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T"-INVARIANT KAHLER-EINSTEIN MANIFOLDS IMMERSED IN
COMPLEX PROJECTIVE SPACES

GIANNI MANNO AND FILIPPO SALIS

ABSTRACT. We give a complete list, for n < 6, of non-isometric T"-invariant Kéhler-Einstein
manifolds immersed in a finite dimensional complex projective space endowed with the Fubini-
Study metric. This solves, in the aforementioned case, a classical and long-staying problem

addressed among others by Calabi and Chern.

1. INTRODUCTION

1.1. Description of the problem. Holomorphic and isometric immersions (from now on
Kdhler immersions) into complex space forms, i.e. Kéhler manifolds with constant holomor-
phic sectional curvature (see also Example [[L4] below), have been investigated starting from S.

Bochner’s work [7]. The general problem can be stated as follows:

Problem 1. To determine whether a Kdhler manifold can be Kdahler immersed into a complex

space form.

Despite E. Calabi found in [8] some criteria that allow, at least from a theoretical point of
view, to treat the Problem [II we are in fact far from having an overall classification. Even
in special cases of great interest, such as the Kéahler-Einstein manifolddl, a complete solution
of Problem [ is still lacking so far. Indeed, for Kdhler-Einstein manifolds, Problem [ can be
considered as solved only in the case of immersions either into hyperbolic or Euclidean spaces
(see [30]), instead it is still open for Kédhler-Einstein manifolds which are Kéhler immersed into
a complex projective space CP". Partial results are contained, e.g., in [I3} 15 [32] and also in
[9], where S. S. Chern proved that the 1-codimensional Kéhler-Einstein submanifolds of CPY
are either totally geodesics or the complex hyperquadrics, later extended by Tsukada [35] in
the case of codimension 2.

The above considerations motivate the following definition.

Definition 1.1. A Kahler manifold (M,g) is called projectively induced, if (M, g) can be

Kdihler immersed into a (finite dimensional) complex projective space CPY endowed with the
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1problem M has also been studied in more general context of Kéhler-Ricci solitons, see e.g. [19] 21].
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Fubini-Study metric grg, namely the metric associated to the Kdhler form given in homoge-
neous coordinates by

%8510g(|20|2+...—|—|ZN|2). (1)

Taking into account that all the explicit examples of projectively induced Kéhler-Einstein
manifolds hitherto known are homogeneous manifolds (cfr. [33]), some conjectures have been
put forward to justify this phenomenon (see e.g. [23, Chap. 4]):

Conjecture 1. A n-dimensional complex manifold endowed with a projectively induced Kdahler-
FEinstein metric is an open subset of a complex flag manifold, i.e. a compact simply-connected

Kdhler manifold on which its holomorphic isometry group acts transitively.

Remark 1.2. Ifn =1, Conjecture[dl is true. Indeed, by the Uniformization Theorem, the only
1-dimensional Kahler-FEinstein manifolds are open subsets of complex space forms. Moreover,
the only complex space forms that admit o Kdhler immersion into ((DIPN ,grs) are complex

projective spaces endowed with an integer multiple of the Fubini-Study metric (see [§]).

1.2. Description of the main result. In the present paper we focus our attention to Con-
jecture [Ilin the case of T™-invariant Kéhler-Einstein manifolds (which includes the remarkable
class of the toric manifolds, see Example below). In order to better describe our main

result, we need some further definitions.

Definition 1.3. A connected Kdhler manifold (M, g) is called T™-invariant if there exists an
effective, biholomorphic and Hamiltonian action on M of the n-dimensional real torus T™ with
at least one fized point.

The following examples provide some important classes of T"-invariant Kéhler manifolds.

Example 1.4 (Complex space forms). Let z = (21,...,2,) be complex holomorphic variables
on C™,
o Complex Euclidean spaces
(C™, Geue),

where geye s the metric associated to the Kdihler form i00)| z||?,

e complex hyperbolic spaces
(]Dn, ghyp) 5

where D" = {z € C" | ||z]|> < 1} and gnyp is the metric associated to the Kdhler form
—1001og(1 — ||2||?) and
e complex projective spaces
(CP", grs),
where gps is the metric associated to the Kihler form £001log (1 + |2[?), ¢fr. @),
are examples of T"-invariant Kdhler manifolds.
Example 1.5 (Toric Kéhler manifolds). Toric n-dimensional Kdhler manifolds are remarkable

examples of T™-invariant Kdhler manifolds. We recall that the former are defined as compact n-

dimensional Kahler manifolds where it is defined an effective, biholomorphic and Hamiltonian
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action of the n-dimensional real torus T™. As a consequence of the Atiyah and Guillemin-
Sternberg’s theorems (see [1, 11], 12] ), a toric n-dimensional manifold has at least n + 1 fized
points with respect to the T"-action. Complex projective spaces CPP™ are basic examples of toric

manifolds.

As we said, the main object of the present paper will be T"-invariant Kéhler-Einstein man-

ifolds. In particular, in this context, Problem [Il can be translated into the following one.
Problem 2. Classify all the projectively induced T™-invariant Kdhler-Einstein manifolds.

