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ON (NATURALLY) SEMIFULL AND (SEMI)SEPARABLE SEMIFUNCTORS

LUCREZIA BOTTEGONI

Abstract. The notion of semifunctor between categories, due to S. Hayashi (1985), is de�ned as
a functor that does not necessarily preserve identities. In this paper we study how several proper-
ties of functors, such as fullness, full faithfulness, separability, natural fullness, can be formulated
for semifunctors. Since a full semifunctor is actually a functor, we are led to introduce a notion
of semifullness (and then semifull faithfulness) for semifunctors. In order to show that these
conditions can be derived from requirements on the hom-set components associated with a semi-
functor, we look at �semisplitting properties� for seminatural transformations and we investigate
the corresponding properties for morphisms whose source or target is the image of a semifunctor.
We de�ne the notion of naturally semifull semifunctor and we characterize natural semifullness
for semifunctors that are part of a semiadjunction in terms of semisplitting conditions for the unit
and counit attached to the semiadjunction. We study the behavior of semifunctors with respect
to (semi)separability and we prove Rafael-type Theorems for (semi)separable semifunctors and
a Maschke-type Theorem for separable semifunctors. We provide examples of semifunctors on
which we test the properties considered so far.
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Introduction

The notion of semifunctor between categories, that appeared in [6] under the name of weak
functor, was investigated by S. Hayashi in [9], in order to develop a categorical semantics for
non-extensional typed lambda calculus. A semifunctor F : C → D is de�ned as a functor, but
it is not required to preserve identities. In the same paper Hayashi introduced the notion of
semiadjunction between semifunctors. Afterwards, in [11] R. Hoofman de�ned an appropriate
notion of morphism between semifunctors, calling it seminatural transformation. Explicitly, a
natural transformation α : F → F ′ between semifunctors F, F ′ : C → D is de�ned as a natural
transformation between functors; if in addition αX ◦ F IdX = αX holds true for every object X
in C, then α is a seminatural transformation. Moreover, if there exists a natural transformation

2020 Mathematics Subject Classi�cation. Primary 18A22; Secondary 18A20, 18A40.
Key words and phrases. Semifunctor, Semiadjunction, Natural semi-isomorphism, Separable functor, (Naturally)

full functor, Idempotent completion.
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2 LUCREZIA BOTTEGONI

β : F ′ → F such that β ◦ F ′Id = β, α ◦ β = F ′Id and β ◦ α = F Id, then α is said to be a natural
semi-isomorphism.

In this paper we study how some notable properties of functors (e.g. fullness, full faithfulness,
separability, natural fullness) can be formulated for semifunctors. Given a semifunctor F : C → D,
we consider the associated natural transformation F : HomC(−,−) → HomD(F−, F−), de�ned
by FX,Y (f) = F (f), for any morphism f : X → Y in C. By requiring that FX,Y is injective
(resp. surjective, bijective) for every pair of objects X,Y ∈ C, then F is a faithful (resp. full, fully
faithful) semifunctor. Since a full semifunctor is actually a functor, motivated by the behavior of
an endosemifunctor on Set (Example 3.1), we introduce a weaker notion of fullness for semifunctors
that we call semifullness. We say that a semifunctor F : C → D is semifull if for any morphism
f : FX → FY in D there exists a morphism g : X → Y in C such that F (g) = F IdY ◦ f ◦ F IdX .
We de�ne a semifunctor to be semifully faithful if it is faithful and semifull. In order to show
that the semifull and semifully faithful conditions can be derived from requirements on the natural
transformation F associated with a semifunctor, we look at particular �semisplitting� properties for
seminatural transformations. We call a seminatural transformation α : F → F ′ natural semisplit-
mono (resp. natural semisplit-epi) if there exists a seminatural transformation β : F ′ → F such
that β ◦ α = F Id (resp. α ◦ β = F ′Id). We investigate the corresponding semisplitting properties
for morphisms whose source or target is the image of a semifunctor. Explicitly, given semifunctors
F : C → D, F ′ : C′ → D, we say that

• a morphism f : FC → D in D is an FC-semisplit-mono if there exists a morphism g : D → FC
in D such that g ◦ f = F IdC ;
• a morphism f : FC → F ′C ′ in D is an (FC , F

′
C′)-semisplit-mono if f ◦F IdC = f and there exists

a morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and g ◦ F ′IdC′ = g.

Analogously, one can introduce the notions of FC-semisplit-epi and (FC , F
′
C′)-semisplit-epi. We call

a morphism f : FC → F ′C ′ in D an (FC , F
′
C′)-semi-isomorphism if f ◦F IdC = f and there exists

a morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and f ◦ g = F ′IdC′ . In Proposition 2.12
we prove that a morphism is an (FC , F

′
C′)-semi-isomorphism if and only if it is both an (FC , F

′
C′)-

semisplit-mono and an (FC , F
′
C′)-semisplit-epi. When the semifunctors F, F ′ are understood, we

usually omit them in the notation. Given a seminatural transformation α : F → F ′ of semifunctors,
if α is a natural semisplit-mono (resp. natural semisplit-epi, natural semi-isomorphism), then every
component morphism αC : FC → F ′C is an (FC , F

′
C)-semisplit-mono (resp. (FC , F

′
C)-semisplit-

epi, (FC , F
′
C)-semi-isomorphism) in D.

In Proposition 3.6 we show that, if for every X,Y ∈ C, FX,Y is a HomD(F−, F−)(X,Y )-semisplit-
epi (resp. ((X,Y ), (X,Y ))-semi-isomorphism), then F is semifull (resp. semifully faithful). Fur-
ther, semifully faithful semifunctors re�ect (FC , F

′
C′)-semi-isomorphisms (Proposition 3.8). In

Proposition 3.9 we provide a characterization of faithfulness and semifullness for semifunctors
that are part of a semiadjunction. Recall that a semiadjunction F ⊣s G between semifunctors is
the datum of semifunctors F : C → D and G : D → C equipped with (semi)natural transformations
η : IdC → GF (unit) and ϵ : FG → IdD (counit) such that Gϵ ◦ ηG = GId and ϵF ◦ Fη = F Id
hold. Explicitly, given a semiadjunction F ⊣s G : D → C with unit η and counit ϵ, we prove that
F (resp. G) is semifull if and only if ηC is a C-semisplit-epi in C for every C ∈ C (resp. ϵD is a
D-semisplit-mono in D for every D ∈ D).

Then, we explore the behavior of semifunctors with respect to separability. Separable functors
were introduced in [17] in order to interpret the notion of separable ring extension from a categorical
point of view. Several results and applications of separable functors are illustrated e.g. in [5]. A
functor F : C → D is said to be separable if the associated natural transformation F has a left
inverse, i.e. there is a natural transformation P : HomD(F−, F−) → HomC(−,−) such that
PX,Y ◦ FX,Y = IdHomC(X,Y ) for all X and Y in C. We de�ne a semifunctor F : C → D to be
separable by requiring the same condition on the associated natural transformation F , and we
discuss general properties. The �rst di�erence with the functorial case is in the so-called Maschke
Theorem [17, Proposition 1.2], see also [5, Corollary 5], which states that, given a separable functor
F : C → D and a morphism f : C → C ′ in C, if F (f) is a split-mono (resp. split-epi) in D, then
so is f . In Theorem 4.5 we show that if F is a separable semifunctor and F (f) : FC → FC ′ is
an FC-semisplit-mono (resp. FC′ -semisplit-epi), then f is a split-mono (resp. split-epi), obtaining
a Maschke-type Theorem for semifunctors. A key result for separable functors is given by Rafael
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Theorem [18] which characterizes the separability of functors that have an adjoint in terms of
splitting properties for the unit and the counit. In Theorem 4.7 we prove an analogue Rafael-type
Theorem for separable semifunctors.

As separable functors are naturally faithful, in a somehow dual way naturally full functors
have been introduced in [3] by requiring that the natural transformation F associated with a
functor has a right inverse. It is clear that the natural fullness condition (which implies fullness)
on a semifunctor reduces to the naturally full functor case, as a full semifunctor is actually a
functor. Thus, we investigate whether a notion of natural semifullness is possible for semifunctors.
We call a semifunctor F : C → D naturally semifull if there is a natural transformation P :
HomD(F−, F−) → HomC(−,−) such that (FX,Y ◦PX,Y )(f) = F IdY ◦f ◦F IdX , for every morphism
f : FX → FY in D. A naturally semifull semifunctor is obviously semifull. In Proposition 5.8 we
show that a semifunctor is semifully faithful if and only if it is separable and naturally semifull.
Then, we obtain a Rafael-type Theorem for naturally semifull semifunctors which are part of a
semiadjunction in terms of semisplitting properties for the unit and the counit (Theorem 5.9).
Explicitly, given a semiadjunction F ⊣s G : D → C with unit η and counit ϵ, we prove that F is
naturally semifull if and only if η is a natural semisplit-epi and that G is naturally semifull if and
only if ϵ is a natural semisplit-mono.

Recently, in [1] semiseparable functors have been introduced in order to treat separability and
natural fullness in a uni�ed way. The same notion �ts well for semifunctors. In fact, a semifunctor
results to be separable (resp. naturally semifull) if and only if it is semiseparable and faithful (resp.
semiseparable and semifull) (Proposition 6.1). In Proposition 6.7 and Corollary 6.8 through the
idempotent completion we show that a semifunctor F : C → D is semiseparable (resp. semifull,
naturally semifull, separable, semifully faithful) if and only if its completion F ♮ : C♮ → D♮ is a
semiseparable (resp. full, naturally full, separable, fully faithful) functor. As a consequence, if we
consider a semiadjoint triple F ⊣s G ⊣s H : C → D of semifunctors, these properties pass from F
to H and viceversa (Proposition 6.10).

Finally, we provide examples of semifunctors on which we test the properties studied so far. The
�rst one we consider is the so-called forgetful semifunctor (Example 7.1). Given a category C and
its idempotent completion C♮, the forgetful semifunctor υC : C♮ → C, which maps an object (X, e)
in C♮ to the underlying object X and a morphism f : (X, e) → (X ′, e′) in C♮ to the underlying
morphism υCf : X → X ′ in C such that e′ ◦ υCf ◦ e = υCf , results to be semifully faithful. Then,
we show that there are semifunctors which are neither faithful, nor semifull in general, e.g. the
semi-product semifunctor (Example 7.2) and the constant semifunctor (Example 7.4). To any
idempotent seminatural transformation e = (eX)X∈C : IdC → IdC on a category C it is possible to
attach a canonical semifunctor Ee that is self-semiadjoint (Proposition 1.10). In Example 7.3 we
show that it reveals to be naturally semifull, while it is separable if and only if Ee = IdC . Then,
given a semiadjunction F ⊣s G : D → C of semifunctors, we get the semiadjunction FEe ⊣s E

eG :
D → C (Corollary 1.13). In Example 7.6 we see an instance of a semiadjunction constructed in this
way. Explicitly, given a morphism of rings φ : R→ S, we consider the restriction of scalars functor
φ∗ : S-Mod → R-Mod and the extension of scalars functor φ∗ := S ⊗R (−) : R-Mod → S-Mod,
which form an adjunction φ∗ ⊣ φ∗. If e = (eX)X∈R-Mod : IdR-Mod → IdR-Mod is an idempotent
seminatural transformation, then we obtain the semiadjunction φ∗

e ⊣s φ
e
∗ : S-Mod → R-Mod,

where φ∗
e := φ∗ ◦ Ee and φe

∗ := Ee ◦ φ∗. In [3, Proposition 3.1] it is shown that the functor φ∗ is
naturally full if and only if it is full, while φ∗ is naturally full if and only if φ is a split-epi as an
R-bimodule map, i.e. if there is π ∈ RHomR(S,R) such that φ ◦ π = Id. In Proposition 7.8 we
give conditions under which φe

∗ and φ∗
e are naturally semifull. We prove that, if φ∗

e is naturally
semifull, then there is ψ ∈ RHomR(S,R) such that r−1

S φ : R→ φe
∗φ

∗
eR is an R-semisplit-epi as an

R-bimodule map through ψrS , where rS : S⊗RR→ S is the canonical isomorphism; if in addition
1S = eφ∗(S)(φ(eR(1R))) holds true, then r

−1
S φ is an (R,R)-semisplit-epi.

It is known that a monoid can be seen as a category with a single object and arrows the el-
ements of the monoid. Any semigroup homomorphism between monoids de�nes a semifunctor.
In Example 7.9 we exhibit a semifunctor between monoids that is separable, but not semifull in
general, hence not even naturally semifull. Similarly, in Example 7.10, we see an example of a
semifunctor between unital rings (viewed as categories with a single object) which is naturally
semifull but not separable in general. In particular, we show that the non-unital homomorphism
of rings f : R → Mn(R), m 7→ mEii, where Mn(R) is the ring of square matrices of order n ∈ N
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with coe�cients in the unital ring R and Eii = (δiaδib)ab is the matrix unit, de�nes a semifully
faithful semifunctor.

The paper is organized as follows. In Section 1 we recall mainly from [11] the notions of semi-
functor, seminatural transformation and semiadjunction between semifunctors. We remind the
idempotent completion construction. We attach to any idempotent seminatural transformation
e = (eX)X∈C : IdC → IdC on a category C a canonical semifunctor Ee that results to be self-
semiadjoint. Section 2 deals with the announced semisplitting properties for morphisms whose
source or target is the image of a semifunctor. In particular, given semifunctors F : C → D,
F ′ : C′ → D, we de�ne the notions of FC-semisplit-mono, FC-semisplit-epi, (FC , F

′
C′)-semisplit-

mono, (FC , F
′
C′)-semisplit-epi, (FC , F

′
C′)-semi-isomorphism, and we discuss their properties. In

Section 3 we introduce and investigate the notions of semifull and semifully faithful semifunctor.
In Section 4 we focus on the separability property for semifunctors. We prove a Maschke-type
Theorem and a Rafael-type Theorem for separable semifunctors. Section 5 treats the notion of
natural semifullness for semifunctors and provides a Rafael-type Theorem for naturally semifull
semifunctors. In Section 6 we study semiseparable semifunctors. Section 7 collects examples of
(naturally) semifull, (semi)separable and semifully faithful semifunctors.

Notations. Given an object X in a category C, the identity morphism on X will be denoted either
by IdX or X for short. For categories C and D, a functor F : C → D just means a covariant
functor. By IdC we denote the identity functor on C. For any (semi)functor F : C → D, we denote
IdF : F → F the natural transformation de�ned by (IdF )X := IdFX , for any X in C. The symbol
◦ is used for the composition of composable morphisms, composable functors, composable natural
transformations, and sometimes it is omitted for short.

1. Semifunctors and semiadjunctions

In this section we recall mainly from [9] and [11] the notions of semifunctor, seminatural trans-
formation and natural semi-isomorphism. We introduce the notions of natural semisplit-mono and
natural semisplit-epi for seminatural transformations. We remind the idempotent completion con-
struction which provides a canonical way to turn semifunctors into functors, and we review the
notion of semiadjunction [11] between semifunctors and its main properties.

1.1. Semifunctors and seminatural transformations.

De�nition 1.1. [9, De�nition 1.1] Let C and D be categories. A semifunctor F : C → D is the
datum of an object map Obj(C) → Obj(D), X 7→ F (X), between the classes of objects of C and
D, and of a morphism map FX,Y : HomC(X,Y ) → HomD(F (X), F (Y )), f 7→ F (f), for every
pair of objects X,Y in C, preserving compositions, i.e. F (g ◦ f) = F (g) ◦ F (f), for every pair of
composable morphisms f : X → Y , g : Y → Z in C.

The image of an object X ∈ C through a semifunctor F : C → D is written F (X) or simply FX;
the image of a morphism f : X → Y in C is written F (f) or just Ff . A semifunctor is de�ned as
a functor but it is not required to preserve identities. Then, any functor is a semifunctor. Note
that the image of an identity morphism IdX through a semifunctor F : C → D is an idempotent
morphism in D as F (IdX) = F (IdX ◦IdX) = F (IdX)◦F (IdX). The notion of semifunctor appeared
in [6, De�nition 4.1] under the name of weak functor. In [8, 1.284] a semifunctor is what is called
prefunctor. There is a related notion of morphism between semifunctors. As in the functorial case,
a natural transformation α : F → F ′ between semifunctors F, F ′ : C → D is de�ned as a family
(αX : FX → F ′X)X∈C of morphisms in D such that αX′ ◦ Ff = F ′f ◦ αX for any morphism
f : X → X ′ in C. Given a semifunctor F : C → D, there is a natural transformation F Id : F → F
with components F IdX : FX → FX and a natural transformation IdF : F → F with components
IdFX : FX → FX. Note that F Id ̸= IdF in general, unless F is a functor. Moreover, see [11,
De�nition 2.4], a seminatural transformation α : F → F ′ between semifunctors F, F ′ : C → D is a
natural transformation with the additional property that αX ◦ F IdX = αX , for every X in C. If
(at least) one of the semifunctors F, F ′ is a functor, then the notions of natural transformation and
seminatural transformation coincide [11, Theorem 2.5]. Semifunctors F, F ′ : C → D are said to be
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naturally semi-isomorphic (denoted by F ∼=s F
′) if and only if there are natural transformations

α : F → F ′ and β : F ′ → F such that

(i) α ◦ F Id = α;
(ii) β ◦ F ′Id = β;
(iii) α ◦ β = F ′Id;
(iv) β ◦ α = F Id.

In this case α is said to be a natural semi-isomorphism [11, Subsection 2.2]. Since its semi-inverse
β is uniquely determined by α, it will be usually denoted by α−1. If F, F ′ are functors, then any
natural semi-isomorphism α : F → F ′ is actually a natural isomorphism.

We introduce the following terminology for �semisplitting� properties of a seminatural transfor-
mation α : F → F ′ between semifunctors F, F ′ : C → D. We say that α is a

• natural semisplit-mono if there exists a seminatural transformation β : F ′ → F such
that β ◦ α = F Id;

• natural semisplit-epi if there exists a seminatural transformation β : F ′ → F such that
α ◦ β = F ′Id.

Moreover, α is a natural split-mono (resp. natural split-epi), if there exists a seminatural transfor-
mation β : F ′ → F such that β ◦ α = IdF (resp. α ◦ β = IdF ′). Note that if F is a functor, then α
is a natural semisplit-mono if and only if α is a natural split-mono; if F ′ is a functor, then α is a
natural semisplit-epi if and only if α is a natural split-epi.

Lemma 1.2. A seminatural transformation α : F → F ′ between semifunctors F, F ′ is a natural
semi-isomorphism if and only if α is both a natural semisplit-mono and a natural semisplit-epi.

Proof. If α is a natural semi-isomorphism, then it is trivially both a natural semisplit-mono and
a natural semisplit-epi. Conversely, if α is a natural semisplit-mono and a natural semisplit-epi,
then there exists a seminatural transformation β : F ′ → F such that β ◦ α = F Id and there is
a seminatural transformation β′ : F ′ → F such that α ◦ β′ = F ′Id. Note that β = β ◦ F ′Id =
β ◦ α ◦ β′ = F Id ◦ β′ = β′, thus α is a natural semi-isomorphism. □

In Section 2 we will study the corresponding semisplitting properties for the component mor-
phisms of a seminatural transformation.

1.2. Idempotent completion. Recall that an endomorphism e : X → X in a category C is
idempotent if e2 := e ◦ e = e. An idempotent morphism e : X → X in C splits if there exist two
morphisms h : X → Y and k : Y → X in C such that e = k◦h and h◦k = IdY ; the category C is said
to be idempotent complete or Cauchy complete if all idempotents split. As an instance, any category
equipped with (co)equalizers is idempotent complete [11, Theorem 2.15], see also [4, Proposition
6.5.4]. The idempotent completion C♮ (also known under the names of Cauchy completion [14] or
Karoubi envelope [13]) of a category C is the category whose objects are pairs (X, e), where X is an
object in C and e : X → X is an idempotent morphism in C, and a morphism f : (X, e) → (X ′, e′) in
C♮ is a morphism f : X → X ′ in C such that f = e′◦f◦e (or equivalently, such that e′◦f = f = f◦e).
Note that Id(X,e) ̸= IdX but Id(X,e) = e : (X, e) → (X, e). The category C♮ is idempotent complete.

