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ON (NATURALLY) SEMIFULL AND (SEMI)SEPARABLE SEMIFUNCTORS

LUCREZIA BOTTEGONI

AssTtracT. The notion of semifunctor between categories, due to S. Hayashi (1985), is defined as
a functor that does not necessarily preserve identities. In this paper we study how several proper-
ties of functors, such as fullness, full faithfulness, separability, natural fullness, can be formulated
for semifunctors. Since a full semifunctor is actually a functor, we are led to introduce a notion
of semifullness (and then semifull faithfulness) for semifunctors. In order to show that these
conditions can be derived from requirements on the hom-set components associated with a semi-
functor, we look at “semisplitting properties” for seminatural transformations and we investigate
the corresponding properties for morphisms whose source or target is the image of a semifunctor.
We define the notion of naturally semifull semifunctor and we characterize natural semifullness
for semifunctors that are part of a semiadjunction in terms of semisplitting conditions for the unit
and counit attached to the semiadjunction. We study the behavior of semifunctors with respect
to (semi)separability and we prove Rafael-type Theorems for (semi)separable semifunctors and
a Maschke-type Theorem for separable semifunctors. We provide examples of semifunctors on
which we test the properties considered so far.
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INTRODUCTION

The notion of semifunctor between categories, that appeared in [6] under the name of weak
functor, was investigated by S. Hayashi in [9], in order to develop a categorical semantics for
non-extensional typed lambda calculus. A semifunctor F' : C — D is defined as a functor, but
it is not required to preserve identities. In the same paper Hayashi introduced the notion of
semiadjunction between semifunctors. Afterwards, in [1I] R. Hoofman defined an appropriate
notion of morphism between semifunctors, calling it seminatural transformation. Explicitly, a
natural transformation o : F' — F’ between semifunctors F, F’' : C — D is defined as a natural
transformation between functors; if in addition ax o FIdx = ax holds true for every object X
in C, then « is a seminatural transformation. Moreover, if there exists a natural transformation
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B:F — F such that So F'Id =3, ao 8 = F'Id and 80 a = FId, then « is said to be a natural
semi-isomorphism.

In this paper we study how some notable properties of functors (e.g. fullness, full faithfulness,
separability, natural fullness) can be formulated for semifunctors. Given a semifunctor F': C — D,
we consider the associated natural transformation F : Home(—, —) — Homp(F—, F—), defined
by Fxy(f) = F(f), for any morphism f : X — Y in C. By requiring that Fx y is injective
(resp. surjective, bijective) for every pair of objects X, Y € C, then F is a faithful (vesp. full, fully
faithful) semifunctor. Since a full semifunctor is actually a functor, motivated by the behavior of
an endosemifunctor on Set (Example , we introduce a weaker notion of fullness for semifunctors
that we call semifullness. We say that a semifunctor F' : C — D is semifull if for any morphism
f: FX — FY in D there exists a morphism g : X — Y in C such that F(g) = FIdy o f o FIdx.
We define a semifunctor to be semifully faithful if it is faithful and semifull. In order to show
that the semifull and semifully faithful conditions can be derived from requirements on the natural
transformation F associated with a semifunctor, we look at particular “semisplitting” properties for
seminatural transformations. We call a seminatural transformation « : F' — F’ natural semisplit-
mono (resp. natural semisplit-epi) if there exists a seminatural transformation 8 : F/ — F such
that 5o« = FId (resp. ao 8 = F'Id). We investigate the corresponding semisplitting properties
for morphisms whose source or target is the image of a semifunctor. Explicitly, given semifunctors
F:C— 7D, F :C — D, we say that
e a morphism f : FC — D in D is an Fg-semisplit-mono if there exists a morphism g : D — FC
in D such that go f = Fld¢;

e a morphism f : FC' — F'C’ in D is an (F¢, Ff.,)-semisplit-mono if fo FIdc = f and there exists
a morphism g : F'C’ — FC in D such that go f = FId¢ and g o F'Id¢r = g.

Analogously, one can introduce the notions of Fi:-semisplit-epi and (Fc, F.,)-semisplit-epi. We call
a morphism f: FC — F'C’ in D an (Fg, F{.,)-semi-isomorphism if f o FIdc = f and there exists
a morphism g : F'C’ — FC in D such that go f = Fldc and f o g = F'Idcs. In Proposition [2.12]
we prove that a morphism is an (F¢, Ff, )-semi-isomorphism if and only if it is both an (F¢, Ff,)-
semisplit-mono and an (F¢, F/,)-semisplit-epi. When the semifunctors F, F” are understood, we
usually omit them in the notation. Given a seminatural transformation a : ' — F’ of semifunctors,
if a is a natural semisplit-mono (resp. natural semisplit-epi, natural semi-isomorphism), then every
component morphism a¢ : FC — F'C is an (F¢, F{,)-semisplit-mono (resp. (Fc, F{,)-semisplit-
epi, (Fe, F{,)-semi-isomorphism) in D.

In Proposition [3.6{we show that, if for every X,Y € C, Fx y is a Homp(F—, F'—)(x,y)-semisplit-
epi (resp. ((X,Y),(X,Y))-semi-isomorphism), then F is semifull (resp. semifully faithful). Fur-
ther, semifully faithful semifunctors reflect (Fc, F{.,)-semi-isomorphisms (Proposition . In
Proposition [B.9] we provide a characterization of faithfulness and semifullness for semifunctors
that are part of a semiadjunction. Recall that a semiadjunction F 45 G between semifunctors is
the datum of semifunctors F' : C — D and G : D — C equipped with (semi)natural transformations
7 : Ide — GF (unit) and € : FG — Idp (counit) such that Ge o nG = GId and €¢F o Fn = FId
hold. Explicitly, given a semiadjunction F' 45 G : D — C with unit n and counit €, we prove that
F (resp. @) is semifull if and only if ¢ is a C-semisplit-epi in C for every C' € C (resp. €p is a
D-semisplit-mono in D for every D € D).

Then, we explore the behavior of semifunctors with respect to separability. Separable functors
were introduced in [I7] in order to interpret the notion of separable ring extension from a categorical
point of view. Several results and applications of separable functors are illustrated e.g. in [5]. A
functor F' : C — D is said to be separable if the associated natural transformation F has a left
inverse, i.e. there is a natural transformation P : Homp(F—, F—) — Hom¢(—, —) such that
Pxy o Fx,y = Idome(x,y) for all X and Y in C. We define a semifunctor F' : C — D to be
separable by requiring the same condition on the associated natural transformation F, and we
discuss general properties. The first difference with the functorial case is in the so-called Maschke
Theorem [17), Proposition 1.2], see also [3, Corollary 5|, which states that, given a separable functor
F :C — D and a morphism f: C — C’ in C, if F(f) is a split-mono (resp. split-epi) in D, then
so is f. In Theorem we show that if F' is a separable semifunctor and F(f) : FC — FC' is
an Fe-semisplit-mono (resp. Fer-semisplit-epi), then f is a split-mono (resp. split-epi), obtaining
a Maschke-type Theorem for semifunctors. A key result for separable functors is given by Rafael



ON (NATURALLY) SEMIFULL AND (SEMI)SEPARABLE SEMIFUNCTORS 3

Theorem [18] which characterizes the separability of functors that have an adjoint in terms of
splitting properties for the unit and the counit. In Theorem [I.7] we prove an analogue Rafael-type
Theorem for separable semifunctors.

As separable functors are naturally faithful, in a somehow dual way naturally full functors
have been introduced in [3] by requiring that the natural transformation F associated with a
functor has a right inverse. It is clear that the natural fullness condition (which implies fullness)
on a semifunctor reduces to the naturally full functor case, as a full semifunctor is actually a
functor. Thus, we investigate whether a notion of natural semifullness is possible for semifunctors.
We call a semifunctor F' : C — D naturally semifull if there is a natural transformation P :
Homp(F—, F—) — Home(—, —) such that (Fx yoPx y)(f) = Fldy o foFIdx, for every morphism
f:FX — FY in D. A naturally semifull semifunctor is obviously semifull. In Proposition [5.8 we
show that a semifunctor is semifully faithful if and only if it is separable and naturally semifull.
Then, we obtain a Rafael-type Theorem for naturally semifull semifunctors which are part of a
semiadjunction in terms of semisplitting properties for the unit and the counit (Theorem [5.9).
Explicitly, given a semiadjunction F' 43 G : D — C with unit 1 and counit €, we prove that F' is
naturally semifull if and only if 5 is a natural semisplit-epi and that G is naturally semifull if and
only if € is a natural semisplit-mono.

Recently, in [I] semiseparable functors have been introduced in order to treat separability and
natural fullness in a unified way. The same notion fits well for semifunctors. In fact, a semifunctor
results to be separable (resp. naturally semifull) if and only if it is semiseparable and faithful (resp.
semiseparable and semifull) (Proposition . In Proposition and Corollary through the
idempotent completion we show that a semifunctor F' : C — D is semiseparable (resp. semifull,
naturally semifull, separable, semifully faithful) if and only if its completion F% : C% — D is a
semiseparable (resp. full, naturally full, separable, fully faithful) functor. As a consequence, if we
consider a semiadjoint triple I’ 45 G - H : C — D of semifunctors, these properties pass from F
to H and viceversa (Proposition .

Finally, we provide examples of semifunctors on which we test the properties studied so far. The
first one we consider is the so-called forgetful semifunctor (Example . Given a category C and
its idempotent completion C%, the forgetful semifunctor ve : C* — C, which maps an object (X, e)
in C! to the underlying object X and a morphism f : (X,e) — (X’,¢') in C? to the underlying
morphism vef : X — X' in C such that €’ ovef o e = ve f, results to be semifully faithful. Then,
we show that there are semifunctors which are neither faithful, nor semifull in general, e.g. the
semi-product semifunctor (Example and the constant semifunctor (Example [7.4). To any
idempotent seminatural transformation e = (ex)xec : Ide — Ide on a category C it is possible to
attach a canonical semifunctor E° that is self-semiadjoint (Proposition [L.10). In Example [7.3] we
show that it reveals to be naturally semifull, while it is separable if and only if £¢ = Id¢. Then,
given a semiadjunction F' 45 G : D — C of semifunctors, we get the semiadjunction FE°¢ 45 E¢G :
D—C (Corollary. In Example|7.6| we see an instance of a semiadjunction constructed in this
way. Explicitly, given a morphism of rings ¢ : R — S, we consider the restriction of scalars functor
s : S-Mod — R-Mod and the extension of scalars functor ¢* := S ®g (—) : R-Mod — S-Mod,
which form an adjunction ¢* 4 .. If e = (ex)xerMod : Idr-Mod — Idr.Mod 18 an idempotent
seminatural transformation, then we obtain the semiadjunction ¢} -5 ¢¢ : S-Mod — R-Mod,
where ¥ := p* o £ and ¢ := E° o ¢,. In [3 Proposition 3.1] it is shown that the functor o, is
naturally full if and only if it is full, while ¢* is naturally full if and only if ¢ is a split-epi as an
R-bimodule map, i.e. if there is 7 € gHompg(S, R) such that ¢ o 7 = Id. In Proposition we
give conditions under which ¢§ and ¢} are naturally semifull. We prove that, if ¢} is naturally
semifull, then there is ¢ € gRHompg(S, R) such that rglcp R — ¢%piR is an R-semisplit-epi as an
R-bimodule map through ¢rg, where rg : S®gr R — S is the canonical isomorphism; if in addition
ls = ey, (s)(p(er(1R))) holds true, then rg'y is an (R, R)-semisplit-epi.

It is known that a monoid can be seen as a category with a single object and arrows the el-
ements of the monoid. Any semigroup homomorphism between monoids defines a semifunctor.
In Example we exhibit a semifunctor between monoids that is separable, but not semifull in
general, hence not even naturally semifull. Similarly, in Example [7.10} we see an example of a
semifunctor between unital rings (viewed as categories with a single object) which is naturally
semifull but not separable in general. In particular, we show that the non-unital homomorphism
of rings f : R — M, (R), m — mE;;, where M,,(R) is the ring of square matrices of order n € N
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with coefficients in the unital ring R and E;; = (0;40:p)ab is the matrix unit, defines a semifully
faithful semifunctor.

The paper is organized as follows. In Section [1f we recall mainly from [IT] the notions of semi-
functor, seminatural transformation and semiadjunction between semifunctors. We remind the
idempotent completion construction. We attach to any idempotent seminatural transformation
e = (ex)xec : Ide — Ide on a category C a canonical semifunctor E° that results to be self-
semiadjoint. Section [2| deals with the announced semisplitting properties for morphisms whose
source or target is the image of a semifunctor. In particular, given semifunctors F' : C — D,
F’ : C'" — D, we define the notions of Fo-semisplit-mono, Fe-semisplit-epi, (F¢, Ff,)-semisplit-
mono, (Fg, F{.,)-semisplit-epi, (F¢, F{.)-semi-isomorphism, and we discuss their properties. In
Section [3] we introduce and investigate the notions of semifull and semifully faithful semifunctor.
In Section [] we focus on the separability property for semifunctors. We prove a Maschke-type
Theorem and a Rafael-type Theorem for separable semifunctors. Section [5] treats the notion of
natural semifullness for semifunctors and provides a Rafael-type Theorem for naturally semifull
semifunctors. In Section [ we study semiseparable semifunctors. Section [7] collects examples of
(naturally) semifull, (semi)separable and semifully faithful semifunctors.

Notations. Given an object X in a category C, the identity morphism on X will be denoted either
by Idx or X for short. For categories C and D, a functor F' : C — D just means a covariant
functor. By Id¢ we denote the identity functor on C. For any (semi)functor F': C — D, we denote
Idp : F — F the natural transformation defined by (Idr)x := Idpx, for any X in C. The symbol
o is used for the composition of composable morphisms, composable functors, composable natural
transformations, and sometimes it is omitted for short.

1. SEMIFUNCTORS AND SEMIADJUNCTIONS

In this section we recall mainly from [9] and [IT] the notions of semifunctor, seminatural trans-
formation and natural semi-isomorphism. We introduce the notions of natural semisplit-mono and
natural semisplit-epi for seminatural transformations. We remind the idempotent completion con-
struction which provides a canonical way to turn semifunctors into functors, and we review the
notion of semiadjunction [II] between semifunctors and its main properties.

1.1. Semifunctors and seminatural transformations.

Definition 1.1. [9, Definition 1.1] Let C and D be categories. A semifunctor F : C — D is the
datum of an object map Obj(C) — Obj(D), X — F(X), between the classes of objects of C and
D, and of a morphism map Fxy : Home(X,Y) — Homp(F(X),F(Y)), f — F(f), for every
pair of objects X,Y in C, preserving compositions, i.e. F(go f) = F(g) o F(f), for every pair of
composable morphisms f: X - Y, ¢g:Y — Z in C.

The image of an object X € C through a semifunctor F' : C — D is written F(X) or simply FX;
the image of a morphism f: X — Y in C is written F'(f) or just F'f. A semifunctor is defined as
a functor but it is not required to preserve identities. Then, any functor is a semifunctor. Note
that the image of an identity morphism Idx through a semifunctor F' : C — D is an idempotent
morphism in D as F(Idy) = F(Idxoldx) = F(Idx)o F(Idx). The notion of semifunctor appeared
in [6, Definition 4.1] under the name of weak functor. In [8, 1.284] a semifunctor is what is called
prefunctor. There is a related notion of morphism between semifunctors. As in the functorial case,
a natural transformation o : F — F’ between semifunctors F, F’ : C — D is defined as a family
(ax : FX — F'X)xec of morphisms in D such that ax: o Ff = F'f o ax for any morphism
f:X — X'in C. Given a semifunctor F : C — D, there is a natural transformation FId : F — F
with components Fldx : FX — FX and a natural transformation Idz : ' — F with components
Idpx : FX — FX. Note that FId # Idp in general, unless F is a functor. Moreover, see [11],
Definition 2.4], a seminatural transformation « : F' — F' between semifunctors F, F' : C — D is a
natural transformation with the additional property that ax o FIdx = ax, for every X in C. If
(at least) one of the semifunctors F, F’ is a functor, then the notions of natural transformation and
seminatural transformation coincide [1I, Theorem 2.5]. Semifunctors F, F’ : C — D are said to be
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naturally semi-isomorphic (denoted by F =, F’) if and only if there are natural transformations
a:F — F' and 8 : F' — F such that
(i) ao FId = o
(ii) Bo F'Id = 5;
(iii) a0 8 = F'Id;
(iv) Boa = FId.
In this case « is said to be a natural semi-isomorphism [11], Subsection 2.2]. Since its semi-inverse
B is uniquely determined by ¢, it will be usually denoted by a~'. If F, F’ are functors, then any
natural semi-isomorphism « : F — F” is actually a natural isomorphism.
We introduce the following terminology for “semisplitting” properties of a seminatural transfor-
mation « : F — F’ between semifunctors F, F’ : C — D. We say that « is a
e natural semisplit-mono if there exists a seminatural transformation 8 : F/ — F such
that 8 oo = F1d;
e natural semisplit-epi if there exists a seminatural transformation 8 : F/ — F such that
ao 3= F'Id.
Moreover, « is a natural split-mono (resp. natural split-epi), if there exists a seminatural transfor-
mation 8 : F' — F such that Soa =Idg (resp. ao 8 =1Idg/). Note that if F is a functor, then «
is a natural semisplit-mono if and only if « is a natural split-mono; if F’ is a functor, then « is a
natural semisplit-epi if and only if « is a natural split-epi.

