simulate
the minimum by a random generator of an exponential random variable with
parameter (hazard rate) M (0).

Let k be a natural number between 2 and n and suppose we have already

simulated Xi.,,..., Xg—1.n- Now, by using that conditioning on the event
(X1:n = Xrq)s-or Xo—1m = Xpp—1)), the interarrival times Xi.,, Xo., —
Ximyeooy Xpn—Xk_1.n can be seen as independent random variables, exponen-

tially distributed with parameters M (0), M (7 (1)),..., M(x(1),...,7(k—1)),
respectively, the interarrival time Xy.,, — Xx_1., can be simulated by generat-
ing an exponential number with parameter M (n(1),...,7(k —1)). Then, the
simulation of Xj., is obtained by summing this exponential number with the
simulation of Xj_1.,, obtained in the previous step.

We want to emphasize that, once the permutation is fixed, the interarrival
times can be generated all at the same time. If we denote by Z;, j € [n], the j-
th interarrival time, i.e., Z1 = X1.,, Zo = Xoon — X1y, Zn = Xpn—Xn1:n
obtained for the permutation 7, then the simulation of the k-th order statistic
is given as Xp.,, = 25:1 Z;. Finally, by using the permutation , the simulated
values for Xy, ..., X, are obtained as X, (1) = X1.n, .., Xp(n) = Xpen-

The algorithm procedure can be summarized as follows.

Step 1. Choose 7 according to the probabilities given in Proposition 3.

Step 2. Simulate n independent exponential distributions Z1, ..., Z,, with respective
parameters M (0), M (w(1)),..., M(x(1),...,7(n —1)).

Step 3. Compute Xy, =21+ + Zg, for k=1,...,n.

Step 4. Compute X,y = Xpip, for k=1,...,n.

Note that this algorithm can also be applied to simulate samples from
THLS models since they are particular models of ODTHLS ones.
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Let us see an example.

Ezample 1 Let (X3, X2, X3) be distributed according to an ODTHLS model with
parameters defined as follows

pi@) =1, m(2)=2, m@B) =1, wm(2,3)=wm3,2) =3,
p2(0) =2, po(l) =1, u2(3) =3, wp2(1,3)=p2(3,1) =2,
p3(@) =2, p3(1) =2, p3(2)=1, ps(1,2)=pu3(2,1)=2.

We note that it is also a THLS model since u;(j, k) = p;(k, j) for all distinct ¢, j and
k. Hence, from (4) and (5) we have

M) =5, M(1)=3, M(2) =3, M(3)=4,
M(1,2) = M(2,1) =2, M(1,3)=M(3,1) =2, M(2,3) = M(3,2) =3,

from which

i) =3 pa()= 2. pald) ==,
pp() =3 pall) =3,
) =2, (@ =3,
pB) =7, =],

and, naturally,

p1(2,3) = p1(3,2) = p2(1,3) = p2(3,1) = p3(1,2) = p3(2,1) = 1.

For n = 3 there are six possible permutations and from Proposition 3 the
corresponding probabilities are given as follows

1
P(X1:3 = X1, X2:3 = X2, X3.3 = X3) = —,

15
P(X1.3 = X1,X2:3 = X3,X3:3 = Xo) = 1357
P(X1:3 = X2, X2:3 = X1, X3:3 = X3) = %’
P(X1:3 = X2, Xa2:3 = X3, X3:3 = X1) = 135,
P(X1.3 = X3, X0:3 = X1, X3:3 = Xo) = Tlo’
P(X1.3 = X3, X023 = X2,X3:3=X1) = %

By generating a uniform number in (0, 1) and accordingly to the probabilities given
above, the permutation (2,1,3) is chosen. Hence, three exponential numbers are
generated with parameters M (0) = 5, M(2) = 3, and M(2,1) = 2, respectively. In
this way, the simulated interarrival times obtained are 0.17166, 0.14498, 0.25606
and then the simulated values of the order statistics of our model are, respectively,
0.17166, 0.31663 = 0.17166 + 0.14498, 0.57270 = 0.31663 + 0.25606. Furthermore,
since we have fixed the permutation (2, 1, 3), the values 0.17166, 0.31663 and 0.57270
represent a simulation of Xo, X; and X3, respectively.
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5 Examples

In this section, we will give some examples to apply the results given in Section
3. In order to do this, we will use the simulation procedure studied in Section
4 to obtain samples. Finally, in the last part of the section, we will consider
the problem of predicting the lifetime of a coherent system whose components
are distributed according to an ODTHLS model.