There is a canonical functor ιC : C → C♮, X 7→ (X, IdX), [f : X → Y ] 7→ [f : (X, IdX) → (Y, IdY )],
which is fully faithful; ιC is an equivalence if and only if C is idempotent complete. Given any
functor F : C → D, it can be extended to a functor F ♮ : C♮ → D♮ by F ♮(X, e) = (FX,Fe) and
F ♮(f) = F (f), so that ιD ◦F = F ♮◦ιC . Any semifunctor F : C → D induces a functor F ♮ : C♮ → D♮

such that F ♮ (X, e) = (FX,Fe) and F ♮f = Ff. In fact F ♮Id(X,e) = Fe = Id(FX,Fe) = IdF ♮(X,e),

as observed in [9, De�nition 1.3]. Note that in general ιD ◦ F ̸= F ♮ ◦ ιC unless F is a functor.
On the other hand, if G : C♮ → D♮ is a functor, then there is a semifunctor F : C → D given
as in the proof of [12, Theorem 1] such that F ♮ = G, cf. [9, Proposition 1.4]. Moreover, given
semifunctors F, F ′ : C → D, F ∼=s F

′ is a natural semi-isomorphism if and only if F ♮ ∼= (F ′)♮ is a
natural isomorphism of functors [11, Theorem 2.12]. A (semi)natural transformation α : F → F ′ of

semifunctors F, F ′ : C → D induces the natural transformation α♮ : F ♮ → (F ′)
♮
with components

α♮
(X,e) := αX ◦Fe = F ′e ◦αX , cf. [11, Theorem 7.3]. The category Cats with categories as objects,

semifunctors as arrows, and seminatural transformations as 2-cells is a 2-category [11, Theorem
7.2]. Since any functor is in particular a semifunctor, there is an inclusion of the 2-category Cat of
categories, functors and natural transformations, in Cats. Conversely, the idempotent completion
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construction provides a canonical way to transform semifunctors into functors. In fact, the Karoubi
envelope functor κ : Cats → Cat, de�ned by κ(C) = C♮, κ(F ) = F ♮, for any category C and any
semifunctor F : C → D, is the right adjoint of the inclusion functor i : Cat → Cats (see [11, Theorem
2.10]). Moreover, κ de�nes an equivalence of 2-categories between Cats and the full 2-subcategory
of Cat having idempotent complete categories as objects [12, Theorem 1]. Thus, many standard
properties for functors can be extended to semifunctors, as for instance the notion of adjunction.

1.3. Semiadjunctions. Let F : C → D be a semifunctor, let Cop be the opposite category of C,
and consider the semifunctor

HomD(F−,−) : Cop ×D → Set,

(C,D) 7→ HomD(FC,D), (f : C ′ → C, g : D → D′) 7→ HomD(Ff, g)(−) = g ◦ − ◦ Ff
Since in general, for any morphism h : FC → D in D, HomD(F IdC , IdD)(h) = IdD ◦ h ◦ F IdC =
h◦F IdC ̸= h, then HomD(F−,−) is really a semifunctor. Analogously, for a semifunctor G : D → C
one can consider the semifunctor HomC(−, G−) : Cop ×D → Set.

De�nition 1.3. [11, De�nition 3.1] A semiadjunction is a triple (F : C → D, G : D → C, τ), where
F , G are semifunctors and τ is a natural semi-isomorphism given, for any C ∈ C and D ∈ D, by

(1) τC,D : HomD(FC,D) ∼=s HomC(C,GD)

Equivalently, by [11, Theorem 3.10] a semiadjunction (F,G, η, ϵ) is the datum of semifunctors
F : C → D and G : D → C equipped with natural transformations η : IdC → GF (unit) and
ϵ : FG→ IdD (counit) such that the �semitriangular� identities

(2) Gϵ ◦ ηG = GId and ϵF ◦ Fη = F Id

hold true, see also [10, De�nition 22]. In particular, η and ϵ are indeed seminatural transformations.
We usually denote a semiadjunction (F,G, η, ϵ) by F ⊣s G. Note that the natural semi-isomorphism
τ in (1) is given as in the functorial case by

(3) τC,D(h) = G(h) ◦ ηC ,

for any morphism h : FC → D in D. Its semi-inverse σ is given by

(4) σC,D(g) = ϵD ◦ F (g),

for any g : C → GD in C. Any adjunction of functors is trivially a semiadjunction, and if (F,G, η, ϵ)
is a semiadjunction, then (F ♮, G♮, η♮, ϵ♮) is an adjunction of functors [9, Theorem 1.9], with unit

and counit given on components by η♮(C,c) = ηC ◦ c : (C, c) → (GFC,GFc) and ϵ♮(D,d) = d ◦ ϵD :

(FGD,FGd) → (D, d), respectively. Moreover, as shown in [11, Theorem 3.5], F ⊣s G if and
only if F ♮ ⊣ G♮. It is known that semiadjoint semifunctors are not unique up to isomorphism, but
they are unique up to natural semi-isomorphism, cf. [11, Theorem 3.6]. We include a proof for
completeness sake. Cf. [5, Proof of Proposition 9] for the case of functors.

Proposition 1.4. Let F ⊣s G, F ⊣s G
′ be semiadjunctions of semifunctors. Then, G and G′ are

naturally semi-isomorphic.

Proof. Let F ⊣s G, F ⊣s G
′ be semiadjunctions with units η, η′, and counits ϵ, ϵ′, respectively.

Consider γ := G′ϵ◦η′G : G→ G′ and γ′ := Gϵ′◦ηG′ : G′ → G. Note that γ◦GId = G′ϵ◦η′G◦GId =
G′ϵ ◦ G′FGId ◦ η′G = G′(ϵ ◦ FGId) ◦ η′G = G′ϵ ◦ η′G = γ, and γ′ ◦ G′Id = Gϵ′ ◦ ηG′ ◦ G′Id =
Gϵ′ ◦ GFG′Id ◦ ηG′ = G(ϵ′ ◦ FG′Id) ◦ ηG′ = Gϵ′ ◦ ηG′ = γ′. Moreover, γ and γ′ are natural as
they are composition of natural transformations, so they are seminatural transformations. From
naturality of η it follows that ηG′ ◦G′ϵ = GFG′ϵ ◦ ηG′FG and ηG′FG ◦ η′G = GFη′G ◦ ηG, and
from naturality of ϵ′ it follows that Gϵ ◦Gϵ′FG = Gϵ′ ◦GFG′ϵ. Then, we obtain

γ′ ◦ γ = Gϵ′ ◦ ηG′ ◦G′ϵ ◦ η′G = Gϵ′ ◦GFG′ϵ ◦ ηG′FG ◦ η′G
= Gϵ ◦Gϵ′FG ◦GFη′G ◦ ηG = Gϵ ◦GF IdG ◦ ηG = Gϵ ◦ ηG = GId.

Similarly, from naturality of η′ and ϵ, we have

γ ◦ γ′ = G′ϵ ◦ η′G ◦Gϵ′ ◦ ηG′ = G′ϵ ◦G′FGϵ′ ◦ η′GFG′ ◦ ηG′

= G′ϵ′ ◦G′ϵFG′ ◦G′FηG′ ◦ η′G′ = G′ϵ′ ◦G′F IdG′ ◦ η′G′ = G′ϵ′ ◦ η′G′ = G′Id. □
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In [11] the terminology of right (resp. left) semiadjoint is used to denote a semifunctor G (resp.
F ) that is part of a semiadjunction F ⊣s G, that is, both semitriangular identities (2) hold true.
In the following de�nition we adopt the same terminology with a weaker meaning, inspired by [16,
De�nition 1.3] for functors.

De�nition 1.5. We say that:

(i) a semifunctor G : D → C is a right semiadjoint if there exist a semifunctor F : C → D and
seminatural transformations η : IdC → GF and ϵ : FG→ IdD, such that Gϵ ◦ ηG = GId;

(ii) a semifunctor F : C → D is a left semiadjoint if there exists a semifunctor G : D → C and
seminatural transformations η : IdC → GF and ϵ : FG→ IdD, such that ϵF ◦ Fη = F Id.

Remark 1.6. In a semiadjunction F ⊣s G, F is a left semiadjoint and G is a right semiadjoint.

Now we show that a right (resp. left) semiadjoint is actually part of a semiadjunction (cf. [2,
Lemma 2.16]). In particular, we have the following characterization of left and right semiadjoints.

Proposition 1.7. (1) A semifunctor G : D → C is a right semiadjoint if and only if there is
a semifunctor F ′ : C → D (unique up to natural semi-isomorphism), such that F ′ ⊣s G is
a semiadjunction.

(2) A semifunctor F : C → D is a left semiadjoint if and only if there is a semifunctor G′ :
D → C (unique up to natural semi-isomorphism), such that F ⊣s G

′ is a semiadjunction.

Proof. (1). If F ′ ⊣s G is a semiadjunction, then by Remark 1.6 the semifunctor G is a right
semiadjoint and F ′ : C → D is a left semiadjoint. Conversely, if G is a right semiadjoint, then there
exist a semifunctor F : C → D and seminatural transformations η : IdC → GF and ϵ : FG→ IdD,
such that Gϵ ◦ ηG = GId. Set e := ϵF ◦ Fη : F → F , which is an idempotent seminatural
transformation. Indeed, it is natural as it is composition of natural transformations; for any X ∈ C
we have eX ◦F IdX = ϵFX ◦FηX ◦F IdX = ϵFX ◦F (ηX ◦ IdX) = ϵFX ◦FηX = eX and, cf. e.g. [16,
Lemma 1.4(2)], e ◦ e = ϵF ◦Fη ◦ ϵF ◦Fη = ϵF ◦ ϵFGF ◦FGFη ◦Fη = ϵF ◦FGϵF ◦FηGF ◦Fη =
ϵF ◦FGIdF ◦Fη = ϵF ◦Fη = e. Then, there is a semifunctor F ′ : C → D that acts as F on objects
and sends a morphism f : X → Y in C to Ff ◦ eX . Indeed, given f : X → Y and g : Y → Z in
C we have F ′g ◦ F ′f = Fg ◦ eY ◦ Ff ◦ eX = Fg ◦ Ff ◦ eX ◦ eX = F (g ◦ f) ◦ eX = F ′ (g ◦ f), so
that F ′ is a semifunctor. Now we show that (F ′, G, η′, ϵ′) is a semiadjunction where η′C := ηC and
ϵ′D := ϵD, for every object C ∈ C and D ∈ D. Note that by the assumption Gϵ ◦ ηG = GId, we get
ϵD ◦ eGD = ϵD ◦ ϵFGD ◦ FηGD = ϵD ◦ FGϵD ◦ FηGD = ϵD ◦ F (GϵD ◦ ηGD) = ϵD ◦ FGIdD = ϵD,
for every D ∈ D, where the last equality follows from the seminaturality of ϵ, so

(5) ϵ ◦ eG = ϵ.

For every D ∈ D, we have ϵ′D ◦ F ′GIdD = ϵD ◦ FGIdD ◦ eGD
(5)
= ϵD ◦ eGD ◦ FGIdD ◦ eGD =

ϵD ◦ eGD ◦ eGD ◦ FGIdD = ϵD ◦ eGD ◦ FGIdD
(5)
= ϵD ◦ FGIdD = ϵD = ϵ′D, and for every morphism

f : D → D′ in D we have ϵ′D′ ◦ F ′Gf = ϵD′ ◦ FGf ◦ eGD = f ◦ ϵD ◦ eGD
(5)
= f ◦ ϵD = f ◦ ϵ′D, so

that ϵ′ := (ϵD)D∈D : F ′G→ IdD is indeed a seminatural transformation. For every object C in C,
it holds η′C ◦ IdC (IdC) = η′C ◦ IdC = η′C , and for every morphism f : X → Y in C we have

GF ′f ◦ η′X = G (Ff ◦ eX) ◦ ηX = G (eY ◦ Ff) ◦ ηX = GeY ◦GFf ◦ ηX
= G(ϵFY ◦ FηY ) ◦GFf ◦ ηX = GϵFY ◦ (GFηY ◦ ηY ) ◦ f = GϵFY ◦ ηGFY ◦ ηY ◦ f
= GIdFY ◦GFf ◦ ηX = G(IdFY ◦ Ff) ◦ ηX = GFf ◦ ηX = ηY ◦ f = η′Y ◦ f

so that η′ := (ηC)C∈C : IdC → GF ′ is indeed a seminatural transformation. Thus, fromGϵ′D◦η′GD =
GϵD ◦ηGD = GIdD and ϵ′F ′C ◦F ′η′C = ϵFC ◦F ′ηC = ϵFC ◦FηC ◦ eC = eC ◦ eC = eC = F IdC ◦ eC =
F ′IdC it follows that (F ′, G, η′, ϵ′) is a semiadjunction. By the left analogue of Proposition 1.4, F ′

is unique up to natural semi-isomorphism.
(2). It is dual to (1). □

In the following proposition we show that the notion of right (resp. left) semiadjoint is stable
under composition. As a consequence, as pointed out in [12, page 4], semiadjunctions remain stable
under composition, similarly to the case of adjunctions of functors, cf. [15, IV.8, Theorem 1].
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Proposition 1.8. (1) Given two right semiadjoints G : D → C and G′ : E → D, then the
composite semifunctor G ◦G′ : E → C is a right semiadjoint.

(2) Given two left semiadjoints F : C → D and F ′ : D → E, then the composite semifunctor
F ′ ◦ F : C → E is a left semiadjoint.

Proof. (1). If G : D → C and G′ : E → D are right semiadjoints, then by de�nition there exist a
semifunctor F : C → D and seminatural transformations η : IdC → GF and ϵ : FG → IdD, such
that Gϵ ◦ ηG = GId, and there exist a semifunctor F ′ : D → E and seminatural transformations
η′ : IdD → G′F ′ and ϵ′ : F ′G′ → IdE , such that G′ϵ′ ◦ η′G′ = G′Id, respectively. Set η̄ := Gη′F ◦ η
and ϵ̄ := ϵ′ ◦F ′ϵG′. We now show that the composite G◦G′ : E → C is a right semiadjoint through
the semifunctor F ′ ◦ F : C → E and the seminatural transformations η̄ : IdC → GG′F ′F and
ϵ̄ : F ′FGG′ → IdE . Indeed, we have

GG′ϵ̄ ◦ η̄GG′ = GG′ϵ′ ◦GG′F ′ϵG′ ◦Gη′FGG′ ◦ ηGG′ = G(G′ϵ′ ◦G′F ′ϵG′ ◦ η′FGG′) ◦ ηGG′

= G(G′ϵ′ ◦ η′G′ ◦ ϵG′) ◦ ηGG′ = G(G′Id ◦ ϵG′) ◦ ηGG′ = GG′Id ◦GϵG′ ◦ ηGG′

= GG′Id ◦ (Gϵ ◦ ηG)G′ = GG′Id ◦GIdG′ = G(G′Id ◦ IdG′) = GG′Id.

(2). At the same way, if F : C → D and F ′ : D → E are left semiadjoints, then by de�nition there
exist a semifunctor G : D → C and seminatural transformations η : IdC → GF and ϵ : FG→ IdD,
such that ϵF ◦Fη = F Id, and there exist a semifunctor G′ : E → D and seminatural transformations
η′ : IdD → G′F ′ and ϵ′ : F ′G′ → IdE , such that ϵ′F ′ ◦ F ′η′ = F ′Id, respectively. By setting again
η̄ := Gη′F ◦ η and ϵ̄ := ϵ′ ◦ F ′ϵG′, it holds that ϵ̄F ′F ◦ F ′F η̄ = F ′F Id, hence F ′ ◦ F : C → E is a
left semiadjoint. In fact, we have that

ϵ̄F ′F◦F ′F η̄ = ϵ′F ′F ◦ F ′ϵG′F ′F ◦ F ′FGη′F ◦ F ′Fη = (ϵ′F ′ ◦ F ′ϵG′F ′ ◦ F ′FGη′)F ◦ F ′Fη

= (ϵ′F ′ ◦ F ′η′ ◦ F ′ϵ)F ◦ F ′Fη = (F ′Id ◦ F ′ϵ)F ◦ F ′Fη = F ′ϵF ◦ F ′Fη = F ′F Id. □

Corollary 1.9. Given semiadjunctions (F ⊣s G : D → C, η, ϵ) and (F ′ ⊣s G
′ : E → D, η′, ϵ′), then

also (F ′F ⊣s GG
′ : E → C, Gη′F ◦ η, ϵ′ ◦ F ′ϵG′) is a semiadjunction.

Proof. By Remark 1.6 G and G′ are right semiadjoints through F, η, ϵ and F ′, η′, ϵ′, respectively,
and F , F ′ are left semiadjoints through G, η, ϵ and G′, η′, ϵ′, respectively. Then, by the proof
of Proposition 1.8 we know that GG′ϵ̄ ◦ η̄GG′ = GG′Id and ϵ̄F ′F ◦ F ′F η̄ = F ′F Id, where η̄ =
Gη′F ◦ η : IdC → GG′F ′F and ϵ̄ = ϵ′ ◦ F ′ϵG′ : F ′FGG′ → IdE . □

Now we show how an idempotent (semi)natural transformation on the identity functor of a
category allows to obtain a canonical semiadjunction of semifunctors.

Proposition 1.10. Given a category C, any idempotent (semi)natural transformation e = (eX)X∈C :
IdC → IdC de�nes an endosemifunctor Ee : C → C, which is self-semiadjoint, i.e. Ee ⊣s E

e.
Conversely, any semifunctor which is self-semiadjoint de�nes an idempotent seminatural transfor-
mation.

Proof. Given the idempotent seminatural transformation e : IdC → IdC , consider the assignment

X 7→ X, [f : X → Y ] 7→ f ◦ eX = eY ◦ f,
for any object X ∈ C and for any morphism f in C. It de�nes a semifunctor Ee : C → C. In fact,
given morphisms f : X → Y , g : Y → Z in C, we have that Ee(g◦f) = g◦f ◦eX = g◦(f ◦eX)◦eX =
g ◦ eY ◦ f ◦ eX = Ee(g) ◦ Ee(f) but Ee(IdX) = IdX ◦ eX = eX , which is not necessarily IdX . We
show that Ee ⊣s E

e is a semiadjunction with unit ηe : IdC → EeEe, ηeX = eX , and counit ϵe :
EeEe → IdC , ϵ

e
X = eX . Indeed, we have E

eϵeX ◦ηeEeX = Ee(eX)◦ηeX = eX ◦eX ◦eX = eX = EeIdX ,
and ϵeEeX ◦ EeηeX = eX ◦ ηeX ◦ eX = eX ◦ eX ◦ eX = eX = EeIdX . Conversely, if E : C → C is
a self-semiadjoint semifunctor, then there exist seminatural transformations η : IdC → EE and
ϵ : EE → IdC , such that Eϵ ◦ ηE = EId and ϵE ◦ Eη = EId. As in the proof of Proposition
1.7, set e := ϵE ◦ Eη : E → E, which is an idempotent seminatural transformation. Indeed, it
is natural as it is composition of natural transformations; for any X ∈ C we have eX ◦ E(IdX) =
ϵEX ◦EηX ◦E(IdX) = ϵEX ◦E(ηX ◦ IdX) = ϵEX ◦EηX = eX and e◦ e = EId◦EId = EId = e. □

De�nition 1.11. We call the semifunctor Ee given as in Proposition 1.10 the canonical semi-
functor attached to an idempotent seminatural transformation e = (eX)X∈C : IdC → IdC on a
category C.
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Remark 1.12. Given a category C, let e = (eX)X∈C : IdC → IdC be an idempotent (semi)natural
transformation. Then, e = IdIdC : IdC → IdC if and only if Ee : C → C is the identity functor on C.

As a consequence of Corollary 1.9 and Proposition 1.10, given a (semi)adjunction of (semi)functors
and an idempotent seminatural transformation, we can obtain another semiadjunction of semifunc-
tors as follows.

Corollary 1.13. Let F ⊣s G : D → C be a semiadjunction with unit η and counit ϵ, and let
e : IdC → IdC be an idempotent seminatural transformation. Consider the canonical semifunctor
Ee : C → C. Then, F ′ := FEe : C → D and G′ := EeG : D → C form a semiadjunction F ′ ⊣s G

′.

