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Fatigue curves quantify fish swimming performance, providing
information about the time (Tf) fish can swim against a steady flow
velocity (Uf) before fatiguing. Such curves represent a key tool for many
applications in ecological engineering, especially for fish pass design
and management. Despite years of research, though, our current ability
to model fatigue curves still lacks theoretical foundations and relies
primarily on fitting empirical data, as obtained from time-consuming and
costly experiments. In the present article, we address this shortcoming
by proposing a theoretical analysis that builds upon concepts of fish
hydrodynamics to derive scaling laws linking statistical properties of Tf to
velocities Uf, pertaining to the so-called burst range. Theoretical arguments,
in the present study, suggest that the proposed scaling laws may hold
true for all fish species and sizes. A new experimental database obtained
from over 800 trials and five small-sized Cypriniformes support theoretical
predictions satisfactorily and calls for further experiments on more fish
species and sizes to confirm their general validity.

1. Introduction
Fish swimming performance has drawn a lot of interest in recent
decades owing to its importance for fish migration, habitat selection and
predator–prey interactions [1–6]. From an applied perspective, fish swimming
performance estimates are used extensively in the design of fishways allowing
for the passage of fish through dams, weirs, culverts and other anthropogenic
barriers [7–9]. Other important applications include the design of sustainable
fishing methods [10] and the optimization of practices in the aquaculture
industry [11].

Two well-established experimental protocols are commonly used to
characterize fish swimming performance: critical velocity and fixed velocity
tests [12–14]. Both tests are typically conducted in either a swim chamber or
an open channel flume, where fish swim until fatiguing. Fatigue is typically
defined as the state of exhaustion where the fish rests at the downstream end
of the test section and is not able to swim despite external motivation [15–17].
In the critical velocity test, a fish is forced to swim against a flow velocity
Uf, which is progressively increased at fixed time intervals Δt, until the fish
fatigues. The velocity and time at which fatigue occurs are then used to
compute the critical velocity Ucrit [13,18,19]. Fixed velocity tests, on the other
hand, consist of repeated swimming trials under a range of fixed velocities.
Each trial results in a time-to-fatigue Tf—the time a fish can resist swimming
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against the defined steady flow velocity (Uf). By repeating trials for different values of Uf, a scatter plot of Tf (dependent
variable) versus Uf (independent variable) can be produced. A predetermined model is then fitted to the data to obtain a fatigue
or endurance curve [20]. Fixed velocity tests are more informative than critical velocity tests as they allow for the assessment of
fish endurance over a range of flow velocities and associated swimming activity levels [21]. Three of such levels are believed
to exist and hereafter are referred to as: sustained, prolonged and burst swimming [12,14,22]. Sustained swimming occurs at
velocities whereby fish use primarily red muscles and aerobic processes. Utilizing somatic energy reserves, fish can theoretically
maintain sustained swimming indefinitely [12,23]. Prolonged swimming is driven by both red and white muscles, and hence
by both aerobic and anaerobic processes. In burst swimming, fish use primarily white muscles and anaerobic processes. Both
prolonged and burst swimming are limited by anaerobic energy reserves and therefore subject to exhaustion. By convention, it
is assumed that fish can endure prolonged swimming for up to 200 min, while burst swimming is usually associated with Tf ≲
20 s [9,12]. Actual Tf thresholds between burst and prolonged swimming, however, are known to vary with species, size and
even amongst similar individuals, so much so burst swimming has been often associated with Tf of the order of 1 min or more
in the literature [21,24,25].