5.1 Predictions for ODTHLS models

In this section, we consider the ODTHLS model given in Example 1 and sup-
pose that the realization of the sample is the one that we have simulated there,
ie, X7 = 0.31663, Xo = 0.17166 and X3 = 0.57270. Suppose we just know
X1.3 = X5 = 0.17166 and that our purpose is to predict Xo.3 and X3.3. Pro-
ceeding as described in Proposition 5, the mean and the median predictions
of Xo.3 =0.31663 are given by

~ 1
Xo.3 = X7. —— = 0.50499
2:3 1:3 + M(2)

and log 2
~ og
Xo3=m(X1.3) = Xy, —— = 0.40270
2:3 = m(X1.3) 1:3 + M(2) )
respectively. Furthermore, we can obtain the centered 90% and 50% prediction
bands that are given as

log(0.95)

Coo = |X1:3 — M)

= [0.18875, 1.17023]
and C59 = [0.26755,0.63375]. In this case, the true value of X3 belongs
to both regions. Once Xs.3 has been predicted, proceeding as described in

Proposition 7, also X3.3 can be predicted. In this case the prediction of X3.3 =
0.57270 is given by

~ ~ log 2 log 2
Xaz = Xos 9)_—08% L (2)—282
3:3 2:3 + p1( )M(2,1) + p3( )M(2,3)
2 log2 1 log2
—0.40270 + = . 282 L =982 _ g 71077

3 2 3 3

From Proposition 8 we can get a different prediction for X3.3. We have

Gy1(t) = P(Xa3 — X1.3 > t{X13 = X2 = 0.17166)
=P (2)6Y1,1+Y1,2 (t) + p3(2)éY2,1+Yz,2 (t)v

where Y77 and Y;o are independent and exponentially distributed with
parameters M(2) = 3 and M(2,1) = 2, respectively, and Y5 and Y5, are
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2.0
2.0

i X1:3=X2

Fig. 1 Predictions (red) for X,.3 from X7.3 for s = 2,3 jointly with the exact values (black
points) for a simulated sample from an ODTHLS model (see Section 5.1). The blue lines
represent the limits for the 50% (continuous lines) and the 90% (dashed lines) prediction
intervals (left). Scatterplots of a simulated sample from (X1.3, X2:3), for the case X1.3 = Xa,
for the ODTHLS model in Section 5.1 jointly with the theoretical median regression curves
(red) and 50% (dark grey) and 90% (light grey) prediction bands (right).

independent and exponentially distributed with parameters M(2) = 3 and
M(2,3) = 3, respectively. Hence, by referring to the analytical expressions
given in (14) and (15), we obtain

M(2)e—]\/l(2,l)t _ M(2, 1)e—M(2)t
M(2) — M(2,1)

Gan() =n(2) +p3(2)(1 + M(2)t)e M@,

where the second term is related to the sum of two independent exponential
distributions with the same parameter M (2) = M(2,3) = 3. Hence, by resolv-
ing Gg‘l(t) = 0.5 we obtain a prediction for the difference X3.3 — X.3 that is
0.64409, from which

X33 = t; + 0.64409 = 0.81575.

By resolving ég‘l(t) = q, for a = 0.05,0.25,0.75,0.95, we obtain the 90%
and 50% centered prediction bands as Cyg = [0.30639,2.04858] and C59 =
[0.53811,1.21520]. We observe that X3.3 = 0.57270 belongs to both regions. In
Figure 1, left, we plot these predictions (red) for Xs.3, X3.5 from Xj.3 jointly
with the exact values (black points) and the prediction bands.

