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Abstract

We review F'(R,D) gravity in the metric-affine framework, where D is the divergence of
the dilation current appearing in the hypermomentum tensor. We assume only linear couplings
between the general affine connection and the matter fields (minimal coupling) and break projective
invariance to preserve a nonvanishing dilation current. For F(R, D) linear in D the dilation current
dependence in the function F'(R, D) does not contribute to the field equations of the theory.

We show that, on the other hand, in more complicated cases (e.g., considering the function
F(R,D) = R+ aD?), the D contribution to the metric field equations is nontrivial and can affect
the cosmology of the theory.
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1 Introduction

A wide part of the physics scientific community claims that considering generalizations and
extension of Riemannian geometry may lead to a clearer understanding of open issues that still
afflict general relativity. In this context, metric-affine gravity (MAG) theories [1-3] play a prominent
role, as they are based on non-Riemannian geometry [|4,5], where one allows for non-vanishing
torsion and non-metricity, along with curvature. Even if MAG has been originally introduced
to interpret gravity as a “gauge” theory, there is no conceptual or physical problem in studying
metric-affine theories outside this realm (see, e.g., [6-10] for recent applications). In particular,
MAGS in the first order formalism are gravitational theories alternative to general relativity where
the metric and the general affine connection (i.e., involving, in principle, torsion and non-metricity)
are considered, a priori, as independent.

Modified theories of gravity [11], such as the well-known family of F(R) gravity theories [12}|13]
(where each model is defined by a different function, F', of the curvature scalar R), and its extensions
to more complicated cases involving different scalars, have been analyzed in the MAG framework
(see, e.g., [3,[14-16]). In the MAG setup, coupling with matter is particularly interesting to be
studied, as the matter Lagrangian is considered to depend on the connection as well: When
varying the matter part of the action with respect to the connection, the so-called hypermomentum
tensor [17H21] comes into play, encompassing the microscopic characteristics of matter. The
energy-momentum tensor sources spacetime curvature through the metric field equations, while
the hypermomentum is source of spacetime torsion and non-metricity by means of the connection
field equations.

A particular extension of F(R) gravity is F(R,T) gravity [22-24], where 7 is the trace of the
(metrical) energy-momentum tensor 7T),,, which has been rather recently studied in the Palatini
formulation [25] and in the metric-affine framework [26][| Physically, the dependence on 7 may
be induced by exotic imperfect fluids or quantum effects (conformal anomaly). An interesting
cosmological motivation for F(R,T) gravity is that it may be considered a relativistically covariant
model of interacting dark energy [22]. Moreover, it is thought that F'(R,7) gravity may give some
hints for the existence of an effective classical description of the quantum properties of gravity
(see |25] and references therein).

In the metric-affine framework, as we will review in the following, the divergence of the dilation
current appearing in the hypermomentum tensor is what relates the trace of the so-called canonical
and metrical energy-momentum tensors. Hence we can say that the energy-momentum trace 7
and the divergence of the dilation current are on the same level, in the sense that the former is the
analog of T, but for the hypermomentum tensor. As a result, a particular class of MAG theories
that deserves further attention is F(R,D) gravity, the “hypermomentum analog” of F(R,T)
gravity, where D is the divergence of the dilation current appearing in the hypermomentum tensor.

Thus, in this work we focus on metric-affine F/(R, D) gravity, which was introduced in [2728].

!The literature on F (R) and F (R, T) gravity is vast. Here we report the original works and some concise reviews

with further motivations and applications.



For F(R,D) linear in D, the dilation current dependence in the function F(R,D) does not
contribute to the field equations, as /—¢D in the action is a total derivative. However, in more
complicated cases (e.g., considering a function F'(R, D) that is linear in R but quadratic in D:
F(R,D) = R+ aD?), the contribution from D in the metric field equations is nontrivial and also
affects the cosmology of the theory. In particular, as we will see, the presence of the dilation
current D affects the first (modified) Friedmann equation.

