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Abstract

In this thesis, we present the notion of semiseparable functor, introduced and investi-
gated in [4], and its main properties that extend known results for separable and naturally
full functors. We have defined a functor to be semiseparable by requiring a (von Neumann)
regularity condition on its associated natural transformation on the hom-set components.
A separable functor is faithful and a naturally full functor is full: semiseparability allows
to reverse these implications and to treat separable and naturally full functors in a uni-
fied way. A suitable idempotent natural transformation and a canonical factorization can
be attached to any semiseparable functor. We provide characterizations of semiseparibil-
ity for functors that are part of an adjunction, focusing mainly on functors attached to
morphisms of rings and coalgebras, comodule categories over corings, and bimodules.

We deal with semiseparable functors in the context of Eilenberg-Moore categories and
idempotent complete categories, as investigated in [5]. We present the notions of coreflec-
tions up to retracts (reflections up to retracts, respectively), i.e. functors whose idempotent
completion admits a fully faithful left (resp., right) adjoint, and bireflections up to retracts,
a stronger notion involving both a left and right adjoint. We discuss semiseparability with
respect to these functors. One of the main results we have proved in this setting is that a
right (resp., left) adjoint functor is semiseparable if, and only if, the associated (co)monad
is (co)separable and the (co)comparison functor is a bireflection up to retracts, recovering
known results in the separable case. We then consider the context of pre-triangulated
categories, providing conditions for the Eilenberg-Moore category of (co)modules and for
the Kleisli category of free modules to inherit the pre-triangulation from the base category
by means of semiseparability.

Another aim of this thesis is to show how several properties of functors, such as faithful-
ness, (natural) fullness, (semi)separability, can be formulated for a semifunctor, as studied
n [21]. We present the notion of semifullness, semifull faithfulness and natural semifull-
ness for semifunctors. We characterize these properties for semifunctors that are part of
a semiadjunction, in terms of “semisplitting” conditions for the unit and counit, and we
give examples of semifunctors studied with respect to these notions.

The results presented in this thesis have been investigated mainly in [4], [5], [21]. We
provide some other original results and we start exploring some variations of semisepara-
bility, that we plan to develop in future works.

Keywords. Separability; semiseparable functor; (co)reflection; Eilenberg-Moore cate-
gories; idempotent completion; semifull semifunctor; coring; (co)module categories.
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Introduction

The notion of separability recurs in several topics in Algebra, Number Theory and
Algebraic Geometry, for instance in classical Galois theory, ramification theory, Azumaya
algebras, and Hochschild cohomology. The categorical notion of separable functor has
been introduced by C. Nastdasescu, M. Van den Bergh and F. Van Oystaeyen in [72],
where applications in the framework of group-graded rings have been considered. This
notion allows to reinterpret categorically the theory of separable ring extensions, and of
separable algebras. The motivating example which led to the definition of separable functor
is provided by the fact that the restriction of scalars functor, attached to a ring morphism
R — S, results to be separable if, and only if, the ring extension S/R is separable in the
classical sense [72], i.e., the multiplication mg : S®gS — S, s®@r s’ — ss', splits as an S-
bimodule map. Among their main properties, separable functors reflect split epimorphisms
and split monomorphisms, satisfying a functorial version of “Maschke Theorem” (see [72,
Proposition 1.2]), and this is one of the reasons for the relevant interest on this notion
in the framework of module categories. Another central result is the so-called “Rafael
Theorem” [78, Theorem 1.2], which provides a characterization of separability for functors
that are part of an adjunction in terms of splitting properties of the (co)unit. Separable
functors have then been extensively studied, for instance in the context of coalgebras [29],
graded homomorphims of rings [30], comodule categories over corings [23], [42], Doi-Hopf
modules [27], bimodules [78], expanding the original study of the separability for the
induction and restriction of scalars functors associated to a ring homomorphism. Several
results and applications of separable functors are illustrated e.g. in [28]. Interestingly,
separable functors play a significant role in the context of Eilenberg-Moore categories.
In [22] the notion of (co)separable (co)algebra was extended to the one of (co)separable
(co)monad on a category C (that is, a (co)algebra in the monoidal category of endofunctors
on C). The (co)separability of a (co)monad is in fact equivalent to the separability of the
forgetful functor attached to the Eilenberg-Moore category of (co)modules over the given
(co)monad [I7, 2.9]. Moreover, the separability of any right (resp., left) adjoint functor
entails the separability of the (co)monad associated to the adjunction [3I, Lemma 3.1],
and under an idempotent completeness condition, a separable right (resp., left) adjoint
functor is always monadic (resp., comonadic), see [64, Proposition 3.16], [31, Corollary
3.6].

Several variations of the notion of separable functor have then been investigated in the
literature, among all we mention separable functors of the second kind [26], naturally full
functors [7], relative separable functors [3], and heavily separable functors [I1]. In [78] the
original definition of separable functor has been restated as follows: a functor F': C — D
is said to be separable if, and only if, the natural transformation

F :Home(—,—) - Homp(F—, F—), [f: X —=Y]|— Fxy(f)=FF, (0.1)

has a left inverse, i.e., there is a natural transformation P : Homp(F'—, F—) — Home¢(—, —)

iii
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such that Pxy o Fxy = Idgom.(x,y), for all X, Y in C. Since an injective map between
sets has a left inverse, then a functor is faithful if every component Fx y has a left inverse,
and it is separable if this left inverse can be chosen to be natural in X and Y. Thus,
as observed in [28], separable functors could also be named “naturally faithful” functors.
Naturally full functors, introduced in [7], arise as a dual version of separable functors, by
requiring F to have a right inverse. Clearly, a functor is fully faithful if, and only if, it is
both separable and naturally full.

By definition any separable functor is faithful, while any naturally full functor is full.
A natural question one can ask is when a faithful functor is separable and when a full
functor is naturally full. In [4] we have introduced the notion of semiseparable functor
that allows to reverse the latter implications and to treat separability and natural fullness
in a unified way. In this thesis, we present the results concerning semiseparable functors
and their applications, investigated mainly in [4] and [5]. In particular, in [5] we have
defined a functor to be a coreflection up to retracts (resp., reflection up to retracts), if its
idempotent completion admits a fully faithful left (resp., right) adjoint. We have studied
semiseparability with respect to these functors, showing that a semiseparable (co)reflection
up to retracts gives actually rise to a stronger notion, that we have called bireflection up to
retracts, involving both a left and right adjoint. One of the main result we have proved in
this setting is an extension of the aforementioned properties holding in the separable case
[31]: explicitly, a right (left) adjoint functor is semiseparable if, and only if, the associated
(co)monad is (co)separable and the (co)comparison functor is a bireflection up to retracts.
As a consequence, given an adjunction, the semiseparability of the right adjoint provides an
equivalence after idempotent completion between the Kleisli category of free modules over
the associated monad and the Eilenberg-Moore category of modules over that monad.
Moreover, semiseparability has found an application in the context of pre-triangulated
categories. Indeed, we have obtained a semi-analogue of [12, Theorem 4.1] for separable
functors, providing conditions for the Filenberg-Moore category of modules to inherit the
pre-triangulation from the base category. Dealing with idempotent complete categories, i.e.
categories where all idempotents split, we came across the notion of semifunctor, defined
as a functor that does not necessarily preserve identities. This has led us to wonder how
fullness, full faithfulness, (semi)separability and natural fullness, can be formulated for
semifunctors. Since a full semifunctor reveals to be actually a functor, we have investigated
in [21] a notion of semifullness (and then, semifull faithfulness and natural semifullness) for
semifunctors. Another aim of this thesis is to present these semifunctorial properties and
their characterizations for semifunctors that are part of a semiadjunction, and in view of
them, we are able to revise some results shown in [5]. Finally, as in the separable case, we
exhibit some new variations of the notion of semiseparable functor, planning to continue
investigating them in future works.

We now describe the main results shown in this thesis.
Semiseparable functors

We have defined a functor F': C — D to be semiseparable [4] by requiring the natural
transformation F in (0.1) to be a regular natural transformation, i.e., by requiring F to
admit a natural transformation P : Homp(F—, FF—) — Hom¢(—, —) such that

FoPoF=F.

This condition is an analogue of the one defining a von Neumann regular element of a
unital ring. Separable and naturally full functors are instances of semiseparable functors



and, if we add to a semiseparable functor either the assumption of faithfulness or fullness,
we retrieve the notions of separable or naturally full functor, respectively (Proposition.
The first difference we note, with respect to the separable and naturally full cases, is that
semiseparable functors are not closed under composition (see Example . Nevertheless,
the closeness is available in some cases (Lemma: for instance, given functors ¥ : C — D
and G : D — €&, if either F is semiseparable and G is separable, or F' is naturally full and
G is semiseparable, then the composite G o F': C — £ is semiseparable.

To any semiseparable functor F' : C — D it is possible to attach, in a unique way, a
suitable idempotent natural transformation e : Id¢ — Ide (see Proposition , which
is trivial only in case F' is separable (Corollary . The existence of the associated
idempotent allows to describe separable functors in terms of reflectivity conditions. As
we have mentioned, separable functors satisfy a functorial version of “Maschke Theorem”,
and any separable functor is Maschke, dual Maschke or conservative, i.e., they reflect
split-monomorphisms, split-epimorphisms, isomorphisms, respectively. If we assume the
semiseparability condition on the functor, then through its associated idempotent e we
show that the reverse implications hold (Corollary . There are further situations in
which the notion of semiseparable functor collapses into the one of separable functor. For
example, this is the case when we consider a functor between categories with (co)equalizers
that reflects (co)equalizers, or when there exists a suitable type of generator within the
source category of a functor, e.g. when the category is constant generated (Proposition
, as it happens for the category Set of sets, for the category Top of topological spaces,
etc.

To the idempotent e associated with a semiseparable functor one can attach a suitable
quotient category C. of C, the so-called “coidentifier” [39]. Via this category we have ob-
tained a canonical factorization for any semiseparable functor. Namely, any semiseparable
functor F' : C — D factors as the naturally full quotient functor H : C — C. followed by
a unique separable functor F, : Cc — D (Theorem . As a consequence, a functor is
semiseparable if, and only if, it factors as a naturally full functor followed by a separable

one (Corollary [2.35)).

Next, we look at functors which have an adjoint. We prove a “Rafael-type Theorem”
(Theorem for semiseparable functors: explicilty, a functor which has a right (resp.,
left) adjoint is semiseparable if, and only if, the (co)unit of the adjunction is regular as
a natural transformation. It is well-known that in an adjoint triple F' 4 G 4 H, the
functor F' is fully faithful if, and only if, so is H. As a consequence of the Rafael-type
Theorem, in Proposition [2.41] we show that a similar behavior holds for semiseparability,
as well. We recall that a functor is Frobenius if there is a functor which is both its left and
right adjoint. Then, the Rafael-type Theorem can be further specified for semiseparable
Frobenius functors as in Theorem [2.42] As already announced, semiseparability applies
in the context of Eilenberg-Moore categories. In fact, in Lemma we show that the
semiseparability of the right (left) adjoint is sufficient to obtain the (co)separability of
the associated (co)monad, and our main result here is Theorem stating that, given
an adjunction ¥ 4 G : D — C, the right adjoint G is semiseparable if, and only if, the
monad GF is separable and the comparison functor Kqgp : D — Cgp is naturally full,
where Cqp is the Eilenberg-Moore category of modules over GF. We recover stronger
characterizations for separable, naturally full and fully faithful functors.

Functors admitting a fully faithful right (resp., left) adjoint are known as (co)reflections,
cf. [16]. In particular, functors admitting a fully faithful left and right adjoint equal and
satisfying a coherence condition relating the unit and counit of the two adjunctions, are
called bireflections, cf. [39]. We show that the semiseparability condition on a (co)reflection
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enforces the functor to be a bireflection (Proposition and in Corollarywe actually
prove that a (co)reflection is semiseparable if, and only if, it is naturally full if, and only if,
it is Frobenius if, and only if, it is a bireflection. However, there exist (co)reflections which
are not semiseparable (see e.g. Example . Moreover, we observe that the monad
associated to a semiseparable reflection is a Frobenius monad.

In Proposition [2.69| we find that, given a category C and an idempotent natural trans-
formation e : Id¢ — Ide, the quotient functor H : C — C, is a bireflection if, and only if, e
splits (e.g. if C is idempotent complete). As a consequence, in Corollary we show that
a factorization of a semiseparable functor as a bireflection followed by a separable functor
is available if, and only if, the associated idempotent natural transformation e splits, and
that such a factorization amounts to the canonical one given by the coidentifier category.

It is then natural to test the notion of semiseparability on functors traditionally con-
nected with the study of separability. First, we look at the adjunction which motivated
the notion of separable functor, i.e., the restriction of scalars functor ¢, : gM — pM,
the extension of scalars functor p* = S ®p (=) : gRM — gM and the coinduction functor
@' = RHom(S, —) : pM — g M associated to a ring morphism ¢ : R — S, which form an
adjoint triple p* 4 ¢, 4 ¢' between module categories. The semiseparability of ¢, reduces
into its separability as it is faithful, while the semiseparability of ¢* is equivalent to the
one of ¢', and it can be characterized either in terms of the regularity of ¢ as a morphism
of R-bimodules (Proposition , or in terms of the existence of a suitable central idem-
potent element in R (Proposition [3.8]). Since ¢* preserves free modules, it induces what
we call the free induction functor S ®p (=) : RMfs — g My between the categories of free
left modules (which are not idempotent complete) and, assuming that S # 0 is free as a
left R-module, it results to be semiseparable if, and only if, it is separable (Proposition
3.11)).

As a new study of this thesis (not considered in [4], [5]), inspired by [18] we look at
categories of (left) firm modules g M over a possibly non-unital ring R. The notion of
firm module goes back to D. Quillen [77] and it allows to develop a module theory over
non-unital rings. In Proposition [3.17] we show an extension of Proposition [3.1] to the case
of functors between these categories, where R is a firm ring and S is an arbitrary ring.
Moreover, we show that a result similar to [78, Proposition 2.2] holds with respect to the
(semi)separability of a right adjoint functor, whose source category is a full subcategory of
rM containing the firm ring R, that can be described by the regularity of the R-component
of the counit as a morphism of R-bimodules (Proposition .

Then, we study the semiseparability of the corestriction of coscalars functor . :
ME — MP, and the coinduction functor ¢* := (=)dpC : MP — MY, attached
to a coalgebra map ¥ : C — D (Proposition , and in Proposition as an-
other new example discussed in this thesis, we characterize the semiseparability of the
coinduction functor attached to a coring morphism, generalizing the one for coalgebras.
Turning our attention to the induction functor (=) ®z C : Mp — MC, attached to an
R-coring C, in Theorem we show that the latter is semiseparable (this is equiva-
lent to say that C is a semicosplit coring) if, and only if, the coring counit e¢ : C — R
is a regular morphism of R-bimodules. Next, given an (R, S)-bimodule M, we consider
the coinduction functor o, := Homg(M,—) : Mg — Mp together with its left adjoint
oc*:=(=)®r M : M — Mg. We give a semiseparable version of M -separability over R
for the ring S [83]. In Theorem we show that the semiseparability of o, is equivalent
both to the M -semiseparability of S over R, and to a regularity of the evaluation map
plus a mild condition, which is redundant when M is projective as a right S-module. In
Corollary [3.34] we prove that S is M-separable over R if, and only if, S is M-semiseparable
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over R and M is a generator in Mg. In Example we see an instance where S is M-
semiseparable but not M-separable over R. If we add the assumption that M is finitely
generated and projective as a right S-module, further characterizations of the semisepara-
bility of o, and ¢* can be provided in Proposition and Proposition respectively.
In Proposition Corollary and Proposition we explicitly exhibit the factor-
ization of functors ¢*, (—) ®r C, and o, as a bireflection followed by a separable functor
since their source categories are idempotent complete.

Before discussing semiseparability with respect to what we have called conditions up
to retracts, let us review some results on semifunctors.

The role of semifunctors

The notion of semifunctor between categories, defined as a functor that does not need
to preserve identities, appeared in [38] under the name of weak functor, and was investi-
gated by S. Hayashi in [46], in order to develop a categorical semantics for non-extensional
typed lambda calculus. Then, proper notions of semiadjunction and seminatural transfor-
mation [52] have been considered. Explicitly, a natural transformation a : F' — F’ between
semifunctors F, F’ : C — D is defined as a natural transformation between functors; if in
addition ax o Fldx = ax holds true for every object X in C, then « is a seminatural
transformation. Moreover, if there exists a natural transformation 8 : F' — F such that
BoF'Id = 3, ao3 = F'Id and Boa = FId, then « is said to be a natural semi-isomorphism.

Given a semifunctor F' : C — D and its associated natural transformation F given as
in (0.1)), then (as in the functor case) F' can be defined to be a faithful (vesp., full, fully
faithful) semifunctor by requiring that Fxy is injective (resp., surjective, bijective) for
every pair of objects X,Y € C. Noting that a full semifunctor is actually a functor, and
motivated by the behavior of an endosemifunctor on Set (Example [4.57)), in [2I] we have
introduced a weaker notion of fullness for semifunctors that we have called semifullness:
a semifunctor F' : C — D is semifull if for any morphism f : FX — FY in D there exists
a morphism ¢g : X — Y in C such that

F(g) = Fldy o f o Fldx.

We have then defined a semifunctor to be semifully faithful if it is faithful and semifull.
In order to show that the semifull and semifully faithful conditions can be derived from
requirements on the natural transformation F associated with a semifunctor, we look
at particular “semisplitting” properties for seminatural transformations, i.e. at natural
semisplit-mono and natural semisplit-epi seminatural transformations, investigating the
corresponding semisplitting properties for morphisms whose source or target is the image
of a semifunctor, cf. Section In particular, in Corollary we obtain that, given a
semiadjunction F' - G : D — C with unit n and counit ¢, then F' (resp., G) is semifully
faithful if, and only if, n (resp., €) is a natural semi-isomorphism.

It is clear that the natural fullness condition (which implies fullness) on a semifunctor
reduces to the naturally full functor case. Thus, we have investigated a notion of natural
semifullness for semifunctors. We have called a semifunctor F : C — D naturally semifull
if there is a natural transformation P : Homp(F—, F'—) — Hom¢(—, —) such that

(Fx,y oPxy)(f) = Fldy o f o Fldy,

for every morphism f : FX — FY in D. A naturally semifull semifunctor is obviously
semifull. In Proposition we show that a semifunctor is semifully faithful if, and
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only if, it is separable and naturally semifull. We obtain a Rafael-type Theorem for
naturally semifull semifunctors which are part of a semiadjunction in terms of semisplitting
properties for the unit and the counit (Theorem . Explicitly, given a semiadjunction
F Hy G : D — C with unit n and counit €, we prove that F' is naturally semifull if, and
only if, n is a natural semisplit-epi, and that G is naturally semifull if, and only if, € is a
natural semisplit-mono.

For what concerns (semi)separability, we have defined a semifunctor F': C — D to be
(semi)separable by requiring the same conditions on the associated natural transformation
F, as in the functorial case. The first difference with separable functors is in the Maschke
Theorem. In Theorem [4.78 we show that, if F' is a separable semifunctor and Ff :
FC — FC’ is an Fg-semisplit-mono (resp., Fer-semisplit-epi), then f is a split-mono
(resp., split-epi). Rafael-type Theorems for (semi)separable semifunctors that are part of
a semiadjunction hold analogously to the ones for functors, see Theorem [4.80]and Theorem
As shown in [52, Theorem 6.9], any semiadjunction gives rise to a semicomonad and
to a semimonad. We extend the definition of (co)separable (co)monad to the case of a
semi(co)monad, obtaining a result similar to Lemma for semiseparable semifunctors,
that is, given a semiadjunction F' s G, the semiseparability of G (resp., F') implies the
(co)separability of the associated semi(co)monad (see Lemma [4.98)).

Searching for examples, the first semifunctor we consider is the so-called forgetful semi-
functor (Example . Given a category C and its idempotent completion C?, the forget-
ful semifunctor ve : C* — C results to be semifully faithful. There exist semifunctors which
are neither faithful, nor semifull in general, e.g. the semi-product semifunctor (Example
and the constant semifunctor (Example . To any idempotent seminatural
transformation e = (ex)xec : Ide — Id¢ on a category C it is possible to attach a canon-
ical semifunctor E° that is self-semiadjoint (Proposition . In Example we show
that it reveals to be naturally semifull, while it is separable if, and only if, £¢ = Id¢. Given
a morphism of rings ¢ : R — S, we consider the extension and the restriction of scalars
functors. If e : Id,p — Id,aq is an idempotent seminatural transformation, then we
obtain the semiadjunction ¢} 5 ¢$ : gM — pM, where ¢} := ¢* o E° and ¢§ := E°o @,.
In Proposition we give conditions under which ¢¢ and ¢} are naturally semifull.

Since a monoid can be seen as a category with a single object and arrows the elements
of the monoid, any semigroup homomorphism between monoids defines a semifunctor.
In Example we exhibit a semifunctor between monoids that is separable, but not
semifull in general, hence not even naturally semifull. Similarly, in Example we
see an example of a semifunctor between unital rings (viewed as categories with a single
object) which is naturally semifull but not separable in general.

The notions considered so far for a semifunctor F' : C — D are related to the corre-
sponding functorial notions for its completion F? : C? — D2, The idempotent completion
construction (see Subsection provides a canonical way to turn semifunctors into
functors. In Proposition .92 and Corollary [£.93] through the idempotent completion we
show that a semifunctor F' is semifull (resp., naturally semifull, semifully faithful, faith-
ful, (semi)separable) if, and only if, its completion F is a full (resp., naturally full, fully
faithful, faithful, (semi)separable) functor.

Conditions up to retracts

Coming back to functors, though several properties of a functor transfer to its idempo-
tent completion and viceversa, there are other properties that do not share this behavior.
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For instance, if F' : C — D is an equivalence of categories so is F? : C! — D!, but the
converse is not always true. It is known that F? is an equivalence if, and only if, F is
fully faithful and surjective up to retracts, i.e. every D € D is a retract of F'C, for some
C € C. A functor F such that F? is an equivalence is sometimes called equivalence up
to retracts in the literature. A similar situation happens for a (co)reflection. If F is a
(co)reflection so is F¥, but the converse is not true in general. In [5] we have defined a
(co)reflection up to retracts to be a functor F whose completion F? is a (co)reflection.
Since bireflections are particular (co)reflections, we have also introduced the stronger no-
tion of bireflection up to retracts, which identifies a functor whose idempotent completion
is a bireflection. These notions are freely referred to as conditions up to retracts. Clearly,
any coreflection (resp., reflection, bireflection, equivalence) is a coreflection up to retracts
(resp., reflection up to retracts, bireflection up to retracts, equivalence up to retracts), see
Lemma The converse holds in some cases, for instance if the source category of the
functor is idempotent complete (see Proposition . In Proposition we revise from
[5] a characterization of (co)reflections up to retracts as part of a semiadjunction by means
of semifull faithfulness. Explicitly, given a semiadjunction F' -y G with unit n and counit
€, if F' (resp., G) is a functor, then it is a (co)reflection up to retracts if, and only if, G
(resp., F) is semifully faithful. By this characterization we show that, given a category C
and an idempotent natural transformation e : Id¢ — Id¢, the quotient functor H : C — C,
onto the coidentifier category is a (co)reflection up to retracts, whence a bireflection up
to retracts (Theorem [5.14). In Theorem we find out that the (co)comparison functor
attached to an adjunction whose associated (co)monad is (co)separable is a coreflection up
to retracts (resp., reflection up to retracts). As a consequence, in Theorem we prove
that, given a functor G : D — C with a left adjoint F', then G is semiseparable if, and only
if, the associated monad GF' is separable and the comparison functor Kgp : D — Cop
is a bireflection up to retracts. A dual statement still holds for a left adjoint functor.
In case G is separable, we retrieve [31, Proposition 3.5] where Kgp is shown to be an
equivalence up to retracts. Moreover, in Proposition [5.31] we prove that, in case G is a
semiseparable functor with associated idempotent e, then there is an equivalence up to
retracts (Kqgp)e : De = Car such that (Kgp),0H = Kgp and Ugro(Kgr), = Ge, where
Uar : Car — C is the forgetful functor and H is the quotient functor. As a consequence
of this, in Proposition [5.36] we show that, when G is semiseparable, the idempotent com-
pletions of the Kleisli category associated to the monad GF', of the coidentifier D, and
of the Eilenberg-Moore category Cqr are equivalent categories. We apply these results in
the context of pre-triangulated categories, obtaining in Theorem an analogue of P.
Balmer’s [12, Theorem 4.1]. More explicitly, after defining a stably semiseparable functor
by adapting [12, Definition 3.7], we see how, given a stably semiseparable right adjoint
G : D — C with associated idempotent natural transformation e, under the relevant as-
sumptions, one can transfer the pre-triangulation from C to the coidentifier category D,.
Then, in Corollary we provide conditions for the Eilenberg-Moore category Cgpr of
modules to inherit the pre-triangulation from the base category C. As new outcomes of
this thesis, we show that similar results hold for the Eilenberg-Moore category DFC of
comodules (Corollary and for the Kleisli category GF-Freec (Corollary .

Variants of semiseparability

In [3, Definition 2.4] relative notions of faithfulness, (natural) fullness, separability
have been investigated. In the separable case, this notion is somehow related to the
separability of the second kind [26], see [3, Proposition 2.15]. In this thesis, we propose



a relative notion for semiseparability as well, obtaining in Proposition [6.3] a “relative”
version of Proposition Explicitly, given functors U : D — B, F : C — D and
G : &€ — D, we say that U is (F,G)-semiseparable if ]-"g’G, given on components by

(F%G)XY = Fngy, for every X € C, Y € €&, is a regular natural transformation.

When both F and G are the identity functors, one recovers the classical definition of
semiseparable functor. We observe that a functor U : D — B is (Idp, G)-semiseparable
(resp., (F,Idp)-semiseparable) if, and only if, U is (F,G)-semiseparable for every F' :
C — D (resp., for every G : £ — D), see Corollary Moreover, if U is semiseparable,
then U is (F,G)-semiseparable for all functors F' : C — D, G : &€ — D (Corollary 6.7)).
Then, some of the results for semiseparable functors can be shown in this context. For
instance, in Proposition we attach suitable idempotent natural transformations to
(Idp, G)-semiseparable (resp., (F,Idp)-semiseparable) functors, which provide a criterion
to establish when they are (Idp, G)-separable (resp., (F, Idp)-separable). In Theorem|[6.14]
we prove a Rafael-type Theorem which characterizes the (Idp, G)-semiseparability (resp.,
(F,Idpr)-semiseparability) of a left (resp., right) adjoint functor.

On the other hand, a stronger notion of separability has been recently introduced in [I1]
under the name of heavily separable functor. We recall that an heavily separable functor is
a separable functor through a natural transformation P which is multiplicative. In Defini-
tion [6.17] we call a functor F : C — D heavily semiseparable if it is semiseparable through
a natural transformation P which is multiplicative. We prove the main properties con-
cerning composition (Lemma and closure under natural isomorphims (Lemma
for heavily semiseparable functors. We obtain a stronger Rafael-type Theorem (Theorem
6.23): explicilty, given an adjunction F' 4 G : D — C with unit  and counit ¢, then F is
h-semiseparable if, and only if, 7 is regular through a natural transformation v : GF' — Id¢
such that vv = v o GeF, while G is h-semiseparable if, and only if, € is regular through a
natural transformation v : Idp — F'G such that vy = FnG o 7.

It is known that, given an R-coring (C, Ac,ec), an element g € C is said to be semi-
grouplike provided Ac(g) = g®rg, and g is grouplike if g is semi-grouplike and ¢ (g) = 1g.
In [65] the notion of a grouplike element in an R-coring C has been extended to the notion
of grouplike morphism for a natural transformation ~ : Idp — L, where L is a comonad
on a category D. Dually, see e.g. [09, Section 4], one can define the notion of an aug-
mentation of a monad T : D — D. Interestingly, in [I1, Corollary 2.7] a characterization
of h-separability of a right (resp., left) adjoint functor has been given in terms of the
existence of a grouplike morphism (resp., an augmentation) of the associated comonad
(resp., monad). After defining what we have called a semi-grouplike morphism and a
semi-augmentation, as a consequence of the Rafael-type Theorem, we show a characteri-
zation for the heavy semiseparability of a right (resp., left) adjoint functor involving these
notions, see Proposition[6.27} As an application of the previous result, in Theorem [6.29 we
prove that, given an R-coring (C, A¢,ec), the h-semiseparability of the induction functor
G=(-)®rC: Mpr — MC can be completely described in terms of the existence of an
invariant semi-grouplike element z € C such that e¢(z)c = ¢, for every ¢ € C. Looking
at the extension of scalars functor ¢* attached to a morphism of rings ¢ : R — S, in
Proposition we show that it is h-semiseparable if, and only if, there is a morphism
E : S — R of R-bimodules which is multiplicative and such that ¢y o Eop = ¢. We
exhibit a couple of examples considered with respect to semiseparability that fulfill the
requirements of heavy semiseparability (Example Example .
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Outline of the thesis. In Chapter [1] we recall the main properties of separable and
naturally full functors, their characterizations for functors that are part of an adjunction,
their behavior with respect to Frobenius functors, and connections with (co)separable
(co)monads. We remind the main tools we will use in the sequel, such as Eilenberg-
Moore and Kleisli categories. We look at adjoint functors attached to ring and coalgebra
morphisms, corings and bimodules, recalling known results concerning their separability
and natural fullness.

In Chapter [2] we present the notion of semiseparable functor and its main properties.
We show results concerning the semiseparability for functors which are part of an ad-
junction. We characterize the semiseparability of a right (resp., left) adjoint functor in
terms of properties of the (co)comparison functor and of the forgetful functor attached to
the Eilenberg-Moore category of (co)modules. We look at semiseparable (co)reflections,
and we provide a factorization of a semiseparable functor as a bireflection followed by a
separable functor when its associated idempotent natural transformation splits.

In Chapter [3| we describe semiseparability for functors traditionally connected with the
study of separability.

In Chapter [d we report the results concerning the semifunctorial notions corresponding
to functorial fullness, full faithfulness, (semi)separability, natural fullness. We characterize
these properties for semifunctors that are part of a semiadjunction in terms of semisplitting
conditions for the unit and counit attached to the semiadjunction.

In Chapter [5] we discuss semiseparability with respect to functors whose idempotent
completion admits a fully faithful right (left) adjoint, that is, (co)reflections up to retracts
and bireflections up to retracts. We present an application of the results achieved in the
context of pre-triangulated categories.

The results contained in Chapter [6] have not appeared in the literature: we investigate
new notions connected to semiseparability, namely relative semiseparable functors and
heavily semiseparable functors.

Notations and conventions. Given an object X in a category C, the identity mor-
phism on X will be denoted either by Idx or X for short. For categories C and D, a functor
F : C — D just means a covariant functor. By Id¢ we denote the identity functor on C.
The image of an object X € C through a (semi)functor F' : C — D is written F(X) or
simply F'X; the image of a morphism f : X — Y in C is written F(f) or just F'f. For any
functor (or semifunctor) F' : C — D, we denote Idp : F' — F the natural transformation
defined by (Idp)x := Idpx.

Given a category C, we denote by C°P the opposite category of C. An object X and a
morphism f : X — Y in C are denoted by X°P and f°P : Y°P — X°P respectively when
regarded as an object and a morphism in C°P. Given a functor F' : C — D, one defines its
opposite functor F°P : C°P — D°P by setting FPX°P = (FX)°P and F°P f°P = (F'f)°P.

By a ring we mean a unital associative ring. Given rings R, S, for an (R, S)-bimodule
M we often write gpM, Mg, rMg to specify the left R-module, the right S-module, the
(R, S)-bimodule structure, respectively, and morphisms in the corresponding categories
are denoted by pRHom(—, —), Homg(—, —) and gHomg(—, —), respectively. We denote by
rM (resp., Mp) the category of left (resp., right) R-modules and by rpMg the category
of (R, S)-bimodules. The category of vector spaces over a field k is usually denoted by
My, simply by 9 when the field is clear from the context, and the tensor product over k
by the unadorned ®.



Chapter 1

Separable and naturally full
functors

In this chapter we recall the notions of separable and naturally full functors. The
definition of separable functor, due to C. Nastasescu, M. Van den Bergh and F. Van
Oystaeyen, was introduced in [72] in order to reinterpret categorically the theory of sep-
arable field extensions, and of separable algebras. The terminology was indeed inspired
by the result that the restriction of scalars functor associated with a morphism of rings
is a separable functor if, and only if, the corresponding ring extension is separable in the
classical sense, cf. Subsection Naturally full functors have been defined in [7] as
a dual version of separable functors. We review here the main results concerning these
functors that we will use in the sequel. We remind the known characterizations for the
separability and natural fullness of several pairs of adjoint functors attached to homomor-
phisms of rings, corings and bimodules. The last part of this chapter is devoted to some
background on (co)monads, Eilenberg-Moore and Kleisli categories, and their interaction
with separability.

1.1 Separable functors
Given a functor F' : C — D between categories C and D, we consider the functors
Home(—,—) : CP x C — Set, Homp(F—,F—):C®? x C — Set
and the natural transformation
F : Hom¢(—, —) — Homp(F—, F—), (1.1)
given by Fxy : Home(X,Y) - Homp(FX, FY), f — Ff, for all objects X,Y in C.
If Fx vy is injective, surjective, bijective for every pair of objects X,Y € C, then F'is a
faithful, full, fully faithful functor, respectively, see e.g. [19, Definition 1.5.1].
Definition 1.1. [72, Section 1] A functor F' : C — D is said to be separable if, for all
objects X, Y in C, there are maps Px y : Homp(FX, F'Y) — Hom¢(X,Y), satisfying the

following conditions:

i) forany f: X =Y inC, (Pxy o Fxy)(f) =Pxy(Ff)=f;
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it) given f: X =Y, f/: X' >Y inCandg: FX - FX', ¢ : FY — FY' in D, if
g o Ff =Ff'og, then the diagram

Px,x/ (9) /
_—

1

Yl
73Y,Y’ (g")

is commutative, i.e., Pyys(¢') o f = f' o Px x/(9).

As observed in [78], one can restate Definition as follows. A functor F': C — D
is separable if there exists a natural transformation P : Homp(F—, F—) — Home(—, —)
such that

PoF = IdHomc(—,—)-

When needed we will denote F, P by FI', PF| respectively, to make explicit the functor
F we are considering.

Remark 1.2. Since .7:)};75/ = .7:5357)(0;) for every X,Y € C, a functor F' : C — D is separable
if, and only if, so is F°P : C°P — DP,

Lemma 1.3. Let F : C — D be a functor. If F' is separable, then it is faithful.

Proof. If F is a separable functor, then the map Fx y has a left inverse, for every X,Y € C,
hence it is injective, so F' is faithful. O

The following lemma describes how separable functors behave with respect to compo-
sition.

Lemma 1.4. [72, Lemma 1.1] Let F': C — D and G : D — & be functors.
i) If F and G are separable, then so is the composite Go F : C — &.
it) If Go F : C — & is separable, then so is F.

Proof. i). For every X,Y € C, define P)G(I; = P§,Y o PgX,FY'
i1). For every X,Y € C, define P;?Y = 77)(3}; o J-"gxfy. O

Separable functors can be seen as the categorical counterpart of separable field exten-
sions and of separable algebras, that we review in the next two examples.

Example 1.5. We recall from [45] the classical notion of separable field extensions. Let
k be a field and let f(X) be a non-zero polynomial in the polynomial ring k[X], with
indeterminate X. A non-constant polynomial f(X) € k[X] is called separable if each
irreducible factor of f(X) has only simple roots in its splitting field. If char(k) = 0, then
any f(X) € k[X] is separable. An algebraic field extension k C L (also denoted by L/k) is
said to be separable if, for every a € L, the minimal polynomial p(X) € k[X] of a over k
is separable. If the only elements of an algebraic field extension LL/k which are separable
are the elements of k, then L/k is said to be purely inseparable. Denoting by I (resp.,
My,) the category of vector spaces over the field k (resp., L), as observed in [26, Remark
2.2], a finite extension of fields k C L is separable if, and only if, the forgetful functor
F : My, — My is separable. Indeed, let o € L be a primitive element (i.e., L = k(a)) and
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consider the minimal polynomial p(X) € k[X] of a, given by p(X) = X" — 1" ¢; X"
Then, the natural transformation P defined, for any M, N € My, by

Pu,n : Homgy, (M, N) — Homgy, (M, N)

n—1 7
=0 7=0

for every f € Homgy, (M, N) and m € M, where p/(X) = nX"1 — Y07 Lie; X1, splits
F : Homgy, (M, N) — Homgy, (F'M, FN), f — Ff.

In fact, since L = k(c), the map Py n(f) is a morphism in 9y, and P is a natural
transformation as, for every h: M’ — M, k: N — N’ in 9, and for every f: M — N in
My, one has

n—1

Papo(Flo fo F)(m') = pl(a) 3 a~"
1=0

! (i cjaj) Efh(a'm’)
5=0
n—1 %
=k (p'(oz)1 Y oa (Z Cjaj) f(aih(m'))) = (ko Pun(f)oh)(m'),
=0 j=0

for every m’ € M’'. Moreover, for every f € Homgy, (M, N), we have that

PunFun(f)(m)=Pun(Ff)(m) Z o (Zl: cjaj) Ff(a'm)

j=0
/ —1n71 i1 : il i ?:_Ola_1< 7=0 3% J)
=7 (« Q ciad | o' f(m) = m
R S s T
?01 g OCJO‘j ! E E c]oﬂ !
R B S = nan—1 — S 1ic qi- 1f(m)
=1 7 =1 )
B i &(TL*])CJOZJ ! oayis O(nfj)cjoﬂ !
 pan—t = it B alnan—t — S bicai- 1)f(m)
=1 7 =1 )
o (n— ejod _ o (n— Peged
- na® — n—1; i m) = n—1_ ;i n—1; i m)
o i Tetet ny iy G G
1 -1
Y= O(n_j)cja] Py = O(n_])cjajf(m):f(m)
neo + 3252 “l(n —j)ejad = “d(n — j)ejai ’

for every m € M.

Example 1.6. Let A be an algebra over a commutative ring R. We recall from [34]
Proposition 1.1, page 40] (see also [28, Theorem 3]) that A is said to be a separable
algebra if there exists an element e = ) ,a; ®r b; € A ®r A such that ae = ), aa; ®p
bi = > ;a; ®r bja = ea, for all a € A, satisfying the normalizing separability condition
> ;aibi = 14. The element e is usually called separability idempotent. Moreover, see e.g.
[28] Theorem 27 and Section 8.1}, A is a separable algebra if, and only if, the multiplication
map my : A®r A — A splits in the category 4 M4 of A-bimodules, i.e., denoting 4 M
(resp., M 4) the category of left (resp., right) A-modules, the restriction of scalars functor
AM — pM (resp., M4 — Mp), is separable.
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A crucial result in classical representation theory is the so-called “Maschke’s Theorem”,
stating that a finite group algebra kG over a field k is semisimple as a ring if, and only if,
the characteristic of k does not divide the order of G (see e.g. [48] page 26]) if, and only if,
kG is a separable algebra (see e.g. [26]). Among the main properties of separable functors,
it is worth to mention that any separable functor satisfies the following functorial version
of Maschke’s Theorem.

Proposition 1.7. (Maschke’s Theorem) (See [72, Proposition 1.2], [28, Proposition 47])
Let F : C — D be a separable functor, and let f: X —'Y be a morphism in C. If F(f) has
a left (resp., right, two-sided) inverse g in D, then f has a left (resp., right, two-sided)
inverse in C, namely Py x(g).

For a separable functor between abelian categories, the previous result can be restated
in terms of split exact sequences. First, we recall the following definitions which are well
known.

Definition 1.8. (See e.g. [76, Corollary 7.4, page 48]) A short exact sequence

0—~x'Lx%x oo (1.2)

in an abelian category C is said to be split exact if the following equivalent conditions hold
true:

(i) f is a section in C, i.e., there exists a morphism [’ : X — X’ in C such that

frof=1Idx;
(i1) g is a retraction in C, i.e., there exists a morphism ¢’ : X” — X in C such that
gog =ldxr;

(141) X' is a direct summand of X.
In this case, X is canonically isomorphic to the direct sum of X’ and X".

Definition 1.9. (See [26, Section 3]) A functor F' : C — D between abelian categories is
called semisimple if, given a short exact sequence (1.2 in C, if the sequence

Ff Fg

0——FX'

X FX"——0

is split exact in D, then the sequence ((1.2) is also split exact.

Example 1.10. An abelian category C is called semisimple [49, Definition 5.1] if every
short exact sequence in C is split exact. Thus, a functor between semisimple categories
is semisimple. For instance, the categories p M (resp., Mpg) of left (resp., right) modules
over a semisimpleﬂ ring R is semisimple. In particular, the category 9 of vector spaces
over a field k is semisimple.

For a separable functor between abelian categories, Proposition [I.7] can then be refor-
mulated as follows.

Corollary 1.11. [28, Corollary 5] Let F' : C — D be a separable functor between abelian
categories. Then, F' is semisimple.

'Recall from [I, Proposition 13.9] that a ring R is semisimple if, and only if, every short exact sequence
of left (or right) R-modules is split exact.
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We recall some terminologies. Let F': C — D be a functor. An object M in C is called
relative injective if, for every morphism ¢ : C' — C’ in C such that F% is split-mono, then
the map Home (i, M) : Home(C', M) — Home(C, M), f — f oi, is surjective. A relative
projective object in C is defined dually. A functor F': C — D is called a Maschke functor if
it reflects split-monomorphisms, i.e., for every morphism ¢ in C such that Fi is split-mono,
then 7 is split-mono, and F is called a dual Maschke functor if it reflects split-epimorphisms.
These notions are equivalent to [26, Definition 3.1], where F' is called a Maschke functor
if every object in C is relative injective, while F is called dual Maschke if every object in
C is relative projective. As shown in [26, Proposition 3.7], a semisimple functor between
abelian categories is Maschke (resp., dual Maschke) if it reflects monomorphisms (resp.,
epimorphisms). A functor is said to be conservative if it reflects isomorphisms.

Remark 1.12. A functor which is both Maschke and dual Maschke is conservative. By
Proposition a separable functor is both Maschke and dual Maschke, thus conservative.

On the other hand, a Maschke (resp., dual Maschke) functor is not necessarily separa-
ble, as the next example shows.

Example 1.13. [20, Example 3.6] Let k C LL be a finite purely inseparable field extension.
The restriction of scalars functor F : 9, — 9 is a Maschke and a dual Maschke functor,
since every vector space over L is an injective and projective object in 2y, but F is not
separable, since IL/k is not separable.

However, in some cases the converse holds true, as for instance in the following Maschke’s
Theorem for Hopf algebras, a restatement of the Sweedler’s results [85].

Proposition 1.14. [26, Proposition 4.7] Let H be a Hopf algebra over a commutative
ring k, and let G : My — My be the restriction of scalars functor. Then, the following
assertions are equivalent:

(i) G is a dual Maschke functor;
(11) G is a Maschke functor;
(iii) G is a semisimple functor;

(1v) there exists a right z’ntegmﬂ t € H with £(t) = 1;

)
)
)
(v) G is a separable functor.

1.1.1 Separability and adjunctions

Given functors F' : C — D, G : D — C, the pair (F,G) is an adjunction (usually
denoted by F' 4 G) if, for every C € C and D € D, there is a bijection
®c p : Homp(FC, D) — Hom¢(C,GD), (1.3)

which is natural both in C and D, i.e. for every morphism f:C’ - CinC,g: D — D’
in D, the diagram

D
Homp(FC, D) o2 Hom¢(C,GD)
Homp (F f,g)l iHomc(f,Gg)
Homp(FC', D") Home(C',GD')
c’,D’

2Given a Hopf algebra (H,m,u,A,e,S) over a commutative ring k, ¢t € H is a right (resp., left) integral
in H if th = g(h)t (resp., ht = e(h)t), for all h € H.
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commutes. On elements, given h : FC' — D, one has ®¢ p/(goho Ff) = Ggo®c p(h)o f.
In particular, if ¥ 4 G : D — C is an adjunction, then F' is a left adjoint of G and G is a
right adjoint of F. Equivalently, cf. [19, Theorem 3.1.5], F 4 G : D — C if, and only if,
there are natural transformations 7 : Ide — GF and € : FG — Idp (called the unit and
counit of the adjunction, respectively) that fulfill the triangle identities

GeonG =1dg and €eFoFn=Idp. (1.4)
Explicitly, the natural isomorphism ®¢ p in is given, for any f: FFC' — D by
®c p : Homp(FC, D) — Home(C,GD), ®cp(f)=Gfonc, (1.5)
with inverse
Ve p i= gl : Home(C,GD) — Homp(FC, D), Weplg) =epo Fy, (1.6)

forany g : C — GD inC. It is well-known that the left or right adjoint of a functor is unique
up to natural isomorphism. We recall that, given two adjunctions (F' 4 G : D — C,n,¢€)
and (F' 4G : D' = C',n/,€), a map of adjunctions [61, IV.7] is defined to be a pair (S, T)
of functors S : D' — D, T : C' — C, such that both squares

S

D D
F’T_(\LG’ F%lc
c—T .¢

are commutative, i.e., FoT = So F' and T o G’ = G o S, and such that the diagram of
hom-sets

'FS/ ’ /
Homp (F'C’, D) ——"> Homp(SF'C’, SD') == Homp(FTC', SD’)
iCDCI"D/ lq)Tc/’SD/ (17)
Fér
Home (C',G'D') ————— Home (TC', TG'D’') == Hom¢(TC', GSD’)

is commutative.

Remark 1.15. By [61}, Proposition 1, page 99] the commutativity of ([1.7) is equivalent to
Trn' =nT and also to €S = S¢€'.

The following properties will be useful in the sequel.

Proposition 1.16. (See e.g. [28, Proposition 10]) Let F 4 G : D — C be an adjunction
with unit n and counit €. Then, we have the following isomorphisms:

Nat(Ide, GF) = Nat(G, G) = Nat(F, F) = Nat(FG, Idp).

Proof. We just exhibit the isomorphism Nat(Ide, GF') = Nat(G,G). Given a natural
transformation 6 : Ide — GF, define a : G — G by ap = Gep o 0gp, for every D € D.
On the other hand, given a natural transformation o : G — G, define 0 : Id¢ — GF by
0c = apc one, for every C € C. O

Proposition 1.17. (See e.g. [28, Proposition 11]) Let F' 4 G : D — C be an adjunction
with unit n and counit €. Then, we have the following isomorphisms:

Nat(GF,1d¢) = Nat(Homp(F—, F—), Home(—, —)),

Nat(Idp, FG) = Nat(Hom¢(G—, G—), Homp(—, —)).
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Proof. Let v : GF — Id¢ be a natural transformation. Define § : Homp(F—, F—) —
Home(—, —) by

Oc,c(9) = ver o Ggone, (1.10)
for any g : FC — FC’ in D. From the naturality of n and v, for any h : X — Y,
l:Z—-TinC,and k: FY — FZ in D, we have x p(Floko Fh) =vpoG(Floko
Fh)onx = (vp o GFl)oGko (GFhonx) =1lo(vzoGkony)oh=100yz(k)oh, thus

6 : Homp(F—, F—) — Hom¢(—, —) is a natural transformation. Note that grc c(erc) =
vo o Gepg o naerc = veo o ldgro = ve, for every CcecC.
Conversely, given a natural transformation 6 : Homp(F—, F—) — Hom¢(—, —), define

v:GF — Id¢ by
Vo = HGFC,C(EFC’) :GFC — C, (1.11)

for every C' € C. The naturality of v follows from the one of . By naturality of 8, for any
C,C"inCand g: FC — FC' in D, we have

ver o Ggone = Ogrcrcr(epcr) 0o Ggone = Oc,cr(epcr o FGg o Fnc)

(1.12)
=0cc(goercoFne) =0cc(goldrc) = 0c.c(9),

thus the correspondence between 6 and v is bijective. The proof of (1.9) follows from
(1.8) by dual arguments. Explicitly, given a natural transformation « : Idp — F'G, define
¢ : Home(G—,G—) — Homp(—, —) by

Yp,o/(f) = epr o Ff op, (1.13)

for every f : GD — GD’ in C. On the other hand, given a natural transformation
¥ : Home(G—,G—) — Homp(—, —), define v : Idp — F'G by

Yo =v¥p,rGp(nep) : D — FGD, (1.14)
for every D € D. O

A key result for separable functors is provided by the so-called Rafael Theorem [78]
which characterizes the separability for functors that have an adjoint.

Theorem 1.18. [78, Theorem 1.2] (Rafael Theorem) Let F 4 G : D — C be an adjunction
with unit n and counit €. Then,

i) F is separable if, and only if, there exists a natural transformation v : GF — Id¢
such that v on = Idiq,;

ii) G is separable if, and only if, there exists a natural transformation ~ : Idp — FG
such that € oy = Idq,, .

We include a Rafael-type Theorem for Maschke and dual Maschke functors.

Theorem 1.19. [26, Theorem 3.4] Let F' 4 G : D — C be an adjunction with unit n and
counit €. Then,

i) F is Maschke if, and only if, nc is a split-mono in C, for every C € C, i.e. there
exists a morphism vo : GFC — C in C such that vo ong = Idgro;

1) G is dual Maschke if, and only if, ep is a split-epi in D, for every D € D, i.e. there
exists a morphism vyp : D — FGD in D such that ep ovp = Idpgp.
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1.1.2 Separability of the second kind
We recall a generalization of separable functors introduced in [26], known as separability
of the second kind.

Definition 1.20. [26, Definition 2.1] Let F' : C — D and H : C — £ be functors. Then,
F is called H-separable if there exists a natural transformation

PEH Homp(F—, F—) — Homg(H—, H-)

such that PFH o FF = FH je. FH factors through F¥ as a natural transformation and
the diagram
]:F

Home(—, —)

}-Hl 'pF,H
Homg(H—, H—)

Homp(F—,F—)

is commutative.

A Id¢-separable functor coincides with a separable functor. Note also that any functor
F :C — D is F-separable. The fact that P%*# is natural means that, for any v : X — Y,
v:Z —=TinCand g: FY — FZ in D, one has

P)I;’I;(Fv ogo Fu)=Hv 0775’5(9) o Hu.
Most properties of separable functors can be extended to H-separable functors.

Proposition 1.21. [28, Proposition 51] Let F : C - D, G:D — D' and H : C — &£ be
functors.

i) If G o F is a H-separable functor, then F is H-separable.
i1) If F is H-separable and G is separable, then G o F' is H-separable.

A Maschke-type Theorem holds for H-separable functors.

Proposition 1.22. [28, Proposition 52|, [26, Proposition 2.4] Let F :C -+ D, H:C — &£
be functors and assume that F' is H-separable. Let f : X — Y be a morphism in C. If
F(f) has a left (resp., right, two-sided) inverse g in D, then H(f) has a left (resp., right,
two-sided) inverse in £, namely P}Ij)[g(g)

Corollary 1.23. 28 Corollary 8] Let F': C — D, H : C — & be functors between abelian
categories. Assume that F is H-separable. If a short exact sequence in C is split exact
after applying F', then it becomes split exact also after applying H.

Necessary and sufficient conditions can be given to describe the H-separability of func-
tors that are part of an adjunction.

Theorem 1.24. [28, Theorem 25] (Rafael-type Theorem for H-separability) Let F' 4 G :
D — C be an adjunction with unit n and counit €. Let H : C — &, K : D — & be functors.
Then,

i) F is H-separable if, and only if, there exists a natural transformation v : HGF — H
such that vo Hn = Idy;

i1) G is K-separable if, and only if, there exists a natural transformation vy : K — KFG
such that Keo~ =Idg.
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1.2 Naturally full functors

The condition defining a separable functor can be thought as a natural version of
faithfulness. In a somehow dual way naturally full functors have been introduced in [7] by
requiring that the natural transformation F associated with a functor has a right inverse.
Here we recall the definition and the main properties of natural fullness.

Definition 1.25. [7, Definition 2.1] A functor F' : C — D is called naturally full if there
exists a natural transformation P : Homp(F'—, F—) — Hom¢(—, —) such that FoP = Id.

Remark 1.26. Since ]-}?Y = ffss’xop for every X,Y € C, a functor F' : C — D is naturally
full if, and only if, so is F°P : C°P — D°P.

Remark 1.27. It is clear that:

i) A naturally full functor is full. The converse is not true in general, see e.g. [T,
Example 3.2].

i1) A functor is fully faithful if, and only if, it is both separable and naturally full.
Naturally full functors are stable under composition.
Proposition 1.28. [7, Proposition 2.3] Let F': C — D and G : D — & be functors.
i) If F and G are naturally full, then the functor G o F is naturally full.
it) If G o F is naturally full and G is faithful, then F is naturally full.

Proof. i). If F and G are naturally full through PF, P, respectively, then G o F is
naturally full with respect to PGF .= PF o PC.

ii). If G o F is naturally full with respect to PF, then PEF o F¢ is a right inverse for
FFE. O

The following is a Rafael-type Theorem for naturally full functors.

Theorem 1.29. [7, Theorem 2.6] (Rafael-type Theorem for natural fullness) Let F' 4 G :
D — C be an adjunction with unit n and counit e. Then,

i) F is naturally full if, and only if, there exists a natural transformation v : GF — Id¢
such that nov = Idgp;

1) G is naturally full if, and only if, there exists a natural transformation v : Idp — FG
such that v o e = Idpg.

A similar characterization can be given for faithfulness and fullness of adjoint functors.

Proposition 1.30. [7, Proposition 2.5] Let F 4 G : D — C be an adjunction with unit n
and counit €. Then,

i) F is faithful if, and only if, nc is a monomorphism in C, for every C € C;

1) F s full if, and only if, nc is a split-epi in C, for every C' € C, i.e. there exists a
morphism vo : GFC — C in C such that nc o ve = Idagro;

iii) G is faithful if, and only if, ep is an epimorphism in D, for every D € D;
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i) G is full if, and only if, ep is a split-mono in D, for every D € D, i.e. there exists
a morphism vp : D — FGD in D such that yp oep = Idpagp.

Corollary 1.31. [19, Cf. Proposition 3.4.1] Let F' 4 G : D — C be an adjunction with
unit n and counit €. Then,

i) F is fully faithful if, and only if, n is a natural isomorphism;

i1) G is fully faithful if, and only if, € is a natural isomorphism.

1.3 Adjoint triples and Frobenius functors

Let C and D be categories. An adjoint triple F 4G 4 H : C — D of functors is a triple
of functors F, H : C — D and G : D — C such that F' 4 G and G - H. Given an adjoint
triple ' 4 G 4 H : C — D, the separability and natural fullness properties pass from F' to
H and viceversa, cf. [4, Proposition 2.19].

Proposition 1.32. Let FF 4G 4 H : C — D be an adjoint triple. Then, F is separable
(resp., naturally full) if, and only if, so is H.

Proof. We denote by n', ¢ and 7", € the unit and the counit of the adjunction F 4 G
and of the adjunction G - H, respectively. We observe that to a natural transformation
vl i GF — Ide we can attach the natural transformation

A= GHV o Gn"Fon : 1de — GH. (1.15)

On the other hand, to a natural transformation 7" : Id¢ — GH we can attach the natural

transformation
V=€ o0GeHoGFy : GF — 1dc. (1.16)

If F' is separable, by Theorem i) there exists a natural transformation 1! : GF —
Ide such that ! o' = Id. Define 4" : Ide — GH as in . By naturality of €", we
have € oy" = € c GHV! o G F ol = o GF o Gf'Fon' = vl oyl = 1d, so that
H is separable by Theorem i1). On the other hand, if H is separable, by Theorem
i1) there is a natural transformation 7" : Idc — GH such that €” o y" = Id. Define
V' GF = 1de as in . By naturality of 1!, we have vl on! = € 0o Ge!H o GFA" o} =
€ 0GelH on!GH o~" = € o~" =1d, hence F is separable by Theorem i).

If F is naturally full, by Theorem i) there exists a natural transformation v/! :
GF — 1d¢ such that n! o v! = Idgp. Define 4" : Ide — GH as in . Observe that,
from n'G o v!G = Idgrg and Ge on'G = 1dg, it follows that 'G = (n'G)~! = Ge€'. Then,
by naturality of ¥ and 1" we have ¥ o€” = GHe" oy"GH = GHe" o GHV'GH oGy FGH o
nGH = GHe" o GHGEH o Gn"FGH o )'GH = GHe" o G(HGE o )" FG)H o n!GH =
GHe" o Gn"H o Gé'H o !GH = Idgy o Idgy = Idgy. Conversely, assume H is naturally
full. By Theorem i) there exists a natural transformation 4" : Id¢ — GH such that
" o€e" = Idgy. Define v GF — Idc as in . Observe that, from 7"Go "G = Idgrg
and €"G o Gn" = Idg, it follows that "G = (¢"G)~! = Gn". Then, by naturality of v/ and
¢\, we have nlov! = "GFoGFn' = 'GF oG HGF oGFY" GFoGFn' = € GFoG(!HG o
Fy"G)F o GFnl = €GF o G(€HG o FG')F o GFn! = € GF o G F 0 Ge'F o GFnl =
Idgr o Ildgr = Idgr, hence F' is naturally full. ]

Remark 1.33. Alternatively, the “if” part of the statement follows also from the proof
of the “only if” part, by considering the adjoint triple H°P? 4 G° - F°P together with
Remark [[.2] and Remark [1.26]
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Corollary 1.34. (See e.g. [19, Proposition 3.4.2]) Let F H G 4 H : C — D be an adjoint
triple. Then, F' is fully faithful if, and only if, so is H.

Proof. Tt follows from Remark i1) and Proposition O

Adjoint triples F 4 G 4 H where F and H are fully faithful are usually called fully
faithful adjoint triples. Now, we recall that a functor F' : C — D is called Frobenius [2§]
if there exists a functor G : D — C which is both a right and left adjoint of F. Thus, a
Frobenius functor F : C — D fits into an adjoint triple G 4 F' 4 G : D — C where the right
and left adjoint G are equal. In this case, the pair (F,G) is called a Frobenius pair. This
notion is symmetric in F' and G: if (F,G) is a Frobenius pair, then (G, F) is a Frobenius
pair. As noted in [28], the property that defines a Frobenius functor was first introduced
by K. Morita [69] under the name of strongly adjoint pair. The terminology “Frobenius”
is inspired by the fact that, for a ring homomorphism R — S, the restriction of scalars
functor is Frobenius if, and only if, the extension S/R is Frobenius in the classical sense,
i.e., S is finitely generated and projective as a right R-module and there is an isomorphism
Homp(S, R) = S of (R, S)-bimodules, see [70].

If (F, G) is a Frobenius pair, then both F' and G preserve limits and colimits. Moreover,
the composition of Frobenius functors is a Frobenius functor, see [28, Proposition 43,
Proposition 44]. From Proposition we have the following.

Corollary 1.35. [28, Corollary 6] Let (F,G) is a Frobenius pair of functors. Then, the
isomorphisms

Nat(F, F) & Nat(G, G) = Nat(Id¢, GF) 2 Nat(FG,Idp) 2 Nat(GF,1d¢) 2 Nat(Idp, FG)

hold true.

As a consequence of Theorem [1.18] and Theorem [1.29] necessary and sufficient condi-
tions can be provided for the separability and natural fullness of a Frobenius functor that
is part of an adjunction. Let (F,G) be a Frobenius pair. We denote by 7!, € and by 1",
€" the unit and the counit of the adjunctions F' 4 G and G - F', respectively.

Proposition 1.36. (Cf. [28, Proposition 49]) Let F': C — D be a Frobenius functor, with
left and right adjoint G : D — C. Then, the following assertions are equivalent:

(i) F is separable;
(ii) there exists a natural transformation o : G — G such that €" o aF on' = 1d;
(iii) there exists a natural transformation 3 : F — F such that € o G on' = 1d;

Proposition 1.37. [7, Proposition 2.7] Let F : C — D be a Frobenius functor, with left
and right adjoint G : D — C. Then, the following assertions are equivalent:

(i) F is naturally full;

(ii) there exists a natural transformation o : G — G such that n' o €" o aF = Idgr;

)

)
(iii) there exists a natural transformation f: F — F such that n' o €” o GB = Idgr;
(iv) there exists a natural transformation o : G — G such that o/ F on! o € = Idgr;
)

(v) there exists a natural transformation ' : F — F such that GB' onl o € = Idgp.
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In this case, n' o €” : GF — GF is a natural isomorphism with inverse oF = Gf = o'F =
Gp'.

A Rafael-type criterion can be also given for the H-separability of Frobenius functors,
cf. |26 Proposition 2.9].

Proposition 1.38. Let H : C — & be a functor and let F' : C — D be a Frobenius functor,
with left and right adjoint G : D — C. Then, the following assertions are equivalent:

(i) F is H-separable;
(i1) there exists a natural transformation o : HG — HG such that He" oaF o Hy! = Idg;
(7i1) there exists a natural transformation 8 : HF — HEF such that He" o fGoHn" = 1dy.

Proof. (i) < (ii). From Theorem applied to the adjunction (F,G) we have that F'
is H-separable if, and only if, there exists a natural transformation v : HGF — H such
that v o Hy! = Idy. Since Nat(HGF, H) = Nat(HG, HG), given v : HGF — H, one
can define a natural transformation o« : HG — HG by a = vG o HGn". On the other
hand, given o : HG — HG one can define v : HGF — H by v = He" o aF'. Thus, F' is
H-separable if, and only if, there exists a natural transformation o« : HG — HG such that
He" oaF o Hyt = 1dy.

(i) & (iii). From Theorem applied to the adjunction (G, F') we have that F' is
H-separable if, and only if, there exists a natural transformation v : H — HFG such
that He" oy = Idy. Since Nat(H, HFG) = Nat(HF,HF'), given v : H — HFG, one
can define a natural transformation g : HFF — HF by § = HFe" o~F. On the other
hand, given 5 : HF — HF, one can define v : H - HFG by v = G o Hn". Thus, F
is H-separable if, and only if, there exists a natural transformation 8 : HF — HF such
that He" o BG o Hn" = 1dgy. O

1.4 Examples and applications

In this section we consider examples of pairs of adjoint functors attached to ring and
coalgebra morphisms, corings and bimodules, and we provide characterizations of their
separability and natural fullness known in the literature. In Chapter [3| we will return on
these examples with respect to semiseparability.

1.4.1 Extension and restriction of scalars

Let R, S be unital rings, and let g M (resp., sM) be the categories of left modules over
R (resp., S). A morphism of rings ¢ : R — S induces the restriction of scalars functor ¢, :
sM — rM, the extension of scalars (or induction) functor ¢* := S ®p (—) : pM — M
and the coinduction functor ¢' := gHom(S, —) : pRM — gM. All together these functors
form an adjoint triple
©*=S®r(-)
ST
rM ~ s M. (1.17)
N~

¢'=grHom(S,~)
The unit n and the counit € of the adjunction ¢* - ., are respectively defined by

MU =9¢RrM : M —-S®r M, m— 1g®g m, for every M € pM,



1.4. Examples and applications 13

enN: S®r N = N, s®@rn +— sn, for every N € gM,
while the unit ' and the counit € of the adjunction ¢, 4 ¢', are defined by
ny : N — rHom(S, N), n + [s + sn], for every N € g M,
ey - RHom(S, M) — M, f + f(1g), for every M € pM.
Remark 1.39. It is known that there is a bijective correspondence Nat(p.p*, Id ) =
rHomp(S, R), see e.g. [28, Theorem 27].
The following results characterize the separability and natural fullness for the functors ¢y,

¢*. By Proposition we know that ¢* is separable (resp., naturally full) if, and only
if, so is ¢'.

Proposition 1.40. [72, Proposition 1.3]

i) The functor p, is separable if, and only if, the extension S/R is separable, i.e. the
multiplication mg : S @r S — S, s Qg s’ — ss, splits as an S-bimodule map.

ii) The functor ¢* is separable if, and only if, ¢ is split-mono as an R-bimodule map,
i.e. if there is E € gHompg(S, R) such that Eop = Idpg, i.e. S/R is a split extension.
The latter condition is also equivalent to the existence of a conditional expectation
E € rHompg(S, R) such that E(1lg) = 1g, see [28, Theorem 27].