Our current ability to model fatigue curves is primarily based on empirical mathematical relations between Tf and Uf, which
sometimes are supported by dimensional analysis [3,20,21]. Burst and prolonged swimming are commonly associated with
fatigue curves following either a log-linear or a power law [3,13,21,23–27]. A theoretical argument in support of either of these
laws, however, has never been provided. In their review paper, Katopodis and Gervais [3] collected and analysed a large dataset
of fatigue curves, and used a power law model to elucidate relations between Tf and Uf classified by grouping different fish
species displaying a similar morphology or swimming kinematics. Nevertheless, the conceptual framework underpinning such
relations remains undefined and rooted mostly on empirical grounds. Furthermore, the assessment of Katopodis and Gervais
[3] highlighted that a majority of the published fatigue-curve data is limited to prolonged activity. Instead, comparatively
little efforts have been made to characterize burst swimming activity [27], despite white muscles constituting the bulk of fish
musculature, and burst swimming being key to dictate predator–prey interactions and to overcome velocity barriers [23,28–30],
the latter directly relating to the design of fish passage systems [4,9,31].

Swimming performance, as estimated in fixed velocity experiments, is characterized by an enormous and unexplored
variability where fish species, size and water temperature are often pointed out as key drivers [23,32–36]. Life-stage, sex,
experience, health status and nutrition have also been seen to cause variation in fish swimming performance [37–42]. A large
variability has also been reported for conspecifics of the same size in response to different fitness and/or motivation [11,35,43].
Therefore, considering a fixed velocity experiment where many fish of the same size and species are tested over a range of flow
velocities at constant water temperature, it is reasonable to expect that experimental data will qualitatively spread around mean
values of Tf (figure 1). For each tested velocity, Tf will display a variability that can be described by a probability function p Tf .
Typically, a fatigue curve is obtained by fitting the entire cloud of experimental data with a predetermined mathematical law
(red line in the figure). This, however, only provides information about the general trend of the data but does not provide any
clue about p Tf  and how it varies with Uf.

The aim of this article is to present and validate a theoretical framework allowing for the statistical description of Tf versus Uf
data in burst swimming. Towards this end, the following objectives are set:

(i) to present a theoretical framework based on simple concepts of fish hydrodynamics that can statistically describe the
relation between Tf and Uf, showing that Tf−  (where Tf−  is the mean value of Tf) and central moments of p Tf  (which
indeed help defining p Tf ) vary with Uf following power laws with well constrained and, in principle, universal
exponents; and

(ii) to test theoretical predictions in a series of fixed velocity tests using five small-sized Cypriniformes.

2. Theoretical framework
In what follows, §2.1 reviews (and refines) the available formulations for fish drag proposed in the literature, while §2.2 draws
from §2.1 to derive the sought scaling relations using energetic principles.

2.1. Fish drag
The drag force experienced by a fish while swimming can be parameterized as [23]

(2.1)FD ρCDLSUr2
where FD is the average drag force, the symbol ‘∼’ stands for scales as, ρ is the density of water, CD is fish drag coefficient, L is
total fish length (electronic supplementary material, appendix A, figure A1), S is fish body depth, Ur is the relative fish–water
velocity, assumed to be identical to the flow velocity in performance tests [21,44]. The estimation of CD for swimming fish
has been a matter of debate for a long time and no shared consensus has been reached [22,45–49]. At high Reynolds numbers
(ReL = LUr/ν, where ν is the kinematic viscosity of water), which are typical for fish swimming at burst velocities, pressure drag
is believed to dominate over friction drag [50,51] so that CD can be considered as a constant and FD is estimated as

(2.2)FD ∼  ρCDLSUr2 ∼  ρLSUr2 = Γ1Ur2,

2

royalsocietypublishing.org/journal/rsif 
J. R. Soc. Interface 21: 20240276

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

02
 O

ct
ob

er
 2

02
4 



where Γ1 = ρLS is a function that is herein introduced to lump the effects of parameters pertaining to fish size (i.e. L and S) and
fluid properties (i.e. ρ).

