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Eikonal Equation Reproduces Natural Landscapes With
Threshold Hillslopes

Shashank Kumar Anand! ©/, Matteo B. Bertagnil? (*, Arvind Singh? (©/, and Amilcare Porporato!-
'Department of Civil and Environmental Engineering, Princeton University, Princeton, NJ, USA, *High Meadows
Environmental Institute, Princeton University, Princeton, NJ, USA, *Department of Civil, Environmental and Construction

Engineering, University of Central Florida, Orlando, FL, USA

Abstract Many natural landscapes maintain steep planar hillslopes bounded at a typical angle, beyond
which shallow landslides or slope failures remove the excess sediment volume by mass wasting. Here we show
that the celebrated eikonal equation, derived from a landscape evolution model in conditions of negligible soil
diffusion and fluvial erosion, accurately portrays the organization of these topographies. Referred to as “eikonal
landscapes,” such solutions feature constant-slope hillslopes originating from downstream boundary conditions
and culminating in sharp upstream ridges. We demonstrate that the eikonal landscapes reproduce well a variety
of natural landforms, including small islands, a volcano, and an extended mountain ridge. The boundary
condition for the eikonal representation is specified through the natural landscape's slope-area relation. Going
beyond merely representing landscape statistical features, the present results provide a first-of-kind direct match
of mathematical and natural landscapes.

Plain Language Summary Natural terrains often feature steep and nearly flat hillslopes, which
remain stable up to a threshold angle or the angle of repose. Beyond this angle, mass failure ensues, resulting
in the removal of excess sediment volume and preserving the topography. Here we demonstrate the effective
use of the eikonal model, originally developed to represent the propagation of light rays two centuries back,
in describing the organization of threshold hillslopes in natural landscapes. We directly compare eikonal
model-generated topographies with various natural landscapes, including islands, volcanoes, and inland
mountains, differing in size, underlying geology, and climatic conditions. The presented model achieves these
results with minimal computational cost compared to traditional landscape evolution simulations.

1. Introduction

Observations of almost planar hillslopes in many steep landscapes (Figure 1) suggest that these hillslopes remain
stable up to a threshold value (Binnie et al., 2007; Carson & Petley, 1970; Korup, 2008; Montgomery, 2001; Ouimet
et al., 2009; Penck, 1953; Stock & Dietrich, 2003; Strahler, 1950; Whipple et al., 1999). Such threshold-hillslope
terrains attain a dynamic equilibrium, where any further steepening of hillslopes removes excess sediment by
mass wasting failure, leaving the topography unchanged. This geomorphological setting is analogous to the table-
top experiment of building a pile by adding granular material over a table, where the topography is bounded by
the threshold angle at which cohesion and friction forces balance gravity (Al-Hashemi & Al-Amoudi, 2018;
Nadai, 1954; Pauli & Gioia, 2007). In natural landscapes, the threshold angle, or the angle of repose, is determined
by various interrelated factors, including the type of rock or soil characteristics (Korup, 2008; Montgomery &
Brandon, 2002; Strahler, 1950), climate conditions (Gabet et al., 2004), surface and sub-surface flow properties
(G. E. Tucker & Slingerland, 1994; Montgomery & Dietrich, 1994).

Both climate and geology determine the presence of threshold-hillslope terrains, which are commonly found in
regions that have experienced recent episodes of mountain building, such as the young mountain ranges of the
Tibetan plateau (Blothe et al., 2015; Burbank et al., 1996; Hodges, 2000; Larsen & Montgomery, 2012; Ouimet
et al., 2009), as opposed to older undulating hills of the Appalachian range (Hibbard, 2000). Over geological
timescales, fluvial erosion gradually wears down uplifted topography below the angle of repose, leading to the
formation of concave valleys (G. E. Tucker & Bras, 1998; Fernandes & Dietrich, 1997; Rodriguez-Iturbe &
Rinaldo, 2001; Bonetti & Porporato, 2017; Seybold et al., 2021). In environments conducive to glacial and
fluvial erosion, igneous rocks, which are less susceptible to surface erosion, exhibit greater resilience in maintain-
ing threshold hillslopes when compared to weaker sedimentary rocks (Zondervan et al., 2020). Stratovolcanoes
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Google Earth

Figure 1. Example of landscapes with threshold hillslopes. (a) Conically shaped Mount Fuji (35°21'42"N, 138°43'39"E) in
Japan, with a summit height of around 3,700 m. (b) Marettimo Island (37°58'15"N, 12°03'25"E) in the Egadi Archipelago,
Italy, with a summit height of around 700 m. Data Source: Google Earth.

are prime examples of threshold-hillslope terrains characterized by nearly symmetrical hillslopes surrounding
a crater. These hillslopes are bound by a consistent threshold angle over a range of spatial scales until a high
contributing area facilitates sediment erosion through surface runoff (Oguchi & Oguchi, 2010).