Remark 1.41. In case R is commutative, the separability of ¢, is equivalent to S/R being
a separable extension in the sense of [34], recalled in Example

Proposition 1.42. [7, Proposition 3.1] (Cf. [81], Proposition XI.1.2])

i) The functor . is naturally full if, and only if, it is full if, and only if, it is fully
faithful if, and only if, @ is an epimorphism in the category of rings.

1) The functor ¢* is naturally full if, and only if, ¢ is split-epi as an R-bimodule map,
i.e. if there is E € pRHompg(S, R) such that ¢ o E = Idg. The latter condition is
also equivalent to the existence of a central idempotent z of R such that S = Rz and
¢ : R— S = Rz is the projection ¢(r) = rz.

1.4.2 Coinduction and corestriction of coscalars

Let k be a field and let ® denote the tensor product over k. A k-coalgebra C' is a vector
space C' over k equipped with two k-linear maps, A¢ : C — C ® C and ¢ : C — k, such
that A is coassociative and counital, i.e. the diagrams

Ac Ac

C cdC C cCdC
AC\L \LC@)AC Acl l0®€c
C@CWC@C@C C®050®C C

commute. A right C'-comodule M is a k-vector space together with a k-linear map pjs :
M — M ® C, called the coaction, that is coassociative and right counital, i.e.

(pm ®C)opy =M@ Ac)opy and (M ®ec)opy =M

hold true, respectively. A coalgebra C' can be seen as a right C-comodule with pc = Ag.
Both for A¢ and pps we adopt the usual Sweedler notations Ag(c) = > ¢1 ® co and
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pam(m) = Y mg & my, for every ¢ € C,m € M. A morphism of right C-comodules (or
a C-colinear morphism) is a k-linear map f : M — N between right C-comodules such
that py o f = (f ® C) o ppr. The category of right C-comodules and their morphisms is
denoted by 9. Symmetrically, one can define the category 9 of left C-comodules and
their morphisms.

Recall from [87] that, given a right C-comodule M and a left C-comodule N, the
cotensor product Mo N is the kernel of the k-linear map

pM@N-—MA:M®N—>M®C® N,

where pps and Ay are the right and the left C-comodule structures of M and N, respec-
tively.

Now, let ¢ : C' — D be a morphism of coalgebras, i.e., a k-linear map ¢ : C — D
such that Ap oY = (¢ ® ¥) o Ag and ep o) = g¢. Since any right C-comodule M
with coaction ppy : M — M ® C can be viewed as a right D-comodule with coaction
(M®y)opy : M — M ®D and C can be considered as a (D, C)-bicomodule, v induces

o the corestriction of coscalars functor 1, : MMC — MP,
« the coinduction functor ¢* := (—)OpC : MP — MC,

which form an adjunction 1, 4 ¢* : MP — M with unit 5 : Idyye — ¥*1, and counit
€ : Yp* — Idgyp, given by

v M — MOpC, m — ZmODDml, and eyx: NOpC — N, npc— nec(c),

for any M € M and N € MP, see [24, 11.10]. Note that, in the definition of v*,
for any right D-comodule N, the cotensor product NUpC' is regarded as a right C-
comodule via pyo,c : NOpC — (NOpC) @ C,nOpc — Y (nOper) ® co. Furthermore,
the coaction pps of M as a right C'-comodule induces a morphism of right C-comodules
om =Ny 2 M — MUOpC such that pyr = i 0 ppy, where ¢ : MOpC — M ® C is the
canonical inclusion. In particular, if M = C then po = Ac = nc : C — COpC.

For the functors v, and ¥* the separability and the natural fullness can be characterized

as follows.

Proposition 1.43. [29, Theorem 2.4, Theorem 2.7] The functor 1. is separable if, and
only if, the canonical morphism Ac : C — COpC is split-mono as a C-bicomodule map.
The functor ¥* is separable if, and only if, ¥ is split-epi as a D-bicomodule map.

Proposition 1.44. [7, Examples 3.23 (1)] The functor v, is naturally full if, and only if,
Ac is split-epi as a C-bicomodule map. The functor ¥* is naturally full if, and only if, ¥
is split-mono as a D-bicomodule map.

We recall that a coalgebra C' is said to be coseparable (see e.g. [24], 3.28]) if A¢: C —
C ® C splits as a (C,C)-bicomodule map, i.e. there exists a map 7 : C ® C — C such
that (Ide ® m) o (Ac ® Id¢) = Acom = (r®1de) o (Ide ® A¢) and o Ag = Ide. The
coseparability of C' can be described equivalently either by the separability of the forgetful
functor MC — M, or of the forgetful functor M — M, see [24, 3.29], or in terms of the
existence of a coseparability idempotent, that is a k-linear map o : C ® C' — k such that
cgoAcg =¢c and (Idg®0) o (Ac®Ide) = (0 ®1de) o (Ide ® Ac).
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1.4.3 Corings

The notion of coring was introduced by Sweedler in [86] as a generalization of coalgebras.
Indeed, given a ring R, an R-coring is a coalgebra in the monoidal category (RM g, ®r, R)
of R-bimodules. More explicitly, an R-coring [86] is an R-bimodule C together with R-
bimodule maps A¢ : C — C®rC and e¢ : C — R, called the comultiplication (or coproduct)
and the counit, respectively, such that A¢ is coassociative and counital, i.e. such that the
diagrams

c— 2 .cerc C—2¢ . cane
Acl lC®RAc Acl lde J{C@)REC

are commutative, respectively. Given two R-corings (C, Ac,ec¢), (C',Acr,ecr), an (R, R)-
bilinear map f : C — C’ is a coring morphism provided A¢ o f = (f ®r f) o A¢ and
ecro f = ec. We refer to [24, 24.1] for the definition of a morphism of corings over different
rings.

Example 1.45. A ring R is an R-coring with the canonical isomorphism R — R®pr R as
a coproduct and the identity map Idr : R — R as a counit, and it is known as the trivial
R-coring. We will consider it e.g. in Proposition [3.38

Example 1.46. Let R — S be a ring extension. Then, C := S ®p S is an S-coring with
comultiplication A¢ : C - C®RsC =S ®Rr SRS, sRr s — s®r 1g ®g s and counit
ec:C— S, ec(s®@prs’) = ss’. The coring C is called the Sweedler’s canonical S-coring
associated with the extension R — S.

Example 1.47. See |24, 17.6]. Let M be an (R, S)-bimodule which is finitely generated
and projective as a right S-module. Then, the map

N ®s M* — Homg(M,N), n®g f + [m+— nf(m)], (1.18)

where M* = Homg(M,S), is an isomorphism natural in N, for every right S-module
N, see e.g. [I, Proposition 20.10]. The S-bimodule M* ®p M is an S-coring, called the
comatriz coring, with coproduct

A:M*QrM — (M* ®RM) Xg (M* ®RM) > M* ®REnds(M) ®pr M,
f@rm— f@rldy ®@rm,

and counit ¢ : M*@p M — S, f ®g m — f(m). Comatrix corings have been introduced
in [37] and they generalize the Sweedler’s canonical coring.

Example 1.48. We recall from [24] 28.1] that, given an R-coring (C,A¢,ec¢), an element
g € C is said to be semi-grouplike provided Ac(g) = g®r g, and g is a grouplike element if
g is semi-grouplike and e¢(g) = 1g. Note that every coring has a semi-grouplike element
(indeed, take g = 0) and, if R — S is a ring extension, then g = 1g ®pr 1g is a grouplike
element in the Sweedler S-coring S ®pr S. Then, corings with a grouplike element can be
viewed as a generalisation of the Sweedler’s canonical coring, as well. Furthermore, [24]
28.2] an R-coring has a grouplike element if, and only if, R is a (right or left) C-comodule.
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We remind that, given an R-coring (C, Ac,ec), a right C-comodule is a right R-module
M together with a right R-linear map ppr : M — M ®pg C, called the coaction, that is
coassociative and right counital, i.e. such that the diagrams

M—2 M epC M- M @pC
plwl \LM@RAC m\ \LM@REC
MIrRC——M RQQrCQrC M

pPMORC

commute. A morphism between right C-comodules f : M — N is defined as a right R-
module map f : M — N respecting the coactions, i.e., such that pyof = (f®rC)opns. Let
Hom® (M, N ) denote the set of morphisms of right C-comodules from M to N and let MC
denote the category of right C-comodules. As for coalgebras, we adopt the usual Sweedler
notations A¢(c) = Y ¢1 @g ¢o and py(m) = S mo ®g my for every ¢ € C, M € MC, and
m € M. Symmetrically, one can define the category M of left C-comodules. An (R, R)-
bimodule M that is a right C-comodule by pas : M — M ®pg C and a left C-comodule by
A M — C®gr M is called a (C,C)-bicomodule provided it satisfies the compatibility
condition (C®p pr) oAy = Ay ®rC) o par. A morphism of bicomodules f : M — N is a
map that is both left and right C-colinear, and the R-module of all these maps is denoted
by ®Hom® (M, N). Clearly, C is a (C,C)-bicomodule by the structure map Ac.

Consider the induction functor
G:=(-)QrC: Mp—> M’ M- MrC, [+~ f®rC,

which is the right adjoint of the forgetful functor F': M¢ — Mg, see e.g. [23, Lemma
3.1]. The right C-comodule structure of M ®pg C is given by M ®pr A¢c. The unit and
counit of the adjunction are given by ny = par : M — M ®p C, for every M € MC, and
en = N®prec: NorC — N, en(n®g ¢) = nec(c), for every N € Mg, n € N, c € C,
respectively.

The following results characterize the separability and natural fullness of F' and G.
We denote by C® = {c € C | rc = er, Vr € R} the set of invariant elements in C. An
R-coring C is said to be coseparable [24], Section 26] if A¢ : C — C ®p C splits as a (C,C)-
bicomodule map, that is, if there exists an (R, R)-bimodule map 7 : C ®z C — C such that
(Idc QR 7T) o (Ac QR Idc) =Acom = (7T QR Idc) o (Idc QR Ac) and mo A¢ = Ide.

Proposition 1.49. [23, Theorem 3.3, Corollary 3.6] The functor F is separable if, and
only if, the coring C is coseparable. The functor G is separable if, and only if, there exists
an invariant element z € Cf such that ec(z) = 1g.

In case the functor G is separable, the coring C is said to be cosplit [24, 26.12], and
the corresponding invariant z € C* is called a normalised integral in C.

Proposition 1.50. [7, Proposition 3.13] The functor F' is naturally full if, and only if, Ac
is surjective if, and only if, cec(d) = ec(c)d, for all c,d € C. The functor G is naturally
full if, and only if, there exists an invariant element z € C® such that ¢ = ec(c)z for
every ¢ € C if, and only if, ec splits in RMRp, i.e., there is £ : R — C in gpMp such that
Eoee =1de.
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Coinduction and corestriction functors of comodules over corings

The cotensor product for comodules over coalgebras (cf. Subsection can be
extended to the cotensor product of comodules over corings. We remind from [42] 2.4]
that, for M € M€ and N € °M, the cotensor product MOcN is defined as the kernel of
the (C,C)-bicomodule map

=pMQRN—MRprA
Mop N WM, N=pMOR RAN M&pCopN,

where pyr and Ay are the right and the left C-comodule structures of M and N, respec-
tively. For any any M € MC, N € °M, there are C-comodule isomorphisms M = MO:C
and N = CO¢N, see [24], 22.4]. Any M € MC induces a covariant functor

MOe— : ‘M — Mp,

1.19
N — MON, [f:N — N+ [MOcf : MOeN — MOeN'). (1.19)

Notice that in general, for M € M and N € M, MO¢N is just an R-module. If M is
a (D, C)-bicomodule, then MUO¢N is a left D-comodule provided the map wys,n is D-pure
in g M, see [24, 22.3]. The pureness conditions required are satified for example if C is flat
as left R-module. In this case, given a morphism 1 : C — D of R-corings, the coinduction
functor ¢* := —OpC : MP — M, N — NOpC, is the right adjoint of the corestriction
functor ¢, : MC — MP (M, par) — (M, p%), see [24], 22.12], where pljf/[ = (Idp ®@rY)par-
The unit is given by nar : M — MOpC, m — 3. mopmy, for every M € M, and the
counit is ey : NOpC — N, nOpc + nec(c), for every N € MP.
We denote C* = Hompg(C, R), *C = rpHom(C, R), respectively.

Definition 1.51. An R-coring C is said to satisfy the left a-condition [24, 19.2] if the map
aly i N @ C — Hompg(*C,N), n ®@g c — [f = nf(c)], is injective for every N € M.

Remark 1.52. By [24], 19.2, 42.10] C satisfies the left a-condition if, and only if, C is locally
projective as a left R-module if, and only if, for N € Mg andu € N®gC, (Idy®@gf)(u) =0
for all f € *C, implies u = 0.

The left a-condition implies that MC is a full subcategory of «¢c M, see [24], 19.3]. The
right a-condition can be formulated symmetrically.

Definition 1.53. An R-coring C is said to satisfy the right a-condition if the map
afy :C®r N — gHom(C*,N), c®grnw— [f— f(c)n],
is injective for every N € p M.

Proposition 1.54. [24, 26.15] Let ¢ : C — D be a morphism of R-corings and assume
that rC is flat and that D satisfies the right a-condition. Then, * is separable if, and
only if, there exists a (D, D)-colinear map x : D — C such that ¢ o x = Ildp.

1.4.4 Bimodules

Let R, S be rings. An (R, S)-bimodule M is a left R-module and a right S-module such
that (rz)s = r(xs), for r € R, x € M, s € S. Let pMg denote the category of (R, S)-
bimodules. We recall that, given bimodules pLg and Mg/, one gets an (R, R')-bimodule
L®gs M with r(x @gy)r' = (rz) ®g (yr’), forr € R,z € L, y € M and r' € R'. Moreover,
see e.g. [81], Proposition 9.2, page 32|, there is a natural isomorphism

Homg(L ®p M, N) = Homp(L, Homg(M, N)),
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for modules Lg, pMg, Ng, that yields the well-known tensor-hom adjunction. In fact,
every M € prMg defines an adjunction ¢* 4 o, : Mg — Mg, formed by the induction
functor o* := (=) ®g M : M — Mg, and the coinduction functor o, := Homg(M, —) :
Mg — Mg, with unit n and counit e given by

nx : X — Homg(M, X @gr M), x — [m+— x @ m],
ey : Homg(M,Y) ®@r M =Y, f @gm — f(m),

respectively, for all X € Mg and Y € Mg. Given bimodules gpMg and r/Ng, where R’
is a ring, the abelian group Homg(M, N) is an (R', R)-bimodule via the multiplication
defined by

(r' fry(m) :=r'f(rm), for every f € Homg(M,N),r € R,m € M,r' € R'.

In particular, the endomorphism ring £ := Endg(M) belongs to the category pMp. We
will consider the ring homomorphism

p:R—=E&, rwridy. (1.20)

We denote by
*M = gHom(M,R) and M™* = Homg(M,S5)

the left dual and the right dual of M, respectively, which both belong to gMpg.
Given an (R, S)-bimodule M, in [83] R is said to be M -separable over S if the evaluation
map
evy : M ®@g*M — R, evy(m®g f) = f(m), (1.21)

is a split epimorphism of R-bimodules. Hereafter, we consider the corresponding right
version of this definition. Explicitly, we say that S is M -separable over R, if the evaluation
map

evy t M*@pr M — S, evy(f @rm) = f(m), (1.22)

is a split epimorphism of S-bimodules. This means that there is a central element ), f;®gr
m; € (M* @ M)® such that 3, f;(m;) = 1. The set {f;,m;} is usually called a system
of M -separability.

Given an (R, S)-bimodule M, concerning the separability and natural fullness of o, =
Homg (M, —) and ¢* = (=) @r M, the following results hold true (the quoted references
show the results for the functors between the respective categories of left modules).

Proposition 1.55. [28, Theorem 34] The functor o, is separable if, and only if, S is
M -separable over R.

Proposition 1.56. [78, Proposition 2.5 1.] If the functor o* is separable, then there is
E € rHompg(E, R) such that E o ¢ = Idg, i.e. ¢* is separable, where ¢ : R — &£ is the

map in (T20).

As observed in [28, Remark 5], there is no algebraic interpretation for the functor o*
to be separable, unless Mg is finitely generated and projective. If we assume that the
bimodule pMg is finitely generated and projective as right S-module, then, as already
observed in Example the map N ®g M* — Homg(M,N), n ®g f — [m — nf(m)],
is an isomorphism natural in NN, for every right S-module N. In particular, the endo-
morphism ring £ = Endg(M) is isomorphic to M ®g M*. As a consequence, the right
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adjoint of o* can be chosen to be o, = (—) ®s M* : Mg — Mp. Given a finite dual basis
{e},e;} € M* x M, the unit n and the counit € of the adjunction ¢* 4 o, become

nX:X—>X®RM®5M*,xHZm@Rei(@Sef,

7

ey 1Y Qs M " @r M =Y, y®s f @rm — yf(m),

for all X € Mg, Y € Mg.
In this setting, it is known that the converse of Proposition holds true, see e.g. [4]
Remark 3.28]. We give here an explicit proof.

Proposition 1.57. Assume that Mg is finitely generated and projective. Let ¢ : R — &
as in (1.20). Then, o* is separable if, and only if, ¢* is separable, i.e., there is E €
rHompg(E, R) such that E o ¢ = Idp.

Proof. In case Mg is finitely generated and projective, it is known that there is a bijection
Nat(o.0*,Id,pm) = rHompg(E, R) (see 7, Proposition 3.6] for right modules). Explicitly,
for E € rpHompg(E, R), the corresponding natural transformation v : o,0* — Id g is
given by vx : 0,0*X = X @r M ®s M* — X, x g m ®g f — xzE(mf). In fact, it
is well-defined as, for every a € R, s € S, we have vx(rza ®g m Qg g) = zraFE(mg) =
zE(amg) = vx(x ®r am ®g g) and vx(x ®r ms Qg g) = xE(msg) = vx(x @gr m Qg 5g).
For every f: X — Y in Mg, one has (vy oo, 0*f)(x @rm®sg) = vy (f(x) @pm g g) =
f(@)E(mg) = f(zE(mg)) = (forx)(r®rm®sgg), so v is natural. Given a finite dual basis
{e},e;} € M* x M, one has >, e;ef(m) = m = Idy(m) = ¢(1g)(m), for every m € M,
so > ;eiel = p(1lgr), hence we get (vx onx)(z) =vx (>, 2 Qrei ®sel) =xE(Y; eel) =
2Ep(1g) = x1gp = © = Idx(x), for every X € Mp, x € X. Thus, by Theorem o* is
separable. The converse holds by Proposition [1.56] ]

The next result characterizes the natural fullness of o, and o*.

Proposition 1.58. [7, Theorem 3.8] The functor o, is naturally full if, and only if, there
is 35 fi @rm; € (M* @r M)® satisfying Idys g m = 3, mfi(—) @g m;, for allm € M.

Assume that M € rMg is finitely generated and projective as a right S-module. Let
©: R— & be the map as in . Then, o* is naturally full if, and only if, ©* is naturally
full, i.e. if, and only if, there is E € pgHompg(E, R) such that p o E = Idg¢.

Remark 1.59. Given a morphism of rings ¢ : R — S we can consider the (R, S)-bimodule
M := RSg, with left action induced by ¢, which is trivially finitely generated and projective
as a right S-module. In this case, 0* = (=) ®g S = ¢* : Mg — Mp is the extension of
scalars functor, so its right adjoint o, is isomorphic to the restriction of scalars functor
px : Mg — Mp. As a consequence, Proposition [1.40] and Proposition [1.42] are special
cases of Proposition and Proposition respectively. In particular, it follows that
S is S-separable over R if, and only if, ¢, is separable, i.e. if, and only if, the extension
S/R is separable.

1.5 (Co)monads and separability

In this section we recall how separable functors and (co)separable (co)monads are
related. We start by reminding the definitions of (co)monads, Eilenberg-Moore categories
[36] and the Kleisli category [57], see also [61, VI].



20 1. Separable and naturally full functors

1.5.1 Monads and comonads

A monad (or triple [41]), on a category C is a tern T = (T, m,n) where T : C — C
is a functor, m : TT — T and n : Ide — T are natural transformations satisfying the
associative law and the left and right unit laws, i.e. such that the diagrams

TTT —™ .77 IdeT il TT Bl TIde
mTl J{m ml

Id Id
T7T—— T T

commute. Let ¢ : T — T’ be a natural transformation between functors T, T’. Then,
the horizontal composition (also called the Godement product) ¢T' o T = T'¢po ¢T is
usually denoted by ¢¢ : TT — T'T'. A morphism between two monads T = (T,m,n)
and TV = (T',m’,n') on a category C is a natural transformation ¢ : T — T’ such that
pom=m'o¢p,and pon=1n'.

Remark 1.60. The category End(C) of endofunctors of a category C is a (strict) monoidal
category, with composition of endofunctors for monoidal product and the identity functor
Id¢ for unit object. A monad on C is just a monoid (or algebra) in the category End(C).

Remark 1.61. [61, page 138] Let F'4 G : D — C be an adjunction with unit n: Ide - GF
and counit € : FG — Idp. Then, (GF,GeF,n) is a monad on C.

Example 1.62. Let ¢ : R — S be a morphism of unital rings, cf. Subsection The
R-bimodule structure on S is given by

r-s=p(r)s, s-1r = sp(r),
for every r € R and s € S. Consider the multiplication mg : S ®r S — S, s @ s’ > ss,
which is a morphism of S-bimodules such that mg o (S ®r mg) = mgo (mg ®r S). Let
- : R®gr — — Id,m be the functorial isomorphism given, for any left R-module M, by
Iy : R M — M, r Qg x — 7 - 1, with inverse l;j :M — R®r M, l;j(m) =1gr Qg x,
and consider

T=SQr—:pM > M, m:=msQ@r—:SQrSQRr— — SQg —,
77:: (ns@R—)OlilldRM—}S(gR_,

where ng = p®r — : R®r — — S ®pr —. Then, T = (T,m,n) is a monad on the category
rM of left R-modules.

Dually, a comonad on a category D is a triple C = (L, A,e) where L : D — D is
a functor, A : 1L — 11 and € : L — Idp are natural transformations satisfying the
coassociative law and the left and right counit laws, i.e. such that the diagrams

1 A 11 1
A 1A A
Il 111 Idp L — 11 — 11dp

commute. Let ¢ : 1L — 1’ be a natural transformation between functors L, 1/, and denote
by ¢¢ : L1 — 1’1’ the horizontal composition ¢’ o L¢p = L'¢p o ¢dLl. A morphism
between two comonads C = (L, Ae) and C' = (L', A’,€') on a category D is a natural
transformation ¢ : L — 1’ such that A’ o ¢ = ¢¢p o A and € o ¢ = e. Any adjunction
(F,G,n,¢€) defines a comonad (FG, FnG,e) on D.
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Example 1.63. Given a ring R, let (C, A¢,ec) be an R-coring. Denoting
1Lli=—-®rC: Mr—>Mp, A=—QRrAc:—®rC—>—-—0rCRRC,
5;:7"70(*@1%5(}) : 7®RC*>IdMR,

where r_ : — ®g R — Idaq,, is the functorial isomorphism given by ry : M ®g R — M,
x Qg1 — x-r, we have that C = (L, A, ¢€) is a comonad on the category Mp of right
R-modules. Indeed, see [24, 18.28 (1)], the following are equivalent for an (R, R)-bimodule
C:

(i) Cis an R-coring;
(74) the functor — ®r C : Mr — Mp is a comonad,

(73t) the functor C ® g — : pRM — pM is a comonad.

1.5.2 Eilenberg-Moore categories

Given a monad T = (T,m,n) on a category C, in [36] Eilenberg and Moore constructed
the category Ct of T-modules and an adjunction V1 - Ut : C+ — C, whose associated
monad is given by T.

Definition 1.64. Let T = (T,m,n) be a monad on a category C. An action of T on an
object X of C is a morphism px : TX — X in C such that the associative and unital laws
hold, i.e. the diagrams

TTX — "™ Tx X nx TX
T -
Idx 1354
TX X X
X

commute. The pair (X, ux) is called a T-module (or T-algebra) in C. A morphism f
between two T-modules (X, ux) and (X', ux/) is a morphism f : X — X’ in C such that

IuX/OTf:fO/,LX.

The category of T-modules and their morphisms is called the Filenberg-Moore category
of the monad T, and it is denoted by Ct. The forgetful functor Ut : C+ — C,

(X,ux : TX =2 X)X, f—f
has a left adjoint, the so-called free functor V1 :C — CT,
X = (TX,mx), [ T()

The unit Id¢ — UVt = T is exactly 1, while the counit et : V7Ut — Id¢, is determined

by the equality Utet(x ) = px, for every object (X,ux) in Ct. The monad on C

attached to the Filenberg-Moore adjunction VT - U, is the given monad T = (T, m,n).
Let us give some known examples.

Example 1.65. Let T = (T,m,n) be the monad of Example on the category pM
of left R-modules. Let (X, pux) be an object in (g M)7. This means that puy : TX =
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S ®pr X — X is a morphism in g M such that ux o Tux = ux omx and pux onx = Idx.
Thus, for every z € X, s € S, writing sz = ux(s ®g x), we get

(hx o (S @R px))(s' @R s ®r ) = px (s’ @ sv) = §'(sz)
(hx omx)(s' ®r s ®Orx) = px(ss' @) = (s's)x
lsz = px(ls ®r @) = (ux o nx) () = .

Then, the category (g M)t is isomorphic to the category g M of left S-modules through
the assignment

(X, px) = (X, px o 7)
where 7: S x X = S®r X, (s5,2) — s Qg x.

Example 1.66. A monoid M with identity element 1,; determines a functor T = M x — :
Set — Set and natural transformations m : TT — T and 7 : Idset — T defined by

mx: TTX=MxMxX—->MxX=TX:(m,n,x)— (mn,z),
Nx : X > MxX=TX:z— (1p,x).

Then, (T,m,n) is a monad on Set. Let (X, ux) be an object in Setr, i.e. X € Set and
px : M x X — X is a map such that uyx o (M X pux) = px omx and px onx = Idy.
Thus, (X, ux) is an M-set, and Sett is the category of M-sets and their morphisms.

Example 1.67. An algebra A over a field k determines a functor T = A® — : MM — I,
where 2N is the category of vector spaces over k and the unadorned & is the tensor product
over k, and natural transformations m : TT — T and 7 : Idgy — T defined by

my: TTV=ARARV AV =TV :a®@bv— ab®v,
Ny :V—o2AQ0V =TV iv= 14w,

Then, (T,m,n) is a monad on M, and Mt identifies with the category 4 M of left A-
modules.

Definition 1.68. Let C = (L, A, ¢) be a comonad on a category D. A coaction of L on an
object X of D is a morphism px : X — 1 X in D such that the coassociative and counital
laws hold, i.e. the diagrams

X PX 1X X PX 1X
PX\L \LJ_pX \ /
Idx €X
1X 11X X
X

commute. The pair (X, px) is called a L-comodule (or L-coalgebra) in D. A morphism
/ between two L-comodules (X, px) and (X', px+) is a morphism f : X — X’ in D such

that px o f = Lfopx.

The category of L-comodules and their morphisms is denoted by D+. The forgetful
functor U+ : DL — D has a right adjoint, namely the cofree functor

VH:D D X (LX,Ax),  fe L(f).
The unit n* : Idpr — VUL is completely determined by the equality ULU(LX px) = PX>

for every object (X, px) in D+, while the counit U+V+ = 1 — Idp is exactly e.



1.5. (Co)monads and separability 23

Example 1.69. We come back to Example If C is an R-coring, then the category
(MR)~®8C (resp., (RM)C®E7) of comodules over the comonad — ®r C (resp., C ®r —) is
isomorphic to the category MC (resp., “M) of right (resp., left) C-comodules, see e.g. [24,
18.28 (2)].

Given an adjunction FF 4 G : D — C, with unit 1 and counit €, we can consider the
monad (GF,GeF,n) on C and the comonad (F'G, FnG,e€) on D. We have the comparison
functor

KGF :D—)CGF, D+ (GD,GGD), f'—>G(f),

and the cocomparison functor
K¥¢.c - DFY  Cw (FC, Fne), = F(f),

the forgetful functors Ugp and UFC, the free functor Vgp and the cofree functor V'€,
that fit into the diagram

UFG

FG
D VJF_G D KGF
FT—!lG (1.23)
Vaor
Ko C L Car,
Ucr

where Ugr o Kgr = G, Kgro F = Vgp, UF¢ o K¥¢ = F and K¢ o G = VFC,

Definition 1.70. i) An adjunction ' 4 G : D — C is called monadic (tripleable in
Beck’s terminology [15]) (resp., premonadic) whenever the comparison functor Kgp :
D — Cqr is an equivalence of categories (resp., fully faithful).

i7) A functor G is called monadic (resp., premonadic) if G has a left adjoint F' such that
the adjunction (F,G) is monadic (resp., premonadic).

i7i) An adjunction F' 4 G : D — C is called comonadic (resp., precomonadic) whenever
the cocomparison functor K¥¢ : ¢ — DFC is an equivalence of categories (resp.,
fully faithful).

iv) A functor F' is called comonadic (resp., precomonadic) if F has a right adjoint G
such that the adjunction (F, @) is comonadic (resp., precomonadic).

Example 1.71. Let M be a monoid. Then, the forgetful functor G : M-Set — Set is
monadic. The left adjoint F' of G is given by F' : Set — M-Set, S +— (M x S, upr x Idg :
MxMxS— MxS), f—Idy x f. The monad associated with this adjunction is given
as in Example Thus, the Eilenberg-Moore category Setqr is the category M-Set of
M-sets. The comparison functor is an equivalence and G is monadic.

Example 1.72. Let R, S be rings. Let pMg be a bimodule which is a finitely generated
and projective right S-module, and let ¢* 4 0, : Mg — Mg be the adjunction considered
in Subsection Consider an object (X,p : 0,0*X — X) in (MR)s,o+. Note that
0.0°(X) = X ®@r M ®s M* = X ®p &, where £ := Endg(M) = M ®¢ M* is the
endomorphism ring with canonical morphism ¢ : R — &, ¢(r)(m) = rm, for all r € R and
m € M. Then, see e.g. [64, page 30], the Eilenberg-Moore category (MRg)s,o+ is equivalent
to the category Mg of right £-modules, but the comparison functor K, o« : Mg — Mg,
Y —» Y ®g M* (the latter is a right £-module through the evaluation map), needs not to
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be an equivalence unless M is a generator in Mg, see e.g. [34, Lemma 3.2, Proposition
3.3], [81), Proposition IV. 10.7, page 108]. Then, the forgetful and free functors result to be
Us,or = P, Vooor = ¢, respectively. Dually, see e.g. [64], page 36], the Eilenberg-Moore
category (Mg)? 7* is equivalent to the category MC of right comodules over the comatrix
S-coring C := M* @ M (cf. Example . In this case, the diagram becomes:

(1.24)

é MS = (MR)O'*U*7

Px

where K7 % is the cocomparison functor, and F -4 G is the adjunction given by the
forgetful functor F : M® — Mg and the induction functor G := (—) ®sC : Mg — M€
(cf. Subsection [1.4.3)). Thus, we have

s 0 Ko ov = 04, FoKo o :0'*, KU*J*OO'*:(P*a KU*U*OU*:G.
1.5.3 Kileisli category

Let (T,m,n) be a monad on a category C. A T-module is said to be free (see e.g. [20),
Definition 4.1.5][61, VI. 5]) when it is isomorphic to one of the form V+C = (TC, m¢),
for some object C' € C, and the full subcategory of C1 generated by the free T-modules is
equivalent to the so-called Kleisli category T-Freec of free T-modules (see [57]). Explicitly,
the objects of T-Freec are those of C and a morphism f : C' - D in T-Freec is a morphism
f:C — T(D) in C; the composite of two morphisms f: C - D, g: D -» E in T-Freec,
that we denote by g o’ f, is given by the composite

f

o T(g)

mEg

T(D) TT(E)——=T(E)

in C, and the identity C' - C on an object C' of T-Freec is the unit no : C — T(C) in C.
There is (see [20, Proposition 4.1.6]) a fully faithful functor

Jt: T-Freec = Ct, Cw— (TC,m¢g), [f:C -» D]+~ mpoT(f),
that fits into the following diagram

C

UL Y
% o (1.25)

T—Freec% CT,
T

where the adjunction V4 - Ut restricts to an adjunction Vi - U’ (called the Kleisli
adjunction) between C and T-Freec, that is, Uy = Ut o Jt and J1 o V1 = V7 (see [20]
Corollary 4.1.7]). Explicitly, U} and V1 are given by

Ur : T-Freec - C, Cw T(C), [f:C -» D]~ mpoT(f), (1.26)
Vi:C— T-Freee, C—C, [f:C— D]~ mnpof. (1.27)
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The unit of Vi - U’ is n, while the counit 5’ : ViU — Id T pree, is given by fy = Idry :
TY » Y, for every Y € T-Freec. Indeed, by employing the composition law for the Kleisli
category, /' is a natural transformation as, for every f : X - Y in T-Freec, 8y o' Tf =
myoTfyoTf=myoTldrxoTf=myoTf=myoTfoldrx =myoTfofy = fo'B;
we have U Sy onury = my o Tldryonty =myonry =Idty =Idy,y, for every Y € C,
and 5(/4;( o Vinx =mxo TfyoVinxy =mxo Tldrx ontx ony = mxonrx onx =
Idrxonx =nx = IdV4X, for every X € C, so the triangle identities hold true.

Remark 1.73. See [20, Proposition 4.2.2]. Let T = (T, m,n) be a monad on a category C.
Then, as in the case of the Eilenberg-Moore adjunction V1 - Ut, the monad associated
with the Kleisli adjunction Vi -+ U% is the given monad T. More precisely, see also
[61, Theorem VI 5.3], the category of adjunctions which define the monad T on C and
morphisms between them, has the Kleisli adjunction as initial object, and the Eilenberg-
Moore adjunction as terminal object.

Now, let F' 4G : D — C be an adjunction with unit 7 and counit ¢, and consider the
diagram (|1.25) for the associated monad (GF, GeF,n). Then, (see [20, Proposition 4.2.1])
there is the so-called Kleisli comparison functor

Lgr : GF-Freec - D, Cw— F(C), |[f:C -» D]~ erpoF(f),

such that Kgp o Lgp is the functor Jgp : GF-Free¢c — Cor, C — (GFC,Gepc), f —
Gepp o GF(f), and the following diagram

c
NS
(1.28)

D _Ver

Kgr

G F-FreecC Car

Jor=KgroLgFr

is commutative. In particular, we have G o Lgp = U/, and Lgr o Vi p = F where, as in

and (L.27),

ULp : GF-Freec — C, C+— GF(C), |[f:C -» D]+ Gepp o GF(f), (1.29)
Vip:C— GF-Freec, Cw— C, [f:C — D]~ npof. (1.30)

Remark 1.74. Cf. |20} Proposition 4.2.1]. Since Kgr o Lgr = Jgr and the functor Jgp is
fully faithful, then the functor Lgp is faithful. Moreover, Lgr is actually fully faithful. In
fact, a morphism h : F(C) — F(D) in D corresponds by adjunction with the morphism
f=Ghonc : C - GF(D) in C, i.e. a morphism f : C - D in GF-Freec such that
Lar(f) = h, hence L is full as well.

1.5.4 (Co)separable (co)monads

In [22] the notion of separable algebra was extended to monads. Explicitly, a monad
(Tym : TT — T,n:1de — T) on a category C is said to be separable if there exists a
natural transformation ¢ : T — T 7T such that moo = Idt and TmoocT =com =
mT o To; moreover, a separable monad is a monad satisfying the equivalent conditions of
[22, Proposition 6.3].
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Dually, a comonad (L,A : 1L — 11, e: L — Ide) on a category C is said to be
coseparable if there exists a natural transformation 7 : L1 — 1 satisfying 7o A = Id|
and 170 Al =Aor=71LolA.

The (co)separability of a (co)monad is equivalent to the separability of the forgetful
functor from the Eilenberg-Moore category of (co)modules over the (co)monad.

Lemma 1.75. [I7, 2.9] Let C be a category. Then,

i) amonad (T,m:TT — T,n:Ide — T) onC is separable if, and only if, the forgetful
functor Ut : Ct — C is separable;

1) a comonad (L,A: L — L1 e: L — Ide) on C is coseparable if, and only if, the
forgetful functor UL : C+ — C is separable.

Remark 1.76. Let C be a category. If the forgetful functor Ut : C+ — C is separable, then
so is U%. In fact, since Uy = Ut o Jt and Jt is fully faithful, then U’ is separable by
Lemma [1.4]¢) if so is U~.

Furthermore, an idempotent monad is a monad (T,m,n) on a category C whose multi-
plication m is an isomorphism or, equivalently, such that the forgetful functor Ut : C+ — C
is fully faithful, see [20, Proposition 4.2.3]. Dually, an idempotent comonad is a comonad
(L,A,€) on a category C whose comultiplication A is an isomorphism or, equivalently,
such that the forgetful functor U+ : Ct — C is fully faithful, see [2, Section 6].

An adjunction F' 4 G : D — C with unit n : Id¢ — GF and counit ¢ : FG — Idp is said
to be an idempotent adjunction if the monad (GF, GeF,n) is idempotent, or equivalently
if the comonad (F'G, FnG, ¢) is idempotent, see e.g. [32, Subsection 3.4]. The first hint of
idempotent adjunctions can be found in [62] under the name of idempotent constructions.
By [60, Proposition 2.8] the idempotence of an adjunction (F,G,n,¢€) is equivalent to any
of the natural transformations eF, Ge, Fn and nG being an isomorphism.

Remark 1.77. An idempotent (co)monad on a category C is always (co)separable with
splitting given by the inverse of the (co)multiplication. Alternatively, the forgetful functor
Ut : Ct — C (resp., U+ : Ct — C) is both separable and naturally full whenever it is fully
faithful.

Remark 1.78. [4, Remark 2.5] Let F' 4 G : D — C be an adjunction with unit n : Id¢ — GF
and counit € : FG — Idp.

i) The adjunctions (F, G) and (Vg r, Ugr) have the same associated monad (GF, GeF, n),
whereas the adjunctions (F,G) and (UFY V&) have the same associated comonad
(FG,FnG,e).

i1) By i), (F, Q) is idempotent if, and only if, (Vgr, Ugr) is idempotent if, and only if,
(UFG, VFG)Y is idempotent.

i41) The counit of an adjunction coincides with the counit of the associated comonad.
Thus, by i), the adjunctions (F,G) and (UFY VFE) have the same counit. As a
consequence, G is separable (resp., naturally full, fully faithful) if, and only if, so is
VFG in view of the corresponding Rafael-type Theorems (Theorem Theorem

and Theorem respectively).

iv) Similarly, the adjunctions (F, &) and (Vgr, Ugr) have the same unit and hence F is
separable (resp., naturally full, fully faithful) if, and only if, so is Vgp.
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In Proposition [1.57] we have shown that the reverse implication of Proposition [1.56
holds true if Mg is finitely generated and projective. An alternative way to see this fact
(see [4, Remark 3.28]) follows by the previous remark. In fact, from Example[1.72| we know
that K, -« o 0* = ¢*. Hence, by Remark iv) we get that o* is separable if, and only
if, V,, o+ = " is separable. By Proposition this is equivalent to ¢ being split-mono
as an R-bimodule map, i.e. to the existence of F € pRHompg (€, R) such that E o ¢ = Id.

The next lemma relates separable functors that are part of an adjunction to (co)separable
(co)monads.

Lemma 1.79. [31, Cf. Lemma 3.1] Let F 4G : D — C be an adjunction with unit n and
counit €.

i) If F is separable, then the associated comonad (FG, FnG,e) is coseparable.
i1) If G is separable, then the associated monad (GF,GeF,n) is separable.

Proof. i). If F is separable, then by Theorem there is a natural transformation
v : GF — Id¢ such that von = 1d. Set 7 := FvG : FldeG — FGFG. We have that
7o FnG = FvG o FnG = F(von)G = Idpg. From naturality of n and v it follows that
FGroFnGFG = FGFvGoFnGFG = FnGoFvG = FVGFGoFGFnG = TFGoFGFnG,
hence (F'G, FnG,e) is coseparable.

i1). It follows dually. O

In the next chapter we will show that a weakening of the assumptions on the right (resp.,
left) adjoint in Lemma still implies the (co)separability of the associated (co)monad.
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Chapter 2

The notion of semiseparability

In this chapter we deal with the notion of semiseparable functor, introduced in [4] by
requiring a regularity condition (in the sense of Von Neumann) on its hom-components,
and we review its main properties. To any semiseparable functor we attach an invariant
which controls the separability of the functor and allows a characterization of separable
functors in terms of semiseparability and (dual) Maschke or conservative functors. We
show that any semiseparable functor admits a canonical factorization as a naturally full
functor followed by a separable one. Then, we study semiseparability for functors that are
part of an adjunction and we prove a Rafael-type Theorem. In the context of Eilenberg-
Moore categories, we characterize the semiseparability of a right (resp., left) adjoint in
terms of the (co)separability of the associated (co)monad and the natural fullness of the
corresponding (co)comparison functor. Finally, we look at the notions of (co)reflection,
bireflection and Frobenius functor with respect to semiseparability.

2.1 Semiseparable functors

Given functors F, F’' : C — D, we call a natural transformation « : F' — F’ reqular if
there exists a natural transformation 3 : F/ — F such that aoSoa = a.

Remark 2.1. A natural transformation o : F — F’ is regular if, and only if, there exists a
natural transformation 3 : F/ — F such that aoSoa = a and BoaofS = 3. In fact, if a is
regular through v : F/ — F, then it is enough to set 8 := yoao~. This is the analogue of
the fact that every regular element has an inverse in semigroup theory, see e.g. [54, page
51].

Definition 2.2. [4, Definition 1.1] We say that a functor F' : C — D is semiseparable if
the natural transformation F : Hom¢(—, —) — Homp(F—, F'—), f — Ff, is regular. This
means that there exists a natural transformation P : Homp(F'—, F—) — Hom¢(—, —) such
that

FoPoF=F.

Remark 2.3. Since F )J?’Y = f{?ié’ op for every X,Y € C, a functor F : C — D is semisepa-
rable if and only if so is F°P : C°P — D°P.

Remark 2.4. From Remark [2.1]it follows that a functor F' : C — D is semiseparable if, and
only if, there exists a natural transformation P : Homp(F—, F—) — Hom¢(—, —) such
that FoPoF =Fand PoFoP ="7P.

We know that a separable functor is faithful and that a naturally full functor is full.
If we add the assumption of semiseparability, also the viceversa holds true.

29
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Proposition 2.5. [4, Proposition 1.3] Let F': C — D be a functor. Then,
i) F is separable if, and only if, F is semiseparable and faithful;
1) F is naturally full if, and only if, F' is semiseparable and full.

Proof. i). Assume that F' is separable. From P o F = Id it follows that F o P o F =
Fold = F,ie. F issemiseparable, and by Lemma [I.3] F' is faithful. Conversely, if F is
semiseparable, then there exists a natural transformation P such that FoP o F = F. If
F is faithful, then F is injective on components, so P o F = Id.

i1). If F' is naturally full, then F' is semiseparable, as (F o P) o F = Ido F = F, and
by Remark i) F is full. Conversely, if I is semiseparable, then there is a natural
transformation P such that F o P o F = F. So, if F is full, then F o P = 1Id, as F is
surjective on components. O

In view of Proposition both separable and naturally full functors are instances of
semiseparable functors. The first difference, with respect to the separable and naturally
full cases, is that semiseparable functors are not closed under composition (we will see an
instance in Example . In the following result we show that the closeness is available
in some cases.

Lemma 2.6. 4, Lemma 1.12] Let F : C — D and G : D — & be functors and consider
the composite Go F : C — £.

i) If F is semiseparable and G is separable, then G o F is semiseparable.
1) If F' is naturally full and G is semiseparable, then G o F' is semiseparable.

Proof. i). If I is semiseparable with respect to P¥" and G is separable with respect to P,
then we have

GF pF G GF _ rGF pF G G 4
FXyPxyPrxrvFxy = FXyPxyPrx ryFrx,ryFxy

_ GF pF TF _ TG F p»F F _ G F _ GF
=FxyPxyFxy = FrxryFxyPxyFxy = FrxryFxy =FXy

for every X,Y in C, hence G o F' is semiseparable through ’P)(g@ = P)FQYPEX’ Fy-
ii). It follows similarly. Indeed, if F' is naturally full with respect to P¥ and G is
semiseparable with respect to P, then we have

GF pF G GF _ G F F G GF
FXyPxyPrx ryFxy = Frix ryFxyPxyPrx pyFXy
_ G G GF _ G G G F _ G F  _ GF
= Fix ry PEx pyFXy = Fix py PEx ry FEx rvFxy = FEx v Fxy = FX )Y
for every X, Y in C, hence GoF is semiseparable with respect to P¢S := PLyPYy gy O

Corollary 2.7. Let F : C — D and G : D — & be functors. If F is naturally full and G
1s separable, then the composite G o F : C — £ is semiseparable.

Proof. By Lemma i), the composition Go F, of a naturally full (whence semiseparable)
functor F' followed by a separable functor (G, is semiseparable. O

Lemma 2.8. [4, Lemma 1.13] Let F : C — D and G : D — & be functors. If Go F is
semiseparable and G is faithful, then I is semiseparable.
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Proof. If G o F is semiseparable through PF, then }"ﬁf;, o )C(“L;, ) .F)C(”;/ = fgf;f, ie.
]:}gX,FY o ]:)I?,Y ) P)G(f; ) ng,FY o f§,Y = ]:PQX,FY o ]:)lgy, for every X,Y € C. Since G is
faithful, we have that f)}gy ° ngf; e ]:gX,FY ° f)f;,Y = ]-")Igy, for every X,Y in C, so F'is
semiseparable through P)};,Y = P)C(”; o ]-"I%Q ry- O

In Proposition we will prove that, under stronger assumptions on F, the functor
G results to be semiseparable whenever G o F is. In the next proposition we show that
semiseparable functors are closed under isomorphisms (cf. [4, Corollary 1.11]).

Proposition 2.9. A functor naturally isomorphic to a semiseparable functor is semisep-
arable.

Proof. Let o : F' — G be a natural isomorphism of functors, where G : C — D is semisep-
arable with respect to P¢. Consider the map sxy : Homp(FX,FY) — Homp(GX,GY)
defined by sx v (f) =ay o fo a;{l, cf. the proof of [I1, Lemma 1.7]. Note that ]-')F(:Y =
g)}}y o ]-}%Y and then ]—}%Y =Gxy © ]-")Igy, for every X,Y € C. In fact, ]-")?Y(f) =Ff=
ldpy o Ff = oy oay o Ff = o3 0 Gf o ax = Gz (Gf) = (k) © F€y)(f) and, by
composing the latter by <xy, the equality f)?,y =csxyorF )};,Y follows. We show that
F results to be semiseparable with respect to P;?Y = ng o¢x,y. Indeed, we have
f§,y © P)Ig,y © ‘F)IE,Y = C)_(,ly © F)%Y © P)(g,y OSXYy © F§,Y = g)_(,ly © ‘F)C(;,Y © P)Cé,y © ‘F)C(;,Y =
g)_(,ly ° }—)%Y = f)fg,y- ]

We recall here the following lemma, inspired by [10, Lemma 2.9], that will be useful in
the sequel.

Lemma 2.10. [5, Lemma 3.9] Let F' 4 G : C — D be an adjunction of functors and let
S:C = CandT : D — D be fully faithful functors. Assume that there exist functors
F': D' —C" and G’ : C' — D' such that both squares

c—5 ¢
F/T lG/ FT4\LG
p—L .p

are commutative, i.e. FoT = SoF’ and ToG' = GoS. Then, (F',G") is an adjunction in
a unique way such that the pair of functors (S,T) is a map of adjunctions (cf. Subsection
. Moreover, if G (respectively, F) is (semi)separable, then also G' (respectively, F')
is (semi)separable.

Proof. Consider D' € D', ¢’ € C'. The composition of natural isomorphisms yields the
natural isomorphism ¢pr o = (.Fg,7G/C,)_1 o ®rpr gcr 0 Fg/D’,C’? where ® is the natural
isomorphism (1.3). By construction the diagram

‘7:51 ! !
Home: (F'D/, C') ——2"“ > Hom¢(SF'D’, SC") =—— Hom¢ (FTD', SC')
Pp’,ct chTD’,SC’
V ‘FT/ ¥ell
Homgp (D', G'C") — %=~ Homp(TD', TG'C") == Homp(T D', GSC")

commutes and this means that the pair of functors (S,T') is a map of adjunctions. Finally,
assume that G is semiseparable. Since S is fully faithful, by Lemma ii) Go S is
semiseparable, and then T o G’ is semiseparable, hence, since T is faithful, by Lemma [2.8
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it follows that also G’ is semiseparable. If G is separable, the proof follows analogously.
The case with F' and F’ is similar. O

2.1.1 An invariant associated with semiseparability

In this subsection we show that it is possible to attach, in a canonical way, a suitable
idempotent natural transformation to any semiseparable functor. Recall that an endo-
morphism ex : X — X in a category C is idempotent if e_2X = ex oex = ex. A natural
transformation o : F — F' is idempotent if ax : FX — F'X is idempotent for every
X eC.

Proposition 2.11. [4, Proposition 1.4] Let F': C — D be a semiseparable functor. Then,
there is a unique tdempotent natural transformation e : Ide — Ide such that Fe = Idp,
with the following universal property: if f,g: X — Y are morphisms in C, then

Ff=Fg if, and onlyif, eyof=eyog. (2.1)

Proof. Since F' is semiseparable, there is a natural transformation P such that FoPoF =
F. Set ex := Px x (Idpx). Note that Fex = FPx x (Idpx) = Fx xPx xFx,x (Idx) =
Fx,x (Idx) =Idpx. Thus,

ex oex = PX,X (Idpx) ocex = PX7X (IdFX OFex) = PX,X (Idpx) = €ex,

hence ex is idempotent, for every X € C. Moreover, for every morphism f : X — Y in C we
have foex = foPx x (Idpx) = Pxy (Ffoldpx) = Pxy (Idpy o Ff) = Pyy (Idpy) o
f =eyof, sothat foex = eyo f,ie, e = (ex)yxee : Ide — Idc is an idempotent
natural transformation such that Fe = Idp. Now, consider morphisms f,g : X — Y in
C. If Ff = Fg, then Pxy (Ff) = Px,y (Fg), ie. Pyy (Idpy)o f = Pyy (dry) oy,
i.e. ey o f = ey og. Conversely, from ey o f = ey o g we get Fey o Ff = Fey o Fg,
and hence F'f = Fg as Fe = Idp. Finally, let €’ : Id¢ — Id¢ be an idempotent natural
transformation such that, if f,g : X — Y are morphisms in C, then F'f = Fg if and only
if e, o f =€y 0g. From €'y o€y =€y oldx we get Fe'y = Fldx (whence Fe' = Idp).
From (2.1)) we have ex o €’y = ex oldx, i.e. ex o€’y = ex. If we interchange the roles of
e and €, in a similar way we get €’y o ex = €’y. By naturality, for every X € C, we have
ex =exoey =¢€yoex =€y, hence e =¢. a

Thus, to any semiseparable functor we have attached an idempotent natural transfor-
mation e : Id¢ — Id¢ defined on components by ex := Px x (Idrx), for every X € C,
where P is any natural transformation such that FoPoF = F. We call e the associated
idempotent natural transformation. As particular cases, any separable and any nat-
urally full functor admits the associated idempotent natural transformation. Moreover,
the associated idempotent provides a criterion to establish if a semiseparable functor is
separable.

Corollary 2.12. [4, Corollary 1.7] Let F : C — D be a semiseparable functor and let
e : Ide — Ide be the associated idempotent natural transformation. Then, F is separable
if, and only if, e = 1d.

Proof. If F is separable, then PoF = Id and hence ex = Px x (Idrx) = Px xFx,x(Idx) =
Idx, for every X € C. Conversely, suppose e = Id. For every f : X — Y in C, we have
Pxy(Ff)=Pxy(Ffoldrx)= foPxx(Idrx) = foex = f, so that PoF =1Id and F
is separable. O
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The following result highlights a connection between semiseparable functors and sep-
arability of the second kind, recalled in Subsection [I.1.2]

Proposition 2.13. [4, Cf. Proposition 1.10] Let H : C — & be a semiseparable functor
with associated tdempotent natural transformation e and let F : C — D be a H-separable
functor. If Fe = Idp (e.g. PPH is injective on components), then F is semiseparable,
with associated idempotent natural transformation e.

Proof. By definition PFH o FI' = FH . Since H is semiseparable, there exists a natural
transformation P : Homg(H—, H—) — Home(—, —) such that F7 oPH o FHI = FH_ Set
P .= PH o PEH for every X,Y in C. Then, PF o FF' = PH o pFH o FF = pH o FH,
Thus, for every f : FX — FY, we have PYyFky(f) = PLyFE(f) = PEy(HS) =
fOP)lL({X(IdHX) = foex, and hence f§7yp§7yf§’y(f) =F(foex)=FfoFex =Ff=
FXy(f) so that F{yPXyFiy = Fxy, i.e. F is semiseparable. If P is injective on
components, then from P§’7§(Fex) = P)Iz:gf)};’x(ex) = ng(eX) = Hex = Hldx =
FH(1dy) = P)F(g (Fldx) we infer Fex = Idpx. Note that F' has the same idempotent
natural transformation associated with H. Indeed, if €’ is the idempotent natural trans-
formation associated with F', then, for every X € C, we have that e’y = Py x(Idrx) =

P PR Udpx) = PR PYRFE x(ldx) = PR FI ((1dx) = P x(ldpx) =ex. O

Corollary 2.14. [4, Corollary 1.11] Let H : C — & be a semiseparable functor with
associated idempotent natural transformation e and assume H is a retract of a functor
F:C— D. If Fe = Idp, then F is semiseparable, with associated idempotent natural
transformation e.

Proof. Since H is a retract of F, there are natural transformations ¢ : F' — H and
¢ : H — F such that ¢ o9 = Idg. Define PHH by setting P)I;g(g) := py o go )y, for
every g : FX — FY, and note that PH o FF' = FH so that F : C — D is H-separable.
Thus, by Proposition if Fe = Idp, the functor F' is semiseparable. O

Remark 2.15. Note that Lemma[2.8]follows also from Proposition [2.13] by setting, for every
X, Y inC, P)I;?,F = ‘7:1%(, ry, wWhich is injective, as G is faithful. Moreover, Lemma is
a consequence of Corollary 2.14]

As a particular case of Corollary 2.14] the next result gives a sufficient condition for

the semiseparability of a functor, extending [31, Lemma 2.1 (4)] for the separable case.
Cf. also [67), Proposition 2.20].

Corollary 2.16. Let F : C — C be a functor on a category C. If there exist natural
transformations o : Ide — F, o' : F — Id¢ such that F(o/ o) = Idp, then F : C — C is
semiseparable.

Proof. Set e :=a'oa :Id¢ — Id¢. Then, Fe = F(o/ o) = Idp. Since eoce =a' ocaoe =
o o Feoa =o' oa = e and Id¢ is semiseparable, we conclude by Corollary O

The existence of the associated idempotent natural transformation allows to describe
separable functors in terms of reflectivity conditions.

Corollary 2.17. Let F': C — D be a functor. Then, the following assertions are equiva-
lent:

(i) F is separable;



34 2. The notion of semiseparability

(13) F is semiseparable and reflects monomorphisms;
(tit) F is semiseparable and reflects epimorphisms.

Proof. By Proposition i), a separable functor is semiseparable and faithful. Moreover, a
faithful functor reflects monomorphisms (resp., epimorphisms), see [19, Proposition 1.7.6]
(resp., [19, Proposition 1.8.4]). Conversely, if F' is semiseparable through associated idem-
potent natural transformation e such that Fe = Idg, then Fex is an isomorphism, whence
a monomorphism and an epimorphism, for every X € C. Thus, if F' reflects monomor-
phisms (resp., epimorphisms), then ey is a monomorphism (resp., an epimorphism), for
every X € C. From ex oexy = ex = ex oldx (resp., ex oex = ex = Idx oeyx) we get
ex = Idx, so that F' is separable by Corollary 2.12] O

A further characterization of separable functors can be also given in terms of Maschke,
dual Maschke and conservative functors, that have been recalled in Section [1.1

Corollary 2.18. [4, Corollary 1.9] The following assertions are equivalent for a functor
F:C—>D:

(1) F is separable;

(1) F is semiseparable and Maschke;
(7i1) F is semiseparable and dual Maschke;
(tv) F is semiseparable and conservative.

Proof. (i) = (ii), (¢i1), (iv). By Proposition i), a separable functor is semiseparable.
Moreover, by Remark[I.12] a separable functor is both Maschke and dual Maschke, whence
conservative.

(i1), (#i7), (<v) = (i). Since F' is semiseparable, we can consider its associated idem-
potent natural transformation e such that Fex = Idgx, for every object X in C. Thus
Fex is split-mono, split-epi and iso. Depending on whether F' is either Maschke, dual
Maschke or conservative, we get that ex is either split-mono, split-epi or iso. Since ex is
idempotent, we get ex = Idy, so that F is separable by Corollary [2.12] O

Example 2.19. The restriction of scalars functor F' : My, — M in Example is an
instance of a Maschke (and dual Maschke) functor that is not semiseparable.

We recall that a functor F': C — D is said to reflect coequalizers if, when

!

X—=Y—+2Z (2.2)

F F
is a diagram such that F'X :;u FY N FZ is a coequalizer, then (2.2) is a coequalizer
Fov

as well. Similarly, F is said to reflect equalizers. As a consequence of Corollary [2.18] the
notions of separability and semiseparability coincide in these cases, as well.

Lemma 2.20. Let F': C — D be a functor between categories with (co)equalizers. If F
reflects (co)equalizers, then F is conservative.
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Proof. Let F : C — D be a functor between categories with coequalizers that reflects
coequalizers. Let f : X — Y be a morphism in C such that Ff : FX — FY is an
isomorphism in D with inverse h : F'Y — FX. Then, Ff is the coequalizer of the
parallel pair (Idpx,Idrx). Indeed, F'f o Idpx = F f o Idpx trivially holds and, for every
g: FX — Z in D, by setting t := go h one has goldpx = goldpx and to Ff =
gohoFf =goldrpx = g. Since F reflects coequalizers, f is the coequalizer of (Idx,Idx).
Then, there exists k : Y — X such that ko f = Idx. Moreover, since f is an epimorphism,
from foko f=f weget fok=Idy, hence f is an isomorphism. The case for a functor
between categories with equalizers that reflects equalizers follows by duality. O

Corollary 2.21. Let F : C — D be a functor between categories with (co)equalizers. If F
reflects (co)equalizers, then F is separable if, and only if, F is semiseparable.

Proof. If F' is separable, then it is semiseparable by Proposition i). Conversely, if
F reflects (co)equalizers, by Lemma F' is conservative, so, if F' is semiseparable, by
Corollary F is separable. O

In the next results we show other situations in which the notion of semiseparable
functor collapses into the one of separable functor. For instance, this is the case when
there exists a suitable type of generator within a category C.

We recall, from [47, Definition 7|, that a morphism k£ : X — Y in a category C is
constant if, for each object Z in C and for each pair of morphisms g,h : Z — X, one has
kog = koh. A category C is said to be constant-generated |47, Definition 8] provided
that, for each pair of objects (X,Y) in C,

i) Home(X,Y) # 0,

i1) if f,g : X — Y are distinct morphisms in C, then there exist an object K and a
constant morphism k£ : K — X in C such that fok # gok.

Several categories are constant-generated, e.g. the categories of nonempty sets, nonempty
ordered sets, nonempty topological spaces, nonempty Hausdorff spaces etc. Here, in the
definition of constant-generated category, we do not require condition ).

Proposition 2.22. [4, Proposition 1.17] Let C be a constant-generated category. Then,
Nat(Ide,Ide) = {Id}. As a consequence, a functor F' : C — D is semiseparable if, and only
if, it is separable.

Proof. Let e € Nat(Ide,Ide) and suppose that ex # Idx, for some object X in C. Since C
is constant-generated, there are an object K and a constant morphism k£ : K — X such
that ex ok # Idx ok. By naturality of e and since k is constant, we have ex ok = koex =
koldg = Idx o k, a contradiction. Therefore ex = Idx, and hence e = Id. We conclude

by Corollary O

A set {®,}; of objects in a category C is said to be a set of generators of C 76} page 5] if,
for every pair of objects (X,Y) in C and for every pair of distinct morphisms f,g: X — Y
in C, there is an index i¢p and a morphism p : &;, — X such that fop # gop. In particular,
a category has a generator if it has a set of generators consisting of a single object. For
instance, in the category Set of sets the one-point set is a generator, in the category
Ab of abelian groups Z is a generator, etc. Any Grothendieck category has a generator
by definition, see e.g. [8I, Chapter V]. If the domain of a functor is a category with a
generator, instead of a constant-generated category, it is not obvious that semiseparability
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and separability coincide. By adding suitable assumptions, it is possible to retrieve the
same conclusion.

A first example in this direction is given by a well-pointed category, i.e. a category that
has a generator which is at the same time a terminal object. For instance, the categories
Set of sets, Top of topological spaces, Comp of compact Hausdorff spaces are well-pointed.
In fact, the singleton {x} is both a terminal object and a generator in all of these categories,
see [19, 2.3.2.a, 2.1.7g, 4.5.17.a, 4.5.17.f and 4.5.17.g].

Corollary 2.23. [4, Corollary 1.18] If C is a well-pointed category, then it is constant-
generated. As a consequence, a functor F : C — D is semiseparable if, and only if, it is
separable.

Proof. Let & € C be a generator which is a terminal object. Given morphisms f,g: X — Y
in C such that f # g, since ® is a generator there is a morphism k£ : & — X such that
fok # gok. Moreover, if h,h/ : Z — & are any morphisms in C, then, since & is a
terminal object, they are necessarily equal, whence ko h = k o}/, so k is constant. Thus,
C is constant-generated. We conclude by Proposition [2.22] O

Remark 2.24. In view of Proposition [2.22]and Corollary [2.23], we get that in a well-pointed
category C there is no non-trivial idempotent natural transformation on Ide. This result
already appeared in [39, Corollary 21].

In the following proposition we give another additional condition that guarantees the
equivalence between the semiseparability and the separability of a functor. By a central
idempotent endomorphism of an object X in a category C, we mean a central idempotent
in the monoid (End(X),o,Idx), i.e. a morphism ¢g : X — X in C such that go g = g and
go f = fog, for every morphism f: X — X in C.

Proposition 2.25. [4, Proposition 1.21] Let C be a category with a generator & and let
F :C — D be a functor. Assume there is no central idempotent endomorphism g # Idg :
B — & such that Fg =Idpg. Then, F is semiseparable if, and only if, it is separable.

Proof. Consider an idempotent natural transformation e : Ide — Id¢ such that Fe = Idg.
Then, eg is a central idempotent endomorphism of & such that Feg = Idpg, and hence
es = Idg by assumption. Let X be an object in C and suppose that ex # Idx. Since & is
a generator, there is a morphism p : & — X such that ex op # Idx o p but, by naturality
of e, we have ex op = poeg = poldg = p, so that we are led to a contradiction. Therefore
ex = Idx, and hence e = Id. We conclude by Corollary O

We exhibit an application of Proposition to the category rM of left R-modules.

Lemma 2.26. |4, Lemma 1.22] Let R be a ring. Then, g : R — R is a central idempotent
endomorphism of left R-modules if, and only if, g = zIdg for a central idempotent z € R,
namely z = g(1).

