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Abstract

In a previous paper we introduced the concept of semiseparable functor. Here we continue
our study of these functors in connection with idempotent (Cauchy) completion. To this aim,
we introduce and investigate the notions of (co)reflection and bireflection up to retracts. We
show that the (co)comparison functor attached to an adjunction whose associated (co)monad
is separable is a coreflection (reflection) up to retracts. This fact allows us to prove that a right
(left) adjoint functor is semiseparable if and only if the associated (co)monad is separable
and the (co)comparison functor is a bireflection up to retracts, extending a characterization
pursued by X.-W. Chen in the separable case. Finally, we provide a semi-analogue of a result
obtained by P. Balmer in the framework of pre-triangulated categories.

Keywords Semiseparable functor - Idempotent completion - Semifunctor -
Eilenberg—Moore category - Kleisli category - Pre-triangulated category

Mathematics Subject Classification Primary 18A40 - Secondary 18C20 - 18G80

Introduction

The way a functor F' : C — D acts on morphisms is encoded in the natural transformation
F given on components by Fy y : Home(X,Y) — Homp(FX, FY), f — F(f), where
X and Y are objects in C. In the literature, a functor is called separable if there is a natural
transformation P such that P o F = Id and naturally full if one has F o P = Id instead. In
[1], we introduced a weakening of both these notions, by naming semiseparable a functor
F : C — D such that F o P o F = F for some P. Among other results, we obtained
the following characterization: Given a functor G : D — C with a left adjoint F, then G
is semiseparable if and only if the associated monad G F is separable and the comparison
functor Kgr : D — CcF is naturally full. A closer inspection to the functor K¢ in this
setting reveals that it satisfies the following extra properties
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(P1) if it has a left adjoint, this is fully faithful;
(P2) it has indeed a left adjoint if its source category is idempotent complete.

The first problem we address in the present paper is to introduce a new type of functor, that we
call coreflection up to retracts, that catches these two properties, and need to have neither
an adjoint nor an idempotent complete source category a priori. In order to give the rightful
place to this notion, note that there are properties of a functor F' : C — D that transfer to
its (idempotent) completion F? : C* — D" and vice versa (e.g. being either faithful, full,
fully faithful, semiseparable, separable or naturally full, as we will see in Proposition 2.1
and Corollary 2.2). There are, however, other properties that do not share this behaviour. For
instance, if F is an equivalence of categories so is ¥ but the converse is not always true: It is
known that F? is an equivalence if and only if F is fully faithful and surjective up to retracts,
i.e. every D € D is a retract of FC for some C € C, and for this reason a functor F' such
that F! is an equivalence is sometimes called an equivalence up to retracts in the literature.
As we will see, something similar happens to a coreflection, i.e. a functor endowed with a
fully faithful left adjoint: If F is a coreflection so is F’ 1, but, again, the converse is not true in
general. We are so prompted to define a coreflection up to retracts to be a functor /' whose
completion F* is a coreflection. It goes without saying that the functor K¢ results to be a
coreflection up to retracts in case G is semiseparable; this is shown in Theorem 3.5. Since we
noticed that K F is also naturally full, and in [1] we proved that a naturally full coreflection
is the same as a bireflection, i.e. it has a left and right adjoint equal which is fully faithful
and satisfies a suitable coherent condition, we are also led to introduce the stronger notion
of bireflection up to retracts which identifies a functor whose idempotent completion is a
bireflection. Thus, the functor K r is indeed a bireflection up to retracts. Luckily enough, in
Proposition 2.9 and Proposition 2.12 we are able to prove that each coreflection up to retracts
(and a fortiori each bireflection up to retracts) verifies the properties (P1) and (P2) discussed
above.

In order to go deeper into the properties of these functors, we have to deal with semifunc-
tors, a notion studied by S. Hayashi in connection with A-calculus, see [22]. A semifunctor
is defined the same way as a functor, except that it needs not to preserve identities, and
there is also a proper notion of semiadjunction for semifunctors. We show how to construct
a semiadjunction out of a right (left) semiadjoint in the sense of [32]. These tools permit
to pursue a characterization of (co)reflections up to retracts as part of suitable semiadjunc-
tions, see Corollary 2.18, and to provide sufficient conditions guaranteeing that a functor is
a (co)reflection up to retracts, see Proposition 2.20.