Numerous mathematical models have been developed to simulate the intricate dynamics of mass wasting
processes. Some have primarily focused on assessing slope stability and predicting landslide occurrences within
landscapes (Claessens et al., 2007; Montgomery & Dietrich, 1994). Other models have delved into studying the
propagation of debris fronts by utilizing granular and fluid mechanics to examine slope failure events (Ghilardi
et al., 2001; Hutter et al., 1994; Iverson & George, 2014). Furthermore, numerical models have been developed
to explore topographic evolution under diverse conditions, including the incorporation of stochastic forcing or
threshold angles to analyze denudation rates and landscape-scale responses to tectonic or hydroclimatic influ-
ences (Hergarten & Neugebauer, 1998; G. E. Tucker & Bras, 1998; Roering et al., 1999; Campforts et al., 2017).
While these studies have significantly contributed to our understanding of different slope failure-induced land-
slide erosion features, the dynamic equilibrium problem of the threshold-hillslope organization remains open.

This study demonstrates that the eikonal equation, previously used for small-scale table top experiments
(Al-Hashemi & Al-Amoudi, 2018; Nadai, 1954; Pauli & Gioia, 2007), can accurately simulate the organization
of large-scale natural landscapes featuring threshold hillslopes. We derive the eikonal equation (refer to Appen-
dix A for details) as a minimal form of a widely used landscape evolution model (Anand, Bonetti, Camporeale,
& Porporato, 2022; Bonetti et al., 2020; Braun & Willett, 2013; Howard, 1994; Izumi & Parker, 1995; Perron
et al., 2009), by decoupling sediment and water dynamics, that is, no fluvial erosion, along with the negligible
soil diffusion. As a result, the equation and the boundary condition read
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[Vz| = O, (1
z(x,y) =2z, at (x,y) € B, 2)

where O is the threshold angle at the verge of failure for the landscape elevation z(x, y) bounded by the down-
stream boundary /3 at elevation z,. Conceptually, the threshold angle ® employed here differs from the critical
gradient S, used in non-linear diffusion models for hillslope processes (Andrews & Bucknam, 1987; Roering
et al., 1999), as S, cannot be observed in the field due to the infinite sediment flux when the surface slope
approaches ..

Our findings demonstrate that the generated “eikonal landscapes” accurately replicate various natural terrains,
ranging from small mountainous islands to a stratovolcano and an extensive mountain range. This is the first
direct comparison between model-generated topographies featuring threshold hillslopes and real-world land-
scapes, encompassing diverse characteristics such as size, underlying geologic setting, and prevailing hydrocli-
matic condition.

2. Eikonal Landscapes

To evaluate the predictions of the threshold hillslope organization based on eikonal landscapes, we examine their
applicability in four distinct natural terrains across the globe. Our case studies encompass two Mediterranean
islands and two inland mountain regions: (a) Marettimo Island in the west of Sicily, Italy, covering an area of
approximately 15 km?; (b) Gyaros Island situated in the southeast of the mainland Greece, spanning around
21 km?; (c) a region encompassing about 35 km? around the primary crater of Mount Fuji, Japan's highest stra-
tovolcanic peak; and (d) an expansive Zanskar Mountain Range of approximately 122 km? within the Ladakh
plateau of India, positioned in the rain shadow of the Great Himalayan range. We utilized ASTER DEM Version
3 (Abrams et al., 2020; Spacesystems & Team, 2019) to obtain elevation data for these case studies.

2.1. Islands

We begin the analysis by considering the topography of Marettimo, a small island characterized by an average
slope of approximately 29°. The boundary 3 of the eikonal model is defined by the mean sea level, represented
as z, = 0 m (Figure 2a). To compare the actual topography of Marettimo Island with the eikonal model solution,
we solve Equation 1 using the prescribed boundary condition and ® = 29°. As depicted in Figure 2c, the obtained
eikonal topography captures the primary ridge line and the overall organization of near-planar hillslopes on
Marettimo Island.