Proof. For every r € R, consider the morphism of left R-modules f, : R — R, f,(z) := xr.
Assume that g is a central idempotent endomorphism of left R-modules. Then, g(r) =
rg(1) = rz. From go f. = frog we get zr = f.(2) = fr(9(1)) = g(f-(1)) = g(r) = rz,
so that z is in the center of R. Moreover, since g is left R-linear and idempotent, we get
zz = g(2) = g(g9(1)) = g(1) = z. Conversely, it is clear that zIdgp : R — R is a central
idempotent endomorphism of left R-modules in case z is a central idempotent in R. [
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Corollary 2.27. [4, Corollary 1.23] Let R be a ring with no non-trivial central idempotent
(e.g. R is a domain). A functor F' : pRM — D such that FO # Idpgr is semiseparable if,
and only if, it is separable.

Proof. Let g : R — R be a central idempotent endomorphism of left R-modules such that
Fg =1dpg. By Lemma we have that g = zIdpg for a central idempotent z € R. By
assumption z is trivial, i.e. 2z = 1 or z = 0, and hence we get either ¢ = Idp or g = 0.
Since F'g = Idpp, we must have g = Idr. Since R is a generator in p M, by Proposition
[2:25] we conclude. O

2.1.2 A canonical factorization

To any semiseparable functor it is possible to attach a canonical factorization through
its associated coidentifier category. We recall this notion defined as in [39, Example 17].

Given a category C and an idempotent natural transformation e : Ide — Id¢, consider
the quotient category C := C/~ of C, where ~ is the congruence relation on the hom-sets
defined, for all f,g: X — Y in C, by setting

f~g if,and only if, eyof=eyog.

Thus, Ob (C.) = Ob(C) and Home, (X,Y) = Hom¢ (X,Y) /~. The category C, is called
the coidentifier category. We denote by f the class of f € Home (X,Y) in Home, (X,Y).
We have the quotient functor

H:C—C, X—X, f—7

that satisfies the following properties. Recall that a functor F' : C — D is said to be
essentially surjective on objects (eso for short) if, for every D € D, there is C' € C such
that D = F(C).

Lemma 2.28. Given a category C and an idempotent natural transformation e : Idg —
Id¢, consider the quotient functor H : C — C.. Then,

i) H is naturally full and e is its associated idempotent natural transformation. In
particular, He = Idy .

i1) H is essentially surjective on objects.

Proof. i). Consider the map Pxy : Home, (X,Y) — Home (X,Y), given by Pxy(f) =
ey o f. It is a natural transformation as forany h: X’ =+ X, k:Y =Y’ inC, f: X =Y
in Ce, from naturality of e we have that ko Pxy(f)oh =ko(ey o f)oh = ey o (ko
f o h) = 'PX/’y/(k o f o h) = P)(@y/ (E o 7 o E) = 'PX/’y/(H(k) o 7 o H(h)) Moreover,
FxyPxy(f) = Fxyleyvof) =eyof = f=Idueme, (x,y)(f), for every f: X — YV in
Ce, hence H is naturally full. Since PX,X(E) =ex oldy = ex, for every X € C, the
idempotent natural transformation associated with H is exactly e. Thus, He = Idg.

i1). Since every object X € C. is an object in C and H acts as the identity on objects, we

have that H(X) = X, hence H is essentially surjective on objects. O

Remark 2.29. Let C be a category and consider the idempotent natural transformation
e = Idiq, : Ide — Id¢. Then, the congruence relation ~ becomes the identity relation, so
the quotient category Ciq := C/~ of C can be identified with C and the quotient functor
H : C — (Ciq results to be the identity functor.
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The following is the universal property of the coidentifier that can be deduced from
the dual version of [39, Definition 14(1)], cf. |4, Lemma 1.14 (1)].

Lemma 2.30. (Universal property) A functor F : C — D satisfies Fe = Idp if, and only
if, there is a functor F, : C. — D (necessarily unique) such that the triangle

commutes, i.e. F'=F,o H.
Given F, F' : C — D such that Fe = 1dg and F'e = Idg/, and a natural transformation
B : F — F', there is a unique natural transformation B, : F. — F. such that 8 = fH.

Proof. Assume Fe = Idp. Given f,g € Home (X,Y), we have that f = g implies ey o f =
ey og and hence FeyoFf = FeyoFg,ie. Ff =Fgas Fey =Idpy. Thus we can define
the functor

F,:C.—D, X—FX, f~ Ff.

A direct computation shows that F, o H = F. Conversely, given a functor G : C, — D such
that Go H = F, we have F'e = GHe = Gldyg = Idgy = Idp, so that F'e = Idr and we
can consider F,. Moreover, GX = GHX =FX =F,X and Gf =GHf =Ff =F,f, so
that G = F,. For every object X in C., we have (3.)x := Bx. Given f: X — Y in C,, the
naturality of 8, follows from (B.)y o F.f = F/f o (Be)x, i.e. By o Ff = F'f o Bx, which
is true by naturality of f. If a : F, — F is a natural transformation such that § = aH
then, for every X € C,, ax = agx = Bx = (8e)x, hence a = f.. O

Lemma 2.31. [4, Cf. Lemma 1.14 (2)] Let C be a category, let e : Id¢ — Id¢ be an
idempotent natural transformation and let H : C — C. be the quotient functor. Then,
H is orthogonal to any faithful functor S : D — &, i.e., given functors F : C — D and
G :Ce — &€ such that So F' = G o H, then there is a unique functor F, : C. — D such that
the diagram

H
*>Ce

C N
Fl R iG
#
D2 ¢

commutes, i.e., F,oH =F and So F, = G.

Proof. For every X in C, we compute SFex = GHex = Gldgx = Idgux = ldspx =
STdrx so that, since S is faithful, we get that Fex = Idpyx, and hence Fe = Idr. Thus, by
Lemmathere is a unique functor F; : C. — D, such that F.oH = F, which acts as F' on
objects and maps the class f into F'f. Moreover, SF,X = SFELHX = SFX =GHX = GX
and SF,f =SF.Hf =SFf=GHf =Gf,sothat So F, = G. O

Remark 2.32. The fact that H : C — C, is orthogonal to any faithful functor S : D — &£
follows also since there is an (eso and full, faithful) factorization system in the 2-category
Cat of categories, see e.g. [35, Example 7.9], and H is eso and (naturally) full by Lemma
2.23)
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In the following result, we show that any semiseparable functor admits a special type
of (eso and full, faithful) factorization. In fact, any semiseparable functor F' : C — D arises
as the composition of a naturally full functor followed by a separable functor: we have
F = F, o H, where H is eso and (naturally) full, while F, is separable whence faithful.

Theorem 2.33. [4, Theorem 1.15] Let F' : C — D be a semiseparable functor and let
e : Ide — Id¢ be the associated idempotent natural transformation. Then, there is a unique
functor F : Ce — D (necessarily separable) such that F' = F, o H, where H : C — C. is
the quotient functor. Furthermore, if F' also factors as S o N, where S : &€ — D is a
separable functor and N : C — £ is a naturally full functor, then there is a unique functor
Ne : Ce — & (necessarily fully faithful) such that Noo H = N and S o N = F,, and e is
also the idempotent natural transformation associated to N.

c—-c,
N Ne v‘ lF
a
£ 4S> D

Proof. By Lemma[2.30] there is a unique functor F, : C. — D such that F' = F.o H, where
H : C — C. is the quotient functor. If F,f = F,g, then Ff = Fg so that, by Proposition
we get eg o f = e o g which means f = §. Thus, F, is faithful. Moreover,
]—")f;’y o 73)};}/ OF)}E,Y = F)Igy rewrites as F)Igfy o .F)f(l’y o P)};’Y o}')%y o ]-}Q{Y = F)Igfy o f)ﬁ{y.
Since F )I?Y is injective and ]-'fg’ y is surjective (as H is indeed naturally full by Lemma

i)), we get .F)Ig’y o P)F(,Y o ]-}%Y = Id, thus F¢ is separable.

Concerning the last sentence, since S is separable, then it is faithful. By Lemma [2.31]
H is orthogonal to S, so that there is a unique functor N, : C. — £ such that Noo H = N
and S o N, = F,. Since H acts as the identity on objects and N is full, from Noo H = N
we deduce that N, is full. Since S o N, = F, and F, is faithful, we deduce that N, is
faithful. Thus, N, is fully faithful.

We show that F' and N share the same associated idempotent natural transforma-
tion e : Id¢ — Ide. Indeed, since N is naturally full (hence semiseparable), it has an
associated idempotent natural transformation ¢’ : Ide — Ide and by definition we have
ey = P)]\({X(IdNX), for any X € C. Since F' = So N, by the proof of Lemmai), we can
choose P)l“;’y = P)]}CY o P]%XNy, so that ex = 'P)};’X(Ide) = P&V,X(P]%X’NX(IdSNX)) =
77§7X(IdNX) = €y, whence e = €. O

Remark 2.34. i) By applying the first part of Theoremto the naturally full functor
N : C — &, there is a unique separable functor N, : Cc — £ such that N = N, o H,
which is exactly the functor such that also S o N, = F, holds true, obtained in the
second part of the proof.

i1) If ' : C — D is a separable functor, then by Corollaryits associated idempotent
natural transformation is e = Idyg,. By Remark we know that Cig = C and
H : C — (Cyq is the identity functor. Then, by Theorem [2.33] there is a unique
functor Fiq : Ciq — D (necessarily separable) such that F' = Fyjq o H, so F1q = F.

We can further characterize the semiseparability of a functor as follows.
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Corollary 2.35. [4, Corollary 1.16] A functor is semiseparable if, and only if, it factors
as S o N, where S is a separable functor and N is a naturally full functor.

Semiseparable

[ [}
Naturally % A)aruble
[}

Proof. If a functor is semiseparable, it factors as a naturally full functor followed by a
separable one by Theorem [2.33] The converse is Corollary 2.7} O

We will apply Theorem [2.33] and Corollary [2.35] in the next section, in the context of
Eilenberg-Moore categories.

2.2 Semiseparability and adjunctions

This section collects results on semiseparability for functors which are part of an ad-
junction. We prove a Rafael-type theorem for semiseparable functors in terms of regularity
conditions for the unit and counit of the adjunction. In Subsection 2:2.2] we study the
behavior of semiseparable adjoint functors with respect to (co)monads and associated
(co)comparison functors.

2.2.1 Rafael-type Theorem and Frobenius functors

The next result extends (Rafael) Theorem to semiseparable functors.

Theorem 2.36. [4, Theorem 2.1] (Rafael-type Theorem for semiseparability) Let F' 4 G :
D — C be an adjunction, with unit n : Ilde — GF and counit e : FG — Idp. Then,

i) F is semiseparable if, and only if, n is regular;
i1) G is semiseparable if, and only if, € is regular.

Proof. i). Assume that F' is semiseparable and let P be a natural transformation such
that 7 o P o F = F. By Proposition [[.I7] we define v : GF — Id¢ on components by
setting vx = Porx x(erx) : GFX — X, for any object X in C. The naturality of
vx in X follows from the one of P. The idempotent natural transformation e associated
with F' is defined by ex := Px x(Idrx), for every X € C, hence from we have
ex = vx o Gldpx onx = vx onx, so that e = von. We compute novon =noe =
GFeon=GIdr on=mn. Thus, n is regular.

Conversely, assume 7 is regular, i.e. there exists a natural transformation v : GF' — Id¢
such that novon = . For any f : FX — FY in D, define Pxy(f) == vy o Gf o
nx. By Proposition we know that P : Homp(F—, F—) — Hom¢(—, —) is a natural
transformation and the correspondence between P and v is bijective. For every f: X — Y
in C, we have that

(FxyoPxyoFxy)(f) =F(Pxy(F(f))=F(vy cGF(f)onx) = F(vy ony o f)
=IldpyoFryolnyoFf=¢€epyoFnyoFvyoFnyoFf
=epy o Fny o Ff =ldpy o Fxy(f) = Fxy(f),

hence F' is semiseparable.
i1). It follows by duality. O
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Remark 2.37. The previous Rafael-type Theorem can be also proved by means of Yoneda
Lemma, as in [61, Theorem 1, page 90].

The regularity condition of the unit and counit can be equivalently formulated as
follows.

Lemma 2.38. [4, Lemma 2.2] Let F 4 G : D — C be an adjunction, with unit n and
countt €.

i) The following equalities are equivalent for a natural transformation v : GF — Id¢:

(1) novon=mn (ie., n is reqular);
(2) FvoFn=Idp;
(3) vGonG = 1dg.

ii) The following equalities are equivalent for a natural transformation v : Idp — FG:

(1) eoyoe=c¢ (ie., € is regular);
(2) Geo Gy =1dg;
(3) eFoyF =1dp.

Proof. We just prove i) as ii) follows dually.
(1) = (2). From nowvon=n we have

FvoFn=IldpoFrvoFn=¢e¢FoFnoFvoFn=e¢cFoFn=Idp.
(2) = (1). By naturality of 1, we have
novon=mno(von)=GF(von)on=G(FroFn)on=Gldpon=rn.
(1) = (3). From nowvon=n we have
vGonG =1Idg ovGonG = GeonG ovG onG = GeonG = 1dg.
(3) = (1). By naturality of v o7, we have
novon=mno(von)=won)GFon=wGonG)Fon=Idgrpon=mn. O

As a consequence of the previous lemma and Corollary [2.16] we have the following
result, cf. Lemma [2.6] 7).

Corollary 2.39. Let F 4G : D — C be an adjunction with unit n and counit €.
i) If F is semiseparable, then also the composite functor GF : C — C is semiseparable.

1) If G is semiseparable, then also the composite functor FG : D — D is semiseparable.

Proof. i). If F is semiseparable, then by Lemma[2.38]7) and Theorem [2.36] Fv o F'p = Idp.
Therefore, we have GFv o GFn = Idgp. By Corollary [2.16] also the composite functor
G o F is semiseparable.

i7). If G is semiseparable, then by Lemma ii) and Theorem [2.36] Ge o Gy = Idg.
Therefore, we have F'Ge o FG~y = Idrpg. By Corollary also the composite functor
F o G is semiseparable. O

For semiseparable functors that are part of an adjunction, the associated idempotent
natural transformations can be written explicitly in terms of the unit and counit.
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Lemma 2.40. Let F 4G : D — C be an adjunction with unit n and counit €. Then,

i) if F' is semiseparable, i.e. there is a natural transformation v : GF — Id¢ such that
novon=mn, then its associated idempotent natural transformation is

e=von:lde — Idg;

i1) if G is semiseparable, i.e. there is a natural transformation v : Idp — FG such that
€0y o€ =c¢, then its associated idempotent natural transformation is

e=co~:Idp — Idp.

Proof. i). It follows from the proof of Theorem Indeed, Pxy : Homp(FX,FY) —
Home (X, Y) is defined by setting Px y (f) := vy o Gf onx, for every morphism f : FX —
FY. By definition, we have ex := Px x(Idrx) = vx o nx for every X € C, so that
e=von.

i1). It is dual to 7). O

In Proposition [I.32] we have recalled that, given an adjoint triple F 4G 4 H : C — D
of functors F, H : C — D and G : D — C, then F is separable (resp., naturally full) if, and
only if, so is H. A similar behavior holds with respect to the semiseparability condition.

Proposition 2.41. [4, Proposition 2.19] Let F 4 G 4 H : C — D be an adjoint triple.
Then, F is semiseparable if, and only if, so is H.

Proof. We denote by !, €t and ", €” the unit and the counit of the adjunction F' 4 G and
of the adjunction G 4 H, respectively. We just prove the “only if” part of the statement.
For the “if” part consider the adjoint triple H°P 4 G°P -4 F°P together with Remark
Assume F' is semiseparable. By Theorem i), there exists a natural transformation
v GF — 1d¢ such that nf ot on! = nt. Define 4" : Id¢ — GH as in . By naturality
of €, we have €" 0y o€e” = "o GHV oG Fonloe" = vlontoe” = voe" GF oGy Fonloe" =
Vonto€e =€ ovtGH o n!GH = €, where the last equality follows from (1) < (3) of
Lemma i). Thus, by Theorem i1) H is separable. O

We have recalled in Section [[.3] that a functor F : C — D is Frobenius if there exists a
functor G : D — C which is both a left and a right adjoint to F'. As a consequence of The-
orem [2.36] and Lemma [2.38] the following result extends Proposition [I.36] and Proposition
to semiseparable Frobenius functors.

Theorem 2.42. [4, Cf. Proposition 2.21] (Rafael-type Theorem for semiseparable Frobe-
nius functors) Let F' : C — D be a Frobenius functor, with left and right adjoint G : D — C.
Denote by !, € and by 1", € the unit and the counit of the adjunctions F 4G and G 4 F,
respectively. Then, the following assertions are equivalent.

(i) F is semiseparable.

(1) There exists a natural transformation o : G — G such that one of the following
equivalent conditions holds:
(1) o€ caF orf =1
(2) €od/Fonloe =¢;

(3) Fe" o FaF o Fn! =1dp;
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(4) €GoaFGonG =Idg.

(tit) There exists a natural transformation B : F — F such that one of the following
equivalent conditions holds:

(1) ffoe"oGBon' =1
(2) € oGP onl oe" =¢€";
(3) Fe" o FGBo Fn' = 1dp;
(4) €GoGBGon'G =1dg.

Proof. By Corollary for any natural transformation v : GF' — Id¢ there are unique
natural transformations o : G — G, §: F — F such that

€oaF=v=¢ 0GP, (2.3)

and for any natural transformation ~ : Ide — GF' there are unique natural transformations
o :G— G, B : F— F such that

o/Fon=~=Gp on. (2.4)

By Theoremapplied to the adjunction (F,G), F is semiseparable if, and only if, there
exists a natural transformation v/ : GF — Ide such that 5 o v/ o ! = 5!, hence from
and Lemma the latter is equivalent to any of (1), (3), (4) in (¢) and it is also
equivalent to (1) in (7).

By Theorem applied to the adjunction (G, F), F is semiseparable if, and only if,
there exists a natural transformation 4" : Id¢ — GF such that €" oy" o€” = €", hence from
and Lemma the latter is equivalent to any of (2), (3), (4) in (i4) and it is also
equivalent to (2) in (). O

We observe that a semiseparable functor is not necessarily Frobenius. Indeed, from
[28, Example 18, item 6] let G be a finite group and consider the group algebra A = kG
over a field k. Thus, A is a Frobenius k-algebra and then the restriction of scalars functor
Y« : AM — M is Frobenius, cf. [28, Theorem 28, item 3]. However, if char(k) divides
|G|, the extension A/k is not separable, so that ¢, is not separable by Maschke Theorem,
hence not even semiseparable as o, is faithful.

2.2.2 (Co)separable (co)monads and (co)comparisons

Now, let (F,G,n,€) be an adjunction. If the right (resp., left) adjoint is separable,
then by Lemma the associated monad (GF,GeF,n) (resp., comonad (FG, FnG,e))
is separable (resp., coseparable). We show that the semiseparability condition on the right
(left) adjoint is sufficient to obtain the (co)separability of the associated (co)monad. The
proof is similar to the separable case but uses Lemma [2.3§

Lemma 2.43. [4, Lemma 2.6] Let FF 4 G : D — C be an adjunction with unit n and counit
€.

i) If G is semiseparable, then the associated monad (GF,GeF,n) is separable.

1) If F' is semiseparable, then the associated comonad (FG, FnG,e€) is coseparable.
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Proof. i). Assume G is semiseparable. Then, by Theorem and Lemma i1), there
is a natural transformation v : Idp — F'G such that Ge o Gy = Idg. Set ¢ := GyF :
GldpF — GFGF'. It follows that GeF o 0 = GeF o GyF = Idgr. Moreover, from the
naturality of € and v, we have yoe = e FGo F'Gv and yoe = FGeoyF' G, respectively, hence
GFGeFooGF = GFGeFoGYFGF = GyFoGeF = GeFGFoGFGYF = GeFGFoGFo.
Therefore, the monad (GF,GeF,n) is separable.

i1). The proof is dual by using Lemma i). O

Remark 2.44. By Corollary in the monad (GF, GeF,n) associated to a semisepara-
ble left adjoint F', the endofunctor GF is semiseparable; in the comonad (FG, FnG,e)
associated to a semiseparable right adjoint G, the endofunctor F'G is semiseparable.

Remark 2.45. (Cf. [4, Remark 2.7]) We have recalled in Lemma that, if the right
adjoint G of an adjunction (F,G) is separable, then the associated monad (GF,GeF,n)
is separable. The converse is not true in general. For instance, see [31, Example 3.7(2)].
Explicitly, let C and C’ be two nontrivial additive categories, and consider the product
category D := C x C'. Let I : C — D be the canonical functor sending an object C' to
(C,0) and a morphism f to (f,0). Its right adjoint is the projection functor G : D — C.
Then, the associated monad G'F equals the identity monad on C, which is separable, but G
is not separable, as it is not faithful. Nevertheless, G results to be semiseparable. Indeed,
let € : FG — Idp be the counit of the adjunction given for any D = (C,C’) in D by
ep = (Ide, (pIC,) : FGD — D, where cpé, is the unique map from the zero object 0 of C to
C’. Consider the natural transformation v : Idp — FG, given for any D = (C,C") in D
by vp = (Idc, pL/) : D — FGD, where ¢f, is the unique map from C’ to 0. Then, from
vp o ep = (Idg, @g,) o (Ide, @é,) = (Id¢,Idg) = Idpap, it follows that G is naturally full
by Theorem hence in particular semiseparable. However, the fact that the associated
(co)monad is (co)separable does not imply that the right (left) adjoint is semiseparable in
general, i.e. the converse of Lemma is not necessarily true. Indeed, if (F,G) is an
adjunction with G (resp., F') fully faithful, then the associated monad (resp., comonad)
is always idempotent (this will be proved in Corollary resp., Corollary whence
separable (resp., coseparable). However F' (resp., G) needs not to be semiseparable in
this case. For instance, we consider the usual adjunction (p*,p,) attached to a ring
homomorphism ¢ : R — S (recalled in Subsection [1.4.1)). In [7, Example 3.3] it is shown
an example of a ring epimorphism ¢ : R — S (thus ¢, is fully faithful) such that the
extension of scalars functor ¢* is full, but not naturally full, hence * is not semiseparable
by Proposition [2.5

The following result characterizes the semiseparability of a right (resp., left) adjoint
functor in terms of properties of the (co)comparison functor and of the forgetful functor
from the Eilenberg-Moore category of (co)modules over the associated (co)monad. Given
an adjunction F 4G : D — C, we recall the diagram (|1.23])

UF'G

DFG T D

~ e Kar
FT{LG
Var

FG
K C___ L Car

Ucr

where Ugp o Kgr = G, Kgro F = Vo, UFG o KFC = F and K% 0o G = VFC,

Remark 2.46. By Remark i41) and iv) and in view of Theorem it follows that G
(resp., F) is semiseparable if, and only if, so is VI (resp., Vgr).
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Theorem 2.47. [4, Cf. Theorem 2.9 and Theorem 2.14] Let F 4 G : D — C be an
adjunction with unit n and counit €. Then,

i) G is semiseparable if, and only if, the forgetful functor Ugr : Car — C is separa-
ble (equivalently, the monad (GF,GeF,n) is separable) and the comparison functor
Kgr : D — Car is naturally full;

ii) F is semiseparable if, and only if, the forgetful functor UFG : DFG — D is sepa-
rable (equivalently, the comonad (FG, FnG,e) is coseparable) and the cocomparison
functor KF¥G . C — DFC s naturally full.

Proof. i). Set U := Ugp and K := Kgp. Assume G is semiseparable. By Theorem
i) and Lemma [2.38] (), there is a natural transformation v : Idp — FG such
that Ge o Gy = Idg. By Lemma i), the monad (GF,GeF,n) is separable, and by
Lemma i) its separability is equivalent to the separability of U. We now prove that
K : D — Cgp is naturally full. Let h : KX — KY be a morphism in Cgp, so that
Gey o GFUh = Uh o Gex. Set h' := ey o FUh o vx. Then, since U o K = G, which is
semiseparable by assumption, we obtain

UKW = G(ey o FUhovx) = (Gey o GFUR) o Gyx = Uh o Gex o Gyx = Uh,

hence Kh' = h, thus K is full. Moreover, since U is faithful and UK is semiseparable, by
Lemma K is semiseparable. By Proposition i1) we have that K is naturally full.
Conversely, if U is separable and K is naturally full, then by Corollary G=UoKis
semiseparable.

i7). The proof is dual to 7). O

As a consequence of Theorem we can now recover similar characterizations for
separable, naturally full and fully faithful adjoint functors. Cf. the proof of [31l Proposition
3.5] and [8, Proposition 2.16].

Corollary 2.48. [4, Corollary 2.11 and Corollary 2.15] Let FF' 4G : D — C be an adjunc-
tion with unit n and counit €. Then,

i) G is separable if, and only if, the forgetful functor Ugp : Car — C is separa-
ble (equivalently, the monad (GF,GeF,n) is separable) and the comparison functor
Kgp : D — Cqar is fully faithful (i.e., G is premonadic).

ii) F is separable if, and only if, the forgetful functor UFC : DFG — D is separable
(equivalently, the comonad (FG, FnG,e) is coseparable) and the cocomparison func-
tor KF'G :C — DFC s fully faithful (i.e., F is precomonadic).

Proof. i). By Proposition i), G is separable if and only if it is semiseparable and
faithful. By Theorem i), G is semiseparable if and only if Ugp is separable and Kgp
is naturally full. Since G = Ugp o Kgr and Ugp is faithful, we get that G is faithful if
and only if Kgp is faithful. So we get that G is separable if, and only if, Ugp is separable
and Kgp is both naturally full and faithful. The latter means that Kqp is fully faithful,
i.e. G is premonadic.

i7). The proof is similar to 7). O

Remark 2.49. We recall from the Weak Tripleability Theorem of Beck, see [15, Theorem
1], that given an adjunction F' 4 G : D — C, if D has all coequalizers, then the comparison
functor K has a left adjoint L. If in addition G reflects all coequalizers, then the counit
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of the adjunction L. 4 Kgp is an isomorphism, i.e., Kgp is fully faithful. By Corollary
[2.2]] we know that a functor that reflects coequalizers is semiseparable if, and only if,
it is separable. Hence, by Corollary G is semiseparable if, and only if, the monad
(GF,GeF,n) is separable.

The natural fullness of a right adjoint functor can be characterized in terms of idempo-
tence of its adjunction (and of its associated monad) and natural fullness of the comparison
functor as follows.

Corollary 2.50. [4, Corollary 2.12] The following assertions are equivalent for an ad-
junction F'4 G : D — C with unit n and counit €.

(1) G is naturally full.
(73) The adjunction (F,G) is idempotent and G is semiseparable.

(iii) The forgetful functor Ugr : Car — C is fully faithful (i.e., the monad (GF,GeF,n)
is idempotent) and the comparison functor Kgp : D — Car is naturally full.

Proof. (i) = (i7). If G is naturally full, by Theorem i1), there is a natural transfor-
mation v : Idp — F'G such that yoe = Idpg. Thus, GyoGe = Idgpg. From the triangular
identity Ge o nG = Idg, we have that Ge is invertible, and hence (F,G) is idempotent.
Moreover, G is semiseparable by Proposition i1).

(1) = (i17). It follows from the definition of an idempotent adjunction and from

Theorem i).
(7i1) = (i). Since G = Ugp o Kgr, by Proposition i) we have that G is naturally

full as it is composition of naturally full functors. O

From Corollary i) and Corollary we recover the characterization for a fully
faithful right adjoint.

Corollary 2.51. [4, Corollary 2.13] The following assertions are equivalent for an ad-
junction F' 4G : D — C with unit n and counit €.

(1) G is fully faithful.

(ii) The forgetful functor Ugp : Car — C is fully faithful (i.e., the monad (GF,GeF,n)
is tdempotent) and the comparison functor Kgr : D — Car is fully faithful (i.e., G
is premonadic).

(7i1) The adjunction (F, Q) is idempotent and the comparison functor Kqr : D — Car is
an equivalence (i.e., G is monadic).

Proof. (i) < (i). It follows from Corollary and Corollary
(1) < (uit). This follows by [8, Proposition 2.5]. O

We state the dual results of Corollaries [2.50| and for the left adjoint functor of an
adjunction, whose proofs follow from similar arguments.

Corollary 2.52. [4, Corollary 2.16] The following assertions are equivalent for an ad-
junction F' 4 G : D — C with unit n and counit €.

(1) F is naturally full.

(ii) The adjunction (F,G) is idempotent and F is semiseparable.
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(iii) The forgetful functor UFS : DFC — D is fully faithful (i.e., the comonad (FG, FnG, )
is idempotent) and the cocomparison functor K¥C : C — DFC is naturally full.

Corollary 2.53. [4, Corollary 2.17] The following assertions are equivalent for an ad-
junction F'4 G : D — C with unit n and counit €.

(1) F is fully faithful.

(ii) The comonad (FG,FnG,e€) is idempotent and the cocomparison functor K¥¢ :C —
DFC s fully faithful (i.e., F is precomonadic).

(iii) The adjunction (F,G) is idempotent and the cocomparison functor K¥'¢ . C — DFC
is an equivalence (i.e., F' is comonadic).

As a consequence of Corollaries and we have the following.

Corollary 2.54. [4, Corollary 2.18] Let F 4 G : D — C be an idempotent adjunction.
Then, G (resp., F') is semiseparable if, and only if, it is naturally full.

Proof. 1t follows by (i) < (éi) in Corollary (resp., Corollary [2.52)). O

2.3 (Co)reflections, bireflections and semiseparability

In this section we show how functors admitting a fully faithful adjoint behave with
respect to semiseparability. As in [16], we call coreflection any functor admitting a fully
faithful left adjoint, while we call refiection any functor with a fully faithful right adjoint.
The adjoint of the inclusion of a (co)reflective subcategory is an example of (co)reflection.

Remark 2.55. By [19, Proposition 3.4.1] for a right adjoint adjunction being a coreflection
(respectively, a reflection) is equivalent to the fact that the unit (respectively, the counit)
of the corresponding adjunction is an isomorphism.

Remark 2.56. (Co)reflections are closed under composition. In fact, if G : D — C, G’ :
& — D are (co)reflections with fully faithful left (right) adjoints F : C - Dand F' : D — &£
respectively, then G o G’ is a (co)reflection with fully faithful left (right) adjoint F' o F' (by
[61] IV.8, Theorem 1]).

Lemma 2.57. Let G : D — C be a functor.

i) If G is a coreflection, denoting by F the left adjoint of G, by n, € the unit and the
counit of the adjunction (F,G), then (Fn)™' = ¢F and (nG)™' = Ge.

it) If G is a reflection, denoting by H the right adjoint of G, by n', € the unit and the
counit of the adjunction (G, H), then (€G)™' = Gy and (H¢')™" =/ H.

Proof. i). Assume that G is a coreflection. Since F' is fully faithful, by Remark n is
invertible. Therefore, from ¢F o Fip = Idp and Ge o nG = Idg, we get (Fn)™' = ¢F and
(nG)~! = Ge.

i1). Assume that G is a reflection. Since H is fully faithful, by Remark € is invertible.
Therefore, from ¢ GoGr = Idg and He o/ H = Id g, we get (¢G) ™! = G and (He')™! =
n' H. O

In Lemma [2.8] we proved that if H o G is semiseparable and H is faithful, then G
is semiseparable. In the following proposition we see that also the functor H comes out
to be semiseparable whenever H o G is and G is assumed to be a (co)reflection, cf. [7,
Proposition 2.4] for the naturally full case.
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Proposition 2.58. [4, Proposition 2.23] Let G : D — C, H : C — & be functors, and
assume that G is a (co)reflection. If H o G : D — & is semiseparable, then H is semisep-
arable.

Proof. Assume that G is a coreflection with a fully faithful left adjoint F. If H o G is
semiseparable, since F is fully faithful (whence naturally full), then HGF' is semiseparable
by Lemma i7). The unit n : Idec — GF of the adjunction (F, ) is an isomorphism, so
that Hnp : H — HGF is an isomorphism. By Proposition H is semiseparable. If G is
a reflection, the proof is similar. O

In [39] Definition 8] a bireflective subcategory B of a category C is defined to be a
subcategory of C such that the inclusion functor J : B — C has left and right adjoints
S : C — B equal, such that o ¢ = Id, where 7 is the unit of the adjunction S - J and ¢
is the counit of the adjunction J 4 S. Thus, a stronger notion of (co)reflection involving
both left and right adjoint can be given as follows.

Definition 2.59. [4, Section 2.3] A functor G : D — C is called bireflection if it has a left
and right adjoint equal, say F' : C — D, which is fully faithful and satisfies the coherent
condition v o € = Id, where € : FG — Id is the counit of F 4 G while v : Id — FG is the
unit of G 4 F.

Example 2.60. The inclusion functor J : B — C where B is a bireflective subcategory of
a category C is an example of bireflection.

Remark 2.61. Bireflections are closed under composition. Indeed, if G : D —C, G’ : £ — D
are bireflections with fully faithful left and right adjoints F' and F’ respectively, satisfying
the coherent conditions 1" o € = Id and 7" o € = Id, where €' : FG — Id is the counit of
FAHG,é: F'G"— 1d is the counit of F/ 4 G’, while n" : Id — FG is the unit of G 4 F
and 7" : Id — F'G’ is the unit of G’ 4 F’, then G o G’ is a bireflection with fully faithful
left and right adjoint F”’ o F, satisfying the coherent condition F'n" G’ of" 0 & o F'e!G' = 1d.

Remark 2.62. i) Any bireflection is a Frobenius functor.

1) An equivalence is clearly a fully faithful bireflection, and conversely a fully faithful
bireflection is an equivalence as the unit and counit of the corresponding adjunction
are both invertible (see [19, Proposition 3.4.3]).

By requiring the semiseparability condition on a (co)reflection we retrieve the notion

of bireflection.

Proposition 2.63. Let G : D — C be a functor. Then, G is a semiseparable (co)reflection
if, and only if, G is a bireflection.

Proof. Assume that G is a semiseparable coreflection. Denote by F, n, €, the left adjoint
of G, the unit and the counit of the adjunction (F,G), respectively. By Theorem i1)
there is a natural transformation « : Idp — F'G such that e oy oe = ¢. By Lemma [2.38
we have e oyF = Idp and Ge o Gy = Idg, so that from Lemma it follows that

F (77‘1) oyF = (Fn) ' oyF =eF oyF =1dp,
N 'GoGy = (nG) ' oGy =GeoGy=1dg.

This means that (G, F) is an adjunction with unit v : Idp — FG and counit ="' : GF —
Idc. The equality n7'G = Ge implies the coherent condition v o ¢ = Id. Indeed, since
Gy = nG we have that yoe = eF'G o FGv = eF'G o F'nG = Idpg, thus G is a bireflection.
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On the other hand, assume that G is a bireflection. Then, G is both a coreflection and
a reflection, and it is also a Frobenius functor. Consider the unit #’ : Idp — F'G and the
counit € : GF — Ide of the adjunction (G, F). Set 0 := €GonG : G — G and note that
coGe=€eGonGoGe=¢€eGonGo(nG) ' =¢G. If we set v := Fo o/, from naturality
of n’ we obtain

yoe=Foonoe=FooFGeonFG=F(0c0Ge)onFG = FeGon'FG =1dpg.

By Theorem i1) we conclude that G is naturally full, hence semiseparable. The case
with G a semiseparable reflection follows dually. O

As a consequence, semiseparable (co)reflections can be further characterized as follows.

Corollary 2.64. [4, Theorem 2.24] Let G : D — C be a functor. Then, the following
assertions are equivalent.

(1) G is a naturally full coreflection.
(17) G is a semiseparable coreflection.
(731) G is a bireflection.

(iv) G is a Frobenius coreflection.

(v) G is a naturally full reflection.
(vi) G is a semiseparable reflection.
(vii) G is a Frobenius reflection.

Proof. We prove the equivalence between (1), (ii), (i4¢) and (iv). Denote by F, n, €, the
left adjoint of G, the unit and the counit of the adjunction (F,G), respectively.

(1) < (i1). Since 7 is invertible, the adjunction (F,G) is idempotent and Corollary
[2.54] applies.

(ii) < (iit). It follows from Proposition [2.63]

(7i1) = (iv). It is obvious.

(iv) = (i). It follows from the proof of the “if” part in Proposition [2.63]

The implications (v) < (vi) < (ii1) = (vii) = (v) follow dually. O

Remark 2.65. [4, Remark 2.25] A conservative (co)reflection is an equivalence, see e.g. [16,
Remark 1.4]. In fact, consider an adjunction (F,G,n,¢). If G is a coreflection, then F is
fully faithful and hence 7 is invertible. From the triangular identity Ge o nG = Idg we get
that Ge is invertible. Thus, if G is also conservative, we have that € is invertible, whence
G is an equivalence. By Remark [[.12] we know that separable functors are conservative,
thus one recovers that any separable (co)reflection is actually an equivalence, see e.g. in
[79, Proposition 2.4]. Then, Corollary can be seen as a semi-analogue of this result.

Remark 2.66. [4, Remark 3.34] It is known (see e.g. [43, Al.2]) that a faithful functor
from a balanced category (i.e. a category where every monomorphism which is an epimor-
phism is necessarily an isomorphism) is always conservative. As a consequence, a faithful
(co)reflection from a balanced category is always an equivalence. For instance, since the
category pM of left modules over a ring R is abelian, it is in particular balanced, thus
any faithful (co)reflection from pM is always an equivalence.
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Recall from [82] Definition 1.1] that a monad (T : C — C,m,n) is Frobenius if it is
equipped with a natural transformation ¢ : T — Id¢ such that there exists a natural
transformation p : Ide — TT satisfying

TmopT =mToTp and T(lop=n=(_Top.

For a Frobenius monad as above there is an adjunction T 4 T with counit ¢ := (om :
TT — Id¢ and unit p : Ide — TT, see [82], Lemma 1.3] . As shown in [82] Theorem 1.6], the
monad (T : C — C, m,n) equipped with a natural transformation ¢ : T — Id¢ is Frobenius
if, and only if, there exists a comonad (T, A, () such that TmoAT = Aom =mToTA if,
and only if, the natural transformation o := (om : TT — Id¢ is a counit for an adjunction
T -4 T. Thus, the notion of Frobenius monad results to be self-dual, in the sense that it
is the same as a comonad (L, A, €) with a natural transformation 7 : Id¢ — L such that
Aon:lde — L1 is a unit for an adjunction 1 — L.

Corollary 2.67. Let F': C — D be a semiseparable reflection (i.e., F' is a bireflection).
Denote by G, n, €, the right adjoint of F, the unit and the counit of the adjunction (F,G),
respectively. Then, the associated monad (GF,GeF,n) is Frobenius.

Proof. If F': C — D is a semiseparable reflection, then by Corollary it is in particular
Frobenius and it has a fully faithful right (and left) adjoint G : D — C, hence also G is

Frobenius as well. By [79, Proposition 2.5] we know that G is a Frobenius functor if, and
only if, the monad (GF, GeF,n) is Frobenius. O

The following result will be useful in Subsection [3.5

Proposition 2.68. [4, Proposition 2.26] Let F 4 G 4 H : C — D be an adjoint triple
with G fully faithful. Denote by n', € and 0", € the unit and the counit of the adjunction
F 4 G and of the adjunction G 4 H, respectively. Consider the natural transformation
o:H — F defined by 0 := Fe" o (eH)™' : H— F. Then, F is semiseparable if, and only
if, H is semiseparable if, and only if, o is split-mono if, and only if, o is invertible.

Proof. By Proposition F is semiseparable if, and only if, so is H. Since G is fully
faithful, then H is a coreflection so that, by Corollary it is semiseparable if, and
only if, it is naturally full if, and only if, it is Frobenius, i.e. F'= H. By [79, Proposition
2.2], the condition F' = H is equivalent to the invertibility of 0. We now prove that
G is naturally full if and only if ¢ is split-mono. We have a bijective correspondence
Nat(F, H) = Nat(Id¢, GH). Explicitly, for any natural transformation 7 : F — H there
is a unique natural transformation v : Ide — GH given by v := G on!. Then, yo¢e" =
Grontoe” = GroGFe"on'GH = GroG(00etH)on!GH = G(100)oGel Hon!GH = G(700),
so that yoe" = G(roo). Thus, yo€" =Idgy if, and only if, G(7 0 o) = Idgy if, and only
if, Too =1Idy, as G is faithful. By Theorem [I.29] from v o ¢” = Idgy it follows that H is
naturally full. O

2.3.1 Factorization by a bireflection

Recall that an idempotent f : X — X in a category C splits if there exist g : X — Y
and h : Y — X such that hog = f and g o h = Idy. The splitting is unique up to
isomorphism. A category C is said to be idempotent complete if all idempotents split. We
will focus on this notion in Section A.1.1]

In [39] an endo-natural transformation whose components are all split idempotents is
called a split-idempotent natural transformation. It is known that bireflective subcategories
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correspond bijectively to split-idempotent natural transformations e : Ide — Ide with
specified splitting, [39, Theorem 13]. This is related to the fact that the quotient functor
H : C — C, into the coidentifier category results to be a bireflection in meaningful cases,
e.g. when C is idempotent complete.

Proposition 2.69. [4, Proposition 2.27] Let C be a category and let e : Ide — Id¢ be an
idempotent natural transformation. Then, the quotient functor H : C — C. is a bireflection
if, and only if, e splits.

Proof. Assume that H : C — C. is a bireflection. Then, H has left and right adjoint
functors equal, say L : C. — C, which is fully faithful, and such that the coherence
condition n o € = Idyy, is satisfied, where  : Id — HL is the unit of adjunction L - H,
and € : HL — Id is the counit of H 4 L. Denote by n : Id — LH and € : LH — Id the unit
and counit of the adjunctions H 4 L and L 4 H, respectively. Since L is fully faithful,
7 is an isomorphism and hence, from the coherence condition and the triangle identity
Le' on'L = 1dy, we get that Ly = (Le’)~! = /L. Therefore, by naturality of 7/, we have
noe=LHeon'LH = LHeo LnH = Lldy = Idyy. Similarly, from the latter condition
and the triangular identity He o nH = Idy, it follows that Hn' = (He)™! = nH. Then,
H(eon') = Heo Hny' =1dy = HId. Thus, for all X € C, we have ex = ex oex ony. Now,
from Lemma i) we have that He = Idy as e is the idempotent natural transformation
associated to H. Then, ex oex = ex o LHex = ex o LHIdx = €x, so that the equality
ex = ey o ex o1l simplifies as ex = ex o n’y and hence e splits.

Conversely, assume that e splits. Since we know by Lemma i) that H is naturally
full, it is in particular semiseparable. In order to conclude, by Corollary it is enough
to check that H is a coreflection. Choose a splitting Ide SpS Id¢ of the idempotent e
such that moe = Idp. Note that Pe = Idp, as Pe = Peomoe ML o beoe = mocoToe = Idp.
By Lemma there is a unique functor P, : C, — C such that P, o H = P. It is now
straightforward to check that P. 4 H with counit € and invertible unit  : Ide, — HP.
defined by the equality nH = H, i.e. by setting nx := (Tx) x¢¢ - Thus, H is a coreflection.

O

Remark 2.70. Alternatively, the “if” part of Proposition [2.69] follows from the proof of the
dual of [39, Proof of Theorem 13].

As a consequence of Theorem and Proposition[2.69] we have the following corollary.

Corollary 2.71. [4, Corollary 2.28] A functor F : C — D factors as a bireflection fol-
lowed by a separable functor if, and only if, it is semiseparable and the associated natural
transformation e : Ide — Ide splits. Moreover, any such a factorization is the same given
by the coidentifier within Theorem [2.535, up to a category equivalence.

Proof. Assume that F' = S o N, where N : C — £ is a bireflection and S : &€ — D
is a separable functor. Since NN is in particular naturally full, we get that F' = S o N
is semiseparable and hence, by Theorem there is a unique functor N, : C. — &
(necessarily fully faithful) such that N.oH = N and SoN, = F,. If we denoteby L : £ — C
the left adjoint of IV, then it is fully faithful and hence, since the unit n : Id — NL is an
isomorphism, we have that Id & NoL = N o H o L. Therefore, N, is essentially surjective
on objects. Since it is also fully faithful, we get N, is an equivalence of categories and,
from Id & N, o H o L, it has quasi-inverse H o L. Thus, (H o L) o N, = Id and hence
(HoL)oN = (HoLoN,)oH =1do H = H, from which it follows that H is a bireflection
as N is. Thus, by Proposition the idempotent e splits. Moreover, the factorization
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F = SoN, up to the category equivalence N, is the same given by the coidentifier within
Theorem [2.33]

Conversely, if the natural transformation e : Ide — Id¢ attached to the semiseparable
functor F' splits, then by Proposition the quotient functor H : C — C, results to be a
bireflection. Thus, since by Theorem [2.33] the semiseparable functor F' factors as H : C —
C. followed by a separable functor F, : C. — D, we achieve the desired factorization of F'
into a bireflection followed by a separable functor. O

Remark 2.72. By Theorem [2.33] any semiseparable functor F : C — D factors as H : C —
Ce followed by a separable functor F, : C. — D, where e is the associated idempotent
natural transformation. Assume that e splits. Then, by Proposition H:C—C.is
a bireflection. In particular, H is a coreflection and F, is conservative. This is what is
called an image-factorization of F in [16, Definition 1.1]. Image-factorizations are unique
up to an equivalence of categories, see [16, Lemma 1.2]. As a consequence, if we can write
F = SoN where S : £ — D is conservative (e.g. separable) and N : C — £ is a coreflection
(e.g. a bireflection), then there is an equivalence £ = C,.

We now provide some examples of (co)reflections, cf. [4, Section 3.6]. The next is an
example of a coreflection which is neither full nor faithful.

Example 2.73. [4, Example 3.33] Let k be a field, let Coalg be the category of coalgebras
over k and let Set be the category of sets. The functor G : Coalg — Set that associates to
a coalgebra C' the set G (C) of grouplike elements in C, is a coreflection. In fact, it has a
fully faithful left adjoint F' that takes a set S to the group-like coalgebra kS. The unit and
counit components are given by the canonical bijection ng : S — GFS = G (kS) and the
canonical injection e : FGC = kG (C') — C, respectively. We show that G is not full,
neither faithful. Let D be the matrix coalgebra M§ (k). Note that GD = G (M$ (k)) = 0
which is the initial object in Set. If we denote by 0 the zero coalgebra, then we also have
GO = 0, so that GD = GO. If G is full, then there is a coalgebra map f : D — 0. In
particular, we have ep = €9 o f = 0, a contradiction as p is the map that assigns to a
matrix its trace. Thus, G is not full. Let us check it is not even faithful. Otherwise, by
Proposition ii1) ec would be an epimorphism in Coalg, for every coalgebra C, but by
[71, Theorem 3.1] an epimorphism in Coalg is necessarily surjective, whence e~ would be
invertible and hence every coalgebra C' would be isomorphic to kG (C), a contradiction.

In the next, we exhibit a (full) coreflection which is not a bireflection.

Example 2.74. [4, Example 3.36] Let Set be the category of sets and, given an arbitrary
field k, let Coalg, be the full subcategory of Coalg whose objects are pointed coalgebras
over k, i.e. coalgebras whose coradical is a grouplike coalgebra. We consider the functor
G : Coalg,, — Set, that associates to a coalgebra C' the set G (C) of grouplike elements
in C. It has a fully faithful left adjoint F' that takes a set S to the group-like coalgebra
kS, so it is a coreflection. The unit and counit components are given by the canonical
bijection ng : S — GFS = G (kS) and the canonical injection ec : FGC = kG (C) — C,
respectively. By the dual Wedderburn-Malcev Theorem [68, Theorem 5.4.2], since C' is
pointed, there exists a coalgebra projection 7 : C' — Cy = kG (C) such that 7o e = Id.
Thus, €¢ is a split monomorphism for each pointed coalgebra C, and hence by Proposition
iv) G is full. Therefore, G is a full coreflection, but it is not a bireflection in general.
Otherwise, G would be Frobenius and hence from F' 4 G we should deduce G - F.
Consider the Sweedler’s 4-dimensional Hopf algebra H = k(g,z | g> = 1,2% = 0, gz +xg =
0) with coalgebra structure given by A(g) = g ® g and A(z) = 2 ® 1 + g ® x and set
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S:=G(H) ={1,g}. We have
Homset (S, S) = Homset (G(H), S) = Homcoaﬂgpt (H,F(S)) = Homcoalg(H, kS).

Since Homset (5, S) has cardinality 4, we get that Homcealg(H,kS) must contain exactly
4 elements. For every k € k define f; : H — kS by setting fi(1) = 1, fr(9) = g, fr(z) =
k(1 — g) = fr(xg). Then, fi is a coalgebra map. By linear independence of grouplike
elements, we have that f # f;, for every k,l € k such that k # [. Since Homcoaig(H,kS)
contains 4 elements we deduce that the field k has at most 4 elements, a contradiction.
Thus, G is not a bireflection, hence by Proposition [2.63|it is a not semiseparable coreflec-
tion.
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Chapter 3

Applications and examples of
semiseparable functors

In this chapter we test the notion of semiseparability on functors traditionally con-
nected to the study of separability, recalled in Section and studied mainly in [4, Section
3]. The first functors we look at are the restriction of scalars functor ¢, : gM — rM,
the extension of scalars functor p* = S ®p (=) : RM — gM and the coinduction functor
¢' = gHom(S, —) : pRM — s M associated to a ring morphism ¢ : R — S. These functors
form an adjoint triple ¢* 4 ¢, - ¢'. Since ¢, is faithful, its semiseparability falls back to its
separability, while the semiseparability of ¢' is equivalent to the one of ¢* by Proposition
We characterize the latter in Proposition in terms of the regularity of ¢ as a mor-
phism of R-bimodules and in Proposition in terms of the existence of a suitable central
idempotent element z € R. Then, Subsection is devoted to the (semi)separability of
©* restricted to the full subcategory rp M of R M consisting of free left R-modules, which
is an example of a not idempotent complete category. Since ¢* preserves free modules,
we consider what we call the free induction functor S @gr (=) : pRMj; — My between
the categories of free left modules and its right adjoint, that we call the free restriction of
scalars functor, see [5, Section 3].

As a new investigation of this thesis, in Subsection we look at categories of (left)
firm modules p M over a possibly non-unital ring R, and we extend Proposition to
the case of functors between these categories. Moreover, we show that a result similar to
[78, Proposition 2.2] holds with respect to the (semi)separability of a right adjoint functor
whose source category is a full subcategory of R M containing the firm ring R.

In Proposition we describe the semiseparability of the corestriction of coscalars
functor ¢, : MY — MP, and the coinduction functor ¢* = (=)dpC : MP — M,
attached to a coalgebra map v : C — D. In Proposition we extend this result to the
case of a coring morphism, that we have not considered in [4].

Then, in Theorem we show that the induction functor (=) ®z C : Mg — MC,
attached to an R-coring C, is semiseparable if, and only if, the coring counit ¢ : C — R is
a regular morphism of R-bimodules.

Next, for an (R, S)-bimodule M, we consider the coinduction functor o, = Homg (M, —) :
Mg — Mpg together with its left adjoint 0* = (=) ®g M : Mr — Mg. We present a
semiseparable version of M-separability over R for the ring S, given by Sugano and re-
called in Subsection In Theorem we show that the semiseparability of o, can
be completely rewritten both in terms of the M -semiseparability of S over R, and in terms
of regularity of the evaluation map plus a mild condition that is redundant when M is
projective as a right S-module. In Corollary we prove that S is M-separable over R
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if, and only if, S is M-semiseparable over R and M is a generator in Mg. A different char-
acterization of M-semiseparability of S over R is obtained in Proposition [3.36]in terms of
the existence of a central idempotent in S. In Example [3.37] we exhibit an example where
S is M-semiseparable but not M-separable over R.

Then, if one adds the assumption that M is finitely generated and projective as a right
S-module, further characterizations of the semiseparability of o, and ¢* can be given
(Proposition Proposition . As a particular case, in Corollary and Corollary
we apply these results to the (R, S)-bimodule M := rSg, with left action induced by
a morphism of rings ¢ : R — S.

It is worth noticing that the above functors ¢*, (—) ® C, and o, have sources which
are idempotent complete categories so that, by Corollary they always admit a fac-
torization as a bireflection followed by a separable functor, when they are semiseparable.
In Proposition Corollary and Proposition [3.38], we explicitly provide such fac-
torizations.

Finally, Section concerns the semiseparability of the coinvariant functor (—)COB :
img — I, from the category of right Hopf modules over a k-bialgebra B to the category
of k-vector spaces over a field k. In Theorem [3.44] we show that it is semiseparable if, and
only if, B is a right Hopf algebra with anti-multiplicative and anti-comultiplicative right
antipode.

3.1 Extension and restriction of scalars

Let R,S be unital rings. We recall from Section that a morphism of rings ¢ :
R — § induces the restriction of scalars functor ¢, : ¢M — rM, the extension of scalars
functor ¢* := S ®p (=) : RM — M, and the coinduction functor ¢' := rHom(S, —) :
rM — g M, which form an adjoint triple p* - @, 4 ¢'.

From Proposition we know that ¢' is semiseparable (resp., separable, naturally
full) if, and only if, so is ¢*. Since ¢, is faithful, we have that ¢, is semiseparable if,
and only if, ¢, is separable, that is, S/R is separable. We point out that naming S/R
“semiseparable” whenever g, is semiseparable retrieves the notion of separable extension

of rings (see Proposition 7).

In the next results we provide characterizations for the semiseparability of the functor
©*, and hence of ¢'.

Proposition 3.1. [4, Proposition 3.1] Let ¢ : R — S be a morphism of rings. Then, the
extension of scalars functor ¢* = S ®@p (=) : RM — M is semiseparable if, and only
if, ¢ is a regular morphism of R-bimodules, i.e., there is E € rHompg(S, R) such that
poFEop=y, ie., such that pE(lg) = 1g.

Proof. By Theorem[2.36] ¢* is semiseparable if, and only if, there exists a natural transfor-
mation v € Nat(p.p*,Id,a) such that novon=rn. By Remark there is a bijective
correspondence Nat(p.p*,Id ) = gHomp(S, R). So, given v for ¢*, we consider the
corresponding F € rHompg(S, R), E(s) := vr(s ®r 1r), for every s € S. Then, for ev-
ery r € R, we get (po Eoop)(r) = o(E(p(r))) = ¢(vr(e(r) @r 1r)) = ¢(vr(nr(r))) =
rsnr(vr(Mr(r))) = rsnr(r) = ¢(r) where rs : S®@r R — S, s ®g r +— sp(r), is the canon-
ical isomorphism. Conversely, given E € pHomp(S, R) such that ¢ o F o p = ¢, define
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vy S®@r M — M, vy(s®@gm) = E(s)m, for every M € pM, m € M and s € S. Then,

(nar o var onar)(m) = nu(var(1s ®@r m)) = nu (Vs (9(1r) @ m) = nu (E(p(1r))m)
=1s ®r E(p(1r))m = 1sE(p(1r)) ®r m = ¢(E(¢(1Rr))) ®r m

BEp=
PPETY p(1R) @rm = 13 @ m = nar(m).

Since F is a morphism of R-bimodules, we get (po Eoy)(r) = ¢(E(¢(r))) = ¢(E(rlg)) =

o(rE(lg)) = o(r)pE(lg). As a consequence, the condition (p o E o ¢)(r) = ¢(r) is

equivalent to pFE(1lg) = 1g. O

Remark 3.2. The result of Proposition [3.1]is left-right symmetric as there is also a bijective
correspondence Nat(p.p*,Idr,,) = rRHomp(S, R), for ¢* := (=) ®@r S 4 ps : Mg — Mp.
Thus, — ®r S : Mrp — Mg is semiseparable if, and only if, so is S ®r — : pM — g M.

The following is an example of a semiseparable functor which is neither separable nor
naturally full.

Example 3.3. [4, Example 3.2] Let ¢ : R — S and ¢ : Q@ — R be morphisms of rings
whose induction functors ¢* and * are separable and naturally full, respectively. This
means that there is £ € gHompg(S, R) such that E o p = Idg (in particular ¢ is injective)
and there is D € gHomg (R, Q) such that ¢ o D = Idg (in particular v is surjective). By
Corollary the composition ¢*o1)* = (po1))* is semiseparable. The map corresponding
to o1 via Proposition[3.1)is Do E € gHomg(S, Q). Note that, if o) is neither injective
nor surjective, we can conclude that (¢ o 1)* is neither separable nor naturally full. For
instance, let ¢ : Q — Q[X] be the canonical injection of the field of rational numbers into
the polynomial ring over it and let ¢ : Q x Z — Q be given by ¢((q, z)) = gq. Then, we can
define D by setting D(q) = (¢,0) and E to be the evaluation at 0 of the given polynomial.
So, (¢ 0 1)* is semiseparable but it is neither separable nor naturally full.

In a similar way, the following example shows that semiseparable functors are not
closed under composition.

Example 3.4. [4, Example 3.3] Let ¢ : R — S and ¢ : S — @ be morphisms of
rings whose induction functors ¢* and ¢* are separable and naturally full respectively (in
particular, both semiseparable by Proposition . This means there is E € gHompg(S, R)
such that F oy = Idg and there is D € sHomg(Q, S) such that ) o D = Idg. The results
we have proved so far do not allow to conclude that the composition * o p* = (1) o ¢)*
is semiseparable. Indeed, we can provide a specific example where this is not true. Let
0:Z —QxZ,z+ (z,2), and let ¥ : Q x Z — Q be given by ¥((q,2)) = gq. Then, we
can define D by setting D(q) = (¢,0) and E by setting F((q,z)) = z. In this way we get
that ¢* and ¢* are separable and naturally full, respectively. Let us show that (i o ¢)*
is not semiseparable. Otherwise, by Proposition there exists E’ € zHomyz(Q,Z) such
that ¥ o(E'(1g)) = 1g. Since zHomyz(Q,Z) = {0}, this means 0z = 17, a contradiction.

We show that all morphisms of rings ¢ : R — S whose induction functor ¢* = S ®g
(=) : RM — g M is semiseparable are of the form given in Example More precisely,
we show that ¢* factors as a bireflection followed by a separable functor. First we need
the following observation.

Remark 3.5. Let ¢ : R — S be an epimorphism in the category of rings. By [81, Propo-
sition 1.2] the faithful functor ¢, is also full, and hence its left adjoint ¢p* = S ®g (—) is
a reflection, whereas its right adjoint ¢' = rHom(S, —) is a coreflection. Thus, Corollary
applies in this case to get that ¢* is naturally full if, and only if, it is semiseparable



58 3. Applications and examples of semiseparable functors

if, and only if, it is Frobenius, that is, in the same way ¢' is naturally full if, and only if,
it is semiseparable if, and only if, it is Frobenius. In particular, in this case ¢* and ¢' are
isomorphic bireflections.

Proposition 3.6. [4, Proposition 3.6] Let ¢ : R — S be a morphism of rings. Write ¢ =
Lo where v : p(R) — S is the canonical inclusion and @ : R — p(R) is the corestriction
of ¢ to its image p(R). Then, the induction functor ¢* := S ®@g (=) : gRM — gM is
semiseparable if, and only if, 1* is separable and ©* is a bireflection.

Proof. If ¢* is semiseparable, by Proposition there is £ € rpHompg(S, R) such that
poFEop =, ie. topgoFKorop =1073p. Since ¢ is injective and @ is surjective, we
get o F o = Id,g) which implies that * is separable. On the other hand, " is a
bireflection in view of Remark and surjectivity of @. Conversely, if 1* is separable and

" is a bireflection, whence naturally full, then the composition t* 0 3% = (10 p)* = @* is
semiseparable by Corollary ]

Remark 3.7. In the proof of Proposition we obtained a factorization ¢* o * = p* in
case " is semiseparable. In view of Corollary this factorization is the same given by
the coidentifier within Theorem [2.33] up to a category equivalence.

A further characterization of the semiseparability of ¢©* can be proved in terms of the
existence of a suitable central idempotent element z € R. First recall that, given a central
idempotent element z in a ring R, then z Rz = Rz is a ring with addition and multiplication
those of R restricted to zR and with identities Og, = Ogz = Og and 1g, = 1gpz = z, and
there is a surjective ring homomorphism R — Rz,r +— rz, see [Il, 1.16].

Proposition 3.8. [4, Proposition 3.6] Let ¢ : R — S be a ring homomorphism. Then,
the induction functor ¢* = S Qg (=) : pRM — M is semiseparable if, and only if, there
is a central idempotent z € R (necessarily unique) such that p(z) = 1g and the ring map
T = |, : Rz = S is split-mono as an Rz-bimodule map.

Proof. By Proposition the functor ¢* is semiseparable if, and only if, there exists
E € rHompg(S, R) such that pE(lg) = lg. Assume that there is E as above and set
z:= E(lg) € R. Clearly ¢(z) = ¢E(lg) = 1g, i.e. ¢(z) = 1g. For any r € R we have
rz =rE(lg) = E(¢(r)lg) = E(p(r)) and similarly zr = E(p(r)) so that rz = zr, ie. z
is central. Taking z = r in the computation above, we get zz = E(p(z)) = E(lg) = z,
thus z is an idempotent. Concerning the ring map 7 := ¢ g, : Rz — S, consider the
canonical projection ¥ : R — Rz, — rz. Since z is central, we get that v is R-bilinear so
that the map 7 := ¢ o E : S — Rz,s — E(s)z is R-bilinear as a composition of bilinear
maps. In particular, 7 is Rz-bilinear. Then, for any r € R we have n7(rz) = wp(rz) =
m(p(r)e(z)) = w(rlg) = rn(lg) = rE(lg)z = rzz = rz, hence mo 7 = Idg,, i.e. 7isa
split-monomorphism of Rz-bimodules.

Conversely, assume there is a central idempotent z € S such that ¢(z) = 1g and the
ring map 7 := ¢|g, : Rz — S is a split-mono through an Rz-bimodule map 7 : S — Rz.
Set £ : S — R,s — m(s). Then, rs = p(r)s = o(r)p(z)s = ¢(rz)s = (rz)s, so that
E(rs) = E((rz)s) = n((rz)s) = rzm(s) = rm(s) = rE(s), where the second-last equality
follows from the fact that w(s) € Rz and z is a central idempotent. Similarly one gets
E(sr) = E(s)r so that E is R-bilinear. Finally, we have E(lg) = 7(lg) = 7(p(2)) =
7m(7(2)) = z and hence pE(lg) = ¢(z) = 1g. Assume there is another idempotent 2’ € R
as in the statement. Then, 2z’ = FE(lg)z’ = E(lgz’) = E(¢(2')) = E(lg) = z. By
exchanging the roles of z and 2’ we get 2’2 = 2/, and hence z = 2/. O
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Remark 3.9. [4, Remark 3.7] In the proof of Proposition we considered the maps
7=, Rz = Sand ¢ : R — Rz,r + r2. Since p(2) = 1g, we get the equality p = 701
which provides the factorization ¢* = 7% o ¢)*. On the other hand, in Proposition |3.6| we
obtained the equality ¢ = ¢ 0@, where ¢ : ¢(R) — S,s — s, and §: R — @(R),r — ¢(r),
which yields the factorization ¢* = *og*. Define the morphism A : Rz — ¢(R), 7z — ¢(1).
Then, the diagrams

commute. The first diagram entails that A is both injective and surjective whence bijective.
As a consequence, the given factorizations are the same up to the equivalence A\*.

3.1.1 The free induction and restriction functors

We now focus on the (semi)separability of the induction functor and of the restriction
of scalars functor, restricted to categories of free modules. Let R be a unital ring and let
rM denote the full subcategory of R M consisting of free left R-modules. Given a ring
morphism ¢ : R — S, the induction functor ¢* = S ®p (=) : gM — g M, preserves free
modules as S ®@p RP) = (S @ R)B) = §(B) | giving rise to the functor

go} =S®pg (—) : R./\/lf — SMf,
that we call the free induction functor.

We have the following result.