In Example 7.6 we will see an instance of a semiadjunction as in the previous corollary, con-
structed out of a morphism of rings.

2. Semisplitting properties for morphisms

In this section we study semisplitting properties for morphisms whose source or target is the
image of a semifunctor. For semifunctors F : C → D, F ′ : C′ → D and objects C ∈ C, C ′ ∈
C′, we introduce the notions of FC-semisplit-mono, FC-semisplit-epi, (FC , F

′
C′)-semisplit-mono,

(FC , F
′
C′)-semisplit-epi, (FC , F

′
C′)-semi-isomorphism. Thus, given a seminatural transformation

α : F → F ′ of semifunctors, if α is a natural semisplit-mono (resp. natural semisplit-epi, natural
semi-isomorphism), then every component morphism αC : FC → F ′C is an (FC , F

′
C)-semisplit-

mono (resp. (FC , F
′
C)-semisplit-epi, (FC , F

′
C)-semi-isomorphism) in D.

In order to provide a complete picture of these properties, we start by giving the de�nitions of
FC-semi-monomorphism and FC-semi-epimorphism.

De�nition 2.1. Given a semifunctor F : C → D, we say that

• a morphism f : FC → D in D is an FC-semi-monomorphism if, for every parallel pair
of morphisms h, k : D′ → FC in D, the equality f ◦h = f ◦ k implies F IdC ◦h = F IdC ◦ k;

• a morphism f : D → FC in D is an FC-semi-epimorphism if, for every parallel pair of
morphisms h, k : FC → D′ in D, the equality h ◦ f = k ◦ f implies h ◦ F IdC = k ◦ F IdC .

Note that if f : FC → D is a monomorphism inD, i.e. for every h, k : D′ → FC inD the equality
f ◦ h = f ◦ k implies h = k, then it is an FC-semi-monomorphism. Analogously, if f : D → FC
is an epimorphism in D, i.e. for every h, k : FC → D′ in D, the equality h ◦ f = k ◦ f implies
h = k, then it is an FC-semi-epimorphism. In case F is a functor, then f : FC → D is an FC-semi-
monomorphism if and only if it is a monomorphism, and f : D → FC is an FC-semi-epimorphism
if and only if it is an epimorphism.

We have the following properties for FC-semi-monomorphisms.

Proposition 2.2. Given semifunctors F : C → D, F ′ : C′ → D, we have that:

(1) for every object C in C, the morphism F IdC : FC → FC in D is an FC-semi-monomorphism;
(2) given an FC-semi-monomorphism f : FC → D and an F ′

C′-semi-monomorphism g :
F ′C ′ → FC such that F IdC ◦ g = g, then the composite f ◦ g : F ′C ′ → D is an F ′

C′-
semi-monomorphism;

(3) if the composite g ◦ f of two morphisms f : FC → D and g : D → D′ in D is an
FC-semi-monomorphism, then f is an FC-semi-monomorphism.

Proof. (1). It is obvious.
(2). Let h, k : D′ → F ′C ′ be parallel arrows in D such that f ◦ g ◦ h = f ◦ g ◦ k. Since f is an
FC-semi-monomorphism, we have that F IdC ◦ g ◦ h = F IdC ◦ g ◦ k, and then from F IdC ◦ g = g it
follows that g◦h = g◦k. Since g is an F ′

C′ -semi-monomorphism, we get that F ′IdC′ ◦h = F ′IdC′ ◦k,
thus f ◦ g is an F ′

C′ -semi-monomorphism.
(3). Let h, k : D′′ → FC be parallel arrows in D such that f ◦h = f ◦ k. Then, g ◦ f ◦h = g ◦ f ◦ k.
Since g ◦f is an FC-semi-monomorphism, we have that F IdC ◦h = F IdC ◦k, thus f is an FC-semi-
monomorphism. □

We report the analogous properties for FC-semi-epimorphisms, whose proof is similar.

Proposition 2.3. Given semifunctors F : C → D, F ′ : C′ → D, we have that:
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(1) for every object C in C, the morphism F IdC : FC → FC is an FC-semi-epimorphism;
(2) given an FC-semi-epimorphism f : D → FC and an F ′

C′-semi-epimorphism g : FC → F ′C ′

such that g ◦F IdC = g, then the composite g ◦ f : D → F ′C ′ is an F ′
C′-semi-epimorphism;

(3) if the composite f ◦ g of two morphisms g : D′ → D and f : D → FC in D is an
FC-semi-epimorphism, then f is an FC-semi-epimorphism.

Now, given a semifunctor F : C → D, we say that

• a morphism f : FC → D in D is an FC-semisplit-mono if there exists a morphism
g : D → FC in D such that g ◦ f = F IdC ;

• a morphism f : D → FC in D is an FC-semisplit-epi if there exists a morphism g :
FC → D in D such that f ◦ g = F IdC .

If f : FC → D is an FC-semisplit-mono, then the morphism g : D → FC in D such that
g ◦ f = F IdC is an FC-semisplit-epi. On the other hand, if f : D → FC is an FC-semisplit-epi
through g : FC → D, then g is an FC-semisplit-mono. Note that in case F is a functor, then
f : FC → D is an FC-semisplit-mono if and only if it is a split-mono, i.e. there exists a morphism
g : D → FC in D such that g ◦ f = IdFC ; analogously, in case F is a functor, f is an FC-
semisplit-epi if and only if it is a split-epi, i.e. there exists a morphism g : FC → D in D such that
f ◦ g = IdFC .

Proposition 2.4. Given a semifunctor F : C → D, we have that:

(1) for every object C in C, the morphism F IdC : FC → FC is both an FC-semisplit-mono
and an FC-semisplit-epi;

(2) any FC-semisplit-mono is an FC-semi-monomorphism;
(3) any FC-semisplit-epi is an FC-semi-epimorphism.

Proof. (1). For every object C in C we have that F IdC ◦ F IdC = F IdC , so F IdC : FC → FC is
both an FC-semisplit-mono and an FC-semisplit-epi.
(2). Let f : FC → D be an FC-semisplit-mono in D. Then there exists a morphism g : D → FC
in D such that g ◦ f = F IdC . By Proposition 2.2 (1) F IdC is an FC-semi-monomorphism, then so
is g ◦ f , hence by Proposition 2.2 (3) f is an FC-semi-monomorphism.
(3). The proof is dual to (2). □

In the next proposition we show the behavior of FC-semisplit-monos (resp. FC-semisplit-epis)
with respect to composition.

Proposition 2.5. Given semifunctors F : C → D, F ′ : C′ → D, we have that:

(1) if f : FC → D is an FC-semisplit-mono and f ′ : F ′C ′ → FC is an F ′
C′-semisplit-mono

such that F IdC ◦ f ′ = f ′, then the composite f ◦ f ′ : F ′C ′ → D is an F ′
C′-semisplit-mono;

(2) if the composite g ◦ f of two morphisms f : FC → D and g : D → D′ in D is an
FC-semisplit-mono, then f is an FC-semisplit-mono;

(3) if f : D → FC is an FC-semisplit-epi and f ′ : FC → F ′C ′ is an F ′
C′-semisplit-epi such

that f ′ ◦ F IdC = f ′, then the composite f ′ ◦ f : D → F ′C ′ is an F ′
C′-semisplit-epi;

(4) if the composite f ◦ g of two morphisms f : D → FC and g : D′ → D in D is an
FC-semisplit-epi, then f is an FC-semisplit-epi.

Proof. We prove only (1) and (2), as (3) and (4) follow similarly.
(1). If f : FC → D is an FC-semisplit-mono, then there exists a morphism g : D → FC in D
such that g ◦ f = F IdC . Assume that f ′ : F ′C ′ → FC is an F ′

C′ -semisplit-mono, i.e. there exists
a morphism g′ : FC → F ′C ′ in D such that g′ ◦ f ′ = F ′IdC′ , and assume that F IdC ◦ f ′ = f ′.
Consider the composite g′ ◦g : D → F ′C ′. We have g′ ◦g ◦f ◦f ′ = g′ ◦F IdC ◦f ′ = g′ ◦f ′ = F ′IdC′ ,
thus f ◦ f ′ is an F ′

C′ -semisplit-mono.
(2). If the composite g ◦ f : FC → D′ is an FC-semisplit-mono, then there exists a morphism
h : D′ → FC in D such that h ◦ g ◦ f = F IdC , thus f is an FC-semisplit-mono. □

De�nition 2.6. Given semifunctors F : C → D, F ′ : C′ → D, we say that a morphism f : FC →
F ′C ′ in D is an

• (FC , F
′
C′)-semisplit-mono if f ◦ F IdC = f and there exists a morphism g : F ′C ′ → FC

in D such that
g ◦ f = F IdC and g ◦ F ′IdC′ = g;



ON (NATURALLY) SEMIFULL AND (SEMI)SEPARABLE SEMIFUNCTORS 11

• (FC , F
′
C′)-semisplit-epi if F ′IdC′ ◦ f = f and there exists a morphism g : F ′C ′ → FC in

D such that

f ◦ g = F ′IdC′ and F IdC ◦ g = g.

Remark 2.7. Any (FC , F
′
C′)-semisplit-mono is an FC-semisplit-mono and any (FC , F

′
C′)-semisplit-

epi is an F ′
C′ -semisplit-epi.

The following properties hold true.

Proposition 2.8. Given semifunctors F : C → D, F ′ : C′ → D, F ′′ : C′′ → D, we have that:

(1) for every object C in C, the morphism F IdC : FC → FC is both an (FC , FC)-semisplit-
mono and an (FC , FC)-semisplit-epi;

(2) given an (FC , F
′
C′)-semisplit-mono f : FC → F ′C ′ and an (F ′

C′ , F ′′
C′′)-semisplit-mono

f ′ : F ′C ′ → F ′′C ′′, then the composite f ′ ◦ f : FC → F ′′C ′′ is an (FC , F
′′
C′′)-semisplit-

mono;
(3) given an (FC , F

′
C′)-semisplit-epi f : FC → F ′C ′ and an (F ′

C′ , F ′′
C′′)-semisplit-epi f ′ :

F ′C ′ → F ′′C ′′, then the composite f ′ ◦ f : FC → F ′′C ′′ is an (FC , F
′′
C′′)-semisplit-epi.

Proof. (1). It is clear.
(2). If f : FC → F ′C ′ is an (FC , F

′
C′)-semisplit-mono, then f ◦ F IdC = f and there exists a

morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and g ◦F ′IdC′ = g. If f ′ : F ′C ′ → F ′′C ′′ is
an (F ′

C′ , F ′′
C′′)-semisplit-mono, then f ′◦F ′IdC′ = f ′ and there exists a morphism g′ : F ′′C ′′ → F ′C ′

in D such that g′ ◦ f ′ = F ′IdC′ and g′ ◦F ′′IdC′′ = g′. Consider the composite g ◦ g′ : F ′′C ′′ → FC.
We have g ◦ g′ ◦ f ′ ◦ f = g ◦ F ′IdC′ ◦ f = g ◦ f = F IdC . Moreover, f ′ ◦ f ◦ F IdC = f ′ ◦ f and
g ◦ g′ ◦ F ′′IdC′′ = g ◦ g′, thus f ′ ◦ f is an (FC , F

′′
C′′)-semisplit-mono.

(3). It is dual to (2). □

De�nition 2.9. Given semifunctors F : C → D, F ′ : C′ → D, we say that a morphism f : FC →
F ′C ′ in D is an (FC , F

′
C′)-semi-isomorphism if f ◦ F IdC = f and there exists a morphism

g : F ′C ′ → FC in D such that

(i) g ◦ f = F IdC ;
(ii) f ◦ g = F ′IdC′ .

We call a morphism g : F ′C ′ → FC in D which satis�es (i) and (ii) the (FC , F
′
C′)-semi-inverse

of f if F IdC ◦ g = g holds true in addition.

In case both F and F ′ are functors, then f : FC → F ′C ′ is an (FC , F
′
C′)-semi-isomorphism if

and only if it is an isomorphism in D, i.e. there exists a morphism g : F ′C ′ → FC in D such that
g ◦ f = IdFC and f ◦ g = IdF ′C′ .

Lemma 2.10. Let F : C → D, F ′ : C′ → D be semifunctors and let f : FC → F ′C ′ be an
(FC , F

′
C′)-semi-isomorphism in D. Then, f = f ◦F IdC is equivalent to F ′IdC′ ◦ f = f . Moreover,

if a morphism g : F ′C ′ → FC in D satis�es (i) and (ii) as in De�nition 2.9, then F IdC ◦ g = g is
equivalent to g ◦ F ′IdC′ = g.

Proof. Let f : FC → F ′C ′ be an (FC , F
′
C′)-semi-isomorphism. Then, f ◦ F IdC = f ◦ g ◦ f =

F ′IdC′ ◦ f , so f = f ◦ F IdC is equivalent to f = F ′IdC′ ◦ f . Analogously, by interchanging the
roles of f and g, F IdC ◦ g = g is equivalent to g ◦ F ′IdC′ = g. □

Lemma 2.11. Let F : C → D, F ′ : C′ → D be semifunctors and let f : FC → F ′C ′ be an
(FC , F

′
C′)-semi-isomorphism in D. Then, f admits a unique (FC , F

′
C′)-semi-inverse.

Proof. If f : FC → F ′C ′ is an (FC , F
′
C′)-semi-isomorphism, then f ◦F IdC = f (which is equivalent

to F ′IdC′ ◦ f = f) and there exists a morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and
f ◦ g = F ′IdC′ . Consider the composite g′ := g ◦ f ◦ g : F ′C ′ → FC. Then, g′ ◦ f = g ◦ f ◦ g ◦ f =
F IdC ◦ F IdC = F IdC and f ◦ g′ = f ◦ g ◦ f ◦ g = F ′IdC′ ◦ F ′IdC′ = F ′IdC′ . Moreover, we
have that F IdC ◦ g′ = F IdC ◦ g ◦ f ◦ g = g ◦ f ◦ g ◦ f ◦ g = g ◦ F ′IdC′ ◦ f ◦ g = g ◦ f ◦ g = g′,
so g′ is an (FC , F

′
C′)-semi-inverse of f . Assume that there exists another (FC , F

′
C′)-semi-inverse

h : F ′C ′ → FC in D that satis�es conditions (i)-(ii) and such that h = F IdC ◦ h. Then, we have
h = F IdC ◦ h = g′ ◦ f ◦ h = g′ ◦ F ′IdC′ = g′, thus the (FC , F

′
C′)-semi-inverse of f is unique. □
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Proposition 2.12. Let F : C → D, F ′ : C′ → D be semifunctors. A morphism f : FC → F ′C ′ in
D is an (FC , F

′
C′)-semi-isomorphism if and only if f is both an (FC , F

′
C′)-semisplit-mono and an

(FC , F
′
C′)-semisplit-epi.

Proof. If f : FC → F ′C ′ is an (FC , F
′
C′)-semi-isomorphism in D with (FC , F

′
C′)-semi-inverse g′,

then it is trivially an (FC , F
′
C′)-semisplit-mono and an (FC , F

′
C′)-semisplit-epi. On the other hand,

if f is an (FC , F
′
C′)-semisplit-mono, then f ◦F IdC = f and there exists a morphism g : F ′C ′ → FC

inD such that g◦f = F IdC and g◦F ′IdC′ = g. If f is an (FC , F
′
C′)-semisplit-epi, then F ′IdC′◦f = f

and there exists a morphism g′ : F ′C ′ → FC in D such that f ◦ g′ = F ′IdC′ and F IdC ◦ g′ = g′.
Since g = g ◦F ′IdC′ = g ◦f ◦ g′ = F IdC ◦ g′ = g′, we have that f is an (FC , F

′
C′)-semi-isomorphism

in D with (FC , F
′
C′)-semi-inverse g = g′. □

The following properties hold true for (FC , F
′
C′)-semi-isomorphisms.

Proposition 2.13. Given semifunctors F : C → D, F ′ : C′ → D, we have that:

(1) for every object C in C, the morphism F IdC : FC → FC is an (FC , FC)-semi-isomorphism;
(2) any (FC , F

′
C′)-semi-isomorphism is both an FC-semi-monomorphism and an F ′

C′-semi-
epimorphism;

(3) if f : FC → F ′C ′ is an (FC , F
′
C′)-semisplit-mono and an F ′

C′-semi-epimorphism in D,
then it is an (FC , F

′
C′)-semi-isomorphism;

(4) if f : FC → F ′C ′ is an (FC , F
′
C′)-semisplit-epi and an FC-semi-monomorphism in D, then

it is an (FC , F
′
C′)-semi-isomorphism.

Proof. (1). It is clear.
(2). It follows from Proposition 2.12, Remark 2.7 and Proposition 2.4.
(3). If f : FC → F ′C ′ is an (FC , F

′
C′)-semisplit-mono, then f ◦ F IdC = f and there exists a

morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and g ◦ F ′IdC′ = g. Thus, we have
f ◦ g ◦ f = f ◦ F IdC = f , hence, if f is an F ′

C′ -semi-epimorphism, we get f ◦ g ◦ F ′IdC′ = F ′IdC′ ,
and then f ◦ g = F ′IdC′ , so f is an (FC , F

′
C′)-semi-isomorphism.

(4). It is dual to (3). □

Moreover, we have the following.

Lemma 2.14. Let F : C → D, F ′ : C′ → D be semifunctors. Any semifunctor H : D → E
preserves (FC , F

′
C′)-semisplit-monos, (FC , F

′
C′)-semisplit-epis, (FC , F

′
C′)-semi-isomorphisms.

Proof. Let f : FC → F ′C ′ be an (FC , F
′
C′)-semisplit-mono in D. Then, f ◦ F IdC = f and there

exists a morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and g ◦ F ′IdC′ = g. We have
that Hf ◦ HF IdC = H(f ◦ F IdC) = Hf , Hg ◦ Hf = H(g ◦ f) = HF IdC and Hg ◦ HF ′IdC′ =
H(g ◦ F ′IdC′) = Hg, thus Hf is an (HFC , HF

′
C′)-semisplit-mono. If f : FC → F ′C ′ is an

(FC , F
′
C′)-semisplit-epi in D, then F ′IdC′ ◦ f = f and there exists a morphism g : F ′C ′ → FC in

D such that f ◦ g = F ′IdC′ and F IdC ◦ g = g. We have that HF ′IdC′ ◦ Hf = Hf , Hf ◦ Hg =
H(f ◦ g) = HF ′IdC′ and HF IdC ◦ Hg = Hg, thus Hf is an (HFC , HF

′
C′)-semisplit-epi. If

f : FC → F ′C ′ is an (FC , F
′
C′)-semi-isomorphism in D, then as in the previous cases Hf is an

(HFC , HF
′
C′)-semi-isomorphism. □

Hereafter, in order to simplify the notation, when the semifunctors F : C → D, F ′ : C′ →
D are clear from the context, we will write C-semi-monomorphism (resp. C-semisplit-mono,
(C,C ′)-semisplit-mono, C-semi-epimorphism, C-semisplit-epi, (C,C ′)-semisplit-epi, (C,C ′)-semi-
isomorphism) instead of FC-semi-monomorphism (resp. FC-semisplit-mono, (FC , F

′
C′)-semisplit-

mono, FC-semi-epimorphism, FC-semisplit-epi, (FC , F
′
C′)-semisplit-epi, (FC , F

′
C′)-semi-isomorphism).

Remark 2.15. Let α : F → F ′ be a seminatural transformation of semifunctors F, F ′ : C → D. If
α is a natural semisplit-mono (resp. natural semisplit-epi, natural semi-isomorphism), then every
component morphism αC : FC → F ′C is a (C,C)-semisplit-mono (resp. (C,C)-semisplit-epi,
(C,C)-semi-isomorphism) in D.

