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Abstract. In ocean engineering applications, parametric resonance is
normally detrimental for the stability of large structures, so the vast ma-
jority of effort in the literature is towards preventing and reducing it;
similarly, parametric excitation is usually undesired for wave energy ex-
traction too, since it often reduces the conversion ability. Conversely, this
paper investigates the possibility to purposely introduce a 2:1 parametric
resonance into a pitching wave energy harvester in order to inherently
increase the energy absorption capabilities. Such a change in perspective
is enabled by the use of a computationally efficient nonlinear hydrody-
namic model (nonlinear Froude-Krylov force), that is able to articulate
such a parametric instability at an early-development stage in a design-
oriented simulation framework. The introduced 2:1 instability is found
to be promising, since a significant amplification is obtained in the 2:1
region, where the oscillation amplitude is similar or even higher than in
the 1:1 region.

Keywords: energy harvester, wave energy converter, nonlinear Froude-
Krylov force, nonlienar hydrodynamics, paramteric resonance

1 Introduction

The recent global energy crisis brings upfront a renovated sense of urgency for
sustainability and energy self-sufficiency; this is woven over the background of
climate crisis, so innovative measures should contribute to an overall decarbon-
isation planning strategy [18]. Within this context, renewable energy harvesters
are being developed extensively to contribute to the emancipation from fossil
fuels [11]; one of the major form of still untapped renewable energy source is
the ocean, whose waves can be used to produce clean energy, both at utility and
small scales.

Wave energy harvesters (WEHs) are devices that respond to the external
wave excitation force, typically with an oscillation motion, whose energy is con-
verted via a power take-off (PTO) system. Although already technically viable,
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WEHs are required to improve their performance to become economically com-
petitive with other more mature renewable energy sources. Efforts to this ob-
jective include holistic [21] or specific [22] optimization at a design stage , as
well as control strategies including impedance-matching [6], linear time-invariant
energy-maximisation control [3], or time-varying system parameters [13]. How-
ever, such approaches are normally based on linear models, which are proven to
become unrepresentative when large motions occur [20]; to circumvent such an
issue, data-driven approaches are also investigated [10].

Although representative nonlinear models exist, they usually are too com-
putationally demanding to be used in early stages of design or control. Another
consequence of such a computational limitation is the usual way nonlinearity
or instability are handled; in fact, floating objects may be prone to dynamic
instability, either in the yaw degree of freedom (DoF) [12, 19], or in the pitch
and roll DoFs [15, 17]. Normally, such instability is discovered only after the pre-
liminary design and effort is invested towards after-corrections or live-limitation
[5]. However, having a representative and fast numerical model may enable to
incorporate such instabilities already at the early stages of design. With this
perspective, a few studies have proposed to embed parametric resonance into
WEHs [1, 26], making it an enabling rather than a detrimental factor.

This paper proposes a novel floating WEH that is purposely designed to be
prone to parametric resonance; a 2:1 resonance condition is defined in a heaving-
pitching device, assuming that the energy extraction will be performed in the
rotation DoF. Although 2:1 resonance is often studied in vibration energy har-
vesters, it has never been considered as a performance enhancer in wave energy
converters, to the best of the author’s knowledge; this is due to the inherent diffi-
culty of describing parametric resonance in a design-oriented way. In this paper,
parametric resonance is articulated and studied by means of a computationally
efficient nonlinear Froude-Krylov (NLFK) force model [14]. The claim, herein
demonstrated, is that parametric resonance can expand the operational band-
width of the WEH. The remainder of the paper is organized as follows: Sect. 2
presents the mathematical model, Sect. 3 shows some results, while concluding
remarks are finally drawn in Sect. 4.