Lemma 1.2. A seminatural transformation o« : F — F' between semifunctors F, F’ is a natural
semi-isomorphism if and only if « is both a natural semisplit-mono and a natural semisplit-epi.

Proof. If o is a natural semi-isomorphism, then it is trivially both a natural semisplit-mono and
a natural semisplit-epi. Conversely, if « is a natural semisplit-mono and a natural semisplit-epi,
then there exists a seminatural transformation 8 : I/ — F such that S o a = FId and there is
a seminatural transformation 3’ : I/ — F such that a o f/ = F'Id. Note that 8 = S0 F'Id =
Boaof = FIdo ' = /', thus a is a natural semi-isomorphism. O

In Section [2| we will study the corresponding semisplitting properties for the component mor-
phisms of a seminatural transformation.

1.2. Idempotent completion. Recall that an endomorphism e : X — X in a category C is
idempotent if €2 := eoe = e. An idempotent morphism e : X — X in C splits if there exist two
morphisms A : X — Y and k : Y — X in C such that e = koh and hok = Idy; the category C is said
to be idempotent complete or Cauchy complete if all idempotents split. As an instance, any category
equipped with (co)equalizers is idempotent complete [IT, Theorem 2.15], see also [4, Proposition
6.5.4]. The idempotent completion C* (also known under the names of Cauchy completion [14] or
Karoubi envelope [13]) of a category C is the category whose objects are pairs (X, e), where X is an
object in C and e : X — X is an idempotent morphism in C, and a morphism f : (X,e) — (X', ¢’) in
C%is a morphism f : X — X’ in C such that f = ¢’ofoe (or equivalently, such that ¢’of = f = foe).
Note that Id(x ) # Idx but Id(x ) = e: (X,e) = (X, e). The category C% is idempotent complete.
There is a canonical functor ic : C — C%, X — (X,Idx), [f: X = Y] = [f: (X,1dx) — (Y,1dy)],
which is fully faithful; (¢ is an equivalence if and only if C is idempotent complete. Given any
functor F' : C — D, it can be extended to a functor F? : C* — D% by F¥(X,e) = (FX, Fe) and
F5(f) = F(f), so that tpoF = Ffoic. Any semifunctor F' : C — D induces a functor F? : C% — D"
such that F?(X,e) = (FX,Fe) and Fif = Ff. In fact F'ld(x,.) = Fe = Id(px,pe) = Idps(x,e),
as observed in [9] Definition 1.3]. Note that in general ¢p o F' # F% o 10 unless F is a functor.
On the other hand, if G : C* — D! is a functor, then there is a semifunctor F' : C — D given
as in the proof of [I2, Theorem 1] such that F% = G, cf. [9, Proposition 1.4]. Moreover, given
semifunctors F, F' : C — D, F =, F’ is a natural semi-isomorphism if and only if F% 2 (F")% is a
natural isomorphism of functors [IT, Theorem 2.12]. A (semi)natural transformation o : F' — F’ of
semifunctors F, F’ : C — D induces the natural transformation a? : F% — (F” )h
aEX,e) :=axoFe=Feoax, cf. [II, Theorem 7.3]. The category Cats with categories as objects,

with components

semifunctors as arrows, and seminatural transformations as 2-cells is a 2-category [I1, Theorem
7.2]. Since any functor is in particular a semifunctor, there is an inclusion of the 2-category Cat of
categories, functors and natural transformations, in Cats. Conversely, the idempotent completion
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construction provides a canonical way to transform semifunctors into functors. In fact, the Karoubi
envelope functor r : Caty — Cat, defined by x(C) = C%, x(F) = F", for any category C and any
semifunctor F' : C — D, is the right adjoint of the inclusion functor ¢ : Cat — Cats (see [11], Theorem
2.10]). Moreover, k defines an equivalence of 2-categories between Cats and the full 2-subcategory
of Cat having idempotent complete categories as objects [12, Theorem 1]. Thus, many standard
properties for functors can be extended to semifunctors, as for instance the notion of adjunction.

1.3. Semiadjunctions. Let F' : C — D be a semifunctor, let C°P be the opposite category of C,
and consider the semifunctor

Homp(F—,—) : C°" x D — Set,

(C, D) — Homp(FC,D), (f:C"—C,g:D — D) Homp(Ff,g)(—)=go—oFf
Since in general, for any morphism h : FC — D in D, Homp(FIde,Idp)(h) =Idp o ho Flde =
hoFId¢ # h, then Homp (F—, —) is really a semifunctor. Analogously, for a semifunctor G : D — C
one can consider the semifunctor Home(—, G—) : C°P x D — Set.

Definition 1.3. |11l Definition 3.1] A semiadjunction is a triple (F' : C - D,G : D — C, 1), where
F, G are semifunctors and 7 is a natural semi-isomorphism given, for any C € C and D € D, by

(1) Te,p : Homp (FC, D) = Home(C,GD)

Equivalently, by |11 Theorem 3.10] a semiadjunction (F,G,n,¢€) is the datum of semifunctors
F:C — Dand G : D — C equipped with natural transformations 7 : Ide — GF (unit) and
€ : FG — Idp (counit) such that the “semitriangular” identities

(2) GeonG = GId and €F o F'np = FId

hold true, see also [10}, Definition 22]. In particular, n and € are indeed seminatural transformations.
We usually denote a semiadjunction (F, G, n,€) by F -5 G. Note that the natural semi-isomorphism
7 in ([T} is given as in the functorial case by

(3) 7¢,p(h) = G(h) o ne,
for any morphism h : FFC' — D in D. Its semi-inverse o is given by
(4) oc,p(g) =ep o F(g),

for any g : C — GD in C. Any adjunction of functors is trivially a semiadjunction, and if (F, G, , €)
is a semiadjunction, then (F% G% nf €%) is an adjunction of functors [9, Theorem 1.9], with unit
and counit given on components by n?c’c) =ncoc: (C,c) = (GFC,GFc) and e?D’d) =doep:
(FGD,FGd) — (D,d), respectively. Moreover, as shown in [11, Theorem 3.5], F -5 G if and
only if F% 4 G%. Tt is known that semiadjoint semifunctors are not unique up to isomorphism, but
they are unique up to natural semi-isomorphism, cf. [II, Theorem 3.6]. We include a proof for
completeness sake. Cf. [5] Proof of Proposition 9] for the case of functors.

Proposition 1.4. Let F 45 G, F s G’ be semiadjunctions of semifunctors. Then, G and G’ are
naturally semi-isomorphic.

Proof. Let F -5 G, F -5 G’ be semiadjunctions with units 1, ', and counits ¢, €, respectively.
Consider v := G'eon/G : G — G’ and v := Ge'onG’ : G’ — G. Note that yoGId = G’eor/ GoGId =
G'eo G'FGId oG = G'(e 0o FGId) o /G = G'e o /G = 7, and 7' 0 G'Id = G€' o nG’' o G'Id =
Ge o GFG'Id o nG' = G(€ o FG'Id) o nG' = G€ onG' = ~'. Moreover, v and +' are natural as
they are composition of natural transformations, so they are seminatural transformations. From
naturality of 7 it follows that nG’ o G'e = GFG'¢ o nG'FG and nG'FG on/'G = GFn'G o nG, and
from naturality of € it follows that Ge o G¢ FG = G¢' o GFG'e. Then, we obtain

Y oy=G onG oG'con'G =G o GFG' e onG'FGon'G

=GeoGéFGoGFn'GonG = Geo GFldg o nG = GeonG = GId.
Similarly, from naturality of " and €, we have
vor' =G'econGoGe onG' = G'eo G'FGE o GFG' o nG’
=G'doGeFG o G'FnG on/G' = G'¢ o G'Fldg: oG’ = G'é' o/ G’ = G'1d. O
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In [11] the terminology of right (resp. left) semiadjoint is used to denote a semifunctor G (resp.
F) that is part of a semiadjunction F' - G, that is, both semitriangular identities hold true.
In the following definition we adopt the same terminology with a weaker meaning, inspired by [16],
Definition 1.3] for functors.

Definition 1.5. We say that:

(i) a semifunctor G : D — C is a right semiadjoint if there exist a semifunctor F': C — D and
seminatural transformations 7 : Ide — GF and ¢ : FG — Idp, such that Ge o nG = GId;

(ii) a semifunctor F': C — D is a left semiadjoint if there exists a semifunctor G : D — C and
seminatural transformations 7 : Ide — GF and € : FG — Idp, such that eF o Fp = FId.

Remark 1.6. In a semiadjunction F' -5 G, F is a left semiadjoint and G is a right semiadjoint.

Now we show that a right (resp. left) semiadjoint is actually part of a semiadjunction (cf. [2
Lemma 2.16]). In particular, we have the following characterization of left and right semiadjoints.

Proposition 1.7. (1) A semifunctor G : D — C is a right semiadjoint if and only if there is
a semifunctor F' : C — D (unique up to natural semi-isomorphism), such that F' - G is
a semiadjunction.
(2) A semifunctor F : C — D is a left semiadjoint if and only if there is a semifunctor G :
D — C (unique up to natural semi-isomorphism), such that F -5 G’ is a semiadjunction.

Proof. (1). If F/ 45 G is a semiadjunction, then by Remark the semifunctor G is a right
semiadjoint and F’ : C — D is a left semiadjoint. Conversely, if G is a right semiadjoint, then there
exist a semifunctor ' : C — D and seminatural transformations 7 : Id¢ — GF and € : FG — Idp,
such that GeonG = GId. Set e := ¢F o Fnp : F — F, which is an idempotent seminatural
transformation. Indeed, it is natural as it is composition of natural transformations; for any X € C
we have ex OFIdX = €rXx OF77X OFIdX = €FX OF(’I]X Oldx) = €rXx OF?’]X =e€x and, cf. e.g. [16,
Lemma 1.4(2)], ece =eFoFnoeFoFn=¢eFoeFGF o FGFnoFn=¢eFoFGeFoFnGFoFn=
eF o FGIdp o Fp = eF o Fp = e. Then, there is a semifunctor F’ : C — D that acts as F' on objects
and sends a morphism f: X — Y in C to Ff oex. Indeed, given f: X - Y andg:Y — Z in
C we have F'go F'f = FgoeyoFfoex = FgoFfoexoex = F(gof)oex = F'(go f), so
that F” is a semifunctor. Now we show that (F’,G, 7', €') is a semiadjunction where 7y := n¢ and
€'n == ¢ep, for every object C € C and D € D. Note that by the assumption Ge o nG = GId, we get
€poegp = €poepgp © F'ngp = ep o FGep o F'ngp = ep o F'(Gep ongp) = ep o FGldp = ep,
for every D € D, where the last equality follows from the seminaturality of €, so

(5) eoelG =e.

For every D € D, we have €, o F'Gldp = ep o FGIdp o egp epoegp o FGIdp oegp =

epoegpoegp o FGldp =epoegp o FGIdp = ep o FGIdp = ep = €/, and for every morphism

f:D — D' in D we have €, o F'Gf = epr o FGfoegp = foepoegp = foep = foep, so
that € := (ep) pep : F'G — Idp is indeed a seminatural transformation. For every object C'in C,
it holds 1, o Id¢ (Ide) = ng o Ide = g, and for every morphism f: X — Y in C we have

GF'fony =G(Ffoex)onx =G (ey o Ff)onx = Gey o GFfonx
=G(epy o Fy) o GF fonx = Gepy o (GFny ony) o f = Gepy ongry ony o f
=Gldpy oGFfonx =G(Idpy o Ff)onx =GFfonx =nyof=mnyof

so that 7' := (nc)cee : Ide — GF'is indeed a seminatural transformation. Thus, from Ge,ongp =
Gepongp = Gldp and € o F'np = epc o F'nie = epc o Fncoec = ecoec = ec = Fldgoec =
F'Id¢ it follows that (F', G, 7', €’) is a semiadjunction. By the left analogue of Proposition F’
is unique up to natural semi-isomorphism.

(2). It is dual to (1). O

In the following proposition we show that the notion of right (resp. left) semiadjoint is stable
under composition. As a consequence, as pointed out in [12], page 4], semiadjunctions remain stable
under composition, similarly to the case of adjunctions of functors, cf. [15, IV.8, Theorem 1].
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Proposition 1.8. (1) Given two right semiadjoints G : D — C and G’ : £ — D, then the
composite semifunctor G o G’ : £ — C is a right semiadjoint.
(2) Given two left semiadjoints F : C — D and F' : D — &, then the composite semifunctor
F'oF :C— & is a left semiadjoint.

Proof. (1). f G: D — C and G’ : £ — D are right semiadjoints, then by definition there exist a
semifunctor F' : C — D and seminatural transformations n : Id¢ — GF and € : FFG — Idp, such
that Ge o nG = GId, and there exist a semifunctor F’ : D — £ and seminatural transformations
7 :Idp — G'F" and ¢ : F'G’ — Idg, such that G'¢’ o /G’ = G'1d, respectively. Set 77 := Gn'F on
and € := €’ o F'eG’'. We now show that the composite Go G’ : £ — C is a right semiadjoint through
the semifunctor F' o F' : C — £ and the seminatural transformations 7 : Id¢ — GG'F'F and
€: F'FGG — Ide. Indeed, we have

GG'eo GG = GG'e o GG'F'eG' o G FGG' o nGG' = G(G'eé o G'F'eG' o FGG') 0 nGG’
=G(G'é on/'G 0 eG') onGG' = G(G'ld 0 €G') o GG’ = GG'ld 0 GeG' 0 nGG’
= GG'ld o (Ge o nG)G' = GG'1d o Gldg: = G(G'ld o 1de/) = GG'1d.

(2). At the same way, if F': C — D and F’ : D — £ are left semiadjoints, then by definition there
exist a semifunctor G : D — C and seminatural transformations n : Id¢ — GF and € : FG — Idp,
such that eF'oF'np = FId, and there exist a semifunctor G’ : £ — D and seminatural transformations
7 :Idp — G'F’' and € : F'G’ — Idg, such that ¢ F' o ') = F'Id, respectively. By setting again
77:=Gn'Fonand€:=¢ oFeG, it holds that eF"F o F'Fij = F'FId, hence F'oF : C — £ is a
left semiadjoint. In fact, we have that
EFFoF' Fj=€F FoF eG'FFoF' FGyFoF' Fn= (F oFe¢G'F o F"FGn)F o F'Fn
=(F oF'noFe)FoF Fn=(FldoFe¢)FoF'Fn=FeFoF Fn=FFId. O

Corollary 1.9. Given semiadjunctions (F 45 G : D — C,n,¢) and (F' 4, G' : € = D,n/,€), then
also (F'F 45 GG’ : £ = C,Gn'F on, € o F'eG’) is a semiadjunction.

Proof. By Remark G and G’ are right semiadjoints through F,7n,e and F’, 7', ¢, respectively,
and F, F’ are left semiadjoints through G,n,e and G’,7/, €, respectively. Then, by the proof
of Proposition we know that GG'eé o GG’ = GG'ld and €F'F o F'Fij = F'FId, where 7] =
Gn'Fon:lde - GG'F'F and e =€ o F'eG' : F'FGG" — 1d¢. O

Now we show how an idempotent (semi)natural transformation on the identity functor of a
category allows to obtain a canonical semiadjunction of semifunctors.

Proposition 1.10. Given a category C, any idempotent (semi)natural transformation e = (ex)xec :
Ide — Id¢ defines an endosemifunctor E°¢ : C — C, which is self-semiadjoint, i.e. E°¢ -5 E°.

Conversely, any semifunctor which is self-semiadjoint defines an idempotent seminatural transfor-

mation.

Proof. Given the idempotent seminatural transformation e : Id¢ — Id¢, consider the assignment
XX, [[:X=>Y]— foex=eyof,

for any object X € C and for any morphism f in C. It defines a semifunctor E¢ : C — C. In fact,
given morphisms f: X —Y,¢:Y — ZinC, we have that E¢(go f) = gofoex = go(foex)oex =
goeyofoex = FE°g)o E°(f) but E¢(Idx) = Idx o ex = ex, which is not necessarily Idx. We
show that E° - E° is a semiadjunction with unit n° : Ide = E°E°, n% = ex, and counit € :
E°E° — Ide, €& = ex. Indeed, we have E€e5 onG. y = E°(ex)on% = exoexoex = ex = EIdy,
and €%y 0 B = exongoex =exoexoex = ex = E°ldx. Conversely, if £ : C — C is
a self-semiadjoint semifunctor, then there exist seminatural transformations n : Id¢ — EF and
€ : FE — Ide, such that FeonFE = FId and €FE o En = EId. As in the proof of Proposition
set e := eF o Enp : E — E, which is an idempotent seminatural transformation. Indeed, it
is natural as it is composition of natural transformations; for any X € C we have ex o E(Idx) =
epxoFEnxoE(ldyx) = egxoE(nxoldx) =egxoEny =ex and eoe = EldoEld = EIld =e. O

Definition 1.11. We call the semifunctor E¢ given as in Proposition the canonical semi-
functor attached to an idempotent seminatural transformation e = (ex)xec : Ide — Ide on a
category C.
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Remark 1.12. Given a category C, let e = (ex)xec : Ide — Ide be an idempotent (semi)natural
transformation. Then, e = Idjq, : Id¢ — Id¢ if and only if E° : C — C is the identity functor on C.

