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INFINITESIMAL BRAIDINGS AND PRE-CARTIER BIALGEBRAS

ALESSANDRO ARDIZZONI, LUCREZIA BOTTEGONI, ANDREA SCIANDRA, AND THOMAS WEBER

ABsTRACT. We propose an infinitesimal counterpart to the notion of braided category. The
corresponding infinitesimal braidings are natural transformations which are compatible with an
underlying braided monoidal structure in the sense that they constitute a first-order deformation
of the braiding. This extends previously considered infinitesimal symmetric or Cartier categories,
where involutivity of the braiding and an additional commutativity of the infinitesimal braiding
with the symmetry are required. The generalized pre-Cartier framework is then elaborated in
detail for the categories of (co)quasitriangular bialgebra (co)modules and we characterize the
resulting infinitesimal R-matrices (resp. R-forms) on the bialgebra. It is proven that the latter
are Hochschild 2-cocycles and that they satisfy an infinitesimal quantum Yang-Baxter equation,
while they are Hochschild 2-coboundaries under the Cartier (co)triangular assumption in the
presence of an antipode. We provide explicit examples of infinitesimal braidings, particularly on
quantum 2 X 2-matrices, GL4(2), Sweedler’s Hopf algebra and via Drinfel’d twist deformation. As
conceptual tools to produce examples of infinitesimal braidings we prove an infinitesimal version
of the FRT construction and we provide a Tannaka-Krein reconstruction theorem for pre-Cartier
coquasitriangular bialgebras. We comment on the deformation of infinitesimal braidings and
construct a quasitriangular structure on formal power series of Sweedler’s Hopf algebra.
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1. INTRODUCTION

Braided monoidal categories were first introduced in [JS] as tensor categories (C, ®,I) endowed
with a categorification of the flip operator, the braiding o. On objects X,Y of C the braiding is a
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morphism oxy: X ®Y — Y ® X which is compatible with the tensor product in the obvious way
and, as a result, ox x satisfies the braid relations. For this reason braided monoidal categories
have found numerous applications, particularly in knot theory, leading to topological invariants
of 3-manifolds [RT]. Most relevant for our purpose, braided monoidal categories appear as the
categorical counterpart of (co)quasitriangular bialgebras. The latter are bialgebras H together
with a solution of the quantum Yang-Baxter equation, the universal R-matrix (or universal R-
form), originating in the seminal work [Dr2] of Drinfel’d and expanding on earlier ideas [ET] on the
quantum inverse scattering method. Given a (co)quasitriangular bialgebra (H,R), the monoidal
category (C,®,I) of bialgebra (co)modules becomes braided with o given by the (co)action of R
composed with the tensor flip [Dr3,[Ma3|. On the other hand, a braided monoidal category (C, ®,I)
satisfying certain representability conditions can be understood as the (co)representation category
of a “reconstructed” (co)quasitriangular bialgebra [Mad]. This is referred to as Tannaka-Krein
reconstruction of (co)quasitriangular bialgebras. Thus, morally we can think of braided monoidal
categories and (co)quasitriangular bialgebras as two sides of the same coin.

The scope of this paper is to provide an infinitesimal version of braided monoidal category and
to study the corresponding algebraic counterparts. In fact, the motivating idea is to start in the
algebraic framework and consider a bialgebra H with its corresponding trivial topological bialgebra
H = HJ[[h]] of formal power series in a formal parameter % given by naive A-linear extension of the
bialgebra structure and replacing the tensor product with its topological completion. Then, given
a (co)quasitriangular structure

(1) R=R(1®1+hy+Oh?)

on H we obtain a (co)quasitriangular bialgebra (H,R) and “read” or “declare” the axioms of our
infinitesimal R-matrix x as the axioms of R in first order of . This definition of infinitesimal
R-matrix can then be applied to any (co)quasitriangular bialgebra (H,R) independently of an
imagined (co)quasitriangular structure on H. Reversing back to category theory we obtain a
braided monoidal category (C,®,1, o) with a natural transformation ¢: ® — ® now corresponding
to x. The axioms of x manifest in a certain compatibility of ¢ with (®,0). It turns out that
the resulting categories generalize Cartier categories, which already appeared in [HV] and trace
back to [Cal. However, our definition is not bound to symmetric braidings (i.e., 02 = Id) and
our proposed compatibilities of ¢ and (®,0) are less restrictive. For this reason we call the cat-
egories of this paper pre-Cartier braided, while we refer to the ones studied in [HV] as Cartier
symmetric categories. The corresponding bialgebras are called pre-Cartier (co)(quasi)triangular.
The idea to consider infinitesimal versions of (co)quasitriangular structures goes back to [Drl],
however exclusively in the framework of quasitriangular Lie bialgebras (g, [-, |, 7) which correspond
to quasitriangular bialgebras (Ug, R). Here, the classical r-matrix r € g ® g (or quasitriangular
Lie bialgebra structure in general), a solution of the classical Yang-Baxter equation, is the infini-
tesimal counterpart of a quasitriangular structure R = 1 ® 1 + fir + O(h) on Ugl[[h]]. Afterwards,
in [Mall, the symmetrization % (r+r°P) of a quasitriangular Lie bialgebra structure has been used
to obtain an “infinitesimal braiding”, a tool to construct braided Lie bialgebras. To our knowledge
the concept of infinitesimal braiding has so far only been addressed in the previously mentioned
context of Lie bialgebras (g, [, -], ) with corresponding bialgebra (Ug, R = 1®1) and in the context
of Cartier triangular bialgebras [HV] (in the dual case it was considered also for comodules over
an abelian monoid algebra, still in [HV]). Our approach goes genuinely beyond the established
theory. The main results include a Tannaka-Krein reconstruction theorem for pre-Cartier coqua-
sitriangular bialgebras and an FRT construction of pre-Cartier categories. The latter extends to
well-known construction [FRT] of coquasitriangular bialgebras from a solution of the braid relation
to pre-Cartier coquasitriangular bialgebras, where additional infinitesimal braid relations, involv-
ing a second endomorphism, have to be satisfied. We further prove that an infinitesimal R-matrix
is a Hochschild 2-cocycle and satisfies the “infinitesimal quantum Yang-Baxter equation”, while
in the Cartier symmetric Hopf algebra case it corresponds to a Hochschild 2-coboundary. Ac-
companying the definitions are explicit examples of infinitesimal braidings, including on quantum
2% 2-matrices, GL,(2) and Sweedler’s Hopf algebra. As infinitesimal objects, pre-Cartier bialgebras
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naturally pose a quantization problem. We comment on the deformation of infinitesimal braidings,
giving an explicit solution for Sweedler’s Hopf algebra and further relating to Etingof-Kazhdan
quantization of Lie bialgebras.

The paper is organized as follows. After the introduction we proceed by setting up the categori-
cal framework of pre-Cartier braided categories. It includes a result on how to transfer infinitesimal
braidings via a strong monoidal functor. The rest of the article will follow the outlined categorical
setup, but the reader who is mainly interested in the results on Hopf algebras and their repre-
sentations can skip the categorical build-up and understand the following sections independently.
Section [2] treats quasitriangular bialgebras (H,R) endowed with an infinitesimal R-matrix. We
show that these are characterized by braided monoidal category of H-modules being pre-Cartier.
Several examples are provided, including infinitesimal R-matrices arising from quasitriangular Lie
bialgebras and a classification of infinitesimal R-matrices on Sweedler’s Hopf algebra. We further
discuss the previously mentioned example of quasitriangular topological bialgebras in detail, which
will motivate us to formulate a quantization problem. We devote Section 2.1] to induce pre-Cartier
quasitriangular structures and Section for Drinfel’d twist deformation of them. In Section [2.3
we recall Hochschild cohomology theory for coalgebras and prove the previously mentioned results
about the infinitesimal R-matrix being a 2-cocycle. Section |3|is the dual counterpart of Section
It mirrors the concepts and constructions for the corepresentation category of a coquasitriangular
bialgebra. We combine both pictures in Section [3.4] about the finite dual. The final Section [
comprises the aforementioned FRT construction (Section and Tannaka-Krein reconstruction
(Section of pre-Cartier coquasitriangular bialgebras.

1.1. Preliminaries and notations. Given an object X in a category C, the identity morphism on
X will be denoted either by Idx or X for short. By (M, ®,I) we denote a monoidal category, where
®: MxM — M is the tensor product functor and I is the unit object. The associativity constraint
a and the left and right unit constraints [, will be usually omitted when clear from the context.
If M is braided, we denote the braiding by o. A strong monoidal functor (F,¢°, ¢?) : (M, ®,I) —
(M, &', T') consists of a functor F : M — M’, an isomorphism ¢% y : F(X)®' F(Y) = F(X®Y)
in M’ which is natural in X,Y, for every X and Y in M, and an isomorphism ¢° : I’ — F(I) in
M’ such that the following identities hold true

Flaxyz)© ¢xey.z© (Qfx,y ®' F(Z)) = ¢%(,Y®Z o (F(X) & éf’%/,z) © Up(x),F(Y),F(Z)
F(lx)o¢f x o (¢° @' F(X)) = Fxy Flrx)o a0 (F(X) e ¢') = TR(x)

where a, o’ are the associativity constraints, and [, r,l’,r’ are the unit constraints. If M and M’
are braided, a braided strong monoidal functor F' : M — M’ is a strong monoidal functor such
that F(ox,y)o ¢y y = ¢3 x © O'p(x),r(y) Where o and o’ are the respective braidings.

All vector spaces are understood to be k-vector spaces, where k is an arbitrary field. By a linear
map we mean a k-linear map and the unadorned tensor product ® stands for ®g. We denote the
canonical flip by Ty v : M ® N = N® M, m®n — n®m, for vector spaces M, N, or simply by 7
for sake of briefness. By ring we mean an associative ring with identity. For an algebra we denote
the multiplication and the unit by m and u, respectively, while for a coalgebra the comultiplication
and the counit are denoted by A and e, respectively. We write H for a bialgebra over k. We
will use the classical Sweedler’s notation for calculations with the comultiplication and we shall
write A(h) = hy ® hg for any h € H, where we omit the summation symbol. In case H admits an
antipode we denote it by S : H — H. The center of an algebra A is denoted by Z(A). For any
right (left) H-module we denote without distinction the action by -, even when there are different
actions involved. For a right (left) H-comodule M we write the coaction as p" : M — M ® H,
p"(m) = mo ®my, (resp. p' : M — H® M, p'(m) =m_1 ® my), for any m € M.

1.2. Pre-Cartier categories. In this section we introduce the notion of pre-Cartier category. For
this aim, recall that a category is pre-additive when the set of morphisms between any two objects
is an abelian group and the composition of morphisms satisfies the distributive law. A pre-additive
braided monoidal category is a braided monoidal category which is also pre-additive and the tensor
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functor is additive in each entry, i.e., the tensor product and the addition of morphisms satisfy the
distributive laws.

DEFINITION 1.1. A pre-Cartier category is a pre-additive braided monoidal category (M, ®, o)
together with a natural transformation ¢: ® — ® such that the identities

(2) txyoz =txy ®Idz + (U;(,lY ®Idz) o (Idy X tX,Z) o (U)gy ®1dz),

(3) txeyz =ldx @ty z + (dx ®oyy) o (tx,z @ 1dy) o (Idx ® oy 2),

hold true for all objects X, Y, Z in M. In this case we say that ¢ is an infinitesimal braiding of
(M, ®,0). A pre-Cartier category (M, ®,0,t) is called Cartier if in addition

(4) oxyolxy =tyvxo0oxy

holds for all objects X,Y in M. In case the braiding is symmetric we refer to the above as
symmetric (pre-)Cartier categories. We summarise these definitions in the following table
(where X indicates that the corresponding condition is not required):

‘ Terminology a;(ly =0y,x ‘ oxytxy =ty xoxy
braided pre-Cartier category X X
symmetric pre-Cartier category v X
braided Cartier category X v
symmetric Cartier category v v

We will sometimes use the term Cartier type category to refer to any of the above notions.

REMARK 1.2. We collect here immediate consequences of the definition. The first two are straight-
forward extensions of [HV] Remark 2.2] from symmetric Cartier to braided pre-Cartier categories.

i) Every pre-additive braided monoidal category is Cartier with respect to the trivial infinitesimal

braiding txy = 0 for all objects X, Y.

ii) Setting Y =1 in and implies tx 1 = 0 and 1 x = 0, respectively.

i41) For a symmetric monoidal category with a natural transformation ¢: ® — ®, in presence
of , the conditions and are equivalent as shown in [Kal XX.4]. Consequently, the
notion of symmetric Cartier category in Definition coincides with that of Cartier category
as introduced in [HV], which goes back to [Cal]. Note that in [Kal, XX.4] such a category is
called an infinitesimal symmetric category in case of a strict tensor category.

The next result deals with transferring the Cartier type structures from one category to another.

ProprosITION 1.3. Let (F7 ¢0,¢2) : M — M’ be a strong monoidal functor between pre-additive
categories M and M'. Assume F is additive and fully faithful (e.g., F is an equivalence and the
categories M and M’ are additive).

i) If M’ has a braiding (symmetry), then so does M and F is braided strong monoidal.
it) If M’ has a natural transformation fulfilling (2)) and , then so does M.
iii) If M’ has a natural transformation fulfilling (4), then so does M.

Proof. The proof is straightforward and, as far as the braiding is concerned, traces back to [Sal,
4.4.3]. We just point out that o and ¢ for M are uniquely defined in terms of ¢’ and ¢’ for M’ by
the commutativity of the following diagrams, for all objects X,Y in M.

!’ !’
TF(X),F(Y) tR(X),F(Y)

F(X)® F(Y) F(Y)® F(X) F(X)® F(Y) F(X)® F(Y)
¢§(,yl ¢‘2y,xl ¢§(,Yl ¢§(,Yl
F(XoY) — "9 | piy e Xx) F(XoYy) — Y pixgy)

Note also that if F' is an equivalence, then it is automatically fully faithful and, being part of an
adjunction, it is also additive if M and M’ are additive, see e.g. [Pa, Corollary 1.3|. O
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ExXAMPLE 1.4. Let f : A — B be a morphism of bialgebras which is an epimorphism in the
category of rings. By [Stl Proposition XI.1.2], the restriction of scalars functor f, : pM — A M,
which is always faithful, is also full. Since pM and 4 M are additive categories and f, is part
of an adjunction, we get that f,. is an additive functor. Clearly f,. is strict monoidal. Hence the
previous result applies. As a consequence, if 4 M is a Cartier type category, so is g M.

In particular, since f induces the surjective bialgebra map f' : A — f(A),a — f(a), we get
that, if 4M is a Cartier type category, so is y4)M. A direct proof of this result will be provided
in Proposition 2.I3] This can be obtained by looking at the notion of pre-Cartier quasitriangular
bialgebra, which is object of the next section.

ExAMPLE 1.5. Let A and B be bialgebras such that there is a strong monoidal equivalence between
the categories 4 M and g M. By Proposition [I.3] 4 M is a Cartier type category if and only if so
is pM. This applies in particular if A is obtained from B by twisting with a Drinfel’d twist (we
will return to this notion in more detail in the following section). A direct proof of this fact will
be provided in Theorem [2.1

EXAMPLE 1.6. Let A and B be two bialgebras which are monoidally co-Morita equivalent, i.e.,
such that there is a strong monoidal k-linear equivalence between the categories A M and B M,
see [Sc2l Definition 5.6]. By Proposition AM is a Cartier type category if and only if so is
B M. Note that, by [Sc2, Corollary 5.9], if H is a finite-dimensional Hopf algebra, then every Hopf
algebra monoidally co-Morita equivalent to H is obtained from H by twisting with a 2-cocycle.

2. PRE-CARTIER QUASITRIANGULAR BIALGEBRAS

We are now going to discuss a class of examples of pre-Cartier categories modelled on the braided
monoidal category (g M, ®, ™) of left H-modules, where o is the braiding attached to a quasi-
triangular bialgebra (H,R). Let us recall from [Ka| and [Ma2] some definitions and preliminary
results beforehand.

Fix a bialgebra (H,m,y,A,a) in the following. For an element 7' € H ® H we adopt the
short notation 7" = Y~ . T"®T; = T" ® T;, omitting the summation symbol. Then, for exam-
ple, Ty p(T) =T% =T, T, (Idy ® Tu)(T ® 1) = T"® 1y @ T;, etc. If T is invert-
ible we write 7! = T' ® T;. We further employ leg notation Tio = T ® 1y, Tos = 1y @ T,
Tis = (Idg @ 7,15)(Th2), Tor = T ® 1, etc.

A bialgebra H is said to be quasitriangular if there is an invertible element R € H ® H, the
universal R-matriz or quasitriangular structure, such that H is quasi-cocommutative, i.e.,

(5) AP() = RA(IR™,
and the hexagon equations

(6) (Idg ® A)(R) = R13R12,
(7) (A®Idy)(R) = Ri3Ras,

are satisfied. If in addition R™! = R°P, then (H,R) is called triangular. Recall that, by [Kal
Theorem VIII.2.4|, a quasitriangular bialgebra (H, R) satisfies the quantum Yang-Bazter equations

(8) RisRisRas = RogRiaRiz,  Rip RizRay = Ry Ry Ry
and (¢ ® Idg)(R*!) = 1y = (Idg ® €)(R*!). Moreover, we have

(9) (S®I)(R) =R, (Id® S) (R =R.