Example 2.16. [11, See Section 2.4] Let F : C → Set be a semifunctor and let FX = {x ∈
F (X)|F (IdX)(x) = x} denote the subset of FX of �xpoints of F (IdX). For any morphism f :
X → Y in C, if x ∈ FX, then F (f)(x) ∈ FY , hence the function F (f) : FX → FY restricts to a

function F (f) : FX → FY . In fact, F (IdY )(F (f)(x)) = F (IdY ◦f)(x) = F (f)(x), for every x ∈ X.
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Thus, we have a functor F : C → Set, X 7→ FX, f 7→ F (f), which is naturally semi-isomorphic to
F . Indeed, let α : F → F , α = (αX : FX → FX)X∈C , be given by αX(p) = F (IdX)(p), for every
p ∈ FX. Note that F (IdX)(p) ∈ FX as F (IdX)(F (IdX)(p)) = F (IdX ◦ IdX)(p) = F (IdX)(p). We
have that, for any morphism f : X → Y in C and any p ∈ FX, (αY ◦ Ff)(p) = (F IdY ◦ Ff)(p) =
Ff(p) = (Ff ◦ F IdX)(p) = (Ff ◦ αX)(p), thus α is a natural transformation. Since F is a
functor, we have that α is seminatural. Let β : F → F , (βX : FX → FX)X∈C , be given by the
canonical inclusion βX(q) = q, for every q ∈ FX = FX. We have that, for any f : X → Y in C,
(Ff ◦ βX)(q) = Ff(q) = (βY ◦ Ff)(q) for every q ∈ FX and, since F is a functor, β ◦ F Id = β
holds true. Finally, α ◦ β = F Id and β ◦ α = F Id, as for every X ∈ C, p ∈ FX and q ∈ FX, we
have αXβX(q) = αX(q) = F (IdX)(q) = q = F IdX(q) and βXαX(p) = βX(F (IdX)(p)) = F IdX(p),
respectively. Hence any component morphism αX is an (FX , FX)-semi-isomorphism in Set, and
any βX is an (FX , FX)-semi-isomorphism in Set.

3. The notion of semifull semifunctor

Let F : C → D be a semifunctor and consider the associated natural transformation

(6) F : HomC(−,−) → HomD(F−, F−),

given by FX,Y : HomC(X,Y ) → HomD(FX,FY ), FX,Y (f) = F (f), for any morphism f : X → Y
in C. Note that the codomain HomD(F−, F−) is a semifunctor, as HomD(F IdX , F IdY )(h) =
F IdY ◦ h ◦ F IdX ̸= h in general, while the domain HomC(−,−) is a functor, so F is actually a
seminatural transformation. When needed we will denote F by FF to make explicit the semifunctor
F we are considering.

As in the functorial case (see e.g. [4, De�nition 1.5.1]), if FX,Y is injective, surjective, bijective
for every pair of objects X,Y ∈ C, then F is a faithful, full, fully faithful semifunctor, respectively.
In Proposition 3.3 we will show that a full (and hence a fully faithful) semifunctor is actually a
functor. Here we investigate a weaker notion of fullness for semifunctors that we call semifullness.
We start with an example.

Example 3.1. [11, See Example 2.1] Let Set be the category of sets and functions, and consider
the semifunctor F : Set → Set, de�ned on objects A by F (A) = A × A, where A × A is the
cartesian product of A by itself, and on morphisms f : A → B by F (f) : A × A → B × B,
F (f)((a, a′)) = (f(a), f(a)), for every a, a′ ∈ A. In particular, if a, a′ ∈ A and a ̸= a′, then
F (IdA)((a, a

′)) = (a, a), whereas IdFA((a, a
′)) = (a, a′), hence F is really a semifunctor. Note that

F is faithful as if F (f) = F (f ′) for morphisms f, f ′ : A → B in Set, then for every a ∈ A we get
(f(a), f(a)) = F (f)((a, a′)) = F (f ′)((a, a′)) = (f ′(a), f ′(a)), thus f(a) = f ′(a) for every a ∈ A,
hence f = f ′. Moreover, F is not full, as there is no f : A → A in Set such that F (f) = IdFA.
Indeed, if such f exists, then for all a, a′ ∈ A we have F (f)((a, a′)) = IdFA((a, a

′)) = (a, a′), but this
cannot happen if a ̸= a′, as F (f)((a, a′)) = (f(a), f(a)) ̸= (a, a′). A deeper look at the semifunctor
F allows us to highlight the following property. Let ψB : B × B → B be the canonical projection
on the �rst factor of the cartesian product B ×B, and let ∆A : A→ A×A be the diagonal arrow
of A, given by ∆A(a) = (a, a), for every a ∈ A. For any morphism f = ⟨f1, f2⟩ : A× A → B × B
in Set, where f1, f2 : A×A→ B, consider the morphism

g := ψB ◦ f ◦∆A = f1 ◦∆A : A→ B

in Set. We note that F (g) = F IdB ◦ f ◦ F IdA. Indeed, for all a, a′ ∈ A we have F (g) ((a, a′)) =
(g(a), g(a)) = (f1((a, a)), f1((a, a))) = F IdB(f((a, a))) = (F IdB ◦ f ◦ F IdA)((a, a′)).

Motivated by this example, we introduce the notion of semifull semifunctor.

De�nition 3.2. We say that a semifunctor F : C → D is semifull if for every morphism f :
FX → FY in D there exists a morphism g : X → Y in C such that F (g) = F IdY ◦ f ◦ F IdX .

It is now clear that the semifunctor F in Example 3.1 is semifull. The following result shows
how semifullness is related to the traditional notion of full functor.

Proposition 3.3. Let F : C → D be a semifunctor. Then, F is full if and only if it is semifull
and IdF = F Id.

Remark 3.4. From IdF = F Id it follows that a full semifunctor is indeed a functor.
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Proof. If F is full, then it is trivially semifull. Indeed, if for any f : FX → FY in D there exists a
morphism g : X → Y in C such that f = F (g), then F (g) = F (IdY ◦g◦IdX) = F IdY ◦F (g)◦F IdX =
F IdY ◦ f ◦ F IdX . In particular, for every X ∈ C, IdFX = F (h) for some h : X → X in C, hence
IdFX = F (IdX ◦ h) = F IdX ◦ F (h) = F IdX ◦ IdFX = F IdX . On the other hand, assume that
IdF = F Id. If F is semifull, then for any morphism f : FX → FY in D there exists g : X → Y in
C such that F (g) = F IdY ◦ f ◦ F IdX = IdFY ◦ f ◦ IdFX = f , thus F is full. □

Moreover, semifull semifunctors are stable under composition.

Proposition 3.5. Let F : C → D and G : D → E be semifunctors.

(i) If F and G are semifull, then the semifunctor G ◦ F is semifull.
(ii) If G ◦ F is semifull and G is faithful, then F is semifull.

Proof. (i). Let F and G be semifull semifunctors. Then, for any morphism f : GFX → GFY in E ,
sinceG is semifull, there exists a morphism g : FX → FY inD such thatG(g) = GIdFY ◦f◦GIdFX .
Now, since F is semifull, there exists a morphism h : X → Y in C such that F (h) = F IdY ◦g◦F IdX .
Then, we have that GF (h) = GF IdY ◦G(g) ◦GF IdX = GF IdY ◦GIdFY ◦ f ◦GIdFX ◦GF IdX =
GF IdY ◦ f ◦GF IdX , so G ◦ F is semifull.
(ii). Assume that G ◦ F is semifull. Then, for any morphism f : FX → FY in D, there exists a
morphism h : X → Y in C such that GF (h) = GF IdY ◦ G(f) ◦ GF IdX , so G(F (h)) = G(F IdY ◦
f ◦ F IdX). If G is faithful, we have that F (h) = F IdY ◦ f ◦ F IdX , hence F is semifull. □

We say that a semifunctor F : C → D is semifully faithful if F is a faithful and semifull
semifunctor. A fully faithful semifunctor, which is actually a functor by Remark 3.4, is in particular
semifully faithful. As an instance, the semifunctor F in Example 3.1 is faithful and semifull,
thus semifully faithful, but not fully faithful. From Proposition 3.3 it follows that a semifunctor
F : C → D is fully faithful if and only if it is semifully faithful and IdF = F Id.

Now we see how the semifull and semifully faithful conditions can be derived from requirements
on the natural transformation (6) associated with a semifunctor.

Proposition 3.6. Let F : C → D be a semifunctor and consider the associated natural transfor-
mation F : HomC(−,−) → HomD(F−, F−).

(i) If, for every X,Y ∈ C, FX,Y is a HomD(F−, F−)(X,Y )-semisplit-epi (or (X,Y )-semisplit-
epi for short), then F is semifull.

(ii) If, for every X,Y ∈ C, FX,Y is an ((X,Y ), (X,Y ))-semi-isomorphism, then F is semifully
faithful.

Proof. (i). If FX,Y is an (X,Y )-semisplit-epi for every X,Y ∈ C, then there exists a map GX,Y :
HomD(FX,FY ) → HomC(X,Y ) such that FX,Y ◦ GX,Y = HomD(F IdX , F IdY ), i.e. for any
morphism g : FX → FY in D, (FX,Y ◦ GX,Y )(g) = F IdY ◦ g ◦ F IdX . Thus, for any morphism
g : FX → FY in D we have that F (GX,Y (g)) = F IdY ◦ g ◦ F IdX , where GX,Y (g) : X → Y is a
morphism in C, hence F is semifull.
(ii). If FX,Y is an ((X,Y ), (X,Y ))-semi-isomorphism for every X,Y ∈ C, then there exists a
map GX,Y : HomD(FX,FY ) → HomC(X,Y ) such that FX,Y ◦ GX,Y = HomD(F IdX , F IdY ) and
GX,Y ◦ FX,Y = HomC(IdX , IdY ). By (i) F is semifull. Moreover, for any morphism h, k : X → Y
in C such that F (h) = F (k), we have that GX,Y (F (h)) = GX,Y (F (k)), hence from GX,Y ◦ FX,Y =
HomC(IdX , IdY ) it follows that h = k. Thus, F is semifully faithful. □

It is known that faithful functors re�ect monomorphisms, epimorphisms and that fully faithful
functors re�ect isomorphisms. In the next propositions we show a similar behavior for faithful and
semifully faithful semifunctors.

Proposition 3.7. Let F : C → D be a semifunctor and let H : D → E be a faithful semifunctor.
Then, H re�ects C-semi-monomorphisms and C-semi-epimorphisms.

Proof. Let f : FC → D be a morphism in D and assume that H(f) is a C-semi-monomorphism
in E . Suppose that f ◦ h = f ◦ k for some pair of parallel morphisms h, k : D′ → FC in D. Then,
H(f) ◦H(h) = H(f) ◦H(k), hence HF IdC ◦H(h) = HF IdC ◦H(k). Since H is faithful, we have
that F IdC ◦ h = F IdC ◦ k, so f is a C-semi-monomorphism. The case for C-semi-epimorphisms is
similar. □
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Proposition 3.8. Let F : C → D, F ′ : C′ → D be semifunctors and let H : D → E be a
semifully faithful semifunctor. Then, H re�ects (FC , F

′
C′)-semisplit-monos, (FC , F

′
C′)-semisplit-

epis, (FC , F
′
C′)-semi-isomorphisms.

Proof. Let f : FC → F ′C ′ be a morphism in D and assume that H(f) : HFC → HF ′C ′ is a
(HFC , HF

′
C′)-semisplit-mono in E . Then, H(f) ◦HF IdC = H(f) and there exists a morphism h :

HF ′C ′ → HFC in E such that h◦H(f) = HF IdC and h◦HF ′IdC′ = h. FromH(f ◦F IdC) = H(f)
we obtain f ◦ F IdC = f , as H is faithful. Since H is semifull, there is a morphism g : F ′C ′ → FC
in D such that H(g) = HIdFC ◦ h ◦HIdF ′C′ . Thus, from h ◦H(f) = HF IdC we have H(g ◦ f) =
H(g)◦H(f) = HIdFC ◦h◦HIdF ′C′ ◦H(f) = HIdFC ◦h◦H(f) = HIdFC ◦HF IdC = HF IdC , and
then, since H is faithful, we get g◦f = F IdC . Moreover, we have H(g◦F ′IdC′) = H(g)◦HF ′IdC′ =
HIdFC ◦h ◦HIdF ′C′ ◦HF ′IdC′ = HIdFC ◦h ◦HF ′IdC′ ◦HIdF ′C′ = HIdFC ◦h ◦HIdF ′C′ = H(g),
hence g ◦F ′IdC′ = g as H is faithful. Then, f is an (FC , F

′
C′)-semisplit-mono in D. For (FC , F

′
C′)-

semisplit-epis and (FC , F
′
C′)-semi-isomorphisms the proof is similar. □

Inspired by [3, Proposition 2.5], we provide a characterization of faithfulness and semifullness
for semifunctors that are part of a semiadjunction.

Proposition 3.9. Let F ⊣s G : D → C be a semiadjunction with unit η and counit ϵ. Then,

(1) F is faithful if and only if ηC is a monomorphism in C for every C ∈ C;
(2) F is semifull if and only if ηC is a C-semisplit-epi in C for every C ∈ C;
(3) G is faithful if and only if ϵD is an epimorphism in D for every D ∈ D;
(4) G is semifull if and only if ϵD is a D-semisplit-mono in D for every D ∈ D.

Proof. We prove only (1) and (2), as (3) and (4) follow by duality. For any C,C ′ in C consider the
composition

τC,FC′ ◦ FF
C,C′ : HomC(C,C

′) → HomC(C,GFC
′)

where τ is the natural semi-isomorphism de�ned on components as in (3), thus τC,FC′(Ff) =
GFf ◦ ηC = ηC′ ◦ f , for any morphism f : C → C ′ in C.
(1). Assume that F is faithful. Let f, f ′ : C → C ′ be morphisms in C such that ηC′ ◦f = ηC′ ◦f ′, i.e.
τC,FC′(Ff) = τC,FC′(Ff ′). Then, by composing the latter equality with σC,FC′ de�ned as in (4),
we get σC,FC′τC,FC′(Ff) = σC,FC′τC,FC′(Ff ′), i.e. Ff ◦ F IdC = Ff ′ ◦ F IdC , so that Ff = Ff ′.
Since F is faithful we have f = f ′, thus ηC′ is a monomorphism. Conversely, suppose that ηC is
a monomorphism for every C ∈ C. Let f, f ′ : C → C ′ be morphisms in C such that Ff = Ff ′.
Then, ηC′ ◦ f = GFf ◦ ηC = GFf ′ ◦ ηC = ηC′ ◦ f ′, thus f = f ′ as ηC′ is a monomorphism. Hence
F is faithful.
(2). Assume that F is semifull. Then, for any f : FC → FC ′ in D there exists g : C → C ′

in C such that F (g) = F IdC′ ◦ f ◦ F IdC . In particular, for ϵFC : FGFC → FC, there exists
νC : GFC → C such that F (νC) = F IdC ◦ ϵFC ◦ F IdGFC . Then, for every C ∈ C, we have
ηC ◦ νC = GFνC ◦ ηGFC = τGFC,FC(FνC) = τGFC,FC(F IdC ◦ ϵFC ◦ F IdGFC) = GF IdC ◦GϵFC ◦
GF IdGFC ◦ ηGFC = GF IdC ◦GϵFC ◦ ηGFC = GF IdC ◦GIdFC = GF IdC , thus ηC is a C-semisplit-
epi, for every C in C. Conversely, suppose that for every C ∈ C, ηC is a C-semisplit-epi in C, i.e.
there exists a morphism νC : GFC → C in C such that ηC ◦ νC = GF IdC . Let f : FC → FC ′ be
a morphism in D. Consider the composite morphism νC′ ◦Gf ◦ ηC : C → C ′ in C. Then, we have
F (νC′ ◦Gf ◦ ηC) = F (IdC′ ◦ νC′ ◦Gf ◦ ηC) = F IdC′ ◦ FνC′ ◦ FGf ◦ FηC = ϵFC′ ◦ (FηC′ ◦ FνC′) ◦
FGf ◦FηC = ϵFC′ ◦FGF IdC′ ◦FGf ◦FηC = ϵFC′ ◦FG(F IdC′ ◦f)◦FηC = F IdC′ ◦f ◦ϵFC ◦FηC =
F IdC′ ◦ f ◦ F IdC , thus F is semifull. □

Remark 3.10. Let F : C → D, G : D → C be semifunctors. We observe that for any natural
transformation α : IdC → GF with domain the identity functor, which is indeed a seminatural
transformation, any component morphism αX : X → GFX in C is an X-semisplit-epi if and only if
it is an (X,X)-semisplit-epi. Indeed, by Remark 2.7 any (X,X)-semisplit-epi is an X-semisplit-epi.
If αX is an X-semisplit-epi, then there is βX : GFX → X in C such that αX ◦ βX = GF IdX .
Moreover, IdX ◦ βX = βX and from seminaturality of α it follows that GF IdX ◦ αX = αX .
Analogously, for any seminatural transformation α : GF → IdC with codomain the identity functor,
any component morphism αX : GFX → X is an X-semisplit-mono if and only if it is an (X,X)-
semisplit-mono. Thus, in Proposition 3.9 in the statement (2) ηC is actually a (C,C)-semisplit-epi,
and in the statement (4) ϵD is a (D,D)-semisplit-mono.
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As a consequence, we have the following result for semifully faithful semifunctors, which is an
analogue of [4, Proposition 3.4.1] for semifunctors.

Corollary 3.11. Let F ⊣s G : D → C be a semiadjunction with unit η and counit ϵ. Then,

(1) F is semifully faithful if and only if ηC is a (C,C)-semi-isomorphism in C for every C ∈ C;
(2) G is semifully faithful if and only if ϵD is a (D,D)-semi-isomorphism in D for every D ∈ D.

Proof. We show only (1) as (2) follows dually. If F is semifully faithful, then by Proposition
3.9 ηC is a monomorphism (hence a C-semi-monomorphism) and a (C,C)-semisplit-epi in C (see
Remark 3.10) for every C ∈ C. Thus, by Proposition 2.13 (4), ηC is a (C,C)-semi-isomorphism.
Conversely, if ηC is a (C,C)-semi-isomorphism in C for every C ∈ C, then by Proposition 2.12
ηC is a (C,C)-semisplit-epi (hence a C-semisplit-epi) and a (C,C)-semiplit-mono (hence an IdCC-
semi-monomorphism, i.e. a monomorphism) for every C in C, thus again by Proposition 3.9 F is
semifull and faithful. □

4. Separable semifunctors

Separable functors were introduced by C. N�ast�asescu et al. in [17] and widely studied e.g. in
[5]. As a special case, which inspired the terminology, the restriction of scalars functor associated
with a morphism of rings is a separable functor if and only if the corresponding ring extension is
separable. In this section we study the property of separability for semifunctors. We recall that
a functor F : C → D, with associated natural transformation F , is said to be separable if there is
a natural transformation P : HomD(F−, F−) → HomC(−,−) such that P ◦ F = Id. We de�ne a
semifunctor F : C → D to be separable by requiring the same condition on the associated natural
transformation F given as in (6). We discuss general properties, such as a Maschke-type Theorem
and a Rafael-type Theorem for separable semifunctors.

We say that a semifunctor F : C → D is separable if there is a natural transformation P :
HomD(F−, F−) → HomC(−,−) such that

(7) P ◦ F = IdHomC(−,−),

i.e., for any morphism f : X → Y in C, one has (PX,Y ◦ FX,Y )(f) = f .
Note that P is actually a seminatural transformation. When needed we will denote P by PF .

Remark 4.1. (i) A separable functor is a separable semifunctor.
(ii) A separable semifunctor is faithful.