The remainder of this paper is structured as follows: In Section [2] we fix our notation and
conventions and recall some key feature of the theoretical framework adopted. In Section [3| we
first review metric-affine F'(R, D) gravity, furnishing the necessary theoretical background and
the relevant equations describing the theory. Then, we discuss the particular case F = R + aD?,
assuming linear couplings between the general affine connection and the matter fields (minimal
coupling, for self-consistency of the construction) and fixing the torsion vector to zero by means of a
Lagrange multiplier in order to break the projective invariance of the theory and allow, on-shell, for
a nonvanishing dilation current. We study the field equations and derive the (modified) Friedmann
equations of the model, in a Friedmann-Lemaitre-Robertson-Walker (FLRW) background, in
the presence of a perfect cosmological hyperfluid (i.e., a classical continuous medium carrying

hypermomentum). Section [4]is devoted to the conclusions and final remarks.

2 Theoretical background, notation and conventions

We consider a four-dimensional non-Riemannian manifold endowed with a metric and a general
affine connection, (M, g, V). Our convention for the metric signature is mostly plus: (—,+,+, +).
We use minuscule Greek letters to denote spacetime indices, that is p,v,... = 0,1,2,3. The

definition of the covariant derivative of, e.g., a vector v* is

Vl,v’\ = &,v)‘ + F)‘Wv“ , (2.1)

where T* uv s a general affine connection. The latter can be decomposed as

F)\/W = f‘Aw/ + NA,U,Z/ 9 (2.2)
where )
N, = §gpA (Quvp + Qupn — Qo) — 9" (Spw + Spwp — Syup) (2.3)
is the distortion tensor,
. 1
FA}U/ = 59'0)\ (a,ugup + 8ugp,u - apg,uzx) (2.4)

the Levi-Civita connection, and

S =T

(2.5)
QA;W = _vAg,uu = _a)\g;w + Fpu/\gpzx + FpVAgup



the torsion and non-metricity tensors, respectively. In four spacetime dimensions, the trace

decomposition of the latter reads

1% 2 12 1 v
S’ = §5MSM T Egkuﬁﬂgn P+ 2", (26)

) 1 4 1
Q)\;w = TSQAQ;W - §Q)\g,ul/ =+ 59)\(qu) - §gz\(yQu) + QA;U/ )

where Q) := Q,,/ and ¢, := Q" ,, are the non-metricity vectors, Sy := S\, is the torsion vector,
and tP := 6”)‘“”5,\,” is the torsion pseudo-vector. On the other hand, Z,,” (with Z,, = %ZP\(M]V)’
Mz yw = 0) and €, are the traceless parts of torsion and non-metricity, respectively. We
denote by e**P = \/%—ge“” @8 the Levi-Civita tensor, while e#**? is the Levi-Civita symbol. Let us
also introduce here the Palatini tensor, which is defined as

v o (v/—ggho) ¥
P/\,u,ll ::7v)\(\/ 99 )+ Vv (\/ g9 ) A +2(S)\Q'U‘V*S‘H6K+g‘ugsa/\y) (27)

V=g V=9

and fulfills

Pt =0. (2.8)
One can then prove that the Palatini tensor can be written in terms of torsion and non-metricity
as [3]
v v 1 v 1 v v
P\ =65 { ¢* — 5@“ — 25 ) +g* gQA +285) | — (@1 +25M)
1 2 1 1 1 1
= —-OM"+ gg’” <3Q)\ + g(])\ + 45)\> + §(5K (—4@“ + 7(]“) + §5§f <2QM — 2(]”) (2'9)

1 17 174
— 55/\” 'Dtp — 2Z)\M .
Our definition of the Riemann tensor for the general affine connection I'* v 18
R“Va/g = 26[aru\u|,8] + QFMp[anMB] . (2.10)

Correspondingly, R, = R”,,, and R := g"” R, are, respectively, the Ricci tensor and the scalar
curvature of I'. The decomposition of the scalar curvature R in terms of the Riemannian scalar
curvature R = g’“’RW (where RW is the Ricci tensor of the Levi-Civita connection T') plus the

non-Riemannian contributions is given by
R=R+T+Q+2QuuwS™ +2S,(¢" — Q")+ V (¢" — Q" — 45") , (2.11)
where V is the Levi-Civita covariant derivative and where we have defined
T :=85,,aS"" = 25, S — 45,5" ,
1 o 1 P DR B (2.12)
Q = zQa;wQ - §QauuQ - ZQMQ + iQuq )

which are torsion and non-metricity scalars.



