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Abstract. The present study analyses the optimal friction coefficient for the 
seismic isolation of composite bridges, equipped with single concave friction 
pendulum (FPS) devices. The bridge is modelled through a six-degree-of-
freedom system while the FPS friction property is described through a model 
that accounts for the dependency on the velocity. By introducing a time scale 
and a length scale, a nondimensional analysis has been used to solve the equa-
tions of motion. In detail, the response is analysed independently on the peak 
ground acceleration-to-velocity ratio. Furthermore, two different sets of seismic 
events are considered: far field and near fault. Then, many bridge models are 
analysed by changing different parameters (i.e., pier period, deck period, mass 
of the deck and of the pier and friction coefficient). By minimizing the sub-
structure response, an optimum value of the friction coefficient is computed as 
function of the ratio between the period of the deck and the period of the seis-
mic input.  
 

Keywords: Multi-span continuous deck bridges, Seismic isolation, Non-
dimensional equations, Seismic performance, Optimal friction coefficient, 
PGA/PGV ratio. 

1 Introduction 

One of the most effective strategies for enhancing the seismic performance of bridges 
involves the application of isolation techniques. The fundamental impact of this ap-
proach is the reduction of seismic inertia forces acting on the bridge deck and subse-
quently transmitted to the substructure. This is achieved by increasing the period of 
the isolation system [1],[2]. Friction pendulum system (FPS) bearings stand out due to 
their significant advantages: they decouple the isolation period from the deck mass 
and dissipate energy through friction between the concave surface and the slider [3]-
[4]. 

Numerous studies have analysed the behaviour of FPS isolators, employing both 
experimental and numerical analyses [5]–[10]. For instance, in [11] different mathe-
matical models are explored to represent bridge responses under real earthquake 
ground motions, demonstrating the accuracy of results when simplified approaches 
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are adopted to model the flexibility of piers and the deck. The work in [12] discusses 
the seismic performance improvement of a three-span continuous deck highway 
bridge using double concave friction pendulum devices. The study in [13] describes 
an experimental test on a 1:6 scale railway bridge isolated with friction pendulum 
bearings using a shake table. Three-dimensional models of multi-span steel girder 
bridges isolated with FPS devices are investigated in [14]. This study explores various 
modelling parameters, including geometrical and material characteristics of the 
bridge, and isolator design properties. Seismic reliability-based abacuses for the de-
sign of FPS devices in multi-span continuous deck bridges have been proposed in 
[15].  

In the context of seismic isolation studies, Jangid [16]-[17] identified an optimal 
friction coefficient to design isolators in order to minimize structural responses during 
seismic events, considering both stochastic random processes and near-fault ground 
motions as seismic inputs. Subsequent research has delved into non-dimensional 
analyses of various structural systems based on key parameters. Non-
dimensionalizations with respect to seismic input intensity for multi-span continuous 
deck bridges, isolated with single and double concave FPS devices, were proposed by 
[18] and [19], respectively. The frequency content of ground motions, represented by 
the PGA/PGV ratio, has been considered to assess optimal properties of FPS isolators 
for base-isolated buildings and bridges in, respectively, [20] and [21].  

This study specifically examines the seismic performance of multi-span continuous 
composite deck bridges isolated with single concave FPS devices. The objective is to 
assess the influence of ground motion characteristics on the optimal friction coeffi-
cient of isolators through non-dimensionalization of motion equations with respect to 
the PGA/PGV ratio. A six-degree-of-freedom (dof) model is employed, encompassing 
5 dofs for lumped masses of the RC pier and 1 additional dof for the composite deck, 
considered infinitely rigid. Two FPS devices are modeled on top of the elastic rein-
forced concrete (RC) pier and the rigid RC abutment, with the latter modeled as a 
fixed support. The velocity dependency of FPS device behavior is considered accord-
ing to [5]. Record-to-record variability is incorporated by considering different sets of 
ground motions, including both far-field (FF) and near-fault (NF) inputs [20]. Moreo-
ver, a parametric analysis is conducted, covering the pier period, the ratio between the 
deck period and the period associated with the ground motion input, the friction coef-
ficient, and the ratio between the mass of the deck and the pier. This analysis enables 
the assessment of normalized responses in terms of peak horizontal displacement of 
the pier and the calculation of the optimal value for the normalized friction coefficient 
of the isolators.  