Since complex projective spaces are the only irreducible T"-invariant flag manifolds and since
only the integer multiples of the Fubini-Study metric are projectively induced (see [8, 23]), in

the specific case of T"-invariant Kéahler metrics, Conjecture [Il reads as:

Conjecture 2. The only projectively induced T™-invariant Kdhler-Einstein manifolds are open
subsets of CP™ x ... x CP™ , with n1 + ...+ ng = n, endowed with the Kdhler metric

q(c19ps @ ... D ckgrs) ,

where k and q € ZF, ¢; = %H#i(nj+l) fori=1,...;k and G =ged(n1 +1,...,np + 1),
namely the greatest common divisor between ny + 1,...,ng + 1.

Our main goal consists in proving Conjecture [2] for n < 6, i.e., the following theorem.
Theorem 1.6. Conjecture [ is true for n < 6.

We note that Conjecture [2] has been already provedE in the case n = 2 in [25] and in the
case n < 4 for toric manifolds in [3]. In both papers the results have been achieved thanks to
a careful analysis of a family of real Monge-Ampére equations, that required some demanding
computations. The approach we adopt in the present paper is slightly different: our main
analytical object is a single Monge-Ampere equation whose we study the gradient map of its
solutions. A central role will be played by the closure of the image of such maps, which in
the context we are dealing with, turn out to be the so-called Delzant polytopes. Some further

explanations are contained in Section 2] below.

Notation and conventions. If I = (I3,...,],) € IN" is a multi-index, then the length of I is

defined as |I| := Y."_, I,. If w = (wy,...,wy,), then w! denotes the monomial in n variables

[To=: whe.

2. PROOF OF THEOREM

In Sections ZIH2.5.T] we obtain results for arbitrary dimension n. In Sections 2.5.2H2.5.7] we
used the results obtained in the previous sections in the case n < 6 to prove Theorem

2We also note that Conjecture 2lis true if we replace the assumption of T"-invariance with the more restrictive
one of U(n)-invariance (cfr. the results achieved in [20] thanks to some techniques based on the Calabi’s diastasis
function developed in [22]).
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2.1. Strategy of the proof and description of the paper. The first step for the proof
of Theorem consists in constructing a bijective correspondence between Kahler-Einstein
metrics object of Problem [2] and polynomial solutions of a certain class of Monge-Ampere
equations depending on the Einstein constant. More precisely, we are going to describe in Sec-
tion 2.21how such bijective correspondence is realized by means of a particular Kahler potential,
namely the Calabi’s diastasis function. In a suitable coordinate system z = (x1,...,z,), after
a suitable normalization of the Einstein constant (such normalization can be assumed without
loosing of generality), the above bijective correspondence is obtained in terms of solutions of

the n-dimensional Monge-Ampeére equation

det D*u = e, w(x) =u(zy,...,z,) (2)
of the type
n
u(x) = log Z arel® — Z:Ei, (3)
Iez i=1
where 7 is a finite subset of IN" containing every multi-indices I = (I3, ..., ) such that a; > 0

and ay = 1 for |I| < 1. Furthermore, taking into account what we said above, Conjecture
can be reformulated in simpler way, see Conjecture [3

The second step is contained in Section 2.3] and it concerns the study of the gradient map
of the solutions to Monge-Ampeére equation (2)). In particular, by considering [10] and [26]
together with some technical lemmas, we prove that the closure of the gradient image has to be
the dual of a smooth Fano polytope, in particular it is a reflexive polytope, having the origin
as barycenter. Conversely, any convex polytope having the origin as barycenter is the closure
of the image of the gradient map of a convex solution to (2] (see [6]), not necessary of type (3)).
Section [2.3] ends by proving that decomposable convex polytopes are associated to solutions
to the n-dimensional Monge-Ampeére equation (2)) if and only if they are cartesian products of
polytopes associated to solutions to lower dimensional Monge-Ampere equations of type (2I).

The third step is contained in Section 24l Taking into account the results of [25], we find
some constraints on the shape of polytopes associated to solutions of type () to the Monge-
Ampere equation (2).

Finally, in Section 28], we conclude the proof of Theorem [[L6] through a case-by-case analysis
of the few polytopes satisfying all the properties identified in the previous sections. In partic-
ular, we exploit the classification of reflexive polytopes by M. @bro [30] in order to prove that
the only polytopes associated to solutions of the equation (2)) of type (B) are either the simplex
or a cartesian product of lower dimensional simplices.

2.2. Reduction of Problem[2]to the existence of polynomial solutions of a n-dimensional
Monge-Ampeére equation. Since Kéhler potentials of the Fubini-Study metric grg are real
analytic functions, a Kéahler potential ® of a Kéhler metric defined as holomorphic pullback of
grg is forced itself to be real analytic. Thus, considering a holomorphic system of coordinates

on U CC"

z2=(21,---,2n),
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® is equal to its power expansion around the origin:

D(2) = Z argz'z7. (4)
I,JENn
The function ) can be complex analytically extended to a function ® on a neighborhood of
the diagonal in U x U, where U is the conjugate of U, thus defining the diastasis function
Do :U — R for g:
Do(z) = ®(z,2) — ®(z,0) — ®(0,2) + D(0,0).

Moreover, for any Kéhler manifold with real analytic metric, there exists a coordinates

system, that we will still denote by z = (z1,...,2,), in a neighbourhood of each point, such
that
n
Do(2) = Y |2al* + 4, (5)
a=1

where v is a power series with degree > 2 in both z and Z.