Analysis by using more samples

To see better what happens with these predictions we simulate N = 300
predictions of this kind, that is, 300 samples of size 3. Let us consider the
case in which we predict Xs.3 from Xi.3. In order to give the results in a
more readable way, we group them in three classes based on which is the
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25
1

X2:3

X1:3=X1 X1:3=X3

Fig. 2 Scatterplots of a simulated sample from (X1i.3, X2:3) for the ODTHLS model in
Section 5.1 jointly with the theoretical median regression curves (red) and 50% (dark grey)
and 90% (light grey) prediction bands for the case X1.3 = X1 (left) and X1.3 = X3 (right).

component corresponding to the minimum order statistic. The data are plotted
in Figures 1 and 2. There we can see that the prediction bands represent very
well the dispersion of the majority of data (except some extreme values). In
these samples, the minimum is assumed in X7, X5 and X3 for 52, 122 and 126
times, respectively. These values are consistent with the expected values given
by p1(0) - 300 = 60, p2(@) - 300 = 120 and p3(B) - 300 = 120. If the minimum
is assumed in X7, Csg contains 24 data and Cyy contains 45 while 4 data
are above the upper limit and 3 are below the bottom limit. If the minimum
is assumed in X5, C5¢ contains 69 data and Cgy contains 109 while 6 data
are above the upper limit and 7 are below the bottom limit. If the minimum
is assumed in X3, C5¢ contains 58 data and Cgy contains 112 while 7 data
are above the upper limit and 7 are below the bottom limit. Note that the
prediction bands depend on which component fails first.

Predictions without knowing the times

Now, suppose we know the minimum is assumed by X5 and we have no infor-
mation about its value. Then, as described in (10) and (11), predictions for the
first and the second order statistics based on the median (left) and the mean
(right) are given by

> log 2 ~ 1

Xi.3 = —— =0.13863, X3 =—==02,
SR I

P log 2 log 2 - 1 1
3= —— + —— = 0.36968, Xo3 = —— + —— = 0.53333.
TM0) T M(2) ETM0) T M(2)

Moreover, as described in Proposition 6, the prediction of Xs.3 can be obtained
also by the median of the convolution Xi.3 + (X2.3 — X1.3). In fact, given
that Xi.3 = Xs, these interarrival times are independent and exponential
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with parameters M () = 5 and M(2) = 3 and the survival function of their
convolution is obtained by (14). The median of such a distribution can be
numerically computed and gives another prediction for Xs.3 as 0.44139. Of
course, if we use the mean of the convolution we get 0.53333 as above.

Furthermore, if we know that the first and the second order statistics are
assumed in X5 and X, respectively, the maximum Xj3.3 can be predicted by
the median and the mean, respectively, as

= log 2 log 2 log 2
X3.3 = + + = 0.71625,
MO M) M)
and
- 1 1
X3.3 = + = 1.03333.

M) T ME T MED)

In addition, we can obtain the prediction of X3.3 based on the convolution
Y = Xl:g —+ (X2;3 — X1;3) + (X3;3 — XQ:S), giVGIl that X1:3 = XQ,X2:3 = Xl.
The interarrival times are independent and have exponential distributions with
parameters M () = 5, M(2) = 3 and M(2,1) = 2. The survival function of
this convolution can be obtained by specializing the result of [1] to the case of
three exponential distributions with different parameters and it is expressed,
for t > 0, as

B M(Q)M(27 1) - t
&) = G MM M)
. M(D)M(2,1) M@t
(M(0) = M(2))(M(2,1) = M(2
M ()M (2) e~ M21)t
"M@ — M@ 0)(M(2) - M(2.1)) B

The median of such a distribution can be numerically computed and gives
another prediction for X3.3 as X35 = 0.90225. Note that Gy can also be used
to get the prediction intervals for X3.3. We have Cyg = [0.26708, 2.24684] and
Cs0 = [0.57337,1.35021]. The exact value 0.57270 belongs to Cgg but does not
belong to Csp.

