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Abstract

Nonlinear Model Predictive Control (NMPC) is an advanced control method,
based on the online solution of a suitable optimal control problem (OCP).
However, this operation may require high computational costs, which can

compromise the use of NMPC in “fast” real-time applications.

To address this challenge, the thesis introduces two novel NMPC approaches,
called Dimensionality Reduction and Side-length Reduction, designed to reduce
the computational burden by minimizing the volume of the search domain. Both
approaches comprise two phases: (i) offline data generation and preprocessing;
(ii) online optimization. In the Dimensionality Reduction approach, the offline
phase leverages gradient computation and nonlinear sparse identification tech-
niques. In particular, the gradient computation is used to detect the directions
of greatest variability of the optimization problem. This is accomplished by
identifying the decision variables that exert the most significant influence on
the OCP, called the most relevant decision variables. Subsequently, a nonlinear
sparse identification technique is used to approximate from data the NMPC con-
trol law. During the online optimization phase, this approximation is exploited
to provide a good starting point for the optimization algorithm. Furthermore,
the OCP is exclusively performed on the most relevant decision variables, while
for the less important ones, the values obtained from the approximation are
used. On the other hand, the Side-length Reduction approach employs a Set
Membership method to derive tight guaranteed bounds on the relevant decision
variables during the offline phase, which are then used to effectively shrink
the search space during the online optimization. These two approaches aim
to reduce the number of decision variables and the size of the search domain,

thereby significantly improving computational efficiency.
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A comprehensive theoretical analysis is conducted to investigate the in-
herent computational complexity of the proposed methods, demonstrating
how dimensionality and side-length reductions can decrease the number of
mathematical operations required in a nonlinear optimization algorithm and
improve its convergence rate. The theoretical findings are complemented by an
extensive numerical analysis, where the proposed methods are tested on three
realistic autonomous driving scenarios: lane keeping on urban roads, obstacle
avoidance on rural roads, and parallel parking. These scenarios were chosen to
showcase the versatility of the proposed methods in handling different tasks

from simple lane keeping to complex maneuvers involving dynamic obstacles.

Performance evaluations compare the proposed methods with respect to stan-
dard NMPC approaches using both Software-In-the-Loop (SIL) and Hardware-
In-the-Loop (HIL) simulations. The SIL simulations are conducted using
Simulink, employing both Sequential Quadratic Programming (SQP) and Par-
ticle Swarm Optimization (PSO) algorithms to demonstrate the effectiveness
of the methods across different optimization techniques. The HIL simulations
involve implementing the NMPC algorithm on an NVIDIA Jetson Nano board,
focusing on real-time performance. The results indicate that the proposed
strategies achieve significant reductions in computation time without compro-
mising the quality of the solutions. These methods demonstrate robustness
and versatility, being adaptable to a wide range of optimization algorithms and

real-time control applications.
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Chapter 1
Introduction

The concept of automatic control, derived from the ancient Greek term auto-
matos, meaning “acting of one’s own will”, has been a cornerstone of technologi-
cal advancement throughout history. Despite the existence of various definitions,
automatic control can be broadly defined as the application of control theory
for the regulation of processes without direct human intervention. This concept
aligns with the philosophical ideas of Heraclitus and Democritus, which suggest
that every form of technology, in its essence, is concerned with the creation
of something, called techne, that imitates nature. The earliest known control
systems date back to 270 B.C., attributed to Ctesibius in Ptolemaic Egypt. He
developed a floating regulator for a water clock, i.e., an ingenious mechanism
that, using the principles of water pressure and flow, maintained a consistent
measure of time without manual adjustments. Since then, our capacity to
develop devices that control other machines has significantly improved, en-
abling us to delegate increasingly complex tasks to automated systems. This
evolution is evident in the progression from Ctesibius’s water clocks through
the early proportional-integral-derivative (PID) controller for ship steering
developed by Minorsky in the 1920s up to modern optimal control methods.
In today’s world, the applications of automatic control are pervasive, ranging
from autonomous driving and aerospace to power grid operation and biomedics.
These advancements demonstrate our improved ability to create devices that
not only imitate but sometimes outperform human decision-making capabilities
to achieve specific goals. While many refer to this phenomenon as artificial

intelligence, it is essentially an extension of the principles of automatic control.
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As we continue to push the boundaries of this field, we can expect to see further

advancements that will shape the future of technology and society.

In this context, the thesis focuses on the Model Predictive Control (MPC),
an advanced optimal control strategy widely used in industrial and technological
domains (see, e.g., [1]). The fundamental principle underlying MPC is the use
of a dynamical model of the plant to predict the future behavior of the system
under different control inputs or policies [2]. This predicted behavior is then
leveraged to select the optimal policy that best achieves the desired control
objective. This optimization over predictions is similar to human decision-
making, where choices are often based on anticipated future outcomes derived
from internal models of the world. Figure 1.1 illustrates the basic principle of
the MPC. Tt involves solving a sequence of optimal control problems (OCPs),
potentially non-convex, at each sampling instance ¢ over a prediction horizon 7),,
using the current state zq of the system as initial state. The iterative resolution
of these OCPs determines the predicted state & and the input trajectory that
minimize a predefined loss function while satisfying state and input constraints.
Although the optimization process produces an optimal control sequence, only
the first control action ug is applied while the rest of the sequence is discarded,
resulting in the so-called receding horizon strategy. At the next time instant,
the horizon is shifted by one sample and the optimization is restarted with
the information of the new measurements. Key advantages of MPC include
flexibility in formulating objectives for multivariable systems and handling

constraints on state, input, and output variables.

1.1 Motivations

Depending on the use of linear or nonlinear dynamics and constraints, MPC
can be classified into two main methods: (i) Linear Model Predictive Control
(LMPC), and (ii) Nonlinear Model Predictive Control (NMPC). LMPC, a
mature technique that leverages constrained linear system models, has become
popular in process industry control since the 1970s [3]. It can determine very
efficient control strategies, particularly when it is possible to obtain linear
models that can accurately represent the dynamics of the systems under control.

However, real-world systems often exhibit complex and nonlinear behaviors
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Fig. 1.1 The principle of model predictive control.

that linear models struggle to capture. This has led to a growing interest in
NMPC thanks to its ability to handle nonlinear dynamics and constraints while

optimizing nonconvex performance indexes [4].

Both LMPC and NMPC rely on suitable Optimal Control Problems (OCPs)
to determine the optimal control actions. Although closed-form solutions are
available in specific scenarios, solving these optimization problems is generally
computationally intensive. As a result, initial applications of MPC were
limited to process control systems with slow dynamics [5], allowing for sufficient
computation time between control updates (sampling times in hours). However,
for real-time systems requiring high sampling rates, such as autonomous driving,
it is crucial to generate optimal commands within a short time interval, typically
ranging from tens to hundreds of milliseconds. This requires the use of efficient
optimization algorithms that can meet the real-time requirements of closed-loop
control applications. In the context of linear systems, MPC problems can be
formulated as convex optimization problems, e.g., quadratic or linear programs,
for which fast and efficient algorithms have been developed [6]. Conversely,
Nonlinear Model Predictive Control deals with nonconvex optimization, making
it challenging to ensure global optimality (or at least a satisfactory level of

suboptimality) within real-time constraints [7].
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Despite these limitations, the NMPC algorithms can have the potential
to significantly accelerate progress in many industrial sectors, including the
development of autonomous driving technologies (see for example Figure 1.2).
Considered one of the most transformative advancements in the near future,
autonomous driving is expected to revolutionize the transportation sector (see,
e.g., [8], [9] and [10]). In this regard, a huge research effort is being spent
worldwide by automotive companies and academic institutions for developing
vehicles with high levels of autonomy, ranging from advanced driving-assisted
systems to fully automated vehicles (see, e.g., [11] and [12]). While traditional
control methods like PID and linear state feedback are widely used in low-level
industrial automotive applications due to their low computational cost, their
performance is limited in complex scenarios requiring real-time decision making,
such as emergency collision avoidance. Recent research in autonomous driving
has explored Nonlinear Model Predictive Control (NMPC) with promising
results [13]. However, the computational demands of NMPC and the limited
resources available in real-world applications have hindered its widespread
adoption in industrial autonomous driving systems. This underlines the pressing
need for continuous development, especially in academia, of fast nonlinear

optimization algorithms that can enable the use of NMPC for such applications.

Fig. 1.2 Autonomous driving concept in the near future.
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1.2 Contributions

In general, key elements that strongly affect the computation time of nonlinear

optimization algorithms are the following:

o the dimensionality d of the search domain (i.e., the number of deci-
sion variables): the computational complexity of several algorithms is

superlinear in the number of decision variables;

o the side-length s of the search domain (i.e., the region where the decision
variables are defined): the larger is the size, the more computationally

demanding is its exploration;

 the starting point of the algorithm: wrong choices of this point may result

in long times required to find a solution.

In light of these issues, the main contribution of this thesis is to present
novel NMPC approaches specifically designed to reduce the computational
burden of the underlying optimal control problem by decreasing the volume (or
hypervolume if d > 3) of the search domain. For the sake of brevity and clarity,

we will always use the term “volume” throughout the thesis, even when d > 3.

Suppose that s¢ is the volume of the search domain, where s represents
its side length and d is the number of decision variables of the problem. The

proposed approaches comprise two key strategies:

1. Dimensionality Reduction: this strategy operates on the parameter d
employing gradient computations and approximating the NMPC control

law.

2. Side-length Reduction: this strategy works on the parameter s using the

Set Membership method proposed in [14].

As a result, both methods aim to decrease the volume of the search domain.
However, they achieve this task by focusing on different parameters, requiring
the use of distinct techniques. An example of how these two methods work to

reduce the volume s¢ of the search domain is shown in the Figure 1.3.
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4 decision variables

(=4 2 decision variables
(d=2)
Dimensionality
reduction
P Original side-length o Side-length Reduced side-length
— ~ reduction <>

—

Fig. 1.3 Graphical illustration of how dimensionality and side-length reduction

methods reduce the volume s?.

Let us now examine the two developed strategies in more detail. Each of
them comprises two phases: i) offline data generation and preprocessing; ii)
online optimization. For the dimensionality reduction strategy, the offline phase
leverages the gradient of the cost function, computed using a novel Gradient
Computation method, to detect the directions of greatest variability of the
optimization problem within the search domain. This is done by identifying the
decision variables that exert the most significant influence on the OCP, called
the most relevant variables. Subsequently, the Nonlinear Sparse Identification
(NSI) technique, proposed in [15], is used to approximate from data the NMPC
control law, i.e., the nonlinear function that links the state of the system to the
optimal command. During the online optimization phase, this approximation
is exploited to provide a good starting point for the optimization algorithm.
Furthermore, the OCP is exclusively performed on the most relevant decision
variables, while for the less important ones, the values obtained from the
approximation are used. The second strategy, building upon the works presented
in [16-18], applies the Set Membership (SM) method of [14] during the offline

phase to derive tight bounds on the most significant decision variables. In
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the subsequent online phase, these tight bounds are employed to reduce the
side-length of the search domain exclusively for the variables involved in the
OCP. These two approaches are aimed at decreasing the number of decision
variables and the size of the search domain, thereby significantly improving
computational efficiency. It can be observed that these two methods can be
used either separately or in combination. Clearly, the combination of them
leads to improved performance, enabling a significant reduction in computation
time. This has far-reaching implications as it enhances the usability of NMPC
strategies in real-time control systems, even when “short” sampling times are

necessary.

This thesis makes two other key contributions. First, it demonstrates,
through a theoretical analysis, the inherent computational complexity of the
proposed methods. Specifically, this analysis provides insights into how volume
reduction can both decrease the number of mathematical operations required
for solving the numerical optimization and improve the convergence rate. The
convergence rate, in this context, refers to the speed at which an iterative

algorithm approaches its optimal solution.

Second, the thesis complements these theoretical findings with a numerical
analysis. In particular, the proposed methods are tested on three realistic

autonomous driving scenarios:

1. Lane keeping on an urban road, where the vehicle has to maintain a

designated lane on a road with some curves;

2. Obstacle avoidance of roadworks on a rural road and safely re-entering
the lane;

3. Parallel parking, avoiding collisions with other parked cars.

These scenarios were selected to demonstrate the versatility of the developed
methods in handling a range of tasks, from simple lane keeping to more complex
maneuvers involving obstacle avoidance and parking. The performance of the
proposed methods was compared with respect to a standard NMPC, i.e.,
an NMPC that does not integrate dimensionality and side-length reduction
approaches, using both Software-In-the-Loop (SIL) and Hardware-In-the-Loop

(HIL) simulations. In the SIL simulation, the entire closed-loop control system
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is designed in Simulink, a graphical programming environment for modeling
and simulating dynamic systems. Conversely, in a HIL simulation, the NMPC
algorithm is implemented and executed on a hardware platform. In this thesis,
an NVIDIA Jetson Nano board is used. It should be noted that for the SIL

part, two different nonlinear numerical optimization algorithms are used:

o Sequential Quadratic Programming (SQP) [19];

 Particle Swarm Optimization (PSO) [20].

The selection of these two algorithms aims to highlight the versatility of the
proposed methods, demonstrating their effectiveness regardless of the specific
optimization algorithm employed. Indeed, it is noteworthy that SQP is a local
optimization algorithm, while PSO is a global one. For the HIL part, only the
SQP algorithm was considered.

The benefits of using the proposed approaches are evident in all the con-
sidered scenarios and with the two different algorithms, achieving significantly
better results in terms of computation time, without compromising the quality
of the solution found. Furthermore, they demonstrate versatility beyond various
optimization strategies. These methods can be integrated with a wide range
of optimization algorithms, effectively enhancing their numerical efficiency
and providing a flexible and adaptable framework for various applications. It
is important to underline that the most significant advantages are observed
when they are used with the single shooting methods, where the optimization
variables are only the command inputsu. Consequently, both the developed
methods consider this type of NMPC configuration. However, in recent years,
efficient numerical algorithms have been developed for multiple-shooting meth-
ods, in which both z and u are considered as optimization variables, reducing
their computational burden. In light of this, the results section includes also a
comparison with respect to a state-of-the-art multiple-shooting NMPC configu-
ration, showing that the proposed approaches make the single shooting NMPCs

computationally more efficient than their multiple-shooting counterparts.
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1.3 Comparison with the state-of-the-art

In the literature, different techniques have been proposed to address the problem
of reducing the computational complexity of MPC. Among them, we can

distinguish strategies based on:

o improvement of the numerical efficiency of the optimization algorithms;
« offline approximation of the control law;

o dimensionality reduction of the optimal control problem.

In the former category, specific online algorithms are developed to reduce the
computational burden of the underlying nonlinear programming (NLP) problem.
In [21], the multiple shooting algorithm with condensing is proposed. This
method involves transforming sparse quadratic programming (QP) problems
into dense ones by eliminating state variables from the optimization problem
using condensing. Then, the resulting problems are solved with a dense QP
solver. To minimize the time between state measurement and control feedback,
in [22] an approach, called real-time iteration (RTI), is introduced to solve
the NLP approximately. This method performs only one Sequential Quadratic
Programming (SQP) iteration per time step and splits the calculations into
a preparation and a feedback phase. The implementation of the multi-level
version of RTT is described in [23], allowing for further reduction of the computa-
tional load. Moreover, the collocation method [24], the multistep Netwon-type
controller [25] and the continuation/GMRES method [26] can be mentioned.
For a more detailed review of numerical algorithms in the field of NMPC see,
e.g., [27, 28] and Chapter 2 of this thesis.

In the second category, approximating functions, computed offline on the
basis of a finite number of “exact” control moves, are used to reproduce the
MPC/NMPC law f°. A pioneering contribution along this line was given in [29],
using a multilayer feedforward neural network for approximating the control
law f°. However, this approach did not provide any guaranteed approximation
error or constraint satisfaction properties. Furthermore, the non-convexity of
the functional used in the “learning phase” of the neural network can lead

to potential deterioration in the approximation due to entrapment in local
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minima. An alternative approach for approximating an NMPC controller has
been proposed in [30], which uses an offline approximate multi-parametric
programming technique to construct a piecewise affine approximation (PWA).
Analogous methods have also been applied to linear systems [31, 32], and
extended to the robust min-max case [33], employing a piecewise nonlinear
(PWNL) approximation. For these cases, it is possible to derive a bound on
the approximation error, expressed as the difference between the exact and
approximated optimal cost functions, as well as establish properties related to
stability and constraint satisfaction. Finally, a “fast” MPC implementation,
based on the off-line nonlinear function approximation by means of the Set
Membership approach [14], is presented in [34, 35]. This method allows the
derivation of approximate MPC laws with guaranteed stability, constraint
satisfaction and state regulation within an arbitrarily small neighbourhood of
the origin. However, all these methods become inefficient when the number of
system states is large, complex/time-varying constraints must be satisfied, or
time-varying references have to be tracked. In this context, the innovative aspect
of the proposed strategy, compared to the state-of-the-art and in particular with
respect to [34], is that in previous studies the NMPC law was approximated
offline and then applied online in an “open-loop” fashion. Instead, in our
approach, the SM is used to narrow down the search domain in which the
optimal solution can be found during online optimization. Consequently, an
additional layer of online optimization is conducted, enhancing the robustness
of the system against any potential changes in scenarios (compared to those

used for the offline identification).

The final category involves simplifying the Optimal Control Problem (OCP)
by employing a low-dimensional input parametrization, which means solving the
OCP within a reduced search space. These methods are specifically designed to
guide the optimization process effectively, ensuring that computational efforts
are focused on the most promising regions of the search domain. By reducing the
dimensionality of the search space, these techniques can significantly decrease
the computational complexity of NMPC, making it more viable for real-time
applications. Various methods for dimensionality reduction have emerged in
the context of NMPC, including Laguerre functions, Move Blocking, and Active
Subspaces. These methods will be detailed in Chapter 3. Compared to these

methods, the strategy developed in the thesis is innovative both in the use of
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the gradient for identifying the direction of greatest variability in nonlinear
problems, and in the assignment of suitable values to non-relevant decision
variables through the use of an approximated NMPC control law. On this last
point, in [36], a global sensitivity analysis is used to identify the so-called active
and inactive subspaces in the case of NMPC. The active subspace consists of
variables that significantly influence the outcome of the optimization problem.
These variables are adjusted during each iteration of the optimization process
to find the best possible solution. On the other hand, the inactive subspace
consists of variables that have a negligible impact on the outcome of the
optimization problem. Because these variables do not significantly affect the
result, they are not actively optimized during each iteration. Therefore, rather
than adjusting these inactive variables at each step, the values of the optimal
command computed in the previous optimization step are shifted and used.
This approach can lead to problems in scenarios where the optimization problem
changes drastically from one sampling time to the next, such as in the presence
of obstacles. In our approach, instead, at each optimization step suitable values
for these variables are obtained through the use of an approximation model,
computed offline, that “emulates” the NMPC control law. This allows the

non-relevant decision variables to adapt to possible changes in the scenario.

1.4 Thesis Outline

This thesis contains six chapters, including this introduction and final remarks.

Chapter 2 - Nonlinear Model Predictive Control: A Comprehensive
Overview. This chapter offers a comprehensive introduction to Nonlinear
Model Predictive Control (NMPC). It begins with the presentation of the NMPC
optimization problem considering discrete-time nonlinear models and discusses
the numerical methods for its solution, focusing on direct methods like single-
shooting and multiple-shooting strategies. The specific NMPC formulation
used in the thesis is then introduced. The chapter also provides an overview of
Nonlinear Programming (NLP), including the necessary conditions of optimality.
Newton-type algorithms, particularly the interior point and sequential quadratic

programming algorithms are explained as common methods for solving NLP.
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The chapter concludes with an overview of fast NMPC techniques, including

the Real-time iteration scheme.

Chapter 3 - Dimensionality Reduction for Fast NMPC. This chapter
introduces a new strategy aimed at reducing the computational complexity of
Nonlinear Model Predictive Control (NMPC) by decreasing the dimensionality
of the optimization problem. It begins with an overview of existing methods for
dimensionality reduction in NMPC, followed by a detailed explanation of two
foundational strategies of the proposed method: gradient computation of the
cost function and the use of a Nonlinear Sparse Identification Method for NMPC
control law approximation. The chapter concludes with a presentation of the
steps involved in the developed method and a theoretical analysis demonstrating

its effectiveness in reducing computational complexity:.

Chapter 4 - Side-length Reduction for Fast NMPC. This chapter
presents a novel approach that aims to optimally restrict the side-length of the
search domain for reducing the computational time of the NMPC. The method
uses the Set Membership (SM) approximation, which is thoroughly introduced.
Subsequently, the developed method is described in detail, considering its
use both with dimensionality reduction and standalone. Finally, an in-depth
analysis of computational complexity is conducted to demonstrate how the
reduction in side-length results in a faster convergence rate of the optimization

algorithm.

Chapter 5 - Simulation results in Autonomous Driving scenarios.
This chapter evaluates the two developed methods for trajectory planning and
control of autonomous vehicles in real-world scenarios. The performance of these
methods is compared with standard NMPCs, demonstrating their effectiveness
in reducing computational complexity both theoretically and practically. The
evaluation includes three scenarios: lane keeping on urban roads, obstacle
avoidance on rural roads, and parallel parking. These scenarios highlight
the versatility of the methods in handling various tasks. The performance
comparison involves both software-in-the-loop (SIL) and hardware-in-the-loop
(HIL) simulations, with the NMPC algorithm implemented and executed using
a Matlab Function in SIL and on an Nvidia Jetson Nano board in HIL.
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Chapter 6 - Conclusions and future research. In this chapter, the
thesis contributions are summarized and possible future research directions are

proposed.

1.5 Notation and Definitions

In this thesis, the symbol R denotes the set of all the real numbers. To simplify
the mathematical derivations and expression throughout the work, a column
vector z € R™ is denoted by z = (x1,...,7,,), while a row vector z € R1*"e
is x=[x1,...,2pn,] = (21, .. ,aznz)T, where T indicates the transpose. It should
be noted carefully that this notation will be used consistently in all the following
chapters. Henceforth, the symbol = should be interpreted as “defined by”.

The ¢, norm of a vector x = (1,...,2p,) is defined as

(2 ‘mp)é? 1<p<oo,

|z, =
max; |x;|, p = 00.

The ¢ matrix norm of a generic matrix A € R"**™ is defined as
. . T a4
|All2 = (maximum eigenvalue of A" A)?2

The ¢2 norm both for vectors and matrices is for simplicity of notation defined
as ||| without the use of the subscript 2. A function is of class C" if it is

differentiable n times and the n-th derivative is continuous.

We now present some general definitions related to the continuity properties

of a function.

Definition 1 (Continuous Function). A function f:R"™ — R is continuous in
R"™ if for any x1, xo € R™ and for all € > 0, there is a value 6 > 0 such that

|21 — 22| <& = [[f(21) — fa2)] <e

Definition 2 (Lipschitz Continuity). A continuous function f:R"™ — R is
Lipschitz continuous in R™ if for any x1, vo € R™ there is a constant L > 0,
called Lipschitz constant, such that || f(z1) — f(z2)|| < L||z1 — 22|



Chapter 2

Nonlinear Model Predictive
Control: A Comprehensive

Overview

Advances in optimal control theory have led to the development of Model
Predictive Control (MPC), a versatile and powerful control strategy that has
found widespread application in various industrial and technological domains
(see, e.g., [1]). At its core, MPC involves the resolution of a finite-dimensional
optimization problem, with the current state as the initial value, in order to
generate the optimal control command at each instant. This optimization
process is guided by a dynamic model of the system, enabling MPC to predict
system behavior over a receding time horizon. As a result, this enhances
robustness against disturbances and allows for real-time adaptation to changing
conditions. Key advantages of MPC include its flexibility in formulating
objectives and process models for multivariable systems, its ability to directly
handle equality and inequality constraints on state, input, and output variables,
and the potential to quickly respond to unexpected disturbances. In-depth
overviews of the theory behind model predictive control are available, e.g., in
[37, 38, 2].

Emerging in the 1970s, Linear Model Predictive Control (LMPC) has
become a standard in the process industry, particularly when linear models can
accurately depict the dynamics of the systems under control (see, e.g., [39, 40, 3]).
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However, given the inherent nonlinearities present in many real-world systems,
there has been a growing interest towards Nonlinear Model Predictive Control
(NMPC) since the 1980s (see, e.g., [41-43]). This remarkable surge in popularity
is due to the ability of NMPC to handle nonlinear dynamics and constraints, and
optimize nonconvex performance indexes. More information on the theoretical
aspects and industrial applications of NMPC can be found, e.g., in [7, 4, 44, 45].
Both LMPC and NMPC rely on suitable Optimal Control Problems (OCPs)
to determine the optimal control actions. The solution to these OCPs must be
obtained within a sufficiently short time interval, depending on the application
of interest. This requires the availability of efficient optimization algorithms,
which can satisfy the real-time requirements of closed-loop control applications.
For linear systems, the MPC problem can be formulated as a quadratic or linear
program. These formulations belong to a well-studied class of optimization
problems, known as convex problems, for which a wide range of fast and
efficient algorithms have been developed [6]. On the other hand, the NMPC
deals in general with nonconvex optimization, which makes it difficult to
guarantee global optimality (or at least a satisfactory level of suboptimality)
within real-time constraints. This poses significant limitations for widespread
industrial adoption [7], leading to the use of the NMPC mainly in domains
characterized by sufficiently long sampling times, such as chemical processing
and oil refineries [46, 47]. Recent advancements in numerical methods have
enabled the development of efficient classes of nonlinear optimization algorithms,
such as Sequential Quadratic Programming (SQP) and Interior-Point (IP)
methods. This, combined with the design of fast optimization techniques based
on these algorithms, has allowed the use of NMPC even in fast real-time control

applications (see, e.g., [48-52]).

In light of these advancements, the present chapter is dedicated to provide a
comprehensive understanding of Nonlinear Model Predictive Control (NMPC)
by delving into its theoretical aspects, ensuring that readers acquire a deep

comprehension of this advanced optimal control technique.

Outline. The chapter is organized as follows. Section 2.1 introduces the
general formulation of the NMPC Optimization Problem. In Section 2.2, the
numerical methods used for solving Optimal Control Problems are discussed,

with a focus on Direct Optimal Control techniques. Section 2.3 presents the
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specific formulation of the NMPC used throughout this thesis. In Section 2.4,
all the theoretical concepts underlying Nonlinear Programming are considered.
Section 2.5 describes the most popular methods for solving NMPC, namely
Newton-Type Optimization Methods, with particular emphasis on Sequential
Quadratic Programming. Finally, Section 2.6 considers an overview of some of
the most popular fast techniques for NMPC, including the Real-Time iteration
scheme.

2.1 NMPC Optimization Problem

Throughout this thesis, the Multiple-Input-Multiple-Output (MIMO) time-
invariant nonlinear system described by the following discrete-time state equa-

tion is considered:
Tp1 = (2, ur) (2.1)

where t € Ny is the discrete time index, x; € R™* is the system state, u; € R™
is the command input, and f: R™ x R™ — R"* is the dynamical model, which
maps the current state z; and the control input u; to the subsequent state
2rey+1. The state is assumed to be measured in real-time. In the case where
direct measurement is not available, it can be possibly estimated by means of

an observer or eventually replaced with an input-output model.

Suppose that the system state x; is required to track a desired reference
signal r;. The state and input variables may be subject to constraints and
it may be of interest to obtain a suitable trade-off between performance and
command effort. To solve this problem, an NMPC approach is proposed. The
NMPC has emerged as a versatile and widely adopted real-time control strategy
due to its ability to effectively manage nonlinear dynamics and constraints
within the optimization framework. This approach is based on the solution of

a nonlinear Optimal Control Problem (OCP) at each sampling instant.
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Based on the discrete-time system (2.1), the following general optimal

control problem is considered:

%1’111[1 Zz:::[/k(xk,uk) + M(z7) (2.2a)

subject to: To—29=0 (2.2b)

i1 — f(eg,up) =0, k=0,...,7—1 (2.2¢)

hi(zg,up) <0, k=0,...,T—1 (2.2d)

r(zr) <0, (2.2e)

where the state vector = (zg,z1,...,27_1,27) € R77= and the control vector
w= (ug,u1,...,ur—1) € RT™ are treated as unknown decision variables. As

already specified in Section 1.5, column vectors are denoted as (...), while
row vectors are represented as [...] = (...)". The value T, called prediction
horizon, denotes the upper limit of the summation and is assumed to be finite
and positive. Eq. (2.2a) defines the so-called cost function. It consists of Ly
and M functions, which typically are referred to as Lagrange and Mayer cost
terms, respectively. The optimization problem depends on the parameter value
Zo through the initial value condition of Eq. (2.2b). Furthermore, Eq. (2.2¢)
represents the dynamic constraints, while Eqs. (2.2d) and (2.2e) describe the
path and terminal constraints, respectively. Given the initial state measurement
%0, an optimal solution trajectory (a,u) within the prediction horizon 7' can
be obtained by solving (2.2).