Definition 2.1. Coordinates (21, ..., zy,) for which (Bl holds true are called Bochner’s coordi-

nates for the metric g.

Bochner’s coordinates are uniquely determined up to unitary transformations (cfr. [7} 8] 14}
151 [34]).

Lemma 2.2. Let (M,g) be a projectively induced T™-invariant Kdhler manifold. Let z =
(21,...,2n) be Bochner’s coordinates for g centered at a fixed point p of the toric action. Then
the diastasis function Dy(z) can be written as

Do(2) = log (P(2)) , (6)
where
P(z) =) arl"? (7)
IeZ
with ar > 0 and ay =1 for every |I| < 1. Here T is a finite subset of N".

Proof. Let Zy, ..., Zy be homogeneous coordinates on CPY, with N > n. Let G = g—f) be the
affine coordinates around the point [1,0...,0] on Uy = {Zy # 0}. Let f : M — CPY be a
Kihler immersion. Up to a unitary transformation of CPV and, if necessary, by restricting f
to an open neighborhood V' of p, we can assume that f(p) =[1,0...,0] and f(V) C U.

By [8) Theorem 7], there exist Bochner’s coordinates on Uy such that the restriction of f to
an open neighborhood of p € M where are defined Bochner’s coordinates z = (21, ..., 2,) for g

can be written in coordinates as the graph of a holomorphic function:

z2=(21,-y2n) = (21, oy Zny frg1(2)s - oo, [N(2)),

where

fi(z) = Z ajrzt,  j=n+1,...,N.
IEN™
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Since one can check that the affine coordinates (; on Uy are Bochner’s coordinates for the
Fubini-Study metric grg and by considering also that the diastasis function is hereditary (see
[8, Prop. 6]) in the sense that the diastasis function of the Kahler immersed manifold is given
by the composition of the diastasis of the ambient space, that in our case is log(1+ Z;Vzl 1G1%),
with the Kahler immersion, we get

n N
Do(z) =log [ 14> |z[P+ > [fi(x)
j=1 j=n+1

It is not hard to see that the Diastasis function centered at a fixed point of the toric action
depends only on the moduli of the coordinates z (see e.g. [2]). Hence, f;’s needs to be

monomials in z and formula (@) follows. U

Lemma 2.3. The FEinstein constant of a projectively induced T"-invariant Kdahler-FEinstein

manifold is a positive rational number.

Proof. Let z = (z1,...,2,) an arbitrary holomorphic coordinates system. A Kéhler metric g

with diastasis function Dg(z) is Einstein if and only if there exists A € R such that
)\%85D0 = —i001log det(g,3)-
Hence, by the d0-lemma, there exists a holomorphic function ¢ such that
det(g,5) = e~ 2 (Dotetd), (8)

Let now set Bochner’s coordinates, that we keep denoting by z. By comparing the series
expansions of both sides of the equation (§)), we get that ¢ + ¢ is forced to be zero (cfr. e.g.
[15] B31]).

In particular, since Dy is the diastasis of a projectively induced T"-invariant Kéhler metric,
by taking into account Lemma [2.2] the equation (§]) reads as an equality between polynomials
of real variables

To = |2al?,

more precisely:

o2p oP opP opr
det [(Pawaamg — ﬁm) Lo + Pﬁéaﬁ

1<a,f<n _ p—24n+1
Pn—l =Pz . (9)
Hence, A needs to be a rational number. Moreover, by comparing the degrees of both sides of
@), we get A > 2325 > 0. O

Remark 2.4. In view of Lemmal2Z.3, we have \ = 22 € QT, where we are assuming ged(s,q) =
1. Let P(|z1|?%, ..., |zn|?) be a polynomial solution of type (@) to [@). Since gcd(2ng,s) =1, P
is forced to be the q-th power of a polynomial, namely

P(|lz1)%, .. |zl = Py, ... 2n) = Zajazl, with ar =1 4f |I] <1, (10)
Iel
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q q

where R(z1, ..., xy) is a polynomial of type (I0). One can easily check that R (|z1|2, A |zn|2) =

must be equal to

R (z1,...,xy,) is a solution to the equation

0°R OR OR OR
det [(Ramaaxﬁ - mm) o+ Rm%ﬁ}

1<a,8<n _ pntl—s
T =R ) (11)
Moreover, if a polynomial R(x1,...,x,) of type ([I0Q) is a solution of (Il for some s € N, then
x Tn\S
P(xy,...,20) :R<—1,...,—n)
S s

s a polynomial solution of the same type to the equation

9*p oP op op
det |:<P8xa8x/3 - mm) Ta F Pm%ﬁ}

1<a,B8<n — Pn (12)

pn-1
Lemma 2.5. Without loss of generality, in the sense we clarified in Remark|[2.4), in () we can
assume \/2 = 1.

In view of Lemma [Z5] we give a refinement of Conjecture 21

Conjecture 3 (Refinement of Conjecture[2). The only projectively induced T™-invariant Kdhler-
Einstein manifolds (M, g) such that Ric(g) = 2g are open subsets of CP™ x ... x CP™ with

ny + ...+ ng =n, endowed with the Kdhler metric
(n1+1)grs & ... ® (ng + 1)grs.

