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Abstract
In this thesis, we present the notion of semiseparable functor, introduced and investi-

gated in [4], and its main properties that extend known results for separable and naturally
full functors. We have defined a functor to be semiseparable by requiring a (von Neumann)
regularity condition on its associated natural transformation on the hom-set components.
A separable functor is faithful and a naturally full functor is full: semiseparability allows
to reverse these implications and to treat separable and naturally full functors in a uni-
fied way. A suitable idempotent natural transformation and a canonical factorization can
be attached to any semiseparable functor. We provide characterizations of semiseparibil-
ity for functors that are part of an adjunction, focusing mainly on functors attached to
morphisms of rings and coalgebras, comodule categories over corings, and bimodules.

We deal with semiseparable functors in the context of Eilenberg-Moore categories and
idempotent complete categories, as investigated in [5]. We present the notions of coreflec-
tions up to retracts (reflections up to retracts, respectively), i.e. functors whose idempotent
completion admits a fully faithful left (resp., right) adjoint, and bireflections up to retracts,
a stronger notion involving both a left and right adjoint. We discuss semiseparability with
respect to these functors. One of the main results we have proved in this setting is that a
right (resp., left) adjoint functor is semiseparable if, and only if, the associated (co)monad
is (co)separable and the (co)comparison functor is a bireflection up to retracts, recovering
known results in the separable case. We then consider the context of pre-triangulated
categories, providing conditions for the Eilenberg-Moore category of (co)modules and for
the Kleisli category of free modules to inherit the pre-triangulation from the base category
by means of semiseparability.

Another aim of this thesis is to show how several properties of functors, such as faithful-
ness, (natural) fullness, (semi)separability, can be formulated for a semifunctor, as studied
in [21]. We present the notion of semifullness, semifull faithfulness and natural semifull-
ness for semifunctors. We characterize these properties for semifunctors that are part of
a semiadjunction, in terms of “semisplitting” conditions for the unit and counit, and we
give examples of semifunctors studied with respect to these notions.

The results presented in this thesis have been investigated mainly in [4], [5], [21]. We
provide some other original results and we start exploring some variations of semisepara-
bility, that we plan to develop in future works.

Keywords. Separability; semiseparable functor; (co)reflection; Eilenberg-Moore cate-
gories; idempotent completion; semifull semifunctor; coring; (co)module categories.
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Introduction

The notion of separability recurs in several topics in Algebra, Number Theory and
Algebraic Geometry, for instance in classical Galois theory, ramification theory, Azumaya
algebras, and Hochschild cohomology. The categorical notion of separable functor has
been introduced by C. Nǎstǎsescu, M. Van den Bergh and F. Van Oystaeyen in [72],
where applications in the framework of group-graded rings have been considered. This
notion allows to reinterpret categorically the theory of separable ring extensions, and of
separable algebras. The motivating example which led to the definition of separable functor
is provided by the fact that the restriction of scalars functor, attached to a ring morphism
R → S, results to be separable if, and only if, the ring extension S/R is separable in the
classical sense [72], i.e., the multiplication mS : S⊗R S → S, s⊗R s

′ 7→ ss′, splits as an S-
bimodule map. Among their main properties, separable functors reflect split epimorphisms
and split monomorphisms, satisfying a functorial version of “Maschke Theorem” (see [72,
Proposition 1.2]), and this is one of the reasons for the relevant interest on this notion
in the framework of module categories. Another central result is the so-called “Rafael
Theorem” [78, Theorem 1.2], which provides a characterization of separability for functors
that are part of an adjunction in terms of splitting properties of the (co)unit. Separable
functors have then been extensively studied, for instance in the context of coalgebras [29],
graded homomorphims of rings [30], comodule categories over corings [23], [42], Doi-Hopf
modules [27], bimodules [78], expanding the original study of the separability for the
induction and restriction of scalars functors associated to a ring homomorphism. Several
results and applications of separable functors are illustrated e.g. in [28]. Interestingly,
separable functors play a significant role in the context of Eilenberg-Moore categories.
In [22] the notion of (co)separable (co)algebra was extended to the one of (co)separable
(co)monad on a category C (that is, a (co)algebra in the monoidal category of endofunctors
on C). The (co)separability of a (co)monad is in fact equivalent to the separability of the
forgetful functor attached to the Eilenberg-Moore category of (co)modules over the given
(co)monad [17, 2.9]. Moreover, the separability of any right (resp., left) adjoint functor
entails the separability of the (co)monad associated to the adjunction [31, Lemma 3.1],
and under an idempotent completeness condition, a separable right (resp., left) adjoint
functor is always monadic (resp., comonadic), see [64, Proposition 3.16], [31, Corollary
3.6].

Several variations of the notion of separable functor have then been investigated in the
literature, among all we mention separable functors of the second kind [26], naturally full
functors [7], relative separable functors [3], and heavily separable functors [11]. In [78] the
original definition of separable functor has been restated as follows: a functor F : C → D
is said to be separable if, and only if, the natural transformation

F : HomC(−,−) → HomD(F−, F−), [f : X → Y ] 7→ FX,Y (f) = Ff, (0.1)

has a left inverse, i.e., there is a natural transformation P : HomD(F−, F−) → HomC(−,−)
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such that PX,Y ◦ FX,Y = IdHomC(X,Y ), for all X, Y in C. Since an injective map between
sets has a left inverse, then a functor is faithful if every component FX,Y has a left inverse,
and it is separable if this left inverse can be chosen to be natural in X and Y . Thus,
as observed in [28], separable functors could also be named “naturally faithful” functors.
Naturally full functors, introduced in [7], arise as a dual version of separable functors, by
requiring F to have a right inverse. Clearly, a functor is fully faithful if, and only if, it is
both separable and naturally full.

By definition any separable functor is faithful, while any naturally full functor is full.
A natural question one can ask is when a faithful functor is separable and when a full
functor is naturally full. In [4] we have introduced the notion of semiseparable functor
that allows to reverse the latter implications and to treat separability and natural fullness
in a unified way. In this thesis, we present the results concerning semiseparable functors
and their applications, investigated mainly in [4] and [5]. In particular, in [5] we have
defined a functor to be a coreflection up to retracts (resp., reflection up to retracts), if its
idempotent completion admits a fully faithful left (resp., right) adjoint. We have studied
semiseparability with respect to these functors, showing that a semiseparable (co)reflection
up to retracts gives actually rise to a stronger notion, that we have called bireflection up to
retracts, involving both a left and right adjoint. One of the main result we have proved in
this setting is an extension of the aforementioned properties holding in the separable case
[31]: explicitly, a right (left) adjoint functor is semiseparable if, and only if, the associated
(co)monad is (co)separable and the (co)comparison functor is a bireflection up to retracts.
As a consequence, given an adjunction, the semiseparability of the right adjoint provides an
equivalence after idempotent completion between the Kleisli category of free modules over
the associated monad and the Eilenberg-Moore category of modules over that monad.
Moreover, semiseparability has found an application in the context of pre-triangulated
categories. Indeed, we have obtained a semi-analogue of [12, Theorem 4.1] for separable
functors, providing conditions for the Eilenberg-Moore category of modules to inherit the
pre-triangulation from the base category. Dealing with idempotent complete categories, i.e.
categories where all idempotents split, we came across the notion of semifunctor, defined
as a functor that does not necessarily preserve identities. This has led us to wonder how
fullness, full faithfulness, (semi)separability and natural fullness, can be formulated for
semifunctors. Since a full semifunctor reveals to be actually a functor, we have investigated
in [21] a notion of semifullness (and then, semifull faithfulness and natural semifullness) for
semifunctors. Another aim of this thesis is to present these semifunctorial properties and
their characterizations for semifunctors that are part of a semiadjunction, and in view of
them, we are able to revise some results shown in [5]. Finally, as in the separable case, we
exhibit some new variations of the notion of semiseparable functor, planning to continue
investigating them in future works.

We now describe the main results shown in this thesis.

Semiseparable functors

We have defined a functor F : C → D to be semiseparable [4] by requiring the natural
transformation F in (0.1) to be a regular natural transformation, i.e., by requiring F to
admit a natural transformation P : HomD(F−, F−) → HomC(−,−) such that

F ◦ P ◦ F = F .

This condition is an analogue of the one defining a von Neumann regular element of a
unital ring. Separable and naturally full functors are instances of semiseparable functors
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and, if we add to a semiseparable functor either the assumption of faithfulness or fullness,
we retrieve the notions of separable or naturally full functor, respectively (Proposition 2.5).
The first difference we note, with respect to the separable and naturally full cases, is that
semiseparable functors are not closed under composition (see Example 3.4). Nevertheless,
the closeness is available in some cases (Lemma 2.6): for instance, given functors F : C → D
and G : D → E , if either F is semiseparable and G is separable, or F is naturally full and
G is semiseparable, then the composite G ◦ F : C → E is semiseparable.

To any semiseparable functor F : C → D it is possible to attach, in a unique way, a
suitable idempotent natural transformation e : IdC → IdC (see Proposition 2.11), which
is trivial only in case F is separable (Corollary 2.12). The existence of the associated
idempotent allows to describe separable functors in terms of reflectivity conditions. As
we have mentioned, separable functors satisfy a functorial version of “Maschke Theorem”,
and any separable functor is Maschke, dual Maschke or conservative, i.e., they reflect
split-monomorphisms, split-epimorphisms, isomorphisms, respectively. If we assume the
semiseparability condition on the functor, then through its associated idempotent e we
show that the reverse implications hold (Corollary 2.18). There are further situations in
which the notion of semiseparable functor collapses into the one of separable functor. For
example, this is the case when we consider a functor between categories with (co)equalizers
that reflects (co)equalizers, or when there exists a suitable type of generator within the
source category of a functor, e.g. when the category is constant generated (Proposition
2.22), as it happens for the category Set of sets, for the category Top of topological spaces,
etc.

To the idempotent e associated with a semiseparable functor one can attach a suitable
quotient category Ce of C, the so-called “coidentifier” [39]. Via this category we have ob-
tained a canonical factorization for any semiseparable functor. Namely, any semiseparable
functor F : C → D factors as the naturally full quotient functor H : C → Ce followed by
a unique separable functor Fe : Ce → D (Theorem 2.33). As a consequence, a functor is
semiseparable if, and only if, it factors as a naturally full functor followed by a separable
one (Corollary 2.35).

Next, we look at functors which have an adjoint. We prove a “Rafael-type Theorem”
(Theorem 2.36) for semiseparable functors: explicilty, a functor which has a right (resp.,
left) adjoint is semiseparable if, and only if, the (co)unit of the adjunction is regular as
a natural transformation. It is well-known that in an adjoint triple F ⊣ G ⊣ H, the
functor F is fully faithful if, and only if, so is H. As a consequence of the Rafael-type
Theorem, in Proposition 2.41 we show that a similar behavior holds for semiseparability,
as well. We recall that a functor is Frobenius if there is a functor which is both its left and
right adjoint. Then, the Rafael-type Theorem can be further specified for semiseparable
Frobenius functors as in Theorem 2.42. As already announced, semiseparability applies
in the context of Eilenberg-Moore categories. In fact, in Lemma 2.43 we show that the
semiseparability of the right (left) adjoint is sufficient to obtain the (co)separability of
the associated (co)monad, and our main result here is Theorem 2.47 stating that, given
an adjunction F ⊣ G : D → C, the right adjoint G is semiseparable if, and only if, the
monad GF is separable and the comparison functor KGF : D → CGF is naturally full,
where CGF is the Eilenberg-Moore category of modules over GF . We recover stronger
characterizations for separable, naturally full and fully faithful functors.

Functors admitting a fully faithful right (resp., left) adjoint are known as (co)reflections,
cf. [16]. In particular, functors admitting a fully faithful left and right adjoint equal and
satisfying a coherence condition relating the unit and counit of the two adjunctions, are
called bireflections, cf. [39]. We show that the semiseparability condition on a (co)reflection
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enforces the functor to be a bireflection (Proposition 2.63) and in Corollary 2.64 we actually
prove that a (co)reflection is semiseparable if, and only if, it is naturally full if, and only if,
it is Frobenius if, and only if, it is a bireflection. However, there exist (co)reflections which
are not semiseparable (see e.g. Example 2.74). Moreover, we observe that the monad
associated to a semiseparable reflection is a Frobenius monad.

In Proposition 2.69 we find that, given a category C and an idempotent natural trans-
formation e : IdC → IdC , the quotient functor H : C → Ce is a bireflection if, and only if, e
splits (e.g. if C is idempotent complete). As a consequence, in Corollary 2.71 we show that
a factorization of a semiseparable functor as a bireflection followed by a separable functor
is available if, and only if, the associated idempotent natural transformation e splits, and
that such a factorization amounts to the canonical one given by the coidentifier category.

It is then natural to test the notion of semiseparability on functors traditionally con-
nected with the study of separability. First, we look at the adjunction which motivated
the notion of separable functor, i.e., the restriction of scalars functor φ∗ : SM → RM,
the extension of scalars functor φ∗ = S ⊗R (−) : RM → SM and the coinduction functor
φ! = RHom(S,−) : RM → SM associated to a ring morphism φ : R → S, which form an
adjoint triple φ∗ ⊣ φ∗ ⊣ φ! between module categories. The semiseparability of φ∗ reduces
into its separability as it is faithful, while the semiseparability of φ∗ is equivalent to the
one of φ!, and it can be characterized either in terms of the regularity of φ as a morphism
of R-bimodules (Proposition 3.1), or in terms of the existence of a suitable central idem-
potent element in R (Proposition 3.8). Since φ∗ preserves free modules, it induces what
we call the free induction functor S ⊗R (−) : RMf → SMf between the categories of free
left modules (which are not idempotent complete) and, assuming that S ̸= 0 is free as a
left R-module, it results to be semiseparable if, and only if, it is separable (Proposition
3.11).

As a new study of this thesis (not considered in [4], [5]), inspired by [18] we look at
categories of (left) firm modules RM over a possibly non-unital ring R. The notion of
firm module goes back to D. Quillen [77] and it allows to develop a module theory over
non-unital rings. In Proposition 3.17 we show an extension of Proposition 3.1 to the case
of functors between these categories, where R is a firm ring and S is an arbitrary ring.
Moreover, we show that a result similar to [78, Proposition 2.2] holds with respect to the
(semi)separability of a right adjoint functor, whose source category is a full subcategory of
RM containing the firm ring R, that can be described by the regularity of the R-component
of the counit as a morphism of R-bimodules (Proposition 3.14).

Then, we study the semiseparability of the corestriction of coscalars functor ψ∗ :
MC → MD, and the coinduction functor ψ∗ := (−)□DC : MD → MC , attached
to a coalgebra map ψ : C → D (Proposition 3.21), and in Proposition 3.29, as an-
other new example discussed in this thesis, we characterize the semiseparability of the
coinduction functor attached to a coring morphism, generalizing the one for coalgebras.
Turning our attention to the induction functor (−) ⊗R C : MR → MC , attached to an
R-coring C, in Theorem 3.24 we show that the latter is semiseparable (this is equiva-
lent to say that C is a semicosplit coring) if, and only if, the coring counit εC : C → R
is a regular morphism of R-bimodules. Next, given an (R,S)-bimodule M , we consider
the coinduction functor σ∗ := HomS(M,−) : MS → MR together with its left adjoint
σ∗ := (−) ⊗RM : MR → MS . We give a semiseparable version of M -separability over R
for the ring S [83]. In Theorem 3.31 we show that the semiseparability of σ∗ is equivalent
both to the M -semiseparability of S over R, and to a regularity of the evaluation map
plus a mild condition, which is redundant when M is projective as a right S-module. In
Corollary 3.34 we prove that S is M -separable over R if, and only if, S is M -semiseparable
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over R and M is a generator in MS . In Example 3.37 we see an instance where S is M -
semiseparable but not M -separable over R. If we add the assumption that M is finitely
generated and projective as a right S-module, further characterizations of the semisepara-
bility of σ∗ and σ∗ can be provided in Proposition 3.39 and Proposition 3.40, respectively.
In Proposition 3.6, Corollary 3.27, and Proposition 3.38, we explicitly exhibit the factor-
ization of functors φ∗, (−) ⊗R C, and σ∗ as a bireflection followed by a separable functor
since their source categories are idempotent complete.

Before discussing semiseparability with respect to what we have called conditions up
to retracts, let us review some results on semifunctors.

The role of semifunctors

The notion of semifunctor between categories, defined as a functor that does not need
to preserve identities, appeared in [38] under the name of weak functor, and was investi-
gated by S. Hayashi in [46], in order to develop a categorical semantics for non-extensional
typed lambda calculus. Then, proper notions of semiadjunction and seminatural transfor-
mation [52] have been considered. Explicitly, a natural transformation α : F → F ′ between
semifunctors F, F ′ : C → D is defined as a natural transformation between functors; if in
addition αX ◦ F IdX = αX holds true for every object X in C, then α is a seminatural
transformation. Moreover, if there exists a natural transformation β : F ′ → F such that
β◦F ′Id = β, α◦β = F ′Id and β◦α = F Id, then α is said to be a natural semi-isomorphism.

Given a semifunctor F : C → D and its associated natural transformation F given as
in (0.1), then (as in the functor case) F can be defined to be a faithful (resp., full, fully
faithful) semifunctor by requiring that FX,Y is injective (resp., surjective, bijective) for
every pair of objects X,Y ∈ C. Noting that a full semifunctor is actually a functor, and
motivated by the behavior of an endosemifunctor on Set (Example 4.57), in [21] we have
introduced a weaker notion of fullness for semifunctors that we have called semifullness:
a semifunctor F : C → D is semifull if for any morphism f : FX → FY in D there exists
a morphism g : X → Y in C such that

F (g) = F IdY ◦ f ◦ F IdX .

We have then defined a semifunctor to be semifully faithful if it is faithful and semifull.
In order to show that the semifull and semifully faithful conditions can be derived from
requirements on the natural transformation F associated with a semifunctor, we look
at particular “semisplitting” properties for seminatural transformations, i.e. at natural
semisplit-mono and natural semisplit-epi seminatural transformations, investigating the
corresponding semisplitting properties for morphisms whose source or target is the image
of a semifunctor, cf. Section 4.2. In particular, in Corollary 4.67, we obtain that, given a
semiadjunction F ⊣s G : D → C with unit η and counit ϵ, then F (resp., G) is semifully
faithful if, and only if, η (resp., ϵ) is a natural semi-isomorphism.

It is clear that the natural fullness condition (which implies fullness) on a semifunctor
reduces to the naturally full functor case. Thus, we have investigated a notion of natural
semifullness for semifunctors. We have called a semifunctor F : C → D naturally semifull
if there is a natural transformation P : HomD(F−, F−) → HomC(−,−) such that

(FX,Y ◦ PX,Y )(f) = F IdY ◦ f ◦ F IdX ,

for every morphism f : FX → FY in D. A naturally semifull semifunctor is obviously
semifull. In Proposition 4.79 we show that a semifunctor is semifully faithful if, and



viii

only if, it is separable and naturally semifull. We obtain a Rafael-type Theorem for
naturally semifull semifunctors which are part of a semiadjunction in terms of semisplitting
properties for the unit and the counit (Theorem 4.74). Explicitly, given a semiadjunction
F ⊣s G : D → C with unit η and counit ϵ, we prove that F is naturally semifull if, and
only if, η is a natural semisplit-epi, and that G is naturally semifull if, and only if, ϵ is a
natural semisplit-mono.

For what concerns (semi)separability, we have defined a semifunctor F : C → D to be
(semi)separable by requiring the same conditions on the associated natural transformation
F , as in the functorial case. The first difference with separable functors is in the Maschke
Theorem. In Theorem 4.78 we show that, if F is a separable semifunctor and Ff :
FC → FC ′ is an FC-semisplit-mono (resp., FC′-semisplit-epi), then f is a split-mono
(resp., split-epi). Rafael-type Theorems for (semi)separable semifunctors that are part of
a semiadjunction hold analogously to the ones for functors, see Theorem 4.80 and Theorem
4.91. As shown in [52, Theorem 6.9], any semiadjunction gives rise to a semicomonad and
to a semimonad. We extend the definition of (co)separable (co)monad to the case of a
semi(co)monad, obtaining a result similar to Lemma 2.43 for semiseparable semifunctors,
that is, given a semiadjunction F ⊣s G, the semiseparability of G (resp., F ) implies the
(co)separability of the associated semi(co)monad (see Lemma 4.98).

Searching for examples, the first semifunctor we consider is the so-called forgetful semi-
functor (Example 4.7.1). Given a category C and its idempotent completion C♮, the forget-
ful semifunctor υC : C♮ → C results to be semifully faithful. There exist semifunctors which
are neither faithful, nor semifull in general, e.g. the semi-product semifunctor (Example
4.7.2) and the constant semifunctor (Example 4.7.3). To any idempotent seminatural
transformation e = (eX)X∈C : IdC → IdC on a category C it is possible to attach a canon-
ical semifunctor Ee that is self-semiadjoint (Proposition 4.34). In Example 4.90 we show
that it reveals to be naturally semifull, while it is separable if, and only if, Ee = IdC . Given
a morphism of rings φ : R → S, we consider the extension and the restriction of scalars
functors. If e : Id

RM → Id
RM is an idempotent seminatural transformation, then we

obtain the semiadjunction φ∗
e ⊣s φ

e
∗ : SM → RM, where φ∗

e := φ∗ ◦Ee and φe∗ := Ee ◦φ∗.
In Proposition 4.100 we give conditions under which φe∗ and φ∗

e are naturally semifull.
Since a monoid can be seen as a category with a single object and arrows the elements

of the monoid, any semigroup homomorphism between monoids defines a semifunctor.
In Example 4.7.5 we exhibit a semifunctor between monoids that is separable, but not
semifull in general, hence not even naturally semifull. Similarly, in Example 4.7.6, we
see an example of a semifunctor between unital rings (viewed as categories with a single
object) which is naturally semifull but not separable in general.

The notions considered so far for a semifunctor F : C → D are related to the corre-
sponding functorial notions for its completion F ♮ : C♮ → D♮. The idempotent completion
construction (see Subsection 4.1.1) provides a canonical way to turn semifunctors into
functors. In Proposition 4.92 and Corollary 4.93 through the idempotent completion we
show that a semifunctor F is semifull (resp., naturally semifull, semifully faithful, faith-
ful, (semi)separable) if, and only if, its completion F ♮ is a full (resp., naturally full, fully
faithful, faithful, (semi)separable) functor.

Conditions up to retracts

Coming back to functors, though several properties of a functor transfer to its idempo-
tent completion and viceversa, there are other properties that do not share this behavior.
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For instance, if F : C → D is an equivalence of categories so is F ♮ : C♮ → D♮, but the
converse is not always true. It is known that F ♮ is an equivalence if, and only if, F is
fully faithful and surjective up to retracts, i.e. every D ∈ D is a retract of FC, for some
C ∈ C. A functor F such that F ♮ is an equivalence is sometimes called equivalence up
to retracts in the literature. A similar situation happens for a (co)reflection. If F is a
(co)reflection so is F ♮, but the converse is not true in general. In [5] we have defined a
(co)reflection up to retracts to be a functor F whose completion F ♮ is a (co)reflection.
Since bireflections are particular (co)reflections, we have also introduced the stronger no-
tion of bireflection up to retracts, which identifies a functor whose idempotent completion
is a bireflection. These notions are freely referred to as conditions up to retracts. Clearly,
any coreflection (resp., reflection, bireflection, equivalence) is a coreflection up to retracts
(resp., reflection up to retracts, bireflection up to retracts, equivalence up to retracts), see
Lemma 5.3. The converse holds in some cases, for instance if the source category of the
functor is idempotent complete (see Proposition 5.9). In Proposition 5.10 we revise from
[5] a characterization of (co)reflections up to retracts as part of a semiadjunction by means
of semifull faithfulness. Explicitly, given a semiadjunction F ⊣s G with unit η and counit
ϵ, if F (resp., G) is a functor, then it is a (co)reflection up to retracts if, and only if, G
(resp., F ) is semifully faithful. By this characterization we show that, given a category C
and an idempotent natural transformation e : IdC → IdC , the quotient functor H : C → Ce
onto the coidentifier category is a (co)reflection up to retracts, whence a bireflection up
to retracts (Theorem 5.14). In Theorem 5.18 we find out that the (co)comparison functor
attached to an adjunction whose associated (co)monad is (co)separable is a coreflection up
to retracts (resp., reflection up to retracts). As a consequence, in Theorem 5.19 we prove
that, given a functor G : D → C with a left adjoint F , then G is semiseparable if, and only
if, the associated monad GF is separable and the comparison functor KGF : D → CCF
is a bireflection up to retracts. A dual statement still holds for a left adjoint functor.
In case G is separable, we retrieve [31, Proposition 3.5] where KGF is shown to be an
equivalence up to retracts. Moreover, in Proposition 5.31 we prove that, in case G is a
semiseparable functor with associated idempotent e, then there is an equivalence up to
retracts (KGF )e : De → CGF such that (KGF )e ◦H = KGF and UGF ◦ (KGF )e = Ge, where
UGF : CGF → C is the forgetful functor and H is the quotient functor. As a consequence
of this, in Proposition 5.36 we show that, when G is semiseparable, the idempotent com-
pletions of the Kleisli category associated to the monad GF , of the coidentifier De and
of the Eilenberg-Moore category CGF are equivalent categories. We apply these results in
the context of pre-triangulated categories, obtaining in Theorem 5.49 an analogue of P.
Balmer’s [12, Theorem 4.1]. More explicitly, after defining a stably semiseparable functor
by adapting [12, Definition 3.7], we see how, given a stably semiseparable right adjoint
G : D → C with associated idempotent natural transformation e, under the relevant as-
sumptions, one can transfer the pre-triangulation from C to the coidentifier category De.
Then, in Corollary 5.50 we provide conditions for the Eilenberg-Moore category CGF of
modules to inherit the pre-triangulation from the base category C. As new outcomes of
this thesis, we show that similar results hold for the Eilenberg-Moore category DFG of
comodules (Corollary 5.53) and for the Kleisli category GF -FreeC (Corollary 5.55).

Variants of semiseparability

In [3, Definition 2.4] relative notions of faithfulness, (natural) fullness, separability
have been investigated. In the separable case, this notion is somehow related to the
separability of the second kind [26], see [3, Proposition 2.15]. In this thesis, we propose
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a relative notion for semiseparability as well, obtaining in Proposition 6.3 a “relative”
version of Proposition 2.5. Explicitly, given functors U : D → B, F : C → D and
G : E → D, we say that U is (F,G)-semiseparable if FU

F,G, given on components by(
FU
F,G

)
X,Y

= FU
FX,GY , for every X ∈ C, Y ∈ E , is a regular natural transformation.

When both F and G are the identity functors, one recovers the classical definition of
semiseparable functor. We observe that a functor U : D → B is (IdD, G)-semiseparable
(resp., (F, IdD)-semiseparable) if, and only if, U is (F,G)-semiseparable for every F :
C → D (resp., for every G : E → D), see Corollary 6.6. Moreover, if U is semiseparable,
then U is (F,G)-semiseparable for all functors F : C → D, G : E → D (Corollary 6.7).
Then, some of the results for semiseparable functors can be shown in this context. For
instance, in Proposition 6.9 we attach suitable idempotent natural transformations to
(IdD, G)-semiseparable (resp., (F, IdD)-semiseparable) functors, which provide a criterion
to establish when they are (IdD, G)-separable (resp., (F, IdD)-separable). In Theorem 6.14,
we prove a Rafael-type Theorem which characterizes the (IdD, G)-semiseparability (resp.,
(F, IdD′)-semiseparability) of a left (resp., right) adjoint functor.

On the other hand, a stronger notion of separability has been recently introduced in [11]
under the name of heavily separable functor. We recall that an heavily separable functor is
a separable functor through a natural transformation P which is multiplicative. In Defini-
tion 6.17 we call a functor F : C → D heavily semiseparable if it is semiseparable through
a natural transformation P which is multiplicative. We prove the main properties con-
cerning composition (Lemma 6.20) and closure under natural isomorphims (Lemma 6.21)
for heavily semiseparable functors. We obtain a stronger Rafael-type Theorem (Theorem
6.23): explicilty, given an adjunction F ⊣ G : D → C with unit η and counit ϵ, then F is
h-semiseparable if, and only if, η is regular through a natural transformation ν : GF → IdC
such that νν = ν ◦GϵF , while G is h-semiseparable if, and only if, ϵ is regular through a
natural transformation γ : IdD → FG such that γγ = FηG ◦ γ.

It is known that, given an R-coring (C,∆C , εC), an element g ∈ C is said to be semi-
grouplike provided ∆C(g) = g⊗Rg, and g is grouplike if g is semi-grouplike and εC(g) = 1R.
In [65] the notion of a grouplike element in an R-coring C has been extended to the notion
of grouplike morphism for a natural transformation γ : IdD → ⊥, where ⊥ is a comonad
on a category D. Dually, see e.g. [59, Section 4], one can define the notion of an aug-
mentation of a monad ⊤ : D → D. Interestingly, in [11, Corollary 2.7] a characterization
of h-separability of a right (resp., left) adjoint functor has been given in terms of the
existence of a grouplike morphism (resp., an augmentation) of the associated comonad
(resp., monad). After defining what we have called a semi-grouplike morphism and a
semi-augmentation, as a consequence of the Rafael-type Theorem, we show a characteri-
zation for the heavy semiseparability of a right (resp., left) adjoint functor involving these
notions, see Proposition 6.27. As an application of the previous result, in Theorem 6.29 we
prove that, given an R-coring (C,∆C , εC), the h-semiseparability of the induction functor
G = (−) ⊗R C : MR → MC can be completely described in terms of the existence of an
invariant semi-grouplike element z ∈ C such that εC(z)c = c, for every c ∈ C. Looking
at the extension of scalars functor φ∗ attached to a morphism of rings φ : R → S, in
Proposition 6.31 we show that it is h-semiseparable if, and only if, there is a morphism
E : S → R of R-bimodules which is multiplicative and such that φ ◦ E ◦ φ = φ. We
exhibit a couple of examples considered with respect to semiseparability that fulfill the
requirements of heavy semiseparability (Example 6.30, Example 6.33).
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Outline of the thesis. In Chapter 1 we recall the main properties of separable and
naturally full functors, their characterizations for functors that are part of an adjunction,
their behavior with respect to Frobenius functors, and connections with (co)separable
(co)monads. We remind the main tools we will use in the sequel, such as Eilenberg-
Moore and Kleisli categories. We look at adjoint functors attached to ring and coalgebra
morphisms, corings and bimodules, recalling known results concerning their separability
and natural fullness.

In Chapter 2 we present the notion of semiseparable functor and its main properties.
We show results concerning the semiseparability for functors which are part of an ad-
junction. We characterize the semiseparability of a right (resp., left) adjoint functor in
terms of properties of the (co)comparison functor and of the forgetful functor attached to
the Eilenberg-Moore category of (co)modules. We look at semiseparable (co)reflections,
and we provide a factorization of a semiseparable functor as a bireflection followed by a
separable functor when its associated idempotent natural transformation splits.

In Chapter 3 we describe semiseparability for functors traditionally connected with the
study of separability.

In Chapter 4 we report the results concerning the semifunctorial notions corresponding
to functorial fullness, full faithfulness, (semi)separability, natural fullness. We characterize
these properties for semifunctors that are part of a semiadjunction in terms of semisplitting
conditions for the unit and counit attached to the semiadjunction.

In Chapter 5 we discuss semiseparability with respect to functors whose idempotent
completion admits a fully faithful right (left) adjoint, that is, (co)reflections up to retracts
and bireflections up to retracts. We present an application of the results achieved in the
context of pre-triangulated categories.

The results contained in Chapter 6 have not appeared in the literature: we investigate
new notions connected to semiseparability, namely relative semiseparable functors and
heavily semiseparable functors.

Notations and conventions. Given an object X in a category C, the identity mor-
phism on X will be denoted either by IdX or X for short. For categories C and D, a functor
F : C → D just means a covariant functor. By IdC we denote the identity functor on C.
The image of an object X ∈ C through a (semi)functor F : C → D is written F (X) or
simply FX; the image of a morphism f : X → Y in C is written F (f) or just Ff . For any
functor (or semifunctor) F : C → D, we denote IdF : F → F the natural transformation
defined by (IdF )X := IdFX .

Given a category C, we denote by Cop the opposite category of C. An object X and a
morphism f : X → Y in C are denoted by Xop and fop : Y op → Xop respectively when
regarded as an object and a morphism in Cop. Given a functor F : C → D, one defines its
opposite functor F op : Cop → Dop by setting F opXop = (FX)op and F opfop = (Ff)op.

By a ring we mean a unital associative ring. Given rings R, S, for an (R,S)-bimodule
M we often write RM , MS , RMS to specify the left R-module, the right S-module, the
(R,S)-bimodule structure, respectively, and morphisms in the corresponding categories
are denoted by RHom(−,−), HomS(−,−) and RHomS(−,−), respectively. We denote by
RM (resp., MR) the category of left (resp., right) R-modules and by RMS the category
of (R,S)-bimodules. The category of vector spaces over a field k is usually denoted by
Mk, simply by M when the field is clear from the context, and the tensor product over k
by the unadorned ⊗.



Chapter 1

Separable and naturally full
functors

In this chapter we recall the notions of separable and naturally full functors. The
definition of separable functor, due to C. Nǎstǎsescu, M. Van den Bergh and F. Van
Oystaeyen, was introduced in [72] in order to reinterpret categorically the theory of sep-
arable field extensions, and of separable algebras. The terminology was indeed inspired
by the result that the restriction of scalars functor associated with a morphism of rings
is a separable functor if, and only if, the corresponding ring extension is separable in the
classical sense, cf. Subsection 1.4.1. Naturally full functors have been defined in [7] as
a dual version of separable functors. We review here the main results concerning these
functors that we will use in the sequel. We remind the known characterizations for the
separability and natural fullness of several pairs of adjoint functors attached to homomor-
phisms of rings, corings and bimodules. The last part of this chapter is devoted to some
background on (co)monads, Eilenberg-Moore and Kleisli categories, and their interaction
with separability.

1.1 Separable functors

Given a functor F : C → D between categories C and D, we consider the functors

HomC(−,−) : Cop × C → Set, HomD(F−, F−) : Cop × C → Set

and the natural transformation

F : HomC(−,−) → HomD(F−, F−), (1.1)

given by FX,Y : HomC(X,Y ) → HomD(FX,FY ), f 7→ Ff , for all objects X,Y in C.
If FX,Y is injective, surjective, bijective for every pair of objects X,Y ∈ C, then F is a

faithful, full, fully faithful functor, respectively, see e.g. [19, Definition 1.5.1].

Definition 1.1. [72, Section 1] A functor F : C → D is said to be separable if, for all
objects X,Y in C, there are maps PX,Y : HomD(FX,FY ) → HomC(X,Y ), satisfying the
following conditions:

i) for any f : X → Y in C, (PX,Y ◦ FX,Y )(f) = PX,Y (Ff) = f ;

1
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ii) given f : X → Y , f ′ : X ′ → Y ′ in C and g : FX → FX ′, g′ : FY → FY ′ in D, if
g′ ◦ Ff = Ff ′ ◦ g, then the diagram

X
PX,X′ (g)

//

f

��

X ′

f ′

��
Y

PY,Y ′ (g′)
// Y ′

is commutative, i.e., PY,Y ′(g′) ◦ f = f ′ ◦ PX,X′(g).

As observed in [78], one can restate Definition 1.1 as follows. A functor F : C → D
is separable if there exists a natural transformation P : HomD(F−, F−) → HomC(−,−)
such that

P ◦ F = IdHomC(−,−).