While the mean sea level serves as the downstream boundary for the island of Marettimo, determining the spatial
extent to which slope failure is the primary landscape-formation mechanism is essential for the accurate eikonal
reconstruction of other islands and inland mountain ranges. By plotting the average topographic slope against the
specific contributing area, we were able to resolve the spatial scales up to which slope failure triggers debris flow
(Booth et al., 2013; Brardinoni & Hassan, 2006; Montgomery & Foufoula-Georgiou, 1993; Roering et al., 2007,
Singh et al., 2015; Stock & Dietrich, 2003). This analysis enabled us to distinguish between landscapes predomi-
nantly shaped by threshold hillslopes and extract the contour boundary /3 for eikonal reconstruction (see Figures
S1 and S2 and the discussion in Supporting Information S1).

We extend our analysis to include Gyaros Island, an uninhabited landmass spanning approximately 21 km?,
characterized by an arid environment and covered uniformly with numerous shrubs (Vardinoyannis et al., 2015).
The slope-area analysis for the island (see Figure S1b in Supporting Information S1) reveals the presence of
two dominant regimes of sediment transport, namely a debris-dominated regime at small spatial scales and the
fluvial erosion regime at large spatial scales. In Figure 2b, the red contour curve (z, = 125 m) demarcates the
debris-dominated steep topography, which has an average slope of 26°, and the downstream fluvially-lowered
topography of the island (Tarboton et al., 1991; G. Tucker & Whipple, 2002; Singh et al., 2015). Additionally,
the blue curve signifies the mean sea level in Figures 2b and 2d. By employing the red contour curve as the
boundary condition, we construct an eikonal topography that conforms well with the topographic data obtained
from the debris-dominated region of Gyaros Island. Figure 2d presents the elevation field ranging from 125 to
484 m in the actual terrain, while the reproduced eikonal topography extends from 125 to 527 m. To validate these
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Figure 2. Eikonal landscapes reproduce two Mediterranean islands, namely (a, ¢) Marettimo and (b,d) Gyaros. (a, b) The red
curves are the downstream boundary conditions employed in the eikonal reconstruction for Marettimo Island (z, = 0 m a.s.l.)
and Gyaros Island (z, = 125 m a.s.L.). Gyaros Island's (red) boundary separates the upstream debris-dominated landscape
from the downstream fluvial regime, ending at sea level (blue curve). The boxes show the islands' geographic locations. (c, d)
Comparison between natural and eikonal landscapes for (c) Marettimo Island and (d) Gyaros Island. (e) Hypsometric curves
for both the landscape data (solid) and the model topographies (dashed).

visual observations for both Marettimo and Gyaros, we compare the hypsometric plots of the normalized height
(Keylock et al., 2020; Ohmori, 1993; Strahler, 1952) derived from the data with the model-generated counterpart
(Figure 2e), demonstrating a good agreement.

2.2. Inland Volcano and Mountain Range

We investigate the suitability of the eikonal model in reproducing nearly planar hillslope configurations in two
distinct inland mountain ranges. The first geological case study focuses on Mount Fuji, known for its near-conical
shape and basalt-rich composition (Oguchi & Oguchi, 2010). The second case pertains to an arid mountain in
the Zanskar range, part of the Tethys Himalaya, located in southern Ladakh, India. This mountain comprises
a weakly metamorphosed sedimentary series (Dezes, 1999). Both landscapes exhibit consistently steep aver-
age topographic slopes, measuring 27° for Mount Fuji and 32° for Zanskar Mountain. Similar to the technique
employed for Gyaros Island, we establish a contour level at the base of the hillslopes, encompassing landscapes
primarily shaped by the debris-flow mechanism in these two geological settings (see Figures S1 and S2 in
Supporting Information S1).