Proposition 3.10. [, Proposition 3.10] Let ¢ : R — S be a ring morphism. The following
assertions are equivalent:

1) the free induction functor % : pM s — s My has a right adjoint . ¢;
f f f f
(13) S is free as a left R-module;
111) the restriction of scalars functor @, : gM — rM preserves free modules.
¥

In case the above equivalent conditions hold, then ¢ is induced by @« and the unit and
counit of (cp}i, @« f) are the restrictions of the ones of (¢*,¢«). Moreover, if S # 0, then ¢
is injective and ¢% is faithful.

We call the functor ¢, the free restriction of scalars functor.

Proof. (i) = (ii). Assume that ¢} has a right adjoint G : $My — rM;. Then, we have
the following isomorphisms of left R-modules: S = ¢gHom(sS, s5) = sHom(S®gr R, sS) =
sHom(p}(R), sS) = gHom(grR, rG(S)) = rG(S). Since gG(S) is a free left R-module,
then so is S.

(i1) = (iii). Assume that S is a free left R-module. Then, S 2 RMY), If X is a free left
S-module (i.e. X =2 S(4), then it can be regarded as a left R-module where the action of
R is given by R x X — X, (r,z) — @(r)z. Then ¢,(X) = pX = (gS)AW) = (R())(A) =
RWXJ) s a free left R-module.
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(i1i) = (i). If @, preserves free modules, it induces ¢,y : sM; — pM; . Since
the inclusion functors ig : gMjy < ¢M and igr : gRMjs — rM are fully faithful, then
the assumptions of Lemma are satisfied and (cp}, @4f) results to be an adjunction.
Indeed, the square

SMfLSM

@T lw*f “D*H%

RMfL)RM

is commutative, i.e. ir 0 @y = @y 0ig and ig o Y} = @ o iR, since @,y and ¢} have been
defined as the restrictions of ¢, and ¢*, respectively. Since the pair (ig,ir) constitute
a morphism of adjunctions, by Remark @ we know that the unit 1y and counit €; of
(¢}, p«f) are related to the unit n and counit € of (¢*, ¢.) by the equalities nig = irny
and eig = igey. This means that 1y and € are just the restrictions of 7 and €, respectively.
Explicitly, the unit is defined as (nf)y : M — S®g M, m — 1g®@grm, for any M € pM;.
Note that (n;)y = (¢®@pM)oly}, where Iy : R®p M — M is the canonical isomorphism.
Assume S # 0. Since M is a free left R-module, then it is flat, so that (17)as is injective
as so is ¢ since Ker(y¢) C Anng(S) and the annihilator is zero as every non-trivial free left
R-module is faithful. Then, ¢% is faithful. O

The free restriction of scalars functor ¢,y is a faithful functor, so by Proposition @
it is semiseparable if, and only if, it is separable. Assuming that S # 0 is free as a left
R-module, then by Proposition the functor % is faithful, hence again by Proposition
it is semiseparable if, and only if, it is separable. It remains to check when ¢.; and
¢} are separable functors.

Proposition 3.11. [5, Proposition 3.11] Let ¢ : R — S be a morphism of rings, with S a
free left R-module.

i) The free induction functor vy =S ®r (=) : RMy — s My is separable if, and only
if, ¢ is a split-mono as an R-bimodule map.

i1) The free restriction of scalars functor pyf : sMys — rM; is separable if, and only
if, S/R is separable.

Proof. i). Assume that go’} is separable. Then, by Theorem @l there exists a natural
transformation v € Nat(p.r¢},Id ;) such that von = [d, where 1 is the unit of
(go},go*f), ie. ny: M — S®r M, m— 1sg ®g m, for any M € pMy. Now, since R is a
free R-module, we consider E € RHompg(S, R) defined by setting E(s) := vr(s®p 1r), for
every s € S. We note that the right R-linearity of £ descends from the naturality of v.
Indeed, for any s € S, r € R, we have that E(s)r = vg(s ®g 1r)r = (fr ovg)(s ®gr 1r) =
(vro (S®Rr fr))(s ®r 1R) = vr(s ®r 1) = vr(sr ®r 1g) = E(sr), where f, : R — R is
the left R-module map 7’ +— r'r. Then, for every r € R, we get (E o ¢)(r) = E(p(r)) =
vr(p(r) @r 1r) = vr(nr(r)) = r. Thus, Eop = Id. Conversely, if ¢ is a split-mono as an
R-bimodule map, we mentioned that ¢* is separable. By Lemma so is 5.

i1). Assume now that ¢y, is separable. Then, by Rafael Theorem, there exists a natural
transformation v € Nat(Id g f,go}go*f) such that € o v = Id, where € is the counit of
(gp}i,gp*f), ie. ey : S®rN — N,s®n + sn, for any N €5 M;. Now, since S is a
free S-module, we consider v5 € sHomg(S, S ®g S) (note that the right S-linearity of g
descends from the naturality of ). Since ego~vyg = Id, we conclude that the multiplication
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mg = €g: S®prS — S splits as an S-bimodule map so that S/R is separable. Conversely,
if S/R is separable, we mentioned that ¢, is separable. By Lemma S0 is @ s O

Example 3.12. [5, Example 3.12]

i) Consider the morphism of rings ¢ : R — Rx R, r — (r,7). The R-bimodule structure
induced on RxR via ¢ is the canonical one, so that it is free. The canonical projection
E:R xR — R,(a,b) — a, is a morphism of R-bimodules such that E o ¢ = Id.
By Proposition the free induction functor ¢} = R?2 ®@g (=) : g9 — gy is
separable.

ii) Let R be a ring and let ¢ : R — M,,(R) be the canonical inclusion into the ring of
n x n matrices over R. It is well-known that M, (R)/R is separable (see e.g. [34,
Example 1)) and clearly M, (R) & R™ is free as a left R-module. By Proposition
@, the free restriction of scalars functor y. s : \p,(r)yMy — rMy is separable.

3.1.2 Firm modules

Inspired by [I8, Lemma 2.1] and by the central role played by firm modules in the
Morita Theory for non-unital rings, see e.g. [25] and [44] [63] (where firm rings are named
regular rings), we investigate here how Proposition can be extended to the case where
R is a firm ring and S is any ring, possibly non-unital, possibly non-firm. We plan to
continue exploring semiseparability in this context in future research.

The notion of firm module goes back to D. Quillen [77] and it allows to develop a
module theory over non-unital rings. For an arbitrary ring R, a left R-module M is called
firm if the morphism

luR7MiR®RM—>M, ,LLR,M(T®Rm):7“m,

is an isomorphism with inverse dr s : M — R ®p M, dgm(m) = r @g m”, where the
summation is understood. We denote pM the category of all firm left R-modules with
left R-linear maps between them. If M = R, then ugr := prv = pm,rs S0 R € pRM if,
and only if, R € Mpg. In this case, R is said to be a firm ring. Examples of firm rings are
rings with unit, rings with local units and coseparable corings.

We first show that [78, Proposition 2.2] can be extended to the case of firm modules.
The arguments used in the proof are similar to the ones of the unital case.

Proposition 3.13. Let R be a firm ring. Let C be an additive category and let D be a
full subcategory of RM containing rR and let F 4 G : D — C be an adjunction of additive
functors, with unit n and counit €. Then, G is separable if, and only if, er is a split-epi
of R-bimodules.

Proof. Assume that G is separable. By Theorem there is a natural transformation
v : Idp — F'G such that eoy = Id. Hence g is a right inverse of eg, and it is a morphism
of R-bimodules, cf. [78, Lemma 2.1]. Indeed, FGR has an R-bimodule structure obtained
from the ring homomorphism R°® — Endp(R) — Endp(FGR), r — ¢(r) — FG(p(r)),
where ¢(r) : R — R, ¢(r)(t) = tr, is left R-linear, so FGR has the right R-module
structure dr = FG(¢(r))(d), for every d € FGR, r € R, hence by naturality of ~, for

every r,r" € R, we get yr(rr') = yr(p(r')(r)) = FG(p(r')(vr(r)) = yr(r)r'.
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Conversely, assume that eg is a split-epi of R-bimodules with right inverse vz : R —
FGR such that e o vyg = Idg. Let M be an object in D. Consider the map

M—Rr M ——FGR®Qr M —— FGM, (3.1)
dr,m Y

YR®RId s

where ¢¥p(u @g m) = FG(fm)(u), for f,, : R — M, r — rm, which is a map in
Homp (R, M) as D is a full subcategory of rM. We observe that d Rr,— and 7gr ® g Id_ are
natural transformations as, for every f: M — M’ in pM, we have (R ®pg f)dg p(m) =
(R®g [)(r®@rm”) =r®g f(m") =r®g f(m)" = dg,m f(m) since pg e (r ®r f(m")) =
pra (r®p f(m)") sor @p f(m") =r@g f(m)", and (FGR®p f)(vr @rldy)(r@pm) =
Yr(r) @r f(m) = (yr ®r Idy ) (R @R f)(r @ m). We show that ¢_ is a natural trans-
formation as well. In fact, for every f: M — M’ in D, we have (FGf o {p)(u @gm) =
FGF(FG(f) () = FG(f o fn)(0) = FG(fm)) (1) = g (e £(m)) = v (drcr O
f)(u®grm), hence FGf opr = pp o (Idpgr ®g f). Thus, v :=¢_(yp ®rId_)dg — is
a natural tranformation. We prove that € o v/ = Id. Indeed, for every m € M,

ervar(m) = enbar(vr @r Idar)dra (m) = enrthnr (vr @ Idar) (r @ g m”)
= emPm(Vr(r) @rm") = (e © FG(fimr))(Yr(7)) = (fmnr 0 €r)(Vr(r))
= fmr (GR’}’R(T)) = fmT (7’) =rm’ =m.

Then, by Theorem [[.18| G is separable. O

In case the map ;s is surjective, we prove a similar result that characterizes the
semiseparability of a right adjoint functor.

Proposition 3.14. Let R be a firm ring. Let D be a full subcategory of rRM containing
rR and let F 4G : D — C be an adjunction of functors between additive categories, with
unit n and counit €. If G is semiseparable, then e€r is a reqular morphism of R-bimodules.
On the other hand, if ep is a regular morphism of R-bimodules and the map

Yu: FGR®p M — M, hry(u@rm) = FG(fm)(u), (32)
for fomm i R— M, r — rm, is surjective, for every M € D, then G is semiseparable.

Proof. Assume that G is semiseparable. By Theorem 2.36]there is a natural transformation
v : Idp — FG such that e oy oe = ¢, hence egyrer = €g. As in Proposition [3:13]
vr is a morphism of R-bimodules. Conversely, assume that ep is a regular morphism
of R-bimodules, i.e., there is a morphism yg : R — FGR of R-bimodules such that
€ErR o YR o €r = €r. Let M be an object in D. Consider the map . By the proof of
Proposition we know that 7" := ¢_(yg ®r Id_)dg — is a natural tranformation. We
prove that eon/oe = e. We observe that on generators exsiar(u®@rm) = exr(FG(fm)(u)) =
fmer(u) = er(u)ym = pp v (er@rldy ) (u®prm), so that epronr = pr v (er®gIdar). Then,
we get

emYvem¥m = emyybrm(er @r Ida) = exrvnr(vr @r Ida)dr vpr v (er ©r Idar)
= eprm(YreR ®r Idar) = pr v (er @r Idar)(YrRER @ g Idpr)
= ur,M(erYRER @R Idy) = pir v (€r @R Idy) = entur.

Since 1) is surjective, we obtain eyvj,enr = enr, for every M € D. Thus, by Theorem
G is semiseparable. O
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We now show that Proposition [3.1] can be extended to the case where R is a firm ring
and S is any ring, possibly non-unital, possibly non-firm. The following is the left version
of [I8, Lemma 2.1].

Lemma 3.15. (Cf. [I8, Lemma 2.1]) Let ¢ : R — S be a morphism of rings where S is
any ring (possibly non-unital, possibly non-firm) and R is a firm ring. Then, the functor
S®p—: gpM — g M has a right adjoint given by R@g — : sM — rM. The unit and the
counit are given by

ay M — RRrS®r M, m—t®Rge(r') @rm’, for every M € pM,
BN :S@rR®r N = N, s®@gr ®@gn+— sp(r)n, for every N € sM,

respectively.

Remark 3.16. In case R is a firm ring, we observe that R ®g R is a firm left R-module.
In fact, consider pprgyr : ROR RO®R R - R®r R, r ®p q Qr 1’ +— rq ®r 1, and
dR,R®RR R®rR — R®rR®RrR, 7“®RT'/ — §®R7’£ ®R7'I. We have that UR,RRRR is well-
defined as, for every a € R, fip ropr(ra@rr ®rq) = rar’ ®rq = pR.RoRR(TQrar QR Q)
and pr rexR(r @R ®raq) =11 ®raq =rr"a ®r ¢ = prRReRR(r ®RT'AOR q); AR RO R
is well-defined as t @g (ra)! ®g ¢ = t @g ' @R aq, since up r(t g rta) = trta = ra =
t(ra)' = purr(t ®r (ra)'). Moreover, we have pg rerrRAR RoRR(T ®RT') = iR RoRR(E OR
rE@pr’) =&t @pr’ = r@gr’, and dg ke pRIR RoRR(TORIORT) = AR ReRR(rg@RT) =
drropr(r@rqr') = ERRT  Qrqr' =EQRTqRRT = @RqRRT =T QR qORT.

Proposition 3.17. Let R be a firm ring and let S be an arbitrary ring (possibly non-
unital, possibly non-firm). Consider a morphism of rings ¢ : R — S. Then, the following
assertions are equivalent:

(i) the extension of scalars functor S ®g (=) : RM — gM is semiseparable;

(i) the map $: R — RORSQRR, r = tQ@pp(q)@(r')? (equivalently, the component ag
of the unit o), is a reqular morphism of R-bimodules, i.e. there is E € pgHompr(R®p
S ®gr R, R) such that o Eo @ = .

Remark 3.18. By Remark we know that R®@pr R € pM, so from MR,R@RR(t Qr¢ O
r?) =t¢' @prr1 = qRrT! =t@rr' =t@pq(r'")! = tq®g (r")? = prRerR(E QR IDR (1))
we have t @r ¢ ®r 1Y =t QR ¢ g (r)?, hence ¢ = ag.

Proof. From Lemma we know that S ®g — is a left adjoint of R ®pr —.
We show that there is a bijective correspondence

Nat(R®pr S ®r —,IdRﬂ) = pHomp(R®Rr S ®r R, R).

Given F € RHomg(R®r S®r R, R), define vj; : RQrSQ@r M — M, vpy(rQrs®@pm) =
E(r ®p s @p t)m!, for every M € gRM, m € M, r € R, and s € S. Since, for every
a € R, we have vy(ra ®g s ®g m) = E(ra @g s @g t)m! = E(r ®g as Qg t)m! =
v (r @g as @z m) and vy (r @g sa g m) = E(r @g sa @g t)m! = E(r @p s Qg at)m! =
E(r ®@r s @g t)(am)! = vy (r g s ®g am), where the second-last equality follows since
pr M (t®r (am)t) = t(am)! = am = atm® = pg p(at @ g mt), hence E(r ®g s @ at)mt =
prv(E @p Idy)(r @p s @ at Qg mt) = upm(E @r Idy)(r @r s @r t ®r (am)') =
E(r ®g s @g t)(am), then vy is well-defined.

Given a morphism f : M — M’ in R M, we observe that, since M’ € pM, from
pra (r ®@p f(m)") = rf(m)" = f(m) = f(rm") = ppy(r ®p f(m")) we get that r ®g
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f(m)" =r®gf(m"). Thus, for every f : M — M’ in g M, we have (fovy)(r@rs®@grm) =
f(E(r@rs@rt)m') = E(r@gs®gt)f(m') = E(r@rs@pt)f(m)" = vy (r@rs@p f(m)) =
(vapr o (R®R S @R f))(r ®r s @z m), for every r € R, s € S, m € M, so v is a natural
transformation.

Conversely, given v : R®p S Qr — — IdRﬂ, define F :=vp : R®r S®r R — R.
We know that FE is left R-linear as so is vp. We show that E is also right R-linear.
Indeed, by naturality of v we have f, ovg = vgpo (R ®Rg S ®g f), where f, : R — R,
r’ — 7'r, is a morphism of left R-modules, so that E(r @g s @rqr') = vr(r @rs@prqr') =
VR(r ®r s @R f/(q)) = frVR(r ®r s @R q) = VR(r ®r s ®r q)r’' = E(r ®r s @ q)r', hence
E € gHomg(R ®r S ®r R, R). For every s € S, m € M, we have E(r ®p s @g t)m! =
ftE(r@rs®@prt) = frivr(r @prs®@pt) = vy (r ®g s @ptm') = vy (r @r s @g m), where
fmt : R— M, r+— rm?, is in p M, so the correspondence is bijective.

Now, by Theorem [2.36, S ®r — is semiseparable if, and only if, there exists a natural
transformation v € Nat(R ®r S ®r —,1d_77) such that o voa = a. Given v such
that oo v o @ = «, consider the corresponding F € gRHomg(R ®r S ®r R, R), E := vpg.
Then, since by Remark $ = ap, we have that agRFar = agrvrar = apg, so that
ap is regular. Conversely, given E € gRHompg(R ®r S ®pr R, R) such that po E o = ¢,
define vy : RQr S ®p M — M, vy (r ®r s @gpm) = E(r @ s @g t)m!, for every r € R,
s €S, meMe rM. For every r,q € R and s € S, we have vr(r Qg s ®r q) =
E(r@r s ®rt)qt = E(r ®g s ®r t¢') = E(r ®r s ®g q), hence agvgrar = ag. Define
B = ayvyan : M — RRp S @r M, for every M € p M, thus by assumption we have
BRr := agvgrar = ag. Then, by naturality of 3 we get Bar(m) = B (tm?) = Bar(frnt (1)) =
(R®R S QR fmt)Br(t) = (ROR S @R fmt)ar(t) = (ROR S QR ft)(q ®r o(r?) @r t") =
qRr (1Y) @rt™m! = q g p(t?) ®g m! = apr(m), where the second-last equality follows
since r@pt"m! = t@rm', so q@re(r!")@pt"m! = (Idp@re@rldy)(dpr@rId ) (rt" @R
m') = Idr®@re®@rIdar)(drr@rIdN)(t@rMY) = (@R P(t7) @gm!). Thus, by Theorem
S ®p — is semiseparable. O

Remark 3.19. A module M of a unital ring R is firm if, and only if, it is unital (i.e.,
1g - m = m, for every m € M). Thus, in case R is unital, the adjunction of Lemma
becomes S ®gp — =: F 4G := R®p — : M — rM with unit o and counit 3 given by

ary M — RRrS®r M, m— 1pr®r ¢(1g) ®g m, for every M € pM,
By :S@rR®rN — N, s@r 1T @pgn +— sp(r)n, for every N € s M.

In case R is unital and S is an arbitrary ring, the following can be seen as an interme-
diate step between Proposition [3.1] and Proposition [3.17

Proposition 3.20. Let R be a unital ring and let S be a possibly non-unital ring. Consider
a morphism of rings p : R — S. Then, the following assertions are equivalent:

(i) the extension of scalars functor F = S ®p (=) : pM — M is semiseparable;

(i7) ¢ is a regular morphism of R-bimodules, i.e. there is E € pHompg(S, R) such that
polop=y;

(7i1) there is E € gHompg(S, R) such that (p o E o @)(1r) = ¢(1R).

3.2 Coinduction and corestriction of coscalars

Let k be a field and let » : C — D be a morphism of coalgebras over k. Recall
from Subsection that ¢ induces the adjunction v, 4 ¥* : MP — M, where 1, :
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M — MP is the corestriction of coscalars functor and ¢* = (=)OpC : MP — M is the
coinduction functor, with unit n : Id \jc — ¥*, and counit € : Y,y0* — Id \ p, given by

ny : M — MOpC, m — ZmODDml, and ey : NOpC — N, n(pc— nec(e),

for any M € MC and N € MP. Since 1, is faithful, then v, is semiseparable if, and only
if, it is separable.
In the following result we study the semiseparability of y*.

Proposition 3.21. [4, Proposition 3.8] Let ¢ : C — D be a morphism of coalgebras.
Then, the coinduction functor 1* = (—)OpC : MP — MY is semiseparable if, and only
if, ¥ is a regular morphism of D-bicomodules if, and only if, there is a D-bicomodule
morphism x : D — C such that ecox oy = ¢e¢.

Proof. Assume that 1)* is semiseparable. By Theorem there exists a natural trans-
formation «y : Idgyp — 1b41p* such that ex o yy o ex = ey, for any N € MP. Since D is a
right D-comodule, consider the right D-comodule map ~vp : D — DUOpC and define the
map x : D — C as x :=l¢ oyp, where o : DOpC — C, Y, d; ® ¢; — Y. ;ep(d;)c;, is the
canonical isomorphism. Note that v is a morphism of D-bicomodules and ) = €p o lal.
We show that x is a morphism of D-bicomodules. For any f € D* = Homg(D,k),
consider the morphism of right D-comodules f : D — D, d — Z f(dy)da. In fact,
Apf(d) = Ap(X f(di)dz) = ¥ f(d)A(d2) = X f(di)de © d3 = 3 f(dy,)d1, ® dp =
(foD)(Xd®ds) = (f® D)Ap(d). For any d € D, denote yp(d) := 3, di®¢; € DOpC.
Then, by naturality of v, we have that levpf(d) = xf(d) = Zf(dl) dy) is equal to
le(fOpC)yp(d) = le(fOpC) (3 di ® ¢i) = lo(X; f(diy)di, ® ¢;) = 3; f(di)ei. Since f
is arbitrary, it follows that for all d € D, yp(d) = Y.;di ® ¢; = > dy ® X(dz) Moreover,
s dive; = 1p(d) = 1 1erp(d) = 15 x(d) = (e C)Ac((d) = (WEC) (x(d)1@x(d)2) =
B(x(d)1) @ x(d)s, then 3 di © x(d) = ¥(x(d)1) & x(d)s, 50 X is a morphism of left D-
comodules, whence of D-bicomodules. We have 1poxo1) = (epolg')o(lcoyp)o(epolst) =
€D OYD O €D O lal =¢€po lal = 1), hence x is a regular morphism of D-bicomodules.
Assume that v is a regular morphism of D-bicomodules, i.e. there is a D-bicomodule
morphism y : D — C such that ¢poxoy = 1. Then ecoxoy = epopoxoy =eporh =ec.
Assume now there is a D-bicomodule morphism x : D — C such that ecox oy = e¢
and let us prove that 1* is semiseparable. For any N € 9P define yy : N — NOpC as
v (n) = > ng ® x(ny), for every n € N. Using that x is a left D-comodule morphism,
one easily checks that the image of «p is really contained in NUpC'. Moreover, vy comes
out to be a right D-comodule morphism, since y is a morphism of right D-comodules,
and natural in N. For every n € N, ¢ € C, we have yyeny(nOpc) = ynv(nec(c)) =
v (n)ec(e) = Xno ® x(ni)ec(e) = Xn ® xip(er)ec(ez) = Xn @ xy(c), where in the
second-last equality we used that nOpc belongs to NOpC. Thus eyyyen(nOpe) =
en(>on @ xY(c)) = X necxy(c) = nec(c) = ey(nOpc). Therefore, by Theorem (s
is semiseparable. ]

Example 3.22. [4, Example 3.9] It is known that the Axiom of Choice is equivalent
to require that, for any function f : A — B, there is a function g : B — A such that
fogof = f. Consider the group-like coalgebras kA and kB and the coalgebra map
Y :=kf : kA — kB defined by setting ¢ (a) = f(a), for every a € A. Define the linear
map x : kB — kA by setting x(b) = ¢(b) if b € Im(f) and x(b) = 0 otherwise, for all
b € B. It is easy to check that y is a kB-bicomodule morphism such that e 40y oY = €a.
Thus, by Proposition the functor ¢* = (—)OkxpkA : kB — okA is semiseparable.
However, it is neither separable nor naturally full in general. Indeed, if ¥* is separable,
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then 1 is split-epi whence surjective. In this case, f is surjective too. Similarly, if ¢* is
naturally full, then 1 is split-mono whence injective. In this case, f is injective as well.

3.3 Corings

Let R be a ring and let C be an R-coring. Recall from Subsection that the

induction functor G := (=) ®zr C : Mp = M M +— M ®rC, f — f ®grC, is the
right adjoint of the forgetful functor F : M® — Mpg, with unit and counit given by
vy = pu: M — M ®gC, for every M € M, and ey = N ®reec : N®rC — N,
en(n ®g c¢) = nee(c), for every N € Mp, n € N, ¢ € C, respectively.
Remark 3.23. Since F : M€ — Mp is faithful, by Proposition i), it is semiseparable if,
and only if, it is separable so, defining the notion of “semicoseparable coring” whenever F' is
semiseparable retrieves the notion of coseparable coring. Analogously, naming a coalgebra
“semicoseparable” whenever the forgetful functor 9MC — M is semiseparable, would get
back the notion of coseparable coalgebra, recalled in Subsection [1.4.2

We now study when the induction functor G = (=) ®gC : M — MC is semiseparable.
In this case, we say that the R-coring C is semicosplit. Note that, since separable functors
are in particular semiseparable, it follows that cosplit corings (i.e., G is separable) are in
particular semicosplit.

Theorem 3.24. [4, Theorem 3.10] Let C be an R-coring. Then, the following are equiva-
lent:

(i) C is semicosplit;

(7i) the coring counit ec : C — R is reqular as a morphism of R-bimodules;

(iii) there exists an invariant element z € Cf' = {c € C | rc = cr, for all v € R} such that
ec(z)ec(c) = ec(c)
(equivalently, such that ec(z)c = c), for every c € C.

Proof. (i) = (i1). Assume that C is semicosplit, i.e. the induction functor G = (—) ®r C
is semiseparable. Then, by Theorem there exists a natural transformation v : Idp —
FG such that e oy oe = e. Consider the canonical isomorphism l¢c : R®rC — C. Since R
is a right R-module, consider the right R-linear map v : R — R ®p C. Let us check it is
also left R-linear. For any r € R define the morphism f, : R — R by f.(r') = rr/. Since
g is natural, we have

(1) = (o L)) = (fr ©r0) 0 1)(r") = 1)

Thus, vg is a morphism of R-bimodules. Define the R-bimodule map « :=lcoyg: R — C.
By noting that e¢ = e o lgl, we get

€cOaOEc:(eRolgl)O(lcoyR)o(eRolgl):eRoyRoeRolglzeRolglzgc’

so that e¢ is a regular morphism of R-bimodules.

(79) = (i7i). Assuming the regularity of ¢, i.e. the existence of an R-bimodule map « such
that ecoaoee = e¢, we can set z = a(lg) € C. For r € R, we have rz = ra(lg) = a(r) =
a(lg)r = zr, so that z is in Cf'. Moreover, from ec(c) = ecacc(c) = eca(lrec(c)) =
eca(lr)ec(c) = ec(z)ec(c) it follows that ec(c) = ec(2)ec(c), for every ¢ € C.
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(iii) = (i). Suppose there exists z € Cf such that ec(c) = ¢ (2)ec(c), for every ¢ € C. For
any N € Mp define vy : N = N ®gC, ynv(n) = n ®g z, for every n € N. Since z € CF,
for every n € N, r € R, we have yy(nr) = nr gz = nQgrrz = n Qg 2r = yv(n)r, so
N is a right R-module morphism, and it is also natural in N: indeed, for any morphism
fiN = Min Mg, (ymo f)(n) = f(n) @r 2z = ((f ®r C) o yn)(n). Moreover, for every
n € N, c € C, we have

(en oN o en)(n®p c) = enyn(nec(c)) = en(n ®r ec(c)z)
= nec(z)ec(c) = nec(c)
= GN(TL XRRr C),

where the second-last equality follows from the assumption e¢(c) = e¢(2)ec(c). Therefore,
by Theorem [2.36] G is semiseparable and C is semicosplit.
Finally, assume that ec(2)ec(c) = ec(c), for every ¢ € C. Then,

ec(z)c = ec(z)ec(cy)ee) = ecleqy)ee) = ¢

and hence e¢(z)c = ¢. Conversely, if e¢(z)c = ¢, for every ¢ € C, then e¢(z)ec(c) =
ec(ec(z)c) = ec(c)- -

Remark 3.25. [4, Remark 3.11] In Proposition we recalled that the functor G :=
(=) ®r C : Mr — MC is naturally full if, and only if, there exists z € C* such that ¢ =
ec(c)z, for every ¢ € C. This characterization is a particular case of Theorem Indeed,
if there exists z € C* such that ¢ = zec(c) for every ¢ € C, then e¢(c) = ec(zec(c)) =
ec(2)ec(c), for every ¢ € C, and equivalently, ec(z)c = ec(z)zec(c) = ec(zec(c))z =
ec(c)z = ¢. Moreover, G is separable if, and only if, there exists an invariant element
z € Cf such that ec(2) = 15 and hence the equality ec(c) = ec(2)ec(c) trivially holds true
in this case.

We already mentioned that a cosplit coring is semicosplit. We now give an example of
a semicosplit coring which is not cosplit.

Example 3.26. [4, Example 3.14]

1) Let ¢ : R — S be a morphism of rings such that the induction functor ¢* = S®r(—)
is naturally full. As recalled in Proposition there exists ¢ € gHomp(S, R) such that
poe = Idg. Since, in particular, ¢ : R — S is an epimorphism in the category of rings,
by [81 Proposition XI.1.2], the multiplication m : S ® g S — S is bijective and hence we
can set A :=m~! so that A(s) = s®p 1g = 15 @ 5. We compute

(e®@rS)A(s) = (e®@r S)(1s ®r s) =e(lg) ®r s
=1p®re(ls)s = IR ®p pe(ls)s = 1r @R s,

and similarly (S®pre)A(s) = (S®re)(s®rls) = s®rlg. As a consequence, (S, A, ¢) is an
R-coring. Now £(1g)s = @e(lg)s = 1gs = s, so that z := 15 € S® fulfills the conditions of
Theorem guaranteeing that the functor G := (=) ®p S : Mg — M? is semiseparable
and hence S is a semicosplit R-coring. Nevertheless, S is not cosplit in general. In fact, if
G is separable, there exists w € S® such that 1z = ¢(w) and hence, for every r € R, we
have r = rlg = re(w) = e(rw), so that ¢ is surjective which, together with the condition
poe =Idg, implies that ¢ and € are mutual inverses.

2) To get an example of 1) with ¢ not invertible, consider S and T rings, set R := Sx T,
take ¢ : R — S,(s,t) = sand € : S — R, s +— (s,0). Then, S is a semicosplit but not
cosplit R-coring.
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When G = (—) ®gC is semiseparable we can provide an explicit factorization of it as a
bireflection followed by a separable functor. By Corollary [2.71] this factorization amounts
to the one given by the coidentifier, up to a category equivalence.

Corollary 3.27. [4, Corollary 3.12] Let C be an R-coring. Then, C is semicosplit if, and
only if, the induction functor G = (=) ®r C : M — MC factors up to isomorphism as
Y* o G', where ¢v* = (—)0;C : MI — MC is separable and G' = (=) @r I : M — M! is

a bireflection for some morphism of corings ¢ : C — I.

Proof. Assume C is semicosplit, i.e., G = (=) ®z C : Mr — MC is semiseparable. Then,
by Theorem there exists an invariant element z¢ € C® such that ec(c) = ec(zc)ee(c),
for every ¢ € C. We observe that, since e¢ is a morphism of bimodules, I := Im(e¢)
is an ideal of R with multiplicative identity z := e¢(z¢). Indeed, for any r € I there
is ¢ € C such that r = e¢(c¢) and hence rz = e¢(c)ec(z¢) = ec(c) = r. Therefore the
morphism ¢ : R — I,7 + 7z, is a ring epimorphism (in fact it is surjective) and hence
the map my : I @ g I — I is bijective, see [81] Proposition XI.1.2]. Thus we can consider
A = ml_1 I - I®plI, Af(i) =i®r 2z = 2z ®gr 1, so that (I, Ar,er) is an R-coring,
where the counit 7 : I < R is the canonical inclusion. Note that ¢ : C — I,¢ — ec(c),
is a morphism of corings and we can consider the corresponding coinduction functor * =
(—)d;C : MT — MC. Consider also the induction functor G’ := (=) ®g I : Mr — MX.
We prove that G factors as G = ¢* o G/, ¢* is separable and G’ is a bireflection. First we
check that G = ¢* o G'. In fact, for every T' € Mg,

(W o G)T) =" (T @rI) = (T@r OIC =T @r (I0;C) =T orC=G(T),

where the second-last isomorphism follows e.g. from [24], 22.5], once observed that A¢(c) =
Y(eay)®re) = 2@rec(c))c2) = 2®@re, and hence wr ¢ (i@rc) = pr(i)@rc—i®rAc(c) =
i®r2z®RrCc—1Qr2z®pc =0, so that wr¢ is the zero map whence trivially T-pure [24],
40.13]. Let us check that G’ is a bireflection. To this aim, first note that, since i = ¢7(i)z,
for every i € I, then G’ is naturally full by Proposition [I.50}

The functor G’ is right adjoint of the forgetful functor F’ and the unit is n}, = pas :
M — M ®pg I for every (M,py) in M!. Since I = Rz, for every m € M there is
m’ € M such that py;(m) = m’ @ z and hence m = Y mger(my) = > mgmy = m’z. As
a consequence, py(m) =m' Qrz =m' Qrzz =m'z2Qr 2 = m Qg z for every m € M.
Now, given w € M ®p I, there is m € M such that w = m®p 2z = ppr(m) and hence pys is
surjective. Since it is also split-mono via rp; o (M ®pgeg), where rpr : M @r R — M is the
canonical isomorphism, we get that 7, = pps is invertible and hence F” is fully faithful.
Hence G’ is a naturally full coreflection, thus a bireflection by Corollary

It remains to check that 3* is separable. If we see C as an I-bicomodule with left
structure A\¢ : C - I ®r C,c+— 2z ® ¢, and right structure pc : C - C®gr I,c— c® z, the
map v : I — C,i + ize = z¢t, is an I-bicomodule morphism which satisfies ¥ o v = Id;.
Indeed, (v (i) = Y(izc) = eclizc) = icc(2¢c) = iz = i. The existence of v implies that
Y (=)O7C : MT — M is separable by [42, Theorem 5.8] in case A = B = R and
D = I once we have checked its hypothesis, namely that both pR and rC preserve the
equalizer of (par ®r C, M ®r Ac) for every (M, pas) in M. By the foregoing, for such an
(M, par), one has py(m) =m ® z, so that wyre(m ®@p c) = pu(m) @r c —m g Ac(c) =
MEr2z2Orc—mrzR®prc =0, hence wyc = py ®rC — M ®@p ¢ is the zero map. Thus,
both rR and grC trivially preserve the equalizer of (ppr @®rC, M ®@g A¢) for every (M, par)
in M as desired. O

By construction, the R-coring I of Corollary [3.:27] is also a ring with unit z. Since
the comultiplication Aj of I is invertible, then I is a coseparable R-coring. Thus, by
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[18, Proposition 2.17] there is a category isomorphism between the category M’ of right
comodules over the coring I and the category My of right modules over the ring I.

Example 3.28. [4, Example 3.15] Let R be a commutative ring and consider an idempo-
tent ideal I of R, assumed to be a pure right R-submodule. We recall that a submodule N
of an R-module M is said to be pure [24), 40.13] if the inclusion N < M remains injective
after tensoring by any right R-module. Since I is pure, we get that the multiplication
my: I Qr I — I, mi(a ®g ') = ad, is injective as it is obtained by the composition
IT®pl fener ®r R = , where €7 : I — R is the canonical inclusion. Since I is idem-
potent, i.e. I? = I, we get that m; is also surjective whence bijective. Thus, we can
consider A = mfl : I - I ®p I and write Aj(a) = Y. a1 ®p az by means of Sweedler’s
notation. Then, > er(ai)az = > ajaz = m;(3 a1 ®r az) = mr(Ar(a)) = a and similarly
Y- ajer(az) = a, so that (I, Ay, er) is an R-coring. Now, the condition (7i7) in Theorem
for this coring is the existence of an element z € I'? such that ¢ = £/(2)c, i.e., by
definition of 7, the existence of z € I such that ¢ = zc = cz, for every ¢ € I. This means
that z is the multiplicative identity in I. This goes back to a particular case of the ideal
I constructed in Corollary by taking C = I and noting that Im(e;) = I. Moreover,
in Example 2) we can identify S with the idempotent ideal I = S x {0} of the ring

R = S x S, through the isomorphism S ST:s— (s,0). In this case, we can take
z = (1,0) (note that z # (1,1) = 1) and Aj(x) ' =2 ®r 2 = 2 Qr .

We now show that Proposition [3.2I] can be extended to the case of a morphism of
R-corings, which has not appeared in the literature.

Proposition 3.29. Let ¢ : C — D be a morphism of R-corings. Assume that C is flat
as left R-module and that D satisfies the right a-condition (see Definition . Then,
the coinduction functor ¥* = (=)OpC : MP — MC is semiseparable if, and only if, v is
a reqular morphism of D-bicomodules if, and only if, there is a D-bicomodule morphism
X : D — C such that ec o x o) = ec.

Proof. From Subsection we know that 1, - ¢* is an adjunction, where v, : M€ —
MP is the corestriction functor. The unit is given by Ny M — MUOpC, m— > moUpmy,
for every M € MC€, and the counit is ey : NOpC — N, n(pc — nec(c), for every
N € MP. Assume that 1* is semiseparable. By Theorem there exists a natural
transformation «y : Id \,o — 1,%* such that ey o vy o ey = €n, for every N € MP. Since
D is a right D-comodule, consider the right D-comodule map ~vp : D — DUpC and define
the map x : D — C as x := l¢co7yp, where lc : DOpC — C, >, di®@rc; — Y. ; ep(d;)ci, is the
canonical isomorphism, see [24, 22.4]. Since Apy) = (YRrY)Ac = (Idp@r)(VvRrIde)Ac
and Apy = (¢ ®pg Idp)(Ide ®r ¥)Ac, then 1 is a morphism of D-bicomodules. Note
that ¢ = ep o lg" as ep(lg'(c)) = ep(¢ @r Ide) Ac(c) = ep(th(c1) ®r c2) = P(e1)ec(c2) =
P(c1e(e2)) = ¥(c). We show that x is a morphism of D-bicomodules. Since y is a morphism
of right D-bicomodules, it is enough to show that x is a morphism of left D-bicomodules.
For any f € D* (see [24] 17.8]), consider the morphism of right D-comodules f : D — D,
d = 3 f(di)dz. In fact, Apf(d) = Ap(S f(di)dz) = X f(di)Ap(da) = 3 F(di)(ds @r
dg) = Zf(dll)d12 Rpdo = (f ®RD)(d1 ®Rd2) = (f ®RD)AD(d). We observe that y is left
R-linear. Indeed, for r € R, consider f. : D — D, d — rd, which is a morphism of right D-
comodules as f,(dr') = rdr’ = f,.(d)r’, for every d € D,r’ € R, and Apf,(d) = Ap(rd) =
rAp(d) =rdi ®@rdy = fr(d1) ®@da = (fr @R D)Ap(d), for every d € D. For any d € D, de-
note yp(d) := >, di®grc; € DOpC. By naturality of vy, we have that vp(rd) = yp(f-(d)) =
(£OpC)(vp(d)) = fr(di) ®r ¢; = rdi @r ¢; = ryp(d), so that x(rd) = leyp(rd) =
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le(ryp(d)) = le(rd; @r ¢;) = Y ep(rdi)e; = Y rep(di)e; = rle(Yd; ®r ¢;) = rleyp(d) =
rx(d). Then, again by naturality of v, we have that 3 f(di)x(d2) = x(3Z f(di)d2) =
xf(d) = leypf(d) = le(fOpC)yp(d) = le(fOpC) (X, di @R ci) = le(32; f(diy)di, ®r ¢i) =
i f(diy)ep(diy)ei = 32 fldien(diy))ei = 325 f(di)ci, so 32 f(di)x(d2) = 32; f(di)ci. Since
D satisfies the right a-condition, that is, the map ofy : D ®gr N — rHom(D*, N),
d®rn — [f — f(d)n] is injective for every N € pM, we get that > di ®p x(d2) =
¥ di®Rci. Moreover, 32, d; @ ci = yp(d) = lg 'leyp(d) = g 'x(d) = (v ®RC)Ac(x(d)) =
(¥ @rC)(x(d)1 ®r Xx(d)2) = ¥(x(d)1) ®r x(d)2, then 3~ di ®r x(d2) = ¥ (x(d)1) ®r Xx(d)2,
so x is a morphism of left D-comodules, whence of D-bicomodules. Furthermore, we have
Yoxor) = (eDolc_l)o(lcoyp)o(epolc_l) = epo'ypoepolgl = efDolC_1 =), hence x is
a regular morphism of D-bicomodules.

Assume now that ¢ is a regular morphism of D-bicomodules, i.e. there is a D-
bicomodule morphism x : D — C such that ¢poxow = . Then, ecoyotp =eporpoyor) =
ED O ¢ =£&cC.

Finally, assume that there is a D-bicomodule morphism x : D — C such that ecoxoy) =
ec and let us prove that v* is semiseparable. For any N € MP define vy : N —
NOpC by yn(n) = Yno ®gr x(n1), for every n € N. Since x is a left D-comodule
morphism, the image of vy is really contained in NOpC as (py @r C)(>-no ®pr x(n1)) =
1m0, ®r no, ®k X(n1) and (N @g p) (X 1o @ x(11)) = X 1o @ (¥ @ C)Ac(x(m)) =
Y-np ®r (D ®r x)Ap(n1) = Y np ®g n1, g x(n1,). Since x is a morphism of right
D-comodules, then vy results to be a right D-comodule morphism as, for all n € N, we
have (ynv ®@r D)pn(n) = (yv ®@r D)(3 om0 ®r n1) = >ono @r x(n1) ®r n2 = >-no g
X(n1,) ®rn1, = 32no @r x(n1)1 @r Y(x(n1)2) = pyope(-no @r x(n1)) = propeyn(n).
For any morphism f : N — M in MP, (yaro f)(n) = 3 f(n)o @r x(f(n)1) = X f(no) @r
x(n1) = (fOpC)(>-no ®r x(n1)) = ((fOpC) o vn)(n), so v is natural in N. For every
n € N, ¢ € C, we have yyen(nOpc) = yn(nec(c)) = yv(n)ec(c) = > no @r x(n1)ec(c) =
Yn ®r x¥(c1)ec(ca) = Yon ®r x¥(c), where in the second-last equality we used that
nOpe belongs to NOpC. Thus, eyyven(nOpe) = en(3n @r x¥(c)) = Y neexy(c) =
nec(c) = ey (nOpc). Therefore, by Theorem 1* is semiseparable. O

3.4 Bimodules

Let R and S be rings. For an (R, S)-bimodule M we consider the adjunction o* - o,
recalled in Subsection m given by the induction functor o* = (=) ®g M : Mpr — Mg,
and the coinduction functor o, = Homg(M, —) : Mg — Mp. The unit  and counit € are
given by

nx : X — Homg(M, X ®g M), x — [m — x ®r m|,
€y : HomS(M,Y) QrM =Y, fQrm — f(m),

respectively, for all X € Mg and Y € Mg.

We investigate the semiseparability of o, and, in the finitely generated and projective
case, the one of o*. We first introduce the following definition, which is a semiseparable
version of M-separability of S over R.

Definition 3.30. [4, Definition 3.17] Let R, S be rings and M an (R, .S)-bimodule. We
say that S is M-semiseparable over R if there exists an element >, f; ®gm; € (M* Qg
M)% such that Y, mf;(m;) = m for every m € M. We call {f;,m;} a system of M-
semiseparability. In a similar way, it is possible to define R to be M-semiseparable over

S.
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Theorem 3.31. [4, Theorem 3.18] Let R, S be rings and M an (R, S)-bimodule. Then,
the following are equivalent:

(i) the functor o, = Homg(M,—) : Mg — Mp is semiseparable;

(13) the evaluation map evyr : M* @r M — S is reqular as a morphism of S-bimodules
and M ®g evys is surjective;

(tii) S is M-semiseparable over R.

Proof. Tt is known (see e.g. the right version of [28, Lemma 11]) that there is a bijective
correspondence

Nat(Id,, ,0%0,) = (M* @r M)°. (3.3)

Mg

Explicitly, a natural transformation «y : Idpqg — %0, is mapped to ys(1ls) € (M*®r M)3,
while an element Y, f; g m; € (M* @ M )% is mapped to a natural transformation
v:1d,, — %o, given, for every Y € Mg, by

W Y = Homs(M,Y) @ M, v (y) = >_ufi(—) @r . (3.4)

(7) = (it). If the functor o, is semiseparable, then by Theorem there exists a natural
transformation 7y : Idpqg — 0*0 such that eo~yoe = e. Consider the right S-module map
vs : S — M* ®r M and, for every s € S, the right S-module map fs : S — S,s' — ss’.
From naturality of v we have vyg(ss’) = (ys 0 fs)(s') = (Homg (M, fs) @r M) o vs5)(s") =
svs(s’) so that g is S-bilinear. Since eg = evyy, from eoyoe = € we get evyyoygoevy =
evys and hence evys is regular as a morphism of S-bimodules. Note that any m € M
is of the form m = Idy(m) = ey (Idy ®g m) so that ey is surjective. Thus, from
EM O VM O €pr = €, We get ey o yayr = Idps. From we have that ;s is defined by
for Y = M, where 3, fi ®r m; = vs5(1g) € (M* @ M)®. Then,

= Idas(m) = (ear o yar)(m) =Y mfi(mi) = rau(M ®g evar) (Zm&@ fi®r mz) ;

7 A

where rp; : M ®g S — M is the canonical isomorphism. Thus, ry o (M ®g evyy) is
surjective and hence also M ®g ev,y is surjective.

(79) = (i7i). Assume that evys is regular as a morphism of S-bimodules, i.e. that there
is an S-bimodule map ~vg : S — M* ®g M such that evys o vg o evyy = evys. Thus,
(M ®gevayr)o (M ®gvs)o (M ®sevy) = (M®gevy). If M ®gevy is surjective, we
get (M @gevar) o (M ®s7s) = Idyegs. Now set 3, f; @ mi = y5(1s) € (M* @p M)*.
Thus, S is M-semiseparable over R as

m = ryldyggs(m ®s 1s) = 1y (M @5 eva) (M @5 vs)(m @ 1s) = mez (m;).

(79i) = (i). Assume S is M-semiseparable over R. By definition, there exists an element
Sifi ®@r mi € (M* ®g M)® such that Y, fi(m;)m = m for every m € M and the
corresponding natural transformation 7 : Idpqg — 0¥ is given as in . Moreover, for
every Y € Mg, m € M, f € Homg(M,Y), we have eyvyyey (f @r m) = eyyy(f(m)) =
ey (i f(m) fi(=) ®@r ms) = 35 f(m)fi(ms) = fOZ;mfi(ms)) = f(m) = ey(f @r m).
Thus, € is regular and by Theorem i1) o4 is semiseparable. O

Remark 3.32. Given an (R, S)-bimodule M, the equivalence between (i) and (4i7) in the
previous result is the semiseparable counterpart of Proposition [1.55
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Remark 3.33. In the setting of Theorem [3.31] assume further that Mg is projective. Then,
the requirement that M ®g evys is surjective is superfluous. Indeed, there is a dual basis
formed by elements m; € M, f; € M*, with ¢ € I, such that, for every m € M, we have
m =Y ;crm; fi(m). By definition, f;(m) = 0 for almost all . Thus there is a finite subset
I(m) of I such that m = 3=,c;(ny mifi(m) = ru(M @s evar)(Xicim) mi @s fi ®r m),
whence M ®g ev;; is surjective.

As a consequence of Theorem we have the following characterization of M-
separability, for an (R, S)-bimodule M, which extends some known results, see e.g. [83]
Theorem 1], [78], Corollary 2.4] and [6, Proposition 4.3].

Corollary 3.34. [4, Corollary 3.22] Let R, S be rings and M an (R, S)-bimodule. Then, S
is M -separable over R if, and only if, S is M -semiseparable over R and Mg is a generator.

Proof. By Proposition S is M-separable over R if, and only if, o, = Homg (M, —) :
Mg — Mp is a separable functor. By Proposition 1), this is equivalent to require
that o, is semiseparable and faithful. The semiseparability of o, is equivalent to S being
M -semiseparable over R, by Theorem Since the forgetful functor U : Mg — Set is
faithful, the faithfulness of o, is equivalent to the faithfulness of the composition U oo, =
Homg(M, —) : Mg — Set, i.e. to Mg being a generator, see e.g. [81], Section 6]. O

Remark 3.35. [4, Remark 3.21] Let R, S be rings and M an (R, S)-bimodule. If Mg is a
generator and ¢ : R — & = Endg(M) is a ring epimorphism, then by the corresponding
right version of [7, Proposition 3.11], the functor o, is fully faithful, i.e. o* is a reflection.
Thus, by Corollary o* results to be semiseparable if, and only if, it is naturally full
if, and only if, it is Frobenius.

We now give a different characterization of M-semiseparability of S over R, for an
(R, S)-bimodule M. As a consequence, in Example we exhibit an example where S
is M-semiseparable but not M-separable over R.

Proposition 3.36. [4, Proposition 3.22] Let R,S be rings and let M be an (R,S)-
bimodule. Then, S is M-semiseparable over R if, and only if, there is a central idem-
potent z € S (necessarily unique) such that M is obtained by restriction of scalars from an
(R, Sz)-bimodule N and Sz is N-separable over R, via ¢ : S — Sz,s — sz. Furthermore,
S is M -separable over R if, and only if, z = 1g.

Proof. Assume that S is M-semiseparable over R, i.e. that there is a central element
Sifi ®@rm; € (M* @ M)® such that Y, mfi(m;) = m, for every m € M. Set z :=
> filmi) € S so that mz = m, for every m € M. Since evyy : M* @r M — S is
a morphism of S-bimodules, it induces a morphism evf/[ : (M* ®@r M)® — S% so that
z=evy (X fi ®@rmi) € S°, i.e. z is central. Moreover zz = Y, fi(mi)z = 3, fi(miz) =
> filmi) = z, so that z is idempotent. Since for every m € M one has mz = m, then
M becomes a right Sz-module, via up; : M x Sz — M, (m, sz) — ms. Let us write N
for M regarded as an (R, Sz)-bimodule so that M = p.N where ¢ : S — Sz,s — sz.
Set N* := Homg, (N, Sz). Then, 3, ¢ofi @r m; € (N* @g N)** and Y, pfi(m;) = p(2) =
zz = z = lg,, so that Sz is N-separable over R. Conversely, assume there is a central
idempotent z € S such that such that M is obtained by restriction of scalars from an
(R, Sz)-bimodule N and Sz is N-separable over R, via ¢ : S — Sz,s + sz. This
implies mz = m for every m € M. Since Sz is N-separable over R, there is Y, g; ®r m;
€ (N*®@p N)® such that 3, g;(m;) = 1. = 2. Let j : Sz — S be the canonical injection.
Then f; := jog € M* and 3, f; @g m; € (M* ®r M)°. Moreover, 3. mf;(m;) =
> imjgi(m;) = mj(z) = mz = m so that S is M-semiseparable over R. Assume there is
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another central idempotent 2z’ € S such that M = ¢, N’ for some (R, Sz')-bimodule N’
and Sz is N'-separable over R via the ring homomorphism ¢’ : S — Sz’, s — sz’. Then,
2z =3, filmy)2' =3, filmi2") = 3, fi(m;) = z. Exchanging the roles of z and 2/, we
also get 2’z = 2/, so that z = 2/. Let z € S be a central idempotent such that M = ¢, N
where Sz is N-separable over R via ¢ : S — Sz,s — sz. If z = 1g, then S is N-separable
over R and ¢ = Idg so that S is M = ¢, N-separable over R as well. Conversely, if S is
M-separable over R, then z = 1g is an idempotent as in the statement, whence the unique
one. O

The following is an instance of an (R, S)-bimodule M such that S is M-semiseparable
but not M-separable over R.

Example 3.37. [4, Example 3.23] Let ¢ : S — T be a ring homomorphism and assume
that there is E € sHomg(T, S) such that po E = Idp. If we set z := E(17) € S, then z is a
central idempotent in S, the map ¢|g, : Sz — T'is a ring isomorphism and ¢ : § — T = Sz
is the projection s — sz, see Proposition ii). By Proposition if Nisa (R,T)-
bimodule such that 7" is N-separable over R, then M := ¢, N is an (R, S)-bimodule such
that S is M-semiseparable over R. Moreover, if S is also M-separable over R, then z = 1g,
whence ¢ is bijective. As a consequence, S is not M-separable over R unless ¢ : S — T
is bijective. As an example, let ¢ : Q X Z — Q,(¢,2) — gand D: Q —» Q x Z,q — (q,0)
be as in Example Then, if N is a (R, Q)-bimodule such that Q is N-separable over
R, then the (R,Q x Z)-bimodule M := ¢, N is such that Q x Z is M-semiseparable but
not M-separable over R. For instance, consider the Q-vector space N := Q", with n > 1,
and take R := Q. Let us check that N is a (Q, Q)-bimodule such that Q is N-separable
over Q, with nqg = ¢gn for all m € N,q € Q. Since N is a free left -module, then it is a
generator. Moreover, £ = Endg(N) = Endg(Q") = M,,(Endg(Q)) = M, (Q) is a separable
Q-algebra. Therefore, by the corresponding of [83, Theorem 1(1)] for right modules (see
also Proposition below), Q is N-separable over Q. Thus, the (Q,Q x Z)-bimodule
M := N = Q™ is such that Q x Z is M-semiseparable but not M-separable over Q.
For a direct computation by means of Definition m set m := (1,0,...,0) and define
f € M* = Homgxz(Q",QxZ) by f(q1,---,qn) := (q1,0). Then, f@gm € (M*®qM)2*Z
and for every m’ € M one has m’f(m) =m/(1,0) = m/¢p(1,0) = m/.

In the next result we provide an explicit factorization as a bireflection followed by a
separable functor for the coinduction functor o, attached to an (R, S)-bimodule M in case
it is semiseparable. By Corollary [2.71], this factorization is the one given by the coidentifier,
up to a category equivalence.

Proposition 3.38. [4, Proposition 3.24] Let M be an (R, S)-bimodule. The coinduction
functor o, = Homg(M,—) : Mg — Mp is semiseparable if, and only if, there is an S-
coring I with a grouplike element z € IS such that o, = 6,0G, where &, := HomI(M, —):
MD — Mp is separable and the induction functor Gy := () ®sI: Mg — M s a
bireflection. Here M is in M! via ppr(m) = m ®g 2.

Proof. Assume that o, is semiseparable. Then, by Theorem S is M-separable over
R through some ¢ := Y, f; @g m; € (M* ®g M)®. Since evy : M* g M — S is
a morphism of S-bimodules, then I := Im(evys) is an ideal of S with multiplicative
identity z := evp(c) = X; fi(m;). Indeed, for all s € S, zs = evy(c)s = evp(es) =
evyr(sc) = sevyr(c) = sz and hence z € IS, For all m € M, f € M*, we have zf(m) =
Yo f(m)fi(m;) = f(3°; mfi(m;)) = f(m) and hence zi = i, for every ¢ € I. Moreover,
since the morphism ¢ : S — I, s — sz, is a ring epimorphism, the map my : [ ®g 1 — [
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is bijective. Thus, we can consider A := ml_1 I - T®s, Af(l) =1 Qg 2z = zR®g 1,
so that (I,Ar,er) becomes an S-coring, where €7 : [ < S is the canonical inclusion. By
the foregoing z € I and, for every i € I, we have £;(i)z = iz = i. By what we recalled
in Proposition the induction functor Gy = (—) ®g [ : Mg — MU is naturally full.
Consider its left adjoint, the forgetful functor F; : M! — Mg, and the corresponding
unit 7 defined on each N in M! by ny = pnv : N = N ®g I. Given n € N write
pn(n) = 3 m®gi. By applying N®ger we get n = >, ngig. Thus, py(n) = >, ny®giy =
Yoy Qg iz =Y, niiy @s 2 = n ®g z. We have so proved that py(n) =n ®g z, for every
n € N. By applying N ®g €5 to this equality we get n = nz, for every n € N. Therefore,
pN is invertible with inverse given by n ®g ¢ — ni, and then the unit n of F; 4 Gy is
invertible, i.e. Gy is a coreflection. By Corollary Gy is a bireflection. As in [42]
Example 4.3], we can consider the functor 6* := (=) @g M : Mr — M!. By [24, 18.10.2]
we have that 5* 4 &, = Hom! (M, —), with unit and counit given by

fix : X = Hom! (M, X @g M), z +— [m +— x @ m],
éy : Hom!(M,Y)@r M =Y, f ®@gm — f(m),

respectively. Thus, by (Rafael) Theorem G« is separable if, and only if, there is
a natural transformation 4 : Id — *6, such that €04 = Id. For Y in M, define
Fy Y — Hom!(M,Y) ®p M,y — Y, yfi(=) ®r m;. It is easy to check it defines a
natural transformation 4 : Id — &*6.. Moreover, éyAy(y) = >, yfi(m;) = yz but we
already proved that yz = y, hence € o 4 = Id, so G4 is separable. Let us check that
G = 5, 0Gy. Note that poer = Id; and both ¢ and e are left S-linear. As a consequence,
I is projective, whence flat, as a left S-module. Thus, by [24], 22.12] applied in case D is
the S-coring S, for every N in Mg we have a functorial isomorphism of abelian groups

5+Gr(N) = Hom!(M,N @g I) = Homg(M,N) = 0.(N), f+ (N®ser)of.

This isomorphism is easily checked to be right R-linear. Thus, it yields &, o G = 0, as
desired. Conversely, if o, = 64 o G, where Gy is a bireflection, whence naturally full by
Corollary and &, is separable, then o, is semiseparable in view of Lemmal[2.6)i7). [

3.4.1 Projective and finitely generated bimodules

Given an (R, S)-bimodule M, in order to characterize the semiseparability of the in-
duction functor o* = (=) ®gp M : Mpr — Mg we need, as in the separable case, the
further assumption that Mg is finitely generated and projective, see Proposition We
consider the setting of Example and the diagram

F
(Ms)7 7 =M 1T~ Mg
G=(—)@sC

o =(-)®rRM |{|o=(—)@s M*

0*=(—)®rE
MR L Mé’ = (MR)O'*O'*7

Px

where the right adjoint of ¢* is given by 0. = (=) ®s M* : Mg — Mg, and C is the
comatrix S-coring M* @z M. In the next result we obtain a further characterization for
the semiseparability of o,.
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Proposition 3.39. [4, Proposition 3.26] In the setting of Example the following
assertions are equivalent:

(i) S is M-semiseparable over R;

(i1) o = (=) ®g M* : Mg — Mp is semiseparable;

(791) the comatriz S-coring C is semicosplit;
)

there exists an invariant element z € C° such that for every c € C, ¢ = ec(z)c, where
gc is the counit of the comatriz S-coring C;

(1v

(v) Qs : Mg — Mg is separable (that is, £/R is separable) and Ky, o+ is naturally full.

Proof. (i) < (ii). It is Theorem

(7i) < (i7i). By Remark iii), o, is semiseparable if and only if so is V7 7 = G.

(7i1) < (iv). It follows by Theorem

(ii) & (v). It follows by Theorem i1) applied to the adjunction (o*,0y). O

We now obtain the announced characterization of the semiseparability of o*.

Proposition 3.40. [4, Proposition 3.27] In the setting of Example the following
assertions are equivalent:

(1) 0* =(=)®r M : M — Mg is semiseparable;
(1) * =(—)®@r & : Mpr — Mg is semiseparable;
(tit) there exists an E € gHomp(E, R) such that pE(lg) = 1g;
)

(iv) the forgetful functor F : M® — Mg is separable (i.e., C is coseparable) and K°
is naturally full.

Proof. (i) < (ii). By Remark iv), o* is semiseparable if and only if so is V, o« = ¢*.
(79) < (i7i). It follows by Proposition
(i) < (iv). It follows by Theorem i1) applied to the adjunction (o*,0y). O

As a particular case of Example [I.72] given a morphism of rings ¢ : R — S, the
(R, S)-bimodule M := rSg, with left action induced by ¢, is trivially finitely generated
and projective as a right S-module, see Remark In this case 0" = (—) ®r S = ¢~
Mg — Mp is the extension of scalars functor. As a consequence, the right adjoint o,
of o* is isomorphic to the restriction of scalars functor ¢, : Mg — Mpg and since it is
faithful, it follows that S is S-semiseparable over R if, and only if, .S is S-separable over
R. Moreover, in this case we have that the comatrix S-coring C is the Sweedler coring
S®rS, & =Ends(M) =M ®s M* =25, Ky oo = ldymg, e @y is strictly monadic,
and K¥'% = (=) ®r S : Mr — MC. Consider the induction functor G = (=) ®g C :
Mg — MC and the forgetful functor F : M€ — Mg. In this setting, as a consequence of
Proposition [3.39] and Proposition [3.40] the following corollaries relate the functors p., ¢*,
F, G and the Sweedler coring C.

Corollary 3.41. [4, Corollary 3.29] In the above setting, the following assertions are
equivalent:

(1) S is S-separable over R;

(17) @i : Mg — Mp is separable, i.e. S/R is separable;
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(7it) the Sweedler S-coring S ®r S is semicosplit;
(tv) S/R has a separability idempotent.

Corollary 3.42. [4, Corollary 3.30] In the above setting, the following assertions are
equivalent:

*

(1) ©* is semiseparable;

(17) there exists an E' € gHompg(S, R) such that pE(lg) = 1g;

(iii) F is separable (that is, the Sweedler S-coring S ®p S is coseparable) and K% %+ is
naturally full.

Remark 3.43. In Corollary the equivalence between (i), (i7) and (iv) is Proposition
i). Since the coring counit e¢ is the multiplication S ® g S — S and we can choose
c=1g®rlg € C, the existence of z € C* such that ¢ = ¢ (z)c, for every ¢ € C, is equivalent
to the existence of z € C° such that 1g = e¢(2), i.e. of a separability idempotent of S/R.
In Corollary the equivalence between (i) and (ii) is Proposition i1), while the
equivalence between (i) and (#i7) is Theorem i1) applied to the adjunction (¢*, ¢s).

3.5 Right Hopf algebras

Let B be a bialgebra over a field k, let 9t denote the category of vector spaces over k
and let Qﬁg denote the category of right Hopf modules over B. Consider the coinvariant
functor (—)COB : MB — M which is defined, for every object M in 9ME, by setting
M©B .= {m € M | ppy(m) = m @ 1g}. Tt is known that it fits into an adjoint triple
QB 4 (=) ® B 4 (=), see e.g. [79, Section 3], where M° = AL and B* = ker(ep).
The unit and counit are given by

T]M:M—>MB®B,m»—>Zm70®m1, eV:(V®B)BiV, v® b vep (b)
w VS (VeB)® vsvols, Oy MOP®B = M, m®b— mb.

By Proposition the functor (—)COB is semiseparable (resp., separable, naturally full)
if and only if so is QB. Moreover, by [19, Proposition 3.4.1], the functor (—) ® B is fully
faithful so that (—)®? is a coreflection. Thus, by Corollary E it follows that (—)°% is
semiseparable if, and only if, it is naturally full if, and only if, it is Frobenius.

We now characterize the semiseparability of (—)COB. Note that there is a natural

7B P
transformation o : (=) — (=) defined on components by op; : M©E — M B,m —
m:=m+ MB", see [79, Section 3].

Theorem 3.44. [4, Theorem 3.31] Let B be a bialgebra over a field k and consider the
cotnvariant functor (—)COB : mg — M. The following assertions are equivalent:

(i) (=)°B is semiseparable;

(13) B is a right Hopf algebra with anti-multiplicative and anti-comultiplicative right an-
tipode;

—B
(iii) the canonical natural transformation o : (—)°8 — (=)~ is invertible;

—B
(iv) the canonical natural transformation o : (—)°8 — (=)~ is split-mono.
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Proof. (i) < (ii). We noticed that (—)®? is semiseparable if and only if it is Frobenius.
Moreover, (—)°°? is Frobenius if and only if the natural transformation o is invertible, c.f.
[79, Lemma 2.3] applied to the adjoint triple QB 4(=)® B (=)®8,

(74) < (i77). The equivalence follows by [79, Theorem 3.7].