As a consequence of Corollary [[.9]and Proposition given a (semi)adjunction of (semi)functors
and an idempotent seminatural transformation, we can obtain another semiadjunction of semifunc-
tors as follows.

Corollary 1.13. Let F 43 G : D — C be a semiadjunction with unit n and counit €, and let
e : Id¢ — Id¢ be an idempotent seminatural transformation. Consider the canonical semifunctor
E¢:C—C. Then, F' := FE¢:C — D and G’ := E*G : D — C form a semiadjunction F' -5 G'.

In Example [7.6] we will see an instance of a semiadjunction as in the previous corollary, con-
structed out of a morphism of rings.

2. SEMISPLITTING PROPERTIES FOR MORPHISMS

In this section we study semisplitting properties for morphisms whose source or target is the
image of a semifunctor. For semifunctors F : C — D, F' : C’ — D and objects C € C, C’ €
C’, we introduce the notions of F-semisplit-mono, Fe-semisplit-epi, (F¢, Ff)-semisplit-mono,
(Fc, F{.)-semisplit-epi, (Fe, F{/)-semi-isomorphism. Thus, given a seminatural transformation
a: F — F’ of semifunctors, if « is a natural semisplit-mono (resp. natural semisplit-epi, natural
semi-isomorphism), then every component morphism a¢ : FC — F'C is an (Fc, F{,)-semisplit-
mono (resp. (F¢, F})-semisplit-epi, (F¢, Ff,)-semi-isomorphism) in D.

In order to provide a complete picture of these properties, we start by giving the definitions of
F-semi-monomorphism and F-semi-epimorphism.

Definition 2.1. Given a semifunctor F' : C — D, we say that

e a morphism f: FC' — D in D is an Fg-semi-monomorphism if, for every parallel pair
of morphisms h, k : D' — FC in D, the equality foh = fok implies FIdgoh = Fld¢ ok;

e a morphism f: D — FC in D is an Fp-semi-epimorphism if, for every parallel pair of
morphisms h,k : FC — D’ in D, the equality ho f = ko f implies h o FIdg = k o Fld¢.

Note that if f : FC' — D is a monomorphism in D, i.e. for every h,k : D’ — FC in D the equality
foh = fokimplies h = k, then it is an Fe-semi-monomorphism. Analogously, if f : D — FC
is an epimorphism in D, i.e. for every h,k : FC — D’ in D, the equality h o f = k o f implies
h =k, then it is an F-semi-epimorphism. In case F'is a functor, then f : FC — D is an Fg-semi-
monomorphism if and only if it is a monomorphism, and f: D — FC is an F-semi-epimorphism
if and only if it is an epimorphism.

We have the following properties for F-semi-monomorphisms.

Proposition 2.2. Given semifunctors F': C — D, F' : C' — D, we have that:

(1) for every object C inC, the morphism Fld¢c : FC — FC in D is an Fo-semi-monomorphism;

(2) given an Fc-semi-monomorphism f : FC — D and an F(.,-semi-monomorphism g :
F'C" — FC such that Fldc o g = g, then the composite f o g : F'C' — D is an F[,-
semi-monomorphism;

(3) if the composite g o f of two morphisms f : FC — D and g : D — D’ in D is an
Fo-semi-monomorphism, then f is an Fo-semi-monomorphism.

Proof. (1). It is obvious.

(2). Let h,k : D' — F'C’ be parallel arrows in D such that fogoh = fogok. Since f is an
F-semi-monomorphism, we have that Fldgogoh = Fldg o go k, and then from Fldcog = g it
follows that goh = gok. Since g is an F{,,-semi-monomorphism, we get that F'Idc oh = F'Id¢ ok,
thus f o g is an F(,-semi-monomorphism.

(3). Let h,k : D" — FC be parallel arrows in D such that foh = fok. Then, go foh=go fok.
Since go f is an F-semi-monomorphism, we have that Fldcoh = Fldg ok, thus f is an Fo-semi-
monomorphism. O

We report the analogous properties for Fo-semi-epimorphisms, whose proof is similar.

Proposition 2.3. Given semifunctors F : C — D, F' : C' — D, we have that:



10 LUCREZIA BOTTEGONI

(1) for every object C in C, the morphism Fld¢ : FC — FC' is an Fo-semi-epimorphism;

(2) given an Fc-semi-epimorphism f : D — FC and an F/, -semi-epimorphism g : FC — F'C’
such that g o FId¢ = g, then the composite go f : D — F'C’ is an F(.,-semi-epimorphism;

(3) if the composite f o g of two morphisms g : D' — D and f : D — FC in D is an
Fc-semi-epimorphism, then f is an Fo-semi-epimorphism.

Now, given a semifunctor F' : C — D, we say that

e a morphism f : FC — D in D is an Fg-semisplit-mono if there exists a morphism
g: D — FC in D such that go f = Fld¢;
e a morphism f : D — FC in D is an Fc-semisplit-epi if there exists a morphism g :
FC — D in D such that fog= Fldc.
If f: FC — D is an Fg-semisplit-mono, then the morphism g : D — FC in D such that
go f = Fld¢ is an Fp-semisplit-epi. On the other hand, if f : D — FC is an Fg-semisplit-epi
through g : FC — D, then g is an Fg-semisplit-mono. Note that in case F' is a functor, then
f: FC — D is an Fe-semisplit-mono if and only if it is a split-mono, i.e. there exists a morphism
g : D — FC in D such that g o f = Idp¢; analogously, in case F' is a functor, f is an Fe-
semisplit-epi if and only if it is a split-epi, i.e. there exists a morphism g : FFC' — D in D such that
Jog=Idpc.
Proposition 2.4. Given a semifunctor F : C — D, we have that:

(1) for every object C in C, the morphism Fldc : FC — FC is both an Fo-semisplit-mono
and an Fg-semisplit-epi;

(2) any Fo-semisplit-mono is an Fo-semi-monomorphism;

(3) any Fo-semisplit-epi is an Fo-semi-epimorphism.

Proof. (1). For every object C' in C we have that Fld¢c o Flde = Fld¢, so Flde : FC — FC' is
both an F-semisplit-mono and an Fo-semisplit-epi.

(2). Let f: FC — D be an Fg-semisplit-mono in D. Then there exists a morphism g : D — FC
in D such that go f = Flde. By Proposition (1) Fld¢ is an Fe-semi-monomorphism, then so
is g o f, hence by Proposition (3) f is an Fg-semi-monomorphism.

(3). The proof is dual to (2). O

In the next proposition we show the behavior of Fo-semisplit-monos (resp. Fe-semisplit-epis)
with respect to composition.

Proposition 2.5. Given semifunctors F : C — D, F' : C' — D, we have that:

(1) if f: FC — D is an Fg-semisplit-mono and f' : F'C' — FC is an F},-semisplit-mono
such that F1dc o f' = f’, then the composite f o f' : F'C' — D is an F(,-semisplit-mono;

(2) if the composite g o f of two morphisms f : FC — D and g : D — D’ in D is an
Fe-semisplit-mono, then f is an Fo-semisplit-mono;

(3) if f: D — FC is an Fo-semisplit-epi and f' : FC — F'C’ is an F(.,-semisplit-epi such
that f' o Flde = f’, then the composite f' o f : D — F'C" is an F(., -semisplit-epi;

(4) if the composite f o g of two morphisms f : D — FC and g : D' — D in D is an
Fo-semisplit-epi, then f is an Fo-semisplit-epi.

Proof. We prove only (1) and (2), as (3) and (4) follow similarly.

(1). If f: FC — D is an Fg-semisplit-mono, then there exists a morphism ¢g : D — FC in D
such that g o f = FId¢. Assume that f' : F'C" — FC'is an F(,-semisplit-mono, i.e. there exists
a morphism ¢’ : FC — F'C’ in D such that ¢’ o f' = F'Id¢r, and assume that FIdg o f/ = f'.
Consider the composite g'og : D — F'C’. We have g'ogo fof' =g oFldcof =g¢'of = F'ld¢,
thus f o f’ is an F{,,-semisplit-mono.

(2). If the composite go f : FC — D’ is an Fe-semisplit-mono, then there exists a morphism
h: D’ — FC in D such that hogo f = FIdc, thus f is an F-semisplit-mono. O

Definition 2.6. Given semifunctors F': C — D, F’ : C' — D, we say that a morphism f : FC —
F'C" in D is an
e (F¢, F[,)-semisplit-mono if f o FIdc = f and there exists a morphism g : F'C" — FC
in D such that
gof=Fldg and goF'ldg = g;
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e (Fc, Fl,)-semisplit-epi if F'Idcs o f = f and there exists a morphism g : F'C" — FC in
D such that
fog=F1de: and Fldgog=yg.

Remark 2.7. Any (F¢, F(,)-semisplit-mono is an Fe-semisplit-mono and any (F¢, Ff,)-semisplit-
epi is an F/,-semisplit-epi.

The following properties hold true.

Proposition 2.8. Given semifunctors F :C — D, F' :C' — D, F" : C" — D, we have that:

(1) for every object C in C, the morphism Fldc : FC — FC is both an (Fc, Fo)-semisplit-
mono and an (Fg, Fo)-semisplit-epi;

(2) given an (Fc, Fl,)-semisplit-mono f : FC — F'C’ and an (Ff., F.)-semisplit-mono
f' - F'C" — F"C", then the composite f' o f : FC — F"C" is an (Fc, F{,)-semisplit-
mono;

(3) given an (Fc, Fl,)-semisplit-epi [ : FC — F'C' and an (F(.,, F/,)-semisplit-epi [ :
F'C" — F"C", then the composite f' o f : FC' — F"C" is an (Fc, F/.,)-semisplit-epi.

Proof. (1). It is clear.

(2). If f: FC — F'C' is an (F¢, F/,)-semisplit-mono, then f o FIde = f and there exists a
morphism ¢ : F’C’ — FC in D such that go f = FId¢ and go F'lde: = g. If f': F'C" — F"C" is
an (Ff,, Fl.)-semisplit-mono, then f'oF'Idc = f’ and there exists a morphism ¢’ : F"C" — F'C’
in D such that ¢’ o f' = F'Id¢s and ¢’ o F”1d¢» = ¢'. Consider the composite gog’ : F"C"” — FC.
We have gog' o f'of = go F'Idg: o f = go f = FIdec. Moreover, f' o f o Fldg = f' o f and
gog oF'lden = gog', thus f' o fis an (F¢, F/., )-semisplit-mono.

(3). It is dual to (2). O

Definition 2.9. Given semifunctors F': C — D, F’' : C' — D, we say that a morphism f : F'C —
F'C’" in D is an (F¢, Fl,)-semi-isomorphism if f o FIdc = f and there exists a morphism
g: F'C’ — FC in D such that

(11) f o0g = F’Idc/.
We call a morphism g : F'C" — FC in D which satisfies (i) and (ii) the (F¢, F/,)-semi-inverse
of f if Fldg o g = g holds true in addition.

In case both F' and F’ are functors, then f : FC — F'C’ is an (F¢, F{,/)-semi-isomorphism if
and only if it is an isomorphism in D, i.e. there exists a morphism ¢ : F'C’ — FC in D such that
go f = IdFC and f o0g= IdF/C/.

Lemma 2.10. Let ' : C — D, F' : C' — D be semifunctors and let f : FC — F'C’ be an
(Fc, Fl)-semi-isomorphism in D. Then, f = fo Fldc is equivalent to F'Idcs o f = f. Moreover,
if a morphism g : F'C' — FC' in D satisfies (i) and (ii) as in Definition[2.9, then Fldc o g = g is
equivalent to go F'ldcr = g.

Proof. Let f : FC — F'C’ be an (Fg¢, F{.,)-semi-isomorphism. Then, fo Flde = fogo f =
F'lder o f, so f = f o Flde is equivalent to f = F'Idc: o f. Analogously, by interchanging the
roles of f and g, FIdg o g = g is equivalent to g o F'Idg: = g. O

Lemma 2.11. Let F : C — D, F' : C' — D be semifunctors and let f : FC — F'C’ be an
(Fc, Fl.)-semi-isomorphism in D. Then, f admits a unique (Fc, Ff.,)-semi-inverse.

Proof. If f : FC — F'C" is an (F¢, F{,,)-semi-isomorphism, then fo FIdc = f (which is equivalent
to F'Ider o f = f) and there exists a morphism ¢ : F'C’ — FC in D such that go f = FId¢ and
fog= F'ldc/. Consider the composite ¢’ := go fog: F'C' — FC. Then, go f =go fogo f =
Fldg o Fldg = Fldg and fog = fogo fog = F'ldg: o F'lder = F'Idg:. Moreover, we
have that Fldc o g’ = Fldcogo fog=gofogofog=goFlIdgmofog=gofog=4dg,
so ¢’ is an (Fe, Fl.,)-semi-inverse of f. Assume that there exists another (Fc¢, F{, )-semi-inverse
h: F'C'" — FC in D that satisfies conditions (i)-(ii) and such that h = FId¢ o h. Then, we have
h=Fldcoh=g¢ ofoh=g oFlIdc = ¢, thus the (F¢c, F{,)-semi-inverse of f is unique. O
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Proposition 2.12. Let F : C — D, F' : C' — D be semifunctors. A morphism f: FC — F'C’ in
D is an (Fc, Fl,)-semi-isomorphism if and only if f is both an (F¢, Ff.,)-semisplit-mono and an
(Fc, Ft.)-semisplit-epi.

Proof. If f : FC — F'C’ is an (Fc¢, F{,/)-semi-isomorphism in D with (F¢, F/,, )-semi-inverse ¢,
then it is trivially an (F¢, F{.,)-semisplit-mono and an (F¢, F{,,)-semisplit-epi. On the other hand,
if f is an (F¢, F})-semisplit-mono, then foFIdc = f and there exists a morphism g : F'C" — FC
in D such that gof = Fld¢ and goF'Idc = g. If f is an (F, F )-semisplit-epi, then F'Id¢iof = f
and there exists a morphism ¢’ : F'C’ — FC in D such that fo g = F'Idc and Fldg o g’ = ¢'.
Since g = go F'ld¢r = go fog' = Fldcog' = ¢, we have that f is an (F¢, F{,,)-semi-isomorphism
in D with (Fg, F{,,)-semi-inverse g = ¢’ O

The following properties hold true for (F¢, Ff, )-semi-isomorphisms.

Proposition 2.13. Given semifunctors F : C — D, F' : C' — D, we have that:

(1) for every object C inC, the morphism Flde : FC — FC' is an (F¢, Fo)-semi-isomorphism;

(2) any (Fc, Fl/)-semi-isomorphism is both an Fc-semi-monomorphism and an Ff,-semi-
epimorphism;

(3) if f: FC — F'C' is an (F¢, F[,)-semisplit-mono and an F(, -semi-epimorphism in D,
then it is an (Fc, F/.)-semi-isomorphism;

4) if f: FC — F'C" is an (F¢, Fl.,)-semisplit-epi and an Fc-semi-monomorphism in D, then
it is an (Fc, F/)-semi-isomorphism.

Proof. (1). It is clear.

(2). Tt follows from Proposition Remark [2.7] and Proposition

(3). If f: FC — F'C'is an (Fc¢, F},)-semisplit-mono, then f o FIdc = f and there exists a
morphism g : F/'C’ — FC in D such that go f = Fld¢ and g o F'Ider = ¢g. Thus, we have
fogof=foFldc = f, hence, if f is an F{,,-semi-epimorphism, we get f o go F'ldc: = F'Id¢v,
and then fog= F'Id¢, so f is an (F¢, F{,)-semi-isomorphism.

(4). Tt is dual to (3). O

Moreover, we have the following.

Lemma 2.14. Let I : C — D, F' : C' — D be semifunctors. Any semifunctor H : D — &£
preserves (Fc, Ff,)-semisplit-monos, (Fc, Ff.,)-semisplit-epis, (Fc, F{..)-semi-isomorphisms.

Proof. Let f : FC — F'C’' be an (F¢, F{.)-semisplit-mono in D. Then, f o FId¢ = f and there
exists a morphism ¢ : F'C’ — FC in D such that go f = Fldg and g o F'Idcr = g. We have
that Hf o HFlde = H(f o Flde) = Hf, Hgo Hf = H(go f) = HFIde and Hg o HF'Ider =
H(g o F'ld¢r) = Hg, thus Hf is an (HFc, HF(,)-semisplit-mono. If f : FC — F'C’ is an
(Fc, Ff.)-semisplit-epi in D, then F'Id¢r o f = f and there exists a morphism g : F'C’ — FC in
D such that fog = F'Idg: and Fldg o g = g. We have that HF'Idg: o Hf = Hf, Hf o Hg =
H(fog) = HF'Ide: and HFIdgc o Hg = Hg, thus Hf is an (HF¢, HF[,)-semisplit-epi. If
f: FC — F'C’" is an (Fg¢, F{.,)-semi-isomorphism in D, then as in the previous cases H f is an
(HF¢, HF(,)-semi-isomorphism. O

Hereafter, in order to simplify the notation, when the semifunctors ' : C — D, F' : C' —
D are clear from the context, we will write C-semi-monomorphism (resp. C-semisplit-mono,
(C, C")-semisplit-mono, C-semi-epimorphism, C-semisplit-epi, (C, C’)-semisplit-epi, (C,C")-semi-
isomorphism) instead of Fg-semi-monomorphism (resp. Fe-semisplit-mono, (Fe, FY,,)-semisplit-
mono, Fe-semi-epimorphism, Fo-semisplit-epi, (Fo, F{ )-semisplit-epi, (F¢, F{./)-semi-isomorphism).