Predictions based only on the knowledge of the group of
failed variables

Now, suppose we have even less information and we just know that the first
and the second order statistics are assumed by X; and X5 but we have not
the possibility to establish which one is Xi.3 or Xs.3. There are two possible
scenarios corresponding to the permutations (1,2,3) and (2, 1, 3). Conditioning
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on the information X3.3 = X3, it follows

)

P(X13 = X1, Xoig = Xo| X33 = X3) =

P(XLS = X2»X2:3 = XllXSS = Xd) =

[N

Thus, the predictions for the first, second and third order statistics are obtained
as

P log 2
= —— =0.13863,

1:3 M(@)
5 log2 1 log2 4 log2

3= — - - - = 0.36968

=@ Vs ML) 5 M) ’
P log 2 1/ log2 log 2 4 ( log?2 log 2

= - = = 0.71625.
0= 31+ 5 (e * i) * 5 (s + o) = 071

In this particular case, we have obtained the same predictions of the case in
which we know that X;.3 = X5 and Xs.3 = X3, but this is only due to the
assumptions M (1) = M(2) and M(1,2) = M(2,1) and the same holds for the
predictions based on the mean or on the convolutions. Now, if we consider the
same model except for pz(1,2) = 3, and then M(1,2) = 3 # M(2,1) = 2,
the median prediction of X3.3 knowing that X7.53 = X5 and Xo.3 = X is still
0.71625, but without knowing which one between X; and X3 is the minimum
and which one the second order statistic, the prediction of X3.3 becomes X3.3 =
0.69315. Under these assumptions, the mean prediction of X3.3 is Xg.5 = 1.

Finally, we obtain a prediction based on convolutions by giving a weight
of 0.2 and 0.8, respectively, to the medians of the convolutions of inde-
pendent and exponential distributions with parameters M(0) = 5,M(1) =
3,M(1,2) = 3 and M(0) = 5,M(2) = 3,M(2,1) = 2. The survival func-
tion of the latter is equal to the one given in (16), whereas the former has a
different expression since two of the three parameters coincide. In particular,
the convolution of three independent exponential distributions of parameters
M(@),M(1), M(1)(= M(1,2)) has the following survival function, which can
be derived from [1], for ¢ > 0,

Gy = — MO® v MOMO) sy
(M(1) - M(0))? (I (0) — M(1)?
M@O)M1) |y M(0) .
ST T IR YT 7y

and its median is 0.76649. Hence, the prediction for Xs.3 based on the
convolutions is given as

.1 4
Xig = £ - 0.76649 + = - 0.90225 = 0.87510.
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Moreover, a different prediction for X3.3 can be obtained by using the median
of the mixture of the survival functions given in (16) and (17) with 0.8
and 0.2 as weights, respectively. The prediction obtained numerically in this
way is X3, = 0.87229 and its advantage is that we can give the prediction
regions. The centered 90% and 50% prediction bands are [0.25848, 2.17710] and
[0.55452,1.30560], respectively. Observe that the exact value Xs.3 = 0.57270
belongs to both the regions.

5.2 The case of unknown parameters

In this section, we analyze the problem of the predictions dealing with an
ODTHLS model for which we do not know the values of the parameters. Hence,
in the first part of the analysis, we obtain estimation for the parameters used
in the predictions.

The estimation of the parameters

Let (X1, X5, X3) be distributed according to an ODTHLS model with
parameters defined as follows

m@) =1, wm(2)=2, m@)=1, p(2,3)=3, m(3,2)=1,
/’LQ((Z)) = 2) M2(1) - 1) /1/2<3) = 37 M2(173) = 2) /j/2<37 1) = 1;
p3(0) =2, p3(1) =2, ws(2)=1, p3(1,2) =2, ps(2,1)=1

=4, M(1,2)=2,
M(2,1)=1, M(1,3)=2, M(3,1)=1, M(2,3)=3, M(3,2)=1.