(i) < (iii) < (iv). It follows from Proposition O

Remark 3.45. The equivalence (i) < (i7) in the previous result is an analogue of (1) < (6)
in [79, Theorem 3.13] for semiseparability.

Remark 3.46. [4, Remark 3.32] The functor (—)F : MB — 9% fits into an adjoint triple

(T)B 4 (=) ® B (=)®P. Thus, (—)°F is Frobenius if, and only if, (—)°? 4 (=) ® B if,

and only if, QB >~ (=)B_ Note that there are bialgebras B which are not right Hopf
algebras and hence (—)COB needs not to be a Frobenius functor in general. For instance,
let G be a monoid and consider the monoid algebra B = kG over a field k. If B is a right
Hopf algebra, then it has a right antipode S : B — B and hence, for every x € G, one
has xSp (z) = >_7(1)SB (x(2)> =ep(x) 1p = 1¢. In particular, each element in G is right
invertible and hence G must be a group, which is not always the case. Moreover, see [79,
Example 3.9], there are bialgebras B satisfying the equivalent conditions of Theorem
that are not Hopf algebras, i.e. such that the coreflection (—)COB is semiseparable but not
separable. Indeed, B is a Hopf algebra if, and only if, (—)°°? is an equivalence if, and only
if, it is separable, cf. Remark



78

3. Applications and examples of semiseparable functors




Chapter 4

Semifunctors and semifullness

The notion of semifunctor between categories, due to S. Hayashi (1985), is defined
as a functor that does not necessarily preserve identities. In this chapter we present the
results investigated in [2I]. We show how several properties of functors, such as fullness,
full faithfulness, (semi)separability, natural fullness, can be formulated for semifunctors.
Since a full semifunctor is actually a functor, we introduce a notion of semifullness (and
then semifull faithfulness and natural semifullness) for semifunctors. We derive these con-
ditions from requirements on the hom-set components associated with a semifunctor, that
we refer to as “semisplitting properties” for seminatural transformations and we investi-
gate the corresponding properties for morphisms whose source or target is the image of a
semifunctor. We characterize these properties for semifunctors that are part of a semiad-
junction in terms of semisplitting conditions for the unit and counit of the semiadjunction.
We provide examples of semifunctors studied with respect to these notions.

4.1 Semifunctors and semiadjunctions

The notion of semifunctor between categories was investigated by S. Hayashi in [46], in
order to develop a categorical semantics for non-extensional typed lambda calculus. This
notion also appeared in [38] under the name of weak functor and in [40, 1.284] under the
name of prefunctor.

In this section we recall mainly from [46] and [52] the notions of semifunctor, seminat-
ural transformation, natural semi-isomorphism and semiadjunction.

Definition 4.1. [46, Definition 1.1] Let C and D be categories. A semifunctor F: C — D
is the datum of an object map Obj(C) — Obj(D), X — F(X), between the classes of
objects of C and D, and of a morphism map Fxy : Hom¢(X,Y) = Homp(F(X), F(Y)),
f = F(f), for every pair of objects X,Y in C, preserving compositions, i.e. F(go f) =
F(g) o F(f), for every pair of composable morphisms f: X - Y, g:Y — Z in C.

The image of an identity morphism Idx through a semifunctor F : C — D is an
idempotent morphism in D as F(Idx) = F(Idx o Idx) = F(Idx) o F(Idx).
Remark 4.2. The composite of a semifunctor with a functor is a semifunctor.
There is a related notion of morphism between semifunctors. As in the functorial case,
a natural transformation o : F — F' between semifunctors F, F’ : C — D is defined
as a family (ax : FX — F'X)xec of morphisms in D such that ay o Ff = F'f o
ax for any morphism f : X — X’ in C. Given a semifunctor F : C — D, there is a
natural transformation FId : F' — F with components Fldx : FX — FX and a natural
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transformation Idg : ' — F with components Idpx : X — FX. Note that FId # Idg
in general, unless F' is a functor.

Definition 4.3. [52, Definition 2.4] A seminatural transformation « : F — F’ between
semifunctors F, F' : C — D is a natural transformation with the additional property that,
for every X in C, ax o Fldx = ax.

Remark 4.4. Note that, by naturality of «, the condition ay o FIdx = ax in Definition
is equivalent to F'Idx o ax = ax. If (at least) one of the semifunctors F, F’ is a functor,

then the notions of natural transformation and seminatural transformation coincide, see
[52, Theorem 2.5].

Remark 4.5. Let FF : C — D, G : D — C be semifunctors. We observe that for any
natural transformation « : GF — Id¢ with codomain the identity functor (it is indeed a
seminatural transformation), we have aoGldp = aoGFIdoGldr = aoG(Fldoldr) = ao
GFId = «. Analogously, for any (semi)natural transformation « : Id¢ — GF with domain
the identity functor, we have Gldpoar = GldpoGFldoa = G(IdpoFld)oa = GFldoa = a.

Semifunctors F, F’ : C — D are said to be naturally semi-isomorphic if, and only if,
there are natural transformations o : F — F’ and 8 : F/ — F such that

i) ao Fld = ii) Bo F'ld = j3; iii) ao f = F'Id; iv) foa= FId.

In this case, « is said to be a natural semi-isomorphism [52, Subsection 2.2] and it is
denoted by F =, F’. Since its semi-inverse (3 is uniquely determined by «, it will be

usually written as o~ L.

Definition 4.6. [2I], Section 1.1] Let v : F' — F’ be a seminatural transformation between
semifunctors F, F' : C — D. We call a a

i) natural semisplit-mono if there exists a seminatural transformation § : F/ — F
such that §oa = FId;

i1) natural semisplit-epi if there exists a seminatural transformation 8 : F/ — F such
that a0 8 = F'Id.

Lemma 4.7. |21, Lemma 1.2] A seminatural transformation o : F — F' between semi-
functors F, F' is a natural semi-isomorphism if, and only if, a is both a natural semisplit-
mono and a natural semisplit-epi.

Proof. If a is a natural semi-isomorphism, then it is trivially both a natural semisplit-
mono and a natural semisplit-epi. Conversely, if « is a natural semisplit-mono and a
natural semisplit-epi, then there exists a seminatural transformation 8 : F/ — F such
that S o a = FId and there is a seminatural transformation 5’ : F’ — F such that
ao 3 = F'Id. Note that 8 = o F'Id = Boao S/ = Fldo 8 = 3, thus « is a natural

semi-isomorphism. O

Moreover, « is a natural split-mono (resp., natural split-epi), if there exists a seminat-
ural transformation 8 : F' — F such that o« = Idp (resp., ao = Idg); a is a natural
isomorphism if there exists a seminatural transformation 3 : F/ — F such that Boa = Idg
and « o B = IdF/

Remark 4.8. Let a : F — F’ be a seminatural transformation between semifunctors
F,F':C — D. If F is a functor, then « is a natural semisplit-mono if, and only if, «
is a natural split-mono; if F’ is a functor, then « is a natural semisplit-epi if, and only
if, o is a natural split-epi. If both F' and F’ are functors, then o : F© — F’ is a natural
semi-isomorphism if, and only if, « is a natural isomorphism.
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In Section we will describe the corresponding “semisplitting properties” for the
component morphisms of a seminatural transformation.

4.1.1 Idempotent completion of a category

In this subsection we remind the idempotent completion construction which provides
a canonical way to turn semifunctors into functors.

An idempotent morphism e : X — X in C splits if there exist two morphisms h: X — Y
and k: Y — X in C such that e = ko h and h o k = Idy; the category C is said to be
idempotent complete or Cauchy complete if all idempotents split.

Example 4.9. Any category equipped with (co)equalizers is idempotent complete, see
[52, Theorem 2.15], [19, Proposition 6.5.4].

Definition 4.10. The idempotent completion C° (also known under the names of Cauchy
completion [58] or Karoubi envelope [56]) of a category C is the category whose objects
are pairs (X, e), where X is an object in C and e : X — X is an idempotent morphism in
C, and a morphism f : (X,e) — (X', ¢/) in C? is a morphism f : X — X’ in C such that
f=¢€ o foe (or equivalently, such that ¢’ o f = f = foe).

Remark 4.11. i) Given (X, e) € C%, Id(x ) # Idx but Id(x e =e: (X,e) = (X,e).

i7) The category C% is idempotent complete.

There is a canonical functor
w:C—Ch X (X, Idx), [f:X —=Y]—[f:(X,Idx)— (V,1dy)],

which is fully faithful; «¢ is an equivalence if, and only if, C is idempotent complete. Any
semifunctor F : C — D induces a functor F? : C! — D% such that

F¥(X,e) = (FX,Fe), F'f=Ff.

In fact, Fbld(Xﬁ) = Fe = Id(px re) = Idps(x ), as observed in [46, Definition 1.3]. Note
that in general 1p o F # F% o 1, unless F is a functor. On the other hand, there is a
semifunctor ve : C* — C which maps an object (C,¢) in C? to the underlying object C
and a morphism [ : (C,¢) — (C’,¢) to the underlying morphism vef : C — C’ such that
dovefoc=wef. If G:C — DI is a functor, then there is a semifunctor F : C — D given
as in the following lemma that will be helpful afterwards.

Lemma 4.12. (Cf. [53, proof of Theorem 1)) Let C and D be categories. Consider the
functor o : C — C* and the semifunctor vp : DY — D as above.

i) For every functor G : C* — DI, then F := vpoGouic : C — D is a semifunctor such
that F? = @G.

ii) Given semifunctors F,G : C — D and a natural transformation o : F* — G, then
B:=vpoaoi: F— G is a seminatural transformation such that 5% = .

Lemma 4.13. (Cf. [52, Theorem 7.3]) A (semi)natural transformation o : F — F' of
semifunctors F,F' : C — D induces the natural transformation of : F% — (F’)u with

components a? )= ax oFe=Feoax.

X,e
Proof. For any morphism f : (X,e) — (X’,¢/) in C% we have that Ffo aEX,e) =F'fo
Feoax = F'(foe)oax = F'(¢of)oax = F'eé o F'foax = Fle ocax o Ff =
aX/oFe’oFf:oz?X,e,)oFuf. O
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We observe the following fact.

Proposition 4.14. Let F, F' : C — D be semifunctors.

i) If « : F — F' is a natural semisplit-mono, then o is a natural split-mono; on
the other hand, if v : F? — F"* is a natural split-mono, then there is a natural
semisplit-mono ~' : F — F' such that v = (v')".

it) If a : F — F' is a natural semisplit-epi, then ol is a natural split-epi; on the other
hand, if v : F? — F"® s a natural split-epi, then there is a natural semisplit-epi
v : F — F' such that v = (7/)".

Proof. i). Assume that a is a natural semisplit-mono, i.e. there exists a seminatural
transformation 8 : F' — F such that 8 o o = FId. By Lemma consider the natural
transformations of, 8% given, for every (X, e) € C, by aEX o = axoFe= F'eoayx and

B(uX ) = Bx o F'e = Fe o fx, respectively. Then, for every (X, e) € C?, we have
,BEXG) oa?Xe) =BxoFecaxoFe=pBxoaxoFeoFe=FIldyoFe=Fe= Id(rx,Fe)-

On the other hand, if v : F% — F"" is a natural split-mono (i.e., there exists a natural
transformation ¢ : F'" — F® such that £ oy = Idzy), then define v : F — F' by
Yx = Yxdy) P FX = F'X and & : F' — F by £ = {(x1dy) : F'X — FX, for every
X € C. We have that

Ex 0 x = &(x1dx) © V(X 1dx) = M(px Fray) = Fldx,

for every X € C, hence ' o' = FId. Moreover, vy o Fldx = v(x1d4y) © ld(rx,riay) =
Yx1dy) = Vx and & o F'ldx = §(x1ay) © Idrx rriay) = §(x1ax) = Y, for every X € C,
hence v/, £ are seminatural. Note that v/ = vp7yic, so by Lemma we have v = (7/)".
i7). It follows dually from 1). O

Corollary 4.15. [52, Theorem 2.12] Given semifunctors F,F' : C — D, F =, F' is a
natural semi-isomorphism if, and only if, F? = (F')* is a natural isomorphism of functors.

Example 4.16. (Cf. [0, Example 3.3]) Let R be a ring and let g M be the category of
left R-modules. Denote by pM; and gM, the full subcategories of g M whose objects
are free left R-modules and projective left R-modules, respectively. Let ¥ : pM; —
rM,, be the inclusion functor. By [56, Theorem 6.12, page 30], the functor ¥ induces
an equivalence ¥’ : (pM;)! — gM,, (F,e) + Im(e). This fact is well-known and, in
the finitely generated case, it is written explicitly in [56, Theorem 6.16]. For sake of
completeness we include here a proof. Let ¥ : (pM f)h — rM,j be the functor defined
by (F,e) — Im(e), where F' is a free left R-module and e : F' — F is an idempotent,
which splits as e = i o p, where p : F — Im(e) is the canonical projection and the
inclusion map 4 : Im(e) — F' is the induced section, i.e. poi = Idpy(); to a given
morphism f : (F,e) — (F',€') in (rM;)?, ¥ assigns the composite morphism ¥(f) =
p' o foi:Im(e) — Im(e) of projective left R-modules, where the idempotent arrow
e’ : F' — F’ splits as the canonical projection p’ : F’ — Im(e’) followed by the inclusion
i’ : Im(e’) — F’. Tt results that W is an equivalence of categories. Indeed, given a morphism
h : Im(e) — Im(e'), we set f := i’hp. Then, €' fe = i'p'i’hpip = i'hp = f, so that we get
a morphism f : (F,e) — (F',€) in (rpM)% Moreover, h = p'i'hpi = p'fi = U(f), so
that W is full. If f,g: (F,e) — (F’,€') are such that U(f) = ¥(g), then p'fi = p'gi and
hence f = €' fe = i'p/fip = i'p'gip = €'ge = g, thus ¥ is faithful. Given P projective,
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the canonical projection = : R — P, (rp)pep + >_pep Tpp splits via some morphism
o : P — R®) as P is projective. Then, ¥(R") o1) = Im(o7r) = Im(o) = P, so that ¥
is essentially surjective on objects. By [61, Theorem 1, page 93] this proves that ¥ is an
equivalence of categories.

The category Catgs with categories as objects, semifunctors as arrows, and seminatural
transformations as 2-cells is a 2-category [52, Theorem 7.2]. Since any functor is in par-
ticular a semifunctor, there is an inclusion of the 2-category Cat of categories, functors
and natural transformations, in Cats. Conversely, the idempotent completion is a canon-
ical way to transform semifunctors into functors. In fact, the Karoubi envelope functor
x : Caty — Cat, defined by x(C) = C%, k(F) = F%, for any category C and any semifunctor
F : C — D, is the right adjoint of the inclusion functor i : Cat — Cats (see [52, Theorem
2.10]). Moreover, as shown in [52, Theorem 7.3], x is a 2-functor, sending any seminat-
ural transformation a into af, and it defines an equivalence of 2-categories between Cat
and the full 2-subcategory of Cat having idempotent complete categories as objects [53,
Theorem 1]. We recall the following.

Lemma 4.17. (See [50, Lemma 23|, [52, Lemma 7.5]) For categories C, D, semifunctors
F.G : C — D, seminatural transformations o, : FF — G, the Karoubi envelope functor
fulfills the following properties:

i) k(C) = k(D), then C = D;
1) k(F)=k(G), then F = G;
iii) k(a) = k(B), then o = .

Many standard properties for functors can be extended to semifunctors, as for instance
the notion of adjunction.

4.1.2 Semiadjunctions

Given the opposite category C°P of a category C and a semifunctor F' : C — D, consider
the semifunctor
Homp(F—,—) : C? x D — Set,

(C,D) — Homp(FC,D), (f:C"—C,g:D — D')— Homp(Ff,g)(—)=go—oFf.

Since in general, for any morphism h : FC — D in D, Homp(FId¢,Idp)(h) = Idpoho
Fldg = ho Fldg # h, then Homp(F—,—) is really a semifunctor. Analogously, for a
semifunctor G : D — C one can consider the semifunctor Hom¢(—, G—) : C°P x D — Set.

Definition 4.18. [52, Definition 3.1] A semiadjunction is a triple (F : C — D,G : D —
C,7), where F'; G are semifunctors and 7 : Homp(F—,—) — Hom¢(—,G—) is a natural
semi-isomorphism.

Equivalently, by [62, Theorem 3.10] a semiadjunction (F,G,n,€) is the datum of semi-
functors F': C — D and G : D — C equipped with natural transformations 7 : Ide — GF
(unit) and € : FG — Idp (counit) such that the “semitriangle” identities

GeonG =GId and eFoFn=FId (4.1)

hold true, see also [50), Definition 22]. In particular, n and e are indeed seminatural
transformations. We usually denote a semiadjunction (F,G,n,€) by F' - G. As in the
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functorial case, cf. ([1.5)), the natural semi-isomorphism 7 is given, for all C € C, D € D,
by 7¢,p : Homp(FC, D) — Home(C, GD),

1c,p(h) = G(h) o ne, (4.2)

for any morphism h : FC' — D in D.
Remark 4.19. The semi-inverse o : Home¢(—, G—) — Homp(F—, —) of 7 is given by

oc,p(9) = ep o F(g), (4.3)

for any g : C — GD in C. In fact, for any C € C, D € D, we have that (7¢p o
Homp(Flde,Idp))(h) = t¢,p(Idp o h o Fldc) = 7¢,p(h o Fldc) = Gho GFldc o nc =
Ghonc = 1¢,p(h), for every h : FC — D in D. Similarly, (o¢,p o Home(Ide, G1dp))(g) =
oc,p(Gldp o goldc) = ep o FGIdp o Fg = ep o Fg = o¢,p(g), for every g : C — GD
in C. Moreover, for every g : C — GD in C we have that ¢ poc,p(g9) = Tc,p(ep ©
Fg) = G(epo Fg)onc = GepoGFgonc = Gepongpog = Gldp o g = Gldp o
g o Idg¢ = Home(Ide, GIdp)(g), and for every morphism h : FFC — D in D we have
that oc.pTc,p(h) = oc,p(Ghonc) = ep o FGho Fnc = hoepc o Fnc = ho Fldg =
Idp o ho FIde = Homp(FIde, Idp)(h). It is easy to see that 7 and o are natural.
Remark 4.20. Any adjunction of functors is trivially a semiadjunction, and if (F, G, n,¢€) is
a semiadjunction, then (Fh, Gt nft, € is an adjunction of functors [46, Theorem 1.9], with
unit and counit given on components respectively by

Moo =ncoc:(Cre) = (GFC,GFe), €, =doep: (FGD,FGd) — (D,d).

More precisely, we state the following result.

Theorem 4.21. [52 Theorem 3.5] Let F' : C — D, G : D — C be semifunctors. Then,
F -y G if, and only if, F® 4 G".

We observe the following fact.

Lemma 4.22. Let F : C — D, K : C — C be semifunctors. If there exists a (semi)natural
transformation o : K — Ide such that Fa is either a split-epi, or a split-mono, then F is
a functor.

Proof. Let a: K — Id¢ be a (semi)natural transformation such that Fea is split-epi, i.e.
there exists a (semi)natural transformation 8 : F' — FK such that Fa o = Idp. Then,
for every X € C, we have Fldy = Fldx oldpx = Fldx o Fax o fx = Fax o fx = ldrx,
hence F' is a functor. Similarly, if Fo is a split-mono, i.e. there exists a (semi)natural
transformation 8 : F' — FK such that § o Fa = Idp. Then, for every X € C, we have
Fldx =Idpx o Fldy = Bx o Fax o Fldy = Bx o Fax = Idpx, hence F' is a functor. [

As a particular case, we have the next corollary, which we will use in Chapter [f

Corollary 4.23. Let F : C — D, G : D — C be semifunctors.

i) If there exist (semi)natural transformations n : Ide — GF, € : FG — Idp such that
GeonG = 1dg, then G is a functor.

i1) If there exist (semi)natural transformations n : Ide — GF, € : FG — Idp such that
eF o Fn=1dp, then F is a functor.

An analogue of Proposition [1.17] can be shown for semifunctors.
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Proposition 4.24. Let F' 43 G : D — C be a semiadjunction with unit n and counit e.
Then, we have the following isomorphisms:

Nat(GF,1d¢) = Nat(Homp(F—, F'—), Home(—, —)), .
Nat(Idp, FG) = Nat(Hom¢(G—, G—), Homp(—, —)). (4.5)

Remark 4.25. The natural transformations as in (4.4)), (4.5)) are actually seminatural trans-
formations.

Proof. Let v : GF — Id¢ be a (semi)natural transformation. Define 6 : Homp(F—, F'—) —
Home(—, —) by

00701(9) = Vg © Gg onNc, (46)
for any g : FC — FC’ in D. The naturality of 6 follows as in the functorial case. For
every C' € C, we have Ogroc(erc) = vo o Gepe o ngre = ve o Gldpe = ve, where

the last equality follows from Remark [£.5] Conversely, given a natural transformation
0 : Homp(F—, F—) — Home¢(—, —), define v : GF' — Id¢ by

Vo = QGFC,C(GFC) :GFC — C, (4.7)

for every C' € C. The naturality of v follows from the naturality of 6. For any C,C" in C
and g : FC — FC' in D, by naturality of 6, we have

ver o Ggone = Ogrercr(epcr) o Ggone = Oc,cr(epcr o FGg o Fe)
=0cc(goercoFnc) =0cc(go Flde) = 0c,c(g) o lde = 0c,cr(g),

thus the correspondence between 6 and v is bijective.

The proof of (4.5)) follows from (4.4)) by duality arguments. O

It is known that semiadjoint semifunctors are not unique up to isomorphism, but they
are unique up to natural semi-isomorphism, cf. [52, Theorem 3.6]. We include a proof for
completeness sake. Cf. e.g. [28, Proof of Proposition 9] for the case of functors.

Proposition 4.26. |21, Proposition 1.4]

i) Let F Hs G, F -y G’ be semiadjunctions of semifunctors. Then, G and G’ are
naturally semi-isomorphic.

it) Let F 4s G, F' 4 G be semiadjunctions of semifunctors. Then, F and F' are
naturally semi-isomorphic.

Proof. i). Let F s G, F -5 G’ be semiadjunctions with units 7, 1, and counits e, €,
respectively. Consider v := G'e o /G : G — G’ and v := G€ onG’ : G’ — G. Note that
7o GId =G'eonGoGld = G'eo G’FGldon/G = G'(e 0o FGId) o/ G = G'e o) G = =, and
7 o G'ld = G onG' o G'ld = G¢' o GFG'Id o G’ = G(€' 0o FG'Id) o nG' = Ge o nG' = /.
Moreover, v and 4 are natural as they are composition of natural transformations, so
they are seminatural transformations. From naturality of 7 it follows that nG’ o G'e =
GFG'e¢onG'FG and nG'FGon'G = GF1/G onG, and from naturality of € it follows that
Geo G€FG = G¢' o GFG'e. Then, we obtain

Y oy=G onG' oG'eon'G =Ge o GFG'e o nG'FG oG
=GeoGdFGoGFn'GonG = Geo GFIdg o nG = Ge o nG = GI1d.
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Similarly, from naturality of 7’ and €, we have

vovy =G'eonGoGe onG' = G'eo G'FGE o GFG onG’
=G oG eFG oG'FnG on/G' = G'd o G'Fldg on/G' = G'¢' oG’ = G'1d.

i1). It follows dually from 7). O

In [52] the terminology of right (resp., left) semiadjoint is used to denote a semifunctor
G (resp., F') that is part of a semiadjunction F' 4¢3 G, that is, both semitriangle identities
hold true. In the following definition we adopt the same terminology with a weaker
meaning, inspired by [66], Definition 1.3] for functors.

Definition 4.27. [21], Definition 1.5] We say that:

i) asemifunctor G : D — C is a right semiadjoint if there exist a semifunctor F' : C — D
and seminatural transformations 7 : Id¢ — GF and € : FG — Idp, such that
GeonG = GId;

i1) a semifunctor F' : C — D is a left semiadjoint if there exist a semifunctor G : D — C
and seminatural transformations n : Ide — GF and € : FFG — Idp, such that
eF o Fp= FId.

Remark 4.28. In a semiadjunction F' -5 G, F is a left semiadjoint and G is a right
semiadjoint.

Now we show that a right (resp., left) semiadjoint is actually part of a semiadjunction.
In particular, we have the following characterization of left and right semiadjoints.

Proposition 4.29. [21] Proposition 1.7]

i) A semifunctor G : D — C is a right semiadjoint if, and only if, there is a semifunctor
F' : C — D (unique up to natural semi-isomorphism), such that F' 45 G is a
semiadjunction.

i1) A semifunctor F' : C — D is a left semiadjoint if, and only if, there is a semifunctor
G' : D — C (unique up to natural semi-isomorphism), such that F - G’ is a
semiadjunction.

Proof. i). If F' -5 G is a semiadjunction, then by Remarkthe semifunctor G is a right
semiadjoint and F’ : C — D is a left semiadjoint. Conversely, if G is a right semiadjoint,
then there exist a semifunctor F' : C — D and seminatural transformations 7 : Idg — GF
and € : FG — Idp, such that Ge o nG = GId. Set e := e¢F o Fp : F — F, which is
an idempotent seminatural transformation. Indeed, it is natural as it is composition of
natural transformations; for any X € C we have ex o Fldxy = epx 0o Fnx o Fldx = epx ©
F(nxoldyx) = epxoFnx = ex and, cf. e.g. [66, Lemma 1.4(2)], eoe = eFoFnoeFoFn =
€FoeFGF o FGFno Fn=¢cF o FGeF o FnGF o Fn=¢F o FGldrpo Fn=¢F o Fn=e.
Then, there is a semifunctor F’ : C — D given by

F'(X)=FX, F(f)=Ffoex =eyolFYf,

forevery X € C, f: X — Y in C. Indeed, forevery f: X - Y, g:Y — Z in C, we have
F'goF'f =FgoeyoFfoex =FgoFfoexoex =F(go f)oex =F'(go f), so that F’
is a semifunctor. Now we show that (F’,G,n’,€') is a semiadjunction where 1y := nc and
€}, := €p, for every object C' € C and D € D. Note that by the assumption GeonG = GId,
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we get ep oeqgp = €p o epgp © Fngp = €p o FGep o Fngp = €p o F (Gep ongp) =
ep o FGIdp = €p, for every D € D, so

eoeGG =e. (4.8)
For every D € D, we have ¢, 0 F'GIdp = epo FGldpoegp epoegpoFGldpoegp =
epoeapoeap o FGIdp = ep o egp o FGIdp ep o FGIdp = ep = €, and for every

morphism f : D — D" in D we have €}, o F'Gf = epro FGfoegp = foepoeap =
foep = fo€p, sothat € := (ep) pep : F'G — Idp is indeed a seminatural transformation.
For every object C in C, it holds ny o Id¢ (Id¢) = 1 o Ide = g, and for every morphism
f: X =Y in C we have

GF'fonx =G (Ffoex)ony =G (ey o Ff)onx =Gey o GFfonyx
= G(epy o Fpy) o GF fonx = Gepy o (GFny ony) o f = Gepy ongry ony o f
=Gldpy o GFfony =G(dpy o Ff)onx =GFfonx =nyof=nyof,
so that n' := (nc)cee : Ide — GF' is indeed a seminatural transformation. Thus, from
Gep ongp = Gep ongp = Gldp and € o F'n = epc o F'ng = epe o Fg o e =
ecoec =ec = Fldg oec = F'ldg, it follows that (F',G,n/,€’) is a semiadjunction. By
Proposition i1), F’ is unique up to natural semi-isomorphism.
i1). It is dual to 7). O
As a particular case, in the functorial case we retrieve the following [5, Lemma 2.16].
Lemma 4.30. Let F:C — D and G : D — C be functors endowed with natural transfor-
mations 1 : lde — GF and ¢ : FG — Idp.

i) If GeonG = Idg, then there is a semifunctor F' : C — D, that acts as F' on objects,
such that (F',G) is a semiadjunction.

it) If eF o Fn = 1dp, then there is a semifunctor G' : D — C, that acts as G on objects,
such that (F,G") is a semiadjunction.

We observe that any functor whose completion has an adjoint is part of a semiadjunc-
tion.

Lemma 4.31. [5, Lemma 2.15] The following assertions hold true.
i) Any functor G whose completion has a left adjoint is part of a semiadjunction (F,G).

ii) Any functor F' whose completion has a right adjoint is part of a semiadjunction
(F,QG).

Proof. i). Let G : D — C be a functor whose completion G? : D¥ — C% has a left adjoint
L:C% — D% From Lemma there exists a semifunctor F' : C — D such that F? = [,
hence F% 4 G%. Thus, by Theorem it follows that (F, G) is a semiadjunction.

i1). It is proved similarly. O

The notion of right (resp., left) semiadjoint is stable under composition.
Proposition 4.32. [21] Proposition 1.8]

i) Given two right semiadjoints G : D — C and G' : €& — D, then the composite
semifunctor Go G’ : & — C is a right semiadjoint.
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i1) Given two left semiadjoints F' : C — D and F' : D — &, then the composite semi-
functor F' o F : C — & is a left semiadjoint.

Proof. i). If G : D — C and G' : £ — D are right semiadjoints, then by definition
there exist a semifunctor ' : C — D and seminatural transformations 7 : Id¢ — GF' and
€ : FG — Idp, such that Ge o nG = GId, and there exist a semifunctor F’ : D — £ and
seminatural transformations 7’ : Idp — G'F’ and ¢ : F'G" — Idg, such that G'¢’ o /G’ =
G'1d, respectively. Set 77 := Gn'Fon and € := € o F'eG’. We now show that the composite
GoG' : £ — C is a right semiadjoint through the semifunctor F" o F' : C — £ and the
seminatural transformations 77 : Ide —+ GG'F'F and € : F'FGG' — Idg. Indeed, we have

GG'eo GG = GG'é o GG'F'eG' o G FGG' 0o nGG' = G(G'é o G'F'eG' o FGG') o GG’
=G(G'e onG o0eG") onGG' = G(G'ld o €G") o GG’ = GG'1d 0 GeG' 0 nGG’
= GG'ld o (GeonG)G' = GG'Id 0o Gldg = G(G'Id o Idgr) = GG'1d.

i1). At the same way, if F : C — D and F’ : D — & are left semiadjoints, then by definition
there exist a semifunctor G : D — C and seminatural transformations n : Id¢ — GF and
€ : FG — Idp, such that eF o Fp = FId, and there exist a semifunctor G’ : £ — D and
seminatural transformations 1’ : Idp — G'F’ and ¢ : F'G’ — Idg, such that ¢ F' o F'y) =
F'1d, respectively. By setting again 77 := Gn'F on and € := € o F'eG’, it holds that
€F'F o F'Fn= F'FId, hence F' o F : C — £ is a left semiadjoint. In fact, we have that

EF'FoF'Fij=F'FoF'¢G'F'FoF FGyFoF Fn=(fF oF'¢G'F o F'FFGy)F o F'Fn
=(F oF'noF'e)FoF'Fn= (F'ldo F'e)Fo F'Fn=F'¢F o F'Fn=F'FId.
O

Similarly to the case of adjunctions of functors (cf. [61, IV.8, Theorem 1]), as pointed
out in [53], page 4], semiadjunctions remain stable under composition.

Corollary 4.33. |21, Corollary 1.9] Given semiadjunctions (F 45 G : D — C,n,€) and
(F' 44 G": &€ = D,n',€), then also (F'F 4 GG' : &€ - C,Gn'Fon,e o F'eG’) is a semi-
adjunction.

Proof. By Remark G and G’ are right semiadjoints through F,n,e and F' 7/, ¢,
respectively, and F', F’ are left semiadjoints through G,n,e and G’,7n/, €, respectively.
Then, by the proof of Proposition we know that GG'¢ o (GG’ = GG'Id and €F'F o
F'Fn=F'FId, where 1 := Gn'Fon:1ld¢e - GG'F'F and € := € o F'eG' : F'FGG' — 1dg,
thus F'F - GG’ is a semiadjunction with unit 77 and counit €. O

An idempotent (semi)natural transformation on the identity functor on a category
allows to obtain a canonical semiadjunction of semifunctors.

Proposition 4.34. [21], Proposition 1.10] Given a category C, any idempotent (semi)natural
transformation e = (ex)xec : Ide — Ide defines an idempotent endosemifunctor E€ : C —
C, which is self-semiadjoint, i.e. E¢ -y E¢. Conversely, any semifunctor which is self-
semiadjoint defines an idempotent seminatural transformation.

Proof. Given the idempotent seminatural transformation e : Id¢ — Ide, consider the

assignment
X=X, [f:X—=>Y]— foex=eyolf,

for any object X € C and for any morphism f in C. It defines a semifunctor E¢: C — C.
In fact, given morphisms f: X — Y, ¢g:Y — Z in C, we have that E€(go f) = go foex =
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go(foex)oex =goeyo foex = E(g) o E¢(f) but E¢(Idx) = Idx ocex = ex, which is
not necessarily Idx. Note that E°¢ is idempotent as for every X € C, f: X — Y in C one
has E°E¢(X) = X = E¢(X) and E°E°(f) = E¢(foex) = foexoex = foex = E¢(f).
We show that F° -y E° is a semiadjunction with unit n° : Id¢ — EF°E°, n$ = ex, and
counit € : F°E® — Id¢, €& = ex, for every X € C. Indeed, we have E%S o n%ey =
Ee(eX) 9] T]g( = ex oex ocex = ex = Eeldx, and GEEEX 9] Ee?”]g( = ex © 773( cex =
exoexoex = ex = E°ldyx. Conversely, if E: C — C is a self-semiadjoint semifunctor,
then there exist seminatural transformations n : Ide — EFE and ¢ : EE — Id¢, such
that Fe onE = EId and €F o Enp = EId. As in the proof of Proposition set
e :=€eFoFEn: FE — E, which is an idempotent seminatural transformation. Indeed,
it is natural as it is composition of natural transformations; for every X € C, we have
ex o E(Idx) = egx o Enx o E(Idx) = egx o E(nx oldx) = €egx o Enx = ex and
eoe= Fldo Fld = Fld = e. O

Definition 4.35. [21], Definition 1.11] We call the semifunctor E° given as in Proposition
the canonical semifunctor attached to an idempotent seminatural transformation
e = (ex)xec : Ide — Id¢ on a category C.

Example 4.36. i) Given a category C, if e = Idiq, : Id¢ — Id¢, then E€: C — C is
the identity functor on C.

i) We recall from [75, Section 1.7] that a category C is called a category with zero
morphisms if there is a family {Oxy € Hom¢(X,Y), for all X, Y € C} such that
foOxy = 0xz and Oyzog = Oxyz, forevery f : Y - Z, g: X — Y in C.
In particular, a category with a zero object (i.e., an object which is both initial
and terminal) is a category with zero morphisms. Let C be a category with zero
morphisms. Then, e := (0Oxx)xec, where Oxx is the zero morphism on X, is an
idempotent natural transformation. Indeed, ex is clearly idempotent and for every
f: X =Y inC we have foex = foOxx =0xy =0yy o f =ey o f. In this case,
the semifunctor £ : C — C is given by X — X, f — Oxy, for every X € C and
f:X—=>YinC.

As a consequence of Corollary and Proposition [4.34] given a (semi)adjunction of
(semi)functors and an idempotent seminatural transformation, we can obtain another
semiadjunction of semifunctors as follows, cf. [2I), Corollary 1.13].

Corollary 4.37. Let F 5 G : D — C be a semiadjunction with unit n and counit €,
and let e : Ide — Ide, € : Idp — Idp be idempotent seminatural transformations on the
categories C, D, respectively.

i) Consider the canonical semifunctor E¢ : C — C. Then, F' :== FE® : C — D and
G':= E°G : D — C form a semiadjunction F' 45 G'.

i) Consider the canonical semifunctor E€ : D — D. Then, F" := EF : C — D and
G := GE® : D — C form a semiadjunction F" 45 G".

In Subsection [£.7.4] we will consider an instance of a semiadjunction as in the previous
corollary, constructed out of a morphism of rings. Let us make some further observations
about the semifunctor E°.

Example 4.38. Given a category C and an idempotent natural transformation e : Ide —
Id¢, in Subsection we have seen that there is a canonical functor H : C — C, into the
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coidentifier category C., acting as the identity on objects and as the canonical projection
on morphisms. Consider the semifunctor L : C, — C defined by

LX)=X, L(fl=eyof:X Y,

for every X € Co, f : X — Y in C.. Note that it is really a semifunctor as LIdy =
exoldy = ex # Idpx = Idx and it is well defined as f = g if, and only if, ey o f = ey og.
We observe that F¢ = Lo H. Indeed, LH(X) = X and LH(f) = L(f) = foex, for every
Xel, f: X —=Y inC. In [5 Theorem 3.1] it is shown that L, H form a semiadjunction
L - H with unit n : Ide, = HL, nx = Idy : X — HLX = X, for every X € C,,
and counit € : LH — Id¢, ey :==ey : LHY =Y — Y for every Y € C. Explicitly, for
every f: X — Y in C,, we have HLf onx = H(ey o f) oIdx = Hey o Hf o Hldy =
Idgy o Hf oldgx = Idy o f =nyo f , thus 7 is a seminatural transformation. The same
holds for ¢, as ey o LHf = eyoLf: eyoeyof=eyof=foex = foex. Moreover, for
every X € C and Y € C., we have the identities e;,x o Lny = erx o LIdx = ex o LIdx =
ex oex OIdX = €XoIdX = LHX and HeyOT]Hy = HeyOIdHy = Hey = IdHy = HIdy.
So L Hs H is a semiadjunction with unit # and counit e.

Now we show that H 45 L : C. — C is a semiadjunction as well. In fact, consider
the seminatural transformations n’ : Id¢ — LH, ¢ : HL — Id¢,, given by 1y = ex,
for every X € C, and ¢}, := Idy, for every Y € C.. For every f : Y — Y’ in C, we
have €}, o HLf = ﬁ}:/ o H(eyr o f) = Hldy, o Hey» o Hf = Hldy/ o Hldy: o Hf =
Hf = Hf o HIdy = foldy, and for every f : X — X' inC, LHf only = Lfoex =
ex'ofoex =exroex/of =exof=mnxof, hence ¢ and 7 are natural. Moreover, for
every X € C and Y € C,, we have €}y o Hn'y = Idyx o Hex = Hex = Idyx = Hldx,
and Le}, on}y = Lldy oery = ey oldy oey = ey = Lldy, hence H 4, L : C. — C is a
semiadjunction with unit 1’ and counit €.

The previous example leads us to define the following notions for semifunctors. We
say that ' 43 G s H : C — D is a semiadjoint triple if it is a triple of semifunctors
F.H:C—Dand G:D — C such that F 45 G and G -y H are semiadjunctions. We call
a semifunctor F' : C — D Frobenius if there exists a semifunctor G : D — C such that both
F Hs G and G 5 F are semiadjunctions. Thus, a Frobenius semifunctor F' : C — D fits
into a semiadjoint triple of the form G 45 F' 45 G : D — C. Note that if F' is a Frobenius
semifunctor, also G is a Frobenius semifunctor. Thus, L : Cc — C and H : C — C. in
Example are Frobenius semifunctors.

Remark 4.39. Any Frobenius functor is a Frobenius semifunctor. The converse does not
hold in general. For instance, the quotient functor H : C — C, is a Frobenius semifunctor,
but in general it is not a Frobenius functor (as we will see in Remark. By Proposition
2.09|it is when e.g. e splits.

4.2 Semisplitting properties for morphisms

In this section we study semisplitting properties for morphisms whose source or target
is the image of a semifunctor. For semifunctors F': C — D, F' : C' — D and objects C € C,
C' € ', we recall from [21, Section 2] the notions of Fg-semisplit-mono, Fo-semisplit-epi,
(Fc, Fly)-semisplit-mono, (Fc, F{.,)-semisplit-epi, (Fc, F{)-semi-isomorphism.

Definition 4.40. Given a semifunctor F': C — D, we say that

e a morphism f: FC — D in D is an Fp-semisplit-mono if there exists a morphism
g: D — FC in D such that go f = Fld;
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e a morphism f: D — FC in D is an Fg-semisplit-epi if there exists a morphism
g: FC — D in D such that fog= Fldc.

Remark 4.41. i) For every object C in C we have that Fldg o Flde = Flde, so Flde :
FC — FC is both an Fp-semisplit-mono and an F-semisplit-epi.

ii) If f: FC — D is an Fg-semisplit-mono, then the morphism g : D — F'C in D such
that g o f = Fld¢ is an F-semisplit-epi. On the other hand, if f : D — FC is an
F-semisplit-epi through ¢g : FC — D, then g is an F-semisplit-mono. Note that
in case F'is a functor, then f : FC' — D is an Fg-semisplit-mono if, and only if, it is
a split-mono, i.e. there exists a morphism g : D — F'C' in D such that go f = Idp¢;
analogously, in case F' is a functor, f is an Fp-semisplit-epi if, and only if, it is a
split-epi, i.e. there exists a morphism g : FC' — D in D such that fog = Idpc.

Proposition 4.42. |21, Proposition 2.5] Let F' : C — D, F' : C' — D be semifunctors.

i) If f : FC — D is an Fg-semisplit-mono and f' : F'C" — FC is an F(,-semisplit-
mono such that Fldc o f' = f', then the composite fo f' : F'C" — D is an F[,-
semisplit-mono.

it) Let f : FC — D, g : D — D’ be morphisms in D. If the composite g o f is an
Fo-semisplit-mono, then f is an Fo-semisplit-mono.

iti) If f : D — FC is an Fg-semisplit-epi and f' : FC — F'C’ is an F(, -semisplit-epi
such that f'oFldc = f', then the composite f'of : D — F'C" is an F[,-semisplit-ep:.

iv) Let f : D — FC, g : D' — D be morphisms in D. If the composite f o g is an
Fo-semisplit-epi, then f is an Fo-semisplit-epi.

Proof. We prove only i) and i), as i) and iv) follow similarly.
i). If f: FC — D is an Fg-semisplit-mono, then there exists a morphism g : D — FC
in D such that g o f = Fldc. Assume that f' : F'C’ — FC is an F[,-semisplit-mono,
i.e. there exists a morphism ¢’ : FC — F'C’ in D such that ¢’ o f/ = F'Id¢r, and
assume that FIdc o f/ = f’. Consider the composite ¢’ o g : D — F'C’. We have
gogofof =g oFldecof =g of =FIde, thus fo fis an F/,-semisplit-mono.
i1). If the composite go f : FC — D’ is an Fg-semisplit-mono, then there exists a
morphism h : D' — FC in D such that hogo f = Fld¢, thus f is an Fo-semisplit-mono.
O

A stronger notion of semisplit-mono (resp., semisplit-epi) can be defined as follows.

Definition 4.43. [21] Definition 2.6] Given semifunctors F : C — D, F' : ' — D, we say
that a morphism f: FC' — F'C’ in D is an

o (Fc, Ffy)-semisplit-mono if f o FIdc = f and there exists a morphism g : F'C’' —
FC in D such that
gof=Flde and go F'ldg = g;

o (Fc, F(,)-semisplit-epi if F'Idcr o f = f and there exists a morphism g : F'C’ —
FC in D such that
fog=F1de: and Fldgog=g.

Remark 4.44. It is clear that:
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i) Any (Fc, F/s)-semisplit-mono is an Fe-semisplit-mono and any (Fc, F,)-semisplit-
epi is an F{,-semisplit-epi.

i1) Given a seminatural transformation « : F — F’ of semifunctors, if « is a natural
semisplit-mono (resp., natural semisplit-epi), then every component morphism o« :
FC — F'C is an (F¢, F},)-semisplit-mono (resp., (Fc, F{,)-semisplit-epi).

The following properties hold true.

Proposition 4.45. [21, Proposition 2.8] Let F : C — D, F' : C' - D, F" : C" — D be
semifunctors.

i) For every object C' in C, the morphism Fldc : FC — FC is both an (F¢, F¢)-
semisplit-mono and an (Fo, F¢)-semisplit-epi.

it) Given an (Fc, F/.)-semisplit-mono f : FC — F'C' and an (F/,, F{)-semisplit-
mono f': F'C" — F"C", then the composite f' o f : FC — F"C" is an (Fc, Ffw)-
semisplit-mono.

iti) Given an (Fc,Fl.)-semisplit-epi f : FC — F'C" and an (F(/., F/)-semisplit-epi
[l F'C" — F"C", then the composite f' o f : FC — F"C" is an (Fo, Fl)-
semisplit-epi.

Proof. i). It is clear.

it). If f: FC — F'C'"is an (F¢, F},)-semisplit-mono, then f o Fldg = f and there
exists a morphism g : F'C’ — FC in D such that go f = Fld¢ and go F'Ider = g. If
[/ F'C"— F"C" is an (F(,, F{%)-semisplit-mono, then f’ o F'Idcr = f’ and there exists a
morphism ¢’ : F”C"” — F'C’" in D such that ¢’o f' = F'Id¢ and ¢’ o F"1d¢r = ¢'. Consider
the composite go g’ : F"C" — FC. We have gog'o f'of =goF'ldcio f =go f = Fldc.
Moreover, f o fo Fldg = f'o f and go ¢’ o F"Idcr = go ¢/, thus f'o f is an (F¢, Ffi)-
semisplit-mono.

i4i). It is dual to 7). O

As in [21, Definition 2.1] one can define the notions of F-semi-monomorphism and
Fe-semi-epimorphism. We refer to [21] for further results involving these notions. We now
define an (F¢, Ff)-semi-isomorphism in D, see [2I], Definition 2.9].

Definition 4.46. |21, Definition 2.9] Given semifunctors F': C — D, F' : C' — D, we say
that a morphism f : FC — F'C’ in D is an (F¢, F{,)-semi-isomorphism if fo Fldc = f
and there exists a morphism ¢ : F’C’ — FC in D such that

i) gof = Flde;

ZZ) f cg = F/Idcl.
We call a morphism g : F'C’ — FC in D which satisfies i) and ii) the (F¢, F{)-semi-
inverse of f if FIdc o ¢ = ¢ holds true in addition.

In case both F and F’ are functors, then f : FC — F'C’ is an (Fg, F})-semi-
isomorphism if, and only if, it is an isomorphism in D.
We have the following properties.

Lemma 4.47. [2I, Lemma 2.10] Let F : C — D, F' : C' — D be semifunctors and let
[ FC — F'C’ be an (Fc, Fly)-semi-isomorphism in D. Then, f = foFIdc is equivalent
to F'ld¢r o f = f. Moreover, if a morphism g : F'C' — FC' in D satisfies i) and ii) as in
Definition [4.46}, then Fldgc o g = g is equivalent to go F'ldcr = g.
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Proof. Let f : FC' — F'C' be an (F¢, s )-semi-isomorphism. Then, foFIdc = fogof =
F'ldcro f, so f = fo FIdg is equivalent to f = F'Idc o f. Analogously, by interchanging
the roles of f and g, FIdg o g = g is equivalent to g o F'Id¢r = g. O

Lemma 4.48. [2I, Lemma 2.11] Let F : C — D, F' : C' — D be semifunctors and
let f: FC — F'C' be an (Fc, F(.)-semi-isomorphism in D. Then, f admits a unique
(Fo, F{.)-semi-inverse.

Proof. If f : FC' — F'C" is an (F¢, F{)-semi-isomorphism, then f o Fldc = f (which is
equivalent to F'Id¢r o f = f by Lemma and there exists a morphism ¢ : F'C" —
FC in D such that go f = FIdg and fog = F'Idc. Consider the composite ¢ :=
gofog: F'C'" - FC. Then, g of = gofogo f = Fldg o Flde = FId¢ and
fog = fogofog= Fldg o F'lder = F'Idc. Moreover, we have that FlIdc o ¢’ =
Fldgogofog=gofogofog=goFlIdemofog=gofog=yg, sog isan (Fo,Ff)-
semi-inverse of f. Assume that there exists another (Fg, F{,)-semi-inverse h : F'C" — FC
in D that satisfies conditions ), i7) in Definition and such that A = FIdc o h. Then,
we have h = Fldcoh =g’ o foh = g¢' o F'Idcr = ¢, thus the (F¢, F{,)-semi-inverse of f
is unique. U

We show the following characterization for a natural semi-isomorphism.

Lemma 4.49. Let F,F’ be semifunctors. Then, o is a natural semi-isomorphism if,
and only if, « : F — F' is a natural transformation between semifunctors and ac is an
(Fc, Ff)-semi-isomorphism for every C € C.

Proof. If a : F — F’ is a natural semi-isomorphism, then every component morphism
ac : FC — F'C is an (F¢, F{,)-semi-isomorphism in D. On the other hand, if ac is a
(Fc, F},)-semi-isomorphism for every C' € C, then by Lemma ac admits a unique
(Fo, Ff»)-semi-inverse B¢. Thus, Fldc o o = Be, Be o ac = Flde and ac o fo = F'ldc.
By naturality of «, for every f : C — C’ in C we have F'f o B¢ = Fldgr o Ff o fc =
BeroacioFfofo=pPcioF foacofc=pcrol foFlde = fBcroF'f, hence (Bc)cec
is a seminatural transformation and it is the semi-inverse of . ]

Proposition 4.50. [21, Proposition 2.12] Let F : C — D, F' : C' — D be semifunctors.
A morphism f : FC — F'C" in D is an (Fc, Ff)-semi-isomorphism if, and only if, f is
both an (Fc, Ffy)-semisplit-mono and an (Fc, F/.)-semisplit-eps.

Proof. If f : FC — F'C’ is an (F¢, F}y)-semi-isomorphism in D with (Fg, Ff,)-semi-
inverse ¢/, then it is trivially an (Fg, F{,,)-semisplit-mono and an (Fc¢, F{.,)-semisplit-epi.
On the other hand, if f is an (F¢, F{,,)-semisplit-mono, then fo FIdc = f and there exists
a morphism ¢ : F'C’ — FC in D such that go f = Fldg and go F'lder = g. If f is an
(Fo, F{v)-semisplit-epi, then F'Id¢y o f = f and there exists a morphism ¢’ : F'C" — FC
in D such that fog = F'Ider and Fldgog = ¢'. Since g = go F'Ider = go fog =
Fldcog = ¢, we have that f is an (F¢, F{)-semi-isomorphism in D with (F¢, F{,)-semi-
inverse g = ¢'. O]

Remark 4.51. From Proposition i) and Proposition it is clear that Fld¢ : FC' —
FC is an (F¢, Fo)-semi-isomorphism, for every object C' in C.

Lemma 4.52. Let F :C — D, F' : C' — D be semifunctors.
i) If f: FC — F'C’" is a monomorphism and f o Flde = f, then Flde = Idpc.
it) If f: FC — F'C' is an epimorphism and F'ld¢: o f = f, then F'lder = Idpicr.
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Proof. i). If f is a monomorphism, from f o Fldc = f = f o Idpc we have that FIdge =
Idpc.

i1). If f is an epimorphism, from F'Id¢cr o f = f = Idpcr o f we have that F'Ider =
Idpicr. ]

Corollary 4.53. Let F: C — D, F' : C' — D be semifunctors.

i) If f: FC — F'C" is both a (Fc, Ffy)-semisplit-mono and a monomorphism, then f
is a split-mono.

it) If f: FC' — F'C" is both a (Fc, F{.,)-semisplit-epi and an epimorphism, then f is a
split-epi.

iii) If f: FC — F'C’ is a (Fc, Fly)-semi-isomorphism and both a monomorphism and
an epimorphism, then f is an isomorphism.

Proof. ). If f: FC — F'C" is a (F¢, F},)-semisplit-mono, then f o FIdc = f and there
exists a morphism g : F'C’ — FC in D such that go f = Fld¢ and g o F'Id¢r = g; if f is
a monomorphism, then by Lemma i) we have go f = Fldg = ldpc.

it). If f: FC — F'C’ is a (Fg, Ffy)-semisplit-epi, then F'Idcr o f = f and there exists
a morphism ¢ : F'C’ — FC in D such that fog = F'Idc: and Fldg o g = g; if f is an
epimorphism by Lemma i1) we have fog= F'Ide: = ldpcr.

ii1). It follows from Proposition and i) + 7). O

Proposition 4.54. (Cf. [2I), Proposition 2.13 (3),(4)]) Let F : C — D, F' : C' — D be
semifunctors.

i) If f : FC — F'C’ is both an (Fg, F/,)-semisplit-epi and a monomorphism in D,
then f is an (Fc, F/)-semi-isomorphism.

it) If f : FC — F'C’ is both an (F¢, Fl,)-semisplit-mono and an epimorphism in D,
then f is an (Fc, F/.)-semi-isomorphism.

Proof. ). If f: FC — F'C" is an (F¢, F{)-semisplit-epi, then F'Idcs o f = f and there
exists a morphism g : F'C’ — FC in D such that fog= F'Idc and Fldg o g = g. Thus,
we have fogo f = F'ldgr o f = f. If f is a monomorphism, we get g o f = Idpc, hence
gof=Fldgogo f=Fldcoldrc = Fldc, so f is an (F¢, F{,)-semi-isomorphism.

it). If f: FC — F'C’ is an (F¢, F}y)-semisplit-mono, then f o FIdc = f and there exists
a morphism g : F'C' — FC in D such that go f = FIdg and g o F'Ider = g. Thus,
we have fogo f = fo Fldg = f. If f is an epimorphism, we get f o g = Idps¢r, hence
fog= fogoF'Idcr = IdpcroF'Ider = F'Idcr, so f is an (F¢, F{)-semi-isomorphism. [

Moreover, we have the following.

Lemma 4.55. [21, Lemma 2.14] Let F : C — D, F' : C' — D be semifunctors. Any
semifunctor H : D — & preserves (Fg, Ff)-semisplit-monos, (Fc, Ff,)-semisplit-epis,
(Fo, Fl)-semi-isomorphisms.

Proof. Let f : FC — F'C’ be an (F¢, F//)-semisplit-mono in D. Then, fo Fldc = f and
there exists a morphism g : F'C" — FC in D such that go f = Fld¢ and g o F'Ider = g.
We have that Hf o HFIdg = H(f o Flde) = Hf, Hgo Hf = H(go f) = HFId¢ and
Hgo HF'Ider = H(g o F'lder) = Hg, thus Hf is an (HF¢, HF[,)-semisplit-mono. If
f:FC — F'C"is an (Fg, F{)-semisplit-epi in D, then F'Idcr o f = f and there exists a
morphism ¢ : F'C’ — FC in D such that fog = F'ldc and FIdg o g = g. We have that



4.3. The notion of semifull semifunctor 95

HFldgroHf =Hf , Hf o Hg= H(fog) = HF'Ider and HFldc o Hg = Hg, thus Hf
is an (HFc, HF/,)-semisplit-epi. If f : FC — F'C’ is an (F(, F{.,)-semi-isomorphism in
D, then as in the previous cases H f is an (H F¢, HF/,,)-semi-isomorphism. O

Example 4.56. [2I, Example 2.16] (See also [52, Section 2.4]) Let F' : C — Set be a
semifunctor and let FX = {z € F(X)|F(Idx)(xz) = x} denote the subset of FX of
fixpoints of F(Idy). For any morphism f: X — Y in C, if # € FX, then F(f)(z) € FY,
hence the function F(f) : FX — FY restricts to a function F(f) : FX — FY. In fact,
FIdy)(F(f)(z)) = F(Idy o f)(x) = F(f)(z), for every z € X. Thus, we have a functor
F:C— Set, X — FX, f — F(f), which is naturally semi-isomorphic to F. Indeed, let
a:F—F a=(ax: FX — FX)xec, be given by ax(p) = F(Idx)(p), for every p € FX.
Note that F(Idx)(p) € FX as F(Idx)(F(Idx)(p)) = F(Idx o Idx)(p) = F(Idx)(p). We
have that, for any morphism f: X — Y in C and any p € FX, (ay o Ff)(p) = (Fldy o
Ff)(p) = Ff(p) = (Ffo Fldx)(p) = (Ff o ax)(p), thus « is a natural transformation.
Since F' is a functor, we have that « is seminatural. Let 8 : F — F, (Bx : FX — FX)xec,
be given by the canonical inclusion 8x(q) = g, for every ¢ € FX = FX. We have that, for
any f: X =Y inC, (FfoBx)(q) = Ff(q) = (By o Ff)(q) for every ¢ € FX and, since
F is a functor, 3o FId = 3 holds true. Finally, o 8 = FId and 3o« = FId, as for every
X eC,pe FX and g € FX, we have axfx(q) = ax(q) = F(Idx)(¢q) = ¢ = Fldx(q) and
Bxax(p) = Bx(F(Idx)(p)) = Fldx(p), respectively. Hence any component morphism « x
is an (Fy, F x)-semi-isomorphism in Set, and any By is an (Fx, Fi)-semi-isomorphism in
Set.

When the semifunctors F' : C — D, F’ : C' — D are clear from the context, we will often
write C-semisplit-mono (resp., (C,C”)-semisplit-mono, C-semisplit-epi, (C,C’)-semisplit-
epi, (C,C")-semi-isomorphism) instead of Fg-semisplit-mono (resp., (F¢, F{.)-semisplit-
mono, Fo-semisplit-epi, (Fo, F¢)-semisplit-epi, (F, F¢)-semi-isomorphism).

4.3 The notion of semifull semifunctor
Let F': C — D be a semifunctor and consider the associated natural transformation
F : Home(—, —) — Homp(F—, F—), (4.9)

given by Fxy : Home(X,Y) — Homp(FX, FY), Fxy(f) = F(f), for any morphism
f:+X — Y in C. Note that the codomain Homp(F—, F—) is a semifunctor as, given
h:FX — FY in D, Homp(Fldx, Fldy)(h) = FIdy o h o FIdx # h in general, while the
domain Home¢(—, —) is a functor, so F is actually a seminatural transformation. When
needed we will denote F by F¥' to make explicit the semifunctor F' we are considering.

As in the functorial case, if Fxy is injective, surjective, bijective for every pair of
objects X,Y € C, then F is a faithful, full, fully faithful semifunctor, respectively. As we
will show in Proposition a full (and hence a fully faithful) semifunctor is actually a
functor. Motivated by the following example, we investigate a weaker notion of fullness
for semifunctors that we call semifullness.

Example 4.57. See [52) Example 2.1], [2I, Example 3.1]. Let Set be the category of
sets and functions, and consider the semifunctor F' : Set — Set, defined on objects A by
F(A) = A x A, where A x A is the cartesian product of A by itself, and on morphisms
f:A—=Bby F(f): AxA— Bx B, F(f)((a,d')) = (f(a), f(a)), for every a,a’ € A. In
particular, if a,a’ € A and a # o, then F(Id4)((a,a’)) = (a,a), whereas Idpa((a,a’)) =
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(a,a’), hence F is really a semifunctor. Note that F is faithful as if F(f) = F(f’) for
morphisms f, f' : A — B in Set, then for every a € A we get (f(a), f(a)) = F(f)((a,ad")) =
F(f"((a,ad") = (f'(a), f'(a)), thus f(a) = f'(a) for every a € A, hence f = f’. Moreover,
F' is not full, as there is no f : A — A in Set such that F(f) = Idpa. Indeed, if
such f exists, then for all a,a’ € A we have F(f)((a,d’)) = Idra((a,d’)) = (a,d’), but
this cannot happen if a # d', as F(f)((a,ad")) = (f(a), f(a)) # (a,a’). A deeper look
at the semifunctor F' allows to highlight the following property. Let ¥p : B x B — B
be the canonical projection on the first factor of the cartesian product B x B, and let
Ay : A — A x A be the diagonal arrow of A, given by Ay(a) = (a,a), for every a € A.
For any morphism f = (f1, f2) : Ax A — B x B in Set, where fi, fo : Ax A — B, consider
the morphism
g =tYpofolAp=fioApr:A— B

in Set. We note that F(g) = Fldg o f o FId4. Indeed, for all a,a’ € A, we have

F(g) ((a,d")) = (g(a),g(a)) = (fi((a,a)), fi((a,;a))) = FIdg(f((a,a))) = (Fldg o f o
F1ds)((a,a’)).

We say that a semifunctor F' : C — D is semifull if, for every morphism f: FX — FY
in D, there exists a morphism g : X — Y in C such that

F(g) = Fldy o f o Fldx.

Thus, the semifunctor F' considered in Example is semifull. The following result
shows how semifullness is related to the traditional notion of full functor.

Proposition 4.58. [21] Proposition 3.3] Let F': C — D be a semifunctor. Then, F is full
if, and only if, it is semifull and Idp = F1d.

Proof. Assume F' is full. Then, since for any f: FX — FY in D there exists a morphism
g : X — Y in C such that f = F(g), we have that F(g) = F(Idy o goldx) = Fldy o
F(g) o Fldx = Fldy o f o Fldx, thus F is semifull. In particular, for every X € C,
Idpx = F(h) for some h : X — X in C, hence Idpxy = F(Idx o h) = Fldx o F(h) =
Fldx oldpx = Fldx. On the other hand, assume that Idp = FId. If F is semifull,
then for any morphism f : FX — FY in D there exists g : X — Y in C such that
F(g) = Fldy o fo Fldx = Idpy o f oldpx = f, thus F' is full. O

Remark 4.59. From Idp = F1d it follows that a full semifunctor is actually a functor.

We show that semifull semifunctors are stable under composition.

Proposition 4.60. [21, Proposition 3.5] Let F': C — D and G : D — & be semifunctors.
i) If F and G are semifull, then the semifunctor G o F' is semifull.
1) If Go F is semifull and G is faithful, then F is semifull.

Proof. i). Let F and G be semifull semifunctors. Then, for any morphism f : GFX —
GFY in &, since G is semifull, there exists a morphism g : FX — FY in D such that
G(g) = Gldpy o foGldrx. Now, since F is semifull, there exists a morphism 4 : X — Y in
C such that F'(h) = FldyogoFlIdx. Then, we have that GF'(h) = GFldyoG(g)ocGFIdx =
GFldy o Gldpy o f o Gldpx o GFldx = GF1dy o f o GFldx, so G o F' is semifull.

i1). Assume that G o F' is semifull. Then, for any morphism f : FX — FY in D, there
exists a morphism A : X — Y in C such that GF(h) = GFIdy o G(f) o GFIdy, so
G(F(h)) = G(FIdy o f o Fldx). If G is faithful, we have that F(h) = FIdy o f o Fldy,
hence F' is semifull. O
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We say that a semifunctor F' : C — D is semifully faithful if F is a faithful and
semifull semifunctor.

Remark 4.61. A fully faithful semifunctor, which is actually a functor by Remark is
in particular semifully faithful. From Proposition it follows that a semifunctor F' is
fully faithful if, and only if, it is semifully faithful and Idr = FId.

Example 4.62. The semifunctor F' in Example is faithful and semifull, hence semi-
fully faithful, but clearly not fully faithful.

Now we see how the semifull and semifully faithful conditions can be derived from
requirements on the hom-set components associated with a semifunctor. In the second
item of the next result we improve [2I), Proposition 3.6 (i7)] showing that also the “if part”
holds true.

Proposition 4.63. Let F' : C — D be a semifunctor and consider the associated natural
transformation F : Home(—, —) — Homp(F—, F—).

i) If, for every X,Y € C, Fxy is a Homp(F—, F—)x y)-semisplit-epi (or (X,Y)-
semisplit-epi for short), then F is semifull.

1) F is a natural semi-isomorphism if, and only if, F is semifully faithful.