Remark 2.15. Let a: F' — F’ be a seminatural transformation of semifunctors F, F’ : C — D. If
« is a natural semisplit-mono (resp. natural semisplit-epi, natural semi-isomorphism), then every
component morphism a¢ : FC — F'C is a (C,C)-semisplit-mono (resp. (C,C)-semisplit-epi,
(C, C)-semi-isomorphism) in D.

Example 2.16. [I1, See Section 2.4] Let F' : C — Set be a semifunctor and let FX = {z €
F(X)|F(Idx)(z) = «} denote the subset of FX of fixpoints of F(Idyx). For any morphism f :
X - Y inC,if z € FX, then F(f)(z) € FY, hence the function F(f): FX — FY restricts to a

function F(f) : FX — FY. Infact, F(Idy )(F(f)(z)) = F(Idy o f)(z) = F(f)(z), for every z € X.
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Thus, we have a functor F' : C — Set, X — FX, f — F(f), which is naturally semi-isomorphic to
F. Indeed, let a: F — F, a = (ax : FX — FX)xec, be given by ax(p) = F(Idx)(p), for every
p € FX. Note that F(Idx)(p) € FX as F(Idx)(F(Idx)(p)) = F(ldx oIdx)(p) = F(Idx)(p). We
have that, for any morphism f: X — Y in C and any p € FX, (ay o Ff)(p) = (Fldy o Ff)(p) =
Ff(p) = (Ff o Fldx)(p) = (Ff o ax)(p), thus «a is a natural transformation. Since F is a
functor, we have that « is seminatural. Let 3 : F — F, (Bx : FX — FX)xec, be given by the
canonical inclusion Bx(q) = ¢, for every ¢ € FX = FX. We have that, for any f : X — Y in C,
(FfoBx)(q) = Ff(q) = (By o Ff)(q) for every ¢ € FX and, since F is a functor, f o FId = 3
holds true. Finally, a0 8 = FId and fo«a = FId, as for every X € C, p € FX and q € FX, we
have axBx(q) = ax(q) = F(Idx)(q) = ¢ = Fldx(q) and Bxax(p) = Bx (F(ldx)(p)) = Fldx(p),

respectively. Hence any component morphism «x is an (Fx, F x)-semi-isomorphism in Set, and
any fx is an (F x, Fx)-semi-isomorphism in Set.

3. THE NOTION OF SEMIFULL SEMIFUNCTOR

Let F : C — D be a semifunctor and consider the associated natural transformation
(6) F :Home(—, —) — Homp(F—, F—),

given by Fx y : Home(X,Y) - Homp(FX, FY), Fx,y(f) = F(f), for any morphism f: X - Y
in C. Note that the codomain Homp(F—, F—) is a semifunctor, as Homp(FIdx, FIdy)(h) =
Fldy o ho FIdx # h in general, while the domain Hom¢(—, —) is a functor, so F is actually a
seminatural transformation. When needed we will denote F by F¥ to make explicit the semifunctor
F we are considering.

As in the functorial case (see e.g. [4, Definition 1.5.1]), if Fx y is injective, surjective, bijective
for every pair of objects X,Y € C, then F is a faithful, full, fully faithful semifunctor, respectively.
In Proposition we will show that a full (and hence a fully faithful) semifunctor is actually a
functor. Here we investigate a weaker notion of fullness for semifunctors that we call semifullness.
We start with an example.

Example 3.1. [11Il See Example 2.1] Let Set be the category of sets and functions, and consider
the semifunctor F' : Set — Set, defined on objects A by F(A) = A x A, where A x A is the
cartesian product of A by itself, and on morphisms f : A — B by F(f) : Ax A - B x B,
F(f)(a,a") = (f(a), f(a)), for every a,a’ € A. In particular, if a,a’ € A and a # a', then
F(Ida)((a,a’)) = (a,a), whereas Idpa((a,a’)) = (a,a’), hence F is really a semifunctor. Note that
F is faithful as if F(f) = F(f’) for morphisms f, f' : A — B in Set, then for every a € A we get
(f(a), f(a)) = F(f)((a,a')) = F(f')((a,a")) = (f'(a), ['(a)), thus f(a) = f'(a) for every a € A,
hence f = f’. Moreover, F is not full, as there is no f : A — A in Set such that F(f) = Idpa.
Indeed, if such f exists, then for all a,a’ € A we have F(f)((a,a’)) =1dpa((a,a’)) = (a,a’), but this
cannot happen if a # a’, as F(f)((a,d’)) = (f(a), f(a)) # (a,a’). A deeper look at the semifunctor
F allows us to highlight the following property. Let 15 : B X B — B be the canonical projection
on the first factor of the cartesian product B x B, and let A4 : A — A x A be the diagonal arrow
of A, given by As(a) = (a,a), for every a € A. For any morphism f = (f;, fo) : Ax A— Bx B
in Set, where f1, fo : A x A — B, consider the morphism

g:=vpofolAy=fioAr:A— B
in Set. We note that F(g) = Fldg o f o FId4. Indeed, for all a,a’ € A we have F(g) ((a,a’)) =
(9(a), g(a)) = (f1((a;a)), f1((a,a))) = Fldp(f((a,a))) = (Fldp o f o F1da)((a,a)).
Motivated by this example, we introduce the notion of semifull semifunctor.

Definition 3.2. We say that a semifunctor F' : C — D is semifull if for every morphism f :
FX — FY in D there exists a morphism g : X — Y in C such that F(g) = FIdy o f o Fldx.

It is now clear that the semifunctor F' in Example [3.1] is semifull. The following result shows
how semifullness is related to the traditional notion of full functor.

Proposition 3.3. Let F : C — D be a semifunctor. Then, F is full if and only if it is semifull
and Idrp = F1d.

Remark 3.4. From Idr = FId it follows that a full semifunctor is indeed a functor.
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Proof. If F is full, then it is trivially semifull. Indeed, if for any f : FX — FY in D there exists a
morphism g : X — Y in C such that f = F(g), then F(g) = F(Idyogoldx) = FldyoF(g)oFIdx =
FlIdy o f o FIdx. In particular, for every X € C, Idpx = F(h) for some h : X — X in C, hence
Idpx = F(Idx oh) = Fldx o F(h) = Fldx oIdpx = FIdx. On the other hand, assume that
Idr = FId. If F is semifull, then for any morphism f: FX — FY in D there exists g : X — Y in
C such that F(g) = Fldy o f o Fldx =Idpy o foldpx = f, thus F is full. O

Moreover, semifull semifunctors are stable under composition.

Proposition 3.5. Let F : C — D and G : D — £ be semifunctors.

(i) If F and G are semifull, then the semifunctor G o F' is semifull.
(ii) If Go F is semifull and G is faithful, then F is semifull.

Proof. (i). Let F and G be semifull semifunctors. Then, for any morphism f: GFX — GFY in &,
since G is semifull, there exists a morphism g : FX — FY in D such that G(g) = Gldpy o foGldpx.
Now, since F is semifull, there exists a morphism h : X — Y in C such that F'(h) = FldyogoFIdx.
Then, we have that GF(h) = GFIdy o G(g9) o GFIdx = GFldy o Gldpy o f o Gldpx o GFldx =
GFIdy o foGFldx, so G o F is semifull.

(if). Assume that G o F' is semifull. Then, for any morphism f : FX — FY in D, there exists a
morphism h : X — Y in C such that GF(h) = GFIdy o G(f) o GFIdx, so G(F(h)) = G(FIdy o
foFldy). If G is faithful, we have that F(h) = FIdy o f o FIdx, hence F' is semifull. d

We say that a semifunctor F' : C — D is semifully faithful if F' is a faithful and semifull
semifunctor. A fully faithful semifunctor, which is actually a functor by Remark [3:4] is in particular
semifully faithful. As an instance, the semifunctor F' in Example is faithful and semifull,
thus semifully faithful, but not fully faithful. From Proposition [3.3] it follows that a semifunctor
F : C — D is fully faithful if and only if it is semifully faithful and Idp = FId.

Now we see how the semifull and semifully faithful conditions can be derived from requirements
on the natural transformation @ associated with a semifunctor.

Proposition 3.6. Let F' : C — D be a semifunctor and consider the associated natural transfor-
mation F : Home(—, —) — Homp (F—, F—).
(i) If, for every X, Y € C, Fxy is a Homp(F'—, F—)(x,y)-semisplit-epi (or (X,Y)-semisplit-
epi for short), then F is semifull.
(ii) If, for every X, Y € C, Fx,y is an ((X,Y), (X,Y))-semi-isomorphism, then F is semifully
faithful.

Proof. (i). If Fx,y is an (X,Y)-semisplit-epi for every X,Y € C, then there exists a map Gx,y :
Homp(FX,FY) — Home(X,Y) such that Fxy o Gx,y = Homp(FIdx, FIdy), i.e. for any
morphism g : FX — FY in D, (Fxy oGx,v)(g) = Fldy o g o Fldx. Thus, for any morphism
g: FX — FY in D we have that F(Gx y(g)) = FIdy o g o FIdx, where Gxy(g) : X = Y is a
morphism in C, hence F is semifull.

(). I Fxy is an ((X,Y),(X,Y))-semi-isomorphism for every X,Y € C, then there exists a
map gX7y : HOIDD(F’AX7 FY) — HOmc(X, Y) such that -FX,Y o gX7y = HOmD(FIdx,FIdy) and
Gx,y o Fxy = Home¢(Idx,Idy). By (i) F is semifull. Moreover, for any morphism h,k: X — Y
in C such that F(h) = F(k), we have that Gx y(F(h)) = Gx v (F(k)), hence from Gxy o Fxy =
Home (Id x, Idy) it follows that h = k. Thus, F' is semifully faithful. O

It is known that faithful functors reflect monomorphisms, epimorphisms and that fully faithful
functors reflect isomorphisms. In the next propositions we show a similar behavior for faithful and
semifully faithful semifunctors.

Proposition 3.7. Let F : C — D be a semifunctor and let H : D — £ be a faithful semifunctor.
Then, H reflects C-semi-monomorphisms and C-semi-epimorphisms.

Proof. Let f : FC — D be a morphism in D and assume that H(f) is a C-semi-monomorphism
in £. Suppose that f o h = f o k for some pair of parallel morphisms h,k : D’ — FC in D. Then,
H(f)oH(h)=H(f)o H(k), hence HFId¢ o H(h) = HF1dc o H(k). Since H is faithful, we have
that FIldc o h = Fldg ok, so f is a C-semi-monomorphism. The case for C-semi-epimorphisms is
similar. O
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Proposition 3.8. Let F : C — D, F' : C' — D be semifunctors and let H : D — £ be a
semifully faithful semifunctor. Then, H reflects (Fc, Fl.)-semisplit-monos, (Fc, F,)-semisplit-
epis, (Fc, Fl.,)-semi-isomorphisms.

Proof. Let f : FC — F'C’ be a morphism in D and assume that H(f) : HFC — HF'C’ is a
(HFc¢, HF(,)-semisplit-mono in €. Then, H(f) o HFIdc = H(f) and there exists a morphism A :
HF'C' — HFC'in & such that ho H(f) = HFId¢ and ho HF'Ide: = h. From H(foFlde) = H(f)
we obtain f o Fldc = f, as H is faithful. Since H is semifull, there is a morphism g : F'C’' — FC
in D such that H(g) = Hldpc o ho HIdp/¢s. Thus, from ho H(f) = HFIdc we have H(go f) =
H(g)OH(f) = HldpcohOHIdF/C/ OH(f) = Hldpcoh,OH(f) = HldpcoHFIdC = HFIdc, and
then, since H is faithful, we get go f = FIdo. Moreover, we have H(goF'1d¢) = H(g)oHF'Ider =
HIdFC OhOHIdF/C/ OHF/IdC/ = HIdFCOhOHF/IdC/ OHIdF/C/ = HIdFC OhOHIdF/C/ = H(g),
hence go F'Id¢s = g as H is faithful. Then, f is an (F¢, Ff,)-semisplit-mono in D. For (F¢, Fl,)-
semisplit-epis and (F¢, Ff.,)-semi-isomorphisms the proof is similar. O

Inspired by [3, Proposition 2.5], we provide a characterization of faithfulness and semifullness
for semifunctors that are part of a semiadjunction.

Proposition 3.9. Let F' 45 G : D — C be a semiadjunction with unit n and counit €. Then,
(1) F is faithful if and only if nc is @ monomorphism in C for every C € C;

(2) F is semifull if and only if nc is a C-semisplit-epi in C for every C € C;

(3) G is faithful if and only if ep is an epimorphism in D for every D € D;

(4) G is semifull if and only if ep is a D-semisplit-mono in D for every D € D.

Proof. We prove only (1) and (2), as (3) and (4) follow by duality. For any C,C’ in C consider the
composition
Te,pcr © Fé ot Home (C, C') = Home (C, GFC')

where 7 is the natural semi-isomorphism defined on components as in , thus 7¢ por (Ff) =
GFfonc =nc o f, for any morphism f: C — C’ in C.

(1). Assume that F'is faithful. Let f, f' : C' — C’ be morphisms in C such that ncrof = nerof’, ie.
1o.rc (Ff) = 1o rpc(Ff'). Then, by composing the latter equality with oc pes defined as in (4),
we get UC,FC”TC’,FC’(Ff) = O'C,FC’TC',FC’(FJU), ie. FfoFldg = Ff' o Fldg, so that Ff = Ff’.
Since F is faithful we have f = f’, thus ¢/ is a monomorphism. Conversely, suppose that 7¢ is
a monomorphism for every C' € C. Let f, f' : C — C’ be morphisms in C such that Ff = Ff’.
Then, ne o f = GFfone = GFf' ong =ner o [, thus f = [/ as ner is a monomorphism. Hence
F is faithful.

(2). Assume that F is semifull. Then, for any f : FC — FC’ in D there exists g : C — C’
in C such that F(g) = Fldgr o f o Flde. In particular, for epe : FGFC — FC, there exists
ve : GFC — C such that F(vg) = Fldg o €pe o Fldgre. Then, for every C' € C, we have
Nc oV = GFI/C ONGFC = TGFC,FC(FVC) = TGFC,FC(FIdC OC€pc © Fldgpc) = GFIdC o GGFC @)
GFldgrcongre = GFldg o Gepe ongre = GFldg o Gldpe = GFldg, thus ne is a C-semisplit-
epi, for every C in C. Conversely, suppose that for every C € C, n¢ is a C-semisplit-epi in C, i.e.
there exists a morphism vo : GFC — C in C such that nc ovg = GFId¢. Let f: FC — FC’ be
a morphism in D. Consider the composite morphism veo o Gf one : C — C' in C. Then, we have
F(VC/ OGfonc) = F(Idc/ o Vo OGfOﬁc) = FIdC/ OFVC/ OFGfOFT]C = €EFC’ O(F’I?C/ OFVC/)O
FGfOF?]C = GFCIOFGFIdC/ OFGfOF?]C — €EFC’ OFG(FICIC/ Of)OF?]C = FIdC/OfOEFcoF'I]C =
Fld¢gr o f o Flde, thus F is semifull. O

Remark 3.10. Let F' : C — D, G : D — C be semifunctors. We observe that for any natural
transformation « : Id¢ — GF with domain the identity functor, which is indeed a seminatural
transformation, any component morphism ay : X — GF X in C is an X-semisplit-epi if and only if
it is an (X, X)-semisplit-epi. Indeed, by Remark 2.7 any (X, X)-semisplit-epi is an X-semisplit-epi.
If ax is an X-semisplit-epi, then there is Sx : GFX — X in C such that ax o fx = GFIdx.
Moreover, Idy o fx = Bx and from seminaturality of « it follows that GFIdx o ax = ax.
Analogously, for any seminatural transformation o : GF' — Id¢ with codomain the identity functor,
any component morphism ax : GFX — X is an X-semisplit-mono if and only if it is an (X, X)-
semisplit-mono. Thus, in Proposition in the statement (2) n¢ is actually a (C, C')-semisplit-epi,
and in the statement (4) ep is a (D, D)-semisplit-mono.
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As a consequence, we have the following result for semifully faithful semifunctors, which is an
analogue of [4, Proposition 3.4.1] for semifunctors.

Corollary 3.11. Let F -y G : D — C be a semiadjunction with unit n and counit €. Then,
(1) F is semifully faithful if and only if nc is a (C, C)-semi-isomorphism in C for every C € C;
(2) G is semifully faithful if and only if ep is a (D, D)-semi-isomorphism in D for every D € D.