Before delving further into the discussion, it is important to note that the
use of a state observer for the nonlinear system (2.1) introduces additional
assumptions and theoretical considerations that should be carefully addressed
to ensure closed-loop stability and convergence. Unlike linear systems, where
the convergence of the observer error can be guaranteed if the system is
observable and certain conditions, such as the placement of the eigenvalues of
the error dynamics, are satisfied, ensuring convergence in nonlinear systems
is more complex. This complexity arises from factors such as state-dependent
dynamics, nonlinear estimation error dynamics or bifurcations. One of the
most widely used tools to analyze and design observers for nonlinear systems is
Lyapunov stability theory. In this context, a Lyapunov function is constructed

to measure how the estimation error evolves over time. If a Lyapunov function
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can be found that decreases over time, then the estimation error is guaranteed
to converge to zero, indicating that the observer is stable. The challenge
with Lyapunov-based observer design lies in finding an appropriate Lyapunov
function for the system. In practice, this is often difficult, especially for highly
nonlinear or time-varying systems. Furthermore, it is important to acknowledge
the possible presence of non-minimum-phase behavior due to unstable zero
dynamics in the system under consideration. A system exhibits non-mimimum-
phase (or has unstable zeros) if there exists a (nonlinear) state feedback that
can hold the system output identically zero while the internal dynamics become

unstable. This phenomenon can introduce several challenges:

e Reduced stability margins: Unstable zero dynamics create difficulties in

ensuring that the system can remain stable under feedback control.

o Limitations on achievable performance: Non-minimum phase systems
have limitations on the performance criteria that can be met, such as

bandwidth, settling time, and transient response.

« Difficulty in achieving accurate tracking: For nonlinear systems with
unstable zero dynamics, it is harder to design controllers that can track
desired outputs accurately without inducing instability. This can result
in scenarios where certain state variables diverge, or the tracking error

fails to remain sufficiently small.

All these issues pose a significant challenge for control design and system
stability. However, while the problems related to state observers and non-
minimum-phase behavior are fundamental in control system design, they are
not the focus of this thesis, which is primarily concerned with the computational
aspects of NMPC. Consequently, they are not specifically addressed in the
current work. For the same reasons, we do not consider modeling errors,
disturbances, or issues related to stability and recursive feasibility. All these

topics could be the subject of future investigations.
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2.2 Numerical Methods for Optimal Control

Problems

Numerical methods for solving OCPs are traditionally classified into three
main categories: i) Dynamic Programming [53], ii) Indirect Methods [54],
and iii) Direct Methods [55]. Before going into the details of each method,
let’s take a brief historical journey to trace their evolution. Among the three
approaches, indirect methods are the earliest ones. Their origins can be dated
back to the 17th century, with the advent of calculus of variations, pioneered
by Johann Bernoulli to address a novel challenge: finding the time-optimal
path for a particle in a gravitational field between any two points. Since then,
indirect methods have seen continuous development, both conceptually and
algorithmically. Dynamic programming, on the other hand, emerged in the
1930s, thanks to the work of Carathéodory [56], and gained recognition in
the 1950s through contributions of Bellman [57]. Both indirect methods and
dynamic programming rely on complex mathematical frameworks and analytical
approaches. In contrast, direct methods, i.e., the most recent class of methods,
emerged alongside the growth of computational power and improvements
of numerical methods. One of the pioneering approaches was presented by
Bock and Plitt [21]. Their relative simplicity and their use of well-established

optimization techniques have made them increasingly popular in recent years.

Dynamic Programming

Dynamic Programming (DP), a mathematical optimization method introduced
by Richard Bellman in the 1950s [57], is widely used for multi-stage decision-
making problems, where sequential decisions contribute to the minimization
of an overall cost [58]. Within the domain of optimal control, dynamic pro-
gramming stands out as a highly effective method for managing discrete-time
systems by leveraging the Bellman’s principle of optimality, which states that
“An optimal policy has the property that whatever the initial state and initial
decision are, the remaining decisions must constitute an optimal policy with
regard to the state resulting from the first decision”. Summarizing, it asserts

that each subtrajectory of an optimal trajectory is optimal as well, enabling
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dynamic programming to efficiently tackle complex problems by decomposing

them into smaller, more manageable steps.

Delving deeper into the workings of dynamic programming, it aims to solve
the Hamilton-Jacobi-Bellman (HJB) equation [59], which provides the necessary
optimality conditions for continuous-time OCPs. The solution is associated
with the optimal cost of a value function, or cost-to-go function, that satifies
the HJB partial differential equation. However, it requires the enumeration of
the continuous state and control spaces for each sampled state. More in detail,

the solution is obtained iteratively through a two-step process:

1. Backward Recursion: Starting from the end of the sampled horizon, this
step computes all relevant functions, gradually decreasing the time step

until reaching the beginning of the horizon.

2. Forward Recursion: Based on the computed functions, this step selects

the optimal control action for each state.

This iterative approach enables the reconstruction of the optimal trajectory
through forward simulation, starting from the current state estimate, leveraging

Bellman’s principle of optimality.

Despite its ability to solve optimal control problems globally, perform
efficient forward simulations, and derive a closed-form feedback control law, dy-
namic programming faces significant challenges when applied to high-dimensional
systems. The exponential growth of computational complexity and memory
requirements associated with state-space tabulation, known as the “curse of
dimensionality” by Richard Bellman, limits its practical applicability to complex

systems.

Indirect Methods

Indirect methods, also known as first-optimize-then-discretize, use the con-
cepts of calculus of variations [60] and Pontryagin’s maximum principle [61]
(also referred to as the minimum principle) to determine the first-order nec-
essary optimality conditions of the original optimal control problem. These
conditions result in the formulation of a multi-point boundary value problem
(MPBVP), which represents a set of differential-algebraic equations (DAEs)
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that are iteratively solved using a Newton method. The optimal trajectory
can be reconstructed through forward simulation once the initial value for
the adjoint equations is determined. While indirect methods provide high
accuracy solutions [62], their practical implementation is challenging due to
their computationally demanding and the initial guess sensitivity. Several
solutions have been proposed to reduce the computational complexity of these
methods. Among them, a novel method employing Pontryagin’s principle for
Nonlinear Model Predictive Control in spacecraft maneuvering was introduced
in [63]. This approach guarantees an explicit control law that can handle
nonlinearities without making assumptions about the structure of the input
signal. By leveraging the Pontryagin Minimum (or Maximum) Principle, the
optimization problem is transformed into a boundary value problem, allowing
the explicit computation of the control law while avoiding increases in com-
putational complexity. This approach is specifically designed for proximity

operations in rendezvous scenarios using the Clohessy-Wiltshire equations.

Direct Methods

Direct methods, also known as first-discretize-then-optimize, are among the
most widely used and effective approaches for solving nonlinear optimal control
problems. These methods directly convert the original optimization problem
into a finite-dimensional nonlinear programming (NLP) problem [64], enabling
the formulation of the necessary optimality conditions which can be numerically
solved using an NLP solver. They typically use piecewise constant parametriza-
tion for control trajectory and adapt the state trajectory based on the employed
discretization method. Direct methods have several advantages, including their
flexibility in handling different types of dynamical systems and their ability
to directly incorporate inequality constraints. However, they also have some
drawbacks, comprising the fact that they can only find local optimal solutions,
and that they only produce open-loop control policies [62]. There are two
main types of discretization approaches used in direct methods: sequential and
simultaneous. In the sequential approaches, the state variables are treated as an
implicit function of the control trajectories, where the discrete-time first-order
difference equations are addressed as an initial value problem using one of the

dedicated integration methods such as Runge-Kutta or Euler algorithms. These
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methods can be computationally efficient, but they can become unstable for
highly nonlinear systems. On the other hand, in the simultaneous approaches,
the state trajectories are also parametrized, and all the parametrized variables
are treated as optimization variables in the NLP problem. In other words,
these methods split the time horizon into smaller equidistant intervals where
each interval represents an independent sequential problem with the addition
of continuity constraints. In this case, the discrete-time first-order difference
equations are represented as equality constraints. While generally more compu-
tationally demanding, simultaneous approaches can offer better stability for
highly nonlinear systems. A detailed description of these two methods will be
addressed in Section 2.2.1.

2.2.1 Direct Optimal Control

The direct optimal control method are the class of numerical methods underlying
the algorithms used in the NMPC presented in this thesis. As defined before,

there are two main approaches to direct numerical optimal control:

o The sequential approach, which addresses the optimal control problem
(2.2) by numerically solving the constraint (2.2c) during the evaluation
of the cost and constraint functions. This approach eliminates the need
to include the intermediate states & within the problem formulation, by
directly substituting them into the cost and constraint functions. The
control command sequence u is parametrized and treated as an unknown
variable. This iterative process of performing the simulation task, by
solving numerically the constraint (2.2c) separately from the optimization
problem, is often referred to as Direct Single Shooting method [65-67].

o The simultaneous approach, which solves the optimal control problem
by parametrizing both the state trajectory and the control. In order
to guarantee the continuity of the resulting parametrized trajectory
along the entire prediction horizon T', additional continuity conditions
are introduced as constraints. This approach explicitly represents the
intermediate states @ as well as the control trajectory parameters u
as unknown variables. As a results, the OCP is addressed directly by

a Newton-type optimization algorithm (described in detail in Section
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2.5), effectively combining optimization and simulation into a single
process. However, this simultaneous treatment results in a larger number
of constraints and variables compared to the sequential approach. Two
prominent methods within the simultaneous approach are Direct Multiple
Shooting [21, 22] and Collocation method [68, 69].

The following paragraphs will describe two of the three methods mentioned
above: i) Direct Single Shooting and ii) Direct Multiple Shooting. Note that,
as will be defined in Section 2.3, the NMPC used in this thesis will be based
on the concepts related to Direct Single Shooting.

Direct Single Shooting

The Direct Single Shooting method restricts the optimization to the con-
trol sequence w = (ug,u1,...,up—1). As a result, given a guessed piecewise-
constant control trajectory, the corresponding points on the state trajectory
x = (z9,x1,...,27) can be determined through the following steps: i) set the
initial state zg; ii) for £ =0,...,7 — 1, define xp,1 = f(xp,ur). Under this
definition, the equality constraints (2.2b)-(2.2¢) unequivocally determine the
variable x if the vector u is fixed. Consequently, by a system simulation, they
can be inverted to yield the implicit function &(w), which satisfies (2.2b)-(2.2¢c)
for all u. Note that the symbol & is used to indicate feasible points, i.e. points
that meet all the constraints. For a formal description of feasible point, please
refer to Definition 4 on page 27. By implementing this method, the optimization

problem can be reformulated as

T-1
min > Li(zg(u), ug) + M (Zr(u)) (2.3a)
k=0
subject to:  hp(Tg(u),u;) <0, k=0,....,7—1 2.3b
r(zp(u)) <0. (2.3¢)

This reduced optimization problem involves n, 1" decision variables, which is a
significantly smaller set compared to the original problem (2.2). This makes
it an attractive choice for optimization procedures. As a result, direct single
shooting is frequently used in real-world applications due to its straightforward

implementation, intuitive concept, and the limited number of unknowns in the
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resulting NLP. The use of single shooting for the NMPC formulation will be
detailed in Section 2.3.

Direct Multiple Shooting

The Direct Multiple Shooting addresses the full nonlinear OCP (2.2). This
means that, unlike the single shooting method, in this case the state variables
@ also becomes decision variables. Additionally, the dynamic equations (2.2¢)
are imposed as equality constraints (called continuity conditions), which means
that the optimizer must simultaneously satisfy these constraints and minimize
the objective function. This can be a challenge, since the & do not usually
perfectly meet the requirements. In terms of computational complexity, multiple
shooting introduces a larger number of variables and constraints compared
to single shooting. With the inclusion of state variables, the optimization
problem now involves (ny;+n,)T decision variables and an additional n,T
equality constraints. This increased complexity can potentially slow down
the optimization process. In MATLAB, one of the most powerful tools for
implementing the Direct Multiple Shooting method is CasADi [70].

2.3 Direct Single Shooting NMPC Formulation

Consider the discrete-time system (2.1), with the following assumption.

Assumption 1. Let f(-) be twice continuously differentiable in its arguments.

The NMPC formulation developed in this thesis is as follows. At each time
step t, the system state z; is measured. During the time interval [¢t,t+1), an
optimal command is computed based on x;. This command is then applied
to the system at time t+ 1. The optimal command is obtained by means of
two key operations: prediction and optimization. In particular, the system
state is predicted T steps in the future, where the integer T'> 1 is called the
prediction horizon. For any k € [1,T], the k-step ahead prediction is obtained
by iterating k times the model equation (2.1). The predicted state &1 is thus

a function of the “initial” state x;, the input u;, and the future input sequence
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ut,k = (ut+1> cee 7ut—|—k):
‘@k—}—l = t@k—i—l (mt,ut,ut,k> .

Note that the symbol u; represents the command input that is "physically”
applied to the system (2.1), while 1 in Gotich style denotes the sequences of
command inputs used in the prediction interval [1,7]. The symbol ¢ indicates
the time index characterizing the actual time evolution of the plant (2.1), while

k is a “virtual” time index, used in the prediction interval.

The basic idea of NMPC is to compute, at each time step ¢, a command
sequence u;, such that the predicted state Zj(x¢,us,uy ;) has an “optimal
behavior”. The concept of “optimal behavior” is represented by the objective

function
T T

Jo(w) = Y ) Rug + > &) Qig + ¥y g Piryy (2.4)
k=1 k=2

where ), = v, — 2y is the predicted tracking error, v, =r;,; € R™ is the reference
to track, u= (uy,...,up) € RT7u ig the applied input sequence, and R,Q, P
are diagonal positive-definite weight matrices. The optimal input sequence is
chosen as one minimizing the objective function J, (-), ensuring that the input
and state sequences are consistent with the model equation and satisfy possible
constraints. The input saturations are described by u € U, € RT™ where U, is
an hyperrectangle with suitable side-lengths. Other general input constraints,
as well as state constraints, are treated using penalty functions. In particular,
for each constraint, a penalty function p; € CP, 8> 1 is introduced, such that
pj(Zr,ux) = 0 when the constraint is satisfied, p;(Zx,u) > J, (u) when it is not.
Then, the penalty functions are added to J,, giving the “augmented” objective

function

T (1) = Jo (W) + 3 F 1 X5 053k, ug).
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The optimal input sequence is computed solving, at each time t € Ny, the

following optimization problem:

u' =arg m&nJ(u) (2.5a)

subject to:
B1 = flxe,u) (2.5b)
Tpp1 = f(@pou), k=1:T (2.5¢)
uecU. (2.5d)

The motivations for using penalty functions are that they are relatively simple to
implement and avoid the singularity issues proper of barrier functions. Moreover,
they are not affected by unfeasibility problems, since the optimization problem
(2.5) admits always a solution. This can be useful in real situations where, due
to unfeasibility, an approach based on hard-constraints may not find a solution.
Instead, an approach based on penalty function provides in any case a solution,
which may not satisfy the hard-constraints but can be useful to “limit the
damage”. It must also be observed that penalty functions do not theoretically
guarantee that hard-constraints are satisfied. This issue can be overcome by a

proper choice of the penalty functions.

It is worth noting that the OCP (2.5) is similar to the Direct Single Shooting
optimization problem (2.3). In fact, the optimization is performed only on
the control sequence w. This reduces the number of variables involved in the
optimization, making the NMPC suitable for the methodologies developed in
Chapters 3 and 4. It is important to note that these methodologies can also be

applied to simultaneous approaches, with an inevitable addition of complexity.

Input parametrization

The optimization problem (2.5) is in general non-convex. Moreover, the com-
mand sequence u= (uy,...,uy) may contain a relatively large number of decision
variables. A common technique to reduce the number of variables is to choose
a suitable integer T, < T, called the control horizon, and keep the command u,

constant for k > T,.. Here, the more general Move Blocking technique, described
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in detail in Section 3.1.2, is used. The command sequence u is parametrized as
u=7_Ic (2.6)

where I' € RTnuX7e ig g full-rank matrix of ones and zeros only, with exactly one
non-zero element for each row, and ¢ € R"¢ is a new command input sequence
with reduced dimension n. < T'n,,. This sequence is subject to input saturations,
denoted by ¢ € C. € R™ C RT"™_ where C, is a subset of U, defined as

C.=11¢.; (2.7)
j

where []; denotes the Cartesian product, and C, = [c;,¢;] for j=1,...,nc.
Note that a sample u; of u can be obtained using a selection matrix S} such
that u, = Sjiu = SiTe.

To illustrate how the proposed input parametrization works, an example is

reported below.

Ezample. Suppose that u = (ug,ug,uz,ug,uz) € RO u, € R, Vk. The

parametrization
(1 0 0] [ 1 ]
010 cl 16
u=Ie=]01 0 co | =1 ¢
0 0 1 C3 C3
10 0 1 | ¢3 ]

allows a reduction of the number of decision variables from 5 to 3. The input
is parametrized as a piecewise constant sequence, with three possible values in
the prediction interval. The vector S}’ that selects a sample uy, is the k-th row
of the identity matrix I5. [
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Under the above input parametrization, the optimization problem becomes:

= argmcinJ(Fc) (2.8a)

subject to:
T = [, ur) (2.8b)
1= f(2g,SpTe), k=1:T (2.8¢)
celCe. (2.8d)

Reciding Horizon strategy

The NMPC feedback command is computed by solving the optimization problem
(2.8) at each time step ¢, according to a so-called Receding Horizon Strategy
(RHS):

1. At time ¢

(a) measure zy;

(b) compute ¢* by solving (2.8);
2. At time £+ 1:
(a) apply to the system only the first command sample: w1 = S{T'c*.

3. Repeat steps 1 and 2 for t+1,¢+2,... O

The receding horizon strategy is fundamental to have a feedback control action,
allowing the NMPC algorithm to stabilize unstable systems, attenuate exter-
nal disturbances and properly react if sudden changes occur in the scenario
where the system of interest is operating. Note that the present NMPC/RHS
formulation considers a realistic scenario, where the state is measured at time
t, the time interval [t,¢+ 1) is used to compute the optimal command, which is

then applied at time £+ 1.

At its core, NMPC is a control strategy that uses a sequence of nonlinear
optimization problems to dynamically generate optimal control actions based

on the current state of the system and a predictive model of its future behavior.
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This approach can be seen as a specially structured case of a general Nonlinear
Programming (NLP) problem. The NLP provides the mathematical framework
and computational algorithms required for solving these optimization problems
efficiently. This allows the NMPC to determine the optimal control inputs that
guide the system towards its desired states while satisfying the constraints.
Consequently, grasping the theoretical foundations of nonlinear programming

is essential for fully understanding the inner workings of NMPC.

2.4 Theoretical Concepts of Nonlinear Pro-

gramming

A generic NLP problem can be written as follows:

min - ¢(y)
subject to:  gi(y) =0, 1€€& (2.9)
hj(y) 20, jeI,

where y € R™ is the vector of decision variables, ¢ : R™ — R is the objective
function, g : R™ — R™ and h : R™ — RY? represent the equality and inequality
constraints, respectively. Please note that £ ={1,...,n.} and Z={1,...,n;}
are two finite sets of indices that indicate the number of equality and inequality

constraints.

Assumption 2. ¢, g and y are twice continuously differentiable functions.

In the context of nonlinear programming, it becomes important to determine
whether a feasible point y € () satisfies the necessary optimality conditions. If
y meets these criteria, it can be considered as a potential local minimizer y* for
NLP (2.9). Before introducing these conditions, we need to define some basic

concepts.

Definition 3 (Feasible set). The feasible set Q2 of (2.9) is the set of points y

that satisfy all the constraints:

Q={yeR" |gi(y)=0,i€&; hj(y) >0, j€L}.



30 Nonlinear Model Predictive Control: A Comprehensive Overview

Definition 4 (Feasible point). The point y € R"™ is a feasible point if it satisfies
the constraints:
9(m) =0, h(y)=>0.

Definition 5 (Local minimizer). The point y* is a local minimizer to (2.9) if
it is a feasible point, i.e., y* € (), and there exists a neighborhood M of y* so
that

Yy e MNQ:o(y) > o(y")

where ¢(y*) is a local minimum.

To determine whether the feasible point y is a local minimizer y*, it is neces-

sary to describe the set M, which depends on the active inequality constraints.

Definition 6 (Active constraint). An inequality constraint h; is called active
at a feasible point y € Q, if
hj(y) = 0.

Definition 7 (Active set). The active set A(y) at any feasible point y is defined

A() ={j€Z|h;(y) =0}

This means that the active set is the set of the indices j associated with the

inequality constraints that are active.

Note that here the equality constraints are not taken into account, because,
by definition, they always result in active constraints. Another key concept
necessary for defining optimality conditions is the so-called linear independence
constraint qualification (LICQ).

Definition 8 (Linear Independence Constraint Qualification). The LICQ) holds
at the feasible point i if the set of active constraint gradients Vg;(y) fori € &
and Vh;(y) for j € A(y) is linearly independent. In other words, the LICQ

holds if the Jacobian matriz

VG(?): ( Vgi(g)’ i€ )

Vhi(y), j € Ay)

1s full-row rank.
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2.4.1 First-order necessary conditions of optimality

To define the first-order necessary conditions, it is essential to introduce the

Lagrangian function.

Definition 9 (Lagrangian function). The Lagrangian function for the NLP
problem (2.9) is defined as:

Ly, A p) = d(y) — AT g(y) — 1" h(y) (2.10)

where A € R™ and p € R™ are the Lagrange multipliers, or dual-variables, of g
and h, respectively.

Now we can proceed to state the first-order conditions. These conditions
are related to the characteristics of the gradients (first-derivative vectors) of

both the objective and constraint functions.

Theorem 1 (First-order necessary conditions). Consider y* as a local mini-
mizer of NLP (2.9). Additionally, assume that the functions f, g and h are
continuously differentiable, and the LIC(Q) is satisfied at y*. Then, there exists
Lagrange multipliers \* and p* such that the following conditions hold:

V(™) + Vyg(y" A" + Vyh(y*)u" =0 (2.11a)

9(y") =0 (2.11D)

hy*) =0 (2.11c)

pr >0 (2.11d)

Wihi(y*) =0, jeT (2.11e)

Proof. See Section 12.3 in [71]. O

The conditions (2.11) are commonly known as Karush-Kuhn-Tucker (KKT)
conditions. For the reader’s curiosity, it is worth noting that the KK'T conditions
were first introduced in a publication by Kuhn and Tucker in 1951 [72]. These
conditions were originally termed as KT conditions until it was discovered that
William Karush had already stated them in his unpublished master’s thesis in
1939 [73]. Since then, the conditions have been referred to as KKT conditions

to acknowledge Karush’s contribution.
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Resuming the discussion of (2.11) and delving into further detail, each of
the Karush-Kuhn-Tucker (KKT) conditions has a well-defined meaning: i) Eq.
(2.11a) denotes the stationary conditions, which indicates that, given a pair of
Lagrange multipliers A* and p*, the point y* minimizes the Lagrangian function;
ii) Eq. (2.11b) and Eq. (2.11c) represent the primal feasibility, which point that
y* must satisfied all the constraints specified in the NLP (2.9); iii) Eq. (2.11d)
describes the dual feasibility, which states that the Lagrange multiplier p*
associated with the inequality constraints must be non-negative; iv) Eq. (2.11e)
shows the complementary slackness, which indicates that for each inequality
constraint in the optimization problem, there exists an associated Lagrange
multiplier x; such that the product of the multiplier and the value of the
constraint equals zero. This last condition implies that at the optimal solution,
either the constraint is active (i.e., h;(y*) = 0) and the associated multiplier
is non-zero, or the constraint is inactive (i.e., hj(y*) < 0) and the associated

multiplier is zero.

Definition 10 (KKT point). A point (y*,\*,1n*) that satisfies the conditions
in (2.11) and the LICQ is called « KKT point.

The combination of the last three KKT conditions, i.e., (2.11c)-(2.11e), yields
the concept of complementarity conditions. A special case of complementarity

is known as strict complementarity. Its formal definition is as follows.

Definition 11 (Strict complementarity). Consider a KKT point (y*,\*, ")
of the NLP in (2.9). Strict complementarity is satisfied for this point if all
active inequality constraints are strictly active. In other words, if yi5 >0 for all

je€Ay").

The concept of strict complementarity is fundamental for guaranteeing some
desirable properties of numerical methods. Indeed, fulfilling this condition
often simplifies the identification of the active set A(y*) and speeds up the

convergence of the algorithms towards the optimal solution y*.

2.4.2 Second-order conditions of optimality

The KKT conditions in Theorem 1 serve as both necessary and sufficient

conditions for optimality only in the context of convex NLPs, where every local
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minimum is also a global solution. However, for non-convex constrained NLPs,
they assume a weaker role, becoming merely a set of necessary conditions for a
point to be a local optimum. This implies that the existence of a point satisfying
the KKT conditions does not necessarily guarantee that it is a local optimum.
The reason for this limitation lies in the fact that the KKT conditions only
consider first-order information. Indeed, they focus exclusively on the gradient
of the Lagrangian function, which represents the first-order derivative of the
objective function with respect to both the primal variables and dual variables
(i.e., those associated with the constraints). This limited perspective overlooks
the curvature of the objective function, which is fundamental in determining
the existence and nature of local optima. In non-convex optimization problems,
the objective function may have multiple local optima, each corresponding to a
distinct point where the gradient vanishes. This means that the KKT conditions
may identify multiple KKT points, making it difficult to distinguish between
true local optima and saddle points. To address this challenge, additional
criteria, such as the second-order sufficient conditions, are employed. These
conditions analyze the Hessian matrix of the Lagrangian function, providing
insights into the curvature of the objective function around the candidate
solution and its neighbouring constraints. With the aid of these second-order
conditions, it becomes possible to differentiate between local optima and saddle

points, ensuring that identified optimal points are indeed true minima.

In order to formulate the second-order sufficient conditions, the concept of

the critical cone at a KK'T point is introduced.

Definition 12 (Critical cone). The critical cone, denoted by C(y*,\*,u*),
represents a set of directions d defined at the KK'T point (y*, \*, u*) where:

Vei(y)'d=0, Vi€
deCly,v) & (Vhi(y")Td=0, VjeAy*)withu; >0 (2.12)
Vhi(y*)Td>0, VjeAly*)with u}=0.

In simpler terms, the critical cone is a set of directions where the gradient
fails to provide enough information to determine whether the point is a local
minimum. In these directions, the objective function could increase, decrease,

or remain constant. This means that first-order information is not enough to
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guarantee that a point is a local minimum, as the gradient could potentially
point in a direction where the objective function increases. In order to overcome
this limitation, the following theorem provides conditions that use the second-

order derivatives.

Theorem 2 (Second-order sufficient conditions). Consider a KKT point
(y*, N\, u*) for the NLP (2.9). If the Hessian of the Lagrangian is strictly
positive definite within the critical cone, meaning that the following condition
holds

A2 Ly N ) d >0, Vd e C(y* N u*), d #0,

then the point y* is a local minimizer of the NLP (2.9).

2.5 Newton-Type Optimization

A comprehensive discussion of nonlinear optimization algorithms can be found
in the literature (see, e.g., [71, 74]). In this thesis, the focus is on Newton-type
optimization algorithms for solving the NLP (2.9).

The origin of the Newton’s method, also known as the Newton-Raphson-
Simpson method, can be traced back to several mathematicians, including
Francois Vieta, Isaac Newton, Joseph Raphson, and Thomas Simpson [75].
In 1600, Vieta developed a perturbation technique for solving polynomial
equations which provided one decimal place of accuracy per step. This method
was later simplified by Oughtred in 1647. Newton became familiar with Vieta’s
method in 1664 and improved it by linearizing the successive polynomials [76].
He demonstrated the efficacy of the method by solving the cubic polynomial
f(x) =23 —22—5=0. Raphson eliminated the need for explicit polynomial
computation, by iterating directly on the original equation while preserving all
decimal places of accuracy in the corrections. Thomas Simpson introduced the
concept of derivatives or “fluxiones” in his book [77]. He provided a rigorous
formulation of the iterative algorithm for both one equation and a system
of two equations in two unknowns, making it applicable to a wider range of

problems. Simpson’s notation closely resembles the one commonly used today.

For a continuously differentiable function R:R"™ — R, Newton’s method is

an iterative root-finding algorithm used to solve the nonlinear equation R(y) =0



2.5 Newton-Type Optimization 35

by refining an initial guess until it converges towards the solution. The method
starts with an initial guess yo and generates a sequence of iterates {y; }:2, each
satisfying a linearized version of the original system at the previous iterate.
Specifically, for a given y;, an exact Newton iteration

Ay
—_—~

R(ys) + VR(y:)" (yig1 —yi) =0 (2.13)

is defined and solved, using standard linear algebra tools, to obtain ;1. In other
words, the method involves starting with an initial estimate, approximating the
function by its tangent line, and then calculating the y-intercept of this line.
This y-intercept usually provides a more accurate approximation of the root
of the original function than the initial guess, and can be iteratively refined.
Newton’s method typically exhibits quadratic convergence, leading to rapid
error reduction at each iteration. However, exact computation and inversion of
the Jacobian VR(y;)T can be computationally expensive. If these calculations
are approximated rather than performed exactly, the convergence rate may
degrade but the iterations become less computationally demanding. This results
in a broader class of "Newton-type methods” that provide a trade-off between

speed of convergence and computational cost.

In the following, an in-depth analysis of the operational principles of Newton-
type optimization algorithms for both equality and inequality constrained

optimization is presented.

Equality constrained optimization

Consider the NLP (2.9) with only equality constraint. This means that Z € ()
and L(y,\) = ¢(y) + A\ g(y). Newton-type optimization algorithms employ a

direct approach to solve the first-order necessary conditions

VyL(y, ) = Vyo(y) + Vyg(y)A =0 (2.14a)
9(y)=0 (2.14b)

derived from Theorem 1, using the Newton-type root finding method described
above. In particular, at each iteration 7, the primal-dual iterate (Ay, ;) is
considered and Eq. (2.13) is applied to the KKT-conditions (2.14), resulting in
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the following exact Newton iteration:

R(yi,\i)
(Vgﬁ(y%)‘i) Vyg(%)) (Ay) _ (vyﬁ(y"’Ai)) (2.15)
Vyg(yi)T 0 AA 9(v:) | |

By employing the definitions presented in Eq. (2.14a), the aforementioned

system can be expressed as:

(V?QJE(%,)\@') Vyg(yi)> (ym —yi) _ (VW(%HWQ(%)M) (2.16)
Vyg(yi)T 0 Ait1— A 9(yi) . .