Figures 3a and 3b provide compelling visual evidence of a good match between the eikonal model solutions that
build landscapes by arranging constant-slope hillslopes and the topographic data for two considered landscapes
of Mount Fuji and the Zanskar Mountain. Removing the area of the main crater of Mount Fuji, the eikonal topog-
raphy also rises close to 3,757 m in a near-conical fashion. Figure 3b shows that the model provides a reasonable
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Figure 3. Comparison of natural and eikonal landscapes for (a) Mount Fuji (~35 km?) in Japan and (b) the arid Zanskar
Range (~122 km?) in the Tethys Himalaya (India). The star symbol in (a) designates the secondary crater formed during
the early 18th-century eruption. (c) The hypsometric curves for the landscape data (solid) and the eikonal model solutions
(dashed).

spatial arrangement of hillslopes in the Zanskar Range, where the main ridgeline rises up to 6,083 m compared
to the digital elevation model (DEM) value of 6,102 m. The visual confirmation of the eikonal model capturing
well natural topographies is validated in Figure 3d by comparing the hypsometric curves of the topographic data
and model reconstructions.

2.3. Local Defects and Smoothing

As shown in Figures 2 and 3, we have constructed eikonal landscapes for both the island and inland topographies
by using a uniform threshold for hillslope stability across the entire landscape and assuming minimal influence of
other surface processes at the considered scale of the landscape. While the idealized eikonal topography can be
readily updated to account for spatial variations in threshold values based on variable rock strength or subsurface
conditions in Equation 1, comparing it to natural topography provides valuable insights into the spatial heteroge-
neities that exist in real-world landscapes.

Figure 4 presents the polar distribution of the hillslope aspect for the four landscapes under consideration
(solid) alongside their corresponding eikonal reconstructions (dashed), with 90° representing the north direc-
tion. The results demonstrate good agreement between the aspect distribution of the actual data and the eikonal
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Figure 4. Hillslope aspect distributions for (a) Mount Fuji, (b) Zanskar Mountain, (c) Marettimo Island, and (d) Gyaros Island. Aspect angles are assigned in eight
directions from 0° to 315°. Solid/dashed curves indicate the polar histogram for the actual data/the eikonal reconstruction. In each panel, color plots for hillslope aspects
are presented with the data on the left and the model reconstructions on the right.

reconstruction across different landscapes. At the same time, some regions can be identified with differences
between the model and actual data. To illustrate this, we consider the well-documented case of the secondary
crater on Mount Fuji, highlighted in Figure 3a. This secondary crater was formed during an eruption in the early
18th century (Oguchi & Oguchi, 2010), but it is notably absent in the eikonal reconstruction. As a result, the
eikonal model overestimates the south-facing slopes, as seen in Figure 4a.

In Figure 5, we compute the difference between actual elevation and eikonal elevation, which we refer to as
residual topography, and examine its spatial patterns for both Gyaros Island and Mount Fuji. This analysis of
residual topography is similar to the excess topography metric presented by Blothe et al. (2015). In their work,
the authors studied the rock volume above threshold hillslope angles in the Himalaya-Karakoram ranges of Asia.
Following the same phrasing, we categorize areas with positive residual topography as excess topography for our
model and regions with negative residual as reduced topography. We have identified three primary regions 1, 2,

=pr > 100 =pr > 150
8 8
&[t 60 2
£ E[[ 50
Z[20 2
g gl —100
0] 80
8| | —40 §
o
F I —200
s -75 E
he] h~]

2
& < -120 el < 300

Figure 5. Residual topography for (a) Gyaros Island and (b) Mount Fuji. In (a), regions 1, 2, and 3 highlight areas with reduced topography, while regions 4, 5, and 6
indicate areas with excess topography at ® = 26°. In (b), regions 1 and 2 represent reduced and excess topography, respectively, at a threshold angle of ® = 27°.
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and 3, where most of the reduced topography exists for Gyaros Island, comprising approximately 7.4% of the total
debris-dominated area and a removed volume of around 88 million cubic meters for threshold angle ® = 26°.
Regions 4, 5, and 6, covering around 2.7% of the total area, contain approximately 24 million cubic meters of
excess volume for Gyaros Island.

Similarly, we identify regions 1 and 2 as prominent reduced and excess topography areas in Mount Fuji, account-
ing for 5.1% and 2.6% of the total debris-dominated area around the main crater. Region 1 is at a mean elevation
of approximately 2,935 m, situated on the collapsed portion of the hillslope around the secondary crater in the
southeast part of Mount Fuji, where the reduced volume is estimated to be around 460 million cubic meters. On
the other hand, region 2 is located south of the volcano's main crater at an average height of 3,466 m, containing
approximately 116 million cubic meters of excess volume for ® = 27°. These results show that although the
simple eikonal model captures the threshold hillslope organization well on the landscape scale, local depar-
tures of the idealized model output from topographic data can be leveraged to uncover spatial heterogeneities in
real-world terrains.