Proof. We show only (1) as (2) follows dually. If F is semifully faithful, then by Proposition
7c is a monomorphism (hence a C-semi-monomorphism) and a (C, C)-semisplit-epi in C (see
Remark for every C' € C. Thus, by Proposition (4), nc is a (C, C)-semi-isomorphism.
Conversely, if n¢ is a (C, C')-semi-isomorphism in C for every C € C, then by Proposition m
ne is a (C, C)-semisplit-epi (hence a C-semisplit-epi) and a (C, C)-semiplit-mono (hence an Ide¢ -
semi-monomorphism, i.e. a monomorphism) for every C in C, thus again by Proposition Fis
semifull and faithful. O

4. SEPARABLE SEMIFUNCTORS

Separable functors were introduced by C. Néastisescu et al. in [I7] and widely studied e.g. in
[5]. As a special case, which inspired the terminology, the restriction of scalars functor associated
with a morphism of rings is a separable functor if and only if the corresponding ring extension is
separable. In this section we study the property of separability for semifunctors. We recall that
a functor F' : C — D, with associated natural transformation F, is said to be separable if there is
a natural transformation P : Homp(F'—, F—) — Home¢(—, —) such that P o F = Id. We define a
semifunctor F': C — D to be separable by requiring the same condition on the associated natural
transformation F given as in @ We discuss general properties, such as a Maschke-type Theorem
and a Rafael-type Theorem for separable semifunctors.

We say that a semifunctor F' : C — D is separable if there is a natural transformation P :
Homp(F—, F—) — Home(—, —) such that
(7) PoF = Ildnome(~,-)>
i.e., for any morphism f: X — Y in C, one has (Px,y o Fxy)(f) = f-
Note that P is actually a seminatural transformation. When needed we will denote P by P¥.

Remark 4.1. (i) A separable functor is a separable semifunctor.
(ii) A separable semifunctor is faithful.
Example 4.2. Let F': Set — Set be the semifunctor considered in Example We define
P4 p: Homset(FA, FB) = Homset (A x A, B X B) — Homse (A, B)
® Paplg) :==vpogoly,

for every map g: A x A — B x B, where g : B x B — B is the canonical projection on the first
factor of the cartesian product B x B, and Ay : A - Ax A, As(a) = (a,a), is the diagonal arrow
of A. Foranymaph.A—)B,g.BxB—)CxC’, g(x) = <gl( ), g2(x)), with g1,g92 : Bx B — C,
and k : C — D, by definition of P4 p, we have:

(Pap(FkogoFh))(a) = (Ypo(FkogoFh)oAa)(a) = (¢Yp o Fkogo Fh)((a,a))
= (¥ o Fk o g)((h(a), h(a))) = (¥p o FE)((91((h(a), h(a))), g2((h(a), h(a)))))
= ¥p((k(g1((h(a), h(a)))), k(g1 ((h(a), h(a)))))) = K(g1((h(a), h(a))))
k(e ((g1((h(a ) h(a))), g2((h(a), h(a)))))) = (k o e o g)((h(a), h(a)))
= (koycogolApoh)(a)=(koPgc(g)oh)a),
)

for every a € A, thus P : Homsget(F—, F—) — Homset(—, —) is a natural transformation. More-
over, for any morphism f : A — B in Set and for every a € A, we have (P4 g(Fa.g(f)))(a) =

(Pas(Ff))(a) = (¥ o FfolAa)a) = (Yo Ff)((a,a) = ¢5((f(a), f(a))) = f(a), hence F

results to be a separable semifunctor.

Now we study some elementary properties of separable semifunctors. Their behavior with respect
to composition is the same as in the functorial case, see e.g. [I7, Lemma 1.1].
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Lemma 4.3. Let F : C — D and G : D — & be semifunctors.

(i) If F:C — D and G : D — & are separable, then so is the composite Go F : C — &.
(ii) If Go F : C — & is separable, then so is F.

Proof. For (i) define P, (9) = PX yPfx py (9), for any morphism g in Homg (GF X, GFY'). For
(i) define PX 4 (f) = PS5 (G ), for every f € Homp(FX, FY). O

Proposition 4.4. A semifunctor naturally semi-isomorphic to a separable semifunctor is separable.

Proof. Let o : FF — G be a natural semi-isomorphism of semifunctors, where G : C — D is
separable with respect to P¢. Consider ¢xy : Homp(FX,FY) — Homp(GX,GY) defined by
sxy(f)=ayofo oz)_(l. Then, F results to be separable with respect to PE,Y = P)G(y osxy. In
fact, for any morphism f: X — Y in C we have

(7))1;,1/ © «F)I;,Y)(f) = P)I;,Y(Ff) = P)G(,Y@X}Y(Ff)) = 7D)Cé,y(OCY oFfo 0‘;(1)
=PSy(Gfoaxoay') =P{y(GfoGldx) =Py (G(foldx)) = PEy(Gf) = f. O

Since separable functors satisfy a functorial version of Maschke Theorem [I7, Proposition 1.2],
see also [0l Proposition 47 and Corollary 5], we wonder if a similar behavior holds for separable
semifunctors. The Maschke Theorem for separable functors asserts that, given a separable functor
F :C — D and a morphism f: C — C" in C, if F(f) is a split-mono (resp. split-epi) in D, then so
is f. In the next we prove a similar result for separable semifunctors.

Theorem 4.5. (Maschke-type Theorem) Let F : C — D be a separable semifunctor. For any
morphism f : C — C" in C, consider the morphism F(f): FC — FC’ in D.

(1) If F(f) is a C-semisplit-mono, then f is a split-mono;

(2) if F(f) is a C'-semisplit-epi, then f is a split-epi;

(3) if F(f) is a (C,C")-semi-isomorphism, then f is an isomorphism.

Proof. We show only (1), as (2) is analogous and (3) follows from (1) 4+ (2). Assume that F(f) is
a C-semisplit-mono, i.e. there exists a morphism g : FC' — FC such that g o F(f) = Fld¢, and
that F' is separable through a natural transformation P. Then, by naturality of P, we get that
Perc(g)of =Pe.c(goF(f)) = Pe,c(Flde) = Po,cFe,c(Ide) = Ide, hence f is a split-mono. [

4.1. Separable semiadjoints. In [I8 Theorem 1.2] a characterization of separability for functors
which have an adjoint is provided and it is known as Rafael Theorem. Namely, given an adjunction
F 4G :D — C with unit n and counit ¢, then F' is separable if and only if there exists a natural
transformation v : GF — Id¢ such that von = Idyq,, while G is separable if and only if there exists
a natural transformation « : Idp — F'G such that € oy = Idy4,,. Here we extend Rafael Theorem
to semifunctors, in order to obtain a characterization of separability for semifunctors which are
part of a semiadjunction.

Remark 4.6. Let F : C — D, G : D — C be semifunctors. We observe that for any natural
transformation o : GF — Id¢ with codomain the identity functor (it is indeed a seminatural
transformation), we have a« o GIdp = a o GFId o GIdp = a0 G(FId o Idp) = a o GFId = a.
Analogously, for any (semi)natural transformation « : Ide — GF with domain the identity functor,
we have Gldp ca = GIdp o GFIdoa = G(Idp o FId) oo = GFld o a = «v.

Theorem 4.7. (Rafael-type Theorem for separable semifunctors) Let FF 43 G : D — C be a
semiadjunction, with unit n and counit €. Then,

(1) F is separable if and only if n is a natural split-mono, i.e. there exists a seminatural
transformation v : GF — Id¢ such that v on = Idpq,;

(2) G is separable if and only if € is a natural split-epi, i.e. there exists a seminatural trans-
formation v : Idp — F'G such that € o v = Id1q,, .

Proof. We prove only (1) as (2) follows by duality. Assume that F' is a separable semifunctor
and let P be the associated natural transformation such that P o 7 = Idgome(—,—). We define a
seminatural transformation v : GF — Id¢ given for any object X in C by

(9) Vx = PGFX7X(€FX> :GFX — X.
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It is indeed natural as for any morphism f : X — Y in C, by naturality of P, we have fovy =
foParx x(erx) = Parx,y (Ffoerx) = Parx,y(eryoFGF f) = Pary,y (€py )oGF f = vyoGF f.
It holds
vx onx = Parx,x(erx) onx = Px x(erx o Fnx)
= ,PX,X(FIdx) == ’PX’X}‘X’X(Idx) = Idx,

where the last equality follows from the separability of F. Moreover, for every g : FX — FY in
D, we have

vy o Ggonx = Pary,y(ery) o Ggonx = Px y(ery o FGgo Fnx)
= ,PX,Y(QO €EFrxX Oan) = 'PX7y(gOFIdx) = 'PX7y(g) oldx = 'PX7y(g).

Conversely, suppose that there exists a seminatural transformation v : GF — Id¢ such that
v on = Idyg,. Define for every g : FX — FY in D

(10) Px.y(g9) :=vy oGgonx.

From the naturality of n and v, for any h : X - Y inC, k: FY - FZinD,l:Z —- T in
C, we have Pxr(Floko Fh) = vpoG(Floko Fh)onx = (vpr o GFl) o Gk o (GFhonx) =
lo(vzoGkony)oh =10Pygz(k)oh, thus P : Homp(F—, F—) — Home(—,—) is a natural
transformation. It holds Porx x(erx) = vx o Gepx ongrx = vx o Gldpx = vx, where the
last equality follows from Remark hence the correspondence between P and v is bijective.
Moreover, for every f € Home(X,Y) we have

(Px,y o Fxy)(f) =Pxy(F(f)) =vy o GF(f)onx =vyonyof=Idyof =/,
that is, F' is separable. O

Given an idempotent (semi)natural transformation e = (ex)xec : Ide — Ide on a category C,
consider the canonical semifunctor £¢ : C — C. As a consequence of Theorem we have the
following.

Proposition 4.8. Let e = (ex)xec : Ide — Ide be an idempotent (semi)natural transformation.
Then, the canonical semifunctor E¢ : C — C is separable if and only if ex = Idx, for every X € C.

Proof. From the proof of Proposition [[.I0] E¢ is self-semiadjoint with unit and counit given on
components by ex : X — X, for any X € C. By Theorem [£.7] E“ is separable if and only if there
exists a seminatural transformation v = (vx : X — X)xec such that vxoex = Idx for any X € C.
Then, ex =Ildx oex =vxoexoex =vxoex = Ildx. O

Remark 4.9. By Corollary we know that, given a semiadjunction F' 45 G : D — C and the
canonical semifunctor £¢ : C — C, then F/ := FE® : C — D and G’ := E°G : D — C form a
semiadjunction F’' -y G’. If F’ is separable, then by Lemma (ii) E*€ is separable, hence by
PropositionF’ = F, so F is separable. If G’ is separable, then so is G again by Lemma (ii).

5. THE NOTION OF NATURAL SEMIFULLNESS

As separable functors are naturally faithful, in a somehow dual way naturally full functors
have been defined in [3]. Explicitly, a functor F' : C — D with associated natural transformation
F : Home(—, —) — Homp(F—,F—), f — F(f), is called naturally full |3, Definition 2.1| if there
exists a natural transformation P : Homp (F—, F—) — Hom¢(—, —) such that F o P = Id. Since
a full semifunctor is actually a functor, if we require the same natural fullness condition (which
implies fullness) on the natural transformation (@ associated with a semifunctor, that we then call
naturally full, we retrieve the notion of naturally full functor. By slightly modifying the previous
condition, in this section we study a proper notion of natural semifullness.

Let F : C — D be a semifunctor and consider its associated natural transformation F.
We say that F' is a naturally semifull semifunctor if there is a natural transformation P :
Homp(F—, F—) — Home(—, —) such that for every object X, Y in C,

(11) Fxy o Pxy = Homp(Fldy, Fldy)
i.e., for any morphism f: FX — FY in D, one has (Fx,y o Px,y)(f) = Fldy o f o FIdx.
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Remark 5.1. If F': C — D is a functor, then we recover the definition of naturally full functor.
Lemma 5.2. Let F : C — D be a semifunctor. If F is naturally semifull, then it is semifull.

Proof. If F is naturally semifull, then for any morphism f : X — FY in D there exists a morphism
Pxyv(f) : X =Y in C such that F(Px y(f)) = Fldy o f o FIdx, hence F is semifull. O

Similarly to Proposition the next result shows how the notions of naturally semifull semi-
functor and naturally full functor are related.

Proposition 5.3. Let F': C — D be a semifunctor. Then, F is naturally full if and only if F is
naturally semifull and Idrp = FId.

Proof. If F is naturally full, then it is trivially full and by Proposition [3-3]it holds Idp = FId. Since
FldyofoFIdy =Idpyo foldpx = f = FxyPx,y(f), F is also naturally semifull. Conversely, if
F is naturally semifull, then it is semifull by Lemma[5.2] Thus, if Idp = F1d, by Proposition 3.3 F
is full, so for any f: FX — FY in D there exists a morphism g : X — Y in C such that f = F(g).
Since F is naturally semifull, we have Fx y(Px,y(f)) = Fldy o f o Fldx = Fldy o Fgo Fldx =
Fg = f, hence F is naturally full. O

Example 5.4. We come back to Example where the semifunctor F' : Set — Set, A —
F(A)=AxA,[f:A—=>B]l— F(f): AxA— Bx B, F(f)((a,d")) = (f(a), f(a)) is shown to
be separable with respect to Py p : Homse:(F'A, FB) = Homset(A X A, B x B) — Homse: (4, B),
P4 pB(g) =1¥pogoA 4. Note that for any map f = (f1, fo) : AXA — Bx B, with f1, fo : AxA — B,
and for every (a,a’) € A x A, we have

(Fa.8(Pa.s(f)))(a,d") = F(Pas(f)((a,a’)
=(F(¢yp)oF(f)o F

F(yppo foAa)(a,a))

Ax))((a,a")) = F(¥B)(F(f)((a,a), (a,a)))
= F(s)(f((a,a)), f((a,a)) = (Y5 [f((a,a)),¥s[f((a,a)))
= (f1((a,a)), fi((a,a))) = F(Idp)((f1((a,a)), f2((a,a))))
— F(1dp)(f((a,a)) = (FIdss o f)((a@)) = (Fldp o f o FIds)((a))

hence F' is also naturally semifull with respect to such P.

)
(

) a,a

I
a)

In the next proposition we describe the behavior of naturally semifull semifunctors with respect
to composition, cf. [3l Proposition 2.3] for the naturally full functor case.

Proposition 5.5. Let F': C — D and G : D — £ be semifunctors.

(i) If F and G are naturally semifull, then the semifunctor G o F' is naturally semifull.
(ii) If G o F is naturally semifull and G is faithful, then F is naturally semifull.

Proof. (i). Let I and G be naturally semifull semifunctors with respect to P¥ and P, respectively.
Then, G o F' is naturally semifull with respect to P)C(”; = P;?Y ° ngva. Indeed, for any
g:GFX — GFY in &, we have

(]:)C{JI; © )Cgl;)(g) = (-FPC“;X,FY © ]:)};,Y ° P)I;,Y o PgX,FY)(g) = ]'—LGX,FY(f§,Y(P§,Y(PgX,FY(9))))
= Fiix.py (Fldy o Pfix py(9) o Fldx) = GFIdy o GPfx py(g) o GFIdx
= GFIdy o (Gldpy 0o go Gldpx) o GFIdx
= G(FIdy oIdpy) o go G(Idpx o Fldx) = GFIdy o g o GFIdx.

(ii). Assume that G o F is naturally semifull with respect to PGF Then, for any f: FX — FY
in D, we have ]:FX FY(]:X y (PSS (]:FX ry() = GFPES(Gf) = GFldy o Gf o GFldx =
G(FldyofoFlIdx) = ]-'FX FY(FIdy ofoFlIdx), and if G is falthful, it follows that (F y O’P)Cég, o
ng,FY)(f) = Fldy o f o Fldx, thus F is naturally semifull with respect to P¥ := PSF o FC¢. [

Remark 5.6. If F': C — D is a full functor which is not naturally full (see e.g. [3, Example 3.3])
and G : D — £ is a semifully faithful semifunctor, then the composite G o F' : C — £ is a semifull
semifunctor which is not naturally semifull. In fact, by Proposition (i) G o F is semifull. If
G o F were naturally semifull, then by Proposition (ii) it would follow that F' is a naturally
semifull functor, i.e. a naturally full functor, and this contradicts our assumption.
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Similarly to Proposition [£.4] we have the following.

Proposition 5.7. A semifunctor naturally semi-isomorphic to a naturally semifull semifunctor is
naturally semifull.

Proof. Consider a natural semi-isomorphism « : F — G of semifunctors, where the semifunctor
G : C — D is naturally semifull with respect to P“, and x y : Homp(FX, FY) — Homp(GX,GY)
is defined by sx vy (f) =ay o fo a;(l. We show that F' results to be naturally semifull with respect
to Py = Pg’y ocxy. Recall that ay' o ax = FIdx. Then, for any f: FX — FY in D, we
have

(]'—)I;,Y ° P)};,Y)(f) = f)@,y(P)C(:,Y(gX,Y(f))) = F(P)C(:,Y(QY ofo Ol)_(l))
= F(P)((;’y(ay ofo a;(l) oldx) = F('ng(ay ofo a;(l)) o Fldx
= F(PSy(ay o foax!))oax cax =ay' o G(PE y(ay o foaxh)) oax
:a;lO(GIdyOO{yOfOOé)_(loGIdx)OOéX :a;loayofooz)_(loax
— Fldy o f o Fldy. O

It is known that a functor is fully faithful if and only if it is separable and naturally full,
see [3l Remark 2.2 (3)]. A similar characterization in terms of separable and naturally semifull
semifunctors holds for semifully faithful semifunctors.