When needed we will denote F , P by FF , PF , respectively, to make explicit the functor
F we are considering.
Remark 1.2. Since FF

X,Y = FF op
Y op,Xop for every X,Y ∈ C, a functor F : C → D is separable

if, and only if, so is F op : Cop → Dop.

Lemma 1.3. Let F : C → D be a functor. If F is separable, then it is faithful.

Proof. If F is a separable functor, then the map FX,Y has a left inverse, for every X,Y ∈ C,
hence it is injective, so F is faithful.

The following lemma describes how separable functors behave with respect to compo-
sition.

Lemma 1.4. [72, Lemma 1.1] Let F : C → D and G : D → E be functors.

i) If F and G are separable, then so is the composite G ◦ F : C → E.

ii) If G ◦ F : C → E is separable, then so is F .

Proof. i). For every X,Y ∈ C, define PGF
X,Y := PF

X,Y ◦ PG
FX,FY .

ii). For every X,Y ∈ C, define PF
X,Y := PGF

X,Y ◦ FG
FX,FY .

Separable functors can be seen as the categorical counterpart of separable field exten-
sions and of separable algebras, that we review in the next two examples.

Example 1.5. We recall from [45] the classical notion of separable field extensions. Let
k be a field and let f(X) be a non-zero polynomial in the polynomial ring k[X], with
indeterminate X. A non-constant polynomial f(X) ∈ k[X] is called separable if each
irreducible factor of f(X) has only simple roots in its splitting field. If char(k) = 0, then
any f(X) ∈ k[X] is separable. An algebraic field extension k ⊆ L (also denoted by L/k) is
said to be separable if, for every α ∈ L, the minimal polynomial p(X) ∈ k[X] of α over k
is separable. If the only elements of an algebraic field extension L/k which are separable
are the elements of k, then L/k is said to be purely inseparable. Denoting by Mk (resp.,
ML) the category of vector spaces over the field k (resp., L), as observed in [26, Remark
2.2], a finite extension of fields k ⊆ L is separable if, and only if, the forgetful functor
F : ML → Mk is separable. Indeed, let α ∈ L be a primitive element (i.e., L = k(α)) and
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consider the minimal polynomial p(X) ∈ k[X] of α, given by p(X) = Xn −
∑n−1
i=0 ciX

i.
Then, the natural transformation P defined, for any M,N ∈ ML, by

PM,N : HomMk(M,N) → HomML(M,N)

PM,N (f)(m) := p′(α)−1
n−1∑
i=0

α−i−1

 i∑
j=0

cjα
j

 f(αim),

for every f ∈ HomMk(M,N) and m ∈ M , where p′(X) = nXn−1 −
∑n−1
i=1 iciX

i−1, splits
F : HomML(M,N) → HomMk(FM,FN), f 7→ Ff .

In fact, since L = k(α), the map PM,N (f) is a morphism in ML, and P is a natural
transformation as, for every h : M ′ → M , k : N → N ′ in ML and for every f : M → N in
Mk, one has

PM ′,N ′(Fk ◦ f ◦ Fh)(m′) = p′(α)−1
n−1∑
i=0

α−i−1

 i∑
j=0

cjα
j

 kfh(αim′)

= k

p′(α)−1
n−1∑
i=0

α−i−1

 i∑
j=0

cjα
j

 f(αih(m′))

 = (k ◦ PM,N (f) ◦ h)(m′),

for every m′ ∈ M ′. Moreover, for every f ∈ HomML(M,N), we have that

PM,NFM,N (f)(m) = PM,N (Ff)(m) = p′(α)−1
n−1∑
i=0

α−i−1

 i∑
j=0

cjα
j

Ff(αim)

= p′(α)−1
n−1∑
i=0

α−i−1

 i∑
j=0

cjα
j

αif(m) =
∑n−1
i=0 α

−1
(∑i

j=0 cjα
j
)

nαn−1 −
∑n−1
i=1 iciα

i−1 f(m)

=
∑n−1
i=0

∑i
j=0 cjα

j−1

nαn−1 −
∑n−1
i=1 iciα

i−1 f(m) =
∑n−1
j=0

∑n−1
i=j cjα

j−1

nαn−1 −
∑n−1
i=1 iciα

i−1 f(m)

=
∑n−1
j=0 (n− j)cjαj−1

nαn−1 −
∑n−1
i=1 iciα

i−1 f(m) =
α
∑n−1
j=0 (n− j)cjαj−1

α(nαn−1 −
∑n−1
i=1 iciα

i−1)
f(m)

=
∑n−1
j=0 (n− j)cjαj

nαn −
∑n−1
i=1 iciα

i
f(m) =

∑n−1
j=0 (n− j)cjαj

n
∑n−1
i=0 ciα

i −
∑n−1
i=1 iciα

i
f(m)

=
∑n−1
j=0 (n− j)cjαj

nc0 +∑n−1
j=1 (n− j)cjαj

f(m) =
∑n−1
j=0 (n− j)cjαj∑n−1
j=0 (n− j)cjαj

f(m) = f(m),

for every m ∈ M .

Example 1.6. Let A be an algebra over a commutative ring R. We recall from [34,
Proposition 1.1, page 40] (see also [28, Theorem 3]) that A is said to be a separable
algebra if there exists an element e = ∑

i ai ⊗R bi ∈ A ⊗R A such that ae = ∑
i aai ⊗R

bi = ∑
i ai ⊗R bia = ea, for all a ∈ A, satisfying the normalizing separability condition∑

i aibi = 1A. The element e is usually called separability idempotent. Moreover, see e.g.
[28, Theorem 27 and Section 8.1], A is a separable algebra if, and only if, the multiplication
map mA : A ⊗R A → A splits in the category AMA of A-bimodules, i.e., denoting AM
(resp., MA) the category of left (resp., right) A-modules, the restriction of scalars functor
AM → RM (resp., MA → MR), is separable.
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A crucial result in classical representation theory is the so-called “Maschke’s Theorem”,
stating that a finite group algebra kG over a field k is semisimple as a ring if, and only if,
the characteristic of k does not divide the order of G (see e.g. [48, page 26]) if, and only if,
kG is a separable algebra (see e.g. [26]). Among the main properties of separable functors,
it is worth to mention that any separable functor satisfies the following functorial version
of Maschke’s Theorem.

Proposition 1.7. (Maschke’s Theorem) (See [72, Proposition 1.2], [28, Proposition 47])
Let F : C → D be a separable functor, and let f : X → Y be a morphism in C. If F (f) has
a left (resp., right, two-sided) inverse g in D, then f has a left (resp., right, two-sided)
inverse in C, namely PY,X(g).

For a separable functor between abelian categories, the previous result can be restated
in terms of split exact sequences. First, we recall the following definitions which are well
known.

Definition 1.8. (See e.g. [76, Corollary 7.4, page 48]) A short exact sequence

0 // X ′ f // X
g // X ′′ // 0 (1.2)

in an abelian category C is said to be split exact if the following equivalent conditions hold
true:

(i) f is a section in C, i.e., there exists a morphism f ′ : X → X ′ in C such that
f ′ ◦ f = IdX′ ;

(ii) g is a retraction in C, i.e., there exists a morphism g′ : X ′′ → X in C such that
g ◦ g′ = IdX′′ ;

(iii) X ′ is a direct summand of X.

In this case, X is canonically isomorphic to the direct sum of X ′ and X ′′.

Definition 1.9. (See [26, Section 3]) A functor F : C → D between abelian categories is
called semisimple if, given a short exact sequence (1.2) in C, if the sequence

0 // FX ′ Ff // FX
Fg // FX ′′ // 0

is split exact in D, then the sequence (1.2) is also split exact.

Example 1.10. An abelian category C is called semisimple [49, Definition 5.1] if every
short exact sequence in C is split exact. Thus, a functor between semisimple categories
is semisimple. For instance, the categories RM (resp., MR) of left (resp., right) modules
over a semisimple1 ring R is semisimple. In particular, the category M of vector spaces
over a field k is semisimple.

For a separable functor between abelian categories, Proposition 1.7 can then be refor-
mulated as follows.

Corollary 1.11. [28, Corollary 5] Let F : C → D be a separable functor between abelian
categories. Then, F is semisimple.

1Recall from [1, Proposition 13.9] that a ring R is semisimple if, and only if, every short exact sequence
of left (or right) R-modules is split exact.
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We recall some terminologies. Let F : C → D be a functor. An object M in C is called
relative injective if, for every morphism i : C → C ′ in C such that Fi is split-mono, then
the map HomC(i,M) : HomC(C ′,M) → HomC(C,M), f 7→ f ◦ i, is surjective. A relative
projective object in C is defined dually. A functor F : C → D is called a Maschke functor if
it reflects split-monomorphisms, i.e., for every morphism i in C such that Fi is split-mono,
then i is split-mono, and F is called a dual Maschke functor if it reflects split-epimorphisms.
These notions are equivalent to [26, Definition 3.1], where F is called a Maschke functor
if every object in C is relative injective, while F is called dual Maschke if every object in
C is relative projective. As shown in [26, Proposition 3.7], a semisimple functor between
abelian categories is Maschke (resp., dual Maschke) if it reflects monomorphisms (resp.,
epimorphisms). A functor is said to be conservative if it reflects isomorphisms.
Remark 1.12. A functor which is both Maschke and dual Maschke is conservative. By
Proposition 1.7 a separable functor is both Maschke and dual Maschke, thus conservative.

On the other hand, a Maschke (resp., dual Maschke) functor is not necessarily separa-
ble, as the next example shows.
Example 1.13. [26, Example 3.6] Let k ⊆ L be a finite purely inseparable field extension.
The restriction of scalars functor F : ML → Mk is a Maschke and a dual Maschke functor,
since every vector space over L is an injective and projective object in ML, but F is not
separable, since L/k is not separable.

However, in some cases the converse holds true, as for instance in the following Maschke’s
Theorem for Hopf algebras, a restatement of the Sweedler’s results [85].
Proposition 1.14. [26, Proposition 4.7] Let H be a Hopf algebra over a commutative
ring k, and let G : MH → Mk be the restriction of scalars functor. Then, the following
assertions are equivalent:

(i) G is a dual Maschke functor;

(ii) G is a Maschke functor;

(iii) G is a semisimple functor;

(iv) there exists a right integral2 t ∈ H with ε(t) = 1;

(v) G is a separable functor.

1.1.1 Separability and adjunctions

Given functors F : C → D, G : D → C, the pair (F,G) is an adjunction (usually
denoted by F ⊣ G) if, for every C ∈ C and D ∈ D, there is a bijection

ΦC,D : HomD(FC,D) // HomC(C,GD), (1.3)

which is natural both in C and D, i.e. for every morphism f : C ′ → C in C, g : D → D′

in D, the diagram

HomD(FC,D)
ΦC,D //

HomD(Ff,g)
��

HomC(C,GD)

HomC(f,Gg)
��

HomD(FC ′, D′)
ΦC′,D′

// HomC(C ′, GD′)

2Given a Hopf algebra (H, m, u, ∆, ε, S) over a commutative ring k, t ∈ H is a right (resp., left) integral
in H if th = ε(h)t (resp., ht = ε(h)t), for all h ∈ H.
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commutes. On elements, given h : FC → D, one has ΦC′,D′(g ◦h◦Ff) = Gg ◦ΦC,D(h)◦f .
In particular, if F ⊣ G : D → C is an adjunction, then F is a left adjoint of G and G is a
right adjoint of F . Equivalently, cf. [19, Theorem 3.1.5], F ⊣ G : D → C if, and only if,
there are natural transformations η : IdC → GF and ϵ : FG → IdD (called the unit and
counit of the adjunction, respectively) that fulfill the triangle identities

Gϵ ◦ ηG = IdG and ϵF ◦ Fη = IdF . (1.4)

Explicitly, the natural isomorphism ΦC,D in (1.3) is given, for any f : FC → D by

ΦC,D : HomD(FC,D) → HomC(C,GD), ΦC,D(f) = Gf ◦ ηC , (1.5)

with inverse

ΨC,D := Φ−1
C,D : HomC(C,GD) → HomD(FC,D), ΨC,D(g) = ϵD ◦ Fg, (1.6)

for any g : C → GD in C. It is well-known that the left or right adjoint of a functor is unique
up to natural isomorphism. We recall that, given two adjunctions (F ⊣ G : D → C, η, ϵ)
and (F ′ ⊣ G′ : D′ → C′, η′, ϵ′), a map of adjunctions [61, IV.7] is defined to be a pair (S, T )
of functors S : D′ → D, T : C′ → C, such that both squares

D′ S //

G′

��

D
G

��
C′ T //

F ′

OO

⊣

C

F

OO

⊣

are commutative, i.e., F ◦ T = S ◦ F ′ and T ◦ G′ = G ◦ S, and such that the diagram of
hom-sets

HomD′(F ′C ′, D′)
FS

F ′C′,D′
//

ΦC′,D′

��

HomD(SF ′C ′, SD′) HomD(FTC ′, SD′)
ΦT C′,SD′

��
HomC′(C ′, G′D′)

FT
C′,G′D′

// HomC(TC ′, TG′D′) HomC(TC ′, GSD′)

(1.7)

is commutative.
Remark 1.15. By [61, Proposition 1, page 99] the commutativity of (1.7) is equivalent to
Tη′ = ηT and also to ϵS = Sϵ′.

The following properties will be useful in the sequel.

Proposition 1.16. (See e.g. [28, Proposition 10]) Let F ⊣ G : D → C be an adjunction
with unit η and counit ϵ. Then, we have the following isomorphisms:

Nat(IdC , GF ) ∼= Nat(G,G) ∼= Nat(F, F ) ∼= Nat(FG, IdD).

Proof. We just exhibit the isomorphism Nat(IdC , GF ) ∼= Nat(G,G). Given a natural
transformation θ : IdC → GF , define α : G → G by αD = GϵD ◦ θGD, for every D ∈ D.
On the other hand, given a natural transformation α : G → G, define θ : IdC → GF by
θC = αFC ◦ ηC , for every C ∈ C.

Proposition 1.17. (See e.g. [28, Proposition 11]) Let F ⊣ G : D → C be an adjunction
with unit η and counit ϵ. Then, we have the following isomorphisms:

Nat(GF, IdC) ∼= Nat(HomD(F−, F−),HomC(−,−)), (1.8)
Nat(IdD, FG) ∼= Nat(HomC(G−, G−),HomD(−,−)). (1.9)
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Proof. Let ν : GF → IdC be a natural transformation. Define θ : HomD(F−, F−) →
HomC(−,−) by

θC,C′(g) = νC′ ◦Gg ◦ ηC , (1.10)

for any g : FC → FC ′ in D. From the naturality of η and ν, for any h : X → Y ,
l : Z → T in C, and k : FY → FZ in D, we have θX,T (Fl ◦ k ◦ Fh) = νT ◦ G(Fl ◦ k ◦
Fh) ◦ ηX = (νT ◦ GFl) ◦ Gk ◦ (GFh ◦ ηX) = l ◦ (νZ ◦ Gk ◦ ηY ) ◦ h = l ◦ θY,Z(k) ◦ h, thus
θ : HomD(F−, F−) → HomC(−,−) is a natural transformation. Note that θGFC,C(ϵFC) =
νC ◦GϵFC ◦ ηGFC = νC ◦ IdGFC = νC , for every C ∈ C.

Conversely, given a natural transformation θ : HomD(F−, F−) → HomC(−,−), define
ν : GF → IdC by

νC = θGFC,C(ϵFC) : GFC → C, (1.11)

for every C ∈ C. The naturality of ν follows from the one of θ. By naturality of θ, for any
C,C ′ in C and g : FC → FC ′ in D, we have

νC′ ◦Gg ◦ ηC = θGFC′,C′(ϵFC′) ◦Gg ◦ ηC = θC,C′(ϵFC′ ◦ FGg ◦ FηC)
= θC,C′(g ◦ ϵFC ◦ FηC) = θC,C′(g ◦ IdFC) = θC,C′(g),

(1.12)

thus the correspondence between θ and ν is bijective. The proof of (1.9) follows from
(1.8) by dual arguments. Explicitly, given a natural transformation γ : IdD → FG, define
ψ : HomC(G−, G−) → HomD(−,−) by

ψD,D′(f) = ϵD′ ◦ Ff ◦ γD, (1.13)

for every f : GD → GD′ in C. On the other hand, given a natural transformation
ψ : HomC(G−, G−) → HomD(−,−), define γ : IdD → FG by

γD = ψD,FGD(ηGD) : D → FGD, (1.14)

for every D ∈ D.

A key result for separable functors is provided by the so-called Rafael Theorem [78]
which characterizes the separability for functors that have an adjoint.

Theorem 1.18. [78, Theorem 1.2] (Rafael Theorem) Let F ⊣ G : D → C be an adjunction
with unit η and counit ϵ. Then,

i) F is separable if, and only if, there exists a natural transformation ν : GF → IdC
such that ν ◦ η = IdIdC ;

ii) G is separable if, and only if, there exists a natural transformation γ : IdD → FG
such that ϵ ◦ γ = IdIdD .

We include a Rafael-type Theorem for Maschke and dual Maschke functors.

Theorem 1.19. [26, Theorem 3.4] Let F ⊣ G : D → C be an adjunction with unit η and
counit ϵ. Then,

i) F is Maschke if, and only if, ηC is a split-mono in C, for every C ∈ C, i.e. there
exists a morphism νC : GFC → C in C such that νC ◦ ηC = IdGFC ;

ii) G is dual Maschke if, and only if, ϵD is a split-epi in D, for every D ∈ D, i.e. there
exists a morphism γD : D → FGD in D such that ϵD ◦ γD = IdFGD.
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1.1.2 Separability of the second kind

We recall a generalization of separable functors introduced in [26], known as separability
of the second kind.

Definition 1.20. [26, Definition 2.1] Let F : C → D and H : C → E be functors. Then,
F is called H-separable if there exists a natural transformation

PF,H : HomD(F−, F−) → HomE(H−, H−)

such that PF,H ◦ FF = FH , i.e., FH factors through FF as a natural transformation and
the diagram

HomC(−,−) FF
//

FH

��

HomD(F−, F−)

PF,Huu
HomE(H−, H−)

is commutative.

A IdC-separable functor coincides with a separable functor. Note also that any functor
F : C → D is F -separable. The fact that PF,H is natural means that, for any u : X → Y ,
v : Z → T in C and g : FY → FZ in D, one has

PF,H
X,T (Fv ◦ g ◦ Fu) = Hv ◦ PF,H

Y,Z (g) ◦Hu.

Most properties of separable functors can be extended to H-separable functors.

Proposition 1.21. [28, Proposition 51] Let F : C → D, G : D → D′ and H : C → E be
functors.

i) If G ◦ F is a H-separable functor, then F is H-separable.

ii) If F is H-separable and G is separable, then G ◦ F is H-separable.

A Maschke-type Theorem holds for H-separable functors.

Proposition 1.22. [28, Proposition 52], [26, Proposition 2.4] Let F : C → D, H : C → E
be functors and assume that F is H-separable. Let f : X → Y be a morphism in C. If
F (f) has a left (resp., right, two-sided) inverse g in D, then H(f) has a left (resp., right,
two-sided) inverse in E, namely PF,H

Y,X (g).

Corollary 1.23. [28, Corollary 8] Let F : C → D, H : C → E be functors between abelian
categories. Assume that F is H-separable. If a short exact sequence in C is split exact
after applying F , then it becomes split exact also after applying H.

Necessary and sufficient conditions can be given to describe the H-separability of func-
tors that are part of an adjunction.

Theorem 1.24. [28, Theorem 25] (Rafael-type Theorem for H-separability) Let F ⊣ G :
D → C be an adjunction with unit η and counit ϵ. Let H : C → E, K : D → E be functors.
Then,

i) F is H-separable if, and only if, there exists a natural transformation ν : HGF → H
such that ν ◦Hη = IdH ;

ii) G is K-separable if, and only if, there exists a natural transformation γ : K → KFG
such that Kϵ ◦ γ = IdK .
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1.2 Naturally full functors

The condition defining a separable functor can be thought as a natural version of
faithfulness. In a somehow dual way naturally full functors have been introduced in [7] by
requiring that the natural transformation F associated with a functor has a right inverse.
Here we recall the definition and the main properties of natural fullness.

Definition 1.25. [7, Definition 2.1] A functor F : C → D is called naturally full if there
exists a natural transformation P : HomD(F−, F−) → HomC(−,−) such that F ◦ P = Id.

Remark 1.26. Since FF
X,Y = FF op

Y op,Xop for every X,Y ∈ C, a functor F : C → D is naturally
full if, and only if, so is F op : Cop → Dop.
Remark 1.27. It is clear that:

i) A naturally full functor is full. The converse is not true in general, see e.g. [7,
Example 3.2].

ii) A functor is fully faithful if, and only if, it is both separable and naturally full.

Naturally full functors are stable under composition.

Proposition 1.28. [7, Proposition 2.3] Let F : C → D and G : D → E be functors.

i) If F and G are naturally full, then the functor G ◦ F is naturally full.

ii) If G ◦ F is naturally full and G is faithful, then F is naturally full.

Proof. i). If F and G are naturally full through PF , PG, respectively, then G ◦ F is
naturally full with respect to PGF := PF ◦ PG.
ii). If G ◦ F is naturally full with respect to PGF , then PGF ◦ FG is a right inverse for
FF .

The following is a Rafael-type Theorem for naturally full functors.

Theorem 1.29. [7, Theorem 2.6] (Rafael-type Theorem for natural fullness) Let F ⊣ G :
D → C be an adjunction with unit η and counit ϵ. Then,

i) F is naturally full if, and only if, there exists a natural transformation ν : GF → IdC
such that η ◦ ν = IdGF ;

ii) G is naturally full if, and only if, there exists a natural transformation γ : IdD → FG
such that γ ◦ ϵ = IdFG.

A similar characterization can be given for faithfulness and fullness of adjoint functors.

Proposition 1.30. [7, Proposition 2.5] Let F ⊣ G : D → C be an adjunction with unit η
and counit ϵ. Then,

i) F is faithful if, and only if, ηC is a monomorphism in C, for every C ∈ C;

ii) F is full if, and only if, ηC is a split-epi in C, for every C ∈ C, i.e. there exists a
morphism νC : GFC → C in C such that ηC ◦ νC = IdGFC ;

iii) G is faithful if, and only if, ϵD is an epimorphism in D, for every D ∈ D;
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iv) G is full if, and only if, ϵD is a split-mono in D, for every D ∈ D, i.e. there exists
a morphism γD : D → FGD in D such that γD ◦ ϵD = IdFGD.

Corollary 1.31. [19, Cf. Proposition 3.4.1] Let F ⊣ G : D → C be an adjunction with
unit η and counit ϵ. Then,

i) F is fully faithful if, and only if, η is a natural isomorphism;

ii) G is fully faithful if, and only if, ϵ is a natural isomorphism.

1.3 Adjoint triples and Frobenius functors
Let C and D be categories. An adjoint triple F ⊣ G ⊣ H : C → D of functors is a triple

of functors F,H : C → D and G : D → C such that F ⊣ G and G ⊣ H. Given an adjoint
triple F ⊣ G ⊣ H : C → D, the separability and natural fullness properties pass from F to
H and viceversa, cf. [4, Proposition 2.19].

Proposition 1.32. Let F ⊣ G ⊣ H : C → D be an adjoint triple. Then, F is separable
(resp., naturally full) if, and only if, so is H.

Proof. We denote by ηl, ϵl and ηr, ϵr the unit and the counit of the adjunction F ⊣ G
and of the adjunction G ⊣ H, respectively. We observe that to a natural transformation
νl : GF → IdC we can attach the natural transformation

γr := GHνl ◦GηrF ◦ ηl : IdC → GH. (1.15)

On the other hand, to a natural transformation γr : IdC → GH we can attach the natural
transformation

νl := ϵr ◦GϵlH ◦GFγr : GF → IdC . (1.16)
If F is separable, by Theorem 1.18 i) there exists a natural transformation νl : GF →

IdC such that νl ◦ ηl = Id. Define γr : IdC → GH as in (1.15). By naturality of ϵr, we
have ϵr ◦ γr = ϵr ◦ GHνl ◦ GηrF ◦ ηl = νl ◦ ϵrGF ◦ GηrF ◦ ηl = νl ◦ ηl = Id, so that
H is separable by Theorem 1.18 ii). On the other hand, if H is separable, by Theorem
1.18 ii) there is a natural transformation γr : IdC → GH such that ϵr ◦ γr = Id. Define
νl : GF → IdC as in (1.16). By naturality of ηl, we have νl ◦ ηl = ϵr ◦GϵlH ◦GFγr ◦ ηl =
ϵr ◦GϵlH ◦ ηlGH ◦ γr = ϵr ◦ γr = Id, hence F is separable by Theorem 1.18 i).

If F is naturally full, by Theorem 1.29 i) there exists a natural transformation νl :
GF → IdC such that ηl ◦ νl = IdGF . Define γr : IdC → GH as in (1.15). Observe that,
from ηlG ◦ νlG = IdGFG and Gϵl ◦ ηlG = IdG, it follows that νlG = (ηlG)−1 = Gϵl. Then,
by naturality of γr and ηr we have γr ◦ϵr = GHϵr ◦γrGH = GHϵr ◦GHνlGH ◦GηrFGH ◦
ηlGH = GHϵr ◦ GHGϵlH ◦ GηrFGH ◦ ηlGH = GHϵr ◦ G(HGϵl ◦ ηrFG)H ◦ ηlGH =
GHϵr ◦GηrH ◦GϵlH ◦ ηlGH = IdGH ◦ IdGH = IdGH . Conversely, assume H is naturally
full. By Theorem 1.29 ii) there exists a natural transformation γr : IdC → GH such that
γr ◦ ϵr = IdGH . Define νl : GF → IdC as in (1.16). Observe that, from γrG ◦ ϵrG = IdGHG
and ϵrG ◦Gηr = IdG, it follows that γrG = (ϵrG)−1 = Gηr. Then, by naturality of νl and
ϵl, we have ηl ◦νl = νlGF ◦GFηl = ϵrGF ◦GϵlHGF ◦GFγrGF ◦GFηl = ϵrGF ◦G(ϵlHG◦
FγrG)F ◦ GFηl = ϵrGF ◦ G(ϵlHG ◦ FGηr)F ◦ GFηl = ϵrGF ◦ GηrF ◦ GϵlF ◦ GFηl =
IdGF ◦ IdGF = IdGF , hence F is naturally full.

Remark 1.33. Alternatively, the “if” part of the statement follows also from the proof
of the “only if” part, by considering the adjoint triple Hop ⊣ Gop ⊣ F op together with
Remark 1.2 and Remark 1.26.
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Corollary 1.34. (See e.g. [19, Proposition 3.4.2]) Let F ⊣ G ⊣ H : C → D be an adjoint
triple. Then, F is fully faithful if, and only if, so is H.

Proof. It follows from Remark 1.27 ii) and Proposition 1.32.

Adjoint triples F ⊣ G ⊣ H where F and H are fully faithful are usually called fully
faithful adjoint triples. Now, we recall that a functor F : C → D is called Frobenius [28]
if there exists a functor G : D → C which is both a right and left adjoint of F . Thus, a
Frobenius functor F : C → D fits into an adjoint triple G ⊣ F ⊣ G : D → C where the right
and left adjoint G are equal. In this case, the pair (F,G) is called a Frobenius pair. This
notion is symmetric in F and G: if (F,G) is a Frobenius pair, then (G,F ) is a Frobenius
pair. As noted in [28], the property that defines a Frobenius functor was first introduced
by K. Morita [69] under the name of strongly adjoint pair. The terminology “Frobenius”
is inspired by the fact that, for a ring homomorphism R → S, the restriction of scalars
functor is Frobenius if, and only if, the extension S/R is Frobenius in the classical sense,
i.e., S is finitely generated and projective as a right R-module and there is an isomorphism
HomR(S,R) ∼= S of (R,S)-bimodules, see [70].

If (F,G) is a Frobenius pair, then both F and G preserve limits and colimits. Moreover,
the composition of Frobenius functors is a Frobenius functor, see [28, Proposition 43,
Proposition 44]. From Proposition 1.16 we have the following.

Corollary 1.35. [28, Corollary 6] Let (F,G) is a Frobenius pair of functors. Then, the
isomorphisms

Nat(F, F ) ∼= Nat(G,G) ∼= Nat(IdC , GF ) ∼= Nat(FG, IdD) ∼= Nat(GF, IdC) ∼= Nat(IdD, FG)

hold true.

As a consequence of Theorem 1.18 and Theorem 1.29, necessary and sufficient condi-
tions can be provided for the separability and natural fullness of a Frobenius functor that
is part of an adjunction. Let (F,G) be a Frobenius pair. We denote by ηl, ϵl and by ηr,
ϵr the unit and the counit of the adjunctions F ⊣ G and G ⊣ F , respectively.

Proposition 1.36. (Cf. [28, Proposition 49]) Let F : C → D be a Frobenius functor, with
left and right adjoint G : D → C. Then, the following assertions are equivalent:

(i) F is separable;

(ii) there exists a natural transformation α : G → G such that ϵr ◦ αF ◦ ηl = Id;

(iii) there exists a natural transformation β : F → F such that ϵr ◦Gβ ◦ ηl = Id;

Proposition 1.37. [7, Proposition 2.7] Let F : C → D be a Frobenius functor, with left
and right adjoint G : D → C. Then, the following assertions are equivalent:

(i) F is naturally full;

(ii) there exists a natural transformation α : G → G such that ηl ◦ ϵr ◦ αF = IdGF ;

(iii) there exists a natural transformation β : F → F such that ηl ◦ ϵr ◦Gβ = IdGF ;

(iv) there exists a natural transformation α′ : G → G such that α′F ◦ ηl ◦ ϵr = IdGF ;

(v) there exists a natural transformation β′ : F → F such that Gβ′ ◦ ηl ◦ ϵr = IdGF .
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In this case, ηl ◦ ϵr : GF → GF is a natural isomorphism with inverse αF = Gβ = α′F =
Gβ′.

A Rafael-type criterion can be also given for the H-separability of Frobenius functors,
cf. [26, Proposition 2.9].

Proposition 1.38. Let H : C → E be a functor and let F : C → D be a Frobenius functor,
with left and right adjoint G : D → C. Then, the following assertions are equivalent:

(i) F is H-separable;

(ii) there exists a natural transformation α : HG → HG such that Hϵr ◦αF ◦Hηl = IdH ;

(iii) there exists a natural transformation β : HF → HF such that Hϵr ◦βG◦Hηr = IdH .

Proof. (i) ⇔ (ii). From Theorem 1.24 applied to the adjunction (F,G) we have that F
is H-separable if, and only if, there exists a natural transformation ν : HGF → H such
that ν ◦ Hηl = IdH . Since Nat(HGF,H) ∼= Nat(HG,HG), given ν : HGF → H, one
can define a natural transformation α : HG → HG by α = νG ◦ HGηr. On the other
hand, given α : HG → HG one can define ν : HGF → H by ν = Hϵr ◦ αF . Thus, F is
H-separable if, and only if, there exists a natural transformation α : HG → HG such that
Hϵr ◦ αF ◦Hηl = IdH .

(i) ⇔ (iii). From Theorem 1.24 applied to the adjunction (G,F ) we have that F is
H-separable if, and only if, there exists a natural transformation γ : H → HFG such
that Hϵr ◦ γ = IdH . Since Nat(H,HFG) ∼= Nat(HF,HF ), given γ : H → HFG, one
can define a natural transformation β : HF → HF by β = HFϵr ◦ γF . On the other
hand, given β : HF → HF , one can define γ : H → HFG by γ = βG ◦ Hηr. Thus, F
is H-separable if, and only if, there exists a natural transformation β : HF → HF such
that Hϵr ◦ βG ◦Hηr = IdH .

1.4 Examples and applications
In this section we consider examples of pairs of adjoint functors attached to ring and

coalgebra morphisms, corings and bimodules, and we provide characterizations of their
separability and natural fullness known in the literature. In Chapter 3 we will return on
these examples with respect to semiseparability.

1.4.1 Extension and restriction of scalars

Let R,S be unital rings, and let RM (resp., SM) be the categories of left modules over
R (resp., S). A morphism of rings φ : R → S induces the restriction of scalars functor φ∗ :
SM → RM, the extension of scalars (or induction) functor φ∗ := S ⊗R (−) : RM → SM
and the coinduction functor φ! := RHom(S,−) : RM → SM. All together these functors
form an adjoint triple

RM

φ∗=S⊗R(−)
⊥   

φ!=RHom(S,−)
⊥

>>SM.φ∗
oo (1.17)

The unit η and the counit ϵ of the adjunction φ∗ ⊣ φ∗, are respectively defined by

ηM = φ⊗RM : M → S ⊗RM, m 7→ 1S ⊗R m, for every M ∈ RM,
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ϵN : S ⊗R N → N, s⊗R n 7→ sn, for every N ∈ SM,

while the unit η! and the counit ϵ! of the adjunction φ∗ ⊣ φ!, are defined by

η!
N : N → RHom(S,N), n 7→ [s 7→ sn], for every N ∈ SM,

ϵ!M : RHom(S,M) → M, f 7→ f(1S), for every M ∈ RM.

Remark 1.39. It is known that there is a bijective correspondence Nat(φ∗φ
∗, Id

RM) ∼=
RHomR(S,R), see e.g. [28, Theorem 27].
The following results characterize the separability and natural fullness for the functors φ∗,
φ∗. By Proposition 1.32 we know that φ∗ is separable (resp., naturally full) if, and only
if, so is φ!.

Proposition 1.40. [72, Proposition 1.3]

i) The functor φ∗ is separable if, and only if, the extension S/R is separable, i.e. the
multiplication mS : S ⊗R S → S, s⊗R s

′ 7→ ss′, splits as an S-bimodule map.

ii) The functor φ∗ is separable if, and only if, φ is split-mono as an R-bimodule map,
i.e. if there is E ∈ RHomR(S,R) such that E◦φ = IdR, i.e. S/R is a split extension.
The latter condition is also equivalent to the existence of a conditional expectation
E ∈ RHomR(S,R) such that E(1S) = 1R, see [28, Theorem 27].

Remark 1.41. In case R is commutative, the separability of φ∗ is equivalent to S/R being
a separable extension in the sense of [34], recalled in Example 1.6.

Proposition 1.42. [7, Proposition 3.1] (Cf. [81, Proposition XI.1.2])

i) The functor φ∗ is naturally full if, and only if, it is full if, and only if, it is fully
faithful if, and only if, φ is an epimorphism in the category of rings.

ii) The functor φ∗ is naturally full if, and only if, φ is split-epi as an R-bimodule map,
i.e. if there is E ∈ RHomR(S,R) such that φ ◦ E = IdS. The latter condition is
also equivalent to the existence of a central idempotent z of R such that S ∼= Rz and
φ : R → S ∼= Rz is the projection φ(r) = rz.

1.4.2 Coinduction and corestriction of coscalars

Let k be a field and let ⊗ denote the tensor product over k. A k-coalgebra C is a vector
space C over k equipped with two k-linear maps, ∆C : C → C ⊗ C and εC : C → k, such
that ∆C is coassociative and counital, i.e. the diagrams

C

∆C
��

∆C // C ⊗ C

C⊗∆C
��

C
∆C //

∆C
��

C ⊗ C

C⊗εC
��

C⊗C ∆C⊗C
// C ⊗ C ⊗ C C ⊗ C

εC⊗C
// C

commute. A right C-comodule M is a k-vector space together with a k-linear map ρM :
M → M ⊗ C, called the coaction, that is coassociative and right counital, i.e.

