
25 June 2026

POLITECNICO DI TORINO
Repository ISTITUZIONALE

On the dilation current in metric-affine gravity / Kenzhalin, D., Myrzakul, S., Myrzakulov, R., Ravera, L.. - In: ANNALS OF
PHYSICS. - ISSN 0003-4916. - STAMPA. - 465:(2024), pp. 1-10. [10.1016/j.aop.2024.169664]

Original

On the dilation current in metric-affine gravity

Elsevier postprint/Author's Accepted Manuscript

Publisher:

Published
DOI:10.1016/j.aop.2024.169664

Terms of use:

Publisher copyright

© 2024. This manuscript version is made available under the CC-BY-NC-ND 4.0 license
http://creativecommons.org/licenses/by-nc-nd/4.0/.The final authenticated version is available online at:
http://dx.doi.org/10.1016/j.aop.2024.169664

(Article begins on next page)

This article is made available under terms and conditions as specified in the  corresponding bibliographic description in
the repository

Availability:
This version is available at: 11583/2992461 since: 2024-09-23T10:52:37Z

Elsevier



On the dilation current in metric-affine gravity

D. Kenzhalin1,2, S. Myrzakul1,2, R. Myrzakulov1,2, L. Ravera3,4,5

1 LN Gumilyov Eurasian National University, Nur-Sultan, 010008, Kazakhstan.

2 Ratbay Myrzakulov Eurasian International Centre for Theoretical Physics, Nur-Sultan, 010009, Kazakhstan.

3 DISAT, Politecnico di Torino – PoliTo, Corso Duca degli Abruzzi 24, 10129 Torino, Italy.

4 Istituto Nazionale di Fisica Nucleare, Section of Torino – INFN, Via P. Giuria 1, 10125 Torino, Italy.

5 Grupo de Investigación en F́ısica Teórica – GIFT, Concepción, Chile.
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Abstract

We review F (R,D) gravity in the metric-affine framework, where D is the divergence of

the dilation current appearing in the hypermomentum tensor. We assume only linear couplings

between the general affine connection and the matter fields (minimal coupling) and break projective

invariance to preserve a nonvanishing dilation current. For F (R,D) linear in D the dilation current

dependence in the function F (R,D) does not contribute to the field equations of the theory.

We show that, on the other hand, in more complicated cases (e.g., considering the function

F (R,D) = R+ αD2), the D contribution to the metric field equations is nontrivial and can affect

the cosmology of the theory.
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1 Introduction

A wide part of the physics scientific community claims that considering generalizations and

extension of Riemannian geometry may lead to a clearer understanding of open issues that still

afflict general relativity. In this context, metric-affine gravity (MAG) theories [1–3] play a prominent

role, as they are based on non-Riemannian geometry [4, 5], where one allows for non-vanishing

torsion and non-metricity, along with curvature. Even if MAG has been originally introduced

to interpret gravity as a “gauge” theory, there is no conceptual or physical problem in studying

metric-affine theories outside this realm (see, e.g., [6–10] for recent applications). In particular,

MAGs in the first order formalism are gravitational theories alternative to general relativity where

the metric and the general affine connection (i.e., involving, in principle, torsion and non-metricity)

are considered, a priori, as independent.

Modified theories of gravity [11], such as the well-known family of F (R) gravity theories [12,13]

(where each model is defined by a different function, F , of the curvature scalar R), and its extensions

to more complicated cases involving different scalars, have been analyzed in the MAG framework

(see, e.g., [3, 14–16]). In the MAG setup, coupling with matter is particularly interesting to be

studied, as the matter Lagrangian is considered to depend on the connection as well: When

varying the matter part of the action with respect to the connection, the so-called hypermomentum

tensor [17–21] comes into play, encompassing the microscopic characteristics of matter. The

energy-momentum tensor sources spacetime curvature through the metric field equations, while

the hypermomentum is source of spacetime torsion and non-metricity by means of the connection

field equations.

A particular extension of F (R) gravity is F (R, T ) gravity [22–24], where T is the trace of the

(metrical) energy-momentum tensor Tµν , which has been rather recently studied in the Palatini

formulation [25] and in the metric-affine framework [26].1 Physically, the dependence on T may

be induced by exotic imperfect fluids or quantum effects (conformal anomaly). An interesting

cosmological motivation for F (R, T ) gravity is that it may be considered a relativistically covariant

model of interacting dark energy [22]. Moreover, it is thought that F (R, T ) gravity may give some

hints for the existence of an effective classical description of the quantum properties of gravity

(see [25] and references therein).