2.1 Non-Riemannian FLRW spacetime

Let us also recall some relevant expressions obtained in a homogeneous, non-Riemannian FLRW

spacetime. Consider a homogeneous, flat FLRW cosmology, where the line element is

ds® = —dt* + a*(t)6;jdx'da? (2.13)
with 4, 7,... =1,2,3 and scale factor a(t). The Hubble parameter is
a
H:= - 2.14
: (214)

and the projection tensor projecting objects on the space orthogonal to the normalized four-velocity
ut (such that u* = 6 = (1,0,0,0) and u,u” = —1) is

huw = Guv + uptty = hyy - (2.15)
We also define the temporal derivative
"=u*Vq. (2.16)

The general affine connection I' in a non-Riemannian FLRW spacetime in 1 + 3 dimensions can be

written as [29]
T =T, + X(Out by + Y (uuh®y + Z(Euyh? 4+ V(i uguy, + e npu? W), (2.17)

where, in particular, the nonvanishing components of the Levi-Civita connection read
PO F0 —aas,, T =Ty = L6 = He (2.18)
ij — & ji = @04, jo = o = 0% =% :

The torsion and non-metricity tensors can be written as

Sm/oa = QU[#hV]a(I)(t) + Elwapupp(t) ,

(2.19)
Qo = A(t)uahu + B(t)ha(“ul,) + C(t)uquyuy ,

respectively. The functions X (¢), Y(¢), Z(t), V(t), W(t) in (2.17)) and ®(¢), P(t), A(t), B(t), C(t)
in (2.19)) describe non-Riemannian cosmological effects and give, together with the scale factor,

the cosmic evolution of the non-Riemannian background geometry. Recalling the decomposition
(2.2), one can prove that

2AX+Y)=B, 2Z=A, 2V=C, 20=Y-Z, P=W, (2.20)

which may also be inverted, yielding

C A A B A
=P =—, Z=—, Y=204+—-, X=—-20—-—. 2.21
W v 27 27 +2’ 2 2 ( )

Besides, the torsion and non-metricity scalars defined in (2.12)) now become, respectively,
T = 2492 — 6P?,

3 (2.22)
Q=7 [24%+B(C-4)].
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Finally, using the post-Riemannian decomposition of the curvature scalar and the above expressions

of the torsion and non-metricity scalars, we find

_ paella? o ae2 _ 3B(C—A) —6P24 > — (B _ 4
R=R+6| A +49° + 2(24 B)}+4B(c A)—6P +\/_—g(9u [\ﬁgu ; —A-de)|,
(2.23)

(2] 221

is the usual Riemannian part, namely the Ricci scalar of the Levi-Civita connection I" expressed in

where

terms of the scale factor and its derivatives.

3 Metric-affine F(R, D) gravity

Let us now briefly review metric-affine F(R, D) gravity. We start by recalling that, as far as the
matter content in MAG is concerned, besides the usual (metrical) energy-momentum tensor, which
2 05w 2 d(vV/—9Lm) (3.1)
V=gog =g g '

where Ly, is the matter Lagrangian, we also have a nontrivial dependence of £, on the general

is defined as

Ty :=

affine connection I' uv- The variation of the matter part of the action with respect to F)‘W defines

the hypermomentum tensor,

2 6Sm 2 6(y/~gLm
A = 5w _ 2 9(v=9Lm) (3.2)