(ρM ⊗ C) ◦ ρM = (M ⊗ ∆C) ◦ ρM and (M ⊗ εC) ◦ ρM = M

hold true, respectively. A coalgebra C can be seen as a right C-comodule with ρC = ∆C .
Both for ∆C and ρM we adopt the usual Sweedler notations ∆C(c) = ∑

c1 ⊗ c2 and
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ρM (m) = ∑
m0 ⊗ m1, for every c ∈ C,m ∈ M . A morphism of right C-comodules (or

a C-colinear morphism) is a k-linear map f : M → N between right C-comodules such
that ρN ◦ f = (f ⊗ C) ◦ ρM . The category of right C-comodules and their morphisms is
denoted by MC . Symmetrically, one can define the category CM of left C-comodules and
their morphisms.

Recall from [87] that, given a right C-comodule M and a left C-comodule N , the
cotensor product M□CN is the kernel of the k-linear map

ρM ⊗N −M ⊗ λN : M ⊗N → M ⊗ C ⊗N,

where ρM and λN are the right and the left C-comodule structures of M and N , respec-
tively.

Now, let ψ : C → D be a morphism of coalgebras, i.e., a k-linear map ψ : C → D
such that ∆D ◦ ψ = (ψ ⊗ ψ) ◦ ∆C and εD ◦ ψ = εC . Since any right C-comodule M
with coaction ρM : M → M ⊗ C can be viewed as a right D-comodule with coaction
(M ⊗ ψ) ◦ ρM : M → M ⊗D and C can be considered as a (D,C)-bicomodule, ψ induces

• the corestriction of coscalars functor ψ∗ : MC → MD,

• the coinduction functor ψ∗ := (−)□DC : MD → MC ,

which form an adjunction ψ∗ ⊣ ψ∗ : MD → MC , with unit η : IdMC → ψ∗ψ∗ and counit
ϵ : ψ∗ψ

∗ → IdMD , given by

ηM : M → M□DC, m 7→
∑

m0□Dm1, and ϵN : N□DC → N, n□Dc 7→ nεC(c),

for any M ∈ MC and N ∈ MD, see [24, 11.10]. Note that, in the definition of ψ∗,
for any right D-comodule N , the cotensor product N□DC is regarded as a right C-
comodule via ρN□DC : N□DC → (N□DC) ⊗ C, n□Dc 7→

∑(n□Dc1) ⊗ c2. Furthermore,
the coaction ρM of M as a right C-comodule induces a morphism of right C-comodules
ρ̄M = ηM : M → M□DC such that ρM = i ◦ ρ̄M , where i : M□DC → M ⊗ C is the
canonical inclusion. In particular, if M = C then ρ̄C = ∆̄C = ηC : C → C□DC.

For the functors ψ∗ and ψ∗ the separability and the natural fullness can be characterized
as follows.

Proposition 1.43. [29, Theorem 2.4, Theorem 2.7] The functor ψ∗ is separable if, and
only if, the canonical morphism ∆̄C : C → C□DC is split-mono as a C-bicomodule map.
The functor ψ∗ is separable if, and only if, ψ is split-epi as a D-bicomodule map.

Proposition 1.44. [7, Examples 3.23 (1)] The functor ψ∗ is naturally full if, and only if,
∆̄C is split-epi as a C-bicomodule map. The functor ψ∗ is naturally full if, and only if, ψ
is split-mono as a D-bicomodule map.

We recall that a coalgebra C is said to be coseparable (see e.g. [24, 3.28]) if ∆C : C →
C ⊗ C splits as a (C,C)-bicomodule map, i.e. there exists a map π : C ⊗ C → C such
that (IdC ⊗ π) ◦ (∆C ⊗ IdC) = ∆C ◦ π = (π ⊗ IdC) ◦ (IdC ⊗ ∆C) and π ◦ ∆C = IdC . The
coseparability of C can be described equivalently either by the separability of the forgetful
functor MC → M, or of the forgetful functor CM → M, see [24, 3.29], or in terms of the
existence of a coseparability idempotent, that is a k-linear map σ : C ⊗ C → k such that
σ ◦ ∆C = εC and (IdC ⊗ σ) ◦ (∆C ⊗ IdC) = (σ ⊗ IdC) ◦ (IdC ⊗ ∆C).
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1.4.3 Corings

The notion of coring was introduced by Sweedler in [86] as a generalization of coalgebras.
Indeed, given a ring R, an R-coring is a coalgebra in the monoidal category (RMR,⊗R, R)
of R-bimodules. More explicitly, an R-coring [86] is an R-bimodule C together with R-
bimodule maps ∆C : C → C ⊗RC and εC : C → R, called the comultiplication (or coproduct)
and the counit, respectively, such that ∆C is coassociative and counital, i.e. such that the
diagrams

C
∆C
��

∆C // C ⊗R C

C⊗R∆C
��

C
IdC

%%

∆C //

∆C
��

C ⊗R C

C⊗RεC
��

C ⊗R C
∆C⊗RC

// C ⊗R C ⊗R C C ⊗R C
εC⊗RC

// C

are commutative, respectively. Given two R-corings (C,∆C , εC), (C′,∆C′ , εC′), an (R,R)-
bilinear map f : C → C′ is a coring morphism provided ∆C′ ◦ f = (f ⊗R f) ◦ ∆C and
εC′ ◦f = εC . We refer to [24, 24.1] for the definition of a morphism of corings over different
rings.

Example 1.45. A ring R is an R-coring with the canonical isomorphism R 7→ R⊗RR as
a coproduct and the identity map IdR : R → R as a counit, and it is known as the trivial
R-coring. We will consider it e.g. in Proposition 3.38.

Example 1.46. Let R → S be a ring extension. Then, C := S ⊗R S is an S-coring with
comultiplication ∆C : C → C ⊗S C = S ⊗R S ⊗R S, s ⊗R s

′ 7→ s ⊗R 1S ⊗R s
′ and counit

εC : C → S, εC(s ⊗R s
′) = ss′. The coring C is called the Sweedler’s canonical S-coring

associated with the extension R → S.

Example 1.47. See [24, 17.6]. Let M be an (R,S)-bimodule which is finitely generated
and projective as a right S-module. Then, the map

N ⊗S M
∗ → HomS(M,N), n⊗S f 7→ [m 7→ nf(m)], (1.18)

where M∗ = HomS(M,S), is an isomorphism natural in N , for every right S-module
N , see e.g. [1, Proposition 20.10]. The S-bimodule M∗ ⊗R M is an S-coring, called the
comatrix coring, with coproduct

∆ : M∗ ⊗RM → (M∗ ⊗RM) ⊗S (M∗ ⊗RM) ∼= M∗ ⊗R EndS(M) ⊗RM,

f ⊗R m 7→ f ⊗R IdM ⊗R m,

and counit ε : M∗ ⊗R M → S, f ⊗R m 7→ f(m). Comatrix corings have been introduced
in [37] and they generalize the Sweedler’s canonical coring.

Example 1.48. We recall from [24, 28.1] that, given an R-coring (C,∆C , εC), an element
g ∈ C is said to be semi-grouplike provided ∆C(g) = g⊗R g, and g is a grouplike element if
g is semi-grouplike and εC(g) = 1R. Note that every coring has a semi-grouplike element
(indeed, take g = 0) and, if R → S is a ring extension, then g = 1S ⊗R 1S is a grouplike
element in the Sweedler S-coring S ⊗R S. Then, corings with a grouplike element can be
viewed as a generalisation of the Sweedler’s canonical coring, as well. Furthermore, [24,
28.2] an R-coring has a grouplike element if, and only if, R is a (right or left) C-comodule.
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We remind that, given an R-coring (C,∆C , εC), a right C-comodule is a right R-module
M together with a right R-linear map ρM : M → M ⊗R C, called the coaction, that is
coassociative and right counital, i.e. such that the diagrams

M

ρM

��

ρM //M ⊗R C

M⊗R∆C
��

M
ρM //

IdM $$

M ⊗R C

M⊗RεC
��

M ⊗R C
ρM ⊗RC

//M ⊗R C ⊗R C M

commute. A morphism between right C-comodules f : M → N is defined as a right R-
module map f : M → N respecting the coactions, i.e., such that ρN ◦f = (f⊗RC)◦ρM . Let
HomC(M,N) denote the set of morphisms of right C-comodules from M to N and let MC

denote the category of right C-comodules. As for coalgebras, we adopt the usual Sweedler
notations ∆C(c) = ∑

c1 ⊗R c2 and ρM (m) = ∑
m0 ⊗R m1 for every c ∈ C, M ∈ MC , and

m ∈ M . Symmetrically, one can define the category CM of left C-comodules. An (R,R)-
bimodule M that is a right C-comodule by ρM : M → M ⊗R C and a left C-comodule by
λM : M → C ⊗R M is called a (C, C)-bicomodule provided it satisfies the compatibility
condition (C ⊗R ρM ) ◦λM = (λM ⊗R C) ◦ ρM . A morphism of bicomodules f : M → N is a
map that is both left and right C-colinear, and the R-module of all these maps is denoted
by CHomC(M,N). Clearly, C is a (C, C)-bicomodule by the structure map ∆C .

Consider the induction functor

G := (−) ⊗R C : MR → MC , M 7→ M ⊗R C, f 7→ f ⊗R C,

which is the right adjoint of the forgetful functor F : MC → MR, see e.g. [23, Lemma
3.1]. The right C-comodule structure of M ⊗R C is given by M ⊗R ∆C . The unit and
counit of the adjunction are given by ηM = ρM : M → M ⊗R C, for every M ∈ MC , and
ϵN = N ⊗R εC : N ⊗R C → N , ϵN (n ⊗R c) = nεC(c), for every N ∈ MR, n ∈ N , c ∈ C,
respectively.

The following results characterize the separability and natural fullness of F and G.
We denote by CR = {c ∈ C | rc = cr, ∀r ∈ R} the set of invariant elements in C. An
R-coring C is said to be coseparable [24, Section 26] if ∆C : C → C ⊗R C splits as a (C, C)-
bicomodule map, that is, if there exists an (R,R)-bimodule map π : C ⊗R C → C such that
(IdC ⊗R π) ◦ (∆C ⊗R IdC) = ∆C ◦ π = (π ⊗R IdC) ◦ (IdC ⊗R ∆C) and π ◦ ∆C = IdC .

Proposition 1.49. [23, Theorem 3.3, Corollary 3.6] The functor F is separable if, and
only if, the coring C is coseparable. The functor G is separable if, and only if, there exists
an invariant element z ∈ CR such that εC(z) = 1R.

In case the functor G is separable, the coring C is said to be cosplit [24, 26.12], and
the corresponding invariant z ∈ CR is called a normalised integral in C.

Proposition 1.50. [7, Proposition 3.13] The functor F is naturally full if, and only if, ∆C
is surjective if, and only if, cεC(d) = εC(c)d, for all c, d ∈ C. The functor G is naturally
full if, and only if, there exists an invariant element z ∈ CR such that c = εC(c)z for
every c ∈ C if, and only if, εC splits in RMR, i.e., there is ξ : R → C in RMR such that
ξ ◦ εC = IdC.
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Coinduction and corestriction functors of comodules over corings

The cotensor product for comodules over coalgebras (cf. Subsection 1.4.2) can be
extended to the cotensor product of comodules over corings. We remind from [42, 2.4]
that, for M ∈ MC and N ∈ CM, the cotensor product M□CN is defined as the kernel of
the (C, C)-bicomodule map

M ⊗R N
ωM,N :=ρM ⊗RN−M⊗RλN //M ⊗R C ⊗R N,

where ρM and λN are the right and the left C-comodule structures of M and N , respec-
tively. For any any M ∈ MC , N ∈ CM, there are C-comodule isomorphisms M ∼= M□CC
and N ∼= C□CN , see [24, 22.4]. Any M ∈ MC induces a covariant functor

M□C− : CM → MR,

N 7→ M□CN, [f : N → N ′] 7→ [M□Cf : M□CN → M□CN
′].

(1.19)

Notice that in general, for M ∈ MC and N ∈ CM, M□CN is just an R-module. If M is
a (D, C)-bicomodule, then M□CN is a left D-comodule provided the map ωM,N is D-pure
in RM, see [24, 22.3]. The pureness conditions required are satified for example if C is flat
as left R-module. In this case, given a morphism ψ : C → D of R-corings, the coinduction
functor ψ∗ := −□DC : MD → MC , N 7→ N□DC, is the right adjoint of the corestriction
functor ψ∗ : MC → MD, (M,ρM ) 7→ (M,ρψM ), see [24, 22.12], where ρψM = (IdM ⊗Rψ)ρM .
The unit is given by ηM : M → M□DC, m 7→

∑
m0□Dm1, for every M ∈ MC , and the

counit is ϵN : N□DC → N, n□Dc 7→ nεC(c), for every N ∈ MD.
We denote C∗ = HomR(C, R), ∗C = RHom(C, R), respectively.

Definition 1.51. An R-coring C is said to satisfy the left α-condition [24, 19.2] if the map
αlN : N ⊗R C → HomR(∗C, N), n⊗R c 7→ [f 7→ nf(c)], is injective for every N ∈ MR.

Remark 1.52. By [24, 19.2, 42.10] C satisfies the left α-condition if, and only if, C is locally
projective as a leftR-module if, and only if, forN ∈ MR and u ∈ N⊗RC, (IdN⊗Rf)(u) = 0
for all f ∈ ∗C, implies u = 0.

The left α-condition implies that MC is a full subcategory of ∗CM, see [24, 19.3]. The
right α-condition can be formulated symmetrically.

Definition 1.53. An R-coring C is said to satisfy the right α-condition if the map

αrN : C ⊗R N → RHom(C∗, N), c⊗R n 7→ [f 7→ f(c)n],

is injective for every N ∈ RM.

Proposition 1.54. [24, 26.15] Let ψ : C → D be a morphism of R-corings and assume
that RC is flat and that D satisfies the right α-condition. Then, ψ∗ is separable if, and
only if, there exists a (D,D)-colinear map χ : D → C such that ψ ◦ χ = IdD.

1.4.4 Bimodules

Let R,S be rings. An (R,S)-bimodule M is a left R-module and a right S-module such
that (rx)s = r(xs), for r ∈ R, x ∈ M , s ∈ S. Let RMS denote the category of (R,S)-
bimodules. We recall that, given bimodules RLS and SMR′ , one gets an (R,R′)-bimodule
L⊗SM with r(x⊗S y)r′ = (rx) ⊗S (yr′), for r ∈ R, x ∈ L, y ∈ M and r′ ∈ R′. Moreover,
see e.g. [81, Proposition 9.2, page 32], there is a natural isomorphism

HomS(L⊗RM,N) ∼= HomR(L,HomS(M,N)),
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for modules LS , RMS , NR, that yields the well-known tensor-hom adjunction. In fact,
every M ∈ RMS defines an adjunction σ∗ ⊣ σ∗ : MS → MR, formed by the induction
functor σ∗ := (−) ⊗RM : MR → MS , and the coinduction functor σ∗ := HomS(M,−) :
MS → MR, with unit η and counit ϵ given by

ηX : X → HomS(M,X ⊗RM), x 7→ [m 7→ x⊗R m],

ϵY : HomS(M,Y ) ⊗RM → Y, f ⊗R m 7→ f(m),

respectively, for all X ∈ MR and Y ∈ MS . Given bimodules RMS and R′NS , where R′

is a ring, the abelian group HomS(M,N) is an (R′, R)-bimodule via the multiplication
defined by

(r′fr)(m) := r′f(rm), for every f ∈ HomS(M,N), r ∈ R,m ∈ M, r′ ∈ R′.

In particular, the endomorphism ring E := EndS(M) belongs to the category RMR. We
will consider the ring homomorphism

φ : R → E , r 7→ rIdM . (1.20)

We denote by
∗M = RHom(M,R) and M∗ = HomS(M,S)

the left dual and the right dual of M , respectively, which both belong to SMR.
Given an (R,S)-bimoduleM , in [83]R is said to beM -separable over S if the evaluation

map
evM : M ⊗S

∗M → R, evM (m⊗S f) = f(m), (1.21)

is a split epimorphism of R-bimodules. Hereafter, we consider the corresponding right
version of this definition. Explicitly, we say that S is M -separable over R, if the evaluation
map

evM : M∗ ⊗RM → S, evM (f ⊗R m) = f(m), (1.22)

is a split epimorphism of S-bimodules. This means that there is a central element ∑i fi⊗R

mi ∈ (M∗ ⊗RM)S such that ∑i fi(mi) = 1S . The set {fi,mi} is usually called a system
of M -separability.

Given an (R,S)-bimodule M , concerning the separability and natural fullness of σ∗ =
HomS(M,−) and σ∗ = (−) ⊗R M , the following results hold true (the quoted references
show the results for the functors between the respective categories of left modules).

Proposition 1.55. [28, Theorem 34] The functor σ∗ is separable if, and only if, S is
M -separable over R.

Proposition 1.56. [78, Proposition 2.5 1.] If the functor σ∗ is separable, then there is
E ∈ RHomR(E , R) such that E ◦ φ = IdR, i.e. φ∗ is separable, where φ : R → E is the
map in (1.20).

As observed in [28, Remark 5], there is no algebraic interpretation for the functor σ∗

to be separable, unless MS is finitely generated and projective. If we assume that the
bimodule RMS is finitely generated and projective as right S-module, then, as already
observed in Example 1.47, the map N ⊗S M

∗ → HomS(M,N), n ⊗S f 7→ [m 7→ nf(m)],
is an isomorphism natural in N , for every right S-module N . In particular, the endo-
morphism ring E = EndS(M) is isomorphic to M ⊗S M

∗. As a consequence, the right



1.5. (Co)monads and separability 19

adjoint of σ∗ can be chosen to be σ∗ = (−) ⊗SM
∗ : MS → MR. Given a finite dual basis

{e∗
i , ei} ⊆ M∗ ×M , the unit η and the counit ϵ of the adjunction σ∗ ⊣ σ∗ become

ηX : X → X ⊗RM ⊗S M
∗, x 7→

∑
i

x⊗R ei ⊗S e
∗
i ,

ϵY : Y ⊗S M
∗ ⊗RM → Y, y ⊗S f ⊗R m 7→ yf(m),

for all X ∈ MR, Y ∈ MS .
In this setting, it is known that the converse of Proposition 1.56 holds true, see e.g. [4,

Remark 3.28]. We give here an explicit proof.

Proposition 1.57. Assume that MS is finitely generated and projective. Let φ : R → E
as in (1.20). Then, σ∗ is separable if, and only if, φ∗ is separable, i.e., there is E ∈
RHomR(E , R) such that E ◦ φ = IdR.

Proof. In case MS is finitely generated and projective, it is known that there is a bijection
Nat(σ∗σ

∗, Id
RM) ∼= RHomR(E , R) (see [7, Proposition 3.6] for right modules). Explicitly,

for E ∈ RHomR(E , R), the corresponding natural transformation ν : σ∗σ
∗ → Id

RM is
given by νX : σ∗σ

∗X = X ⊗R M ⊗S M
∗ → X, x ⊗R m ⊗S f 7→ xE(mf). In fact, it

is well-defined as, for every a ∈ R, s ∈ S, we have νX(xa ⊗R m ⊗S g) = xaE(mg) =
xE(amg) = νX(x⊗R am⊗S g) and νX(x⊗R ms⊗S g) = xE(msg) = νX(x⊗R m⊗S sg).
For every f : X → Y in MR, one has (νY ◦σ∗σ

∗f)(x⊗Rm⊗S g) = νY (f(x) ⊗Rm⊗S g) =
f(x)E(mg) = f(xE(mg)) = (f ◦νX)(x⊗Rm⊗S g), so ν is natural. Given a finite dual basis
{e∗
i , ei} ⊆ M∗ × M , one has ∑i eie

∗
i (m) = m = IdM (m) = φ(1R)(m), for every m ∈ M ,

so ∑i eie
∗
i = φ(1R), hence we get (νX ◦ ηX)(x) = νX(∑i x ⊗R ei ⊗S e

∗
i ) = xE(∑i eie

∗
i ) =

xEφ(1R) = x1R = x = IdX(x), for every X ∈ MR, x ∈ X. Thus, by Theorem 1.18 σ∗ is
separable. The converse holds by Proposition 1.56.

The next result characterizes the natural fullness of σ∗ and σ∗.

Proposition 1.58. [7, Theorem 3.8] The functor σ∗ is naturally full if, and only if, there
is
∑
i fi ⊗R mi ∈ (M∗ ⊗RM)S satisfying IdM ⊗R m = ∑

imfi(−) ⊗R mi, for all m ∈ M .
Assume that M ∈ RMS is finitely generated and projective as a right S-module. Let

φ : R → E be the map as in (1.20). Then, σ∗ is naturally full if, and only if, φ∗ is naturally
full, i.e. if, and only if, there is E ∈ RHomR(E , R) such that φ ◦ E = IdE .

Remark 1.59. Given a morphism of rings φ : R → S we can consider the (R,S)-bimodule
M := RSS , with left action induced by φ, which is trivially finitely generated and projective
as a right S-module. In this case, σ∗ = (−) ⊗R S = φ∗ : MS → MR is the extension of
scalars functor, so its right adjoint σ∗ is isomorphic to the restriction of scalars functor
φ∗ : MS → MR. As a consequence, Proposition 1.40 and Proposition 1.42 are special
cases of Proposition 1.57 and Proposition 1.58, respectively. In particular, it follows that
S is S-separable over R if, and only if, φ∗ is separable, i.e. if, and only if, the extension
S/R is separable.

1.5 (Co)monads and separability

In this section we recall how separable functors and (co)separable (co)monads are
related. We start by reminding the definitions of (co)monads, Eilenberg-Moore categories
[36] and the Kleisli category [57], see also [61, VI].
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1.5.1 Monads and comonads

A monad (or triple [41]), on a category C is a tern T = (⊤,m, η) where ⊤ : C → C
is a functor, m : ⊤⊤ → ⊤ and η : IdC → ⊤ are natural transformations satisfying the
associative law and the left and right unit laws, i.e. such that the diagrams

⊤⊤⊤ ⊤m //

m⊤
��

⊤⊤
m

��
⊤⊤ m

// ⊤

IdC⊤ η⊤ //

Id ''

⊤⊤
m

��

⊤IdC

Idww

⊤ηoo

⊤

commute. Let ϕ : ⊤ → ⊤′ be a natural transformation between functors ⊤,⊤′. Then,
the horizontal composition (also called the Godement product) ϕ⊤′ ◦ ⊤ϕ = ⊤′ϕ ◦ ϕ⊤ is
usually denoted by ϕϕ : ⊤⊤ → ⊤′⊤′. A morphism between two monads T = (⊤,m, η)
and T′ = (⊤′,m′, η′) on a category C is a natural transformation ϕ : ⊤ → ⊤′ such that
ϕ ◦m = m′ ◦ ϕϕ, and ϕ ◦ η = η′.
Remark 1.60. The category End(C) of endofunctors of a category C is a (strict) monoidal
category, with composition of endofunctors for monoidal product and the identity functor
IdC for unit object. A monad on C is just a monoid (or algebra) in the category End(C).
Remark 1.61. [61, page 138] Let F ⊣ G : D → C be an adjunction with unit η : IdC → GF
and counit ϵ : FG → IdD. Then, (GF,GϵF, η) is a monad on C.

Example 1.62. Let φ : R → S be a morphism of unital rings, cf. Subsection 1.4.1. The
R-bimodule structure on S is given by

r · s = φ(r)s, s · r = sφ(r),

for every r ∈ R and s ∈ S. Consider the multiplication mS : S ⊗R S → S, s⊗R s
′ 7→ ss′,

which is a morphism of S-bimodules such that mS ◦ (S ⊗R mS) = mS ◦ (mS ⊗R S). Let
l− : R ⊗R − → Id

RM be the functorial isomorphism given, for any left R-module M , by
lM : R ⊗RM → M, r ⊗R x 7→ r · x, with inverse l−1

M : M → R ⊗RM , l−1
M (x) = 1R ⊗R x,

and consider
⊤ := S ⊗R − : RM → RM, m := mS ⊗R − : S ⊗R S ⊗R − → S ⊗R −,

η := (ηS ⊗R −) ◦ l−1
− : Id

RM → S ⊗R −,
where ηS = φ⊗R − : R⊗R − → S ⊗R −. Then, T = (⊤,m, η) is a monad on the category
RM of left R-modules.

Dually, a comonad on a category D is a triple C = (⊥,∆, ϵ) where ⊥ : D → D is
a functor, ∆ : ⊥ → ⊥⊥ and ϵ : ⊥ → IdD are natural transformations satisfying the
coassociative law and the left and right counit laws, i.e. such that the diagrams

⊥ ∆ //

∆
��

⊥⊥
⊥∆
��

⊥⊥
∆⊥

// ⊥⊥⊥

⊥
Id

ww
∆
��

Id

''
IdD⊥ ⊥⊥

ϵ⊥
oo

⊥ϵ
// ⊥IdD

commute. Let ϕ : ⊥ → ⊥′ be a natural transformation between functors ⊥,⊥′, and denote
by ϕϕ : ⊥⊥ → ⊥′⊥′ the horizontal composition ϕ⊥′ ◦ ⊥ϕ = ⊥′ϕ ◦ ϕ⊥. A morphism
between two comonads C = (⊥,∆, ϵ) and C′ = (⊥′,∆′, ϵ′) on a category D is a natural
transformation ϕ : ⊥ → ⊥′ such that ∆′ ◦ ϕ = ϕϕ ◦ ∆ and ϵ′ ◦ ϕ = ϵ. Any adjunction
(F,G, η, ϵ) defines a comonad (FG,FηG, ϵ) on D.
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Example 1.63. Given a ring R, let (C,∆C , εC) be an R-coring. Denoting

⊥ := − ⊗R C : MR → MR, ∆ := − ⊗R ∆C : − ⊗R C → − ⊗R C ⊗R C,

ϵ := r− ◦ (− ⊗R εC) : − ⊗R C → IdMR
,

where r− : − ⊗R R → IdMR
is the functorial isomorphism given by rM : M ⊗R R → M,

x ⊗R r 7→ x · r, we have that C = (⊥,∆, ϵ) is a comonad on the category MR of right
R-modules. Indeed, see [24, 18.28 (1)], the following are equivalent for an (R,R)-bimodule
C:

(i) C is an R-coring;

(ii) the functor − ⊗R C : MR → MR is a comonad;

(iii) the functor C ⊗R − : RM → RM is a comonad.

1.5.2 Eilenberg-Moore categories

Given a monad T = (⊤,m, η) on a category C, in [36] Eilenberg and Moore constructed
the category C⊤ of ⊤-modules and an adjunction V⊤ ⊣ U⊤ : C⊤ → C, whose associated
monad is given by T.

Definition 1.64. Let T = (⊤,m, η) be a monad on a category C. An action of ⊤ on an
object X of C is a morphism µX : ⊤X → X in C such that the associative and unital laws
hold, i.e. the diagrams

⊤⊤X ⊤µX //

mX

��

⊤X
µX

��
⊤X µX

// X

X
ηX //

IdX &&

⊤X

µX
ww

X

commute. The pair (X,µX) is called a ⊤-module (or ⊤-algebra) in C. A morphism f
between two ⊤-modules (X,µX) and (X ′, µX′) is a morphism f : X → X ′ in C such that
µX′ ◦ ⊤f = f ◦ µX .

The category of ⊤-modules and their morphisms is called the Eilenberg-Moore category
of the monad T, and it is denoted by C⊤. The forgetful functor U⊤ : C⊤ → C,

(X,µX : ⊤X → X) 7→ X, f 7→ f,

has a left adjoint, the so-called free functor V⊤ : C → C⊤,

X 7→ (⊤X,mX), f 7→ ⊤(f).

The unit IdC → U⊤V⊤ = ⊤ is exactly η, while the counit ϵ⊤ : V⊤U⊤ → IdC⊤ is determined
by the equality U⊤ϵ⊤(X,µX) = µX , for every object (X,µX) in C⊤. The monad on C
attached to the Eilenberg-Moore adjunction V⊤ ⊣ U⊤, is the given monad T = (⊤,m, η).

Let us give some known examples.

Example 1.65. Let T = (⊤,m, η) be the monad of Example 1.62 on the category RM
of left R-modules. Let (X,µX) be an object in (RM)⊤. This means that µX : ⊤X =
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S ⊗R X → X is a morphism in RM such that µX ◦ ⊤µX = µX ◦mX and µX ◦ ηX = IdX .
Thus, for every x ∈ X, s ∈ S, writing sx = µX(s⊗R x), we get

(µX ◦ (S ⊗R µX))(s′ ⊗R s⊗R x) = µX(s′ ⊗R sx) = s′(sx)
(µX ◦mX)(s′ ⊗R s⊗R x) = µX(ss′ ⊗R x) = (s′s)x

1Sx = µX(1S ⊗R x) = (µX ◦ ηX)(x) = x.

Then, the category (RM)⊤ is isomorphic to the category SM of left S-modules through
the assignment

(X,µX) 7→ (X,µX ◦ τ)

where τ : S ×X → S ⊗R X, (s, x) 7→ s⊗R x.

Example 1.66. A monoid M with identity element 1M determines a functor ⊤ = M×− :
Set → Set and natural transformations m : ⊤⊤ → ⊤ and η : IdSet → ⊤ defined by

mX : ⊤⊤X = M ×M ×X → M ×X = ⊤X : (m,n, x) 7→ (mn, x),

ηX : X → M ×X = ⊤X : x 7→ (1M , x).

Then, (⊤,m, η) is a monad on Set. Let (X,µX) be an object in Set⊤, i.e. X ∈ Set and
µX : M × X → X is a map such that µX ◦ (M × µX) = µX ◦ mX and µX ◦ ηX = IdX .
Thus, (X,µX) is an M -set, and Set⊤ is the category of M -sets and their morphisms.

Example 1.67. An algebra A over a field k determines a functor ⊤ = A⊗ − : M → M,
where M is the category of vector spaces over k and the unadorned ⊗ is the tensor product
over k, and natural transformations m : ⊤⊤ → ⊤ and η : IdM → ⊤ defined by

mV : ⊤⊤V = A⊗A⊗ V → A⊗ V = ⊤V : a⊗ b⊗ v 7→ ab⊗ v,

ηV : V → A⊗ V = ⊤V : v 7→ 1A ⊗ v.

Then, (⊤,m, η) is a monad on M, and M⊤ identifies with the category AM of left A-
modules.

Definition 1.68. Let C = (⊥,∆, ϵ) be a comonad on a category D. A coaction of ⊥ on an
object X of D is a morphism ρX : X → ⊥X in D such that the coassociative and counital
laws hold, i.e. the diagrams

X
ρX //

ρX

��

⊥X
⊥ρX

��
⊥X

∆X

// ⊥⊥X

X
ρX //

IdX &&

⊥X

ϵX
ww

X

commute. The pair (X, ρX) is called a ⊥-comodule (or ⊥-coalgebra) in D. A morphism
f between two ⊥-comodules (X, ρX) and (X ′, ρX′) is a morphism f : X → X ′ in D such
that ρX′ ◦ f = ⊥f ◦ ρX .

The category of ⊥-comodules and their morphisms is denoted by D⊥. The forgetful
functor U⊥ : D⊥ → D has a right adjoint, namely the cofree functor

V ⊥ : D → D⊥, X 7→ (⊥X,∆X), f 7→ ⊥(f).

The unit η⊥ : IdD⊥ → V ⊥U⊥ is completely determined by the equality U⊥η⊥
(X,ρX) = ρX ,

for every object (X, ρX) in D⊥, while the counit U⊥V ⊥ = ⊥ → IdD is exactly ϵ.
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Example 1.69. We come back to Example 1.63. If C is an R-coring, then the category
(MR)−⊗RC (resp., (RM)C⊗R−) of comodules over the comonad − ⊗R C (resp., C ⊗R −) is
isomorphic to the category MC (resp., CM) of right (resp., left) C-comodules, see e.g. [24,
18.28 (2)].

Given an adjunction F ⊣ G : D → C, with unit η and counit ϵ, we can consider the
monad (GF,GϵF, η) on C and the comonad (FG,FηG, ϵ) on D. We have the comparison
functor

KGF : D → CGF , D 7→ (GD,GϵD), f 7→ G(f),

and the cocomparison functor

KFG : C → DFG, C 7→ (FC,FηC), f 7→ F (f),

the forgetful functors UGF and UFG, the free functor VGF and the cofree functor V FG,
that fit into the diagram

DFG ⊥
UF G

// D
KGF

��

V F G
oo

G

��
CKF G

YY

F

OO

⊣

⊥
VGF // CGF ,
UGF

oo

(1.23)

where UGF ◦KGF = G, KGF ◦ F = VGF , UFG ◦KFG = F and KFG ◦G = V FG.

Definition 1.70. i) An adjunction F ⊣ G : D → C is called monadic (tripleable in
Beck’s terminology [15]) (resp., premonadic) whenever the comparison functor KGF :
D → CGF is an equivalence of categories (resp., fully faithful).

ii) A functor G is called monadic (resp., premonadic) if G has a left adjoint F such that
the adjunction (F,G) is monadic (resp., premonadic).

iii) An adjunction F ⊣ G : D → C is called comonadic (resp., precomonadic) whenever
the cocomparison functor KFG : C → DFG is an equivalence of categories (resp.,
fully faithful).

iv) A functor F is called comonadic (resp., precomonadic) if F has a right adjoint G
such that the adjunction (F,G) is comonadic (resp., precomonadic).

Example 1.71. Let M be a monoid. Then, the forgetful functor G : M -Set → Set is
monadic. The left adjoint F of G is given by F : Set → M -Set, S 7→ (M × S, µM × IdS :
M ×M ×S → M ×S), f 7→ IdM × f . The monad associated with this adjunction is given
as in Example 1.66. Thus, the Eilenberg-Moore category SetGF is the category M -Set of
M -sets. The comparison functor is an equivalence and G is monadic.

Example 1.72. Let R,S be rings. Let RMS be a bimodule which is a finitely generated
and projective right S-module, and let σ∗ ⊣ σ∗ : MS → MR be the adjunction considered
in Subsection 1.4.4. Consider an object (X,µ : σ∗σ

∗X → X) in (MR)σ∗σ∗ . Note that
σ∗σ

∗(X) = X ⊗R M ⊗S M
∗ = X ⊗R E , where E := EndS(M) ∼= M ⊗S M

∗ is the
endomorphism ring with canonical morphism φ : R → E , φ(r)(m) = rm, for all r ∈ R and
m ∈ M . Then, see e.g. [64, page 30], the Eilenberg-Moore category (MR)σ∗σ∗ is equivalent
to the category ME of right E-modules, but the comparison functor Kσ∗σ∗ : MS → ME ,
Y 7→ Y ⊗S M

∗ (the latter is a right E-module through the evaluation map), needs not to
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be an equivalence unless M is a generator in MS , see e.g. [34, Lemma 3.2, Proposition
3.3], [81, Proposition IV. 10.7, page 108]. Then, the forgetful and free functors result to be
Uσ∗σ∗ = φ∗, Vσ∗σ∗ = φ∗, respectively. Dually, see e.g. [64, page 36], the Eilenberg-Moore
category (MS)σ∗σ∗ is equivalent to the category MC of right comodules over the comatrix
S-coring C := M∗ ⊗RM (cf. Example 1.47). In this case, the diagram (1.23) becomes:

(MS)σ∗σ∗ ∼= MC ⊥
F //MS

Kσ∗σ∗

��

G=(−)⊗SC
oo

σ∗=(−)⊗SM
∗

��
MR

Kσ∗σ∗

^^

σ∗=(−)⊗RM

OO

⊣

⊥
φ∗=(−)⊗RE //ME ∼= (MR)σ∗σ∗ ,

φ∗
oo

(1.24)

where Kσ∗σ∗ is the cocomparison functor, and F ⊣ G is the adjunction given by the
forgetful functor F : MC → MS and the induction functor G := (−) ⊗S C : MS → MC

(cf. Subsection 1.4.3). Thus, we have

φ∗ ◦Kσ∗σ∗ = σ∗, F ◦Kσ∗σ∗ = σ∗, Kσ∗σ∗ ◦ σ∗ = φ∗, Kσ∗σ∗ ◦ σ∗ = G.