In the metric-affine framework, as we will review in the following, the divergence of the dilation

current appearing in the hypermomentum tensor is what relates the trace of the so-called canonical

and metrical energy-momentum tensors. Hence we can say that the energy-momentum trace T
and the divergence of the dilation current are on the same level, in the sense that the former is the

analog of T , but for the hypermomentum tensor. As a result, a particular class of MAG theories

that deserves further attention is F (R,D) gravity, the “hypermomentum analog” of F (R, T )

gravity, where D is the divergence of the dilation current appearing in the hypermomentum tensor.

Thus, in this work we focus on metric-affine F (R,D) gravity, which was introduced in [27,28].

1The literature on F (R) and F (R, T ) gravity is vast. Here we report the original works and some concise reviews

with further motivations and applications.
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For F (R,D) linear in D, the dilation current dependence in the function F (R,D) does not

contribute to the field equations, as
√
−gD in the action is a total derivative. However, in more

complicated cases (e.g., considering a function F (R,D) that is linear in R but quadratic in D:

F (R,D) = R+ αD2), the contribution from D in the metric field equations is nontrivial and also

affects the cosmology of the theory. In particular, as we will see, the presence of the dilation

current D affects the first (modified) Friedmann equation.

The remainder of this paper is structured as follows: In Section 2, we fix our notation and

conventions and recall some key feature of the theoretical framework adopted. In Section 3, we

first review metric-affine F (R,D) gravity, furnishing the necessary theoretical background and

the relevant equations describing the theory. Then, we discuss the particular case F = R+ αD2,

assuming linear couplings between the general affine connection and the matter fields (minimal

coupling, for self-consistency of the construction) and fixing the torsion vector to zero by means of a

Lagrange multiplier in order to break the projective invariance of the theory and allow, on-shell, for

a nonvanishing dilation current. We study the field equations and derive the (modified) Friedmann

equations of the model, in a Friedmann-Lemâıtre-Robertson-Walker (FLRW) background, in

the presence of a perfect cosmological hyperfluid (i.e., a classical continuous medium carrying

hypermomentum). Section 4 is devoted to the conclusions and final remarks.

2 Theoretical background, notation and conventions

We consider a four-dimensional non-Riemannian manifold endowed with a metric and a general

affine connection, (M, g,∇). Our convention for the metric signature is mostly plus: (−,+,+,+).

We use minuscule Greek letters to denote spacetime indices, that is µ, ν, . . . = 0, 1, 2, 3. The

definition of the covariant derivative of, e.g., a vector vλ is

∇νvλ = ∂νv
λ + Γλµνv

µ , (2.1)

where Γλµν is a general affine connection. The latter can be decomposed as

Γλµν = Γ̃λµν +Nλ
µν , (2.2)

where

Nλ
µν =

1

2
gρλ (Qµνρ +Qνρµ −Qρµν)− gρλ (Sρµν + Sρνµ − Sµνρ) (2.3)

is the distortion tensor,

Γ̃λµν =
1

2
gρλ (∂µgνρ + ∂νgρµ − ∂ρgµν) (2.4)

the Levi-Civita connection, and

Sµν
ρ := Γρ[µν] ,

Qλµν := −∇λgµν = −∂λgµν + Γρµλgρν + Γρνλgµρ
(2.5)
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the torsion and non-metricity tensors, respectively. In four spacetime dimensions, the trace

decomposition of the latter reads

Sλµ
ν =

2

3
δν[µSλ] +

1

6
ελµκρg

κνtρ + Zλµ
ν ,

Qλµν =
5

18
Qλgµν −

1

9
qλgµν +

4

9
gλ(νqµ) −

1

9
gλ(νQµ) + Ωλµν ,

(2.6)

where Qλ := Qλµ
µ and qν := Qµµν are the non-metricity vectors, Sλ := Sλσ

σ is the torsion vector,

and tρ := ερλµνSλµν is the torsion pseudo-vector. On the other hand, Zλµ
ν (with Zλµν = 4

3Z[λ(µ]ν),

ελµνρZλµν = 0) and Ωλµν are the traceless parts of torsion and non-metricity, respectively. We

denote by εµναβ = 1√
−g ε

µναβ the Levi-Civita tensor, while εµναβ is the Levi-Civita symbol. Let us

also introduce here the Palatini tensor, which is defined as

Pλ
µν := −∇λ(

√
−ggµν)√
−g

+
∇σ(
√
−ggµσ)δνλ√
−g

+ 2(Sλg
µν − Sµδνλ + gµσSσλ

ν) (2.7)

and fulfills

Pµ
µν = 0 . (2.8)

One can then prove that the Palatini tensor can be written in terms of torsion and non-metricity

as [3]

Pλ
µν = δνλ

(
qµ − 1

2
Qµ − 2Sµ

)
+ gµν

(
1

2
Qλ + 2Sλ

)
− (Qλ

µν + 2Sλ
µν)

= −Ωλ
µν +

1

3
gµν

(
2

3
Qλ +

1

3
qλ + 4Sλ

)
+

1

9
δνλ (−4Qµ + 7qµ) +

1

9
δµλ

(
1

2
Qµ − 2qν

)
− 1

3
ελ
µνρtρ − 2Zλ

µν .