Note that the contributions associated with the current multiplier )\; cancel

each other, resulting in

(V?;E(?h’?/\i) Vyg(yz’)) (yi—H —yz') _ (Vy¢(yi)) (2.17)
Vyg(y)" 0 Ais1 9wi) ) |

and, consequently,

(ym) _ (yz) _ (Viﬁ(yz-,m VyQ(?/z’)) 1 (qub(yz’)) (2.18)
Ait1 0 Vya(yi)" 0 9(vi) | .

It is noteworthy that, while the next multiplier A\;;1;1 can be directly computed,
the exact Hessian matrix still depends on A;. This observation has led to the
development of a wider range of Newton-type optimization techniques known as
Quasi-Newton Methods. These methods employ strategies to approximate the
Hessian matrix using only first-order derivative information. In particular, they

aim to find a matrix B;, such that B; & V;E(yi, Ai)Vyg(yi). This approximation
allows for the derivation of the following Newton-type iteration or search

1
Yirr ) _ [Yi) _ B; Vyg(vi) Vyo(yi)
()\i+1) - (0) (Vyg(yz‘)T 0 ) ( 9(yi) ) - B

The choice of the Hessian matrix approximation significantly affects the local

direction:

convergence behavior and computational efficiency of Newton-type optimization

algorithms. Therefore, an overview of Hessian approximation schemes within
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the context of Sequential Quadratic Programming methods will be presented
in Section 2.5.2.

Inequality constrained optimization

Newton-type optimization algorithms can be extended to address optimization
problems with inequality constraints by incorporating suitable strategies to
handle these constraints within the Karush-Kuhn-Tucker (KKT) conditions.
Advancements in optimization strategies have made this extension possible,
leading to the development of mature optimization algorithms designed to deal
with inequality constraints. Among these algorithms, two main classes stand
out: Interior-Point (IP) methods [78] and Sequential Quadratic Programming
(SQP) methods [19]. These two classes are discussed below with particular
emphasis on Sequential Quadratic Programming, which has become a widely
adopted approach for solving constrained nonlinear optimization problems.
Furthermore, this algorithm will be used for both theoretical and numerical

analyses of the developed methods.

2.5.1 Interior-Point Methods

Interior-point or barrier methods are a popular class of algorithms used for
effectively solving nonlinear optimization problems, especially in the context of
large-scale programming problems [79, 80]. To address the challenge associated
with the KKT system, the key idea involves replacing the non-smooth com-
plementary condition in Eq. (2.11e) with a smooth nonlinear approximation

(usually represented as a hyperbola):
pihi(y*) =7, jeI={1,...,n;}, (2.20)

where 7 > 0 is typically referred to as the barrier parameter. The resulting KK'T
system can be interpreted as a root-finding problem, formulated as R(y,7) =0,
where the primal-dual solution (y*(7),\*(7), (7)) is iteratively obtained by
generating a sequence of positive barrier parameters that converge to zero. This
problem can also be viewed as solving the KKT conditions of a barrier problem,

commonly known as the primal barrier method or log-barrier method. As the
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terminology implies, the inequality constraints are addressed by incorporating

a log-barrier term into the objective function

min -7 log(—h;
i ¢(y) j; g(—h;(y)) 2.21)

subject to: gi(y) =0, 1€&={1,...,n.}.

Note that: i) the inequality constraints are increasingly penalized as they
approach the boundaries of the feasible set by the parameter 7; ii) the optimal
solution lies within the interior of the constraint set, and its proximity to the
true solution increases as the parameter 7 decreases. A key characteristic
of interior-point methods lies in their ability to progressively reduce the pa-
rameter 7 without compromising the convergence of Newton’s method. This
feature enables the achievement of a highly accurate solution to the original
NLP problem within a limited number of Newton iterations. Among various
implementations of nonlinear interior-point methods, IPOPT (Interior Point
Optimizer) stands out as a widely adopted and highly regarded open-source
software library [81]. This versatile solver excels in handling a broad spectrum
of nonlinear optimization problems, from small-scale to large-scale, and from

convex to non-convex scenarios.

2.5.2 Sequential Quadratic Programming

Sequential Quadratic Programming (SQP) methods iteratively construct and
solve Quadratic Programming (QP) subproblems, each of which involves mini-
mizing a quadratic approximation of the objective function subject to linearized
constraints. From a theoretical point of view, SQP methods can be seen as
Newton-type methods if the strict complementarity holds in a neighbourhood
N of the optimal solution y*. This implies that when the SQP iteration y;
is sufficiently close to y*, the solution of the equality-constrained NLP with
active constraints also satisfies the sufficient conditions of the corresponding
QP [82]. Additionally, SQP methods demonstrate fast local convergence typical
of Newton-type methods. In contrast to IP methods, which work by following

the central path and then do not show substantial benefits from a good initial
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guess [83], SQP methods exhibit strong warm-starting capabilities, making

them particularly suitable for embedded numerical optimization problems [28].

More in detail, starting with an initial guess (yo, Mo, it0), a full step SQP

process is executed at each iteration i as follows:
Yir1 = Yi + ilAYi, Nit1 =N+ ai(Nigp — Ni)y pit1 = pi +ai(pigp — i) (2.22)

where the step length a; € (0,1] is determined through an appropriate global-
ization strategy, which will be explained in detail later, and (Ayi, Aigp, Higp)

is computed as the solution of the following QP subproblem:

1
min - Vy(yi)" Ay+ 5 Ay" Hidy (2.23a)
y
subject to:
9(yi) + Vyg(yi)TAy =0, |/\QP (2.23b)
h(yi) + Vyh(y) Ay <0, gy (2.23c)

Here, Vyg(y;) and Vyh(y;) represent the constraint Jacobians, the matrix H;
denotes either the exact Hessian of the Lagrangian Vgﬁ(yi, Ai, [t;) or a positive
definite quasi-Newton approximation B; of it and Vy¢(y;) is the gradient of

the cost function.

Remark (SQP computational complexity). When using an exact Hessian in
SQP methods, the computation of second-order derivatives introduces significant
computational overhead. Consider, for instance, the single shooting NMPC
defined in Section 2.3 with a decision vector y=c € R". In this case, the
number of operations required to compute the Hessian is proportional to O(ng),

while its inversion scales as O(n?).

These operations can be prohibitively expensive for real-time applications,
leading to the development of many popular variants of SQP methods based

on Hessian approximation techniques.

Hessian approximation

The accuracy of the Hessian approximation, that is, its difference with respect

to the exact one, significantly influences the local convergence rate of SQP-based
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Newton-type optimization algorithms. This means that using the exact Hessian
offers the best performance for the convergence rate, leading to a quadratic

convergence rate in a neighbourhood of the optimal solution y*.

Definition 13 (Q-quadratic convergence rate). Consider a sequence {y;} € R™
that converges to y* for i — oo. The converge of {y;} is said to be Q-quadratic

if there exists a positive constant q such that

i lyit1 —v*||
A *[|2 —
i—oo |y —y*||

This condition implies that the distance between the current iterate y; and y*
decreases at a rate that is proportional to the square of the distance in the
previous iteration. This means that the convergence becomes increasingly rapid

as the iterates approach y*.

However, computing exact Hessian requires second-order derivatives, result-
ing in a substantial computational overhead. This has led to the development
of various Hessian approximation techniques for SQP. Although these methods
typically exhibit a slower local convergence rate, they significantly reduce the
computational cost per iteration, thereby typically reducing the overall com-
putation time. The two most widely used classes of Hessian approximation

techniques are Quasi-Newton and Generalized Gauss-Newton methods.

Quasi-Newton Methods. Quasi-Newton methods are a well-known class
of algorithms used for solving nonlinear optimization problems [84]. These
techniques, which rely on updating formulas to approximate the Hessian matrix,
emerged in the early 1960s. Davidon’s original contribution, written firstly on
a technical note in 1959 [85] and then published on a journal in 1991 [86], laid
the foundation for these methods. Their popularity was further enhanced by
Fletcher and Powell in 1963 with the development of the Davidon-Fletcher-
Powell (DFP) method [87]. However, the DFP method has gradually fallen
out of favour in recent years. In contrast, the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) updating formula, developed independently by Broyden [88],
Fletcher [89], Goldfarb [90], and Shanno [91] in 1970, has emerged as a widely
adopted approach and has been extensively modified to enhance its perfor-

mance. Quasi-Newton methods, unlike exact Hessian-based SQP methods, use
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exact constraint Jacobians but replace the Hessian matrix with a first-order
derivative-based approximation, denoted as B;. At each iteration, a new Hes-
sian approximation B;y is computed from the previous approximation B; using
an updated formula that incorporates the difference of Lagrange gradients,
v; = VyL(Yit1, Nit1, i+1) — Vo L(Yi, Ni, ;) and the step s; = yi41 —y;. The
aim of these Quasi-Newton methods is to effectively capture second-order infor-
mation in B;11 by ensuring the fulfilment of the secant equation, Bjy1s; = v;.
As previously mentioned, among the various update formulas, the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) stands out as the most widely adopted and
well-established method. With BFGS formula, the matrix B; is updated as
follows:

oL BisisziT

v
Bit1=Bi+ %"

T T
v; S; s; B;s;

(2.24)

By iteratively evaluating the Jacobian V,L(y;, A\, it;) at sequential points, this
approach effectively extracts curvature information, allowing for the estimation
of Vgﬁ(yi)\i, ;) with significantly reduced computational overhead. As the
iterations progress, the Hessian approximation B; converges towards the exact
Hessian Vzﬁ(yi, Ai, it5) in the relevant directions. The BFGS algorithm has the
advantage of maintaining a positive Hessian approximation in each update by
satisfying the curvature condition ¢!'s; > 0. This is achieved by initializing the
approximation By with a positive definite matrix, such as the unit matrix. If
qiT s; is not positive, ¢; is modified element-wise to ensure that the curvature

condition is met [92].

Remark (BFGS-based SQP computational complexity). Let y € R™ be the
decision vector. For a BFGS-based SQP formulation, the number of operations

required for updating the solution is proportional to O(ng)

As can be noted, this method offers a remarkable reduction in computational
complexity, achieving an order-of-magnitude improvement over exact Hessian-
based SQP methods. However, this computational efficiency comes at the cost
of a slightly slower convergence rate. Indeed, the BFGS updating strategy has

a superlinear convergence rate in a neighbourhood of the optimal solution y*.

Definition 14 (Q-superlinear convergence rate). Consider a sequence {y;} €

R™ that converges to y* for i — co. The converge of {y;} is said to be Q-
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superlinear if .
i Wi =97l _

ivoo lyi—y*

Generalized Gauss-Newton Method Another successful variant of SQP
is the so-called Generalized Gauss-Newton (GGN) method [93]. This technique
is applicable to optimization problems in which the cost function is explicitly

represented as a nonlinear least squares function:

o) = S| RW)I3 (225)

where R :R"™ — R™ is a smooth function, named residual. In the GGN method,

the Hessian of the Lagrangian is approximated using the matrix:
B; = VyR(y)VyR(y)" = VyL(y,\ ). (2.26)

It is worth noting that the Gauss-Newton Hessian approximation B; does
not explicitly involve the dual variables, making it a multiplier-free method.
This feature proves advantageous in real-world applications as it eliminates
the need of a good initial guess for the Lagrange multipliers. In light of this

approximation, the QP objective in Eq. (2.23a) can be rewritten as:
1
SIEw) + v, R(y)" Ayll3. (2.27)

The GGN method relies on the observation that the matrix B; in Eq. (2.26)
provides a reliable approximation of the Hessian assuming that either the
residual norm || R(y)|| is small or the second order derivatives of the problem
functions are small. This second assumption means that, given the exact

second-order derivative

Vzﬁ(') =V, R(y)VyR(y)" + ; Ri(y)Vf/Rz‘(y) + ; )\ivf,gi(y) + ; Mivf,hz’(y)a

the terms VgRi(y), Vggi(y) and Vghi(y) are negligibly small. Note that, if at
the solution the residual is zero, which indicates a perfect fit, the GGN method
exhibits a locally quadratic convergence rate. In all other cases, it typically

achieves a linear convergence rate.
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Definition 15 (Q-linear convergence rate). Let {y;} € R™ be a sequence that
converges to y* for i — o0o. The converge of {y;} is said to be Q-linear if there
is a constant I, € (0,1) such that

. _ *
lim lyit1 — v

<.
imoo flyi—y*| T

Figure 2.1 illustrates the behavior of the three types of convergence rates

described above.

e ()-1in€0T
Q-superlinear
Q-quadratic

Rate of convergence

Iterations

Fig. 2.1 Convergence rates of Newton-type optimization algorithms.

Global convergence strategies

After a thorough analysis of the local convergence properties of the SQP
algorithms, i.e. when the sequence y; is in close proximity to the optimal
solution y*, we will now shift our focus to investigate their global convergence
characteristics. This concept is of critical importance in ensuring that SQP
algorithms can consistently identify the optimal solution regardless of the initial

conditions. The basic algorithm of an SQP can be defined as follows:



44 Nonlinear Model Predictive Control: A Comprehensive Overview

Algorithm 1 Basic SQP algorithm
Input: (yo, Ao, o), Bo and i = 0.
Output: (y*,\*, u*).
1: Form and solve the QP (2.23) to obtain (Ay;, Aigp, tigp)-
: Choose the step length «;.
3: Set:

Yirl = Yi + @iAyi, Niv1 = Ni+i(Nigp — Ai), pit1 = i + i(fligp — i)

[\

N

: Stop if converged.

ot

: Compute B;y1.
6: Set i =7+ 1 and go to Step 1.

Specifically, at each iteration, Steps 1 and 2 are used to generate the new
sequence (Yi+1,Ni+1,4i+1)- Step 1 has been described in detail in the previous
paragraphs: it consists in solving the QP subproblem (2.23). Step 2 involves
the computation of the step length «;. Depending on the optimization problem

at hand, different strategies can be employed for this purpose.

In real-time optimization scenarios, the assumption of local convergence
is typically adopted, given that the previous iteration generally provides a
sufficiently good initial guess for the subsequent problem. As a result, a full
Newton step is performed, implying that the value of « is always set equal to 1
[28]. This assumption holds significant importance, especially in the context of
real-time NMPC, as discussed in Section 2.6.

In the context of generic nonlinear optimization, where optimal solutions
can vary significantly between iterations, the implementation of globalization
strategies becomes essential to determine the value of a. Among these, line
search, trust-region, and filter methods are the most commonly used. In both
line search and trust-region approaches, a so-called merit function is typically
employed to find the value of . The merit function is essentially a modified
version of the cost function that includes metrics for quantifying the violation
of constraints. This strategy effectively circumvents poor convergence behavior
in iteration regimes where constraints should be relaxed. In methods that use
line search, the merit function regulates the size of the step. Conversely, in
trust-region techniques, it determines the acceptance or rejection of the step

and the potential adjustment of the trust-region radius. A widely used merit
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function for the generic NLP (2.9) is the {1 penalty function, which is defined

as follows:

Ma(y; i) = d(y) +pd_lgi(y)| +p Y max[0,h;(y)]. (2.28)
€€ JET

The penalty parameter, denoted as the positive scalar p, establishes the balance

between satisfying constraints and minimizing the objective function. A trial

step y* =y +aAy is considerable acceptable if it results in a sufficient reduction

in the merit function M. In unconstrained optimization, the concept of

“sufficient reduction” in the objective function ¢ is defined by the following
inequality:

Oyi + aly;) < d(yi) + 10V o] Ay (2:29)

for a certain constant ¢; € (0,1). The inequality (2.29), referred to as the Armijo
condition, suggests that the decrease in the function ¢ should be proportional
to both «; and the directional derivative (bZTAyi. Within the realm of generic
NLP, a concept similar to the condition (2.29) can be used. In this context, the
directional derivative of the merit function M (y;u) in the direction of Ay is
defined as D(M(y; 1); Ay). For line search methods, the “sufficient reduction”
condition requires choosing a step length parameter o > 0 sufficiently small

such that, for a specified constant 1 € (0,1), the inequality:
Mi(y +aly;p) < Mi(y; p) +naD(Mi(y; p); Ay) (2.30)

is satisfied. For trust-region methods, a quadratic model, denoted as g(Ay), is
typically used to approximate the subsequent value of the merit function M
after a step Ay. The “sufficient reduction” condition can be expressed in terms

of a decrease in this model as follows:

M (y+aAy; ) < Mi(y; ) —n(q(0) — q(Ay)), (2.31)

for some n € (0,1).

Filter methods are step acceptance mechanisms inspired by concepts from
multiobjective optimization. Their derivation relies in the understanding that

the NLP has two goals: reducing the objective function and fulfilling the
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constraints. A measure of infeasibility can be expressed as

H(y) = |gi(y)| + Z;[maX[O,hj(y)]a (2.32)

which allows to write these two goals as
myin f(y) myinH(y). (2.33)

Contrary to merit functions that combine these two objectives into a single
minimization problem, filter strategies keep them separate. A trial step y™ is
approved as a new iteration if the pair (f(y*), H(y™)) is not “dominated” by
a previous pair (f;, H;) = (f(y;), H(y;)) produced by the algorithm. When an
iteration y; is acceptable for the filter, typically (f;, H;) is incorporated into
the filter and any pairs that are dominated by (f;, H;) are eliminated. For a

more detailed discussion of these globalization strategies, refer to [71, 74].

2.6 An Overview of Fast Optimization Tech-
niques for NMPC

As defined in Section 2.4, the implementation of NMPC involves solving
online NLPs, such as the one in (2.9), to determine, at each time instant, the
optimal control actions for the system. However, the process of finding online
solutions for non-convex optimizations is computationally intensive. It requires
high computational times, which often do not meet the fast sampling rate
requirements of real-time applications. This challenge is further compounded
by the fact that the feasible state and control trajectory are only found at
convergence. In this context, during the past decades, significant efforts have
been devoted to reduce the computational complexity of NMPC approaches,
ensuring real-time feasibility. These advancements are based on the following

key ingredients.

o Approximate Feedback Policies: NMPC typically requires just a reasonable
level of accuracy in the NLP solution. This allows the use of inexact NLP

algorithms.
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o Algorithm Initialization: By sequentially solving a series of closely related
optimal control problems, the algorithm can be effectively initialized
using the approximate solution from the previous time step. This process

is usually referred to as warm start.

o Offline Computations: To minimize real-time computation demands,
many optimization tasks can be performed offline. This includes code
optimization, precomputations, and even explicit solutions for simplified

and small-scale problems.

e Preparation and Feedback Phases: The control problem can be divided into
two distinct phases: preparation and feedback. The preparation phase,
typically CPU-intensive, can be performed offline, while the feedback
phase quickly generates an approximate solution based on the most recent

system state.

Existing fast NMPC algorithms employ the aforementioned features to produce
suboptimal solutions while preserving a specific level of optimality guarantee.

Among several prominent approaches, the following stand out.

Multistep Newton-Type Method

This method, developed by Li and Biegler at the end of the 1980s [25], is one
of the first attempts to apply NMPC in real-time. This algorithm considers
a sequential optimal control problem, aiming to minimize a cost function
that depends on the control inputs w = (u,ug, ..., ur) over a finite horizon 7.
Instead of treating state variables as optimization variables, they are considered
constraints that must be satisfied by the system dynamics. To solve the
optimization problem, an SQP method is employed with an approximation
of the Hessian matrix using Gauss-Newton method and the implementation
of a line search strategy. The algorithm is designed to work in an online
fashion. This means that, instead of solving the optimization problem until the
optimality, it performs only one SQP iteration and applies the first element of
the updated control input as a feedback for the plant. In this way, the algorithm
can cope with the limited computational time and resources available in real-

time applications. To prepare the problem for the next sampling time, the
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algorithm shifts the control inputs by one step forward and adds a new control
input at the end of the horizon: u™** = (u,... ,uT,u%e_ﬁ), with u%eﬂ = ur.
The Multistep Newton-Type Method is a simple and efficient algorithm for
NMPC, but it has some drawbacks, such as the possible lack of nonlinear
convergence. This means that the algorithm may struggle to find a feasible or
optimal solution for the optimization problem, especially if the system dynamics

are highly nonlinear or the initial guess is far from the true solution.

Continuation/Generalized Minimal Residual Method

In the early 2000s, Ohtsuka developed an online algorithm for NMPC, called
the Continuation/Generalized Minimal Residual (C/GMRES) Method [26],
which shares certain similarities with the Multistep Newton-Type Method in
its design and functionality. Both algorithms are based on a sequential optimal
control problem, where the control inputs are the only optimization variables,
and perform just one Newton-type iteration at every sampling time. However,
the C/GMRES method differs from the Newton-Type approach in several

aspects:

o Inequality constraint handling: It uses an Interior-Point (IP) method
with a fixed barrier parameter 7 > 0 to effectively address inequality

constraints.

» Exact Hessian computation: Instead of using a Gauss-Newton approxi-
mation, the C/GMRES method calculates the exact Hessian matrix of

the Lagrangian function, enhancing its accuracy.

o Use of GMRES method: For each Newton step, the C/GMRES method
employs the GMRES algorithm [94], an efficient iterative technique for

solving linear systems.

o Tangential predictor: Instead of solely relying on control input shifts,
the C/GMRES method introduces a tangential predictor. This predictor
exploits parametric sensitivities, which represent the derivatives of op-
timal control inputs with respect to system states. By analyzing these
sensitivities, the tangential predictor enables the algorithm to predict

optimal control inputs for neighbouring states without repeating the
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NLP problem. This capability is particularly advantageous in regions
near active set changes, where the solution manifold exhibits significant

curvature.

 Predictor-corrector pathfollowing approach: The C/GMRES method
follows a predictor-corrector pathfollowing strategy, alternating between
predicting new points on the solution manifold and correcting them to

satisfy constraints.

Closed-loop stability of the C/GMRES method has been established in the

literature [95], demonstrating its effectiveness in real-time NMPC applications.

Advanced-Step NMPC Controller

The advanced-step NMPC (asNMPC) controller, proposed by Zavala and
Biegler in 2009 [96], is a conservative approach to avoid the convergence issues
that arise in predictor-corrector pathfollowing methods. This approach consists

of two main steps.

o Preparation phase: At each sampling time ¢, a complete Newton-type IP
problem is solved in advance until the convergence (with 7 — 0). The
term “advance” is used to denote that the OCP is solved considering an
expected state Z(t+ 1) as initial value, computed from the last control
input u(t) and the last actual measurement z(¢). This enables to find a

new control action before the next sampling time ¢+ 1.

o Feedback phase: At the sampling time t+ 1, the algorithm does not
directly apply the solution obtained from the first step. Instead, it uses
the tangential predictor method to correct the discrepancies between the
predicted state Z(k+ 1) and the actual state x(k+1). This correction

enables the adjustment of the control action to the disturbance effects.

One of the peculiar features of this approach is that it performs several Newton
iterations in the preparation phase, unlike other online algorithms that use
just one iteration per sampling time. Another feature is that it prioritizes
system nonlinearity over sudden active set changes, as the IP predictor is

not well-suited for handling these types of changes. Therefore, the advanced
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step controller is more suitable for nonlinear systems with smooth active set

transitions.

Real-Time Iteration Scheme

The Real-time Iteration (RTI) scheme, introduced in [22] at the beginning
of the 2000s, has emerged as one of the most successful and widely adopted
methods for achieving fast NMPC. This method shares similarities with the
Newton-type controller [25] in some aspects of its iterative optimization process,
employing a single SQP iteration with Gauss-Newton Hessian approximation
at each sampling instant. However, unlike the method developed by Li and
Biegler, it implements an initial value embedding and uses multiple shooting
strategies. As the advanced-step NMPC controller, the online optimization

procedure is split into two phases: preparation and feedback.

More precisely, the RTT method works by performing, at each sampling time,
one linearization and one SQP iteration to solve the NLP (2.9) parametrized
by multiple shooting, resulting in an approximate feedback control policy. This
significantly reduces the computational time compared to solving the same
problem repeatedly. Additionally, one of the primary motivations behind the
RTT scheme is to avoid iterating a problem that becomes outdated as the
system evolves, but rather apply an approximate solution computed using
the most up-to-date information. This motivation illustrates the so-called
real-time dilemma [97], which arises due to the dynamic nature of physical
systems: as the Sequential Quadratic Programming (SQP) iterations are being
executed, the physical system continues to evolve, making the information used
to compute the control actions obsolete. In this context, a key component of
the RTT scheme is the initial value embedding, which consists in keeping the
current state estimate Zj as a constrained variable. This characteristic allows
for the division of computations into preparation and feedback phases. During
the preparation phase, the QP problem is formulated with the predicted state
Z1. Once the actual state x1 becomes available, the feedback phase quickly
produces a solution guess for the new problem by solving the prepared, convex
QP problem. Another important aspect of the RTI scheme is the shifting
initialization or warm-start technique. It consists in initializing subsequent

problems with the solution obtained in the previous iteration. This is based
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on the expectation that the actual state estimate does not differ significantly
from the first-order correction to the optimal solution of the previous iterate.
Efficient implementations of RTT are provided by ACADO Toolkit [98, 48] and
acados [99].

2.7 Chapter summary

This chapter has provided a thorough overview of Nonlinear Model Predictive
Control (NMPC), covering its formulation, theoretical underpinnings, and
optimization methods. It started by detailing the NMPC optimization problem,
including general optimal control problem formulation and numerical methods,
with a focus on direct optimal control and direct single shooting NMPC formula-
tion. The chapter also explored theoretical concepts of nonlinear programming,
discussing first-order and second-order conditions of optimality, which are
crucial for understanding solution criteria in nonlinear optimization. Addition-
ally, it reviewed Newton-type optimization methods, particularly interior-point
(IP) methods and sequential quadratic programming (SQP), highlighting their
importance in efficiently solving NMPC problems. Lastly, it examined fast
optimization techniques tailored for NMPC, emphasizing the need for rapid
and reliable algorithms in real-time applications. This chapter sets a solid
foundation for the subsequent chapters in which novel methods designed for

reducing the computational complexity of the NMPC will be presented.



Chapter 3

Dimensionality Reduction for
Fast NMPC

A relevant problem of the MPC optimization process is the high dimensionality
of the search space, which can lead to issues like slow convergence, computational
inefficiency, and difficulty in exploring the entire search domain. This is
especially critical in nonlinear optimization, where a large dimensionality of the
problem poses a significant obstacle, requiring extensive computational resources
and often results in a combinatorial “explosion” of possible solutions. This
problem is often referred to as the curse of dimensionality, a term introduced by
Richard Bellman [57] to describe a phenomenon in which the overall volume of
the search space increases exponentially with the number of variables, leading
to a sparse and dispersed sampling of potential solutions. As a result, nonlinear
optimization algorithms face an increased computational burden and/or a

higher likelihood of getting stuck in "poor” local minima.

In the context of real-time NMPC, this problem becomes even more critical.
Indeed, the complexity introduced by the high dimensionality of the search
space can pose significant challenges in obtaining an optimal solution within
the stringent time constraints typically associated with real-time applications.
This may result in poor control performance or even instability. Therefore,
effectively addressing the curse of dimensionality is crucial for ensuring the

successful application of real-time NMPC.
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Dimensionality reduction techniques offer a promising approach to mitigate
this problem. Suppose that s? is the volume of the search domain, where
s represents its side length and d is the number of decision variables of the
problem, i.e. the dimensionality. The main contribution of this chapter is
to present a novel method for reducing the dimensionality d by selecting the
decision variables that have the most significant influence on the optimal control
problem (OCP) and performing optimization solely on them. This is achieved

by combining two strategies:

1. Gradient computation, using a new efficient approach;

2. Nonlinear function approximation, using a Nonlinear Sparse Identification

technique.

The effectiveness of this method in reducing computational time in nonlinear
optimization algorithms is theoretically demonstrated through an analysis of

its computational complexity.

Outline. The chapter is organized as follows. Section 3.1 offers a compre-
hensive survey of existing dimensionality reduction techniques. In Section 3.2,
an overview of the state-of-the-art gradient computation methods is provided,
along with a novel and efficient approach developed in this thesis. Section 3.3
describes the Nonlinear Sparse Identification method. Section 3.4 details the
novel method based on gradient computation and nonlinear identification. Its

computational complexity is analyzed theoretically in Section 3.5.

3.1 Dimensionality Reduction in NMPC: A
Review of Existing Methods

Suboptimal solutions are often used in real-time NMPC, as shown, e.g., in [100,
101]. These solutions can result either from stopping the iterative numerical
methods before convergence, or from simplifying the Optimal Control Problem
(OCP) by using a low-dimensional input parametrization, that is, solving the
OCP in a smaller search space. The first approaches have already been outlined

in Section 2.6. They consist in fast but inexact NLP algorithms, based on warm
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start and offline computations. The second approaches, which aim to solve
the optimization problem faster by reducing the dimensionality of the search
space, are described in this section. Specifically, these methods are designed to
effectively guide the optimization process, ensuring that computational efforts
are concentrated in the most promising regions of the search domain. Through
the reduction of search space dimensionality, these techniques can significantly
reduce the computational complexity of NMPC, making it more feasible for real-
time applications. Three methods for dimensionality reduction have emerged in
the context of NMPC: i) Laguerre functions, ii) Move Blocking, and ii) Active
Subspaces. Other methods, such as Singular Value Decomposition (SVD), are
generally used for linear MPC (see, e.g., [102-104]) and therefore they will not

be discussed in this thesis.