Suppose we do not know the parameters of the model and we have historical
data related to N = 300 samples. For those samples we know how X;, X5
and X3 are ordered and their values. Then, we can estimate the parameters
of the model through the values of interarrival times. Since the minimum is
distributed as an exponential distribution with parameter M (), it can be
estimated as

M) = =5.19128,

Sl X
where XI(Z% is the minimum in the 4-th sample.

In order to estimate the other parameters, we need to group the data with
the corresponding permutation. Let m = (1,2, 3), m2 = (1,3,2), 13 = (2,1, 3),
m = (2,3,1), m5 = (3,1,2) and m = (3,2,1) and define P; as the set of the
observed samples ordered according to 7;, j = 1,2,...,6.
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Then, by recalling Zo = Xo.3 — X7.3, the estimations of M (1), M(2) and
M (3) are obtained as

M(1) = L%I(i) — 2.48951,
ZiEPIUPQ Zy

—~ - U

M(2) = “33—7)‘”(1_) = 3.34077,
Zi€P3U'P4 Z2

M(@3) = _IPsUPL 61

(2)
Ziefps UPs Z2Z

Finally, about the parameters M (h,k), h,k = 1,2,3, h # k, by using Z3 =
X3.3 — Xo.3, we have

= [P = | P2|

M(1,2) = o = 267262, M(1,3) = o = 211041,
i€Py Z3 ZiG’PQ Z3

M(2,1) = &() =0.96048,  M(2,3) = &() = 3.89834,
ey 73 2iery Zs

M(3,1) = &() =0.91519,  M(3,2) = &() = 0.82732.
Zi€P5 Z3 ZiGPe Z3

Predictions based on the estimated parameters

Assume fully knowledge about the first and second order statistics, i.e., the
value and the corresponding component, and we want to predict the maximum
order statistic. Then, we can predict the interarrival time by using the quantile
regression with the estimated parameters M (h, k). We repeat this procedure
for the 300 samples and the results are presented in Figure 3 where they are
grouped by the different permutations. In order to compare with the predic-
tions based on the fully knowledge of the model, in the figures we also plot
the theoretical median regression lines (green), whereas the theoretical pre-
diction bands are omitted for the readability of the plots. Moreover, since the
parameters have been estimated, here the theoretical coverage percentage of
the prediction bands is not exactly 50% or 90% and we refer to them as Cig
and égg, j €{1,...,6}. The number of elements in these regions are reported
in Table 1.

5.3 Reliability of systems

In this section, we consider a coherent system whose components are dis-
tributed according to an ODTHLS model and, by using the observed hystory,
we obtain predictions for the lifetime of the system.
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Fig. 3 Scatterplots of a simulated sample from (Xa2:3, X3:3) for the ODTHLS model in
Section 5.2 jointly with the median regression curves (red) and 50% (dark grey) and 90%
(light grey) prediction bands obtained by estimating the parameters and with the theoretical

median regression curve (green).

values in the THLS model
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Springer Nature 2021 BTEX template

22 Simulations and predictions of future values in the THLS model

Real coverage in 7; C’gg C’gg

=1 88.23% | 64.70%
j=2 97.14% | 51.43%
j=3 89.77% | 54.54%
j=4 97.06% | 32.35%
j=>5 85.71% | 45.71%
j=6 90.11% | 47.25%
Weighted average 91.00% | 49.00%

Table 1 Percentage of exact data in 6’;5 and 5;5, je{l,...,6}, and weighted average
in Section 5.2.

Fig. 4 The structure of the system in Example 2.

Ezxample 2 Let us consider a coherent system formed by four components
X1, X9, X3, X4 and whose lifetime T is described as

T = min{max{X;, X2}, max{X3, X4}},

and whose structure is displayed in Figure 4. Let us suppose that (X7, X2, X3, X4) is
distributed according to an ODTHLS model and that X;.4 = X7 = ¢1. Our purpose
is to predict the lifetime of the system. The parameters of the model are (we give
just the ones interesting for our purposes)

p(0) =4, p2(0) =1, p3(0) =1, na(0) =2,

p2(l) =1, po(1,3) =2, p2(1,4) =2, pa(1,3,4) =2, pa(1,4,3) =3,
p3(1) =3, wp3(1,2) =3, p3(1,4)=3, p3(1,2,4) =1, p3(1,4,2) =2,
pa(l) =2, pa(1,2) =3, pa(1,3)=1, pa(1,2,3) =3, pa(1,3,2)=2.