(2.9)

Our definition of the Riemann tensor for the general affine connection Γλµν is

Rµναβ := 2∂[αΓµ|ν|β] + 2Γµρ[αΓρ|ν|β] . (2.10)

Correspondingly, Rµν := Rρµρν and R := gµνRµν are, respectively, the Ricci tensor and the scalar

curvature of Γ. The decomposition of the scalar curvature R in terms of the Riemannian scalar

curvature R̃ = gµνR̃µν (where R̃µν is the Ricci tensor of the Levi-Civita connection Γ̃) plus the

non-Riemannian contributions is given by

R = R̃+ T +Q+ 2QαµνS
αµν + 2Sµ (qµ −Qµ) + ∇̃ (qµ −Qµ − 4Sµ) , (2.11)

where ∇̃ is the Levi-Civita covariant derivative and where we have defined

T := SµναS
µνα − 2SµναS

αµν − 4SµS
µ ,

Q :=
1

4
QαµνQ

αµν − 1

2
QαµνQ

µνα − 1

4
QµQ

µ +
1

2
Qµq

µ ,
(2.12)

which are torsion and non-metricity scalars.
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2.1 Non-Riemannian FLRW spacetime

Let us also recall some relevant expressions obtained in a homogeneous, non-Riemannian FLRW

spacetime. Consider a homogeneous, flat FLRW cosmology, where the line element is

ds2 = −dt2 + a2(t)δijdx
idxj , (2.13)

with i, j, . . . = 1, 2, 3 and scale factor a(t). The Hubble parameter is

H :=
ȧ

a
(2.14)

and the projection tensor projecting objects on the space orthogonal to the normalized four-velocity

uµ (such that uµ = δµ0 = (1, 0, 0, 0) and uµu
µ = −1) is

hµν := gµν + uµuν = hνµ . (2.15)

We also define the temporal derivative

˙ = uα∇α . (2.16)

The general affine connection Γ in a non-Riemannian FLRW spacetime in 1 + 3 dimensions can be

written as [29]

Γλµν = Γ̃λµν +X(t)uλhµν + Y (t)uµh
λ
ν + Z(t)uνh

λ
µ + V (t)uλuµuν + ελµνρu

ρW (t) , (2.17)

where, in particular, the nonvanishing components of the Levi-Civita connection read

Γ̃0
ij = Γ̃0

ji = ȧaδij , Γ̃ij0 = Γ̃i0j =
ȧ

a
δij = Hδij . (2.18)

The torsion and non-metricity tensors can be written as

Sµνα = 2u[µhν]αΦ(t) + εµναρu
ρP (t) ,

Qαµν = A(t)uαhµν +B(t)hα(µuν) + C(t)uαuµuν ,
(2.19)

respectively. The functions X(t), Y (t), Z(t), V (t), W (t) in (2.17) and Φ(t), P (t), A(t), B(t), C(t)

in (2.19) describe non-Riemannian cosmological effects and give, together with the scale factor,

the cosmic evolution of the non-Riemannian background geometry. Recalling the decomposition

(2.2), one can prove that

2(X + Y ) = B , 2Z = A , 2V = C , 2Φ = Y − Z , P = W , (2.20)

which may also be inverted, yielding

W = P , V =
C

2
, Z =

A

2
, Y = 2Φ +

A

2
, X =

B

2
− 2Φ− A

2
. (2.21)

Besides, the torsion and non-metricity scalars defined in (2.12) now become, respectively,

T = 24Φ2 − 6P 2 ,

Q =
3

4

[
2A2 +B(C −A)

]
.

(2.22)
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Finally, using the post-Riemannian decomposition of the curvature scalar and the above expressions

of the torsion and non-metricity scalars, we find

R = R̃+ 6

[
1

4
A2 + 4Φ2 + Φ(2A−B)

]
+

3

4
B(C −A)− 6P 2 +

3√
−g

∂µ

[√
−guµ

(
B

2
−A− 4Φ

)]
,

(2.23)

where

R̃ = 6

[
ä

a
+

(
ȧ

a

)2
]

(2.24)

is the usual Riemannian part, namely the Ricci scalar of the Levi-Civita connection Γ̃ expressed in

terms of the scale factor and its derivatives.