The above formulation is, however, questionable as it completely ignores skin friction effects (and hence the dependence of
CD on ReL), which some researchers argue to be significant, even at high Reynolds numbers [45,52]. While we do not intend
to contribute to the debate about the nature of drag in swimming fish, in electronic supplementary material, appendix A, we
demonstrate that even when skin friction effects are accounted for and considered the main source of drag, FD can be generally
parameterized as

(2.3)FD ∼  ΓjUrβ,
where Γj = 1 − 3 (Γ2 and Γ3 are defined in electronic supplementary material, appendix A) depend on water properties (ρ and ν)
and fish size, shape and tail beat amplitude (i.e. S, L and A), and the scaling exponent β remains well constrained between 1.73
and 2.0. This range of β also accounts for combined effects of skin friction and body undulations on CD.

2.2. Energetic considerations and scaling laws

The power (energy per unit time) expended by a fish while swimming can be estimated as P ∼ FDUr = Γj Urβ + 1. Therefore, the
total energy spent by an ith fish (Ei) during a fixed velocity test can be obtained by integrating power (P) over time, between
zero (i.e. the beginning of the test) and the measured time-to-fatigue (Tfi) as

(2.4)Ei ∼ Γj Urβ + 1Tfi .
When swimming is dominated by anaerobic processes, as in burst swimming, fatigue occurs when white-fibre muscles burn
the available anaerobic reserves down to a critical limit which can be related to Ei (through a conversion factor similar to
an efficiency coefficient) [12,14,23] and assumed independent of Ur. Such a critical limit clearly varies extensively among
individuals [35,53,54] and cannot be predicted from first principles but it can be described statistically. Towards this end, firstly
it should be noted that considering a population of fish of the same species and size and swimming at a constant water
temperature, Γj in equation (2.4), depends only on fish size, shape and tail beat amplitude (L, S and A) and water properties (ρ
and ν), and hence can be considered constant. Secondly, if averaging is taken over a representative sample of the chosen fish
population, the resulting mean energy E− (overbar indicates averaging), can be also considered as constant. Therefore, averaging
both sides of equation (2.4) leads to E− Urβ + 1Tf− ≈ constant, which in turn means that Tf−  scales as

(2.5)Tf−  ∼  Ur− β + 1 .

Using analogous arguments as above, it is possible to derive the scaling of central moments of any order as follows.
First, considering the ith fish

(2.6)(Ei −  E− ) ∼  Urβ + 1(Tfi −  T− ) .

Hence, defining Ei′ = Ei −  E−  and Tfi′ = Tfi −  T−  , equation (2.6) is rewritten as

(2.7)Ei′ ∼  Urβ + 1 Tfi′ .

By elevating both sides of equation (2.7) to a power k and then applying the averaging operator, equation (2.7) transforms into

(2.8)E′k−  ∼  Urk β + 1  Tf′k− .

T
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Flow velocity (Uf)

p(Tf)

Figure 1. Illustration of the relationship between fish time-to-fatigue (Tf) and flow velocity (Uf). For each test flow velocity value, p Tf  is the probability density
function of related time-to-fatigue. Blue diamonds mark the mean time-to-fatigues at a given test flow velocity. Red curve is the best-fitted line to the entire cloud of
data points, referred to as fatigue or endurance curve.

3

royalsocietypublishing.org/journal/rsif 
J. R. Soc. Interface 21: 20240276

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

02
 O

ct
ob

er
 2

02
4 



As per E−, also E′k−  can be considered a statistical trait of a fish population that is constant (and therefore independent of Ur),
hence

(2.9)Tf′k−  ∼  Ur−k β + 1 .

Equation (2.9) provides the scaling for central moments Tf′k− , as sought.

3. Material and methods
The study was performed with permission from the Protection of Flora and Fauna Department of the Metropolitan City of Turin
(authorization D.D. no. 4457 of 29 October 2020) and the Fauna and Ichthyofauna Technical Office of the Alessandria Province
(authorization no. 1570 of 19 January 2023), under the provisions of art. 2 of the national Decree no. 26/2014 (implementation of
Dir. 2010/63/EU).