We now sum up the results of the present section obtained so far, to arrive to Proposition
below, which plays a central role in the proof of Theorem [[.@, i.e. Conjecture Bl for n < 6.

Every Kéhler metric admits an infinite number of local potentials defined in the same open
subset, but, in the real analytic case, there exists only one whose power expansion does not
contain any term in z or z: the Diastasis function Dg(z). If (M,g) is a projectively induced
T"-invariant Kahler manifold and p is a fixed point of the toric action, chosen a holomorphic
coordinate system z = (z1,...,2,) centered at p, then Dy(z) needs to read as (@), as seen in
Lemma If we in addition also assume that (M, g) is a Kéahler-Einstein manifold, then
its diastasis function Dy can be obtained from a solution P to the equation (I2]) in the way
described in Remark 241

Proposition 2.6. There exists a bijective correspondence between projectively induced T™-
mmwariant Kdhler-Einstein metrics defined in a meighborhood of a fized point and the solutions
of the real n-dimensional Monge-Ampére equation ([2)) of type (3.

Proof. As we have already explained above, projectively induced T"-invariant Kéhler-Einstein
metrics can be obtained by finding solutions of type (I0) to (I2]), and vice versa. Moreover,
taking into account the replacement

x; — vl
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one realizes that (I0)) is a solution to (I2)) if and only if (B]) is a solution to (2)). O

Note that, in the 1-dimensional case, (2] reads as

and the unique solution of type (@) to this equation is

€T 2
log <1 + %) —x. (13)

By substituting = with |2|? in (I3]), we get a local Kihler potential in the affine coordinate z
for the metric 2grs on CP!, according to Remark and to Conjecture [3l

2.3. Gradient maps of the solutions to the Monge-Ampeére equation (2)): Momentum

maps and Delzant polytopes.

Lemma 2.7. Let u be a function reading as [B). Then the closure P of the image Du(R™)
of the gradient map Du of u is the convex hull of T translated by —1 = (—1,...,—1) and, if
d = maxrer |11,

PQ{(ul,..., )G]Rn up > —1,. 2—1,Zui§d—n}. (14)
=1

In particular, P is a lattice polytope, namely a polytope having all the vertices with integer

coordinates.

Proof. Via a straightforward computation, we see that the values Du(z) of the gradient function

are (up to translations) convex combinations of the elements of Z:
Du(x arel *I — 1. 15
(2) = Z[ezalelx ;I (15)

Thus, we get that P + 1 is the convex hull of Z. Moreover, since for any I € Z C IN” we have
that || < d, then for any (uy,...,u,) € P+ 1 we have Y " u; <d. O

Remark 2.8. If u is of type [3)), then
((=1,...,—1),(0,-1,...,—1),(=1,0,~1,...,—1),...,(—=1,...,—1,0)} C P.

When u is a solution of (2)), some additional geometric properties of its associated polytope
‘P can be obtained by using the theory of toric manifolds. In order to better introduce such

properties we need some extra definitions coming from the context of convex polytopes.

Definition 2.9. Let u: R™ — R be a solution of type [3)) to the Monge-Ampére ([2)). The (con-
vex) polytope P defined as the closure of Du(R™) is going to be called the polytope associated
to u.

Definition 2.10. An n-dimensional convex polytope is called a Delzant polytope if and only if
all the following properties are fulfilled

simplicity: at each vertex p, n edges l; meet and
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rationality: [; = p + tv;, where t € Rt and (vy,...,v,) € Z7",

smoothness: in particular (vi,...,v,) is a Z-basis for Z".

Definition 2.11. An n-dimensional lattice polytope P containing 0 = (0,...,0) as an interior

point is called reflexive if and only if
P={yeR"| Ay <1}, (16)
where A € Z"" and 1 is the column of length m with all entries equal to 1.

Remark 2.12. A reflexive polytope possesses a unique interior point with integer coordinates,

which is forced to be origin in view of Definition [2.11.

In order to prove that polytopes associated to solutions of type (B to Monge-Ampeére equa-
tion ([2) are in particular Delzant (see Proposition 2.15] below), we need the following two

Lemmas.

Lemma 2.13. A projectively induced T™-invariant Kdhler-Einstein manifold is an open subset

of a compact, simply connected and complete manifold M.

Proof. D. Hulin proved in [14] that every Ké&hler-Einstein manifold Kéhler immersed into a
complex projective space can be extended to a complete Kahler-Einstein manifold, that is also
Kahler immersed into the same complex projective space. Therefore, since A is positive by
Lemma 23], in view of the Bonnet-Myers’ theorem, M has to be compact. Moreover, every
compact Kéahler manifold with positive definite Ricci tensor is simply connected by a well
known result due to Kobayashi [17]. O

Lemma 2.14. A projectively induced T"-invariant Kdhler-Einstein manifold M is an open

subset of a toric Kdhler manifold.

Proof. In view of Lemma 2.13], we can assume without loss of generality, that M is a compact,
simply connected and complete Kéhler-Einstein manifold. Let z = (z1,...,2,) be Bochner’s
coordinates centered at a fixed point of the toric action and let Dg(z) be the diastasis function.
Let w : UN(C\ {0})™ — R such that

u(log |Z1|27 s 710g |ZTL|2) = DO (|Z1|27 ) |zn|2) . (17)

Chosen any branch of the complex logarithm, we set holomorphic coordinates w; = log z;.
Hence, the Kéahler form reads locally as

i ,= i 0%u 0%u
= —-00u = - ———dwi ANdw; = ———drip AN db; 18
YR T %: duwpdw, ; oryor, E (18)

where wy, = ri, + 0.