3.1.1 Laguerre functions

Laguerre functions, named after 19th-century French mathematician Edmond
Laguerre, are a family of orthogonal polynomials that have found various
applications in mathematics, physics, and engineering. They are characterized
by their ability to represent arbitrary signals with varying degrees of accuracy,
making them well-suited for modeling and control tasks. In the context of MPC,
they can be used to reformulate the online optimization problem, enhancing its
computational efficiency and robustness. Notably, the application of Laguerre
functions to parametrize the control sequence of the manipulated variables
in linear MPC was first introduced in the early 2000s [105]. More recently,
Laguerre functions have also been successfully applied to NMPC [106, 107]. In
detail, consider l1 4,...,l,, + as n;, Laguerre functions at time ¢. As established
by [108], the impulse response of any dynamic system can be represented by

using a Laguerre function of order m, represented by a z-transfer function:

m<1_az>m—1

Z—a

Gm(z) =

(3.1)

Z—a

where a represent a scaling factor, commonly referred to as Laguerre pole. For

stability, the constraint 0 < a < 1 must be satisfied. Laguerre functions are
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defined as the inverse Z-transforms of the transfer function G(z), as follows:
i =2 HGn(2)). (3.2)
The obtained Laguerre functions can be written in the discrete form as:
Lyt = QL (3.3)

where L; is
Lt = (l17t7 l2,t; s 7l7’LL,t>

and € is a ny, X n;, matrix defined in terms of @ and = 1—a?. For further

mathematical details, please refer, for example, to [106].

Consider the optimization of the mono-dimensional control increments
Awy = (Auyyq,..., Augyp) at time ¢, where these increments can be seen as the
impulse response of a stable dynamic system. Note that: i) T" represents the
prediction horizon; ii) Auy is a column vector (see Section 1.5). Thus, a set
of Laguerre functions along with a set of Laguerre coefficients can be used to

depict the dynamic responses of the control increment as follows:
nr,
AuH_i = Z lj,icj,t‘ (34)
j=1

Here, t denotes the initial time, ¢ represents the future sampling instant,
and c;; are the Laguerre coefficients associated with the Laguerre functions

l1i,02,4,..,ln, i- Vectorizing the equation (3.4) yields:
Autﬂ = L?Ct, (35)

where ¢; = (c14,...,¢n, t) is the vector of Laguerre coefficients. Extending to
the entire prediction horizon:

Aut = LCt, (36)
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where L is a T' x ny, matrix defined as

lin loa ln; 1
L l1‘,2 lz‘,z ln{”2 ' (3.7)
lle l27T lan

This approach streamlines the optimization process by employing a vector of
Laguerre coefficients ¢; instead of the vector of control increments Au;. This
transformation is advantageous as ny < T, resulting in a reduction in the

number of decision variables and an improved optimization efficiency.

3.1.2 Move Blocking

Move blocking, a concept already introduced in Chapter 2, is a strategy
employed both in linear MPC (LMPC) [109, 110] and, more recently, in NMPC
[111, 112]. In a typical LMPC/NMPC problem, the optimization algorithm
generates a sequence of control inputs, one for each time step within the
prediction horizon. This “freedom” of input variation can lead to a large
number of decision variables, particularly for systems with long prediction
horizons. Since the computational complexity of solving the optimization
problem directly correlates with the number of decision variables, a large
number of these variables can pose significant computational burdens and
hinder the efficient solution of the control problem. Move blocking addresses
this issue by forcing the control inputs to be constant over specified periods,
known as blocks. Instead of making a new decision at each time step, the
controller makes a decision only at the beginning of each block. The same
control input is then applied throughout the block. This approach significantly
reduces the number of decision variables, simplifying the control problem and
enhancing the computational efficiency. Furthermore, this method stands out
from others parametrized approaches due to its ability to maintain the physical
meaning of the input values during the optimization process, while also offering
relatively simple hardware implementation. However, it is important to note
that this can come at the cost of reduced control performance, as the controller

has fewer degrees of freedom to influence the system.
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More in detail, without move blocking, the value of the control input
is allowed to change at each time step, i.e. each component of the vector
w=(ug,...,ur) € R™ is a degree of freedom of the optimization problem.
Using the block moving strategy, restrictions on the variability of the control
input are introduced. In particular, the control input is fixed to be constant
over several sample steps, called blocks. This results in a reduced order control
vector 1t = (uy,...,up,) € RMpmu wwhere M, < T is the number of blocks, and
a so-called blocking matrix I". This matrix consists of zeros and ones, with
exactly one nonzero element in each row. The original control vector u can
then be reconstructed from 1t using the equation u = (I'® I')ut, where ® denotes
the Kronecker product.

Until now, no specific informations have been given on how to determine
the number of blocks M), and design the matrix I'. In the literature, different
methods for accomplishing this task have been presented. Among them, the
Optimal Move Blocking strategy, described in [110], is one of the most widely
used. This approach involves defining an optimization problem to obtain an
optimal blocking structure that, for example, minimizes both the number of

blocks and the overall prediction horizon length.

3.1.3 Active Subspaces

Active subspaces represent a dimensionality reduction technique used for sim-
plifying high-dimensional optimization problems, where the objective function
depends on many input variables or parameters (see, e.g., [113, 114]). As shown
in [36], this method can be effectively applied in the case of NMPC to reduce
the computational complexity without degrading closed-loop performance. The
main idea behind active subspaces is to identify the most important directions
in the input space that affect the output, and then project the inputs onto
a lower-dimensional subspace spanned by these directions. This results in
a simpler surrogate model that approximates the original function, enabling
more efficient and accurate optimization. Active subspaces can be computed
by estimating the gradient of the objective function at different input points,
and then performing a singular value decomposition on the matrix of gradient
samples for obtaining the corresponding eigenvalues and eigenvectors. Since

the eigenvalues represent the relative sensitivity of the objective function along
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each direction, the eigenvectors corresponding to the largest eigenvalues can be
used to define the active subspace, which encapsulates the primary directions

of variability in the objective function.

Mathematically, the active subspace can be defined as follows. Let J :
RT"w — R be a smooth function, and let u € RT™ be an input vector with a
probability density function p(u). The gradient of J at u is denoted by VyJ(u)
(for more information about the gradient of a function see Section 3.2). Under
the assumption that the products of the partial derivatives are integrable, the

Tny, X Tn, matrix C can be defined as:

C= Vo () Vi J (1) T p(u) du. (3.8)

RTnu

The matrix C is a measure of the uncentered covariance between the components
of the gradient vector. It is a symmetric and positive semidefinite matrix, which
implies that it has a real eigenvalue decomposition, as expressed in the following
equation:

C=WAWT, A=diag(\1,....\m), (3.9)

where W is the T'n, x Tn, orthonormal matrix spanned by the eigenvectors

W1,W2,...,Wpp, of Cand A\; > --- > Ap,,, > 0 are the corresponding eigenvalues.

The eigenvectors W transform the original space R7™ into a rotated
coordinate system, effectively remapping the domain of the function J. The
eigenvalues, arranged in descending order, divide the rotated coordinate system
into two distinct subsets: one with a larger average variation and one with
a smaller average variation. This division allows for the partitioning of the

eigenvalues and eigenvectors into two separate matrices:

A
A= . W= [W;, Wl (3.10)

Ao

Here: i) W7 is a T'ny, X m matrix representing the active subspace, and A =
diag(A1,. .., Ap) with m < T'n, is the matrix containing the corresponding
eigenvalues; ii) Wy is a (T'n, —m) X m matrix representing the inactive subspace,
and Ay = diag(Apm+1,- .., A1y, ) contains the corresponding eigenvalues. Note
that the choice of the dimension of the active subspace, i.e., the selection of the

parameter m, is specific to the problem at hand and depends on the spectrum
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of C. The active subspace captures the directions in the input space that exert
the most influence on the output. The eigenvalues \; quantify the amount of
variation in the output due to changes in the direction w;. Therefore, if there is
a gap between A, and \,,+1, it means that the output is relatively insensitive
to the directions in the inactive subspace, and the active subspace can be used

to approximate the function.

The rotated coordinates u, € R™ and w;, € RT™~™ can be defined as:
u, = WlTu, W, = WQTu, (3.11)

where u, and u;, denote the active and inactive variables, respectively. The
active variable u, is a lower-dimensional representation of the input u that
preserves the most information about the output J(u). One can then fit a
surrogate model J; : R™ — R to the data (u,,;,J(1;)), where u; and ug, are
sampled from the input space and the active subspace, respectively. The

surrogate model J; can be used to approximate the original function J by
J(u) = J,(W{ ).

The surrogate model J; can also be used to perform optimization on the active
subspace, by finding the optimal active variable w}, = argmin,,,cgm Jg4(14), and
then mapping it back to the input space by u* = Wiu,. This can be much
faster and more accurate than optimizing the original function J on the full

input space.

3.2 Efficient Gradient Computation Method

This thesis proposes a novel method to address dimensionality reduction in
NMPC by using gradient information to identify the directions of greatest
variability within the search domain of the optimization problem. To achieve
this, a novel and efficient approach for gradient computation has been developed.
Before discussing this approach, an overview of the state-of-the-art gradient

computation methods is presented below.
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3.2.1 Overview of Gradient computation methods

The gradient of a multivariable function f(z,y,...), denoted as V f, represents

the collection of all its partial derivatives in a vector form. Formally, it can be

- (%)

expressed as:

a0y
In this representation, each component of the vector corresponds to the partial
derivative of the function with respect to a particular variable. The efficient
computation of these derivatives is a fundamental task in various applications
of computer science, particularly in optimization. Indeed, most optimization
schemes rely on derivative information when minimizing a function. However,
manually computing derivatives is error-prone and can be time-consuming,
especially when dealing with complex functions. Hence, methods for automating
this computation have been designed. The three major approaches that can be
found in the literature are: i) Finite difference [115], ii) Symbolic differentiation
[116], and iii) Algorithm differentiation [117]. Each method offers distinct
characteristics in terms of accuracy and computational complexity, which will

be discussed in detail in the following.

Finite difference method

The finite difference approximations for derivatives are among the simplest and
oldest methods used to solve differential equations. They were already known
by L. Euler around 1768, in one-dimensional space, and were probably extended
to two dimensions by C. Runge around 1908. The advent of finite difference
techniques in numerical applications began in the early 1950s, stimulated by the
emergence of computers that offered a convenient framework for dealing with
complex problems in science and technology. Theoretical results regarding the
accuracy, stability, and convergence of the finite difference method for partial

differential equations have been obtained over the last five decades [118].

This method approximates the derivatives using values of the original
function calculated at some points. In its simplest form, it is based on the limit

definition of a derivative. For example, for a multivariate function f:R" — R,
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one can approximate the gradient Vf = (887]01, ey %) using

of _ flxthe)—f(z)
al'i - h ’

(3.12)

where e; is the i-th unit vector and h > 0 is a small step size.

The finite difference method, while uncomplicated to implement, has two
limitations. Firstly, numerical approximations of derivatives are inherently
ill-conditioned and unstable. This is due to the introduction of truncation and
round-off errors caused by the limited precision of computations and the chosen
value of the step size h. Truncation error tends to zero as h — 0. However, as
h decreases, round-off error increases becoming dominant. Secondly, it requires
performing O(n) evaluations of f for a gradient in n dimensions, which can be
computationally expensive for large values of n. Therefore although simple,

the finite difference method is inexact and slow.

Symbolic differentiation method

Symbolic differentiation involves the automatic manipulation of expressions
for obtaining other symbolic expressions representing the derivatives. This is
carried out by applying transformations that represent rules of differentiation,
such as the sum and the product rules, which are defined below:

d d

(@) + () = () + o), (313)

S0 (1@ a1 (o). B0

Symbolic differentiation offers exact results and avoids the numerical errors
associated with finite precision calculations. Furthermore, especially in opti-
mization, symbolic derivatives offer valuable insights into the structure of the
problem domain and, in some cases, can even provide analytical solutions for
extrema (e.g., d% f(z) =0), thus eliminating the need for derivative calculation.
However, it is worth noting that symbolic derivatives may not be efficient for
the runtime calculation of derivative values due to their potential exponential

growth compared to the original expression.
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Algorithm differentiation method

Algorithm Differentiation (AD), also called Automatic Differentiation [119],
exploits the concept that all computer computations, regardless of complexity,
involve a series of basic arithmetic operations (such as addition, subtraction,
multiplication, and division) and elementary functions (like exp, log, sin, cos).
Through repeated applications of the chain rule to these operations, it becomes
possible to automatically compute partial derivatives of any order with precision,
using only a minimal increase in the number of arithmetic operations compared
to the original program. In other words, the AD method involves using the
chain rule for breaking down complex functions into elementary ones for which

it is possible to exactly compute the derivative.

Consider for example the following function:
f(x1,29) = xg sin(x? +23). (3.15)

The equation above can be expressed in terms of elementary functions using
the three-part notation, defined in [117]. In detail, this notation involves
constructing a function f:R"™ — R™ by using intermediate variable w; such
that:

o variables w;_,, = x;, for i =1,...,n, are the input variables,

o variables w;, for © =1,...,[, with [ the numbers of operations in which f

can be decomposed, are the working variables,

o variables y,,—; = w;_;, for i=m—1,...,0, are the output variables.

Using this notation, the Eq. (3.15) can be represented as an evaluation trace

of elementary operations:
y = wo sin(w? | + wd) = wo sin (w1 +ws) = wo sin(ws) = wowy = ws, (3.16)

with the variables w; defined in Table 3.1, representing the the so-called forward
primal trace. Note that the arrow indicates the direction of calculation of the

function.
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Table 3.1 Forward primal trace of the function in Eq. (3.15).

Forward Primal Trace

w—_1=2a1
wo = T2
w1 = w2_1
2
w2 = W

w3 = W1 + wq
wy = sin(ws)

W5 = Wo W4

Y Yy=uws

The trace of elementary operations can be represented as a computational
graph, as shown in Figure 3.1. This visualization can be helpful for understand-

ing the dependency relations between intermediate variables.

(e~
O O®

Fig. 3.1 Computational graph of the function in Eq. (3.15).

sin
+
X

Typically, two distinct methods are used for automatic differentiation based
on how the graph is traversed for the calculation of derivatives: i) forward

mode, and ii) reverse mode.

Forward mode The forward mode evaluates a numerical derivative by
performing elementary derivative operations together with the evaluation of
the function itself. This process relies on the following recursive relation:

8wi 8wi 8wi_1

69:1- B awi_l &UZ . (3'17)
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In this equation, the term % captures the intermediate derivative informa-
tion during the function evaluation. As an example, consider the function in
Eq. (3.15). To compute the derivative of the function f with respect to x1, the
initial step involves associating each intermediate variable, denoted as w;, with

the corresponding derivative:
. Owy;

W; = .
! 8x1

Applying the chain rule to each elementary operation in the forward primal

(3.18)

trace generates the corresponding forward derivative trace, as shown in Table
3.2.

Table 3.2 Forward derivative trace of the function in Eq. (3.15).

Forward Derivative Trace

W_q = i
Wy = do

w1 = 2w_1 "Li)_l
wg = 2w0w0

w3 = w1 + W9
w4 = wg COS(wg)

Ws = W4 Wo + Wo Wy

Y y=us

Note that in this case, the computation of the derivative is the same as the

forward primal trace.

Reverse mode In the reverse mode, the computation of derivatives is not
propagated concurrently with the evaluation of the function. Instead, the
derivatives are computed in a backward manner, from the output to the input.

This is done using the following recursive relation:

dyj  Oyj Owity

8wi - 8wi+1 8wi . (3.19)
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Oyi
? Owiq

to changes in w;11. Introducing the adjoint variable ;1 defined as

In this equation represents the sensitivity of the output y; with respect

m; = 2% (3.20)

3wi ’
the Eq. (3.19) can be rewritten as follows:

Owiq1
awi ’

Wi = Wi41 (3.21)
More in detail, the reverse mode employs a two-phase process. In the first phase,
the original function is traversed forward, storing intermediate variables w;
and tracking their dependencies through a computational graph. In the second
phase, the derivatives are computed by propagating the adjoint variables w; in
reverse, from the outputs to the inputs. Considering the example in Eq. (3.15),
with the reverse mode we can compute the contribution w;, which represents

how much a change in each variable w; affects the output y, as delineated in
Table 3.3.

Table 3.3 Reverse derivative trace of the function in Eq. (3.15).

Reverse Derivative Trace

A 1 =w-1
To = Wy
_ _ 9 _
W_1 =W awjl = 21 w9

Wy = Wo + W2 %ng = Wo + 2Wa wa

Wy = W3 348 = s

D

— — W —

Wo = W3 an; = W3
9 _

W3 =Wy 5,0 = Wy cos(w3)

) _
wo:w58—$g:w5w4
—_ dwr

w4:w5a—wi:w5wo

w5 =Y

The reverse mode offers a significant advantage in terms of computational
efficiency, particularly for functions with a large number of inputs. For example,

in the case of f:R"” — R, only one application of the reverse mode is sufficient
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Oy

cey Tl’n

required by the forward mode to achieve the same result.

to compute the full gradient Vf = ((%’1,. ), compared to the n steps

3.2.2 Efficient Gradient Computation Method

Drawing inspiration from the principle behind the reverse mode of Automatic
Differentiation, a new method for gradient computation has been developed.
Before presenting this method, the notation used in its formulation is introduced:
Opg = %(ik,uk), where ¢ is a generic function and (%L is its Jacobian (or
gradient) with respect to uj computed at (Zg,ug); 0fg = %(ik,uk)7 where
8‘% is the Jacobian (or gradient) of g with respect to zj computed at (&, u).

It should be noted that the proposed method is general. It works for
any differentiable objective function J, such that the gradients 0;J and 07 J
depend only on the samples x; and uy at step k. Note that this condition
is satisfied by the objective function in (2.5) and (2.8), in which case the
gradients are given by 0fJ = 2u} R" + 32 0kps, 0FJ = —251 QT + > 0rpj
(k<T),00]==28, R"+%;0%p; (k=T+1).

A proposition is now presented, showing how the gradient of the objective
function J can be computed iteratively. Note that the quantity I" used below

is a full-rank matrix of ones and zeros, introduced in Equation (2.6) for the

parametrization of the input w. For more detail see Section 2.3.

Proposition 1 (Efficient gradient computation). The gradient of J with
respect to ¢ is given by V.J = VyJT', where VyJ = [V1J,...,VpJ| and Vi.J is
computed iteratively for k=T :—1:1 according to

Gk = Ok y1J + g1 0pn f

(3.22)
Vi =0p T+ g0 f

assuming gr+1 = 0.

Proof. For simplicity of notation, in this proof, we set T — ;. and up — ug.

Consider that the gradient of J with respect to (w.r.t.) ¢ is given by

9
V] =V = v, JT
oc
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where V,J is the gradient of J w.r.t. u= (uy,...,ur). By definition, this
gradient is given by

Vol =[V1J,...,.VpJ] € RIX¥T1u

where .
Vi = 9T > 0F 0ri. _ gixn
8uk i=kt1 (%ci 8uk
0J 0J Ox;
- e Rlxnu - ¢ Rlxnx et 2 € R XNu
(9uk ’ 81’2 ’ 8uk

Let us start with k=1

aJ N dJ Oxri1
6uT 8$T+1 3UT

= 0pJ +0r 1 JOT f
= OrJ +grorf

VrJ =

where
gr =071 = 0r 1 J + 9111071 f

gr+1 = 0.
For k=T —1, we have that

VroJ=

0 0J dur O Orray Our
Our_1  OxpOur_y Oxpyy Oxp Oup—_q

=07 1 J+OrJOF 1 [+ 07 JOrfOr_\f

=07 _1J + (07 + 07,1 JOT[)OF 1 f

=0r 1 J+9r—107 1 f

where
gr—1="01J + 07 JOrf

=07rJ+grOrf.
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For k=T — 2, we have that

Vr_od =
= 0p_oJ +07_1JOp_of +O7J 07 _1 [ Op o f
+ 071 JOTf O 1 f OF o f = Op_9J
+ (071 + (07 + 07,1 J 07 )07 1 f) OF o f
=01 oJ +9r—20r_»f
where
gr—2=0p_1J +(0pJ + 07,1 J O [)O7 1 f
=071 J+9r—107_1f.
For any k, it holds that

9k = Ogs1J + g1 O 1 f
Vi =0, J+ g0 f-

These equations allow us to compute V,J. Finally, V.J is obtained by multi-
plication of Vy.J by I' and the claim follows. n

Based on this result, we propose an algorithm for iterative gradient com-
putation, consisting of two main phases: (i) forward computation of the state
sequence; (ii) backward gradient computation.

Algorithm 2 Iterative gradient computation

Input: initial state x1; input sequence u = (u,...,up).
Output: V.J.
1: Forward state sequence computation. Starting from the initial condition x1,
iterate the state equation for k=1:1T"

Ty = f(2r,ug).

2: Backward gradient computation. Starting from the final condition g7 =0,
iterate equations (3.22) for k=T :—1:1 to obtain V,.J, and compute

Remark. The computational complexity of Algorithm 4 is linear in T .

Remark. Algorithm /4 shares similarities with the reverse mode method, ex-

hibiting also a comparable computational complexity. However, it is important
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to clarify that the aim of developing this novel algorithm is not based on making
comparisons, either computationally or in terms of accuracy, with it or other

state-of-the-art gradient computation methods described in Section 3.2.1.

3.3 Nonlinear Sparse Identification Method

Another key component of the dimensionality reduction approach developed in

this thesis is the use of the sparse identification method presented in [15].

In general, the process of system identification focuses on the development of
mathematical models that accurately reflect the behaviour of dynamic systems,
using experimental data and a “weak” prior physical knowledge [120]. An
example of such a dynamic system is represented in Figure 3.2. It is driven by

a manipulated input signal u(t), produces an output y(¢) and is subject to a

l d(t)

> Dynamic system >

non-manipulated disturbance d(t).

Fig. 3.2 Example of dynamic system.

In the context of sparse identification methods, sparse approximations are
employed to construct these mathematical models. More in detail, these tech-
niques involve approximating a function using only a few properly selected
basis functions from a large set. This means representing the function as a
linear combination of many basis functions, but with sparse coefficients, i.e.,

most coefficients are zero and only a few are non-zero. Sparse approxima-
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tion/identification methods have been successfully introduced in the field of
automatic control [121-123, 15], addressing several problems such as regular-
ization, basis function selection, regressor selection, nonlinear control design,
predictive control and “fast” online control implementation. The sparsity of
a vector is usually measured by the £y quasi-norm, which counts its non-zero
elements. Sparse identification involves searching for a coefficient vector with a

“small” ¢y quasi-norm to form linear combinations of basis functions.

Consider a generic nonlinear function f° defined by

y=f°(w) (3.23)

where w € YW C R" is the vector of independent variables, usually called re-
gressor, y € R and f°:R"™ — R. It should be noted that the dimension n of
the vector w is related to the type of system under consideration. Suppose
that f° is not known, but a set of corrupted data D = {wy,§x }£_, is available,
described by

Up = fO (W) +dp, k=1,2,....L, (3.24)

where dj, accounts for noises, disturbances or errors. Assume that the noise

sequence is unknown but bounded:
dllg < p, (3.25)

where d = (di,...,dy) and ||-||4 is the vector ¢4 norm (with ¢ = 2,00).

Define the parametrized function:

N
flw) =3 aithi(w) = ¢ (w)a (3.26)
1=1

where Y (w) = [1(w),Y2(w),. .., Yvx(w)], 1; : W — R are Lipschtiz continuous
basis functions, and a = (a1,as,...,ay) € RY is a coefficients vector. The
selection of the basis functions v; is a crucial step in the identification process
[124, 125]. In several practical scenarios, the basis functions are known a priori
to belong to some ’large’ set of functions (see, e.g., the example in [126]).
In these cases, the sparse approximation algorithms described below can be

employed to select, within this ’large’ set, the functions that are important
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for providing an accurate description of the system under investigation. Con-
versely, when the basis functions are not known a priori, their selection can be
performed by considering the numerous options available in the literature (e.g.
gaussian, sigmoidal, wavelet, polynomial, trigonometric). To obtain a sparse
approximation from the dataset D, it is necessary to find a coefficient vector a
that satisfies the following conditions: i) a is sparse; ii) the identification error

e(f) = 1= fllp, where |||, is a function L, norm, is “small”.

Under the assumption (3.25), a coefficient vector a that verifies the above

conditions can be found by solving the following optimization problem:

0 .
a° = arg min ||a 3.27a
g min ol (3.272)
subject to: ||7—Yal|q < u, (3.27Db)
where
gi(g17""gl/)7

1/11(151) ¢N(u~11)

U (wp) ... Yn(wg)
= i (@) .. on(D)]

Y1(0) = (Y1 (1), ...,1(wr)) € RY, and ||al|g is the £y quasi-norm of a, defined
as the number of nonzero components of a. Note that minimizing this norm
promotes sparsity, aiming for a solution with the fewest nonzero elements.
Additionally, the constraint ||§ — Val|, < i ensures that the identified coeffi-
cient vector a is consistent with both the measured data (3.24) and the prior

assumption (3.25).

However, this optimization problem cannot be easily solved, since the
{p quasi-norm is a non-convex function and its minimization is an NP-hard
problem. To overcome this issue, three main strategies are typically used:
convex relaxation [127-129], greedy algorithms [130] and hybrid algorithms
[131]. Convex relaxation involves minimizing a suitable convex function such as
the 1 norm instead of the ¢y quasi-norm. In greedy algorithms, sparse solutions

are obtained iteratively. Hybrid algorithms combine ¢; norm minimization and
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iterative procedures to find a sparse solution. An interesting property of all
these approaches is that, under certain conditions, they can achieve sparsity
equivalent to the fy quasi-norm, i.e., they identify solutions with the fewest
non-zero coefficients [130, 128, 132]. Building on these advantages, the sparse
identification method [15], used in this thesis, combines convex relaxation and
greedy algorithms to obtain a combined ¢;-relaxed greedy algorithm, which is

described in detail below.

3.3.1 /{i-relaxed-greedy Identification Method

Without loss of generality, assume that the columns of W, introduced in Eq.
(3.27), are normalized: |[¢;(w)||2 =1, i =1,2,...,N. Define the following

quantity:
10(a)]1+10(a)| K,

= 2
g(o) = T Pl (3:29
where Ky = 2||alp, a(¥) is the minimum nonzero singular value of ¥ and
d(a)=9y—Va
: N 3.30
ol = [ 3 (T i())2 (330
Y%

being I the set of the K largest inner products [v? ()|, with v a generic

function. Moreover, let card(-) denote the set cardinality.

Algorithm 3 describes the combined /1-relaxed-greedy algorithm, developed
in [15]. Note that this approach relies completely on convex optimization and
yields solutions with greater sparsity compared to conventional algorithms

based on simple ¢1-norm minimization.

The resulting sparse approximation is given by:

N
fH(w) = ;a;‘wxw). (3.33)

where a] are the coefficients of the vector a* derived by Algorithm 3.

The rationale behind the algorithm can be explained as follows. In step 1,

an optimization problem similar to (3.27) is solved, where the ¢y quasi-norm
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Algorithm 3 /;-relaxed-greedy algorithm

Input: y; .
Output: a*.
1: Solve the optimization problem:
1 .
a° =arg min ||a 3.31a
g min [l (3.31a)
subject to: [|§— Wal| < p, (3.31b)

where 1 can be chosen as a positive number slightly larger than ™™,
i.e. the minimum value for which the problem is feasible. Provided that
@ > ™™ the value of 4 can be tuned to suitably manage the trade-off
between accuracy and sparsity.

2: Let r(a') = {i1,....ij: &(a') > |af | < < |a}j\} and let ) (a') denote the
subset of 7(a') with indeces in A\. Compute the coefficient vector a* as
follows:

for k =1: card(ry(a'))
* = argmin||y — ®al|,
acRN
subject to a; =0, Vi € ry(al)

A= {k,...,card(ry(a))}

if |ly — @k, < p (3:32)
a* = cF
break

end

end

is replaced by the ¢; norm. The ¢; norm represents the convex envelope of
the £y quasi-norm, and its minimization produces a sparse vector a! [127-129].
However, there is no guarantee that all non-zero elements of ! are necessary
to satisfy ||§ — Wal||; < p. The step 2 addresses this limitation. In this step,
only the elements of a! larger than £(a') are kept, where the threshold £(al) is
introduced to discriminate between “important” and “less important” vector
components [123]. The remaining elements are sorted by decreasing amplitude
and progressively included to form the vector a*. The algorithm stops when
| — WeF||, < p. This two-step process refines the initial sparse solution a' by
further reducing the number of non-zero elements, obtaining the final solution

a*.
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3.4 Gradient computation and Sparse Nonlin-

ear Identification technique for Dimension-
ality Reduction in NMPC

The novel dimensionality reduction method, developed in this thesis, is described
here. It is applied to the single shooting NMPC with OCP (2.8), defined in

Section 2.3, which is recalled below for the sake of clarity:

¢* =argminJ (I'c)

subject to:

where z; € R™* is the system state, u; € U. C R™ is the command input, with U,
being a bounded set representing the admissible control space, f:R"™ x R"* —
R" is the dynamical model, T is the prediction horizon, I' € RT™u*"e ig g
full-rank matrix with n. <Tn,, S} is a selection matrix such that uy = Si'I'c,
and c € R™ is the parametrized command input. This sequence is subject
to input saturations, denoted by ¢ € C. € R" C RT™ | where C, is a subset
of U, defined as C. =] ch, where [[; denotes the Cartesian product, and

Ce; = [cj,¢] for j=1,... ne.

With the specific NMPC formulation established, we can now outline the
proposed method for the dimensionality reduction. It is based on the strategies
described in Setions 3.2 and 3.3, i.e., gradient computation and nonlinear
identification. The way in which they come into play to mitigate the curse of
dimensionality is illustrated below. To begin with, the steps that constitute
this method are briefly defined. Afterwards, each step is described in detail.