Example 4.2. Let F : Set → Set be the semifunctor considered in Example 3.1. We de�ne

PA,B : HomSet(FA,FB) = HomSet(A×A,B ×B) → HomSet(A,B)

PA,B(g) := ψB ◦ g ◦∆A,
(8)

for every map g : A×A→ B ×B, where ψB : B ×B → B is the canonical projection on the �rst
factor of the cartesian product B×B, and ∆A : A→ A×A, ∆A(a) = (a, a), is the diagonal arrow
of A. For any map h : A→ B, g : B×B → C ×C, g(x) = ⟨g1(x), g2(x)⟩, with g1, g2 : B×B → C,
and k : C → D, by de�nition of PA,D, we have:

(PA,D(Fk ◦ g ◦ Fh))(a) = (ψD ◦ (Fk ◦ g ◦ Fh) ◦∆A)(a) = (ψD ◦ Fk ◦ g ◦ Fh)((a, a))
= (ψD ◦ Fk ◦ g)((h(a), h(a))) = (ψD ◦ Fk)((g1((h(a), h(a))), g2((h(a), h(a)))))
= ψD((k(g1((h(a), h(a)))), k(g1((h(a), h(a)))))) = k(g1((h(a), h(a))))

= k(ψC((g1((h(a), h(a))), g2((h(a), h(a)))))) = (k ◦ ψC ◦ g)((h(a), h(a)))
= (k ◦ ψC ◦ g ◦∆B ◦ h)(a) = (k ◦ PB,C(g) ◦ h)(a),

for every a ∈ A, thus P : HomSet(F−, F−) → HomSet(−,−) is a natural transformation. More-
over, for any morphism f : A → B in Set and for every a ∈ A, we have (PA,B(FA,B(f)))(a) =
(PA,B(Ff))(a) = (ψB ◦ Ff ◦ ∆A)(a) = (ψB ◦ Ff)((a, a)) = ψB((f(a), f(a))) = f(a), hence F
results to be a separable semifunctor.

Now we study some elementary properties of separable semifunctors. Their behavior with respect
to composition is the same as in the functorial case, see e.g. [17, Lemma 1.1].
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Lemma 4.3. Let F : C → D and G : D → E be semifunctors.

(i) If F : C → D and G : D → E are separable, then so is the composite G ◦ F : C → E.
(ii) If G ◦ F : C → E is separable, then so is F .

Proof. For (i) de�ne PGF
X,Y (g) = PF

X,Y PG
FX,FY (g), for any morphism g in HomE(GFX,GFY ). For

(ii) de�ne PF
X,Y (f) = PGF

X,Y (Gf), for every f ∈ HomD(FX,FY ). □

Proposition 4.4. A semifunctor naturally semi-isomorphic to a separable semifunctor is separable.

Proof. Let α : F → G be a natural semi-isomorphism of semifunctors, where G : C → D is
separable with respect to PG. Consider ςX,Y : HomD(FX,FY ) → HomD(GX,GY ) de�ned by

ςX,Y (f) = αY ◦ f ◦ α−1
X . Then, F results to be separable with respect to PF

X,Y := PG
X,Y ◦ ςX,Y . In

fact, for any morphism f : X → Y in C we have

(PF
X,Y ◦ FF

X,Y )(f) = PF
X,Y (Ff) = PG

X,Y (ςX,Y (Ff)) = PG
X,Y (αY ◦ Ff ◦ α−1

X )

= PG
X,Y (Gf ◦ αX ◦ α−1

X ) = PG
X,Y (Gf ◦GIdX) = PG

X,Y (G(f ◦ IdX)) = PG
X,Y (Gf) = f. □

Since separable functors satisfy a functorial version of Maschke Theorem [17, Proposition 1.2],
see also [5, Proposition 47 and Corollary 5], we wonder if a similar behavior holds for separable
semifunctors. The Maschke Theorem for separable functors asserts that, given a separable functor
F : C → D and a morphism f : C → C ′ in C, if F (f) is a split-mono (resp. split-epi) in D, then so
is f . In the next we prove a similar result for separable semifunctors.

Theorem 4.5. (Maschke-type Theorem) Let F : C → D be a separable semifunctor. For any
morphism f : C → C ′ in C, consider the morphism F (f) : FC → FC ′ in D.

(1) If F (f) is a C-semisplit-mono, then f is a split-mono;
(2) if F (f) is a C ′-semisplit-epi, then f is a split-epi;
(3) if F (f) is a (C,C ′)-semi-isomorphism, then f is an isomorphism.

Proof. We show only (1), as (2) is analogous and (3) follows from (1) + (2). Assume that F (f) is
a C-semisplit-mono, i.e. there exists a morphism g : FC ′ → FC such that g ◦ F (f) = F IdC , and
that F is separable through a natural transformation P. Then, by naturality of P, we get that
PC′,C(g)◦f = PC,C(g◦F (f)) = PC,C(F IdC) = PC,CFC,C(IdC) = IdC , hence f is a split-mono. □

4.1. Separable semiadjoints. In [18, Theorem 1.2] a characterization of separability for functors
which have an adjoint is provided and it is known as Rafael Theorem. Namely, given an adjunction
F ⊣ G : D → C with unit η and counit ϵ, then F is separable if and only if there exists a natural
transformation ν : GF → IdC such that ν ◦η = IdIdC , while G is separable if and only if there exists
a natural transformation γ : IdD → FG such that ϵ ◦ γ = IdIdD . Here we extend Rafael Theorem
to semifunctors, in order to obtain a characterization of separability for semifunctors which are
part of a semiadjunction.

Remark 4.6. Let F : C → D, G : D → C be semifunctors. We observe that for any natural
transformation α : GF → IdC with codomain the identity functor (it is indeed a seminatural
transformation), we have α ◦ GIdF = α ◦ GF Id ◦ GIdF = α ◦ G(F Id ◦ IdF ) = α ◦ GF Id = α.
Analogously, for any (semi)natural transformation α : IdC → GF with domain the identity functor,
we have GIdF ◦ α = GIdF ◦GF Id ◦ α = G(IdF ◦ F Id) ◦ α = GF Id ◦ α = α.

Theorem 4.7. (Rafael-type Theorem for separable semifunctors) Let F ⊣s G : D → C be a
semiadjunction, with unit η and counit ϵ. Then,

(1) F is separable if and only if η is a natural split-mono, i.e. there exists a seminatural
transformation ν : GF → IdC such that ν ◦ η = IdIdC ;

(2) G is separable if and only if ϵ is a natural split-epi, i.e. there exists a seminatural trans-
formation γ : IdD → FG such that ϵ ◦ γ = IdIdD .

Proof. We prove only (1) as (2) follows by duality. Assume that F is a separable semifunctor
and let P be the associated natural transformation such that P ◦ F = IdHomC(−,−). We de�ne a
seminatural transformation ν : GF → IdC given for any object X in C by

(9) νX := PGFX,X(ϵFX) : GFX → X.
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It is indeed natural as for any morphism f : X → Y in C, by naturality of P, we have f ◦ νX =
f◦PGFX,X(ϵFX) = PGFX,Y (Ff◦ϵFX) = PGFX,Y (ϵFY ◦FGFf) = PGFY,Y (ϵFY )◦GFf = νY ◦GFf .
It holds

νX ◦ ηX = PGFX,X(ϵFX) ◦ ηX = PX,X(ϵFX ◦ FηX)

= PX,X(F IdX) = PX,XFX,X(IdX) = IdX ,

where the last equality follows from the separability of F . Moreover, for every g : FX → FY in
D, we have

νY ◦Gg ◦ ηX = PGFY,Y (ϵFY ) ◦Gg ◦ ηX = PX,Y (ϵFY ◦ FGg ◦ FηX)

= PX,Y (g ◦ ϵFX ◦ FηX) = PX,Y (g ◦ F IdX) = PX,Y (g) ◦ IdX = PX,Y (g).

Conversely, suppose that there exists a seminatural transformation ν : GF → IdC such that
ν ◦ η = IdIdC . De�ne for every g : FX → FY in D
(10) PX,Y (g) := νY ◦Gg ◦ ηX .
From the naturality of η and ν, for any h : X → Y in C, k : FY → FZ in D, l : Z → T in
C, we have PX,T (Fl ◦ k ◦ Fh) = νT ◦ G(Fl ◦ k ◦ Fh) ◦ ηX = (νT ◦ GFl) ◦ Gk ◦ (GFh ◦ ηX) =
l ◦ (νZ ◦ Gk ◦ ηY ) ◦ h = l ◦ PY,Z(k) ◦ h, thus P : HomD(F−, F−) → HomC(−,−) is a natural
transformation. It holds PGFX,X(ϵFX) = νX ◦ GϵFX ◦ ηGFX = νX ◦ GIdFX = νX , where the
last equality follows from Remark 4.6, hence the correspondence between P and ν is bijective.
Moreover, for every f ∈ HomC(X,Y ) we have

(PX,Y ◦ FX,Y )(f) = PX,Y (F (f)) = νY ◦GF (f) ◦ ηX = νY ◦ ηY ◦ f = IdY ◦ f = f,

that is, F is separable. □

Given an idempotent (semi)natural transformation e = (eX)X∈C : IdC → IdC on a category C,
consider the canonical semifunctor Ee : C → C. As a consequence of Theorem 4.7 we have the
following.

Proposition 4.8. Let e = (eX)X∈C : IdC → IdC be an idempotent (semi)natural transformation.
Then, the canonical semifunctor Ee : C → C is separable if and only if eX = IdX , for every X ∈ C.

Proof. From the proof of Proposition 1.10 Ee is self-semiadjoint with unit and counit given on
components by eX : X → X, for any X ∈ C. By Theorem 4.7 Ee is separable if and only if there
exists a seminatural transformation ν = (νX : X → X)X∈C such that νX ◦eX = IdX for any X ∈ C.
Then, eX = IdX ◦ eX = νX ◦ eX ◦ eX = νX ◦ eX = IdX . □

Remark 4.9. By Corollary 1.13 we know that, given a semiadjunction F ⊣s G : D → C and the
canonical semifunctor Ee : C → C, then F ′ := FEe : C → D and G′ := EeG : D → C form a
semiadjunction F ′ ⊣s G

′. If F ′ is separable, then by Lemma 4.3 (ii) Ee is separable, hence by
Proposition 4.8 F ′ = F , so F is separable. If G′ is separable, then so is G again by Lemma 4.3 (ii).

5. The notion of natural semifullness

As separable functors are naturally faithful, in a somehow dual way naturally full functors
have been de�ned in [3]. Explicitly, a functor F : C → D with associated natural transformation
F : HomC(−,−) → HomD(F−, F−), f 7→ F (f), is called naturally full [3, De�nition 2.1] if there
exists a natural transformation P : HomD(F−, F−) → HomC(−,−) such that F ◦ P = Id. Since
a full semifunctor is actually a functor, if we require the same natural fullness condition (which
implies fullness) on the natural transformation (6) associated with a semifunctor, that we then call
naturally full, we retrieve the notion of naturally full functor. By slightly modifying the previous
condition, in this section we study a proper notion of natural semifullness.

Let F : C → D be a semifunctor and consider its associated natural transformation F .
We say that F is a naturally semifull semifunctor if there is a natural transformation P :
HomD(F−, F−) → HomC(−,−) such that for every object X, Y in C,
(11) FX,Y ◦ PX,Y = HomD(F IdX , F IdY )

i.e., for any morphism f : FX → FY in D, one has (FX,Y ◦ PX,Y )(f) = F IdY ◦ f ◦ F IdX .
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Remark 5.1. If F : C → D is a functor, then we recover the de�nition of naturally full functor.

Lemma 5.2. Let F : C → D be a semifunctor. If F is naturally semifull, then it is semifull.

Proof. If F is naturally semifull, then for any morphism f : FX → FY inD there exists a morphism
PX,Y (f) : X → Y in C such that F (PX,Y (f)) = F IdY ◦ f ◦ F IdX , hence F is semifull. □

Similarly to Proposition 3.3, the next result shows how the notions of naturally semifull semi-
functor and naturally full functor are related.

Proposition 5.3. Let F : C → D be a semifunctor. Then, F is naturally full if and only if F is
naturally semifull and IdF = F Id.

Proof. If F is naturally full, then it is trivially full and by Proposition 3.3 it holds IdF = F Id. Since
F IdY ◦f ◦F IdX = IdFY ◦f ◦ IdFX = f = FX,Y PX,Y (f), F is also naturally semifull. Conversely, if
F is naturally semifull, then it is semifull by Lemma 5.2. Thus, if IdF = F Id, by Proposition 3.3 F
is full, so for any f : FX → FY in D there exists a morphism g : X → Y in C such that f = F (g).
Since F is naturally semifull, we have FX,Y (PX,Y (f)) = F IdY ◦ f ◦ F IdX = F IdY ◦ Fg ◦ F IdX =
Fg = f , hence F is naturally full. □

Example 5.4. We come back to Example 4.2, where the semifunctor F : Set → Set, A 7→
F (A) = A × A, [f : A → B] 7→ F (f) : A × A → B × B, F (f)((a, a′)) = (f(a), f(a)) is shown to
be separable with respect to PA,B : HomSet(FA,FB) = HomSet(A × A,B × B) → HomSet(A,B),
PA,B(g) = ψB◦g◦∆A. Note that for any map f = ⟨f1, f2⟩ : A×A→ B×B, with f1, f2 : A×A→ B,
and for every (a, a′) ∈ A×A, we have

(FA,B(PA,B(f)))((a, a
′)) = F (PA,B(f))((a, a

′)) = F (ψB ◦ f ◦∆A)((a, a
′))

= (F (ψB) ◦ F (f) ◦ F (∆A))((a, a
′)) = F (ψB)(F (f)((a, a), (a, a)))

= F (ψB)(f((a, a)), f((a, a))) = (ψBf((a, a)), ψBf((a, a)))

= (f1((a, a)), f1((a, a))) = F (IdB)((f1((a, a)), f2((a, a))))

= F (IdB)(f((a, a))) = (F IdB ◦ f)((a, a)) = (F IdB ◦ f ◦ F IdA)((a, a′)),
hence F is also naturally semifull with respect to such P.

In the next proposition we describe the behavior of naturally semifull semifunctors with respect
to composition, cf. [3, Proposition 2.3] for the naturally full functor case.

Proposition 5.5. Let F : C → D and G : D → E be semifunctors.

(i) If F and G are naturally semifull, then the semifunctor G ◦ F is naturally semifull.
(ii) If G ◦ F is naturally semifull and G is faithful, then F is naturally semifull.

Proof. (i). Let F and G be naturally semifull semifunctors with respect to PF and PG, respectively.
Then, G ◦ F is naturally semifull with respect to PGF

X,Y := PF
X,Y ◦ PG

FX,FY . Indeed, for any
g : GFX → GFY in E , we have
(FGF

X,Y ◦ PGF
X,Y )(g) = (FG

FX,FY ◦ FF
X,Y ◦ PF

X,Y ◦ PG
FX,FY )(g) = FG

FX,FY (FF
X,Y (PF

X,Y (PG
FX,FY (g))))

= FG
FX,FY (F IdY ◦ PG

FX,FY (g) ◦ F IdX) = GF IdY ◦GPG
FX,FY (g) ◦GF IdX

= GF IdY ◦ (GIdFY ◦ g ◦GIdFX) ◦GF IdX
= G(F IdY ◦ IdFY ) ◦ g ◦G(IdFX ◦ F IdX) = GF IdY ◦ g ◦GF IdX .

(ii). Assume that G ◦ F is naturally semifull with respect to PGF . Then, for any f : FX → FY
in D, we have FG

FX,FY (FF
X,Y (PGF

X,Y (FG
FX,FY (f)))) = GFPGF

X,Y (Gf) = GF IdY ◦ Gf ◦ GF IdX =

G(F IdY ◦f ◦F IdX) = FG
FX,FY (F IdY ◦f ◦F IdX), and if G is faithful, it follows that (FF

X,Y ◦PGF
X,Y ◦

FG
FX,FY )(f) = F IdY ◦ f ◦F IdX , thus F is naturally semifull with respect to PF := PGF ◦FG. □

Remark 5.6. If F : C → D is a full functor which is not naturally full (see e.g. [3, Example 3.3])
and G : D → E is a semifully faithful semifunctor, then the composite G ◦ F : C → E is a semifull
semifunctor which is not naturally semifull. In fact, by Proposition 3.5 (i) G ◦ F is semifull. If
G ◦ F were naturally semifull, then by Proposition 5.5 (ii) it would follow that F is a naturally
semifull functor, i.e. a naturally full functor, and this contradicts our assumption.
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Similarly to Proposition 4.4, we have the following.

Proposition 5.7. A semifunctor naturally semi-isomorphic to a naturally semifull semifunctor is
naturally semifull.

Proof. Consider a natural semi-isomorphism α : F → G of semifunctors, where the semifunctor
G : C → D is naturally semifull with respect to PG, and ςX,Y : HomD(FX,FY ) → HomD(GX,GY )

is de�ned by ςX,Y (f) = αY ◦ f ◦α−1
X . We show that F results to be naturally semifull with respect

to PF
X,Y := PG

X,Y ◦ ςX,Y . Recall that α−1
X ◦ αX = F IdX . Then, for any f : FX → FY in D, we

have

(FF
X,Y ◦ PF

X,Y )(f) = FF
X,Y (PG

X,Y (ςX,Y (f))) = F (PG
X,Y (αY ◦ f ◦ α−1

X ))

= F (PG
X,Y (αY ◦ f ◦ α−1

X ) ◦ IdX) = F (PG
X,Y (αY ◦ f ◦ α−1

X )) ◦ F IdX
= F (PG

X,Y (αY ◦ f ◦ α−1
X )) ◦ α−1

X ◦ αX = α−1
Y ◦G(PG

X,Y (αY ◦ f ◦ α−1
X )) ◦ αX

= α−1
Y ◦ (GIdY ◦ αY ◦ f ◦ α−1

X ◦GIdX) ◦ αX = α−1
Y ◦ αY ◦ f ◦ α−1

X ◦ αX

= F IdY ◦ f ◦ F IdX . □

It is known that a functor is fully faithful if and only if it is separable and naturally full,
see [3, Remark 2.2 (3)]. A similar characterization in terms of separable and naturally semifull
semifunctors holds for semifully faithful semifunctors.

Proposition 5.8. Let F : C → D be a semifunctor. Then, F is semifully faithful if and only if it
is separable and naturally semifull.

Proof. If F is separable and naturally semifull, then it is trivially semifully faithful by Remark
4.1 (ii) and Lemma 5.2. Conversely, assume that F is semifully faithful. Since F is semifull,
for any morphism f : FX → FY in D there exists a morphism g : X → Y in C such that
F (g) = F IdY ◦ f ◦F IdX , and by faithfulness of F , g is unique. This assignment de�nes a mapping

P : HomD(F−, F−) → HomC(−,−)

such that for any f : FX → FY in D, with X, Y in C, PX,Y (f) = g, where g : X → Y in C is such
that F (g) = F IdY ◦ f ◦F IdX . We show that such P is actually a natural transformation. For any
h : X → Y in C, k : FY → FZ in D, l : Z → T in C, we have that there is a morphism g : X → T in
C such that F (g) = F IdT ◦Fl◦k◦Fh◦F IdX = Fl◦k◦Fh and PX,T (Fl◦k◦Fh) = g. Then, we get
FX,T (PX,T (Fl◦k◦Fh)) = F (g) = Fl◦k◦Fh = Fl◦(F IdZ ◦k◦F IdY )◦Fh = Fl◦F (PY,Z(k))◦Fh =
FX,T (l◦PY,Z(k)◦h), hence since F is faithful it follows that PX,T (Fl◦k◦Fh) = l◦PY,Z(k)◦h and
so P is a natural transformation. Since for any f : FX → FY in D there is a morphism g : X → Y
in C such that F (g) = F IdY ◦ f ◦F IdX , we have that F (PX,Y (f)) = F (g) = F IdY ◦ f ◦F IdX , thus
F is naturally semifull. Moreover, for any f : X → Y in C, PX,Y (F (f)) = h, for some h : X → Y
in C such that F (h) = F IdY ◦ F (f) ◦ F IdX = F (f), but since F is faithful we achieve h = f , and
hence F is separable as PX,Y (F (f)) = f . □

5.1. Naturally semifull semiadjoints. The next result is a Rafael-type Theorem for naturally
semifull semifunctors. In the functor case [3, Theorem 2.6], given an adjunction F ⊣ G : D → C
with unit η and counit ϵ, F is naturally full if and only if there exists a natural transformation
ν : GF → IdC such that η ◦ ν = IdGF , while G is naturally full if and only if there exists a
natural transformation γ : IdD → FG such that γ ◦ ϵ = IdFG. A similar characterization of
natural semifullness can be given for semifunctors that are part of a semiadjunction in terms of
semisplitting properties for the unit and the counit.