3 Metric-affine F (R,D) gravity

Let us now briefly review metric-affine F (R,D) gravity. We start by recalling that, as far as the

matter content in MAG is concerned, besides the usual (metrical) energy-momentum tensor, which

is defined as

Tµν := − 2√
−g

δSm
δgµν

= − 2√
−g

δ (
√
−gLm)

δgµν
, (3.1)

where Lm is the matter Lagrangian, we also have a nontrivial dependence of Lm on the general

affine connection Γλµν . The variation of the matter part of the action with respect to Γλµν defines

the hypermomentum tensor,

∆λ
µν := − 2√

−g
δSm
δΓλµν

= − 2√
−g

δ (
√
−gLm)

δΓλµν
. (3.2)

The hypermomentum has a direct physical interpretation when split into its irreducible pieces of

spin, dilation, and shear [17–19]. In particular, in [27,28] it was considered the metric-affine action

SF (R,D) =
1

2κ

∫ √
−gd4x [F (R,D) + 2κLm] , (3.3)

where κ = 8πG is the gravitational constant, and F (R,D) is a general function of the curvature

scalar R of the general affine connection Γλµν involving torsion and non-metricity and D is a

hypermomentum contribution that was first introduced in [27]. This quantity is defined as

D :=
1√
−g

∂ν
(√
−g∆ν

)
= ∇̃ν∆ν , (3.4)

where

∆ν := ∆µ
µν (3.5)

is the dilation current. Thus, in this generalized metric-affine setup one can consider also the

presence of the hypermomentum analog of the (metrical) energy-momentum trace. Indeed, let

us notice that the divergence of the dilation current is analogous to the trace T := gµνTµν of the
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energy-momentum tensor: They both appear in the expression of the trace t := gµνtµν of the

so-called canonical energy-momentum tensor, that is2

tµc :=
1√
−g

δSm
δeµc

=
1√
−g

δ (
√
−gLm)

δeµc
, (3.6)

as

t = T +
1

2
√
−g

∂ν
(√
−g∆ν

)
, (3.7)

or, in terms of the Levi-Civita covariant derivative,

t = T +
1

2
∇̃ν∆ν . (3.8)

In this sense, the energy-momentum trace T and the divergence of ∆ν can be placed on an equal

footing, and the scalar D obtained by the divergence of the dilation current stands as the analog

of the trace of the energy-momentum tensor, but for the hypermomentum tensor. It should be

stressed out that, in general, D depends both on the metric and on the connection.

Let us now recall the field equations of the family of theories given by the the action (3.3).

The variation of the action with respect to the metric and the general affine connection gives the

following set of field equations, respectively:3

− 1

2
gµνF + F ′RR(µν) + F ′DMµν = κTµν ,

Pλ
µν(F ′R)−Mλ

µνρ∂ρF
′
D = κ∆λ

µν ,
(3.9)

where Pλ
µν(F ′R) is the modified Palatini tensor,

Pλ
µν(F ′R) := −

∇λ (
√
−gF ′Rgµν)√
−g

+
∇α (
√
−gF ′Rgµαδνλ)√
−g

+ 2F ′R (Sλg
µν − Sµδνλ − Sλµν) , (3.10)

with Sλ := Sλσ
σ the torsion vector, and

Mµν :=
δD
δgµν

= Mνµ , (3.11)

Mλ
µνρ :=

δ∆ρ

δΓλµν
. (3.12)

Note that in the simpler case in which matter does not couple to the connection (that is, for

instance, in the case of a classical perfect fluid with no inner structure) we have ∆λ
µν = 0 and,

2The canonical energy-momentum tensor, in general, is not symmetric and is given by the variation of the

gravitational action with respect to the vielbein, as one can work in the equivalent formalism based on the vielbein

eµ
c and spin connection ωµ|ab, where a, b, . . . are Lorentz (i.e., tangent) indices (see, e.g., [29]). We have the usual

relation gµν = eµ
aeν

bηab connecting metric and vielbein, being ηab the tangent space flat Minkowski metric. The

identity

∇νeµa = 0 = ∂νeµ
a − Γρµνeρ

a + ω a
ν beµ

b

connects the two formalisms.
3We adopt the notation F ′

X := dF
dX

to denote the derivative of F with respect to any scalar X of which F is

function.
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consequently, no hypermomentum contribution in the action and field equations. The form of the

tensor Mλ
µνρ depends crucially on how we couple matter to gravity. More specifically, if there

are only linear couplings between the connection and the matter fields, the aforementioned tensor

identically vanishes, while for quadratic couplings it is linear in the connection. For self-consistency

of the derivation, and in particular of eq. (3.3), in this work we consider only minimal coupling

with the affine connection (that is, linear couplings, such that higher-order matter-affine connection

interactions are absent).