Another crucial point to note is the presence of sharp ridges and hilltops in eikonal topographies. In contrast,
natural ridges and hilltops present smoother crests and ridges (e.g., Figures 2c and 2d), since soil creep (i.e.,
diffusion) contributes to smooth the high-frequency components of topographic relief with age (Davis, 1892;
Fernandes & Dietrich, 1997; G. E. Tucker & Bras, 1998; Bonetti & Porporato, 2017; Anand & Porporato, 2022).
This was also observed in sand-pile experiments (Pauli & Gioia, 2007), implying that, while the eikonal topog-
raphies capture the overall configuration of threshold hillslopes, soil diffusion remains crucial for dissipating
the sharp ridges and hilltops formed by competing planar hillslopes. This localized diffusion mechanism also
occurs on the ridges of fluvial landscapes under intense channelization conditions, where diffusion acts locally
to dissipate abrupt changes in the surface slope (Porporato, 2022). Similar localized dissipation mechanisms are
responsible for dissipating sharp fronts or shocks in weak solutions of the Euler model and wave propagation (Bec
& Khanin, 2007; Kluwick, 2018).

3. Discussion and Conclusions

The eikonal model has a rich history in physics, mathematics, and engineering, including applications in geomet-
ric optics (Bruns, 1895), electromagnetism (Masoliver & Ros, 2009; Rukhadze & Silin, 1964), soft matter
(Nechaev & Polovnikov, 2017), thin films (Ortiz & Gioia, 1994), mathematical analysis (Achdou et al., 2013;
Crandall & Lions, 1983), image processing (Adalsteinsson & Sethian, 1995), robotics (Petres et al., 2007), and
semiconductor manufacturing (Sethian & Adalsteinsson, 1997). However, its use in geoscience has been limited,
except for applications in seismology (Lambare et al., 2003; Lawton, 1989). In geomorphology, it has been
recently employed for modeling coastal depositional morphology reconstruction of debris and alluvial fans (Ke
& Capart, 2015; T.-Y. Chen et al., 2022; T.-Y. K. Chen & Capart, 2022).

Similar to the eikonal model, there are several studies using geometric constraints on surface slopes for delta
shoreline evolution (Kim & Muto, 2007; Lorenzo-Trueba & Voller, 2010; Lorenzo-Trueba et al., 2012; Swenson
et al., 2000). Other variations include using the Hamilton—Jacobi equation (the eikonal equation is a static
Hamilton—Jacobi equation) to model fluvial knickpoint propagation (Luke, 1972, 1974; Weissel & Seidl, 1998),
the evolution of 1D vertical incision fronts (Aronsson & Linde, 1982) and surface transects along stream profiles
(Stark & Stark, 2022). Other than the related concept of excess topography (Blothe et al., 2015), this work
presents a novel application of the eikonal equation to characterize landscapes dominated by threshold hillslopes.

The uniqueness of the eikonal model lies in its simplified form of a nonlinear differential equation, capable of
generating distinct constant-slope hillslope configurations based exclusively on the complexity of the domain
boundary (Figure S3 in Supporting Information S1). In any mathematical model, describing a system's phys-
ics involves both governing equations and boundary conditions (Anand, Bonetti, Camporeale, Hooshyar, &
Porporato, 2022; Bursten, 2021). When studying pattern formation, the emphasis is typically placed on govern-
ing equations rather than boundary conditions. For example, numerous studies on landscape evolution modeling
assume simplified representations of boundary conditions (Anand, Bonetti, Camporeale, & Porporato, 2022;
Bonetti et al., 2020; Perron et al., 2009; G. Tucker & Whipple, 2002) to disentangle the complex nonlinear inter-
actions within the governing equations from the external constraints imposed by realistic boundary conditions.
Our proposed eikonal approach exemplifies a reversal in the apparent roles of governing equations and boundary
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conditions, as it is the information propagated by the intricate downstream boundary that gives rise to various
spatial configurations of planar hillslopes.