Proposition 5.8. Let F': C — D be a semifunctor. Then, F is semifully faithful if and only if it
is separable and naturally semifull.

Proof. If F' is separable and naturally semifull, then it is trivially semifully faithful by Remark
m (ii) and Lemma Conversely, assume that F' is semifully faithful. Since F' is semifull,
for any morphism f : FX — FY in D there exists a morphism g : X — Y in C such that
F(g) = Fldy o f o FIdx, and by faithfulness of F', g is unique. This assignment defines a mapping

P : Homp(F—, F—) — Home(—, —)

such that for any f: FX — FY in D, with X, Y in C, Px y(f) = g, where g : X — Y in C is such
that F'(g) = Fldy o f o F1dx. We show that such P is actually a natural transformation. For any
h:X—=>YinC,k:FY - FZinD,l:Z — T in C, we have that there is a morphism g : X — T in
C such that F(g) = FldpoFlokoFhoFldx = Floko Fh and Px 7(FlokoFh) = g. Then, we get
Fx1(Pxr(FlokoFh)) = F(g) = FlokoFh = Flo(FldzokoFIdy)oFh = FloF(Py,z(k))oFh =
Fx 1(loPy z(k)oh), hence since F is faithful it follows that Px r(FlokoFh) = loPy z(k)oh and
so P is a natural transformation. Since for any f : FX — FY in D there is a morphism g : X — Y
in C such that F(g) = FIdy o f o FIdx, we have that F(Px y(f)) = F(g) = Fldy o f o FIdx, thus
F is naturally semifull. Moreover, for any f: X — Y in C, Px y(F(f)) =h, for some h: X - Y
in C such that F(h) = FIdy o F(f) o FIdx = F(f), but since F is faithful we achieve h = f, and
hence F is separable as Px y (F(f)) = f. O

5.1. Naturally semifull semiadjoints. The next result is a Rafael-type Theorem for naturally
semifull semifunctors. In the functor case [3, Theorem 2.6], given an adjunction F 4G : D — C
with unit # and counit e, F' is naturally full if and only if there exists a natural transformation
v : GF — Id¢ such that 7o v = Idgp, while G is naturally full if and only if there exists a
natural transformation v : Idp — F'G such that v o e = Idpg. A similar characterization of
natural semifullness can be given for semifunctors that are part of a semiadjunction in terms of
semisplitting properties for the unit and the counit.
Theorem 5.9. Let F -, G : D — C be a semiadjunction with unit n and counit €. Then,
(1) F is naturally semifull if and only if n is a natural semisplit-epi, i.e. there exists a semi-
natural transformation v : GF — Id¢ such that nov = GFId;
(2) G is naturally semifull if and only if € is a natural semisplit-mono, i.e. there exists a
seminatural transformation v : Idp — FG such that v o e = FGId.

Proof. We prove only (1) as (2) follows by duality. Assume that F' is a naturally semifull semi-
functor and let P : Homp (F—, F—) — Hom¢(—, —) be the associated natural transformation such
that for any f: FX — FY in D,

(Fx,y oPx,y)(f) = Fldy o f o Fldx.
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We define a seminatural transformation v : GF — Id¢ given for any object X in C by vx :=
Parx,x(erx) : GFX — X. It is indeed natural as for any morphism f : X — Y in C, we have
fovx = foParx x(erx) = Parx,y(Ffoerx) =Parx,y(ery oFGFf) = Pgpyy (€py)oGF f =
vy o GF f. Then, for every X € C, by naturality of n, we get

nx ovx = GFvx ongrx = GFParx x(erx) onarx = G(Fldx cepx o Fldgrx) o ngrx
= GFldx o Gepx o GFldgrx ongrx = GFldx o Gepx o ngrx
== GFIdX o GIdFX == G(FIdX Oldpx) == GFIdx,

hence n o v = GFId. Moreover, for every g : FX — FY in D we have

vy oGgonx = Pary,y(ery) o Ggonx = Pxy(epy o FGgo Fnx)
=Pxy(goerx o Fnx) =Pxy(go Fldx) = Px y(g) cIldx = Px,y(g).

Conversely, suppose that there exists a seminatural transformation v : GF — Id¢ such that
nov = GFId. Define for any f € Homp(FX,FY), Px y(f) := vy o Gf onx. By naturality of n
and v, forany h: X =Y inC, k: FY - FZinD,1:Z — T in C, we have Px p(Floko Fh) =
vpoG(FlokoFh)onx = (vpoGFl)oGko(GFhonx)=1o(vzoGkony)oh=10Pyz(k)oh,
thus P : Homp(F—, F—) — Home(—, —) is a natural transformation. Since Parx x(epx) = vx o
Gepxongrx = vx oGldpx = vx (the last equality follows from Remark, the correspondence
between P and v is bijective. For any f € Homp(FX, FY'), we have

(Fxy oPxy)(f)=F(Pxy(f))=F(vy oGfonx)=F(Idy ovy o Gf onx)
=Fldy o Fvy o FGfo Fnx = e€py o (Fny o Fvy)o FGf o Fnx
=¢epy o FGFIdy o FGf o Fnx = epy o FG(FIdy o f) o Fnx
=Fldy o foepx o Fnx = Fldy o f o Fldx,

so F'is a naturally semifull semifunctor. d

6. SEMISEPARABLE SEMIFUNCTORS

Recently, in [I] semiseparable functors have been introduced in order to treat separability and
natural fullness in a unified way. Semiseparability allows to describe separable and naturally full
functors in terms of faithful and full functors, respectively. In this section we explore the same no-
tion for semifunctors in order to complete the overview on semisplitting properties for the hom-set
components associated with a semifunctor. In particular, in Proposition [6.1] we characterize sepa-
rable and naturally semifull semifunctors in terms of faithful and semifull semifunctors, respectively.

We say that a semifunctor F' : C — D is semiseparable if there exists a natural transformation
P : Homp(F—, F—) — Home(—, —) such that

(12) FoPoF=F.

Proposition 6.1. Let F' : C — D be a semifunctor. Then,

(i) F is separable if and only if F is semiseparable and faithful;
(ii) F is naturally semifull if and only if F' is semiseparable and semifull.

Proof. (i). The proof is analogous to that for functors, see [I, Proposition 1.3].

(ii). If F is naturally semifull, then for any f : X — Y in C, we have that (Fxy o Pxy o
fX’y)(f) = ]:X,Y(’Px’y(Ff)) = FIdy o Ff o FIdX = F(Idy o f o Idx) = Ff = fX’y(f), hence F
is semiseparable. Moreover, a naturally semifull semifunctor is semifull by Lemmal[5.2] Conversely,
assume that F' is semiseparable. Then there is a natural transformation P : Homp(F—, F—) —
Home(—, —) such that F o P o F = F. If F is semifull, then for any f : FX — FY in D there
exists h : X — Y in C such that F'(h) = Fldy o fo Fldx : FX — FY, so by naturality of Px y we
get that Fx y (Pxy(f)) = F(Idy o Px y(f)oldx) = FPxy(Fldy o fo Fldx) = FPx y(F(h)) =
F(h) = Fldy o f o FIdx, hence F is a naturally semifull semifunctor. O

Proposition 6.2. A semifunctor naturally semi-isomorphic to a semiseparable semifunctor is
semiseparable.
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Proof. Consider a natural semi-isomorphism « : F — G of semifunctors, where the semifunctor
G : C — D is semiseparable with respect to P, and define ¢ : Homp (F—, F—) — Homp(G—, G—)
by sxy(f) = ayo fo a)_(l, for every f : FX — FY in D. It is a natural semi-isomorphism
with semi-inverse ¢~! : Homp(G—, G—) — Homp(F—, F—) given by g)_(,ly(g) = a;l ogoay, for
every g : GX — GY in D. Note that Fx, = §;(,1Y o fgy and f)?,y =G¢xy© .7:)1;73/. In fact,
Fiy(f)=Ff=FldyoFf=ay oayoFf=ay' oGfoax =y (Gf) = (sxy o F{ y)(f) and
FEy(f)=Gf=GfoGldx =Gfoaxoay =ayoFfoay =cxy(Ff) = (sxy o Fxy)(f),
for every f : X — Y in C. We show that F results to be semiseparable with respect to P)?Y =
P$y osx,y- Indeed, we have FX , o PE o FEy =5 0o FGy o P{y osxy o FRXy =<xy ©
f)C(:,YOP)Cé:,YO]:)C(;,Y:g)_(,lyof)?y:]'—)?y- O

Semiseparable semifunctors satisfy the following properties with respect to composition, as in
the functor case, cf. [I, Lemma 1.12, Lemma 1.13].

Lemma 6.3. Let F : C — D and G : D — £ be semifunctors and consider the composite semi-
functor GoF : C — &.

(i) If F is semiseparable and G is separable, then G o F' is semiseparable.
(ii) If F is naturally semifull and G is semiseparable, then G o F is semiseparable.
(iii) If Go F is semiseparable and G is faithful, then F is semiseparable.

Proof. (i). If F is semiseparable with respect to P and G is separable with respect to P, then
G o F is semiseparable with respect to PG5 := PX , Pfix py, for every X,Y in C, and the proof
is the same of that for functors.

(ii). If F is naturally semifull with respect to P¥ and G is semiseparable with respect to P¢, then
for every f: X — Y in C we have

f§§P§,yP?x,Fyf§§(f) = ng,FY(f§,YP§,Y(,PgX,FY(GFf)))
= Fix.py (Fldy o Pfx gy (GFf) o Fldx) = GFIdy o GPfy py (GFf) o GFIdx
= GFIdy o GFf o GFldx = GF(Idy o foldyx) = GFf = FS5.(f),

hence G o F is semiseparable with respect to P{5 := P¥ y Py py-

(iii). If G o F is semiseparable through P, then ]:)C(”; o )((H;/ o FEE = ]:gf;,, ie. Ffxpyo©

FRyo P)Cgl; o ng,FY o .F)IE,Y = f?XIY o .7-"§7y, for every X,Y € C. Since G is faithful, we have

that .7-")};75, o P)Cg'f;, o gX,FY o )f;Y = ]-")I"gy, for every X,Y in C, so F' is semiseparable through
F _._ pGF G

PX7Y = ny o ‘FFX,FY' O

Remark 6.4. If F': C — D is a semiseparable functor which is neither separable, nor naturally
full (see e.g. [1I, Example 3.2]) and G : D — & is a separable semifunctor, then the composite
Go F :C — & is a semiseparable semifunctor by Lemma [6.3| (i), which is not separable, neither
naturally semifull. In fact, if G o F' were separable, then by Lemma (ii) F would be separable,
and if G o F' were naturally semifull, then by Proposition (ii) F would be a naturally semifull
functor, i.e. a naturally full functor, contradicting our assumptions.

Similarly to [I, Proposition 1.4], we can attach to any semiseparable semifunctor a canonical
idempotent (semi)natural transformation, that we call the associated idempotent, which controls
when the semifunctor is separable.

Proposition 6.5. Let F : C — D be a semiseparable semifunctor. Then, there is a unique
idempotent (semi)natural transformation e : Ide — Ide such that Fe = FId with the following
universal property: if f,g: X — Y are morphisms in C, then F f = Fgq if and only ifeyof = eyog.
Moreover, e = 1d : Ide — Ide if and only if F is separable.

Proof. Since F' is semiseparable, there is a natural transformation P such that F o P o F = F.
Set ex = Px,x (FIdx), for every X € C. Note that for all X € C, Fex = FPx x (Fldx) =
Fx xPx xFxx (Idx) = Fx x (Idx) = FIdx. Then, by naturality of P, we have ex cex =
Px x (Fldx) oex = Px,x (Fldx o Fex) = Px x (Fex) = Px,x (Fldx) = ex and hence ex is
idempotent. Moreover, for every morphism f: X — Y in C we have foex = foPx x (Fldx) =
PX7Y (Ff o FIdx) = PX7Y (Fldy o Ff) = /Py’y (Fldy)of = eyof, so that fO@X = €yOf. Thus,
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e = (ex)xee : Ide — Ide is an idempotent (semi)natural transformation such that Fe = FId.
Now, consider morphisms f,g : X — Y in C. If Ff = Fg, then Pxy (Ff) = Pxy (Fg), ie.
PY,Y (FIdy) 9] f = PY,Y (FIdy o Ff) = PY,Y (FIdy o Fg) = ,Py’y (FIdy) 0g, i.e. €y © f =€y 0g.
Conversely, from ey o f = ey og we get FeyoF'f = Fey o F\g and hence F'f = Fg as Fey = Fldy.
Finally, let ¢’ : Id¢ — Id¢ be an idempotent (semi)natural transformation such that, if f,g: X = Y
are morphisms in C, then F'f = Fg if and only if e} o f = €}, 0 g. From €’y o€y = €y oIdx we get
Fe'y = Fldx, hence Fe/ = FId. From the universal property of e we have ex o ey = ex oIdy,
i.e. ex o€y = ex. By interchanging the roles of e and ¢/, similarly we get €’y o ex = €y, and by
naturality we have ex o e’y = €’y oex, hence ex = €'y, i.e. e=¢'.

Now, if F' is separable then there is a natural transformation 7 such that P o F = Id and hence
ex = Pxx(Fldx) = Px xFx x(Idx) = Idx for all X € C. Conversely, let ' : C — D be a
semiseparable semifunctor through P and suppose e = Id is the associated idempotent. Then, for
every f : X — Y in C, we have Pxy(Ff) = Pxy(FfoFldx) = foPx x(Fldx) = foex =
foldx = f so that P o F =1d, hence F' is separable. O

The following Rafael-type Theorem characterizes semiseparability for semifunctors that are part
of a semiadjunction, cf. [I, Theorem 2.1] for the case of functors.

Theorem 6.6. Let F' 45 G : D — C be a semiadjunction, with unit n and counit €. Then,

(1) F is semiseparable if and only if there exists a natural transformation v : GF — Ide which
satisfies one of the following equivalent conditions:
(i) novon=nmn;
(ii) FvoFn= FId.
(2) G is semiseparable if and only if there exists a natural transformation v : Idp — FG which
satisfies one of the following equivalent conditions:
(i) eoyoe=c¢;
(i) Geo Gy = GId.
Proof. (1). Assume that F' is semiseparable and let P be the associated natural transformation such
that FoPoF = F. Wedefine v : GF — Id¢ by vx := Perx x(erx) : GFX — X, for every X € C.
It is indeed natural as for any morphism f: X — Y in C, we have fovx = foPgrx x(€px) =

'Pcpxy(Ff ocEpx) = 'Pcpxy(epy o FGFf) = 'PGFyvy(Epy) oGFf = vy o GFf. For every
g: FX — FY in D, by naturality of P we have that

vy oGgonx = Pary,y(ery) o Ggonx = Pxy(epy o FGgo Fnx)
=Pxy(goerxoFnx)=Pxy(goFldx)="Pxy(g) ocldx = Pxy(9).
Moreover, for every X € C, it holds
nx ovx onx =Nx © Parx,x(€rx)onx =nx o Px x(erx o F'nx) = nx o Px x (Fldx)
= GIFPx x(Fldx) onx = G((Fx,x o Px,x o Fx,x)(Idx)) o nx

12))
GFx,x(Idx)onxy = GF(Idx) onx = nx,

hence condition (i) is satisfied. Conversely, assume that there exists a natural transformation v :
GF — Id¢ such that novon =7, and for any f € Homp(FX, FY') define Px y (f) := vy oGfonx.
From the naturality of n and v, forany h : X - Y inC, k: FY - FZinD,l:Z —TinC,
we have Px p(Floko Fh) = vp o G(Floko Fh)onx = (vp o GFl) o Gk o (GFhonx) =
lo(vzoGkony)oh =10Pygz(k)oh, thus P : Homp(F—, F—) — Hom¢(—,—) is a natural
transformation. Since Porx x(erx) = vxoGepxongrx = vx oGldrx = vx, the correspondence
between P and v is bijective. For every f € Hom¢(X,Y') we have
(Fxy o Pxy o Fxy)(f) = F(Pxy (F(f))) = F(vy o GF(f) onx) = F(vy ony o f)
=F(Idyovyonyof)=FIdy o F(vy ony o f) = epy o Fpy o F(vy ony o f)
=epy ol (nyovyonyof)=eryoF(nyof)=epyoFnyoFf
=Fldy o Ff=Ff = Fxy(f),

so F' is semiseparable. Finally, we prove that (i) and (ii) are equivalent.

(1) = (ii). FVOFn:F(IdOI/on):FIdOFVOFn:eFOFnOFVOFn@eFOFn:FId.
(ii) = (i). By naturality of i, we have novon=no (von) =GF(von)on=G(FroFn)on=
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GFldon=n.
(2). It follows by duality. O

Idempotent completion and semiadjoint triples. In Subsection [I.2] we have observed that
any semifunctor F : C — D induces a functor F* : C* — Df such that F?(C,c) = (FC, Fc) and
Fi'f = Ff. Now, we show how the notions introduced in this paper for a semifunctor F are
related to the corresponding functorial notions for its completion F?. The following result is a
semifunctorial version of |2, Proposition 2.1 and Corollary 2.2].

Proposition 6.7. Let F': C — D be a semifunctor. Then,
() F is faithful if and only if F* is a faithful functor;
(ii) F is semifull if and only if F* is a full functor;
(iii) F is semiseparable if and only if F* is a semiseparable functor.