Now, given a category C and an idempotent natural transformation e : Id¢ — Id¢ one
can consider the coidentifier category C, which is a suitable quotient category. In Theorem
3.1 we prove that the quotient functor H : C — C, is another instance of coreflection up to
retracts, in fact a bireflection up to retracts, by means of the aforementioned characterization
employing semifunctors (it is noteworthy that this functor is a bireflection if and only if e
splits, see Remark 3.2). Through the same characterization, exceeding the initial expectations,
in Theorem 3.4 we find out that the (co)comparison functor attached to an adjunction whose
associated (co)monad is (co)separable is always a coreflection (reflection) up to retracts.
From this we obtain one of the main results of this paper, namely Theorem 3.5, which is a
semi-analogue of [16, Proposition 3.5] proved by X.-W. Chen: Given a functor G : D — C
with a left adjoint F, then G is semiseparable if and only if the associated monad G F is
separable and the comparison functor Kgr : D — CcF is a bireflection up to retracts. It
is well-known that G F is separable if and only if the forgetful functor Ugr : Cor — C

. . Kg Ug
is a separable functor so that we get the factorization D LS CoF o c ofGasa
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bireflection up to retracts followed by a separable functor. In [1] we proved that when G is
semiseparable we can associate to it an invariant, that we called the associated idempotent
natural transformation e : Idp — Idp, and that G admits a factorization of the form

Ge . . .
D1 D, — C where G, is separable and H is the quotient functor, that, by the

foregoing, is a bireflection up to retracts. Summing up we have two factorizations of the
same type and it is then natural to wonder how they are related. In Proposition 3.18, we prove
there is an equivalence up to retracts (Kgr), : D — CgF such that (Kgr), o H = KgF
and Ugr o (KGgF), = G.. As a consequence of this result, in Proposition 3.22, we show that
when G is semiseparable the idempotent completions of the Kleisli category associated to the
monad G F, of the coidentifier D, and of the Eilenberg—Moore category Cg r are equivalent
categories.

As an application of our results, we achieve for semiseparable functors in the context of
pre-triangulated categories an analogue of P. Balmer’s [6, Theorem 4.1]. More explicitly,
we introduce the notion of stably semiseparable functor by adapting the one of stably
separable functor given in [6, Definition 3.7]. Then Theorem 3.28 shows how, given a stably
semiseparable right adjoint G : D — C with associated idempotent natural transformation e,
under the relevant assumptions, we can transfer the pre-triangulation from C to the coidentifier
category D,. We point out that the original result of Balmer requires G to be stably separable
and induces a pre-triangulation on D rather than D,. Finally, we provide conditions for the
Eilenberg—Moore category Cg f to inherit the pre-triangulation from the base category C, see
Corollary 3.30.

Organization of the paper. In Sect. 1 we recall the known results on semiseparable functors
we will use. Section2 deals with results involving the idempotent completion. We study
how the notions of faithful, full, fully faithful, semiseparable, separable or naturally full
functor behave with respect to idempotent completion. Then we introduce and investigate
(co)reflections up to retracts and bireflections up to retracts. We consider semifunctors and
semiadjunctions as a tool to provide a characterization of (co)reflections up to retracts. We
show that a (co)reflection up to retracts comes out to be always surjective up to retracts and
we give sufficient conditions guaranteeing that a functor is a (co)reflection up to retracts.

Section 3 collects the fall-outs of the results we achieved so far. First we prove that the
quotient functor onto the coidentifier category is a coreflection up to retracts and that so
is the comparison functor attached to an adjunction whose associated monad is separable.
A dual result is obtained for the cocomparison functor in case the associated comonad is
coseparable. These facts allow us to characterize a semiseparable right (left) adjoint in terms
of (co)separability of the associated (co)monad and the requirement that the (co)comparison
functor is a bireflection up to retracts. We prove that two canonical factorizations attached to
a semiseparable right adjoint functor, namely the one through the coidentifier category and
the one through the comparison functor, are the same up to an equivalence up to retracts.
Then we relate the idempotent completions of the Kleisli category and Eilenberg—Moore
category attached to a separable monad and, in case this monad is induced by an adjunction
with semiseparable right adjoint, the idempotent completion of the coidentifier category is
added to the picture. Finally, we show an analogue for semiseparable functors of a result
obtained by P. Balmer in the framework of pre-triangulated categories.