Proof. i). If Fxy is an (X,Y)-semisplit-epi for every X,Y € C, then there exists a map
gX7y : HomD(FX, FY) — Homc(X, Y) such that fX’y o) gX7y = HOHID(FICI)(, FIdy), i.e.
for any morphism g : FX — FY in D, (Fxy oGx,y)(g) = Fldy o go Fldx. Thus, for
any morphism g : FX — FY in D, we have that F(Gxy(g)) = Fldy o g o Fldx, where
Gx,y(g) : X =Y is a morphism in C, hence F' is semifull.

ii). If Fxy isan ((X,Y), (X,Y))-semi-isomorphism for every X,Y € C, then there exists
a map Gxy : Homp(FX, FY) — Hom¢(X,Y') such that Gx y o Fxy = Home(Idx,Idy)
and Fxy oGxy = Homp(FIdy, FIdy). By i) F is semifull. Moreover, for any morphism
h,k : X — Y in C such that F'(h) = F(k), we have that Gxy(F(h)) = Gxy(F(k)),
hence from Gxy o Fxy = Hom¢(Idy,Idy) it follows that A = k. Thus, F' is semifully
faithful. On the other hand, assume that F' is semifully faithful. Then, we can define
the map Gxy : Homp(FX, FY) — Home(X,Y) which assigns to every h : FX — FY
in D the unique g : X — Y in C such that F(g) = FIdy o ho FIdx. We have that
OxyFxy(f) = Gxy(Ff) = f = Home(Idx,Idy)(f) and FxyGxy(h) = Fxy(g) =
F(g) = Fldy o ho Fldx = Homp(FIdx, FIdy)(h). Since F is natural, by Lemma [4.49] 7
is a natural semi-isomorphism. ]

It is known that fully faithful functors reflect isomorphisms, i.e. they are conservative.
In the next result we show a similar behavior for semifully faithful semifunctors.

Proposition 4.64. [21], Proposition 3.8] Let F': C — D, F' : C' — D be semifunctors and
let H:D — & be a semifully faithful semifunctor. Then, H reflects (Fc, F/.)-semisplit-
monos, (Fc, F.)-semisplit-epis, (Fc, Ffy)-semi-isomorphisms.

Proof. Let f: FC — F'C’ be a morphism in D and assume that H(f) : HFC — HF'C’
is a (HFc, HFY,)-semisplit-mono in €. Then, H(f) o HFIdc = H(f) and there exists a
morphism h : HF'C' — HFC in & such that ho H(f) = HFId¢ and h o HF'Id¢r = h.
From H(f o Fld¢) = H(f) we obtain f o Flde = f, as H is faithful. Since H is semifull,
there is a morphism g : F'C' — FC in D such that H(g) = HIdpc o h o Hldp:cr. Thus,
from ho H(f) = HFId¢ we have H(go f) = H(g)oH(f) = Hldpcoho Hldpicr o H(f) =
Hldpcoho H(f) = Hldpc o HFIde = HFIde, and then, since H is faithful, we get
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go f = Flde. Moreover, we have H(g o F'lder) = H(g) o HF'Ider = HIdpg o h o
Hldgicr o HF'Ider = Hldpe o h o HF'Ider o HIdpier = HIdpe o h o Hldper = H(g),
hence g o F'Id¢r = g as H is faithful. Then, f is an (F¢, F/y)-semisplit-mono in D. For
(Fo, Ff)-semisplit-epis and (F¢, Ffy)-semi-isomorphisms the proof is similar. O

Inspired by [7, Proposition 2.5], we provide a characterization of faithfulness and semi-
fullness for semifunctors that are part of a semiadjunction.

Proposition 4.65. |21, Proposition 3.9] Let F' 4y G : D — C be a semiadjunction with
unit n and counit €. Then,

1) F is faithful if, and only if, no is a monomorphism in C, for every C € C;

1

F is semifull if, and only if, nc is a GFg-semisplit-epi in C, for every C € C;

111) G is faithful if, and only if, ep is an epimorphism in D, for every D € D;

w) G is semifull if, and only if, ep is a FGp-semisplit-mono in D, for every D € D.

)

)

)
Proof. We prove only i) and i), as i) and iv) follow by duality. For any C,C” in C,
consider the composition

TCFC! © ]—"50, : Home(C, C") — Home (C,GFC")

where 7 is defined on components as in , thus 7c por (Ff) = GF fonc = ner o f, for
any morphism f: C — C’ in C.

i). Assume that F' is faithful. Let f, f': C — C’ be morphisms in C such that nc o f =
nerof’,ie. o pe(Ff) =7, rper(Ff'). Then, by composing the latter equality with o¢ pev
defined as in , we get UC,FC/TC,FC/(F‘]C) = UC,FC’TC,FC’(Ff/); ie. FfOFIdC = Ff/ ]
FIdg, so that F'f = Ff’. Since F is faithful we have f = f’, thus n¢ is a monomorphism.
Conversely, suppose that n¢ is a monomorphism for every C' € C. Let f, f' : C — C’ be
morphisms in C such that Ff = Ff’. Then, ncro f = GFfonc = GFf onc =ner o f/,
thus f = f’ as ¢ is a monomorphism. Hence F is faithful.

i7). Assume that F is semifull. Then, for any f: FC — FC’ in D there exists g : C' — C’
in C such that F(g) = Flder o f o Flde. In particular, for epc : FGFC — FC, there
exists vo : GFC — C such that F(v¢) = Flde o epc o Fldgre. Then, for every C € C,
we have nc o ve = GFvg ongre = Taro,re(Fre) = 1are,re(Flde o epc o Fldgre) =
GFIdC o GGFC 9] GFIdGFC ONGFC = GFIdC o) GGFC ONGFC = GFIdC o) GIdFC = GFIdc,
thus no is a GFe-semisplit-epi, for every C' in C. Conversely, suppose that for every
C € C ne¢ is a GFg-semisplit-epi in C, i.e. there exists a morphism v¢o : GFC — C in
C such that no ove = GFIde. Let f : FC — FC’ be a morphism in D. Consider the
composite morphism vor o Gf ong : C — C' in C. Then, we have F(ver o Gf one) =
F(IdgroveroGfone) = Fldero Fvcro FGf o Fne = eper o (Fngr o Fuer) o FG f o o =
erpcr © FGFlder o FGf o Fne = €pcr o FG(Fldgr o f) o Fne = Fldgr o f o epc o Fe =
Flder o f o Flde, thus F' is semifull. U

Remark 4.66. Let F' : C — D, G : D — C be semifunctors. We observe that for any
natural transformation « : Id¢ — GF with domain the identity functor, which is indeed
a seminatural transformation, any component morphism ax : X — GFX in C is an
X-semisplit-epi if, and only if, it is an (X, X)-semisplit-epi. Indeed, by Remark i)
any (X, X)-semisplit-epi is an X-semisplit-epi. If ax is an X-semisplit-epi, then there
is Bx : GFX — X in C such that ax o Bx = GFldx. Moreover, Idx o fx = Bx and



4.4. The notion of natural semifullness 99

from seminaturality of « it follows that GFldx o ax = ax. Analogously, for any semi-
natural transformation o : GF' — Id¢ with codomain the identity functor, any component
morphism ay : GFX — X is an X-semisplit-mono if, and only if, it is an (X, X )-semisplit-
mono. Thus, in the statement i) of Proposition ne is actually a (C, C')-semisplit-epi,
and in the statement iv) ep is a (D, D)-semisplit-mono.

From Proposition[4.65]it follows the next characterization of semifull faithfulness, which
is a semifunctorial analogue of [19, Proposition 3.4.1].

Corollary 4.67. |21, Corollary 3.11] Let F' 45 G : D — C be a semiadjunction with unit
n and counit €. Then,

i) F is semifully faithful if, and only if, n is a natural semi-isomorphism;
ii) G is semifully faithful if, and only if, € is a natural semi-isomorphism.

Proof. We show only i) as ii) follows dually. If F' is semifully faithful, then by Proposition
nc is a monomorphism and a (C, C)-semisplit-epi in C (see Remark for every
C € C. Thus, by Proposition i) nc is a (C, C')-semi-isomorphism. Since 7 is natural,
by Lemma [£.49 7 is a natural semi-isomorphism.

Conversely, if 77 is a natural semi-isomorphism, then by Lemma ne is a (C, C)-semi-
isomorphism in C for every C € C, so by Proposition ne is a (Ide e, GF¢)-semisplit-epi
(hence a GF¢-semisplit-epi) and a (Id¢o, GF¢)-semiplit-mono (hence a split-mono, and
then a monomorphism) for every C' in C, thus again by Proposition m F' is semifull and
faithful. O

4.4 The notion of natural semifullness

Let F': C — D be a semifunctor and consider its associated natural transformation F.
We say that F is a naturally semifull semifunctor if there is a natural transformation
P : Homp(F—, F—) — Hom¢(—, —) such that for every object X, Y in C,

JT"X,Y o PX,Y = HomD(FIdX, FIdy) (4.10)

i.e., for any morphism f: FX — FY in D, one has (Fxy o Pxy)(f) = Fldy o f o Fldx.

When needed we denote P, which is actually a seminatural transformation, by P

Remark 4.68. If F': C — D is a functor, then we recover the definition of naturally full
functor. Moreover, since a full semifunctor is actually a functor, if we require the natural
fullness condition as in Section (which implies fullness) on the natural transformation
F associated with a semifunctor, that we then call naturally full, we retrieve the notion of
naturally full functor.

Lemma 4.69. [21, Lemma 5.2] Let F' : C — D be a semifunctor. If F' is naturally semifull,
then it is semifull.

Proof. If F' is naturally semifull, then for any morphism f : FX — FY in D there exists
a morphism Px y(f) : X — Y in C such that F(Pxy(f)) = FIdy o f o FIdx, hence F is
semifull. O

Similarly to Proposition .58} the next result shows how the notions of naturally semi-
full semifunctor and naturally full functor are related.
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Proposition 4.70. [21, Proposition 5.3] Let F' : C — D be a semifunctor. Then, F is
naturally full if, and only if, F is naturally semifull and Idp = F1d.

Proof. If F is naturally full, then it is trivially full and by Proposition [£.5§ it holds
Idp = FId. Since Fldy o fo Fldxy = Idpy o foldpx = f = FxyPxy(f), F is also
naturally semifull. Conversely, if F' is naturally semifull, then it is semifull by Lemma
[4.69] Thus, if Idp = FId, by Proposition F is full, so for any f : FX — FY in D
there exists a morphism ¢g : X — Y in C such that f = F(g). Since F' is naturally semifull,
we have Fx y(Px,y(f)) = Fldy o f o FIdx = Fldy o Fgo Fldx = Fg = f, hence F is
naturally full. O

Example 4.71. (Cf. [21, Example 4.2, Example 5.4]) Let F' : Set — Set be the semifunc-
tor considered in Example We define

Pa,p : Homset(FA, FB) = Homset (A x A, B x B) — Homse (A, B)

411
Pa,p(g) :==vYBogoAn, (4.11)

for every map g : A x A — B x B, where ¢g : B x B — B is the canonical projection on
the first factor of the cartesian product Bx B, and Ay : A - Ax A, As(a) = (a,a), is the
diagonal arrow of A. For any map h: A — B, g: Bx B — C x C, g(x) = (g1(x), g2(x)),
with g1,92 : B x B — C, and k: C — D, by definition of P4 p, we have:

(Pa,p(Fkogo Fh))(a) = (Ypo (FkogoFh)oAx)(a) = (¢YpoFkogoFh)((a,a))
= (¢Yp o Fko g)((h(a), h(a))) = (¥p o Fk)((g91((h(a), h(a))), g2((h(a), h(a)))))
= ¥p((k(g1((h(a), h(a)))), k(g1 ((h(a), h(a)))))) = k(g1((h(a), h(a))))
= k(c((91((h(a), h(a))), g2((h(a), h(a)))))) = (k o ¢ o g)((h(a), h(a)))

(
h
h )
= (koycogoApoh)(a)=(koPpc(g)oh)a),

)

for every a € A, thus P : Homget(F—, F—) — Homget(—, —) is a natural transformation.
Note that for any map f = (f1, f2) : Ax A — B x B, with fi, fo : Ax A — B, and for
every (a,a’) € A x A, we have

(Fa,5(Pas(f)))((a,a')) = F(Pas(f)
= (F(¢B) o F(f)o
= F(¢p)(f((a,;a
= (f1((a,a)), f(
= F(ldg)(f((a,a))) =

8
g\
I
!
—~~
<
=
=
=
=
= s

a,a),(a,a)))
= (¥Bf((a,a)), v f((a,a)))

fi((a,a)), f2((a,a))))
a,a)) = (FIdg o f o FId4)((a,d)),

hence F' is naturally semifull with respect to such P.

In the next proposition we describe the behavior of naturally semifull semifunctors
with respect to composition, cf. Proposition [I.28] for the naturally full functor case.

Proposition 4.72. [21, Proposition 5.5] Let F': C — D and G : D — & be semifunctors.
i) If F and G are naturally semifull, then the semifunctor G o F is naturally semifull.

1) If G o F is naturally semifull and G is faithful, then F is naturally semifull.
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Proof. i). Let F and G be naturally semifull semifunctors with respect to P¥ and PC,
respectively. Then, G o F' is naturally semifull with respect to P)G{%T/ = P)IE’Y o 771%{7 Fy-
Indeed, for any g : GFX — GFY in &, we have

(B?,Fy o )G(,Ig/)(g) = (]:IgX,FY o ]:)I?,Y © P)I;,Y o PgX,FY)(g)

= }—}PQX,FY (f§,Y(P§,Y(PPQX,FY (9))))

= fng,FY(FIdY ° 7DJFQX,FY (9) o Fldx)

= GFIdy oGPy py(g) o GFIdx

= GFIdy o (Gldpy 0 g o Gldpx) o GFIdx

=G(Fldy oldpy)ogo G(Idpx o Fldx) = GFIdy o g o GFIdx.
i7). Assume that Go F is naturally semifull with respect to PEF . Then, for any f : FX —
FY in D, we have Fix oy (Fxy (PS5 (FEx py (1)) = GFPSE(Gf) = GFldy o Gf o
GFldy = G(Fldyo foFldyx) = FIQX,FY(FIdY o foFldx), and if G is faithful, it follows
that (]:)};,Y o )?f; o ]:}C?;X,FY)(f) = Fldy o f o Fldx, thus F' is naturally semifull with
respect to PI = PG o FC, O

Remark 4.73. If F : C — D is a full functor which is not naturally full (see e.g. [7, Example
3.3]) and G : D — & is a semifully faithful semifunctor, then the composite GoF : C — £ is
a semifull semifunctor which is not naturally semifull. In fact, by Proposition i) GoF
is semifull. If G o F' were naturally semifull, then by Proposition i) it would follow
that F' is a naturally semifull functor, i.e. a naturally full functor, and this contradicts
our assumption.

4.4.1 Naturally semifull semiadjoints

The next result is a Rafael-type Theorem for naturally semifull semifunctors. A char-
acterization of natural semifullness similar to Theorem [1.29| can be given for semifunctors
that are part of a semiadjunction in terms of semisplitting properties for the unit and the
counit.

Theorem 4.74. [21, Theorem 5.9] Let F 45 G : D — C be a semiadjunction with unit n
and counit €. Then,

i) F is naturally semifull if, and only if, n is a natural semisplit-epi, i.e. there exists a
seminatural transformation v : GF — Ide such that nov = GFI1d;

i1) G is naturally semifull if, and only if, € is a natural semisplit-mono, i.e. there erists
a seminatural transformation v : Idp — FG such that v o e = FGId.

Proof. We prove only @) as ii) follows by duality. Assume that F' is a naturally semi-
full semifunctor and let P : Homp(F—, F—) — Home(—, —) be the associated natural
transformation such that for any f: FX — FY in D,

(Fxy oPxy)(f) = Fldy o f o Fldx.

By Proposition we define a seminatural transformation v : GF' — Id¢ given for any
object X in C by vx := Pgrx,x(erx) : GFX — X. Then, for every X € C, by naturality
of n, we get
nx ovxy = GFvx ongrx = GFPgrx x(erx) onagrx = G(Fldx o epx o Fldgrx) © narx
= GFldx o Gepx o GFldgrx ongrx = GFldx o Gepx o ngrx
— GFldy o Gldpy = G(Fldx oIdpy) = GFIdy,
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hence n o v = GFId. Conversely, suppose that there exists a seminatural transforma-
tion v : GF — Id¢ such that n o v = GFId. By Proposition [£.24] define, for any
f € Homp(FX,FY), Pxy(f) =vy oGfonx. For any f € Homp(FX,FY), we have

(Fxy o Pxy)(f) = F(Pxy(f)) = F(vy o Gf onx) = F(Idy ovy o Gf onx)
= Fldy o Fvy o FGf o Fnx = epy o (Fny o Fvy) o FGf o Fnx
=¢epy o FGFIdy o FGf o Fnx = epy o FG(FIdy o f) o Finx
= Fldy o foepx o Fnx = Fldy o f o Fldy,

so F'is a naturally semifull semifunctor. O

4.5 Separable semifunctors

In this section we study the property of separability for semifunctors, see [21, Section 4].
We define a semifunctor F': C — D to be separable by requiring the same condition as in
Definition [1.1] on the associated natural transformation F. We discuss general properties,
such as a Maschke-type Theorem and a Rafael-type Theorem for separable semifunctors.

We say that a semifunctor F' : C — D is separable if there is a natural transformation
P : Homp(F—, F—) — Home¢(—, —) such that

P o F = Tdhome (), (4.12)

i.e., for any morphism f: X — Y in C, one has (Pxy o Fxy)(f) = f.

Remark 4.75. i) A separable functor is a separable semifunctor.
i1) A separable semifunctor is faithful.

Example 4.76. We come back to Example We know that the semifunctor F': Set —
Set, A F(A) = AxA,[f: A— B]— F(f): AxA — BxB, F(f)((a,d)) = (f(a), f(a))
is naturally semifull with respect to P4 p : Homset(F'A, FB) = Homset (A X A, B x B) —
Homset(A, B), Pap(g) = ¥pogoAy. For any morphism f : A — B in Set and for

every a € A, we have (Pap(Fap(f)))(a) = (Pap(Ff))(a) = (5o FfoAs)a) =
(Yp o Ff)((a,a)) = ¥p((f(a),f(a))) = f(a), hence F results to be also a separable
semifunctor.

The behavior of separable semifunctors with respect to composition is the same as in
the functorial case, cf. Lemma

Lemma 4.77. [21, Lemma 4.3] Let F : C — D and G : D — £ be semifunctors.
i) If F and G are separable, then so is the composite Go F : C — &.
i) If Go F :C — & is separable, then so is F'.

Proof. For i) define 7;)((;1;“/ (9) = P)I?’YP%’YX’FY (g), for any morphism g in Homg(GF X, GFY).
For i) define P;FQY(f) = P)G(g/(Gf), for every f € Homp(F X, FY). O

Since separable functors satisfy a functorial version of Maschke Theorem, see Proposi-
tion we show that a similar behavior holds for separable semifunctors.

Theorem 4.78. |21, Theorem 4.5] (Maschke-type Theorem) Let F' : C — D be a separable
semifunctor. For any morphism f : C — C" in C, consider the morphism F(f): FC —
FC'" in D.
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i) If F(f) is a C-semisplit-mono, then f is a split-mono;
i1) if F(f) is a C'-semisplit-epi, then f is a split-epi;
ii1) if F(f) is a (C,C")-semi-isomorphism, then f is an isomorphism.

Proof. We show only i), as i7) is analogous and #ii) follows from i) +1ii). Assume that F'(f)
is a C-semisplit-mono, i.e. there exists a morphism g : FC' — FC such that go F(f) =
Flde, and that F' is separable through a natural transformation P. Then, by naturality
of P, we get that Pcr c(g) o f = Pec(g9o F(f)) = Pec(Flde) = PocFec(lde) = Ide,
hence f is a split-mono. O

It is known that a functor is fully faithful if, and only if, it is separable and naturally
full, see Remark i7). A similar characterization in terms of separable and naturally
semifull semifunctors holds for semifully faithful semifunctors.

Proposition 4.79. [21, Proposition 5.8] Let F' : C — D be a semifunctor. Then, F is
semifully faithful if, and only if, it is separable and naturally semifull.

Proof. If F' is separable and naturally semifull, then it is trivially semifully faithful by
Remark i1) and Lemma m Conversely, assume that F' is semifully faithful. Since
F' is semifull, for any morphism f : F X — FY in D there exists a morphism g : X — Y in
C such that F'(g) = Fldy o fo Fldx, and by faithfulness of F', g is unique. This assignment
defines a mapping

P : Homp(F—, F—) — Hom¢(—, —)

such that for any f: FX — FY in D, with X, Y in C, Pxy(f) =g, where g : X — Y
in C is such that F(g) = Fldy o f o FIdx. We show that such P is actually a natural
transformation. Forany h: X - Y inC, k: FY - FZinD,l: Z — T in C, we have that
there is a morphism ¢g : X — T in C such that F'(g) = FldroFlokoFhoFldx = FlokoFh
and Pxr(FlokoFh) = g. Then, we get Fx r(Pxr(FlokoFh)) = F(g) = FlokoFh =
Flo(FIdgzoko Fldy)o Fh = Flo F(Pyz(k)) o Fh = Fxr(l o Py z(k) o h), hence since
F is faithful it follows that Px r(Flo ko Fh) = 1o Py_z(k) o h and so P is a natural
transformation. Since for any f : FX — FY in D there is a morphism g : X — Y in C
such that F(g) = Fldy o f o Fldy, we have that F(Pxy(f)) = F(g9) = Fldy o f o Fldy,
thus F' is naturally semifull. Moreover, for any f : X — Y in C, Px y (F(f)) = h, for some
h: X — Y in C such that F(h) = Fldy o F(f) o Fldx = F(f), but since F' is faithful we
achieve h = f, and hence F is separable as Pxy (F(f)) = f. O

4.5.1 Separable semiadjoints

We obtain a characterization of separability for semifunctors that are part of a semi-
adjunction, extending (Rafael) Theorem to semifunctors.

Theorem 4.80. [21, Theorem 4.7] (Rafael-type Theorem for separable semifunctors) Let
F Hy G : D — C be a semiadjunction, with unit n and counit €. Then,

i) F is separable if, and only if, n is a natural split-mono, i.e. there exists a seminatural
transformation v : GF' — Id¢ such that v on = Idyq,;

i1) G 1is separable if, and only if, € is a natural split-epi, i.e. there exists a seminatural
transformation v : Idp — F'G such that € oy = Idyq,,.
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Proof. We prove only i) as i) follows by duality. Assume that F' is a separable semifunctor
and let P be the associated natural transformation such that P o F = Idgome(—,—).- By
Proposition [4.24] we define a seminatural transformation v : GF — Id¢ given for any object
X in C by

Ux = PG’FX,X(EFX) :GFX — X.

We have

vx onx = Parx,x(erx) onx = Px x(erx o Fnx)
= Px x(Fldx) = Px,xFx,x(Idx) = Idx,

where the last equality follows from the separability of F'. Conversely, suppose that there
exists a seminatural transformation v : GF' — Id¢ such that v on = Idjq,.. By Proposition
[4:24] define, for every g : FX — FY in D,

Pxy(g) =vy oGgonx.

For every f € Hom¢(X,Y') it holds

(Pxy o Fxy)(f) =Pxy(F(f)) =vy oGF(f)onx =vyonyof=Idyo f=f,
hence F' is separable. O

Given an idempotent (semi)natural transformation e = (ex)xec : Ide — Ide on a
category C, consider the canonical semifunctor E¢: C — C. As a consequence of Theorem
we have the following.

Proposition 4.81. [21], Proposition 4.8] Let e = (ex)xec : Ide — Id¢ be an idempotent
(semi)natural transformation. Then, the canonical semifunctor E€ : C — C is separable if,
and only if, ex = Idx, for every X € C.

Proof. From the proof of Proposition E¢ is self-semiadjoint with unit and counit
given on components by ex : X — X, for any X € C. By Theorem [£.80] E€ is separable
if, and only if, there exists a seminatural transformation v = (vx : X — X)xec such that
vxoex = Idx for any X € C. Then, ex =Idxoex =vxoexoexy =vxoex =Idyx. O

Remark 4.82. By Corollary i) we know that, given a semiadjunction F 4 G : D — C
and the canonical semifunctor E¢ : C — C, then F’ := FE¢:C — D and G’ := E°G :
D — C form a semiadjunction F’ 43 G’. If F’ is separable, then by Lemma i1) B¢ is
separable, hence by Proposition F' = F, so F is separable. If G’ is separable, then

so is G again by Lemma i1).

4.6 Semiseparable semifunctors

In this section we present the notion of semiseparability for semifunctors, see [21],
Section 6]. We say that a semifunctor F' : C — D is semiseparable if there exists a
natural transformation P : Homp(F—, F—) — Hom¢(—, —) such that

FoPoF=PF. (4.13)

In the following proposition we characterize separable and naturally semifull semifunctors
in terms of faithful and semifull semifunctors, respectively. In the functor case we retrieve
Proposition [2.5
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Proposition 4.83. [21] Proposition 6.1] Let F': C — D be a semifunctor. Then,
i) F is separable if, and only if, F is semiseparable and faithful;
1) F is naturally semifull if, and only if, F' is semiseparable and semifull.

Proof. i). The proof is analogous to that for Proposition i).

i1). If I is naturally semifull, then for any f: X — Y in C, we have that (Fxy o Pxy o
]:X,Y)(f) = fx,y('PX,y(Ff)) =Fldy o FfoFldx = F(Idy o foldx) = Ff = ]:X7y(f),
hence F' is semiseparable. Moreover, a naturally semifull semifunctor is semifull by Lemma
Conversely, assume that F' is semiseparable. Then, there is a natural transformation
P : Homp(F—, F—) — Home¢(—, —) such that FoPoF = F. If F is semifull, then for any
f:FX — FY in D there exists h : X — Y in C such that F'(h) = FldyofoFldx : FX —
FY, so by naturality of Pxy we get that Fxy(Px,y(f)) = F(Idy o Pxy(f) ocldx) =
FPxy(FldyofoFldyx) = FPxy(F(h)) = F(h) = Fldyo foFIdy, hence F is a naturally
semifull semifunctor. O

Semiseparable semifunctors satisfy the following properties with respect to composi-
tion, as in the functor case, cf. Lemma [2.6]and Lemma [2.8

Lemma 4.84. [21, Lemma 6.3] Let F' : C — D and G : D — &£ be semifunctors and
consider the composite semifunctor GoF: C — &.

i) If F is semiseparable and G is separable, then G o F is semiseparable.
i1) If F is naturally semifull and G is semiseparable, then G o F' is semiseparable.
iti) If G o F is semiseparable and G is faithful, then F is semiseparable.

Proof. i). If F is semiseparable with respect to P and G is separable with respect to
PY then G o F is semiseparable with respect to P)Cg'}; = P§7YPgX,Fy, for every X,Y in
C, and the proof is the same of that for functors.

ii). If F is naturally semifull with respect to P¥ and G is semiseparable with respect to
P, then for every f: X — Y in C we have

Fg§P§,YPgX,FYF§§(f) = ]:ng,FY(]:)I?,YP)I?,Y(PgX,FY(GFf)))
= Fx py (Fldy o PEx py (GFf) o Fldx) = GFldy o GPgy py (GF f) o GFIdx
= GFIdy o GFf o GFIldx = GF(Idy o f oIdx) = GFf = F¢5(f),

hence G o F' is semiseparable with respect to P)C(”;/ = P)I;,YP}QX’ Fy-

iii). If G o F is semiseparable through P“F, then .7:)6(”; o )CEF{/ o ]_—)(gl; = ]:gg/, ie.
Fexrpy o Fxy o PEY o Fix py o FXy = Fix.py © Fx.y, for every X,Y € C. Since G is
faithful, we have that .7:)};71/ o P)G(f;/ o ngyFy o f)};’Y = f)lg’y, for every X,Y in C, so F'is
semiseparable through 77)};73/ = P)G(I; o fgx ry- O

Remark 4.85. If F' : C — D is a semiseparable functor which is neither separable, nor
naturally full (see e.g. Example and G : D — £ is a separable semifunctor, then the
composite Go F' : C — £ is a semiseparable semifunctor by Lemma i), which is not
separable, neither naturally semifull. In fact, if Go F' were separable, then by Lemma [4.77]
1) F would be separable, and if G o F' were naturally semifull, then by Proposition m
i1) F' would be a naturally semifull functor, i.e. a naturally full functor, contradicting our
assumptions.
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We now show that the properties considered so far are stable under natural semi-
isomorphisms. Cf. [21] Proposition 6.2], [21], Proposition 4.4], |21, Proposition 5.7] for the
semiseparable, separable, naturally semifull case, respectively.

Proposition 4.86. A semifunctor naturally semi-isomorphic to a semifull (resp., faith-
ful, semifully faithful, semiseparable, separable, naturally semifull) semifunctor is semifull
(resp., faithful, semifully faithful, semiseparable, separable, naturally semifull).

Proof. Consider a natural semi-isomorphism a : F — G of semifunctors, and define ¢ :
Homp(F—, F—) — Homp(G—,G—) by sxy(f) = ay o f oay’, for every f : FX —
FY in D. It is a natural semi-isomorphism with semi-inverse ¢~ : Homp(G—,G—) —
Homp(F—, F—) given by g)_(}y(g) = a;,l ogoax, for every g : GX — GY in D. Indeed,
from naturality of o« and o', forevery h: X' = X, k:Y = Y'inCand f: FX — FY in
D, we have that (Homp(Gh, Gk)osx.y)(f) = Gko(ayo foay')oGh = ayroFko foFho
oyt = ayr o Homp(Fh, Fk)(f) o axt = (sxryr o Homp(Fh, Fk))(f), hence  is natural.
It is also seminatural as (sx,y o Homp(FIdx, FIdy))(f) = sxy o (Fldy o fo Fldy) =
ay o Fldy o f o Fldy o a)_(l = ayofo a)_(l = ¢xy(f). Similarly, for ¢7! we have
(Homp(Fh, Fk) o g)}}y)(f) = Fko(ay'ofoax)oFh = ay oGkofoGhoax =
ay) o Homp(Gh, GE)(f) o ax: = (g;(,l,y, o Homp(Gh, Gk))(f), hence ¢! is natural, and
(sx)y © Homp(Gldx, GIdy))(g) = sx}y © (Gldy o go Gldx) = ay' o Gldy o g o Gldx o
ax = ay'ogoay = g;(}y(g). Furthermore, §)}}Y(§X7y(f)) = ay' osxy(f)oax =
ay'ocayo foay' cax = Fldy o fo Fldx = Homp(Fldx, FIdy)(f) and ¢x v (sx y(9)) =
oy og)_(ly(g) o a)_(l =ayo oz;,l ogoax o oz)_(l = Gldy o go Gldx = Homp(Gldx, GIdy)(g).
Note that
Fxy = <)_(,1Y oF{y and Fgy =cxyoFxy-

In fact, f;Y(f) =Ff=FldyoFf =ay'oayoFf =ay' oGfoax = g)}}Y(Gf) =
(sxy o FEy)(f) and FEy(f) = Gf = Gf o Gldx = Gfoaxoay' =ayoFfoay' =
sxy(Ff) = (sxy o Fxy)(f), for every f: X =Y inC.
Moreover, by naturality of ¢, for every X,Y € C we have

Sxy © Homp(Gldx, Gldy) o sxy = ¢xy o sx,y o Homp(FIdy, Fldy)

= Sxy © sx,y = Homp(Fldy, Fldy),

Assume that G : C — D is semifull and consider f : FX — FY in D. Thus, there exists
h: X =Y in C such that G(h) = GIdy ocx y(f) o GIdx. Then, from F§y = ¢y o FSy
we have

Homp (Fldx, Fldy)(f) =(c¢x)y o Homp(Gldx, Gldy))(sxy (f)) = <x )y (G(h)) = F(h),

so F' is semifull.

Assume now that G : C — D is faithful. If Fh = Fk, for h,k : X — Y in C, then
sxy (Fh) = <x,y (Fk), that is Gh = Gk. Since by assumption G is faithful, we have h = k,
hence F' is faithful as well. The semifully faithful case follow from the previous two cases
by Proposition [£.79]

Assume that G : C — D is a semiseparable (resp., separable, naturally semifull) semifunc-
tor with respect to P¢. We show that F results to be semiseparable (resp., separable,
naturally semifull) with respect to P)?,Y = P;%Y osx,y, for every X,Y €C.
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Indeed, in the semiseparable case, for every X,Y € C, we have

P F F —1 G G P
-FX,Y o PX,Y o fX,Y =Sxy?° ]:X,Y © PX,Y 06X,y © ]:X,Y

-1 G G G -1 G F
=xyoFfxyoPxyoFxy =sxyoFfxy =7 xy-
In the separable case, for every X,Y € C, we have
F F G F G G
PX,Y ° }—X,Y = 73X,Y OSX)y © ]:X,Y = PX,Y o ]:X,Y = IdHOmC(X,Y)~
Finally, we consider the naturally semifull case. For every X,Y € C, we have

f)?Y o P)I?,Y = f)lg,y o (P)Gc,y ocxy) = g)_(,ly ° -F)G(,Y © P)Cg,y OSX)yYy =
Sxly o Homp(Gldy, Gldy) o sxy & 65} o cxy = Homp(Fldy, FIdy)
where () follows since ¢~! is seminatural, as shown above. Alternatively, the separable

and naturally semifull cases follow from Proposition [£.83] by combining the semiseparable
with the faithful and semifull cases, respectively. O

Similarly to Proposition [2.11], we can attach to any semiseparable semifunctor a canoni-
cal idempotent (semi)natural transformation, that we call the associated idempotent, which
controls when the semifunctor is separable.

Proposition 4.87. [21], Proposition 6.5] Let F' : C — D be a semiseparable semifunctor.
Then, there is a unique idempotent (semi)natural transformation e : Ide — Ide such that
Fe = F1d with the following universal property: if f,g: X — Y are morphisms in C, then
Ff = Fgqg if, and only if, ey o f = ey o g. Moreover, e =1d : Id¢ — Id¢ if, and only if, F
is separable.

Proof. Since F' is semiseparable, there is a natural transformation P such that F o P o
F = F. Set ex := Px x (Fldx), for every X € C. Note that for all X € C, Fex =
FP)(,X (FIdX) = FX,XPX,XFX,X (Idx) - .;EX7X (IdX) — FIdx. Then, by naturality
of 7), we have ex oexy = PX,X (FIdx) cCex = PX,X (FIdX OFGX) = PX,X (Fex) =
Px x (Fldx) = ex and hence ex is idempotent. Moreover, for every morphism f : X — Y
in C we have foex = foPxx (Fldx) = Pxy (FfoFldx) = Pxy (Fldy o Ff) =
Pyy (Fldy)o f = ey o f, so that foex = ey o f. Thus, e = (ex)x¢c : Ide — Idc is an
idempotent (semi)natural transformation such that F'e = FId. Now, consider morphisms
f,9: X =Y inC. If Ff = Fg, then Pxy (Ff) = Pxy (Fg), i.e. Pyy (Fldy)o f =
Pyy (Fldy o Ff) = Pyy (Fldy o Fg) = Pyyy (Fldy)og, i.e. ey o f = ey og. Conversely,
from ey o f = ey og we get Fey o Ff = Fey o F'g and hence Ff = Fg as Fey = Fldy.
Finally, let ¢’ : Id¢ — Ide be an idempotent (semi)natural transformation such that, if
f,9 : X — Y are morphisms in C, then F'f = Fg if, and only if, €} o f = €}, o g. From
ey oely = €'y oldx we get Fe'y = Fldx, hence Fe' = FId. From the property of e we have
ex o€y =exoldy, ie. ex o€y = ex. By interchanging the roles of e and €, similarly
we get €'y o ex = €y, and by naturality we have ex o ey, = €’y o ex, hence ex = €y, ie.
e=r¢c.

Now, if F' is separable then there is a natural transformation P such that P o F = Id
and hence ex = Px x(Fldx) = Px xFx,x(Idx) = Idx for all X € C. Conversely, let
F : C — D be a semiseparable semifunctor through P and suppose e = Id is the associated
idempotent. Then, for every f: X — Y in C, we have Pxy(Ff) = Pxy(Ffo Fldx) =
foPxx(Fldx) = foex = foldx = f so that P o F =1d, hence F' is separable. O
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Corollary 4.88. Let F' be a semiseparable semifunctor with associated idempotent natural
transformation e. Then, F = FE€, where E° is the canonical semifunctor attached to e.

Proof. Consider the composite F' = FE€. Then, for every X € C, f : X — Y in C,
we have FE°X = FX and FE¢(f) = F(foex) = FfoFex = Ffoldpx = Ff, as
Fex =1Idpx. O

Corollary 4.89. Let F' 45 G be a semiadjunction.
i) If F is semiseparable with associated idempotent e : 1dc — Ide, then G =5 E°G.
1) If G is semiseparable with associated idempotent e : Idp — Idp, then F =4 E°F.

Proof. i). By Corollary we have that FE® - G. By Corollary i) we know that
FE°® 4y E°G is a semiadjunction. Thus, by Proposition |4.26| G = F¢G.
i7). It follows similarly from Corollary i7). O

Example 4.90. Cf. [21, Example 7.3]. We come back to Example Let C be a
category and consider an idempotent natural transformation e : Id¢ — Id¢. Since for
every object X € C., HL(X) = X, and for every morphism f in C., HLf = H(ey o f) =
Hey o Hf = Idgy o f = f, we have HL = Id¢,, hence n = Idldce- Thus, there exists
a seminatural transformation v = Idig,, : HL — Id¢, such that v on = Idy, and
nov =ldg,, = HLId. Then, by Theorem [£.80] and Theorem .74, L is a separable and
naturally semifull semifunctor, whence semifully faithful.

Recall that F¢ = LH. We know that L is semifully faithful and H is naturally
full by Lemma hence in particular they are naturally semifull semifunctors. Thus,
by Proposition the semifunctor E° is naturally semifull, whence semiseparable. By
Proposition [4.87] its associated idempotent « : Id¢ — Ide such that E¢a = E€Id is given
for any X in C by ax = Px x(E°ldx) = Pxx(ex) : X — X, and then we have that
ax = Px x(ex) = Px x(Exoex) =exoPxx(ex) =exoax = E‘ax = E°ldx = ex.
Moreover, from Proposition E€ results to be separable if, and only if, it is faithful.
By Proposition {.81] we know that E¢ is separable if, and only if, e = Id. Thus, E° is
(semifully) faithful if, and only if, it is the identity functor on C.

4.6.1 Semiseparable semiadjoints

The following Rafael-type Theorem characterizes semiseparability for semifunctors that
are part of a semiadjunction.

Theorem 4.91. [21, Theorem 6.6] Let F 43 G : D — C be a semiadjunction, with unit n

and counit €. Then,

i) F is semiseparable if, and only if, there exists a natural transformation v : GF — Id¢
which satisfies one of the following equivalent conditions:

(1) novon=mn;
(2) FrvoFn= FId.

1) G 1is semiseparable if, and only if, there exists a natural transformation v : Idp — FG
which satisfies one of the following equivalent conditions:

(1) eoyoe=c¢
(2) Geo Gy = GId.
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Proof. We just prove i) as i) follows by duality. Assume that F' is semiseparable and let
P be the associated natural transformation such that FoPoF = F. By Proposition [£.24]
we define v : GF — Id¢ by vx = Parx x(erx) : GFX — X. For every X € C, we have

nx ovx onx =nx °© Parx,x(erx) onx = nx o Px,x(erx o Fnx) = nx o Px x (Fldx)
= GFPx x(Fldx) onx = G((Fx,x o Px,x o Fx,x)(Idx)) o nx

(NE)
GFxx(Idx)onx = GF(ldx) o nx = nx,

hence condition (1) is satisfied. Conversely, assume that there exists a natural transfor-
mation v : GF — Id¢ such that novon =7, and for any f € Homp(FX, FY') define
Pxy(f) :=vy oGf onx as in Proposition For every f € Hom¢(X,Y), we have

(Fxy o Pxy o Fxy)(f) = F(Pxy(F(f))) = F(vy o GF(f) onx) = F(vy ony o f)
=F(Idyovyonyof)=FIldy o F(vyonyo f)=¢€pyoFny o F(vyonyo f)
=epyoF(nyovyonyof)=epyoF(nyof)=¢epyoFnyoFf
=Fldy o Ff =Ff=Fxy(f),

so F' is semiseparable. Finally, we prove that (1) and (2) are equivalent.

(1) = (2). We have Frvo Fp = F(Idovon) = Fldo Fvo Fnn=¢eF o Fno Fvo Fn O
eF o Fn= FId.

(2) = (1). By naturality of 1, we have novon = no(von) = GF (von)on = G(FvoFn)on =
GFldon=n. d

4.6.2 Idempotent completion and semiadjoint triples

The notions considered so far for a semifunctor F' are related to the corresponding
functorial notions for its completion F. The following result is a semifunctorial version
of [B, Proposition 2.1 and Corollary 2.2].

Proposition 4.92. |21 Proposition 6.7] Let F' : C — D be a semifunctor. Then,
i) F is faithful if, and only if, F is a faithful functor;
1) F is semifull if, and only if, F' is a full functor;
iii) F is semiseparable if, and only if, F? is a semiseparable functor.

Proof. i). Tt follows from the fact that Ff = F'f, for any morphism f : (C,c) — (C’,¢)
in C!, i.e. for any morphism f: C' — C’ in C such that f =c o foc.

ii). Assume that F' is semifull. Let f : F® (C,c) — F*(C’,¢') be a morphism in D%, i.e. a
morphism f : FC — FC’ in D such that f = Fd' o f o Fe. Since F is semifull, there exists
a morphism g : C — C” in C such that F(g) = Fldgro foFIde. Set ¢’ := ogoc: C — (.
Note that ’g’'c = ¢/(d'gc)c = 'gc = ¢, hence ¢’ : (C,c) — (C',¢') is a morphism in C%.
Then, Fi(g') = F(¢') = F(dgc) = F() o F(g) o F(c) = Fc o Fldgr o f o Fldg o Fe =
Fcd o foFc=f. Thus, F¥ is full. Conversely, assume that F? is full. Let f : FC — FC'
be a morphism in D. Consider the morphism f’ : (FC, Fld¢) — (FC', Fldg) in DF given
by f' = Fldcr o f o FIde. Then, there is a morphism g : (C,Id¢) — (C',Id¢r) in C? (i.e.
a morphism g : ¢ — C' in C) such that F'g = f. Thus, we have F(g) = Fi(g) = f' =
Flder o f o Flde, hence F' is semifull.

iii). If F is semiseparable, then the proof of the fact that F is semiseparable is the same as
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in [5, Corollary 2.2] for the functorial case. Conversely, assume that % is semiseparable.
Then, there is a natural transformation PF* : Homyy, (F?—, Ff—) — Homg(—, —) such
that FFPF FFY = FF*. Define P¥ : Homp(F—, F—) — Home(—, —) by PEi(g) =
Pgﬁc,(g), for every g : FC — FC’ in D, i.e. for every g : (FC,Idp¢) — (FC',Idp¢r) in
DA, Thus, Pg}c, (g) is a morphism in C and, by naturality of P¥ h, also P is a natural
transformation. Moreover, for any f : C — C’ in C, we have .7:5 C'Pg,(}'fg, o(f) =

FEePECTFEGF) = FEa(f) = FE o (f)- O
Corollary 4.93. [21], Corollary 6.8] Let F': C — D be a semifunctor. Then,
i) F' is separable if, and only if, F' is a separable functor;
i1) F is naturally semifull if, and only if, F is a naturally full functor;
iii) F is semifully faithful if, and only if, F* is a fully faithful functor.
Proof. 1t follows from Proposition and Proposition O

Remark 4.94. Proposition can be seen as a consequence of Corollary In fact, by
[7, Remark 2.2 (3)] a functor is fully faithful if, and only if, it is separable and naturally
full, so by Corollary a semifunctor is semifully faithful if, and only if| it is separable
and naturally semifull.

As a consequence, in the following corollary we retrieve [5, Proposition 2.1 and Corol-
lary 2.2] which follow straightforwardly from Proposition and Corollary in case
F:C — D is a functor.

Corollary 4.95. Let F': C — D be a functor. Then,
i) F is faithful if, and only if, so is F';
it) F is full if, and only if, so is F;

iii) F is fully faithful if, and only if, so is F%;

)
)
)
iv) F is semiseparable if, and only if, so is F';
v) F is separable if, and only if, so is Fi;
)

vi) F is naturally full if, and only if, so is F".

Proof. i). It follows from Proposition i).
i7). It follows from Proposition and Proposition i7).
ii1). It follows from Corollary ii1) as a fully faithful functor is a semifully faithful
semifunctor such that FId = Idp.
iv). It follows from Proposition [£.92] ii).
v). It follows from Corollary [4.934).
vi). It follows from Corollary [4.93]ii) and Proposition [4.70} O

Corollary 4.96. Let F : C — D be a separable functor. Then, F' is Maschke, dual
Maschke and conservative.

Proof. If F is separable then F? is separable by Corollary so by Corollary F'is
Maschke, dual Maschke and conservative. O
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The following is a semifunctorial analogue of Proposition In particular the semi-
fully faithful case is a semifunctorial analogue of [19, Proposition 3.4.2].

Proposition 4.97. [21l Proposition 6.10] Let F' s G 43 H : C — D be a semiadjoint triple
of semifunctors. Then, F is semiseparable (resp., separable, naturally semifull, semifully
faithful) if, and only if, so is H.

Proof. Given a semiadjoint triple F' 4y G 45 H : C — D, by Theorem [4.21] we obtain an
adjoint triple F% 4 G% 4 H% : C! — DY of functors. By Proposition we know that
F is semiseparable (resp., separable, naturally full) if, and only if, so is H?. Thus, by
Propositionand Corollarywe have that the semifunctor F' is semiseparable (resp.,
separable, naturally semifull) if, and only if, so is H. As a consequence of Propositionm
by combining the previous separable and naturally semifull cases, we get that F' is semifully
faithful if, and only if, so is H. O

4.6.3 (Co)separable semi(co)monads

In this subsection we show a semifunctorial version of Lemma 2.43] We recall from
[52] the notions of semimonad and semicomonad. The theory of semi(co)monads finds
applications e.g. in the categorical description of non-stable models of linear logic [51].

A semimonad (T,m : TT — T,n : Id¢ — T) on a category C is the datum of a
semifunctor T : C — C, a seminatural transformation m : TT — T, and a natural
transformation 7 : Ide — T, satisfying the following conditions for every C' € C:

i) mc o T(nc)=meconre=T(Ide),
i) mc o T(mg) =me omTe.

A monad (T,m,n) on C is then a semimonad where T is a functor. Note that n is
also a seminatural transformation. A semimonad morphism (F,u) between semimonads
(T,m : TT = T,np:1de — T) and (T',m’' : T'T" — T/, : Idp — T') consists of a
semifunctor F' : C — D and a seminatural transformation p : T'"F — FT such that, for
every C' € C, one has

i) peonpe = FT(Ide) o Fe,
it) pc ompe = Fmeopteo T uc.

The notions of semicomonad and semicomonad morphism are defined dually. As shown
in [52, Theorem 6.9] any semiadjunction F' -5 G : D — C, with unit  and counit e, gives
rise to a semicomonad (L : D — D, A ¢) on D defined by L = FG, A = FnG o FGId,
and dually to a semimonad (T : C — C,m,n) on C given by T = GF, m = GFId o GeF'.

Given a category C, we say that (T,m : TT — T,n : Id¢e — T) is a separable
semimonad on C if there exists a natural transformation ¢ : T — TT such that moo =
TId and TmooT = ocom = mT o To. Dually, (LLA: L — Lle: 1 — Ide) is
a coseparable semicomonad on a category C if there exists a natural transformation
7:11 — 1 satisfying 7o A= 1Idand Ll7to Al =Aor=7lolA.

Then, we can prove the announced result that extends Lemma to semiseparable
semifunctors that are part of a semiadjunction.

Lemma 4.98. Let F -y G : D — C be a semiadjunction with unit n and counit €.



112 4. Semifunctors and semifullness

i) If G is semiseparable, then (GF,GF1d o GeF,n) is a separable semimonad.
i1) If F is semiseparable, then (FG, FnG o FGId,€) is a coseparable semicomonad.

Proof. i). Assume G is a semiseparable semifunctor. Then, by Theorem there is a
natural transformation 7 : Idp — F'G such that Ge o Gy = GId. Set

0:=GvFoGFId: GF — GFGF.

It follows that GFIdoGeF oo = GFIdoGeF o GyFoGFId = GFIdo (GeoGy)FoGFId =
GFIldoGldp o GF1Id = GFId. From the naturality of € and «y, we have yoe = eF'Go FG7y
and v o e = FGe o yF'G, respectively, hence

GF(GFIdo GeF) o oGF = GF(GFId o GeF) o (GyF o GFId)GF
= GFGFId o GFGeF o GYFGF o GFldgr = GFGFId o GyF o GeF o GFldgr
= GFGFId o GeFGF o GFGYF o GFldgr = GFGFId o GeFGF o GFG~F
= GFGFIdo GyF o GeF = GFldgp o GFGFId o GyF o GeF
= GFldgr o GyYF o GFld o GeF = GFldgp o GyF o GeF o GFGFId
= GFldgr o GeFGF o GFGYF o GFGFId = (GF1d o GeF)GF o GF(GyF o GF1d)
= (GFId o GeF)GF o GFo.

Thus, GF(GFId o GeF) o oGF = (GFId o GeF)GF o GFo. Moreover, we have (GFId o
GeF)GF oGFo = (GFldo GeF)GF o GF(GYyF o GFId) = GFldgr o GeFGF o GFGYF o
GFGFId = GFldgroGyF oGeFoGFGFId = GFldgroGyFoGFldoGeF = GFldgpo
GFGFIdoGyFoGeF = GFGFldoGyFoGeF = GyFoGFIdoGFIdoGeF = goGFldo
GeF'. Then,

GF(GFIdo GeF) o ocGF = (GFId o GeF)GF o GFo = 0 o GFId o GeF,

so the semimonad (GF, GFId o GeF,n) is separable.
i7). It follows dually. O

4.7 Examples

In this section we provide examples of semifull, naturally semifull, (semi)separable and
semifully faithful semifunctors, see [21, Section 7].

4.7.1 The forgetful semifunctor

See [21, Example 7.1], [5, Example 2.13]. Let C be a category with idempotent com-
pletion Cf. Recall from Subsection that the canonical functor t¢ : C — C is given
by X — (X,Idx), [f : X —» X'| = [f : (X,1dx) — (X’,1dx/)] and the forgetful semi-
functor ve : C' — C maps an object (X,e) € C? to the underlying object X and a
morphism [ : (X,e) = (X’,¢) to the underlying morphism vef : X — X’ in C such that
e’ ovcfoe=uwvcf. It is indeed a semifunctor as ve(Id(x 0)) = e # Idx in general.

By [62, Theorem 2.10] the Karoubi envelope functor « : Caty — Cat, defined by x(C) =
C%, k(F) = F1, for any category C and any semifunctor F : C — D, is the right adjoint
of the inclusion functor ¢ : Cat — Cats. Then, ¢¢ and v¢ result to be the C-components
of the unit and of the counit for the adjunction ¢ - k, respectively. Moreover, ve s ¢
and t¢ s ve are semiadjunctions, cf. [50, Example 6], thus ve and (¢ are Frobenius
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semifunctors. The component (nc)(c,) : (C;c) = teve (Cyc) = (C,1dc) of the unit ne
of ve s i¢ is defined by setting ve((nc)(c,e)) = ¢ : C — C while the counit is e¢ =
Idig. : vete = Ide — Ide. The unit of ¢ s ve is e¢ = Idig, : Ide — Ide = vete
while the component (v¢)(c,) : teve (C,c) = (C,1dg) — (C,¢) of the counit is given by
ve((ve)(c,e)) = c: C — C. Note that

ve ((Vc)(c,c) o (Uc)(c,c)) =ve((ve) o) o vel(ne)c,e)) = coc=c=vc(ldc,)),

hence v¢ one = Idig,, thus by Theorem it follows that v¢ is a separable semifunctor.
Moreover,

ve ((1e)(ce) © (Ve)(cre) ) = ve((e) (o) © ve((Ve)(ce)) = coc = c = veieveld (o),
(Cie) (Cye)

SO (WC)(C,C) o (Vc)(cvc) = tcveld(c,) and hence it holds ne o ve = tcveld. By Theorem
it follows that v¢ is also a naturally semifull semifunctor, hence semifully faithful by
Proposition [£.79]

4.7.2 Semi-product semifunctor

See |21, Example 7.2]. Recall from [52, Definition 4.3] that a binary semi-product of
objects A, B in a category C consists of an object A x B in C, an arrow m4 : A X B — A,
an arrow g : A X B — B, an arrow (f,g) : C — Ax B, foreach f :C — A, g:C — B
in C, such that

i) mao(f.9) =/,
”) 7rBo<fag>:ga
iii) (foh,goh)={(f, g)oh, for any morphism h: D — C in C.

A binary semi-product is a binary product if, and only if, (ma,75) = Idaxp. If C is
a category with semi-products for all pairs of objects A, B, let x¢ : C x C — C be the
semifunctor given by

(A,B)— Ax B and (f,g)— fxg:=(foma,gomp).

It is indeed a semifunctor as Id4 x Idp = (74, 7mp). Moreover, it is a right semiadjoint of
the functor A¢ : C =+ C xC, A— (A, A), f— (f, [), for any morphism f: A — A’ in C.
They actually form a semiadjunction A¢ s X¢ with unit the seminatural transformation
n : Ide — Xc¢Age, given on components by ne = (Idg,Id¢) : C — C x C, so that
e o (Ide,Ide) = Ide, for every C in C, and counit the seminatural transformation e :
Acxc — Idexe, given on components by €4 gy = (74, 7B) : (Ax B,Ax B) — (A, B). We
now study the properties of the semifunctor xc. Note that in general X is not faithful by
Proposition as the components €4 gy = (ma,mB) of the counit are not epimorphisms
for every (A, B) in C x C. For instance, in Set consider a nonempty set B and the binary
product ) x B, which is in particular a binary semi-product. Then, the map g : ) x B =
() — B is the empty function from the emptyset into B, but it is not an epimorphism, cf.
[19, page 40]. As a consequence, X¢ is not separable in general. By Proposition we
know that x¢ is semifull if, and only if, the component €4 gy = (74, 7p) is an (4, B)-
semisplit-mono for every (A, B) in C x C, i.e. if, and only if, for every (A4, B) in C x C
there exists a morphism (4 gy = (71,72) : (4, B) = (A X B,A x B) in C x C such that
Y(a,B) © €a,B) = Ac ¢ Id(a ), i.e. such that (v1ma,v27B) = ({74, 7B), (T4, 75)). The
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latter condition is not satisfied in general. For instance, in Set consider again the binary
product ) x B = ) of the emptyset by a nonempty set B. Since () is the initial object in
Set we have 7y = Idg. Moreover, we have that (mp, 7g) = Idg, g = Idy, so if Xse were
semifull, then there would exist a morphism v ) = (71,72) : (0, B) = (0,0) in Set x Set
such that (y11dg,vemg) = (Idg,Idg) : @ — @, but such v, does not exist as there can be no
map from a nonempty set to ().

4.7.3 The constant semifunctor

See [21, Example 7.2], [52, Subsection 2.3]. Let 1 be the category with only one
object 1 and an identity morphism Id;. Any semifunctor F' : 1 — C determines an
arrow F'(Id;) : F(1) — F(1) which is idempotent. Conversely, any idempotent arrow
e: X — X in C defines a semifunctor F¢ : 1 — C, given by F¢(1) = X, F¢(Id;) = e.
In particular we have the functor F!4x : 1 — C given by F'dx(1) = X, Fldx(Id;) =
Idx. Hence F¢ = E¢ o F'9x where E€ : C — C is the canonical semifunctor. Now,
we show that F° : 1 — C is a separable semifunctor that is not naturally semifull in
general. Note that Homj(1,1) = {Id;}. Consider the associated natural transformation
FI] + Homy(1,1) — Home(F9(1), Fe(1)), F{1(Id1) = F°(Id;) = e, and the map P :
Home(F¢(1), F¢(1)) — Homj(1,1), given by P{7(f) = Idy, for any f : F¢(1) — F°(1)
in C. We have that PlFle is a natural transformation as for any f : F¢(1) — F¢(1) in
C, Pfi(Feéldy o f o FId;) = Pfi(eo foe) = Idi = Idi o P{{(f) o Id;. Moreover,
(Pfio .7-"{: 1)(Id1) = P{](e) = 1d1, hence F* is separable, and in particular semiseparable.
Thus, F€ is naturally semifull if, and only if, it is semifull. If F'® were semifull, then it
would follow that e = eo foe for any f: F¢(1) — F¢(1) in C, and this does not happen
in general (see e.g. Subsection . More generally, given two categories C and D
and a fixed idempotent arrow ep : D — D in D we can consider the constant semifunctor
K :C — Dgivenby K(C) = D, K(f) = ep, for every object C' € C and for every morphism
f:C — C"inC. Tt is clearly not faithful and not even semifull. In fact, for any morphism
g: K(C)=D — K(C'") = D in D we have that KIdcrogo KIdc = epogoep. If K were
semifull then there would exist a morphism f : C'— C’ such that ep = K(f) = epogoep,
which is not true in general.

4.7.4 Semifunctors associated with a morphism of rings

See [21, Example 7.6]. Let R, S be unital rings and let g M, s M be the categories of
left R-modules and left S-modules, respectively. Consider a morphism of rings ¢ : R — S,
that induces the restriction of scalars functor ¢, : gM — rM and the extension of scalars
functor ¢* := S®p (=) : gRM — M. As recalled in Subsection these functors form
an adjunction ¢* 4 @, with unit 77 and counit € given by

MU= RrM : M —>SRrM, m—1lsg®rm and ey:S®rN — N, sQrn +—> sn,

for every M € rM and N € gM, respectively. Given an idempotent (semi)natural
transformation e = (ex)xepm : Idym — Id,am, by composing ¢* with the canonical
semifunctor E¢: pM — rM, we get the semifunctor

pri=p "o E: pM - sM, Mw— S@rM, f— SQgfeu
for any f: M — M’ in g M. Consider the semifunctor

@i =E0p. i gM = gpM, N = 0i(N), g+ e, vy px(9),
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for any g : N — N’ in g¢M. By Corollary i) we know that ¢} and ¢¢ form a
semiadjunction ¢f s ¢§ : sM — gpM, with unit n° := E°ngeoe and counit € := eop*e,, .
By Theorem ©¢ is separable if, and only if, €© is a natural split-epi, i.e. there exists
a seminatural transformation v : Idgvm — @rp$ such that € oy = IdIdS Mo While @f
is separable if, and only if, n® is a natural split-mono, i.e. there exists a seminatural
transformation v : ¢S, — Id A such that v on® = IdIdR - In particular, if ¢f is
separable, then by Lemma i1) @4 is separable. If ¢¥ is separable, then by Remark
it results to be ¢} = ¢*.

In Proposition we study the natural semifullness of ¢ and ¢}, for which the
following lemma will be useful.

Lemma 4.99. |21, Lemma 7.7) Let ¢ : R — S be a morphism of rings and let e =
(ex)xepm  Idym — Idaq be an idempotent (semi)natural transformation. Consider the
semifunctors o}, ©% as above. Then,

i) 1s = ey, (5)(p(er(1r))) holds true if, and only if, p(r) = e, (5)(p(er(r))) holds true
for every r € R if, and only if,

7“51 op=pipildro 7“§1 o (4.14)
holds true, where rs : S ®r R — S is the canonical isomorphism s @g r — sp(r).

ii) ey, (s) 15 a left S-module morphism if, and only if, e, (ny is a left S-module morphism
for every N € ¢ M. The latter condition means that there is an idempotent natural
transformation o : Idgnm — Idgamg such that .o = eps. In this case, let E* :
sM — gM be the canonical semifunctor attached to a. Then, E% o p* = ¢* o E°
and @, 0 E* = E€o p,.

Proof. i). Assume that 15 = e, (5)(¢(er(1r))). Then, since eg, e, () are left R-module
morphisms, we have that e,_(s)(¢(er(r))) = €4, (5)(p(rer(1r))) = ep,(s)(@(r)eler(1r))) =
p(r)eq, (s)(@ler(1r))) = ¢(r)ls = ¢(r), for every r € R. The converse implication is triv-
ially satisfied. Now we show that the latter condition is also equivalent to . Indeed,
we have that rgpSeildrry'e(r) = regi(S ®r er)(@(r) ®r 1r) = rsey, (sopr)¥«(S @R
er)(ls ®rT) = €y, (5)75(1s ®r €r(r)) = €4, (5)(p(er(r))), for every r € R.

ii). If ey, () is a left S-module morphism for every N € M, then clearly e, (g) is a left
S-module morphism. On the other hand, assume that e, gy is a left S-module morphism.
Consider a left S-module N and the left S-module morphism f, : S = N, s — sn, for
n € N. By naturality of e, we have that e, (nv)(sn) = (e,,(nv) © @«(fn))(s) = (wx(fn) ©
€e.(5))(8) = €, (s)(s)n. Since ey, (g) is left S-linear, we get e, (5)(s)n = se,, (s)(1s)n =
sep, (n)(n), 80 ey, () is a left S-module morphism for every N € g M, which means that
there is ay : N — N in s M such that p.(an) = ey, (). For any left S-module morphism
[+ N — N'we have that p.(anof) = px(an)ops(f) = ep, (v opx(f) = wu(f)oey, (v) =
0«(f) o px(an) = @«(f oan), hence ans o f = foay as ¢, is faithful. Moreover, for any
N € sM, pi(an o an) = p.(an) o p«(an) = €y, () © €p.(N) = €p.(n) = Px(an), thus
a?\, = ay, so we obtain an idempotent natural transformation « : Idgz — Idgaq. Consider
the canonical semifunctor £ : gM — g M attached to a. We show that E%op* = ¢*o ¢
and g, 0 B = E€o,. In fact, the semifunctor E*o¢* : pM — gM maps M — S®Qr M,
[f: M — M- asgymo(SOr[) = (S®g f)oasg,m. By naturality of e, we have that
. (sSopM)(ls ®@rm) = 15 ®g epr(m). Since ey, (sg,0r) is a left S-module morphism, we
get that ey, (so,0) (s Or ™M) = sy, (@) (1s @rm) = 5(1s Qr epr(m)) = s @r enr(m) =
©«(S ®r em)(s @r m), 50 €, (s9pM) = 0+(S @R em), Le. pulasgrm) = (S ®r em),
ie. asgpym = S ®r ey as @, is faithful. Thus, FY o p* = ¢* o E. The semifunctor
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w0 B*: gM — pM maps N — p.(N), [f : N = N'| = p.(f oan) = ¢u(f) o ox(an).
Note that @.(f) o w«(an) = @u(f)oey, (v) = ep. vy 0 w«(f), hence .0 E* = E€op,. [

Proposition 4.100. |21, Proposition 7.8] Let ¢ : R — S be a morphism of rings and let
e=(ex)xepm : Idom — Id a0 be an idempotent (semi)natural transformation.

i) If the semifunctor ¢S is semifull and e, (s) is a left S-module morphism, then o5 is
naturally semifull.

i1) If the semifunctor ¢} is naturally semifull, then there is 1 in gHompg(S, R) such
that

po :rgogpiap:IdRorgl, (4.15)

i.e. such that r;l opororg = ipildr, so r§1 op: R —= ©SpiR is an R-semisplit-
epi (cf. Section as an R-bimodule map; if in addition (4.14) holds true, then
7"51 o @ is an (R, R)-semisplit-epi.

On the other hand, assume that e, (s) is a left S-module morphism. If there is v
in gHompg(S, R) such that holds true and 1g = e, (s)(w(er(1R))) is satisfied,
i.e. r;l o is an (R, R)-semisplit-epi as an R-bimodule map through i org, then ¢}
s naturally semifull.