1.5.3 Kleisli category

Let (⊤,m, η) be a monad on a category C. A ⊤-module is said to be free (see e.g. [20,
Definition 4.1.5][61, VI. 5]) when it is isomorphic to one of the form V⊤C = (⊤C,mC),
for some object C ∈ C, and the full subcategory of C⊤ generated by the free ⊤-modules is
equivalent to the so-called Kleisli category ⊤-FreeC of free ⊤-modules (see [57]). Explicitly,
the objects of ⊤-FreeC are those of C and a morphism f : C ↛ D in ⊤-FreeC is a morphism
f : C → ⊤(D) in C; the composite of two morphisms f : C ↛ D, g : D ↛ E in ⊤-FreeC ,
that we denote by g ◦′ f , is given by the composite

C
f // ⊤(D) ⊤(g) // ⊤⊤(E) mE // ⊤(E)

in C, and the identity C ↛ C on an object C of ⊤-FreeC is the unit ηC : C → ⊤(C) in C.
There is (see [20, Proposition 4.1.6]) a fully faithful functor

J⊤ : ⊤-FreeC → C⊤, C 7→ (⊤C,mC), [f : C ↛ D] 7→ mD ◦ ⊤(f),

that fits into the following diagram

C
V⊤

""V ′
⊤zz

⊤-FreeC

U ′
⊤

::

� �

J⊤
// C⊤,

U⊤

bb

(1.25)

where the adjunction V⊤ ⊣ U⊤ restricts to an adjunction V ′
⊤ ⊣ U ′

⊤ (called the Kleisli
adjunction) between C and ⊤-FreeC , that is, U ′

⊤ = U⊤ ◦ J⊤ and J⊤ ◦ V ′
⊤ = V⊤ (see [20,

Corollary 4.1.7]). Explicitly, U ′
⊤ and V ′

⊤ are given by

U ′
⊤ : ⊤-FreeC → C, C 7→ ⊤(C), [f : C ↛ D] 7→ mD ◦ ⊤(f), (1.26)
V ′

⊤ : C → ⊤-FreeC , C 7→ C, [f : C → D] 7→ ηD ◦ f. (1.27)
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The unit of V ′
⊤ ⊣ U ′

⊤ is η, while the counit β′ : V ′
⊤U

′
⊤ → Id⊤-FreeC is given by β′

Y = IdTY :
⊤Y ↛ Y , for every Y ∈ ⊤-FreeC . Indeed, by employing the composition law for the Kleisli
category, β′ is a natural transformation as, for every f : X ↛ Y in ⊤-FreeC , β′

Y ◦′ ⊤f =
mY ◦⊤β′

Y ◦⊤f = mY ◦⊤Id⊤X ◦⊤f = mY ◦⊤f = mY ◦⊤f ◦Id⊤X = mY ◦⊤f ◦β′
X = f ◦′β′

X ;
we have U ′

⊤β
′
Y ◦ηU ′

⊤Y
= mY ◦ ⊤Id⊤Y ◦η⊤Y = mY ◦η⊤Y = Id⊤Y = IdU ′

⊤Y
, for every Y ∈ C,

and β′
V ′

⊤X
◦′ V ′

⊤ηX = mX ◦ ⊤β′
X ◦ V ′

⊤ηX = mX ◦ ⊤Id⊤X ◦ η⊤X ◦ ηX = mX ◦ η⊤X ◦ ηX =
Id⊤X ◦ ηX = ηX = IdV ′

⊤X
, for every X ∈ C, so the triangle identities hold true.

Remark 1.73. See [20, Proposition 4.2.2]. Let T = (⊤,m, η) be a monad on a category C.
Then, as in the case of the Eilenberg-Moore adjunction V⊤ ⊣ U⊤, the monad associated
with the Kleisli adjunction V ′

⊤ ⊣ U ′
⊤ is the given monad T. More precisely, see also

[61, Theorem VI 5.3], the category of adjunctions which define the monad T on C and
morphisms between them, has the Kleisli adjunction as initial object, and the Eilenberg-
Moore adjunction as terminal object.

Now, let F ⊣ G : D → C be an adjunction with unit η and counit ϵ, and consider the
diagram (1.25) for the associated monad (GF,GϵF, η). Then, (see [20, Proposition 4.2.1])
there is the so-called Kleisli comparison functor

LGF : GF -FreeC → D, C 7→ F (C), [f : C ↛ D] 7→ ϵFD ◦ F (f),

such that KGF ◦ LGF is the functor JGF : GF -FreeC → CGF , C 7→ (GFC,GϵFC), f 7→
GϵFD ◦GF (f), and the following diagram

C

VGF

  

V ′
GF

{{

F

��
D

G

OO

KGF **
GF -FreeC

� �

JGF =KGF ◦LGF

//
LGF

44U ′
GF

;;

CGF

UGF

``

(1.28)

is commutative. In particular, we have G ◦ LGF = U ′
GF and LGF ◦ V ′

GF = F where, as in
(1.26) and (1.27),

U ′
GF : GF -FreeC → C, C 7→ GF (C), [f : C ↛ D] 7→ GϵFD ◦GF (f), (1.29)
V ′
GF : C → GF -FreeC , C 7→ C, [f : C → D] 7→ ηD ◦ f. (1.30)

Remark 1.74. Cf. [20, Proposition 4.2.1]. Since KGF ◦LGF = JGF and the functor JGF is
fully faithful, then the functor LGF is faithful. Moreover, LGF is actually fully faithful. In
fact, a morphism h : F (C) → F (D) in D corresponds by adjunction with the morphism
f := Gh ◦ ηC : C → GF (D) in C, i.e. a morphism f : C ↛ D in GF -FreeC such that
LGF (f) = h, hence LGF is full as well.

1.5.4 (Co)separable (co)monads

In [22] the notion of separable algebra was extended to monads. Explicitly, a monad
(⊤,m : ⊤⊤ → ⊤, η : IdC → ⊤) on a category C is said to be separable if there exists a
natural transformation σ : ⊤ → ⊤⊤ such that m ◦ σ = Id⊤ and ⊤m ◦ σ⊤ = σ ◦ m =
m⊤ ◦ ⊤σ; moreover, a separable monad is a monad satisfying the equivalent conditions of
[22, Proposition 6.3].
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Dually, a comonad (⊥,∆ : ⊥ → ⊥⊥, ϵ : ⊥ → IdC) on a category C is said to be
coseparable if there exists a natural transformation τ : ⊥⊥ → ⊥ satisfying τ ◦ ∆ = Id⊥
and ⊥τ ◦ ∆⊥ = ∆ ◦ τ = τ⊥ ◦ ⊥∆.

The (co)separability of a (co)monad is equivalent to the separability of the forgetful
functor from the Eilenberg-Moore category of (co)modules over the (co)monad.

Lemma 1.75. [17, 2.9] Let C be a category. Then,

i) a monad (⊤,m : ⊤⊤ → ⊤, η : IdC → ⊤) on C is separable if, and only if, the forgetful
functor U⊤ : C⊤ → C is separable;

ii) a comonad (⊥,∆ : ⊥ → ⊥⊥, ϵ : ⊥ → IdC) on C is coseparable if, and only if, the
forgetful functor U⊥ : C⊥ → C is separable.

Remark 1.76. Let C be a category. If the forgetful functor U⊤ : C⊤ → C is separable, then
so is U ′

⊤. In fact, since U ′
⊤ = U⊤ ◦ J⊤ and J⊤ is fully faithful, then U ′

⊤ is separable by
Lemma 1.4 i) if so is U⊤.

Furthermore, an idempotent monad is a monad (⊤,m, η) on a category C whose multi-
plication m is an isomorphism or, equivalently, such that the forgetful functor U⊤ : C⊤ → C
is fully faithful, see [20, Proposition 4.2.3]. Dually, an idempotent comonad is a comonad
(⊥,∆, ϵ) on a category C whose comultiplication ∆ is an isomorphism or, equivalently,
such that the forgetful functor U⊥ : C⊥ → C is fully faithful, see [2, Section 6].

An adjunction F ⊣ G : D → C with unit η : IdC → GF and counit ϵ : FG → IdD is said
to be an idempotent adjunction if the monad (GF,GϵF, η) is idempotent, or equivalently
if the comonad (FG,FηG, ϵ) is idempotent, see e.g. [32, Subsection 3.4]. The first hint of
idempotent adjunctions can be found in [62] under the name of idempotent constructions.
By [60, Proposition 2.8] the idempotence of an adjunction (F,G, η, ϵ) is equivalent to any
of the natural transformations ϵF, Gϵ, Fη and ηG being an isomorphism.
Remark 1.77. An idempotent (co)monad on a category C is always (co)separable with
splitting given by the inverse of the (co)multiplication. Alternatively, the forgetful functor
U⊤ : C⊤ → C (resp., U⊥ : C⊥ → C) is both separable and naturally full whenever it is fully
faithful.
Remark 1.78. [4, Remark 2.5] Let F ⊣ G : D → C be an adjunction with unit η : IdC → GF
and counit ϵ : FG → IdD.

i) The adjunctions (F,G) and (VGF , UGF ) have the same associated monad (GF,GϵF, η),
whereas the adjunctions (F,G) and (UFG, V FG) have the same associated comonad
(FG,FηG, ϵ).

ii) By i), (F,G) is idempotent if, and only if, (VGF , UGF ) is idempotent if, and only if,
(UFG, V FG) is idempotent.

iii) The counit of an adjunction coincides with the counit of the associated comonad.
Thus, by ii), the adjunctions (F,G) and (UFG, V FG) have the same counit. As a
consequence, G is separable (resp., naturally full, fully faithful) if, and only if, so is
V FG, in view of the corresponding Rafael-type Theorems (Theorem 1.18, Theorem
1.29 and Theorem 1.31, respectively).

iv) Similarly, the adjunctions (F,G) and (VGF , UGF ) have the same unit and hence F is
separable (resp., naturally full, fully faithful) if, and only if, so is VGF .



1.5. (Co)monads and separability 27

In Proposition 1.57 we have shown that the reverse implication of Proposition 1.56
holds true if MS is finitely generated and projective. An alternative way to see this fact
(see [4, Remark 3.28]) follows by the previous remark. In fact, from Example 1.72 we know
that Kσ∗σ∗ ◦ σ∗ = φ∗. Hence, by Remark 1.78 iv) we get that σ∗ is separable if, and only
if, Vσ∗σ∗ = φ∗ is separable. By Proposition 1.40 this is equivalent to φ being split-mono
as an R-bimodule map, i.e. to the existence of E ∈ RHomR(E , R) such that E ◦ φ = Id.

The next lemma relates separable functors that are part of an adjunction to (co)separable
(co)monads.

Lemma 1.79. [31, Cf. Lemma 3.1] Let F ⊣ G : D → C be an adjunction with unit η and
counit ϵ.

i) If F is separable, then the associated comonad (FG,FηG, ϵ) is coseparable.

ii) If G is separable, then the associated monad (GF,GϵF, η) is separable.

Proof. i). If F is separable, then by Theorem 1.18 there is a natural transformation
ν : GF → IdC such that ν ◦ η = Id. Set τ := FνG : F IdCG → FGFG. We have that
τ ◦ FηG = FνG ◦ FηG = F (ν ◦ η)G = IdFG. From naturality of η and ν it follows that
FGτ ◦FηGFG = FGFνG◦FηGFG = FηG◦FνG = FνGFG◦FGFηG = τFG◦FGFηG,
hence (FG,FηG, ϵ) is coseparable.
ii). It follows dually.

In the next chapter we will show that a weakening of the assumptions on the right (resp.,
left) adjoint in Lemma 1.79 still implies the (co)separability of the associated (co)monad.
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Chapter 2

The notion of semiseparability

In this chapter we deal with the notion of semiseparable functor, introduced in [4] by
requiring a regularity condition (in the sense of Von Neumann) on its hom-components,
and we review its main properties. To any semiseparable functor we attach an invariant
which controls the separability of the functor and allows a characterization of separable
functors in terms of semiseparability and (dual) Maschke or conservative functors. We
show that any semiseparable functor admits a canonical factorization as a naturally full
functor followed by a separable one. Then, we study semiseparability for functors that are
part of an adjunction and we prove a Rafael-type Theorem. In the context of Eilenberg-
Moore categories, we characterize the semiseparability of a right (resp., left) adjoint in
terms of the (co)separability of the associated (co)monad and the natural fullness of the
corresponding (co)comparison functor. Finally, we look at the notions of (co)reflection,
bireflection and Frobenius functor with respect to semiseparability.

2.1 Semiseparable functors

Given functors F, F ′ : C → D, we call a natural transformation α : F → F ′ regular if
there exists a natural transformation β : F ′ → F such that α ◦ β ◦ α = α.
Remark 2.1. A natural transformation α : F → F ′ is regular if, and only if, there exists a
natural transformation β : F ′ → F such that α◦β ◦α = α and β ◦α◦β = β. In fact, if α is
regular through γ : F ′ → F , then it is enough to set β := γ ◦α ◦ γ. This is the analogue of
the fact that every regular element has an inverse in semigroup theory, see e.g. [54, page
51].

Definition 2.2. [4, Definition 1.1] We say that a functor F : C → D is semiseparable if
the natural transformation F : HomC(−,−) → HomD(F−, F−), f 7→ Ff , is regular. This
means that there exists a natural transformation P : HomD(F−, F−) → HomC(−,−) such
that

F ◦ P ◦ F = F .

Remark 2.3. Since FF
X,Y = FF op

Y op,Xop for every X,Y ∈ C, a functor F : C → D is semisepa-
rable if and only if so is F op : Cop → Dop.
Remark 2.4. From Remark 2.1 it follows that a functor F : C → D is semiseparable if, and
only if, there exists a natural transformation P : HomD(F−, F−) → HomC(−,−) such
that F ◦ P ◦ F = F and P ◦ F ◦ P = P.

We know that a separable functor is faithful and that a naturally full functor is full.
If we add the assumption of semiseparability, also the viceversa holds true.

29
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Proposition 2.5. [4, Proposition 1.3] Let F : C → D be a functor. Then,

i) F is separable if, and only if, F is semiseparable and faithful;

ii) F is naturally full if, and only if, F is semiseparable and full.

Proof. i). Assume that F is separable. From P ◦ F = Id it follows that F ◦ P ◦ F =
F ◦ Id = F , i.e. F is semiseparable, and by Lemma 1.3 F is faithful. Conversely, if F is
semiseparable, then there exists a natural transformation P such that F ◦ P ◦ F = F . If
F is faithful, then F is injective on components, so P ◦ F = Id.
ii). If F is naturally full, then F is semiseparable, as (F ◦ P) ◦ F = Id ◦ F = F , and
by Remark 1.27 i) F is full. Conversely, if F is semiseparable, then there is a natural
transformation P such that F ◦ P ◦ F = F . So, if F is full, then F ◦ P = Id, as F is
surjective on components.

In view of Proposition 2.5, both separable and naturally full functors are instances of
semiseparable functors. The first difference, with respect to the separable and naturally
full cases, is that semiseparable functors are not closed under composition (we will see an
instance in Example 3.4). In the following result we show that the closeness is available
in some cases.

Lemma 2.6. [4, Lemma 1.12] Let F : C → D and G : D → E be functors and consider
the composite G ◦ F : C → E.

i) If F is semiseparable and G is separable, then G ◦ F is semiseparable.

ii) If F is naturally full and G is semiseparable, then G ◦ F is semiseparable.

Proof. i). If F is semiseparable with respect to PF and G is separable with respect to PG,
then we have

FGF
X,Y PF

X,Y PG
FX,FY FGF

X,Y = FGF
X,Y PF

X,Y PG
FX,FY FG

FX,FY FF
X,Y

= FGF
X,Y PF

X,Y FF
X,Y = FG

FX,FY FF
X,Y PF

X,Y FF
X,Y = FG

FX,FY FF
X,Y = FGF

X,Y ,

for every X,Y in C, hence G ◦ F is semiseparable through PGF
X,Y := PF

X,Y PG
FX,FY .

ii). It follows similarly. Indeed, if F is naturally full with respect to PF and G is
semiseparable with respect to PG, then we have

FGF
X,Y PF

X,Y PG
FX,FY FGF

X,Y = FG
FX,FY FF

X,Y PF
X,Y PG

FX,FY FGF
X,Y

= FG
FX,FY PG

FX,FY FGF
X,Y = FG

FX,FY PG
FX,FY FG

FX,FY FF
X,Y = FG

FX,FY FF
X,Y = FGF

X,Y ,

for every X,Y in C, hence G◦F is semiseparable with respect to PGF
X,Y := PF

X,Y PG
FX,FY .

Corollary 2.7. Let F : C → D and G : D → E be functors. If F is naturally full and G
is separable, then the composite G ◦ F : C → E is semiseparable.

Proof. By Lemma 2.6 i), the composition G◦F , of a naturally full (whence semiseparable)
functor F followed by a separable functor G, is semiseparable.

Lemma 2.8. [4, Lemma 1.13] Let F : C → D and G : D → E be functors. If G ◦ F is
semiseparable and G is faithful, then F is semiseparable.
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Proof. If G ◦ F is semiseparable through PGF , then FGF
X,Y ◦ PGF

X,Y ◦ FGF
X,Y = FGF

X,Y , i.e.
FG
FX,FY ◦ FF

X,Y ◦ PGF
X,Y ◦ FG

FX,FY ◦ FF
X,Y = FG

FX,FY ◦ FF
X,Y , for every X,Y ∈ C. Since G is

faithful, we have that FF
X,Y ◦ PGF

X,Y ◦ FG
FX,FY ◦ FF

X,Y = FF
X,Y , for every X,Y in C, so F is

semiseparable through PF
X,Y := PGF

X,Y ◦ FG
FX,FY .

In Proposition 2.58 we will prove that, under stronger assumptions on F , the functor
G results to be semiseparable whenever G ◦ F is. In the next proposition we show that
semiseparable functors are closed under isomorphisms (cf. [4, Corollary 1.11]).

Proposition 2.9. A functor naturally isomorphic to a semiseparable functor is semisep-
arable.

Proof. Let α : F → G be a natural isomorphism of functors, where G : C → D is semisep-
arable with respect to PG. Consider the map ςX,Y : HomD(FX,FY ) → HomD(GX,GY )
defined by ςX,Y (f) = αY ◦ f ◦ α−1

X , cf. the proof of [11, Lemma 1.7]. Note that FF
X,Y =

ς−1
X,Y ◦ FG

X,Y and then FG
X,Y = ςX,Y ◦ FF

X,Y , for every X,Y ∈ C. In fact, FF
X,Y (f) = Ff =

IdFY ◦ Ff = α−1
Y ◦ αY ◦ Ff = α−1

Y ◦ Gf ◦ αX = ς−1
X,Y (Gf) = (ς−1

X,Y ◦ FG
X,Y )(f) and, by

composing the latter by ςX,Y , the equality FG
X,Y = ςX,Y ◦ FF

X,Y follows. We show that
F results to be semiseparable with respect to PF

X,Y := PG
X,Y ◦ ςX,Y . Indeed, we have

FF
X,Y ◦ PF

X,Y ◦ FF
X,Y = ς−1

X,Y ◦ FG
X,Y ◦ PG

X,Y ◦ ςX,Y ◦ FF
X,Y = ς−1

X,Y ◦ FG
X,Y ◦ PG

X,Y ◦ FG
X,Y =

ς−1
X,Y ◦ FG

X,Y = FF
X,Y .

We recall here the following lemma, inspired by [10, Lemma 2.9], that will be useful in
the sequel.

Lemma 2.10. [5, Lemma 3.9] Let F ⊣ G : C → D be an adjunction of functors and let
S : C′ → C and T : D′ → D be fully faithful functors. Assume that there exist functors
F ′ : D′ → C′ and G′ : C′ → D′ such that both squares

C′ S //

G′

��

C
G

��
D′ T //

F ′

OO

D

F

OO

⊣

are commutative, i.e. F ◦T = S ◦F ′ and T ◦G′ = G◦S. Then, (F ′, G′) is an adjunction in
a unique way such that the pair of functors (S, T ) is a map of adjunctions (cf. Subsection
1.1.1). Moreover, if G (respectively, F ) is (semi)separable, then also G′ (respectively, F ′)
is (semi)separable.

Proof. Consider D′ ∈ D′, C ′ ∈ C′. The composition of natural isomorphisms yields the
natural isomorphism φD′,C′ := (FT

D′,G′C′)−1 ◦ ΦTD′,SC′ ◦ FS
F ′D′,C′ , where Φ is the natural

isomorphism (1.3). By construction the diagram

HomC′(F ′D′, C ′)
FS

F ′D′,C′
//

φD′,C′

��

HomC(SF ′D′, SC ′) HomC(FTD′, SC ′)
ΦT D′,SC′

��
HomD′(D′, G′C ′)

FT
D′,G′C′

// HomD(TD′, TG′C ′) HomD(TD′, GSC ′)

commutes and this means that the pair of functors (S, T ) is a map of adjunctions. Finally,
assume that G is semiseparable. Since S is fully faithful, by Lemma 2.6 ii) G ◦ S is
semiseparable, and then T ◦G′ is semiseparable, hence, since T is faithful, by Lemma 2.8
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it follows that also G′ is semiseparable. If G is separable, the proof follows analogously.
The case with F and F ′ is similar.

2.1.1 An invariant associated with semiseparability

In this subsection we show that it is possible to attach, in a canonical way, a suitable
idempotent natural transformation to any semiseparable functor. Recall that an endo-
morphism eX : X → X in a category C is idempotent if e2

X := eX ◦ eX = eX . A natural
transformation α : F → F ′ is idempotent if αX : FX → F ′X is idempotent for every
X ∈ C.

Proposition 2.11. [4, Proposition 1.4] Let F : C → D be a semiseparable functor. Then,
there is a unique idempotent natural transformation e : IdC → IdC such that Fe = IdF ,
with the following universal property: if f, g : X → Y are morphisms in C, then

Ff = Fg if, and only if, eY ◦ f = eY ◦ g. (2.1)

Proof. Since F is semiseparable, there is a natural transformation P such that F ◦P ◦F =
F . Set eX := PX,X (IdFX). Note that FeX = FPX,X (IdFX) = FX,XPX,XFX,X (IdX) =
FX,X (IdX) = IdFX . Thus,

eX ◦ eX = PX,X (IdFX) ◦ eX = PX,X (IdFX ◦ FeX) = PX,X (IdFX) = eX ,

hence eX is idempotent, for every X ∈ C. Moreover, for every morphism f : X → Y in C we
have f ◦ eX = f ◦ PX,X (IdFX) = PX,Y (Ff ◦ IdFX) = PX,Y (IdFY ◦ Ff) = PY,Y (IdFY ) ◦
f = eY ◦ f , so that f ◦ eX = eY ◦ f , i.e., e = (eX)X∈C : IdC → IdC is an idempotent
natural transformation such that Fe = IdF . Now, consider morphisms f, g : X → Y in
C. If Ff = Fg, then PX,Y (Ff) = PX,Y (Fg), i.e. PY,Y (IdFY ) ◦ f = PY,Y (IdFY ) ◦ g,
i.e. eY ◦ f = eY ◦ g. Conversely, from eY ◦ f = eY ◦ g we get FeY ◦ Ff = FeY ◦ Fg,
and hence Ff = Fg as Fe = IdF . Finally, let e′ : IdC → IdC be an idempotent natural
transformation such that, if f, g : X → Y are morphisms in C, then Ff = Fg if and only
if e′

Y ◦ f = e′
Y ◦ g. From e′

X ◦ e′
X = e′

X ◦ IdX we get Fe′
X = F IdX (whence Fe′ = IdF ).

From (2.1) we have eX ◦ e′
X = eX ◦ IdX , i.e. eX ◦ e′

X = eX . If we interchange the roles of
e and e′, in a similar way we get e′

X ◦ eX = e′
X . By naturality, for every X ∈ C, we have

eX = eX ◦ e′
X = e′

X ◦ eX = e′
X , hence e = e′.

Thus, to any semiseparable functor we have attached an idempotent natural transfor-
mation e : IdC → IdC defined on components by eX := PX,X (IdFX), for every X ∈ C,
where P is any natural transformation such that F ◦P ◦F = F . We call e the associated
idempotent natural transformation. As particular cases, any separable and any nat-
urally full functor admits the associated idempotent natural transformation. Moreover,
the associated idempotent provides a criterion to establish if a semiseparable functor is
separable.

Corollary 2.12. [4, Corollary 1.7] Let F : C → D be a semiseparable functor and let
e : IdC → IdC be the associated idempotent natural transformation. Then, F is separable
if, and only if, e = Id.

Proof. If F is separable, then P◦F = Id and hence eX = PX,X(IdFX) = PX,XFX,X(IdX) =
IdX , for every X ∈ C. Conversely, suppose e = Id. For every f : X → Y in C, we have
PX,Y (Ff) = PX,Y (Ff ◦ IdFX) = f ◦ PX,X(IdFX) = f ◦ eX = f , so that P ◦ F = Id and F
is separable.
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The following result highlights a connection between semiseparable functors and sep-
arability of the second kind, recalled in Subsection 1.1.2.

Proposition 2.13. [4, Cf. Proposition 1.10] Let H : C → E be a semiseparable functor
with associated idempotent natural transformation e and let F : C → D be a H-separable
functor. If Fe = IdF (e.g. PF,H is injective on components), then F is semiseparable,
with associated idempotent natural transformation e.

Proof. By definition PF,H ◦ FF = FH . Since H is semiseparable, there exists a natural
transformation PH : HomE(H−, H−) → HomC(−,−) such that FH ◦PH ◦FH = FH . Set
PF := PH ◦ PF,H , for every X,Y in C. Then, PF ◦ FF = PH ◦ PF,H ◦ FF = PH ◦ FH .
Thus, for every f : FX → FY , we have PF

X,Y FF
X,Y (f) = PH

X,Y FH
X,Y (f) = PH

X,Y (Hf) =
f ◦ PH

X,X(IdHX) = f ◦ eX , and hence FF
X,Y PF

X,Y FF
X,Y (f) = F (f ◦ eX) = Ff ◦FeX = Ff =

FF
X,Y (f) so that FF

X,Y PF
X,Y FF

X,Y = FF
X,Y , i.e. F is semiseparable. If PF,H is injective on

components, then from PF,H
X,X(FeX) = PF,H

X,XFF
X,X(eX) = FH

X,X(eX) = HeX = HIdX =
FH
X,X(IdX) = PF,H

X,X(F IdX) we infer FeX = IdFX . Note that F has the same idempotent
natural transformation associated with H. Indeed, if e′ is the idempotent natural trans-
formation associated with F , then, for every X ∈ C, we have that e′

X = PF
X,X(IdFX) =

PH
X,XPF,H

X,X(IdFX) = PH
X,XPF,H

X,XFF
X,X(IdX) = PH

X,XFH
X,X(IdX) = PH

X,X(IdHX) = eX .

Corollary 2.14. [4, Corollary 1.11] Let H : C → E be a semiseparable functor with
associated idempotent natural transformation e and assume H is a retract of a functor
F : C → D. If Fe = IdF , then F is semiseparable, with associated idempotent natural
transformation e.

Proof. Since H is a retract of F , there are natural transformations φ : F → H and
ψ : H → F such that φ ◦ ψ = IdH . Define PF,H by setting PF,H

X,Y (g) := φY ◦ g ◦ ψX , for
every g : FX → FY , and note that PF,H ◦ FF = FH , so that F : C → D is H-separable.
Thus, by Proposition 2.13, if Fe = IdF , the functor F is semiseparable.

Remark 2.15. Note that Lemma 2.8 follows also from Proposition 2.13 by setting, for every
X,Y in C, PF,GF

X,Y := FG
FX,FY , which is injective, as G is faithful. Moreover, Lemma 2.9 is

a consequence of Corollary 2.14.
As a particular case of Corollary 2.14, the next result gives a sufficient condition for

the semiseparability of a functor, extending [31, Lemma 2.1 (4)] for the separable case.
Cf. also [67, Proposition 2.20].

Corollary 2.16. Let F : C → C be a functor on a category C. If there exist natural
transformations α : IdC → F , α′ : F → IdC such that F (α′ ◦ α) = IdF , then F : C → C is
semiseparable.

Proof. Set e := α′ ◦ α : IdC → IdC . Then, Fe = F (α′ ◦ α) = IdF . Since e ◦ e = α′ ◦ α ◦ e =
α′ ◦ Fe ◦ α = α′ ◦ α = e and IdC is semiseparable, we conclude by Corollary 2.14.

The existence of the associated idempotent natural transformation allows to describe
separable functors in terms of reflectivity conditions.

Corollary 2.17. Let F : C → D be a functor. Then, the following assertions are equiva-
lent:

(i) F is separable;
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(ii) F is semiseparable and reflects monomorphisms;

(iii) F is semiseparable and reflects epimorphisms.

Proof. By Proposition 2.5 i), a separable functor is semiseparable and faithful. Moreover, a
faithful functor reflects monomorphisms (resp., epimorphisms), see [19, Proposition 1.7.6]
(resp., [19, Proposition 1.8.4]). Conversely, if F is semiseparable through associated idem-
potent natural transformation e such that Fe = IdF , then FeX is an isomorphism, whence
a monomorphism and an epimorphism, for every X ∈ C. Thus, if F reflects monomor-
phisms (resp., epimorphisms), then eX is a monomorphism (resp., an epimorphism), for
every X ∈ C. From eX ◦ eX = eX = eX ◦ IdX (resp., eX ◦ eX = eX = IdX ◦ eX) we get
eX = IdX , so that F is separable by Corollary 2.12.

A further characterization of separable functors can be also given in terms of Maschke,
dual Maschke and conservative functors, that have been recalled in Section 1.1.

Corollary 2.18. [4, Corollary 1.9] The following assertions are equivalent for a functor
F : C → D:

(i) F is separable;

(ii) F is semiseparable and Maschke;

(iii) F is semiseparable and dual Maschke;

(iv) F is semiseparable and conservative.

Proof. (i) ⇒ (ii), (iii), (iv). By Proposition 2.5 i), a separable functor is semiseparable.
Moreover, by Remark 1.12, a separable functor is both Maschke and dual Maschke, whence
conservative.

(ii), (iii), (iv) ⇒ (i). Since F is semiseparable, we can consider its associated idem-
potent natural transformation e such that FeX = IdFX , for every object X in C. Thus
FeX is split-mono, split-epi and iso. Depending on whether F is either Maschke, dual
Maschke or conservative, we get that eX is either split-mono, split-epi or iso. Since eX is
idempotent, we get eX = IdX , so that F is separable by Corollary 2.12.

Example 2.19. The restriction of scalars functor F : ML → M in Example 1.13 is an
instance of a Maschke (and dual Maschke) functor that is not semiseparable.

We recall that a functor F : C → D is said to reflect coequalizers if, when

X
u //
v
// Y

f // Z (2.2)

is a diagram such that FX
Fu //
Fv
// FY

Ff // FZ is a coequalizer, then (2.2) is a coequalizer

as well. Similarly, F is said to reflect equalizers. As a consequence of Corollary 2.18, the
notions of separability and semiseparability coincide in these cases, as well.

Lemma 2.20. Let F : C → D be a functor between categories with (co)equalizers. If F
reflects (co)equalizers, then F is conservative.
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Proof. Let F : C → D be a functor between categories with coequalizers that reflects
coequalizers. Let f : X → Y be a morphism in C such that Ff : FX → FY is an
isomorphism in D with inverse h : FY → FX. Then, Ff is the coequalizer of the
parallel pair (IdFX , IdFX). Indeed, Ff ◦ IdFX = Ff ◦ IdFX trivially holds and, for every
g : FX → Z in D, by setting t := g ◦ h one has g ◦ IdFX = g ◦ IdFX and t ◦ Ff =
g ◦h ◦Ff = g ◦ IdFX = g. Since F reflects coequalizers, f is the coequalizer of (IdX , IdX).
Then, there exists k : Y → X such that k ◦f = IdX . Moreover, since f is an epimorphism,
from f ◦ k ◦ f = f we get f ◦ k = IdY , hence f is an isomorphism. The case for a functor
between categories with equalizers that reflects equalizers follows by duality.

Corollary 2.21. Let F : C → D be a functor between categories with (co)equalizers. If F
reflects (co)equalizers, then F is separable if, and only if, F is semiseparable.

Proof. If F is separable, then it is semiseparable by Proposition 2.5 i). Conversely, if
F reflects (co)equalizers, by Lemma 2.20 F is conservative, so, if F is semiseparable, by
Corollary 2.18 F is separable.

In the next results we show other situations in which the notion of semiseparable
functor collapses into the one of separable functor. For instance, this is the case when
there exists a suitable type of generator within a category C.

We recall, from [47, Definition 7], that a morphism k : X → Y in a category C is
constant if, for each object Z in C and for each pair of morphisms g, h : Z → X, one has
k ◦ g = k ◦ h. A category C is said to be constant-generated [47, Definition 8] provided
that, for each pair of objects (X,Y ) in C,

i) HomC(X,Y ) ̸= ∅,

ii) if f, g : X → Y are distinct morphisms in C, then there exist an object K and a
constant morphism k : K → X in C such that f ◦ k ̸= g ◦ k.

Several categories are constant-generated, e.g. the categories of nonempty sets, nonempty
ordered sets, nonempty topological spaces, nonempty Hausdorff spaces etc. Here, in the
definition of constant-generated category, we do not require condition i).

Proposition 2.22. [4, Proposition 1.17] Let C be a constant-generated category. Then,
Nat(IdC , IdC) = {Id}. As a consequence, a functor F : C → D is semiseparable if, and only
if, it is separable.

Proof. Let e ∈ Nat(IdC , IdC) and suppose that eX ̸= IdX , for some object X in C. Since C
is constant-generated, there are an object K and a constant morphism k : K → X such
that eX ◦k ̸= IdX ◦k. By naturality of e and since k is constant, we have eX ◦k = k ◦eK =
k ◦ IdK = IdX ◦ k, a contradiction. Therefore eX = IdX , and hence e = Id. We conclude
by Corollary 2.12.

A set {Gi}i of objects in a category C is said to be a set of generators of C [76, page 5] if,
for every pair of objects (X,Y ) in C and for every pair of distinct morphisms f, g : X → Y
in C, there is an index i0 and a morphism p : Gi0 → X such that f ◦p ̸= g◦p. In particular,
a category has a generator if it has a set of generators consisting of a single object. For
instance, in the category Set of sets the one-point set is a generator, in the category
Ab of abelian groups Z is a generator, etc. Any Grothendieck category has a generator
by definition, see e.g. [81, Chapter V]. If the domain of a functor is a category with a
generator, instead of a constant-generated category, it is not obvious that semiseparability
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and separability coincide. By adding suitable assumptions, it is possible to retrieve the
same conclusion.

A first example in this direction is given by a well-pointed category, i.e. a category that
has a generator which is at the same time a terminal object. For instance, the categories
Set of sets, Top of topological spaces, Comp of compact Hausdorff spaces are well-pointed.
In fact, the singleton {∗} is both a terminal object and a generator in all of these categories,
see [19, 2.3.2.a, 2.1.7g, 4.5.17.a, 4.5.17.f and 4.5.17.g].