2 Mathematical model

A generic heaving and pitching floater can be described via the following linear
(LFK) and uncoupled equation of motion about the center of gravity, written in
the frequency domain for compactness [9]:

[
−ω2 (M+A(ω)) + jω (Bv +B(ω) +BPTO) + (Kh +Km +KPTO)

]
ξ2 =

= Fd + FFKd
,
(1)

where ξ2 is the 2×1 state vector, composed of heave (z) and pitch (θ), M
the diagonal inertia matrix, A(ω) and B(ω) the diagonal frequency-dependent
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added mass and radiation damping, Bv is the uncoupled linear viscous damping,
Km is the uncoupled linear mooring stiffness, Kh the diagonal linear hydrostatic
stiffness, Fd and FFKd

are the diffraction and linear dynamic FK forces, and
BPTO and KPTO the diagonal PTO damping and stiffness. It is assumed that
only the pitching motion is used to extract energy; however, the choice of the
PTO coefficients is not trivial and is dependent on the model (either linear
or nonlinear). Therefore, both for simplicity and to enable a meaningful first
comparison of the inherent system nonlinear behavior, such PTO parameters
are set to zero; then, the pitching angle, naturally a measurement of energy
absorption by the hull, is also used as a proxy for power extraction ability.

The linear hydrodynamics is computed using a linear Boundary Element
Method (BEM) software, such as Nemoh [2] or WAMIT [24]. The characterizing
quantities of interest are the radiation added mass, radiation damping, diffrac-
tion and dynamic Froude-Krylov forces, and hydrostatic stiffness. The computa-
tion is performed in frequency domain and considering the mean wetted surface,
defined by the floater at rest and the still water level.

The NLFK version of (1) alternatively computes FFKd
−Khξ2 in a nonlinear

way, i.e. considering the actual instantaneous wetted surface, defined as the
displaced floater with the free surface at each time step, as shown in Fig. 1.

Fig. 1: Snapshot of a displaced hull, shown in green thick solid line, with in-
stantaneous free surface elevation, shown in blue thick solid line, enclosing the
instantaneous submerged volume (shaded area). The crossed-circle marker shows
the position of the centre of gravity, while the square shows the centre of buoy-
ancy (empty: LFK; full: NLFK). The rest position (LFK) is shown in thin line.
Adapted from [14].

Froude-Krylov generalized forces (FFK), divided into translational forces
(fFK) and torques (τFK), integrate the undisturbed pressure field (pu) on the
instantaneous wetted surfaces (Sw) as follows:
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fFK(t) = fg + fp = fg +

∫∫
Sw(t)

pu(x, y, z, t) n dS, (2a)

τFK(t) = τ g + τ p = (rg − rR)× fg +

∫∫
Sw(t)

pu(x, y, z, t) (r− rR)× n dS, (2b)

where fg is the gravity force, τ g its contribution to the torque, n is the unity
vector normal to the surface, r is the generic position vector, rR = (xR, yR, zR)

′

is the reference point around which the torque is computed, and likewise rg is
the position vector of the centre of gravity.

While generic NLFK solvers for arbitrary complex floaters must rely on a
meshed representation of Sw(t), which becomes the computational bottleneck
[16, 23, 25], a faster analytical representation is available for axisymmetric and
prismatic floaters [14], which is herein implemented.

3 Results

The geometry of the floater is shown in Fig. 1. The rotational moment of inertia
of the floater is chosen such that the natural frequency in the heaving DoF
(ω3) is twice the natural frequency in the pitching DoF (ω5). Although real sea
states are short-crested and multidirectional [4], long-crested waves are herein
considered to clearly investigate the device attitude for different wave incoming
frequency and highlight the parametric resonance response. A fine grid of wave
periods (Tw) and wave heights (Hw) is simulated in both the linear (LFK) and
nonlinear (NLFK) models. Simulations are run for long enough to reach steady
state; the amplitude of the response, either in heave (z) or pitch (θ) is computed
as half the distance from peak to trough of the last two wave periods, in order to
consider the expected period doubling of the nonlinear response. Overall results
are shown in Fig. 2, normalized with respect to the draft of the floater (D) and
the pitching natural period (T5).