2 Equation of motions of the isolated bridge under seismic 
input 

To simulate the response of multi-span continuous composite deck bridges isolated 
with single concave Friction Pendulum System (FPS) devices, a 6-degree-of-freedom 
(6-dof) system is employed (Fig. 1). Specifically, 5 degrees of freedom are allocated 
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for the elastic RC pier, and 1 degree of freedom is assigned to the rigid composite 
deck. The decision to represent the pier with five lumped masses is a compromise 
between computational efficiency and accuracy in evaluating the corresponding elas-
tic response, as discussed in [18]. Two FPS devices are situated on top of the rigid 
and fixed RC abutment and on top of the pier. 
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Fig. 1. Schematic representation of the 6 degree-of-freedom model of the isolated bridge. 

The dimensional equations of motions along the longitudinal direction are: 

                 5 4 3 2 1 ( )d d d p d p d p d p d p d d p a d gm u t m u t m u t m u t m u t m u t c u t F t F t m u t      + + =         (1a) 
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where,  gu t is the seismic input, ui denote the displacement of the i-th lumped mass of 

the pier with respect to the subsequent inferior one, md signify the deck mass, mi and 
ki denote, respectively, the mass and stiffness of the i-th degree of freedom (dof) of 
the pier (assumed equal for all dofs), cpi is the inherent viscous damping coefficient of 
each dof of the pier, cd is the viscous coefficient of the bearing, t is the time instant, 
the dot indicates differentiation over time, and Fa and Fp are the resisting forces of the 
FPS devices placed on top of the abutment and the pier, respectively, expressed as 
[8]: 
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where μ denotes the sliding friction coefficient for the FPS bearing on the abutment 
(i.e., μa) or on the pier (i.e., μp) and can be modelled as function of the sliding velocity 
as follows, according to the experimental results in [4]-[5],[9]-[10],[22]: 

     max max min expu f f f u         (3) 

where fmax and fmin are the sliding coefficients at, respectively, large and zero velocity 
and it can be assumed fmax equal to 3fmin, while =30 is a parameter governing the 
transition from low to large velocities. In addition, the first part of both Eq.s (2a), (2b) 
represents the elastic component of the force, while the second addendum is the fric-
tional component. In particular, the product mg is the gravity constant, R represents 
the radius of curvature of the FPS bearing on the abutment (i.e., Ra) or on the pier 
(i.e., Rp).  

In this study, a non-dimensional analysis is proposed, drawing inspiration from the 
approaches outlined in [18]-[21]. Specifically, the dimensional terms of Eq.s (1a)–(1f) 
can be normalized using a time-scale equal to 1/g and a length-scale equal to a0/g

2, 
where g is the representative circular frequency of the ground motion. In a simplified 
manner, g  is calculated as the ratio PGA/PGV and a0 is representative of the seismic 
intensity and it stands for an acceleration. 

By dividing Eq.s (1a)–(1f) for the mass of the deck and considering the previously 
defined time scale and length scale factors, the non dimensional equations can be 
obtained as follows:  
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Eq.s (4a)–(4f) are function of the following non dimensional parameters:  

 
5

1
, ,

0 0

, , , , , ,
p g d p

a d pi
p p did

p d pi a p
d g

u u g
u g

a a      


    
 



  
              

     (5) 

In the expressions of (5), the first term quantifies the level of isolation, while the sec-
ond term signifies the ratio between the circular frequency of the isolated system and 
PGA/PGV. The terms i and ωi have been previously elucidated. The last two terms, 
μa and μp, represent the normalized friction coefficients. In this work, it is assumed 
that the two isolators have equal mechanical and geometrical properties. However, the 
corresponding normalized friction coefficients μa and μp are different since they 
refer to different sliding velocities. Thus, their peak values are used in their stead as 

follows:  * * *
, , max 0a p f g a      . 