Theorem 5.9. Let F ⊣s G : D → C be a semiadjunction with unit η and counit ϵ. Then,

(1) F is naturally semifull if and only if η is a natural semisplit-epi, i.e. there exists a semi-
natural transformation ν : GF → IdC such that η ◦ ν = GF Id;

(2) G is naturally semifull if and only if ϵ is a natural semisplit-mono, i.e. there exists a
seminatural transformation γ : IdD → FG such that γ ◦ ϵ = FGId.

Proof. We prove only (1) as (2) follows by duality. Assume that F is a naturally semifull semi-
functor and let P : HomD(F−, F−) → HomC(−,−) be the associated natural transformation such
that for any f : FX → FY in D,

(FX,Y ◦ PX,Y )(f) = F IdY ◦ f ◦ F IdX .
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We de�ne a seminatural transformation ν : GF → IdC given for any object X in C by νX :=
PGFX,X(ϵFX) : GFX → X. It is indeed natural as for any morphism f : X → Y in C, we have
f ◦νX = f ◦PGFX,X(ϵFX) = PGFX,Y (Ff ◦ϵFX) = PGFX,Y (ϵFY ◦FGFf) = PGFY,Y (ϵFY )◦GFf =
νY ◦GFf . Then, for every X ∈ C, by naturality of η, we get

ηX ◦ νX = GFνX ◦ ηGFX = GFPGFX,X(ϵFX) ◦ ηGFX = G(F IdX ◦ ϵFX ◦ F IdGFX) ◦ ηGFX

= GF IdX ◦GϵFX ◦GF IdGFX ◦ ηGFX = GF IdX ◦GϵFX ◦ ηGFX

= GF IdX ◦GIdFX = G(F IdX ◦ IdFX) = GF IdX ,

hence η ◦ ν = GF Id. Moreover, for every g : FX → FY in D we have

νY ◦Gg ◦ ηX = PGFY,Y (ϵFY ) ◦Gg ◦ ηX = PX,Y (ϵFY ◦ FGg ◦ FηX)

= PX,Y (g ◦ ϵFX ◦ FηX) = PX,Y (g ◦ F IdX) = PX,Y (g) ◦ IdX = PX,Y (g).

Conversely, suppose that there exists a seminatural transformation ν : GF → IdC such that
η ◦ ν = GF Id. De�ne for any f ∈ HomD(FX,FY ), PX,Y (f) := νY ◦Gf ◦ ηX . By naturality of η
and ν, for any h : X → Y in C, k : FY → FZ in D, l : Z → T in C, we have PX,T (Fl ◦ k ◦ Fh) =
νT ◦G(Fl ◦ k ◦ Fh) ◦ ηX = (νT ◦GFl) ◦Gk ◦ (GFh ◦ ηX) = l ◦ (νZ ◦Gk ◦ ηY ) ◦ h = l ◦ PY,Z(k) ◦ h,
thus P : HomD(F−, F−) → HomC(−,−) is a natural transformation. Since PGFX,X(ϵFX) = νX ◦
GϵFX ◦ηGFX = νX ◦GIdFX = νX (the last equality follows from Remark 4.6), the correspondence
between P and ν is bijective. For any f ∈ HomD(FX,FY ), we have

(FX,Y ◦ PX,Y )(f) = F (PX,Y (f)) = F (νY ◦Gf ◦ ηX) = F (IdY ◦ νY ◦Gf ◦ ηX)

= F IdY ◦ FνY ◦ FGf ◦ FηX = ϵFY ◦ (FηY ◦ FνY ) ◦ FGf ◦ FηX
= ϵFY ◦ FGF IdY ◦ FGf ◦ FηX = ϵFY ◦ FG(F IdY ◦ f) ◦ FηX
= F IdY ◦ f ◦ ϵFX ◦ FηX = F IdY ◦ f ◦ F IdX ,

so F is a naturally semifull semifunctor. □

6. Semiseparable semifunctors

Recently, in [1] semiseparable functors have been introduced in order to treat separability and
natural fullness in a uni�ed way. Semiseparability allows to describe separable and naturally full
functors in terms of faithful and full functors, respectively. In this section we explore the same no-
tion for semifunctors in order to complete the overview on semisplitting properties for the hom-set
components associated with a semifunctor. In particular, in Proposition 6.1 we characterize sepa-
rable and naturally semifull semifunctors in terms of faithful and semifull semifunctors, respectively.

We say that a semifunctor F : C → D is semiseparable if there exists a natural transformation
P : HomD(F−, F−) → HomC(−,−) such that

(12) F ◦ P ◦ F = F .

Proposition 6.1. Let F : C → D be a semifunctor. Then,

(i) F is separable if and only if F is semiseparable and faithful;
(ii) F is naturally semifull if and only if F is semiseparable and semifull.

Proof. (i). The proof is analogous to that for functors, see [1, Proposition 1.3].
(ii). If F is naturally semifull, then for any f : X → Y in C, we have that (FX,Y ◦ PX,Y ◦
FX,Y )(f) = FX,Y (PX,Y (Ff)) = F IdY ◦ Ff ◦ F IdX = F (IdY ◦ f ◦ IdX) = Ff = FX,Y (f), hence F
is semiseparable. Moreover, a naturally semifull semifunctor is semifull by Lemma 5.2. Conversely,
assume that F is semiseparable. Then there is a natural transformation P : HomD(F−, F−) →
HomC(−,−) such that F ◦ P ◦ F = F . If F is semifull, then for any f : FX → FY in D there
exists h : X → Y in C such that F (h) = F IdY ◦f ◦F IdX : FX → FY , so by naturality of PX,Y we
get that FX,Y (PX,Y (f)) = F (IdY ◦PX,Y (f) ◦ IdX) = FPX,Y (F IdY ◦ f ◦F IdX) = FPX,Y (F (h)) =
F (h) = F IdY ◦ f ◦ F IdX , hence F is a naturally semifull semifunctor. □

Proposition 6.2. A semifunctor naturally semi-isomorphic to a semiseparable semifunctor is
semiseparable.
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Proof. Consider a natural semi-isomorphism α : F → G of semifunctors, where the semifunctor
G : C → D is semiseparable with respect to PG, and de�ne ς : HomD(F−, F−) → HomD(G−, G−)
by ςX,Y (f) = αY ◦ f ◦ α−1

X , for every f : FX → FY in D. It is a natural semi-isomorphism

with semi-inverse ς−1 : HomD(G−, G−) → HomD(F−, F−) given by ς−1
X,Y (g) = α−1

Y ◦ g ◦ αX , for

every g : GX → GY in D. Note that FF
X,Y = ς−1

X,Y ◦ FG
X,Y and FG

X,Y = ςX,Y ◦ FF
X,Y . In fact,

FF
X,Y (f) = Ff = F IdY ◦Ff = α−1

Y ◦αY ◦Ff = α−1
Y ◦Gf ◦αX = ς−1

X,Y (Gf) = (ς−1
X,Y ◦FG

X,Y )(f) and

FG
X,Y (f) = Gf = Gf ◦GIdX = Gf ◦ αX ◦ α−1

X = αY ◦ Ff ◦ α−1
X = ςX,Y (Ff) = (ςX,Y ◦ FF

X,Y )(f),

for every f : X → Y in C. We show that F results to be semiseparable with respect to PF
X,Y :=

PG
X,Y ◦ ςX,Y . Indeed, we have FF

X,Y ◦ PF
X,Y ◦ FF

X,Y = ς−1
X,Y ◦ FG

X,Y ◦ PG
X,Y ◦ ςX,Y ◦ FF

X,Y = ς−1
X,Y ◦

FG
X,Y ◦ PG

X,Y ◦ FG
X,Y = ς−1

X,Y ◦ FG
X,Y = FF

X,Y . □

Semiseparable semifunctors satisfy the following properties with respect to composition, as in
the functor case, cf. [1, Lemma 1.12, Lemma 1.13].

Lemma 6.3. Let F : C → D and G : D → E be semifunctors and consider the composite semi-
functor G ◦ F : C → E.

(i) If F is semiseparable and G is separable, then G ◦ F is semiseparable.
(ii) If F is naturally semifull and G is semiseparable, then G ◦ F is semiseparable.
(iii) If G ◦ F is semiseparable and G is faithful, then F is semiseparable.

Proof. (i). If F is semiseparable with respect to PF and G is separable with respect to PG, then
G ◦ F is semiseparable with respect to PGF

X,Y := PF
X,Y PG

FX,FY , for every X,Y in C, and the proof
is the same of that for functors.
(ii). If F is naturally semifull with respect to PF and G is semiseparable with respect to PG, then
for every f : X → Y in C we have

FGF
X,Y PF

X,Y PG
FX,FY FGF

X,Y (f) = FG
FX,FY (FF

X,Y PF
X,Y (PG

FX,FY (GFf)))

= FG
FX,FY (F IdY ◦ PG

FX,FY (GFf) ◦ F IdX) = GF IdY ◦GPG
FX,FY (GFf) ◦GF IdX

= GF IdY ◦GFf ◦GF IdX = GF (IdY ◦ f ◦ IdX) = GFf = FGF
X,Y (f),

hence G ◦ F is semiseparable with respect to PGF
X,Y := PF

X,Y PG
FX,FY .

(iii). If G ◦ F is semiseparable through PGF , then FGF
X,Y ◦ PGF

X,Y ◦ FGF
X,Y = FGF

X,Y , i.e. FG
FX,FY ◦

FF
X,Y ◦ PGF

X,Y ◦ FG
FX,FY ◦ FF

X,Y = FG
FX,FY ◦ FF

X,Y , for every X,Y ∈ C. Since G is faithful, we have

that FF
X,Y ◦ PGF

X,Y ◦ FG
FX,FY ◦ FF

X,Y = FF
X,Y , for every X,Y in C, so F is semiseparable through

PF
X,Y := PGF

X,Y ◦ FG
FX,FY . □

Remark 6.4. If F : C → D is a semiseparable functor which is neither separable, nor naturally
full (see e.g. [1, Example 3.2]) and G : D → E is a separable semifunctor, then the composite
G ◦ F : C → E is a semiseparable semifunctor by Lemma 6.3 (i), which is not separable, neither
naturally semifull. In fact, if G ◦ F were separable, then by Lemma 4.3 (ii) F would be separable,
and if G ◦ F were naturally semifull, then by Proposition 5.5 (ii) F would be a naturally semifull
functor, i.e. a naturally full functor, contradicting our assumptions.

Similarly to [1, Proposition 1.4], we can attach to any semiseparable semifunctor a canonical
idempotent (semi)natural transformation, that we call the associated idempotent, which controls
when the semifunctor is separable.

Proposition 6.5. Let F : C → D be a semiseparable semifunctor. Then, there is a unique
idempotent (semi)natural transformation e : IdC → IdC such that Fe = F Id with the following
universal property: if f, g : X → Y are morphisms in C, then Ff = Fg if and only if eY ◦f = eY ◦g.
Moreover, e = Id : IdC → IdC if and only if F is separable.

Proof. Since F is semiseparable, there is a natural transformation P such that F ◦ P ◦ F = F .
Set eX := PX,X (F IdX), for every X ∈ C. Note that for all X ∈ C, FeX = FPX,X (F IdX) =
FX,XPX,XFX,X (IdX) = FX,X (IdX) = F IdX . Then, by naturality of P, we have eX ◦ eX =
PX,X (F IdX) ◦ eX = PX,X (F IdX ◦ FeX) = PX,X (FeX) = PX,X (F IdX) = eX and hence eX is
idempotent. Moreover, for every morphism f : X → Y in C we have f ◦ eX = f ◦ PX,X (F IdX) =
PX,Y (Ff ◦ F IdX) = PX,Y (F IdY ◦ Ff) = PY,Y (F IdY )◦f = eY ◦f , so that f ◦eX = eY ◦f . Thus,
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e = (eX)X∈C : IdC → IdC is an idempotent (semi)natural transformation such that Fe = F Id.
Now, consider morphisms f, g : X → Y in C. If Ff = Fg, then PX,Y (Ff) = PX,Y (Fg), i.e.
PY,Y (F IdY ) ◦ f = PY,Y (F IdY ◦ Ff) = PY,Y (F IdY ◦ Fg) = PY,Y (F IdY ) ◦ g, i.e. eY ◦ f = eY ◦ g.
Conversely, from eY ◦f = eY ◦g we get FeY ◦Ff = FeY ◦Fg and hence Ff = Fg as FeY = F IdY .
Finally, let e′ : IdC → IdC be an idempotent (semi)natural transformation such that, if f, g : X → Y
are morphisms in C, then Ff = Fg if and only if e′Y ◦ f = e′Y ◦ g. From e′X ◦ e′X = e′X ◦ IdX we get
Fe′X = F IdX , hence Fe

′ = F Id. From the universal property of e we have eX ◦ e′X = eX ◦ IdX ,
i.e. eX ◦ e′X = eX . By interchanging the roles of e and e′, similarly we get e′X ◦ eX = e′X , and by
naturality we have eX ◦ e′X = e′X ◦ eX , hence eX = e′X , i.e. e = e′.

Now, if F is separable then there is a natural transformation P such that P ◦F = Id and hence
eX = PX,X(F IdX) = PX,XFX,X(IdX) = IdX for all X ∈ C. Conversely, let F : C → D be a
semiseparable semifunctor through P and suppose e = Id is the associated idempotent. Then, for
every f : X → Y in C, we have PX,Y (Ff) = PX,Y (Ff ◦ F IdX) = f ◦ PX,X(F IdX) = f ◦ eX =
f ◦ IdX = f so that P ◦ F = Id, hence F is separable. □

The following Rafael-type Theorem characterizes semiseparability for semifunctors that are part
of a semiadjunction, cf. [1, Theorem 2.1] for the case of functors.

Theorem 6.6. Let F ⊣s G : D → C be a semiadjunction, with unit η and counit ϵ. Then,

(1) F is semiseparable if and only if there exists a natural transformation ν : GF → IdC which
satis�es one of the following equivalent conditions:
(i) η ◦ ν ◦ η = η;
(ii) Fν ◦ Fη = F Id.

(2) G is semiseparable if and only if there exists a natural transformation γ : IdD → FG which
satis�es one of the following equivalent conditions:
(i) ϵ ◦ γ ◦ ϵ = ϵ;
(ii) Gϵ ◦Gγ = GId.

Proof. (1). Assume that F is semiseparable and let P be the associated natural transformation such
that F◦P◦F = F . We de�ne ν : GF → IdC by νX := PGFX,X(ϵFX) : GFX → X, for everyX ∈ C.
It is indeed natural as for any morphism f : X → Y in C, we have f ◦ νX = f ◦ PGFX,X(ϵFX) =
PGFX,Y (Ff ◦ ϵFX) = PGFX,Y (ϵFY ◦ FGFf) = PGFY,Y (ϵFY ) ◦ GFf = νY ◦ GFf . For every
g : FX → FY in D, by naturality of P we have that

νY ◦Gg ◦ ηX = PGFY,Y (ϵFY ) ◦Gg ◦ ηX = PX,Y (ϵFY ◦ FGg ◦ FηX)

= PX,Y (g ◦ ϵFX ◦ FηX) = PX,Y (g ◦ F IdX) = PX,Y (g) ◦ IdX = PX,Y (g).

Moreover, for every X ∈ C, it holds
ηX ◦ νX ◦ ηX = ηX ◦ PGFX,X(ϵFX) ◦ ηX = ηX ◦ PX,X(ϵFX ◦ FηX) = ηX ◦ PX,X(F IdX)

= GFPX,X(F IdX) ◦ ηX = G((FX,X ◦ PX,X ◦ FX,X)(IdX)) ◦ ηX
(12)
= GFX,X(IdX) ◦ ηX = GF (IdX) ◦ ηX = ηX ,

hence condition (i) is satis�ed. Conversely, assume that there exists a natural transformation ν :
GF → IdC such that η◦ν ◦η = η, and for any f ∈ HomD(FX,FY ) de�ne PX,Y (f) := νY ◦Gf ◦ηX .
From the naturality of η and ν, for any h : X → Y in C, k : FY → FZ in D, l : Z → T in C,
we have PX,T (Fl ◦ k ◦ Fh) = νT ◦ G(Fl ◦ k ◦ Fh) ◦ ηX = (νT ◦ GFl) ◦ Gk ◦ (GFh ◦ ηX) =
l ◦ (νZ ◦ Gk ◦ ηY ) ◦ h = l ◦ PY,Z(k) ◦ h, thus P : HomD(F−, F−) → HomC(−,−) is a natural
transformation. Since PGFX,X(ϵFX) = νX ◦GϵFX ◦ηGFX = νX ◦GIdFX = νX , the correspondence
between P and ν is bijective. For every f ∈ HomC(X,Y ) we have

(FX,Y ◦ PX,Y ◦ FX,Y )(f) = F (PX,Y (F (f))) = F (νY ◦GF (f) ◦ ηX) = F (νY ◦ ηY ◦ f)
= F (IdY ◦ νY ◦ ηY ◦ f) = F IdY ◦ F (νY ◦ ηY ◦ f) = ϵFY ◦ FηY ◦ F (νY ◦ ηY ◦ f)
= ϵFY ◦ F (ηY ◦ νY ◦ ηY ◦ f) = ϵFY ◦ F (ηY ◦ f) = ϵFY ◦ FηY ◦ Ff
= F IdY ◦ Ff = Ff = FX,Y (f),

so F is semiseparable. Finally, we prove that (i) and (ii) are equivalent.

(i) ⇒ (ii). Fν ◦ Fη = F (Id ◦ ν ◦ η) = F Id ◦ Fν ◦ Fη = ϵF ◦ Fη ◦ Fν ◦ Fη (i)
= ϵF ◦ Fη = F Id.

(ii) ⇒ (i). By naturality of η, we have η ◦ ν ◦ η = η ◦ (ν ◦ η) = GF (ν ◦ η) ◦ η = G(Fν ◦ Fη) ◦ η =
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GF Id ◦ η = η.
(2). It follows by duality. □

Idempotent completion and semiadjoint triples. In Subsection 1.2 we have observed that
any semifunctor F : C → D induces a functor F ♮ : C♮ → D♮ such that F ♮ (C, c) = (FC,Fc) and
F ♮f = Ff . Now, we show how the notions introduced in this paper for a semifunctor F are
related to the corresponding functorial notions for its completion F ♮. The following result is a
semifunctorial version of [2, Proposition 2.1 and Corollary 2.2].

Proposition 6.7. Let F : C → D be a semifunctor. Then,

(i) F is faithful if and only if F ♮ is a faithful functor;
(ii) F is semifull if and only if F ♮ is a full functor;
(iii) F is semiseparable if and only if F ♮ is a semiseparable functor.

Proof. (i). It follows from the fact that F ♮f = Ff , for any morphism f : (C, c) → (C ′, c′) in C♮,
i.e. for any morphism f : C → C ′ in C such that f = c′ ◦ f ◦ c.
(ii). Assume that F is semifull. Let f : F ♮ (C, c) → F ♮ (C ′, c′) be a morphism in D♮, i.e. a
morphism f : FC → FC ′ in D such that f = Fc′ ◦ f ◦ Fc. Since F is semifull, there exists a
morphism g : C → C ′ in C such that F (g) = F IdC′ ◦ f ◦ F IdC . Set g′ := c′ ◦ g ◦ c : C → C ′.
Note that c′g′c = c′(c′gc)c = c′gc = g′, hence g′ : (C, c) → (C ′, c′) is a morphism in C♮. Then,
F ♮(g′) = F (g′) = F (c′gc) = F (c′) ◦ F (g) ◦ F (c) = Fc′ ◦ F IdC′ ◦ f ◦ F IdC ◦ Fc = Fc′ ◦ f ◦ Fc = f .
Thus, F ♮ is full. Conversely, assume that F ♮ is full. Let f : FC → FC ′ be a morphism in D.
Consider the morphism f ′ : (FC,F IdC) → (FC ′, F IdC′) in D♮ given by f ′ = F IdC′ ◦ f ◦ F IdC .
Then, there is a morphism g : (C, IdC) → (C ′, IdC′) in C♮ (i.e. a morphism g : C → C ′ in C) such
that F ♮g = f ′. Thus, we have F (g) = F ♮(g) = f ′ = F IdC′ ◦ f ◦ F IdC , hence F is semifull.
(iii). If F is semiseparable, then the proof of the fact that F ♮ is semiseparable is the same as in [2,
Corollary 2.2] for the functorial case. Conversely, assume that F ♮ is semiseparable. Then, there is

a natural transformation PF ♮

: HomD♮(F ♮−, F ♮−) → HomC♮(−,−) such that FF ♮PF ♮FF ♮

= FF ♮

.