3.1. Fish
Experiments were conducted on five freshwater fish species (table 1): Italian riffle dace (Telestes muticellus), common minnow
(Phoxinus phoxinus), European bitterling (Rhodeus amarus), North Italian roach (Leucos aula) and common bleak (Alburnus
alborella). These small-sized riverine Cypriniformes were selected because they are all common within their geographic range
[55], are classified as least concerned in the IUCN red lists [56], and were expected to display interspecific variation in
swimming abilities. Mean fish length ranged between 4.87 and 6.04 cm, with a standard deviation (s.d.) no larger than 0.70 cm
for the five fish species (table 1). Telestes muticellus and P. phoxinus were tested in May–June 2022 and were captured from the
Noce stream near Pinerolo, Italy (44°56′17.9″ N 7°23′09.1″ E) on 20 May 2022 and 11 June 2022, respectively, using electrofishing.
Fish were transferred to the hatchery facility located in Porte di Pinerolo and were housed in two spring-fed flow-through
holding tanks divided into six compartments. Rhodeus amarus, L. aula and A. alborella were tested in January–February 2023.
They were captured from the Orba stream in the Province of Alessandria, Italy (44°45′46.7″ N 8°40′15.6″ E) using electrofishing.
Rhodeus amarus were electrofished on 17 January 2023, whereas L. aula and A. alborella were caught on 30 January 2023. These
fish were brought to the Alessandria Province hatchery in Predosa, Italy and were kept in spring-fed flow-through holding
tanks. All fish were allowed to habituate to hatchery conditions for 3–7 days before the experimental trials.

A HOBO MX-2022 logger was used to record temperature in the holding tanks at 10 min intervals. Temperatures were 13.3 ±
0.4°C (mean ± s.d.) in 2022 and 12.3 ± 0.7°C for the experiments in 2023. All fish were fed commercial aquaria fish pellets (Tetra
TabiMin) and were starved at least 24 h before testing to ensure a post-absorptive state [40,57]. Throughout the experiments, fish
appeared to be in good health.

3.2. Experimental protocol
Experiments were conducted in an open channel recirculating flume with a width of 30 cm and a fixed water depth at any
given test flow velocity. The water depth was slightly different for different velocities and ranged from 7 to 9 cm. The swimming
arena (flume length) was 60 cm in 2022 and 80 cm in 2023, and delimited by a flow straightener in the upstream direction
and a fine-meshed grid in the downstream direction. In a previous study, we demonstrated that such small differences in the
length of the swimming arena had no appreciable effect on time-to-fatigue for fish swimming in burst activity level [15]. Trials
were recorded from underneath and from the side of the flume using two Sony AX43 handycams with a resolution of 1920
× 1080 pixels at 50 frames per second. A pump allowed water recirculation and the flow rate was manually adjusted using
the inverter (DGFIT MT 12) installed with the pump. The flow rate was measured using an AquaTransTM AT600 flow meter
sensor. During trials, water temperature in the system was maintained within a narrow range of 1°C using a chiller unit (TECO
TK–2000). The difference between the water temperature in the flume and the holding tanks was kept at less than 1°C to avoid
any confounding effects of temperature change on swimming performance [58,59].