Being M simply connected and real analytic, each Killing vector field 0y, can be extended
to a unique Killing vector field defined on the whole manifold M (see [28] theorems 1 and 2).
Let X}, be the global extension of 9y, . Therefore, since every Killing vector field on a compact

Kéhler manifold is real holomorphic (see e.g. [27] prop. 9.5) and being M complete, we get a



10 GIANNI MANNO AND FILIPPO SALIS

holomorphic and isometric action of R on M by means of the flows of the each Killing vector
field Xk.

Furthermore, for any 1 < k,j < dim M, [Xj, X;] is a Killing vector field vanishing on U.
Since Killing vector fields (different from the identically zero vector field) vanish on totally
geodesic submanifolds of real codimension at least 2 (cfr. [I§]), the commutator [X}, X;]| needs
to vanish everywhere on M. Therefore, we have a transitive holomorphic and isometric action
G of R™ on M.

Let V' C M be the subset where at least a Killing vector field X} vanishes. By considering
that M \ V consists of and only of maximal dimensional orbits of the action G, such action can
be restricted to M \ V. We easily see that Z" is the stabilizer of G in (M \ V)N U. Hence, we
have a holomorphic and isometric action of the real torus R™/Z"™ on M \ V. Since stabilizers of
G in points belonging to V' contain Z", this toric action can be extended to the whole manifold
M.

Every Killing vector field on a compact and simply connected Kéhler manifold M is Hamil-
tonian. Indeed, since these vector fields are also real holomorphic because M is compact, they
need to be symplectic too, i.e. ix,w is closed. Being M simply connected, H éR(M ) = 0.
Therefore, ix,w needs to be also exact.

The existence of such effective Hamiltonian action allows us to conclude that M is a toric
Kahler manifold. 0

Proposition 2.15. If a function u of type @) is a solution to the Monge-Ampére equation
@), then its associated polytope P is Delzant and reflexive.

Proof. By considering Lemma 2.14] u can be seen as a local Kédhler potential defined on an

open dense subset of an n-dimensional toric Kéhler-Einstein manifold M (see (IT)). Let w be
the Kéhler form of M. Since, by considering (I8]), we have

. ou
o=t (57)

M — = R"

a momentum map

is given by the gradient of u (we are denoting the dual of the Lie algebra of T™ with t*).

By the results of T. Delzant (see e.g. [10]), u(M) C R™ is forced to satisfy the properties in
the Definition 210l

Furthermore, since u is a solution of the Monge-Ampere equation (), the Ricci form p

of M is equal to 2w (see also proof of Lemma 23] and Remark 2.4)). Then, the first Chern

class ¢1(M) = 5=[p] of M is equal to 1[w]. By taking into account also that P = pu(M) is

a lattice polytope (see Lemma [2.7)), it follows from D. McDuff’s result [26] that P contains

only one interior point with integer coordinates. By (I4]), such interior point is forced to be 0.

Furthermore, in [26], it is shown that the condition ¢ (M) = i[w] implies that the polytope P

s
is reflexive. This has been seen by proving that what the author called the affine distance of

the integer interior point (in our case 0) from any facet is equal to 1. O
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Although it is widely known that the existence of K&hler-Einstein metrics on toric manifolds
is related to the position of the barycenter of the image of the momentum map related to the

symplectic structure (see e.g. [24} (6 37]), we prove the following for the sake of self-consistency.

Lemma 2.16. Let u be a solution of type [B) to the Monge-Ampére equation ([2). Then its
associated polytope P has the barycenter at the origin 0.

Proof. The a-th component of the barycenter of P reads

0
/ua duy ...du, = —udetD2uda::
P R» 0xq
Ou u / / 0 ( Yo >
—e Ydx=— | 57— | dyady,
R 0T @1 SRt Oa \ P, un) ) "
where y; = e and y = (Y1,--+,Ya—1,Yat+1,---,Yn). Since 0 is an interior point of P (see
Proposition 2.15]),
lim ——2% =,
Ya—rF00 P(yb s 7yn)
so all the previous integrals needs to vanish. O

Actually we have also a converse of Lemma [2.16] that holds in the more general setting of

convex bodies.

Proposition 2.17 ([0]). If P is a convex body containing O in its interior, then there exists a
smooth convex function ¢ satisfying the Monge-Ampére equation [2) and such that the closure
of the image of the gradient map D¢ of ¢ is P if and only if O is the barycenter. The solution
@ is uniquely determined up to the action of the additive group R™ by translations.

It is natural to ask the relationship between separability of solutions to the equation (2)),
i.e. solutions of type u(x1,...,2%) +v(Tgs1,- .-, Trrn), and decomposability of their associated
polytopes, i.e. polytopes which are cartesian product of lower dimensional ones. This aspect
is clarified by the following propositions.

Proposition 2.18. Let u(z1,...,x;) and v(Tki1,...,Tkrn) be respectively a solution of type
@) to the k and h dimensional Monge-Ampére equation (2l), with associated polytopes P and
Q. Then, u+ v is a solution of type [B) to k + h dimensional Monge-Ampére equations (2,
whose associated polytope is P x Q.