Corollary 2.23. [4, Corollary 1.18] If C is a well-pointed category, then it is constant-
generated. As a consequence, a functor F : C → D is semiseparable if, and only if, it is
separable.

Proof. Let G ∈ C be a generator which is a terminal object. Given morphisms f, g : X → Y
in C such that f ̸= g, since G is a generator there is a morphism k : G → X such that
f ◦ k ̸= g ◦ k. Moreover, if h, h′ : Z → G are any morphisms in C, then, since G is a
terminal object, they are necessarily equal, whence k ◦ h = k ◦ h′, so k is constant. Thus,
C is constant-generated. We conclude by Proposition 2.22.

Remark 2.24. In view of Proposition 2.22 and Corollary 2.23, we get that in a well-pointed
category C there is no non-trivial idempotent natural transformation on IdC . This result
already appeared in [39, Corollary 21].

In the following proposition we give another additional condition that guarantees the
equivalence between the semiseparability and the separability of a functor. By a central
idempotent endomorphism of an object X in a category C, we mean a central idempotent
in the monoid (End(X), ◦, IdX), i.e. a morphism g : X → X in C such that g ◦ g = g and
g ◦ f = f ◦ g, for every morphism f : X → X in C.

Proposition 2.25. [4, Proposition 1.21] Let C be a category with a generator G and let
F : C → D be a functor. Assume there is no central idempotent endomorphism g ̸= IdG :
G → G such that Fg = IdFG. Then, F is semiseparable if, and only if, it is separable.

Proof. Consider an idempotent natural transformation e : IdC → IdC such that Fe = IdF .
Then, eG is a central idempotent endomorphism of G such that FeG = IdFG, and hence
eG = IdG by assumption. Let X be an object in C and suppose that eX ̸= IdX . Since G is
a generator, there is a morphism p : G → X such that eX ◦ p ̸= IdX ◦ p but, by naturality
of e, we have eX ◦p = p◦eG = p◦ IdG = p, so that we are led to a contradiction. Therefore
eX = IdX , and hence e = Id. We conclude by Corollary 2.12.

We exhibit an application of Proposition 2.25 to the category RM of left R-modules.

Lemma 2.26. [4, Lemma 1.22] Let R be a ring. Then, g : R → R is a central idempotent
endomorphism of left R-modules if, and only if, g = zIdR for a central idempotent z ∈ R,
namely z = g(1).

Proof. For every r ∈ R, consider the morphism of left R-modules fr : R → R, fr(x) := xr.
Assume that g is a central idempotent endomorphism of left R-modules. Then, g(r) =
rg(1) = rz. From g ◦ fr = fr ◦ g we get zr = fr(z) = fr(g(1)) = g(fr(1)) = g(r) = rz,
so that z is in the center of R. Moreover, since g is left R-linear and idempotent, we get
zz = g(z) = g(g(1)) = g(1) = z. Conversely, it is clear that zIdR : R → R is a central
idempotent endomorphism of left R-modules in case z is a central idempotent in R.
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Corollary 2.27. [4, Corollary 1.23] Let R be a ring with no non-trivial central idempotent
(e.g. R is a domain). A functor F : RM → D such that F0 ̸= IdFR is semiseparable if,
and only if, it is separable.

Proof. Let g : R → R be a central idempotent endomorphism of left R-modules such that
Fg = IdFR. By Lemma 2.26, we have that g = zIdR for a central idempotent z ∈ R. By
assumption z is trivial, i.e. z = 1 or z = 0, and hence we get either g = IdR or g = 0.
Since Fg = IdFR, we must have g = IdR. Since R is a generator in RM, by Proposition
2.25, we conclude.

2.1.2 A canonical factorization

To any semiseparable functor it is possible to attach a canonical factorization through
its associated coidentifier category. We recall this notion defined as in [39, Example 17].

Given a category C and an idempotent natural transformation e : IdC → IdC , consider
the quotient category Ce := C/∼ of C, where ∼ is the congruence relation on the hom-sets
defined, for all f, g : X → Y in C, by setting

f ∼ g if, and only if, eY ◦ f = eY ◦ g.

Thus, Ob (Ce) = Ob (C) and HomCe (X,Y ) = HomC (X,Y ) /∼. The category Ce is called
the coidentifier category. We denote by f the class of f ∈ HomC (X,Y ) in HomCe (X,Y ).
We have the quotient functor

H : C → Ce, X 7→ X, f 7→ f,

that satisfies the following properties. Recall that a functor F : C → D is said to be
essentially surjective on objects (eso for short) if, for every D ∈ D, there is C ∈ C such
that D ∼= F (C).

Lemma 2.28. Given a category C and an idempotent natural transformation e : IdC →
IdC, consider the quotient functor H : C → Ce. Then,

i) H is naturally full and e is its associated idempotent natural transformation. In
particular, He = IdH .

ii) H is essentially surjective on objects.

Proof. i). Consider the map PX,Y : HomCe (X,Y ) → HomC (X,Y ), given by PX,Y (f) =
eY ◦ f. It is a natural transformation as for any h : X ′ → X, k : Y → Y ′ in C, f : X → Y
in Ce, from naturality of e we have that k ◦ PX,Y (f) ◦ h = k ◦ (eY ◦ f) ◦ h = eY ′ ◦ (k ◦
f ◦ h) = PX′,Y ′(k ◦ f ◦ h) = PX′,Y ′(k ◦ f ◦ h) = PX′,Y ′(H(k) ◦ f ◦ H(h)). Moreover,
FX,Y PX,Y (f) = FX,Y (eY ◦ f) = eY ◦ f = f = IdHomCe (X,Y )(f), for every f : X → Y in
Ce, hence H is naturally full. Since PX,X(IdX) = eX ◦ IdX = eX , for every X ∈ C, the
idempotent natural transformation associated with H is exactly e. Thus, He = IdH .
ii). Since every object X ∈ Ce is an object in C and H acts as the identity on objects, we
have that H(X) = X, hence H is essentially surjective on objects.

Remark 2.29. Let C be a category and consider the idempotent natural transformation
e = IdIdC : IdC → IdC . Then, the congruence relation ∼ becomes the identity relation, so
the quotient category CId := C/∼ of C can be identified with C and the quotient functor
H : C → CId results to be the identity functor.
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The following is the universal property of the coidentifier that can be deduced from
the dual version of [39, Definition 14(1)], cf. [4, Lemma 1.14 (1)].

Lemma 2.30. (Universal property) A functor F : C → D satisfies Fe = IdF if, and only
if, there is a functor Fe : Ce → D (necessarily unique) such that the triangle

C H //

F

��

Ce

∃!Fe��
D

commutes, i.e. F = Fe ◦H.
Given F, F ′ : C → D such that Fe = IdF and F ′e = IdF ′, and a natural transformation

β : F → F ′, there is a unique natural transformation βe : Fe → F ′
e such that β = βeH.

Proof. Assume Fe = IdF . Given f, g ∈ HomC (X,Y ), we have that f = g implies eY ◦ f =
eY ◦ g and hence FeY ◦Ff = FeY ◦Fg, i.e. Ff = Fg as FeY = IdFY . Thus we can define
the functor

Fe : Ce → D, X → FX, f 7→ Ff.

A direct computation shows that Fe ◦H = F. Conversely, given a functor G : Ce → D such
that G ◦ H = F , we have Fe = GHe = GIdH = IdGH = IdF , so that Fe = IdF and we
can consider Fe. Moreover, GX = GHX = FX = FeX and Gf = GHf = Ff = Fef , so
that G = Fe. For every object X in Ce, we have (βe)X := βX . Given f : X → Y in Ce, the
naturality of βe follows from (βe)Y ◦ Fef = F ′

ef ◦ (βe)X , i.e. βY ◦ Ff = F ′f ◦ βX , which
is true by naturality of β. If α : Fe → F ′

e is a natural transformation such that β = αH
then, for every X ∈ Ce, αX = αHX = βX = (βe)X , hence α = βe.

Lemma 2.31. [4, Cf. Lemma 1.14 (2)] Let C be a category, let e : IdC → IdC be an
idempotent natural transformation and let H : C → Ce be the quotient functor. Then,
H is orthogonal to any faithful functor S : D → E, i.e., given functors F : C → D and
G : Ce → E such that S ◦ F = G ◦H, then there is a unique functor Fe : Ce → D such that
the diagram

C H //

F

��

Ce

Fe

��
G

��
D S // E

commutes, i.e., Fe ◦H = F and S ◦ Fe = G.

Proof. For every X in C, we compute SFeX = GHeX = GIdHX = IdGHX = IdSFX =
SIdFX so that, since S is faithful, we get that FeX = IdFX , and hence Fe = IdF . Thus, by
Lemma 2.30 there is a unique functor Fe : Ce → D, such that Fe◦H = F , which acts as F on
objects and maps the class f into Ff . Moreover, SFeX = SFeHX = SFX = GHX = GX
and SFef = SFeHf = SFf = GHf = Gf , so that S ◦ Fe = G.

Remark 2.32. The fact that H : C → Ce is orthogonal to any faithful functor S : D → E
follows also since there is an (eso and full, faithful) factorization system in the 2-category
Cat of categories, see e.g. [35, Example 7.9], and H is eso and (naturally) full by Lemma
2.28.
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In the following result, we show that any semiseparable functor admits a special type
of (eso and full, faithful) factorization. In fact, any semiseparable functor F : C → D arises
as the composition of a naturally full functor followed by a separable functor: we have
F = Fe ◦H, where H is eso and (naturally) full, while Fe is separable whence faithful.

Theorem 2.33. [4, Theorem 1.15] Let F : C → D be a semiseparable functor and let
e : IdC → IdC be the associated idempotent natural transformation. Then, there is a unique
functor Fe : Ce → D (necessarily separable) such that F = Fe ◦ H, where H : C → Ce is
the quotient functor. Furthermore, if F also factors as S ◦ N , where S : E → D is a
separable functor and N : C → E is a naturally full functor, then there is a unique functor
Ne : Ce → E (necessarily fully faithful) such that Ne ◦ H = N and S ◦ Ne = Fe, and e is
also the idempotent natural transformation associated to N .

C H //

N

��

Ce

Ne

��
Fe

��
E S // D

Proof. By Lemma 2.30, there is a unique functor Fe : Ce → D such that F = Fe ◦H, where
H : C → Ce is the quotient functor. If Fef = Feg, then Ff = Fg so that, by Proposition
2.11, we get eB ◦ f = eB ◦ g which means f = g. Thus, Fe is faithful. Moreover,
FF
X,Y ◦ PF

X,Y ◦ FF
X,Y = FF

X,Y rewrites as FFe
X,Y ◦ FH

X,Y ◦ PF
X,Y ◦ FFe

X,Y ◦ FH
X,Y = FFe

X,Y ◦ FH
X,Y .

Since FFe
X,Y is injective and FH

X,Y is surjective (as H is indeed naturally full by Lemma
2.28 i)), we get FH

X,Y ◦ PF
X,Y ◦ FFe

X,Y = Id, thus Fe is separable.
Concerning the last sentence, since S is separable, then it is faithful. By Lemma 2.31

H is orthogonal to S, so that there is a unique functor Ne : Ce → E such that Ne ◦H = N
and S ◦Ne = Fe. Since H acts as the identity on objects and N is full, from Ne ◦H = N
we deduce that Ne is full. Since S ◦ Ne = Fe and Fe is faithful, we deduce that Ne is
faithful. Thus, Ne is fully faithful.

We show that F and N share the same associated idempotent natural transforma-
tion e : IdC → IdC . Indeed, since N is naturally full (hence semiseparable), it has an
associated idempotent natural transformation e′ : IdC → IdC and by definition we have
e′
X := PN

X,X(IdNX), for any X ∈ C. Since F = S ◦N , by the proof of Lemma 2.6 i), we can
choose PF

X,Y := PN
X,Y ◦ PS

NX,NY , so that eX = PF
X,X(IdFX) = PN

X,X(PS
NX,NX(IdSNX)) =

PN
X,X(IdNX) = e′

X , whence e = e′.

Remark 2.34. i) By applying the first part of Theorem 2.33 to the naturally full functor
N : C → E , there is a unique separable functor Ne : Ce → E such that N = Ne ◦H,
which is exactly the functor such that also S ◦ Ne = Fe holds true, obtained in the
second part of the proof.

ii) If F : C → D is a separable functor, then by Corollary 2.12 its associated idempotent
natural transformation is e = IdIdC . By Remark 2.29 we know that CId = C and
H : C → CId is the identity functor. Then, by Theorem 2.33, there is a unique
functor FId : CId → D (necessarily separable) such that F = FId ◦H, so FId = F .

We can further characterize the semiseparability of a functor as follows.
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Corollary 2.35. [4, Corollary 1.16] A functor is semiseparable if, and only if, it factors
as S ◦N , where S is a separable functor and N is a naturally full functor.

• Semiseparable //

Naturally full
��

•

•
Separable

??

Proof. If a functor is semiseparable, it factors as a naturally full functor followed by a
separable one by Theorem 2.33. The converse is Corollary 2.7.

We will apply Theorem 2.33 and Corollary 2.35 in the next section, in the context of
Eilenberg-Moore categories.

2.2 Semiseparability and adjunctions
This section collects results on semiseparability for functors which are part of an ad-

junction. We prove a Rafael-type theorem for semiseparable functors in terms of regularity
conditions for the unit and counit of the adjunction. In Subsection 2.2.2, we study the
behavior of semiseparable adjoint functors with respect to (co)monads and associated
(co)comparison functors.

2.2.1 Rafael-type Theorem and Frobenius functors

The next result extends (Rafael) Theorem 1.18 to semiseparable functors.

Theorem 2.36. [4, Theorem 2.1] (Rafael-type Theorem for semiseparability) Let F ⊣ G :
D → C be an adjunction, with unit η : IdC → GF and counit ϵ : FG → IdD. Then,

i) F is semiseparable if, and only if, η is regular;

ii) G is semiseparable if, and only if, ϵ is regular.

Proof. i). Assume that F is semiseparable and let P be a natural transformation such
that F ◦ P ◦ F = F . By Proposition 1.17 we define ν : GF → IdC on components by
setting νX := PGFX,X(ϵFX) : GFX → X, for any object X in C. The naturality of
νX in X follows from the one of P. The idempotent natural transformation e associated
with F is defined by eX := PX,X(IdFX), for every X ∈ C, hence from (1.12) we have
eX = νX ◦ GIdFX ◦ ηX = νX ◦ ηX , so that e = ν ◦ η. We compute η ◦ ν ◦ η = η ◦ e =
GFe ◦ η = GIdF ◦ η = η. Thus, η is regular.

Conversely, assume η is regular, i.e. there exists a natural transformation ν : GF → IdC
such that η ◦ ν ◦ η = η. For any f : FX → FY in D, define PX,Y (f) := νY ◦ Gf ◦
ηX . By Proposition 1.17 we know that P : HomD(F−, F−) → HomC(−,−) is a natural
transformation and the correspondence between P and ν is bijective. For every f : X → Y
in C, we have that

(FX,Y ◦ PX,Y ◦ FX,Y )(f) = F (PX,Y (F (f))) = F (νY ◦GF (f) ◦ ηX) = F (νY ◦ ηY ◦ f)
= IdFY ◦ FνY ◦ FηY ◦ Ff = ϵFY ◦ FηY ◦ FνY ◦ FηY ◦ Ff

= ϵFY ◦ FηY ◦ Ff = IdFY ◦ FX,Y (f) = FX,Y (f),

hence F is semiseparable.
ii). It follows by duality.
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Remark 2.37. The previous Rafael-type Theorem can be also proved by means of Yoneda
Lemma, as in [61, Theorem 1, page 90].

The regularity condition of the unit and counit can be equivalently formulated as
follows.

Lemma 2.38. [4, Lemma 2.2] Let F ⊣ G : D → C be an adjunction, with unit η and
counit ϵ.

i) The following equalities are equivalent for a natural transformation ν : GF → IdC:

(1) η ◦ ν ◦ η = η (i.e., η is regular);
(2) Fν ◦ Fη = IdF ;
(3) νG ◦ ηG = IdG.

ii) The following equalities are equivalent for a natural transformation γ : IdD → FG:

(1) ϵ ◦ γ ◦ ϵ = ϵ (i.e., ϵ is regular);
(2) Gϵ ◦Gγ = IdG;
(3) ϵF ◦ γF = IdF .

Proof. We just prove i) as ii) follows dually.
(1) ⇒ (2). From η ◦ ν ◦ η = η we have

Fν ◦ Fη = IdF ◦ Fν ◦ Fη = ϵF ◦ Fη ◦ Fν ◦ Fη = ϵF ◦ Fη = IdF .

(2) ⇒ (1). By naturality of η, we have

η ◦ ν ◦ η = η ◦ (ν ◦ η) = GF (ν ◦ η) ◦ η = G(Fν ◦ Fη) ◦ η = GIdF ◦ η = η.

(1) ⇒ (3). From η ◦ ν ◦ η = η we have

νG ◦ ηG = IdG ◦ νG ◦ ηG = Gϵ ◦ ηG ◦ νG ◦ ηG = Gϵ ◦ ηG = IdG.

(3) ⇒ (1). By naturality of ν ◦ η, we have

η ◦ ν ◦ η = η ◦ (ν ◦ η) = (ν ◦ η)GF ◦ η = (νG ◦ ηG)F ◦ η = IdGF ◦ η = η.

As a consequence of the previous lemma and Corollary 2.16 we have the following
result, cf. Lemma 2.6 i).

Corollary 2.39. Let F ⊣ G : D → C be an adjunction with unit η and counit ϵ.

i) If F is semiseparable, then also the composite functor GF : C → C is semiseparable.

ii) If G is semiseparable, then also the composite functor FG : D → D is semiseparable.

Proof. i). If F is semiseparable, then by Lemma 2.38 i) and Theorem 2.36 Fν ◦Fη = IdF .
Therefore, we have GFν ◦ GFη = IdGF . By Corollary 2.16 also the composite functor
G ◦ F is semiseparable.
ii). If G is semiseparable, then by Lemma 2.38 ii) and Theorem 2.36, Gϵ ◦ Gγ = IdG.
Therefore, we have FGϵ ◦ FGγ = IdFG. By Corollary 2.16 also the composite functor
F ◦G is semiseparable.

For semiseparable functors that are part of an adjunction, the associated idempotent
natural transformations can be written explicitly in terms of the unit and counit.
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Lemma 2.40. Let F ⊣ G : D → C be an adjunction with unit η and counit ϵ. Then,

i) if F is semiseparable, i.e. there is a natural transformation ν : GF → IdC such that
η ◦ ν ◦ η = η, then its associated idempotent natural transformation is

e = ν ◦ η : IdC → IdC ;

ii) if G is semiseparable, i.e. there is a natural transformation γ : IdD → FG such that
ϵ ◦ γ ◦ ϵ = ϵ, then its associated idempotent natural transformation is

e = ϵ ◦ γ : IdD → IdD.

Proof. i). It follows from the proof of Theorem 2.36. Indeed, PX,Y : HomD(FX,FY ) →
HomC(X,Y ) is defined by setting PX,Y (f) := νY ◦Gf ◦ηX , for every morphism f : FX →
FY . By definition, we have eX := PX,X(IdFX) = νX ◦ ηX for every X ∈ C, so that
e = ν ◦ η.
ii). It is dual to i).

In Proposition 1.32 we have recalled that, given an adjoint triple F ⊣ G ⊣ H : C → D
of functors F,H : C → D and G : D → C, then F is separable (resp., naturally full) if, and
only if, so is H. A similar behavior holds with respect to the semiseparability condition.

Proposition 2.41. [4, Proposition 2.19] Let F ⊣ G ⊣ H : C → D be an adjoint triple.
Then, F is semiseparable if, and only if, so is H.

Proof. We denote by ηl, ϵl and ηr, ϵr the unit and the counit of the adjunction F ⊣ G and
of the adjunction G ⊣ H, respectively. We just prove the “only if” part of the statement.
For the “if” part consider the adjoint triple Hop ⊣ Gop ⊣ F op together with Remark 2.3.
Assume F is semiseparable. By Theorem 2.36 i), there exists a natural transformation
νl : GF → IdC such that ηl ◦νl ◦ηl = ηl. Define γr : IdC → GH as in (1.15). By naturality
of ϵr, we have ϵr◦γr◦ϵr = ϵr◦GHνl◦GηrF ◦ηl◦ϵr = νl◦ηl◦ϵr = νl◦ϵrGF ◦GηrF ◦ηl◦ϵr =
νl ◦ ηl ◦ ϵr = ϵr ◦ νlGH ◦ ηlGH = ϵr, where the last equality follows from (1) ⇔ (3) of
Lemma 2.38 i). Thus, by Theorem 2.36 ii) H is separable.

We have recalled in Section 1.3 that a functor F : C → D is Frobenius if there exists a
functor G : D → C which is both a left and a right adjoint to F . As a consequence of The-
orem 2.36 and Lemma 2.38, the following result extends Proposition 1.36 and Proposition
1.37 to semiseparable Frobenius functors.

Theorem 2.42. [4, Cf. Proposition 2.21] (Rafael-type Theorem for semiseparable Frobe-
nius functors) Let F : C → D be a Frobenius functor, with left and right adjoint G : D → C.
Denote by ηl, ϵl and by ηr, ϵr the unit and the counit of the adjunctions F ⊣ G and G ⊣ F ,
respectively. Then, the following assertions are equivalent.

(i) F is semiseparable.

(ii) There exists a natural transformation α : G → G such that one of the following
equivalent conditions holds:

(1) ηl ◦ ϵr ◦ αF ◦ ηl = ηl;
(2) ϵr ◦ α′F ◦ ηl ◦ ϵr = ϵr;
(3) Fϵr ◦ FαF ◦ Fηl = IdF ;
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(4) ϵrG ◦ αFG ◦ ηlG = IdG.

(iii) There exists a natural transformation β : F → F such that one of the following
equivalent conditions holds:

(1) ηl ◦ ϵr ◦Gβ ◦ ηl = ηl;
(2) ϵr ◦Gβ′ ◦ ηl ◦ ϵr = ϵr;
(3) Fϵr ◦ FGβ ◦ Fηl = IdF ;
(4) ϵrG ◦GβG ◦ ηlG = IdG.

Proof. By Corollary 1.35 for any natural transformation ν : GF → IdC there are unique
natural transformations α : G → G, β : F → F such that

ϵr ◦ αF = ν = ϵr ◦Gβ, (2.3)

and for any natural transformation γ : IdC → GF there are unique natural transformations
α′ : G → G, β′ : F → F such that

α′F ◦ ηl = γ = Gβ′ ◦ ηl. (2.4)

By Theorem 2.36 applied to the adjunction (F,G), F is semiseparable if, and only if, there
exists a natural transformation νl : GF → IdC such that ηl ◦ νl ◦ ηl = ηl, hence from
(2.3) and Lemma 2.38 the latter is equivalent to any of (1), (3), (4) in (i) and it is also
equivalent to (1) in (ii).
By Theorem 2.36 applied to the adjunction (G,F ), F is semiseparable if, and only if,
there exists a natural transformation γr : IdC → GF such that ϵr ◦γr ◦ ϵr = ϵr, hence from
(2.4) and Lemma 2.38 the latter is equivalent to any of (2), (3), (4) in (ii) and it is also
equivalent to (2) in (i).

We observe that a semiseparable functor is not necessarily Frobenius. Indeed, from
[28, Example 18, item 6] let G be a finite group and consider the group algebra A = kG
over a field k. Thus, A is a Frobenius k-algebra and then the restriction of scalars functor
φ∗ : AM → M is Frobenius, cf. [28, Theorem 28, item 3]. However, if char(k) divides
|G|, the extension A/k is not separable, so that φ∗ is not separable by Maschke Theorem,
hence not even semiseparable as φ∗ is faithful.

2.2.2 (Co)separable (co)monads and (co)comparisons

Now, let (F,G, η, ϵ) be an adjunction. If the right (resp., left) adjoint is separable,
then by Lemma 1.79, the associated monad (GF,GϵF, η) (resp., comonad (FG,FηG, ϵ))
is separable (resp., coseparable). We show that the semiseparability condition on the right
(left) adjoint is sufficient to obtain the (co)separability of the associated (co)monad. The
proof is similar to the separable case but uses Lemma 2.38.

Lemma 2.43. [4, Lemma 2.6] Let F ⊣ G : D → C be an adjunction with unit η and counit
ϵ.

i) If G is semiseparable, then the associated monad (GF,GϵF, η) is separable.

ii) If F is semiseparable, then the associated comonad (FG,FηG, ϵ) is coseparable.
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Proof. i). Assume G is semiseparable. Then, by Theorem 2.36 and Lemma 2.38 ii), there
is a natural transformation γ : IdD → FG such that Gϵ ◦ Gγ = IdG. Set σ := GγF :
GIdDF → GFGF . It follows that GϵF ◦ σ = GϵF ◦ GγF = IdGF . Moreover, from the
naturality of ϵ and γ, we have γ◦ϵ = ϵFG◦FGγ and γ◦ϵ = FGϵ◦γFG, respectively, hence
GFGϵF ◦σGF = GFGϵF ◦GγFGF = GγF ◦GϵF = GϵFGF ◦GFGγF = GϵFGF ◦GFσ.
Therefore, the monad (GF,GϵF, η) is separable.

ii). The proof is dual by using Lemma 2.38 i).

Remark 2.44. By Corollary 2.39, in the monad (GF,GϵF, η) associated to a semisepara-
ble left adjoint F , the endofunctor GF is semiseparable; in the comonad (FG,FηG, ϵ)
associated to a semiseparable right adjoint G, the endofunctor FG is semiseparable.
Remark 2.45. (Cf. [4, Remark 2.7]) We have recalled in Lemma 1.79 that, if the right
adjoint G of an adjunction (F,G) is separable, then the associated monad (GF,GϵF, η)
is separable. The converse is not true in general. For instance, see [31, Example 3.7(2)].
Explicitly, let C and C′ be two nontrivial additive categories, and consider the product
category D := C × C′. Let F : C → D be the canonical functor sending an object C to
(C, 0) and a morphism f to (f, 0). Its right adjoint is the projection functor G : D → C.
Then, the associated monad GF equals the identity monad on C, which is separable, but G
is not separable, as it is not faithful. Nevertheless, G results to be semiseparable. Indeed,
let ϵ : FG → IdD be the counit of the adjunction given for any D = (C,C ′) in D by
ϵD = (IdC , φIC′) : FGD → D, where φIC′ is the unique map from the zero object 0 of C to
C ′. Consider the natural transformation γ : IdD → FG, given for any D = (C,C ′) in D
by γD = (IdC , φTC′) : D → FGD, where φTC′ is the unique map from C ′ to 0. Then, from
γD ◦ ϵD = (IdC , φTC′) ◦ (IdC , φIC′) = (IdC , Id0) = IdFGD, it follows that G is naturally full
by Theorem 1.29, hence in particular semiseparable. However, the fact that the associated
(co)monad is (co)separable does not imply that the right (left) adjoint is semiseparable in
general, i.e. the converse of Lemma 2.43 is not necessarily true. Indeed, if (F,G) is an
adjunction with G (resp., F ) fully faithful, then the associated monad (resp., comonad)
is always idempotent (this will be proved in Corollary 2.51, resp., Corollary 2.53) whence
separable (resp., coseparable). However F (resp., G) needs not to be semiseparable in
this case. For instance, we consider the usual adjunction (φ∗, φ∗) attached to a ring
homomorphism φ : R → S (recalled in Subsection 1.4.1). In [7, Example 3.3] it is shown
an example of a ring epimorphism φ : R → S (thus φ∗ is fully faithful) such that the
extension of scalars functor φ∗ is full, but not naturally full, hence φ∗ is not semiseparable
by Proposition 2.5.

The following result characterizes the semiseparability of a right (resp., left) adjoint
functor in terms of properties of the (co)comparison functor and of the forgetful functor
from the Eilenberg-Moore category of (co)modules over the associated (co)monad. Given
an adjunction F ⊣ G : D → C, we recall the diagram (1.23)

DFG ⊥
UF G

// D
KGF

��

V F G
oo

G

��
CKF G

YY

F

OO

⊣

⊥
VGF // CGF ,
UGF

oo

where UGF ◦KGF = G, KGF ◦ F = VGF , UFG ◦KFG = F and KFG ◦G = V FG.
Remark 2.46. By Remark 1.78 iii) and iv) and in view of Theorem 2.36, it follows that G
(resp., F ) is semiseparable if, and only if, so is V FG (resp., VGF ).
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Theorem 2.47. [4, Cf. Theorem 2.9 and Theorem 2.14] Let F ⊣ G : D → C be an
adjunction with unit η and counit ϵ. Then,

i) G is semiseparable if, and only if, the forgetful functor UGF : CGF → C is separa-
ble (equivalently, the monad (GF,GϵF, η) is separable) and the comparison functor
KGF : D → CGF is naturally full;

ii) F is semiseparable if, and only if, the forgetful functor UFG : DFG → D is sepa-
rable (equivalently, the comonad (FG,FηG, ϵ) is coseparable) and the cocomparison
functor KFG : C → DFG is naturally full.

Proof. i). Set U := UGF and K := KGF . Assume G is semiseparable. By Theorem
2.36 ii) and Lemma 2.38 (ii), there is a natural transformation γ : IdD → FG such
that Gϵ ◦ Gγ = IdG. By Lemma 2.43 i), the monad (GF,GϵF, η) is separable, and by
Lemma 1.75 i) its separability is equivalent to the separability of U . We now prove that
K : D → CGF is naturally full. Let h : KX → KY be a morphism in CGF , so that
GϵY ◦ GFUh = Uh ◦ GϵX . Set h′ := ϵY ◦ FUh ◦ γX . Then, since U ◦ K = G, which is
semiseparable by assumption, we obtain

UKh′ = G(ϵY ◦ FUh ◦ γX) = (GϵY ◦GFUh) ◦GγX = Uh ◦GϵX ◦GγX = Uh,

hence Kh′ = h, thus K is full. Moreover, since U is faithful and UK is semiseparable, by
Lemma 2.8 K is semiseparable. By Proposition 2.5 ii) we have that K is naturally full.
Conversely, if U is separable and K is naturally full, then by Corollary 2.35 G = U ◦K is
semiseparable.
ii). The proof is dual to i).

As a consequence of Theorem 2.47 we can now recover similar characterizations for
separable, naturally full and fully faithful adjoint functors. Cf. the proof of [31, Proposition
3.5] and [8, Proposition 2.16].

Corollary 2.48. [4, Corollary 2.11 and Corollary 2.15] Let F ⊣ G : D → C be an adjunc-
tion with unit η and counit ϵ. Then,

i) G is separable if, and only if, the forgetful functor UGF : CGF → C is separa-
ble (equivalently, the monad (GF,GϵF, η) is separable) and the comparison functor
KGF : D → CGF is fully faithful (i.e., G is premonadic).

ii) F is separable if, and only if, the forgetful functor UFG : DFG → D is separable
(equivalently, the comonad (FG,FηG, ϵ) is coseparable) and the cocomparison func-
tor KFG : C → DFG is fully faithful (i.e., F is precomonadic).

Proof. i). By Proposition 2.5 i), G is separable if and only if it is semiseparable and
faithful. By Theorem 2.47 i), G is semiseparable if and only if UGF is separable and KGF

is naturally full. Since G = UGF ◦ KGF and UGF is faithful, we get that G is faithful if
and only if KGF is faithful. So we get that G is separable if, and only if, UGF is separable
and KGF is both naturally full and faithful. The latter means that KGF is fully faithful,
i.e. G is premonadic.
ii). The proof is similar to i).

Remark 2.49. We recall from the Weak Tripleability Theorem of Beck, see [15, Theorem
1], that given an adjunction F ⊣ G : D → C, if D has all coequalizers, then the comparison
functor KGF has a left adjoint L. If in addition G reflects all coequalizers, then the counit
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of the adjunction L ⊣ KGF is an isomorphism, i.e., KGF is fully faithful. By Corollary
2.21 we know that a functor that reflects coequalizers is semiseparable if, and only if,
it is separable. Hence, by Corollary 2.48, G is semiseparable if, and only if, the monad
(GF,GϵF, η) is separable.

The natural fullness of a right adjoint functor can be characterized in terms of idempo-
tence of its adjunction (and of its associated monad) and natural fullness of the comparison
functor as follows.

Corollary 2.50. [4, Corollary 2.12] The following assertions are equivalent for an ad-
junction F ⊣ G : D → C with unit η and counit ϵ.

(i) G is naturally full.

(ii) The adjunction (F,G) is idempotent and G is semiseparable.

(iii) The forgetful functor UGF : CGF → C is fully faithful (i.e., the monad (GF,GϵF, η)
is idempotent) and the comparison functor KGF : D → CGF is naturally full.

Proof. (i) ⇒ (ii). If G is naturally full, by Theorem 1.29 ii), there is a natural transfor-
mation γ : IdD → FG such that γ ◦ϵ = IdFG. Thus, Gγ ◦Gϵ = IdGFG. From the triangular
identity Gϵ ◦ ηG = IdG, we have that Gϵ is invertible, and hence (F,G) is idempotent.
Moreover, G is semiseparable by Proposition 2.5 ii).

(ii) ⇒ (iii). It follows from the definition of an idempotent adjunction and from
Theorem 2.47 i).

(iii) ⇒ (i). Since G = UGF ◦KGF , by Proposition 1.28 i) we have that G is naturally
full as it is composition of naturally full functors.

From Corollary 2.48 i) and Corollary 2.50, we recover the characterization for a fully
faithful right adjoint.

Corollary 2.51. [4, Corollary 2.13] The following assertions are equivalent for an ad-
junction F ⊣ G : D → C with unit η and counit ϵ.

(i) G is fully faithful.

(ii) The forgetful functor UGF : CGF → C is fully faithful (i.e., the monad (GF,GϵF, η)
is idempotent) and the comparison functor KGF : D → CGF is fully faithful (i.e., G
is premonadic).

(iii) The adjunction (F,G) is idempotent and the comparison functor KGF : D → CGF is
an equivalence (i.e., G is monadic).

Proof. (i) ⇔ (ii). It follows from Corollary 2.48 and Corollary 2.50.
(i) ⇔ (iii). This follows by [8, Proposition 2.5].

We state the dual results of Corollaries 2.50 and 2.51 for the left adjoint functor of an
adjunction, whose proofs follow from similar arguments.

Corollary 2.52. [4, Corollary 2.16] The following assertions are equivalent for an ad-
junction F ⊣ G : D → C with unit η and counit ϵ.

(i) F is naturally full.

(ii) The adjunction (F,G) is idempotent and F is semiseparable.
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(iii) The forgetful functor UFG : DFG → D is fully faithful (i.e., the comonad (FG,FηG, ϵ)
is idempotent) and the cocomparison functor KFG : C → DFG is naturally full.

Corollary 2.53. [4, Corollary 2.17] The following assertions are equivalent for an ad-
junction F ⊣ G : D → C with unit η and counit ϵ.

(i) F is fully faithful.

(ii) The comonad (FG,FηG, ϵ) is idempotent and the cocomparison functor KFG : C →
DFG is fully faithful (i.e., F is precomonadic).

(iii) The adjunction (F,G) is idempotent and the cocomparison functor KFG : C → DFG

is an equivalence (i.e., F is comonadic).

As a consequence of Corollaries 2.50 and 2.52, we have the following.

Corollary 2.54. [4, Corollary 2.18] Let F ⊣ G : D → C be an idempotent adjunction.
Then, G (resp., F ) is semiseparable if, and only if, it is naturally full.