In [27] the cosmology of (an extension of) this model was analyzed for a function F that is

linear, in particular, in R and D. However, since
√
−gD is a total divergence, the dilation current

does not contribute to the field equations when included linearly, and can be trivially neglected.

We shall now discuss a more involved case, that is metric-affine F (R,D) = R+αD2 gravity, where

the function F (R,D) is still linear in R, but quadratic in D.

3.1 Dilation current in metric-affine F = R + αD2 gravity

Let us proceed by focusing on the case in which F (R,D) = R + αD2, where α is a free parameter,

in the theory (3.3),4 giving some results also at the cosmological level. In the following, we will

assume only linear couplings between the connection and the matter fields. However, considering

the variation of the total action with respect to the general affine connection, for metric-affine

F (R,D) = R+αD2 gravity this would lead, on-shell, to a vanishing dilation current (one can prove

this by taking into account the fact that the Palatini tensor (2.7) fulfills Pµ
µν = 0), which cannot

be true for any form of matter. This issue appears because of the projective invariance of the

scalar curvature R (see also [3]). To obtain a self-consistent theory with ∆ν 6= 0 one needs to break

this projective invariance. This can be done, for instance, by adding extra terms in the action that

do not respect the projective invariance. In particular, driven by the fact that in [30] the dilation

current was associated to the non-metricity vector Qµ := Qµν
ν (sometimes also referred to as the

Weyl vector), we add to the theory a Lagrange multiplier that fixes the torsion vector Sµ to zero.

Thus, we consider the following metric-affine theory:

S =
1

2κ

∫ √
−gd4x

[
R+ αD2 + 2κ (BµS

µ + Lm)
]
, (3.13)

where Bµ is a Lagrange multiplier. Varying the action with respect to the latter, we get

Sµ = 0 . (3.14)

As now we have F ′R = 1 and F ′D = 2αD, using also (3.14), the metric field equations becomes

− 1

2
gµν

(
R+ αD2

)
+R(µν) + 2αDMµν = κTµν , (3.15)

where we recall that Mµν is defined in (3.11). Taking the trace of the above equation we get

R = 2αD(M −D)− κT , (3.16)

4In fact, one may also start by writing F = α0R+ αD2 and then fix the normalization of the theory choosing

α0 = 1, ending up with the theory we are considering here.
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where M := gµνMµν . Using the trace equation into (3.15), we are left with

R(µν) −
1

4
gµνR = −2αD

(
Mµν −

1

4
gµνM

)
+ κ

(
Tµν −

1

4
gµνT

)
. (3.17)

Notice that this equation may also be rewritten as

R̊(µν) = −2αDM̊µν + κT̊µν , (3.18)

where we have used the symbol̊ to denote traceless tensors. On the other hand, the connection

field equations of the theory boil down to

Pλ
µν = κ

(
∆λ

µν −B[µδ
ν]
λ

)
, (3.19)

where Pλ
µν is the Palatini tensor defined in (2.7) (recall that now Sµ = 0). Taking the λ, µ trace

of (3.19) we get (let us recall that the Palatini tensor Pλ
µν fulfills Pµ

µν = 0)

Bν = −2

3
∆ν , (3.20)

which express the Lagrange multiplier completely in terms of the dilation current. Note that

this means that, in principle, we have that, on-shell, ∆ν 6= 0, contrary to the simpler case of

metric-affine F (R) gravity (see, e.g., [3]). This would not have been the case if we had not broken

the projective invariance of the theory. On the other hand, using the above and exploiting the

fact that the Palatini tensor can be written in terms of torsion and non-metricity as given in (2.9),

taking the λ, ν and µ, ν traces of (3.19), together with its totally antisymmetric part, after some

manipulation we find

Qµ = −κ
(

1

3
∆µ +

1

3
∆(1)
µ −∆(2)

µ

)
, (3.21)

qµ =
κ

2

(
1

3
∆µ +

1

3
∆(1)
µ + ∆(2)

µ

)
, (3.22)

tµ = −κ
2
εµνρσ∆νρσ , (3.23)

Ωλµν =
κ

18

(
−7gµν∆λ + 10gλ(µ∆ν) + 5gµν∆

(1)
λ − 2gλ(µ∆

(1)
ν) + 5gµν∆

(2)
λ − 2gλ(µ∆

(2)
ν)

)
+ κ

(
∆(µν)λ −∆λ(µν) −∆(µ|λ|ν)