By knowing the first failure and the structure of the system, we deduce that T
will be equal to the second order statistic if it is assumed by X9 whereas it will be the
third order statistic if the second failure is assumed by X3 or X4. Hence, we obtain
a prediction for the lifetime of the system by using the predictions of the second and
third order statistics appropriately weighted. More precisely, from Proposition 3, the
weight for the prediction of the second order statistic will be

p2(1) 1

B(X2a = XolX1a = X1) = (1) p2(1) + ps(1) + pa(l) 6
About the third order statistic, we have to consider two different predictions, one for
the case X9.4 = X3 and one for Xo.4 = X4. The corresponding weights are given by

P(X2.4 = X3|X1:4 = X1) = p3(1) =

)

W N =

P(Xo.4 = Xu4|X1.4 = X1) = pa(1) =
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Hence, the prediction for the lifetime of the system is obtained as
T = pa(1) - Ko+ p3(1) - X5 + pa(1) - X5,
where )A(?()Ji, j = 3,4, denotes the prediction of the third order statistic given (X1.4 =
X1 =11,X04 = Xj).
Consider the following (simulated) realization of the sample
X1.4 = X1 =0.10728, Xo9.4 = X3 =0.17977,
X3.4 = Xo = 0.35048, X4.4 = Xy = 0.99044.
Then, we have T' = X3.4 = 0.35048. Suppose we know only X;.4 = X1 = 0.10728,
hence, by proceeding as described above we obtain

N log 2

Kot =t oy = 022281, M(1) = a(1) + pis(1) + pua(1) =6,

>(3) I log 2

X. = Xo. ——— =04 M(1 = 1 1 =
3:4 2:4 + M(l,g) 0.45386, ( >3) MQ( 73)+/L4( 73) 3,

O log2 _ .

X34 = X2+ 7M(1,4) =0.36144, M(1,4) = p2(1,4) + p3(1,4) =5,

from which it follows that the prediction for 7' = 0.35048 is

~ 1 1 1
T= 5 0.22281 + 3 0.45386 + 3 0.36144 = 0.38454.
If the system does not fail at Xo.4, i.e. the second order statistic is assumed by
X3 or X4, and we just know that to = Xo.4 = 0.17977, then the prediction for the
lifetime of the system will be
~ 3 log 2 2 log 2
T=t - -
25 M8 5 ML)
or, by using the median of the mixture of two exponential distributions with param-
eters M(1,3) and M (1,4) and weights 0.6 and 0.4, respectively, T' = 0.36645. If we
also know that X9.4 = X3, then the prediction will be
log 2
= 0.41082.
M(1,3)
In both cases we can obtain prediction bands for T'. In the first case we have a mixture
of two exponential distributions and in the second an exponential distribution with
parameter 3. The prediction bands in the first case for the point estimation T =
0.36645 are Cyp = [0.19329, 1.04527] and Cs¢ = [0.25621,0.56174], and in the second

case, for T' = 0.41082, we have Cgg = [0.19687,1.17835] and C5¢ = [0.27566, 0.64187].

= 0.37385,

T=ty+

6 Conclusions

In this paper, some properties of the order dependent time-homogeneous load-
sharing (ODTHLS) model are discussed. The non-order dependent model is
recovered as a particular case and hence all the results are valid and applicable
for it too. The problem of the predictions of future failure times in these models
is addressed. Then a procedure is described to generate samples which follow
the ODTHLS model. Different scenarios based on the level of information are
considered and several examples are proposed. These procedures can also be
applied to predict system failures. Prediction bands for these future values are
provided as well. For predictions without assuming the ODTHLS model see
[8] and the references therein.
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