Thus, we have that

(10) (S®S)(R)="R, (S®S)(RH=Rr""
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One can prove (see [Ma2, Theorem 9.2.4 and paragraph thereafter]) that a bialgebra H is quasitri-
angular if and only if the monoidal category (g M, ®) of left H-modules is braided with braiding
determined on objects M, N by

O'E)N:M(@N—)N@M, men— RP-(n@m)=(R; -n)@(R"-m).
Note that (Uﬁ]\,)’l N@M - M@N,n@m— R (m@n)= (ﬁi -m) ® (R; -n) in this case.
Definition and examples.

DEFINITION 2.1. We call a triple (H, R, x) a pre-Cartier (quasi)triangular bialgebra if (H,R) is
a (quasi)triangular bialgebra and xy € H ® H is such that

(11) XA() = AC)x,
(12) (Idg ® A)(x) = x12 + Riz x13R12,
(13) (A@Tdg)(x) = x23 + Rz x13R23,

hold. We call such a y an infinitesimal R-matrix.
Moreover, the triple (H, R, x) is called Cartier if it is pre-Cartier and y satisfies

(14) Rx = xR,
in addition.
We summarise these notions in the following table (again, X indicates that the corresponding
condition is not required).
‘ Terminology ] RT=RoP ‘ Rx = x°R ‘
pre-Cartier quasitriangular
pre-Cartier triangular

Cartier quasitriangular
Cartier triangular

ANER IR NE-

NN x| x

REMARK 2.2. The following statements obviously hold.
i) Every (quasi)triangular bialgebra is Cartier with trivial x = 0.
ii) Given a (quasi)triangular bialgebra (H,R), the set of its infinitesimal R-matrices forms a
vector space.
iii) By applying Id ® ¢ ® Id to and (13)), and multiplying, we get
(15) (Id®e)(x) =0,
(16) (e@Id)(x) =0,

respectively.

EXAMPLE 2.3. Let (H,R) be a (quasi)triangular bialgebra and let 2°(H) be its center. If R €

Z(H) ® Z(H), then by H is cocommutative. Moreover, rewrites as (Idg ® A)(x) =

X12 + X13 which means that y € H ® P(H). Similarly, means that x € P(H)® H, so that the

two equalities together are equivalent to x € P(H) ® P(H). Furthermore, holds if and only

if x = x°P, i.e., x is symmetric.

1) As an example, since H is cocommutative a possible choice for the quasitriangular structure
is R =1®1 and in this case and are equivalent to x € P(H) ® P(H), cf. [Kal
Proposition XX.4.2].

2) Another example is the case when H is commutative and then one trivially has R € Z(H) ®
Z(H) for every quasitriangular structure R. Since is trivially satisfied in this case, then,
by the foregoing, x € H ® H is an infinitesimal R-matrix if and only if x € P(H) ® P(H). In
particular, let G be an abelian group and consider the group algebra H = kG. Note that R
needs not to be 1 ® 1 in this case, see e.g. [Ma2l, Example 2.1.17]. Since H is commutative
a possible infinitesimal R-matrix x must live in P(H) ® P(H) but P(kG) = 0, as a direct
computation shows. Thus y = 0.
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3) Another example is the universal enveloping algebra Ug of a (complex) Lie algebra (g, [-,]).
It is a cocommutative Hopf algebra and thus, if we consider R = 1 ® 1, the above implies
that infinitesimal R-matrices x are characterized as elements of P(Ug) ® P(Ug) = g ® g,
such that yA(-) = A(:)x holds. The latter condition is equivalent to x being g-invariant, i.e.,
(ad, ® Id + Id ® ad,)(x) = 0 for all = € g, where ad,(y) := [z,y] for 2,y € g. In summary,
pre-Cartier structures for (Ug,1 ® 1) are precisely the elements of (g ® g)? and the symmetric
ones among those, i.e., x € (g ® g)? satisfying x°P = , correspond to the Cartier structures.
Such elements arise in the study of quasitriangular Lie bialgebras. We briefly recall that a Lie
bialgebra (g, [-,-],d) is a Lie algebra (g, [+, -]) and a Lie coalgebra (g, §) such that [-,-]: g®g — g
and §: g — g ® g are compatible. A Lie bialgebra (g, [-,-],d) is called quasitriangular if there
is an element r € g ® g such that 6(z) = (ad, ® Id + Id ® ad,)(r) for all z € g, satisfying the
classical Yang-Baxter equation

[r12,713] + [r12,723] + [r13,723] = 0
and such that r + r°P € (g ® g)%. If r is skew-symmetric in addition it is called a classical r-
matrix. Thus, the symmetrization of any quasitriangular structure r € g ® g of a Lie bialgebra
(g,[,],9) gives a Cartier structure x = r + r°P and classical r-matrices lead to y = 0. We refer

to [ES, Sections 2 and 3] for details on (quasitriangular) Lie bialgebras and r-matrices. Note
that the classical Yang-Baxter equation was not used to verify the axioms of Definition 2.1

REMARK 2.4. The element x = r + r°P associated to a quasitriangular Lie bialgebra (g, [-,-],) we
discussed in Examplealready appeared in [Mall]. There it was associated with the “infinitesimal
braiding operator”

V: VRV VRV, PYoRw)=x-vRWw—wRv)

for a left g-module V. It was shown in [Mall, Lemma 2.1] that ¢ is a 2-cocycle, a statement
which we are going to generalize in Theorem The operator is further used to define “braided
Lie-bialgebras” in [Mall Definition 2.2], a notion which was extended in [HV| Section 5]. It
would be interesting to adapt the concept of braided Lie-bialgebra to our notion of pre-Cartier
quasitriangular bialgebra. However, this goes beyond the scope of the present paper.

EXAMPLE 2.5. Let (H,R) be a (quasi)triangular bialgebra and let x € 2 (H @ H). Then is
trivially satisfied, and together means that xy € P(H) ® P(H) while means that x
is symmetric. As a consequence, (H, R, x) is pre-Cartier if y € P(H) ® P(H) is central and it is
Cartier when it is further symmetric.

In the following main theorem of this section we prove that pre-Cartier quasitriangular bialgebras
(H,R, ) correspond to pre-Cartier braided monoidal structures on (g M, ®,0%) in the same spirit

in which R corresponds to .

THEOREM 2.6. Let (H,R) be a (quasi)triangular bialgebra. Then, there is a bijection between
pre-Cartier structures of (H,R) and pre-Cartier structures of (g M,®,0%). The corresponding
infinitesimal braiding on g M is defined for all objects M, N in gM by

(17) tun: MON 5 M®N,  m@nw—x-(mon)= (" m)e (x-n)

where x = X' ® x; € H ® H is the infinitesimal R-matriz for H. Moreover, there is a bijective
correspondence between Cartier structures of (H,R) and Cartier structures of (g M, ®,0™%).

Proof. Suppose there is an infinitesimal braiding ¢ on g M and set x := tg g(lg ® 1g). Note
that for every M in yM and m € M we can consider a map I, : H — M in g M by setting
Im(h) = h-m. Since ¢ is natural, for every M, N in yM and m € M,n € N, we have that
tM,N(lm ®ln)(1H (9 1H) = (lm®ln)tH,H(1H ®1H), ie., tM7N(m®n) = (lm ®ln)(X) By employing
the notation x = x*® x;, we arrive at tyr y(m®n) = (x*-m) @ (x; -n). Now, the fact that ¢y, y is
a morphism in gz M for all M, N in y M is equivalent to the fact that ¢y g is a morphism in z M,
by using the naturality of ¢. Indeed, if this is true for H, given M and N in g M we obtain that

tM»N(h ' (m & n)) = tM,N(hl me h2 . TL) = tM,N(lm(hl) ® ln(hZ)) = tM,N(lwz ® ln)(hl ® h2)
=Un@l)tgah- Agelg)=h-(n@l)tgg(lp®ly) =h- -ty n(men)
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forallm € M andn € N. By using again naturality of ¢, the fact that ¢y g is in M is equivalent to
h-(tH,H(lH(X)lH)) = tH’H(h-(lH(X)lH)) for every h € H. This is exactly hlxi@)hgxi = Xihl ®xiho
for every h € H, i.e., (1I). Next, we prove that for X,Y,Z in g M is equivalent to (12). In
fact, from naturality of ¢, we reduce to the case X =Y = Z = H and we have that

trner(lp®@1lp@1p) =X ® (xi- (1g ® 1)) = X' @ xi1 @ xi2 = (Idg ® A)(x),
while

(tgr@ldg)(lg@1lg@1lg) =X @ x: ® 1y = x12

and
(R )t @ld)(dy @ tau)(of g ©1dg)(ly @ 1y @ 1)
= (0} p) " @1dy)(dy @ty ) (Ri ® R' ® 1y)
— (R p) ' ®Idn)(R; @ ¥R @ x;) = R ¥R @ ReRi @ x;
—R'OR 1) @1y ® ;) (RE@R; @ 1y) = Ry X13R12.

Similarly, one proves that (3] is equivalent to ((13).
Finally, we prove that (4] is equivalent to (14). Assume that holds, then we have

o n(tun(men)) =0 y(X' - m®xi-n) = (Rjxi) - n @ (RIx') -m
= (R) - (n@m) = (PR (n@m) =t (0 (m @ n))
for all left H-modules M, N and m € M, n € N, hence holds. On the other hand, assume that
is satisfied, then

(XPR)P = XxR® =ty u(of g(lu @ 1u)) = 0 g (tun(ln © 1g)) = (Rx)°,
SO holds and the thesis follows. O

Now we test the notion of (pre-)Cartier bialgebra on some examples. The first example we
consider is Sweedler’s Hopf algebra. Note that, as it is shown in [Ge], Taft Hopf algebras H,> do
not admit a quasitriangular structure for n > 2, while for n = 2, i.e., Sweedler’s case, there is a
1-parameter family of triangular structures which is considered below.

Sweedler’s Hopf Algebra. Let k be a field of characteristic not 2. Consider the free k-algebra
H generated by two elements g and & modulo the relations g2 = 1, 22 = 0 and g = —gx, where
1 denotes the unity of H. It becomes a Hopf algebra with comultiplication, counit and antipode
determined by A(g) =g®g, Alz) =21+ gz, e(9) =1, e(z) =0, S(g) = g and S(z) = —gx,
respectively. In particular, H is neither commutative nor cocommutative. It is the smallest Hopf
algebra with these properties and it is known as Sweedler’s 4-dimensional Hopf algebra. There is
an exhaustive 1-parameter family of triangular structures on H given by R-matrices

(18) Ry=1@1—-2v@v+AzQ2x+22v Qv — 2z Q xv)

for A € k, where v := l%g, see [Ma2, Exercise 2.1.7]. Expanding v gives

Ra=11®1+901+109-gRg) +5@@Rz—1gR@2+2R® 19+ g ® 29).
If (H,R) is quasitriangular then R = R, for some A € k, see [Ral, Exercise 12.2.11]. In the

next result, whose current more conceptual proof was suggested by the referee, we classify the
infinitesimal R-matrices for Sweedler’s Hopf Algebra.

PROPOSITION 2.7. Let (H, R)) be Sweedler’s Hopf algebra with triangular structure Ry as in .
Then, there is an exhaustive 1-parameter family of infinitesimal R-matrices xo on H, for a € k,
given by xo = axg @ x.
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Proof. If H is pre-Cartier, by deﬁnition there exists an element x € H® H satisfying the equations
. 2)) and . We look at (11)) on generators. Clearly on 1 does not give information. The
condltlon xA(g) = A(g)x is equlvalent to x = gx'g ' ® gxig~!. Let Hy :=k(g) be the coradical
of H. Then, H = Hy & xHy. The conjugation by ¢ is trivial on HO and it is the multiplication by
—1 on zHy. Then, since char(k) # 2, we obtain x € Hy ® Ho +2Hy ® xHy. From (Id®e)(x) =0
and (e ® Id)(x) = 0, we obtain x € k(1 — ¢g) ® k(1 — g) + zHy ® xHy. We observe that (z) = zHj
is a Hopf ideal of H with (z)? = 0. Therefore, equation 0 = YA(z) — A(z)x mod (z) ® (z) implies
that x € xHy ® xHy, since (1 — g)x = z(1 + g). The condition for xg does not give further
information. We write now y = zh @ zh/, for h,h’ € Hy. Then, from and R_ =R3P, we get

rh®@ (@ 1AW )+2h@ (gz)AR) = x®@1+ (Ro)12(zh®1 ®xh')(7€0)12 =x®1+zh1®zh,
so that zh® (z®1)A(R') = x®1, and hence we can assume A’ = 1. Similarly, from we obtain
(z@1)Ah)@z+(9g@x)A(h) @z =10xh®@x+(Ro)23(h®@1®x)(Ro)23 = 1®zh@r+zh® 1w,
so that (¢ ® )A(h) ® x = 1 ® xh ® x, hence h = ag, o € k. Tt is immediate to verify that

X = arg ® x, a € k, satisfies and (13). O
REMARK 2.8. Note that Ryxo = %a(wg Rr—rgRrg—rRr—r®xg) =—XPR,, ie.,
(19) RAon = —Xa Ra.

If we further assume that y, satisfies , ie., Raxa = X2PR,, then we get xoPRy = 0, hence
Xo = 0 as R, is invertible. Thus, Sweedler’s Hopf algebra is pre-Cartier through a 1-parameter
family of infinitesimal R-matrices, while it is Cartier only with the trivial infinitesimal R-matrix.

Note that rewrites as Ry = qx°PR for ¢ = —1 which could be seen as g-analogue of (14).
For this reason, we were tempted to introduce a notion of g-Cartier category by replacing y
ox,y otxy = gty x ocox,y for some ¢q € k. However, we could not go too far beyond the example
of Sweedler’s 4-dimensional Hopf algebra to justify this new notion.

Topological bialgebra and quantization. Let H be a bialgebra and consider the corresponding
trivial topological bialgebra H = H|[[/i]] of formal power series with formal parameter h, see for
example [Kal Section XVI.4, Example 3]. The bialgebra structure of H is obtained by h-linearly
extending the bialgebra structure of H, where one has to replace the tensor product with its
topological completion. If R = R+ O(h) € (H® H)|[[h]] = H&H, where & denotes the topological
tensor product, is a quasitriangular structure on H, it follows that R is a quasitriangular structure
on H. In particular, R € H ® H is invertible and we can write

R=ROA®1+hx+ O(h?))
for an element x € H ® H. We have the following result.
PROPOSITION 2.9. Given (H,R) as above, then (H,R,x) is pre-Cartier.

Proof. The axioms of y are precisely the defining axioms of R in first order of i. Explicitly, in
first order of & reads RxA(:) = A°P(-)Rx. Using that A is quasi-cocommutative with respect to
R implies RYA(-) = RA(+)x. Then, multiplying the latter by R~ from the left gives . Next,
@ in order one of & gives (Idy ® A)(R)(Idg ® A)(x) = Rizx13R12 + R13R12X12- Using that R
satisfies @ and multiplying the former with (R13R12)~! from the left implies . Similarly, (|7)
reads (A @ Idg)(R)(A ® Idm)(x) = Risx13Ras + R13RasX23 in order one of i. Since R satisfies
this gives if we multiply the former with (R13R23)~! from the left. O

The above result suggests the following quantization problem.

QUESTION 2.10. Given a pre-Cartier quasztrmngular bialgebra (H, R, X) is there a quasitriangular
structure R on the trivial topological bialgebra H = HI[[R]] such that R = R(1® 1 + hy + O(h?))?

This scenario bares similarity to the deformation quantization of Poisson manifolds. In the
following lines we want to give some intuition why this is the case and refer to [Es] for more infor-
mation on symplectic/Poisson manifolds and their quantization. A star product is an associative
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unital product * on the formal power series of smooth functions ¥>°(M)[[A]] on a manifold M,
which is also a smooth deformation of the pointwise product of functions. The skew-symmetrization
of its first order structures M as a Poisson manifold and it was shown by Kontsevich in [Kon| that
every Poisson manifold admits a star product quantization. An infinitesimal R-matrix can be
understood as a “noncommutative bivector field”, as it satisfies the axioms and and every
quasitriangular structure on formal power series leads to an infinitesimal R-matrix , as observed in
Proposition The question about existence of a quantization, as formulated in Question [2.10]
is less obvious.

In the symplectic case it is known (see for example [Fe]) that equivalence classes of star prod-
uct deformations are in bijection with formal power series of the second de Rham cohomology
H2R (M, C)[[h]]. This last observation motivates the following question about pre-Cartier bialge-
bras.

QUESTION 2.11. Are the “quantizations” R of x controlled by a certain cohomology class?

In the following we give an affirmative answer to the Question [2.10]in the case of Sweedler’s
Hopf algebra.

PROPOSITION 2.12. Let x be an arbitrary infinitesimal R-matriz on Sweedler’s Hopf algebra
(H,Rx) over C and let A € C. Then R := Ryexp(hix) = RA(1® 1+ hx) € (H® H)[[h]] is
a quasitriangular structure on the trivial topological bialgebra H = HI[[A]].

