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hr�onrhshud�]mc�𝐵�−�0�=�𝐿±0(�(-�Hm�sgd�mdws�rdbshnm+�drshl]sdr�ne�sgd�fqnvsg�
q]sdr�hm�sgd�rs]mc]qc�]mc�mnmrs]mc]qc�qdfhldr�enq�sxohb]k�snj]l]j�o],

q]ldsdqr�vhkk�ad�chrbtrrdc-�

Sgd�qdrtks�hm�Dp-� ’05(�gnkcr�enq�u]ktdr�ne�sgd�o]q]ldsdq�𝐵 bknrd�sn�
tmhsx-�Lnqd�oqdbhrdkx+�bnlo]qhmf�sgd�ffiqrs�]mc�sgd�sghqc�sdql�ne�Dp-�’02(�+�

sgd�vhcsg�hm�o]q]ldsdq�ro]bd�vgdqd�sgd�qdrtks�’04(�gnkcr�hr�drshl]sdc�

]r�

√𝐵�−�0�√ ≤�

±0�−�𝑑�)�(�0{2�

±�𝛽∞𝜌𝛿𝑢�(�1{2�
.�  06(�

Hmcddc+�he�nmd�qdok]bdr�√𝐵�−�0�√ ∼ ±0�−�𝑑�)�(�0{2�{±�𝛽∞𝜌𝛿𝑢�(�1{2�hm�Dp-� ’04(�+�nmd�
b]m�rdd�sg]s�sgd�fqnvsg�q]sdr�’04(�]mc�’05(�cn�l]sbg-�

@r�hm�sgd�rs]mc]qc�b]rd+�sgd�sghm�v]kk�khlhs�bnqqdronmcr�sn�sgd�qdfhld�

vgdqd�sgd�odqstqadc�btqqdms�cdmrhsx�hmctbdc�nm�sgd�v]kk�b]m�chfitrd�]mc�

adbnld�tmhenql�]bqnrr�sgd�v]kk�nm�sgd�hmrs]ahkhsx�fqnvsg�shld�rb]kd-�@r�

vd�g]ud�rddm�]s�sgd�dmc�ne�Rdb-�1�+�sghr�qdfhld�hr�]tsnl]shb]kkx�r]shrffidc�

hm�sgd�rs]mc]qc�b]rd+�vgdqd�sgd�hmrs]ahkhsx�fqnvsg�shld�hr�ne�sgd�nqcdq�ne�

𝜌𝛿𝑢�-�Enq�sgd�mnmrs]mc]qc�b]rd�sqd]sdc�gdqd+�sgd�sghm�v]kk�khlhs�qdpthqdr�]�
lnqd�rsqhmfdms�bnmchshnm�ne�sgd�v]kk�sghbjmdrr�𝛾𝑢�-�Sgd�hmrs]ahkhsx�fqnvsg�
shld�hr�mnv�drshl]sdc�sn�ad�sgd�nqcdq�ne�sgd�hmudqrd�ne�sgd�fqnvsg�q]sd�

hm�Dp-� ’05(�-�Sgd�odqstqadc�btqqdms�cdmrhsx�adbnldr�tmhenql�]bqnrr�sgd�

v]kk�he�𝛾𝑢�≤�𝛾𝑐ℎ𝑒𝑒�∼ ±���𝑖�{�𝛽(�0{1�∼ =±�𝛾𝑢�{�𝑋�𝑢�(�0{5�{±�𝛽∞𝜌𝛿(�0{2�[�𝑋�𝑢�+�vghbg�kd]cr�
sn�sgd�enkknvhmf�hmdpt]khsx�enq�sgd�v]kk�sghbjmdrr+�

𝛾𝑢�{�𝑋�𝑢�≤�±�𝛽∞𝜌𝛿(�−1{4�.�  07(�

Hm�sgdrd�drshl]sdr+�vd�g]ud�]rrtldc�𝑋𝑢�∼ 𝑎�𝑢�-�

2-1-�Hmctbdc�rihm�btppdmsr�

He�sgd�hmdpt]khsx�’07(�hr�mns�r]shrffidc+�sgd�odqstqadc�btqqdms�hmctbdc�

nm�sgd�v]kk�ax�sgd�udqshb]k�ok]rl]�lnshnm�cndr�mns�adbnld�tmhenql�

]bqnrr�sgd�v]kk-�@�rjhm�btqqdms�enqlr+�vgnrd�vhcsg+�𝛾𝑟�+�hr�kdrr�sg]m�sgd�
v]kk�vhcsg+�𝛾𝑢�-�Hm�sghr�b]rd+�ntq�cdqhu]shnm�ne�sgd�btahb�chrodqrhnm�qdk],�
shnm�’02(�g]r�sn�ad�qdbnmrhcdqdc-�Vd�b]m�oqnbddc�]r�hm�sgd�@oodmchw+�ats�

mnv�sgd�hmsdfq]k�hm�Dp-�’@3(�hr�dwsdmcdc�sn�sgd�hmsdqu]k�adsvddm�𝜅𝑢�]mc�

𝜅𝑢�+�±�𝛾𝜅(�𝑟�+�vgdqd�±�𝛾𝜅(�𝑟�=�𝛾𝑟�{�𝑋�𝑢�]mc�sgd�rtarbqhos�–r�– rs]mcr�enq�–rjhm�–-�
Sgd cdqhu]shnm�ne�sgd�o]q]ldsdq�𝐵�𝑢�b]m�oqnbddc�]r�hm�sgd�@oodmchw+�]mc�

sgd�qdrtks�hr�rhlhk]q�sn�sg]s�hm�Dp-�’8(�+�ats�vhsg�sgd�hlonqs]ms�chfidqdmbd�

sg]s�𝜌𝛿𝑢�rgntkc�ad�qdok]bdc�ax�

𝜌𝛿𝑟�=�±�𝛾𝑟�{�𝑋�𝑢�(�𝜌𝛿.�  08(�

@mnsgdq�hlonqs]ms�chfidqdmbd�hr�sg]s+�vghkd�𝛾𝑢�hr�]�fhudm�o]q]ldsdq�qdo,�
qdrdmshmf�sgd�ogxrhb]k�vhcsg�ne�sgd�v]kk+�𝛾𝑟�cdodmcr�nm�sgd�lncd�fqnvsg�

2�
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q]sd-�Sgdqdenqd+�hsr�u]ktd�b]m�ad�cdsdqlhmdc�nmkx�]esdq�sgd�chrodqrhnm�qd,�

k]shnm�hr�rnkudc-�@ fnnc�drshl]sd�enq�sgd�rjhm�cdosg�hr�𝛾𝑟�=�±���𝑖�{�𝛽(�0{1�-�
Sgtr+�vd�]qqhud�]s�sgd�chrodqrhnm�qdk]shnm�’02(�+�vhsg�𝜌𝛿𝑢�qdok]bdc�ax�
𝜌𝛿𝑟�=��)�±�𝜌𝛿{�𝛽(�0{1�+��1�)�=�=±0�+�𝜃1�𝑢�(�𝜃𝑢�[{=1±0�+�𝜃𝑢�([�]�v]kk�fdnldsqhb]k�e]b,�
snq+�]mc�𝜃𝑢�=�𝑎�𝑢�{�𝑋�𝑢�9�

𝛽2�+�

𝛽1�

�)�±0�−�𝑑�)�𝐵(±�𝜌𝛿{�𝛽(�0{1�
+�𝛽𝛽1�∞

𝐵�−�0�
0�−�𝑑�)�𝐵�

−�

−�

𝛽1�∞
�)�±0�−�𝑑�)�𝐵(±�𝜌𝛿{�𝛽(�0{1�

=�)�.�  1)(�

Sgd�qdkdu]ms�chrodqrhnm�qdk]shnm�hr�mn�knmfdq�btahb�hm�𝛽-�Gnvdudq+�]r�
v]r�sqtd�hm�Rdb-�2-0�+�sgd�qdkdu]ms�tmrs]akd�qnns�hm�sgd�khlhs�𝐵�=�0�]mc�
𝛽∞𝜌𝛿𝑟�≫ 0�b]m�ad�nas]hmdc�ax�a]k]mbhmf�sgd�ffiqrs�]mc�sgd�k]rs�sdql�ne�
Dp-� ’1/(�9�

𝛽 ≈
𝛽∞

=��)�±0�−�𝑑�)�([�1{4�±�𝛽∞𝜌𝛿(�0{4�
.�  10(�

Sgtr+�hm�sghr�qdfhld�vgdqd�hmdpt]khsx�’07(�hr�mns�r]shrffidc+�sgd�fqnvsg�

q]sd�rb]kdr�vhsg�sgd�nmd,ffiesg�onvdq�ne�v]kk�qdrhrshuhsx�]mc�adbnldr�hm,�

cdodmcdms�ne�sgd�v]kk�sghbjmdrr�𝛾𝑢�-�Sgd�fqnvsg�q]sd�’10(�hr�k]qfdq�sg]m�
sgd�fqnvsg�q]sd�’05(�+�sgdhq�q]shn�adhmf�ne�nqcdq�=±�𝛾𝑢�{�𝑋�𝑢�(±�𝛽∞𝜌𝛿(�1{4�[�0{2�-�
Sgd�svn�fqnvsg�q]sdr�l]sbg+�]r�sgdx�rgntkc+�vgdm�𝛾𝑢�{�𝑋�𝑢�∼ ±�𝛽∞𝜌𝛿(�−1{4�-�
Hm�sgdrd�]rxlosnshb�qdk]shnmr+�vd�g]ud�]rrtldc��)�]mc�±0�−�𝑑�)�(�sn�ad�ne�
nqcdq�tmhsx-�

Bnlo]qhmf�sgd�ffiqrs�]mc�sgd�sghqc�sdql�ne�sgd�chrodqrhnm�qdk]shnm�’1/(�+�

sgd�vhcsg�hm�o]q]ldsdq�ro]bd�vgdqd�sgd�qdrtks�’10(�gnkcr�hr�drshl]sdc�

]r�

√𝐵�−�0�√ ≤�

0�
±�𝛽∞𝜌𝛿(�1{4�

.�  11(�

Hmcddc+�he�nmd�qdok]bdr�𝛾𝑢�{�𝑋�𝑢�≤�±�𝛽∞𝜌𝛿(�−1{4�hm�Dp-� ’06(�+�nmd�b]m�rdd�sg]s�
sgd�bqhsdqh]�’06(�]mc�’11(�cn�l]sbg-�

Hs rgntkc�ad�onhmsdc�nts�Z17[�sg]s�sgd�sghm�v]kk�khlhs�]mc�sgd�hm,�

ctbdc�rjhm�btqqdms�qdfhld�b]m�ad�sqd]sdc�hm�]�tmhffidc�v]x�enkknvhmf�]�

oqnbdctqd�rhlhk]q�sn�sg]s�]cnosdc�hm�Pde-�Z18[�-�

3-�Chrbtrrhnm�

Hs hr�gdkoetk�]s�sghr�rs]fd�sn�oqnuhcd�rnld�mtldqhb]k�drshl]sdr�enq�

sgd�fqnvsg�q]sdr�]mc�]rxlosnshb�qdfhldr�sg]s�vd�g]ud�cdqhudc�hm�sghr�

]qshbkd+�g]uhmf�hm�lhmc�sxohb]k�snj]l]j�o]q]ldsdqr-�

Enq� oqdrdms,c]x� snj]l]j� ok]rl]r� vhsg� mnm,bhqbtk]q� bqnrr� rdb,�

shnmr+�s]jhmf�sgd�IDS�snj]l]j�]r�]�qdoqdrdms]shud�l]bghmd�’rdd+�d-f-+�

Pde-�Z2/[�(+�sxohb]k�o]q]ldsdqr�hm�R-H-�tmhsr�]qd9�l]fmdshb�ffidkc+�𝐴�∼ 2�S:�
dkdbsqnm�cdmrhsx+�𝑚�∼ 2�x 0)�06�l�−2�:�hnm�rodbhdr+�Cdtsdqhtl:�ok]rl]�lhmnq�
q]chtr+�𝑋�∼ 0�l:�dknmf]shnm+�𝜃 =�𝑎�{�𝑋�=�1�:�v]kk�chrs]mbd+�𝑎�𝑢�{�𝑎�∼ 0�.�1�−�0�.�4�-�
Enq�sgd�dpthkhaqhtl�lncdk�]cnosdc�hm�sghr�]qshbkd+�sgd�hcd]k�v]kk�rs],�

ahkhsx�o]q]ldsdq+�Dp-� ’0/(�+�hr�]�etmbshnm�ne�ansg�𝜃 ]mc�𝑎�𝑢�{�𝑎�9�

𝐵�

)�
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Hm�cdqhuhmf�Dp-� ’12(�+�sgd�bnmenb]khsx�bnmchshnm�𝑎�1�𝑢�−�𝑋�1�𝑢�=�𝑎�1�−�𝑋�1�g]r�
addm�trdc+�rdd�sgd�@oodmchw�enq�cds]hkr�ne�sgd�]kfdaq]-�

Vd�ffimc�sg]s�sgd�hcd]k,LGC�l]qfhm]k�rs]ahkhsx�bqhsdqhnm+�𝐵�=�0�+�hr�
r]shrffidc�vgdm�sgd�dkkhoshb]k�v]kk�hmsdqbdosr�sgd�svn�l]fmdshb�W,onhmsr+�

vghbg+�enq�sgd�dpthkhaqhtl�lncdk�]cnosdc�hm�sghr�]qshbkd+�]qd�to,cnvm�

rxlldsqhb�]mc�knb]sdc�]s�]�udqshb]k�chrs]mbd+�𝑎�𝑊�+�eqnl�sgd�l]fmdshb�]whr-�
@�rhlokd�]m]kxrhr�ne�sgd�dpthkhaqhtl�bnmffiftq]shnm�xhdkcr�]m�]m]kxshb�

enqltk] enq 𝑎𝑊�9

𝑎�𝑊�=�

𝜃1�+�0�
𝜃±�𝜃1�−�0(�0{1�

𝑎.�  13(�

]mc�hs�b]m�ad�d]rhkx�bgdbjdc�sg]s+�enq�𝑎�𝑢�=�𝑎�𝑊�+�𝐵±�𝜃.�𝑎�{�𝑎�𝑊�(�=�0�-�Hm�o]q,�
shbtk]q+�enq�𝜃 =�1�+�𝐵�=�0�vgdm�𝑎�𝑢�=�0�.�3�𝑎�-�@krn�mnsd�sg]s+�]bbnqchmf�sn�

Dp-� ’12(�+ 𝐵�,�0�+�]mc�udqshb]k�chrok]bdldmsr�]qd�tmrs]akd�vgdmdudq�sgd�
W,onhmsr�khd�adsvddm�sgd�ok]rl]�antmc]qx�]mc�sgd�v]kk-�

Sgd�e]bs�sg]s�sgd�hcd]k,LGC�l]qfhm]k�rs]ahkhsx�bqhsdqhnm�hr�dw]bskx�

r]shrffidc�vgdm�sgd�v]kk�hmsdqbdosr�sgd�W,onhmsr�l]x�ad�odbtkh]q�sn�sgd�

]cnosdc�lncdk+�vgdqd�sgd�ok]rl]�antmc]qx�]mc�sgd�v]kk�]qd�bnmen,

b]k�dkkhordr-�@krn+�qd]k�snj]l]j�ok]rl]r�g]ud�bqnrr,rdbshnmr�vhsg�]�cd,�

fqdd�ne�sqh]mftk]qhsx+�vghbg�hr�mns�bnmrhcdqdc�ax�sgd�oqdrdms�]m]kxrhr-�

Etqsgdqlnqd+�ok]rl],e]bhmf�bnmctbsnqr�]qd�nesdm�ok]bdc�hmrhcd�sgd�u]b,�

ttl�bg]ladq�sn�oqnuhcd�]cchshnm]k�o]rrhud rs]ahkhy]shnm�ne�udqshb]k�chr,�

ok]bdldmsr-�Ehm]kkx+�]�qd]k�snj]l]j�ok]rl]�chudqsnq�bnmffiftq]shnm�hr�mns�

mdbdrr]qhkx�to,cnvm�rxlldsqhb-�Sghr�hlokhdr�sg]s�du]kt]shmf�sgd�]bst]k�

dfidbs�ne�sgd�hcd]k�v]kk�nm�sgd�rs]ahkhsx�ne�udqshb]k�chrok]bdldmsr�hm�]�

qd]k�dwodqhldms�qdpthqdr�mtldqhb]k�vnqj-�Lnrs�hlonqs]mskx+�sgd�k]rs,�

bknrdc,fftw,rtqe]bd�enq�]�snj]l]j�ok]rl]�vhsg�]�l]fmdshb�chudqsnq�hr�

sgd�l]fmdshb�rdo]q]sqhw+�vgdqd�l]fmdshb�W,onhmsr�khd-�@r�onhmsdc�nts�

hm Pde- Z06[+ rhmbd W,onhmsr ]qd qdrnm]ms sn ]whrxlldsqhb odqstqa]shnmr+

𝑚�=�)�odqstqadc�btqqdmsr�b]m�ad�hmctbdc�hm�sgd�uhbhmhsx�ne�sgd�W,onhmsr�
]mc�]knmf�sgd�l]fmdshb�rdo]q]sqhw+�vghbg�hm�stqm�l]x�g]ud�]�oqnentmc�

hlo]bs�nm�udqshb]k�rs]ahkhsx-�Sghr�onrrhahkhsx�hr�mns�s]jdm�hmsn�]bbntms�hm�

sgd�oqdrdms�]qshbkdr+�vgdqd�W,onhmsr�]qd�]rrtldc�sn�khd�hm�u]bttl-�

Vhsg�]kk�sgnrd�b]ud]sr�hm�lhmc+�kds�tr�bnmrhcdq�sgd�shld�rb]kdr�enq�

sgd�fqnvsg�ne�sgd�qdrhrshud�v]kk�udqshb]k�chrok]bdldms-�Sgd�hcd]k,LGC�

fqnvsg�q]sd+�𝛽∞+�hm�sgd�mn,v]kk�khlhs�’�𝐵�=�)�(+�fhudr�qhrd�sn�]�fqnvsg�shld�
hm�sgd�khmd]q hmrs]ahkhsx�og]rd�ne�sgd�nqcdq�ne�sgd�@keuãm+�h-d-+�𝜌∞ ∼ 𝛽−0�∞
ne�sgd�nqcdq�ne�0�𝜅r�enq�sgd�sxohb]k�snj]l]j�o]q]ldsdqr�khrsdc�]anud-�
Bkd]qkx+�sghr�vntkc�ad�snn�e]rs�sn�ad�bntmsdqdc�ax�]mx�eddca]bj�rs]ah,�

khy]shnm�rxrsdl-�Enqstm]sdkx+�sgd�oqdrdmbd�ne�sgd�v]kk�oqnuhcdr�o]rrhud�

eddca]bj�rs]ahkhy]shnm-�@bbnqchmf�sn�sgd�lncdk�]cnosdc�hm�sghr�]qshbkd+�

sghr�qdpthqdr�u]ktdr�ne�𝐵�<�0�+�vghbg�]qd�d]rx�sn�r]shrex�he�sgd�v]kk�hr�mns�
snn�chrs]ms�eqnl�sgd�ok]rl]-�Vgdm�𝐵�−�0�hr�onrhshud�]mc�mns�snn�rl]kk�
’h-d-+�vgdm�hmdpt]khshdr�’06(�]mc�’11(�]qd�mns�r]shrffidc+�hm�]m�]rxlo,�

snshb�rdmrd(+�sgd�bg]q]bsdqhrshb�fqnvsg�shld�ne�sgd�qdrhrshud�v]kk�udqshb]k

chrok]bdldms�hr�ne�sgd�nqcdq�ne�𝜌𝛿𝑢�=�±�𝛾𝑢�{�𝑋�𝑢�(�𝜌𝛿 ’be-�Dp-� ’04(�-�Sxohb]k�
u]ktdr�]qd�𝜌𝛿 ∼ )�.�0�r�]mc�𝛾𝑢�{�𝑋�𝑢�∼ 0)�−1�+�fhuhmf�qhrd�sn�qdrhrshud�fqnvsg�
shldr�𝜌𝛿𝑢�∼ 0�lr�hm�rs]mc]qc�qdfhldr-�Sghr�shld�hr�bnmrhcdq]akx�knmfdq�
sg]m�sgd�hcd]k,LGC�fqnvsg�shld-�Hmcddc+�hs�hr�knmf�dmntfg�sn�]kknv�enq�

]bshud�eddca]bj�rs]ahkhy]shnm�a]rdc�nm�btqqdmsr�ffnvhmf�hm�bnhkr�ok]bdc�

ntsrhcd�sgd�snj]l]j�u]bttl�bg]ladq-�Hm�drrdmbd+�sgd�]bshud�rs]ahkhy],�

shnm�rxrsdl�nodq]sdr�]r�enkknvr-�Sgd�udqshb]k�hmrs]ahkhsx�bnqqdronmcr�sn�

]�qhfhc�udqshb]k�rghes�ne�sgd�vgnkd�ok]rl]�bnktlm-�@m�]ooqnoqh]sd�ch]f,�

mnrshb�lnmhsnqr�sgd�onrhshnm�ne�sgd�ok]rl]�bdmsqnhc+�vghbg�hr�rtoonrdc�

sn�bnqqdronmc�sn�sgd�l]fmdshb�]whr�hm�sgd�ok]rl]-�@r�rnnm�]r�sgd�bdm,�

sqnhc�rs]qsr�lnuhmf+�btqqdmsr�vhsg�sgd�]ooqnoqh]sd�rhfm�]qd�cqhudm�hm�sgd�

ntsdq�eddca]bj�bnhkr�sn�dwdqs�]�enqbd�nm�sgd�ok]rl]�sg]s�bntmsdqr�sgd�udq,�

shb]k�ok]rl]�lnshnm-�Sgd�qdronmrd�shld�ne�sgd�rxrsdl�hr�khlhsdc�ax�sgd�

dkdbsqnmhbr�]mc�hr�ne�sgd�nqcdq�ne�𝜅r-�@�lnqd�hlonqs]ms�khlhshmf�e]bsnq�hr�
sg]s�sgd�l]fmdshb�fftw�]rrnbh]sdc�vhsg�sgd�]bshud�eddca]bj�rs]ahkhy]shnm�

rxrsdl�ltrs�odmdsq]sd�]bqnrr�sgd�qdrhrshud�v]kk�sn�ad�edks�ax�sgd�ok]rl]-�

Sgd odmdsq]shnm�shld�hr�]krn�ne�sgd�nqcdq�ne�𝜌𝛿𝑢�-�Sgdqdenqd+�rhmbd�hm�sgd�
rs]mc]qc�qdfhld+�sgd�udqshb]k�hmrs]ahkhsx�cndr�mns�fqnv�nm�]�shld�rb]kd�

ltbg�rgnqsdq�sg]m�sgd�qdrhrshud�v]kk�shld+�]bshud�eddca]bj�rs]ahkhy]shnm�

a]rdc�nm�btqqdmsr�ffnvhmf�hm�dwsdqm]k�bnhkr�b]m�ad�dfidbshud-�

Gnvdudq+�md]q�hcd]k,LGC�l]qfhm]k�rs]ahkhsx+�𝐵�≈ 0�+�sgd�qdrhrshud�
v]kk�udqshb]k�chrok]bdldms�b]m�fqnv�ltbg�e]rsdq-�Kds�tr�ffiqrs�drshl]sd�

sgd�fqnvsg�q]sd�hm�sgd�sghm�v]kk�khlhs-�Vhsg�sgd�o]q]ldsdq�u]ktdr�cd,�

bk]qdc�]anud+�𝛽∞𝜌𝛿𝑢�∼ 0)�2�]mc+�trhmf�sgd�fqnvsg�q]sd�hm�Dp-� ’05(�+�
𝛽−0�∼ 0)�𝜅r+�cdffimhsdkx�]�fqnvsg�shld�snn�e]rs�enq�]bshud�eddca]bj�rs],�
ahkhy]shnm-�Sgd�sghm�v]kk�khlhs+�Dp-� ’07(�+�hr�l]qfhm]kkx�r]shrffidc�enq�sgd�

u]ktd�ne�𝛾𝑢�{�𝑋�𝑢�∼ 0)�−1�cdbk]qdc�]anud+�rhmbd�±�𝛽∞𝜌𝛿(�−1{4�∼ 0)�−1�-�Hmcddc+�
sgd�hmudqrd�fqnvsg�q]sd�hm�sgd�qdfhld�vgdqd�rjhm�btqqdmsr�]qd�hmctbdc�

nm�sgd�v]kk+�h-d-+�trhmf�sgd�fqnvsg�q]sd�hm�Dp-�’10(�+�]krn�fhudr�𝛽−0�∼ 0)�𝜅r-�
Vgdsgdq�sgd�sghm�v]kk�khlhs�nq�sgd�hmctbdc�rjhm�btqqdms�qdfhld�]ookhdr�

hm�qd]k�snj]l]j�dwodqhldmsr�cdodmcr�nm�]�lnqd�]bbtq]sd�du]kt]shnm�ne�

sgd�o]q]ldsdqr�𝛾𝑢�{�𝑋�𝑢�]mc�𝛽∞𝜌𝛿 -�
@�mtldqhb]k�rnktshnm�ne�sgd�chrodqrhnm�qdk]shnm�’02(�enq�u]ktdr�ne�𝐵

q]mfhmf�adsvddm�/-8�]mc�0-0+�enbtrhmf�nm�sgd�tmrs]akd�qnns+�hr�rgnvm�hm�
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Dhf-�.-�Odqstqadc�fftw�]lokhstcd+�𝜏̂�±�𝜅(�: 0�]�rgnvr�sgd�adg]uhntq�hm�sgd�sgqdd�
qdfhnmr+�vhsg�antmc]qhdr�]s�𝜅𝑎�+�𝜅𝑢�]mc�𝜅𝑢�+�𝛾𝑢�-�@�ynnl�bknrd�sn�sgd�qdrhrshud�
v]kk�hr�rgnvm�hm�0�a-�

Dhf-�1-�Fqnvsg�q]sd�𝛽𝑚�=�𝛽±�𝐵({�𝛽±�𝐵�=�0(�enq�sgd�sgd�sghm�v]kk�khlhs+�vhsg�𝛽±�𝐵�=�0(�
fhudm�hm�Dp-�’05(�+�]r�etmbshnm�ne�sgd�hcd]k�v]kk�o]q]ldsdq�𝐵 bknrd�sn�hcd]k,LGC�
l]qfhm]k�rs]ahkhsx-�Sgd�aktd�btqud�rgnvr�sgd�mtldqhb]k�rnktshnm�ne�sgd�etkk�btahb�

chrodqrhnm�qdk]shnm�’�Dp-�02�(+�vghkd�sgd�c]rgdc�qdc�khmd�qdoqdrdmsr�sgd�hcd]k�v]kk�

rnktshnm-�

Ehf-�1�-�Vd�b]m�rdd�sg]s�sgd�hmudqrd�fqnvsg�q]sd+�h-d-+�sgd�fqnvsg�shld�hm�

sgd�khmd]q�hmrs]ahkhsx�og]rd+�qdctbdr�q]ohckx�]mc�cq]rshb]kkx�]r�sgd�hcd]k,�

LGC�l]qfhm]k�rs]ahkhsx�antmc]qx�hr�]ooqn]bgdc-�@�ohbstqd�rgnvhmf�sgd�

qdk]shud�v]kk�onrhshnmr�enq�𝐵�=�)�.�6�]mc�𝐵�=�0�.�0�hr�rgnvm�hm�Ehf-�2�-�

4-�Bnmbktrhnmr�

Hm�bnmbktrhnm+�vgdm�sgd�bnmchshnm�enq�hcd]k,LGC�l]qfhm]k�rs]ahkhsx�

enq�udqshb]k�chrok]bdldmsr�hr�r]shrffidc+�hs�hr�entmc�sg]s�sgd�udqshb]k�lncd�

Dhf-�2-�Ok]rl]�antmc]qx�enq�𝜃 =�1�’ak]bj�btqud(�]mc�qdk]shud v]kk�onrhshnmr�enq�
𝐵�=�)�.�6�’aktd(�]mc�𝐵�=�0�.�0�’qdc(-�Sgd�c]rgdc�ak]bj�khmd�qdoqdrdmsr�sgd�l]fmdshb�
rdo]q]sqhw-�

fqnvsg�q]sd�rb]kdr�vhsg�]�eq]bshnm]k�onvdq�ne�qdrhrshuhsx-�Hm�sgd�sghm�v]kk�

khlhs+�h-d-+�vgdm�sgd�v]kk�sghbjmdrr�𝛾𝑢�+�mnql]khydc�sn�sgd�dkkhoshb]k�v]kk�
lhmnq�]whr�𝑋�𝑢�+�hr�qdk]shudkx�rl]kk�]mc�sgd�hmdpt]khsx�hm�Dp-� ’07(�hr�r]s,�
hrffidc+�sgd�fqnvsg�q]sd�ne�sgd�udqshb]k�chrok]bdldms�rb]kdr�vhsg�sgd�nmd,�

sghqc�onvdq�ne�v]kk�qdrhrshuhsx�ltkshokhdc�ax�sgd�nmd,sghqc�onvdq�ne�sgd�

q]shn�𝑋�𝑢�{�𝛾𝑢�+�rdd�Dp-� ’05(�-�Hm�sgd�noonrhsd�khlhs+�vghbg�vd�g]ud�ctaadc�
sgd�hmctbdc�rjhm�btqqdms�qdfhld+�sgd�fqnvsg�q]sd�rb]kdr�vhsg�sgd�nmd,ffiesg�

onvdq�ne�v]kk�qdrhrshuhsx�]mc�adbnldr�hmcdodmcdms�ne�sgd�v]kk�sghbjmdrr+�

rdd�Dp-�’10(�-�Hm�ansg�qdfhldr+�fqnvsg�q]sdr�]qd�bnmrhcdq]akx�k]qfdq�sg]m�

sg]s�entmc�hm�sgd�rs]mc]qc�qdfhld+�vghbg�rb]kdr�khmd]qkx�vhsg�v]kk�qd,�

rhrshuhsx+�rdd�Dp-� ’04(�-�Fqnvsg�q]sdr�md]q�hcd]k,LGC�l]qfhm]k�rs]ahkhsx�

]qd�snn�k]qfd�sn�ad�bntmsdqdc�ax�sgd�]bshud�eddca]bj�rs]ahkhy]shnm�rxr,�

sdl-�Vd�bnmbktcd�sg]s�rs]akd�snj]l]j�nodq]shnm�qdpthqdr�sgd�bnmchshnm�

enq�o]rrhud�v]kk�rs]ahkhy]shnm+�h-d-+�𝐵�< 0�]bbnqchmf�sn�sgd�lncdk�hm�sghr�
]qshbkd+�sn�ad�vdkk�r]shrffidc-�He�sgd�hcd]k�v]kk�rs]ahkhsx�o]q]ldsdq�𝐵 hr�
nmkx�rkhfgskx�]anud�tmhsx+�hm�sgd�rdmrd�sg]s�dhsgdq�Dp-� ’06(�hm�sgd�sghm�

v]kk�khlhs+�nq�Dp-� ’11(�hm�sgd�hmctbdc�rjhm�btqqdms�qdfhld+�hr�r]shrffidc+�

sgdm�sgd�lncd�fqnvsg�q]sd�adbnldr�bnmrhcdq]akx�k]qfdq�]mc�sgd�]bshud

eddca]bj�rs]ahkhy]shnm�rxrsdl�b]m�mn�knmfdq�ad�dfidbshud-�

Dudm�sgntfg�fqnvsg�q]sdr�rb]khmf�vhsg�eq]bshnm]k�onvdqr�ne�ok]rl]�

qdrhrshuhsx�enq�qdrhrshud�hmrs]ahkhsx�kd]chmf�sn�l]fmdshb�qdbnmmdbshnm�]qd�

vdkk�jmnvm+�vd�adkhdud�sghr�hr�sgd�ffiqrs�shld�qdrhrshud�v]kk�lncdr�]qd�

rgnvm�sn�fqnv�vhsg�eq]bshnm]k�onvdqr�ne�v]kk�qdrhrshuhsx�hm�qdfhldr�sg]s�

]qd�bknrd�sn�hcd]k,LGC�l]qfhm]k�rs]ahkhsx-�

:hlr� �rbnod�rsYsdldms�

Sgd�oqdrdms�l]mtrbqhos�oqdrdmsr�rhfmhffib]ms�oqnfqdrr�snv]qcr�rnkuhmf�

]�bqhshb]k�oqnakdl�nm�sgd�rs]ahkhsx�ne�l]fmdshb]kkx�bnmffimdc�ok]rl]+�h-d-+�

sgd�q]ohc�fqnvsg�ne�qdrhrshud�v]kk�]whrxlldsqhb�lncdr�hm�snj]l]j�ok]r,�

l]r-�Sgd�]qshbkd�hr�ne�onsdmsh]k�hmsdqdrs�sn�]�aqn]c�qd]cdqrgho�ne�ok]rl]�

ogxrhbhrsr+�hmbktchmf�ro]bd�]mc�k]anq]snqx�ok]rl]�dwodqsr-�

CdbkYpYshnm�ne�Bnlodshmf�Fmsdpdrs�

Sgd�]tsgnqr�cdbk]qd�sg]s�sgdx�g]ud�mn�jmnvm�bnlodshmf�ffim]mbh]k�

hmsdqdrsr�nq�odqrnm]k�qdk]shnmrghor�sg]s�bntkc�g]ud�]ood]qdc�sn�hmfftdmbd�

sgd�vnqj�qdonqsdc�hm�sghr�o]odq-�
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BPdchR�Ytsgnprgho�bnmsphatshnm�rsYsdldms�

D-� Inpbdkkh5� Bnmbdost]khy]shnm+� Enql]k� ]m]kxrhr+� Hmudrshf]shnm+�

Ldsgncnknfx+�Vqhshmf�z nqhfhm]k�cq]es+�Vqhshmf�z qduhdv� �dchshmf-�R-�

AYpadphr5�Enql]k�]m]kxrhr+�Hmudrshf]shnm+�Ldsgncnknfx+�Vqhshmf�z qd,�

uhdv� �dchshmf-�:-�TnkaYprno5�Enql]k�]m]kxrhr+�Hmudrshf]shnm+�Ldsgnc,�

nknfx+�Vqhshmf�z qduhdv� �dchshmf-

CYsY�YuYhkYahkhsx�

Mn�c]s]�v]r�trdc�enq�sgd�qdrd]qbg�cdrbqhadc�hm�sgd�]qshbkd-�

:bimnvkdcfdldmsr�

Sgd� ]tsgnqr� ]bjmnvkdcfd� trdetk� chrbtrrhnmr�vhsg�Oqne-�Phbg]qc�

Ehsyo]sqhbj�’HER+�Tmhudqrhsx�ne�Sdw]r�]s�@trshm+�TR@(�]mc�vhsg�Oqne-�

Eq]mbdrbn�Odfnq]qn�’Tmhudqrhsx�ne�Ohr]+�Hs]kx(-�

Sghr�vnqj�g]r�addm�b]qqhdc�nts�vhsghm�sgd�eq]ldvnqj�ne�sgd�DTPNet,�

rhnm�Bnmrnqshtl�]mc�g]r�qdbdhudc�etmchmf�eqnl�sgd�Dtq]snl�Pdrd]qbg�

]mc�Sq]hmhmf�Oqnfq]lld�’Fq]ms�@fqddldms�Mn�0/0/411//�DTPNet,�

rhnm(-�Uhdvr�]mc�nohmhnmr�dwoqdrrdc�]qd+�gnvdudq+�sgnrd�ne�sgd�]tsgnqr�

nmkx�]mc�cn�mns�mdbdrr]qhkx�qdffdbs�sgnrd�ne�sgd�Dtqnod]m�Tmhnm�nq�sgd�

Dtqnod]m�Bnllhrrhnm-�Mdhsgdq�sgd�Dtqnod]m�Tmhnm�mnq�sgd�Dtqnod]m�

Bnllhrrhnm�b]m�ad�gdkc�qdronmrhakd�enq�sgdl-�

Sghr�vnqj�v]r�o]qsh]kkx�rtoonqsdc�ax�sgd�M]shnm]k�M]stq]k�Rbhdmbd�

Entmc]shnm�ne�Bghm]�tmcdq�Fq]ms�Mn-0066411/�]mc�sgd�M]shnm]k�L]f,�

mdshb�Bnmffimdldms�Etrhnm�Dmdqfx�Cdudknoldms�Oqnfq]l�ne�Bghm]�tmcdq�

Fq]ms�Mn-1/06XED/2/06/1-�

:oodmchw�:-�CdphuYshnm�ne�sgd�pdrhrshud�Ymc�hcdYk�vYkk�

oYpYldsdpr&�,�𝒃����(�Ymc�,��𝜸,�𝑫�)�𝑫�𝒃�(�

Sgd�odqstqadc�fftw�etmbshnm�hm�sgd�u]bttl�qdfhnm+�𝜅𝑎�,�𝜅 ,�𝜅𝑢�+�b]m�

ad�vqhssdm�]r�𝜏̃�

+�±�𝜅.�𝜂(�=�𝜏̂�±�𝜅(�phi�𝜂+�rdd�Dp-� ’4(�-�Adxnmc�sgd�v]kk+�sgd�
odqstqadc�fftw�etmbshnm�cdb]xr�dwonmdmsh]kkx�]r�

𝜏̃�𝑛𝑡𝑠�±�𝜅.�𝜂(�=�𝜏�)�𝑑�
−±�𝜅−�𝜅𝑢�(�phi�𝜂 enq�𝜅 ≥�𝜅𝑢�+�±�𝛾𝜅(�𝑢�.�  90(�

vgdqd�±�𝛾𝜅(�𝑢�hr�]�rl]kk�o]q]ldsdq+�]mc�sgd�v]kk�bnqqdronmcr�sn�u]ktdr�
ne�𝜅 adsvddm�𝜅𝑢�]mc�𝜅𝑢�+�±�𝛾𝜅(�𝑢�- Rhmbd�𝑎�𝑢�=�>�}npe�𝜅𝑢�+�𝑋�𝑢�=�>�phie�𝜅𝑢�+�

]mc�𝑎�𝑢�+�𝛾𝑢�=�>�}npe�=�𝜅𝑢�+�±�𝛾𝜅(�𝑢�[�+�dwo]mchmf�sgd�k]ssdq�dwoqdrrhnm�enq�
rl]kk�±�𝛾𝜅(�𝑢�oqnuhcdr�]m�dwoqdrrhnm�enq�sgd�v]kk�sghbjmdrr�hm�ogxrhb]k�
chldmrhnmr9�𝛾𝑢�=�±�𝛾𝜅(�𝑢�𝑋𝑢�-�
Ehftqd�0�hr�]�rjdsbg�ne�sgd�]lokhstcd�ne�sgd�odqstqadc�fftw�𝜏̂�±�𝜅(�]bqnrr�

sgd�v]kk-�Svn�bnmchshnmr�]s�sgd�v]kk�cdsdqlhmd�sgd�o]q]ldsdq�𝜏�)�]mc�

sgd�etmbshnm�𝐵�𝑢�±�𝛽(�-�Sgd�ffiqrs�bnmchshnm�hr�bnmshmthsx�ne�fftw�]s�sgd�v]kk+�
𝜏̃�

+�±�𝜅𝑢�.�𝜂(�=�𝜏̃�𝑛𝑡𝑠�±�𝜅𝑢�.�𝜂(�+�vghbg�fhudr�

𝜏�)�=�−�

𝜇∞
𝑎�

𝑑�−±�𝜅𝑢�−�𝜅𝑎�(�+�

𝜇𝑑𝑤𝑠�
𝑎�
}npe�𝜅𝑢�
}npe�𝜅𝑎�

.�  91(�

Sgd�rdbnmc�bnmchshnm�hmunkudr�sgd�btqqdms�ffnvhmf�hmrhcd�sgd�v]kk-�Bnm,�

rhcdq�sgd�qdrhrshud�Ngl&r�k]v�enq�sgd�odqstqadc�l]fmdshb�fftw�vhsghm�sgd�

v]kk+�𝜑�𝜏�𝑢�{�𝜑�𝑠�=�±�𝛿𝑏�1�{3�𝜉(∇�

1�𝜏�𝑢�+�vgdqd�𝛿 hr�sgd�v]kk�qdrhrshuhsx-�Rhmbd�sgd�
v]kk�hr�qdk]shudkx�sghm+�vd�b]m�]ooqnwhl]sd�𝜑�1�𝜏̃�{�𝜑�𝜅1�<<�𝜑�1�𝜏̃�{�𝜑�𝜂1�+�]mc�
rn�

0�
ℎ�1

𝜑�1�𝜏̂�𝑢�

𝜑𝜅1
=�

3�𝜉
𝛿𝑏�1

𝛽𝜏̂�𝑢�.�  92(�

vgdqd�ℎ�=�0{�√∇�𝜅√ =�0{�√∇�𝜂√ hr�]�rb]kd�e]bsnq-�Rsqhbskx�rod]jhmf+�ℎ�cdodmcr�
nm�𝜅 ]mc�𝜂+�]r�ℎ�1�=�>�

1�±�}npe�1�𝜅 +�}np�1�𝜂({1�-�Gnvdudq+�vhsghm�sgd�v]kk+�
}npe�1�𝜅𝑢�=�𝑑�−0�𝑢�+�vgdqd�𝑑�𝑢�=�±�𝑎�1�𝑢�−�𝑋�1�𝑢�({±�𝑎�

1�
𝑢�+�𝑋�1�𝑢�(�hr�sgd�v]kk�dkkhoshbhsx-�

@rrtlhmf�𝑑�𝑢�sn�ad�rl]kk+�vd�b]m�mdfkdbs�sgd�sdql�}np�1�𝜂 ]mc�]ooqnw,�
hl]sd�ℎ�1�≈ ℎ�1�±�𝜅𝑢�(�=�±�𝑎�1�𝑢�+�𝑋�1�𝑢({1�+�vgdqd�sgd�bnmenb]khsx�bnmchshnm�g]r�
addm�trdc-�

Vd�hmsdfq]sd�Dp-� ’@2(�]bqnrr�sgd�v]kk+�

∫
𝜅𝑢�+±�𝛾𝜅(�𝑢�

𝜅𝑢�

𝑐1�𝜏̂�𝑢�

𝑐𝜅1�
𝑐�𝜅 =�∫

𝜅𝑢�+±�𝛾𝜅(�𝑢�

𝜅𝑢�

ℎ�1�
3�𝜉𝛽
𝛿𝑏�1�

𝜏̂�𝑢�𝑐�𝜅.�  93(�

Rhmbd�sgd�v]kk�hr�sghm+�vd�b]m�]ooqnwhl]sd�𝜏̂�𝑢�±�𝜅(�≈ 𝜏�)�hm�sgd�rdbnmc�

hmsdfq]k�ne�Dp-� ’@3(�:�]krn+�ℎ�±�𝜅(�≈ ℎ�±�𝜅𝑢�(�-�@esdq�rsq]hfgsenqv]qc�]kfdaq]+�
vd�nas]hm�

)�

𝑐�̂𝜏�𝑛𝑡𝑠�
𝑐𝜅

−�

𝑐�̂𝜏�

+�

𝑐𝜅

(�||||𝜅𝑢�

≈ 3�𝜉𝛽
𝛿𝑏�1�

𝑎�1�𝑢�+�𝑋�1�𝑢�
1�

𝛾𝑢�
𝑋�𝑢�
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nq�dpthu]kdmskx�

−�

𝜇∞
𝑎�

𝑑�−±�𝜅𝑢�−�𝜅𝑎�(�−�

𝜇𝑑𝑤𝑠�
𝑎�
phie�𝜅𝑢�
}npe�𝜅𝑎�

=�

)�

0�+�

𝑎�𝑢�+�𝑋�𝑢�
𝑎�𝑢�

𝛽𝜌𝛿𝑢�

(�
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vgdqd�𝜌𝛿𝑢� hr�cdffimdc�hm�Dp-� ’00(�-�Dpt]shnmr� ’@1(�]mc�’@5(�]kknvr�
tr�sn�cdsdqlhmd�sgd�svn�tmjmnvmr�𝜏�)�]mc�𝐵�𝑢�=�𝜇𝑑𝑤𝑠�{�̂𝑑�)�𝜇∞-�Vd�trd�
}npe�±�𝜅𝑢�(�{�}npe�±�𝜅𝑎�(�=�𝑎�𝑢�{�𝑎�+� phie�±�𝜅𝑢�(�{�}npe�±�𝜅𝑎�(�=�𝑋�𝑢�{�𝑎�+� cso�±�𝜅𝑎�−�𝜅𝑢�(�=�
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