/g, =g A,

The hypermomentum has a direct physical interpretation when split into its irreducible pieces of

spin, dilation, and shear [17H19]. In particular, in |27,28] it was considered the metric-affine action

1
Srinm) = 55, | V9% [F(R.D) + 26La) (3.3)

where k = 87 is the gravitational constant, and F'(R, D) is a general function of the curvature
scalar R of the general affine connection I‘)‘W involving torsion and non-metricity and D is a

hypermomentum contribution that was first introduced in [27]. This quantity is defined as

1

b=

0y (V—gA”) =V, A", (3.4)

where
AY =AM (3.5)

is the dilation current. Thus, in this generalized metric-affine setup one can consider also the
presence of the hypermomentum analog of the (metrical) energy-momentum trace. Indeed, let

us notice that the divergence of the dilation current is analogous to the trace 7 := g"”T},, of the



energy-momentum tensor: They both appear in the expression of the trace t := g1, of the

so-called canonical energy-momentum tensor, that isE|

gL Sw_ 1 6(/=9Lm)

¢ = = , 3.6
/_g 5€HC /_g 5€HC ( )
as .
t=T +—=—0, (vV/—gA") , 3.7
or, in terms of the Levi-Civita covariant derivative,
1 v
t="T+ §V,,A . (3.8)

In this sense, the energy-momentum trace 7 and the divergence of A¥ can be placed on an equal
footing, and the scalar D obtained by the divergence of the dilation current stands as the analog
of the trace of the energy-momentum tensor, but for the hypermomentum tensor. It should be
stressed out that, in general, D depends both on the metric and on the connection.

Let us now recall the field equations of the family of theories given by the the action (3.3)).
The variation of the action with respect to the metric and the general affine connection gives the
following set of field equations, respectivelyﬂ

1
_ ig,ul/F + F],{R(;w) + F/DMW, = /{T/W,
P\ (Fp) — My\MP0,Fp = kAN,

where P\W(Fp,) is the modified Palatini tensor,

Vo (V=9Fpg™) | Vo (V/—gFpg"6}
P)\,uy(F}/%) - )\( ngg )+ ( g_;%g )\)

with Sy := S)\,? the torsion vector, and

+2Ff (a9 — S8 — Sy™) L (3.10)

oD
M/,Ll/ = W = Myﬂ, (3.11)
OAP
MyHP = . (3.12)
51”‘“,

Note that in the simpler case in which matter does not couple to the connection (that is, for

instance, in the case of a classical perfect fluid with no inner structure) we have Ay*” = 0 and,

2The canonical energy-momentum tensor, in general, is not symmetric and is given by the variation of the
gravitational action with respect to the vielbein, as one can work in the equivalent formalism based on the vielbein
e, and spin connection wy|qp, where a,b, ... are Lorentz (i.e., tangent) indices (see, e.g., [29]). We have the usual
relation g, = euaeybnab connecting metric and vielbein, being 74, the tangent space flat Minkowski metric. The
identity

Ve " =0=20,e," =T e, +w, e’

connects the two formalisms.

3We adopt the notation F% := % to denote the derivative of F' with respect to any scalar X of which F is
function.



consequently, no hypermomentum contribution in the action and field equations. The form of the
tensor M "? depends crucially on how we couple matter to gravity. More specifically, if there
are only linear couplings between the connection and the matter fields, the aforementioned tensor
identically vanishes, while for quadratic couplings it is linear in the connection. For self-consistency
of the derivation, and in particular of eq. , in this work we consider only minimal coupling
with the affine connection (that is, linear couplings, such that higher-order matter-affine connection
interactions are absent).

In [27] the cosmology of (an extension of) this model was analyzed for a function F' that is
linear, in particular, in R and D. However, since \/—¢D is a total divergence, the dilation current
does not contribute to the field equations when included linearly, and can be trivially neglected.
We shall now discuss a more involved case, that is metric-affine F(R, D) = R + oD? gravity, where
the function F(R, D) is still linear in R, but quadratic in D.