Proof. Recall from Proposition that Ry =11 -2vQv+Az®z+2zvQav — 2z @av), with
A€eCandv:= 1779, is a family of triangular structures for H and that all infinitesimal R-matrices
on (H,Rj) are of the form y = arg®x € H® H, with o € C. Since 22 = 0 and g = —gz we have
exp(hy) = 300 o Bx" = 1® 1 + hy and thus R := Ry exp(hy) = Ra(1® 1 + hix) € (H ® H)[[h]].
We prove that R is a quasitriangular structure for H. First of all, R is invertible, since its zeroth
order in A, namely R, is. Explicitly, its inverse is R = 1l®1l- hx)R;l. Next, from the
quasi-cocommutativity of R and we obtain Ry(1 ® 1+ Ax)A() = RAAG)(A ®@ 1+ hx) =
A°P()RA(1® 14 hy), i.e., quasi-cocommutativity of R. The hexagon equations for R follow from
the ones of R, the relations , and the fact that x13x12 = 0 = x13)X23 as a consequence of

z? = 0. Explicitly,
(@ A)R) = (1de A)R)1©1® 1+ h(Ide A)y))
Ri3R12(1®1® 1+ hxiz + AR X13R12)

coincides with

RisRiz = Ri3(1®1® 1+ hixi3)Ri2(1 ® 1 ® 1 + ixia)

= Ri3Ri2 + hR13R1aX12 + iR13X13R12 + 2 Rizx13Ri2X12
——— ———
=0

and similarly (A ® Id)(R) coincides with R13Ro3. This completes the proof. O

One could try to attack the previous quantization problem in greater generality. Here, we just
comment on the relation of Question to the quantization of quasitriangular Lie bialgebras.
Recall from Example[2.3|3) that given a quasitriangular Lie bialgebra (g, [+, -], 7) we obtain a Cartier
triangular bialgebra (Ug,R,x) with R = 1® 1 and x = r + r°P. According to [EK] there is a
quasitriangular topological bialgebra (f[, A, 7~2) such that ﬁ/hﬁ ~Ug, A=A+ O(h) and

R=1®1+hr+ 0O e Ho H.

Note that the bialgebra structure of H might differ from the h-linear extension of A, it is just
required that in zeroth order of k the bialgebra (H, A) is recovered. This indicates that Question
might be too restrictive and should be formulated in terms of arbitrary topological bialgebras
rather than the trivial one.
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2.1. Induced structures. In this subsection we study the behaviour of (pre-)Cartier (quasi)triangular
bialgebras with respect to induced structures, i.e., images, quotients and tensor products.

PROPOSITION 2.13. Let f : H — H' be a bialgebra map. If (H, R, Xx) is a (pre-)Cartier (quasi)triangular
bialgebra, then so is (f(H),(f @ f)(R), (f ® f)(X))-

Proof. Assume that (H,R) is a quasitriangular bialgebra, i.e., , @, hold for the invertible
element R = R' @ R; € H® H. It is easy to check that (f(H),R’) is quasitriangular, where
R = (f ® f)(R) cf. [Ral Exercise 12.2.2]. Moreover, if H is triangular, i.e., R~! = R°P, we get

R =(feHR) = (2R =(fRNRP) = f(R)2 f(R) = (f& ) (R)™ = (R),
hence also (f(H),R') is triangular. Now, assume that (H,R) is a pre-Cartier quasitriangular
bialgebra, i.e., there exists ¥ = x* ® x; € H ® H which satisfies , , 113). We show that
(f(H),R') is pre-Cartier through x" := (f ® f)(x) € H' ® H'. Indeed, since (|11 holds for x, we
have that

XA (f(2))=(f@HO)f @ Ar(z) = (f ® /)(xAu(z))
= (fo HAu()x) = (f@ [)(Ar(@)(f @ )(x) = Au (f(2)X
for any » € H, thus holds for x’. Next, since holds for y, ie., X' ® xi;, ® Xi, =
X' ®xi ®1g + RX'R* @ R;Ry @ xi, we have that
(Idm @ A )((f @ £)()) = F(X) @ fFxan) @ flxi) = (f @ F @ (X' @ Xir @ Xia)
=(fofo N ®xi®ly+ R XRF @ RRi @ xi)
= FO) ® F06) @ L + FRDFOADFRY) @ f(R)) F(R) © F(xa)
=X + (FR) @ FR) @ 1) (f(X') @ 1 @ f(x:)) (F(R¥) @ f(Ry,) @ L)
= X1z + (R X13R12,
hence x’ satisfies (12). Similarly, since holds for x, then X’ satisfies (13). Thus, (f(H),R’)

is pre-Cartier through x’. Furthermore, if the quasitriangular bialgebra (H,R) is assumed to be
Cartier, i.e., y satisfies in addition, then (f(H),R') is Cartier. In fact,

RX =@ HR)(f@ ) =& NRX)=(f@HXPR)=(f@ H(X™)(f & f)(R)
= (@ H)P(f e HR)=(K)TR.
The Cartier triangular case follows from the previous ones. O

As a consequence, we obtain the following result.

COROLLARY 2.14. Let H be a bialgebra and I C H a bi-ideal. If (H,R,x) is a (pre-)Cartier
(quasi)triangular bialgebra, then so is the quotient bialgebra H/I.

Next, we show that the tensor product of (quasi)triangular bialgebras is (pre-)Cartier if at least
one of them is (pre-)Cartier.

PROPOSITION 2.15. Let (H,R), (H',R') be (quasi)triangular bialgebras. Then, so is H @ H’
through R = (Idg @ 7. ar @ Idg ) (R @ R'), where T is the canonical flip. Furthermore, if at least
one of (H,R) and (H',R') is (pre-)Cartier, then so is (H ® H',R).

Proof. The first assertion can be obtained as a particular case of [Chl, Theorem 2.2] once observed
that H ='®! H' = H @ H' and [R, R'] = R, using the notations therein.
We show that if R~! = R°P and R'~! = R’°P then R~! = R°P. Indeed,

R =(dy @ 7gp @1dg ) (R @R = (Idg @ 5 @ Idgr ) (R @ R'P)
=R, ® R; ® RY X R = TH@H’,H@H’(,’Q) = 7~2°p.

Now, we suppose that (H,R) and (H',R’) are quasitriangular bialgebras and that (H,R) is pre-
Cartier and we show that H ® H' is pre-Cartier. Since (H,R) is pre-Cartier, there exists x =
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X' ®x; € H® H such that (11)), and are satisfied. We define X := x' ® 1g @ x; @ 1 €
H® H' ® H® H'. Since x satisfies , we have x%c; ® xice = c1X’ ® ca; for every ¢ € H, thus

VAnen(c®d) = (X' @1lp @xi @1yl ®@d ®@co ®da) = x'e1 ®dy ® xic2 @ do

=ax' ®@di®axi®d=(0d ®ced) (X' @l X ®ly)=Argn (c®d)X,

so that X satisfies (11). Now, since y satisfies (12), i.e., X' ® xi, @ xi, = X' @ xi © 1 TRV RE @
RjRi ® Xi, we obtain that
1d® Apen)(X) =X @ 1o ® Xi, © 1gr @ Xiy @ 1
=X @l Xl g @1y +RXNRF @1y @RRe @ 1 @ xi @ 1
=+ R® OR"OR;OR, @1y 1g) X' ®1ly @1lg @1l @ X ® 1p)(RF@R™ @Ry @R, ® 1y ® 177)
= %12 + Ry X13Raz,
where in the third equality we use that RMRM ®ﬁ:n7€; =R 'R =1 ® 1y and so Y satisfies
(12). Similarly, since y satisfies (I3), then Y satisfies and thus H ® H' is a pre-Cartier

quasitriangular bialgebra through y. Moreover, if Ry = x°PR, i.e., RFx* @ Rixi = i R* ® X' R,
we obtain that

Ri=RFORVORLOR) (X' ® 1w @ x; ® 1) = R¥ X' @ R7 @ Rixi ® R}
=xRFORTOXNRLOR, = (xi ®1p @ X' @ 1) (R¥ ® R @ Ry, ® R}) = YPR,
then H @ H' is Cartier. O

Observe that, if (H', R’) is (pre-)Cartier with x' = x'™ ® x/,,, then H ® H' is (pre-)Cartier with
X:=1lg®@x™®1g ® x,, by analogue computations. In view of Remark we can even take a
linear combination of ¥ and x.

ExaMPLE 2.16. Given Sweedler’s Hopf algebra (H, R ) with infinitesimal R-matrix x, = azg =z,
with o € k, and an arbitrary (quasi)triangular bialgebra (H’,R’), we obtain that H ® H' is
(quasi)triangular with R := (Idg ® 7 g ® Idg:)(Ry ® R') and it is pre-Cartier with infinitesimal
R-matrix Yo = axg @l @ x ® 1g.

2.2. Twisting pre-Cartier quasitriangular bialgebras. First we recall the notion of Drinfel’d
twist. An invertible element 7 € H ® H is said to be a Drinfel’d twist if the (dual) 2-cocycle
condition and the normalization properties

(20) (Felm(Aeldy)(F) = (1x @ F)(dr © A)(F),
(21) (e ®1dg)(F) = 1y = (Idg ® £)(F),

are satisfied. This notion goes back to Drinfel’d [Dr2].
Given a Drinfel’d twist F we consider the linear map Ar: H — H ® H defined via

Ar() = FA(C)F L

We employ the short notation Ax(h) = hi, ® ha, for h € H. Then, Hr := (H,m,u, Ar,c) is a
bialgebra. If H is a Hopf algebra with antipode S, then also Hr is a Hopf algebra with antipode
Sz given by Sr(a) = US(a)U™!, for any a € H, where U := F'S(F;) is invertible.

If (H,R) is a (quasi)triangular bialgebra, so is Hr with universal R-matrix Rz := FPRF 1,
c.f. [Ma2, Theorem 2.3.4]. Observe that every quasitriangular structure R on a bialgebra H is a
Drinfel’d twist. In fact, R is normalized and satisfies the 2-cocycle property since

7) b
Ri2(A ®1dg)(R) = R12R13R23 = Ra3Ri13Ri2 &) Rosz(Idg ® A)(R).

Note that every left H-module is also a left Hr-module (and viceversa), since the algebra
structures of H and Hr coincide. This defines an isomorphism of categories

Dring: gM — g, M, M — Mg,
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where Mr is the vector space M endowed with the left Hr-action instead of the given H-action.
The inverse functor is denoted by Drin;_-1 sy M — gM, M — Mx-1. Note that F~! is a Drinfel’d
twist on Hx. Since the comultiplications of H and Hr are different, the monoidal product of 5 .M
is denoted by M ®x N for objects M, N in g, M, where M ®x N equals M ® N as a vector space
but is understood as a left Hz-module via

h-(m®zFn):=Ar(h)  (m@n) = (hi -m)® (hay - n)

forall h € Hr, m € M and n € N. One can show that the functor Drinz is strong monoidal with
natural isomorphisms

Mr®F Nr = (M®N)r, mrn—F ' (man)= (7i~m)®(7i~n),
for all M, N objects in gM. If (H,R) is quasitriangular and F a Drinfel’d twist on H we have
a braided strong monoidal equivalence (g M,®,0%) = (g, M,®F,0%F) given by the Drinfel’d
functor Dring, see e.g. [Kal, Lemma XV.3.7], [AsS, Section 5.3].

Using the Drinfel’d twist F, we can obtain an infinitesimal R-matrix for Hr.

THEOREM 2.17. Consider a pre-Cartier (quasi)triangular bialgebra (H, R, x) and a Drinfel’d twist
F on H. Then, (Hr,Rx,xF) is a pre-Cartier (quasi)triangular bialgebra, where xr := FxF L.
If (H,R,x) is Cartier, so is (Hr,Rr,XF)-

Proof. We have to prove that xr satisfies (L1), and (13). We have that
XFAF(h) = FXF'FAMF ' = FxAF ' = FAR)XF ' = FARF ' FxF ' = Ar(h)xr
for every h € H, i.e., xF satisfies . Next,
(Id® Ar)(xr) = Fas(Id @ A)(F)(Id @ A) (x)(Id © A) (F ) Fo'
Fos(Id @ A)(F)x12(Id @ A)(F 1) Fog' + Fas(ld @ A)(F)Riy x1sR12(Id @ A)(F 1) Fag!
Fi2(A ®@1d)(F)x12(A @ Id)(F N F' + Firo(A @ 1d)(F)R 5 x13R12(A @ Id) (F ) Fy!

Fraxia(A @ 1) (F)(A 1) (F)FL + FraRo AP @ 1d)(F)x1s (AP @ Id)(F ) R1oFp5!

= (xF)12 + (RF)12F21 (AP @ Id) (F)x13(AP @ Id)(F 1) Foy (RF)12

® (x7)12 + (RED12F13((Fi)1 © F' @ (Fi)2)x13(A%P @ Id)(F 1) For (Rr)12

2 e + (RFH12F1sx13((Fi)1 @ F' @ (Fi)2) (AP @ 1d)(F 1) For (RF)12

() (x7)12 + (RED12F13x13F 15 (RF)12 = (xF)12 + (RF)12(x7)13(R7) 12,
where in the equations (x) and (#*) we used the 2-cocycle property Fi2(A @ Id)(F) = Foz(Id ®
A)(F) with 7y g ® Idy applied to both sides.

Similarly, (Ar @ 1d)(x7) = (xF)2s + (RF')23(x#)13(RF)2s is proven.

If Ry = x°PR, it follows that Rrxr = FOPRF 1 FxyF 1 = FPyPRF ! = XZERr. We have
thus proved that (Hz, Rz, xF) is Cartier if (H, R, x) is. O

REMARK 2.18. Observe that, on the other hand, given a (quasi)triangular bialgebra (H,R) and a
Drinfel’d twist 7 on H, if (Hx, R, ) is (pre-)Cartier, then (H,R,F 1xF) is (pre-)Cartier.

REMARK 2.19. If we have a (pre-)Cartier quasitriangular bialgebra (H,R,x), by using R as a
Drinfel’d twist, we obtain immediately that (Hz, Rg,Xx®r) is (pre-)Cartier quasitriangular with
Ar = RA()R™I = A® Rz = R°P and yg = RYR ..

EXAMPLE 2.20. It is known (see [AEG]) that Sweedler’s Hopf algebra has a 1-parameter family of
Drinfel’d twists F; € H ® H of the form

Fi ::1®1—|—%xg®x,
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for t € k. We know that (H,R)) is triangular for every A € k, thus we have that (Hz,, (R\)x,) is
triangular with

o - t t
(R 7 = FPRAF, ! = (1el+sreegR(101 - w90 )
t t
:R,\—Z(1®1+1®g+g®1—g®g)(xg®x)+1(x®xg)(1®1+1®g+g®1_g®g)
t
=Rat 5@y teortrg®rg —1g ).

Furthermore, we have shown that, for every A € k, (H, R)) becomes pre-Cartier with x, = azg®uw,
a € k. Hence we have that (Hz,,(R)x,) becomes pre-Cartier with

_ t t
(Xa)F, = FiXaF: l—a(l®1+ 5xg®x)(xg®x)(1 ®1-— §xg®x) =arg®@T = Xa-

Thus, x, is invariant under Drinfel’d twist deformations. Furthermore, by Remark [2.19] we can
also take 7 = R and then we obtain that (Hg,, RS, RaxaRY ) is pre-Cartier. But x, = azg®ux
and then we can show RaxoRY = —5(z ® xg).

2.3. The role of Hochschild cohomology of coalgebras. In this subsection we show one of
the most relevant properties of the infinitesimal R-matrix y of a pre-Cartier quasitriangular bial-
gebra (H, R, x), that is, it is always a 2-cocycle in Hochschild cohomology. Furthermore, if H is a
Cartier triangular Hopf algebra on a field k with char (k) # 2, then x is a 2-coboundary.

We use [Kal, XVIIL5] for the notion of (Hochschild) cohomology for a coalgebra. Let (H, m,u, A, ¢€)
be a bialgebra and regard k as an H-bicomodule via the unit u, i.e., with left and right coactions
k— 1y ®k and k — k ® 1, respectively. Then, we can consider the cobar complex of H

v° bt b? 5
k—sH—HQH—HQHH ——---

The differential b : H®" — H®" 1 is given by b" = Y"1 (~1)76% where &% : H®" — H®"+1 are
the linear maps

121 ® - Qaxy, ifi =0
61 ® @) =21 @ Q21 OA(T) OTip1 @ @y, f1<i<m
21®--- @, ®1, fi=n+1.