Notations. Given an object X in a category C, the identity morphism on X will be denoted
either by Idy or X for short. For categories C and D, a functor F : C — D just means a
covariant functor. By Idc we denote the identity functor on C. For any functor F : C — D, we
denote Idr : F — F (orjust F, if there is no danger of confusion) the natural transformation
defined by (Idr)x := Idrx. By aring we mean a unital associative ring.
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1 Background on Semiseparability

In this section we recall from [1] some results on semiseparable functors we need. In par-
ticular, in Subsect. 1.1 we provide a characterization of separable and naturally full functors
in terms of semiseparable functors and we explain the behaviour of semiseparable functors
with respect to composition. Subsection 1.2 deals with the idempotent natural transformation
associated to a semiseparable functor, that measures its distance from being separable. Then
we discuss the existence of a canonical factorization of a semiseparable functor through the
coidentifier category attached to this idempotent. Subsection 1.3 concerns a characterization
of semiseparable functors having an adjoint in terms of properties of the attached (co)monad
and (co)comparison functor. In Subsect. 1.4 we explore the connection with (co)reflections
and bireflections.

1.1 (Semi)separability and Natural Fullness

Let F : C — D be a functor and consider the natural transformation
F :Hom¢(—, —) - Homp(F—, F—),

defined by setting F¢ ¢/ (f) = F(f), forany f : C — C’inC.
If there is a natural transformation P : Homp (F—, F—) — Hom¢(—, —) such that

e Po F =1d, then F is called separable [33];
e F o P =1d, then F is called naturally full [2];
e FoPolF =F,then F is called semiseparable [1].

We will write 77, P¥ when needed to stress the dependence on the functor F we are consider-
ing. The following result compares the notions of separable, naturally full and semiseparable
functor.

Proposition 1.1 [1, Proposition 1.3] Let F : C — D be a functor. Then,

(i) F is separable if and only if F is semiseparable and faithful;
(ii) F is naturally full if and only if F is semiseparable and full.

It is well-known thatif F : C — D and G : D — & are separable functors so is their
composition G o F and, the other way around, if the composition G o F is separable so is F,
see [33, Lemma 1.1]. A similar result with some difference, holds for naturally full functors,
see [2, Proposition 2.3]. The following result concerns the behaviour of semiseparability with
respect to composition. It is proved in [1, Lemma 1.12 and Lemma 1.13].

Lemmal12 Let F : C — D and G : D — €& be functors and consider the composite
GoF:C—E&

(i) If F is semiseparable and G is separable, then G o F is semiseparable.
(ii) If F is naturally full and G is semiseparable, then G o F is semiseparable.
(iii) If G o F is semiseparable and G is faithful, then F is semiseparable.

1.2 The Associated Idempotent and the Coidentifier

Recall that an endomorphism ey : X — X in a category C is idempotent if e§( =ex. A
natural transformation e : Id¢ — Id¢ is idempotent if the component ey : X — X in C
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is idempotent for all X € C. The following result uniquely attaches an idempotent natural
transformation to a given semiseparable functor.

Proposition 1.3 [1, Proposition 1.4] Let F' : C — D be a semiseparable functor. Then there
is a unique idempotent natural transformation e : 1d¢c — Id¢ such that Fe = 1d g with the
following universal property: if f, g : A — B are morphisms, then Ff = Fg if and only if
éep o f = €pog.

The idempotent natural transformation e : Idc — Id¢ we have attached to a semiseparable
functor F : C — D in Proposition 1.3 will be called the associated idempotent natural
transformation. Explicitly, e is defined on components by ex := Px x (Idrx) where P is
any natural transformation such that 7 o P o F = F. It controls the separability of F as
follows.

Corollary 1.4 [1, Corollary 1.7] Let F : C — D be a semiseparable functor and lete : 1d¢ —
Id¢ be the associated idempotent natural transformation. Then F is separable if and only if
e=1Id.

Remark 1.5 Let F : C — D, G : D — & be functors. By Lemma 1.2 we know that G o F is
semiseparable in both cases (i) and (ii). Then, in (ii) the idempotent natural transformation
associated to G F is given by

e§F = PG Udorx) = P§ xPly px(derx) = Px x(efx),

where ¢ : Idp — Idp is the idempotent natural transformation associated to the semisepa-
rable functor G. In particular, if G is further separable as in (i), by Corollary 1.4 the idempotent
natural transformation associated to G F' is given by e)G(F = 77)1;, X(egx) = ’P; x(Idrx) =

e§, where e : Ide — Idc is the associated idempotent to the semiseparable functor F.