The developed dimensionality reduction method consists in the following

key steps:

1. Offtine data generation. A dataset D = {1y, & }12, is generated, where:



3.4 Gradient computation and Sparse Nonlinear Identification technique for
Dimensionality Reduction in NMPC 75

o w; = (Z,7;) is the regressor composed by a sample z; € R™ of
the state and a sample © = (¥1,...,%7) € R™*T of the reference
sequence. These samples should be chosen to explore the state and
reference domains of interest. For more details about this choice,

see Section 3.4.1.

e (; is the command value corresponding to w;, computed solving the
optimization problem (2.8).

Note that the tilde symbol is used to indicate the collected data.

2. Offline selection of the relevant decision variables. The following selection
matrices are defined: i) I, € R"*" gelects the "relevant” components
of the decision vector ¢ in (2.8); ii) I'y € R™*" gelects the remaining
components of ¢. These are matrices with elements 0 or 1, such that ¢ =
I'ye,+Tgcq, where ¢, € R™ is the vector of the "relevant” components and
cq € R" is the vector containing the other components, with n¢r,neq <
ne. In Section 3.4.2, we propose a systematic method for selecting the
"relevant” components of ¢. This method relies on the objective function
gradient, making use of the numerically efficient algorithm for gradient

computation presented in Section 3.2.2.

3. Offline approximation of the NMPC' control law. According to the for-
mulation of Section 2.3, the optimal NMPC command is uz+1 = S{I'c",
where ¢* is the solution of the optimization problem (2.8). This solution
can be seen as a static nonlinear function ¢, of the current state x;
and the reference sequence ry = (r442,...,71711): € = ¢o(z¢,1¢). An
approximation ¢4 of ¢, is derived from the dataset D, using the Nonlinear

Sparse Identification method described in Section 3.3.1.
4. Online optimization on the reduced-dimensionality OCP. At each time t:

o the approximation ¢, is used to obtain the approximated solution

¢=Tv¢ +TaCy;

o the OCP is performed only on the relevant variables c¢,, using ¢,
as a warm start, within the reduced search domain C¢ (see Section
3.4.4 for more details);

« the non-relevant variables ¢, are kept fixed to the values ¢,.
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Further details regarding these steps are provided below.

3.4.1 Offline data generation

A set of state data Z; and reference signals t; = (¢, ...,%p), where [=1... M,
is generated to explore the state and reference domains using Latin Hypercube
Sampling (LHS) [133].

Latin Hypercube Sampling. It is a statistical technique employed for the
generation of nearly random samples of parameter values from a multidimen-
sional distribution. The concept of LHS originates from the theory of Latin
squares. A Latin square is a grid where each row and column contains a unique
sample. LHS generalizes this notion to higher dimensions, ensuring that each
sample point occupies a unique position within its corresponding axis-aligned
hyperplane. In the context of N variables, LHS operates by dividing the range
of each variable into M equiprobable intervals. Subsequently, M sample points
are strategically placed to satisfy the Latin hypercube property. This charac-
teristic necessitates an equal number of divisions, M, for all variables, offering
a key advantage: the number of samples remains independent of the dataset
size. Additionally, LHS allows a better coverage of the domain of interest
with respect to random sampling, where new sample points are generated

independently without considering previously chosen points.

The generated samples x; and t; are combined into the regressor w;. For
each w0y, the corresponding optimal solution of the optimization problem (2.8) is
computed: ¢ = ¢(1y), giving a set of control data {él}{‘il. Combining the sets
of the regressor and the control data, the resulting dataset is D = {”J}l,él}f\il.

3.4.2 Offline selection of the relevant decision variables

The most relevant decision variables, i.e., those that exert the most influence on
the OCP, can be selected by estimating the gradient of the objective function
at all points of the dataset D. In detail, the gradient of the cost function J
with respect to the decision variable ¢ is defined as V.J € R™. To determine

the most important components of the vector ¢, we define the mean-square
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gradient G € R as follows:

Zi]\il(vcji)Q

G= i :

(3.35)
where M is the number of points in the dataset, V.J; denotes the gradient
evaluated at the ¢th point and ()2 is the component-wise square. Note that,
the use of the mean-square gradient enhances the discrimination between the
contributions of the most and least relevant decision variables for the OCP.
Let ¢ be an “importance” threshold, to be compared with each element of the
vector Gj, with j =1:n.. A component ¢; of the decision vector ¢ is considered
significant if

Gj>C. (3.36)

The choice of the threshold ( can based on practical considerations as well as
on the decay of the gradient values, see for example Figure 5.5 in Chapter 5.
At the end of this process, two vectors are obtained: the vector ¢, € R, with
Ner < Ne, which contains the relevant components, and the vector ¢, € R,
with neq < ne, of non-relevant components. In order to link these two vectors to
the decision variables ¢, two selection matrices I'y. € R™*"er and ['y € R™e*Mea
are constructed such that:

c=Tvc +Tgcq. (3.37)

Note that these two matrices contain only zeros and ones, with the ones placed
in the appropriate positions and corresponding to the components present on
the vectors ¢, and ¢,. This implies that once the vector ¢, and ¢, are defined,
the two matrices are consequently determined. To elucidate this concept, an

example is provided below.

Ezxample. Suppose to consider the same ¢ of the example in Section 2.3,
that is, ¢ = [c1,co,¢3]. After the computation of G and the appropriate choice
of the parameter (, it is found that the only significant component is ca. This

implies that ¢, = [c2] and ¢s = [c1,c3]7. Consequently:

0
c=Tve,+Tgcq = |1 [62}—'_ 00 [Cllﬂ (338)
Cc3
0

with T, € R3*! and T, € R3*2,
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The general procedure is formalized in Algorithm 4 below.

Algorithm 4 Computation of the most significant components

Input: regressor w; parameter (.
Output: ¢, cs, 'y, T's.
1. For i =1: M, compute the mean-squared gradient GG using (3.35) for each
component j of c.

2: Fix the threshold parameter (.
3: Set ¢, =[] and ¢5 =[].

4: For each c¢;j, with j =1:ng:

5. if G; > ( then

6: ¢ = [cr; ]

7. else

8: ¢s = [Cs3¢4]

9: end if.

,_.
@

Construct the selective matrices I'; and I's in order to satisfy (3.37).

To obtain the matrix G in equation (3.35), it is necessary to find the gradient
of ¢ for each element of the dataset. In this regard, the new efficient method

for gradient computation described in Section 3.2.2, has been used.

3.4.3 Offline approximation of the NMPC control law

On the basis of the dataset D = {1, }}£, the Nonlinear Sparse Identification
method [15], described in Section 3.3.1, is used to compute the approximation

@5 of the NMPC control law. In the following, a detailed description is outlined.
According to the formulation of the OCP (2.8), the optimal NMPC solution

c* is a static nonlinear function ¢, of the current state x; and the reference
sequence 1y = (7442, ...,7+7+1). The NMPC solution ¢* at time ¢ is thus given
by

" = po(wy) (3.39)

where w; = (x4,1¢) is the regressor. For simplicity, here we consider n, = 1.
The generalization to the case of n, > 1 is trivial and can be accomplished by
applying the Nonlinear Sparse Identification method to each component of ¢*.
In general, due to the complexity of the OCP (2.8), writing the function ¢, in
closed-form is not possible. To overcome this issue, an approximation of ¢, is

derived, based on the off-line computation of its values ¢; at a given number
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of points @y, where [ =1,..., M. From the resulting dataset D = {1, 1L, a
sparse approzimation ¢s of the NMPC function ¢, is derived using the sparse
approximation method described in Section 3.3. In particular, the NMPC

control law ¢, is approximated using the parametrized function
N
¢s(-) = >_aii(-) (3.40)
i=1

where 1; : R+ R are Lipschitz continuous basis functions and af € R
are coefficients to identify. The basis functions are known a priori to belong to
a large set of functions [126], and the coefficients a} are used to select the most
relevant functions for approximating ¢, accurately. In order to determine the
“suitable” selection of these coefficients, the Algorithm 3 is used. For the sake
of clarity, we recall the OCP (3.31) below, with minor adjustments made to its
constraints (3.31b):

a* =arg min ||la 3.41a
& min ] (3.410)
subject to: ||¢— Val| < p, (3.41Db)
where
¢=(C1,--,Cm)

1/11(7]}1) ¢N(@1)
e
Y1(war) ... Un(0ar)

As typical in sparse techniques, the term ||a||1, i.e., the £; norm of the parameter
vector, is used to promote sparsity of this vector, and thus to reduce the
complexity of the approximating function (3.40). The parameter p >0 is a
bound on the approximation error evaluated on the data. The p parameter
should be chosen larger than the minimum value for which (3.41) is feasible.
Increasing 1 leads to increased sparsity of the parameter vector, allowing us
to manage the trade-off between approximation accuracy and complexity. To
avoid using a regressor w; with a too large number of components, instead

of considering the entire reference sequence t; = (¥;1,...,%7), a subsequence
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between 1 and 7" can be taken. Clearly, this operation introduces approximation

errors, that can be dealt with by suitably choosing the parameter pu.

Remark. To summarize, the sources of approximation, represented by the
sequence d in Eq. (3.25), are as follows: (i) the approximation error given by
¢s ; (i) the use of a subsequence of the reference ry. Therefore, in selecting u,
it is essential to consider both factors. It is also worth noting that, since we are
identifying a control law that can be computed exactly, there are no additional

disturbances or noise.

3.4.4 Online optimization on the reduced-dimensionality
ocCpP

At each time ¢, given the regressor w;, the approximated solution
¢ = @5 (wt) =1v¢ +148q (343)

is computed online. Then, the optimization is executed only on the most
relevant variables ¢,, using ¢, as a warm start, while leaving the remaining
ones fixed at the values ¢,. This means performing the optimization process
within a smaller search domain, called reduced dimensionality search domain
C?. Let us define J = {1,...,n¢} as the set of indices j that corresponds to
the components ;€ Cr. The reduced dimensionality search domain can be
defined as follows:

HCCJ c CA for j € J. (3.44)

It should also be noted that the use of ¢, provides a suitable starting point,
which can reduce the time and computational resources required to reach an

optimal solution.
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The resulting OCP is the following:

¢y =arg HéinJ(Fc) (3.45a)

subject to:
1 = f(xe,up) (3.45b)
1= f(2g,SpTe), k=1:T (3.45¢)
¢ €l (3.45d)
c=Tc +T4¢,. (3.45¢)

This approach streamlines the optimization process, focusing computational
efforts on the most critical variables and thus enhancing the efficiency and
effectiveness of the optimization algorithm. This allows a computational
complexity reduction with respect to solving the OCP (2.8), as it will be shown

in the following Section.

3.5 Computational Complexity Analysis

This section presents a theoretical analysis of the dimensionality reduction
method, showing why it can be effective to reduce the computational complexity

of nonlinear optimization algorithms.

Remark. As a measure of the computational complexity, we consider the
maximum number of operations required to execute a given algorithm, expressed

using the Big O notation.

As described in Section 3.4, our dimensionality reduction approach consists
of the following main operations: (i) offline selection of the relevant decision
variables (Subsection 3.4.2); (ii) offline approximation of the NMPC control
law (Subsection 3.4.3); (iii) online optimization on the reduced dimensionality
OCP (Subsection 3.4.4).

The goal of this section is to quantify the impact of the dimensionality
reduction on the computational complexity of the OCP. In general, the compu-
tational complexity of most state-of-the-art algorithms used to solve nonlinear

optimization problems, like Newton or Quasi-Newton methods, is O(n?), where
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n is the number of decision variables and p > 1 (see, e.g., [71]). A proposition
is now presented, showing how our dimensionality reduction method can signif-
icantly decrease the computational complexity necessary to solve the NMPC

optimization problem.

Proposition 2 (Dimensionality reduction). Consider the following optimization

problems:

(i) OCP (2.8);

(ii) OCP (3.45).

Suppose a nonlinear optimization algorithm with computational complexity
O(nP) is used to solve both problems. The computational complexity of the
algorithm is reduced from O(nk) in the case (i) to O(nk.) in the case (ii),

resulting in an improvement factor of (F<)P.
cr

Proof. Consider the dimensionality reduction method introduced in Section 3.4.
This method reduces the number of decision variables in the OCP from n. to
Ner, resulting in the formulation presented in (3.45). Consequently, the number
of operations needed by a nonlinear optimization algorithm to solve this OCP
is O(ner)P. In contrast, solving the original OCP (2.8) required a number of
operations proportional to O(n.)P. Therefore, with our dimensionality reduction

method, we obtain an improvement in computation complexity of

p
n
Ax <C> ,
Ner
where A represents an efficiency gain. O]

Remark. The reduction in computational complexity is directly related to the
ratio of the total number of decision variables n. to the relevant variables ney.
This relationship is strongly influenced by the parameter p: the higher is p, the

more pronounced the reduction in computational complexity becomes.

Remark. The result established in Proposition 2 is general: it holds for any

nonlinear optimization algorithm characterized by a computational complexity

O(nP).
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To illustrate the impact of the dimensionality reduction method on the
computational complexity of a nonlinear algorithm, consider the following

example.

FExample. Assume to have an optimization problem with n. = 20 decision
variables. Suppose that, applying the method proposed in Section 3.4.2, we
obtain n.. = 4 relevant decision variables. Furthermore, consider a quasi-
Newton optimization method, whose computational complexity is proportional
to O((number of decision variables)?). By reducing the number of variables

from n. to ne, we achieve an efficiency improvement factor of A oc (20/4)% = 25.

3.6 Chapter summary

This chapter presented a new dimensionality reduction method aimed at enhanc-
ing the computational efficiency of NMPC, enabling its use even in real-time
applications with a fast sampling rate. The method is essentially based on
the combination of two strategies: i) Gradient Computation, and ii) Sparse
Nonlinear Identification. On the one hand, the gradient computation is used to
identify the directions of greatest variability within the search domain of the
optimization problem and consequently find the most relevant decision vari-
ables. On the other hand, the Nonlinear Sparse Identification method is used to
approximate the NMPC control law employing the ¢;-relaxed-greedy algorithm.
This allows both to obtain a good warm start of the optimization algorithm and
to implement the OCP only on the most relevant decision variables, leaving the
others fixed at the value found from the approximation of the control law. The
effectiveness of the proposed method in reducing computational time for solving
OCPs was theoretically demonstrated through an analysis of its computational

complexity.



Chapter 4

Side-length Reduction for Fast
NMPC

In the field of nonlinear optimization, efficiently exploring the extensive search
domain to identify global or local optima represents a computationally demand-
ing and time-consuming task, often posing a bottleneck in practical applications.
To mitigate this problem, a promising solution could be the reduction of the
side-length of the search domain. Indeed, by optimally shrinking the search
space, the optimization process can efficiently exclude non-promising regions
and focus computational resources only on areas that are more likely to contain
high-quality solutions. Implementing such side-length reductions can speed
up the rate of convergence of nonlinear optimization algorithms, allowing to
achieve satisfactory solutions with a reduced number of iterations and objective
function evaluations. This significantly decreases the overall computational
cost, enhancing the usability of optimization techniques in real-world scenarios,

such as real-time control systems.

In the context of real-time NMPC, the fast computation of control actions
in response to continuously changing system states is crucial. When the search
domain is concentrated on more relevant regions, the NMPC can generate
control inputs more quickly without compromising quality and robustness. This
is particularly important in systems where delays in response time can lead
to suboptimal performance or even dangerous failures, such as in autonomous

vehicles, industrial processes, or energy distribution networks.
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Recalling the concept already discussed in Chapter 3, let us suppose that
s represents the overall volume of the search domain, where s represents its
side length and d is the number of decision variables of the problem. The
main contribution of this chapter is to present a novel approach that aims to
restrict, in an optimal way, the side-length s of the search domain, thereby
reducing its overall volume and significantly decreasing the computational time.
Specifically, the approach employs the Set Membership (SM) approximation
method, proposed in [14], to derive from data tight bounds on the optimal
NMPC control law, reducing accordingly the search range within which the
optimization process operates. It should be noted that the proposed method
is applied to the NMPC developed in Chapter 3, allowing for a simultaneous
reduction in both dimensionality and side-length of the search domain, lead-
ing to a significant decrease in its total volume. However, the versatility of
the side-length reduction method extends beyond its combination with the
dimensionality reduction technique. Indeed, it can be effectively applied to
traditional NMPC approaches as well. In this regard, Section 4.2.4 details the
steps required for its implementation with the single-shooting NMPC described

in Section 2.3.

The effectiveness of this method in reducing computational time in nonlinear
optimization algorithms is theoretically demonstrated through a computational

analysis of the rate of convergence.

It is worth noting that, in the context of NMPC, we have not found any
other significant works addressing the concept of side-length reduction of the
search domain. For this reason, throughout this chapter, there will be no

references to the state-of-the-art literature.

Outline. The chapter is organized as follows. Section 4.1 provides an overview
of the Nonlinear Set Membership approximation. Section 4.2 describes the
novel method for optimally reducing the side-length of the search space. The
computational complexity of this method is analyzed theoretically in Section
4.3.
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4.1 Nonlinear Set Membership Approximation

System identification aims to create an accurate mathematical model of a
dynamic system when the governing laws are complex or insufficiently known.
The typical approach involves considering the dynamic system as belonging to a
finite set of functions called basis functions, and then estimating the parameters
of these functions using measured data. However, choosing the right parametric
family of functions can be time-consuming, and its impact on identification
errors remains an open problem. Additionally, parameter estimation is usually
achieved through a prediction error method that requires minimizing an error
function. This optimization problem is challenging due to issues like “curse of
dimensionality”, in the case of fixed basis functions, and non-convexity, when
using tuneable basis functions like neural networks or wavelets. Furthermore,
providing a measure of the identification error presents additional challenges

due to the probabilistic uncertainty introduced by noise in the measurements.

To address these problems, in the last three decades, there has been a
growing interest and research in formulating the identification problem in the
Set Membership (SM) framework. The main reason is that the SM identification
allows us to quantify the uncertainty of the identified model in a deterministic
manner without making assumptions on the structure of the unknown system.
Instead, two basic assumptions are made: i) regularity of the system given by
bounds on its gradient, and ii) noise boundedness. Through this method, we
obtain an optimal estimate with minimal guaranteed identification error and
tight uncertainty bounds, which provides a bounded identification uncertainty
description by considering all possible models equally probable. This nonlinear
SM approach does not require iterative minimization or optimization procedures,

making it well-suited for adaptive identification and control implementation.

4.1.1 Set Membership Formulation

Consider a generic nonlinear function f° defined by

y=[f(w) (4.1)
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where w € W C R" is the vector of independent variables, usually called re-
gressor, y € R and f°:R"™ — R. Note that the dimension n of the vector w is
related to the specific system under consideration. Suppose that the function

f¢ is unknown but a set of noise corrupted data
D = {iy, G } 1 (4.2)
generated by (4.1) is available. Then
Uk = fO(wy) +dp,k=1,....L (4.3)

where the term dj accounts for the fact that y and w are not exactly known,

due to possible noise, disturbances or errors affecting the system.

The aim of system identification methods is to derive an estimate fof fe
from the available measurements D, using a suitable identification algorithm ¢.

This algorithm should be chosen in order to minimize the identification error

e(f) ==l (4.4)

where ||-||, is the functional L, norm, defined as

[fW|f<w)|pdw]l/p7 pE [1700)

ess sup,ew|f(w)|, p=o0

1 llp = 17 ¢l = (4.5)

being W a compact and connected set in R™.

The identification error (4.4) cannot be exactly computed since, from the
available data, it is only know that f° € F, where F represents the set of all
functions that could have generated the data. Without making any assumptions
on [, this set remains unbounded even in cases of exact measurements. Thus,
it is not possible to derive any information about the identification error, unless
certain assumptions are made about f° and the noise term d. The conventional
approach in literature involves assuming a finitely parametrized structure for
f¢ (linear, polynomial, neural network, etc.) and a statistical model for the
noise, as mentioned in [124]. In contrast to this conventional approach, the set

membership method is based on weaker assumptions, without requiring specific



88 Side-length Reduction for Fast NMPC

parametric structures for f° but rather focusing on its regularity. Specifically,

it assumes only that the function f¢ is Lipschitz continuous on W.

Assumption 3. The function f° is Lipschitz continuous on W, i.e.,

feFm) (4.6)

for some v < oo, where

F(y) = A 1f(w) = f(@)] < Aflw—=dll2, Vw, & € W}

Additionally, it only supposes that the noise sequence {dk},%zl is bounded.

Assumption 4. The noise sequence d = (dy,...,dr) is unknown but bounded:
ldllq < p (4.7)
where ||-||4 s the vector l; norm.

A general formulation is presented here to handle the most important cases
(i.e. ¢ =2,00) in a unified framework. As commonly known, the ¢5 norm is
associated with the energy of the signal being considered, while the /, norm
relates to its amplitude. The selection of this norm can be determined based on
prior knowledge of the energy or amplitude of the noise involved (if available),

or through a trial and error procedure.

The problem at hand involves deriving an approximation f of f? from the
available data and evaluating tight estimate bounds on f°. The approximation
is required to be accurate on the whole domain W, and it is evaluated using the
approximation error (4.4). Since f° is unknown, this error cannot be precisely
computed. However, it is known that f° € FFSE, where FF ST represents the
Feasible Function Set, that is, the set of all possible functions consistent with
the available prior information and measured data. The formal definition of
FFSY will be provided in subsequent sections for two specific relevant cases.
This motivates the following definition of identification error, often indicated

as worst-case or guaranteed error.
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Definition 16 (Identification Error). The identification error of f 1S

EN(f)= sup |f=flp- (4.8)
fEFFSL

An optimal approximation is defined as a function f,, which minimizes the

identification error.

Definition 17 (Optimal Approximation). An approzimation fop, is optimal if

EN(fop) = ir}fEN( ) =Rz (4.9)

The quantity Rz, known as the radius of information, represents the
minimum worst-case error that any estimate can guarantee based on the prior

and experimental information available up to time L.

Finding optimal approximations may be hard or not convenient, leading to
the search for suboptimal solutions. In the literature, interpolatory approxima-

tions are often considered (see, e.g., [134]).

Definition 18 (Interpolatory Approximation). An approzimation fr is said to
be interpolatory if
fre FFST,

A key property of an interpolatory approximation is that it ensures a worst-
case error degradation of at most 2 [134]. An approximation with this property

is called almost-optimal.

Definition 19 (Almost-Optimal Approximation). An approximation fq, is

considered almost-optimal if

EN(fa0) < 2inf EN(f).
f

In the set membership methods, the aim is to solve the following problem.

Problem 1. From the dataset (4.2), find an approximation fof fo

1. optimal or almost-optimal;
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2. with tight interval estimates f and f.

In the field of set membership and approximation theory, two main concepts

of optimality are typically considered: local and global optimality [135, 14].

Remark. In general, local optimality also implies global optimality, while the
converse does not necessarily hold. Consequently, local optimality represents a

more stringent and less conservative approach than global optimality.

A detailed description of these concepts will be provided below.

4.1.2 Global Approach

Firstly, the formal definition of the Feasible Function Set is introduced.

Definition 20 (Global Feasible Function Set). The Feasible Function Set is
FFESY={feF:|g—f(@)lly < p} (4.10)
where § = (gla e 72?[/) and f(w) = (f(ﬁh)? s >f(U~)L))

The feasible function set FFSL summarizes all available information on the
mechanism generating the data up to time L. If the prior assumptions hold,
then f° e FFSY, which is an important property for evaluating the accuracy

of any estimate.

In the context of set membership, the validation of prior assumptions is a
fundamental step. This is typically defined as the consistency of the assumptions
with the available data: if there exists at least one estimate that satisfies both
the assumptions and the data (i.e., if FEFS” is not empty), then the prior

assumptions are considered validated (see, e.g., [14, 136]).

Definition 21 (Validation of prior assumptions). Prior assumptions are vali-
dated if FFSL £ ().

Necessary and sufficient conditions can be established to verify the validity

of the underlying prior assumptions. Before presenting the theorem that defines



4.1 Nonlinear Set Membership Approximation 91

these conditions, it is necessary to introduce the following bounds:

o 411
(w) = max (b —7|lw —wgll2) e

Flw)= min (g+allw = i),
! k=1,..,.L

where hy, = g, + p and hy, = g, — .

Now, the theorem can be formally stated.

Theorem 3. (i) A necessary condition for prior assumptions to be validated
is: f(wy) > hy, f(r) <hp,k=1,...,L.

(ii) A sufficient condition for prior assumptions to be validated is: f(iy) >
ﬁk,i(ﬁ)k) <Ek,/€: 1,...,L.

Proof. See [14]. O

Note that validating prior assumptions by ensuring their consistency with
the present data does not guarantee their validation for future data. For the
remainder of the section, it is assumed that the sufficient condition holds. If
this is not the case, the values of the constants in the assumptions regarding the
function f° and the noise d; must be appropriately adjusted. The validation
in Theorem 3 can be used to assess the values of these constants and ensure
that sufficient conditions hold.

Let us now proceed to introduce the function f., which is defined as follows:

1

felw) = 5 £ (w) + F(w) (112

where f(w) and f(w) are given in (4.11). The next results demonstrate that

the estimate f. is optimal according to Definition 17 for any L, norm.

Theorem 4. Assume that:

(i) The noise affecting the measurements D is bounded according to (4.7).

(7i) The function f° is Lipschitz continuous according to (4.6).

Then, for ¢ = 2,00 and for any p € [1,00]:
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(i) The approzimation f. defined in (4.12) is optimal.
(ii) The worst-case approximation error of f. is given by
BUfo) = 3T~ Ly =t EN(f) = R (1.13)
Proof. See [14]. O
The interval estimates f, J of the unknown function f¢ are now given for the

cases where the noise is bounded in /o, norm (i.e. ¢ =o00 in (4.7)). According
to the FFS” definition, it follows that f°(w) is bounded as

fw) < f(w) < flw), Ywe W (4.14)
where B
fw)=sup f(w),
ferts (4.15)
0=t 0

Theorem 5. Assume that:

(i) The noise affecting the measurements D is bounded according to (4.7).

(ii) The function f° is Lipschitz continuous according to (4.6).
Then, for g = oo and for any w € W, f°(w) is tightly bounded as
flw) < fo(w) < flw). (4.16)
Proof. See [14]. O

Figure 4.1 shows an example of the global set membership approach for a

nonlinear function.
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15 T T T T T T T T

— f(w)
— fe(w)

Fig. 4.1 Global Set Membership Approach.

4.1.3 Local Approach

Suppose that an initial approximation f* of the function f¢ has been obtained

using any method. This approximation is of the form

N
fr(w) =) ajvi(w) (4.17)
=1

where 1; : W — R are Lipschitz continuous basis functions and a; € R are
parameters identified by means of some suitable algorithm. In this thesis, the
Sparse Identification Algorithm described in Section 3.3.1 is used for generating

the global approximation f*.

Define the following residue function:

fa(w) = fo(w) = f*(w). (4.18)

From (4.6) and the Lipschitz continuity of v, it follows that fa is Liptschiz
continuous over the set W:

fa € F(va) (4.19)

for some ya < 00.
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Under the above assumptions, particularly (4.6) and (4.19), we have that
foe FFSY, where FFSY is the Feasible Function Set defined as follows.

Definition 22 (Local Feasible Function Set). The Feasible Function Set is
FFSY={f+f=f"+fa.fa € FOa) i = F(@)lg <}
where § = (41,...,91) and f(w) = (f(w1),...,f(wr)).

The theorem presented herein demonstrates that the approximation f*,
defined in Eq. (4.17), has interpolatory characteristics, thereby rendering it
nearly optimal. This theorem also provides an explicit bound on the worst-case

approximation error. To proceed, let us define the following functions:

Falw) = k_HllinL(5k(a*) + p+yallw — g l]2),

S (4.20)
Falw) =, max (0(a%) —p—yallw—xll2),

Fw) = f*(w)+ fa(w), (421)

i(w) = f*(w) +fA(w)7

Theorem 6. Assume that:

(i) The noise affecting the measurements D is bounded according to (4.7).

(it) The function f° is Lipschitz continous according to (4.6).
Then, for ¢ = 2,00 and for any p € [1,00]:

(i) The approzimation f* defined in (4.17) is interpolatory (and thus almost-
optimal).

(7i) the worst-case approximation error of f* is bounded as
EN(f") < HfA_fA“p:mI}fEN(f)' (4.22)

Proof. See [15]. O
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Now, define the function f. as

felow) = £7() + 3 [Falw) + £ 4 ()] (1.23)

where fA and S A are given in Eq. (4.20). The following results show that the

function f. is an optimal approximation of f.

Theorem 7. Assume that:

(i) The noise affecting the measurements D is bounded according to (4.7).

(1i) The function f° is Lipschitz continuous according to (4.6).
Then, for g =2,00 and for any p € [1,00]:

(i) The approzimation f. defined in (4.23) is optimal.

(ii) the worst-case approximation error of f. is bounded as

N(e) = 3T a =L sl =inf EN(P) (4.24
Proof. See [14]. O

In summary, we have demonstrated that the function f*(w) is an almost-
optimal approximation, while the function f.(w) = f*(w)+[fa(w) + [ A (w)]/2
represents an optimal approximation of f°. The correction term [fa(w)+

fA(w)]/2 can be used to assess how close is f* to the optimum.

Figure 4.2 shows an example of the local set membership approach for
the same nonlinear function of Figure 4.1. It can be noted that the resulting
uncertainty bounds f and [ are tighter compared to those of the global approach.
These bounds represent the tightest guaranteed bounds, as demonstrated in

Theorem &.
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Fig. 4.2 Local Set Membership Approach.