3.1 Dilation current in metric-affine F = R 4 oD? gravity

Let us proceed by focusing on the case in which F(R, D) = R+ oD?, where « is a free parameter,
in the theory E| giving some results also at the cosmological level. In the following, we will
assume only linear couplings between the connection and the matter fields. However, considering
the variation of the total action with respect to the general affine connection, for metric-affine
F(R,D) = R+ aD? gravity this would lead, on-shell, to a vanishing dilation current (one can prove
this by taking into account the fact that the Palatini tensor fulfills P,*” = 0), which cannot
be true for any form of matter. This issue appears because of the projective invariance of the
scalar curvature R (see also [3]). To obtain a self-consistent theory with A” # 0 one needs to break
this projective invariance. This can be done, for instance, by adding extra terms in the action that
do not respect the projective invariance. In particular, driven by the fact that in [30] the dilation
current was associated to the non-metricity vector @, := Q" (sometimes also referred to as the
Weyl vector), we add to the theory a Lagrange multiplier that fixes the torsion vector S, to zero.

Thus, we consider the following metric-affine theory:
S = i / V=gd'z [R+ aD? + 2k (B,S" + L)] , (3.13)
where B, is a Lagrange multiplier. Varying the action with respect to the latter, we get
S, =0. (3.14)
As now we have F, =1 and F}, = 2aD, using also , the metric field equations becomes

1
= 59 (R+ aD?) + R + 20DMy, = KT}, , (3.15)

where we recall that M, is defined in (3.11)). Taking the trace of the above equation we get

R =2aD(M — D) — kT, (3.16)

“In fact, one may also start by writing F' = apR 4+ oD? and then fix the normalization of the theory choosing

aop = 1, ending up with the theory we are considering here.



where M := g"”M,,,. Using the trace equation into (3.15)), we are left with

1 1 1
Ry — ngR = —2aD <Mw — 4gWM> + K <T/w — 4gul,T> ) (3.17)

Notice that this equation may also be rewritten as
Ry = —20DMy, + KTy, (3.18)

where we have used the symbol “to denote traceless tensors. On the other hand, the connection

field equations of the theory boil down to
P = i (A = B (3.19)

where Py\#" is the Palatini tensor defined in (2.7)) (recall that now S, = 0). Taking the A, u trace
of (3.19) we get (let us recall that the Palatini tensor P\*" fulfills P,*” = 0)
v_ 2

B = —2A", (3.20)

which express the Lagrange multiplier completely in terms of the dilation current. Note that
this means that, in principle, we have that, on-shell, A¥ # 0, contrary to the simpler case of
metric-affine F(R) gravity (see, e.g., [3]). This would not have been the case if we had not broken
the projective invariance of the theory. On the other hand, using the above and exploiting the
fact that the Palatini tensor can be written in terms of torsion and non-metricity as given in ,
taking the A, v and pu, v traces of , together with its totally antisymmetric part, after some
manipulation we find

Qu=—r (;Au + éAf}) - Aff)) , (3.21)
0=t (;A N A53>> , (3.22)
ty = _gequaAypgv (3.23)
Qo = % <*7QMVA)\ + 1093w Ay) + 5g A — 29A<uA(yl)) + 59 AL — 29}\(MAV2)))

+ 5 (Aguin = Baga) = D)) » (3.24)
Dt = 5 (008, +ORAY — Ap + ALY, F2A,) (3.25)

where we have defined Af}) = AAM,\ and AE?) =A H)‘ - Hence, all the non-Riemannian components
of the general affine connection I‘)‘W, whose decomposition is reported in Section [2| result to be
given in terms of hypermomentum quantities, while we recall that the torsion trace vanishes in our
setup (S, = 0). Notice that the divergence of the dilation current contributes only to the metric

field equations of the theory.