Given a category C and an idempotent natural transformation e : Idc — Idc¢, the coiden-
tifier C,, see [21, Example 17], is the quotient category C/~ of C where ~ is the congruence
relation on the hom-sets defined, for all f,g : A — B, by setting f ~ g if and only if
ego f =epog.Thus Ob (C.) = Ob(C) and Home, (A, B) = Hom¢ (A, B) / ~. We denote
by f the class of f € Home (A, B) in Homg, (A, B). It is remarkable that the quotient
functor H : C — C,, acting as the identity on objects and as the canonical projection on
morphisms, is naturally full with respect to P4 g : Homg, (A, B) — Hom¢ (A, B) defined
by Pa, s(f) = ep o f. Moreover the idempotent natural transformation associated to H is
exactly e.

Next lemma is essentially the universal property of the coidentifier that can be deduced
from the dual version of [21, Definition 14(1)], see also [1, Lemma 1.14(1)].

Lemma 1.6 Let C be a category, let e : 1dc — 1d¢ be an idempotent natural transformation
and let H : C — C, be the quotient functor. A functor F : C — D satisfies Fe = Idr if
and only if there is a functor F, : C, — D (necessarily unique) such that F = F, o H.
Given F, F' : C — D such that Fe = Idp and F'e = Id g, and a natural transformation
B : F — F', there is a unique natural transformation B, : F, — F, such that B = B H.

The following result shows that each semiseparable functor factors, through the coiden-
tifier category, as a naturally full functor followed by a separable one.

Theorem 1.7 [1, Theorem 1.15] Let F : C — D be a semiseparable functor and let e :
Id¢ — Id¢ be the associated idempotent natural transformation. Then, there is a unique
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24 Page6 of 33 A. Ardizzoni, L. Bottegoni

Sfunctor F, : C, — D (necessarily separable) such that F = F, o H where H : C — C,
is the quotient functor. Furthermore, if F also factors as S o N where S : £ — Dis a
separable functor and N : C — & is a naturally full functor, then there is a unique functor
N, : Co — & (necessarily fully faithful) such that N, o H = N and S o N, = F,, and e is
also the idempotent natural transformation associated to N (by Remark 1.5).

H H

C——~C, C——~C.
\ F, Nl N lFe
F .
Y Log
D E——7D

The natural transformation making F, separable is uniquely determined by the equality
PIP}X Hy ‘= f{;}Y o 73;1/, where 735 y s the one making F semiseparable, for all X, Y inC.

1.3 Eilenberg-Moore Category

In order to present the behaviour of semiseparable adjoint functors in terms of separable
(co)monads and associated (co)comparison functor, we remind some notions concerning
Eilenberg—-Moore categories [19].

Given a monad (T,m : TT — T,n : Ide — T) on a category C we denote by
Ct the Eilenberg—Moore category of modules (or algebras) over it. The forgetful functor
Ut : Ct — C has a left adjoint, namely the free functor

Vr:C— C, CrH (TC,mc), = T).

The unit Id¢c — Ut VT = T is exactly 1 while the counit 8 : VTUt — Id¢- is completely
determined by the equality Ut B(x, ) = u for every object (X, ) in Ct (see [12, Proposition
4.1.4]). Dually, givenacomonad (L, A: 1L — 11, ¢e: 1 — Id¢) onacategory C we denote
by C* the Eilenberg—Moore category of comodules (or coalgebras) over it. The forgetful
functor U+ : ¢t — C has a right adjoint, namely the cofree functor

vi.c>ct, Cw (LC, Ac), [ L(f).

The unit« : Idgr — VLU"L is completely determined by the equality U loz( X,p) = p for
every object (X, p) in C* while the counit U+ V' = 1L — Id¢ is exactly €.

Given an adjunction F 4 G : D — C, with unit n and counit €, we can consider the
monad (GF, Ge F, n) and the comonad (FG, FnG, €). We have the comparison functor

Kgr:D— Cor, Dw (GD,Gep), [fr>G(f)
and the cocomparison functor
Kf6.c - DFS,  Cw (FC,Fne), f+— F(f).