)
, (3.24)

Zλµ
ν =

κ

3

(
−δν[λ∆µ] + δν[λ∆

(1)
µ] −∆[λµ]

ν + ∆
ν

[λ µ] + 2∆ν
[λµ]

)
, (3.25)

where we have defined ∆
(1)
µ := ∆λ

µλ and ∆
(2)
µ := ∆ λ

µ λ. Hence, all the non-Riemannian components

of the general affine connection Γλµν , whose decomposition is reported in Section 2, result to be

given in terms of hypermomentum quantities, while we recall that the torsion trace vanishes in our

setup (Sµ = 0). Notice that the divergence of the dilation current contributes only to the metric

field equations of the theory.
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3.1.1 Cosmological aspects of the model: Modified Friedmann equations

In this section we study the cosmology of metric-affine F = R + αD2 gravity, considering a

homogeneous FLRW background in the presence of torsion and non-metricity (see Section 2),

deriving the Friedmann equations of the model.

Taking the trace of the metric field equations (3.15) (that is, considering (3.16)), using (2.19)

and the post-Riemannian cosmological expansion (2.23), after some cumbersome calculations we

finally arrive at

ä

a
+

(
ȧ

a

)2

+4Φ2−P 2+
1

8

[
2A2 +B (C −A)

]
+Φ (2A−B)+ḟ+3Hf =

α

3
D (M −D)−κ

6
T , (3.26)

with

f :=
1

2

(
B

2
−A− 4Φ

)
, (3.27)

where a = a(t) is the scale factor of the Universe and H := ȧ
a is Hubble parameter, while Φ = Φ(t),

P = P (t), A = A(t), B = A(t), and C = C(t) are functions appearing in the FLRW expressions of

torsion and non-metricity given in (2.19). Equation (3.26) is a modification of the first Friedmann

equation in our cosmological and geometric setup. Note, in particular, that D contributes to the

right-hand side of this equation.

On the other hand, the general form of the second Friedmann equation (also known as

acceleration equation) in a non-Riemannian background was derived in [31] and reads

ä

a
= −1

3
Rµνu

µuν + 2

(
ȧ

a

)
Φ + 2Φ̇ +

(
ȧ

a

)(
A+

C

2

)
+
Ȧ

2
− A2

4
− 1

4
AC −AΦ− CΦ , (3.28)

where uµ is the normalized four-velocity. One could then proceed by contracting (3.15) with uµuν in

order to eliminate the first term appearing in the right-hand side of (3.28) (namely, Rµνu
µuν) and

express everything in terms of the scale factor and the torsion and non-metricity variables. However,

in order to better analyze in depth this cosmological model one should consider an appropriate form

of matter for which both the (metrical) energy-momentum and hypermomentum tensors respect the

cosmological principle. In [29] it was introduced a cosmological fluid that fulfills this requirement

and was named perfect cosmological hyperfluid. In particular, the hypermomentum part of such

fluid sources the torsion and non-metricity variables by means of the connection field equations.

Besides, scalar fields coupled to the general affine connection can be regarded as sub-cases of the

aforementioned fluid description. Hence, we are now going to discuss metric-affine F = R+ αD2

gravity in the presence of a perfect cosmological hyperfluid, demanding also homogeneity of the

cosmological setting.

A hyperfluid is described in terms of the metrical energy-momentum tensor

Tµν = ρuµuν + phµν (3.29)

along with the (symmetric) canonical energy-momentum tensor

tµν = ρcuµuν + pchµν , (3.30)
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where ρ and p are the usual density and pressure of the perfect fluid component, while ρc and pc

are the canonical (net) density and canonical pressure of the hyperfluid, respectively. Besides, in

four spacetime dimensions the perfect hyperfluid is characterized by a hypermomentum tensor of

the form [29]

∆αµν = φ(t)hµαuν + χ(t)hναuµ + ψ(t)uαhµν + ω(t)uαuµuν + εαµνρu
ρζ(t) , (3.31)

where the functions φ(t), χ(t), ψ(t), ω(t), and ζ(t) characterize the microscopic properties of the

hyperfluid which, upon use of the connection field equations, act as sources of the non-Riemannian

background. The tensors (3.29), (3.30), and (3.31) respect spatial isotropy and are subject, in

general, to conservation laws. If the fluid considered is of the so-called “hypermomentum preserving”

type, that is if the metrical energy-momentum tensor coincides with the canonical one, tµν = Tµν ,

then, besides having ρc = ρ and pc = p, we also get t = T , namely, in this case, the trace of

the canonical and metrical energy-momentum tensors coincide. Looking at (3.7) we can see that

this implies D = 0. Such a feature, in the theory we are now considering, would remove the D
contribution appearing into the metric field equations.5 Thus, let us consider tµν 6= Tµν , that is

ρc 6= ρ and pc 6= p.