Proof. (i). It follows from the fact that F%f = Ff, for any morphism f : (C,c) — (C’,¢') in Cf,
i.e. for any morphism f: C — C’ in C such that f = o foec.

(ii). Assume that F is semifull. Let f : F*(C,c) — F%(C’,¢') be a morphism in D%, ie. a
morphism f : FC — FC’ in D such that f = F¢' o f o Fe. Since F is semifull, there exists a
morphism g : ¢ — C’ in C such that F(g) = Fldgr o f o FIde. Set ¢ :== ogoc: C — C.
Note that ¢’g'c = ¢/(c'gc)c = c’gc = ¢, hence ¢’ : (C,c) — (C’,¢’) is a morphism in C%. Then,
Fi(g")=F(g") = F(cgc) = F(') o F(g) o F(c) = Fc o Fldgr o fo Fldg o Fc = Fc' o fo Fc = f.
Thus, F% is full. Conversely, assume that F% is full. Let f : FC — FC’ be a morphism in D.
Consider the morphism f’ : (FC, FId¢) — (FC',FIder) in D! given by f/ = FIder o f o Fldc.
Then, there is a morphism g : (C,Id¢) — (C’,Id¢r) in C? (i.e. a morphism g : C — €’ in C) such
that Fg = f’. Thus, we have F(g) = Fi(g) = f' = Flde» o f o Fldg, hence F is semifull.

(iii). If F is semiseparable, then the proof of the fact that F’ is semiseparable is the same as in |2}
Corollary 2.2] for the functorial case. Conversely, assume that F" is semiseparable. Then, there is
a natural transformation P¥* : Homps (F#—, Fi—) — Homes (—, —) such that FFpF FF* = FF*.
Define P¥ : Homp (F—, F—) — Home(—, —) by P& o (g) == Pg_yhc/ (9), for every g : FC' — FC’ in
D, i.e. for every g : (FC,Idpc) — (FC’,1dpcr) in DA, Thus, 7’5,0' (g9) is a morphism in C and, by
naturality of P n, also P¥ is a natural transformation. Moreover, for every f : C — C’ in C, we
have P& o PE e Foon(f) = FEoPE o FEC ) = FEo(f) = FEo(f). =

Corollary 6.8. Let F': C — D be a semifunctor. Then,

(i) F is separable if and only if F® is a separable functor;
(ii) F is naturally semifull if and only if F° is a naturally full functor;
(iii) F is semifully faithful if and only if F is a fully faithful functor.

Proof. Tt follows from Proposition and Proposition [6.1 O

Remark 6.9. Proposition [5.8|can be seen as a consequence of Corollary [6.8] In fact, by [3, Remark
2.2 (3)] a functor is fully faithful if and only if it is separable and naturally full, so by Corollary
[6.8 a semifunctor is semifully faithful if and only if it is separable and naturally semifull.

We say that FF 4, G 4y H : C — D is a semiadjoint triple if it is a triple of semifunctors
F,H:C— Dand G:D — C such that F 4; G and G -5 H are semiadjunctions. The following is
a semifunctorial analogue of [II, Proposition 2.19] for semiadjoint triples. In particular the semifully
faithful case is a semifunctorial analogue of [4, Proposition 3.4.2].

Proposition 6.10. Let F' 45 G s H : C — D be a semiadjoint triple of semifunctors. Then, F is
semiseparable (resp. separable, naturally semifull, semifully faithful) if and only if so is H.

Proof. Given a semiadjoint triple F 43 G 45 H : C — D, by [1I, Theorem 3.5] we obtain an
adjoint triple F% 4 G* - H% : C* — D" of functors. By [I, Proposition 2.19] we know that F? is
semiseparable (resp. separable, naturally full) if and only if so is H%. Thus, by Proposition and
Corollary We have that the semifunctor F' is semiseparable (resp. separable, naturally semifull)
if and only if so is H. As a consequence of Proposition by combining the previous separable
and naturally semifull cases, we get that F' is semifully faithful if and only if so is H. d
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7. EXAMPLES AND APPLICATIONS

In this section we provide examples of semifull, naturally semifull, (semi)separable and semifully
faithful semifunctors.

Example 7.1. The forgetful semifunctor.

See [2, Example 2.13]. Let C be a category with idempotent completion C “. Consider the canonical
functor 1 : C — C% given by X + (X,Idx), [f: X — X'] = [f: (X,Idx) — (X’,1dx-)] and the
forgetful semifunctor ve : C% — C which maps an object (X,e) € C' to the underlying object X
and a morphism f : (X,e) — (X', €’) to the underlying morphism vef : X — X’ in C such that
e ovefoe=uwcf. Itisindeed a semifunctor as ve(Id(x,)) = e # Idy in general. As mentioned
in Subsection by |11, Theorem 2.10] the Karoubi envelope functor  : Caty — Cat, defined by
k(C) = C% Kk(F) = F", for any category C and any semifunctor F' : C — D, is the right adjoint
of the inclusion functor ¢ : Cat — Cats. Then, (¢ and ve result to be the C-components of the
unit and of the counit for the adjunction 7 - k, respectively. Moreover, ve s t¢ and tc -5 ve are
semiadjunctions, cf. [10, Example 6]. The component (nc)c,c) : (C,c) = tcve (C,c) = (C,1de)
of the unit ne of ve s ¢ is defined by setting ve((ne)(c,e)) := ¢ : C — C while the counit is
ec = Idiq, : vete = Ide — Ide. The unit of e =5 ve is e¢ := Idig, : Id¢ — Id¢ = vete while the
component (v¢)(c,e) : teve (C,¢) = (C,1dc) — (C, c) of the counit is given by ve((ve)(c,e)) = ¢
C — C. Note that

ve ((ve)(ce) © (ne)(c,e)) = vel(ve)(c,e)) © ve((ne)(c,e) = coc=c=ve(ld(c,q),

hence vgone = 1Idyg , , thus by Theoremit follows that v is a separable semifunctor. Moreover,

ch?
Uce ((77@)(070) [¢] (VC)(C,C)) = Uc((ﬂc)(c7c)) [e] UC((VC)(C,C)) =coc=cCc= UCLCUCId(C,c)v

SO (WC)(C,C) o (VC)(C,C) = tcveld(e,e) and hence it holds ¢ o ve = teveld. By Theorem it follows
that ve is also a naturally semifull semifunctor, hence semifully faithful by Proposition [5.§]

Example 7.2. Semi-product semifunctor.

Recall from [11], Definition 4.3] that a binary semi-product of objects A, B in a category C consists
of an object A x B in C, an arrow w4 : A X B — A, an arrow 7 : A X B — B, an arrow
(f,9):C - Ax B, foreach f:C — A, g: C — B in C, such that

(1) 7er<f>g> :f7

(2) mpo(f.g9) =g,

(3) (foh,goh)={(f,g)oh, for any morphism h: D — C in C.
A binary semi-product is a binary product if and only if (74, 75) = Idaxp. If C is a category with
semi-products for all pairs of objects A, B, let x¢ : C x C — C be the semifunctor given by

(A,B)—» Ax B and (f,g)— fxg:=(foma,gomp).

It is indeed a semifunctor as Id4 x Idgp = (74,7p). Moreover, it is a right semiadjoint of the
functor A¢ : C = CxC, A (A, A), f = (f, f), for any morphism f: A — A’ in C. They actually
form a semiadjunction A -5 x¢ with unit the seminatural transformation 7 : Id¢ — Xc¢Ag,
given on components by nc = (Idg,Ide) : C — C x C, so that n¢ o (Ide,Ide) = Ide, for every
C in C, and counit the seminatural transformation € : Agxe — Idexe, given on components by
€a,B) = (ma,7B) : (Ax B,Ax B) = (A, B). We now study the properties of the semifunctor xc.
Note that in general x¢ is not faithful by Proposition as the components €4 gy = (74, 7p) of
the counit are not epimorphisms for every (A, B) in C xC. For instance, in Set consider a nonempty
set B and the binary product () x B, which is in particular a binary semi-product. Then, the map
w5 : 0 x B =( — B is the empty function from the emptyset into B, but it is not an epimorphism,
cf. [4, page 40]. As a consequence, X¢ is not separable in general. By Proposition we know
that x¢ is semifull if and only if the component €4,py = (7a, ) is an (A, B)-semisplit-mono
for every (A, B) in C x C, i.e. if and only if for every (A, B) in C x C there exists a morphism
Y(A,B) = (’}/1,’)/2) : (A,B) — (A X B,A X B) in C x C such that Y(A,B) © €(A4,B) = AC Xe Id(A7B),
i.e. such that (yima,vemg) = ({wa,7B), (7wa,75)). Note that the latter condition is not satisfied
in general. For instance, in Set consider again the binary product ) x B = () of the emptyset
by a nonempty set B. Since ) is the initial object in Set we have my = Idy. Moreover, we
have that (mg, 75) = Idypxp = Idy, so if Xse were semifull, then there would exist a morphism
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Y0,8) = (71,72) = (0, B) = (0,0) in Set x Set such that (y1Idp,v27mp) = (Idg,Idg) : @ — 0, but such
~o does not exist as there can be no map from a nonempty set to 0.

Example 7.3. The coidentifier category and E*.

Given a category C and an idempotent natural transformation e : Id¢ — Ide, let C. be the coiden-
tifier category defined as in [7, Example 17|. Explicitly, Ob(C.) = Ob(C) and Hom¢, (X,Y) =
Home (X,Y)/ ~, where f ~ g if and only if ey o f = ey o g. We denote by f the class of
f € Home (X,Y) in Home, (X,Y). There is a canonical functor H : C — C, acting as the identity
on objects and as the canonical projection on morphisms. Consider the semifunctor L : C. — C
defined as the identity map on objects and by [f : X — Y] + [ey o f : X — Y] on morphisms.
Note that it is really a semifunctor as Lldxy = ex oldx = ex # Idpx = Idx and it is well
defined as f = g if and only if ey o f = ey o g. In [2, Theorem 3.1] it is shown that L, H form
a semiadjunction L -y H with unit n : Ide, — HL, nx = Ildx : X — HLX = X, and counit
€: LH — Ide, ey :== ey : LHY =Y — Y. In particular, the identities ey x o Lnx = LIdx and
Hey onyy = HIdy hold true for any X,Y in C. Since for every object X € C., HL(X) = X, and
for every morphism f in C., HLf = H(ey o f) = Hey o Hf =Idgy o f = f, we have HL = Id¢,,
hence n = Idldc Thus, there exists a seminatural transformation v = IdIdC : HL — Id¢, such
that v on = Idig,, and nov = Idyy,, = HLId. Then, by Theorem - 7l and Theorem [5 . Lisa
separable and naturally sem1fu11 semifunctor, whence sem1fu11y faithful.

Now, by Proposition given an idempotent seminatural transformation e = (ex)xec :
Id¢ — Id¢, we have the canonical semifunctor E¢ : C — C, defined by X — X, [f: X = Y] —
foex =ey o f, for any object X € C and for any morphism f in C. Note that £¢ = LH. Indeed,
LH(X)= X and LH(f) = L(f) = foex. We know that L is semifully faithful and H is naturally
full, hence in particular they are naturally semifull semifunctors. Thus, by Proposition[5.5]it follows
that E*€ is naturally semifull, whence semiseparable. By Proposition its associated idempotent
a : Id¢ — Ide such that E€a = E°Id is given for any X in C by ax = Px x(E°Idx) = Px x(ex) :
X — X, and then we have that ax = Px x(ex) = PXVX(EeeXoeX) =exoPx x(ex) =exoax =
Ecax = E°ldx = ex. Moreover, by Proposition [6.1] F° results to be separable if and only if it
is faithful. By Proposition 4.8| we know that E€ is separable if and only if ex = Idx. Thus, E° is
(semifully) faithful if and only if it is the identity functor on C.

Example 7.4. The constant semifunctor.

Cf. [11l Subsection 2.3]. Let 1 be the category with only one object 1 and an identity morphism
Id;. Any semifunctor F' : 1 — C determines an arrow F(Id;) : F(1) — F(1) which is idem-
potent. Conversely, any idempotent arrow e : X — X in C defines a semifunctor F° : 1 — C,
given by F¢(1) = X, F¢(Id;) = e. In particular we have the functor F!4x : 1 — C given by
Fldx(1) = X, Fl%(1d;) = Idx. Hence F¢ = E° o F'x where E¢ : C — C is the canoni-
cal semifunctor. Now, we show that F¢ : 1 — C is a separable semifunctor that is not natu-
rally semifull in general. Note that Homj(1,1) = {Id;}. Consider the associated natural trans-
formation F{; : Homj(1,1) — Home(F(1),F¢(1)), F{;(Id) = F¢(Id;) = e, and the map
Pf; : Home (F°(1), F¢(1)) — Homy(1,1), given by Plpf(f) = Idy, for any f : F¢(1) — F°(1)
in C. We have that 731F1 is a natural transformation as for any f : F°¢(1) — F°¢(1) in C,
PEI(Feldyo f o F¥ldy) = P{{(eo foe) =1dy = Idy o P{; (f) o Id;. Moreover, (Pf o F{)(Idy) =
735 1 (e) = Idy, hence F¢ is separable, and in particular semiseparable. Thus, F is naturally semi-
full if and only if it is semifull. If F'¢ were semifull, then it would follow that e = e o f o e for
any f: F°(1) — F°(1) in C, and this does not happen in general (we will see an instance of this
in Example . More generally, given two categories C and D and a fixed idempotent arrow
ep : D — D in D we can consider the constant semifunctor K : C — D given by K(C) = D,
K(f) = ep, for every object C € C and for every morphism f : C — C’ in C. It is clearly not
faithful and not even semifull. In fact, for any morphism g : K(C) = D — K(C') = D in D we
have that KIdc o go KIdg = ep o goep. If K were semifull then there would exist a morphism
f:C — C' such that ep = K(f) = ep o goep, which is not true in general.

Example 7.5. Let F': C — D be a semifunctor and let e = (ex)xec : Ide — Id¢ be an idempotent
natural transformation different from Idyq.. Consider Sg. : C — D, X — FX, assigning to any
morphism f: X — Y in C the morphism F(ey o f) : FX — FY in D. Since for any f: X — Y,
g:Y — Zin C, we have that Sp.(go f) = F(ezogof)=F(egzoezogof)=F(ezogoeyof)=
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F(ez [¢] g) o F(ey o f) = Sp’e(g) o Sp,e(f), and Sp,e(ldx) = F(eX ] Idx) = F(ex), then SF,e is
a semifunctor. Note that Sp. = Fo Lo H = F o E°, where E° is the canonical semifunctor
and L : C. - C, H : C — C. are given as in Example Moreover, Sf. is not faithful as
Sre(ex) =F(exoex) = F(ex) = F(ex oldx) = Sp.(Idx) but ex # Idx for some X € C. As a
consequence, Sg . is not separable. If we assume that the given semifunctor F' is naturally semifull,
then by Proposition (i) Sr. results to be naturally semifull, since the canonical semifunctor
E*¢ is naturally semifull as seen in Example

Example 7.6. Semifunctors associated with a morphism of rings.
Let R,S be unital rings and let R-Mod, S-Mod be the categories of left R-modules and left S-
modules, respectively. Consider a morphism of rings ¢ : R — S, that induces

e the restriction of scalars functor ¢, : S-Mod — R-Mod,;
e the extension of scalars functor ¢* := S ®pg (—) : R-Mod — S-Mod.

These functors form an adjunction ¢* - ¢, with unit n and counit € defined by
Mu=9RrM : M —SQrM, m—1lg®@rm and en:SQ®r N — N, sQrn > sn,
for every M € R-Mod and N € S-Mod, respectively. We recall that
e ¢, is separable if and only if S/R is separable, i.e. the multiplication mg : S ®r S — S,
s ®p s’ > ss’ splits as an S-bimodule map, see [17, Proposition 1.3[;
e ¢, is naturally full if and only if it is full, see [3, Proposition 3.1 (1)];
e " is separable if and only if ¢ is a split-mono as an R-bimodule map, i.e. if there is
7w € rRHompg(S, R) such that 7w o ¢ = Id, see [I7, Proposition 1.3];
e ©* is naturally full if and only if ¢ is a split-epi as an R-bimodule map, i.e. if there is
7w € pHompg(S, R) such that ¢ o m = Id, see |3, Proposition 3.1 (2)].
Given an idempotent (semi)natural transformation e = (ex)xecr-Mod : Idr-Moda — Idr Mod, by
composing ¢* with the canonical semifunctor £¢: R-Mod — R-Mod, we get the semifunctor

pr =9 o E°: R-Mod — S-Mod, M — S®r M, f+— S®grfeu
for any f: M — M’ in R-Mod. Consider the semifunctor
@S = E°0p,:5-Mod = R-Mod, N = @0.(N), g eq (n1)0@«(9),

for any g : N — N’ in S-Mod. By Corollary we know that ¢} and ¢¢ form a semiadjunction
wi s ¢S+ S-Mod — R-Mod, with unit n° := E°ng- oe and counit € := eop*e,, . By Theorem@
¢ is separable if and only if €© is a natural split-epi, i.e. there exists a seminatural transformation
v : Ids-mod — @iwS such that € oy = Idiqg .., While ¢? is separable if and only if 7° is a
natural split-mono, i.e. there exists a seminatural transformation v : ¢S’ — Idgr.-moa such that
von® =Idia, .. In particular, if ¢ is separable, then by Lemma (ii) ¢« is separable. If o}
is separable, then by Remark it results to be ¢} = ¢*.