Thus we have the following diagram

UFG
_—
pFé L D
G KGr
\%4
F14LG
VG F
FG - o
K C T Cor
UgFr
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where Ugr o Kgr =G, Kgro F = Vgp, UFC 0 KFG = Fand K9 o G = VTG,

We recall that a monad (T,m : TT — T,n :1Idec — T) on a category C is said to be
separable [13] if there exists a natural transformation o : T — T T such thatm oo = Idt
and TmooT =0 om =mT o To; in particular, a separable monad is a monad satisfying
the equivalent conditions of [13, Proposition 6.3]. Dually, a comonad (L, A : L — 11 €:
1 — Id¢) on a category C is said to be coseparable if there exists a natural transformation
T:11 — | satisfyingroA=1Id; and Llto Al =Aot=1lolA.

The following results characterize the semiseparability of a right (left) adjoint functor
in terms of the natural fullness of the (co)comparison functor and of the separability of the
forgetful functor from the Eilenberg—Moore category of (co)modules over the associated
(co)monad.

Theorem 1.8 [1, Theorem 2.9 and Theorem 2.14] Let F 4 G : D — C be an adjunction.

(i) G is semiseparable if and only if the forgetful functor Ugr : Car — C is separable
(equivalently, the monad (G F, Ge F, n) is separable) and the comparison functor KGF :
D — CgrF is naturally full.

(ii) F is semiseparable if and only if the forgetful functor UFC . DFC — D is separable
(equivalently, the comonad (F G, FnG, €) is coseparable) and the cocomparison functor
KFO . C — DFC s naturally full.

As a consequence of Theorem 1.8, one recovers the following similar characterization for
separable adjoint functors. The first item should be compared with [16, proof of Proposition
3.5] and [3, Proposition 2.16], while the second item is [1, Corollary 2.15].

Corollary 1.9 Let F 4 G : D — C be an adjunction.

(i) G is separable if and only if the forgetful functor Ugr : Cgr — C is separa-
ble (equivalently, the monad (GF, GeF,n) is separable) and the comparison functor
KGr : D — CgrF is fully faithful (i.e. G is premonadic).

(ii) F is separable if and only if the forgetful functor UFY : DFC — D is separable
(equivalently, the comonad (F G, FnG, €) is coseparable) and the cocomparison functor
KFG . ¢ — DFC is fully faithful (i.e. F is precomonadic).

1.4 (Co)reflections and Bireflections

Recall that

e a reflection is a functor admitting a fully faithful right adjoint;

e a coreflection is a functor admitting a fully faithful left adjoint, see [9];

e a bireflection is a functor G : D — C having a left and right adjoint equal, say F :
C — D, which is fully faithful and satisfies the coherent condition n” o €' = 1d, where
€' : FG — Id is the counit of F 4 G while " : Id — FG is the unit of G = F, cf. [21,
Definition 8].

Being a coreflection (respectively, a reflection) is equivalent to the fact that the unit (respec-
tively, counit) of the corresponding adjunction is an isomorphism, see [11, Proposition
3.4.1]. The adjoint of the inclusion of a (co)reflective subcategory is a typical example of
(coyreflection. Bireflective subcategories of a given category C provide examples of bireflec-
tions. It is known that these subcategories correspond bijectively to split-idempotent natural
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24 Page8of33 A. Ardizzoni, L. Bottegoni

transformations e : Idc — Id¢ with specified splitting, see [21, Theorem 13] and [26, The-
orem 1.3]; this fact is connected to the quotient functor H : C — C, which comes out to be
a bireflection if and only if e splits, see [1, Proposition 2.27].

Remark 1.10 (Co)reflections are closed under composition. In fact, if G : D — C,G' : £ —
D are (co)reflections with fully faithful left (right) adjoints F : C — Dand F' : D — &
respectively, then G o G’ is a (co)reflection with fully faithful left (right) adjoint F’ o F.
Moreover, also bireflections are closed under composition. Indeed, if G : D — C, G’ : £ —
D are bireflections with fully faithful left and right adjoints F and F’ respectively, satisfying
the coherent conditions 1" o €/ = Id and 7j’ o & = Id where ¢! : FG — Id is the counit of
F - G,& : F'G' — 1d is the counit of F/ 4 G’ while " : Id — FG is the unit of G 4 F
and " : Id — F'G’is the unitof G’ < F’, then G o G’ is a bireflection with fully faithful left
and right adjoint F’ o F, satisfying the coherent condition F'n" G’ o ij 0 € o F'e!G’ = 1d.