3.1.1 Cosmological aspects of the model: Modified Friedmann equations

In this section we study the cosmology of metric-affine F' = R 4 aD? gravity, considering a
homogeneous FLRW background in the presence of torsion and non-metricity (see Section ,
deriving the Friedmann equations of the model.

Taking the trace of the metric field equations (that is, considering ), using
and the post-Riemannian cosmological expansion , after some cumbersome calculations we

finally arrive at

. . 2
g+ (Z) +4<I>2—P2+% [24% + B (C — A)]+® (24 — B)+f+3H[f = %D (M — D)—%T, (3.26)
with L /B

where a = a(t) is the scale factor of the Universe and H := % is Hubble parameter, while ® = &(¢),
P=P(t), A= A(t), B= A(t), and C = C(t) are functions appearing in the FLRW expressions of
torsion and non-metricity given in . Equation is a modification of the first Friedmann
equation in our cosmological and geometric setup. Note, in particular, that D contributes to the
right-hand side of this equation.

On the other hand, the general form of the second Friedmann equation (also known as
acceleration equation) in a non-Riemannian background was derived in [31] and reads

g - —%Ruyu“u”+2 <Z> O+ 20+ <Z> <A+§> +§— if - %AC—A@—C@, (3.28)
where u* is the normalized four-velocity. One could then proceed by contracting with u*u” in
order to eliminate the first term appearing in the right-hand side of (namely, R, u"u”) and
express everything in terms of the scale factor and the torsion and non-metricity variables. However,
in order to better analyze in depth this cosmological model one should consider an appropriate form
of matter for which both the (metrical) energy-momentum and hypermomentum tensors respect the
cosmological principle. In [29] it was introduced a cosmological fluid that fulfills this requirement
and was named perfect cosmological hyperfluid. In particular, the hypermomentum part of such
fluid sources the torsion and non-metricity variables by means of the connection field equations.
Besides, scalar fields coupled to the general affine connection can be regarded as sub-cases of the
aforementioned fluid description. Hence, we are now going to discuss metric-affine F' = R 4+ a/D?
gravity in the presence of a perfect cosmological hyperfluid, demanding also homogeneity of the
cosmological setting.

A hyperfluid is described in terms of the metrical energy-momentum tensor
Ty = puyty + phyy (3.29)
along with the (symmetric) canonical energy-momentum tensor

tuy = peuptly + pch;w ’ (330)
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where p and p are the usual density and pressure of the perfect fluid component, while p. and p,
are the canonical (net) density and canonical pressure of the hyperfluid, respectively. Besides, in
four spacetime dimensions the perfect hyperfluid is characterized by a hypermomentum tensor of
the form [29]

Ay = 0 hpawy + X () huaty + V() uahu + w(t)uauuuy + aumpu’(t), (3.31)

where the functions ¢(t), x(t), ¥(t), w(t), and ((t) characterize the microscopic properties of the
hyperfluid which, upon use of the connection field equations, act as sources of the non-Riemannian
background. The tensors , , and respect spatial isotropy and are subject, in
general, to conservation laws. If the fluid considered is of the so-called “hypermomentum preserving”
type, that is if the metrical energy-momentum tensor coincides with the canonical one, tH = TH
then, besides having p. = p and p. = p, we also get ¢ = T, namely, in this case, the trace of
the canonical and metrical energy-momentum tensors coincide. Looking at we can see that
this implies D = 0. Such a feature, in the theory we are now considering, would remove the D
contribution appearing into the metric field equationsﬂ Thus, let us consider t*¥ # TH | that is
pe # p and pe # p.