Since we are mainly interested in the modification to the cosmological equations sourced

by dilation, we will focus on the case in which only this specific part of the hypermomentum

tensor is switched on, that is pure dilation hypermomentum. In four spacetime dimensions the

hypermomentum tensor can be decomposed as [21]

∆αµν = ∆[αµ]ν +
1

4
gαµ∆ν + ∆̆αµν , (3.32)

where the first term on the right-hand side represents the spin part, ∆ν , as we have already said, is

the dilation, and ∆̆αµν the shear (traceless symmetric part of the hypermomentum tensor). Then,

given the most general form (3.31) of hypermomentum compatible with the cosmological principle

(i.e. respecting both isotropy and homogeneity), the spin, dilation and shear parts read

∆[αµ]ν = (ψ − χ)u[αhµ]ν + εαµνρu
ρζ , (3.33)

∆ν := ∆αµνg
αµ = (3φ− ω)uν , (3.34)

∆̆αµν = ∆(αµ)ν −
1

4
gαµ∆ν =

(φ+ ω)

4
(hαµ + 3uαuµ)uν + (ψ + χ)u(µhα)ν , (3.35)

respectively. Thus, in the case of pure dilation hypermomentum we are left with

ψ = 0 , χ = 0 , ζ = 0 , ω = −φ , (3.36)

that is

∆ν = 4φuν ,

∆αµν =
1

4
gαµ∆ν = φgαµuν = φ (hαµuν − uαuµuν) .

(3.37)

5However, in more general metric-affine F (R,D) theories such trivialization may not occur in the hypermomentum

preserving case.
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Furthermore, we will assume the following barotropic equations of state to hold:

p = wρ , pc = wcρc , (3.38)

where w and wc are the associated barotropic index.

Before proceeding, let us also comment on the tensor Mµν appearing into the metric field

equations. The most general cosmological expression for it is

Mµν = θuµuν + σhµν , (3.39)

where θ = θ(t) and σ = σ(t) are functions characterizing Mµν . Their form can be found using the

definition of Mµν and the fact we are in a non-Riemannian FLRW spacetime. We obtain

M00 =
δD
δg00

∣∣∣
N=1

= −1

2
D , (3.40)

where N denotes the lapse function, and

Mij =
δD
δgij

= 2
(
φ̇+ 3Hφ

)
gij , (3.41)

implying θ = −D/2 and σ = 2
(
φ̇+ 3Hφ

)
= −θ. Note that, in the present cosmological setup, we

have

D = 4
(
φ̇+ 3Hφ

)
. (3.42)

Therefore, we are left with

Mµν = −D
2
uµuν + 2

(
φ̇+ 3Hφ

)
hµν =

D
2

(hµν − uµuν) . (3.43)

In the following we will take this to be the cosmological expression of Mµν .

Within the above cosmological setup, using the cosmological expressions for torsion and

non-metricity given in Section 2, from the field equation of the Lagrange multiplier we find

Φ = 0 , (3.44)

while from the connection field equations, taking all the possible contractions, we get

Bν = −8

3
φuν , (3.45)

namely the Lagrange multiplier is given in terms of the hypermomentum source φ, together with

P = 0 , (3.46)

A = C = −κ
3
φ , (3.47)

B =
2κ

3
φ . (3.48)
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Thus, at cosmological level, in the presence of a perfect hyperfluid with pure dilation hypermomen-

tum, we are left with a vanishing torsion (Sµνα = 0, as actually expected at this point), while the

non-metricity is completely given in terms of the hypermomentum source φ,

Qαµν = −κ
3
φ (uαhµν + uαuµuν) +

2κ

3
φhα(µuν) , (3.49)

which implies

Qµ = −2κ

3
φuµ = −1

2
qµ , Ωαµν = 0 . (3.50)

We shall now study the Friedmann equations (3.26) and (3.28).

Taking into account all of the above, from the metric field equations (3.15), upon contraction

with uµuν and use of (3.16), we find

Rµνu
µuν = α

[
1

2
D2 −D (θ + 3σ)

]
+
κ

2
(1 + 3w) ρ . (3.51)

Then, using (3.42), the expression for Rµνu
µuν becomes

Rµνu
µuν = 4α

(
φ̇+ 3Hφ

) [
2
(
φ̇+ 3Hφ

)
− (θ + 3σ)

]
+
κ

2
(1 + 3w) ρ . (3.52)

Plugging this and the results previously obtained back into the acceleration equation, the latter

boils down to

ä

a
= − 1

18
κ2φ2 − κ

2

[
1

3
φ̇+Hφ+

1

3
(1 + 3w) ρ

]
+ 4α

(
−2

3
φ̇2 − 4φ̇Hφ− 6H2φ2 + φ̇σ + 3Hφσ +

1

3
φ̇θ +Hφσ

)
.