Next result shows how the above notions interact in case the functor is semiseparable.

Theorem 1.11 [1, Theorem 2.24] A functor is a semiseparable (co)reflection if and only if it
is a naturally full (co)reflection if and only if it is a bireflection.

2 Conditions up to Retracts

In order to introduce (co)reflections up to retracts and bireflections up to retracts we have
to deal with general facts about idempotent completions. First in Subsect. 2.1 we recall
the notions of idempotent completion of categories, functors and natural transformations.
In Subsect. 2.2 we prove that a functor F is either faithful, full, fully faithful, semisepa-
rable, separable or naturally full if and only if so is its completion F7. Then we introduce
(co)reflections up to retracts and bireflections up to retracts. We collect some properties of
these new notions and relate the latter one to the concepts of semiseparable and naturally full
functor. Then, in Subsect. 2.4, we show that (co)reflections (and bireflections) up to retracts
verify properties of type (P1) and (P2) discussed in the Introduction. In Subsect. 2.5 we con-
sider semifunctors and semiadjunctions. Among other results, we show how to construct a
semiadjunction out of a right (left) semiadjoint in the sense of [32]. These notions are applied
in Subsect. 2.6 in order to provide a characterization of (co)reflections up to retracts. A first
consequence is that a (co)reflection up to retracts comes out to be always surjective up to
retracts. Then we give sufficient conditions guaranteeing that a functor is a (co)reflection up
to retracts that will be applied to the (co)comparison functor in the next section.

2.1 Idempotent Completion

We recall from [16] what is the idempotent completion of a category C. An idempotent
morphism e : X — X splits if there exist two morphisms p : X — Y andi : ¥ — X such
thate =i o p and Idy = p o i; the category C is said to be idempotent complete or Cauchy
complete if all idempotents split. The idempotent completion or Karoubi envelope [28] C* of
a category C is the category whose objects are pairs (X, e), where X is an object in C and
e : X — X is an idempotent morphism in C; a morphism f : (X,e) — (X', ¢/)inClis a
morphism f : X — X'inCsuchthat f = ¢’o foe.NotethatId(x o) = e : (X, ¢e) = (X, ¢).
There is a canonical functor

c:C—C, X (X,ldy), [f:X—=>Y][f:(X,1dy) — (Y,1dy)],
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which is fully faithful. The functor ¢ is an equivalence if and only if C is idempotent complete.
A functor F : C — D canbe extended to a functor F : C? — DY, the completion of F,which
is defined by setting F¥(X, ) = (F(X), F(e)) and F(f) = F(f),sothatipo F = Flouc,
i.e.

is a commutative diagram. A natural transformation @ : F — F’ induces the natural transfor-
mationa! : F? — (F’)n with components aEX o) = axoFe = F'eoay.Asaconsequence,
an adjunction (F, G, 1, €) induces an adjunction (F*, G¥, n*, €").

2.2 The Completion of Semiseparable Functors

Next aim is to explore the behaviour of semiseparability with respect to idempotent com-
pletion. We also include the case of faithful and full functors although it is known in the
literature at least in one direction.

Proposition 2.1 Let F : C — D be a functor. Then,
(1) F is faithful if and only if so is F*;
(2) F is full if and only if so is F";
(3) F is fully faithful if and only if so is F".
Proof The “only if” part is well-known, see e.g. [37, Lemma 58].
(1) If F? is faithful, then the composite tp o F = F U 6 1c is faithful, hence F is faithful.
(2) If F%is full, then tp o F = F? o (¢ is full. Since ¢p is faithful, we get that F is full.
(3) It follows from (1) and (2).
In the following result, the proof that the semiseparability of F implies the one of F*, was

suggested to us by Paolo Saracco. The “only if”” part of (2) in the following result seems to
be known, see e.g. [38, Lemma 3.11].

Corollary 2.2 Let F : C — D be a functor. Then,
(1) F is semiseparable if and only if so is F°;
(2) F is separable if and only if so is F";

(3) F is naturally full if and only if so is F".