Here, if n = 0, we set H®*" = k and 0)(1x) = d3(1x) = ly. For instance, for small values
of n, we have b9(k) = 0 for k € k, b'(z) = 1@z - A(x) +r® 1 for z € H, Pz ®y) =
1e2zy— (Axldy)(z@y)+(Idg @A) (2Qy)—z@y®1, for x®y € H® H, and so on. The elements
in Z"(H) := Ker(b") are the Hochschild n-cocycles, while the elements in B"(H) := Im(b"~!) are
2" (H)

the Hochschild n-coboundaries. The n-th cohomology group is H"(H) = B () -

THEOREM 2.21. Let (H, R, x) be a pre-Cartier quasitriangular bialgebra. Then the following equiv-
alent statements hold.
i) x is a Hochschild 2-cocycle, i.e., x12 + (A @ Id)(x) = x23 + (Id @ A)(x);
it) the infinitesimal QYB equation
(22) Ri2x12R13R23 + R12R13x13R23 + R12R13R23X23
= Rasx23R13R12 + RasRizx13R12 + R23R13Ri2x12

holds true;
iii) Ry x13R12 = Ras X13Ra3-

LAs we will see afterwards, this condition is equivalent to say that x belongs to the cotensor product HOy H =
{W®h; € HRH | pt(h)®h; = h*®p!(h;)}, where p", p': H — H® H are coactions defined by p"(h) = R~} (h®1)R
and p'(h) = R~ (1 ® h)R.
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Proof. Consider a pre-Cartier quasitriangular bialgebra (H, R, ). The equivalence between the
above statements i) and éii) follows by the identities and . Moreover,

()] (L1p (7
X12R13R23 = x12(A ® Id)(R) (A®Id)(R)x12 = Ri3Rasxi2
so that

(18)
Ri2x12R13R23 = R12R13R23X12 8 Ra23Ri13R12X12

and similarly one verifies that Rozx23R13R12 = R12R13R23)23- Thus, assumption i) is equiv-
alent to R12R13X13R23 = RasRisx13Ri12, which itself is equivalent (via multiplication with
—1pp—1p—1 —1lp—1p—1
Rays Ris Rig = Rip Rig Rag) to iii).
We continue to prove that i) holds in general, which then implies that i) and i) are satisfied,
as well, by the previously shown equivalence. On the one hand we have

_ 12])
Ras (X12 + Riz X13R12) B Ry (Idw ® A) (x)
B o
(Idy & A°P) (x) Ras
= (dgo7)((Idg ® A) (x)) Ras
12)) _
(Idg ® 7) (x12 + Riz X13R12) Ros

(x13 + Ris x12R13) Ras

so that R23X12 + RzgRﬁlxlgRu = X13R23 + nglxlgngRgg. Since we already pI‘OVQd that
X12R13R23 = R13R23X12, the last summand becomes Ro3X12 so that the equality is equivalent to
Ra3Ris x13R12 = X13R23, -6, Ri5 X13R12 = Ra3 X13R23. O

The following example motivates the terminology “infinitesimal QYB equation” a posteriori.

EXAMPLE 2.22. Let H = HJ[h]] be a trivial topological bialgebra with arbitrary quasitriangular
structure R = R(1®1+hx+0O(h?)) € (H® H)[[h]]. From Propositionwe know that R € HQ H
is a quasitriangular structure and y is an infinitesimal R-matrix for (H, R). Thus, Theorem [2:21]
implies that

Ri2x12R13R23 + R12R13X13R23 + R12R13R23X23
= Razx23R13R12 + R23Ri13Xx13R12 + Ra3R13Ri2X12-

This is precisely the quantum Yang-Baxter equation of R in order h'.

EXAMPLE 2.23. If (g, [, -], r) is a quasitriangular Lie bialgebra we have seen in Example [2.3]3) that
(Ug, R, x) is a Cartier triangular bialgebra with R = 1® 1 and x = r + r°P. By Theorem X
is a Hochschild 2-cocycle and is satisfied.

In particular, all infinitesimal R-matrices x, on Sweedler’s Hopf algebra (see Proposition
are Hochschild 2-cocycles and satisfy . In fact, we would like to see that Theorem provides
an alternative proof of the classification of infinitesimal R-matrices on Sweedler’s Hopf algebra.
To this aim we first need the following result.

PROPOSITION 2.24. Let (H,R,x) be a pre-Cartier quasitriangular Hopf algebra endowed with a
Hopf algebra projection m : H — L onto a commutative Hopf algebra L. Then, we have (mr®7)(x) €

P(L)®@ P(L), d@w)(y) € Z(H)® L and (r @1d)(x) € L ® Z(H).

Proof. Since H is pre-Cartier, by Proposition [2.13] so is 7(H) = L and the corresponding infin-
itesimal R-matrix is (7 @ 7)(x). By Example [2.3]2), we get (7 ® m)(x) € P(L) ® P(L). Now
for every h € H the equality means x'h1 ® xsh2 = hix' ® hoy;. This is equivalent to
X'h ® xi = h1X* @ haxiS(h3) so that, by applying Id ® m on both sides and using the fact that L
is commutative, we get x'h @ 7(x;) = hx’ ® 7(x;) for every h € H, i.e., X! @ n(x;) € Z(H) ® L.
Similarly, by rewriting x‘hy ® x:ha = hix? @ haxi as S(h1)x*ha @ xihs = X' ® hx; and by applying
7 ® Id we conclude that 7(x%) ® x; € L ® Z(H). O
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REMARK 2.25. We include here the announced alternative proof of Proposition where a clas-
sification of infinitesimal R-matrices on Sweedler’s Hopf algebra H is given, that takes advantages
of the new techniques developed so far. The Hopf algebra H has a Hopf algebra projection w :
H — Hj :=k(g) defined on the basis by setting 7(z™g*) := dn,09®. By Proposition [2.24] we have
(r@7)(x) € P(Ho)®P(Hy) = 0. Since H = Hy®xHy we get x € Ho@Ho+ Ho®@xHo+xHo@xzHy.
Still by Proposition we have (Id ® 7)(x) € Z(H) ® Hp. A direct computation shows that,
since char(k) # 2, one has Z(H) = ki, thus (Id ® 7)(x) € kl ® Hy. On the other hand,
(Id® 7)(x) € ®Ho ® Hy. Thus, we get x € Hy ® tHy + vHy ® xHy. Once more by Proposition
2.24] we conclude that (7 @ Id)(x) € Ho ® Z(H) = Ho ® kl. But (7 ® Id)(x) € Ho ® xHo,
so x € vHy ® xHy. Since (H,R) is pre-Cartier triangular, by Theorem we get that y is a
Hochschild 2-cocycle, i.e., x12+ (A®Id)(x) = x23+ (Id®A)(x). If we write this equality explicitly
on x = vh ® zh/, for h,h' € Hy, we get x = axg ® z, a € k. Note that in this proof we did not
use the specific form of R .

Note also that, e.g. by [Dal, Lemma 2.13|, the second cohomology group H?(H) of Sweedler’s
Hopf algebra is one-dimensional and it is generated by zg ® = (in loc. cit. the generator is
T ® gr = —x ® xg because the given comultiplication is the opposite of the one we are considering
on z). In particular, xg ® x is not a 2-coboundary.

Our next aim is to investigate whether the infinitesimal R-matrix x of a Cartier triangular Hopf
algebra is a coboundary. To this end we first need to obtain some relations that hold for y and
that can be deduced by employing two coactions.

DEFINITION 2.26. Given a quasitriangular bialgebra (H,R) we define the maps p": H - H® H
and p': H — H ® H by setting

pr(a) =R Ha®1ly)R = R'aRi ®@ RiR;;
pla) =R Y1y ®a)R =R R @ R;aR,.

LEMMA 2.27. Let (H,R) be a quasitriangular bialgebra. Then, the maps p" and p' define a right
and left coaction on H, respectively.

Proof. The map p" is a right coaction on H as

(Idy ® €)p"(a) = R'aRI @ e(RR;) = R aR? @ e(Ry)e(R;) = a @ 1
and

(Id® A)p"(a) = R'aRI @ ARR;) = R aR’ @ A(R;)A(R,)

=A@ AR HNa®1y@1y)Id® A)(R)

(R13R12) Ha® 1y @ 1) Ri3Ri2
=R Rz (a® 1y ® 1g)RisRiz
—RR R, ®R,)(a® 1y ® 1) (RFR! @ Ry @ Ry)
=RR aR*R! @ RiRe @ Ry Ry = (p" @ 1d)p" (a).

=

Similarly, one can prove that p' is a left coaction on H. a

As a consequence, given a pre-Cartier quasitriangular bialgebra (H, R, ), we can rewrite (12])

and as
(23) (Id®A)(x) =x@ 1 + (p" @1d)(x),
(24) (A®Id)(x) =1 ®x + Id® p")(x).

Recall that if (H,R, ) is pre-Cartier quasitriangular, then by Theorem X is a 2-cocycle
and the property Ry X13R12 = Ry X13Ra3 can be reformulated as (p” ® Id)(x) = (Id @ p')(x).
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Until the end of the section we consider H as Hopf algebra with antipode S. We are now ready
to show that for a pre-Cartier triangular Hopf algebra the right and left coactions defined above
satisfy the following relations.

LEmMMA 2.28. Let (H,R,x) be a pre-Cartier triangular Hopf algebra. Then, for all a € H, the
following properties hold:

(25) pl(S(a) = 7(S®S8)p (a);
(26) (meld) (o)) = —x
Furthermore, if (H,R,x) is Cartier, then we have

(27) T(5®85)(x) X

in addition.

Proof. Recall that R~! = R°P. For all a € H we have that

P (S(@) = RRI @ R'S(@)R; T S(R)S(R) @ S(RY)S(a)S(R,)
= S(R'R;) ® S(R;aR") = 7(S @ S)p"(a).
Next, from we have that e(x%) ® x; = 0 and then

0=c(xNpg®@xi=(m®Id)(S®Id®Id)(A ®Id)(x)

B meid(seide1d)iy o x+ 1de ) ()

=x+ (m®Id)(5 @ p")(x).

Thus, we get (m ® Id)(S ® p')(x) = —Xx, that is, S(x')R,;R* ® RIxiRir = —x' ® xi. Note that
analogously from we have ' ® £(x;) = 0 and then (Id ® m)(p" ® S)(x) = —x.
Furthermore, if H is Cartier, i.e., holds, then we have that

(S®9)(x) = S(x) ® S(xi) = S(x)e(RyRM)1m ® S(RIxiRy)
= S(x")RjuRYS(Rj2RE) @ S(RIxiRy)
O 5 1)R,R¥S(RmRY) ® S(R™RI \:RuRe)

B is(R.RY @ S(R™\iRye)

= —x'S(RY)S(Rm) ® S(Re)S(x:)S(R™)
~X'ReS(Rm) @ S(R)S(xi)S(R™)
= —Y'"ReS(Rum) ® S(R™xRY)

=2

and
B ()R RE @ RiviRy & —S()RS(RY) @ RIxiS(Ry)
B _ g1 S(R1)S(RY) @ RyxiS(Ri) = —S(RFRIN') @ RyxiS(Ry)
—S(RFXRY) @ 'Ry S(Ry),
hence 7(S ® S)(x) = x. O

In order to show that for a Cartier triangular Hopf algebra (H,R, x) on a field k with char (k) #
2, the infinitesimal R-matrix y is a 2-coboundary, we first prove the following result.

PROPOSITION 2.29. Let H be a Hopf algebra and x = X' ® x; € Z*>(H). Assume that (Id®e)(x) =
0. Define vy € H as v := m(S ®Id)(x) = S(x")x:. Then, we get b' (v) = x + 7(S ® 9)(x).
Moreover, if we assume 7(S ® S)(x) = X, then b' () = 2x. In particular, if char (k) # 2 we have
x =b'(3) € B3(H).
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Proof. Let x € Z2(H) = Ker(b?), that is, 1@ x — (A®Id)(x) + Id® A)(x) —x®@1 =0, i.e.,

(28) Xi®Xi1®Xi2:Xi®Xi®1H*1H®Xi®Xi+XZi®X§®Xi~
‘We have
A() =ASO ) = ASK)A )
A 06 ® 1) = AS (L)X + ASKE) (0 ® xi) =

(S(x3) ® S(x1)) 0 @ 1) = x + (S(xt,) © S(xi,))(xb @ xi)

SOxé)xi ® S(x4) = x + S(xi,)xe @ S(X4, )xi

B g (xir)xia ® SO¢) — S(xi) i @ SO) + SO @ S(Lu) — x + S0k )y @ SO s
=e(xi)1w @ S(X') = 7(S®S)(X) +7 @ 1 — x +e(x3)1u © S(x1)xi
=1g ®S(x'e(x:) —7(S@8)(X)+ 7@ 1y —x +1g @7
=—x+1lg®@vy+7 1y —7(S®95)(x),

where the last equality follows from the assumption (Id ® €)(x) = 0. Thus, we have
V'(N)=1g@7—AM®) +7@ 1y =x+7(S®9)(x).

If we assume 7(S ® S)(x) = x, we get b'(y) = 2x. In particular, if char (k) # 2 we have
x ="b'(3) e B3(H). 0

Let (H,R,x) be a pre-Cartier quasitriangular Hopf algebra. By Theorem we know that
X = X' ® x; € Z2(H) and by we have that (Id ® €)(x) = 0. As a consequence, Proposition
applies and we can consider the element v = S(x*)x; that we call the Casimir element of
the pre-Cartier quasitriangular Hopf algebra (H, R, x). Note that - is central as, for every h € H,

i i (L1 i i

vh = S(X")xih = hiS(X'h2)xihs =" h1S(hax")haxi = hS(X")xi = hy.

REMARK 2.30. Given an R-matrix R = R’ ® R; the element u := S(R;)R’ is sometimes called
the Drinfel’d element, see e.g. |[Ra, Definition 12.2.9]. This definition resembles the one for the
Casimir element ~.

We now prove the announced result for a Cartier triangular Hopf algebra.

THEOREM 2.31. Let v be the Casimir element of a Cartier triangular Hopf algebra (H,R,X).
Then b' (y) = 2x. In particular, if char (k) # 2 we have x = b' (%) € B%(H), that is, x is a
2-coboundary.

Proof. By Lemma, we have that 7(S ® S)(x) = x. Since holds true, we conclude by
Proposition [2.29 (Il

Note that for a Cartier triangular Hopf algebra with Casimir element v, one has S(v) = x*S(x;).
The latter element is in the center even in the pre-Cartier quasitriangular case by the same argu-
ment used for ~.

ExaMPLE 2.32. Consider a cocommutative Hopf algebra H. Assume (H,R), with R = 1 ® 1,
is Cartier with infinitesimal R-matrix y. We have observed in Example 1) that x, fulfilling
and (I3), must belong to P(H) ® P(H). By Theorem we have b (y) = 2x where
v = S(x)xi = —x"xi- Apart the sign, which here differs for our choice of the definition of b!, this
is essentially [Kal page 496]. A particular instance of this construction yields the Casimir element
of the universal enveloping algebra Ug of a semisimple Lie algebra g.

EXAMPLE 2.33. For Sweedler’s Hopf algebra H with the infinitesimal R-matrix x, = azg ® x of
Proposition the Casimir element is aS(zg)z = 0. Thus, in this case, b' (v) # 2x unless o = 0.
This confirms that (H, Ry, x) is not Cartier unless x is trivial, as we already observed in Remark

23
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ExampPLE 2.34. Consider a quasitriangular Hopf algebra (H,R) and let x € P(H) ® P(H) be a
symmetric central element. In view of Example we know that (H, R, x) is Cartier and we can
consider the Casimir element v = S(x*)x; = —x"xi- Since x € P(H) ® P(H) and Y is symmetric,
we get 7(S®S)(x) = 7(x) = x so that b* (7) = x+7(S®5)(x) = 2x and hence ¥ is a 2-coboundary
if char (k) # 2. Thus, x can be a 2-coboundary even though (H,R) is not triangular.

3. THE DUAL PICTURE

3.1. Pre-Cartier coquasitriangular bialgebras. Here we want to investigate pre-Cartier cat-
egories modelled on the braided monoidal category (M, ®, o®) of right H-comodules, where o™
is the braiding attached to a coquasitriangular bialgebra (H,R). We refer to [Ka] and [Ma2] for
basic notions about coquasitriangular bialgebras.

Recall that, given a coalgebra C' and an algebra A, then Homy(C, A) is an algebra such that,
for every f,g € Homg(C, A), (f *g)(c) = f(c1)g(c2) (convolution product) and 1(c) = e(¢)14. Fix
a bialgebra (H,m,u,A,¢) in the following. Given a linear map f : H ® H — k we will employ
leg notation fi3 = f®e¢, faos = e®f and fi3 = (e® f) (T, g ®Idy). We also denote fort g by foP.

A bialgebra H is called coquasitriangular when the category M of right H-comodules
is braided. This condition is equivalent to the existence of a convolution invertible linear map
R: H®H —k, called universal R-form, such that

(29) Rxmpy =ms * R, e, R(a; ® by)azbs = biaiR(az ® by), for every a,b € H,
(30) R(Idg @ my) = Ri3 * R1a, i.e., R(a®bc) = R(a; ® ¢)R(az @), for every a,b,c € H,
(31) R(mpg ®Idy) = Ri3 * Ras, ie., R(ab®c) = R(a® c1)R(b® c2), for every a,b,c € H.
The corresponding braiding on M is defined for all X,Y in M* by setting

Ry X®Y 5Y®X, a0y y®@zR(z1®@y1)

as discussed in [Ma2 Exercise 9.2.9]. The conditions and say that R is a bialgebra
bicharacter (see [Ma2], after Definition 2.2.1). Furthermore, H is called cotriangular when the
category M* is symmetric, i.e., if R further satisfies

(32) R =RP, ie., R(a; ® b)R(b2 ® az) = £(a)e(b) for every a,b € H.