Proof. 1t follows straightforwardly. O

Conversely, we have the following

Proposition 2.19. If u is a solution of type [B) to the Monge-Ampére equation ([2) whose
associated polytope can be decomposed as a cartesian product of a k-dimensional polytope P
and a h-dimensional polytope Q, then the k and h dimensional Monge-Ampére equations (2))
admit solutions of type [B) whose associated polytope are respectively P and Q.

Proof. Since u is a solution of type (B) to the k4 h Monge-Ampere equation (), Du(RF*h) =
P x Q is a reflexive polytope (see Proposition 2.T5]). Hence, it is easily to see that both P and
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Q needs to be reflexive. Moreover, by considering that the origin of R¥t" is the barycenter of
P x Q (see Lemma [ZT0]), the barycenter of P and Q is forced to be their only interior point
with integer coordinates. Therefore, in view of Proposition 2.17] we have convex solutions f;
and fo respectively to k£ and h dimensional Monge-Ampere (2]), whose associated polytope is

respectively P and Q. By taking into account again Proposition 2.17, we have that

w(@y, - apgn) = fil@r e, @e + o) + Tk + Crg1s - Tk + Chgn)
with (¢1,...,¢ckepn) € R*+". Then filxwr+cr,. .. 2 +cx) and fo(Trer + Chaty -y Thoh + Chth)
are functions of type (3. O

2.4. Some technical results. For practical reasons, in the following Lemma we refer to the
Monge-Ampere (I2) instead of the equation (2)), keeping always in mind the equivalence ex-
pressed by Proposition The following Lemma follows from Lemma 2.8 in [25] and it will
be useful for determining the shape of the polytopes associated to the solutions of type (3) to
the Monge-Ampeére equation (2I).

Lemma 2.20. Let P be a solution of type [I0) to the Monge-Ampére equation (I2)). Then the
restriction P(0,...,0,t,0,...,0) of P to the i-axis is

k.
t 1
P(O,...,O,t,O,...,O):<1+k—> (19)
i
and the restriction 3—5(0, ...,0,t,0,...,0) of §—£ to the i-axis, where j # i, is

oP t\ "
@(O,,O,t,o,,o):<l+k_> ) (20)
Vi 1

for some k; € Z and hij € IN. Moreover,

> hia = ki(n —2) +2 (21)

il
and
hij  hji
iy e 22
s (22)

for any i and j.

Proof. Formula (I9) is formula (13) in [25] with s = 1, where s denotes the constant \/2 with
A the Einstein constant. Therefore, it can be put equal to 1 in view of Lemma 2.1
Concerning the formula (20)), the formula (15) of [25] with s = 1 gives

R ki(n—2)+2
oP "
Ha—y(o,...,o,t,o,...,O) -1 <1+T_i>

j#i ) a=1
for some R € Z* and r; € RT. In the same Lemma 2.8 of [25], it has been proved that the
only possibility is R =1 and r; = k;. Hence,
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Then, formulas (20) and (21]) follow straightforwardly.
Formula (22)) follows from Cauchy-Schwarz Lemma by evaluating the first derivative of (20]) at
the origin. 0

2.4.1. A geometric interpretation of the constants k; and h;j. Let u be a function of type (B,
namely a function reading as
u(z) = logZaIeI“ - Zaza, ar =1if I <1, (23)
IeT «a
whose gradient image is equal to the interior of a given polytope P.
Considering (I3]), a direct computation shows that the limit of aaT“j for every x, different from

x; tending to —oo, is

Lz(xz) = W 2162 ajel'mfi -1, ifj=1

-1, otherwise

where Z = {I = (I,...,I,) € T|I, = 0 Yo # i}. Therefore the limit of the gradient of u, for
every z, different from z; tending to —oo, provides a parametrization for the interior of the
edge l; of P starting from —1 and parallel to the i-axis. Furthermore, we have that

lim L;(x;) = max|I| — 1.
—+00 7

Ti 1€l

Indeed, if I € 7 is such that || = max;; |I], then the coefficient a; cannot be 0 in view of
the bijective correspondence between Z and integer points of P expressed by Lemma 27 By

working with the polynomial

P(z) = Zajazj, ar=1if |I] <1,
IeT

instead of the function u (23] (this choice is justified by Proposition 2.6]) we have that the
degree of the restriction to i-axis of P is max;_; [I|, which is in turn equal to the length of the
edge [; of P.

Moreover, by means of very similar considerations as above that we skip for the sake of brevity,
we get that the degree of restriction to the i-axis of the derivative of P with respect to the
J-th variable, is an integer value between 0 and the length of the intersection of P N ¢;;, where
?;; denotes the straight line parallel to the i-axis and passing through the point having all its

coordinates equal to —1 except for the j-th one, which is equal to 0.

2.5. Classification of smooth reflexive polytopes: final steps of the proof of Theorem
M. Obro developed an algorithm (see [29]) that has been used to completely classify
smooth reflexive polytopes up to dimension 7. Indeed, until then a classification only up to size
5 was known ([4, 38| [5, [16]). However, we are going to consider only polytopes up to dimension
6 because only in this case is present a description [30] in terms of the matrix A, see (I6]).