Proof (1) Assume that F? is semiseparable. Since (¢ is fully faithful, it is in particular nat-
urally full, hence, by Lemma 1.2 (ii), F® o (¢ is semiseparable. From ip o F = Flou
it follows that tp o F is semiseparable as well, so that, since (p is faithful, F' is semisep-
arable, by Lemma 1.2(iii). Conversely, if F' is semiseparable, then there exists a natural
transformation P¥ : Homp(F—, F—) — Hom¢(—, —) such that FFpFrf = FF,
Define PF* : Homp; (F*—, Fio) > Homg:(—, —) by PC C,(g) = quc,(g), for every
g : (F(C),F(e)) — (F(C'),F(¢)) in DU Since g = Fe' o g o Fe, by naturality
of PF it follows that ¢ o quc,(g) oce = PCF’C,(Fe’ ogo Fe) = Pg’c,(g), hence

g ¢(8) is a morphism in C?. Moreover, PF " is a natural transformation and it holds

F' pF' rF* F F F F F*
Fe.oPl.oFe.o® =Fe oPe.oFe.c(8®) =Fc (8 =Fe ()
(2) and 3) follow from (l) Proposmon 1.1 and Proposmon 2.1. O
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2.3 (Co)reflections and Bireflections up to Retracts

We are now ready to introduce and investigate the announced notion of (co)reflection up
to retracts. We also recall two notions that are already present in the literature, i.e. those of
equivalence up to retracts and of surjective up to retracts. Recall that an object A in a category
C is a retract of an object B in C if there are morphismsi : A — Band p : B — A such
that poi = 1dg.

Definition 2.3 Consider a functor F : C — D and its completion F .C% — DY Then, F is

e an equivalence up to retracts if F % s an equivalence, see [16, page 47];

e surjective up to retracts,’ if every object D in D is a retract of FC for some object C in
C, see [8, Definition 2.5];

e areflection up to retracts if F" is a reflection;

e a coreflection up to retracts if ! is a coreflection;

e a bireflection up to retracts if 7 is a bireflection.

In the following lemma we collect some basic facts related to the above notions.

Lemma 2.4 The following assertions hold true.

(1) Any equivalence is an equivalence up to retracts.

(2) Any (co)reflection is a (co)reflection up to retracts.

(3) A functor is a bireflection up to retracts if and only if it is a semiseparable (co)reflection
up to retracts if and only if it is a naturally full (co)reflection up to retracts.

(4) Any bireflection is a bireflection up to retracts.

(5) An equivalence is the same thing as a fully faithful bireflection.

(6) A functor is an equivalence up to retracts if and only if it is fully faithful and surjective
up to retracts if and only if it is a fully faithful bireflection up to retracts.

(7) An equivalence up to retracts is both a reflection up to retracts and a coreflection up to
retracts.

Proof (1) If F is an equivalence with quasi-inverse G, then (F?, G%) is an equivalence and
hence F is an equivalence up to retracts.

(2) If G is a coreflection, it has a fully faithful left adjoint F. Thus F% 4 G% and F? is fully
faithful by Proposition 2.1. Thus G is a coreflection, i.e. G is a coreflection up to retracts.
The proof for reflections is similar.

(3) Assume F is a semiseparable (resp. naturally full) (co)reflection up to retracts. By
Corollary 2.2, F? is a semiseparable (resp. naturally full) (co)reflection. Thus, by Theorem
1.11, F? is a bireflection, i.e. F is a bireflection up to retracts. Conversely, by means of
Theorem 1.11 and Corollary 2.2, in a similar way one gets that a bireflection up to retracts is
a semiseparable (resp. naturally full) (co)reflection up to retracts.

(4) A bireflection F is in particular a semiseparable (co)reflection by Theorem 1.11. As a
consequence of (2) and (3), we get that F is a bireflection up to retracts.

(5) An equivalence is clearly a fully faithful bireflection, and conversely a fully faithful
bireflection is an equivalence as the unit and counit of the corresponding adjunction are both
invertible (see [11, Proposition 3.4.3]).

(6) It is well-known that F is an equivalence up to retracts if and only if it is fully faithful
and surjective up to retracts, see e.g. [16, Lemma 3.4(2)]. It is also equivalent to F being a
fully faithful bireflection up to retracts in view of Proposition 2.1 and Theorem 1.11.