All fish were tested individually using a fixed velocity testing protocol. Preliminary tests were conducted on each species to
determine which flow velocities could be related to burst swimming [24]. Such tests indicated that flow velocities greater than
either 55 cm s−1 (European bitterling, common bleak, North Italian roach and Italian riffle dace) or 60 cm s−1 (common minnow)
resulted in fish simply being unable to swim, hence leading to a large number of unsuccessful trials (a trial where Tf data is
not available). Moreover, it was observed that velocities lower than 40 cm s−1 (Italian riffle dace), 45 cm s−1 (European bitterling,
common bleak, North Italian roach) and 50 cm s−1 (common minnow) resulted in average times-to-fatigue Tf−  significantly
exceeding the commonly accepted threshold, in burst swimming, of 20 s. Therefore, fish were tested over a limited range of flow
velocities. Telestes muticellus were tested at four flow velocities Uf = 40, 45, 50 and 55 cm s−1. Phoxinus phoxinus were tested at
three Uf = 50, 55 and 60 cm s−1. The remaining three species, R. amarus, L. aula and A. alborella, were tested at Uf = 45, 50 and 55
cm s−1. A single fish was tested per trial at a fixed flow velocity, and no fish was tested more than once. At the beginning of each
trial, the fish was habituated for 5 mins at 5 cm s−1 [60,61]. The flow rate was then increased manually to achieve the testing flow
velocity. Fish were allowed to swim at testing velocity until fatigued. Fatigue was defined as fish resting at the downstream grid
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and not responding to tapping [16,17,25,62]. A fish was tapped no more than three times during an experimental trial. At the
end of the trial, the fish was sedated in clove oil (Aroma Labs, Kalamazoo, MI, USA; approximately 0.2 ml clove oil l−1 water),
and fork length (cm), mass (g), width (cm) and height (cm) were measured.

3.3. Data analysis
In order to test the validity of the scaling relations proposed in §2.2, it was assumed that the mean relative velocity between
fish and water Ur could be well approximated by the bulk flow velocity Uf [21]. Experimental data were then used to test the

validity of the scaling laws for time-to-fatigue mean (Tf− ; equation (2.5)) and variance (Tf′2− ; equation (2.9)). The test was limited
to the second-order central moment (k = 2), since the estimation of higher orders would have required an enormous amount of
data, not available from the above experimental protocol (electronic supplementary material, appendix D).

As outlined in §2.2, statistical properties of Tf must be obtained from data pertaining to a population of fish from the same
species, having the same size, and swimming at constant temperature. For all fish species, the experimental data were well
in line with the constant water temperature requirement (in all trials the water temperature varied over a narrow range of
maximum ± 1°C). However, variations in fish size were significant. For example, the fork length Lf (Lf is taken as a proxy for fish
size, see electronic supplementary material, appendix C showing allometric relations) varied within the range ± 10.3–38.77%.
Hence, following Katopodis and Gervais [3], data were reorganized in subsamples where variations in Lf never exceeded ± 10%
(electronic supplementary material, appendix B presents detailed explanation on subsampling procedure).

For all fish species and for each subsampled group separately (electronic supplementary material, appendix B),

time-to-fatigue mean (Tf− ) and variance (Tf′2− ) were calculated for each tested flow velocity Uf. Linear regression was then carried

T
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Figure 2. Box plot of all experimentally collected time-to-fatigue (Tf) data, without subsampling, for all five fish species superimposed with jitter plot with varying
colour intensity based on fish fork length (Lf). The solid horizontal black line inside the boxplot marks the median Tf against a test flow velocity Uf. The bounding box
defines the interquartile range (IQR), containing 50% of time-to-fatigue data. The whiskers mark Q1 – 1.5*IQR (bottom end) and Q3 + 1.5*IQR (top end), where Q1
and Q3 are the 25th and 75th percentiles, respectively.

Table 1. Summary of experimental data reporting scientific names of the five tested Cypriniformes fish species, the total number of test fish, the number of successful
fish trials n, test flow velocity Uf values, fish fork length Lf, test water temperature T and wet fish mass m.

min max mean ± s.d.

scientific names total test fish
successful trials
(n)

tested values of Uf (cm
s−1) Lf (cm) Lf (cm) Lf (cm) T (°C) m (g)

Telestes muticellus 202 180 40, 45, 50, 55 4 6.6 4.87 ± 0.46 13.4 ± 0.23 1.56 ± 0.49