4.2 Set Membership Method for Side-length
Reduction in NMPC

This section outlines the novel approach for the side-length reduction of the
search domain developed in the thesis. It uses the local Set Membership method
described in Section 4.1.3 to derive from data tight bounds on the optimal
NMPC control law, reducing accordingly the search domain within which the
optimization process operates. Unlike many traditional estimation methods, the
SM approach makes use of the so-called interval bounds to compute estimates
of unknown functions, ensuring that the true value falls within the resulting

uncertainty band (see Section 4.1 for more detail).

The side-length reduction method can be integrated with any NMPC
technique. In this thesis, it was chosen to apply it in combination with
the Dimensionality Reduction NMPC developed in Chapter 3, achieving a
simultaneous reduction of both the dimensionality d and the side-length s of
the volume of the search domain. The steps characterizing this method are
presented below. Note that being in combination with dimensionality reduction,

there are some points already described in Chapter 3.
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1. Offline data generation. A dataset D = {wl,al}lﬂﬁl is generated, where:

o Wy = (Z;,7;) is the regressor composed by a sample 7; € R™ of
the state and a sample § = (¥1,...,57) € R™>*T of the reference
sequence. These samples should be chosen to explore the state and

reference domains of interest.

e (; is the command value corresponding to w;, computed solving the

optimization problem (2.8).
For more detail, see Section 3.4.1.

2. Offline dataset reduction through clustering. Since in general the number
of generated data M can be large, a clustering process is employed
to reduce the size of D. This pre-processing step groups similar data,
effectively decreasing the size of the dataset while preserving its relevant
information. The resulting reduced dataset is indicated with D,. The

clustering technique used in this paper is described in Section 4.2.1.

3. Offline selection of the relevant decision variables. The following selection
matrices are defined: i) I', € R gelects the "relevant” components
of the decision vector ¢ in (2.8). ii) I’y € R™*"< gelects the remaining
components of c. These are matrices with elements 0 or 1, such that ¢ =
Iy +T4cq, where ¢, € R"" is the vector of the "relevant” components and
cq € R™ is the vector containing the other components, with ne,,neq < ne.

For further information, refer to Section 3.4.2.

4. Offtine approximation of the NMPC control law. According to the for-
mulation of Section 2.3, the optimal NMPC command is u¢41 = S{I'c*,
where ¢* is the solution of the optimization problem (2.8). This solution
can be seen as a static nonlinear function ¢, of the current state x;
and the reference sequence ry = (r442,...,71741): € = ¢o(Tt,1¢). An
approximation ¢y of ¢, is derived from the dataset D, using the Nonlinear
Sparse Identification method described in Section 3.3.1. For additional

information, see Section 3.4.3.

5. Offtine bounds definition of the most relevant decision variables. The
Set Membership method, described in Section 4.1.3, is applied to define
guaranteed tight bounds ¢ and ¢ of the NMPC law ¢,, only for the
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"relevant” decision variables. Since these bounds must be evaluated
online, they are defined using the reduced dataset D,., obtained by means
of the clustering procedure described above. See Section 4.2.2 for more
details.

6. Online optimization on the reduced dimensionality and side-length OCP.
At each time t:

o the approximation ¢, is used to obtain the approximated solution

¢=Tv¢ +TaCq;

« the functions ¢ and ¢ are used to reduce the side-length of the search
domain, obtaining the reduced search domain C%* (see Section 4.2.3

for more details); u

o the OCP is performed only on the relevant variables ¢,, using ¢, as

a warm start, within the search domain C%;

 the non-relevant variables ¢, are kept fixed to the values ¢,.

Further details regarding the steps characterizing the side-length reduction are

provided below.

4.2.1 Offline data reduction through clustering

Due to the inherent relationship between the complexity of a Set Membership
model and the size of its training dataset, a clustering process is employed to
reduce the size of the dataset D from M to K < M, resulting in the reduced
dataset D,. An overview of this approach and its application for dataset

reduction is presented below.

Clustering

Clustering is one of the most important unsupervised learning problems, which
involves grouping a set of objects in a way that objects within the same group
(known as a cluster) are similar to each other and dissimilar to objects in other
groups. In other words, clustering consist in finding a structure in a collection

of unlabeled data. There exists a large number of clustering algorithms in the
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literature. The choice of a specific clustering algorithm is influenced by the
type of the available data as well as the particular purpose and application.
Clustering methods can be broadly categorized into the following main groups
[137]: i) Partitioning methods, ii) Hierarchical methods, iii) Density-based
methods, iv) Grid-based methods, and v) Model-based methods. Among all

these methods, the Partitioning methods are used in this thesis.

Partitioning algorithms involve specifying an initial number of groups and
then iteratively reallocating objects among the groups until convergence. Typi-
cally, this algorithm determines all clusters at once. Many applications adopt

one of two popular heuristic methods:

1. the K-means algorithm,

2. the K-medoids algorithm.

K-means algorithm. The K-means algorithm, a well-known partitioning
method for clustering data [138, 139], iteratively partitions objects into a
predefined number of clusters k, aiming to minimize the within-cluster variation.
It works by initially placing k& well-separated centroids (i.e., cluster centers)
and then assigning each data point to the nearest centroid. Subsequently, the
centroids are recalculated as the means of their respective clusters, and points
are reassigned based on the new centroids. This iterative process continues until
convergence, meaning no significant changes occur in the centroid locations.
The goal of K-means is to minimize the sum of the squared distances between
each data point and its centroid. Let Z; represent the data point and Cj
represent its cluster centroid, this approach uses the Euclidean distance as
follows:

1Zi5) — CilI*. (4.25)

An example of K-means clustering is shown in Figure 4.3. It should be noted
that this approach is sensitive to outliers, since the mean can be strongly
affected by extreme value. On the other hands, the computation of means is
relatively straightforward, making this method efficient with a computational
complexity that is proportional to O(MK), where M is the number of data

points and K is the number of clusters.
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Fig. 4.3 Example of K-means clustering.

K-medoids algorithm. K-medoids clustering [140, 141] is a variant of K-
means that minimizes the sum of absolute distances rather than the sum
of squared distances. Moreover, unlike K-means which uses centroids, this
approach employs the so-called medoids, which are points in the dataset whose
sum of distances to other points in the cluster is minimal. Let Z; represents
the data point and M represents its cluster medoid. This approach uses the

Manhattan distance as:

1Zscj) — M- (4.26)

Thanks to these features, this approach is more robust to noise and outliers
than K-means. An example is shown in Figure 4.4. A popular method for
K-medoids clustering is the so-called Partitioning Around Medoids (PAM),
introduced by Kaufman and Rousseeuw in 1990 [142]. The basic idea is to select
K representative points to form initial clusters and iteratively improve them.
This process involves evaluating all possible combinations of representative and
non-representative points to compute the quality of resulting clusters using a
distortion function. An original representative point is replaced with a new
point if it determines a greatest reduction in the distortion function, which
means a better quality of the clusters. The best points for each cluster at
each iteration form the new respective medoids. One of the disadvantages of
this approach is its computational burden. Indeed, the time complexity of
the PAM algorithm is proportional to O(K M?), which could pose challenges



4.2 Set Membership Method for Side-length Reduction in NMPC 101

4 4
L] L]
3 - 1 3t .
2 ° S oo ‘ : 2 * S oo ¢ ¢
oo ® o"\.' ° ce® o’ $e °
sete 2 .0 ° A )
1t C ° o 1 o .
.;.?A...’ o.~?. % . “.?...’ Q~? A .
° ° ° . . °
0 0.."1'* oo o° o :.tf.PA .ﬁ:oo ¢
®e0% 0.:;* - . . ®e% 0 o - .
s c’ L S . .o N ' 2 . .o
L - 1 ) - A 3 S
-1 ..o..’ 2 oo 1 ..o..' 3 oo
(.ﬁ' : ° (".’g’. o Cluster 1
5 LA | 2 LR o Cluster 2
. . o Cluster 3
‘ e Randomly generated data O Medoids
3 3 . .
-4 -2 0 2 4 -4 -2 0 2 4

Fig. 4.4 Example of K-medoids clustering.

when dealing with large datasets. To improve the efficiency, algorithms like
Clustering LARge Applications (CLARA) [143] have been proposed. This
algorithm iteratively applies the PAM method on a smaller sample containing
M. << M objects, with the recommended value M, =40+ 2M. Then, it

assigns the remaining objects to their nearest medoid based on proximity.

In this thesis, to address the large size of collected data M, the CLARA
algorithm is used. To effectively reduce the dimension, the number of clusters
K should be significantly smaller than the original dataset size, i.e. K < M.
The resulting dataset, which best captures the overall behavior of the system,

is D, = {@Dlr,ﬂ”}{le, comprising K regressor ;. and commands ..

4.2.2 Offline bounds definition of the most relevant de-

cision variables

The optimal NMPC solution ¢* is a static nonlinear function ¢, of the current
state z; and the reference sequence ry = (r442,...,747+1). The NMPC solution

c* at time t is thus given by
" = ¢o(wy) (4.27)

where w; = (x¢,1¢) is the regressor.
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Based on the reduced dataset D, = {wlraél,«}f::l and the approximation ¢g
(see Chapter 3), the Nonlinear Set Membership method (described in Section
4.1.3) is used to define guaranteed tight bounds ¢ and ¢ of the NMPC control

law.

Let W c RI*TDne he o region where the regressor wy can evolve. Note that
this region is bounded since the NMPC algorithm is assumed to guarantee
a bounded tracking error and the reference is assumed bounded. As done in
Section 3.4.3, we consider the mono-dimensional case n. = 1. The generalization
to the case of n. > 1 is trivial and can be accomplished by applying the method

proposed here to each component of c*.

Consider the function A defined as

A(w> = ¢o<w) - (bs(w) (4.28)

where ¢, is the exact NMPC control law and ¢; is its approximation using the
Nonlinear Sparse Identification method presented in Chapter 3. A is not known
since the closed-form expression of ¢, is unknown. To derive tight bounds on
¢o, we assume that A is Lipschitz continuous. That is, A € F(vya), for some
YA < 00, where

F(y) =19 :19(w) —g(w)| <Aflw—wl,vw,© € W}.

Note that the constant y5 can be estimated using the validation procedure in
[14].

Under this assumption, considering the constraint (3.41b), we can define
the Feasible Function Set (FFS), i.e., the set of all functions consistent with

the available assumptions and data.

Definition 23 (Feasible Function Set). The FFS is
FFS={¢:¢=0+A A€ F(ya), 6= o5()l| < p} (4.29)

where ¢ = (81,...,éx) and ¢5() =(bs(tn), .., ¢s (1) ).
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As already mentioned in the Remark of Section 3.4.3, u accounts for the
error introduced by the sparse approximation and the use of subsequences of

the reference r;.

Based on the above definition, the functions

su w), inf o(w
S o), inf o)

are the tightest upper and lower bounds of ¢, that can be defined on the basis
of the available assumptions and data. The theorem presented in the following

shows that these bounds can be computed in closed-form and are given by

d(w) = ¢s(w) +A(w) (4.30)
d(w) = ¢s(w) + A(w)
where
B(w) = minfe,, min (&, = 6,(i1,) + p-+ 7w =) .
Aw) maxle,, max (@, - 9s(,) ~ sl (w = @1

The functions ¢ and ¢ in (4.30) are tightest guaranteed bounds of ¢,: they
are the tightest upper and lower bounds that can be derived from the available
prior information on the function and the data. Moreover, the true value of
the function ¢, is guaranteed to lie within these bounds. These two properties

are formally proven in the following Theorem.

Theorem 8 (Tightest guaranteed bounds). The functions ¢ and ¢ are the
tightest guaranteed bounds of ¢,, i.e.,

d(w) < do(w) < d(w) (4.32)
and
d(w) = sup ¢(w) (4.33a)
¢eFFS
d(w) = inf o(w). (4.33b)
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Proof. According to (4.30), we have ¢(w) = ¢s(w) + A(w). Under the assump-
tion that A € F(ya), implying Lipschitz continuity of A with Lipschitz constant
YA, the following inequality holds:

A(w) < A(dy) +yallw — @ ||, Yw € W
for [ =1,..., K, which yields

A(w) < zflan(A(wl) +yallw =) = A(w),Vw € W.

That is, the function A(-) is an upper bound of the function A(-). For given
w,w e W, let

i=arg min (A(d) +yallw— @),
7= in (AW 0 —wpl]).
i argl:q,l.l.?K( (1) +yall@ — )

Then,

Aw)

(A(@i) +7allw —@il])
< (A(ws) +7allw =),
A(@) = (A(@s) +7all@ —])).

This yields

Aw) = A(@) < yallw =7l = yalld — |

< 7allw -],

which shows that A(w) is Lipschitz continuous with Lipschitz constant ya,
implying that A € F(ya). Introduce now a FFS for A

FFSA ={A: A€ F(ya), |A(@)] < p}-
Being A(-) an upper bound of A(-), it follows that

sup Aw) = A(w),YVw € W.
A€FFSA
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This establishes that A(-) is the tightest upper bound of the unknown function
A(+). From (4.30) and Definition 23, it follows that

sup ¢(w) = o(w),Vw € W.
$CFFS

This demonstrates that ¢(-) is the tightest upper bound of the unknown function
®o(-). Analogously, it can be shown that ¢(-) is the tightest lower bound of

¢0(')' u

4.2.3 Online optimization on the reduced dimensionality
and side-length OCP.

At each time ¢, given the regressor wy = (x4,1¢), the approximated solution
¢=¢s(wy) =106 +Tyéq (4.34)

is computed online. The functions ¢(w;) and ¢(w;) are used to reduce the
side-length of the search domain, resulting in the reduced dimensionality and
side-length search domain

ch =TICE =6, (wr), @;(w)), for j=1,...,nep. (4.35)

—J

J

Then, the optimization is performed: (i) only on the most relevant variables ¢,
using ¢, as a warm start, while leaving the remaining ones fixed at the values
¢q; (ii) within the search domain C%. The resulting OCP is the following:

cr = argminJ (I'c) (4.36a)
subject to:
12‘1 = f($t,ut) (436b

)
1= f(Zg,Splc), k=1:T (4.36¢)
¢ €C (4.36d)
c=Tve, +T4¢,. (4.36¢e)
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This approach leads to a simultaneous reduction of the number of variables
involved in the optimization and the number of iterations and cost function
evaluations to find the optimal solution. This allows a computational complexity
reduction with respect to solving the OCP (2.8). In Section 4.3, we delve into
the correlation between the side-length of the search domain and the number of
iterations required by the optimization algorithm, providing a comprehensive

analysis of the rate of convergence.

It should be noted that the proposed Side-length reduction method works
effectively not only when combined with the dimensionality reduction technique,
but also when applied directly to traditional NMPC approaches. The following
subsection outlines the steps needed for its implementation with the OCP (2.8).
The performance of the resulting Side-length reduction NMPC will be shown
in the chapter 5.

4.2.4 Side-length reduction method applied to single
shooting NMPC

Here, the side-length reduction method is applied directly to the single shooting
NMPC with OCP (2.8), introduced in Section 2.3, without employing any
dimensionality reduction technique. The main steps that characterize this
method are: (i) Offline data generation; (ii) Offline dataset reduction through
clustering; (iii) Offline approximation of the NMPC control law; (iv) Offline
bounds definition of all the decision variables; (iv) Online optimization on the
reduced side-length OCP.

In this case, no distinction is made between relevant and non-relevant

decision variables. This implies that the selection matrices are
=1, TI's=0. (4.37)

Therefore, during the offline phase, first the Nonlinear Sparse Identification
method, described in Chapter 3, is used to derive an approximation ¢4 of the
NMPC control law ¢,. Then, the set membership method is applied to define
guaranteed tight bounds ¢ and ¢ of the NMPC law ¢,, for all the decision

variables c¢. During the online procedure, at each time ¢, the approximated
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control law ¢, is applied to the regressor w; = (x¢,r) for computing the

approximated solution
&= ¢s(wi) =Ter +Tala = & (4.38)

The functions ¢(w¢) and ¢(wy) are used to reduce the search domain in which
the decision variables can be found, obtaining the reduced side-length search

domain

Cg = Hcgj = [@j(wt)’aj(wt)]a for ] = 17 < N (4.39)
J

Then, the optimization is performed: (i) on all the decision variables ¢, using ¢

a warm start; (ii) within the search domain C?. The resulting OCP is defined

as:
¢* =argminJ (I'c) (4.40a)
subject to:
21 = f(x,ue) (4.40b)
1= f(2g,SpTe), k=1:T (4.40c¢)
cecs. (4.40d)

This method leads to a reduction of the number of iterations and cost function
evaluations, without requiring the use of the gradient procedure for finding the

most relevant decision variables.

Remark. Both dimensionality reduction and side-length reduction methods
have a worse performance in terms of computational complexity when used
individually compared to their combined use. However, they can be useful for

obtaining simple methods with shorter computational times than NMPC with
OCP (2.8).

4.3 Computational Complexity Analysis

The proposed side-length reduction approach consists of the following main
operations. Offline operations: set membership bounds definition (Section

4.2.2). Online operation: solution of the optimization problem (4.36d) within



108 Side-length Reduction for Fast NMPC

the reduced search domain C. (Section 4.2.3). In this section, we first provide
some general considerations about the advantages of reducing the side-length
of an OCP search domain that hold for all nonlinear optimization algorithms.
Then, we conduct a theoretical analysis considering the Sequential Quadratic
Programming, that is one of the most common nonlinear optimization tech-

niques.

4.3.1 General considerations

Typically, nonlinear optimization algorithms comprise two mechanisms for the
search process of the optimal solution: exploration and exploitation. Explo-
ration involves the inspection of the search domain to identify the possible
optimal solutions, while exploitation focuses on finding the optimal solution
around the candidate solutions obtained during the exploration phase. The
computational burden of the exploration phase increases as the volume/size of
the search domain grows, requiring more iterations and evaluations of the cost
function to find an optimal solution. Consequently, a side-length reduction
method can lead to a significant reduction in the computational complexity
required for this phase. Indeed, by reducing the volume/size of the search space,
the algorithm can focus only on the search region where the optimal solution
is present (as guaranteed by Theorem &), thereby avoiding time-consuming
iterations and function evaluations. For a sufficiently small volume, the algo-
rithm no longer needs to explore the search space and can move to the optimal

solution with improved convergence properties.

An example of how the side-length reduction shrinks the search domain is

shown in Figure 4.5.

4.3.2 Theoretical Analysis of the Rate of Convergence
of SQP methods

For quantifying the impact of the side-length reduction on the computational
complexity of the OCP, a theoretical analysis is now conducted, considering the
Sequential Quadratic Programming (SQP) approach. As already discussed in

Chapter 2, SQP is one of the most successful methods for numerically solving
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Fig. 4.5 Graphical illustration of a side-length reduction of the search domain.

constrained nonlinear optimization problems. As well-known, the fundamental
idea is to solve, at each iteration, a Quadratic Programming (QP) subproblem
which is obtained by linearizing the constraints and approximating the objective

function quadratically.

A brief and simplified description of this method and one of its first-order
approximation is re-proposed below (for more detail please refer to Section

2.5.2). Consider a general nonlinear optimization problem (NLP):

min J(c), subject to: b(c) =0, g(c) <0 (4.41)

ceCe

where ¢ € C. is the decision vector, C. C R"¢ is an hyper-rectangle, J is the
objective function, while b : R"¢ — R™ and g : R"* — R™9 describe respectively

the equality and inequality constraints.

The formulation of a QP subproblem is based on the following Lagrangian
function:

Lie, A ) = J(e) + ATh(e) + i g(c) (4.42)
where A € R™ and p € R™ are the Lagrange multipliers.

Starting with an initial guess cg, a full step SQP iteration is performed at
each iteration 7:
Ciy1 = Ci +a;p; (4.43)
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where a; € (0,1] is the step length determined by an appropriate line search
procedure and p; € C. is the search direction computed as the solution of the
following QP subproblem:
mip  VJ (ci)'p+5p" Hip
subject to: (4.44)
b(ci) + Vb(ci)Tp =0
g(ci) +Vg(e)p <0.

Therein, Vb(c;) and Vg(c;) are the constraint Jacobians, the matrix H; denotes
cither the exact Hessian of the Lagrangian V2L(c;, A\, ;) or a positive definite

quasi-Newton approximation B; of it, and V.J(¢;) is the cost function gradient.

SQP methods that use exact Hessian rely on the computation of second-order
derivatives, which can be computationally expensive. Indeed, the number of
operations to compute the Hessian is proportional to O(ng), while its inversion

scales as O(n?).

These operations can be prohibitively expensive for real-time applications.
As a result, many popular variants of SQP methods based on Hessian approx-
imation techniques have been developed. An important class of such SQP
algorithms uses exact constraint Jacobians but approximates the Hessian ma-
trix with a first-order derivative based updating formula. These approaches
are usually referred to as Quasi-Newton methods and the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) is the most widely used formula. With this method,

the Hessian approximation B; is updated according to

q9iq;  Bisis{ B

B,y1=B;+
i+l ’ q;fsi S?Bl‘si

(4.45)

where s; = ¢iy1— ¢, ¢i = VL(cit1,\i) — VL(ci, Ai), and )\; is a current estimate
of the Lagrange multiplier A. An interesting property of Equation (4.45) is
that Hessian positivity can be maintained, satisfying the curvature condition

qiTsZ- > 0 at each update.

Since the BFGS-SQP formulation does not require matrix inversion, the
number of operations necessary for updating the solution ¢; in (4.43) is O(n2).

This solution is iteratively updated using (4.43), until, under certain conditions,
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it converges to the optimal solution ¢*. For BFGS-SQP methods, the speed of
this convergence in a neighborhood of ¢*, called rate of convergence, can be
Q-linear or Q-superlinear, where Q means “Quotient”. In the case of Q-linear
convergence, the error between successive iterations decreases with a constant
factor for all 7. In the case of Q-superlinear convergence, this error tends to 0
as ¢ — 00. This means that, while linear convergence guarantees a proportional
decrease in error, superlinear convergence implies a faster reduction in error,

that accelerates with each iteration tending to 0 when ¢ becomes large.

Definition 24 (Q-superlinear convergence rate). Consider a sequence {c¢;} €
R™ that converges asymptotically to a solution c¢* of problem (4.41). The
converge of {¢;} is said Q-superlinear if:

. ok
lim 7HCZ+1 al =0.

imoo fleg—ell

It is worth mentioning another type of rate of convergence, known as root
convergence (R-convergence). This type of convergence considers the overall
rate of error reduction, while quotient convergence requires error reduction
at each iteration of the algorithm. Thus, Q-convergence is a stronger form of

convergence than R-convergence.

Suppose now that the BFGS-SQP method is used to solve the OCP (4.36).
This optimization problem features a side-length reduction of the search domain,
obtained through the application of the Set Membership approach described in
Subsection 4.2.2. A theorem is presented below, giving conditions under which

the side-length reduction allows a Q-superlinear convergence. Define

(o) = Bil00 500

y =1, n¢ (4.46)

where A; and A; are given in (4.31), and wy = (24,1¢) is the current regressor
at time ¢. Define also the set

Da={ceR™ :|c;—ci| <Aj(wy), j=1,...,ner}. (4.47)

With an abuse of mathematical notation, let us henceforth define J(c) =
J(Te).
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Theorem 9 (Q-superlinear convergence of BFGS-SQP).

Assume that:

(1) The function J is twice differentiable in Da .

(ii) V2J(c*) is symmetric, positive definite and ||V2J(c*)~Y| < B, with B> 0.
(iii) V2 J(c) is Lipschitz continuous on Da, with Lipschitz constant v > 0:

IV2J(c) = V2I ()| < vlle—¢"]|, Ve € Da.

(iv) The step length o in (4.43) is chosen equal to 1 Yi.
(v) The following inequality holds:

1A (wy)]| < 95 (4.48)

Then, the sequence {c;} generated by the BFGS-SQP method for solving
OCP (4.36) is well defined, remains in D and converges Q-superlinearly to c*.

Proof. According to Theorem 8.2.2 of [144], if there exist positive constants €

and 0, and an initial Hessian approximation By such that:

leo—c*l| <e (4.49)
1Bo— V2 J(c*)|| <6 (4.50)
under the conditions that:
650 <1 (4.51)
3ve <20 (4.52)

then the statement holds true.

The contribution of this proof consists in relating e, § and By with A.
Suppose to be at the time ¢t. According to the Theorem 8, both the initial
solution ¢, = ¢s(w¢) and the optimal solution ¢* lie within the guaranteed
bounds defined in (4.30). This implies that

lco, — €51 < Ayuwr), j = 1,.. mer. (4.53)
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From now on, we will omit w; for simplicity of notation. Using (4.53) in (4.49),

Ner Ner
leo—c'll = |3 (o, — )2 < | S AZ= ] (4.54)
=1 j=1

Moreover, under the assumption (%), if we choose By = V2J(cg), we can

we obtain

establish the following relationship between By and ||A||:
IV2J(co) = V2I()| = [[Bo = V2 I ()| < 7IIA]. (4.55)

Let us also choose € = || A and § = %’yHAH Consequently, condition (4.52) is

always satisfied. Furthermore, if (4.48) holds true, we have

3 v 1
0= —|All < —. 4.56
SN (1.56)
This ensures the validity of condition (4.51) and concludes the proof. O

Remark. The innovative aspect of this work, compared to previous ones, lies
in the ability of the SM to define and guarantee the maximum distance (4.48)
between the optimal solution and the initial guess of the optimization problem.
Knowing this distance, it is possible to understand if the derived bounds are
such as to allow superlinear convergence. Note that these bounds can be reduced
to very small values by increasing the number of data used to identify the SM
model. Furthermore, by choosing a; = 1 Vi, the line search procedure is no

longer required, resulting in a further computational time saving.

Some comments are now provided, about the technical assumptions (7),
(7i) and (1) in Theorem 9. Assumption (7) is necessary to guarantee that
the cost function is smooth, i.e., it has a well-defined gradient and Hessian.
Assumption (i) ensures that ¢* is an optimal solution with a bounded inverse
of the Hessian. Finally, assumption (7ii) guarantees that the curvature of the
cost function does not change too abruptly near ¢*. These assumptions are
generally reasonable and appropriate. In our case, where we use a standard

cost function, these assumptions are verified.



114 Side-length Reduction for Fast NMPC

4.4 Chapter summary

The key contribution of this chapter lies in presenting a novel approach for the
optimal side-length reduction of the search domain. This approach uses the
Set Membership approximation method to derive tight guarantee bounds on
the optimal NMPC control law directly from available data. This effectively
reduces the search domain that the optimization process needs to explore for
finding the optimal solution. It should be noted that the proposed method
is applied to the Dimensionality Reduction NMPC developed in Chapter 3,
achieving a simultaneous reduction in both dimensionality and side-length of the
search domain. However, the applicability of this approach extends beyond this
specific framework. It can be directly applied to traditional NMPC formulations
as well, demonstrably improving computational times. The effectiveness of
this method in reducing computational burden for nonlinear optimization
algorithms is rigorously demonstrated through a theoretical analysis. This
analysis focuses on the convergence rate of a specific algorithm, the Sequential
Quadratic Programming algorithm, when the side-length reduction method
is implemented. In particular when the side-length, determined by the SM
bounds, is reduced below to a certain threshold, the convergence rate of the
algorithm shows Q-superlinear behavior towards the optimal solution, which is
proven to lie within this volume. This is one of the most innovative aspects of

this work.



Chapter 5

Simulation results in

Autonomous Driving scenarios

In this chapter, the Dimensionality and Side-length reduction methods are used
for trajectory planning and control of autonomous vehicles in real-world sce-
narios. Their performance is compared against standard NMPCs, i.e. NMPCs
that integrate both single shooting and multiple shooting approaches without
dimensionality and side-length reduction strategies. This comparison aims to
demonstrate the effectiveness of the proposed methods in reducing the compu-
tational complexity of nonlinear optimization algorithms not only theoretically

(as can be seen in Sections 3.5 and 4.3) but also through practical examples.

The autonomous vehicle scenarios chosen for the evaluation are:

1. Lane Keeping on Urban Road: This scenario evaluates the ability of a

control system to maintain a designated lane on a road with some curves.

2. Obstacle Avoidance in Rural Road: This scenario assesses the capability
of a control system to safely navigate around obstacles encountered on

rural roads.

3. Parallel Parking: This scenario evaluates the performance of a control
system in executing complex maneuvers to complete the parking avoiding

collisions with other cars.
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These three scenarios are selected to showcase the versatility of the developed
methods in handling different tasks, from simple lane keeping to more complex

maneuvers involving obstacle avoidance and parking.

To compare the performance of the proposed methods against standard
NMPCs, both software-in-the-loop (SIL) and hardware-in-the-loop (HIL) simu-
lations are conducted. In a SIL simulation, the entire closed loop control system
is designed in Simulink, a graphical programming environment for modeling
and simulating dynamic systems. This implies that the NMPC algorithm is
implemented and executed using a Matlab Function. On the other hand, in
a HIL simulation, the NMPC algorithm is implemented and executed on a
hardware platform rather than in a simulated environment. In this thesis, an

Nvidia Jetson Nano board is used.

Outline. The chapter is organized as follows. Section 5.1 provides an overview
of the autonomous driving scenarios chosen for the performance evaluation
and discusses the rationale behind their selection. Sections 5.2, 5.3 and 5.4
focus on performance evaluations, providing a detailed description of the results
achieved by both developed methods for each scenario and comparing them
with standard NMPCs. Additionally, a comparison using HIL simulation is

performed for the first scenario.

5.1 Autonomous driving scenarios

This section describes the realistic autonomous vehicle scenarios considered in
the thesis, providing also the motivations behind the choice of these specific

maneuvers.