De�ne PF : HomD(F−, F−) → HomC(−,−) by PF
C,C′(g) := PF ♮

C,C′(g), for every g : FC → FC ′ in

D, i.e. for every g : (FC, IdFC) → (FC ′, IdFC′) in D♮. Thus, PF
C,C′(g) is a morphism in C and, by

naturality of PF ♮

, also PF is a natural transformation. Moreover, for every f : C → C ′ in C, we
have FF

C,C′PF
C,C′FF

C,C′(f) = FF ♮

C,C′PF ♮

C,C′FF ♮

C,C′(f) = FF ♮

C,C′(f) = FF
C,C′(f). □

Corollary 6.8. Let F : C → D be a semifunctor. Then,

(i) F is separable if and only if F ♮ is a separable functor;
(ii) F is naturally semifull if and only if F ♮ is a naturally full functor;
(iii) F is semifully faithful if and only if F ♮ is a fully faithful functor.

Proof. It follows from Proposition 6.7 and Proposition 6.1. □

Remark 6.9. Proposition 5.8 can be seen as a consequence of Corollary 6.8. In fact, by [3, Remark
2.2 (3)] a functor is fully faithful if and only if it is separable and naturally full, so by Corollary
6.8 a semifunctor is semifully faithful if and only if it is separable and naturally semifull.

We say that F ⊣s G ⊣s H : C → D is a semiadjoint triple if it is a triple of semifunctors
F,H : C → D and G : D → C such that F ⊣s G and G ⊣s H are semiadjunctions. The following is
a semifunctorial analogue of [1, Proposition 2.19] for semiadjoint triples. In particular the semifully
faithful case is a semifunctorial analogue of [4, Proposition 3.4.2].

Proposition 6.10. Let F ⊣s G ⊣s H : C → D be a semiadjoint triple of semifunctors. Then, F is
semiseparable (resp. separable, naturally semifull, semifully faithful) if and only if so is H.

Proof. Given a semiadjoint triple F ⊣s G ⊣s H : C → D, by [11, Theorem 3.5] we obtain an
adjoint triple F ♮ ⊣ G♮ ⊣ H♮ : C♮ → D♮ of functors. By [1, Proposition 2.19] we know that F ♮ is
semiseparable (resp. separable, naturally full) if and only if so is H♮. Thus, by Proposition 6.7 and
Corollary 6.8 we have that the semifunctor F is semiseparable (resp. separable, naturally semifull)
if and only if so is H. As a consequence of Proposition 5.8, by combining the previous separable
and naturally semifull cases, we get that F is semifully faithful if and only if so is H. □
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7. Examples and applications

In this section we provide examples of semifull, naturally semifull, (semi)separable and semifully
faithful semifunctors.

Example 7.1. The forgetful semifunctor.
See [2, Example 2.13]. Let C be a category with idempotent completion C♮. Consider the canonical
functor ιC : C → C♮ given by X 7→ (X, IdX), [f : X → X ′] 7→ [f : (X, IdX) → (X ′, IdX′)] and the
forgetful semifunctor υC : C♮ → C which maps an object (X, e) ∈ C♮ to the underlying object X
and a morphism f : (X, e) → (X ′, e′) to the underlying morphism υCf : X → X ′ in C such that
e′ ◦ υCf ◦ e = υCf . It is indeed a semifunctor as υC(Id(X,e)) = e ̸= IdX in general. As mentioned
in Subsection 1.2, by [11, Theorem 2.10] the Karoubi envelope functor κ : Cats → Cat, de�ned by
κ(C) = C♮, κ(F ) = F ♮, for any category C and any semifunctor F : C → D, is the right adjoint
of the inclusion functor i : Cat → Cats. Then, ιC and υC result to be the C-components of the
unit and of the counit for the adjunction i ⊣ κ, respectively. Moreover, υC ⊣s ιC and ιC ⊣s υC are
semiadjunctions, cf. [10, Example 6]. The component (ηC)(C,c) : (C, c) → ιCυC (C, c) = (C, IdC)
of the unit ηC of υC ⊣s ιC is de�ned by setting υC((ηC)(C,c)) := c : C → C while the counit is
ϵC := IdIdC : υCιC = IdC → IdC . The unit of ιC ⊣s υC is ϵC := IdIdC : IdC → IdC = υCιC while the
component (νC)(C,c) : ιCυC (C, c) = (C, IdC) → (C, c) of the counit is given by υC((νC)(C,c)) := c :
C → C. Note that

υC
(
(νC)(C,c) ◦ (ηC)(C,c)

)
= υC((νC)(C,c)) ◦ υC((ηC)(C,c)) = c ◦ c = c = υC(Id(C,c)),

hence νC ◦ηC = IdIdC♮
, thus by Theorem 4.7 it follows that υC is a separable semifunctor. Moreover,

υC

(
(ηC)(C,c) ◦ (νC)(C,c)

)
= υC((ηC)(C,c)) ◦ υC((νC)(C,c)) = c ◦ c = c = υCιCυCId(C,c),

so (ηC)(C,c) ◦ (νC)(C,c) = ιCυCId(C,c) and hence it holds ηC ◦ νC = ιCυCId. By Theorem 5.9 it follows

that υC is also a naturally semifull semifunctor, hence semifully faithful by Proposition 5.8.

Example 7.2. Semi-product semifunctor.
Recall from [11, De�nition 4.3] that a binary semi-product of objects A,B in a category C consists
of an object A × B in C, an arrow πA : A × B → A, an arrow πB : A × B → B, an arrow
⟨f, g⟩ : C → A×B, for each f : C → A, g : C → B in C, such that

(1) πA ◦ ⟨f, g⟩ = f ,
(2) πB ◦ ⟨f, g⟩ = g,
(3) ⟨f ◦ h, g ◦ h⟩ = ⟨f, g⟩ ◦ h, for any morphism h : D → C in C.

A binary semi-product is a binary product if and only if ⟨πA, πB⟩ = IdA×B . If C is a category with
semi-products for all pairs of objects A,B, let ×C : C × C → C be the semifunctor given by

(A,B) 7→ A×B and (f, g) 7→ f × g := ⟨f ◦ πA, g ◦ πB⟩.
It is indeed a semifunctor as IdA × IdB = ⟨πA, πB⟩. Moreover, it is a right semiadjoint of the
functor ∆C : C → C×C, A 7→ (A,A), f 7→ (f, f), for any morphism f : A→ A′ in C. They actually
form a semiadjunction ∆C ⊣s ×C with unit the seminatural transformation η : IdC → ×C∆C ,
given on components by ηC = ⟨IdC , IdC⟩ : C → C × C, so that πC ◦ ⟨IdC , IdC⟩ = IdC , for every
C in C, and counit the seminatural transformation ϵ : ∆C×C → IdC×C , given on components by
ϵ(A,B) = (πA, πB) : (A×B,A×B) → (A,B). We now study the properties of the semifunctor ×C .
Note that in general ×C is not faithful by Proposition 3.9 as the components ϵ(A,B) = (πA, πB) of
the counit are not epimorphisms for every (A,B) in C×C. For instance, in Set consider a nonempty
set B and the binary product ∅ ×B, which is in particular a binary semi-product. Then, the map
πB : ∅×B = ∅ → B is the empty function from the emptyset into B, but it is not an epimorphism,
cf. [4, page 40]. As a consequence, ×C is not separable in general. By Proposition 3.9 we know
that ×C is semifull if and only if the component ϵ(A,B) = (πA, πB) is an (A,B)-semisplit-mono
for every (A,B) in C × C, i.e. if and only if for every (A,B) in C × C there exists a morphism
γ(A,B) = (γ1, γ2) : (A,B) → (A × B,A × B) in C × C such that γ(A,B) ◦ ϵ(A,B) = ∆C ×C Id(A,B),
i.e. such that (γ1πA, γ2πB) = (⟨πA, πB⟩, ⟨πA, πB⟩). Note that the latter condition is not satis�ed
in general. For instance, in Set consider again the binary product ∅ × B = ∅ of the emptyset
by a nonempty set B. Since ∅ is the initial object in Set we have π∅ = Id∅. Moreover, we
have that ⟨π∅, πB⟩ = Id∅×B = Id∅, so if ×Set were semifull, then there would exist a morphism
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γ(∅,B) = (γ1, γ2) : (∅, B) → (∅, ∅) in Set×Set such that (γ1Id∅, γ2πB) = (Id∅, Id∅) : ∅ → ∅, but such
γ2 does not exist as there can be no map from a nonempty set to ∅.

Example 7.3. The coidenti�er category and Ee.
Given a category C and an idempotent natural transformation e : IdC → IdC , let Ce be the coiden-
ti�er category de�ned as in [7, Example 17]. Explicitly, Ob (Ce) = Ob (C) and HomCe

(X,Y ) =
HomC (X,Y ) / ∼, where f ∼ g if and only if eY ◦ f = eY ◦ g. We denote by f the class of
f ∈ HomC (X,Y ) in HomCe

(X,Y ). There is a canonical functor H : C → Ce acting as the identity
on objects and as the canonical projection on morphisms. Consider the semifunctor L : Ce → C
de�ned as the identity map on objects and by [f̄ : X → Y ] 7→ [eY ◦ f : X → Y ] on morphisms.
Note that it is really a semifunctor as LIdX = eX ◦ IdX = eX ̸= IdLX = IdX and it is well
de�ned as f̄ = ḡ if and only if eY ◦ f = eY ◦ g. In [2, Theorem 3.1] it is shown that L,H form
a semiadjunction L ⊣s H with unit η : IdCe

→ HL, ηX = IdX : X → HLX = X, and counit
ϵ : LH → IdC , ϵY := eY : LHY = Y → Y . In particular, the identities ϵLX ◦ LηX = LIdX and
HϵY ◦ ηHY = HIdY hold true for any X,Y in C. Since for every object X ∈ Ce, HL(X) = X, and
for every morphism f̄ in Ce, HLf̄ = H(eY ◦ f) = HeY ◦Hf = IdHY ◦ f̄ = f̄ , we have HL = IdCe ,
hence η = IdIdCe

. Thus, there exists a seminatural transformation ν = IdIdCe
: HL → IdCe

such
that ν ◦ η = IdIdCe

and η ◦ ν = IdIdCe
= HLId. Then, by Theorem 4.7 and Theorem 5.9, L is a

separable and naturally semifull semifunctor, whence semifully faithful.
Now, by Proposition 1.10, given an idempotent seminatural transformation e = (eX)X∈C :

IdC → IdC , we have the canonical semifunctor Ee : C → C, de�ned by X 7→ X, [f : X → Y ] 7→
f ◦ eX = eY ◦ f , for any object X ∈ C and for any morphism f in C. Note that Ee = LH. Indeed,
LH(X) = X and LH(f) = L(f̄) = f ◦ eX . We know that L is semifully faithful and H is naturally
full, hence in particular they are naturally semifull semifunctors. Thus, by Proposition 5.5 it follows
that Ee is naturally semifull, whence semiseparable. By Proposition 6.5 its associated idempotent
α : IdC → IdC such that Eeα = EeId is given for any X in C by αX = PX,X(EeIdX) = PX,X(eX) :
X → X, and then we have that αX = PX,X(eX) = PX,X(EeeX ◦eX) = eX ◦PX,X(eX) = eX ◦αX =
EeαX = EeIdX = eX . Moreover, by Proposition 6.1, Ee results to be separable if and only if it
is faithful. By Proposition 4.8 we know that Ee is separable if and only if eX = IdX . Thus, E

e is
(semifully) faithful if and only if it is the identity functor on C.

Example 7.4. The constant semifunctor.
Cf. [11, Subsection 2.3]. Let 1 be the category with only one object 1 and an identity morphism
Id1. Any semifunctor F : 1 → C determines an arrow F (Id1) : F (1) → F (1) which is idem-
potent. Conversely, any idempotent arrow e : X → X in C de�nes a semifunctor F e : 1 → C,
given by F e(1) = X, F e(Id1) = e. In particular we have the functor F IdX : 1 → C given by
F IdX (1) = X, F IdX (Id1) = IdX . Hence F e = Ee ◦ F IdX , where Ee : C → C is the canoni-
cal semifunctor. Now, we show that F e : 1 → C is a separable semifunctor that is not natu-
rally semifull in general. Note that Hom1(1, 1) = {Id1}. Consider the associated natural trans-
formation FF e

1,1 : Hom1(1, 1) → HomC(F
e(1), F e(1)), FF e

1,1 (Id1) = F e(Id1) = e, and the map

PF e

1,1 : HomC(F
e(1), F e(1)) → Hom1(1, 1), given by PF e

1,1(f) = Id1, for any f : F e(1) → F e(1)

in C. We have that PF e

1,1 is a natural transformation as for any f : F e(1) → F e(1) in C,
PF e

1,1(F
eId1 ◦ f ◦F eId1) = PF e

1,1(e ◦ f ◦ e) = Id1 = Id1 ◦PF e

1,1(f) ◦ Id1. Moreover, (PF e

1,1 ◦FF e

1,1 )(Id1) =

PF e

1,1(e) = Id1, hence F
e is separable, and in particular semiseparable. Thus, F e is naturally semi-

full if and only if it is semifull. If F e were semifull, then it would follow that e = e ◦ f ◦ e for
any f : F e(1) → F e(1) in C, and this does not happen in general (we will see an instance of this
in Example 7.9). More generally, given two categories C and D and a �xed idempotent arrow
eD : D → D in D we can consider the constant semifunctor K : C → D given by K(C) = D,
K(f) = eD, for every object C ∈ C and for every morphism f : C → C ′ in C. It is clearly not
faithful and not even semifull. In fact, for any morphism g : K(C) = D → K(C ′) = D in D we
have that KIdC′ ◦ g ◦KIdC = eD ◦ g ◦ eD. If K were semifull then there would exist a morphism
f : C → C ′ such that eD = K(f) = eD ◦ g ◦ eD, which is not true in general.

Example 7.5. Let F : C → D be a semifunctor and let e = (eX)X∈C : IdC → IdC be an idempotent
natural transformation di�erent from IdIdC . Consider SF,e : C → D, X 7→ FX, assigning to any
morphism f : X → Y in C the morphism F (eY ◦ f) : FX → FY in D. Since for any f : X → Y ,
g : Y → Z in C, we have that SF,e(g ◦ f) = F (eZ ◦ g ◦ f) = F (eZ ◦ eZ ◦ g ◦ f) = F (eZ ◦ g ◦ eY ◦ f) =
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F (eZ ◦ g) ◦ F (eY ◦ f) = SF,e(g) ◦ SF,e(f), and SF,e(IdX) = F (eX ◦ IdX) = F (eX), then SF,e is
a semifunctor. Note that SF,e = F ◦ L ◦ H = F ◦ Ee, where Ee is the canonical semifunctor
and L : Ce → C, H : C → Ce are given as in Example 7.3. Moreover, SF,e is not faithful as
SF,e(eX) = F (eX ◦ eX) = F (eX) = F (eX ◦ IdX) = SF,e(IdX) but eX ̸= IdX for some X ∈ C. As a
consequence, SF,e is not separable. If we assume that the given semifunctor F is naturally semifull,
then by Proposition 5.5 (i) SF,e results to be naturally semifull, since the canonical semifunctor
Ee is naturally semifull as seen in Example 7.3.

Example 7.6. Semifunctors associated with a morphism of rings.
Let R,S be unital rings and let R-Mod, S-Mod be the categories of left R-modules and left S-
modules, respectively. Consider a morphism of rings φ : R→ S, that induces

• the restriction of scalars functor φ∗ : S-Mod → R-Mod;
• the extension of scalars functor φ∗ := S ⊗R (−) : R-Mod → S-Mod.

These functors form an adjunction φ∗ ⊣ φ∗ with unit η and counit ϵ de�ned by

ηM = φ⊗R M :M → S ⊗R M, m 7→ 1S ⊗R m and ϵN : S ⊗R N → N, s⊗R n 7→ sn,

for every M ∈ R-Mod and N ∈ S-Mod, respectively. We recall that

• φ∗ is separable if and only if S/R is separable, i.e. the multiplication mS : S ⊗R S → S,
s⊗R s

′ 7→ ss′ splits as an S-bimodule map, see [17, Proposition 1.3];
• φ∗ is naturally full if and only if it is full, see [3, Proposition 3.1 (1)];
• φ∗ is separable if and only if φ is a split-mono as an R-bimodule map, i.e. if there is
π ∈ RHomR(S,R) such that π ◦ φ = Id, see [17, Proposition 1.3];

• φ∗ is naturally full if and only if φ is a split-epi as an R-bimodule map, i.e. if there is
π ∈ RHomR(S,R) such that φ ◦ π = Id, see [3, Proposition 3.1 (2)].

Given an idempotent (semi)natural transformation e = (eX)X∈R-Mod : IdR-Mod → IdR-Mod, by
composing φ∗ with the canonical semifunctor Ee : R-Mod → R-Mod, we get the semifunctor

φ∗
e := φ∗ ◦ Ee : R-Mod → S-Mod, M 7→ S ⊗R M, f 7→ S ⊗R feM

for any f :M →M ′ in R-Mod. Consider the semifunctor

φe
∗ := Ee ◦ φ∗ : S-Mod → R-Mod, N 7→ φ∗(N), g 7→ eφ∗(N ′) ◦ φ∗(g),

for any g : N → N ′ in S-Mod. By Corollary 1.13 we know that φ∗
e and φe

∗ form a semiadjunction
φ∗
e ⊣s φ

e
∗ : S-Mod → R-Mod, with unit ηe := EeηEe ◦e and counit ϵe := ϵ◦φ∗eφ∗ . By Theorem 4.7,

φe
∗ is separable if and only if ϵe is a natural split-epi, i.e. there exists a seminatural transformation

γ : IdS-Mod → φ∗
eφ

e
∗ such that ϵe ◦ γ = IdIdS-Mod

, while φ∗
e is separable if and only if ηe is a

natural split-mono, i.e. there exists a seminatural transformation ν : φe
∗φ

∗
e → IdR-Mod such that

ν ◦ ηe = IdIdR-Mod
. In particular, if φe

∗ is separable, then by Lemma 4.3 (ii) φ∗ is separable. If φ∗
e

is separable, then by Remark 4.9 it results to be φ∗
e = φ∗.

In Proposition 7.8 we study the natural semifullness of φe
∗ and φ

∗
e, for which the following lemma

will be useful.

Lemma 7.7. Let φ : R→ S be a morphism of rings and let e = (eX)X∈R-Mod : IdR-Mod → IdR-Mod

be an idempotent (semi)natural transformation. Consider the semifunctors φ∗
e, φ

e
∗ as above. Then,

(1) 1S = eφ∗(S)(φ(eR(1R))) holds true if, and only if, φ(r) = eφ∗(S)(φ(eR(r))) holds true for
every r ∈ R if, and only if,

(13) r−1
S ◦ φ = φe

∗φ
∗
eIdR ◦ r−1

S ◦ φ
holds true, where rS : S ⊗R R→ S is the canonical isomorphism s⊗R r 7→ sφ(r).

(2) eφ∗(S) is a left S-module morphism if, and only if, eφ∗(N) is a left S-module morphism
for every N ∈ S-Mod. The latter condition means that there is an idempotent natural
transformation α : IdS-Mod → IdS-Mod such that φ∗α = eφ∗. In this case, let Eα :
S-Mod → S-Mod be the canonical semifunctor attached to α. Then, Eα ◦ φ∗ = φ∗ ◦ Ee

and φ∗ ◦ Eα = Ee ◦ φ∗.