Since we are mainly interested in the modification to the cosmological equations sourced
by dilation, we will focus on the case in which only this specific part of the hypermomentum
tensor is switched on, that is pure dilation hypermomentum. In four spacetime dimensions the

hypermomentum tensor can be decomposed as [21]

1 .
Aauu = A[a‘u]y + ZQOLMAV + Aauu ) (3.32)

where the first term on the right-hand side represents the spin part, A,, as we have already said, is
the dilation, and AQW the shear (traceless symmetric part of the hypermomentum tensor). Then,
given the most general form (3.31)) of hypermomentum compatible with the cosmological principle

(i.e. respecting both isotropy and homogeneity), the spin, dilation and shear parts read

A[au]l/ = (Qb - X) u[ahu]l/ + 60(/,LVpupC7 (333)
A, = Aa/wgau = (3¢ — w) Uy , (3.34)
o 1 +w

Ao = Aapyw — Zga“AV = ((254) (hap + 3uauy) uy + (¥ + X) whay (3.35)

respectively. Thus, in the case of pure dilation hypermomentum we are left with

=0, x=0, (=0, w=-9¢, (3.36)
that is
Ay, = ddu, ,
1 (3.37)
Aa;w = ZgauAV = ¢gauuu =¢ (hauuu - Uau,uul/) .

SHowever, in more general metric-affine F(R, D) theories such trivialization may not occur in the hypermomentum

preserving case.
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Furthermore, we will assume the following barotropic equations of state to hold:

pP=wp, Pe=Wepec, (3.38)

where w and w,. are the associated barotropic index.
Before proceeding, let us also comment on the tensor M, appearing into the metric field

equations. The most general cosmological expression for it is
M, = Ouyuy, + ohy,, (3.39)

where 6 = §(t) and o = o(t) are functions characterizing M,,,. Their form can be found using the

definition of M), and the fact we are in a non-Riemannian FLRW spacetime. We obtain

5D
Moo = —‘ - oD, 3.40
0= 500 |y = 73 (3.40)

where N denotes the lapse function, and

0D

5= 55 =2 (gﬁi n 3H¢) gij s (3.41)

implying # = —D/2 and o = 2 (cb + 3H<;5> = —0. Note that, in the present cosmological setup, we
have
D=4 (q's + 3H¢>) . (3.42)

Therefore, we are left with

D
5 (huw — upuy) . (3.43)

D i
My = =ttty +2 ((;5 + 3H¢) By =

In the following we will take this to be the cosmological expression of M.
Within the above cosmological setup, using the cosmological expressions for torsion and

non-metricity given in Section [2] from the field equation of the Lagrange multiplier we find
b =0, (3.44)
while from the connection field equations, taking all the possible contractions, we get
14 8 v
BY = —gqbu , (3.45)

namely the Lagrange multiplier is given in terms of the hypermomentum source ¢, together with

P=o, (3.46)
A=C=—=9¢, (3.47)
B— %"3 (3.48)
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Thus, at cosmological level, in the presence of a perfect hyperfluid with pure dilation hypermomen-
tum, we are left with a vanishing torsion (S,.,o = 0, as actually expected at this point), while the

non-metricity is completely given in terms of the hypermomentum source ¢,

K 2K
Qauu = _§¢ (Uah,uu + uauuuu) + ?(bha(uuy) ) (349)
which implies
2K 1
QM = _?(buu = _iqlu Qa;w =0. (3'50)

We shall now study the Friedmann equations (3.26]) and (3.28]).
Taking into account all of the above, from the metric field equations (3.15)), upon contraction
with u#u” and use of (3.16]), we find

1
R ufv” =« [2132 —D(0+ 30)] + g (14 3w)p. (3.51)
Then, using (3.42)), the expression for R, uu” becomes
Rt = da (64 3H0) [2 (4 3Hs) - (0+30)] + 5 1+3u)p. (3.52)

Plugging this and the results previously obtained back into the acceleration equation, the latter

boils down to

Kk |1: 1

= ——nr?¢? — 5 {3¢+H¢+ 3L+ 3w)p]
9 ) (3.53)