5.1.1 Lane Keeping on Urban Road

In recent years, the increasing number of cars has led to a rise in traffic
accidents. As a result, driving safety has become a major concern in the social
transportation and automotive sectors. Extensive investigation and analysis
have revealed that unintentional lane departures are a leading factor in road

accidents involving passenger cars (see, e.g.,[145] and [146]). Advanced driver
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Fig. 5.1 Example of a road scenario for the lane-keeping control system.

assistance systems and autonomous driving functions, such as lane keeping,
offer great potential for mitigating or even preventing many of these accidents
[147]. Due to its significant impact on traffic safety, extensive research has
been recently conducted on the control of the lateral vehicle dynamics (see,
e.g., [148]). In this context, the developed NMPC approaches are used for
implementing the lane keeping control system, and tested on various real-world

urban roads. An example of one of these scenarios is shown in Figure 5.1.

5.1.2 Obstacle Avoidance in Rural Road

In the last decades, a remarkable amount of research and progress has been made
towards creating intelligent technologies for autonomous vehicles [149, 150].
Significant developments include adaptive cruise control, lane-keeping system
(see Section 5.1.1), and decision-making algorithms. These technologies are
designed with a fundamental objective: enabling autonomous vehicles to track
given reference trajectories, efficiently avoiding obstacles and ensuring safety.
Indeed, as vehicles become increasingly autonomous, the need for effective
obstacle avoidance mechanisms becomes crucial, with these systems playing an

essential role in enhancing the following aspects:

o Safety: The primary importance of obstacle avoidance lies in ensuring

the safety of all passengers, pedestrians, and other road users.
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« Efficiency: Obstacle avoidance systems enable autonomous vehicles to
choose the most efficient path by avoiding obstacles rather than stopping

or slowing down when they come across one of them.

o Reliability: A robust obstacle avoidance system contributes significantly
to the reliability of an autonomous vehicle by ensuring its ability to

handle a wide range of scenarios and conditions.

o Legal and Ethical Considerations: Autonomous vehicles are expected to

comply with traffic laws and ethical considerations.

o Public Acceptance: Effective obstacle avoidance systems can help build
public trust in autonomous vehicles by demonstrating their ability to

navigate safely and efficiently.

The NMPC is an attractive approach for autonomous driving due to its ca-
pability to manage input and state constraints [151]. However, generating a
real-time path in an environment with obstacles continues to be a complex
task. When an obstacle lies directly ahead, the controller must strategically
select a turning direction to navigate around it. This becomes particularly
challenging when the obstacle and the vehicle share a similar path, resulting in

a non-convex optimization problem for the optimal trajectory.

In this context, we consider the scenario depicted in Figure 5.2. It presents
a rural road divided into two lanes, each designated for a specific direction of
travel. Additionally, at the exit of a curve, there is an obstacle due to roadworks
and a truck traveling in the opposite direction. The aim of the vehicle is to

avoid the construction site and return to its lane before the arrival of the truck.

5.1.3 Parallel Parking

While many advanced driver assistance systems (ADAS) are used in everyday
transportation, implementing a fully autonomous application remains a chal-
lenge due to safety and legal concerns. Autonomous parking may become the
first application to achieve full autonomy in the near future due to well-known
environments and relatively low risks. Additionally, the increasing number

of vehicles has created a significant challenge in metropolitan areas, where
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Fig. 5.2 Obstacle avoidance scenario.

finding a suitable location to park is becoming increasingly difficult. This
situation is exacerbated by the shrinking size of the available spaces, making
manual parking more challenging and contributing to traffic congestion. The
autonomous parking technology would simplify as much as possible the actions
required by the driver to park, reducing time (to perform all the maneuvers)
and spaces [152]. In this regard, many algorithms for trajectory planning and

control have been developed in recent years (see, e.g., [153-155]).

In this thesis, we consider the Parallel Parking scenario shown in Figure
5.3. Starting from an initial pose, the ego vehicle must first pull alongside the
front vehicle (Target 1) and then perform the necessary maneuvers for entering
the parking lot (Target 2) without colliding with other vehicles and obstacles.

5.1.4 Real Vehicle Model

To simulate the real vehicle, the Matlab Vehicle Body 3DOF Dual Track
block [156] is used, which implements a rigid two-axle vehicle body model to
calculate longitudinal, lateral, and yaw motion. The block accounts for body
mass, aerodynamic drag, and weight distribution between the axles due to

acceleration and steering. It therefore provides a good high-fidelity model for
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testing the developed NMPC methods and comparing them with standard
NMPCs.

5.2 Case Study I: Lane Keeping on Urban
Road

For this case study, four different configurations of the NMPC have been
considered, evaluating their performance in terms of both computational time

and accuracy. These configurations are:

1. Standard single shooting NMPC' (s-NMPC'): This refers to the NMPC
approach with the optimization control problem formulation presented
in (2.8). It does not apply any dimensionality or side-length reduction

techniques.

2. Standard multiple shooting NMPC (m-NMPC): This denotes the NMPC
with multiple shooting configuration, described in Section 2.2.1. Also in

this case, no volume reduction techniques are used.

3. Dimensionality reduction NMPC (DR-NMPC'): This configuration em-
ployes the dimensionality reduction approach developed in Chapter 3.

4. Dimensionality and side-length reduction NMPC (DSR-NMPC): This con-
figuration uses both dimensionality and side-length reduction techniques,
as detailed in Chapter 4.
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The s-NMPC, DR-NMPC and DSR-NMPC configurations have been tested
using both software-in-the-loop (SIL) and hardware-in-the-loop (HIL) simu-
lations for lane-keeping maneuvers in real-world road scenarios (described in

Section 5.1.1). An example is shown in Figure 5.1.

Firstly, the models representing the ego vehicle are introduced. Subsequently,
the different methods are described and compared through both SIL and HIL
simulations. Finally, the performance of the DSR-NMPC is evaluated in
comparison to the m-NMPC. The detailed steps are outlined below.

5.2.1 Vehicle models

The models used to describe the ego vehicle are first introduced. When
implementing the NMPC approach, it is important to consider two types of
models: i) a “high-fidelity” plant model that replicates the real vehicle, and
ii) a prediction model used by the NMPC optimization algorithm to predict
future system behavior. Note that, in general, the prediction model has a lower
complexity compared to the high-fidelity plant model. The Matlab Vehicle
Body 3DOF Dual Track block (described in Section 5.1.4) is used for simulating
real vehicle dynamics. In terms of the NMPC prediction model, a standard
model called Dynamic Single-Track (DST) Model is used, which provides a
representation of both lateral and longitudinal vehicle dynamics. This model
represents a single-track vehicle, also known as a bicycle model. It simplifies a
four-wheeled vehicle by assuming symmetry between the left and right sides.
This allows us to model the behavior of the vehicle using only two wheels:
a front wheel and a rear wheel. A graphical representation of this model is
shown in Figure 5.4. Although simpler than other models, it includes the

key aspects required for designing and conducting preliminary tests on vehicle
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control systems. The state equations characterizing the DST are as follows:

X = Vg COSY — Uy SInY

Y = Vg SInY + vy cos Y

) =w

Uy = vy¢+ax (5.1)

Uy:_vx@b"’i(Fyf"'Fyr)

w= ]2Z (lnyf _lTFyT>

where X and Y are the coordinates of the vehicle in an inertial frame, v is the
yaw angle, w denotes the yaw rate, and v, v, are the longitudinal and lateral
speeds, respectively. The main physical parameters of the model and their
values are as follows: mass m = 1575kg; moment of inertia I, = 4000 kg*mQ;
distances of Center of Gravity (CoG) to front wheels Iy = 1.2m and rear wheels
I, =1.6m. Moreover, Fy; and Fy, are the lateral forces between the wheels

and the vehicle:
Fyf = —Cfﬁf, Fyr = —Crﬁr (52)

where ¢y =2.7-10YN/rad and ¢, = 2-10?N/rad are the front/rear cornering
stiffnesses. The tire slip angles §; and 3, are defined as:

[y = atan (W) — 0y, B = atan (Uy—lrl/}) (5.3)

The longitudinal acceleration a, and the steering angle ¢; are the control
variables. The output of the system is (X,Y’). Note that the prediction model

is a simplified version of the plant, not accounting for aerodynamic forces and

weight distribution between the axles due to acceleration and steering.

5.2.2 Closed-loop system

A closed-loop system has been implemented in Simulink (see Figures 5.7 and
5.9), comprising of the plant controlled through feedback by a NMPC block. The
input of the plant is the command u = (a,,dy) generated by the NMPC block
on the basis of the plant state and the reference trajectory. The NMPC block
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can be either a standard single shooting NMPC, a dimensionality reduction
NMPC or a dimensionality and side-length reduction NMPC. The description
of these three different types of NMCP algorithms follows below. It should be
noted that for this comparison, the multiple shooting NMPC configuration is

not taken into account.

5.2.3 Standard single shooting NMPC algorithm

A standard single shooting NMPC algorithm was designed to provide both
lateral and longitudinal control of the vehicle dynamics. The algorithm is
formulated based on the optimization problem (2.8) and uses equations (5.1) as
the internal prediction model. It takes the plant state and reference trajectory
as inputs and generates the command ;11 = (az,0f) to track the reference
trajectory, enabling lane-keeping while maintaining a desired speed. The NMPC
parameters were selected through a trial-and-error process and are listed in
Table 5.6. Note that, in order to obtain the OCP (2.8), it is necessary to
parametrize the command u = (uy,...,ur) through the selection matrix I' (as
described in Section 2.3). According to the value of T'= 30 in Table 5.6

and considering that n, = 2, the command u is a vector of 60 variables. In
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order to reduce the complexity of the optimization problem, it was decided to
parametrize u using a new command input sequence ¢ of 20 decision variables,
i.e. n.=20. In particular, the strategy involves the use of 2 ¢ every 6 u.
For illustrative purpose, considering the first set u(y.5), the corresponding

sub-selection matrix is:
ucre) = U'(1:6) C(1:2) =

[01] (5.4)
C2

This process is repeated for each group of 6 u, obtaining the total selection

O = O = O =
_ O = O = O

matrix I'. In other words, the prediction interval has been divided into 10
segments. Defining ng as the number of segments, this means that ns; =
10. Subsequently, for each segment, the pair of control commands (a,,dy) is
considered. This results in a total of 20 command samples: 10 for longitudinal

acceleration a; and 10 for steering angle d;.

Table 5.1 NMPC design parameters.

Parameter Value
T 0.1s
T 30
Q diag(5,5)
R diag(0.5,1)
Upper bounds [3m/s?, 7/8,3m/s*,7/8
Lower bounds [—3m/s2,—7r/8,—3m/52, —/8]

5.2.4 Dimensionality Reduction NMPC

The practical implementation of the procedure outlined in Chapter 3 is now

discussed, focusing on the specific case of lane-keeping maneuvers.
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Offline data generation

A Monte Carlo campaign of 100 simulations of the closed-loop system with
the standard NMPC algorithm was carried out, considering urban roads (such
the one in Figure 5.1) with varying curvatures and assuming a speed of 40
km/h. Note that: i) to obtain always a different road for each simulation, the
curvatures were modified in a pseudo-random way using the Latin Hypercube
Sampling (LHS) technique (see [133]); ii) to find pseudo-optimal minima, the
optimization problem was solved using the Matlab function fmincon with the
Sequential Quadratic Programming (SQP) algorithm, initialized at various
points within the search domain in order to enhance its exploration phase.
This simulation campaign resulted in a dataset D = {wl,al}{‘ﬁl containing
approximately M = 3e4 samples. It is noteworthy that while the current
dataset was constructed through closed-loop simulations, it is also possible to
generate it in an “open-loop” fashion. This alternative approach would involve

evaluating the output of the NMPC law for different values of the regressor.

Offline selection of the relevant decision variables

In the standard NMPC, the use of 10 segments implies that each command
sample 4; in the dataset is a vector of 20 elements. To reduce the complexity of
the algorithm, it is possible to identify the decision variables that significantly
influence the optimization process by computing their mean-square gradient, as
described in Section 3.4.2. Practically, starting with the dataset obtained in the
previous step, the vectors ¢, and ¢, are computed along with their corresponding
selection matrices I', and I', using the Algorithm 4. The process of choosing
the relevant components involves the selection of a proper threshold, denoted
as (. In this case, ( = 0.1 is considered, indicating that only components with
a mean-square gradient greater than 10% of the total mean-square gradient
will be considered relevant. The choice of the threshold depends on practical
considerations and the specific scenario. Figure 5.5 presents the obtained results.
For the sake of simplicity, we consider the segments instead of the individual
decision variables c. It can be observed that only the first three segments have
a mean-square gradient greater than the threshold, implying that only the first

6 decision variables ¢ can be considered significant. As a result, the vector ¢,
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can be defined as:
cr = (Cl, c2, €3, C4, Cs, 06) e RO, (5.5)

Furthermore, the vector ¢, and the selective matrices I', and I', can be trivially

computed. They are reported below:

Cq = (67, C8y ... CQ()) c R(MXI),
1 ... 0]
0 ... 0] [0qag)
0 ... 0 (5.6)
[0 ... 0]
1 ... 0 T4
0 ... 1]

Offline approximation of the NMPC control law

Based on the dataset D = {u?l,&l}?fi, the approximated control law ¢g was
computed using the Nonlinear Sparse Identification method described in Section
3.3.1. It should be noted that, to reduce the number of components in the
regressor {1, = {7, %M, with 7 € R™ and ¥, = (¥j1,...,t1) € R™*T it
was decided to select only a subsequence of 3 samples of the reference t; between
1 and T. In particular, the first, middle, and last samples were used. This
source of approximation, in combination with the use of the sparse function
¢s, introduces errors that can be taken into account in the parameter p (see

Section 3.4.3). For this case study, p = 0.01 was chosen.
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square gradient.

Online optimization on the reduced-dimensionality OCP

At each time t, given the regressor w;, the approximated control law ¢ is

applied online to compute the approximated solution
¢ = ¢s(wy)yép + iy, (5.7)

with I and I, defined in Eq. (5.6). Then, the OCP (3.45) is solved using only
the most relevant decision variables ¢, considering ¢, as warm start. The other
variables ¢, are kept constant and set to the values ¢,. This approach leads to
a reduction of the computational complexity as already discussed theoretically

in Chapter 3 and as will be shown numerically in Section 5.2.6.
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5.2.5 Dimensionality and Side-length Reduction NMPC

Below are described only the additional steps required to achieve a simultaneous

reduction of both dimensionality and side-length of the search domain.

Offline data reduction through clustering

Since the complexity of an SM method increases with the size of the dataset,
a clustering procedure was carried out to reduce the dataset D = {wl,al}?ﬁ.
Specifically, the K-medoids clustering method with the CLARA algorithm was
used. After multiple attempts, a reduced set D, = {1y, @y, }}¢2, was found as
an “optimal” compromise between data quantity (and thus complexity of the

SM method) and exploration of the control law domain.

Offline bounds definitions of the most relevant decision variables

Based on the reduced dataset D, = {wlr,alr}}:i 1 and the approximation ¢,
the corresponding tight bounds ¢ and ¢ of the most significant variables ¢,
were computed using the SM approach detailed in Section 4.1.3. Figure 5.6
shows the approximation and the relative bounds of ¢,,, i.e. the first steering
control command. As can be seen, the bounds were reduced by approximately

tenfold compared to the original ones.

Online optimization on the reduced dimensionality and side-length
ocCp

At each instant t, given the regressor wy, the approximated solution
c= ¢s(wt) = Prér + Faéa (58)

is computed online. The functions ¢(w;) and ¢(wy) are used to obtain the

following reduced search domain:

cds = Hcgj’ — @J( t),¢;(we)], for j=1,... ng. (5.9)

J
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Fig. 5.6 Set Membership approximation of c,,.

Then, the OCP (4.36) is solved by optimizing only the most relevant decision
variables ¢, using ¢, as warm start and C%* as search domain, while leaving
the remaining variables fixed at the values ¢,. It is important to highlight that
the use of the SM approach further decrease the overall volume of the search
domain, compared to just employing dimensionality reduction. This, in turn,
results in an additional reduction of the computational complexity, improving

the rate of convergence. This is numerically shown in Section 5.2.6.

5.2.6 Performance Comparison using SIL

The comparison of the three configurations described above is performed firstly

using SIL simulations.

Software-in-the-loop. Software-In-the-Loop (SIL) is a simulation method-
ology that is extensively used in the field of systems engineering, particularly

within the realms of automotive and aerospace development. This technique
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involves the execution of embedded software algorithms within a simulated
environment that emulates the behavior of the physical system. The main
goal of SIL is to validate the accuracy and robustness of software algorithms
before deploying them onto actual hardware. By integrating the software with
a mathematical model of the system and running it on a high-fidelity simula-
tion platform, SIL provides a controlled setting that can replicate real-world
conditions without the associated risks and costs. It plays an essential role
in the model-based design (MBD) process, allowing for early detection and
correction of software defects. It facilitates iterative development and testing,
enabling engineers to enhance their designs with a high degree of accuracy.
By employing SIL, developers can ensure that the software works correctly
in response to a wide range of inputs and scenarios, thereby improving the

reliability of the final product.

The two numerical nonlinear optimization algorithms used for the compari-

son are:

o Sequential Quadratic Programming (SQP), see Section 2.5.2 for more
detail.

» Particle Swarm Optimization (PSO), see the following paragraph for a
brief description of this algorithm.

Particle Swarm Optimization Inspired by the collective movements of
birds and fish flocks, Particle Swarm Optimization is a population-based opti-
mization technique introduced by Kennedy and Eberhart in 1995 for continuous
search spaces [20]. Unlike single-point search methods such as gradient descent,
PSO leverages a swarm of particles to explore the search space in pursuit of the
optimal solution. These particles, initialized randomly within the search space,
iteratively update their positions based on their individual best experiences
and the best solution of the swarm. This collaborative approach promotes
the exploration of diverse regions, enhancing the probability of finding the
optimal solution. Furthermore, one of the strengths of PSO lies in its gradient-
free nature; unlike gradient-based methods that require readily available and
well-behaved gradients, PSO can tackle problems with non-differentiable or

computationally expensive objective functions.
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The selection of these two algorithms aims to highlight the versatility of the
proposed methods, demonstrating their effectiveness regardless of the specific
optimization algorithm employed. Indeed, it is noteworthy that SQP is a local

optimization algorithm, while PSO is a global one.

In order to evaluate and compare the performance of the three NMPC
configurations, another Monte Carlo campaign of 100 simulations was carried
out, using urban roads different from those considered during the offline data
collection. In each trial, three simulations of the closed-loop system were
run: one with the standard NMPC (St-NMPC) controller, another with the
DR-~-NMPC algorithm, and the third one with the DSR-NMPC algorithm. Note
that the plant was always the same. The simulations were run on a Dell
Precision 5820 (Processor: Intel(R) Xeon(R) W-2123 CPU @ 3.60GHz). The
optimization problem was solved using the Matlab function fmincon. The
corresponding Simulink scheme used for the SIL simulation is shown in Figure
5.7. The performance of the three NMPC algorithms was compared using the

following indexes:

1. Mean number of iterations (Num. of Iteration);

2. Mean number of evaluated cost functions (Num. of Cost Fun.) for finding

the minimum;
3. Mean total computational time for solving an OCP (Comp. Time);

4. Mean Root-Mean-Square (RMS) Error for the cross track error (RMS
CT. Err.).

It should be noted that the term “Mean” represents the average number of
iterations, evaluated cost functions, computational times, and RMS errors
throughout the Monte Carlo simulations. For example, the mean number of
evaluated cost functions (M,.f) means:

_ 2?21 ecf

Mecf ng

(5.10)

where ecf; is the number of evaluated functions for the ¢-th time index and n;

is the number of iterations required to complete the simulation.
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Fig. 5.7 Closed-loop system in Simulink for SIL.

In Tables 5.2 and 5.3, the resulting performance indexes for the three
configurations using both the SQP and PSO algorithms are presented. Below

are the comments for each of the two developed methods.

Dimensionality Reduction NMPC

By using dimensionality reduction method, the optimization problem is trans-
formed from one with 20 variables to one involving only 6 relevant variables
¢r. This results in a decrease in both the number of iterations and, more
importantly, the number of cost function evaluations, as theoretically demon-
strated in Section 3.5. Consequently, there is a significant reduction in the
computational time required to solve the OCP. Specifically, for both the SQP
and the PSO, we observe the following benefits compared to the s-NMPC:
i) more than a halving of the number of iterations; ii) a reduction of over
five times in the number of cost function evaluations; iii) an improvement in
computational time by nearly an order of magnitude. Importantly, in the
case of the SQP, the dimensionality reduction does not degrade the quality of
the solution found, since the cross-track error remains practically unchanged.
Regarding the PSO, it is worth noting that the standard NMPC could not be
implemented in real-time as it requires a computational time greater than the
sampling time (75 = 0.1s). This issue is solved by introducing dimensionality
reduction. Furthermore, the solution quality is enhanced, since the warm start
of the PSO algorithm exploits a model identified from data generated using a
SQP method.
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Table 5.2 Comparison between the three NMPC methods using SQP algorithm with

SIL simulations.

SQP
s-NMPC DR-NMPC DSR-NMPC
Num. of Iteration 31.7 12.96 2.82
Num. of Cost Fun. | 788.33 143.1 35.53
Comp. Time [ms] 29.6 4 1.2
RMS CT. Err. [m] 0.098 0.0995 0.0991

Table 5.3 Comparison between the three NMPC methods using PSO algorithm with

SIL simulations.

PSO
s-NMPC DR-NMPC DSR-NMPC
Num. of Iteration 110.5 68.73 20.97
Num. of Cost Fun. 2210 412.4 125.8
Comp. Time [ms] 165.4 33.5 10.6
RMS CT. Err. [m] 0.2264 0.1377 0.0998

Dimensionality and Side-length Reduction NMPC

The integration of the side-length reduction method further enhances the perfor-
mance of the two algorithms. Specifically, as described theoretically in Section
4.3, it improves the convergence rate for Sequential Quadratic Programming
and reduces the exploration phase for Particle Swarm Optimization, thereby
decreasing the number of iterations required to find a solution. Consequently,
this leads to fewer cost function evaluations and reduced computational times.
For SQP, times close to milliseconds are achieved, while for PSO, times are in
the order of tens of milliseconds. It should be noted that the ability to focus
the optimization in the region of the search domain containing the minimum
allows for a better solution compared to dimensionality reduction alone. In
fact, a higher accuracy is achieved, resulting in a reduction of the cross-track

error.
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5.2.7 Performance Comparison using HIL

The three NMPC methods are now compared using hardware-in-the-loop (HIL)

simulations.

Hardware-In-the-loop. Hardware-In-the-Loop (HIL) is an advanced simu-
lation technique that integrates hardware components within the simulation
loop. This approach is crucial in the development and validation of complex
embedded systems (control algorithms and physical plant systems), partic-
ularly in the automotive and aerospace industries. In this thesis, the HIL
simulation is used to verify the behavior of the developed control algorithms
in real-time, while executing on the target processor. In particular, the HIL
is leveraged to simulate the interaction between the embedded software and
the hardware, without the need for a physical prototype. This is achieved by
running the control code directly on an electronic board and interfacing it with
a simulated model of the system, which is executed on a host computer. The
simulated environment replicates the dynamics of the actual system, allowing
for a thorough analysis of the control strategy under various scenarios. One of
the primary advantages of HIL is the significant reduction in development time
and cost. By circumventing the necessity for early-stage physical prototypes,
engineers can iterate and refine their designs rapidly. Moreover, HIL facilitates
the identification of issues related to timing and integration, which are critical
in real-time systems. Overall, HIL provides a more accurate representation of
the system behavior by incorporating the actual processor into the simulation,

thus offering a balance between simulation fidelity and resource consumption.

The Nvidia Jetson Nano board has been chosen to implement the three
NMPC methods.

Nvidia Jetson Nano. Jetson Nano is a small, powerful computer for em-
bedded applications (see Figure 5.8 [157]). It is engineered around a 64-bit
quad-core Arm Cortex-A57 Central Processing Unit (CPU) that operates at a
frequency of 1.43GHz. This CPU is complemented by an NVIDIA Maxwell
Graphics Processing Unit (GPU) equipped with 128 CUDA cores. This GPU
configuration is capable of achieving a computational speed of 472 GFLOPs
when operating in FP16 mode. The module is further enhanced with 4GB of
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64-bit Low Power Double Data Rate 4 (LPDDR4) Random Access Memory
(RAM) and 16GB of embedded MultiMediaCard (eMMC) storage. It operates
on the Linux for Tegra operating system. The physical dimensions of the
module are 70mm by 45mm, and it features a 260-pin Small Outline Dual
In-line Memory Module (SODIMM) connector. This connector facilitates the
breakout of various interfaces, including video, audio, Universal Serial Bus
(USB), and networking. The presence of this connector enables the module to

be interfaced with a compatible carrier board.

Fig. 5.8 NVIDIA Jetson Nano board.

For the comparison between the three NMPC methods, only the Sequential
Quadratic Programming (SQP) algorithm was considered. Indeed, in the case
of Particle Swarm Optimization (PSO), even when used with Software-in-the-
Loop (SIL), it fails to achieve real-time NMPC (see s-NMPC in Table 5.3).
Additionally, the inherent performance limitations introduced by the algorithm
implementation on a physical board would further worsen these shortcomings,
rendering PSO unsuitable for a meaningful performance comparison within
the scope of this analysis. Conversely, SQP is a well-established optimization
technique frequently employed in real-time NMPC applications due to its
efficiency and convergence properties. Therefore, SQP represents the most

appropriate choice for this comparative study.
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Fig. 5.9 Closed-loop system in Simulink for HIL.

The simulation environment is shown in Figure 5.9. All the blocks are
designed in Simulink, with the exception of the controller implemented on
the Jetson Nano board. The performance of the three NMPC algorithms was
compared using the same indexes as before (see Section 5.2.6). Please note
that all performances are expected to be very similar to those obtained with
SIL, except for the Computational Time, which should significantly increase
with the use of the board.

The obtained results are reported in Table 5.4. As can be seen, the HIL
validation becomes crucial when considering real-time implementation of op-
timization algorithms. Indeed, while the standard NMPC in SIL simulations
achieved computation times well below the sampling time (see Table 5.2),
the same method proved to be too computationally expensive for real-time
hardware implementation at a sampling rate of Ts = 0.1 seconds (see the NMPC
parameters in Table 5.6). This highlights the limitations of SIL simulations
for real-time control applications. Regarding the two developed methods, they
demonstrate their effectiveness for real-time control by achieving sampling rates
significantly lower than the required threshold (i.e., 0.1 s). In particular, the
DSR-NMPC method achieves a mean computational time of approximately
7 ms, a remarkable result that enables its use in fast real-time applications.
The other performance metrics remain consistent with those presented in Table
5.2. This is due to the fact that the board only affects the computation time,

leaving the other performance indexes unaffected.
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Table 5.4 Comparison between the three NMPC methods using SQP algorithm with
HIL simulations.

SQP
s-NMPC DR-NMPC DSR-NMPC
Num. of Iteration 31.67 12.97 2.79
Num. of Cost Fun. | 787.34 143.2 34.9
Comp. Time [ms] 151.8 24.3 7.4
RMS CT. Err. [m] 0.098 0.0993 0.0985

5.2.8 Performance comparison with NMPC in Multiple

Shooting configuration

Direct multiple shooting methods belong to the group of simultaneous ap-
proaches for the numerical solution of dynamic optimization problems. They
are characterized by dividing the time horizon into multiple segments and intro-
ducing additional intermediate state variables into the optimization problem.
This approach allows for the explicit incorporation of knowledge about the
system dynamics into the problem by an adequate choice of initial guesses for

these additional variables. For more detail please refer to Chapter 2.

In MATLAB, CasADi provides a powerful tool for implementing NMPC
with the multiple shooting approach [70]. CasADi, an open-source software tool,
has emerged as a powerful solution for nonlinear optimization and algorithmic
differentiation (AD). It is designed to facilitate the efficient implementation of
various techniques for numerical optimal control, making it suitable for both
offline and online applications. The core of CasADi is a symbolic framework
that includes both forward and reverse modes of AD on expression graphs. This
unique feature enables the construction of gradients, large-and-sparse Jacobians,
and Hessians, thereby enhancing the efficiency of numerical computations.
CasADi is interfaced with a variety of Nonlinear Programming solvers. Among
these, the most widely used is IPOPT. This open-source solver employs a primal-
dual interior point method, which is highly effective for solving large-scale

optimization problems.

For the comparison, we take into account the following NMPC configurations:
standard multiple shooting NMPC (implemented using CasADi and IPOPT) and
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Table 5.5 Comparison between m-NMPC with IPOPT and DSR-NMPC with SQP.

m-NMPC DSR-NMPC
Comp. Time [ms] 31.6 9.2
RMS CT. Err.[m] | 0.008 0.099

DSR-NMPC (implemented using fmincon and SQP). The evaluated metrics
are the mean total computational time for solving the OCP (Comp. Time) and

the mean root-mean-square error for the cross track error (RMS Ct. Err.).

Remark. [t is important to note that in this scenario, we consider SIL simula-
tions using the Interpreted MATLAB Function in Simulink. This is due to the
fact that CasADi cannot be implemented using a Matlab Function. However,
the use of Interpreted MATLAB Functions results in a significant computational
overhead, often increasing simulation time by an order of magnitude compared
to standard MATLAB functions.

The obtained results are presented in Table 5.5. As can be seen, the com-
bination of both dimensionality and side-length reduction methods leads to a
more computationally efficient single-shooting NMPC approach, implemented
with fmincon, compared to a multiple shooting NMPC, implemented with
CasADi and the solver IPOPT. It should be noted that the CasADi implemen-
tation, being symbolic and using algorithm differentiation along with IPOPT,
generally outperforms the use of fmincon in the standard NMPC case. This
further highlights the effectiveness of the developed approaches, even against
powerful tools like CasADi. Moreover, for the cross track error, both methods

achieve comparable results.