As a consequence, by [Ma2, Lemma 2.2.3], a coquasitriangular bialgebra (H, R) satisfies the quan-
tum Yang-Baxter equations

(33) Riz* Riz * Roz = Roz # Riz * Ria,  Rip *Riz * Rog = Rog * Riz * Ry
Recall that, if (H,R) is a coquasitriangular bialgebra then R(a ® 1g) = e¢(a) = R(1g ® a) for
all a € H and, if H is a Hopf algebra, then R(S(a) @ b) = R (a®b), R~ (a ® S(b)) = R(a @ b)

and R(S(a) ® S(b)) = R(a®b) for all a,b € H in addition (see [Ma2] Lemma 2.2.2]). Dual to
Definition we have the following;:

DEFINITION 3.1. We call a triple (H, R, x) a pre-Cartier co(quasi)triangular bialgebra if (H, R)
is a co(quasi)triangular bialgebra and x : H ® H — k is such that

(34) (upx)*mp = my * (ugx),
(35) x(Idg @ mpg) = x12 + Rz * X13 * Ri2,
(36) x(mg @Idg) = xa3 + Ra3 * X13 * Ras,

hold. We call such a y an infinitesimal R-form.
Moreover, the triple (H, R, x) is called Cartier if it is pre-Cartier and y satisfies

(37) Rxx=x"P*R,

in addition.
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Observe that (34), (35), and on elements are
x(a1 ® by)azby = arbix(az ® ba),
x(a®bec) = x(a@b)e(c) + R (a1 @ b1)x(az @ ¢)R(az @ ba),
x(ab® ¢) = e(a)x(b®c) + R (b1 @ e1)x(a ® c2) R (b2 ® c3),
R(ar @ b1)x(az ® bz) = x(b1 ® a1)R(az @ be).
for any a,b,c € H, respectively.

THEOREM 3.2. Let (H,R) be a co(quasi)triangular bialgebra. Then, there is a bijection between
pre-Cartier structures of (H,R) and pre-Cartier structures of (M @, ,0%). The corresponding
infinitesimal braiding on MY is defined for all objects M, N in MH by

tun : MON — M®N, m®n — mo®nox(mi ®@ni),

where x : H® H — k is the infinitesimal R-form for H. Moreover, there is a bijective correspon-
dence between Cartier structures of (H,R) and Cartier structures of (M ®,oR).

Proof. Suppose there is an infinitesimal braiding ¢t on M and set x := (¢ ® )ty p. For every M
in M# and o € M*, define @ : M — H in M* by setting @(m) = a(mg)m; and observe that
coa = «a. Now, let M, N in Mfi and consider « € M* and S ei\f*. Since t is natEral, we get
(a®@B)tmun(men) = (c@e)(@RB)tuny(men) = (e@e)typ(@x8)(men) = x(@®B)(m@n) =
a(mg)B(ne)x(m1 ®n1) = (a ® B)(mo ® nox(m1 ® n1)). Since a and S are arbitrary, we arrive
at tar,nv(m @ n) = my @ nox(mi ® ni). Now, the fact that ¢ x is a morphism in MH for all
M, N in M* is equivalent to . The condition is equivalent to (35)) and the condition (3)) is
equivalent to . Finally, is equivalent to (37). O

The following example is the dual version of Example 2).

EXAMPLE 3.3. Let (H,R) be a co(quasi)triangular bialgebra and let x : H ® H — k be a linear
map. Assume H is cocommutative and let us check when (H, R, x) is a pre-Cartier bialgebra. First
note that is equivalent to commutativity of H while is always true. Furthermore, is
equivalent to x(a®bc) = x(a®b)e(c) +e(b)x(a ® ¢) which means that the map x(a,—) : H = k is
a derivation. Similarly, is equivalent to x(ab ® ¢) = e(a)x(b ® ¢) + e(b)x(a ® ¢) which means
that the map x(—,¢) : H — k is a derivation. Thus (H, R, x) is pre-Cartier if and only if y is a
biderivation, i.e., a derivation in both entries. Consider Q(H) = H* /(HT)2, the so-called space of
indecomposables of H, where H™ = Ker(¢) is the augmentation ideal, and the canonical projection
w:H — Q(H),h — h—e(h)l + (H*)2. Since any derivation vanishes on Ker(r) = (H*)? @ k1,
we get that x : H® H — k is a biderivation if and only if it factors through 7 ® 7, i.e., there exists
xT:Q(H) ® Q(H) — k such that xT o (n®7) = x.

Moreover, since R is convolution invertible, is equivalent to x(a®b) = x(b®a), i.e., to the
fact that y is symmetric. Hence (H, R, x) is Cartier if and only if x is a symmetric biderivation.

Let us specify two instances of this situation.

o Let H := kG, where (G, +) is an abelian monoid and let R = e ® e. Then, x: H® H —
k gives (H,R,x) a structure of Cartier cotriangular bialgebra if and only if G x G —
k, (a,b) — x(a ®b), is a symmetric additive bicharacter. This is consistent with [HV]
Remark 2.2 (3)], where we note that the authors work with left comodules.

e Let H := S(V) be the symmetric algebra over a vector space V, regarded as a bialgebra
where the elements in V' are primitive. Since y is a derivation on each entry, by the
foregoing it vanishes on Ker(m) = (S(V)T)? = V®2aV®3 @ .. on each entry and hence it
vanishes everywhere excepted on its restriction to V®V. Thus, x is completely determined
by Xjvegv : V ® V — k on which it only has to be symmetric in order to conclude that H
is Cartier.

REMARK 3.4. Note that any derivation 9 : H — k can be regarded as a primitive element in the
finite dual H° and, by a result due to Michaelis, P(H?) is isomorphic to Q(H)*. Explicitly, see
[Mi, §2], we can write this isomorphism as P(H®) — Q(H)*,0 — [z + (HT)? — 9(z)].
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Dually to Example [2.5] we have the following one.

EXAMPLE 3.5. Let (H,R) be a co(quasi)triangular bialgebra and let x € Z((H ® H)*). Then
is trivially satisfied, and together mean that y is a biderivation while means
that x is symmetric. As a consequence, (H, R, x) is pre-Cartier if x is a central biderivation and
it is Cartier when it is further symmetric.

The bialgebra M,(2) and the quantum groups GL,(2) and SL,(2). Let ¢ € C be a non-
zero complex number. Following the convention of [Kal Section IV] we recall that M,(2) is the
(unital) algebra freely generated by «, 8,7, d, modulo the Manin relations

Ba = qaf, ya = qary, 0B = qp34, 0y = q9,
B = B, ad —ba = (¢~ —q)By-

It is a bialgebra, which is neither commutative nor cocommutative, with coproduct and counit
determined on generators by

9 a5 9= D=6 5 (-6

where the former is to be understood as matrix comultiplication, e.g., A(a) = a®a+ [ &~y. There
is a coquasitriangular structure R on M,(2) determined on generators by

a®a fRB a®f LR« g 00 0
YRy d®I YRI IRy 1[0 g O 0

(39) R a®y BRI a®d By —77% o 0 1 g—q¢ ' |’
TRa I8 YL I®a 0 0 O 1

c.f. [Ka, Corollary VIIL.7.2]. It is straightforward to check that
a®Ra B a®kf LR« g' 0 0 0

r-1[ 7€ IR YRI5 Q7 _ 4 0 q¢' 0 0

a®y BRI a®d By 0 0 1 ¢'—gq
TRa I8 Y®L IQ« 0 0 0 1

REMARK 3.6. Note that the free algebra k{«, 3,7,0} is a N-graded algebra. The degree of an
arbitrary homogeneous element ¢ is its length ||, so for instance |a"S"y*6f| = n+m +k + £,
where n, m, k, £ € N. Since M,(2) is obtained by factoring out k{a, 8,, d} by an ideal generated by
homogeneous elements, then M(2) inherits the above graduation and hence becomes a N-graded
algebra, as well. In particular, M,(2) becomes a left k[X]-comodule algebra, where the coalgebra
structure of the polynomial ring k[X] is the one with X grouplike, with coaction p! : M,(2) —
k[X]®M,(2) defined by p!(¢) := ¢ @& := X !¢/ ®¢, which is an algebra map. On the other hand,
consider the derivation 9 : k[X]| — k defined by (X ™) = nlk. Thus the algebra map € : M,(2) — k
induces the derivation d, : M,(2) — k defined by 9,(¢) = 9({-1)e(&o), for every £ € My(2), in
the sense that 9,(§n) = 94(€)e(n) + €(€)0y(n) for all £,n € My(2). If £ is homogeneous, we get
04(€) = O(XI)e(€) = I€e(€). Note that 9(€1)é2 = [€le(€1)€2 = [€]€ = &16(€2) €] = £10,(€2). This
is equivalent to the condition 9, € 2 (H*).

PROPOSITION 3.7. There is a non-trivial infinitesimal R-form on My (2) given by x = 0, ® 0, such
that (My(2), R, x) is Cartier. On homogeneous elements & and 1 it reads x (& @ n) = |§||n|e(€n).

Proof. According to Remark X =04 ®0q : Mg(2) ® Mg(2) = k is a well-defined symmetric
biderivation. Moreover, since we observed that 9, € 2°(H*) we have that x € Z((H ® H)*), i.e.,
it is central. By Example we conclude that (M,(2), R, x) is Cartier. O

As we are going to see in Proposition the above result also follows as an instance of the
infinitesimal FRT construction.

The algebra GL,(2) is defined as My(2)[0]/ (fdet, — 1) where we used the quantum determinant
dety := ad — g 1By
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and it turns out that the bialgebra structure and coquasitriangular structure (39) pass to
GL4(2), see e.g. [Ka, Theorem IV.6.1 and Corollary VIIL.7.4] in such a way that 6 is grouplike.

Now, the derivation 9, : M,(2) — k of Remarkinduces a unique derivation (’9(1 tMq(2)[0] = k
that restricted to M4(2) is 04 and maps 6 to —2. Note that this forces 5q(9") = —2n.

PROPOSITION 3.8. The derivation 9, : My(2)[0] — k descends to a derivation 9, : GL,(2) — k.
Moreover, x := 9, ® 9, : GL4(2) ® GL,(2) — k is a non-trivial infinitesimal R-form on GL,(2)
such that (GL4(2), R, x) is Cartier.

Proof. We compute 9, (8dety) = 9, (0) € (dety) + ¢ (8) Jy (dety) = 2+, (a6 — g~'B7) = 0. Thus
0 dety —1 € Ker (&1) NKer (¢) and hence the derivation d; : My(2) — k induces the derivation ('i] :
GL4(2) — k. Consider now x := 3,1 ®éq : GL4(2) ® GL4(2) — k. This is a symmetric biderivation.
Now, for every £ € M,(2) we have éq(fgn) = @(5)5(0") + 6({)@(0”) = 04(&) — 2ne(§) so that we

get Dg (£10™) &0 = 0y(£1)620™ — 2ne(£1)60" = £1070,(&) — &1072ne(&2) = £1070, (£20") . As a
consequence, since every monomial ( € GL,(2) is of the form ¢ = £6™ where { € M,(2), we deduce
that 9, (C1) Ca = (10, (C2) for every ¢ € GL,(2). Thus 9, is central and hence x is central. By
Example we conclude that (GL4(2), R, x) is Cartier. O

The algebra SL,(2) is defined as M,(2) where we further quotient the quantum determinant
relation

ab—q 'py=1

and it turns out that the bialgebra structure and coquasitriangular structure descend to
the quotient, see e.g. [Kal Corollary VIII.7.4]. However, the infinitesimal R-form x of Proposi-
tion [3:7] does not descend, since for example

X(@® (ad — g7 By)) = 2¢(a?8) — 2¢ 'e(afy) =2 #0 = x(a®1).
Moreover, we can show that SL,(2) does not admit any non-trivial infinitesimal R-form (excluding
certain values of q).
PROPOSITION 3.9. If g # %1, there is no non-trivial infinitesimal R-form on SLy(2).

Proof. Let x be an infinitesimal R-form on SLy(2). It is straightforward to check that (34), i.e.,
X (a1 ® b1) asbs = a1b1x (a2 ® be) with a,b € SLy(2), holds for a, b generators, if and only if

a®Ra BRB a®fP LR« k 0 0 0
TRy d®I YR®I IRy | 0 k 0 0
X\ avy B®s a®s By | |0 0 h ¢ 'k—q'h

TRa B YL I« 00 ¢glk—qg'h (1-q¢Hk+q2h

for some k,h € k. For instance let us compute x (a1 ® b1) asbs = a1b1x (a2 ® bs) for a = b = a.
The left-hand side is

X (a1 ®ar)amar = x(a®@a)aa+ x(a®B)ay+x (B®a)ya+x(B® B)vy
=x(a®a)aa+q 'x(a®B)ra+x(B®a)ya+x (B B)yy
while the right-hand side is
ararx (a2 ® az) = aax (@@ a) + afx (@ ®@7) + fax (Y@ a) + BBx (v ®7)
=aax (@®a)+q 'Bax (@ @7) + Bax (Y@ a) + BBx (y©7) .
Equating the two sides yields
g X (@@ B)ya+x(BRa)ya+x(B®B)yy =q '‘Bax(a®7) + Bax (y® a) + BBx (Y ®7).

Since v+ and Bf cannot be written as a linear combination of the remaining generators in degree
two, the respective coefficients must be zero, i.e., x (6®8) = x(y®~) = 0. Also ya and Sa
cannot be written as a linear combination of the remaining generators so that we get x (8 ® «) =
—q¢ x(a®p)and x (7 ® a) = —¢ 1x (o ® 7). Proceeding this way one shows that x is as desired.
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Now the equality ad—q 13~ = 1 and the fact that x(a®1) = 0 imply x(a®ad) = ¢~ x(a®37y).
If we now apply to compute explicitly the two sides of this equality, we get x(a ® ad) =
xla®a)+ x(a®9d) = k+ h and x(a® Bvy) = 0 so that we get h = —k. Similarly, one has
x(0®@ad) = ¢ 1x(d®Bv) and one checks that x(§®ad) = x(®@a)+ x(®J) and x(6® B7y) = 0 so
that we get 0 = x(6®a)+x(6®0) = (1 — ¢ 2) k+q *h+k = (1 — ¢ ) k—q¢ *k+k=2(1— ¢ ?) k.

Therefore, if ¢ # 1, we obtain k£ = 0 and also h = —k = 0. This means that x is zero on generators.
By means of and one easily gets that y = 0. O

3.2. Twisting pre-Cartier coquasitriangular bialgebras. Let (H, m,u, A, ¢) be a bialgebra.
Recall from [Ma2l, Section 2.3] that a convolution invertible map F : H @ H — k is a 2-cocycle
twist if the normalization properties and the 2-cocycle condition are satisfied. Explicitly,

(40) F(l®a)=¢(a) =F(a®1), for every a € H,
(41) F(a1 ® b1)F(azbs ® ¢) = F(by ® ¢1)F(a ® baca), for every a,b,c € H.
Note that is equivalent to
(42) (Fee)«FmeId) =@ F)«* FId®m), ie., Fizx F(mId) = Faz x F(Id @ m).
Given a 2-cocycle twist F : H ® H — k we consider the linear map mx : H @ H — H defined for
any a,b € H by

m;(a ® b) =a-Frb:= f(al ® bl)agbgf_l(a3 (9 bg)
Then, by the dual of [Ma2, Theorem 2.3.4], Hr := (H,mg,u,A,e) is a bialgebra. If H is
a Hopf algebra with antipode S, then also Hr is a Hopf algebra with antipode Sr given by
Sr(a) = U(a1)S(a2)U*(az) where U(a) := F(a; ® S(az)), for any a € H. Moreover, if (H,R) is
co(quasi)triangular, then also (Hx, Rx) is co(quasi)triangular with universal R-form

R;(a X b) = .F(bl X al)R(ag X bg)fil(ag (4 b3)

Thus, it follows that (M"# ®z %) is a braided monoidal category. Note that, for any X,Y
in M7, X @7 Y is X ® Y as vector space with right coaction = ® y — 2o ® yo @ =1 7 Y1,
and the braiding is given by 0;@(‘% ®Y) = yo ® oRx(z1 ® y1). We can consider the functor
Drin : (M, ®,0%) — (M7 @£, 0R7) given by Drin(M) = Mz where Mx is M viewed as right
Hz-comodule. Given a coquasitriangular bialgebra (H,R) and F : H ® H — k a 2-cocycle twist,
then Drin : (M, ®,0R) = (M7 %, 0R7) is a braided monoidal equivalence of categories (dual
of [Kal Lemma XV.3.7]).
The following result is dual to Theorem 2.17

THEOREM 3.10. Let (H, R, x) be a pre-Cartier co(quasi)iriangular bialgebra and let F : HQ H — k
be a 2-cocycle twist on H. Then, (Hr, Rx, xF) is a pre-Cartier co(quasi)triangular bialgebra, where
XFri=Fxx*F 1:Hr @ Hr — k. Moreover, if (H,R,x) is Cartier, then so is (Hr, R, XF).

3.3. The role of Hochschild cohomology of algebras. In this subsection we will show that, if
char (k) # 2, the infinitesimal R-form x of a Cartier cotriangular Hopf algebra (H, R, x) is always
a 2-coboundary in Hochschild cohomology of H with coefficients in the H-bimodule k (regarded
as a bimodule via the counit €).