3 Parametric analysis 

This section describes the different assumptions behind the parametric analysis both 
in terms of seismic inputs and bridge models.  

According to the Performance-Based Earthquake Engineering (PBEE) approach 
[23]-[24], the performance of the structural system has to be predicted accounting for 
a wide range of possible ground motions. To this goal, the seismic input is herein 
given by the product of an intensity measure (IM) denoted as a0 and a nondimensional 
function, such that the uncertainties of the seismic intensity are separated from those 
related to the characteristics of the record (i.e., record-to-record variability in addition 
to the event-to-event variability). In this study, the PGA has been selected as seismic 
intensity measure to achieve results useful in any site of the world where the seismic 
design is based on elastic pseudo-acceleration spectra according to the codes. For the 
purposes of this work, a group of 85 non-frequent natural ground motions has been 
selected, divided into two sets: the first set is made of 45 far-field (FF) records [25] 
and the second one is composed of 40 near-fault (NF) inputs [26]. In general, high 
PGA/PGV ratios are associated to seismic inputs of short durations and containing 
high energy content in the low period range while those with low PGA/PGV ratios are 
pulse-type motions with longer durations and contain high energy content in the high 
period range. 

In addition, the seismic performance assessment involves the consideration of var-
ious ranges of structural parameters relevant to the problem. Specifically, the follow-
ing parameter values are examined: 

 2 values of the pier period: Tp = 0.05s and 0.2s; 
 7 values of the period ratio: Td/Tg = 2, 2.5, 3, 3.5, 4, 6, 8; 
 2 values of the mass ratio: p = 0.1 and 0.2; 

 50 values of the normalized friction coefficient: *
 from 0 to 0.5. 
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Finally, in this work the normalized viscous damping factors inherent to the isolator 
and to the pier are set equal to, respectively, 0% and 5%.  

Accounting for the different combinations of the parameters involved in the prob-
lem, a total number of 1400 different bridge models are considered. In addition, since 
85 different seismic inputs have been included, a total number of 119000 numerical 
simulations in Matlab-Simulink [27] have been run.  

4 Seismic response and optimal value of the friction coefficient 

This section deals with the evaluation of the seismic response under different sets of 
excitations. In particular, the peak pier displacement in its normalized value is as-
sumed as engineering demand parameter and computed as: 

5
2

2
1p,max max

,max
0 0

pi g
ig

p

u
u

a a




 

 
 
  


  (6) 

In addition, it is demonstrated that this response parameter follows a lognormal distri-
bution with mean value GM and dispersion computed through the maximum likeli-
hood technique [28]-[30] as follows: 

 ,max 1 ...N
p NGM        (7) 

       2 2

1

,max

ln ln ... ln ln

1
N

p

GM GM

N

 


   
 


  (8) 

where  represents the sample realization of the seismic response depending on the 
earthquake records, and, thus, N=85 is the total number of seismic inputs. Finally, the 
k-th percentile of the response parameter is calculated as: 

     ,max ,maxexpk p pGM t k          (9) 

where t(k) is equal to 0,1 and -1 for k equal to the 50th, 16th and 84th percentile.  
In Fig. 2, Fig. 3, Fig. 4 the geometric mean of the normalized peak pier displace-

ment is shown as function of the maximum normalized friction coefficient and for 
fixed values of the other involved parameters, considering, respectively, far field, near 
fault and all the 85 seismic inputs together. As a general observation, GM(p,max) is 
larger when the ratio Td/Tg decreases, especially, for low values of the maximum 
normalised friction coefficient. The reason for this behaviour is that the lower is the 
period of the deck with respect to the ground motion period, the larger are the forces 
acting on the deck and thus transmitted to the substructure. In addition, the geometric 
mean of the normalized peak displacement of the pier increases for larger values of Tp 
whereas decreases for larger values of p, since this growth determines a decrease in 
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the forces transmitted from the deck to the pier. However, the influence of the mass 
ratio is remarkable, especially, for low pier periods.  