Phoxinus phoxinus 225 162 50, 55, 60 3.7 6.8 4.90 ± 0.70 16.2 ± 0.31 2.05 ± 0.95

Rhodeus amarus 148 90 45, 50, 55 5.4 6.7 6.04 ± 0.34 11.7 ± 0.34 3.13 ± 0.59

Leucos aula 160 112 45, 50, 55 4.6 6 5.24 ± 0.36 12.7 ± 0.35 1.85 ± 0.45

Alburnus alborella 115 82 45, 50, 55 4.5 6 5.04 ± 0.38 11.4 ± 0.67 1.16 ± 0.31
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out on log-transformed values of Tf−  versus Uf, and Tf′2−  versus Uf to empirically estimate the exponent β in the proposed scaling
relations (equations (2.5) and (2.9) with k = 2). Results from the regression analysis were deemed acceptable if the null hypothe-
sis of zero slope could be rejected with a 5% significance level (i.e. p-value < 0.05) using Fisher’s test, otherwise, they were
discarded.

Since time-to-fatigue data exhibit widespread variability [17,20,63], estimates of Tf−  and Tf′2−  might be subjected to significant
errors unless many data points are available. Moreover, from a statistical standpoint, linear regression in logarithmic coordi-
nates improves when performed over a wide range of velocities in log scale, namely for large values of ln UM/Um , where UM
and Um are the maximum and minimum tested velocities. Small number of data points and low values of ln UM/Um  may lead
to poor estimates of the scaling exponent (β), even if the regression analysis results in high values of R2 and p-values < 0.05.
Therefore, a reliability index (ReI) was defined and used to compare the reliability of β estimates. Following an approach similar
to Jerde et al. [64], the ReI is defined as

(3.1)ReI = p ln UMUm ,

where p is the total number of individual data points used for the regression analysis. Equation (3.1) serves as a useful metric to
assess the reliability of β estimates obtained from datasets of varying quality, regarding the number of samples and range of test
flow velocities. Since ReI is essentially an index that quantifies the confidence that can be put in the regression of each curve, it is
expected that the higher the ReI the more likely β should fall into the theoretically predicted range.

For all fish species, the distribution of time-to-fatigue data p Tf  at all test flow velocities was estimated using kernel density
estimation (KDE), a non-parametric method to estimate the probability density function (PDF). This was performed to explore
whether a working model for p Tf  could be identified from the available data.

All statistical analyses were run using R version 4.2.2 [65]. Package dplyr was used for data management [66], package
ggplot2 was used for plotting [67], package boot was used for bootstrap resampling procedure, and package confintr was used to
calculate the confidence intervals [68].

Figure 3. KDE of time-to-fatigue (Tf) against flow velocity Uf for the best fit subsampled group (with the highest reliability index value) for the five fish species. Blue
diamonds mark the mean time-to-fatigue (Tf−

) at each tested flow velocity.
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4. Experimental results
A total of 850 fish were tested for the five fish species. Among them, 626 fish (74%) resulted in successful trials where
time-to-fatigue was recorded (table 1).

For all the five fish species Tf values show a very large variability at all test flow velocities (figure 2). Mean values of Tf are
below 20 s except for common minnow and Italian riffle dace as recorded for Uf = 40 and 50 cm s−1, respectively (figure 2). Even
in these cases, mean values of Tf never exceeded 32 s. This means that the great majority of fish were probably tested at burst
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Figure 4. Data for time-to-fatigue mean Tf−  (panel (a)) and variance Tf′2−
 (panel (b)) versus flow velocity Uf for the subsampled group with the highest reliability index

(ReI) value. Different colours correspond to different fish species as specified in the legend. Dashed and solid grey lines have slope values calculated from the lower and
upper limit of β i.e. 1.73 and 2.0, respectively, and are plotted as a benchmark for slope comparison with experimental data (note: the two lines are not empirically
fitted fatigue curves). In plot (a), the dashed grey line has a slope of − (β+1) = −2.73, whereas the solid grey line has a slope of −3. Similarly, in plot (b), the dashed
grey line has a slope of −2 (β + 1) = −5.46, whereas the solid grey line has a slope of −6.
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swimming velocities or very close to. Note that individual values of Tf can be instead very large (in some cases exceeding 80 s),
meaning that some trials may have occurred under (partly) aerobic swimming conditions.