Proof. i). Assume that ¢f is semifull and e, ( s) is a morphism of left S-modules, i.e e, (n)
is a morphism of left S-modules for any N € gM by Lemma i1). By Proposition
for every N € g M, €% is an N-semisplit-mono, i.e. there exists 7§, : N = @ipiN =
S®Rre«(N) in M such that y50es = pipildy. Then, 7§ oeno(S®ge,, (n)) = Vi oely =
peplldy = S @R (ep, (v) © e, (v) © Px(Idy)) = S ®r ey, (v)- Thus, for every n € N, we
have that vy (e, (v)(n) = (V§ © en)(ls ®r €y, (n) (1)) = (S @R €y (v))(ls ®r n) =
Ls ®R ey, (n) (1), 50 Yy (ep, vy (1)) = 15 ®R e, () (n), for every n € N. By Lemma M
i1) there is an idempotent natural transformation o : Id aq — Id aq such that .o = ep,.
So, we have that 7 (aw(n)) = 1% (. (@n) (1)) = 5 (ep. (1) = 1 Or e () (n) =
1s®@prp«(an)(n) = lg®@pran(n), for every n € N. Now, although 7% is not natural a priori,
still we can show that ¥ : Idga — @S, defined for every N € g M by 7 = vyan :
N — ©5pSN, n— lg®pan(n), is a natural transformation. In fact, for any left S-module
morphism f : N — N’ we have that (7%, o f)(n) = ls @r an/(f(n)) = 1ls @r f(an(n)) =
(S @r wu(fps(an))(ls @r an(n)) = (Ls @r px(fep, () (1s @r an(n)) = (¢ips(f) o
i) (n), for every n € N. Moreover, (7§ 0€y)(s ®rn) = (Yyoan oen)(s @r ey, (v)(n)) =
(Vi o an o en)(s ®r ps(an)(n)) = Yy(an(san(n))) = s7y(an(n)) = s Or an(n) =
s®@R ey, (N (n) = piplddy (s @r n), for every s € S, n € N, so ¢ is naturally semifull by
Theorem i1).

i7). Assume that ¢} is naturally semifull. Then, by Theorem i), there exists a
seminatural transformation v : p$p: — Id,aq such that n° o v® = pprld. Consider the
map ¢ in gHompg(S, R) given by ¥(s) = (er o v org)(s) = (eg o V) (s ®r 1r), where
rg : S ®r R — S is the canonical isomorphism s @g 7 — sp(r). The right R-linearity
of ¢ follows from the naturality of v and e. Indeed, consider the left R-module map
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fr:R— R, 7"~ r'r. For any s € S, r € R, we have that

¥(s)r = er(VR(s ®r 1r))r = fr(er(VR(s ®r 1r))) = er(fr(VR(s ®r 1Rr)))
= (erVr¥ipe (fr))(s ®Rr 1R) = (erVRey, (50 rR)Px(S @R frer))(s ®r 1R)
= (erVRey, (SorRr)P+(S ®r erfr))(s @R 1R)
= (erVREy, (SorRr)P+(S ®R €R)+(S ®r fr))(s ®r 1R)
= (erVRPipe(er)p«(S ®r fr))(s ®r 1r) = (ererVRps(S ®R fr))(s ®r 1R)
= (ervpe«(S @r fr))(s ®r 1r) = er(Vg(s ®r 1)) = er(VR(sr @R 1R)) = ¥(sr).

Then, for every s € S, we have that

(porh)(s) =(rsonroerovp)(s®r1Rr) = (rsonpovg)(s ®r 1g)
= (rg o @:ldR)(s ®@r 1g) = (rs o pSpiIdr o rgt)(s),

thus rgl opoporg = ipildr, so TS o ¢ is an R-semisplit-epi. Moreover, if - is
satisfied, then r§1 o is an (R, R)-semisplit-epi.
Conversely, assume that 1g = ey, (g)(¢(er(1r))) (which is equivalent to by

Lemma 9/7)) and that there is 1) in gHompg/(S, R) such that poy) =rgo go*gpeIdR orS ,
ie. TS o is an (R, R)-semisplit-epi as an R-bimodule map through v o rg. Define for
every M in pM, v, @ pSoiM = ¢ (S @r M) — M by v§,(s ®r m) = 1(s)en(m), for
any m € M and s € S. Note that for any M € rpM, v§, is a morphism of left R-modules

as so is ¢. We get a natural transformation v¢ : ¢S — Id ¢ as for any morphism
f:M — M’ in gpM we have that

(fovy)(s@rm) = f((s)em(m)) = ¥(s)f(en(m)) = ¥(s) flenm(en(m)))
= (s)enr (f(ear(m))) = ¥(s)enr (enr (f(err(m)))
= e (Y(s)enr (f(enr(m)))) = enr (Vi (s @r fenr(m))))
= (Vi 0 €p.(sopmr) © (S ®r feum))(s @rm)
= (Wi o plpef)(s ®rm),
for every m € M, s € S. Note that pi(s) = rspip:ldr(s ®r 1r) = rs5€y, (s2xR) (S OR

er(1r)) = ep,(s)7s(s @r er(1R)) = ey, (5)(sp(er(1Rr))). If e, (s) is a left S-module mor-
phism, we have that pi(s) = se,, (g)(¢(er(1r))) = sls = s, so @ 01 = Idg in this case.
Then,

MV (s ®r m) = niy (V(s)en(m)) = (s)ny(enr(m)) = (s)nu(en(ens(m)))
= (s)ey, (sopm (M (err(m))) = ¥(s)eg, (sopu)(Ls Or enr(m))
= €y, (sopM) (V(s)Ls ®r enr(m)) = e, (se,m) (PY(s) @R enr(m))
= €y, (sopM) (s ®r enr(m)) = Plpcldr (s ®r m),
for every m € M, s € S, so ¢} is naturally semifull. Alternatively, we observe that, since

p o = Idg, by Proposition i1), ¢* is naturally full, so since E° is naturally semifull
(cf. Example [4.90]), ¢¥ results to be naturally semifull also by Proposition i). O

4.7.5 Semifunctor on a monoid

See [21], Example 7.9]. Let (M, -ps) be a monoid. It can be viewed as a category with a
single object, denoted by * (see [19, Example 1.2.6.d]). Arrows a : * — * are the elements
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of the monoid, which are closed under composition and the identity element 1,; is the
identity arrow 1ps : * — *. A monoid homomorphism f : M — N is a functor, as it
preserves compositions of arrows and the identity arrow; it sends the unique object * of
M into the unique object * of N. A natural transformation a = (o) : f — g between
functors f,g : M — N is an arrow ay : f(*) — g(*) in the category N (i.e. an element
of the monoid N) such that, for all elements a of M, g(a) ‘N ax = ax -y f(a), where
-n is the composition law of N. Any semigroup homomorphism between monoids which
is not a monoid homomorphism is an example of semifunctor. For instance, let (N,- 1)
be the monoid of natural numbers seen as a category with a single object. Consider the
map f : (N,-) = (N,:), n — 0, which is a semigroup homomorphism but not a monoid
homomorphism as f(1) = 0 # 1. Thus, f is a semifunctor which is not faithful. Consider
the natural transformation 72{7* = ]—Z{* : Homp (, %) — Homp(, %), PI*(m) = 0, for every
m € N. For every m € N, one has (]{{* oPZ*)(m) = ]:f’*((]) =0= f(1)-m- f(1), hence f
is naturally semifull. We observe that f is indeed the canonical semifunctor E° associated
with the idempotent seminatural transformation 0 = (04).en : Idy — Idy.

As another example, consider the direct product M x M of M by itself with com-
ponentwise multiplication (a,b) -prxar (@/,0") = (a -pr a',b-pr b)), which we also denote
by (a,b)(a’,t’) = (ad’,bb’) for shortness. Let e # 1j; be an idempotent element of M.
Consider the map

fe=(e,=): M = MxM, f(b)=/(eb),

which is a semigroup homomorphism. Indeed, for any b,c € M, f.(bc) = (e,bc) =
(ee,bc) = (e,b)(e,c) = fe(b)fe(c), but it does not preserve the unit, as fo(1p) = (e,1p7) #
(1ar,1p7) = 1arxns. Moreover, if we view M x M as the product category with a single
object x and morphisms given by the pairs (m,n) : x — %, where m,n : * — % are el-
ements of M, and whose composition is that induced by the multiplication of M x M,
then fo : M — M X M, fo(x) = , fe(b) = (e,b) results to be a semifunctor as it pre-
serves compositions, but not the identity arrow 1;; : * — . Consider the associated
natural transformation fff; : Hompy (¢, %) — Hompzy pz(*, %), .F,iii(m) = fe(m) = (e,m),
and the map PIf* : Hompsxpr (%, %) — Hompy(x, *), Pii((m,n)) = n, which is a nat-
ural transformation as for any m,n,b,c € M, P,fie*(fe(b) Mxm (m,n) mxnr fe(e)) =

Iﬁk((e,b)(m, n)(e,c)) = ,{i((eme,bnc)) =bnc=">-y Pf‘*((m,n)) -pm ¢. Then, for any
m € M, we have (PIf* o ff";)(m) = iﬁ*((e,m)) = m, hence f. is separable. Now, we
show that the semifunctor f. is not in general semifull, and hence not even naturally
semifull. If f. were semifull, then for any (m,n) in M x M there would exist an element
a € M such that (e,a) = (e,1p)(m,n)(e,15r) = (eme,n). But in general it is not true
that (e,a) = (eme,n). For instance, consider the commutative monoid {x, 1, e} with the
following multiplication - laws

rz-rx=e x-1l=x, zxz-e=z, 1-1=1, l-e=e, e-e=ce.

Fix the idempotent element e. Then e-x-e=¢- (z-e) = e-x = = does not result to be
equal to e. Thus, f. is not semifull.

4.7.6 Semifunctor on a ring

See [21, Example 7.10]. Let A be a unital ring. Then, A is a preadditive category
with a single object * and Hom4(x,*%) = A. The composition of morphisms in A is
the multiplication of elements of A. The group structure of Homy(x*,*) is that of the
underlying additive group A. Given unital rings R, S, any homomorphism R — S of rings
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which possibly does not preserve the unit is a semifunctor which sends the single object of
R into the single object of S. For instance, consider a morphism of rings g : R — 5 and let
z # 1g € S be an idempotent such that z € S = {u € S | ug(r) = g(r)u for every r € R}.
Then, any morphism f: R — S given by f(r) = g(r)z is a semifunctor.

As particular cases, we have the following.

e If g = Idp, where R is a ring with unit 1r, consider an idempotent element z #
Or, 1R in the center Z(R) = {r' € R|r'r = rr’ for every r € R} of R. Then,
let f: R — R be the map given by f(x) = zz, for z € R. It is a non-unital
endomorphism of rings, thus f defines a semifunctor f : R — R which is not faithful
as f(z) = z = f(1g), but z # 1g; for any € R we have that f(1g)zf(lr) =
zxz = xzz = xz = f(x), hence f is semifull. Further, let * be the single object
of R and let ]:*f,* : Homp(%, %) — Homp(x*, %), ]ﬂfi*(x) = f(x) = 2z, for v € R,
be the natural transformation associated with f. Consider the map 7357 . = .7{{, -
Homp(x, %) — Homp(x, *), PI*(:U) = xz, for every x in R. For every x € R, we
have (FJ* o Pf*)(x) = Fﬁ*(:cz) = xzz = zxz = f(1r)xf(1gr), hence f is naturally
semifull. As an instance, consider as ring the product R x S of unital rings R, S and
the idempotent element z = (0r,1g) € Z(RxS). Then, f : RxS — Rx S, (z,y) —
(z,y)z = (Og,y) is a semifunctor which is naturally semifull but not faithful.

o Let R be a ring with unit 1 and consider the ring M, (R) of square matrices of
order n € N with coefficients in R. Consider the canonical inclusion g : R — M, (R),
r +— rl,, where I, is the identity matrix in M,,(R). Let f : R — M, (R) be the map
given, for any m € R, by
m — mEii,

where E;; = (0i40ip)ap is the matrix unit in which the entry i, with i € {1,...,n},
is the unique nonzero entry. It is a homomorphism of rings which does not preserve
the unit, since f(1r) = Ey # 11, (r) = In- It defines a semifully faithful semifunctor
f: R — M,(R). Indeed, it is clear that f is faithful, and it is semifull as, given a
matrix A = (a;5) in My, (R), we have that

f(1r)Af(1r) = E4AEy = aiEi = f(ay).

Thus, f is semifully faithful.
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Chapter 5

Conditions up to retracts

In this chapter we present the notions of (co)reflections up to retracts, i.e. functors
whose idempotent completion admits a fully faithful right (left) adjoint, and bireflections
up to retracts, introduced and investigated in [5]. These notions naturally arise whenever
one deals with semiseparable functors that are part of an adjunction. We indeed prove
that a right (left) adjoint functor is semiseparable if, and only if, the associated (co)monad
is separable and the (co)comparison functor is a bireflection up to retracts, extending
a characterization obtained by X.-W. Chen in the separable case [31]. The notions of
semifunctor and semiadjunctions are helpful tools in this setting. Given an adjunction, the
semiseparability of the right adjoint provides an equivalence after idempotent completion
between the Kleisli category of free modules over the associated monad and the Eilenberg-
Moore category of modules over that monad. We describe an application of these results
in the context of pre-triangulated categories. We provide conditions for the Eilenberg-
Moore categories of (co)modules to inherit the pre-triangulation from the base category,
obtaining a semi-analogue of a result shown by P. Balmer for separable functors [12]. We
show a similar result also for the Kleisli category. Most of the results we revise in this
chapter have been investigated in [5].

5.1 (Co)reflections and bireflections up to retracts

Recall that an object X in a category C is a retract of an object Y in C if there are
morphisms ¢ : X — Y and p: Y — X in C such that poi =1Idyx. A functor F : C — D
is said to be surjective up to retracts if every object D in D is a retract of F'C for some
object C in C, see |14, Definition 2.5]. In [31), page 47] a functor F' : C — D is said to be
an equivalence up to retracts if its completion F? : C% — DU is an equivalence.

Example 5.1. The canonical functor ¢ : C — C! is an equivalence up to retracts, see e.g.
[55, Theorem A.6].

In the spirit of the latter property, we define the following notions.

Definition 5.2. [5, Definition 2.3] Consider a functor F' : C — D and its completion
F% . C" — D4 Then, F is a reflection up to retracts if F7 is a reflection; F is a
coreflection up to retracts if F¥ is a coreflection; F is a bireflection up to retracts
if F¥ is a bireflection.

We freely refer to these notions as conditions up to retracts. The next lemma relates
these conditions up to retracts to the notions of (co)reflection and bireflection, considered
in Chapter

121
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Lemma 5.3. [5, Lemma 2.4] The following assertions hold true.
i) Any equivalence is an equivalence up to retracts.
1) Any (co)reflection is a (co)reflection up to retracts.

iii) A functor is a bireflection up to retracts if, and only if, it is a semiseparable (co)reflection
up to retracts if, and only if, it is a naturally full (co)reflection up to retracts.

iv) Any bireflection is a bireflection up to retracts.

v) A functor is an equivalence up to retracts if, and only if, it is fully faithful and
surjective up to retracts if, and only if, it is a fully faithful bireflection up to retracts.

vi) An equivalence up to retracts is both a reflection up to retracts and a coreflection up
to retracts.

Proof. From Remark we know that an adjunction (F,G,n,€) induces an adjunction
(Fu,Gh,n“,eu).

i). If F is an equivalence with quasi-inverse G, then in view of [19, Proposition 3.4.3] and
Corollary 1), (F ) Gh) is an equivalence, hence F' is an equivalence up to retracts.
ii). If G is a coreflection, it has a fully faithful left adjoint F. Hence, F 4 G and F? is
fully faithful by Corollary iii). Thus, G¥ is a coreflection, i.e. G is a coreflection up
to retracts. The proof for reflections is similar.

ii1). Assume F' is a semiseparable (resp., naturally full) (co)reflection up to retracts. By
Corollary iv) (resp., vi)), F¥ is a semiseparable (resp., naturally full) (co)reflection.
Thus, by Corollary F1 is a bireflection, i.e. F is a bireflection up to retracts. Con-
versely, from Corollary [2.64]and Corollary [£.95 in a similar way one gets that a bireflection
up to retracts is a semiseparable (resp., naturally full) (co)reflection up to retracts.

iv). A bireflection F' is in particular a semiseparable (co)reflection by Corollary As
a consequence of i) and iii), we get that F' is a bireflection up to retracts.

v). It is known that F' is an equivalence up to retracts if, and only if, it is fully faithful
and surjective up to retracts, see e.g. [3I, Lemma 3.4 (2)]. By Remark it is also
equivalent to F' being a fully faithful bireflection up to retracts in view of Corollary
i41) and Corollary

vi). If F is an equivalence up to retracts, its completion F' is an equivalence, hence in
particular F? is a (co)reflection. This means that F is a (co)reflection up to retracts. [J

Remark 5.4. From Remark and Lemma it follows that also (co)reflections up to
retracts and bireflections up to retracts are closed under composition.

Example 5.5. Let R be a ring and g My, M, be the full subcategories of g M whose
objects are free left R-modules and projective left R-modules, respectively. Then, the
inclusion functor ¥ : pM; — pM, considered in Example is an equivalence up to
retracts by Lemma v) as it is fully faithful and any projective module is a retract of a
free module.

The following result provides conditions under which the viceversa of i), ii), iv) in
Lemma holds true: namely, in case a (co)reflection up to retracts has a right (resp.,
left) adjoint, then it is a (co)reflection.

Proposition 5.6. [5, Proposition 2.9] The following assertions hold true.

i) If a coreflection up to retracts has a left adjoint, then it is a coreflection.
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1) If a coreflection up to retracts has a right adjoint, then it is a reflection.

1i1) If a reflection up to retracts has a right adjoint, then it is a reflection.

v) If a bireflection up to retracts has an adjoint, then it is a bireflection.

)
)
iv) If a reflection up to retracts has a left adjoint, then it is a coreflection.
)
vi) If an equivalence up to retracts has an adjoint, then it is an equivalence.

Proof. i). If G has a left adjoint F, then F? 4 G%. If G is a coreflection up to retracts,
then GY is a coreflection. Thus, F? is fully faithful, and hence so is F' by Corollary
ii1), i.e. G is a coreflection.

i1). If F has a right adjoint G, then F1' 4 G If F is a coreflection up to retracts, then F*
is a coreflection. Thus, it has a fully faithful left adjoint. Then, also the right adjoint G*
is fully faithful by [19, Proposition 3.4.2]. By Corollary ii1) G is fully faithful, i.e. F
is a reflection.

ii1). It is dual to 7).

iv). It is dual to 7).

v). If F is a bireflection up to retracts, then by Lemma F is a naturally full (co)reflection
up to retracts. If F' has a left adjoint, by ¢) it is a naturally full coreflection while if F' has
a right adjoint, by #i), it is a naturally full reflection. In both cases, by Corollary F
is a bireflection.

vi). By Lemma an equivalence up to retracts is a fully faithful bireflection up to re-
tracts. If it has an adjoint, by v), it is a fully faithful bireflection, i.e. an equivalence by
Lemma [5.3] O

Remark 5.7. From Proposition and Lemma it follows that any coreflection up to
retracts with a right adjoint is a reflection up to retracts and any reflection up to retracts
with a left adjoint is a coreflection up to retracts.

Lemma 5.8. [5, Lemma 2.11] Let D be an idempotent complete category. A functor
G :D — C has a left (resp., right) adjoint if, and only if, so does GP.

Proof. If 4 G, from Remarkwe know that F% 4 Gf. Conversely, assume that G has
a left adjoint L : C' — DU, Since D is idempotent complete, the functor tp : D — DY is an
equivalence of categories and hence it has a left adjoint Vp : D! — D. From Vp = tp and
L 4G we get VpL 4 G%p and hence VpL  1¢G. Since ¢ is fully faithful, this implies
VpLic 4 G. Indeed, given an object C' in C and an object D in D, we have a chain of
natural isomorphisms Homp (VpLicC, D) = Homgs (1cC,1eGD) = Home (C,GD) where
the latter follows from the full faithfulness of ¢¢c. The case in which G has a right adjoint
is proved similarly. O

Proposition 5.9. [5, Proposition 2.12] Let D be an idempotent complete category. A
functor G : D — C is a coreflection up to retracts (resp., reflection up to retracts, bireflec-
tion up to retracts, equivalence up to retracts) if, and only if, it is a coreflection (resp.,
reflection, bireflection, equivalence).

Proof. If G is a coreflection up to retracts (resp., reflection up to retracts), then G" has
a left (resp., right) adjoint so that, by Lemma so does (G. By Proposition G is
a coreflection (resp., reflection). The other implication is always true by Lemma
Similarly, one deals with the case of bireflection and equivalence. O
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We now revise some results from [5] concerning a characterization of (co)reflections
up to retracts as part of a semiadjunction, by means of properties of semifunctors seen in
Chapter [4], such as semifull faithfulness.

Proposition 5.10. (Cf. [5, Proposition 2.17]) Let (F,G,n,¢€) be a semiadjunction.

i) If G is a functor, then it is a coreflection up to retracts if, and only if, n is a natural
semi-isomorphism if, and only if, F' is semifully faithful.

it) If F is a functor, then it is a reflection up to retracts if, and only if, € is a natural
semi-isomorphism if, and only if, G is semifully faithful.

Proof. i). Assume 7 is a natural semi-isomorphism, i.e. there is v : GF' — Id¢ such that

nov = GFId and v on = Idyq,. Recall from Remark [4.20| that n?C o = Ncoc Let us

prove that 7 is an isomorphism with inverse v defined by u(uc ¢ = Covg, SO that F*
is fully faithful, i.e. G is a coreflection up to retracts. Note that co (covg) o GFec =
cocovgoGFec=cococovs = covg, hence VEC ) (GFC,GFc) — (C,c) is a morphism

,C
in Cb We Compute V(uCC) OT]?CC) :COcho’I’/Coc:COIdCOC:COC:C:Id(C7C), and
n?c,c)o’j(uc,c) =1ngococovg=ncocove=GFconcovc
= GFcoGFId = GFc=1dgre,are),

so that nEC 0 is an isomorphism in Cf. Conversely, assume that G is a coreflection up to
retracts. Then, G? has a left adjoint L = F which is fully faithful, so the unit 77 : Ids —
GUF! of the adjunction (F%, G, n, ') is an isomorphism. By Lemma there exists a
seminatural transformation v : GF — Ide¢ such that 1% = (n?)~!. Thus, we have

(nov)t =nforf =Idgp = (GFId)"

and
(vo 17)h — o nh = IdIdCh = (Idldc)h,

hence by Lemma [4.17]it follows that nov = GFId and v on = Idyq,, respectively, so 7 is a
natural semi-isomorphism. By Corollary [£.67 the latter holds if, and only if, F is semifully
faithful.

i1). The proof follows by similar arguments. O

Motivated by the previous result, we can extend the definition of (co)reflection up to
retracts to an arbitrary semifunctor, that is not necessarily part of a semiadjunction. We
say that a semifunctor F' : C — D is a coreflection up to retracts (resp., reflection up to
retracts, bireflection up to retracts, equivalence up to retracts) if F 7 is a coreflection (resp.,
reflection, bireflection, equivalence). In the functor case we recover Definition

Proposition 5.11. Let G : D — C be a semifunctor. Then,

i) G is a coreflection up to retracts if, and only if, G is part of a semiadjunction F s G,
where F : C — D is a semifully faithful semifunctor;

i1) G is a reflection up to retracts if, and only if, G is part of a semiadjunction G -5 F,
where F : C — D is a semifully faithful semifunctor.
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Proof. i). If G : D — C is a coreflection up to retracts, i.e. G" is a coreflection, then there
is a fully faithful functor L : C* — D¥ such that L 4 G*. By Lemma.12| F := vpo Lo :
C — D is a semifunctor such that F% 2 L 4 G%, hence F' is fully faithful and by Theorem
F 45 G. By Corollary ii1) F' is semifully faithful. On the other hand, if G is
part of a semiadjunction F s G where F is semifully faithful, then F? is fully faithful by
Corollary iii) and, by Theorem F% 4 G% Thus, G? is a coreflection, i.e. G is a
coreflection up to retracts.

i7). It follows by similar arguments. O

As a consequence of Proposition we retrieve the characterization of (co)reflection
up to retracts given in [5, Corollary 2.18] for the functor case.

Remark 5.12. We point out that any semifunctor required to satisfy the assumptions in
Proposition (e.g. to be a coreflection up to retracts with a left adjoint) results to be
actually a functor in view of Corollary

The following result follows from Proposition [5.11

Corollary 5.13. (Cf. [5, Corollary 2.19]) Any semifunctor which is a (co)reflection up
to retracts is surjective up to retracts. Moreover, any fully faithful (co)reflection up to
retracts is an equivalence up to retracts.

Proof. Let G : D — C be a coreflection up to retracts. By Proposition i), G is part
of a semiadjunction (F,G,n,€) where F' is semifully faithful, then there is v : GF' — Id¢
such that v on = Id,. Given an object C' in C we get v¢ o nc = Idc and hence C
is a retract of GFC, i.e. G is surjective up to retracts. Similarly, any reflection up to
retracts is surjective up to retracts. As a consequence, if a (co)reflection up to retracts is
fully faithful (which is actually a functor by Remark , then by Lemma v) it is an
equivalence up to retracts. O

5.2 Quotient and (co)comparison functor

In this section we exhibit two examples of (co)reflection up to retracts. We show
that the quotient functor H : C — (. onto the coidentifier category defined in Sub-
section is a (co)reflection up to retracts, and through Proposition we prove
that the (co)comparison functor attached to an adjunction whose associated (co)monad
is (co)separable results to be a coreflection (reflection) up to retracts. As a consequence,
we characterize a semiseparable right (left) adjoint in terms of (co)separability of the
associated (co)monad and of bireflectivity up to retracts of the (co)comparison functor.

5.2.1 The quotient functor

Recall from Subsection [2.1.2|that, given a category C and an idempotent natural trans-
formation e : Id¢ — Ide, we have the quotient functor

H:C—C, X=X, frf

In the next result we prove that H is a (co)reflection up to retracts and that it reveals
to be indeed a bireflection up to retracts. We revise the proof shown in [5] in view of
Proposition [5.10
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Theorem 5.14. (Cf. [5, Theorem 3.1]) Let C be a category, let e : Ide — Id¢ be an idem-
potent natural transformation. Then, the quotient functor H : C — C. is a (co)reflection
up to retracts, whence a bireflection up to retracts.

Proof. In Example [£.90] we have shown that the semifunctor L : C. — C defined as the
identity on objects and by [f : X — Y]+ [ey o f : X — Y] on morphisms is semifully
faithful and (L, H,n,€) is a semiadjunction. Thus, by Proposition H results to be
a coreflection up to retracts. Moreover, as seen in Example H is also part of the
semiadjunction H - L, hence H is a reflection up to retracts. Since by Lemma i) H
is also naturally full, then by Lemma ii1) H is indeed a bireflection up to retracts. [

Remark 5.15. By Proposition the functor H : C — C, is a bireflection if, and only if,
the idempotent natural transformation e : Ide — Id¢ splits. Thus, H is a bireflection up
to retracts but not a bireflection in general. Morever, it is not even a Frobenius functor
as otherwise it would have an adjoint and by Proposition v) it would be a bireflection.

The next example provides an instance that shows that the functor H : C — C, is a
bireflection up to retracts but not a bireflection in general.

Example 5.16. [5, Example 3.3] We come back again to Example Denote C := p My
the category of free left modules over a ring R. Given a central idempotent element z € R,
with z # 0,1, define the idempotent natural transformation e : Ide — Id¢ by setting
er : M — M, m — zm, for every free left R-module M. If e splitted, then e : R — R
would split in C and thus zR = Im(er) would be a free R-module. Since 0 # z € zR,
we have zR # 0 and it is known that a nonzero free module is faithful, i.e. it has trivial
annihilator. Hence 1 — z € Anng(zR) = 0 and so z = 1, a contradiction. Therefore, e
does not split, hence H : C — C, is a bireflection up to retracts but not a bireflection in
view of Remark For example, take R =R x R and z = (1,0).

5.2.2 The (co)comparison functor

In this subsection we look at the (co)comparison functor attached to an adjunction.
Recall that in Theorem we have shown that in case the left (resp., right) adjoint
functor is semiseparable, then the (co)comparison functor is naturally full. We now prove
that the (co)comparison functor is a coreflection up to retracts (resp., reflection up to
retracts), whenever the (co)monad associated to the adjunction is separable. First, we
need the next result which provides sufficient conditions for a functor to be a (co)reflection
up to retracts.

Proposition 5.17. [5, Proposition 2.20] Let F : C — D and G : D — C be functors
endowed with natural transformations n: Ide — GF and € : FG — Idp.

i) If there is a natural transformation v : GF — Ide such that von =1d and vG = Ge,
then G is a coreflection up to retracts.

i1) If there is a natural transformation v : Idp — F'G such that eoy =1d and vF = Fn,
then F is a reflection up to retracts.

Proof. We just prove i). Given v as in the statement, note that Ge o nG = vG o nG =
(von)G = Idg, so we are in the setting of Lemma [£.30] Thus, there is a semifunctor
F' : C — D such that (F',G,n/,¢) is a semiadjunction, where 1, := n¢ and €}, := €p.
Recall that F’ acts as F' on objects and sends a morphism f: X — Y inC to Ffoex. Set
e := eF o F'n and observe that GF'Idy = GFIdx o Gex = Gey, for every X € C. Define
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vy :=vxoGex, for every X € C. Then v oGF’ (Idx) = vxoGexoGex = vxoGex = v
and, for every morphism f: X — Y in C, we have v, o GF'f = vy o Gey o GF f o Gex =
vy oGFfoGex oGex = fovxoGex = fo 1/3(, so that we can define the seminatural
transformation v/ := (V) yce : GF' — Idc. Note that, for every X € C, Gex onyx =
Gerpx o GFnx onx = Gepx ongrx onx = (GeonG)px onx = Idgrx onx = nx, thus
Geon =, and then

Vs ony =vx oGex onx =vxony = Ildy.
From naturality of v and the assumption vG = Ge it follows that, for every X € C,

Nx o vy = nx ovx o Gex = vgrx o GFnx o Gex = Gepx o GFnx o Gex
=G6XOG6X :GF/IdXoGF/IdX :GF/Idx,

hence we conclude by Proposition [5.10 O

Theorem 5.18. [5, Theorem 3.4] Let F' 4 G : D — C be an adjunction with unit n and
counit €.

i) If the monad (GF,GeF,n) is separable, then the comparison functor Kgr : D — Car
is a coreflection up to retracts.

ii) If the comonad (FG, FnG,e€) is coseparable, then the cocomparison functor KF¢ .
C — DG is a reflection up to retracts.

Proof. We just check i) as ii) follows by dual arguments. Set K := Kgr : D — Car, U :=
Ugr :Car —C,V :=Vgr : C = Cqr and consider A := FU : Car — D. Let us construct
three natural transformations n; : Id¢,, — KA, € : AK — Idp and v; : KA — Ide,,
that fulfill the requirements of Proposition[5.17] i.e. such that v1om = Id and 1 K = Ke;.
Since AK = FUK = FG we define €1 := € as the counit of the adjunction (F,G). Since
KA = KFU = VU we can set v1 := [ as the counit of the adjunction (V,U) which is
defined by UBc,,y = p for every object (C, u) in Cgr. Since the monad (GF,GeF,n) is
separable, then the functor U is separable and hence, by Theorem [I.18] there is a natural
transformation n; : Id¢,, — VU such that g on = Id, i.e. v1 onm = Id. Moreover,
UBkp = Uﬁ(GD,GeD) = GeD =UKe1 D, so that K = Key, i.e. 11K = Key. O

Theorem allows to obtain the following characterization improving Theorem

Theorem 5.19. [5, Theorem 3.5] Let FF 4 G : D — C be an adjunction with unit n and
counit €.

i) G is semiseparable if, and only if, the monad (GF,GeF,n) is separable and the
comparison functor Kgr : D — Cgr is a bireflection up to retracts.

i1) F is semiseparable if, and only if, the comonad (FG, FnG,e) is coseparable and the
cocomparison functor K¥G : C — DFC is a bireflection up to retracts.

Proof. We just prove i) as ii) follows by dual arguments. By Theorem i), G is
semiseparable if, and only if, the monad (GF, GeF,n) is separable and Kgp is a naturally
full. When (GF, GeF,n) is separable, by TheoremK oF is a coreflection up to retracts,
and hence it is naturally full if, and only if, it is a naturally full coreflection up to retracts
if, and only if, it is a bireflection up to retracts by Lemma iii). O

By Theorem [5.19| we recover the following known characterizations for separable adjoint
functors, see [31], [84].
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Corollary 5.20. [5, Corollary 3.6] Let F' 4 G : D — C be an adjunction with unit n and
counit €.

i) [31l Proposition 3.5] G is separable if, and only if, the monad (GF,GeF,n) is sepa-
rable and the comparison functor Kgr : D — Cqr is an equivalence up to retracts.

i1) [84, Proposition 2.3] F' is separable if, and only if, the comonad (FG,FnG,e) is
coseparable and the cocomparison functor K¥C : C — DFC is an equivalence up to
retracts.

Proof. We just prove i) as ii) follows by dual arguments. By Theorem i), G is
semiseparable if, and only if, the monad (GF, GeF, n) is separable and K¢ is a bireflection
up to retracts. Moreover, by Corollary G is separable if, and only if, the monad
(GF,GeF,n) is separable and the comparison functor Kgp is fully faithful. Thus, G is
separable if, and only if, (GF, GeF,n) is separable and K¢ is a fully faithful bireflection
up to retracts. By Lemma v), the latter requirements on Kgp mean that it is an
equivalence up to retracts. O

Remark 5.21. Given an adjunction F' 4 G : D — C with unit 7 and counit €, in view of
Theorem and Corollary the following assertions hold true.

i) If G is faithful and the monad (GF, GeF,n) is separable, then the comparison functor
Kgr : D — Cqr is an equivalence up to retracts if, and only if, it is a bireflection
up to retracts.

i7) If F is faithful and the comonad (F'G, FnG, e) is coseparable, then the cocomparison
functor K¥¢ . ¢ — DFC is an equivalence up to retracts if, and only if, it is a
bireflection up to retracts.

We observe that Theorem [5.19]and Corollary [5.20| apply even if the relevant categories
are not idempotent complete. The following is an instance.

Example 5.22. We return to the example discussed in Subsection [3.1.1] Given a mor-
phism of rings ¢ : R — S, with S # 0 a free left R-module (i.e., S 2 R())), we know that
the free induction functor ¢} = S ®p (=) : RMf — s My is semiseparable if, and only if,
it is separable if, and only if, ¢ is a split-mono as an R-bimodule map; the free restriction
of scalars functor ¢, s : My — pMy is separable if, and only if, S/R is separable.

By Corollary ©sf is separable if, and only if, the monad go*fgo} =S®gr(—-):
rMy — rMy is separable and the comparison functor

Keo*fch tgMy — (RMf)SD*f‘P}’
N = SW s (0, (N), pug(er)n) =2 (R oup(er) g),

Is an equivalence up to retracts; the free induction functor ¢7% is separable if, and only if, the
comonad go}go* ¢t =S®rR(—): sMyp — gMy is coseparable and the cocomparison functor
KPI%0 5 pMy = (sM)PT%0, M 2= R o (@5(M), &5 n7)01) 2 (S, 0% (ny) ),
is an equivalence up to retracts. In view of Remark in case the monad @, e} is
separable, then the comparison functor K, 1% is an equivalence up to retracts if, and
only if, it is a bireflection up to retracts; since <p"JZ is semiseparable if, and only if, it
is separable, in case the comonad cp?gp* 7 is coseparable, then the cocomparison functor

K¥1%1 is an equivalence up to retracts if, and only if, it is a bireflection up to retracts.
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As a consequence of the properties proved so far we have the following result.

Corollary 5.23. [5, Corollary 3.7] Let F 4G : D — C be an adjunction with comparison
functor Kgp : D — Car and cocomparison functor K¥¢ : C — DFC.

i) Assume G is semiseparable. If Kgp has a left adjoint, then Kqr is a bireflection.
ii) Assume F is semiseparable. If K¥C has a right adjoint, then K¥C is a bireflection.

iti) (Cf. [74], Proposition, page 93] and [8, Proposition 2.16 (3)]) Assume G is separable.
If Kgr has a left adjoint, then Kgr is an equivalence (i.e., G is monadic)

iv) (Cf. [64, Proposition 3.16]) Assume F is separable. If K¥'C has a right adjoint, then
KFG is an equivalence (i.e., F is comonadic).

In case D (resp., C) is idempotent complete, if G (resp., F') is (semi)separable, then Kgp
(resp., K¥'C) has a left (resp., right) adjoint, so the previous assertions apply.

Proof. We just prove i) and iii), as i7) and iv) follow by dual arguments. If G is semisep-
arable (resp., separable), by Theorem (resp., Corollary we know that Kgp is a
bireflection up to retracts (resp., equivalence up to retracts). Then, if Kqp has a left ad-
joint, by Proposition Kgr is a bireflection (resp., equivalence). By Proposition if
D is idempotent complete, then Kgr has a left adjoint as it is a bireflection up to retracts
(resp., equivalence up to retracts). O

The next is an example of a coreflection (up to retracts) which is not an equivalence
(up to retracts) and not even a bireflection (up to retracts).

Example 5.24. [5, Example 3.8] (See also [61, page 144]) Consider the forgetful functor
G : Top — Set and its left adjoint F' : Set — Top which assigns to each set X the topological
space X equipped with the discrete topology (all subsets of X are open). This adjunction
defines on Set the identity monad I = (Idset,Id,Id). The Eilenberg-Moore category of
modules over I is then Set, thus the comparison functor Kgp : Top — Sety = Set is the
given forgetful functor G. Since the identity monad I is separable, by Theorem Kgr
is a coreflection up to retracts and then a coreflection either by Proposition as Top
has equalizers and then it is an idempotent complete category (cf. Example , or by
Proposition [5.6] as Kgr = G has a left adjoint. Since Kgp is not an equivalence, again by
Proposition it follows that K g is not even an equivalence up to retracts. By Corollary
we have that GG is not separable and, since G is faithful, G is not semiseparable by
Proposition Then, by Theorem [5.19] K5 is not even a bireflection up to retracts, and
hence not a bireflection by Proposition [5.9

5.3 Canonical factorizations of a semiseparable adjoint

In this section we compare the two canonical factorizations attached to a semiseparable
right adjoint G : D — C, namely the one through the coidentifier category and the one
through the Eilenberg-Moore category, showing they are connected by an equivalence up
to retracts.

Let F 4 G : D — C be an adjunction. We have seen that if the right adjoint G is
semiseparable, then it admits two canonical factorizations as a bireflection up to retracts
followed by a separable functor, namely G = G. o H (cf. Theorem and Theorem

5.14)) and G = Ugp o Kgp (cf. Theorems and [5.19)). Similar factorizations have been
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obtained also for the left adjoint F' in case it is semiseparable, as the following diagrams
show.

D, G Car Ce F pré
PN

We now compare these factorizations. We say that a functor F' : C — D lifts idempo-
tents whenever each idempotent morphism in D is of the form F'(q) for some idempotent
morphism ¢ in C.

Lemma 5.25. Let F : C — D be a functor that lifts idempotents. If C is idempotent
complete, then so is D.

Proof. Let F : C — D be a functor that lifts idempotents morphisms and assume that
C is idempotent complete. If d : D — D is an idempotent morphism in D, then there
is an idempotent morphism ¢ : X — X in C such that d = F(q). Since C is idempotent
complete we have that ¢ = ¢op, for some morphisms p: X — X’ and i : X’ — X such that
poi = Idxs. Then, d = F(q) = F(iop) = FioFpand FpoFi = F(poi) = F(Idx:) = ldpx,
so that the idempotent d in D splits. Thus, D is idempotent complete. ]

Remark 5.26. Any fully faithful functor F' : C — D lifts idempotents of the form d : F X —
FX. In fact, if d : FX — FX is an idempotent morphism in D, then it is of the form
F(q) for some morphism ¢ : X — X in C, since F is full. We have F(¢) =d =dod =
F(q)o F(q) = F(qoq), hence ¢ = qoq as F is faithful.

Lemma 5.27. [5 Lemma 3.13] Let C be a category and let e : Id¢ — Id¢ be an idempotent
natural transformation. Then, the quotient functor H : C — C. lifts idempotents. As a
consequence, if C is idempotent complete so is the coidentifier category Ce.

Proof. Let h : C — C be an idempotent morphism in C,. Then hoh = h, i.e. hoh =h
and hence ecohoh =¢ecoh. Set ¢g:=ecoh:C — C. Then, gog=ecohoecoh =
ecoecohoh =ecohoh =ecoh = ¢, hence ¢ is an idempotent morphism in C. Moreover,
Hq=7q=ecoh=h. The last statement follows from Lemma O

Lemma 5.28. [5, Lemma 3.14] Let G: D — C and U : C — C' be functors.

i) If G is a (co)reflection and U is conservative, then U is an equivalence if, and only
if, Uo G is a (co)reflection.

ii) If G is a (co)reflection up to retracts and U is separable, then U is an equivalence
up to retracts if, and only if, U o G is a (co)reflection up to retracts.

Proof. Set G :==U oG.

i). Since U is conservative, if G’ is a coreflection, by [9, Corollary 4.9], which is a
consequence of [16, Lemma 1.2], we get that U is an equivalence. Conversely, if U is
an equivalence then it is in particular a coreflection and hence, by Remark G'is a
coreflection as a composition of coreflections. The statement in case GG is a reflection is
proved dually.

i1). If U is separable, then by Corollary U? is conservative, thus we have that
(G’)h = U o G%, where G! is a (co)reflection and U? is conservative. By i), we get that
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U% is an equivalence (i.e., U is an equivalence up to retracts) if, and only if, (G’ )h is a
(co)reflection (i.e., G’ is a (co)reflection up to retracts). O

Proposition 5.29. [5, Proposition 3.15] Let F' : C — D be a bireflection up to retracts
and let e : Ide — Id¢ be its associated idempotent natural transformation. Consider the
corresponding factorization F = F, o H, where H : C — C, is the quotient functor onto
the coidentifier category. Then, the unique functor F, : C. — D is an equivalence up to
retracts. If C is idempotent complete, then F, is an equivalence.

Proof. If F is a bireflection up to retracts, it is a semiseparable (co)reflection up to re-
tracts by Lemma i77). In particular, F admits the associated idempotent natural
transformation e : Ide — Ide by Proposition By Theorem there is a factor-
ization F' = F, o H for a unique functor F, : C. — D which is separable. Since H is a
(co)reflection up to retracts by Theorem and F, is separable, then by Lemma We
get that F, is an equivalence up to retracts.

If C is idempotent complete so is C. by Lemma Then Fp is an equivalence in view
of Proposition [5.9] O

Example 5.30. [5, Example 3.16] Let F': C — D be a bireflection up to retracts. Thus,
F':C% — D' is a bireflection. In particular, by Lemmait is a bireflection up to retracts
whose source category C? is idempotent complete. By Proposition m (Fqy : (CHy —
D! is an equivalence where a : Ids; — Idgy is the idempotent natural transformation
associated with F%. By definition and from the proof of Proposition we get that

; .
ace) = Ple.ec.oIdr(ce) = Ploo o Idrereg) = Péc(Fe) = PEc(dpo)oc = egoc

so that o = e, where e : Ide — Ide is the idempotent natural transformation associated
with F. This shows that (F?). : (C%),s — D' is an equivalence and hence D = (CY),s.

In particular, in Theorem [5.14]we proved that H : C — C, is a bireflection up to retracts.
By the foregoing, (H").: : (C%)s — (Ce)? is an equivalence and hence (C.)? 2 (C?),:.

We are now able to compare the two relevant factorizations.

Proposition 5.31. (Cf. [5, Proposition 3.17], [4, Remark 2.10]) Consider an adjunction
FAG:D—=C.

i) If G is semiseparable and e : Idp — Idp is the associated idempotent natural
transformation, then there is a unique functor (Kgr), : D. — Cgr such that
(Kgr), o H = Kgr and Ugr o (Kgr), = Ge, i.e. the diagram

D2 ._p,

KGFl (KGF)e iGe (5.1)
¥

Car —C
Ucr

commutes, where H : D — D, is the quotient functor onto the coidentifier category.
Moreover, the functor (Kgr), is an equivalence up to retracts. If D is idempotent
complete, then (Kgr), s an equivalence of categories.
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ii) If F' is semiseparable and e : Id¢ — Idc is the associated idempotent natural transfor-
mation, then there is a unique functor (K¥%), : Co — DFY such that (KF%), o H =
KFG and UFC o (KFC), = F., i.e. the diagram

KFGl (KFG), iFe (5.2)

commutes, where H : C — C, is the quotient functor onto the coidentifier category.
Moreover, the functor (KFG)e is an equivalence up to retracts. If C is idempotent
complete, then (KT'C), is an equivalence of categories.

Proof. We just prove i) as i) follows by dual arguments. Assume G is semiseparable with
associated idempotent natural transformation e : Idp — Idp. Then, by Theorem
there is a unique functor G : D, — C (necessarily separable) such that G = G. o H,
where H : D — D, is the quotient functor onto the coidentifier category D., which in
turn is naturally full. By Theorem 1) G also factors as Ugp o Kgp, where Ugp is
separable and Kgp is naturally full. These two factorizations of G as a naturally full
functor followed by a separable one are related, in view of Theorem by a unique
functor (Kgr)e : De — Car (necessarily fully faithful) such that (Kgr)e o H = Kgr and
Ugro(Kgr)e = Ge. Furthermore, by Theorem G and Kgr have the same associated
idempotent natural transformation e. Thus, the factorization Kgr = (Kgr), o H is
necessarily the one of Proposition [5.29] once observed that Kgp is a bireflection up to
retracts by Theorem As a consequence (Kgr), is an equivalence up to retracts (an
equivalence in case D is idempotent complete). O

We observe that it is possible to give a different proof of Theorem by first show-
ing that (Kgr), and (K¥%), are equivalences up to retracts. To this aim we need the
following lemma.

Lemma 5.32. [5, Lemma 3.18, Lemma 3.19]

i) Given a category D and an idempotent natural transformation e : Idp — Idp,
consider the quotient functor H : D — D.. Let G. : D, — C be a functor.
If G :== Geo H : D — C has a left adjoint F with unit n and counit €, then
Le:=HoF :C — D, is a left adjoint of G, with unit ne and counit €. uniquely
defined by the identities no = n and e.H = He. Moreover, the adjunctions (L., Ge)
and (F, G) have the same associated monad (whence Cq, 1, = Car) and the respective
comparison functors are related by the equality Kg,1, o H = Kgr.

H
D,
X@F %M

D
Fl4G Caor =Ca,L, Le|H|Ge

C 1d C

1) Given a category C and an idempotent natural transformation e : Ide — Ide, consider
the quotient functor H : C — C.. Let F, : Cc — D be a functor. If F := F, o H
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C — D has a right adjoint G with unit n and counit €, then R. == Ho G : D — C,
is a right adjoint of F, with unit n. and counit ¢, uniquely defined by the identities
neH = Hn and €. = €. Moreover, the adjunctions (Fe, R.) and (F,G) have the
same associated comonad (whence DFeRe = DFC) and the respective cocomparison
functors are related by the equality KFefte o H = KFG,

D
G

DFG — DFERE Feo|4|Re

H
Ce

Proof. We just prove ) as ii) follows by dual arguments. Given € : FG — Idp we have
He: HFG — H. By the universal property of the coidentifier, since (L.Ge) o H = HFG
and Idp, o H = H, we have (HFG), = L.G. and H, = Idp, and hence there is a unique
natural transformation €. : LG, — Idp, such that e.H = He (see Lemma . Since
GeoL.=G.0HoF =(GoF, we define 1, :=n. Then, we have

D Id

Fiq
C

GeeeH oneG.H = GcHeon.Gc.H = GeonG = 1dg = Idg, p-
Since H is the identity on objects, we deduce that G.e. o .G = Idg,. Moreover
€eLeoLene =€cHF o HFne = HeF o HFn = Hldp = Idgr = 1dz, .

Since GcL. = GF, GeeeLe = Gee . HF = Go.HeF = GeF and n. = 1 we have that the
adjunctions (Le,Ge) and (F,G) have the same associated monad. Thus Cq.r, = Car.
Note that

KGeLeHX = (GQHX, GeeeHX) = (GeHX, GeHex) = (GX, GEX) = KGFX,
Kg. . Hf = GHf=Gf=Kgrf,

so that Kqg.r, o H = Kgr. (]
Proposition 5.33. Let FF 4G : D — C be an adjunction.

i) If G is semiseparable with associated idempotent natural transformation e : Idp —
Idp, then the functor (Kqr), given as in Proposition i) is an equivalence up to
retracts. As a consequence, Kap is a bireflection up to retracts.

ii) If F 1is semiseparable with associated idempotent natural transformation e : Ide —
Ide, then the functor (KT, given as in Proposition i1) s an equivalence up
to retracts. As a consequence, K¥G s a bireflection up to retracts.

Proof. We prove only i) as i7) follows by dual arguments. If G is semiseparable, then by
Theorem there is a unique functor G, : D, — C (necessarily separable) such that
G = Gg o H, where H : D — D, is the quotient functor onto the coidentifier category D..
By Lemma the adjunctions (L. := H o F,G,) and (F,G) have the same associated
monad (whence Cq, 1, = Cqr) and the respective comparison functors are related by the
equality Kg,r. o H = Kgr. The functor (Kgr), : De — Cqr of Proposition is
uniquely determined by the equality (Kqr), o H = Kgp, so we get (Kgr), = Ka, 1.
Since G, is separable, by Corollary i) the functor Kq, 1, is an equivalence up to
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retracts and then so is (Kgr),. Since by Theorem the functor H is a coreflection up
to retracts, then from the equality (Kgr), o H = Kgr by Lemma we conclude that
Kgr is a coreflection up to retracts, whence a bireflection up to retracts, as by Theorem

2.47 1) Ko is naturally full. ]
) y

As a consequence of Lemma [5.32] we have the following description of the separable
functor G, (resp., Fe) involved in the factorization G = G.H (resp., F' = F.H) of Theorem
for a semiseparable right (resp., left) adjoint functor G (resp., F).

Corollary 5.34. Let F 4G : D — C be an adjunction.

i) Assume G is semiseparable with associated idempotent natural transformation e :
Idp — Idp and consider the factorization G = Ge o H. Then, G, =3 GL, where
L :D — D, is the semifunctor of Example [].38

ii) Assume F' is semiseparable with associated idempotent natural transformation e :
Id¢e — Ide and consider the factorization FF = F, o H. Then, F, =, FL, where
L :C — C. is the semifunctor of Example[{.38.

Proof. From Example we know that L 4y H -5 L : D, — D is a semiadjoint triple.
i). Assume G is semiseparable with associated idempotent natural transformation e :
Idp — Idp. By Corollary[4.33|from F 4 G and H s L we get a semiadjunction HF -5 GL.
By Lemma i) we know that HF -4 G., where G, is the separable functor in the
factorization G = G, o H. By Proposition we have G, =, GL.

i7). It follows by dual arguments. O

5.4 Completion of Kleisli and Eilenberg-Moore categories

As an application of the results concerning conditions up to retracts, we now consider
the Kleisli construction for a monad (T,m : TT — T,n:Id¢ — T) on a category C recalled
in Subsection We prove that, given an adjunction, the semiseparability of the right
adjoint provides an equivalence after idempotent completion between the associated Kleisli
category T-Freec and Eilenberg-Moore category Ct. As a consequence, these categories
are also equivalent up to retracts to the coidentifier category attached to the semiseparable
right adjoint.

Recall that the canonical functor
Jt: T-Freec = Ct, Cw— (TC,m¢g), [f:C - D]l mpoT(f),

is fully faithful. The following result shows that, in case the monad T is separable, the
functor Jt is indeed an equivalence up to retracts.

Proposition 5.35. [5, Proposition 3.20] Let (T,m,n) be a separable monad on a category
C. Then, the canonical functor Jt : T-Freeec — Ct is an equivalence up to retracts. In
particular, T-Freeg = Cgl—.

Proof. By Lemma, the separability of the monad (T, m,n) is equivalent to the separa-
bility of the forgetful functor Ut : Ct — C, hence, by Theorem this is also equivalent
to the fact that the counit 8 : VxUt — Id¢, of the adjunction (V7,UT) is a split natural
epimorphism. Thus, we get that V7t is surjective up to retracts, and hence so is Jt in
view of the equality V& = Jt o V1. Since Jt is also fully faithful, we have that it is an
equivalence up to retracts by Lemma v). O
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The previous result applies to the particular case of a monad defined by an adjunction.

Proposition 5.36. [5, Proposition 3.21] Let F 4 G : D — C be an adjunction. Assume G
18 a semiseparable functor with associated idempotent natural transformation e. Consider

the diagram
Vér c Ucr
=
GF -Freec Ton D \KGF/CG F
H (Kar)e

De

(5.3)

where H is the quotient functor into the coidentifier category. Then, the composite functor
Kagr o Lar : GF-Freee — Car is an equivalence up to retracts. Moreover, also the
composite H o Lgr : GF-Free¢c — D, is an equivalence up to retracts, hence

GF—FreehC >~ DE >~ CHGF.

Proof. Since GG is semiseparable, by Lemma i) the associated monad (GF,GeF,n) is
separable. By Proposition [5.35] we get that the composite functor Kgr o Lgr = Jor :
GF-Free¢c — Cqr is an equivalence up to retracts.

Moreover, by Proposition there is a unique functor (Kgr), : De — Cgqr such that
(Kgr), o H= Kgr and Ugr o (Kgr), = Ge, and in particular (Kgr), is an equivalence
up to retracts, so the fact that H o Lgp is an equivalence up to retracts follows from the
equality (Kgr):o (H o Lgr)* = (Kgr o Lar)*. o

As a consequence of Proposition we recover [13, Lemma 2.10], see also [12], Theo-
rem 5.17 (d)] in the setting of idempotent complete suspended categories, and [33, Theorem
1.6] in the setting of idempotent complete triangulated categories.

Corollary 5.37. (Cf. [13, Lemma 2.10]) Let F' 4 G : D — C be an adjunction with
G separable. Then, the functors Lgr : GF-Freec — D and Kgr : D — Cqr are both
equivalences up to retracts. Moreover, if D is idempotent complete, then G is monadic,
i.e. Kgr:D — Car is an equivalence.

Proof. Since G is a separable functor, then, by Corollary the associated idempotent
natural transformation e : Idp — Idp is the identity Idiq,,, and hence the quotient functor
H : D — Dy is an equivalence (cf. Remark . Thus, by Proposition Lagr :
GF-Freec — D results to be an equivalence up to retracts. Concerning Kgp, it is an
equivalence up to retracts, in view of Corollary [5.20] Furthermore, by Corollary it is
an equivalence if D is idempotent complete. O

5.5 Pre-triangulated categories and semiseparability

In this section we extend to semiseparable functors a result shown by P. Balmer in [12]
for separable functors in the context of pre-triangulated categories.

We recall from [12], Section 1] the following definitions. A suspended category (C,X) is
an additive category C endowed with an autoequivalence 3 : C — C, called the suspension.
For simplicity we consider ¥ as an isomorphism, i.e. " 1oX =Ide =X o XL

Given a suspended category (C,Y), a (candidate) triangle in C (with respect to X)) is a
diagram of the form

X sy 27 Ys¥X.
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where u,v,w are morphisms in C. The morphism u : X — Y is called the base of the
triangle. A morphism (f, g, h) of triangles in C is a commutative diagram of the form

XY "> 7-"-¥%X

N

X ey ez e vX

where each row is a triangle in C. If the morphisms f, g and h are isomorphisms in C, then
the morphism (f, g, h) of triangles in C is called an isomorphism of triangles.

Definition 5.38. (See [73, Definition 1.1.2], [I2 Definition 1.3]) A pre-triangulated cat-
egory C is a suspended category (C, ) together with a class of triangles (with respect to
Y), called distinguished triangles, satisfying the following axioms:

TO0) Any triangle which is isomorphic to a distinguished triangle is a distinguished trian-

gle. The triangle
Tdx

X X 0 X

is distinguished.
T1) For any morphism f : X — Y in C, there exists a distinguished triangle of the form

xtLoy Z $X,

i.e., every morphism in C is the base of some distinguished triangle.

T2) Given two triangles
XY "+ 7-"-3%X

and

Yy %z Moyvx Ly,

if one is a distinguished triangle, then so is the other.

T3) For any commutative diagram of the form

!

D /L )

where the rows are distinguished triangles, there is a morphism h : Z — Z’ in C, not
necessarily unique, which makes the diagram

XY "> 7-">%X

RN P

/

X =Y =7 —>3X'

commutative.

Remark 5.39. The suspension ¥ : C — C is not required to be additive as ¥ is part of an
adjunction with C additive and, whenever F' 4 G : D — C is an adjunction with C and D
additive, then both F' and G are additive, see e.g. [76, Corollary 1.3, page 68].



5.5. Pre-triangulated categories and semiseparability 137

Remark 5.40. Given a distinguished triangle X —=Y —%= 7 —“= ¥ X , then vou = 0,
wov =0 and Yuow =0, see [(3, Remark 1.1.3].

In Example we have recalled the notion of semisimple category. By [49, Theorem
5.3] a category which is pre-triangulated and abelian results to be semisimple.

A functor between pre-triangulated categories is called exact if it commutes with the
suspension and preserves distinguished triangles. It is known that an exact functor of
pre-triangulated categories is additive, see e.g. [80, Lemma 05QY].

We recall some results concerning the coidentifier category.

Lemma 5.41. [5, Lemma 3.24] Let C be a category and let e : Ide — Id¢ be an idempotent
natural transformation.

i) If C is pointed (i.e., it has a zero object), so is the coidentifier Ce.

i1) If C is (pre)additive, so is the coidentifier C and the functor H : C — C. is an
additive functor.

Proof. Recall from Subsection that C. is the quotient category C/~ where ~ is the
congruence relation given, for all f,g: X — Y inC by f~g if, and only if, ey o f = ey og.

i). If 1 is a terminal object in C, then the set Hom¢(C, 1) is a singleton, for every object
C € C. Since Homg, (C,1) = Home(C, 1)/ ~, we have that Home, (C,1) is a singleton.
Thus, 1 is terminal also in C.. Similarly, an initial object in C is initial also in C.. A zero
object is both a terminal and an initial object, thus a zero object in C is also a zero object
in Ce.

i1). If C is (pre)additive, for any X,Y € C the set Hom¢(X,Y) is an abelian group
via a binary operation 4+ and the composition of morphisms is bilinear. Note that ~ is
an additive congruence relation. In fact, for all f,g,f',¢' : X — Y in C, if f ~ f’ and
g~¢g,theneyof=eyof andeyog=eyog sothateyo(f+g)=eyof+eyog=
eyof ' +eyog =eyo(f+¢g) and hence (f + g) ~ (f' +¢'). It is known that the
quotient category of a (pre)additive category modulo an additive congruence relation is
also (pre)additive and the quotient functor H is an additive functor. O

Lemma 5.42. [5 Lemma 3.25] Let C be a category and let e : Id¢ — Ide be an idempotent
natural transformation. If C has an endofunctor ¥ such that Ye = eX, then the coidentifier
Ce has an endofunctor %, such that H oY = ¥, 0 H, where H : C — C, is the quotient
functor. Moreover, if C is a (pre)additive category, then X, is an additive functor whenever
> is.

Proof. We have HY.e = HeY. = Idy o X = Idgy; so that, by Lemma there is a unique
functor X : C. — C, such that HoX» = ¥.0 H. Since H acts as the identity on objects, we
get that ¥, acts as ¥ on objects. Moreover, . f = S . Hf = HXf = X f. Assume that C
is a (pre)additive category and X is an additive functor. Since ¥, (7 + y) =Y (W) =

S(f+9) =Sf+3g=3f+3Xg=3.f+ X7, we get that ¥, is additive. O

Corollary 5.43. Let C be a suspended category and let e : Ide — Ide be an idempotent
natural transformation which commutes with the suspension, i.e., Ye = eX. Then, the
coidentifier category C. is suspended.

Proof. Assume that C is suspended, through an autoequivalence ¥ such that Ye = e3.
Then, by Lemma the coidentifier C, is additive, and the quotient functor H : C — C.
is additive. By Lemma the coidentifier C. has an endofunctor Y, such that H o ¥ =
Y.oH, and ¥, is an additive functor as so is . From Ye = eX we deduce eX ™! = X7 le, so

by Lemma we also have an endofunctor 37! such that HoX ™! = ¥ 1o H. We compute
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EeoZ;loH: YeoHoY 1=HoYox! = H =1d¢, o H and hence Eeozgl =1Id¢, in
view of Lemma [2.30l Similarly, ¥-!'oY.0H =Y loHoY = HoX oY = H =1d¢, o H,
so that X! o X, = Idg,, thus X, is an isomorphism. O

5.5.1 Stably semiseparable functors and stable (co)monads

Following [12] Section 2], if C and D are suspended categories, we say that F 4G : D —
C is an adjunction of functors commuting with the suspension when both F and G commute
with the suspension and we tacitly assume that the unit n and counit € commute with
the suspension as well. In this case, the monad (GF,GeF,n) is stable, meaning that the
functor GF : C — C, the multiplication GeF and the unit 7 commute with the suspension.
More generally, a monad (T,m,n) on a category C is stable when the functor T : C — C,
the multiplication m and the unit n commute with the suspension. Similarly, one can
define a stable comonad on a category.

We adapt the notion of stably separable functor [12], Definition 3.7] to the semiseparable
case. Let (C,X) and (C',Y') be suspended categories. If a functor G : C' — C commutes
with the suspension, i.e. G oY = Y oG, we say that G is stably semiseparable if it
is semiseparable through some P)GQY : Home (GX,GY) — Home (X,Y) that commutes
with the suspension, i.e. such that the diagram

PSy
HOch(GX, GY) , Hom(y (X, Y)
fgxycyl - lf)%fy (5.4)
Home (EG X, EGY) =—— Home (GY'X, GY'Y) ~ Home (X' X, ¥'Y)

is commutative, that is, PS, ¥ E’Y‘FC%X,GY = F)E(:YP)GQ% for every X,Y € C'. Analogously,
one can define the notions of stably naturally full and stably fully faithful functor. We
observe the following facts.

Remark 5.44. Any fully faithful functor G : C" — C which commutes with the suspension is
stably fully faithful. Indeed, for every f: GX — GY in C, we have (]—"g, Xy © Pg, Xy ©

Foxov)f) = Foxav(f) = Bf = SFEy(PEy(f)) = SGPEy(f) = GEPEy(f) =
(.FS,XE,Y o .F)E(:Y o P§7y)(f), hence, since F¢ is bijective, we get PZG,X,E,Y o ]:(E;XGY =
]—“)E(:Y ° P)Ciy, so that G is stably fully faithful.

Lemma 5.45. Let (C,Y), (C',Y) and (C",X") be suspended categories. Consider functors
F:C" = C and G :C' — C commuting with the suspension.

i) If F is stably semiseparable and G is stably separable, then GF is stably semisepa-
rable.

1) If F' is stably naturally full and G is stably semiseparable, then GF' is stably semisep-
arable.

Proof. In both items by Lemma we know that G o F' is semiseparable through P)Cgﬁ; =
PX yPfx py- Consider the diagram (5.4) for the composite functor Go F : C” — C. Then,
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in both cases the following diagram

PG PE
Hom¢(GFX,GFY) ——""  Home (FX,FY) = > Homen(X,Y)
}—gFX,GFY\L
Hom¢ (XGFX,XGFY) Fixry
Home(GY/ FX,GY'FY) L Home (X' FX, Y/ FY)
H sz”X,Fz” H Pg”x,z”y

Home(GFY'X,GFY"Y) Home/ (F2" X, FY"Y)

HOI’IIC// (E”X, E”Y)
commutes, as the inner rectangles are commutative, hence GF' is stably semiseparable. [J

Unless otherwise specified, hereafter we denote all suspensions by the same letter X.

Lemma 5.46. [5, Lemma 3.26] Let F : C — D be a stably semiseparable functor. Then,
the associated idempotent natural transformation commutes with the suspension.