According to the linear model, normally implemented in the field for design
and control, the response is obviously proportional to the wave height. The
heaving response reaches a peak at Tw = T3 = 1

2Tw, and remains about constant
for higher periods; the pitching response sharply increases at Tw = T5, well above
physically meaningful values, due to the linearity assumption and the absence of
viscous dissipation mechanisms: the white region in Fig. 2 represents capsizing
of the hull, namely when the pitching angle is above the arbitrary threshold of
50◦. Note that the introduction of additional viscous damping may have averted
the numerical capsizing; however, no artificial corrective mechanisms have been
added in the LFK model in order to highlight that the NLFK model is inherently
preventing unrealistic results, even without viscous damping. This is an evidence
of how the NLFK model is more consistent to the physics of the wave-structure
interaction.
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Fig. 2: Amplitude of response for heave (left) and pitch (right), according to
the linear (top) and nonlienar (bottom) models. The dash-dot and dashed red
lines highlight one or half of the pitching natural, respectively. The white region
indicates capsizing, i.e. when the pitching angle is above the arbitrary threshold
of 50◦.

Figure 2 clearly shows the region of parametric resonance: due to the 2:1
resonance, there is a sharp increase of the pitching motion around Tw = 1

2T5;
the amplitude also presents a bending towards larger periods as the wave height
increases, highlighting the nonlinearity of the response. Note that this bending
behaviour contributes to enlarge the operational bandwidth of the response,
covering the region between Tw = 1

2T5 and Tw = T5. In the same 2:1 resonance
region, it is possible to appreciate a nonlinear coupling between the heaving
and pitching DoFs, since there is a decrease of heaving motion as the pitching
angle increases; this is usually detrimental for WEH that exploit heaving for
the extraction [15], while is beneficial for WEH working on the pitching DoF.
Conversely, in the 1:1 parametric resonance region, the coupling between heave
and pitch causes a significant increase in the heave motion, which drains energy
from the pitching DoF.

To further investigate the build-up of the nonlinear response, Figs. 3a and
3b show the phase portraits of the time-series response at the 1:1 and 1:2 reso-
nance conditions, respectively. Figure 3a presents a period doubling, where the
amplitude of motion is similar in the two consecutive cycles. An asymmetric re-
sponse can be noted, where the mean is shifted to positive values for both heave
and pitch. Period doubling is also found in Fig. 3b, but the two amplitudes are
significantly different; in addition, the asymmetric response is towards negative
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(a) Phase portrait at Tw = T5
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Fig. 3: Phase portraits. The full time series, hence comprising of the transient,
is shown in think grey line, whereas the latest two periods of oscillation are
highlighted in think blue line.
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Fig. 4: Down-chirp time series response, with frequency (ω) sweep from 2.15 ω5

to 1.85 ω.

values for the largest amplitude, whereas the smallest oscillation is at the peak,
i.e. at positive values.

Finally, a down-chirp signal is simulated to highlight the regions of instability
and the interaction between the two DoFs. The frequency (ω) sweep shown is
from 2.15 ω5 to 1.85 ω, and about 104 wave periods have been simulated to
ensure a smooth transition. Figure 4 shows the time series response, highlighting
the envelope of the peaks, which are also plotted in Fig. 5 against the related
instantaneous frequency.

From Fig. 4 it can be noted that the pitch response is always essentially
zero, apart from the abrupt rise caused by parametric resonance; once it kicks
in, a substantial fall of the heave response is obtained, demonstrating an in-
ternal transfer of energy between the two degrees of freedom. The frequency
range where parametric resonance appears is evident form Fig. 5: the 2:1 area is
properly included within the pitching response region, but its extension is asym-
metrically oriented towards lower frequencies; similarly, the peak of the response
is found at ω ≈ 1.91ω5, hence lower than 2ω5.

4 Conclusions

This paper proposes to define at the design-stage a 2:1 resonance in a wave energy
harvester in order to expand the operational bandwidth of the system, hence the
ability to extract energy in a wider range of sea states. The response amplitude
is demonstrated to be indeed increased in the targeted area of interest, i.e. at a
wave period half of the pitch natural period. Such a result is promising, since it
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Fig. 5: Amplitude of the down-chirp response against instantaneous frequency.

confirms the potentiality of the approach; however, further steps are required to
evaluate the practicality of the implementation. In particular, a power take-off
system will be introduced and optimized, to quantify the improvement in power
extraction, rather than power absorption (pithing angle). Finally, by framing the
NLFK model into a control-oriented structure via model order reduction [7], it
will be investigated the possibility to formulate an optimal control problem [8]
to lead the system into parametric resonance condition and further enlarge the
operational bandwidth.
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