We use the dual of [Ka, XVIIL5] for the Hochschild cohomology of algebras for this setting,
see also [Wel, Chapter 9]. Consider (H,m,u, A, ¢) a bialgebra over k. Then we can consider the
standard complex

k —" > Homy(H,k) —* > Homy(H © H,k) > Homy(H ® H ® H,k) —"> ...

where b°(k)(a) = (a)k — ke(a) = 0, b'(f)(a ® b) = (a) f(b) — f(ab) + f(a)e(b), b*(f)(a®b® c) =
ela)f(b®c)— flab®c) + f(a®be) — f(a ® b)e(c) for a,b,c € H, and so on. The elements in
7Z"(H,k) := Ker(b") are the n-cocycles while the elements in B"(H,k) := Im(b" ') are the n-

coboundaries. The n-th Hochschild cohomology group is given by H"(H, k) = %.

Now we state the analogue results of Subsection 2.3 and the proofs follow similarly.
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THEOREM 3.11. Let (H,R,x) be a pre-Cartier coquasitriangular bialgebra. Then the following
equivalent statements hold.

i) x is a Hochschild 2-cocycle, i.e., x12 + x(m ® Id) = x23 + x(Id ® m);
it) the infinitesimal QYB equation
(43) Rz * x12 * Riz * Raz + Ri2 * Raz * x13 * Rag + Riz x Ri3 * Raz * x23
= Rasz * X23 * Ri3 * R12 + Rag * Ri3 * X13 * R12 + Raz * Rz * Ri2 * X12
holds true;
iii) Riz *X13 * Ria = Roy * X13 * Ras.

Dually to Definition [2.:26] we introduce the following right and left “triangle” H-actions on H:

(44) a<b:=R (a1 ®by)azR(az @ by),
(45) b>a:=R (b ®ar)asR(b2 @ a3).
Employing the above actions and can be rewritten as

(46) x(a®bec) = x(a®b)e(c) + x(a<b® c),
(47) x(ab®c) =e(a)x(b®c) + x(a®@b>c)

for every a,b,c € H.
Note that by Theorem one has RI21*X13 *Rig = R531*X13 *Rag, i.e., x(a1b®c) = x(a®@b>c).

LeEMMA 3.12. Let (H, R, x) be a pre-Cartier cotriangular Hopf algebra with antipode S. Then, for
all a,b € H, the following properties hold:

(48) S(arbd)=5(b)<S(a);
(49) X(S(a1) ® az>b) = —x(a®b).
Furthermore, if (H, R,x) is Cartier, then

(50) X(S (b)) ® S(a)) = x(a®Db) for all a,b € H,

in addition.

We now give for future reference the dual of Proposition [2.29) and Theorem [2.31} Note that we
include a second proof of the latter, employing the Casimir operator.

PROPOSITION 3.13. Let H be a Hopf algebra and x € Z?(H, k) be such that x (1 ® 1) = 0 and define
v:H = ko x(S(z1) @x3). Then, we get b' () = x + x°? (S ® S). Moreover, if we assume
XP(S®S) = x, then b* (v) = 2x. In particular, if char (k) # 2, we have x = b' (%) € B%(H,k).

In analogy to the dual setting we can prove that v(z) = x (S (z1) ® z2) defined for z € H is
a central element v € Z°(H*). We call it the Casimir form of the pre-Cartier coquasitriangular
Hopf algebra (H, R, X).

THEOREM 3.14. Let v be the Casimir form of a Cartier cotriangular Hopf algebra (H, R, x). Then
b' () = 2x. In particular, if char (k) # 2 we have x = b* (3) € B2(H, k), i.e., x is a 2-coboundary.

Proof. By Theorem we know that x € Z?(H,k). If in we take a = b = c =1, we get
x(1 ® 1) = 0. Moreover, by Lemma we have x(S (b) ® S(a)) = x(a ® b). We conclude by
Proposition |3.13

We also include a second proof. Note that the category Mff{ of finite-dimensional comodules
is rigid. Given an object V in Mf , its dual is the linear dual V* where the comodule structure
is given, for every f € V*, by the equality fo (v) f1 = f(vo) S (v1), for every v € V. By [Ka)
page 495], for VW in MJIZI , we have that the infinitesimal braiding ty w satisfies the equality
2ty w = Cyew — Cy @ W =V ® Cy where Cy : V — V, the so-called Casimir operator of V, is
defined by setting Cy := — (V ® (evy oty«y)) o (coevy @ V). If {e; | i € I} is a basis of V and
{ei | i€ I} is the corresponding dual basis of V*, we can compute

Cv (v) = = (V@ (evyty«v)) (coevy @ V) (v) = = (V @ (evyity-v)) (e; ® e ® v)
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=—(Veevy)(e® e ® vg) X (ei ®uy) = —ezeb (vo) X (ei ®v1) = —€;X (66 (vo) €% ® v1)
= —eix (€' (v0) S (v1) @ v2) = —€" (vg) eix (S (v1) @ v2) = —vgy (v1) .
As a consequence, for every V, W in Mf and v € V,w € W, we have

2tyw (v@w) = Cyegw (v@w)—Cy (v) ®w —v® Cw (w)
= —vo ®woy (Viw1) + vo ® wy (v1) + v ® woy (w1)
= —v @ wpy (viwr) + vo ® woy (v1) € (w1) + vo @ woe (v1) ¥ (w1)
vo @ wob® (7) (v1 @ wy) .

Now, given z,y € H, by the fundamental theorem of coalgebras, there are finite-dimensional
subcoalgebras D,., D, of H such that x € D, and y € D,,. Clearly D, and D, are in /\/l? so that

221 @ y1X (22 @ y2) =2tgu (x@y) =2tp, p, (T @y) =21 @ y1b' (7) (22 @ ¥2).
By applying ¢ ® € we get 2y (z ® y) = b! (7) (z @ y), i-e., 2x = b (7) as desired. O
Dually to Example we have the following one.

ExampLE 3.15. Let (H,R) be a co(quasi)triangular Hopf algebra and let x : H ® H — k be
a central symmetric biderivation. By Example we know that (H,R,x) is Cartier so that
we can consider the Casimir form v : H — k. Note that if d : H — k is a derivation, then
0 =d(z15(x2)) = d(x) +dS(z) for x € H, so that dS = —d. Since x is a derivation in both entries,
we get y(z) = x (S (21) ®x2) = —x (x1 ®@2) and x (S (y) ® S (2)) = x(y®z) = x (r®y). By
Proposition we get that b () = 2y and hence Y is a 2-coboundary if char (k) # 2. An instance
of this situation is the Cartier coquasitriangular Hopf algebra (GL,(2), R, x) of Proposition
Thus, being cotriangular is not necessary to have that y is a 2-coboundary.

We include here two results that will be needed afterwards. The first one provides compatibility
conditions between the triangle actions and the product. We omit their elementary proof, merely
noting that these conditions are part of the definition of matched pair of bialgebras, see [Ma2
Definition 7.2.1], of which (H, H) together with the triangle actions provides an instance in view
of [Ma2, Theorem 7.2.3] and [Ma2, Example 7.2.7] applied to o = R.

The second result will be needed for the infinitesimal FRT construction in Section E.11

LeEMMA 3.16. Let H be a bialgebra and let R : H® H — k be a convolution-invertible map which is
a bialgebra bicharacter, i.e., it satisfies and . Definer: HQH — H and<: HQH — H
as in and . Then the following identities hold true for every a,b,c € H.

(51) a> (be) = (a1 >b1) ((az <b2) >c) and (ab)<c=(a<(by>cy)) (ba<ca),
(52) e(a<dbd)=c(a)e(b) =c(arb).
PROPOSITION 3.17. Let C' be a coalgebra together with two actions > : TC @ TC — TC and

1:TCRTC — TC such that and holds true for all a,b,c € TC and such that TC>C®" C
C®" qnd C®" «TC C C®". Then every linear map x11 : C @ C — k induces a linear map

x:TC®TC — k satisfying and .

Proof. We define x : TC ®TC — k through its components X,,, : C®™ ® C®" — k with m,n € N.
We set Xmn to be zero if either m = 0 or n = 0. For n > 0, define 1, : C ® C®" — k, by setting
for every a,b,b%,..., b, ..., 0" € C

Xin (@@ - b") = x11 (@@ b)) e (B 0") + > x11 (a<b'b® - b @b') e (BB b
=2

Note that this makes sense since a<b'b?---bi~1 € C<«TC C C. By using the definition of x;, and
associativity of < one easily checks that

(53) X1t (@®b) e (¢) + Xitn—t) (a1b @ ¢) = X1n (a @ be)
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for all a € C, b € C® and ¢ € C®"~Y)_ Define now Ymn : C¥™ @ C®" — k, by setting for every
a',a?,...,a%,...,a™ € C and c € C®"

m
Xmn (- a’a* @ c) =€ (a" - a®) x1n (a' ® c)—l—Zs (@™ aa") x1n (' @a’ ™t a?al b o).

i=2
Again this makes sense since a*~!---a2a' >c € TC > C® C C®". On the one hand, by means
of the definition of x,, and the associativity of >, one easily checks that € (a)xu (b®c) +
X(m—tyn (@ ®@b>¢) = Xpmn (ab® c) for every a € c®m=t) p e C® and ¢ € C®". On the other
hand, by using the definition of y,,, together with the equalities (51]) (and an iterated version of it),
(52) and (53), we can prove that Xy (@ ® bc) = X(m+s)(n—s) (ab® c) for every a € C®™ b e C®*
and ¢ € C®(n=9), O
3.4. The finite dual. Let (H,R) be a quasitriangular bialgebra. By [Ral Proposition 14.2.2],
if we consider the finite dual H°® of H and the linear map R° : H° ® H° — k, defined by
R(p®q) = (p® q)(R), for every p,q € H°, then (H°, R°) results to be a coquasitriangular
bialgebra. The convolution inverse of R° is given by (R°)"': H°@H® =k, pRq— (p4q)(R™1),
where R™! = R' ® R; € H® H is the inverse of R. Note that if (H,R) is a triangular bialgebra
then (H°,R°) is a cotriangular bialgebra.

Now we show that the finite dual of a (pre-)Cartier (quasi)triangular bialgebra is a (pre-)Cartier

co(quasi)triangular bialgebra. Recall that the bialgebra structure of H® is given by mpyo : H° ®
H° - H°, a® P axf,ugo : k - H° kv key, Ago : H® — H° ® H°, a — a1 ® g, where
a(ab) = ag(a)az(b), for all a,b € H, and epgo : H® = k, a — a(lpy).
PROPOSITION 3.18. Let (H, R, x) be a pre-Cartier (quasi)triangular bialgebra. Then, (H°,R°, x°)
is a pre-Cartier co(quasi)triangular bialgebra, where x° : H° @ H® = k, p®q¢ — (p ® q¢)(x)-
Moreover, if (H,R,x) is a Cartier (quasi)triangular bialgebra, then (H°,R°,x°) is a Cartier
co(quasi)triangular bialgebra.

Proof. If (H, R, ) is a pre-Cartier quasitriangular bialgebra, then x = x! ® x; € H ® H satisfies

, , . Define x° : H°®@ H° =k, p®q+ (p®q)(x) = p(x")q(xi), for every p,q € H®.
We show that x° satisfies (84), (35), (36). Indeed, we have (ugox°) * mge = mpe * (ugex°), as
for every p,q € H®,

X°(p1 © q1)(p2 * @2)(a) = pr(x )1 (xi)p2(a1)gz2(az) = pr(x*)p2(a1)q1 (xi)g2(az)

= p(Xial)lI(Xi@) p(alxi)Q(CLin) = pl(al)pz(xi)ql(az)qz(xl')

= p1(a1)qi(a2)p2(x")a2(xi) = (p1 * q1)(a)Xx° (p2 ® g2)

for any a € H, thus holds. Now, for every p,q,r € H° we have that x°(Idg. @ mpyo)(p ®

q@71) =Xx°(p®q=*7r) = p(x")q(xi,)r(Xi,)- On the other hand, using (12), i.e., (Idg ® A)(x)
X12 + RI21X13R12, for every p,q,r € H° we have that

X52(P®q@71) + (R°) 15 (p1 ® 1 @ 71)X53(p2 ® g2 @ 12) Ry (3 ® g3 @ 13)
=X°(p® Q)eme(r) + (R°) " (p1 ® q1)eme (r1)x(p2 ® r2)eme(q2)R°(p3 ® q3)eme (r3)

= p(x a0 (Lar) + p1(R)ar (Ra)ra (L )pa (¢ )ra (x5) a2 (Ler o3 (R¥)as(Ri)ra (L)

= p(x)a0x)r (1) + PRARF iR () @ pOx)alxi )r(xin)

hence x°(Idge @mpo) = X35+ (R°) 15 * XI5 * Ry and holds. Similarly, since H satisfies (L3),
then holds for H°. Moreover, if (H,R,x) is a Cartier quasitriangular bialgebra, that is, x
satisfies Ry = x°PR in addition, then we obtain that

(R°*X°)(p® q) = R°(p1 ® q1)x° (P2 ® @2) = p1(R")q1(Ri)p2 (X’ )a2(x;) = P(R'x?)a(Rix;)
=p(x; RO Ri) = pr(xs)p2 (R a1 (X! )g2(Rs)
= a1 (X))p1(x;)P2(R")q2(Ri) = (X°The e * R°)(p @ q).
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Thus, (H°,R°,x°) is a Cartier coquasitriangular bialgebra. O

COROLLARY 3.19. Let (H,R,x) be a finite-dimensional (pre-)Cartier (quasi)triangular bialgebra.
Then, the dual (H*,R°,x°) is a (pre-)Cartier co(quasi)triangular bialgebra.

Proof. If H is finite-dimensional, then H* = H°, and we conclude by Proposition [3.18 O

Given a linear map 8 : H ® H — k we can consider 3;,5, : H — H* such that §;(u)(v) =
Bu®v) = B,(v)(u). Note that 8 =37 | f; ® g;, where f;,g; € H* and 1 < i < n, is equivalent to
dim(Im(3;)) finite and to dim(Im(3,)) finite by [Ral, Exercise 1.3.18] and if this happens /5 is said
of finite type. By [Ral, Proposition 14.2.3] we know that if (H,R) is a coquasitriangular bialgebra
with universal R-form of finite type then R = R‘®R; € H°® H° and (H°,R) is a quasitriangular
bialgebra. We can now show the following result.

PROPOSITION 3.20. Let (H,R,x) be a (pre-)Cartier coquasitriangular bialgebra with R and x of
finite type. Then, (H°,R,x) is a (pre-)Cartier quasitriangular bialgebra. In particular, if H is
finite-dimensional, the result holds for H* = H°.

Proof. If (H,R, x) is a pre-Cartier coquasitriangular bialgebra with infinitesimal R-form x : H ®
H — k of finite type, then we have that x = >, p; ® ¢; € H*® H*, where n is as small as possible
such that {p1,...,pn} and {q1, ..., ¢ } are independent. Then we get that x;(h) = > ., p;(h)g; and
xr(h) = Y01 qi(h)p; for all h € H. If h € ker(x;) then p;(h) = 0 for every i = 1,...,n by linear
independence and then ker(x;) C ker(p;) for every i = 1,...,n and H/ker(x;) = Im(x;) which is of
finite-dimension since y is of finite type and then the kernel of every p; contains a cofinite ideal,
thus p; € H® for every ¢ = 1,...,n. Similarly, the kernel of every ¢; contains ker(y,) which is
cofinite and then also ¢; € H® for every i = 1,...,n. Then, x € H° ® H° and we write x = x’ ® ;.
Now, knowing that , , (36) hold for x : H® H — k, it is straightforward to prove that

X =x'®x; € H® ® H° satisfies (11)), (12), (13). O

4. RELATED CONSTRUCTIONS

4.1. Infinitesimal FRT construction. We first recall the well-known FRT construction [FRT]
following [Kal Section VIIL.6], where a coquasitriangular bialgebra A(c) is obtained from a solution
¢ € Endg(V ® V) of the braid equation

(54) C12C€23C12 = C23C12C23

on a finite-dimensional vector space V. Note that is equivalent to the quantum Yang-Baxter
equation

(55) C12C13C23 = C23C13C12

(see [Ral, Definition 12.1.1]). Explicitly, ¢ is a solution of if and only if 7y o ¢ satisfies
(55). Afterwards, this procedure is extended to obtain infinitesimal braidings on the quotient
A(c,t) = A(e)/I(t) from another endomorphism ¢ € Endg(V ® V) satisfying a series of relations
(see Definition . At the end of this section we give a canonical solution to those equations and
describe the resulting non-trivial infinitesimal braidings on all FRT bialgebras A(c).

DEFINITION 4.1. Recall that a braided vector space (V,¢) is a k-vector space V endowed with
an invertible solution ¢ € Endy(V ® V) of the braid equation (54), see e.g. [AnS| Definition 1.1].