5.3 Case Study II: Obstacle Avoidance on Ru-
ral Roads

For this case study, we consider the following NMPC configurations:

1. Standard single shooting NMPC (s-NMPC): The same configuration

considered in the previous case study.
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2. Dimensionality and side-length reduction NMPC (DSR-NMPC): This con-
figuration uses both dimensionality and side-length reduction techniques,
as detailed in Chapter 4.

3. Side-length reduction NMPC (SR-NMPC): This configuration employs
the side-length reduction approach described in Section 4.2.4 without

using the dimensionality reduction.

These configurations have been tested using software-in-the loop (SIL) for
an autonomous obstacle avoidance in real-world road scenarios (described
in Section 5.1.2). An example is shown in Figure 5.2. To ensure that the
ego vehicle safely maneuvers around the construction site and returns to its
designated lane before the truck arrives, safety ellipses are strategically designed

around obstacles:

X-X,)? (Y-Y,)2

( 2”1) 1 2“1) > 1, (5.11a)
ai by

X-X,)?2 (Y-Y,)>

( 2”2) +( 2“2) > 1. (5.11b)
a3 b3

The equation (5.11a) describes the roadworks obstacle centered at X,, and Y,,,
with major and minor axes represented by a; and by, respectively. On the other
hand, equation (5.11b) refers to the obstacle posed by the truck. In order to
create a critical scenario for the vehicle, forcing it to return promptly to its
lane, the truck is considered to be in motion at a speed of 20 km/h. To account
for this during optimization, a prediction of its position is performed, instant
by instant, by using a rough estimate of the truck velocity. This implies that
the center characterized by X,, and Y}, is not fixed but changes at every time
instant. Note that equations (5.11a)-(5.11b) will be included as constraints
within the NMPC optimization problems.

5.3.1 Vehicle models

As in the previous case, the Matlab Vehicle Body 3DOF Dual Track block is
used for simulating the real vehicle, while the DST model is used for the NMPC

internal prediction model. The model state is z = (X,Y,9,v;,vy,w), while
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the longitudinal acceleration and the steering angle are the control variables:
u = (az,d¢). The model output is (X,Y").

5.3.2 Closed-loop system

The same closed-loop system of Section 5.2.2 has been implemented in Simulink,
with the plant being controlled via feedback by an NMPC block. The input
of the plant is the command u = (a,,df) generated by the NMPC block using
information from the plant state and reference trajectory. The NMPC block
can be either a standard single shooting NMPC, a side-length reduction NMPC
or a dimensionality and side-length reduction NMPC. These three NMPC

algorithms are described below.

5.3.3 Standard single shooting NMPC algorithm

A standard single shooting NMPC algorithm was developed to handle the lateral
and longitudinal control of vehicle dynamics. The algorithm relies on solving
the optimization problem (2.8), using equations (5.1) as the internal prediction
model. Its inputs include the plant state and the reference trajectory. The
output is the command u¢ 1 = (az,dy), used to track the reference trajectory,
allowing the vehicle to accomplish the lane keeping task, and to avoid potential
obstacles along the path, while maintaining a desired speed. This command
was parametrized considering a new command input sequence ¢ of 8 decision
variables, i.e. n. = 8. This means that the prediction interval was divided into
4 segments, that is, ng =4. As a result, in the prediction interval [¢,t+T],
there are a total of 8 command samples: 4 for the longitudinal acceleration
a, and 4 for the steering angle d;. The values of the NMPC parameters were

chosen through a trial-and-error procedure and are listed in Table 5.6.

5.3.4 Dimensionality and side-length Reduction NMPC

The steps required for the implementation of the approach described in Chapter

4 are now discussed.
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Table 5.6 NMPC design parameters.

Parameter Value
T, 0.1s
T 30
Q diag(1,1)
R diag(0.01,1)
Upper bounds [3m/s® 7/4,3m/s*, 7/4]
Lower bounds [—3m/s®, —7/4,—3m/s%, —7 /4]

Offline data generation

A Monte Carlo campaign of 500 simulations of the closed-loop system with the
standard NMPC algorithm was carried out, considering rural roads (such as
the one in Figure 5.12) with slightly different curvatures (obtained through the
LHS technique) and assuming a speed of 60 km/h.

This simulation campaign provided a dataset D = {wl,al}fi , of about
M = 2e5 samples. Note that here the dataset was constructed by means of
closed-loop simulations but it is also possible to generate it in “open-loop”, just

by evaluating the output of the NMPC law for different values of the regressor.

Offline dataset reduction through clustering

To reduce the size of the dataset obtained in the previous step a clustering
procedure was used. The K-medoids clustering method with the CLARA
algorithm was employed. A reduced set D, = {@lmﬂlr}llfil was constructed,
giving an optimal compromise between amount of data, memory usage and

exploration of the control law domain.

Offline selection of the relevant decision variables

In the standard NMPC, using 4 segments implies that each command sample
%; in the dataset is a vector of 8 elements. To simplify the algorithm, it is
possible to identify the relevant variables through the method described in
Chapter 3. Starting with the dataset obtained in the previous step, we compute
the vectors ¢, and c¢,, along with their respective selection matrices I', and

[y, using Algorithm 4. As in the previous case study, a threshold ( =0.1 has
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been chosen. Figure 5.10 presents the results. It can be seen that only the first
segment has a mean-square gradient greater than the threshold, meaning that
only the first 2 decision variables ¢ are significant. Consequently, the vector ¢,
can be defined as:

e =(c1, ) €RZD, (5.12)

Additionally, the vector ¢ and the selective matrices I', and I's are as follows:

CaZ(CS, 4, C5, Co, CT, CS)GR(GXU,
o
0 I
I, =0 0| = 2 6R8><27
o 06,2)
0 0] (5.13)
3 0
0 0
I,=|1 0| = |0Co| cgexs
. . [6
0 ... 1

Offline approximation of the NMPC control law

Based on the dataset D = {'Lbl,ﬂl}lzfl, the approximated control law ¢g was
computed using the Nonlinear Sparse Identification method described in Section
3.3.1. As in the previous case study, it was decided to select only a subsequence
of 3 samples of the reference t; between 1 and 7. In order to take into account
this source of approximation as well as the error introduced by the sparse

function ¢g, = 0.05 was chosen.

Offline bounds definition of the most relevant decision variables

Using the reduced dataset D, = {wlr,alr}}:jl and the approximation ¢, the
corresponding tight bounds ¢ and ¢ of the most relevant variables ¢, were

computed employing the SM approach detailed in Section 4.1.3. The approxi-
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Fig. 5.10 Proportional contribution of each segment with respect to the total mean
square gradient.

mation ¢s and the bounds for one of the steering angle commands are shown
in Figure 5.11. It can be observed that the interval between the bounds is

reduced more than 10 times compared to the original one.

Online optimization on the reduced dimensionality and side-length
OoCP

The DSR-NMPC consists in applying online the OCP (4.36), considering the
same procedure described in Section 5.2.5.

5.3.5 Side-length reduction NMPC

This approach is a subcase of the method developed in Chapter 4 (see Section

4.2.4). In this case, the OCP encompasses all the decision variables without
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Fig. 5.11 Set Membership approximation of dy.

distinction between relevant and non-relevant. This means that:
cr=c,cg=0,T =13, I's=0()- (5.14)

During the offline phase, the approximation ¢ is computed based on the dataset
D, while the SM approach is used to compute the corresponding bounds ¢
and ¢ for all the variables ¢ using the reduced dataset D,. Then, during the
online procedure, the approximated control law ¢4 is applied to compute the
approximated decision variables ¢, while the function ¢ and ¢ are used to reduce

the search domain in which the decision variables can be found, obtaining

8

8
Ce= ljlcij = [ [&;(ws), &;(wy)]. (5.15)

J=1

The OCP is performed for all the decision variables, considering ¢ as warm

start and C{ as search domain, obtaining the Eq. (4.40).
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It should be noted that in both DSR-NMPC and SC-NMPC, equations
(5.1) are used as the internal prediction model. The design parameters are the
same as those of the standard NMPC, see Table 5.6.

5.3.6 Comparison between DSR-NMPC, SR-NMPC
and s-NMPC.

A Monte Carlo campaign of 100 trials was carried out, considering rural
roads with different curvatures compared to those used during the offline data

generation phase. The reference velocity was 60 km/h.

The simulations were run on a Dell Precision 5820 (Processor: Intel(R)
Xeon(R) W-2123 CPU @ 3.60GHz). The optimization problems were solved
using the Matlab function fmincon with the SQP algorithm. The performance

of the three NMPC algorithms was compared using the following indexes:

1. Mean number of evaluated cost functions (Num. of Cost Fun.) for finding

the minimum;
2. Mean NMPC total computational time (NMPC Time);
3. Mean optimization computational time (Opt. Time);

4. Mean Root-Mean-Square (RMS) Error both for the Lateral Error (Lat.
E.) and the Orientation Error (Orient. E.);

5. Mean minimum distance from the obstacles (Min. Dist.).

Note that "NMPC total computational time” refers to the elapsed time between
when the NMPC receives inputs and when it produces the commands. This
encompasses not only the optimization part but also the entire pre-processing
phase. Specifically, in the case of DSR-NMPC and SR-NMPC, it includes the
use of the approximation functions to obtain the warm start and the bounds.
On the other hand, ”Optimization computational time” only considers the
time required by the solver (fmincon) to find the optimal command. Table
5.7 shows the mean value of the performance indexes for the three NMPC
algorithms. The term “Mean” represents the average number of evaluated cost

functions, computational times, RMS errors and minimum distances throughout
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Table 5.7 Comparison between the three NMPC methods using SQP algorithm with

SIL simulations.

SQP
St-NMPC SR-NMPC DSR-NMPC
Num. of Cost Fun. 194.65 16.64 4.52
NMPC Time [ms] 92.6 14.6 9.1
Opt. Time [ms] 91.8 10.2 4.9
RMS Lat. E. [m] 0.2105 0.2179 0.2256
RMSOr.E.[rad] | 0.0135 0.0137 0.0142
Min. Dist. [m] 2.814 2.806 2.792

the Monte Carlo simulations. To compute the RMS error, only the reference
tracking phase has been taken into consideration, neglecting the overtaking
part where the vehicle must move away from the reference. Indeed, to make
the scenario challenging, the same reference, i.e., the center of the lane, has
always been considered, leaving the NMPC to autonomously avoid the obstacle.
Note that this is more challenging than just imposing a reference change to
obtain the overtaking. Clearly, the RMS, being referred to the center of the
lane aligned with the travel direction of the vehicle, becomes very large during
the obstacle avoidance phase. Finally, the minimum distance from the obstacle
highlights that, throughout the entire overtaking maneuver, a safe distance was
always maintained from all obstacles. An example of an obstacle avoidance
performed by the DSR-NMPC algorithm is shown in Figure 5.12.

From these results, we can observe that: i) The DSR-NMPC reduces the
number of function evaluations by a factor of approximately 50 compared to
the standard NMPC and 4 with respect to the SR-NMPC. ii) The DSR-NMPC
improves the computational time of 5 ms compared to the SR-NMPC and
about 10 times with respect to the Standard NMPC. The discrepancy between
this result and the one obtained for the cost function evaluations is due to
the fact that the DSR-NMPC and SR-NMPC algorithms require to evaluate
the approximated control laws before performing optimization, which is not
present in the standard NMPC. This operation implies additional computation
time. iii) Regarding the times required to solve the OCP with fmincon, the
DSR-NMPC shows more pronounced improvements with respect to both the
Standard NMPC (a factor of 20) and the SR-NMPC (a factor of 2). iv) Finally,
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Fig. 5.12 Example of obstacle avoidance performed by DSR-NMPC.

the RMS errors and the minimum distances are quite similar for all the NMPC

algorithms.

5.4 Case Study III: Parallel Parking

For this case study, two configurations have been considered:

1. Standard single shooting NMPC' (s-NMPC): The same configuration

considered in the previous case studies.

2. Side-length reduction NMPC (SR-NMPC): In this configuration only the

side-length reduction is employed.

Remark. [t should be noted that in this case, the combination of dimensionality
and side-length reduction is not used because, as described below, only two nodes

are considered.

These two configurations have been tested using SIL simulations for a real road
scenario regarding a Parallel Parking maneuver (described in Section 5.1.3).

An example is shown in Figure 5.3.



148 Simulation results in Autonomous Driving scenarios

5.4.1 Vehicle models

As in the previous two case studies, to simulate the real vehicle, the Matlab
Vehicle Body 3DOF Dual Track block is used. Regarding the NMPC predic-
tion model, the classical kinematic bicycle equations are considered. Since the
vehicle travels at low speed, these equations provide a sufficiently accurate

description of the vehicle motion. The kinematic bicycle model is the following:

X = v, cost

Y = wysing (5.16)
. Vg
Y= Ebtan(éf)

where X and Y denote the position of the vehicle, 1 its yaw angle, and the
parameter wy, = 2.8 m represents the wheelbase of the vehicle. The longitudinal
speed v, and the steering angle ¢ are the control variables. The output of
the system is (X,Y,%). Concerning the state constraint, safety ellipses were

designed around the parking vehicles in order to avoid possible collisions:

(X_XUI>2 (Y_Y;)I)Q
aj by

=1, for [ =1,2, (5.17)

where the major axes ar are defined as (Iy, +1,,)/2, the minor axes br as wy, /2,

and (X,,,Y,,) represent the centers of the two vehicles.

5.4.2 Closed-loop system

The same closed-loop system of the previous case studies has been used in
Simulink, where the plant is controlled through feedback by an NMPC block.
The input of the plant is the command u = (v;,d¢) generated by the NMPC
block using information from the plant state and reference trajectory. The
NMPC block can implement either a standard single shooting NMPC or a
side-length reduction NMPC, which will be described in the following.
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5.4.3 Standard single shooting NMPC algorithm

A standard single shooting NMPC algorithm was developed for the control of
the lateral and longitudinal vehicle dynamics. The algorithm relies on solving
the optimization problem (2.8), using equations (5.1) as the internal prediction
model. Its inputs include the plant state and the reference trajectory, while
its output u¢y1 = (vz,d¢) are used to perform the parking maneuver without
collisions with the other vehicles. The NMPC command was parametrized
considering a new command input sequence c of 4 decision variables, i.e., n. =4.
This means that the prediction interval was divided into 2 segments, that is,
ns = 2. As a result, in the prediction interval [t,t+ T, there are a total of 4
command samples: 2 for the speed v, and 2 for the steering angle d;. The
values of the NMPC parameters are listed in Table 5.8.

Table 5.8 NMPC design parameters.

Parameter Value
T, 0.1s
T 100
Q diag(0.25,0.25,0.5)
R diag(0.5,0.5)
P diag(2,10,20)
Upper bounds [2m/s,m/4,2 m/s,m/4]
Lower bounds [—2m/s,—7/4,—2 m/s, —m /4]

5.4.4 Side-length Reduction NMPC

The steps required for the implementation of this approach are now discussed.
Note that all the procedures characterizing the dimensionality reduction are

not taken into account in this case study.

Offline data generation

A starting set of initial state conditions x,, p = 1,...,1000 of the vehicle
was obtained through the Latin Hypercube Sampling (LHS) technique (see
[133]). Starting from these initial conditions, a Monte Carlo (MC) campaign
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was carried out using the standard single shooting NMPC. At the end of this
campaign, a dataset D = {1y, @ }12,, with M = 3e5, was obtained.

Offline data reduction through clustering

A clustering procedure was carried out to reduce the size of the dataset generated
in the previous step using CLARA algorithm. After several trials, a reduced
dataset D, = {wy., @, } of led data was found.

Offline approximation of the NMPC control law

Based on the dataset D = {wl,al};tﬁ, the approximated control law ¢s was
computed using the Nonlinear Sparse Identification method described in Section

3.3.1. For this case study, ;= 0.1 was chosen.

Offline bounds definition of all the decision variables

Based on the reduced dataset D, = {wmalr}}:il, the corresponding bounds ¢
and ¢ were computed by means of the SM approach described in Section 4.1.3.
Figure 5.13 shows the approximation ¢ and the tight bounds of the velocity
control command. As it can be seen, the bounds were reduced by about 10

times with respect to the original ones.

Online optimization on the reduced side-length OCP

The SR-NMPC consists in applying online the OCP (4.40), considering the

same procedure described in the case study II (see Section 5.3.5).

5.4.5 Comparison between SR-NMPC and Standard
single shooting NMPC

In order to test the effectiveness of the SR-NMPC technique and the robustness
of the obtained model, different initial state conditions of the ego vehicle, from
those considered previously, were taken into account. Then, an MC campaign

of 100 simulations was carried out.
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The standard single shooting NMPC and the developed SR-NMPC were
simulated on a Dell Precision 5820 (Processor: Intel(R) Xeon(R) W-2123 CPU
@ 3.60GHz). The optimization problem was solved using the Matlab function
fmincon with the SQP algorithm.

The metrics used for comparing the performance of the two algorithms are:

1. Number of evaluated cost functions (Num. of Cost Fun.) for finding the

minimum,;
2. Computational time (Comp. Time);

3. Accuracy in reaching the final target considering the Position Tracking
Error (Pos. Track. Err.) and the Orientation Tracking Error (Orient.
Track. Err.).

In Table 5.9, the mean and maximum values of the above performance indexes
are shown for the two NMPC algorithms. Note that the term Mean Value refers

to the average number of evaluated cost functions, computational times, and
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Table 5.9 Comparison between Standard NMPC and SR-NMPC using SQP algorithm
with SIL simulations.

SQP

St.-NMPC SR-NMPC

Mean Maximum | Mean Maximum
Value Value Value Value

Num. of Cost Fun. 94.4 106.1 5.46 12.16

Comp. Time [ms] 31.3 36.5 5.7 5.9

Pos. Track. Err. [m] 0.1237 0.7 0.1106  0.1388

Orient. Track. Err. [rad] | 0.0241 0.29 0.0213 0.029

tracking errors throughout the simulation (see the example in Eq. (5.10)). The

term Maximum Value refers to the highest value during the 100 simulations.

Regarding the number of evaluated cost functions, with the SR-NMPC a
reduction of about 17 times, on average, is obtained. Note that, since in this
nonlinear optimization problem there are 4 variables to be optimized, at least 5
evaluations of the cost function are required to obtain a numerical estimate of
the gradient. Thus, in the case of SR-NMPC, results very close to this minimum
number are obtained. For the computational time, the use of SR-NMPC leads
to an improvement in the performance of about 6 times, on average. The same
considerations also apply to the maximum values of both metrics. With regard
to the tracking error, since the values of the position (X,Y") are generally larger
than those of the orientation ), it is split into: Position Tracking Error and
Orientation Tracking Error. For the computation of the Position Tracking
Error, the Euclidean distance between Target 2 and the final pose of the vehicle
is considered (see Figure 5.3). Regarding the Mean Value, the obtained results
are quite similar. Instead for the Maximum Value, there is a considerable
difference. Indeed, in the case of standard NMPC, the very high value reported
in Table 5.9 is due to the fact that out of 100 simulations, the parking maneuver
fails four times. The SR-NMPC, instead, always succeeds in completing it.

Thus, besides being more efficient from a computational point of view, this
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approach is also more robust. An example of a complete maneuver performed
by the SR-NMPC is shown in Figure 5.14.
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Fig. 5.14 Example of Autonomous Parallel Parking performed by SR-NMPC.

5.5 Chapter summary

In this chapter, the two methods developed in the thesis were tested and
compared with standard NMPCs, which integrate both single shooting and
multiple shooting approaches. These comparisons were made through both
software-in-the-loop and hardware-in-the-loop simulations. The obtained re-
sults have demonstrated the benefits of using dimensionality and side-length
reduction techniques to decrease the computational complexity of nonlinear
optimization algorithms, in particular Sequential Quadratic Programming and
Particle Swarm Optimization. Importantly, these benefits were achieved with-
out compromising the quality of the solution found. This represents a significant
advancement as it enhances the optimization efficiency while maintaining so-

lution accuracy, potentially enabling the implementation of these methods
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in real-time applications where computational resources and time are critical
factors. Furthermore, the successful application of these techniques underlines
their potential for a wide range of optimization problems beyond those explored

in this thesis.



Chapter 6
Conclusions and future research

This thesis addressed the challenge of reducing the computational burden
associated with Nonlinear Model Predictive Control (NMPC) for real-time

applications, particularly within the domain of autonomous driving.

It began by establishing a comprehensive foundation in NMPC covering
its formulation, theoretical underpinnings, and optimization methods. This
provided a crucial understanding of the theoretical and numerical complexities
that limit the use of standard NMPC algorithms in real-time scenarios. Notably,
key elements that strongly affect the computation time of nonlinear optimization
algorithms are: i) the dimensionality d of the search domain (i.e., the number
of decision variables); ii) the side-length s of the search domain (i.e., the region
where the decision variables are defined); and iii) the starting point of the

algorithm.

To overcome these limitations, the current study proposed two novel strate-
gies, called Dimensionality Reduction and Side-length Reduction, specifically
designed to reduce the computational burden of the underlying optimal control
problem by decreasing the volume of the search domain. This volume can be

represented as s?, where s represents its side length and d its dimensionality.

The Dimensionality Reduction method operates on the parameter d by
employing a combination between gradient computation and Sparse Nonlinear
Identification. Gradient computation identifies the directions of greatest vari-
ability of the optimization problem within the search domain to find the relevant

decision variables. The Nonlinear Sparse Identification method approximates
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the NMPC control law using the ¢;-relaxed-greedy algorithm, providing a good
warm start for the optimization algorithm and enabling the implementation of

the Optimal Control Problem (OCP) only on the relevant decision variables.

The Side-length Reduction addresses the problem of the search domain size
s by using the Set Membership (SM) method to derive tight bounds on the most
relevant decision variables. These bounds are then employed online to restrict
in an optimal and adaptive way the search domain of the optimization problem.
This strategy allows to focus the optimization only in the region of the search
domain containing the minimum. Moreover, it enhances robustness compared

to previous methods that used SM for open-loop control law approximation.

The second contribution of this thesis involved presenting a theoretical
analysis of the inherent computational complexity of the two proposed methods.
This study showed that reducing the dimensionality d can significantly decrease
the number of mathematical operations required for solving the numerical
optimization problem. This, in turns, leads to a reduction in computational
time and resources, making the proposed methods more efficient and scalable.
Moreover, the analysis also revealed that shrinking the side length s of the
search domain can improve the convergence rate of nonlinear algorithms. A
faster convergence rate means that these algorithms can reach their optimal

solution in fewer iterations, thus enhancing their efficiency.

The third contribution of this thesis was to test the proposed methods on
three realistic autonomous driving scenarios, demonstrating their efficiency and
versatility in handling a range of tasks. The performance of the proposed meth-
ods was compared with a standard NMPC, using both Software-In-the-Loop
(SIL) and Hardware-In-the-Loop (HIL) simulations. Two different nonlinear
numerical optimization algorithms, namely Sequential Quadratic Programming
(SQP) and Particle Swarm Optimization (PSO), were used in the SIL simula-
tion, highlighting the effectiveness of the proposed methods regardless of the
specific optimization algorithm employed. For the HIL simulation, only the
SQP algorithm was considered. The benefits of using the proposed approaches
were evident in all the considered scenarios and with both algorithms, achieving
significantly better results in terms of computation time, without compromising
the quality of the solution found. In particular, the developed methods enabled

the design of nonlinear optimization algorithms that can compute the optimal
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control command within 1-2 milliseconds in SIL and around 7 milliseconds on
hardware. This represents a significant advancement, potentially allowing the
implementation of these methods in real-time applications where computational
resources and time are critical factors. This demonstrates that the aim of the

thesis has been achieved.

In conclusion, this thesis successfully fulfilled its objectives, proposing novel
methods and demonstrating their effectiveness in reducing the computational

complexity associated with NMPC.

Future research

This thesis has laid the groundwork for several promising avenues of future

research. The following proposals are suggested for further investigations.

Use of Autonomous Driving Simulators. After performing a Hardware-
In-the-Loop (HIL) simulation, the subsequent step may involve testing the
developed algorithms on simulators specifically designed for the validation of
autonomous driving systems. One of the most well-known options is CARLA
(Car Learning to Act), an open-source simulator tailored for autonomous driving
research. Built on the Unreal Engine, CARLA provides a high-fidelity visual
context. It uses the ASAM OpenDRIVE standard to define roads and urban
settings. This combination allows for the creation of a wide variety of realistic
and complex driving environments, as can be seen in Figure 6.1. Furthermore,
CARLA incorporates a scalable client-server architecture, enabling the simulator
to handle large-scale and complex simulations. It also includes a Traffic Manager,
a system that controls all vehicles in the simulation except the one used for
learning. In addition to these features, CARLA offers various sensors such as
cameras, lidar, radar, and GPS, that vehicles can use to gather information

about their surroundings.

Stability and Robust Stability Analysis. The study of stability in NMPC
remains an active area of research with promising avenues for further exploration.

One particularly interesting direction lies in leveraging finite-gain stability as an
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Fig. 6.1 Example of a Carla environment.

alternative to the well-established Lyapunov function approach. In this regard,

the use of finite-gain stability will be another focus of my future research.

Cross-Disciplinary Applications. The algorithms developed in this thesis
have shown promising results in the automotive sector, demonstrating their
potential in controlling complex systems and improving performance. However,
their application is not limited to this field. The versatility and robustness
of these algorithms make them suitable for a wide range of applications. In
this context, a future area of exploration lies in the aerospace sector, whose
progress towards increasingly autonomous vehicles requires sophisticated control
strategies. The developed algorithms could be adapted to handle the complex
dynamics of the spacecraft and the challenging conditions of space exploration.
This includes guiding satellites on Earth orbits, where they must deal with
gravitational forces and atmospheric drag, and on interplanetary orbits, where
they must navigate vast distances and gravitational fields of the solar system.
The control of rovers is another attractive application of these algorithms.
Rovers, such as those used in Mars exploration missions, operate in extremely
harsh environments and need to perform complex tasks autonomously, such
as navigating rough terrains, avoiding obstacles, and carrying out scientific
experiments. The algorithms developed in this thesis could be adapted to

address these challenging operations.
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Use of Quantum Computing Paradigms. Research in NMPC has seen a
surge in recent years, driven by two key factors: the development of ever-more
powerful processors and the continuous refinement of numerical algorithms.
However, a technological ceiling is approaching, beyond which significant per-
formance improvements for NMPC through traditional methods may become
exceedingly challenging. Moreover, the emergence of large-scale applications,
such as those related to power grids, further highlights the limitations imposed
by the computational constraints of NMPC. Consequently, exploring alterna-
tive computational approaches becomes an urgent necessity. One of the most
promising solutions is Quantum Computing (QC), which was first introduced
in the early 1980s by physicist Paul Benioff [158] and independently by Richard
Feynman [159]. QC is a revolutionary technology that uses the principles
of quantum mechanics, such as superposition and entanglement, to perform
calculations exponentially faster than classical computers [160]. Unlike classical
computers that rely on bits, which can be either 0 or 1, quantum computers
leverage qubits, which can exist in a superposition of both states simultaneously.
This unique characteristic allows quantum computers to explore a vast number
of possibilities concurrently, leading to a significant increase in processing power.
There are various paradigms and hardware for building QCs, with gate-based
quantum computing [161] and adiabatic quantum computation (AQC) [162]
leading the way. In the gate model of QC, also known as circuit-based or digital
quantum computing, the computation is performed by applying a sequence of
unitary gates to a set of qubits, whose states can be measured at the end of
the computation. On the other hand, adiabatic quantum computation (AQC)
is a method that relies on the adiabatic theorem of quantum mechanics. This
theorem states that a quantum-mechanical system remains in its instantaneous
ground state if a given Hamiltonian that governs it varies slowly enough. The
idea behind AQC is to encode the solution of a problem in the ground state of a
Hamiltonian and to change this Hamiltonian slowly from an initial one, whose
ground state is easy to prepare, to a final one, whose ground state encodes the
solution. This method is particularly suited for solving optimization problems.
An approach closely related to AQC is quantum annealing (QA), first proposed
in 1988 by Apolloni et al. [163] and then formulated in its present form by
Kadowaki and Nishimori [164]. QA can be viewed as a relaxation of the AQC

model, where the strict conditions of adiabaticity are not met, resulting in
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a heuristic variational quantum algorithm. Consequently, this approach can
be used to find the ground state of Ising models, a known NP-hard problem.
It is well-documented in the literature how to transform canonical NP-hard
and NP-complete combinatorial optimization problems into forms suitable for
quantum annealers. These problems can be formulated either in Ising form
using a {—1,1} basis and spin variables, or as a quadratic unconstrained binary
optimization (QUBO) problem using the {0,1} basis and binary variables. The
two forms are equivalent, and problems in one form can be readily represented
in the other via a simple change of basis. QA is used to solve real-world prob-
lems in optimization, scheduling, and machine learning, among others. While
it is still debated whether QA can provide a quantum speed-up over classical
approaches [165], technological advances fuel hope for future competitiveness.
The solution to a problem in QA goes through several stages, depending on the
type of qubits used and the adiabatic protocol implemented. D-Wave Systems
annealers, which use superconducting qubits, are the most popularly used
QA devices [166, 167]. The exploration of quantum computing represents a
significant opportunity to overcome the computational limitations of traditional
NMPC and open up new avenues in the control of complex systems. Research
in this field is progressing rapidly, and the future prospects are highly promising.
Quantum NMPC has the potential to transform the way we control complex
systems, offering innovative and high-performance solutions to problems that

are currently intractable.
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