Let

k= (ki,...,kn)T (24)
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and

hi; ifi#j
R (25)
0 ifi=y
where k; and h;; are those defined in Lemma [2.20)]
By Propositions 215, 2.16] and 218, we can consider only Delzant reflexive polytopes with
barycenter at 0 that cannot be decomposed as a cartesian product of lower dimensional poly-
topes.

In the subsequent subsections we will use some tables containing the matrix A, defined by
(I6), and the vector k and the matrix H, defined respectively by (24]) and (25, that we have
computed by considering what seen in Section 2.4l Notice that we consider only the case
where each entry of H attains the maximum value predicted in the aforementioned section,
because we are going to realize that only in this case the condition (21]) is satisfied.

2.5.1. Simplex. The n-simplex with the following n + 1 vertices
(-=1,...,=1), (n,—1,...,=1), (=L,n,—1...), ..., (=1,...,—1,n)

is Delzant and reflexive and, as such, there exists a unique convex solution of the Monge-Ampere
([2) associated to it. The aforementioned simplex is described by Table [1I

A k H
n+1
( —Idlnm > : H;; = n — nd;;
n+1

Table 1: n-dimensional simplex with barycenter at the origin.

In Table [ Id,«, is the n-dimensional identity matrix and 1 is the row whose entries are 1.
We note that the values contained in the table do not contradict (2II) and ([22]). Indeed, in this
case we have the unique solution

n i n+l1 n
u(zy,...,z,) = log <1+Zn+1) —Z$i, (26)
i=1 i=1

that, in view of Proposition [Z.6] is the solution associated to

(CP™, (n + Dgrs), (27)

in accordance with Conjecture [3l

2.5.2. 1-dimensional case. As we have already seen in the very end of Section 22 the only
solution in this case is ([[3]), that leads to [27) for n = 1. In particular, we notice that the

associated polytope is the segment from —1 to 1, namely a 1-dimensional simplex, according

to Section [2.5.1]
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2.5.3. 2-dimensional case. As we have already seen in Section [2.5.1], in this case we have the
solution associated to the 2-simplex, namely (26]) for n = 2. Furthermore, in view of the
Proposition 2.I8 and Section 2.5.2] we have also the solution

2 2
log(l—i-%) +log<1+%) — 1 — T3,

whose associated polytope is the square with vertices (—1,—1), (—1,1), (1,—1) and (1,1),
namely the cartesian product of the segment {(¢,—1) | =1 <t < 1} and the segment {(—1,t) | —
1 <t < 1}. This is the only reflexive Delzant polytope that can be decomposed as a cartesian
product of 1-dimensional ones. In view of Proposition [2.6], this solution leads to

(CP! x CP!, 2gps @ 29rs),

cfr. Conjecture [l There exists another reflexive Delzant polytope with barycenter at the

origin, namely the one given by Table 2

A k H
~1 0

0 -1
LA ) (3%)
10

0 1

Table 2: Undecomposable 2-dimensional smooth reflexive
polytopes with barycenter at the origin (2-simplex excluded).

The polytope described by Table 2lis the hexagon £ with vertices (—1,—1), (—1,0), (0,—1),
(0,1), (1,0), (1,1). It is easy to realize that such polytope satisfies conditions (2I)) and (22]).
The most general function u of type (@) such that the closure of Du(IR?) is equal to £ reads as

log (1 + et 4" + a(l,l)e“’””xz + a2,0) e¥riter 4 a(o,g)e“"/’ﬁ%2 + a(2,2)62x1+2x2) — 1 — Zo.
If such w is a solution of the Monge-Ampere (2]), then it needs to satisfy (I9) and (20). Hence
u(zy,z2) = log (1 4+ €% 4 €72 4 2eT1HT2 4 2Tt T2 4 rit2w 4 a(2’2)62””1+2m2) — X1 — To.

We can easily compute that
2

lim  lim (e“ det D2u) #0

T1——00 T2—>—00 8[]}‘18,’1’2

independently of a(s 9). Therefore there is no a2y € R for which u is a solution of (2.

2.5.4. 8-dimensional case. As said in Section 2.5.1], we have the solution associated to the 3-
simplex, namely (26]) for n = 3. Furthermore, in view of the Proposition [ZI8 and Section 2:5.2]
we have also the solutions

2 2 2
log(l—i-%) +log<1+%> +(1+%) — X1 — To — T3
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and, up to variables renaming,

z1+ 29\ ° 3\ 2
log(l—l— ! 2> —|—10g<1+73) — X1 — X9 — T3,

3

which, in view of Proposition [Z.6] lead respectively to
(CP' x CP' x CP', 2gps @ 2grs ® 2gFs)

and
(CP* x CP', 3grs @ 29rs),

cfr. Conjecture Bl We can easily see that the associated polytopes are respectively, the cube
with vertices

(_17 _17 _1)7 (17 _17 _1)7 (_17 17 _1)7 (_17 _17 1)7 (17 17 _1)7 (17 _17 1)7 (_17 17 1)7 (17 17 1)7

namely the cartesian product of the three segments {(—1,—1,¢) | =1 <t < 1}, {(-1,¢,—-1) | —
1<t<1}and {(t,-1,-1)| —1<t <1},
and the prism with vertices