Proof. It follows by (i) ⇔ (ii) in Corollary 2.50 (resp., Corollary 2.52).

2.3 (Co)reflections, bireflections and semiseparability
In this section we show how functors admitting a fully faithful adjoint behave with

respect to semiseparability. As in [16], we call coreflection any functor admitting a fully
faithful left adjoint, while we call reflection any functor with a fully faithful right adjoint.
The adjoint of the inclusion of a (co)reflective subcategory is an example of (co)reflection.
Remark 2.55. By [19, Proposition 3.4.1] for a right adjoint adjunction being a coreflection
(respectively, a reflection) is equivalent to the fact that the unit (respectively, the counit)
of the corresponding adjunction is an isomorphism.
Remark 2.56. (Co)reflections are closed under composition. In fact, if G : D → C, G′ :
E → D are (co)reflections with fully faithful left (right) adjoints F : C → D and F ′ : D → E
respectively, then G◦G′ is a (co)reflection with fully faithful left (right) adjoint F ′ ◦F (by
[61, IV.8, Theorem 1]).

Lemma 2.57. Let G : D → C be a functor.

i) If G is a coreflection, denoting by F the left adjoint of G, by η, ϵ the unit and the
counit of the adjunction (F,G), then (Fη)−1 = ϵF and (ηG)−1 = Gϵ.

ii) If G is a reflection, denoting by H the right adjoint of G, by η′, ϵ′ the unit and the
counit of the adjunction (G,H), then (ϵ′G)−1 = Gη′ and (Hϵ′)−1 = η′H.

Proof. i). Assume that G is a coreflection. Since F is fully faithful, by Remark 2.55 η is
invertible. Therefore, from ϵF ◦ Fη = IdF and Gϵ ◦ ηG = IdG, we get (Fη)−1 = ϵF and
(ηG)−1 = Gϵ.
ii). Assume that G is a reflection. Since H is fully faithful, by Remark 2.55 ϵ is invertible.
Therefore, from ϵ′G◦Gη′ = IdG and Hϵ′ ◦η′H = IdH , we get (ϵ′G)−1 = Gη′ and (Hϵ′)−1 =
η′H.

In Lemma 2.8 we proved that if H ◦ G is semiseparable and H is faithful, then G
is semiseparable. In the following proposition we see that also the functor H comes out
to be semiseparable whenever H ◦ G is and G is assumed to be a (co)reflection, cf. [7,
Proposition 2.4] for the naturally full case.
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Proposition 2.58. [4, Proposition 2.23] Let G : D → C, H : C → E be functors, and
assume that G is a (co)reflection. If H ◦G : D → E is semiseparable, then H is semisep-
arable.

Proof. Assume that G is a coreflection with a fully faithful left adjoint F . If H ◦ G is
semiseparable, since F is fully faithful (whence naturally full), then HGF is semiseparable
by Lemma 2.6 ii). The unit η : IdC → GF of the adjunction (F,G) is an isomorphism, so
that Hη : H → HGF is an isomorphism. By Proposition 2.9 H is semiseparable. If G is
a reflection, the proof is similar.

In [39, Definition 8] a bireflective subcategory B of a category C is defined to be a
subcategory of C such that the inclusion functor J : B → C has left and right adjoints
S : C → B equal, such that η ◦ ϵ′ = Id, where η is the unit of the adjunction S ⊣ J and ϵ′

is the counit of the adjunction J ⊣ S. Thus, a stronger notion of (co)reflection involving
both left and right adjoint can be given as follows.

Definition 2.59. [4, Section 2.3] A functor G : D → C is called bireflection if it has a left
and right adjoint equal, say F : C → D, which is fully faithful and satisfies the coherent
condition γ ◦ ϵ = Id, where ϵ : FG → Id is the counit of F ⊣ G while γ : Id → FG is the
unit of G ⊣ F .

Example 2.60. The inclusion functor J : B → C where B is a bireflective subcategory of
a category C is an example of bireflection.

Remark 2.61. Bireflections are closed under composition. Indeed, ifG : D → C, G′ : E → D
are bireflections with fully faithful left and right adjoints F and F ′ respectively, satisfying
the coherent conditions ηr ◦ ϵl = Id and η̄r ◦ ϵ̄l = Id, where ϵl : FG → Id is the counit of
F ⊣ G, ϵ̄l : F ′G′ → Id is the counit of F ′ ⊣ G′, while ηr : Id → FG is the unit of G ⊣ F
and η̄r : Id → F ′G′ is the unit of G′ ⊣ F ′, then G ◦ G′ is a bireflection with fully faithful
left and right adjoint F ′ ◦F , satisfying the coherent condition F ′ηrG′ ◦ η̄r ◦ ϵ̄l ◦F ′ϵlG′ = Id.
Remark 2.62. i) Any bireflection is a Frobenius functor.

ii) An equivalence is clearly a fully faithful bireflection, and conversely a fully faithful
bireflection is an equivalence as the unit and counit of the corresponding adjunction
are both invertible (see [19, Proposition 3.4.3]).

By requiring the semiseparability condition on a (co)reflection we retrieve the notion
of bireflection.

Proposition 2.63. Let G : D → C be a functor. Then, G is a semiseparable (co)reflection
if, and only if, G is a bireflection.

Proof. Assume that G is a semiseparable coreflection. Denote by F , η, ϵ, the left adjoint
of G, the unit and the counit of the adjunction (F,G), respectively. By Theorem 2.36 ii)
there is a natural transformation γ : IdD → FG such that ϵ ◦ γ ◦ ϵ = ϵ. By Lemma 2.38,
we have ϵF ◦ γF = IdF and Gϵ ◦Gγ = IdG, so that from Lemma 2.57 it follows that

F
(
η−1

)
◦ γF = (Fη)−1 ◦ γF = ϵF ◦ γF = IdF ,

η−1G ◦Gγ = (ηG)−1 ◦Gγ = Gϵ ◦Gγ = IdG.

This means that (G,F ) is an adjunction with unit γ : IdD → FG and counit η−1 : GF →
IdC . The equality η−1G = Gϵ implies the coherent condition γ ◦ ϵ = Id. Indeed, since
Gγ = ηG we have that γ ◦ ϵ = ϵFG ◦FGγ = ϵFG ◦FηG = IdFG, thus G is a bireflection.
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On the other hand, assume that G is a bireflection. Then, G is both a coreflection and
a reflection, and it is also a Frobenius functor. Consider the unit η′ : IdD → FG and the
counit ϵ′ : GF → IdC of the adjunction (G,F ). Set σ := ϵ′G ◦ ηG : G → G and note that
σ ◦Gϵ = ϵ′G ◦ ηG ◦Gϵ = ϵ′G ◦ ηG ◦ (ηG)−1 = ϵ′G. If we set γ := Fσ ◦ η′, from naturality
of η′ we obtain

γ ◦ ϵ = Fσ ◦ η′ ◦ ϵ = Fσ ◦ FGϵ ◦ η′FG = F (σ ◦Gϵ) ◦ η′FG = Fϵ′G ◦ η′FG = IdFG.

By Theorem 1.29 ii) we conclude that G is naturally full, hence semiseparable. The case
with G a semiseparable reflection follows dually.

As a consequence, semiseparable (co)reflections can be further characterized as follows.

Corollary 2.64. [4, Theorem 2.24] Let G : D → C be a functor. Then, the following
assertions are equivalent.

(i) G is a naturally full coreflection.

(ii) G is a semiseparable coreflection.

(iii) G is a bireflection.

(iv) G is a Frobenius coreflection.

(v) G is a naturally full reflection.

(vi) G is a semiseparable reflection.

(vii) G is a Frobenius reflection.

Proof. We prove the equivalence between (i), (ii), (iii) and (iv). Denote by F , η, ϵ, the
left adjoint of G, the unit and the counit of the adjunction (F,G), respectively.

(i) ⇔ (ii). Since η is invertible, the adjunction (F,G) is idempotent and Corollary
2.54 applies.

(ii) ⇔ (iii). It follows from Proposition 2.63.
(iii) ⇒ (iv). It is obvious.
(iv) ⇒ (i). It follows from the proof of the “if” part in Proposition 2.63.
The implications (v) ⇔ (vi) ⇔ (iii) ⇒ (vii) ⇒ (v) follow dually.

Remark 2.65. [4, Remark 2.25] A conservative (co)reflection is an equivalence, see e.g. [16,
Remark 1.4]. In fact, consider an adjunction (F,G, η, ϵ). If G is a coreflection, then F is
fully faithful and hence η is invertible. From the triangular identity Gϵ ◦ ηG = IdG we get
that Gϵ is invertible. Thus, if G is also conservative, we have that ϵ is invertible, whence
G is an equivalence. By Remark 1.12 we know that separable functors are conservative,
thus one recovers that any separable (co)reflection is actually an equivalence, see e.g. in
[79, Proposition 2.4]. Then, Corollary 2.64 can be seen as a semi-analogue of this result.
Remark 2.66. [4, Remark 3.34] It is known (see e.g. [43, A1.2]) that a faithful functor
from a balanced category (i.e. a category where every monomorphism which is an epimor-
phism is necessarily an isomorphism) is always conservative. As a consequence, a faithful
(co)reflection from a balanced category is always an equivalence. For instance, since the
category RM of left modules over a ring R is abelian, it is in particular balanced, thus
any faithful (co)reflection from RM is always an equivalence.
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Recall from [82, Definition 1.1] that a monad (⊤ : C → C,m, η) is Frobenius if it is
equipped with a natural transformation ζ : ⊤ → IdC such that there exists a natural
transformation ρ : IdC → ⊤⊤ satisfying

⊤m ◦ ρ⊤ = m⊤ ◦ ⊤ρ and ⊤ζ ◦ ρ = η = ζ⊤ ◦ ρ.

For a Frobenius monad as above there is an adjunction ⊤ ⊣ ⊤ with counit σ := ζ ◦m :
⊤⊤ → IdC and unit ρ : IdC → ⊤⊤, see [82, Lemma 1.3] . As shown in [82, Theorem 1.6], the
monad (⊤ : C → C,m, η) equipped with a natural transformation ζ : ⊤ → IdC is Frobenius
if, and only if, there exists a comonad (⊤,∆, ζ) such that ⊤m◦∆⊤ = ∆◦m = m⊤◦⊤∆ if,
and only if, the natural transformation σ := ζ ◦m : ⊤⊤ → IdC is a counit for an adjunction
⊤ ⊣ ⊤. Thus, the notion of Frobenius monad results to be self-dual, in the sense that it
is the same as a comonad (⊥,∆, ϵ) with a natural transformation η : IdC → ⊥ such that
∆ ◦ η : IdC → ⊥⊥ is a unit for an adjunction ⊥ ⊣ ⊥.

Corollary 2.67. Let F : C → D be a semiseparable reflection (i.e., F is a bireflection).
Denote by G, η, ϵ, the right adjoint of F , the unit and the counit of the adjunction (F,G),
respectively. Then, the associated monad (GF,GϵF, η) is Frobenius.

Proof. If F : C → D is a semiseparable reflection, then by Corollary 2.64 it is in particular
Frobenius and it has a fully faithful right (and left) adjoint G : D → C, hence also G is
Frobenius as well. By [79, Proposition 2.5] we know that G is a Frobenius functor if, and
only if, the monad (GF,GϵF, η) is Frobenius.

The following result will be useful in Subsection 3.5.

Proposition 2.68. [4, Proposition 2.26] Let F ⊣ G ⊣ H : C → D be an adjoint triple
with G fully faithful. Denote by ηl, ϵl and ηr, ϵr the unit and the counit of the adjunction
F ⊣ G and of the adjunction G ⊣ H, respectively. Consider the natural transformation
σ : H → F defined by σ := Fϵr ◦ (ϵlH)−1 : H → F . Then, F is semiseparable if, and only
if, H is semiseparable if, and only if, σ is split-mono if, and only if, σ is invertible.

Proof. By Proposition 2.41 F is semiseparable if, and only if, so is H. Since G is fully
faithful, then H is a coreflection so that, by Corollary 2.64, it is semiseparable if, and
only if, it is naturally full if, and only if, it is Frobenius, i.e. F ∼= H. By [79, Proposition
2.2], the condition F ∼= H is equivalent to the invertibility of σ. We now prove that
G is naturally full if and only if σ is split-mono. We have a bijective correspondence
Nat(F,H) ∼= Nat(IdC , GH). Explicitly, for any natural transformation τ : F → H there
is a unique natural transformation γ : IdC → GH given by γ := Gτ ◦ ηl. Then, γ ◦ ϵr =
Gτ◦ηl◦ϵr = Gτ◦GFϵr◦ηlGH = Gτ◦G(σ◦ϵlH)◦ηlGH = G(τ◦σ)◦GϵlH◦ηlGH = G(τ◦σ),
so that γ ◦ ϵr = G(τ ◦ σ). Thus, γ ◦ ϵr = IdGH if, and only if, G(τ ◦ σ) = IdGH if, and only
if, τ ◦ σ = IdH , as G is faithful. By Theorem 1.29 from γ ◦ ϵr = IdGH it follows that H is
naturally full.

2.3.1 Factorization by a bireflection

Recall that an idempotent f : X → X in a category C splits if there exist g : X → Y
and h : Y → X such that h ◦ g = f and g ◦ h = IdY . The splitting is unique up to
isomorphism. A category C is said to be idempotent complete if all idempotents split. We
will focus on this notion in Section 4.1.1.

In [39] an endo-natural transformation whose components are all split idempotents is
called a split-idempotent natural transformation. It is known that bireflective subcategories
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correspond bijectively to split-idempotent natural transformations e : IdC → IdC with
specified splitting, [39, Theorem 13]. This is related to the fact that the quotient functor
H : C → Ce into the coidentifier category results to be a bireflection in meaningful cases,
e.g. when C is idempotent complete.

Proposition 2.69. [4, Proposition 2.27] Let C be a category and let e : IdC → IdC be an
idempotent natural transformation. Then, the quotient functor H : C → Ce is a bireflection
if, and only if, e splits.

Proof. Assume that H : C → Ce is a bireflection. Then, H has left and right adjoint
functors equal, say L : Ce → C, which is fully faithful, and such that the coherence
condition η ◦ ϵ′ = IdHL is satisfied, where η : Id → HL is the unit of adjunction L ⊣ H,
and ϵ′ : HL → Id is the counit of H ⊣ L. Denote by η′ : Id → LH and ϵ : LH → Id the unit
and counit of the adjunctions H ⊣ L and L ⊣ H, respectively. Since L is fully faithful,
η is an isomorphism and hence, from the coherence condition and the triangle identity
Lϵ′ ◦ η′L = IdL, we get that Lη = (Lϵ′)−1 = η′L. Therefore, by naturality of η′, we have
η′ ◦ ϵ = LHϵ ◦ η′LH = LHϵ ◦ LηH = LIdH = IdLH . Similarly, from the latter condition
and the triangular identity Hϵ ◦ ηH = IdH , it follows that Hη′ = (Hϵ)−1 = ηH. Then,
H(ϵ ◦ η′) = Hϵ ◦Hη′ = IdH = HId. Thus, for all X ∈ C, we have eX = eX ◦ ϵX ◦ η′

X . Now,
from Lemma 2.28 i) we have that He = IdH as e is the idempotent natural transformation
associated to H. Then, eX ◦ ϵX = ϵX ◦ LHeX = ϵX ◦ LHIdX = ϵX , so that the equality
eX = eX ◦ ϵX ◦ η′

X simplifies as eX = ϵX ◦ η′
X and hence e splits.

Conversely, assume that e splits. Since we know by Lemma 2.28 i) that H is naturally
full, it is in particular semiseparable. In order to conclude, by Corollary 2.64, it is enough
to check that H is a coreflection. Choose a splitting IdC

π
↠ P

ϵ
↪→ IdC of the idempotent e

such that π◦ϵ = IdP . Note that Pe = IdP , as Pe = Pe◦π◦ϵ nat.π= π◦e◦ϵ = π◦ϵ◦π◦ϵ = IdP .
By Lemma 2.30, there is a unique functor Pe : Ce → C such that Pe ◦ H = P . It is now
straightforward to check that Pe ⊣ H with counit ϵ and invertible unit η : IdCe → HPe
defined by the equality ηH = Hπ, i.e. by setting ηX := (πX)X∈C . Thus, H is a coreflection.

Remark 2.70. Alternatively, the “if” part of Proposition 2.69 follows from the proof of the
dual of [39, Proof of Theorem 13].

As a consequence of Theorem 2.33 and Proposition 2.69, we have the following corollary.

Corollary 2.71. [4, Corollary 2.28] A functor F : C → D factors as a bireflection fol-
lowed by a separable functor if, and only if, it is semiseparable and the associated natural
transformation e : IdC → IdC splits. Moreover, any such a factorization is the same given
by the coidentifier within Theorem 2.33, up to a category equivalence.

Proof. Assume that F = S ◦ N , where N : C → E is a bireflection and S : E → D
is a separable functor. Since N is in particular naturally full, we get that F = S ◦ N
is semiseparable and hence, by Theorem 2.33, there is a unique functor Ne : Ce → E
(necessarily fully faithful) such that Ne◦H = N and S◦Ne = Fe. If we denote by L : E → C
the left adjoint of N , then it is fully faithful and hence, since the unit η : Id → NL is an
isomorphism, we have that Id ∼= N ◦L = Ne ◦H ◦L. Therefore, Ne is essentially surjective
on objects. Since it is also fully faithful, we get Ne is an equivalence of categories and,
from Id ∼= Ne ◦ H ◦ L, it has quasi-inverse H ◦ L. Thus, (H ◦ L) ◦ Ne

∼= Id and hence
(H ◦L)◦N = (H ◦L◦Ne)◦H ∼= Id◦H = H, from which it follows that H is a bireflection
as N is. Thus, by Proposition 2.69, the idempotent e splits. Moreover, the factorization
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F = S ◦N , up to the category equivalence Ne, is the same given by the coidentifier within
Theorem 2.33.

Conversely, if the natural transformation e : IdC → IdC attached to the semiseparable
functor F splits, then by Proposition 2.69 the quotient functor H : C → Ce results to be a
bireflection. Thus, since by Theorem 2.33 the semiseparable functor F factors as H : C →
Ce followed by a separable functor Fe : Ce → D, we achieve the desired factorization of F
into a bireflection followed by a separable functor.

Remark 2.72. By Theorem 2.33, any semiseparable functor F : C → D factors as H : C →
Ce followed by a separable functor Fe : Ce → D, where e is the associated idempotent
natural transformation. Assume that e splits. Then, by Proposition 2.69 H : C → Ce is
a bireflection. In particular, H is a coreflection and Fe is conservative. This is what is
called an image-factorization of F in [16, Definition 1.1]. Image-factorizations are unique
up to an equivalence of categories, see [16, Lemma 1.2]. As a consequence, if we can write
F = S◦N where S : E → D is conservative (e.g. separable) and N : C → E is a coreflection
(e.g. a bireflection), then there is an equivalence E ∼= Ce.

We now provide some examples of (co)reflections, cf. [4, Section 3.6]. The next is an
example of a coreflection which is neither full nor faithful.

Example 2.73. [4, Example 3.33] Let k be a field, let Coalg be the category of coalgebras
over k and let Set be the category of sets. The functor G : Coalg → Set that associates to
a coalgebra C the set G (C) of grouplike elements in C, is a coreflection. In fact, it has a
fully faithful left adjoint F that takes a set S to the group-like coalgebra kS. The unit and
counit components are given by the canonical bijection ηS : S → GFS = G (kS) and the
canonical injection ϵC : FGC = kG (C) ↪→ C, respectively. We show that G is not full,
neither faithful. Let D be the matrix coalgebra Mc

2 (k) . Note that GD = G (Mc
2 (k)) = ∅

which is the initial object in Set. If we denote by 0 the zero coalgebra, then we also have
G0 = ∅, so that GD = G0. If G is full, then there is a coalgebra map f : D → 0. In
particular, we have εD = ε0 ◦ f = 0, a contradiction as εD is the map that assigns to a
matrix its trace. Thus, G is not full. Let us check it is not even faithful. Otherwise, by
Proposition 1.30 iii) ϵC would be an epimorphism in Coalg, for every coalgebra C, but by
[71, Theorem 3.1] an epimorphism in Coalg is necessarily surjective, whence ϵC would be
invertible and hence every coalgebra C would be isomorphic to kG (C), a contradiction.

In the next, we exhibit a (full) coreflection which is not a bireflection.

Example 2.74. [4, Example 3.36] Let Set be the category of sets and, given an arbitrary
field k, let Coalgpt be the full subcategory of Coalg whose objects are pointed coalgebras
over k, i.e. coalgebras whose coradical is a grouplike coalgebra. We consider the functor
G : Coalgpt → Set, that associates to a coalgebra C the set G (C) of grouplike elements
in C. It has a fully faithful left adjoint F that takes a set S to the group-like coalgebra
kS, so it is a coreflection. The unit and counit components are given by the canonical
bijection ηS : S → GFS = G (kS) and the canonical injection ϵC : FGC = kG (C) ↪→ C,
respectively. By the dual Wedderburn-Malcev Theorem [68, Theorem 5.4.2], since C is
pointed, there exists a coalgebra projection π : C → C0 = kG (C) such that π ◦ ϵC = Id.
Thus, ϵC is a split monomorphism for each pointed coalgebra C, and hence by Proposition
1.30 iv) G is full. Therefore, G is a full coreflection, but it is not a bireflection in general.
Otherwise, G would be Frobenius and hence from F ⊣ G we should deduce G ⊣ F .
Consider the Sweedler’s 4-dimensional Hopf algebra H = k⟨g, x | g2 = 1, x2 = 0, gx+xg =
0⟩ with coalgebra structure given by ∆(g) = g ⊗ g and ∆(x) = x ⊗ 1 + g ⊗ x and set
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S := G(H) = {1, g}. We have

HomSet(S, S) = HomSet(G(H), S) ∼= HomCoalgpt(H,F (S)) = HomCoalg(H,kS).

Since HomSet(S, S) has cardinality 4, we get that HomCoalg(H,kS) must contain exactly
4 elements. For every k ∈ k define fk : H → kS by setting fk(1) = 1, fk(g) = g, fk(x) =
k(1 − g) = fk(xg). Then, fk is a coalgebra map. By linear independence of grouplike
elements, we have that fk ̸= fl, for every k, l ∈ k such that k ̸= l. Since HomCoalg(H,kS)
contains 4 elements we deduce that the field k has at most 4 elements, a contradiction.
Thus, G is not a bireflection, hence by Proposition 2.63 it is a not semiseparable coreflec-
tion.
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Chapter 3

Applications and examples of
semiseparable functors

In this chapter we test the notion of semiseparability on functors traditionally con-
nected to the study of separability, recalled in Section 1.4 and studied mainly in [4, Section
3]. The first functors we look at are the restriction of scalars functor φ∗ : SM → RM,
the extension of scalars functor φ∗ = S ⊗R (−) : RM → SM and the coinduction functor
φ! = RHom(S,−) : RM → SM associated to a ring morphism φ : R → S. These functors
form an adjoint triple φ∗ ⊣ φ∗ ⊣ φ!. Since φ∗ is faithful, its semiseparability falls back to its
separability, while the semiseparability of φ! is equivalent to the one of φ∗ by Proposition
2.41. We characterize the latter in Proposition 3.1 in terms of the regularity of φ as a mor-
phism of R-bimodules and in Proposition 3.8 in terms of the existence of a suitable central
idempotent element z ∈ R. Then, Subsection 3.1.1 is devoted to the (semi)separability of
φ∗ restricted to the full subcategory RMf of RM consisting of free left R-modules, which
is an example of a not idempotent complete category. Since φ∗ preserves free modules,
we consider what we call the free induction functor S ⊗R (−) : RMf → SMf between
the categories of free left modules and its right adjoint, that we call the free restriction of
scalars functor, see [5, Section 3].

As a new investigation of this thesis, in Subsection 3.1.2 we look at categories of (left)
firm modules RM over a possibly non-unital ring R, and we extend Proposition 3.1 to
the case of functors between these categories. Moreover, we show that a result similar to
[78, Proposition 2.2] holds with respect to the (semi)separability of a right adjoint functor
whose source category is a full subcategory of RM containing the firm ring R.

In Proposition 3.21 we describe the semiseparability of the corestriction of coscalars
functor ψ∗ : MC → MD, and the coinduction functor ψ∗ = (−)□DC : MD → MC ,
attached to a coalgebra map ψ : C → D. In Proposition 3.29 we extend this result to the
case of a coring morphism, that we have not considered in [4].

Then, in Theorem 3.24 we show that the induction functor (−) ⊗R C : MR → MC ,
attached to an R-coring C, is semiseparable if, and only if, the coring counit εC : C → R is
a regular morphism of R-bimodules.

Next, for an (R,S)-bimoduleM , we consider the coinduction functor σ∗ = HomS(M,−) :
MS → MR together with its left adjoint σ∗ = (−) ⊗R M : MR → MS . We present a
semiseparable version of M -separability over R for the ring S, given by Sugano and re-
called in Subsection 1.4.4. In Theorem 3.31 we show that the semiseparability of σ∗ can
be completely rewritten both in terms of the M -semiseparability of S over R, and in terms
of regularity of the evaluation map plus a mild condition that is redundant when M is
projective as a right S-module. In Corollary 3.34 we prove that S is M -separable over R
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if, and only if, S is M -semiseparable over R and M is a generator in MS . A different char-
acterization of M -semiseparability of S over R is obtained in Proposition 3.36 in terms of
the existence of a central idempotent in S. In Example 3.37 we exhibit an example where
S is M -semiseparable but not M -separable over R.

Then, if one adds the assumption that M is finitely generated and projective as a right
S-module, further characterizations of the semiseparability of σ∗ and σ∗ can be given
(Proposition 3.39, Proposition 3.40). As a particular case, in Corollary 3.41 and Corollary
3.42 we apply these results to the (R,S)-bimodule M := RSS , with left action induced by
a morphism of rings φ : R → S.

It is worth noticing that the above functors φ∗, (−) ⊗R C, and σ∗ have sources which
are idempotent complete categories so that, by Corollary 2.71, they always admit a fac-
torization as a bireflection followed by a separable functor, when they are semiseparable.
In Proposition 3.6, Corollary 3.27, and Proposition 3.38, we explicitly provide such fac-
torizations.

Finally, Section 3.5 concerns the semiseparability of the coinvariant functor (−)coB :
MB

B → M, from the category of right Hopf modules over a k-bialgebra B to the category
of k-vector spaces over a field k. In Theorem 3.44 we show that it is semiseparable if, and
only if, B is a right Hopf algebra with anti-multiplicative and anti-comultiplicative right
antipode.

3.1 Extension and restriction of scalars

Let R,S be unital rings. We recall from Section 1.4.1 that a morphism of rings φ :
R → S induces the restriction of scalars functor φ∗ : SM → RM, the extension of scalars
functor φ∗ := S ⊗R (−) : RM → SM, and the coinduction functor φ! := RHom(S,−) :
RM → SM, which form an adjoint triple φ∗ ⊣ φ∗ ⊣ φ!.

From Proposition 2.41 we know that φ! is semiseparable (resp., separable, naturally
full) if, and only if, so is φ∗. Since φ∗ is faithful, we have that φ∗ is semiseparable if,
and only if, φ∗ is separable, that is, S/R is separable. We point out that naming S/R
“semiseparable” whenever φ∗ is semiseparable retrieves the notion of separable extension
of rings (see Proposition 1.40 i)).

In the next results we provide characterizations for the semiseparability of the functor
φ∗, and hence of φ!.

Proposition 3.1. [4, Proposition 3.1] Let φ : R → S be a morphism of rings. Then, the
extension of scalars functor φ∗ = S ⊗R (−) : RM → SM is semiseparable if, and only
if, φ is a regular morphism of R-bimodules, i.e., there is E ∈ RHomR(S,R) such that
φ ◦ E ◦ φ = φ, i.e., such that φE(1S) = 1S.

Proof. By Theorem 2.36, φ∗ is semiseparable if, and only if, there exists a natural transfor-
mation ν ∈ Nat(φ∗φ

∗, Id
RM) such that η ◦ ν ◦ η = η. By Remark 1.39 there is a bijective

correspondence Nat(φ∗φ
∗, Id

RM) ∼= RHomR(S,R). So, given ν for φ∗, we consider the
corresponding E ∈ RHomR(S,R), E(s) := νR(s ⊗R 1R), for every s ∈ S. Then, for ev-
ery r ∈ R, we get (φ ◦ E ◦ φ)(r) = φ(E(φ(r))) = φ(νR(φ(r) ⊗R 1R)) = φ(νR(ηR(r))) =
rSηR(νR(ηR(r))) = rSηR(r) = φ(r) where rS : S ⊗R R → S, s⊗R r 7→ sφ(r), is the canon-
ical isomorphism. Conversely, given E ∈ RHomR(S,R) such that φ ◦ E ◦ φ = φ, define
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νM : S ⊗RM → M , νM (s⊗Rm) = E(s)m, for every M ∈ RM, m ∈ M and s ∈ S. Then,

(ηM ◦ νM ◦ ηM )(m) = ηM (νM (1S ⊗R m)) = ηM (νM (φ(1R) ⊗R m) = ηM (E(φ(1R))m)
= 1S ⊗R E(φ(1R))m = 1SE(φ(1R)) ⊗R m = φ(E(φ(1R))) ⊗R m

φEφ=φ= φ(1R) ⊗R m = 1S ⊗R m = ηM (m).

Since E is a morphism of R-bimodules, we get (φ◦E ◦φ)(r) = φ(E(φ(r))) = φ(E(r1S)) =
φ(rE(1S)) = φ(r)φE(1S). As a consequence, the condition (φ ◦ E ◦ φ)(r) = φ(r) is
equivalent to φE(1S) = 1S .

Remark 3.2. The result of Proposition 3.1 is left-right symmetric as there is also a bijective
correspondence Nat(φ∗φ

∗, IdMR
) ∼= RHomR(S,R), for φ∗ := (−) ⊗R S ⊣ φ∗ : MS → MR.

Thus, − ⊗R S : MR → MS is semiseparable if, and only if, so is S ⊗R − : RM → SM.
The following is an example of a semiseparable functor which is neither separable nor

naturally full.

Example 3.3. [4, Example 3.2] Let φ : R → S and ψ : Q → R be morphisms of rings
whose induction functors φ∗ and ψ∗ are separable and naturally full, respectively. This
means that there is E ∈ RHomR(S,R) such that E ◦φ = IdR (in particular φ is injective)
and there is D ∈ QHomQ(R,Q) such that ψ ◦D = IdR (in particular ψ is surjective). By
Corollary 2.35, the composition φ∗◦ψ∗ ∼= (φ◦ψ)∗ is semiseparable. The map corresponding
to φ◦ψ via Proposition 3.1 is D◦E ∈ QHomQ(S,Q). Note that, if φ◦ψ is neither injective
nor surjective, we can conclude that (φ ◦ ψ)∗ is neither separable nor naturally full. For
instance, let φ : Q → Q[X] be the canonical injection of the field of rational numbers into
the polynomial ring over it and let ψ : Q×Z → Q be given by ψ((q, z)) = q. Then, we can
define D by setting D(q) = (q, 0) and E to be the evaluation at 0 of the given polynomial.
So, (φ ◦ ψ)∗ is semiseparable but it is neither separable nor naturally full.

In a similar way, the following example shows that semiseparable functors are not
closed under composition.

Example 3.4. [4, Example 3.3] Let φ : R → S and ψ : S → Q be morphisms of
rings whose induction functors φ∗ and ψ∗ are separable and naturally full respectively (in
particular, both semiseparable by Proposition 2.5). This means there is E ∈ RHomR(S,R)
such that E ◦φ = IdR and there is D ∈ SHomS(Q,S) such that ψ ◦D = IdQ. The results
we have proved so far do not allow to conclude that the composition ψ∗ ◦ φ∗ ∼= (ψ ◦ φ)∗

is semiseparable. Indeed, we can provide a specific example where this is not true. Let
φ : Z → Q × Z, z 7→ (z, z), and let ψ : Q × Z → Q be given by ψ((q, z)) = q. Then, we
can define D by setting D(q) = (q, 0) and E by setting E((q, z)) = z. In this way we get
that φ∗ and ψ∗ are separable and naturally full, respectively. Let us show that (ψ ◦ φ)∗

is not semiseparable. Otherwise, by Proposition 3.1 there exists E′ ∈ ZHomZ(Q,Z) such
that ψφ(E′(1Q)) = 1Q. Since ZHomZ(Q,Z) = {0}, this means 0Z = 1Z, a contradiction.

We show that all morphisms of rings φ : R → S whose induction functor φ∗ = S ⊗R

(−) : RM → SM is semiseparable are of the form given in Example 3.3. More precisely,
we show that φ∗ factors as a bireflection followed by a separable functor. First we need
the following observation.
Remark 3.5. Let φ : R → S be an epimorphism in the category of rings. By [81, Propo-
sition 1.2] the faithful functor φ∗ is also full, and hence its left adjoint φ∗ = S ⊗R (−) is
a reflection, whereas its right adjoint φ! = RHom(S,−) is a coreflection. Thus, Corollary
2.64 applies in this case to get that φ∗ is naturally full if, and only if, it is semiseparable
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if, and only if, it is Frobenius, that is, in the same way φ! is naturally full if, and only if,
it is semiseparable if, and only if, it is Frobenius. In particular, in this case φ∗ and φ! are
isomorphic bireflections.

Proposition 3.6. [4, Proposition 3.6] Let φ : R → S be a morphism of rings. Write φ =
ι ◦ φ where ι : φ(R) → S is the canonical inclusion and φ : R → φ(R) is the corestriction
of φ to its image φ(R). Then, the induction functor φ∗ := S ⊗R (−) : RM → SM is
semiseparable if, and only if, ι∗ is separable and φ∗ is a bireflection.

Proof. If φ∗ is semiseparable, by Proposition 3.1, there is E ∈ RHomR(S,R) such that
φ ◦ E ◦ φ = φ, i.e. ι ◦ φ ◦ E ◦ ι ◦ φ = ι ◦ φ. Since ι is injective and φ is surjective, we
get φ ◦ E ◦ ι = Idφ(R) which implies that ι∗ is separable. On the other hand, φ∗ is a
bireflection in view of Remark 3.5 and surjectivity of φ. Conversely, if ι∗ is separable and
φ∗ is a bireflection, whence naturally full, then the composition ι∗ ◦ φ∗ ∼= (ι ◦ φ)∗ = φ∗ is
semiseparable by Corollary 2.35.

Remark 3.7. In the proof of Proposition 3.6 we obtained a factorization ι∗ ◦ φ∗ ∼= φ∗ in
case φ∗ is semiseparable. In view of Corollary 2.71, this factorization is the same given by
the coidentifier within Theorem 2.33, up to a category equivalence.

A further characterization of the semiseparability of φ∗ can be proved in terms of the
existence of a suitable central idempotent element z ∈ R. First recall that, given a central
idempotent element z in a ring R, then zRz = Rz is a ring with addition and multiplication
those of R restricted to zR and with identities 0Rz = 0Rz = 0R and 1Rz = 1Rz = z, and
there is a surjective ring homomorphism R → Rz, r 7→ rz, see [1, 1.16].

Proposition 3.8. [4, Proposition 3.6] Let φ : R → S be a ring homomorphism. Then,
the induction functor φ∗ = S ⊗R (−) : RM → SM is semiseparable if, and only if, there
is a central idempotent z ∈ R (necessarily unique) such that φ(z) = 1S and the ring map
τ := φ|Rz : Rz → S is split-mono as an Rz-bimodule map.