Proof. (1). Assume that 1S = eφ∗(S)(φ(eR(1R))). Then, since eR, eφ∗(S) are left R-module
morphisms, we have that eφ∗(S)(φ(eR(r))) = eφ∗(S)(φ(reR(1R))) = eφ∗(S)(φ(r)φ(eR(1R))) =
φ(r)eφ∗(S)(φ(eR(1R))) = φ(r)1S = φ(r), for every r ∈ R. The converse implication is trivially
satis�ed. Now we show that the latter condition is also equivalent to (13). Indeed, we have
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that rSφ
e
∗φ

∗
eIdRr

−1
S φ(r) = rSφ

e
∗(S ⊗R eR)(φ(r) ⊗R 1R) = rSeφ∗(S⊗RR)φ∗(S ⊗R eR)(1S ⊗R r) =

eφ∗(S)rS(1S ⊗R eR(r)) = eφ∗(S)(φ(eR(r))), for every r ∈ R.
(2). If eφ∗(N) is a left S-module morphism for every N ∈ S-Mod, then clearly eφ∗(S) is a left S-
module morphism. On the other hand, assume that eφ∗(S) is a left S-module morphism. Consider
a left S-module N and the left S-module morphism fn : S → N , s 7→ sn, for n ∈ N . By naturality
of e, we have that eφ∗(N)(sn) = (eφ∗(N) ◦ φ∗(fn))(s) = (φ∗(fn) ◦ eφ∗(S))(s) = eφ∗(S)(s)n. Since
eφ∗(S) is left S-linear, we get eφ∗(S)(s)n = seφ∗(S)(1S)n = seφ∗(N)(n), so eφ∗(N) is a left S-module
morphism for every N ∈ S-Mod, which means that there is αN : N → N in S-Mod such that
φ∗(αN ) = eφ∗(N). For any left S-module morphism f : N → N ′ we have that φ∗(αN ′ ◦ f) =
φ∗(αN ′) ◦ φ∗(f) = eφ∗(N ′) ◦ φ∗(f) = φ∗(f) ◦ eφ∗(N) = φ∗(f) ◦ φ∗(αN ) = φ∗(f ◦ αN ), hence
αN ′ ◦f = f ◦αN as φ∗ is faithful. Moreover, for any N ∈ S-Mod, φ∗(αN ◦αN ) = φ∗(αN )◦φ∗(αN ) =
eφ∗(N)◦eφ∗(N) = eφ∗(N) = φ∗(αN ), thus α2

N = αN , so we obtain an idempotent natural transforma-
tion α : IdS-Mod → IdS-Mod. Consider the canonical semifunctor Eα : S-Mod → S-Mod attached
to α. We show that Eα ◦ φ∗ = φ∗ ◦ Ee and φ∗ ◦ Eα = Ee ◦ φ∗. In fact, the semifunctor Eα ◦ φ∗ :
R-Mod → S-Mod maps M 7→ S ⊗RM , [f :M →M ′] 7→ αS⊗RM ′ ◦ (S ⊗R f) = (S ⊗R f) ◦αS⊗RM .
By naturality of e, we have that eφ∗(S⊗RM)(1S ⊗R m) = 1S ⊗R eM (m). Since eφ∗(S⊗RM) is a left
S-module morphism, we get that eφ∗(S⊗RM)(s⊗Rm) = seφ∗(S⊗RM)(1S⊗Rm) = s(1S⊗ReM (m)) =
s⊗ReM (m) = φ∗(S⊗ReM )(s⊗Rm), so eφ∗(S⊗RM) = φ∗(S⊗ReM ), i.e. φ∗(αS⊗RM ) = φ∗(S⊗ReM ),
i.e. αS⊗RM = S ⊗R eM as φ∗ is faithful. Thus, Eα ◦ φ∗ = φ∗ ◦ Ee. The semifunctor φ∗ ◦ Eα :
S-Mod → R-Mod maps N 7→ φ∗(N), [f : N → N ′] 7→ φ∗(f ◦ αN ) = φ∗(f) ◦ φ∗(αN ). Note that
φ∗(f) ◦ φ∗(αN ) = φ∗(f) ◦ eφ∗(N) = eφ∗(N ′) ◦ φ∗(f), hence φ∗ ◦ Eα = Ee ◦ φ∗. □

Proposition 7.8. Let φ : R → S be a morphism of rings and let e = (eX)X∈R-Mod : IdR-Mod →
IdR-Mod be an idempotent (semi)natural transformation.

(1) If the semifunctor φe
∗ is semifull and eφ∗(S) is a left S-module morphism, then φe

∗ is natu-
rally semifull.

(2) If the semifunctor φ∗
e is naturally semifull, then there is ψ in RHomR(S,R) such that

(14) φ ◦ ψ = rS ◦ φe
∗φ

∗
eIdR ◦ r−1

S ,

i.e. such that r−1
S ◦ φ ◦ ψ ◦ rS = φe

∗φ
∗
eIdR, so r

−1
S ◦ φ : R → φe

∗φ
∗
eR is an R-semisplit-epi

(cf. Section 2) as an R-bimodule map; if in addition (13) holds true, then r−1
S ◦ φ is an

(R,R)-semisplit-epi.
On the other hand, assume that eφ∗(S) is a left S-module morphism. If there is ψ

in RHomR(S,R) such that (14) holds true and 1S = eφ∗(S)(φ(eR(1R))) is satis�ed, i.e.

r−1
S ◦φ is an (R,R)-semisplit-epi as an R-bimodule map through ψ◦rS, then φ∗

e is naturally
semifull.

Proof. (1). Assume that φe
∗ is semifull and eφ∗(S) is a morphism of left S-modules, i.e eφ∗(N)

is a morphism of left S-modules for any N ∈ S-Mod by Lemma 7.7 (2). By Proposition 3.9,
for every N ∈ S-Mod, ϵeN is an N -semisplit-mono, i.e. there exists γeN : N → φ∗

eφ
e
∗N = S ⊗R

φ∗(N) in S-Mod such that γeN ◦ ϵeN = φ∗
eφ

e
∗IdN . Then, γeN ◦ ϵN ◦ (S ⊗R eφ∗(N)) = γeN ◦ ϵeN =

φ∗
eφ

e
∗IdN = S ⊗R (eφ∗(N) ◦ eφ∗(N) ◦ φ∗(IdN )) = S ⊗R eφ∗(N). Thus, for every n ∈ N , we have

that γeN (eφ∗(N)(n)) = (γeN ◦ ϵN )(1S ⊗R eφ∗(N)(n)) = (S ⊗R eφ∗(N))(1S ⊗R n) = 1S ⊗R eφ∗(N)(n),
so γeN (eφ∗(N)(n)) = 1S ⊗R eφ∗(N)(n), for every n ∈ N . By Lemma 7.7 (2) there is an idempotent
natural transformation α : IdS-Mod → IdS-Mod such that φ∗α = eφ∗. So, we have that γ

e
N (αN (n)) =

γeN (φ∗(αN )(n)) = γeN (eφ∗(N)(n)) = 1S ⊗R eφ∗(N)(n) = 1S ⊗R φ∗(αN )(n) = 1S ⊗R αN (n), for
every n ∈ N . Now, although γeN is not natural a priori, still we can show that γe : IdS-Mod →
φ∗
eφ

e
∗, de�ned for every N ∈ S-Mod by γeN := γeNαN : N → φ∗

eφ
e
∗N , n 7→ 1S ⊗R αN (n), is

a natural transformation. In fact, for any left S-module morphism f : N → N ′ we have that
(γeN ′ ◦ f)(n) = 1S ⊗R αN ′(f(n)) = 1S ⊗R f(αN (n)) = (S ⊗R φ∗(f)φ∗(αN ))(1S ⊗R αN (n)) =
(1S⊗Rφ∗(f)eφ∗(N))(1S⊗RαN (n)) = (φ∗

eφ
e
∗(f)◦γeN )(n), for every n ∈ N . Moreover, (γeN ◦ϵeN )(s⊗R

n) = (γeN ◦ αN ◦ ϵN )(s ⊗R eφ∗(N)(n)) = (γeN ◦ αN ◦ ϵN )(s ⊗R φ∗(αN )(n)) = γeN (αN (sαN (n))) =
sγeN (αN (n)) = s⊗R αN (n) = s⊗R eφ∗(N)(n) = φ∗

eφ
e
∗IdN (s⊗R n), for every s ∈ S, n ∈ N , so φe

∗ is
naturally semifull by Theorem 5.9 (2).

(2). Assume that φ∗
e is naturally semifull. Then, by Theorem 5.9 (1), there exists a seminat-

ural transformation νe : φe
∗φ

∗
e → IdR-Mod such that ηe ◦ νe = φe

∗φ
∗
eId. Consider the map ψ in

RHomR(S,R) given by ψ(s) = (eR ◦ νeR ◦ r−1
S )(s) = (eR ◦ νeR)(s⊗R 1R), where rS : S ⊗R R→ S is
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the canonical isomorphism s⊗R r 7→ sφ(r). The right R-linearity of ψ follows from the naturality
of νe and e. Indeed, consider the left R-module map fr : R → R, r′ 7→ r′r. For any s ∈ S, r ∈ R,
we have that

ψ(s)r = eR(ν
e
R(s⊗R 1R))r = fr(eR(ν

e
R(s⊗R 1R))) = eR(fr(ν

e
R(s⊗R 1R)))

= (eRν
e
Rφ

e
∗φ

∗
e(fr))(s⊗R 1R) = (eRν

e
Reφ∗(S⊗RR)φ∗(S ⊗R freR))(s⊗R 1R)

= (eRν
e
Reφ∗(S⊗RR)φ∗(S ⊗R eRfr))(s⊗R 1R)

= (eRν
e
Reφ∗(S⊗RR)φ∗(S ⊗R eR)φ∗(S ⊗R fr))(s⊗R 1R)

= (eRν
e
Rφ

e
∗φ

∗
e(eR)φ∗(S ⊗R fr))(s⊗R 1R) = (eReRν

e
Rφ∗(S ⊗R fr))(s⊗R 1R)

= (eRν
e
Rφ∗(S ⊗R fr))(s⊗R 1R) = eR(ν

e
R(s⊗R r)) = eR(ν

e
R(sr ⊗R 1R)) = ψ(sr).

Then, for every s ∈ S, we have that

(φ ◦ ψ)(s) = (rS ◦ ηR ◦ eR ◦ νeR)(s⊗R 1R) = (rS ◦ ηeR ◦ νeR)(s⊗R 1R)

= (rS ◦ φe
∗φ

∗
eIdR)(s⊗R 1R) = (rS ◦ φe

∗φ
∗
eIdR ◦ r−1

S )(s),

thus r−1
S ◦ φ ◦ ψ ◦ rS = φe

∗φ
∗
eIdR, so r

−1
S ◦ φ is an R-semisplit-epi. Moreover, if (13) is satis�ed,

then r−1
S ◦ φ is an (R,R)-semisplit-epi.

Conversely, assume that 1S = eφ∗(S)(φ(eR(1R))) (which is equivalent to (13) by Lemma 7.7

(1)) and that there is ψ in RHomR(S,R) such that φ ◦ ψ = rS ◦ φe
∗φ

∗
eIdR ◦ r−1

S , i.e. r−1
S ◦ φ is

an (R,R)-semisplit-epi as an R-bimodule map through ψ ◦ rS . De�ne for every M in R-Mod,
νeM : φe

∗φ
∗
eM = φ∗(S ⊗R M) → M by νeM (s ⊗R m) = ψ(s)eM (m), for any m ∈ M and s ∈ S.

Note that for any M ∈ R-Mod, νeM is a morphism of left R-modules as so is ψ. We get a natural
transformation νe : φe

∗φ
∗
e → IdR-Mod as for any morphism f :M →M ′ in R-Mod we have that

(f ◦ νeM )(s⊗R m) = f(ψ(s)eM (m)) = ψ(s)f(eM (m)) = ψ(s)f(eM (eM (m)))

= ψ(s)eM ′(f(eM (m))) = ψ(s)eM ′(eM ′(f(eM (m))))

= eM ′(ψ(s)eM ′(f(eM (m)))) = eM ′(νeM ′(s⊗R f(eM (m))))

= (νeM ′ ◦ eφ∗(S⊗RM ′) ◦ (S ⊗R feM ))(s⊗R m)

= (νeM ′ ◦ φe
∗φ

∗
ef)(s⊗R m),

for every m ∈M , s ∈ S. Note that φψ(s) = rSφ
e
∗φ

∗
eIdR(s⊗R 1R) = rSeφ∗(S⊗RR)(s⊗R eR(1R)) =

eφ∗(S)rS(s⊗R eR(1R)) = eφ∗(S)(sφ(eR(1R))). If eφ∗(S) is a left S-module morphism, we have that
φψ(s) = seφ∗(S)(φ(eR(1R))) = s1S = s, so φ ◦ ψ = IdS in this case. Then,

ηeMν
e
M (s⊗R m) = ηeM (ψ(s)eM (m)) = ψ(s)ηeM (eM (m)) = ψ(s)ηM (eM (eM (m)))

= ψ(s)eφ∗(S⊗RM)(ηM (eM (m))) = ψ(s)eφ∗(S⊗RM)(1S ⊗R eM (m))

= eφ∗(S⊗RM)(ψ(s)1S ⊗R eM (m)) = eφ∗(S⊗RM)(φψ(s)⊗R eM (m))

= eφ∗(S⊗RM)(s⊗R eM (m)) = φe
∗φ

∗
eIdM (s⊗R m),

for every m ∈ M , s ∈ S, so φ∗
e is naturally semifull. Alternatively, we observe that, since φ ◦ ψ =

IdS , by [3, Proposition 3.1 (2)] φ∗ is naturally full, so since Ee is naturally semifull (cf. Example
7.3), φ∗

e results to be naturally semifull also by Proposition 5.5 (i). □

Example 7.9. Semifunctor on a monoid.
Let (M, ·M ) be a monoid. It can be viewed as a category with a single object, denoted by ∗
(see [4, Example 1.2.6.d]). Arrows a : ∗ → ∗ are the elements of the monoid, which are closed
under composition and the identity element 1M is the identity arrow 1M : ∗ → ∗. A monoid
homomorphism f : M → N is a functor, as it preserves compositions of arrows and the identity
arrow; it sends the unique object ∗ of M into the unique object ⋆ of N . A natural transformation
α = (α∗) : f → g between functors f, g : M → N is an arrow α∗ : f(∗) → g(∗) in the category
N (i.e. an element of the monoid N) such that, for all elements a of M , g(a) ·N α∗ = α∗ ·N f(a),
where ·N is the composition law of N .

Consider the direct productM×M ofM by itself with componentwise multiplication (a, b)·M×M

(a′, b′) = (a ·M a′, b ·M b′), which we also denote by (a, b)(a′, b′) = (aa′, bb′) for shortness. Let
e ̸= 1M be an idempotent element of M , i.e. e2 = e. Consider the map fe = (e,−) :M →M ×M ,
fe(b) = (e, b), which is a semigroup homomorphism. Indeed, for any b, c ∈ M , fe(bc) = (e, bc) =
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(ee, bc) = (e, b)(e, c) = fe(b)fe(c), but it does not preserve the unit, as fe(1M ) = (e, 1M ) ̸=
(1M , 1M ) = 1M×M . Moreover, if we view M ×M as the product category with a single object
⋆ and morphisms given by the pairs (m,n) : ⋆ → ⋆, where m,n : ∗ → ∗ are elements of M , and
whose composition is that induced by the multiplication of M × M , then fe : M → M × M ,
fe(∗) = ⋆, fe(b) = (e, b) results to be a semifunctor as it preserves compositions, but not the

identity arrow 1M : ∗ → ∗. Consider the associated natural transformation Ffe
∗,∗ : HomM (∗, ∗) →

HomM×M (⋆, ⋆), Ffe
∗,∗(m) = fe(m) = (e,m), and the map Pfe

∗,∗ : HomM×M (⋆, ⋆) → HomM (∗, ∗),
Pfe
∗,∗((m,n)) = n, which is a natural transformation as for any m,n, b, c ∈ M , Pfe

∗,∗(fe(b) ·M×M

(m,n) ·M×M fe(c)) = Pfe
∗,∗((e, b)(m,n)(e, c)) = Pfe

∗,∗((eme, bnc)) = bnc = b ·M Pfe
∗,∗((m,n)) ·M c.

Then, for any m ∈ M , we have (Pfe
∗,∗ ◦ Ffe

∗,∗)(m) = Pfe
∗,∗((e,m)) = m, hence fe is separable. Now,

we show that the semifunctor fe is not in general semifull, and hence not even naturally semifull.
If fe were semifull, then for any (m,n) in M ×M there would exist an element a ∈ M such that
(e, a) = (e, 1M )(m,n)(e, 1M ) = (eme, n). But in general it is not true that (e, a) = (eme, n). For
instance, consider the commutative monoid {x, 1, e} with the following multiplication · laws

x · x = e, x · 1 = x, x · e = x, 1 · 1 = 1, 1 · e = e, e · e = e.

Fix the idempotent element e. Then e · x · e = e · (x · e) = e · x = x does not result to be equal to
e. Thus, fe is not semifull.

Example 7.10. Semifunctor on a ring.
A category C is preadditive (also called an Ab-category) if for any pair of objects X,Y ∈ C, the
hom-set HomC(X,Y ) is an additive abelian group such that the composition map HomC(Y, Z) ×
HomC(X,Y ) → HomC(X,Z) is bilinear. Let A be a unital ring. Then, A is a preadditive category
(denoted by the same symbol A) with a single object ∗ and HomA(∗, ∗) = A. The composition of
morphisms in A is the multiplication of elements of A. The group structure of HomA(∗, ∗) is that
of the underlying additive group A. Given unital rings R, S, any homomorphism R → S of rings
which possibly does not preserve the unit is a semifunctor which sends the single object of R into
the single object of S. For instance, consider a morphism of rings g : R→ S and let z ̸= 1S ∈ S be
an idempotent such that z ∈ SR = {u ∈ S | ug(r) = g(r)u for every r ∈ R}. Then, any morphism
f : R→ S given by f(r) = g(r)z is a semifunctor.

As particular cases, we have the following.

• If g = IdR, where R is a ring with unit 1R, consider an idempotent element z ̸= 0R, 1R
in the center Z(R) = {r′ ∈ R | r′r = rr′ for every r ∈ R} of R. Then, let f : R → R
be the map given by f(x) = xz, for x ∈ R. It is a non-unital endomorphism of rings,
thus f de�nes a semifunctor f : R → R which is not faithful as f(z) = z = f(1R), but
z ̸= 1R; for any x ∈ R we have that f(1R)xf(1R) = zxz = xzz = xz = f(x), hence f is

semifull. Further, let ∗ be the single object of R and let Ff
∗,∗ : HomR(∗, ∗) → HomR(∗, ∗),

Ff
∗,∗(x) = f(x) = xz, for x ∈ R, be the natural transformation associated with f . Consider

the map Pf
∗,∗ = Ff

∗,∗ : HomR(∗, ∗) → HomR(∗, ∗), Pf
∗,∗(x) = xz, for every x in R. For

every x ∈ R, we have (Ff
∗,∗ ◦ Pf

∗,∗)(x) = Ff
∗,∗(xz) = xzz = zxz = f(1R)xf(1R), hence f

is naturally semifull. As an instance, consider as ring the product R × S of unital rings
R,S and the idempotent element z = (0R, 1S) ∈ Z(R × S). Then, f : R × S → R × S,
(x, y) 7→ (x, y)z = (0R, y) is a semifunctor which is naturally semifull but not faithful.

• Let R be a ring with unit 1R and consider the ring Mn(R) of square matrices of order
n ∈ N with coe�cients in R. Consider the canonical inclusion g : R → Mn(R), r 7→ rIn,
where In is the identity matrix in Mn(R). Let f : R → Mn(R) be the map given, for any
m ∈ R, by

m 7→ mEii,

where Eii = (δiaδib)ab is the matrix unit in which the entry ii, with i ∈ {1, . . . , n}, is the
unique nonzero entry. It is a homomorphism of rings which does not preserve the unit, since
f(1R) = Eii ̸= 1Mn(R) = In. It de�nes a semifully faithful semifunctor f : R → Mn(R).
Indeed, it is clear that f is faithful, and it is semifull as, given a matrix A = (aij) in Mn(R),
we have that

f(1R)Af(1R) = EiiAEii = aiiEii = f(aii).
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