A major advantage of the eikonal model is its ability to recreate threshold hillslope topography only using the
boundary determined on the slope-area relation of natural terrain. This low-input requirement makes the model
a powerful tool, especially in situations with limited information or uncertainties in parameter estimations of
complex models for the time and space scales relevant to landscape evolution. Additionally, the time complexity
of constructing an eikonal landscape exhibits a linear relationship with the number of nodes within the domain,
resulting in remarkable efficiency. The computational cost of an eikonal landscape is comparable to a single
time-step update of the fluvial erosion term in efficient landscape evolution simulations (Anand et al., 2020;
Barnes, 2019; Braun & Willett, 2013). The elevation reconstruction at a specific point relies solely on the shortest
distance between that point and the boundary (Pauli & Gioia, 2007), irrespective of its absolute spatial position,
showcasing the model's adaptability to any discrete mesh configuration.

Our study demonstrates how the eikonal model accurately reproduces topographies dominated by threshold
hillslopes across diverse geological and hydroclimatic settings. This result is particularly notable, consider-
ing the inherent heterogeneity and complexity observed at the long timescale of landscape formation. Distinct
eikonal reconstructions provide insights into the pivotal role of the downstream boundary in shaping the thresh-
old hillslope arrangement as uplifted landscapes strive for dynamic equilibrium. Irrespective of the downstream
boundary complexity, eikonal landscapes consistently depict visibly smooth valleys without extensive branching,
aligning with our observations (Figure 1) and previous field-study findings (Stock & Dietrich, 2003). While more
elaborate models that incorporate numerous parameters and detailed information on local climate, lithology, and
hydrology are valuable for understanding the short-term response of near-planar hillslopes, our findings under-
score the relevance of the simple yet effective eikonal model in unraveling the organization of such terrains that
have had sufficient time to adapt to prevailing conditions.

Appendix A: Eikonal Model as the Limiting Case of Landscape Evolution Models

The minimalist landscape evolution model is a system of coupled nonlinear partial differential equations for the
water and sediment balance (Bonetti et al., 2020). The sediment balance describes the surface elevation dynamics
z(x, ¥) as controlled by uplift, soil creep, and fluvial erosion, which couples the sediment and water dynamics.
Here we show that the eikonal equation can be derived as a limiting case of the sediment balance by considering
negligible soil creep and decoupling the erosion term from the water continuity equation. At a quasi-steady state,
the sediment balance can be written as

U + DV?z — Kd"|Vz|" =0, (AD)

where U is the uplift rate, which is modeled as a constant source term; DV?z is a linear diffusion term represent-
ing soil creep; and Ka™Vzl" is detachment-limited fluvial erosion, where m and n are model exponents. a is the
specific contributing area that couples the sediment balance to the water balance through the exponent m (Anand,
Bonetti, Camporeale, & Porporato, 2022; Bonetti et al., 2020; Royden & Taylor Perron, 2013).

When surface erosion is controlled by landslides and debris flow rather than water runoff, the landscape morpho-
logical signature shows an almost constant slope that does not depend on the specific contributing area (regime II
of Figure Sla in Supporting Information S1). Namely, the sediment and water equations are decoupled (i ~ 0).
For negligible soil diffusion, D — 0, Equation A1 reduces to the eikonal equation as

|Vz] = @, (A2)

with ® = (U/K)""" becomes a constant threshold parameter for the model.

Equation A2 provides a solution for arbitrary domain shape, bounded by the downstream boundary /3. By solving
the first-order differential Equation A2 within a closed boundary, we consider landscape formation under the
conditions of vanishing soil diffusion at the landscape scale. Specifically, the effect of soil diffusion becomes
localized, dissipating topographic singularities and sharp changes in the surface gradient inside the domain, such
as ridges or hilltops that arise from the convergence of competing threshold hillslopes. The vanishing diffusion
formulation of the eikonal model shares similarities with surface growth models (Kardar et al., 1986; Qi &
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Wang, 2001), fluvial landscape model of evolution (Hooshyar et al., 2020; Porporato, 2022), and the Euler model
in fluid dynamics (Bec & Khanin, 2007; Whitham, 2011), where diffusive mechanisms are responsible for dissi-
pating sharp fronts in weak solutions.
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The Python code developed for the eikonal simulations is available at Anand (2023).
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