Proof. By Proposition 3.1, the functor φ∗ is semiseparable if, and only if, there exists
E ∈ RHomR(S,R) such that φE(1S) = 1S . Assume that there is E as above and set
z := E(1S) ∈ R. Clearly φ(z) = φE(1S) = 1S , i.e. φ(z) = 1S . For any r ∈ R we have
rz = rE(1S) = E(φ(r)1S) = E(φ(r)) and similarly zr = E(φ(r)) so that rz = zr, i.e. z
is central. Taking z = r in the computation above, we get zz = E(φ(z)) = E(1S) = z,
thus z is an idempotent. Concerning the ring map τ := φ|Rz : Rz → S, consider the
canonical projection ψ : R → Rz, r 7→ rz. Since z is central, we get that ψ is R-bilinear so
that the map π := ψ ◦ E : S → Rz, s 7→ E(s)z is R-bilinear as a composition of bilinear
maps. In particular, π is Rz-bilinear. Then, for any r ∈ R we have πτ(rz) = πφ(rz) =
π(φ(r)φ(z)) = π(r1S) = rπ(1S) = rE(1S)z = rzz = rz, hence π ◦ τ = IdRz, i.e. τ is a
split-monomorphism of Rz-bimodules.

Conversely, assume there is a central idempotent z ∈ S such that φ(z) = 1S and the
ring map τ := φ|Rz : Rz → S is a split-mono through an Rz-bimodule map π : S → Rz.
Set E : S → R, s 7→ π(s). Then, rs = φ(r)s = φ(r)φ(z)s = φ(rz)s = (rz)s, so that
E(rs) = E((rz)s) = π((rz)s) = rzπ(s) = rπ(s) = rE(s), where the second-last equality
follows from the fact that π(s) ∈ Rz and z is a central idempotent. Similarly one gets
E(sr) = E(s)r so that E is R-bilinear. Finally, we have E(1S) = π(1S) = π(φ(z)) =
π(τ(z)) = z and hence φE(1S) = φ(z) = 1S . Assume there is another idempotent z′ ∈ R
as in the statement. Then, zz′ = E(1S)z′ = E(1Sz′) = E(φ(z′)) = E(1S) = z. By
exchanging the roles of z and z′ we get z′z = z′, and hence z = z′.
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Remark 3.9. [4, Remark 3.7] In the proof of Proposition 3.8 we considered the maps
τ := φ|Rz : Rz → S and ψ : R → Rz, r 7→ rz. Since φ(z) = 1S , we get the equality φ = τ◦ψ
which provides the factorization φ∗ ∼= τ∗ ◦ ψ∗. On the other hand, in Proposition 3.6 we
obtained the equality φ = ι ◦ φ, where ι : φ(R) → S, s 7→ s, and φ : R → φ(R), r 7→ φ(r),
which yields the factorization φ∗ ∼= ι∗◦φ∗. Define the morphism λ : Rz → φ(R), rz 7→ φ(r).
Then, the diagrams
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φ

'' ''
Rz �
� λ // //
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vv
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RM
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RzM
τ∗

vv

λ∗
//
φ(R)M

ι∗nnSM

commute. The first diagram entails that λ is both injective and surjective whence bijective.
As a consequence, the given factorizations are the same up to the equivalence λ∗.

3.1.1 The free induction and restriction functors

We now focus on the (semi)separability of the induction functor and of the restriction
of scalars functor, restricted to categories of free modules. Let R be a unital ring and let
RMf denote the full subcategory of RM consisting of free left R-modules. Given a ring
morphism φ : R → S, the induction functor φ∗ = S ⊗R (−) : RM → SM, preserves free
modules as S ⊗R R

(B) ∼= (S ⊗R R)(B) ∼= S(B), giving rise to the functor

φ∗
f = S ⊗R (−) : RMf → SMf ,

that we call the free induction functor.
We have the following result.

Proposition 3.10. [5, Proposition 3.10] Let φ : R → S be a ring morphism. The following
assertions are equivalent:

(i) the free induction functor φ∗
f : RMf → SMf has a right adjoint φ∗f ;

(ii) S is free as a left R-module;

(iii) the restriction of scalars functor φ∗ : SM → RM preserves free modules.

In case the above equivalent conditions hold, then φ∗f is induced by φ∗ and the unit and
counit of (φ∗

f , φ∗f ) are the restrictions of the ones of (φ∗, φ∗). Moreover, if S ̸= 0, then φ
is injective and φ∗

f is faithful.

We call the functor φ∗f the free restriction of scalars functor.

Proof. (i) ⇒ (ii). Assume that φ∗
f has a right adjoint G : SMf → RMf . Then, we have

the following isomorphisms of left R-modules: S ∼= SHom(SS, SS) ∼= SHom(S⊗RR, SS) =
SHom(φ∗

f (R), SS) ∼= RHom(RR,RG(S)) ∼= RG(S). Since RG(S) is a free left R-module,
then so is S.

(ii) ⇒ (iii). Assume that S is a free left R-module. Then, S ∼= R(J). If X is a free left
S-module (i.e. X ∼= S(A)), then it can be regarded as a left R-module where the action of
R is given by R × X → X, (r, x) 7→ φ(r)x. Then φ∗(X) = RX ∼= (RS)(A) ∼= (R(J))(A) ∼=
R(A×J) is a free left R-module.
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(iii) ⇒ (i). If φ∗ preserves free modules, it induces φ∗f : SMf → RMf . Since
the inclusion functors iS : SMf ↪→ SM and iR : RMf ↪→ RM are fully faithful, then
the assumptions of Lemma 2.10 are satisfied and (φ∗

f , φ∗f ) results to be an adjunction.
Indeed, the square

SMf
iS //

φ∗f

��

SM
φ∗

��
RMf

iR //

φ∗
f

OO

RM

φ∗

OO

⊣

is commutative, i.e. iR ◦ φ∗f = φ∗ ◦ iS and iS ◦ φ∗
f = φ∗ ◦ iR, since φ∗f and φ∗

f have been
defined as the restrictions of φ∗ and φ∗, respectively. Since the pair (iS , iR) constitute
a morphism of adjunctions, by Remark 1.15 we know that the unit ηf and counit ϵf of
(φ∗

f , φ∗f ) are related to the unit η and counit ϵ of (φ∗, φ∗) by the equalities ηiR = iRηf
and ϵiS = iSϵf . This means that ηf and ϵf are just the restrictions of η and ϵ, respectively.
Explicitly, the unit is defined as (ηf )M : M → S⊗RM, m 7→ 1S ⊗Rm, for any M ∈ RMf .
Note that (ηf )M = (φ⊗RM)◦ l−1

M , where lM : R⊗RM → M is the canonical isomorphism.
Assume S ̸= 0. Since M is a free left R-module, then it is flat, so that (ηf )M is injective
as so is φ since Ker(φ) ⊆ AnnR(S) and the annihilator is zero as every non-trivial free left
R-module is faithful. Then, φ∗

f is faithful.

The free restriction of scalars functor φ∗f is a faithful functor, so by Proposition 2.5
it is semiseparable if, and only if, it is separable. Assuming that S ̸= 0 is free as a left
R-module, then by Proposition 3.10 the functor φ∗

f is faithful, hence again by Proposition
2.5 it is semiseparable if, and only if, it is separable. It remains to check when φ∗f and
φ∗
f are separable functors.

Proposition 3.11. [5, Proposition 3.11] Let φ : R → S be a morphism of rings, with S a
free left R-module.

i) The free induction functor φ∗
f = S ⊗R (−) : RMf → SMf is separable if, and only

if, φ is a split-mono as an R-bimodule map.

ii) The free restriction of scalars functor φ∗f : SMf → RMf is separable if, and only
if, S/R is separable.

Proof. i). Assume that φ∗
f is separable. Then, by Theorem 1.18 there exists a natural

transformation ν ∈ Nat(φ∗fφ
∗
f , IdRMf

) such that ν ◦ η = Id, where η is the unit of
(φ∗

f , φ∗f ), i.e. ηM : M → S ⊗RM, m 7→ 1S ⊗R m, for any M ∈ RMf . Now, since R is a
free R-module, we consider E ∈ RHomR(S,R) defined by setting E(s) := νR(s⊗R 1R), for
every s ∈ S. We note that the right R-linearity of E descends from the naturality of ν.
Indeed, for any s ∈ S, r ∈ R, we have that E(s)r = νR(s⊗R 1R)r = (fr ◦ νR)(s⊗R 1R) =
(νR ◦ (S ⊗R fr))(s ⊗R 1R) = νR(s ⊗R r) = νR(sr ⊗R 1R) = E(sr), where fr : R → R is
the left R-module map r′ 7→ r′r. Then, for every r ∈ R, we get (E ◦ φ)(r) = E(φ(r)) =
νR(φ(r) ⊗R 1R) = νR(ηR(r)) = r. Thus, E ◦φ = Id. Conversely, if φ is a split-mono as an
R-bimodule map, we mentioned that φ∗ is separable. By Lemma 2.10, so is φ∗

f .
ii). Assume now that φf∗ is separable. Then, by Rafael Theorem, there exists a natural
transformation γ ∈ Nat(Id

SMf
, φ∗

fφ∗f ) such that ϵ ◦ γ = Id, where ϵ is the counit of
(φ∗

f , φ∗f ), i.e. ϵN : S ⊗R N → N, s ⊗ n 7→ sn, for any N ∈S Mf . Now, since S is a
free S-module, we consider γS ∈ SHomS(S, S ⊗R S) (note that the right S-linearity of γS
descends from the naturality of γ). Since ϵS ◦γS = Id, we conclude that the multiplication
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mS = ϵS : S⊗R S → S splits as an S-bimodule map so that S/R is separable. Conversely,
if S/R is separable, we mentioned that φ∗ is separable. By Lemma 2.10, so is φf∗.

Example 3.12. [5, Example 3.12]

i) Consider the morphism of rings φ : R → R×R, r 7→ (r, r). The R-bimodule structure
induced on R×R via φ is the canonical one, so that it is free. The canonical projection
E : R × R → R, (a, b) 7→ a, is a morphism of R-bimodules such that E ◦ φ = Id.
By Proposition 3.11, the free induction functor φ∗

f = R2 ⊗R (−) : RMf → R2Mf is
separable.

ii) Let R be a ring and let φ : R → Mn(R) be the canonical inclusion into the ring of
n × n matrices over R. It is well-known that Mn(R)/R is separable (see e.g. [34,
Example II]) and clearly Mn(R) ∼= Rn

2 is free as a left R-module. By Proposition
3.11, the free restriction of scalars functor φ∗f : Mn(R)Mf → RMf is separable.

3.1.2 Firm modules

Inspired by [18, Lemma 2.1] and by the central role played by firm modules in the
Morita Theory for non-unital rings, see e.g. [25] and [44, 63] (where firm rings are named
regular rings), we investigate here how Proposition 3.1 can be extended to the case where
R is a firm ring and S is any ring, possibly non-unital, possibly non-firm. We plan to
continue exploring semiseparability in this context in future research.

The notion of firm module goes back to D. Quillen [77] and it allows to develop a
module theory over non-unital rings. For an arbitrary ring R, a left R-module M is called
firm if the morphism

µR,M : R⊗RM → M, µR,M (r ⊗R m) = rm,

is an isomorphism with inverse dR,M : M → R ⊗R M , dR,M (m) = r ⊗R m
r, where the

summation is understood. We denote RM the category of all firm left R-modules with
left R-linear maps between them. If M = R, then µR := µR,M = µM,R, so R ∈ RM if,
and only if, R ∈ MR. In this case, R is said to be a firm ring. Examples of firm rings are
rings with unit, rings with local units and coseparable corings.

We first show that [78, Proposition 2.2] can be extended to the case of firm modules.
The arguments used in the proof are similar to the ones of the unital case.

Proposition 3.13. Let R be a firm ring. Let C be an additive category and let D be a
full subcategory of RM containing RR and let F ⊣ G : D → C be an adjunction of additive
functors, with unit η and counit ϵ. Then, G is separable if, and only if, ϵR is a split-epi
of R-bimodules.

Proof. Assume that G is separable. By Theorem 1.18 there is a natural transformation
γ : IdD → FG such that ϵ ◦γ = Id. Hence γR is a right inverse of ϵR, and it is a morphism
of R-bimodules, cf. [78, Lemma 2.1]. Indeed, FGR has an R-bimodule structure obtained
from the ring homomorphism Rop → EndD(R) → EndD(FGR), r 7→ φ(r) 7→ FG(φ(r)),
where φ(r) : R → R, φ(r)(t) = tr, is left R-linear, so FGR has the right R-module
structure dr = FG(φ(r))(d), for every d ∈ FGR, r ∈ R, hence by naturality of γ, for
every r, r′ ∈ R, we get γR(rr′) = γR(φ(r′)(r)) = FG(φ(r′))(γR(r)) = γR(r)r′.
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Conversely, assume that ϵR is a split-epi of R-bimodules with right inverse γR : R →
FGR such that ϵR ◦ γR = IdR. Let M be an object in D. Consider the map

M
dR,M

// R⊗RM
γR⊗RIdM

// FGR⊗RM
ψM

// FGM, (3.1)

where ψM (u ⊗R m) = FG(fm)(u), for fm : R → M , r 7→ rm, which is a map in
HomD(R,M) as D is a full subcategory of RM. We observe that dR,− and γR ⊗R Id− are
natural transformations as, for every f : M → M ′ in RM, we have (R ⊗R f)dR,M (m) =
(R⊗R f)(r⊗Rm

r) = r⊗R f(mr) = r⊗R f(m)r = dR,M ′f(m) since µR,M ′(r⊗R f(mr)) =
µR,M ′(r⊗R f(m)r) so r⊗R f(mr) = r⊗R f(m)r, and (FGR⊗R f)(γR ⊗R IdM )(r⊗Rm) =
γR(r) ⊗R f(m) = (γR ⊗R IdM ′)(R ⊗R f)(r ⊗R m). We show that ψ− is a natural trans-
formation as well. In fact, for every f : M → M ′ in D, we have (FGf ◦ ψM )(u ⊗R m) =
FGf(FG(fm)(u)) = FG(f ◦ fm)(u) = FG(ff(m))(u) = ψM ′(u⊗R f(m)) = ψM ′(IdFGR ⊗R

f)(u⊗R m), hence FGf ◦ ψM = ψM ′ ◦ (IdFGR ⊗R f). Thus, γ′
− := ψ−(γR ⊗R Id−)dR,− is

a natural tranformation. We prove that ϵ ◦ γ′ = Id. Indeed, for every m ∈ M ,

ϵMγ
′
M (m) = ϵMψM (γR ⊗R IdM )dR,M (m) = ϵMψM (γR ⊗R IdM )(r ⊗R m

r)
= ϵMψM (γR(r) ⊗R m

r) = (ϵM ◦ FG(fmr ))(γR(r)) = (fmr ◦ ϵR)(γR(r))
= fmr (ϵRγR(r)) = fmr (r) = rmr = m.

Then, by Theorem 1.18 G is separable.

In case the map ψM is surjective, we prove a similar result that characterizes the
semiseparability of a right adjoint functor.

Proposition 3.14. Let R be a firm ring. Let D be a full subcategory of RM containing
RR and let F ⊣ G : D → C be an adjunction of functors between additive categories, with
unit η and counit ϵ. If G is semiseparable, then ϵR is a regular morphism of R-bimodules.
On the other hand, if ϵR is a regular morphism of R-bimodules and the map

ψM : FGR⊗RM → M, ψM (u⊗R m) = FG(fm)(u), (3.2)

for fm : R → M , r 7→ rm, is surjective, for every M ∈ D, then G is semiseparable.

Proof. Assume that G is semiseparable. By Theorem 2.36 there is a natural transformation
γ : IdD → FG such that ϵ ◦ γ ◦ ϵ = ϵ, hence ϵRγRϵR = ϵR. As in Proposition 3.13,
γR is a morphism of R-bimodules. Conversely, assume that ϵR is a regular morphism
of R-bimodules, i.e., there is a morphism γR : R → FGR of R-bimodules such that
ϵR ◦ γR ◦ ϵR = ϵR. Let M be an object in D. Consider the map (3.1). By the proof of
Proposition 3.13 we know that γ′

− := ψ−(γR ⊗R Id−)dR,− is a natural tranformation. We
prove that ϵ◦γ′◦ϵ = ϵ. We observe that on generators ϵMψM (u⊗Rm) = ϵM (FG(fm)(u)) =
fmϵR(u) = ϵR(u)m = µR,M (ϵR⊗RIdM )(u⊗Rm), so that ϵMψM = µR,M (ϵR⊗RIdM ). Then,
we get

ϵMγ
′
M ϵMψM = ϵMγ

′
MµR,M (ϵR ⊗R IdM ) = ϵMψM (γR ⊗R IdM )dR,MµR,M (ϵR ⊗R IdM )

= ϵMψM (γRϵR ⊗R IdM ) = µR,M (ϵR ⊗R IdM )(γRϵR ⊗R IdM )
= µR,M (ϵRγRϵR ⊗R IdM ) = µR,M (ϵR ⊗R IdM ) = ϵMψM .

Since ψM is surjective, we obtain ϵMγ
′
M ϵM = ϵM , for every M ∈ D. Thus, by Theorem

2.36 G is semiseparable.
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We now show that Proposition 3.1 can be extended to the case where R is a firm ring
and S is any ring, possibly non-unital, possibly non-firm. The following is the left version
of [18, Lemma 2.1].

Lemma 3.15. (Cf. [18, Lemma 2.1]) Let φ : R → S be a morphism of rings where S is
any ring (possibly non-unital, possibly non-firm) and R is a firm ring. Then, the functor
S⊗R − : RM → SM has a right adjoint given by R⊗R − : SM → RM. The unit and the
counit are given by

αM : M → R⊗R S ⊗RM, m 7→ t⊗R φ(rt) ⊗R m
r, for every M ∈ RM,

βN : S ⊗R R⊗R N → N, s⊗R r ⊗R n 7→ sφ(r)n, for every N ∈ SM,

respectively.

Remark 3.16. In case R is a firm ring, we observe that R ⊗R R is a firm left R-module.
In fact, consider µR,R⊗RR : R ⊗R R ⊗R R → R ⊗R R, r ⊗R q ⊗R r

′ 7→ rq ⊗R r
′, and

dR,R⊗RR : R⊗RR → R⊗RR⊗RR, r⊗R r
′ 7→ ξ⊗R r

ξ⊗R r
′. We have that µR,R⊗RR is well-

defined as, for every a ∈ R, µR,R⊗RR(ra⊗R r
′ ⊗R q) = rar′ ⊗R q = µR,R⊗RR(r⊗R ar

′ ⊗R q)
and µR,R⊗RR(r⊗R r

′ ⊗R aq) = rr′ ⊗R aq = rr′a⊗R q = µR,R⊗RR(r⊗R r
′a⊗R q); dR,R⊗RR

is well-defined as t ⊗R (ra)t ⊗R q = t ⊗R r
t ⊗R aq, since µR,R(t ⊗R r

ta) = trta = ra =
t(ra)t = µR,R(t⊗R (ra)t). Moreover, we have µR,R⊗RRdR,R⊗RR(r ⊗R r

′) = µR,R⊗RR(ξ ⊗R

rξ ⊗R r
′) = ξrξ ⊗R r

′ = r⊗R r
′, and dR,R⊗RRµR,R⊗RR(r⊗R q⊗R r

′) = dR,R⊗RR(rq⊗R r
′) =

dR,R⊗RR(r ⊗R qr
′) = ξ ⊗R r

ξ ⊗R qr
′ = ξ ⊗R r

ξq ⊗R r
′ = ξrξ ⊗R q ⊗R r

′ = r ⊗R q ⊗R r
′.

Proposition 3.17. Let R be a firm ring and let S be an arbitrary ring (possibly non-
unital, possibly non-firm). Consider a morphism of rings φ : R → S. Then, the following
assertions are equivalent:

(i) the extension of scalars functor S ⊗R (−) : RM → SM is semiseparable;

(ii) the map φ̂ : R → R⊗RS⊗RR, r 7→ t⊗Rφ(q)⊗(rt)q (equivalently, the component αR
of the unit α), is a regular morphism of R-bimodules, i.e. there is E ∈ RHomR(R⊗R

S ⊗R R,R) such that φ̂ ◦ E ◦ φ̂ = φ̂.

Remark 3.18. By Remark 3.16 we know that R⊗RR ∈ RM, so from µR,R⊗RR(t⊗R q
t ⊗R

rq) = tqt ⊗R r
q = q⊗R r

q = t⊗R r
t = t⊗R q(rt)q = tq⊗R (rt)q = µR,R⊗RR(t⊗R q⊗R (rt)q)

we have t⊗R q
t ⊗R r

q = t⊗R q ⊗R (rt)q, hence φ̂ = αR.

Proof. From Lemma 3.15 we know that S ⊗R − is a left adjoint of R⊗R −.
We show that there is a bijective correspondence

Nat(R⊗R S ⊗R −, Id
RM) ∼= RHomR(R⊗R S ⊗R R,R).

Given E ∈ RHomR(R⊗R S⊗RR,R), define νM : R⊗R S⊗RM → M , νM (r⊗R s⊗Rm) =
E(r ⊗R s ⊗R t)mt, for every M ∈ RM, m ∈ M , r ∈ R, and s ∈ S. Since, for every
a ∈ R, we have νM (ra ⊗R s ⊗R m) = E(ra ⊗R s ⊗R t)mt = E(r ⊗R as ⊗R t)mt =
νM (r ⊗R as⊗R m) and νM (r ⊗R sa⊗R m) = E(r ⊗R sa⊗R t)mt = E(r ⊗R s⊗R at)mt =
E(r ⊗R s ⊗R t)(am)t = νM (r ⊗R s ⊗R am), where the second-last equality follows since
µR,M (t⊗R (am)t) = t(am)t = am = atmt = µR,M (at⊗Rm

t), hence E(r⊗R s⊗R at)mt =
µR,M (E ⊗R IdM )(r ⊗R s ⊗R at ⊗R mt) = µR,M (E ⊗R IdM )(r ⊗R s ⊗R t ⊗R (am)t) =
E(r ⊗R s⊗R t)(am)t, then νM is well-defined.

Given a morphism f : M → M ′ in RM, we observe that, since M ′ ∈ RM, from
µR,M ′(r ⊗R f(m)r) = rf(m)r = f(m) = f(rmr) = µR,M ′(r ⊗R f(mr)) we get that r ⊗R
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f(m)r = r⊗Rf(mr). Thus, for every f : M → M ′ in RM, we have (f ◦νM )(r⊗Rs⊗Rm) =
f(E(r⊗Rs⊗Rt)mt) = E(r⊗Rs⊗Rt)f(mt) = E(r⊗Rs⊗Rt)f(m)t = νM ′(r⊗Rs⊗Rf(m)) =
(νM ′ ◦ (R ⊗R S ⊗R f))(r ⊗R s ⊗R m), for every r ∈ R, s ∈ S, m ∈ M , so ν is a natural
transformation.

Conversely, given ν : R ⊗R S ⊗R − → Id
RM, define E := νR : R ⊗R S ⊗R R → R.

We know that E is left R-linear as so is νR. We show that E is also right R-linear.
Indeed, by naturality of ν we have fr ◦ νR = νR ◦ (R ⊗R S ⊗R fr), where fr : R → R,
r′ 7→ r′r, is a morphism of left R-modules, so that E(r⊗R s⊗R qr

′) = νR(r⊗R s⊗R qr
′) =

νR(r⊗R s⊗R fr′(q)) = fr′νR(r⊗R s⊗R q) = νR(r⊗R s⊗R q)r′ = E(r⊗R s⊗R q)r′, hence
E ∈ RHomR(R ⊗R S ⊗R R,R). For every s ∈ S, m ∈ M , we have E(r ⊗R s ⊗R t)mt =
fmtE(r⊗R s⊗R t) = fmtνR(r⊗R s⊗R t) = νM (r⊗R s⊗R tm

t) = νM (r⊗R s⊗Rm), where
fmt : R → M , r 7→ rmt, is in RM, so the correspondence is bijective.

Now, by Theorem 2.36, S ⊗R − is semiseparable if, and only if, there exists a natural
transformation ν ∈ Nat(R ⊗R S ⊗R −, Id

RM) such that α ◦ ν ◦ α = α. Given ν such
that α ◦ ν ◦ α = α, consider the corresponding E ∈ RHomR(R ⊗R S ⊗R R,R), E := νR.
Then, since by Remark 3.18 φ̂ = αR, we have that αREαR = αRνRαR = αR, so that
αR is regular. Conversely, given E ∈ RHomR(R ⊗R S ⊗R R,R) such that φ̂ ◦ E ◦ φ̂ = φ̂,
define νM : R ⊗R S ⊗RM → M , νM (r ⊗R s⊗R m) = E(r ⊗R s⊗R t)mt, for every r ∈ R,
s ∈ S, m ∈ M ∈ RM. For every r, q ∈ R and s ∈ S, we have νR(r ⊗R s ⊗R q) =
E(r ⊗R s ⊗R t)qt = E(r ⊗R s ⊗R tq

t) = E(r ⊗R s ⊗R q), hence αRνRαR = αR. Define
βM := αMνMαM : M → R⊗R S ⊗RM , for every M ∈ RM, thus by assumption we have
βR := αRνRαR = αR. Then, by naturality of β we get βM (m) = βM (tmt) = βM (fmt(t)) =
(R ⊗R S ⊗R fmt)βR(t) = (R ⊗R S ⊗R fmt)αR(t) = (R ⊗R S ⊗R fmt)(q ⊗R φ(rq) ⊗R t

r) =
q ⊗R φ(rq) ⊗R t

rmt = q ⊗R φ(tq) ⊗R m
t = αM (m), where the second-last equality follows

since r⊗R t
rmt = t⊗Rm

t, so q⊗Rφ(rq)⊗R t
rmt = (IdR⊗Rφ⊗R IdM )(dR,R⊗R IdM )(rtr⊗R

mt) = (IdR⊗Rφ⊗R IdM )(dR,R⊗R IdM )(t⊗Rm
t) = (q⊗Rφ(tq)⊗Rm

t). Thus, by Theorem
2.36 S ⊗R − is semiseparable.

Remark 3.19. A module M of a unital ring R is firm if, and only if, it is unital (i.e.,
1R · m = m, for every m ∈ M). Thus, in case R is unital, the adjunction of Lemma 3.15
becomes S ⊗R − =: F ⊣ G := R⊗R − : SM → RM with unit α and counit β given by

αM : M → R⊗R S ⊗RM, m 7→ 1R ⊗R φ(1R) ⊗R m, for every M ∈ RM,

βN : S ⊗R R⊗R N → N, s⊗R r ⊗R n 7→ sφ(r)n, for every N ∈ SM.

In case R is unital and S is an arbitrary ring, the following can be seen as an interme-
diate step between Proposition 3.1 and Proposition 3.17.

Proposition 3.20. Let R be a unital ring and let S be a possibly non-unital ring. Consider
a morphism of rings φ : R → S. Then, the following assertions are equivalent:

(i) the extension of scalars functor F = S ⊗R (−) : RM → SM is semiseparable;

(ii) φ is a regular morphism of R-bimodules, i.e. there is E ∈ RHomR(S,R) such that
φ ◦ E ◦ φ = φ;

(iii) there is E ∈ RHomR(S,R) such that (φ ◦ E ◦ φ)(1R) = φ(1R).

3.2 Coinduction and corestriction of coscalars
Let k be a field and let ψ : C → D be a morphism of coalgebras over k. Recall

from Subsection 1.4.2 that ψ induces the adjunction ψ∗ ⊣ ψ∗ : MD → MC , where ψ∗ :
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MC → MD is the corestriction of coscalars functor and ψ∗ = (−)□DC : MD → MC is the
coinduction functor, with unit η : IdMC → ψ∗ψ∗ and counit ϵ : ψ∗ψ

∗ → IdMD , given by

ηM : M → M□DC, m 7→
∑

m0□Dm1, and ϵN : N□DC → N, n□Dc 7→ nεC(c),

for any M ∈ MC and N ∈ MD. Since ψ∗ is faithful, then ψ∗ is semiseparable if, and only
if, it is separable.

In the following result we study the semiseparability of ψ∗.

Proposition 3.21. [4, Proposition 3.8] Let ψ : C → D be a morphism of coalgebras.
Then, the coinduction functor ψ∗ = (−)□DC : MD → MC is semiseparable if, and only
if, ψ is a regular morphism of D-bicomodules if, and only if, there is a D-bicomodule
morphism χ : D → C such that εC ◦ χ ◦ ψ = εC .

Proof. Assume that ψ∗ is semiseparable. By Theorem 2.36, there exists a natural trans-
formation γ : IdMD → ψ∗ψ

∗ such that ϵN ◦ γN ◦ ϵN = ϵN , for any N ∈ MD. Since D is a
right D-comodule, consider the right D-comodule map γD : D → D□DC and define the
map χ : D → C as χ := lC ◦ γD, where lC : D□DC → C,

∑
i di ⊗ ci 7→

∑
i εD(di)ci, is the

canonical isomorphism. Note that ψ is a morphism of D-bicomodules and ψ = ϵD ◦ l−1
C .

We show that χ is a morphism of D-bicomodules. For any f ∈ D∗ = Homk(D,k),
consider the morphism of right D-comodules f̂ : D → D, d 7→

∑
f(d1)d2. In fact,

∆Df̂(d) = ∆D(∑ f(d1)d2) = ∑
f(d1)∆(d2) = ∑

f(d1)d2 ⊗ d3 = ∑
f(d11)d12 ⊗ d2 =

(f̂ ⊗D)(∑ d1 ⊗d2) = (f̂ ⊗D)∆D(d). For any d ∈ D, denote γD(d) := ∑
i di⊗ ci ∈ D□DC.

Then, by naturality of γ, we have that lCγDf̂(d) = χf̂(d) = ∑
f(d1)χ(d2) is equal to

lC(f̂□DC)γD(d) = lC(f̂□DC)(∑i di ⊗ ci) = lC(∑i f(di1)di2 ⊗ ci) = ∑
i f(di)ci. Since f

is arbitrary, it follows that for all d ∈ D, γD(d) = ∑
i di ⊗ ci = ∑

d1 ⊗ χ(d2). Moreover,∑
i di⊗ci = γD(d) = l−1

C lCγD(d) = l−1
C χ(d) = (ψ⊗C)∆C(χ(d)) = (ψ⊗C)(χ(d)1⊗χ(d)2) =

ψ(χ(d)1) ⊗ χ(d)2, then ∑ d1 ⊗ χ(d2) = ψ(χ(d)1) ⊗ χ(d)2, so χ is a morphism of left D-
comodules, whence of D-bicomodules. We have ψ◦χ◦ψ = (ϵD◦l−1

C )◦(lC ◦γD)◦(ϵD◦l−1
C ) =

ϵD ◦ γD ◦ ϵD ◦ l−1
C = ϵD ◦ l−1

C = ψ, hence χ is a regular morphism of D-bicomodules.
Assume that ψ is a regular morphism of D-bicomodules, i.e. there is a D-bicomodule

morphism χ : D → C such that ψ◦χ◦ψ = ψ. Then εC ◦χ◦ψ = εD◦ψ◦χ◦ψ = εD◦ψ = εC .
Assume now there is a D-bicomodule morphism χ : D → C such that εC ◦ χ ◦ ψ = εC

and let us prove that ψ∗ is semiseparable. For any N ∈ MD define γN : N → N□DC as
γN (n) = ∑

n0 ⊗ χ(n1), for every n ∈ N . Using that χ is a left D-comodule morphism,
one easily checks that the image of γN is really contained in N□DC. Moreover, γN comes
out to be a right D-comodule morphism, since χ is a morphism of right D-comodules,
and natural in N . For every n ∈ N , c ∈ C, we have γN ϵN (n□Dc) = γN (nεC(c)) =
γN (n)εC(c) = ∑

n0 ⊗ χ(n1)εC(c) = ∑
n ⊗ χψ(c1)εC(c2) = ∑

n ⊗ χψ(c), where in the
second-last equality we used that n□Dc belongs to N□DC. Thus ϵNγN ϵN (n□Dc) =
ϵN (∑n ⊗ χψ(c)) = ∑

nεCχψ(c) = nεC(c) = ϵN (n□Dc). Therefore, by Theorem 2.36, ψ∗

is semiseparable.

Example 3.22. [4, Example 3.9] It is known that the Axiom of Choice is equivalent
to require that, for any function f : A → B, there is a function g : B → A such that
f ◦ g ◦ f = f . Consider the group-like coalgebras kA and kB and the coalgebra map
ψ := kf : kA → kB defined by setting ψ(a) = f(a), for every a ∈ A. Define the linear
map χ : kB → kA by setting χ(b) = g(b) if b ∈ Im(f) and χ(b) = 0 otherwise, for all
b ∈ B. It is easy to check that χ is a kB-bicomodule morphism such that εkA ◦χ◦ψ = εkA.
Thus, by Proposition 3.21 the functor ψ∗ = (−)□kBkA : MkB → MkA is semiseparable.
However, it is neither separable nor naturally full in general. Indeed, if ψ∗ is separable,
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then ψ is split-epi whence surjective. In this case, f is surjective too. Similarly, if ψ∗ is
naturally full, then ψ is split-mono whence injective. In this case, f is injective as well.

3.3 Corings
Let R be a ring and let C be an R-coring. Recall from Subsection 1.4.3 that the

induction functor G := (−) ⊗R C : MR → MC , M 7→ M ⊗R C, f 7→ f ⊗R C, is the
right adjoint of the forgetful functor F : MC → MR, with unit and counit given by
ηM = ρM : M → M ⊗R C, for every M ∈ MC , and ϵN = N ⊗R εC : N ⊗R C → N ,
ϵN (n⊗R c) = nεC(c), for every N ∈ MR, n ∈ N , c ∈ C, respectively.
Remark 3.23. Since F : MC → MR is faithful, by Proposition 2.5 i), it is semiseparable if,
and only if, it is separable so, defining the notion of “semicoseparable coring” whenever F is
semiseparable retrieves the notion of coseparable coring. Analogously, naming a coalgebra
“semicoseparable” whenever the forgetful functor MC → M is semiseparable, would get
back the notion of coseparable coalgebra, recalled in Subsection 1.4.2.

We now study when the induction functor G = (−)⊗RC : MR → MC is semiseparable.
In this case, we say that the R-coring C is semicosplit. Note that, since separable functors
are in particular semiseparable, it follows that cosplit corings (i.e., G is separable) are in
particular semicosplit.

Theorem 3.24. [4, Theorem 3.10] Let C be an R-coring. Then, the following are equiva-
lent:

(i) C is semicosplit;

(ii) the coring counit εC : C → R is regular as a morphism of R-bimodules;

(iii) there exists an invariant element z ∈ CR = {c ∈ C | rc = cr, for all r ∈ R} such that

εC(z)εC(c) = εC(c)

(equivalently, such that εC(z)c = c), for every c ∈ C.

Proof. (i) ⇒ (ii). Assume that C is semicosplit, i.e. the induction functor G = (−) ⊗R C
is semiseparable. Then, by Theorem 2.36, there exists a natural transformation γ : IdD →
FG such that ϵ ◦ γ ◦ ϵ = ϵ. Consider the canonical isomorphism lC : R⊗R C → C. Since R
is a right R-module, consider the right R-linear map γR : R → R⊗R C. Let us check it is
also left R-linear. For any r ∈ R define the morphism fr : R → R by fr(r′) = rr′. Since
γR is natural, we have

γR(rr′) = (γR ◦ fr)(r′) = ((fr ⊗R C) ◦ γR)(r′) = rγR(r′).