(=1,-1,-1),(=1,1,-1),(1,-1,-1),(=1,-1,1), (=1,1,1), (1, —1,1)

namely the cartesian product of the 2-simplex whose vertices are (—1, -1, 1), (-1,1,-1),(1,—1,-1)
and the segment {(—1,—1,¢) | —1 <t < 1}. By taking into account Proposition 2.19] we have
no more decomposable polytopes to take into account. Indeed, even if there exists another
decomposable reflexive Delzant polytope with barycenter at the origin, namely the prism with
vertices
(-1,-1,-1),(-1,0,-1),(0,—-1,-1),(0,1,-1),(1,0,—1), (1,1, -1),
(-1,-1,1),(-1,0,1),(0,-1,1),(0,1,1),(1,0,1),(1,1,1),

we can see directly that it is a cartesian product of an hexagon and a segment. In view of
Proposition [2.19] there are no solutions of type (B) associated to such polytope, since there are
no 2-dimensional solutions of type (Bl associated to the hexagon.

Finally, there is another undecomposable reflexive Delzant polytope with barycenter at the
origin, namely the one given by Table Bl

A k H
-1 0 0
0 -1 0
1 012
FEIRONCIH
- 2 220
0 0 1
0 1 1

Table 3: Undecomposable 3-dimensional smooth reflexive
polytopes with barycenter at the origin (3-simplex excluded).

Note that the values contained in Table Bl do not satisfy the condition (22)). Therefore we
cannot have solutions of type (B]) related to such polytope.
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2.5.5. 4-dimensional case. As said in Section Z.5.1], we have the solution associated to the 4-
simplex, namely (28] for n = 4. Moreover, in view of the Proposition 219, Proposition 218
and taking into account the results of Sections [2.5.2]- 2.5.4] the only solutions whose associated
polytope can be decomposed as a cartesian product of lower dimensional polytopes are

2 2 2 2
10g(1+%) +10g(1+%) +<1—|—%) —|—log(1+%) — X1 — Ty — T3 — T4,

z1 +29\° 3\ 2 Ta\2
log<1—|—T> +<1—|—7) —|—log(1+7) — X1 — T — T3 — T4,

T+ 3 r3+x 3
log<1+1T2> +log<1+%> — | — T9g — T3 — X4,

4 2
log<l+w> —|—10g(1+%) — X1 — T9 — X3 — T4.

In view of Proposition [2.6] these solutions respectively lead to
(CP! x CP! x CP! x CP', 2gps ® 29rs © 29Fs ® 29Fs),

(CP? x CP! x CP', 3grs @ 29rs @ 29rs),
(CP? x CP?, 3grs @ 3grs),
(CP? x CP', 4gps @ 2grs),

cfr. Conjecture[3l Beside the 4-simplex, there exists also three further undecomposable reflexive
Delzant polytope with barycenter at the origin, namely the ones given by Table @ Only the
first polytope in such table satisfies both conditions (2I) and (22]). Nevertheless, if we assume
the existence of a solution of type (B]) to the Monge-Ampere equation (2] associated to such
polytope, we get a contradiction. Indeed, by taking into account (I9) and (20), we obtain after
long computations that

2

lim lim lim lim (e“ det D2u) > 0.
T1——00 Ta——00 T3——00 T4——00 0X101T3

2.5.6. 5-dimensional case. As already seen in Section [2Z.5.0], we have the solution associated
to the 5-simplex, namely (206) for n = 5. Moreover, in view of Proposition 218 and 2191
we can obtain all the solutions associated to decomposable polytopes (as a cartesian product
of lower dimensional ones) by taking into account the results of Sections Beside
the 5-simplex, there are also seven further undecomposable reflexive Delzant 5-polytope with

barycenter at the origin (see Table [Bl). Nevertheless, none of them satisfies the condition (22]).

2.5.7. O-dimensional case. As already seen in Section 2.5, we have the solution associated
to the 6-simplex, namely (26) for n = 6. Moreover, in view of Proposition 218 and 2191
we can obtain all the solutions associated to decomposable polytopes (as a cartesian product
of lower dimensional ones) by taking into account the results of Sections Beside
the 6-simplex, there are also twelve further undecomposable reflexive Delzant 6-polytope with
barycenter at the origin, but only one (the first polytope in the Table []) satisfies both the
condition (2I)) and (22)). Nevertheless, if we assume the existence of a solution of type (3] to

the Monge-Ampere equation (2) associated to such polytope, we get a contradiction. Indeed,
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by taking into account (I9) and (20]), we can consider a linear system
2
lim lim lm lim lim  lim ———— (e“det D%u) =0
T1——00 L2—>—00 T3—+—00 T4—+—00 L5—>—00 T6—+—00 Ly, z3
where a, 5 = 1,...,6, having the third degree coeflicients of the polynomial P = Ui i |ys =log 2
as variables. By considering that any coefficient of P cannot be negative, we obtain that such
system admits a unique solution. Thus, this result puts us in the position to get, after long
computations,
3

im  lim  lim  lim  lim  lim ———— (e"det D*u) > 0,
T1—>— 00 T2—>— 00 XL3—>—00 L4—>—00 L5—>—00 Tg—>—00 8$lax2

that clearly contradicts (2I).
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TABLE 6. Undecomposable 6-dimensional smooth reflexive polytopes with

barycenter at the origin (6-symplex excluded).
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