All these considerations are valid for all the different sets of seismic records, con-
firming the assumption that the record selection does not influence the response if the 
proper time and length scales are adopted. The differences are in terms of order of 
magnitude, since large PGA/PGV ratios imply larger pier responses.  

In addition, in all the figures there is a decrease followed by an increase in the re-
sponse for increasing values of the normalized friction coefficient. In correspondence 
of this minimum value it is possible to recognize an optimal value for the friction 
coefficient able at minimizing the substructure response, as also analyzed in [18]-[21]. 

The existence of this optimum value derives from the equilibrium between two 
counteracting effects: on the one hand, there is an increase of the substructure re-
sponse because higher modes participate and also due to the increase of the isolator 
strength, determining larger forces transmitted to the pier due to the higher equivalent 
stiffness of the isolation system; on the other hand, the larger the friction coefficient 
the larger the dissipation capacity of the isolator and, thus, the lower the substructure 
response. It is important to underline that the orders of magnitude of the response 
parameter are different, but the optimum value of the normalized friction coefficient 
is substantially found in the same range for all the sets of the records considered, and 
for different values of the mass ratio and pier period. On the other hand, the optimal 
value of the normalized friction coefficient, herein indicated as , is assumed to 
be influenced by the period ratio (i.e., Td/Tg). 
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Fig. 2. Geometric mean of the of the pier seismic response in terms of maximum normalized 
friction coefficient considering FF seismic records and fixed values of the other parameters. 
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Fig. 3. Geometric mean of the of the pier seismic response in terms of maximum normalized 
considering NF seismic records and fixed values of the other parameters. 

Starting from the previous considerations, in Fig. 5 a regression of the data is per-
formed in order to evaluate the optimum value of the friction coefficient able at min-
imizing the 16th, 50th, and 84th percentile as function of the only influencing parameter 
(i.e., Td/Tg). In detail, it is possible to observe that the optimum value decreases with 
larger Td/Tg ratios, since the normalized response of the substructure is lower as a 
consequence of the isolation effectiveness. 

Future works should extend the parametric analysis including more values of the 
period ratio Td/Tg, of the mass ratio p and of the pier period Tp. 
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Fig. 4. Geometric mean of the of the pier seismic response in terms of maximum normalized 
considering FF+NF seismic records and fixed values of the other parameters. 
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Fig. 5. Regression of the optimum normalized friction coefficient considering all the percentiles 
and including both far field and near fault records. 

5 Conclusions  

This study aims to assess the optimal properties of single concave friction pendulum 
(FPS) bearings used for seismic isolation in multi-span continuous composite deck 
bridges. Ground motion characteristics are considered through the peak ground accel-
eration (PGA) and the parameter Tg, expressed as a function of the peak ground accel-
eration-to-velocity (PGA/PGV) ratio. These parameters serve as length scale and time 
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scale factors, forming the basis for a non-dimensional formulation to evaluate the 
normalized response of a six-degree-of-freedom structural model under various seis-
mic events. Two families of ground motions corresponding to near-fault and far-field 
seismic records are analyzed. A diverse set of natural records is chosen to account for 
record-to-record and event-to-event variability. Several bridge systems are examined 
by varying the pier fundamental period, the ratio between the fundamental period of 
the isolated deck and the period of the ground motion, the mass ratio, and the normal-
ized friction coefficient. The normalized response of the pier is strongly influenced by 
the period ratio, with an inverse proportionality. In addition, the response trends for 
the substructure are remarkably similar across different sets of records. Far-field rec-
ords are more demanding due to their pulse-type nature covering a wider frequency 
range. Furthermore, optimal values of the normalized friction coefficient are deter-
mined to minimize different percentiles of the normalized pier displacement. These 
optimal values decrease with larger period ratio values and are not significantly af-
fected by other bridge parameters. Moreover, optimal coefficients remain consistent 
across different record sets, highlighting the effectiveness of the PGA/PGV ratio. 
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