Fix a finite-dimensional braided vector space (V,¢). Let dim(V) = N, choose a basis {v; }1<i<n
of V and denote the coefficients of ¢ by Cff €k, ie, clv;®@v;) = cfka ® vy E| We adopt the
compact notation v; ,...;, = v;; ® v;,, ® --- ® v;, so that, for instance, the previous equality

rewrites as c(vij) = ci?kag. Consider the set of indeterminates {Tij}lgi,jSN and denote the free

2Here and in the following we employ Einstein sum convention: we sum over repeated indices, where the indices
run from 1 to N.
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(unital associative) k-algebra generated by these indeterminates by F := k{T/},<; j<n. Then the
quotient of F' by its two-sided ideal I(c) generated by

CH = TR T, — T T ekt 1<i,j,k, <N

is denoted by A(c) := F/I(c). On F there is a canonical bialgebra structure with coproduct and
counit determined on generators by

A(T)) =T @ T, e(T)) = 4]
and then extended as algebra morphisms. As one easily verifies €(I(c)) = 0 and A(C’ff) =CI"®
TET! + T ® Ck € I(c)® F + F ® I(c) and thus the bialgebra structure of F descends to
A(c). The bialgebra A(c) coacts from the left on V via yA: V — A(c) @ V, vA(v;) == T/ ® v,
and c is left A(c)-colinear with respect to the diagonal coaction given by ygvA(v;;) = TikT} ® Vg
Moreover, given another bialgebra A’ such that (V,yA’) is a left A’-comodule and c is left A’-
colinear, there is a unique bialgebra map f: A(c) — A’ such that yA’ = (f ® Id) o yA. Tt is
shown in [Kal Theorem VIIL.6.1] that A(c) is the unique bialgebra (up to isomorphism) with this
universal property. Up to now, no assumptions on ¢ had to be made. As shown in the following
result (see e.g. [Kal, Theorem VIIIL.6.4]) the braid equation ensures that A(c) is coquasitriangular.
ProprosiTION 4.2 (FRT). Let (V,c) be a finite-dimensional braided vector space. There is a
convolution-invertible bialgebra bicharacter R: F @ F — k on the free algebra F = k{T} }1<; j<n
given on generators, for all 1 <1i,j5,k, £ < N, by
(56) R(TF @ T)) =i
Moreover, this map descends to a coquasitriangular structure R on A(c) such that 05"/ =c.

Recall that the convolution inverse R~!: A(c) ® A(c) — k of R is determined on generators by

RNTF @ TY) =&}, where ¢ € k are the coefficients of the inverse ¢! € End(V @ V) of ¢, i.e.,
cH(vij) = v

In the following, given our fixed braided vector space (V,c), we denote the corresponding co-
quasitriangular structure on A(c) by R: A(c) ® A(¢) — k. Consider another endomorphism
t € Endyg(V ® V), of arbitrary nature for the moment, with coefficients ¢;¢ € k determined by
t(vij) = tifoge. Let I(t) be the two-sided ideal in A(c) generated by

DY =t TET, — T/VTIME, 1<i,5,k (<N

and denote the quotient algebra by A(e,t) = A(c)/1(t).

LEMMA 4.3. A(c,t) is a bialgebra. Moreover, the coquasitriangular structure R on A(c) descends
to a coquasitriangular structure of A(c,t) if and only if

(57) C12C23t19 = t23C12C23 or, equivalently, 623t126531 = 6;21t23012

(58) t12C23C12 = Ca3C12l23 or, equivalently, cg3lt12023 = C12t236;21

hold as equations V®3 — V®3,

Proof. We show that A(I(t)) C I(t) ® A(c) + A(e) ® I(t). For this, it is sufficient to prove

A(DES) = t7m A(TE)A(TE) — AT AT,

=t TR T @ T Ty — TPT) @ Ty T, thy,,
= DY @ TYTL + T TP 0%, @ T, + TPT @ Dyt — TPT @t T T,
=DM QTITL +TPTI @ DfL € I(t) @ A(c) + A(e) ® I(t)

since A is an algebra morphism. Clearly €(I(¢)) = 0 and thus A(c,t) is a bialgebra.
Next, observe that by

j ke \ _ j knt j ke
_ S 4 j k s j ke
=M R(TY ® Tq)R(TSJ ® Tp) —R(T; THR(T? ® Tf,’l)tpq
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_ 4pq st _jk _ sq_gp 1kl
- tmncqi C%s cnicjmstpq

for all indices 1 < 4, j,k,¢,m,n < N. We show that the above vanishes if and only if holds.
This is the case, since, fixing 1 < i,m,n < N,
t o . .
Urnni — o Upgi s tfvgnCZfUps@ 2 tfﬁ’ncéf%’ivjké
equals

23 sq ci2 sq j t2s  sq jp ke
Umni CpiUmsq Cnicgffsvqu Cniczrl;stpqvjke

if and only if t’,’,’fncgfc%’; = ci%c%’st’;(‘; for all 1 < j, k,¢ < N. By (30),(31) and using that A(I(t)) C
I(t)® A(c)+ A(c)®I(t) we observe that R(T @ DX ) = 0 for all 1 <4, j,k, £, m,n < N is necessary
and sufficient to the condition R(A(c) ® I(t)) = 0. Thus, R(A(c) ® I(t)) = 0 if and only if
holds. Similarly, one proves that R(I(¢t) ® A(c)) = 0 if and only if holds. This means that R
descends to a map R: A(e,t) ® A(c,t) — k (denoted by the same symbol by abuse of notation)
if and only if and are satisfied. Since the bialgebra structure of A(c,t) is induced from
A(c) it is immediate that R: A(c,t) ® A(c,t) — k satisfies the hexagon equations (30),(3I) and
it is quasi-commutative, i.e., is satisfied. It remains to prove that the convolution inverse
R~1: A(c) ® A(e) — k also descends to the quotient A(c,t). Repeating the above computations
with R~! instead of R this is the case if and only if

t12¢33 €1y = C3 €1y T2 and C1p Co3 tiz = tazciy C3
hold as equations V&3 — V®3; those equations being clearly equivalent to and . The

induced map R~!: A(c,t) ® A(e,t) — k is then the convolution inverse of R, which is sufficient to
be checked on generators; an immediate consequence. O

Let (V,c) be a braided vector space and ¢ € Endg(V ® V) an arbitrary endomorphism with
coeflicients cffﬂfff € k as before. Consider for a moment the convolution-invertible bialgebra
bicharacter R: ' ® F' — k on the free algebra F' = k{Tij}lgi,jgN of Proposition (we know
that it descends to a coquasitriangular structure on A(c)). Note that F is the tensor algebra T'C
of the matrix coalgebra C' spanned by the Tij ’s. By Lemma the free algebra F' together with
its convolution-invertible bialgebra bicharacter R: F' ® F' — k, allows two triangle actions > and
< that fulfil the requirement of Proposition [3.17] Thus the map x11 : C ® C — k, defined on
generators by the assignment TF @ T/ — t}f, induces a k-linear map x: F ® F — k satisfying
and . Explicitly, it is defined inductively by the k-linear extension of

(59) X(TF T =15, X1®T)) =0=x(T} ®1),

(60) X(T] @ T = x(T] @ T)e(T)) + (Rig * xa3 * R2) (T @ T @ T7')
and

(61) X(TFTf @ T) = e(TF)X (T @ Tpp) + (Rag * x13 % Ras)(TF @ Tf @ Tk )

for all indices 1 < i,j,k,£,m,n < N. In terms of coefficients and read
(T} @ TT}) = 6767 + R™H(TP @ T (T @ TR(T), @ Th7)

(62) _ jm(sn —m1j1jen jm
- tik ¢t Cik tjlecmle
and
(©3) X(TFTf @ Tp) = 6Fthn + R @ T )x(TF @ Tp2)R(TY, ® T},)
ki fn —n14y kno In
= 0; timm + Cim "L 2 Crine, -

LEMMA 4.4. Let (V,c) be a braided vector space and t € Endg(V®V) arbitrary. Then x: FQF — k
descends to a map A(c) ® A(c) = k if and only if

—1 -1
(64) t12C23 + C12t23C1y Co3 = Co3tia + C23C12t23C 4

-1 -1
(65) ta3C12 + Ca3t12Co3 C12 = C1ata3 + C12C23t12Co3
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hold as equations V&3 — V®3_ If , are satisfied the above equations are together equivalent
to the equation

(66) 023t120§31 = 012t236;21
of linear maps VO3 — V&3,

Proof. Let t € Endg(V ® V') be an endomorphism and ¢ € Endg(V ® V) an invertible solution of
the braid equation. For all indices 1<i4,5,k ¢,;m,n <N we have

X(T] @ Cp™) = x(T] @ TIVTT) — x(T7 @ TPT) e

@ e tf;”ég +c§‘l¥cm”1t;f;c7m”f]2 — tf,féq e cpmt;f‘j psz Cpq -

Using the fact that A(I(c)) € I(c) ® F + F ® I(c) and (60)),(61) it follows that for the condition
X(F & I(c)) =0 to hold it is necessary and sufﬁc1ent to prove X(TZ ®@ C") = 0. The latter is the
case if and only if holds. This can be shown on a basis, fixing indices 1<i,k,¢ < N. Namely,
the sum of

t12
Vike 225 Chy Vipn, — by tzp Ujmn

and
-1
23 q,  C12 q—=m1j1 t23 q—m1j1 472 C12 q— ml]l Jam gm
Vike > ChgVipg ? ciicip Umyji1q F czfcip Uiiq Vmajon — ChiC Uiy q Cma iy Vimn

equals the sum of
t tjp
Vike = kuJP =ty Cpt Vjmn

and

—p1J1 —P1J1 4729 €12 7171]1 J29 3P . 523 1714729 9P Uy
Vike '—> Cik,” Up1jat }___> Cik tjvalhq —c t]lfcgilhvﬂpq Cf t]MCI]?lJz pg Vjmn

if and only if x(T/®CJ%™) = 0 for all 1 < j,m,n < N. This shows the equivalence of x(F®I(c)) =0
with (64). Similarly, one proves that x(I(c) ® F) = 0 if and only if holds.

Assume now that ¢ and ¢ satisfy the equations and (in addition to ¢ satisfying the
braid equation). Since c is invertible is equivalent to 012023t1202_31 = tg3c12. Thus, holds
if and only if 023t12053 Cclg = clgtgg, which is equivalent to . Similarly, is equivalent to
t12623 = 623612t23612 Thus is satisfied if and only if so is 012t2361_21623 = ca3t1a if and only if

(again) (66) holds. O

We now introduce a new notion which will play a central role in Theorem 4.10

DEFINITION 4.5. An infinitesimally braided vector space (V,c,t) is a braided vector space
(V, ¢), see Definition together with an endomorphism ¢ € Endy(V ® V) such that

(67) 023t120531 = Cf21t23012 = 0531t12023 = 012t230f21
(68) tiatas + cratosCly tas = togtin + tasciatascyy, ie., [tia + ciatascry,tas] =0,
(69) togtio + 623t1202_31t12 = t1ato3 + t12023t1262_31, ie., [tas+ 623t12623 ,t12] =0,

are equalities of linear maps V&3 — V®3,
Note that we can actually combine and in a unique formula, namely
(70) [tas, ciatazcis] = [ti2, tas] = [023t1202_31,t12]-

EXAMPLE 4.6. Any vector space becomes a braided vector space (V,7) through the canonical flip
7. Now the terms in are automatically all equal to t13 while and become

[tio + t13,t23] = 0 = [ta3 + 113, L12]-
These are infinitesimal pure braid relations in the sense of [Kohl Section 1].

EXAMPLE 4.7. Any braided vector space becomes an infinitesimally braided vector space (V, ¢, t)
by taking t = A - Idy gy for some A € k. In particular ¢ = 0 and ¢t = Idy gy are solutions.
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In the following result we characterise the possible ¢’s on an infinitesimally braided vector space
of diagonal type.

PROPOSITION 4.8. Consider a braided vector space (V, c) of diagonal type, i.e., such that c(v;Qv;) =
qijv; @ v; for some q;; € k\ {0}. Set t(v; ® v;) = thlop ® v Then (V,¢,t) is an infinitesimally
braided vector space if and only if the following equalities hold true for all possible indezes.

-1 b —1,ab —1,ab -1 b
(71) Qi Boitix = Gija; tix = GkGp tix = Qi Diatiks

79 -1 _ tab wv _ —1 tavtub _ tbv au tabtuv _ —lt(wtbu _ ) —ltbv au
(72) 4j; 9jaliklip — Qui Qualip Uik = Likbip ij ok = Quuliy ok li; — Qujdr; Liklej -

Proof. Note that ¢~ !(v; ® vj) = qﬁlvj ® v;. Set vijk = v; ® vj ® vg. Then

o Costiacyy (vijk) = (I;Zjlc23t12(vikj) = Q;Zjlt?,gcm(vabj) = q;:jlt?]?ijUajM
* iy ta3c12(Vijk) = QijCra t23(vjin) = Qistihcrs (Vjab) = Qigter u; Vagb;

o Co3t12023(Vijk) = QinCas t12(Vikg) = qirtircas (Vab;) = qg‘kt?;?qj_blvajb;
o ciatasery (Vijr) = qj_ilclzt%(vjik) = Qﬁlt?;fclz(vjab) = q]'_ilt;'l]?Qjavajb-

Thus, is equivalent to (7I). Moreover

o 133 (012t2301_21) (viji) = to3 (q;ilt?;?QjaUajb> = q;ilt?;fQjat?é’Uauv;
o (ciatasciy ) tas(vije) = fj}; (cratosers) (Viuw) = t?ﬁq;ilt%’quavauu;
o tigtas(vijk) = t?ztw(vibv) = f?}é B Vauvs
o tostia(vijk) = t%bt23(vabk) = tfjb i Vauv’
. (023t1202_31) tio(viji) = t?}‘ (023751202_31) (Vbuk) = t??q;jtb“};quaw;
e tyo (023t1202_31) (vijk) = qk_jlt?}é%jtlz (Vpjv) = q;jlt%%jtgfvauv-
Thus, is equivalent to (72). O

EXAMPLE 4.9. Consider a braided vector space (V,c) of diagonal type as before for some ¢;; €
k\{0}. Set t(v;®v;) = p;jv;@v;. With notations as in Proposition we have t(v;@v;) = v @u;
where tfjl = pijoféj- and 0% is the Kronecker delta. It is then easily checked that and
hold true in this case so that (V,¢,t) is an infinitesimally braided vector space. We point out
that, although ¢ is not the canonical flip, still all the terms in equal t13 as in Example
so that also in this case and reduce to infinitesimal pure braid relations which are easily
verified. Note that A(c,t) is the quotient of the free algebra F' = k{T7},<; j<n by the two-sided
ideal generated by the elements qi; T)T} — qreT/ T} and (pi; — pre) TFTY so that A(c,t) # A(c), in
general, in this case.

We are prepared to prove the main theorem of this section, namely an FRT-construction of
infinitesimal R-forms.

THEOREM 4.10 (Infinitesimal FRT). Given an infinitesimally braided vector space (V,c,t), there
is a unique infinitesimal R-form x on the coquasitriangular bialgebra (A(c,t),R) such that x(TF ®
T = tht,

j ij

Proof. By Lemma the coquasitriangular bialgebra (A(c),R) descends to a coquasitriangular
bialgebra (A(c,t),R) since and hold. According to Lemma the map x: A(c) ®
A(c) — k is well-defined since is satisfied in addition. We show that x descends to a map
Ac,t) ® A(c,t) — k, ie., x(A(c) ® I(t)) =0 = x(I(t) ® A(c)), it and only if and hold.
As before, it is necessary and sufficient to prove the vanishing on generators of A(c) and I(t). This
can be done in complete analogy to Lemma by replacing C’ff = c?}"T,’jLT ¢ TimT]”cﬁfn with
DFf =t TR T — T Tt . Explicitly,
X(T] @ D) = (T @ T Ty — x(T] @ TVT] )ty
I 4 PG on I i gagn _ g gad v

- p Uq ktCip Jj1q “majz k~L"pq j1£-p1J2" P4
__4pngjm Pg=mij1jem Jm  _ jpymn _ —=P1j14J29 JP imn
=thotiy + iCip  Uig Comnge — Liktpt — Con” 110 Cpr i tpg
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vanishes if and only if the sum of
tos  ,pn ti2  ,pn,jm
Uikt > Ty Vipn —— thp tlp Ujmn
and

q— ml] t23  ,pq ml]l Jan 12, 4pq m1J1 Jan Jm i
Umijiq tk t]lqvmlﬁn tk thq Cmy gz Vimn

Vike 2 tu”wq — > thiC;
equals the sum of

toz  ,jip
Vige tzk Vjpe > L1 0" Vjmn

and

—1
€12 —p1j1 t23 1714729 C12 1714329 P t23 1714329 P mn
Vike > T Upy e o Top b ¢ Vprjaq T et 71Cp1j2Vipg T i tglzczjauztpq Vjmn -

Thus, x(A(c) ® I(t)) = 0 if and only if holds and similarly x(I(t) ® A(c)) = 0 if and only if
is satisfied.

It remains to prove that x: A(c,t) ® A(c,t) — k is an infinitesimal R-form for the coquasitrian-
gular bialgebra (A(c,t), R). Namely, we have to check (34),(35) and (36]). The last two are satisfied
on generators by definition, see and . They hold on arbitrary elements of A(c,t) ® A(e,t)
by the inductive definition of y, see also Proposition Thus, it is left to prove (34) (and again,
this is sufficient on generators). Now, by the definition of I(¢) we have

N(TF & TOTPT) = T Ty = THTL g = TN (I © 7)),
which concludes the proof of the theorem. O

We show that also the converse of Theorem [£.10]is true, thus giving a classification of infinites-
imal braidings on FRT bialgebras.