(3.53)

Finally, using the expression of the functions θ and σ previously derived, together with (3.42), we

obtain
ä

a
= −κ

6
ρ(1 + 3w)− κ2

18
φ2 − κ

24
D +

α

6
D2 . (3.54)

We can then substitute the obtained result for ä
a into (3.26), in such a way to arrive at the final

form of the first (modified) Friedmann equation for the model at hand, which, under the above

assumptions, reads

H2
(
1 + 24αφ2

)
=
κ2

36
φ2+κ

(
−1

6
φ̇− 1

2
Hφ+

1

3
ρ

)
+α

(
−8

3
φ̇2 − 16φ̇Hφ− 8

3
φ̇θ − 8Hφθ

)
, (3.55)

that is, using the cosmological form of θ and σ and (3.42),

H2 =
κ

3
ρ+

κ2

36
φ2 − κ

24
D +

α

6
D2 . (3.56)

Note that nontrivial modification to the cosmology of the theory induced by the presence of D
may appear only in the case in which ρ 6= ρc. Furthermore, we observe that, in any possible

solution of the above equation (which should also involve the explicit expression of the hyperfluid

conservation laws), the effect of φ is to enhance the total energy density, while the term with D2

may in fact enhance or diminish the total energy density depending on the sign of the parameter

α characterizing the model F (R,D) = R+ αD2.
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4 Conclusions

Modified theories of gravity can be discussed in the MAG framework, where coupling with matter

is particularly interesting to be studied, as the matter Lagrangian is considered to depend on

the connection as well. In this work, we have considered a particular family of MAG theories,

that is F (R,D) metric-affine gravity, where D is the divergence of the dilation current. The

latter appears in the hypermomentum tensor and relates the trace of the so-called canonical and

metrical energy-momentum tensors. It is in this sense that F (R,D) gravity may be said to be the

hypermomentum analog of F (R, T ) gravity. In the case in which the function F (R,D) is linear in

D, the dilation current does not contribute to the field equations (
√
−gD in the action is a total

derivative), while in more complicated cases, as we have discussed in the present paper, it can

have nontrivial effects, in particular affecting the cosmology of the theory.

More specifically, after reviewing in general but concise terms metric-affine F (R,D) gravity,

we have discussed the case F = R + αD2, assuming linear couplings between the general affine

connection and the matter fields (minimal coupling) and consistently breaking the projective

invariance of the theory (setting the torsion vector Sµ to zero by means of a Lagrange multiplier).

We have derived the field equations of the theory, showing that the dilation current contributes only

to the metric field equations of the model. On the other hand, the general affine connection exhibits

non-Riemannian components given in terms of hypermomentum quantities. Only the torsion trace

vanishes in our setup (so that projective invariance is broken), while the other non-Riemannian

components of the connection are, a priori, non-vanishing.

Subsequently, to study the cosmology of the theory, we have considered a homogeneous

FLRW background in the presence of torsion and non-metricity. We have introduced a perfect

cosmological hyperfluid, whose hypermomentum part sources torsion and non-metricity by means

of the connection field equations. Hence, we have derived the modified Friedmann equations

of the R + αD2 model in this setup, showing that, in particular, the presence of the dilation

current D affects the first modified Friedmann equation. In performing this analysis, we have

also presented the most general cosmological expression for the tensor Mµν appearing into the

metric field equations of the model. We have focused on the case of pure dilation hypermomentum,

which is given in terms of a single function φ = φ(t) characterizing the microscopic properties

of the hyperfluid. This variable, upon use of the connection field equations, acts as source of

the non-Riemannian objects. Specifically, we have shown that, at the cosmological level, in the

presence of a perfect hyperfluid with pure dilation hypermomentum, the torsion vanishes, while

the non-metricity results to be completely determined by the hypermomentum source φ. We have

found that nontrivial modifications to the cosmology of the theory induced by D can appear only

in the case in which ρ 6= ρc, that is, only if the energy density of the perfect fluid component is

different from the canonical (net) density of the hyperfluid. The cosmological effect of φ is to always

enhance the total density, while the D2 contribution may increase or decrease the total energy

density depending on the sign of the parameter α. It is certainly worth looking for exact solutions

involving the effects of D, including also the explicit derivation of the hyperfluid conservation laws.
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