Proof. By definition, F' is semiseparable through some P such that PL X3y © f§X7 Fy =
]—}%Y ° Pfgy. Consider the associated idempotent natural transformation e : Ide —
Ide which is defined by setting ex := P)I?’X (Idpx) for every X in C. Then Yeyx =
F )E(,XP)F(,X (IdFX ) = ng,zxf IXW:X,FY (IdFX ) = 7:'SX,EXE(IdFX ) = ng,zx (IdEFX) =

PgX’EX (Idpyx) = exx and hence Ye = eX, i.e. e commutes with the suspension. O

Moreover, given a suspended category C, a stable separable monad (T, m,n) on C,
through a section o, is said to be stably separable [12), Definition 3.5] if o commutes with
the suspension. Dually, a stable coseparable comonad (L, A ¢) on C, through a retraction
T, is said to be stably coseparable if T commutes with the suspension.

Lemma 5.47. Let FF 4 G : D — C be an adjunction of functors between suspended
categories commuting with the suspension.

i) If G a is stably semiseparable functor, then the monad (GF,GeF,n) is stably sepa-
rable.

ii) If F a is stably semiseparable functor, then the comonad (FG,FnG,e) is stably
coseparable.

Proof. We only show i) as ii) follows by dual arguments. By Lemma (GF,GeF,n)
is a separable monad through the section ¢ := GyF : GF — GFGF where v : Id — FG
is defined by vx := Px,rax(ngx). Moreover, GF' is a stable monad. Thus,

osx = Gyrex = GPryx,rarsx (Marsx) = GPsrxsrarx (sarx)
= GPsrxxrarx(Xnarx) = GXPrx,rarx(Narx) = GXvrx = XGyrx = Yox,

and hence o commutes with the suspension, obtaining that it is a stably separable monad.
O

We now recall Balmer’s [I2, Theorem 4.1] and we prove the announced analogue for
semiseparable functors.



140 5. Conditions up to retracts

Theorem 5.48. [12, Theorem 4.1] Let C be a pre-triangulated category and let D be an
idempotent complete suspended category. Let F' 4 G : D — C be an adjunction of functors
commuting with the suspension. Assume that the stable monad GF : C — C is an exact
functor and that G is stably separable. Then, D is pre-triangulated with distinguished
triangles being exactly the ones whose image through the functor G is distinguished in C.
Moreover, with this pre-triangulation both functors F' and G become exact.

Theorem 5.49. [5, Theorem 3.27] Let C be a pre-triangulated category and let D be an
idempotent complete suspended category. Let F' 4 G : D — C be an adjunction of functors
commuting with the suspension. Suppose that the stable monad GF : C — C is an exact
functor and that G is a stably semiseparable functor with associated idempotent natural
transformation e : Idp — Idp. Then, the coidentifier D, is idempotent complete and pre-
triangulated with distinguished triangles being exactly the ones whose image through the
functor G, : Do — C (determined by the factorization G = G, o H) is distinguished in C.
Moreover, with respect to this pre-triangulation, both functors G. : De — C and its left
adjoint L. : C — D, become exact.

Proof. Since G is stably semiseparable, by Lemma [5.46] the associated idempotent natural
transformation e : Idp — Idp commutes with the suspension, i.e., €3 = Ye. Then, by
Corollary the coidentifier category D, is suspended through ¥, such that H o ¥ =
Y. o H, where H : D — D, is the quotient functor, and by Lemma it is idempotent
complete.

Since G is semiseparable, by Theorem [2.33] it factorizes as G = G o H for a unique
separable functor G, : D, — C. Moreover, G, is separable via PGe defined by 7323(7 oy =
f)fgyoP)G( y forall X,Y in D. Since G’ commutes with the suspension, we have G.oX¥.0H =
GEJDHOE’: GoXY = XoG = YoG.0H and hence, in view of Lemma[2.30} GeoX = X0G,,
i.e. G, commutes with the suspension as well. Now consider the composite functor L, =
HoF : C — D, which is the left adjoint of G, with unit 7, and counit €, given as in Lemma
Then, YeoLe=Y,0cHoF=HoYoF=HoFoX =L.,oX, so that L, commutes
with the suspension as well. Note that €.X.H = ¢, HY = HeX = HYe =Y .He = Yce. H,
so that €.%, = Y.€.. Moreover, 1.3 = 13 = X = ¥1n.. Thus, also the unit and counit of
the adjunction (L., G.) commute with the suspensions. Hence L, 4 G, is an adjunction of
functors commuting with the suspension. By Remark both G and L. are additive.
By Lemma the adjunctions (L., G.) and (F,G) have the same associated monad.
As a consequence, we get that G.L, = GF is a stable monad and an exact functor as by
assumption so is GF. We have fg}’HYPESQHY = fg},HYf)IéYP)G(’Y = .7:)%577)%3/ =

f%%ﬁy = ]'—gx,zyf)%,yp)%y = fgx,zypgx,zyfgx,cy = Pgezx,szfaHX,GeHY =
PEG:HX,EeHY}—geHX,GeHYv for all X,Y in D. Since H is surjective on objects, this means
that f;fypgfy = PS:X zeyf(EJeX,GeY for all X,Y in D,, i.e., G, is a stably separable
functor. Then, we can apply Theorem to the adjunction L, 4+ G, : D, — C. As a
consequence, the coidentifier D, is pre-triangulated with distinguished triangles A being
exactly the ones whose image G.(A) through the functor G, : D, — C is distinguished
in C. Moreover, with respect to this pre-triangulation, both functors G, : D, — C and
L. : C — D, become exact. ]

Pre-triangulation on the Eilenberg-Moore categories

In [I2 Definition 2.4], it is claimed that, when C is a suspended category with the
suspension X, and T is an additive stable monad on it, then the Eilenberg-Moore category
Ct of T-modules inherits a structure of suspended category such that VT 4 U+t : C+ — C
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is an adjunction of additive functors commuting with the suspension. Explicitly, the
suspension X7 : Ct — C7 is defined by

S (C,p) = (SC,Su: XTC = TEC — £C),

S (f) = £F - (2C,5p) - (50", 54, 59
for every object (C, 1) and every morphism f : (C,u) — (C’, 1) in Cr.
Given a monad T on a triangulated category C, in [33] the authors investigate whether
the Eilenberg-Moore category Ct inherits the structure of triangulated category from C:
this seems to rarely occur, and they quote [12] as a particular occurrence.
In the following result, as a consequence of Theorem [5.49] we show that Cgp inherits
the structure of pre-triangulated category from C.

Corollary 5.50. [5, Corollary 3.29] Let C be a pre-triangulated category and let D be an
idempotent complete suspended category. Let F' 4 G : D — C be an adjunction of functors
commuting with the suspension. Suppose that the stable monad GF : C — C is an exact
functor and that G is a stably semiseparable functor with associated idempotent natural
transformation e : Idp — Idp. Then, the FEilenberg-Moore category Cap is idempotent
complete and pre-triangulated with distinguished triangles being exactly the ones whose
image through the forgetful functor Ugr : Car — C is distinguished in C. Moreover, with
respect to this pre-triangulation, both the functor Ugr : Car — C and its left adjoint Vaor :
C — Cqr become exact. Furthermore, there is a unique exact equivalence of categories
(KgF), : De = CaF such that (Kgr), o H = Kgr and Ugr o (Kgr), = Ge.

Proof. Assume that G is stably semiseparable with associated idempotent natural trans-
formation e : Idp — Idp. By Proposition [5.31] i), there is a unique functor (Kgr), :
D, — Cgr such that (Kgr), o H = Kgr and Ugr o (Kgr), = G.. Moreover, since
D is idempotent complete, then the functor (Kgr), is an equivalence of categories. By
Lemma D, is idempotent complete, hence also Cop becomes idempotent complete.
Since C is pre-triangulated, it is suspended, and the monad (GF,GeF,n) is stable as
F 4 G : D — C is an adjunction of functors commuting with the suspension. More-
over, the functor GF' : C — C is additive being an exact functor between pre-triangulated
categories. Thus, the Eilenberg-Moore category Cop inherits a structure of suspended
category through the suspension Ygp (see (5.5)) such that Vgp 4 Ugr : Cqr — C is
an adjunction of additive functors commuting with the suspension. Also the comparison
functor Kgp : D — Cqr commutes with the suspension. Indeed,

(Ber o Kar) (D) =Xqr (GD,Gep) = (EGD, XGep) = (GED, GXep)
= (GXD,Gexp) = (Kgr o X) (D),

and (Xgro Kar) (f) =3ar (Gf) =XGf = GEf = (Kgr o X) (f). Note that the monad
(GF,GeF,n) is stably separable in view of Lemma i). By [12, Proposition 3.11], this
means that Ugp : Car — C is a stably separable functor.

Then, Theorem applied to the adjunction Vgr 4 Ugr yields a pre-triangulation
on Cqr, with distinguished triangles A being exactly the ones such that Ugr (A) is distin-
guished in C. Moreover, with respect to this pre-triangulation, both functors Ugr and Vg
become exact. Note that Xgro (Kgr), 0 H = XgroKgr = KgroX = (Kgr),0cHo¥X =
(Kgr), © 3¢ o H and hence YXgr o (Kgr), = (Kgr), © Xe, i.e. the equivalence (Kgr),
commutes with the suspension.

To check that (Kgr), is exact (hence additive), it remains to prove that it preserves
distinguished triangles. Let A be a distinguished triangle in D,. Then, by Theorem [5.49
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Ge (A) is distinguished in C. Since Ugr o (Kgr), = Ge, we get that Ugr (Kar), (A)) is
distinguished in C. By definition of pre-triangulation on Cgr we obtain that (Kgr), (A)
is distinguished in Cqp. Thus, (Kgr), is exact. O

As pointed out in [I2, Remark 5.19], one can obtain similar results for the Eilenberg-
Moore category of | -comodules over a comonad |, and we can also obtain the dual of
Theorem and Corollary We include the proofs for the reader’s sake. We first
need the following dual of Theorem [5.48] whose proof follows by similar arguments.

Theorem 5.51. (Dual of [I2, Theorem 4.1]) Let D be a pre-triangulated category and let
C be an idempotent complete suspended category. Let F 4 G : D — C be an adjunction
of functors commuting with the suspension. Assume that the stable comonad FG : D —
D is exact and that F is a stably separable functor. Then, C is pre-triangulated with
distinguished triangles being exactly the ones whose image through F' is distinguished in
D. Moreover, with this pre-triangulation both functors F and G become ezxact.

Proof. Let us verify axioms T0)-T3) of Definition We recall that by Remark
the functor F' is additive.

T0). Let A := (X Ly Lzhsx ) be a triangle in C isomorphic to a distinguished

triangle A" := ( X’ Ly &g sy ) in C (i.e., the triangle F'(A’) is distinguished in
D). Since F(A) = F(A’) and D is pre-triangulated, then F'(A) is distinguished in D, so

Id
A is distinguished in C. Moreover, the triangle X — X — 0 — XX is distinguished in

C, as so is the triangle FXIdii(FX%FO =0—FYXX=%YFX inD. 3
T1). Let f: X — Y be a morphism in C and consider a distinguished triangle A in
the pre-triangulated category D with base F'f:

A=(FX FY —=7 —=YFX).
Ff g h

By naturality of v : GF' — Id¢, n : Id¢ — GF', and by v o7 = Idjq,, we have the diagram

x—1 .y —o ~TX

lnx lny lznx
G(A) : arx SFLapy 9 gz G gspx Lsarx

TR

x—1 vy - - DX,

where the morphism f : X — Y is a direct summand of the morphism GF'f in C. Since

FG is exact, then FFG(A) is distinguished in D, so G(A) is distinguished in C. By [12,
Lemma 1.6 (d)] there is an idempotent e = (nxvx,nyvy,r) = €2 in C of the distinguished

triangle G(A):
arx L ary 9. gz varx

l”?XVX lﬁyl’y iﬂr:rQ lZnXVX
Ff

arx L ary 9. gz S yarx.

Since C is idempotent complete, [12, Proposition 1.10] gives a decomposition G(A) =
A @ A/, for triangles A and A’ corresponding to the idempotents e and Id — e, re-
spectively. By construction, the summand A corresponding to e has the form A =
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(X Sy o, Im(r) NS 35’ ), where g = rG(§)ny and h = XvxG(h)r. Since FG is

exact, the triangle FG(A) is distinguished in D. Since FG(A) = F(A)& F(A’) and by [73]
Proposition 1.2.3] a direct summand of a distinguished triangle in the pre-triangulated cat-
egory D is distinguished, we get that F'(A) is distinguished in D and so A is distinguished
in C.

T2). Let A = (X %Y % Z%%X)and A == (Y 222X 3%Y ) be two
triangles in C. If A is a distinguished triangle in C, then so is F'(A) in D. Since D is
pre-triangulated, also the triangle

F(A"Y=(FY FZz FYX —— = FYY =XFY)
—Fv=F(—v) —Fw=F(-w) —YFu=F(—%u)
is distinguished in D. Hence A’ is distinguished in C. Similarly, if A’ is distinguished in
C, then F(A') is distinguished in D, so is F(A). Hence A is distinguished in C.
T3). Consider the commutative diagram

Xty Y7 Y. .¥%X

!

D /L )

where the rows are distinguished triangles. By applying the functor F we get a similar
diagram in D, so from axiom T3) in D we get a fill-in map 74 : FZ — FZ'. Then, we have
Pz.z(7)ov = Py,z (Yo Fv) = Py z (Fv'oFg) = Py,z/(F(vog)) = vog, and w'oPyz z/() =
Pzrx/ (Fuw'od) = Pzsx/ (EF foFw) = Pzsx/ (FYXfoFw) = Pzsx/(F(Xfow)) = X fow,
so the diagram
Xty "> 7-"s¥%X

Pz,2:(7) lzf

Xy Vg W sy

is commutative.
With this pre-triangulation both functors F' and G become exact. O

We now show the dual of Theorem (.49

Theorem 5.52. Let D be a pre-triangulated category and let C be an idempotent complete
suspended category. Let F 4 G : D — C be an adjunction of functors commuting with
the suspension. Suppose that the stable comonad FG : D — D is an exact functor and
that F' is a stably semiseparable functor with associated idempotent natural transformation
e :Ide — Ide. Then, the coidentifier Ce is idempotent complete and pre-triangulated with
distinguished triangles being exactly the ones whose image through the functor F, : Cc — D
(determined by the factorization F = F,o H ) is distinguished in D. Moreover, with respect
to this pre-triangulation, both functors F, : Cc — D and its right adjoint R, : D — C.
become exact.

Proof. Since F is stably semiseparable, by Lemma [5.46] the associated idempotent natural
transformation e : Id¢ — Id¢ commutes with the suspension, i.e. eX = Ye. Then, by
Corollary [5.43] the coidentifier category C. is suspended through X, such that HoY = X, o
H, where H : C — (. is the quotient functor, and by Lemma[5.27|it is idempotent complete.
Since F is semiseparable, by Theorem [2.33]it factorizes as F' = F.oH for a unique separable
functor F, : C. — D. Moreover, F, is separable via P defined by Pffx, gy = F )1? YoP;Y
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for all X,Y in D. Since F' commutes with the suspension, we have F,oX.,0H = F,oHoY =
FoY. = YoF = YoF.oH and hence F.o0Y, = Yok, i.e. F, commutes with the suspension as
well. Now consider the composite functor R, = H oG : D — C., which is the right adjoint
of F, with unit 7, and counit €, given as in Lemma i1). Then, ¥,o R, =¥,0H oG =
HoYXoG=HoGoX = R,0X so that R. commutes with the suspension as well. Note
that €.X.H = ¢,HY = HeX = HYe = Y. He = Y€, H so that .2, = ¥.¢.. Moreover,
NeXs = N3 = Xn = ¥ne. Thus, also the unit and counit of the adjunction (F, R.) commute
with the suspensions. Hence F, - R, is an adjunction of functors commuting with the
suspension. By Lemma5.32] the adjunctions (F,, R.) and (F, G) have the same associated
comonad. As a consequence, we get that F. R, = F'G is a stable comonad and an exact
functor by assumption. We have ]-"I%Q HYPfI’i)(, oy = ]-"I%Q uy & )Ig YP)?Y = ]:)2("}]} P)FQY =

f)lé%P)F(,Y = ‘FgX,EY'F)E(,YP§,Y = FgX,ZngX,EY'F?X,FY = PgeEX,HZY}—EeHX,FSHY =
Pg:HX,EEHY‘FI%HX,FEHY7 for all X,Y in C. Since H is surjective on objects, this means
]:)E(EYP)I}Y = szX EEY}-}%X,FEY for all X,Y in C., i.e. F, is a stably separable functor.
Then, we can apply Theorem to the adjunction F, 4 R, : D — C.. As a conse-
quence, the coidentifier C, is pre-triangulated with distinguished triangles A being exactly
the ones whose image F,(A) through the functor F, : C. — D is distinguished in D. More-
over, with respect to this pre-triangulation, both functors F, : Cc — D and R, : D — (.
become exact. O

Before proving the dual of Corollary we observe that when D is a suspended
category with suspension ¥, and L is an additive stable comonad on it, then the Eilenberg-
Moore category D+ of 1-comodules inherits a structure of suspended category such that
U+ 4 VL. D - DL is an adjunction of additive functors commuting with the suspension.
Explicitly, the suspension 1 : D+ — DL is defined by

>+ (D, pp) := (D, %pp : ¥D - ¥ 1D = 1%D),

Lom _ , (5.6)
SH(f) =3f (XD, Xpp) — (XD, Xppr)

for every object (D, pp) and every morphism f : (D, pp) — (D', pps) in D+,

Corollary 5.53. Let D be a pre-triangulated category and let C be an idempotent complete
suspended category. Let F' 4 G : D — C be an adjunction of functors commuting with the
suspension. Suppose that the stable comonad FG : D — D is an exact functor and that F' is
a stably semiseparable functor with associated idempotent natural transformation e : Ide —
Idc. Then, the Eilenberg-Moore category DY is idempotent complete and pre-triangulated
with distinguished triangles being exactly the ones whose image through the forgetful functor
UFG . DFG 5 D s distinguished in D. Moreover, with respect to this pre-triangulation,
both the functor UFC : DFC — D and its right adjoint VFC : D — DFC become ezact.
Furthermore, there is a unique exact equivalence of categories (KFG)e : Co — DFC such
that (K¥%) .0 H = KFC and U o (KFY), = F,.

Proof. Assume that F' is stably semiseparable. By Proposition i1), there is a unique
functor (K¥%), : C. — DFC such that (KF%), 0o H = KF¢ and U"¢ o (KFC), = F,. Since
C is idempotent complete, then the functor (KF¥'%), is an equivalence of categories. By
Lemma C. is idempotent complete, so that also DFC becomes idempotent complete.
Note that D is suspended as it is pre-triangulated. Since F' 4 G : D — C is an adjunction of
functors commuting with the suspension, the comonad (FG, FnG,e) is stable. Moreover
the functor FG : D — D is additive being an exact functor between pre-triangulated
categories. Thus, the Eilenberg-Moore category DFC inherits a structure of suspended
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category through the suspension ¢ (given as in (5.6)) such that U G4yFG.p - DFG
is an adjunction of additive functors commuting with the suspension. The cocomparison
functor K¥G : ¢ — DFE commutes with the suspension as well. Indeed,

(27C 0 KTG) (€) = X (FC, Fye) = (BFC, SFne) = (FXC, F¥ne)
= (FXC, Fso) = (K790 3) (C)

and (276 0 KTC) (f) = ©FC (Ff) = RFf = Fuf = (KF¢ 0 2) (f). By Lemmal5.47)ii)
the comonad (F'G, FnG,e) is stably separable and, by the dual of [12, Proposition 3.11],
this means that UFY : DFG — D is a stably separable functor.

Then, Theorem applied to the adjunction UFE 4 VFC | yields a pre-triangulation
on DFE with distinguished triangles A being exactly the ones such that UFC (A) is dis-
tinguished in D. Moreover, with respect to this pre-triangulation, both functors UF¢
and V¢ become exact. Note that XF¢ o (KF¢), 0 H = ©F¢ o KFC = KFG oy =
(KF&) .o HoX = (KF%), 0%, 0 H and hence ¢ o (KF'%), = (KF%), 0%, ie. the
equivalence (K7%), commutes with the suspension.

We check that (Kpg)e preserves distinguished triangles. Let A be a distinguished
triangle in D.. Then, by Theorem F.(A) is distinguished in D. Since UF%o(KT%), =
F,, we get that UFC ((K Gy, (A)) is distinguished in D. By definition of pre-triangulation
on DFE we obtain that (K¥), (A) is distinguished in DFE. Thus, (KF%), is exact. [

Pre-triangulation on the Kleisli category

Let C be a suspended category with suspension >, and let T be an additive stable
monad on it. The Kleisli category T-Freec inherits a structure of suspended category (cf.
[12) Definition 2.4]).

Lemma 5.54. Let C be a suspended category with the suspension X, and let T be an
additive stable monad on it. Then, the Kleisli category T -Freec is a suspended category and
the adjunction Vi 4 UL : T-Freec — C is an adjunction of additive functors commuting
with the suspension. The suspension X'+ on T-Freec is given by

SH(C) =50, S4(f) = 3f. (5.7)

Proof. The object XC' belongs to T-Freec, and for every f : C' - D, one has %f : ¥C —
YTD =TXD, ie. ¥f : ¥C - XD is a morphism in T-Freec; ¥, (nc) = Xne = nee =
ns: ¢ for every €' € C, and for every f : €'+ D, g : D - E, one has YX(go f) =
Y(mpoTgof)=XmpoXTgoXf =mggoTEgoXf =Xgd Xf =3 (g) o Z5r(f).
Similarly, one defines (X4)~! : T-Freec — T-Freec, C — L7HC), f — S71(f) so that
YE(ED) T = It preee = (X5) 1S5, We check that Ut : T-Freec — C and Vi : C —
T-Freec commute with the suspension. In fact, we have

ULsh (C) = UL (S0)=TSC = XTC = 5U} (C),
ULl (C’ ER D) - U (zc ™ ED) = (TZC mepQ TS TZD)

= (ETC’ Smpe TS ETD) > (TC mogTs TD) — U (C’ 4 D)
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so that U}, = XU%, and

TVIC = 35 (C) = S(C) = VH(EC),
SV (C’ EN D) - ¥ <c g TD) - (zo g ETD) - <zo ke TzD)

= VI <2032D> = VIy (Ci> D)

so that ¥, V1 = VX, The unit of (V1,U%) is n which commutes with the suspension.
The counit 8" : V{UT — Id is given by i, = Idpy : TY - Y, for every Y € T-Freec, and
it commutes with the suspension. Indeed, since the monad is stable, we have XT = TX,
so ¥ fy = X(Idty) = Ildgty = IdTyy = IdTE/Ty = BE/Ty, for every Y € T-Freec, thus
¥ B = XL, Hence, Vi 4 U} : T-Free¢c — C is an adjunction of functors commuting with
the suspension. O

As a consequence of Theorem [5.48 and Corollary [5.50] the pre-triangulation of C can
be transferred also to the Kleisli category G F-Freec.

Corollary 5.55. Let C be a pre-triangulated category and let D be an idempotent complete
suspended category. Let F 4 G : D — C be an adjunction of functors commuting with
the suspension. Suppose that the stable monad GF : C — C is an exact functor and
that G is a stably semiseparable functor. Then, the Kleisli category GF-Freec is pre-
triangulated with distinguished triangles being exactly the ones whose image through the
forgetful functor Ul : GF -Freec — C is distinguished in C. Moreover, with respect to this
pre-triangulation, both the functor Ul : GF-Freec — C and its left adjoint Vip : C —
GF-Freec become exact.

Proof. Assume that G is stably semiseparable. From the proof of Corollary we recall
that C is suspended through X since it is pre-triangulated and, since F' 4 G : D — C
is an adjunction of functors commuting with the suspension, the monad (GF,GeF,n) is
stable. Moreover, the functor GF' : C — C is additive being an exact functor between
pre-triangulated categories. Thus, by Lemma [5.54] the Kleisli category G F-Freec inherits
a structure of suspended category through the suspension X, given by ¥ (C) = XC,

trp(f) = Xf, such that Vip - ULy @ GF-Freee — C is an adjunction of additive
functors commuting with the suspension. Here we denote by Y both the suspension of
C and the one of D, and by ¥’ the suspension of GF-Freec. The Kleisli comparison
functor Lgr : GF-Freec — D commutes with the suspension as well. Indeed, for every
C € GF-Freec, we have

(Lgr oY) (C) = Lgr(EC) = FEC = SFC = (S0 Lgr)(C),

and, for every f : C -+ D in GF-Freec, (Lgr o X')(f) = Lgr(Xf) = epgp o FY.f =
YeppoXFf =3%(eppo Ff) = (X0 Lgr)(f). Furthermore, since Lgp is fully faithful (see
Remark , then by Remark Lar is stably fully faithful.

As a consequence, by Lemma i1) the functor Ul : GF-Freec — C is stably
separable since Ul = G o Lgp, where G is stably semiseparable. Thus, by applying
Theorem to the adjunction Vi 4 Ufp, we get a pre-triangulation on GF-Freec with
distinguished triangles A being exactly the ones such that U/ (A) is distinguished in
C. Moreover, with respect to this pre-triangulation, both functors U/, and Vi become
exact. O
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Remark 5.56. From the proof of Corollary we know that the comparison functor Kgp
commutes with the suspension, and so does also the functor Jor = Kgp o Lgr. Indeed,
JGFZ/GF = KGFLGFZIGF = KG’FELGF = ZGFKGFLGF = EGFJGF' MOI"GOVGI", by Re-
mark Jar is stably fully faithful. Thus, the stably separability of U in Corollary
follows also from the equality Ulp = Ugr o Jar since Ugp is stably separable, as
shown in Corollary [5.50}



148 5. Conditions up to retracts




Chapter 6

Further results on semiseparable
functors

Related to the study of separable functors, several variations of the notion of separable
functor have appeared in the literature. For instance, in [3] the separability of a functor U :
D — B, relative to functors F' : C — D and G : £ — D, has been defined, and the standard
results concerning separable functors have been extended to these functors. When both
F and G are identity functors, one recovers the classical definition of separable functor.
Since relative notions can be also formulated for faithfulness and (natural) fullness (see
[3, Definition 2.4]), we here investigate a relative semiseparability, obtaining a “relative”
version of Proposition [2.5

As another instance, motivated by an example related to the tensor algebra, a stronger
notion of separability has been recently introduced in [II] under the name of heavily
separable functor. Explicitly, an heavily separable functor is a separable functor through
a natural transformation P which is multiplicative. So, it is natural to wonder if the
multiplicativity of the natural transformation associated to a semiseparable functor gives
rise to a stronger notion of semiseparability. In Subsection we will see that some of
the examples considered in Chapter [3| are actually heavily semiseparable functors.

The aim of this chapter is to undertake the study of such variations of semisepara-
ble functors, namely relative semiseparable functors and heavily semiseparable functors,
planning to continue investigating them in future works.

6.1 Relative semiseparable functors

Consider functors F : C — D, G : & — D, U : D — B, that give rise to the functors
Homp(F—,G—) :C? x & — Set, Homp(UF—,UG—-) : C°? x & — Set,
and to a natural transformation

(FRa)  :Homp(F—.G=) = Homs(UF - UG-), (Fa),  (F):=U(f).

XY (

for every X € C and Y € D. On components we have (]—'g’G>

the natural transformation (1.1)) associated with U.
Then, see [3, Definition 2.4], the functor U is said to be

=FY where FY is
Xy FX,GY>

o (F,QG)-faithful if (ng)XY is injective for every X € C, Y € &;

149
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(F,G)-full if (]—"}{G)XY is surjective for every X € C, Y € &;

(F,G)-fully faithful if (fg G)X . is bijective for every X € C, Y € &;

o (F,G)-separable if ]-"gG is a split natural monomorphism;
o (F,G)-naturally full if ]-"g’G is a split natural epimorphism.

Remark 6.1. A functor U is (F,G)-fully faithful if, and only if, it is (F, G)-separable and
(F, G)-naturally full. When both F' and G are the identity functors, we recover the classical
definitions of faithful, full, fully faithful, separable, naturally full functors.

Definition 6.2. We say that U is (F, G)-semiseparable if }"}{G is a regular natural trans-
formation, i.e. there exists a natural transformation

Ph : Homp(UF—,UG—) — Homp(F—,G—)

such that ]—'%GP%G}"}{G = F%G.

When both F' and G are the identity functors, we recover Defintion
The following is a relative version of Proposition

Proposition 6.3. Let FF:C — D, G: £ — D, U : D — B be functors. Then,
i) U is (F,G)-separable if, and only if, U is (F,G)-semiseparable and (F,G)-faithful;
ii) U is (F,G)-naturally full if, and only if, U is (F,G)-semiseparable and (F,G)-full.
Proof. Tt is similar to the proof of Proposition O

As an application of the previous characterization, the next follows from [3, Proposition
3.6].

Example 6.4. Let C be an A-coring over an algebra A with a grouplike element g. Denote
by B := A®C = {b € A|gb = bg} the coinvariants of A with respect to g. Consider the
adjunction (— ®p A, (—)°C) and the canonical map can : A ®p A — C, a ®p a’ — aga’.
Then,

i) (—)°C is (— ®4 C,Id)-separable if, and only if, (—)C is (— ®4 C, Id)-semiseparable
and can is an epimorphism;

i) (—)C is (—=®4C,Id)-naturally full if, and only if, (—)°°C is (—®4C, Id)-semiseparable
and can is a split monomorphism.

We show the following properties.
Lemma 6.5. (Cf. [3] Theorem 2.7]) Consider the diagram of functors

B

lo

oo Fop & g Y

If U is (F,G)-semiseparable, then U is (FF',GG")-semiseparable.
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Proof. If U is (F,G)-semiseparable, then there exists a natural transformation P%G :
Homp(UF—,UG—) — Homp(F—,G—) such that f}[«{GPg,Gf}[{G = ]:FU,G' In particular,
for any objects X' € C’, Y’ € D', the maps PgF’X’,GG”Y’ such that

U U U _ U
Frrxcay Prex ey Frrx caryr = FRr X Gary’

define a natural transformation P}I‘ZF’,GG’ such that ng/7GG/PgF/7GG/ng/’GG/ = F}gF/’GGv/,
hence U is (FF', GG')-semiseparable. O

Corollary 6.6. Let U : D — B be a functor.

i) Let G : & — D be a functor. Then, U is (Idp, G)-semiseparable if, and only if, U is
(F, G)-semiseparable, for every functor F:C — D;

ii) Let F: C — D be a functor. Then, U is (F,1dp)-semiseparable if, and only if, U is
(F, G)-semiseparable, for every functor G : € — D.

Proof. i). If U is (F, G)-semiseparable for every F' : C — D, then in particular it is so for
F =1dp. The “only if” part follows from Lemma [6.5
i1). It follows by the same arguments. O

Corollary 6.7. Let U : D — B be a functor. If U is semiseparable, then U is (F,Q)-
semiseparable for all functors F:C — D, G: & — D.

Proof. If U is semiseparable, then it is (Idp,Idp)-semiseparable. By Lemma it is
(F, G)-semiseparable for all functors F': C — D, G : €& — D. O

Now, we look at the composition of relative semiseparable functors, extending Lemma
and Lemma [2.8| to this setting.

Lemma 6.8. Let F:C —-D,G:E —-D, U :D — B, U : B— B be functors. Consider
the composite U' oU : D — B'.

i) If U is (F,Q)-semiseparable and U’ is (UF,UQG)-separable, then U'U is (F,G)-
semiseparable.

it) If U is (F,Q)-naturally full and U’ is (UF,UQG)-semiseparable, then U'U is (F,G)-
semiseparable.

ii1) IfU'U is (F, G)-semiseparable and U’ is (UF,UQG)-faithful, then U is (F, G)-semiseparable.
i) IfU'U is (F, G)-semiseparable and U is (F, G)-full, then U’ is (UF, UG)-semiseparable.

Proof. i) and ii) follow as in Lemma by defining Pg;ggy = ngyGY o Pg}; X.UGY"
e o . / !/
ii1). It follows as in Lemma by defining PgX,GY = Pg)gGY o .FgFX’UGy.
. . . ! !
iv). It U'U is (F, G)-semiseparable through 771{{6({, then, for every X € C, Y € &, ]-'gX({GY o
U'u U'v - _ pU'U :
PFX,GY oFpxay = ]:FX,GYv 1.€.,
U’ U U'u U’ U _ U U
F UFX,UGY © F. FX,GY © PFX,GY o F UFX,UGY © F. FX,GY = F UFX,UGY © F. FX,GY-

Since (]—"gG> is surjective for every X € C, Y € £, we have that ]-"g};X vey °F by oy ©

XY
/ ’ ’ . . /
Pg)gGYo}“UUFX,UGY = ]:UUFX,UGY7 so U’ is (UF, UG)-semiseparable through PgFX,UGY =
U U'u
Frx.ay °© Prxcy- -
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We show an analogue of Proposition for relative semiseparable functors.
Proposition 6.9. Let F:C - D, G:E - D, U : D — B be functors.

i) IfU is (Idp, G)-semiseparable, then there is a unique natural transformation e : G —
G such that PI%DG o fI[éD7G = Homp(Id, e). Moreover, Ue = Idygq, e is idempotent
and e fulfills the following property: if f,g: GX — GY are morphisms in D, then

Uf=Ug if, and only if, eyof=eyogy, (6.1)
which uniquely determines e in case G is full.

i1) If U is (F,1dp)-semiseparable, then there is a unique natural transformation e : ' —
F such that Pgy o Fp, = Homp(e,Id). Moreover, Ue = Idyr, e is idempotent
and e fulfills the following property: if f,g: FX — FY are morphisms in D,

Uf=Ug if, and only if, ey o f=eyog, (6.2)
which uniquely determines e in case F is full.

Proof. i). Since U is (Idp, G)-semiseparable, there is a natural transformation
P%DG : Homp(U—,UG—) — Homp(—,G—)

such that FféD’GPI%D’GfI%D’G = ffévyc. By Yoneda Lemma (see e.g. [61, page 61]), a
natural transformation

PY ax 0 FY ax : Homp(—, GX) — Homp(U—,UGX) — Homp(—, GX)

has the form Homp(—,eyx) for a unique arrow ex : GX — GX in D. Set ex :=
ngjGX (Idygx), forevery X € €. Forevery f: D — GX in D, we have Pg7GX.7:g7GX(f) =

ngGX(Uf) = ngyGX(IdUGX) of =exof=Homp(ldp,ex)(f). Moreover, for every
morphism f: X — Y in &, one has

Gfoex = Gf o Phxax ldvax) = Pix.ay (UGS o ldugx)

= Péxcy Mdvay o UGS) = Péy,qy (Iduay) o Gf = ey o Gf

so that Gfoex =ey oGf,ie e = (ex)xes : G — G is a natural transformation. Note
that

Uex = UPgX,GX (IdUGX) = ng,GXPgX,GngX,G’X (IdGX) = ]:gX,GX (IdGX> = Idyex,

and then

eEx oex — PgX,GX (IdUG)() cex = PgX,GX (IdUG’X o Uex)

= Péx.ax (Iduax o lduax) = Pox.ox Iduax) = ex,

for every X € &, hence e is an idempotent natural transformation such that Ue = Idyqa.
Now, consider morphisms f,g : GX — GY in D. If Uf = Ug, then PgXGY Uf) =
PgX,GY (Ug), i.e. PgY,GY (Idygy )of = PgY,GY (Idygy)og, i.e. eyof = eyog. Conversely,
from ey o f = ey og we get Uey oUf = Uey oUg, and hence Uf = Ug as Ue = Idyg.
Thus e fulfills . Finally, let ¢’ : G — G be an idempotent natural transformation
which fulfills , i.e. such that, if f,g: X — Y are morphisms in &£, then Uf = Uy if,
and only if, €}, o f = €}, 0 g. From €y o €’y = ¢y oIdgx we get Ue'y = Uldgx for every
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X € &, hence Ue' = Idyg. From the property of e we get ex o€’y = ex oldgx, i.e.
ex oe'y = ex. If we interchange the roles of e and €', in a similar way we get €’y oex = €.
If we assume that G is full, then €y, = Gh, for some h : X — X in £. By naturality of
e, we have ex = ex oely =ex o Gh = Ghoex =€y oex =€y, for every X € £, hence
e=c¢.

i1). It follows similarly. O

As a particular case we have the following result, similar to Corollary [2.12]
Corollary 6.10. Let FF: C — D, G: & — D, U : D — B be functors. Then,

i) U is (Idp, G)-separable if, and only if, the associated idempotent natural transfor-
mation e coincides with Idg;

i1) U is (F,1dp)-separable if, and only if, the associated idempotent natural transforma-
tion e coincides with Idp.

Proof. We just prove i) as ii) follows similarly. If U is (Idp, G)-separable, then P%D’G o
Flop.c = Id and hence ex = Péx ox(Idvax) = Pax.axFox.ax(dax) = Idax, for
every X € £. Conversely, suppose e = Idg. For every f : D — GY in D, we have
Pg’GY(Uf) = ,ngGY(IdUGY o Uf) = PgY,GY(IdUGY) o f =eyo f =Idgy o f = f, so that
PI%D,G o ]:IlfJiD,G =1Id and U is (Idp, G)-separable. O

Proposition 6.11. Let F':C —-D, G: & - D, U : D — B. Then,

i) U is (Idp, G)-separable if, and only if, U is (I1dp, G)-semiseparable and reflects split-
monos f: GX — D;

1) U is (F,1dp)-separable if, and only if, U is (F,1dp)-semiseparable and reflects split-
epis f: D — GX.

Proof. i). If U is (Idp, G)-separable, then by Proposition|[6.3]7) it is (Idp, G)-semiseparable
and by [3, Theorem 2.8] it reflects split-monos f : GX — D. On the other hand, if U is
(Idp, G)-semiseparable we can consider its associated idempotent natural transformation
e such that Uex = Idygx, for every object X € £. Thus, Uex is a split-mono, hence
ex = Idgx, so that by Corollary U is (Idp, G)-separable.

i1). It follows similarly. O

Furthermore, we show the following.

Theorem 6.12. Consider the following functors

AYX-D LB
Assume that V is full. If U : D — B is (V,V)-semiseparable, then there is a unique natural
transformation e : V. — V' such that P‘({V o ‘FXI/J,V = Homp(e,Id). Moreover, Ue = Idyy,
e is idempotent and it fulfills the following universal property: if f,g : VX — VY are

morphisms in D, then

Uf=Ug if, and only if, ey o f=eyog. (6.3)
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Proof. If U is (V, V)-semiseparable, then there is a natural transformation
Py« Homp(UV—,UV—) — Homp(V—,V-)
such that F/\ Py FUy = Fi7y,. We show that
PUxy o Fuxy : Homp(VX,V—) = Homp(VX,V-)

has the form Homp(ex,Id), for a unique arrow ex : VX — VX in D. Set ex :=
P‘ngX (Idyvx), for every X € A. Since V is full, for every f: VX — VY in D we have
f=V(g) for some g : X — Y in A. Then, ngyy]:‘gxyy(f) = PgX,VY(UVg) =Vgo
P\I/JX,vx(IdUVX) = foex = Homp(ex,Idyy)(f), so PX[;XJ/Y]:\[/]X,VY = Homp(ex, Idyy).
Assume that there exists e’y : VX — VX in D such that P v F{/ x 1y = Homp(e'y,Idyy),
for every X,Y € A. Then,

ey = Idyx o€’y = Homp(e'y,Idyx)(Idyx) = P‘ngngXyX(IdVX)

= 7D\g)(,\/)((UICIVX ) = PgX,VX(IdUVX ) = ex.

Moreover, for every morphism f : X — Y in A, we have V foex = VfOP‘ngX (Idyvx) =
P‘[/nyy (UVfoldyyx) = P‘ngY (Idyyy o UV f) = P‘(/Jyyy (Idyyy)oVf=eyoVf, so
that V foex = eyoV f. Hence e = (ex)xc4 : V — V is the unique natural transformation
such that P‘[/{V o ]-"‘l/{v = Homp(e, Id).

Note that

Uex = UPgX,VX (IdUVX) = f\(/]X,VXPIgX,VXf\I/]X,VX (IdVX) = ]:\gX,VX (IdVX) = Idpvx,

for every X € A. Since V is full, then ex = V(h), for some h : X — X in A. We have
that

exoex =PyUxyx (Iduvx) o Vh =Pyxyx (Idyvx o UVh) = PUyyx (UVh)

= 7)\g)(,\/x (Uex) = P\gX,VX (Idyvx) = ex,

hence ex is idempotent, for every X € A. Thus, e is an idempotent natural transformation
such that Ue = Idyy .

Now, let f,g: VX — VY be morphisms in D. Since V is full, there exist h,k: X — Y
in A such that f =V (h) and g = V(k). If Uf = Ug, then P{x vy (Uf) = P{x vy (Ug),
Le. PUx vy (UVh) = Pix yy (UVE), ie. Plyyy (duvy) o Vh = Plyyy (Idpvy) o VE,
i.e. ey o f =ey og. Conversely, from ey o f = ey og we get Uey oUf = Uey oUg, and
hence Uf = Ug as Ue = Idyy. Thus, e fulfills .

Let ¢ : V — V be an idempotent natural transformation which fulfills , ie.
such that, if f,g : VX — VY are morphisms in D, then Uf = Ug if, and only if,
ey o f =€y og. From €y oey = €y oldyx we get Uely = Idyyx for every X € A,
so Ue/ = Idyy. Thus, from the property of e we have ex o€y = ex. If we
interchange the roles of e and €/, in a similar way we get €’y o ex = €’y. Since V is full,
then e’y = Vk for some k : X — X in A. By naturality of e, for every X € A, we have
ex =exoey =exoVk=Vkoex =¢yoex =¢€y, hence e = ¢'. O

Remark 6.13. Let V : A — D be a functor and assume that U : D — B is (V,1dp)-
semiseparable. Then, by Corollary U is (V,V)-semiseparable. In case V is full, by

Theorem we recover Proposition i7).
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6.1.1 Relative semiseparable functors and adjunctions

Let L 4 R: D' — D be an adjunction with unit 7 : Id — RL and counit ¢ : LR — 1d.
Consider the following diagram of functors:

L
c—Y.p—T p Lt ¢

L
R
We now provide a Rafael-type Theorem for relative semiseparable functors.

Theorem 6.14. Let L 4 R : D' — D be an adjunction with unit n : Idp — RL and counit
€ : LR — Idp:. Consider functors G: €& — D, F:C — D'. Then,

i) L is (Idp, G)-semiseparable if, and only if, nG is a regular natural tranformation;
i1) R is (F,Idp)-semiseparable if, and only if, €F' is a reqular natural tranformation.

Proof. We show only i) as ii) follows similarly. Assume that L is (Idp, G)-semiseparable
through a natural transformation PILdDG : Homp/ (L—, LG—) — Homp(—, G—) such that

II%D,GPI%D,GFI%D,G = flﬁpg. We define v : RLG — G on components by setting
vVx — PﬁLGX,GX(ELGX) . RLGX — GX,

for any object X in £. The naturality of v follows from the one of P. Indeed, for every
g: X =Y in &, we have

Ggovx =Ggo PéLGX,GX(ELGX )= P}%LGX,GY(LGQ o €LGx)
= PﬁLGX,GY(GLGY e} LRLGQ) = ,P}L%LGY,GY(GLGY) o RLGQ = Vy © RLGQ

Moreover, by naturality of P, for any X,Y in € and ¢ : LGX — LGY in D', we have

vy o Rgonax = Phray.ay(eLay) o Rgonax = Péx ay(ecay o LRg o Ligx) (6.4)

= Phx.ay(g0erax o Lnax) = Phx.ay (90 ldiax) = Péx.ay (9)-

By Proposition i), the idempotent natural transformation e : G — G associated
with L is defined by ex := PéX’GX(IdLGX), for every X € &, hence by ex =
vx o Rldrax omgx = vx o Ngx, so that e = v o ng. We compute ngovong =ngoe =
RLeong = Rldrg ong = ng, as Le = Idpg. Thus, ng is regular.

Conversely, assume 7 is regular, i.e. there exists a natural transformation v : RLG —
G such that ngovong = ng. Forany f : LD — LGY in D', define PLL),GY(f) = vyoRfonp.

By naturality of ng and v, forany h: X - Y inD,l: Z —-Tin&,and k: LY - LGZ
in D', we have P)L(?GT(LGI okoLh)=vpoR(LGlokoLh)ony = (vp o RLGIl) o Rk o
(RLhonx)=GlovzoRkonyoh=Glo P}L/,Gz(k) o h, thus Pfgf : Homp/ (L—, LG—) —
Homp(—,G—) is a natural transformation. Note that P}%LGX,GX(ﬁLGX) =vx o Rergx o

nrrax = vx oldrrgx = vx, for every X € &, hence the correspondence between PL and
v is bijective. For every f: D — GY in D, we have that

(Fbay © Phay © Fbay)(f) = L(Pp.ay(L(f))) = L(vy o RL(f) onp) = L(vy o gy © f)
=IdryoLvyolLngy o Lf =€y o Lngy o Lvy o Lmgy o Lf

=erqy o Lngy o Lf =1dpgy o Lf = Lf = Fh gy (f),

hence L is (Idp, G)-semiseparable. O
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Remark 6.15. As in the separable and naturally full cases (see [3, Theorem 2.12, Theorem
2.13]), an alternative proof of Theorem i) follows by observing that L is (Idp, G)-
semiseparable if, and only if, the natural transformation

Q : Homp(—,G—) — Homp(—, RLG—),
Q(f)=RLfonx =nay o f, (6.5)

is regular. Note that 2 is the image of 7 under the fully faithful functor « given as in [3|
Lemma 2.11].

6.2 Heavily semiseparable functors

In [I1] a stronger notion of separable functor was introduced. This notion was mo-
tivated by the properties of the adjunction (T,P), where P : Bialg, — 9 is the functor
that assigns to a k-bialgebra B the k-vector space of its primitive elements and acts on
morphisms as the restriction on primitive elements, and T : 9T — Bialg, is the functor
assigning to a vector space V the tensor algebra TV endowed with its canonical bialgebra
structure such that the elements in V' become primitive. Indeed, the unit 7 of the adjunc-
tion admits a natural retraction (i.e., v o n = Idig,) which satisfies the extra condition
vv = v o PeT. The latter condition corresponds to a stronger notion of separability that
can be formulated in terms of multiplicativity of the natural transformation P associated
to a separable functor. Here we investigate the same extra condition on a semiseparable
functor.

We recall that a heavily separable functor (h-separable for short, see [I1, Definition
1.1]), is defined as a separable functor, through a natural transformation P, such that the
diagram

Px,y XPy,z

Homp(FX,FY) x Homp(FY, FZ) Hom¢ (X,Y) x Home (Y, Z)

l l (6.6)

Homp(FX,FZ) Hom¢ (X, Z)

Px,z

is commutative for every X, Y, Z in C, where the vertical arrows are the obvious compo-
sitions. On elements the above diagram means that Px z(g o f) = Py.z(g) o Px,y(f), for
every f: FX - FY,g: FY - FZ in D.
Remark 6.16. We observe that in case F' : C — D is a naturally full functor through a
natural transformation P, then the diagram commutes. In fact, from FoP = Id
it follows that PX,Z(Q o f) = 73)(72(}—}/72733/’2(9) o f) = 'Pyjz(g) o ’PX’y(f), for every f :
FX — FY,g: FY — FZ in D. Thus, any naturally full functor is “heavily naturally
full”, so such a property does not add further information on a naturally full functor.

As we will see in Example and in Example there are semiseparable functors
that are not separable and whose associated natural transformation P is multiplicative.
We propose here the notion of “heavily semiseparable” functor.

Definition 6.17. We say that a functor F' : C — D is heavily semiseparable (h-
semiseparable for short) if it is semiseparable through a natural transformation P, such
that the diagram [6.6]is commutative for every X,Y, Z in C.

Lemma 6.18. Let F' : C — D be a functor. Then, F is h-separable if, and only if, F is
h-semiseparable and faithful.



6.2. Heavily semiseparable functors 157

Proof. By Proposition[2.5] we have that F' is h-separable if, and only if, F' is semiseparable,
faithful and the diagram commutes, i.e. if, and only if, F' is h-semiseparable and
faithful. ]

Remark 6.19. We observe that a semiseparable functor is not necessarily heavily semisep-
arable. In fact, for instance in [II, Example 3.13] it is shown that the extension C/R
is separable but not h-separable. As a consequence, the restriction of scalars functor
Yy Me — Mg is semiseparable but not h-semiseparable, otherwise, since it is faithful,
by Lemma [6.18] it would be h-separable.

The next result describes the behavior of heavily semiseparable functors with respect
to composition.

Lemma 6.20. Let F : C — D and G : D — & be functors and consider the composite
GoF:C—E.

i) If F is h-semiseparable and G is h-separable, then G o F is h-semiseparable.
1) If F is naturally full and G is h-semiseparable, then G o F' is h-semiseparable.
iti) If G o F is h-semiseparable and G is faithful, then F is h-semiseparable.

Proof. i). By Lemma i), we know that G o F' is semiseparable with respect to P)%F{/ =
P)Igy o 77ng ry- Since F' is h-semiseparable and G is h-separable, then the diagram

G G P F
Prx,ry *Pry,Fz Px,v*Py z

Homg (GFX,GFY) X Homg(GFY,GFZ) — > Homp(FX,FY) X Homp (FY, FZ) Home (X,Y) x Home (Y, Z)

o o o

Homg (GFX,GFZ) < Homp (FX,FZ) S Home (X, Z)
Prx,Fz Px,z

commutes for every X,Y, Z in C, so that GG o F' is h-semiseparable.

i7). It follows similarly to i) by Lemma [2.6]i7) and Remark

ii1). By Lemma we know that F' is semiseparable through P)FQY = Pg@ o ng Fy-
Since G is a functor and G o F' is h-semiseparable, then the diagram

G G GF GF
Frx,Fy *TFy,Fz Pxy*Pyz

Homp (FX,FY) X Homp(FY,FZ) Homg (GFX,GFY) X Homg(GFY,GFZ) — > Hom¢(X,Y) X Hom¢ (Y, Z)

o o o
Homp (FX,FZ) ) Homg (GFX,GFZ) GF Home (X, Z)
Frx,Fz Px.z
commutes for every X,Y, Z in C, so that F' is h-semiseparable. ]

Lemma 6.21. A functor naturally isomorphic to a h-semiseparable functor is h-semiseparable.

Proof. Cf. [1I, Lemma 1.7] for the h-separable case. Let o : FF — G be a natural
isomorphism of functors, where G : C — D is h-semiseparable with respect to P%. From
the proof of Proposition we know that F' is semiseparable with respect to P)Igy =
P)Ggy osx,y, where ¢xy : Homp(FX,FY) — Homp(GX,GY) is defined by ¢xy(f) =
ayofo a)_(l. Since G is h-semiseparable we have that P)F(jz(g of)= (P;%Z osx,z)(go f) =
P zlazogofoax!) = PY slazogoayoayofoay!) = P (azogoay’)oPE y(ayo
foay') = (PYzocv,2)(9) 0 (PEyosxy)(f) = PL 2(9) o PX v (f), for every f: FX — FY,
g: FY — FZ in D, thus F is h-semiseparable. O
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It is known that a separable functor is both Maschke and dual Maschke, hence con-
servative, see Remark Thus, we have the following characterization for h-separable
functors in terms of Maschke and dual Maschke functors.

Proposition 6.22. The following assertions are equivalent for a functor F': C — D.
(1) F is h-separable;

(ii) F is h-semiseparable and Maschke;

(ii7) F is h-semiseparable and dual Maschke;

(iv) F is h-semiseparable and conservative.

Proof. 1t follows from Corollary and Lemma [6.18 O

6.2.1 Heavily semiseparable adjoint functors

In this section we investigate the notion of h-semiseparability for functors which are
part of an adjunction.

Theorem 6.23. (Rafael-type Theorem for h-semiseparability) Let FF 4G : D — C be an
adjunction, with unit n and counit €. Then,

i) F is h-semiseparable if, and only if, there exists a natural transformation v : GF —
Id¢ such that novon=mn (i.e., n is reqular) and vv = v o GeF;

i1) G is h-semiseparable if, and only if, there exists a natural transformation v : Idp —
FG such that eoyoe=¢€ (i.e., € is reqular) and vy = FnG o-y.

Proof. We only prove i) as ii) follows by duality. By Theorem we know that F
is semiseparable if, and only if, 5 is regular, i.e. there exists a natural transformation
v : GF — Ide such that novon = n. Explicitly, if F' is semiseparable through P,
then one defines vy := Pgrx, x(erx), for every X € C. On the other hand, given v, one
defines Pyy := vy o Gf onx, for every X,Y € C. By Proposition we know that
P : Homp(F—, F—) — Hom¢(—, —) is a natural transformation and the correspondence
between P and v is bijective. Assume that vv = v o GeF, i.e. vovGF = v o GeF holds.
Then, for every f: FX — FY,g: FY — FZ in D, we have that

Pxz(gof)=vzoG(go flonx =vzoGgoGfonxy =vzoGgoGepy o GFny o Gf onx
=vz0Gepz0GFGgoGFny oGfonx =vzovgrz o GFGgoGFny o Gfonx
=wvzoGgonyovy oGfonx =Pyz(g) o Pxy(f)

On the other hand, if Px z(go f) = Py.z(g9) o Px,y (f) holds true for every f : FX — FY,
g: FY — FZ in D, then

vvxy =vx ovgrx = Parx,x(€rx) © Parcarx,arx(erarx) = Pararx,x(€rx © €FGrx)
=vx o G(epx © €pgrx) o Nararx = vx © Gepx o Gepgrx o Naragrx = vx o Gepx. 0O

Remark 6.24. In the h-separable case, Theorem recovers [11, Theorem 2.1].

In [I1) Corollary 2.7] a characterization of h-separability of a right (resp., left) adjoint
functor has been given in terms of the existence of a grouplike morphism (resp., an aug-
mentation) of the associated comonad (resp., monad). Let us recall that the notion of a
grouplike element in an R-coring C, see Example has been generalized in [65] to the
notion of a grouplike natural transformation as follows.
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Definition 6.25. [65, Definition 3.1] Let C := (L, A, ¢) be a comonad on a category D. A
natural transformation v : Idp — L is called a grouplike morphism provided eoy = Id and
vy = A o~. Dually, see e.g. [59, Section 4|, an augmentation of a monad T = (T,m,n)
on a category D, is a natural transformation v : T — Idp such that v o = Idp and
vy =vom.

In order to extend [T}, Corollary 2.7] in the context of heavy semiseparability, we first
introduce the following definitions.

Definition 6.26. Given a comonad C = (L, A, ) on a category D, we say that a natural
transformation v : Idp — L is a semi-grouplike morphism if vy = Ao~. Dually, given
amonad T = (T, m,n) on a category D, we say that a natural transformation v : T — Idp
is a semi-augmentation if vv = v om.

Thus, as a consequence of Theorem [6.23| we get the next characterization.

Proposition 6.27. Let F 4G : D — C be an adjunction with unit n and counit €. Then,

i) G is h-semiseparable if, and only if, the comonad (FG,FnG,e) has a semi-grouplike
morphism v : Idp — FG such that G(e o) = 1dg;

1) F' is h-semiseparable if, and only if, the monad (GF,GeF,n) has a semi-augmentation
v:GF — Id¢ such that F(von) =1dp.

Proof. We only prove i) as i) follows dually. By Theorem i1) G is h-semiseparable if,
and only if, there exists a natural transformation 7 : Idp — F'G such that eoyoe =€ (i.e.,
e is regular) and vy = F'nG o v, i.e. if, and only if, there exists a natural transformation
v : Idp — FG such that G(e o y) = Idg holds true (by Lemma and v is a semi-
grouplike morphism. O

By adding the faithfulness assumption on the right (resp., left) adjoint functor, which
implies € oy = Id (resp., v on = Id), we retrieve the announced result for the h-separable
case.

Corollary 6.28. [I1], Corollary 2.7] Let F 4 G : D — C be an adjunction with unit n and
counit €. Then,

i) G is h-separable if, and only if, the comonad (FG, FnG,¢€) has a grouplike morphism;

i1) F is h-separable if, and only if, the monad (GF,GeF,n) has an augmentation.

6.2.2 Examples

In this section we provide some examples of heavily semiseparable functors.

Corings

As an application of the previous results we look at functors associated to an R-coring
(C,Ac¢,ec), cf. Section Since the forgetful functor F' : M¢ — Mp is faithful, then
it is h-semiseparable if, and only if, the coring C is h-coseparable (i.e., F' is h-separable),
i.e. by [I1, Theorem 4.3] if, and only if, there exists an R-bimodule map v:C ®rC — R,
such that v 0 Ac = ec and Y 217(z2 ®r Y) = 3 V(x @R Y1)y2, V(@ Y1)V (Y2 ®R 2) =
v(zec(y) ®g z) for all z,y,z in C. In [II, Theorem 4.5] it is shown that the right adjoint
G = (-)®RrC: Mp — MC of F is h-separable if, and only if, C has an invariant grouplike
element. Here we prove a heavy semiseparable version of this result.
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Theorem 6.29. Given an R-coring (C,Ac,ec), the induction functor G = (=) ®g C :
Mp — MC is h-semiseparable if, and only if, the coring C has an invariant semi-grouplike
element z € C such that ec(z)c = ¢, for every c € C.

Proof. By Proposition [6.27] G is h-semiseparable if, and only if, the comonad FG = (—)®r
C: Mr — Mg (cf. Example has a semi-grouplike morphism ~ : Idp — F'G such
that G(e oy) = Idg. The latter condition is equivalent by Theorem to the existence
of an invariant z € C* = {c € C | rc¢ = cr, for all r € R} such that e¢(z)c = ¢, for every
¢ € C; moreover, from the proof of Theorem we known that z = lgyg(1g), where
I_: R®r — — — is the canonical functorial isomorphism. Since « is a semi-grouplike
morphism, we have (R®r Ac) 0Yr = Yro e © VR, hence by applying lcg ¢ on both sides of
the previous equality we get Ac(z) = 2z®p 2, so z is a semi-grouplike element for the coring
C. Indeed, by naturality of v we have that ycleyr = (levr ®r C)YR, as leyr is in Mg,
so Ac(z) = Aclevr(1R) = legpe(R @R Ac)YR(1R) = lew re YR rcYR(1R) = Yelevr(1R) =
(levr®RrC)VR(1R) = (leyRORC)lG evr(1R) = (levrORC)l: ' (2) = (levR®RC) (LR®RZ) =
2 ®p 2. On the other hand, given a semi-grouplike element z € CF, define the natural
transformation ~ : Idp — F'G given, for every N € Mg, by yw: N - N®rC,n+— n®grz
(cf. the proof of iii) = i) of Theorem [3.24). Then, since A¢(z) = z ®r 2, we get
YN = (N®RrAc) oyn for every N € Mg, as yyn(n) = (YnorcoIN)(n) =n®rz®@Rr 2 =
((N ®r Ac¢) oyn)(n), for all n € N, so v is a semi-grouplike morphism for the comonad
FG=(-)®rC: Mr — Mg. O

Example 6.30. We recall from Example that, given a morphism of rings ¢ : R — S
such that the induction functor ¢* = S ®g (—) is naturally full, then (S, A, ¢) is an R-
coring, where A(s) = s®p 1lg = 1s @g s, for every s € S, and € € gHompg(S, R) is such
that ¢ oe = Idg. We have seen that z := 1g € S® fulfills the conditions of Theorem
guaranteeing that the functor G = (=) ®g S : Mg — M? is semiseparable and hence S
is a semicosplit R-coring, but not cosplit in general (see Example 2)). We observe
that A(z) = A(lg) = 1lg ®g 1lg = z ®p 2, hence z is semi-grouplike and G is heavily
semiseparable, but not heavily separable in general.

Extension of scalars functor

In Proposition [3.1] we have seen that ¢* is semiseparable if, and only if, ¢ is a regular
morphism of R-bimodules. Here we provide a characterization for the h-semiseparability
of ¢*; cf. [I1l, Proposition 3.1] for the h-separable case.

Proposition 6.31. Let ¢ : R — S be a morphism of rings. Then, the extension of
scalars functor ¢* = S ®r (=) : RM — M is h-semiseparable if, and only if, there is a
morphism E : S — R of R-bimodules which is multiplicative and such that po Eop = ¢
(i.e., pE(1g) = 1g).

Proof. By Proposition we know that (* is semiseparable if, and only if, ¢ is a regular
morphism of R-bimodules, i.e. there is E € gHompg(S, R) such that ¢ o Eo ¢ = ¢, i.e.,
such that ¢ E(1g) = 1g. Given v for ¢* as in Theorem [6.23] we define E(s) = vp(s®@p1g).
Conversely, given FE : S — R, we define vyy = S®@r M — M, s @g m +— E(s)m, for every
M € gM and it satisfies n o v o = 1, where the unit 7 is given by nyy : M — S ®r M,
m — 1g @ m. Moreover, the condition v o vp,p* = v o p.ep* rewrites as E(z)E(y)m =
E(zy)m, for every x,y € S and m € M, for every M € pM. Indeed, we have that

E(z)E(y)m = E(x)vp(y @rm) = vm(E(x)(y @r m)) = (Va0 Yy, (o)) (T @R (y ®r M)
= (vm © pxepr(an)) (T @R (y @r M) = vy (vy @R M) = E(vy)m,
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for every x,y € S, m € M. Thus, v o vp,p* = v o p.ep* is equivalent to ask that F is
multiplicative, so by Theorem " is h-semiseparable if, and only if, there is a morphism
E : S — R of R-bimodules which is multiplicative and such that ¢ o F o p = ¢. O

As a consequence, we can restate [I1, Proposition 3.1] as follows.

Corollary 6.32. Let ¢ : R — S be a morphism of rings. Then, the extension of
scalars functor ¢* = S ®@r (=) : gpM — gM is h-separable if, and only if, ©* is h-
semiseparable through a morphism E : S — R of R-bimodules as in Proposition[6.31 such
that E(lg) = 1g holds true in addition, i.e. through a morphism of R-bimodules which is
a ring homomorphism.

The following is an example of a h-semiseparable functor, that is not h-separable.

Example 6.33. In Example it is observed that, given morphisms of rings p: R — §
and ¥ : @ — R whose induction functors ¢* and ¢* are separable and naturally full,
respectively, then the composition ¢* o )* = (¢ o 1))* is semiseparable through Do E €
oHomg(S,Q), where E € gRHomp(S, R) is such that £ o ¢ =Id (hence ¢ is injective) and
D € gHomg(R, Q) is such that p o D =Id. In case ¢ o9 is not injective, then (¢ o ¢)* is
not separable.

For instance, consider the canonical injection ¢ : Q — Q[X] of the field of rational
numbers into the polynomial ring over it and let ¢ : Q x Q — Q be given by the projection
¥((q,4¢")) = q on the first component. Then, by defining D : Q — Q x Q as D(q) = (¢,0)
and F : Q[X] — Q to be the evaluation at 0 of the given polynomial, we know that
(poe))* is semiseparable through Do E. Indeed, Do E : Q[ X| — Q x Q, p(X) — (p(0),0),
is a morphism of (Q x Q)-bimodules as, for every (u,v),(a,b) € Q x Q and p(X) €
QLX], we have that (D o E)((u,0) - p(X) - (a,)) = D(E(p(t((u, 0)))p(X)p(t((a,))))) =
D(E(up(X)a)) = D(up(0)a) = (up(0)a,0) = (u,v)(p(0),0)(ab) = (u, ) D(p(0))(a,b) =
(u,v)D(E(p(X)))(a,b). Moreover, it holds potpoDoEopot) = poldgoldgot) = ¢orp.
Since D o FE is multiplicative, as (D o E)(p(X)q(X)) = (p(0)q(0),0) = (p(0),0)(¢(0),0) =
(Do E)(p(X))(Do E)(¢q(X)), then by Proposition (¢p 01)* is h-semiseparable. Note
that (¢ 0)* is not separable as p o) : Q x Q — Q[X], (¢,¢") — ¢, is not injective. Thus,
it is not even h-separable.
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