In Proposition 7.8 we study the natural semifullness of ¢¢ and ¢}, for which the following lemma
will be useful.

Lemma 7.7. Let ¢ : R — S be a morphism of rings and let e = (ex ) xeRr-Mod : Idr-Mod — Idr-Mod
be an idempotent (semi)natural transformation. Consider the semifunctors o%, ¢S5 as above. Then,

(1) 1s = ey, (s)(@(er(1r))) holds true if, and only if, o(r) = e, (s)(¢(er(r))) holds true for
every r € R if, and only if,

(13) rglocp:gpingIdRorgl o
holds true, where rg: S ®gr R — S is the canonical isomorphism s @g r +— so(r).
(2) ey, (s) is a left S-module morphism if, and only if, e, (ny is a left S-module morphism
for every N € S-Mod. The latter condition means that there is an idempotent natural
transformation « : Idg.yoqa — Idg.mod Such that p.a = ep.. In this case, let E* :

S-Mod — S-Mod be the canonical semifunctor attached to «. Then, E* o ¢* = ¢* o E°
and p, o E* = E° o @,.

Proof. (1). Assume that 1s = e, (s)(@(er(1r))). Then, since er, e, (s) are left R-module
morphisms, we have that e, (s)(p(er(r))) = e, (s)(@(rer(1r))) = e, (s)(@(r)p(er(lr))) =
o(r)eq. s)(wler(1r))) = w(r)ls = @(r), for every » € R. The converse implication is trivially
satisfied. Now we show that the latter condition is also equivalent to . Indeed, we have
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that rspfeildrrs o(r) = rs@i(S @r er)(p(r) @r 1r) = rse,. (saxr)+(S @r er)(ls @rT) =
ep.(5)Ts(ls @r er(r)) = ey, (s)(@(er(r))), for every r € R.

(2). If ey, () is a left S-module morphism for every N € S-Mod, then clearly e, (g) is a left S-
module morphism. On the other hand, assume that e,_(g) is a left S-module morphism. Consider
a left S-module N and the left S-module morphism f,, : S — N, s — sn, for n € N. By naturality
of e, we have that e, (n)(sn) = (eu, (n) © P« (fn))(8) = (0x(fn) 0 €y (5))(5) = ey, (5)(s)n. Since
€. (s) is left S-linear, we get e, (5)(s)n = se,_(s)(1s)n = se,, (n)(n), 50 ey, () is a left S-module
morphism for every N € S-Mod, which means that there is ay : N — N in S-Mod such that
o«(an) = e, (n). For any left S-module morphism f : N — N’ we have that ¢,(an: o f) =
Pu(ans) 0 9u(f) = ep.(v) © Pu(f) = @u(f) 0 ep vy = ©u(f) 0 pu(an) = @u(f 0 an), hence
anof = foan as ¢, is faithful. Moreover, for any N € S-Mod, ¢.(anoan) = ¢.(an)op.(an) =
€p. (N)OCy, (N) = €p.(N) = Px(an), thus a% = ay, so we obtain an idempotent natural transforma-
tion « : Ids.mod — Ids.moa. Consider the canonical semifunctor E¢ : S-Mod — S-Mod attached
to a. We show that E% o o* = ¢* o £ and ¢, o E“ = E°€ o ¢,. In fact, the semifunctor £ o ¢* :
R-Mod — S-Mod maps M — S®@r M, [f: M = M'| = asg,m 0 (SQr f) = (S®r f)oasgm-
By naturality of e, we have that e, (sg,m)(ls ®rm) = 1s @p enr(m). Since e, (sg ) is a left
S-module morphism, we get that e, _(sg 1) (S®rM) = sey,, (srm)(Ls@rm) = s(ls@ren(m)) =
S®R6M(m) = cp*(S®ReM)(s®Rm), SO €y, (SQRM) = QD*(S(X)R@M), i.e. 90*(045®RM) = @*(S@)ReM),
ie. aggpam = S ®r en as g, is faithful. Thus, E® o ¢* = ¢* o E°. The semifunctor ¢, o E* :
S-Mod — R-Mod maps N — @.(N), [f : N = N'| = ¢.(f oan) = p«(f) o p«(an). Note that
P (f) o pulan) = u(f) 0 g (v) = €p.(v7) 0 @i(f), hence p, 0 E* = E 0 p,. O

Proposition 7.8. Let ¢ : R — S be a morphism of rings and let e = (ex)xer-Mod : Idr-Mod —
Idgr-Moa be an idempotent (semi)natural transformation.
(1) If the semifunctor ¢S is semifull and e, (s) is a left S-module morphism, then ¢S is natu-
rally semifull.
(2) If the semifunctor % is naturally semifull, then there is v in gHompg(S, R) such that

(14) pop=rsopipildrory’,

i.e. such that rgl opoorg = pipildr, so rgl o : R = opiR is an R-semisplit-epi
(cf. Section@ as an R-bimodule map; if in addition holds true, then r§1 o is an
(R, R)-semisplit-epi.

On the other hand, assume that e, (s) is a left S-module morphism. If there is 1
in gpHompg(S, R) such that holds true and 1s = e, (s)(w(er(1r))) is satisfied, i.e.
r§1 oy is an (R, R)-semisplit-epi as an R-bimodule map through yorg, then ¢* is naturally
semifull.

Proof. (1). Assume that ¢f is semifull and e, (g) is a morphism of left S-modules, i.e e, (v
is a morphism of left S-modules for any N € S-Mod by Lemma (2). By Proposition
for every N € S-Mod, €5 is an N-semisplit-mono, i.e. there exists 7§, : N — @ipiN = S Qg
©«(N) in S-Mod such that 7§ o €§, = @ipildy. Then, 7§ oen o (S ®r ey, (n) = Y 0y =
eipsldy = S QR (ep, (n) © €, (n) © px(Idn)) = S ®r ey, (n). Thus, for every n € N, we have
that Y5 (ep, (v)(n)) = (V% © en)(Ls @R €y, () (1)) = (S QR €y (n))(Ls @r 1) = 15 QR €y (n) (),
50 Vi (ep, vy (1)) = 1s @R ey, (n)(n), for every n € N. By Lemma (2) there is an idempotent
natural transformation « : Idg-noa — Ids.mod such that p.a = ep,. So, we have that 7§ (an(n)) =
T (pulan)(n)) = Y5 (ep.(v)(n) = 1s ®r €p.(v)(n) = 1s QR s(an)(n) = 1s ®r an(n), for
every n € N. Now, although v% is not natural a priori, still we can show that ¥° : Idg.noq —
pip?, defined for every N € S-Mod by 7% = v4an 1 N = @ipiN, n — 1lg Qg any(n), is
a natural transformation. In fact, for any left S-module morphism f : N — N’ we have that
(Vi 0 f)(n) = 1s @r an(f(n)) = 1s ®@r flan(n)) = (S @r 0.(f)ps(an))(ls ®r an(n)) =
(1s®r9s(F)ew. o0 (IsDran (1)) = (0% (f)oTs) (1), for every n € N. Moreover, (T oe%,) (5@
n) = (Y © an o en)(s @r ey, (n) (1)) = (Vi © an 0 en)(s ®r wu(an)(n)) = 7§ (an(san(n))) =
syj(an(n)) = s®@pan(n) = s g e,, (v)(n) = pipildy (s @r n), for every s € S, n € N, so ¢f is
naturally semifull by Theorem (2).

(2). Assume that ¢? is naturally semifull. Then, by Theorem (1), there exists a seminat-
ural transformation v¢ : pS¢% — Idr-mod such that n¢ o v = pSeild. Consider the map ¢ in
rHomp(S, R) given by ¥(s) = (egovg org')(s) = (er o vs)(s ®r 1), where rg : S®p R — S is
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the canonical isomorphism s ® g  — sp(r). The right R-linearity of ¢ follows from the naturality
of v and e. Indeed, consider the left R-module map f, : R — R, 7’ — r'r. For any s € S, r € R,
we have that

U(s)r = er(Vr(s ®r 1r))r = fr(er(Vi(s ®r 1r))) = er(fr(VR(s ®r 1R)))

= (erVpPipe(fr))(s ®r 1R) = (eRVREs. (s@nR)P+(S ®R frer))(s ®r 1)

= (erVRey. (s@rRr)P+(S @R erfr))(s ®r 1R)

= (erVRey, (s0rR)Px(S @R er)p«(S @R fr))(s ®r 1R)

= (ervipipe(er)ps(S ®r [+))(s ®r 1r) = (ererVRp«(S ®r [1))(s ®r 1R)

= (ervpy«(S ®r fr))(s ®r 1r) = er(VR(s ®Rr 1)) = er(Vi(sr @R 1R)) = P(s7).

Then, for every s € S, we have that
(pot)(s) = (rsonroerovy)(s®r 1r) = (rsonpovy)(s ®r 1r)
= (rs o pS@ildR) (s ®g 1r) = (rs o Piprldr org')(s),

*

thus rgl opororsg = pipildg, so r§1 o is an R-semisplit-epi. Moreover, if is satisfied,
then 75" o ¢ is an (R, R)-semisplit-epi.

Conversely, assume that 1s = e,_(s)(¢(er(1r))) (which is equivalent to by Lemma
(1)) and that there is 1 in gHompg(S, R) such that ¢ o1 = 150 p¢piIdg org!, ie. rg' o is
an (R, R)-semisplit-epi as an R-bimodule map through % o rg. Define for every M in R-Mod,
vt 0¢oiM = ¢, (SQr M) — M by v§,(s @g m) = ¥(s)em(m), for any m € M and s € S.
Note that for any M € R-Mod, v§, is a morphism of left R-modules as so is 1. We get a natural
transformation v : 5@’ — Idg-Moa as for any morphism f: M — M’ in R-Mod we have that

(fovi)(s®@rm) = f(Y(s)em(m)) = ¥(s)f(enm(m)) = ¥(s)f(en(er (m)))
=1p(s)enm (f(ear(m))) = (s)em (enmr (f(err(m))))
= en (Y(s)em (f(en(m)))) = em (Vi (s @r flenm(m))))
= (Vi 0 €y, (sorM) © (S ®r feum))(s ®rm)
= (Va0 pipe f)(s @rm),

for every m € M, s € S. Note that ¢i(s) = r5pS@ildr(s ®r 1r) = rse,, (sorr) (s ®r er(1R)) =
s, (5)Ts(s @r er(1R)) = ey (s)(sp(er(1r)))- If ey, () is a left S-module morphism, we have that
o(s) = se,, (s)(w(er(1r))) = sls = s, 80 p o tp = Idg in this case. Then,
Vi (s @ m) = ny (V(s)ear(m)) = (s)niy (enr(m)) = v (s)nar (enr(enr(m)))
=1p(s)ey. (sorm)(mulenr(m))) = (s)ey. (serm)(ls Or enr(m))
= €y (sorM)(V(s)1s Or enr(m)) = €y (50, (PY(s) @R enr(m))
= €. (sorM) (s Or enr(m)) = ©Lpcddy (s @ m),

for every m € M, s € S, so ¢} is naturally semifull. Alternatively, we observe that, since ¢ o ¢ =
Idg, by [3, Proposition 3.1 (2)] ¢* is naturally full, so since E*¢ is naturally semifull (cf. Example
, @} results to be naturally semifull also by Proposition (1). O

Example 7.9. Semifunctor on a monoid.

Let (M, 3) be a monoid. It can be viewed as a category with a single object, denoted by =
(see [4, Example 1.2.6.d]). Arrows a : x — x are the elements of the monoid, which are closed
under composition and the identity element 1, is the identity arrow 1p; : x — %. A monoid
homomorphism f : M — N is a functor, as it preserves compositions of arrows and the identity
arrow; it sends the unique object * of M into the unique object x of N. A natural transformation
a = (ax) : f — g between functors f,g : M — N is an arrow a, : f(x¥) — g(*) in the category
N (i.e. an element of the monoid N) such that, for all elements a of M, g(a) ‘N ax = s N f(a),
where -y is the composition law of V.

Consider the direct product M x M of M by itself with componentwise multiplication (a, b)- s« m
(a/,b) = (a-aa,b-p V'), which we also denote by (a,b)(a’,b’) = (aa’,bb’) for shortness. Let
e # 137 be an idempotent element of M, i.e. e? = e. Consider the map f. = (e,—): M — M x M,
fe(b) = (e,b), which is a semigroup homomorphism. Indeed, for any b,c € M, f.(bc) = (e,bc) =
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(ee,bc) = (e,b)(e,c) = fe(b)fe(c), but it does not preserve the unit, as fo(1a) = (e,1n) #
(I1nas,101) = larxas- Moreover, if we view M x M as the product category with a single object
* and morphisms given by the pairs (m,n) : x — %, where m,n : x — * are elements of M, and
whose composition is that induced by the multiplication of M x M, then f, : M — M x M,
fe(¥) = x, fe(b) = (e,b) results to be a semifunctor as it preserves compositions, but not the
identity arrow 1ps : * — *. Consider the associated natural transformation .7-'57 % : Hompy(, %) —
Hom s s (%, %), Fi%(m) = fo(m) = (e,m), and the map P{% : Hompsx ps (5, %) — Hompy (%, %),
ff*((m, n)) = n, which is a natural transformation as for any m,n,b,c € M, Plf*(fe(b) MxM
(myn) s fo(€)) = PLa((e,0)(m,n) (e, 0) = Pla((eme,bne)) = bne = b PLa((m,n)) -ar .
Then, for any m € M, we have (Pff* o f,{f*)(m) = ’P;kff*((am)) = m, hence f. is separable. Now,
we show that the semifunctor f, is not in general semifull, and hence not even naturally semifull.
If f. were semifull, then for any (m,n) in M x M there would exist an element a € M such that
(e,a) = (e, 1p)(m,n)(e,1as) = (eme,n). But in general it is not true that (e,a) = (eme,n). For
instance, consider the commutative monoid {z, 1, e} with the following multiplication - laws

r-x=e x-l=zx z-e=z, 1-1=1, l-e=e, e-e=ce.

Fix the idempotent element e. Then e-z-e=e-(x-e) = e-x = x does not result to be equal to
e. Thus, f. is not semifull.

Example 7.10. Semifunctor on a ring.

A category C is preadditive (also called an Ab-category) if for any pair of objects X,Y € C, the
hom-set Home(X,Y) is an additive abelian group such that the composition map Home (Y, Z) x
Home(X,Y) — Home (X, Z) is bilinear. Let A be a unital ring. Then, A is a preadditive category
(denoted by the same symbol A) with a single object * and Homy4 (*, x) = A. The composition of
morphisms in A is the multiplication of elements of A. The group structure of Hom 4 (%, *) is that
of the underlying additive group A. Given unital rings R, S, any homomorphism R — S of rings
which possibly does not preserve the unit is a semifunctor which sends the single object of R into
the single object of S. For instance, consider a morphism of rings g : R — S and let z # 15 € S be
an idempotent such that z € S® = {u € S | ug(r) = g(r)u for every r € R}. Then, any morphism
f:R— S given by f(r) = g(r)z is a semifunctor.

As particular cases, we have the following.

e If g = Idg, where R is a ring with unit 1, consider an idempotent element z # Og, 1r
in the center Z(R) = {r' € R | r'r = rr/ for every r € R} of R. Then, let f : R - R
be the map given by f(x) = xz, for x € R. It is a non-unital endomorphism of rings,
thus f defines a semifunctor f : R — R which is not faithful as f(z) = z = f(1g), but
z # 1p; for any © € R we have that f(1g)zf(1g) = 22z = vzz = vz = f(x), hence f is
semifull. Further, let * be the single object of R and let ]-'f’* : Homp (*, *) — Hompg(x*, *),
]—"f*(a:) = f(x) = xz, for z € R, be the natural transformation associated with f. Consider
the map 773:* = ]-"f* : Hompg(*,x) — Homp(x*, %), Pi‘*(z) = xz, for every x in R. For
every # € R, we have (F{, o PL,)(z) = F/.(22) = 222 = 222 = f(1g)xf(1r), hence f
is naturally semifull. As an instance, consider as ring the product R x S of unital rings
R, S and the idempotent element z = (Og,1g) € Z(R x S). Then, f : Rx S — Rx S,
(z,y) = (z,y)z = (Og,y) is a semifunctor which is naturally semifull but not faithful.

e Let R be a ring with unit 1x and consider the ring M, (R) of square matrices of order
n € N with coefficients in R. Consider the canonical inclusion g : R — M,,(R), r — rlL,,
where I, is the identity matrix in M, (R). Let f: R — M, (R) be the map given, for any
m € R, by

m mEii,

where E;; = (0;40ip)ap is the matrix unit in which the entry ii, with ¢ € {1,...,n}, is the
unique nonzero entry. It is a homomorphism of rings which does not preserve the unit, since
f(1r) = Ey # 1y, (r) = Ln. It defines a semifully faithful semifunctor f : R — M, (R).
Indeed, it is clear that f is faithful, and it is semifull as, given a matrix A = (a;;) in M,,(R),
we have that

f(Ar)Af(1r) = E4AEj; = aiiEiy = f(ai).
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