ProOPOSITION 4.11. Let (H,R,x) be a pre-Cartier coquasitriangular bialgebra and V a left H-
comodule. Then, the k-linear maps c¢,t € Endg(V ® V') defined on v,v' € V by

(73) clv@v) =R 1 ®@v_1)vy @ vy, tlv®v') = x(v_1 @ v 1)v ®@ v,
yield an infinitesimally braided vector space (V, ¢, t).

Proof. Since R is a coquasitriangular structure, the induced braiding 0’57‘/ = c¢ on the left H-
comodule V satisfies the braid equation . Let v,v’,v” € V. Then,
ci2(ea3(tiz(v ® v ®0"))) = x(v_1 ® v_1)er2(cas(vo ® vy ® v"))
(v_1 ®@ V)RV @ vly)er2(vo ® vy ® vp)
(v_2 ® V)R, @ vL)R(W ) @ v_1)vg ® vo ® vy

X
X
X(v-2 @ VL) R(vY) @ v_1vly)vf ® vo ® v

(" ®@v_ov’ 5)x(v_1 ® v )v] @ vy ® V]

|. [ENE

R
R(UHQ ®@ V)RV ®v_2)x(v_1 @ v_;)vg @ vo ® vy
RV @ v )R(v” ) @ v_1)tas(vy @ vo @ v)
=R’y @ vl )tas(cr2(v @ vg @ 1)) = tas(crz(cas(v ® v @ ")),
e., is satisfied. Similarly, one shows that holds by using and . Note that the
inverse of ¢ is given by ¢ (v ®v') = R™}(v_1 ® v"_; )v) ® vg. Moreover, one shows that holds

by means of the equality Ro3' * X13 * Raz = Ri5 * X13 * R12 that we know is true by Theorem
Finally, equations and are proven using . O

We noticed that, given a braided vector space (V,¢), then (V,¢, A -Idygy) is an infinitesimally
braided vector spaces. This leads to the following proposition.
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PROPOSITION 4.12 (Canonical infinitesimal braiding on (A(c),R)). For any braided vector space
(V,¢) the coquasitriangular bialgebra (A(c),R) admits a 1-parameter family of infinitesimal R-
forms xa: A(c) ® A(c) — k given explicitly on generators by

(74) (T T © T T) = Amne(TiE - T T - T)
for all X € k. Moreover, (A(c), R, xy) is Cartier.

Proof. Asnoted in Example 4.7} given an invertible solution ¢ € Endg(V ®V) of the braid equation
and choosing t = \-Id € Endy(V ® V') the tuple (c,t) satisfies all assumptions of Theorem In
this case I(t) = 0, since tff = /\6f6§ and consequently A(c,t) = A(c). Explicitly, x»: A(c)®@A(c) —
k is determined on generators by xx(TF ® Tje) = tfg = )\55(% = )\E(Tika) and extended via
and . An easy induction reveals the formula .

We include also a direct proof that x is an infinitesimal R-form. By the same ideas of Remark
the algebra A(c) inherits the graduation from the free algebra F' and hence we obtain a
derivation 0 : A(c) — k that on £ homogeneous of degree |¢| is defined by 9(¢) = |£|e(§). Note
that f(Tijl1 - sz:) = ma(Tijl1 . Ti;") so that y, = MA@ ® 9 is a symmetric biderivation. Since we
further have 8({1')52 = £ 0(&) for every € € A(c), we get that 0 is central whence so is x. Thus,
by Example we conclude that (A(c), R, x») is Cartier. O

ExAMPLE 4.13. Following [Kal Section VIIL.7] for a 2-dimensional C-vector space with basis
v1,v9 € V and for a non-zero scalar ¢ € C we consider the invertible solution ¢ € End¢(V®V) of the
braid equation determined by ¢(v1 Quvq) = q%vl ®u1, c(VaRug) = q%w@v‘l, c(v1 ®@ug) = q_%vg®v1
and ¢(ve @ v1) = q_%vl ® vy + q_%(q — ¢ 1)ve ® v;. Using Proposition El this gives a Cartier
coquasitriangular bialgebra (A(c), R’, x») for any A € C. According to [Kal Proposition VIII.7.1
and Corollary VIIL7.2] (A(c), R') = (My(2),R) are isomorphic as coquasitriangular bialgebras.
The induced infinitesimal R-form on (M,(2), R) is the one we already discussed in Proposition

4.2. Tannaka-Krein reconstruction. Denote by Vecs the category of finite-dimensional k-vector
spaces. Given a category C and a functor w : C — Vecy, then Tannaka-Krein reconstruction allows
to build a coalgebra C' such that w factors through the category M¢ of finite-dimensional right
C-comodules

%

Vec

where F' denotes the forgetful functor, see e.g. [Scll Corollary 2.1.9]. We will refer to C' as the
reconstructed coalgebra. In favorable cases C comes out to be even equivalent to M.

If C is further a monoidal category and w : C — Vecr is a strong monoidal functor, then C
becomes a bialgebra, eventually with antipode in case C is rigid, see e.g. [Ul, Section 2]. Moreover,
if C is braided, then C inherits a coquasitriangular structure R : C' ® C — k, which results to be
cotriangular in case the category is symmetric, see e.g. [Ma2, page 475].

In this section, we are dealing with conditions on (C,w) guaranteeing that the reconstructed
coalgebra is a (pre-)Cartier (quasi)triangular bialgebra possibly with antipode. Since we are not
interested in finding the most general possible results, but only eager to find applications of the
notions we have introduced so far, it may be that some of our assumptions can be relaxed.

THEOREM 4.14. Let (C,0) be a pre-additive braided monoidal category, w : C — Vect be an additive
strong monoidal functor and B be the reconstructed coalgebra with its coquasitriangular bialgebra
structure R : B ® B — k. If there is a natural transformation txy : X ® Y = X ® Y, then there
is a k-linear map x : B® B — k that verifies . Moreover:
1) if t fulfills (2), then x verifies (35));

1) if t fulfills (3), then x verifies (36);
i) if t fulfills (4), then x verifies
As a consequence
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o If(C,0) is braided (pre-)Cartier, then (B, R) is a (pre-)Cartier coquasitriangular bialgebra;
o If (C,0) is symmetric (pre-)Cartier, then (B,R) is a (pre-)Cartier cotriangular bialgebra.

Proof. Since C is a monoidal category and (w, ¢°, ¢?) : C — Vecs is a strong monoidal functor,
we can construct a bialgebra B following [Ul, Section 2]. Indeed, the functor Vec — Set, M
Nat(w,w ® M) is representable. Choose a representing vector space B and natural isomorphisms
Or - Homy (B, M) — Nat(w,w ® M). Set « := 0g(Idg) : w - w® B, set d := (a ® B)a :
w— w®B®B and let e : w - w ® k be the canonical isomorphism. Then the coalgebra
structure (B, A, ¢€) is given by 0pep(A) = d and 6x(¢) = e. In this way we obtain the functor
Q:C— MP, X — (w(X),ax), such that FoQ =w, as in (75). For the algebra structure, there is
an isomorphism 6%, : Homy(B® B, M) — Nat(w ®w,w ®w ® M) where, for every f : B& B — M,
the natural transformation 63,(f) : w ® w — w ® w ® M is defined on components by setting
02,(fxy wX)@wl}) > wX)wlY)dM,zQy — 20y @ f(r1 ®y1). Here we used the
notation ax(z) := xo ® 1. Denote by ux y the following composition

4 o (6%.y®B) ™
wX)@wY) — > w(XQY) — 2 > (X ®Y)®B—— > w(X)ow(lY)® B.

This defines a natural transformation p : w®w — w®w® B and the multiplication m: B B — B
is given by 6% (m) = p. The unit u : k — B is defined as the composition

0 0 B71
k— " wDeB-YE _yep_—" . p.

ar

Suppose further that C has a braiding . Now, following [Ma2, page 475], we can endow B
with a coquasitriangular structure R : B® B — k defined as the unique map such that 62(R) on
components is uniquely determined by the commutativity of the following diagram

% v w(ox,y) (6% )"
WwX)QwY) ———wXRY) — = w(l X)) ——wY) w((X)
Gﬁ(R)x,Y\L J/Tw(v),wuo

Tw(X)®w(Y)

wX)wlY)®k

w(X) @w().

Although the functor here lands in the finite-dimensional vector spaces, while in Majid’s approach
it lands in vector spaces, still one gets that , , hold true. Note that R is convolution
invertible with convolution inverse R~! : B ® B — k which is the unique map such that 62(R~1)

on components is 62(R™)x y = T;(l)()®w(y) (¢§(7y> "W (O')_(}y) DY X Tuo(X),w(Y)-

Moreover, B becomes in fact cotriangular in case ¢ is a symmetry, i.e., a)_(,ly =0y,x.

So far everything is well-known. Let us concern now the infinitesimal braiding.

Suppose further that C has a natural transformation ¢. Then we can define x : B® B — k to
be the unique map such that 62(x) on components is the composition

2

W(X) @ w(Y) XY (X @ Y)

— —1
w(tx,y) (%, v) " T (X)@w(Y)

WX ®Y) w(X) @ w() %0 (X) @ w(Y) @k

One can check that condition is equivalent to the equality

(ro(x)2wr) ® B) (0 (X)x,y ® B)03(m)x,y = 03(m)x,yru(x)ew0n s () x,y

which, in turn, holds in view of the following computation:

(rox)ew(y) ® B) (0 (X)x,y © B)03(m)x.y

= (Tu(xX)@w(y) @ B)(TL:(IX)(XM(Y) ® B)((ﬁﬁ?x,y)il ® B)(w(txy)® B)(¢§(,Y ® B) (¢§(,Y ® B)il 0éX®Y¢§(,Y
= ()" @ B)(w (txv) ® B)axey ok y

= ((Qﬁ(,y)_l ® B)axgyw (txy) ¢§(,Y
= (

-1 —1
Pxy ®B)  axevdxy (dxy)  wltxy)dxy



-1 _
= (P y ©B)  axevdX yTu(X)ew¥) o(x)ewy) ($x.y)
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—1
w(tx,y) ¢§<,Y

= 0%(m)x,y ru(x)2w) 0 () x,v-

i) Tt comes out that is equivalent to

(w(X)® (¢32) " @k) () xvez (@ (X)® ¢,)
M (0)Ew()ewz) Te0suy) ®w(2)) (B () xy ®w(Z)) +

T o(0)@e)euz) (TeX)ewr) ®w(2)) (2(R™Nxy ©w(2)) (Tur)wx) ®w(Z))
Tu()ew(X)ewz) (@ (Y) @ 02(X)x,2) (Tu(x)wy) @w (Z))
(ron)eer) ®w(2)) (B (R)xy ®w(Z))

If we compose by 7, (x)gw(v)ow(z) this equality becomes

(w(X)® (¢§/,z)71) ru(X)ewvenli(X)xyez (@ (X) ® ¢3, ;)
= (rex)zwy) @w(2)) (i (X)xy @w(Z)) +

(m(x)@)w(Y) Qw (Z)) (HE%(R_l)X,Y Ruw (Z)) (Tw(y) w(x) ®w (Z))
+ Tw¥)zwX)ewz) (@ (Y) @02 (X)x,2) (Tux)wy) @ w(Z) .
(reoswr) ®w (2)) (0(R)xy ®w(Z))

Let us rewrite the three terms in the order in which they appear

(w(X)® (#32) ) reswren () xyvez (w(X) ® ¢%Z)

(w(X)® (3.2)" ) To(X)@w(Y 8 2) o) mu(vez) (0%, yor)  w(txyez) bk yver (@ (X)© 6% ,)
(w(X)® (#32) ") (¢, Y@Z)‘l (tx.vez) bk ver (W (X)® ¢ 5)

[¢ Xyvez (W(X)® ¢Y Z)] w(txyez) [¢§(,Y®Z (w(X)® ¢§/,Z)]

(Tw X)ew(y) @w(Z ) ( () xy ®W(Z))

(r(x) 06409 ® w<Z>) (rol (600 2w(2)) ((¢%y) ®w?2)) W (txy) @w(2)) (¢ky ®w(Z))
((¢ky)” ®@w(@)( ¢X®yz wltxy @ Z) dxay,z ($xy @ w(Z))

(0% veoz ( ) ® ¢Y,Z)] wltxy @ 2) (X yor (W(X) @3 7)]

[ (rex)sen) @w(2)) (2R xy ®w(2)) (Tur)wx) @w(2))
Tw¥)zwX)ewz) (@ (Y) @07 (x)x.2) (Tw(x)wy) @ w (Z))
(reewy) @w(2)) (BZ(R)x.y ®w(Z))
(ro()gw(v) @w(2)) (r;(lX)LX)w(Y) ®w (Z)> ((¢§<,y)_1 Qw (Z)) (w (UX Y) Qw (Z))
(d’%f,x ®w (Z)) (Tw(x)w(v) @ W (Z)) (Tw(y)wix) @ w (Z,)z
rum)ee)eez) (W (V) @ 15 swz) (w V) ® (%) )

(wW¥)@w(tx,z)) (w (V) ® ¢% Z> ( w(X), (y) R w (Z)) (Tw_(x)®w(y) R w (Z))
(Tc:(lX)®w(Y) Qw (Z)) (To(v),w(x) @w ( ((¢yx) )
(w(ox,y) ®w ))(d)XY@w(Z)

i (Z
[ (((/5%(}/)_1 ®W(Z)1) (W (U;{IY) w(Z ) (¢YX ®W(Z))
( (¢Xz> )(W ) ®w( tXZ)( ®¢XZ>
_ ((m)‘ w(2)) @ (oxy) @w(2) ($y 2w(2))
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[ ((¢%{,Y)_1 ®w (Z)) (¢§(®Y,Z) w (‘7},13/ ® Z) Pex,z (¢%f,x ®w (Z)>
= (w Y)® (¢§(,Z)_ ) (¢%’,X®Z>_1 w(Y @tx,z) 6y xez (w Y)® ¢_2><,Z)
L ((&cx)_l ®w (Z)> ((/5%/@)(,2)_1 wloxy ®Z) ¢_2X®Y,Z ((bg(,Y ®w (Z)>
[¢§< Y®Z (W ®¢%z)]ilw(g)}}y®z) ¢2Y®XZ(¢%’X ®W(Z))
= [¢Y®Xz (¢YX ®w( )]%W(Y@tX,Z) [¢Y®XZ(¢’YX ®w( )]
[¢Y®Xz( Py, x @w( )rlw(UXY@Z) [¢X,Y®Z( ®¢YZ)]
(X) ®¢YZ)] - (UXY ® Z) Yotxz)w(loxy ®Z) [¢X voz (@(X)® ¢2Y,Z)]
so that the equality we have to check becomes
[¢§(,Y®Z (w(X)® ¢%f,z)] o (tx,yez) [ﬁb%(,y*@z (w(X)® ¢2Y,Z)]
= [¢§(,Y®Z (W (X)® Qb%/,Z)] w(txy ®Z) [¢§(,Y®Z (W (X)® Qb%/,z)] +
+ [¢§(,Y®Z (w(X)® ¢%/,Z)] N (U)_(,IY ® Z) w(l®txz)wloxy ®2) [¢%{,Y®Z (w(X)® ¢§cz)]
that is

= [¢X,Y®Z (

wltxyez) =wltxy @ Z) +w|(oxy @ Z) (Y @tx 2) (oxy © Z)] .

Since w is additive, this equality is true by .
11) Similarly, amounts to the equality

((6%y) @w(2) ©k) B2 (W)xov.z (Hky ®w(2))
= wX)®G(X)v.z+

n { (w(X) @0 (R™)y,z) (@ (X) ® Tw(z),0r)) (re(x)ewz) @w(Y)) }
(02(X)x.z @w (Y)) (w (X) @ Tu(v),0(2)) Tw(X)2w(v)zw(z) (@ (X) ® 02(R)y,z)

which follows from and the fact that w is additive.
14i) One checks that is equivalent to

02 (R) x,y Tw(x) 2w (X) X,y = (Tw)w(x) @K) 0 (X) v, X Tw(x),0() Tw(X) 0w ) 0t (R) X,y -

By starting from the right-hand side and by using , we compute
(o)) @ K) 02007, X T (X)) () @) O (R) x,v
_ [ ()00 ®K) 7o su(x) (¢%,x)71 w(ty,x) 93 x ]
Tw(X), W(Y)TW(X)@JW(Y)Tw(X)@w(Y)TUJ(Y)M(X) (@,x)fl w(oxy) dx.y

—1
(To(r)0(0) O K) Toewn (x) wtyx)w(oxy) dxy

=

(To)wx) @K) o ivyguwx) (@3 x)  wloxy)w(txy) dky

— 1
Tw(lx)(@w(y)Tw(Y),w(X) (3 x) wloxy)w(txy) dxy

-1

_ -1 —_
= ’"w(1X)®w(Y)Tw(Y),w(X) (6¥.x) W(UX,Y)¢§,er(X)®w(Y)TW(1X)®W(Y) (0%y)  wltxy)dXy

= G (R)xyTw(x)ewm i (X)x,y

which completes the proof. O
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