Despite the large number of tests that were carried out, the KDE of time-to-fatigue data for the subsampled groups does
not follow a consistent shape, showing in some cases multimodal while in others unimodal distributions, hence making the
identification of a working model for p Tf  rather difficult. Nonetheless, it is noteworthy that the variability in Tf diminishes
with increasing Uf , as theoretically predicted (equation (2.9), k = 2). This can be appreciated from figure 3, which shows the
KDE related to subsampled groups characterized by the highest ReI. Similar conclusions can be drawn from results obtained
analysing other subsampled datasets with lower ReI.

When plotted in logarithmic coordinates, data pertaining to Tf−  versus Uf and Tf′2−  versus Uf follow straight lines with slopes
(which represent the exponent of the power law in linear coordinates) that are in good agreement with theoretical predictions.
This is confirmed by figure 4, which reports, as an example, results taken from the subsampled group with the highest ReI.

A more comprehensive view of the results is provided by figure 5, which reports the estimates of the scaling exponent (β)

obtained from the linear regression analysis of ln (Tf− ) versus ln (Uf) (figure 5a) and ln (Tf′2)−  versus ln (Uf) (figure 5b) for all
fish species and subsampled groups. For all subsampled groups, there was no effect of fish length on empirical data fitting.
The majority of subsampled groups showed a non-significant relationship between time-to-fatigue and flow velocity, probably
due to insufficient data, and were consequently omitted from the results (electronic supplementary material, appendix B). For
subsamples with significant regression outcomes, results indicate that empirical estimates of β closely match the theoretically
predicted range (yellow band in figure 5) for Italian riffle dace (figure 5a) and both Italian riffle dace and North Italian roach
(figure 5b), respectively. Interestingly, data points pertaining to low values of ReI generally display a larger mismatch with
theoretical predictions, and overall, such a mismatch gradually diminishes with increasing values of ReI.

5. Discussion
This article presents a theoretical approach that predicts scaling laws linking statistical properties of time-to-fatigue Tf to
the mean relative velocity between water and fish, here estimated as Uf. In particular, theory predicts that Tf− Ur− β + 1  andTf`k− Ur−k β + 1 , and arguments based upon fish-drag hydrodynamics indicate that the scaling exponent β is constrained between
1.73 and 2.00; the overbar-symbol refers to an averaging operator associated with a population of fish of the same species
and size, and swimming in water at a given temperature and velocity Uf; the prime symbol identifies variations of Tf around
the mean Tf− , while k is the moment order and can be any integer greater than one. Dedicated fixed velocity experiments
were conducted on five Cypriniformes species, and time-to-fatigue data were used to test the proposed scaling relations for

time-to-fatigue mean Tf−  and variance Tf′2− , by comparing theoretically predicted values of β with those estimated from empirical
data. Data indicate that empirical estimates of the scaling exponent β agree well with theoretical predictions for Italian riffle

dace (as estimated from Tf−  data) or Italian riffle dace and North Italian roach (as estimated from Tf′2−  data). Overall, deviations
from theoretical predictions tend to reduce noticeably with increasing the ReI (figure 5). This encouragingly supports the
validity of the proposed scaling laws; however, it is also true that the trend is only clearly noticeable for Italian riffle dace, for
which data span a large range of ReI. Since data for the other four species do not cover the same span (in some cases only one
data point is available), there is also a possibility that the extent of the deviations may be species-specific.