+ 4a (-3@2 —4¢H$ — 6H?¢? + o + 3Hpo + ggise + H¢a> .
Finally, using the expression of the functions # and o previously derived, together with (3.42)), we
obtain ) )
a__F e FpyYp2
o= 6p(1+3w) 18¢ 24D+6D . (3.54)
We can then substitute the obtained result for % into (3.26]), in such a way to arrive at the final
form of the first (modified) Friedmann equation for the model at hand, which, under the above

assumptions, reads
9 o K2 o 1. 1 1 8 .y ) 8.
H? (1+24a¢*) = —¢*+r | —=¢p— cHo+ —p |+a | —-¢" —160H¢ — —¢0 —8H¢H | , (3.55)
36 6 2 3 3 3
that is, using the cosmological form of 6 and o and (3.42)),

2
K K® 5 K a5
iR Fpy%p2 3.56
31367 ~ 4P T % (3.56)

Note that nontrivial modification to the cosmology of the theory induced by the presence of D

H2

may appear only in the case in which p # p.. Furthermore, we observe that, in any possible
solution of the above equation (which should also involve the explicit expression of the hyperfluid
conservation laws), the effect of ¢ is to enhance the total energy density, while the term with D?
may in fact enhance or diminish the total energy density depending on the sign of the parameter
a characterizing the model F(R,D) = R + aD?.
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4 Conclusions

Modified theories of gravity can be discussed in the MAG framework, where coupling with matter
is particularly interesting to be studied, as the matter Lagrangian is considered to depend on
the connection as well. In this work, we have considered a particular family of MAG theories,
that is F'(R, D) metric-affine gravity, where D is the divergence of the dilation current. The
latter appears in the hypermomentum tensor and relates the trace of the so-called canonical and
metrical energy-momentum tensors. It is in this sense that F(R, D) gravity may be said to be the
hypermomentum analog of F'(R,7T) gravity. In the case in which the function F(R, D) is linear in
D, the dilation current does not contribute to the field equations (1/—¢D in the action is a total
derivative), while in more complicated cases, as we have discussed in the present paper, it can
have nontrivial effects, in particular affecting the cosmology of the theory.

More specifically, after reviewing in general but concise terms metric-affine F'(R, D) gravity,
we have discussed the case F = R + oD?, assuming linear couplings between the general affine
connection and the matter fields (minimal coupling) and consistently breaking the projective
invariance of the theory (setting the torsion vector S, to zero by means of a Lagrange multiplier).
We have derived the field equations of the theory, showing that the dilation current contributes only
to the metric field equations of the model. On the other hand, the general affine connection exhibits
non-Riemannian components given in terms of hypermomentum quantities. Only the torsion trace
vanishes in our setup (so that projective invariance is broken), while the other non-Riemannian
components of the connection are, a priori, non-vanishing.

Subsequently, to study the cosmology of the theory, we have considered a homogeneous
FLRW background in the presence of torsion and non-metricity. We have introduced a perfect
cosmological hyperfluid, whose hypermomentum part sources torsion and non-metricity by means
of the connection field equations. Hence, we have derived the modified Friedmann equations
of the R 4+ oD? model in this setup, showing that, in particular, the presence of the dilation
current D affects the first modified Friedmann equation. In performing this analysis, we have
also presented the most general cosmological expression for the tensor M, appearing into the
metric field equations of the model. We have focused on the case of pure dilation hypermomentum,
which is given in terms of a single function ¢ = ¢(t) characterizing the microscopic properties
of the hyperfluid. This variable, upon use of the connection field equations, acts as source of
the non-Riemannian objects. Specifically, we have shown that, at the cosmological level, in the
presence of a perfect hyperfluid with pure dilation hypermomentum, the torsion vanishes, while
the non-metricity results to be completely determined by the hypermomentum source ¢. We have
found that nontrivial modifications to the cosmology of the theory induced by D can appear only
in the case in which p # p., that is, only if the energy density of the perfect fluid component is
different from the canonical (net) density of the hyperfluid. The cosmological effect of ¢ is to always
enhance the total density, while the D? contribution may increase or decrease the total energy
density depending on the sign of the parameter «. It is certainly worth looking for exact solutions

involving the effects of D, including also the explicit derivation of the hyperfluid conservation laws.
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