1 These functors are also called dense up to retracts see [38, Notation and conventions].

@ Springer



Semiseparable Functors and Conditions. .. Page110f33 24

(7) If F is an equivalence up to retracts, its completion F” is an equivalence and hence
F7is a (co)reflection. This means that F is a (co)reflection up to retracts. O

Remark 2.5 From Remark 1.10, it follows that also (co)reflections up to retracts and bire-
flections up to retracts are closed under composition.

Example 2.6 The canonical functor (¢ : C — C” is an equivalence up to retracts, see e.g. [27,
Theorem A.6].

Recall, see e.g. [14, Definition 3.1], that a functor F : C — D is called a Maschke functor
if it reflects split-monomorphisms i.e. if, for every morphism i in C such that Fi is a split-
monomorphism, then i is a split-monomorphism?. Similarly, F is a dual Maschke functor if
it reflects split-epimorphisms. A functor is called conservative if it reflects isomorphisms.

Remark 2.7 By [33, Proposition 1.2] a separable functor is both Maschke and dual Maschke.
Moreover a functor which is both Maschke and dual Maschke is conservative.

Example 2.8 Let (F, G) be an adjunction. Then, by [39, Corollary 5], the functor F is a
Maschke functor if and only if G is surjective up to retracts. Dually, the functor G is dual
Maschke if and only if F is surjective up to retracts.

2.4 Two Peculiar Features

The following result includes among others the announced property (P1), discussed in the
Introduction, for a coreflection up to retracts, namely that, if it has a left adjoint, then it is a
coreflection.

Proposition 2.9 The following assertions hold true.

(1) If a coreflection up to retracts has a left adjoint, then it is a coreflection.
(2) If a coreflection up to retracts has a right adjoint, then it is a reflection.
(3) If a reflection up to retracts has a right adjoint, then it is a reflection.
(4) If a reflection up to retracts has a left adjoint, then it is a coreflection.
(5) If a bireflection up to retracts has an adjoint, then it is a bireflection.

(6) If an equivalence up to retracts has an adjoint, then it is an equivalence.

Proof (1) If G has a left adjoint F, then F I 4 G If G is a coreflection up to retracts, then
G" is a coreflection. Thus F¥ is fully faithful and hence so is F by Proposition 2.1, i.e. G is
a coreflection.

(2) If F has a right adjoint G, then F® 4 G". If F is a coreflection up to retracts, then
F? is a coreflection. Thus it has a fully faithful left adjoint. Then also the right adjoint G*
is fully faithful by [11, Proposition 3.4.2]. By Proposition 2.1 G is fully faithful, i.e. F is a
reflection.

(3) is dual to (1) and (4) is dual to (2).

(5) If F is abireflection up to retracts, then by Lemma 2.4 F is a naturally full (co)reflection
up to retracts. If F has a left adjoint, by (1), it is a naturally full coreflection while if F has

2 This is equivalent to [15, Remark 6] where F is called a Maschke functor if every object in C is relative
injective. Recall that an object M is called relative injective if, for every morphism i : C — C’ such that
Fi is a split-monomorphism, then the map Hom¢ (i, M) : Hom¢ ', M) - Hom¢g (C, M), f +— foli,is
surjective.
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aright adjoint, by (3), it is a naturally full reflection. In both cases, by Theorem 1.11, F is a
bireflection.

(6) By Lemma 2.4 an equivalence up to retracts is a fully faithful bireflection up to retracts.

If it has an adjoint, by (5), it is a fully faithful bireflection, i.e. an equivalence by Lemma 2.4.

O

Remark 2.10 By Proposition 2.9 and Lemma 2.4, it follows that

e any coreflection up to retracts with a right adjoint is a reflection up to retracts,
e any reflection up to retracts with a left adjoint is a coreflection up to retracts.

We are now going to prove the property (P2), announced in the Introduction, namely that
a coreflection up to retracts whose source category is idempotent complete has a left adjoint
(it is indeed a coreflection). First we need the following lemma.

Lemma 2.11 Let D be an idempotent complete category. A functor G : D — C has a left
(resp. right) adjoint if and only if so does G".

Proof If F 4 G, we know that F - GU. Conversely, assume that L — GY : D? — (Y. Since
D is idempotent complete, the functor tp : D — D! is an equivalence of categories and
hence it has a