It is noteworthy to observe that, at low values of ReI, deviations are not uniformly distributed around the theoretically
predicted range but biased towards higher values (i.e. mostly larger than 2). This could be explained as follows: the proposed
scaling laws apply to fish swimming in the burst range, i.e. in purely anaerobic conditions but, as mentioned in §4, it is possible
that some fish employed both anaerobic and aerobic processes during the trials. Clearly, the probability that individual fish
swim using aerobic process reduces with increasing Uf, meaning that Tf outliers (i.e. large values of Tf caused by aerobic

swimming) affect estimates of Tf−  and Tf′2−  more in the lower range of Uf than in the higher. Since these outliers contribute to

increase both Tf−  and Tf′2− , they also contribute to enhance the steepness of Tf−  and Tf′2−  versus Uf curves, and hence the values of β
estimated from the regression analysis.

The theoretical results reported here can have important practical implications. First, they offer advantages for experimental
research aiming at quantifying fatigue in fish. In this respect, note that equations (2.5) and (2.9) can be rewritten, in more
general form as

(5.1)Tf− = α1 Ur− β + 1 ,

(5.2)Tf′k−  = αk Ur−k β + 1 ,

where α1 and αk are scaling functions which depend mainly on fish species, size and water temperature, and β, as discussed, is
a well-constrained parameter dictated by theory. This means that, in future studies, it will be possible to explore the statistical
behaviour of Tf at only one velocity Uf to retrieve the scaling functions α1 and αk, hence, significantly reducing experimental
efforts devoted to the investigation of endurance in burst swimming. Given the enormous biodiversity reported for fish
worldwide and the overwhelming variability in swimming performance associated to it, this result is particularly relevant.
Second, equation (5.1) represents a useful tool for fishways’ design and management as it allows to derive the maximum
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distance a fish can swim before becoming fatigued [3,9,20,24]. Recalling the work by Castro-Santos [24] and Katopodis [9], the
maximum distance a fish can swim before fatiguing can be defined as Ds = UgTf− = Ur − Uf Tf− , where Ug = Ur − Uf is the fish
ground speed. Using equation (5.1) for Tf−  leads to a function Ds Ur  that displays a maximum Dsmax at an optimal relative

velocity Uropt = Uf 1 + 1β  and hence an optimal ground speed

(5.3)Ugopt = Ufβ .

Equation (5.3) indicates that, in the burst swimming range, the maximum distance that a fish can travel is reached at swimming
ground speeds of about half of the water flow velocity (recall β ≈ 2). This is clearly true only if fish are fit enough to reach such
velocity. If not, the maximum distance is reached at the maximum ground speed they are capable to swim at.

At the optimal velocity, the maximum swimming distance can be estimated as

(5.4)Dsmax = αβUf−β 1 + 1β −β − 1
,

which represents a very important design parameter being the maximum allowed length for a fish passage system [9,21,24].
Finally, we propose that equation (5.4) might offer some biomimicry-inspired insights for the control of underwater robotics,

which are now being used for a plethora of applications [69]. Analogously to a fish swimming anaerobically, an underwater
robot stops moving (i.e. reaches fatigue) when running out of the energy provided by a battery. Since the theoretical analysis
presented in §§2.1 and 2.2 is applicable to any fully submerged solid body that is self-propelled by limited energy resources,
equation (5.4), which is a direct consequence of this analysis, indicates that an underwater robot can maximize cruising
distances when swimming at ground speeds that are about half of the opposing fluid velocity. Note that underwater robots
cannot be charged during operations; therefore, these insights offer a simple strategy to optimize energy consumption in
opposing moving waters, as often required in freshwater and marine environments [70].

In conclusion, the main outcome of the present article is a set of theoretically derived scaling laws linking statistical
properties of Tf to Ur for burst-swimming fish. These laws are relevant for applications in fishways’ design and to develop
bioinspired underwater-robot control. Results from a new and large experimental dataset of five fish species support theoretical
predictions, while calling for more experiments from a wider range of fish species and sizes to be carried out, to further
establish the general applicability of the proposed scaling laws.
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