Thus, γR is a morphism of R-bimodules. Define the R-bimodule map α := lC ◦γR : R → C.
By noting that εC = ϵR ◦ l−1

C , we get

εC ◦ α ◦ εC = (ϵR ◦ l−1
C ) ◦ (lC ◦ γR) ◦ (ϵR ◦ l−1

C ) = ϵR ◦ γR ◦ ϵR ◦ l−1
C = ϵR ◦ l−1

C = εC ,

so that εC is a regular morphism of R-bimodules.
(ii) ⇒ (iii). Assuming the regularity of εC , i.e. the existence of an R-bimodule map α such
that εC ◦α ◦ εC = εC , we can set z = α(1R) ∈ C. For r ∈ R, we have rz = rα(1R) = α(r) =
α(1R)r = zr, so that z is in CR. Moreover, from εC(c) = εCαεC(c) = εCα(1RεC(c)) =
εCα(1R)εC(c) = εC(z)εC(c) it follows that εC(c) = εC(z)εC(c), for every c ∈ C.
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(iii) ⇒ (i). Suppose there exists z ∈ CR such that εC(c) = εC(z)εC(c), for every c ∈ C. For
any N ∈ MR define γN : N → N ⊗R C, γN (n) = n⊗R z, for every n ∈ N . Since z ∈ CR,
for every n ∈ N , r ∈ R, we have γN (nr) = nr ⊗R z = n ⊗R rz = n ⊗R zr = γN (n)r, so
γN is a right R-module morphism, and it is also natural in N : indeed, for any morphism
f : N → M in MR, (γM ◦ f)(n) = f(n) ⊗R z = ((f ⊗R C) ◦ γN )(n). Moreover, for every
n ∈ N , c ∈ C, we have

(ϵN ◦ γN ◦ ϵN )(n⊗R c) = ϵNγN (nεC(c)) = ϵN (n⊗R εC(c)z)
= nεC(z)εC(c) = nεC(c)
= ϵN (n⊗R c),

where the second-last equality follows from the assumption εC(c) = εC(z)εC(c). Therefore,
by Theorem 2.36 G is semiseparable and C is semicosplit.

Finally, assume that εC(z)εC(c) = εC(c), for every c ∈ C. Then,

εC(z)c = εC(z)εC(c(1))c(2) = εC(c(1))c(2) = c,

and hence εC(z)c = c. Conversely, if εC(z)c = c, for every c ∈ C, then εC(z)εC(c) =
εC(εC(z)c) = εC(c).

Remark 3.25. [4, Remark 3.11] In Proposition 1.50 we recalled that the functor G :=
(−) ⊗R C : MR → MC is naturally full if, and only if, there exists z ∈ CR such that c =
εC(c)z, for every c ∈ C. This characterization is a particular case of Theorem 3.24. Indeed,
if there exists z ∈ CR such that c = zεC(c) for every c ∈ C, then εC(c) = εC(zεC(c)) =
εC(z)εC(c), for every c ∈ C, and equivalently, εC(z)c = εC(z)zεC(c) = εC(zεC(c))z =
εC(c)z = c. Moreover, G is separable if, and only if, there exists an invariant element
z ∈ CR such that εC(z) = 1R and hence the equality εC(c) = εC(z)εC(c) trivially holds true
in this case.

We already mentioned that a cosplit coring is semicosplit. We now give an example of
a semicosplit coring which is not cosplit.

Example 3.26. [4, Example 3.14]
1) Let φ : R → S be a morphism of rings such that the induction functor φ∗ = S⊗R(−)

is naturally full. As recalled in Proposition 1.42, there exists ε ∈ RHomR(S,R) such that
φ ◦ ε = IdS . Since, in particular, φ : R → S is an epimorphism in the category of rings,
by [81, Proposition XI.1.2], the multiplication m : S ⊗R S → S is bijective and hence we
can set ∆ := m−1 so that ∆(s) = s⊗R 1S = 1S ⊗R s. We compute

(ε⊗R S)∆(s) = (ε⊗R S)(1S ⊗R s) = ε(1S) ⊗R s

= 1R ⊗R ε(1S)s = 1R ⊗R φε(1S)s = 1R ⊗R s,

and similarly (S⊗Rε)∆(s) = (S⊗Rε)(s⊗R1S) = s⊗R1S . As a consequence, (S,∆, ε) is an
R-coring. Now ε(1S)s = φε(1S)s = 1Ss = s, so that z := 1S ∈ SR fulfills the conditions of
Theorem 3.24 guaranteeing that the functor G := (−) ⊗R S : MR → MS is semiseparable
and hence S is a semicosplit R-coring. Nevertheless, S is not cosplit in general. In fact, if
G is separable, there exists w ∈ SR such that 1R = ε(w) and hence, for every r ∈ R, we
have r = r1R = rε(w) = ε(rw), so that ε is surjective which, together with the condition
φ ◦ ε = IdS , implies that φ and ε are mutual inverses.

2) To get an example of 1) with φ not invertible, consider S and T rings, set R := S×T ,
take φ : R → S, (s, t) 7→ s and ε : S → R, s 7→ (s, 0). Then, S is a semicosplit but not
cosplit R-coring.
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When G = (−) ⊗R C is semiseparable we can provide an explicit factorization of it as a
bireflection followed by a separable functor. By Corollary 2.71, this factorization amounts
to the one given by the coidentifier, up to a category equivalence.

Corollary 3.27. [4, Corollary 3.12] Let C be an R-coring. Then, C is semicosplit if, and
only if, the induction functor G = (−) ⊗R C : MR → MC factors up to isomorphism as
ψ∗ ◦G′, where ψ∗ = (−)□IC : MI → MC is separable and G′ = (−) ⊗R I : MR → MI is
a bireflection for some morphism of corings ψ : C → I.

Proof. Assume C is semicosplit, i.e., G = (−) ⊗R C : MR → MC is semiseparable. Then,
by Theorem 3.24, there exists an invariant element zC ∈ CR such that εC(c) = εC(zC)εC(c),
for every c ∈ C. We observe that, since εC is a morphism of bimodules, I := Im(εC)
is an ideal of R with multiplicative identity z := εC(zC). Indeed, for any r ∈ I there
is c ∈ C such that r = εC(c) and hence rz = εC(c)εC(zC) = εC(c) = r. Therefore the
morphism φ : R → I, r 7→ rz, is a ring epimorphism (in fact it is surjective) and hence
the map mI : I ⊗R I → I is bijective, see [81, Proposition XI.1.2]. Thus we can consider
∆I = m−1

I : I → I ⊗R I, ∆I(i) = i ⊗R z = z ⊗R i, so that (I,∆I , εI) is an R-coring,
where the counit εI : I ↪→ R is the canonical inclusion. Note that ψ : C → I, c 7→ εC(c),
is a morphism of corings and we can consider the corresponding coinduction functor ψ∗ =
(−)□IC : MI → MC . Consider also the induction functor G′ := (−) ⊗R I : MR → MI .
We prove that G factors as G ∼= ψ∗ ◦G′, ψ∗ is separable and G′ is a bireflection. First we
check that G ∼= ψ∗ ◦G′. In fact, for every T ∈ MR,

(ψ∗ ◦G′)(T ) = ψ∗(T ⊗R I) = (T ⊗R I)□IC ∼= T ⊗R (I□IC) ∼= T ⊗R C = G(T ),

where the second-last isomorphism follows e.g. from [24, 22.5], once observed that λC(c) =
ψ(c(1))⊗Rc(2) = z⊗RεC(c(1))c(2) = z⊗Rc, and hence ωI,C(i⊗Rc) = ρI(i)⊗Rc−i⊗RλC(c) =
i ⊗R z ⊗R c − i ⊗R z ⊗R c = 0, so that ωI,C is the zero map whence trivially T -pure [24,
40.13]. Let us check that G′ is a bireflection. To this aim, first note that, since i = εI(i)z,
for every i ∈ I, then G′ is naturally full by Proposition 1.50.

The functor G′ is right adjoint of the forgetful functor F ′ and the unit is η′
M = ρM :

M → M ⊗R I for every (M,ρM ) in MI . Since I = Rz, for every m ∈ M there is
m′ ∈ M such that ρM (m) = m′ ⊗R z and hence m = ∑

m0εI(m1) = ∑
m0m1 = m′z. As

a consequence, ρM (m) = m′ ⊗R z = m′ ⊗R zz = m′z ⊗R z = m ⊗R z for every m ∈ M .
Now, given w ∈ M ⊗R I, there is m ∈ M such that w = m⊗R z = ρM (m) and hence ρM is
surjective. Since it is also split-mono via rM ◦ (M ⊗R εI), where rM : M ⊗RR → M is the
canonical isomorphism, we get that η′

M = ρM is invertible and hence F ′ is fully faithful.
Hence G′ is a naturally full coreflection, thus a bireflection by Corollary 2.64.

It remains to check that ψ∗ is separable. If we see C as an I-bicomodule with left
structure λC : C → I ⊗R C, c 7→ z ⊗ c, and right structure ρC : C → C ⊗R I, c 7→ c⊗ z, the
map ν : I → C, i 7→ izC = zCi, is an I-bicomodule morphism which satisfies ψ ◦ ν = IdI .
Indeed, ψ(ν(i)) = ψ(izC) = εC(izC) = iεC(zC) = iz = i. The existence of ν implies that
ψ∗ : (−)□IC : MI → MC is separable by [42, Theorem 5.8] in case A = B = R and
D = I once we have checked its hypothesis, namely that both RR and RC preserve the
equalizer of (ρM ⊗R C,M ⊗R λC) for every (M,ρM ) in MI . By the foregoing, for such an
(M,ρM ), one has ρM (m) = m⊗ z, so that ωM,C(m⊗R c) = ρM (m) ⊗R c−m⊗R λC(c) =
m⊗R z⊗R c−m⊗R z⊗R c = 0, hence ωM,C = ρM ⊗R C −M ⊗R λC is the zero map. Thus,
both RR and RC trivially preserve the equalizer of (ρM ⊗R C,M ⊗R λC) for every (M,ρM )
in MI as desired.

By construction, the R-coring I of Corollary 3.27 is also a ring with unit z. Since
the comultiplication ∆I of I is invertible, then I is a coseparable R-coring. Thus, by
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[18, Proposition 2.17] there is a category isomorphism between the category MI of right
comodules over the coring I and the category MI of right modules over the ring I.

Example 3.28. [4, Example 3.15] Let R be a commutative ring and consider an idempo-
tent ideal I of R, assumed to be a pure right R-submodule. We recall that a submodule N
of an R-module M is said to be pure [24, 40.13] if the inclusion N ↪→ M remains injective
after tensoring by any right R-module. Since I is pure, we get that the multiplication
mI : I ⊗R I → I, mI(a ⊗R a

′) = aa′, is injective as it is obtained by the composition
I ⊗R I

I⊗RεI→ I ⊗R R
∼=→ I, where εI : I → R is the canonical inclusion. Since I is idem-

potent, i.e. I2 = I, we get that mI is also surjective whence bijective. Thus, we can
consider ∆I = m−1

I : I → I ⊗R I and write ∆I(a) = ∑
a1 ⊗R a2 by means of Sweedler’s

notation. Then, ∑ εI(a1)a2 = ∑
a1a2 = mI(

∑
a1 ⊗R a2) = mI(∆I(a)) = a and similarly∑

a1εI(a2) = a, so that (I,∆I , εI) is an R-coring. Now, the condition (iii) in Theorem
3.24 for this coring is the existence of an element z ∈ IR such that c = εI(z)c, i.e., by
definition of εI , the existence of z ∈ I such that c = zc = cz, for every c ∈ I. This means
that z is the multiplicative identity in I. This goes back to a particular case of the ideal
I constructed in Corollary 3.27 by taking C = I and noting that Im(εI) = I. Moreover,
in Example 3.26 2) we can identify S with the idempotent ideal I = S × {0} of the ring
R = S × S, through the isomorphism S

∼=→ I : s 7→ (s, 0). In this case, we can take
z = (1, 0) (note that z ̸= (1, 1) = 1R) and ∆I(x) := x⊗R z = z ⊗R x.

We now show that Proposition 3.21 can be extended to the case of a morphism of
R-corings, which has not appeared in the literature.

Proposition 3.29. Let ψ : C → D be a morphism of R-corings. Assume that C is flat
as left R-module and that D satisfies the right α-condition (see Definition 1.53). Then,
the coinduction functor ψ∗ = (−)□DC : MD → MC is semiseparable if, and only if, ψ is
a regular morphism of D-bicomodules if, and only if, there is a D-bicomodule morphism
χ : D → C such that εC ◦ χ ◦ ψ = εC.

Proof. From Subsection 1.4.3 we know that ψ∗ ⊣ ψ∗ is an adjunction, where ψ∗ : MC →
MD is the corestriction functor. The unit is given by ηM : M → M□DC, m 7→

∑
m0□Dm1,

for every M ∈ MC , and the counit is ϵN : N□DC → N, n□Dc 7→ nεC(c), for every
N ∈ MD. Assume that ψ∗ is semiseparable. By Theorem 2.36, there exists a natural
transformation γ : IdMD → ψ∗ψ

∗ such that ϵN ◦ γN ◦ ϵN = ϵN , for every N ∈ MD. Since
D is a right D-comodule, consider the right D-comodule map γD : D → D□DC and define
the map χ : D → C as χ := lC ◦γD, where lC : D□DC → C, ∑i di⊗R ci 7→

∑
i εD(di)ci, is the

canonical isomorphism, see [24, 22.4]. Since ∆Dψ = (ψ⊗Rψ)∆C = (IdD⊗Rψ)(ψ⊗RIdC)∆C
and ∆Dψ = (ψ ⊗R IdD)(IdC ⊗R ψ)∆C , then ψ is a morphism of D-bicomodules. Note
that ψ = ϵD ◦ l−1

C as ϵD(l−1
C (c)) = ϵD(ψ ⊗R IdC)∆C(c) = ϵD(ψ(c1) ⊗R c2) = ψ(c1)εC(c2) =

ψ(c1ε(c2)) = ψ(c). We show that χ is a morphism of D-bicomodules. Since χ is a morphism
of right D-bicomodules, it is enough to show that χ is a morphism of left D-bicomodules.
For any f ∈ D∗ (see [24, 17.8]), consider the morphism of right D-comodules f̂ : D → D,
d 7→

∑
f(d1)d2. In fact, ∆Df̂(d) = ∆D(∑ f(d1)d2) = ∑

f(d1)∆D(d2) = ∑
f(d1)(d2 ⊗R

d3) = ∑
f(d11)d12 ⊗Rd2 = (f̂⊗RD)(d1 ⊗Rd2) = (f̂⊗RD)∆D(d). We observe that χ is left

R-linear. Indeed, for r ∈ R, consider fr : D → D, d 7→ rd, which is a morphism of right D-
comodules as fr(dr′) = rdr′ = fr(d)r′, for every d ∈ D, r′ ∈ R, and ∆Dfr(d) = ∆D(rd) =
r∆D(d) = rd1 ⊗R d2 = fr(d1) ⊗d2 = (fr ⊗R D)∆D(d), for every d ∈ D. For any d ∈ D, de-
note γD(d) := ∑

i di⊗Rci ∈ D□DC. By naturality of γ, we have that γD(rd) = γD(fr(d)) =
(fr□DC)(γD(d)) = fr(di) ⊗R ci = rdi ⊗R ci = rγD(d), so that χ(rd) = lCγD(rd) =
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lC(rγD(d)) = lC(rdi ⊗R ci) = ∑
εD(rdi)ci = ∑

rεD(di)ci = rlC(∑ di ⊗R ci) = rlCγD(d) =
rχ(d). Then, again by naturality of γ, we have that ∑ f(d1)χ(d2) = χ(∑ f(d1)d2) =
χf̂(d) = lCγDf̂(d) = lC(f̂□DC)γD(d) = lC(f̂□DC)(∑i di ⊗R ci) = lC(∑i f(di1)di2 ⊗R ci) =∑
i f(di1)εD(di2)ci = ∑

i f(di1εD(di2))ci = ∑
i f(di)ci, so∑ f(d1)χ(d2) = ∑

i f(di)ci. Since
D satisfies the right α-condition, that is, the map αrN : D ⊗R N → RHom(D∗, N),
d ⊗R n 7→ [f 7→ f(d)n] is injective for every N ∈ RM, we get that ∑ d1 ⊗R χ(d2) =∑
i di⊗R ci. Moreover, ∑i di⊗R ci = γD(d) = l−1

C lCγD(d) = l−1
C χ(d) = (ψ⊗RC)∆C(χ(d)) =

(ψ⊗R C)(χ(d)1 ⊗R χ(d)2) = ψ(χ(d)1) ⊗R χ(d)2, then ∑ d1 ⊗R χ(d2) = ψ(χ(d)1) ⊗R χ(d)2,
so χ is a morphism of left D-comodules, whence of D-bicomodules. Furthermore, we have
ψ ◦ χ ◦ψ = (ϵD ◦ l−1

C ) ◦ (lC ◦ γD) ◦ (ϵD ◦ l−1
C ) = ϵD ◦ γD ◦ ϵD ◦ l−1

C = ϵD ◦ l−1
C = ψ, hence χ is

a regular morphism of D-bicomodules.
Assume now that ψ is a regular morphism of D-bicomodules, i.e. there is a D-

bicomodule morphism χ : D → C such that ψ◦χ◦ψ = ψ. Then, εC ◦χ◦ψ = εD ◦ψ◦χ◦ψ =
εD ◦ ψ = εC .

Finally, assume that there is a D-bicomodule morphism χ : D → C such that εC ◦χ◦ψ =
εC and let us prove that ψ∗ is semiseparable. For any N ∈ MD define γN : N →
N□DC by γN (n) = ∑

n0 ⊗R χ(n1), for every n ∈ N . Since χ is a left D-comodule
morphism, the image of γN is really contained in N□DC as (ρN ⊗R C)(∑n0 ⊗R χ(n1)) =∑
n00 ⊗R n01 ⊗R χ(n1) and (N ⊗R ρ

ψ
C )(∑n0 ⊗R χ(n1)) = ∑

n0 ⊗R (ψ ⊗R C)∆C(χ(n1)) =∑
n0 ⊗R (D ⊗R χ)∆D(n1) = ∑

n0 ⊗R n11 ⊗R χ(n12). Since χ is a morphism of right
D-comodules, then γN results to be a right D-comodule morphism as, for all n ∈ N , we
have (γN ⊗R D)ρN (n) = (γN ⊗R D)(∑n0 ⊗R n1) = ∑

n0 ⊗R χ(n1) ⊗R n2 = ∑
n0 ⊗R

χ(n11) ⊗R n12 = ∑
n0 ⊗R χ(n1)1 ⊗R ψ(χ(n1)2) = ρN□DC(∑n0 ⊗R χ(n1)) = ρN□DCγN (n).

For any morphism f : N → M in MD, (γM ◦ f)(n) = ∑
f(n)0 ⊗R χ(f(n)1) = ∑

f(n0) ⊗R

χ(n1) = (f□DC)(∑n0 ⊗R χ(n1)) = ((f□DC) ◦ γN )(n), so γN is natural in N . For every
n ∈ N , c ∈ C, we have γN ϵN (n□Dc) = γN (nεC(c)) = γN (n)εC(c) = ∑

n0 ⊗R χ(n1)εC(c) =∑
n ⊗R χψ(c1)εC(c2) = ∑

n ⊗R χψ(c), where in the second-last equality we used that
n□Dc belongs to N□DC. Thus, ϵNγN ϵN (n□Dc) = ϵN (∑n ⊗R χψ(c)) = ∑

nεCχψ(c) =
nεC(c) = ϵN (n□Dc). Therefore, by Theorem 2.36, ψ∗ is semiseparable.

3.4 Bimodules

Let R and S be rings. For an (R,S)-bimodule M we consider the adjunction σ∗ ⊣ σ∗
recalled in Subsection 1.4.4 given by the induction functor σ∗ = (−) ⊗RM : MR → MS ,
and the coinduction functor σ∗ = HomS(M,−) : MS → MR. The unit η and counit ϵ are
given by

ηX : X → HomS(M,X ⊗RM), x 7→ [m 7→ x⊗R m],
ϵY : HomS(M,Y ) ⊗RM → Y, f ⊗R m 7→ f(m),

respectively, for all X ∈ MR and Y ∈ MS .
We investigate the semiseparability of σ∗ and, in the finitely generated and projective

case, the one of σ∗. We first introduce the following definition, which is a semiseparable
version of M -separability of S over R.

Definition 3.30. [4, Definition 3.17] Let R,S be rings and M an (R,S)-bimodule. We
say that S is M-semiseparable over R if there exists an element ∑i fi ⊗Rmi ∈ (M∗ ⊗R

M)S such that ∑imfi(mi) = m for every m ∈ M . We call {fi,mi} a system of M -
semiseparability. In a similar way, it is possible to define R to be M-semiseparable over
S.
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Theorem 3.31. [4, Theorem 3.18] Let R,S be rings and M an (R,S)-bimodule. Then,
the following are equivalent:

(i) the functor σ∗ = HomS(M,−) : MS → MR is semiseparable;

(ii) the evaluation map evM : M∗ ⊗R M → S is regular as a morphism of S-bimodules
and M ⊗S evM is surjective;

(iii) S is M -semiseparable over R.

Proof. It is known (see e.g. the right version of [28, Lemma 11]) that there is a bijective
correspondence

Nat(IdMS
, σ∗σ∗) ∼= (M∗ ⊗RM)S . (3.3)

Explicitly, a natural transformation γ : IdMS
→ σ∗σ∗ is mapped to γS(1S) ∈ (M∗ ⊗RM)S ,

while an element ∑i fi ⊗R mi ∈ (M∗ ⊗R M)S is mapped to a natural transformation
γ : IdMS

→ σ∗σ∗ given, for every Y ∈ MS , by

γY : Y → HomS(M,Y ) ⊗RM, γY (y) =
∑
i

yfi(−) ⊗R mi. (3.4)

(i) ⇒ (ii). If the functor σ∗ is semiseparable, then by Theorem 2.36 there exists a natural
transformation γ : IdMS

→ σ∗σ∗ such that ϵ ◦ γ ◦ ϵ = ϵ. Consider the right S-module map
γS : S → M∗ ⊗R M and, for every s ∈ S, the right S-module map fs : S → S, s′ 7→ ss′.
From naturality of γ we have γS(ss′) = (γS ◦ fs)(s′) = ((HomS(M,fs) ⊗RM) ◦ γS)(s′) =
sγS(s′) so that γS is S-bilinear. Since ϵS = evM , from ϵ◦γ ◦ ϵ = ϵ we get evM ◦γS ◦ evM =
evM and hence evM is regular as a morphism of S-bimodules. Note that any m ∈ M
is of the form m = IdM (m) = ϵM (IdM ⊗R m) so that ϵM is surjective. Thus, from
ϵM ◦ γM ◦ ϵM = ϵM , we get ϵM ◦ γM = IdM . From (3.3) we have that γM is defined by
(3.4) for Y = M , where ∑i fi ⊗R mi = γS(1S) ∈ (M∗ ⊗RM)S . Then,

m = IdM (m) = (ϵM ◦ γM )(m) =
∑
i

mfi(mi) = rM (M ⊗S evM )
(∑

i

m⊗S fi ⊗R mi

)
,

where rM : M ⊗S S → M is the canonical isomorphism. Thus, rM ◦ (M ⊗S evM ) is
surjective and hence also M ⊗S evM is surjective.
(ii) ⇒ (iii). Assume that evM is regular as a morphism of S-bimodules, i.e. that there
is an S-bimodule map γS : S → M∗ ⊗R M such that evM ◦ γS ◦ evM = evM . Thus,
(M ⊗S evM ) ◦ (M ⊗S γS) ◦ (M ⊗S evM ) = (M ⊗S evM ). If M ⊗S evM is surjective, we
get (M ⊗S evM ) ◦ (M ⊗S γS) = IdM⊗SS . Now set ∑i fi ⊗R mi = γS(1S) ∈ (M∗ ⊗RM)S .
Thus, S is M -semiseparable over R as

m = rM IdM⊗SS(m⊗S 1S) = rM (M ⊗S evM )(M ⊗S γS)(m⊗S 1S) =
∑
i

mfi(mi).

(iii) ⇒ (i). Assume S is M -semiseparable over R. By definition, there exists an element∑
i fi ⊗R mi ∈ (M∗ ⊗R M)S such that ∑i fi(mi)m = m for every m ∈ M and the

corresponding natural transformation γ : IdMS
→ σ∗σ∗ is given as in (3.3). Moreover, for

every Y ∈ MS , m ∈ M , f ∈ HomS(M,Y ), we have ϵY γY ϵY (f ⊗R m) = ϵY γY (f(m)) =
ϵY (∑i f(m)fi(−) ⊗R mi) = ∑

i f(m)fi(mi) = f(∑imfi(mi)) = f(m) = ϵY (f ⊗R m).
Thus, ϵ is regular and by Theorem 2.36 ii) σ∗ is semiseparable.

Remark 3.32. Given an (R,S)-bimodule M , the equivalence between (i) and (iii) in the
previous result is the semiseparable counterpart of Proposition 1.55.
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Remark 3.33. In the setting of Theorem 3.31, assume further that MS is projective. Then,
the requirement that M ⊗S evM is surjective is superfluous. Indeed, there is a dual basis
formed by elements mi ∈ M,fi ∈ M∗, with i ∈ I, such that, for every m ∈ M , we have
m = ∑

i∈I mifi(m). By definition, fi(m) = 0 for almost all i. Thus there is a finite subset
I(m) of I such that m = ∑

i∈I(m)mifi(m) = rM (M ⊗S evM )(∑i∈I(m)mi ⊗S fi ⊗R m),
whence M ⊗S evM is surjective.

As a consequence of Theorem 3.31, we have the following characterization of M -
separability, for an (R,S)-bimodule M , which extends some known results, see e.g. [83,
Theorem 1], [78, Corollary 2.4] and [6, Proposition 4.3].

Corollary 3.34. [4, Corollary 3.22] Let R,S be rings and M an (R,S)-bimodule. Then, S
is M -separable over R if, and only if, S is M -semiseparable over R and MS is a generator.

Proof. By Proposition 1.55, S is M -separable over R if, and only if, σ∗ = HomS(M,−) :
MS → MR is a separable functor. By Proposition 2.5 i), this is equivalent to require
that σ∗ is semiseparable and faithful. The semiseparability of σ∗ is equivalent to S being
M -semiseparable over R, by Theorem 3.31. Since the forgetful functor U : MR → Set is
faithful, the faithfulness of σ∗ is equivalent to the faithfulness of the composition U ◦σ∗ =
HomS(M,−) : MS → Set, i.e. to MS being a generator, see e.g. [81, Section 6].

Remark 3.35. [4, Remark 3.21] Let R,S be rings and M an (R,S)-bimodule. If MS is a
generator and φ : R → E = EndS(M) is a ring epimorphism, then by the corresponding
right version of [7, Proposition 3.11], the functor σ∗ is fully faithful, i.e. σ∗ is a reflection.
Thus, by Corollary 2.64, σ∗ results to be semiseparable if, and only if, it is naturally full
if, and only if, it is Frobenius.

We now give a different characterization of M -semiseparability of S over R, for an
(R,S)-bimodule M . As a consequence, in Example 3.37 we exhibit an example where S
is M -semiseparable but not M -separable over R.

Proposition 3.36. [4, Proposition 3.22] Let R,S be rings and let M be an (R,S)-
bimodule. Then, S is M -semiseparable over R if, and only if, there is a central idem-
potent z ∈ S (necessarily unique) such that M is obtained by restriction of scalars from an
(R,Sz)-bimodule N and Sz is N -separable over R, via φ : S → Sz, s 7→ sz. Furthermore,
S is M -separable over R if, and only if, z = 1S.

Proof. Assume that S is M -semiseparable over R, i.e. that there is a central element∑
i fi ⊗R mi ∈ (M∗ ⊗R M)S such that ∑imfi(mi) = m, for every m ∈ M . Set z :=∑
i fi(mi) ∈ S so that mz = m, for every m ∈ M . Since evM : M∗ ⊗R M → S is

a morphism of S-bimodules, it induces a morphism evSM : (M∗ ⊗R M)S → SS so that
z = evM (∑i fi ⊗R mi) ∈ SS , i.e. z is central. Moreover zz = ∑

i fi(mi)z = ∑
i fi(miz) =∑

i fi(mi) = z, so that z is idempotent. Since for every m ∈ M one has mz = m, then
M becomes a right Sz-module, via µM : M × Sz → M, (m, sz) 7→ ms. Let us write N
for M regarded as an (R,Sz)-bimodule so that M = φ∗N where φ : S → Sz, s 7→ sz.
Set N∗ := HomSz(N,Sz). Then, ∑i φfi ⊗R mi ∈ (N∗ ⊗R N)Sz and ∑i φfi(mi) = φ(z) =
zz = z = 1Sz, so that Sz is N -separable over R. Conversely, assume there is a central
idempotent z ∈ S such that such that M is obtained by restriction of scalars from an
(R,Sz)-bimodule N and Sz is N -separable over R, via φ : S → Sz, s 7→ sz. This
implies mz = m for every m ∈ M . Since Sz is N -separable over R, there is ∑i gi ⊗R mi

∈ (N∗ ⊗R N)S such that ∑i gi(mi) = 1Sz = z. Let j : Sz → S be the canonical injection.
Then fi := j ◦ gi ∈ M∗ and ∑

i fi ⊗R mi ∈ (M∗ ⊗R M)S . Moreover, ∑imfi(mi) =∑
imjgi(mi) = mj(z) = mz = m so that S is M -semiseparable over R. Assume there is
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another central idempotent z′ ∈ S such that M = φ∗N
′ for some (R,Sz′)-bimodule N ′

and Sz is N ′-separable over R via the ring homomorphism φ′ : S → Sz′, s 7→ sz′. Then,
zz′ = ∑

i fi(mi)z′ = ∑
i fi(miz

′) = ∑
i fi(mi) = z. Exchanging the roles of z and z′, we

also get z′z = z′, so that z = z′. Let z ∈ S be a central idempotent such that M = φ∗N
where Sz is N -separable over R via φ : S → Sz, s 7→ sz. If z = 1S , then S is N -separable
over R and φ = IdS so that S is M = φ∗N -separable over R as well. Conversely, if S is
M -separable over R, then z = 1S is an idempotent as in the statement, whence the unique
one.

The following is an instance of an (R,S)-bimodule M such that S is M -semiseparable
but not M -separable over R.

Example 3.37. [4, Example 3.23] Let φ : S → T be a ring homomorphism and assume
that there is E ∈ SHomS(T, S) such that φ◦E = IdT . If we set z := E(1T ) ∈ S, then z is a
central idempotent in S, the map φ|Sz : Sz → T is a ring isomorphism and φ : S → T ∼= Sz
is the projection s 7→ sz, see Proposition 1.42 ii). By Proposition 3.36, if N is a (R, T )-
bimodule such that T is N -separable over R, then M := φ∗N is an (R,S)-bimodule such
that S is M -semiseparable over R. Moreover, if S is also M -separable over R, then z = 1S ,
whence φ is bijective. As a consequence, S is not M -separable over R unless φ : S → T
is bijective. As an example, let ψ : Q × Z → Q, (q, z) 7→ q and D : Q → Q × Z, q 7→ (q, 0)
be as in Example 3.3. Then, if N is a (R,Q)-bimodule such that Q is N -separable over
R, then the (R,Q × Z)-bimodule M := ψ∗N is such that Q × Z is M -semiseparable but
not M -separable over R. For instance, consider the Q-vector space N := Qn, with n > 1,
and take R := Q. Let us check that N is a (Q,Q)-bimodule such that Q is N -separable
over Q, with nq = qn for all n ∈ N, q ∈ Q. Since N is a free left Q-module, then it is a
generator. Moreover, E = EndQ(N) = EndQ(Qn) ∼= Mn(EndQ(Q)) ∼= Mn(Q) is a separable
Q-algebra. Therefore, by the corresponding of [83, Theorem 1(1)] for right modules (see
also Proposition 3.39 below), Q is N -separable over Q. Thus, the (Q,Q × Z)-bimodule
M := ψ∗N = Qn is such that Q × Z is M -semiseparable but not M -separable over Q.
For a direct computation by means of Definition 3.30, set m := (1, 0, . . . , 0) and define
f ∈ M∗ = HomQ×Z(Qn,Q×Z) by f(q1, . . . , qn) := (q1, 0). Then, f⊗Qm ∈ (M∗ ⊗QM)Q×Z

and for every m′ ∈ M one has m′f(m) = m′(1, 0) = m′ψ(1, 0) = m′.

In the next result we provide an explicit factorization as a bireflection followed by a
separable functor for the coinduction functor σ∗ attached to an (R,S)-bimodule M in case
it is semiseparable. By Corollary 2.71, this factorization is the one given by the coidentifier,
up to a category equivalence.

Proposition 3.38. [4, Proposition 3.24] Let M be an (R,S)-bimodule. The coinduction
functor σ∗ = HomS(M,−) : MS → MR is semiseparable if, and only if, there is an S-
coring I with a grouplike element z ∈ IS such that σ∗ ∼= σ̃∗◦GI , where σ̃∗ := HomI(M,−) :
MI → MR is separable and the induction functor GI := (−) ⊗S I : MS → MI is a
bireflection. Here M is in MI via ρM (m) = m⊗S z.

Proof. Assume that σ∗ is semiseparable. Then, by Theorem 3.31 S is M -separable over
R through some c := ∑

i fi ⊗R mi ∈ (M∗ ⊗R M)S . Since evM : M∗ ⊗R M → S is
a morphism of S-bimodules, then I := Im(evM ) is an ideal of S with multiplicative
identity z := evM (c) = ∑

i fi(mi). Indeed, for all s ∈ S, zs = evM (c)s = evM (cs) =
evM (sc) = sevM (c) = sz and hence z ∈ IS . For all m ∈ M,f ∈ M∗, we have zf(m) =∑
i f(m)fi(mi) = f(∑imfi(mi)) = f(m) and hence zi = i, for every i ∈ I. Moreover,

since the morphism φ : S → I, s 7→ sz, is a ring epimorphism, the map mI : I ⊗S I → I
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is bijective. Thus, we can consider ∆I := m−1
I : I → I ⊗S I, ∆I(i) = i ⊗S z = z ⊗S i,

so that (I,∆I , εI) becomes an S-coring, where εI : I ↪→ S is the canonical inclusion. By
the foregoing z ∈ IS and, for every i ∈ I, we have εI(i)z = iz = i. By what we recalled
in Proposition 1.50, the induction functor GI := (−) ⊗S I : MS → MI is naturally full.
Consider its left adjoint, the forgetful functor FI : MI → MS , and the corresponding
unit η defined on each N in MI by ηN := ρN : N → N ⊗S I. Given n ∈ N write
ρN (n) = ∑

t nt⊗S it. By applying N⊗SεI we get n = ∑
t ntit. Thus, ρN (n) = ∑

t nt⊗S it =∑
t nt ⊗S itz = ∑

t ntit ⊗S z = n⊗S z. We have so proved that ρN (n) = n⊗S z, for every
n ∈ N . By applying N ⊗S εI to this equality we get n = nz, for every n ∈ N . Therefore,
ρN is invertible with inverse given by n ⊗S i 7→ ni, and then the unit η of FI ⊣ GI is
invertible, i.e. GI is a coreflection. By Corollary 2.64, GI is a bireflection. As in [42,
Example 4.3], we can consider the functor σ̃∗ := (−) ⊗RM : MR → MI . By [24, 18.10.2]
we have that σ̃∗ ⊣ σ̃∗ = HomI(M,−), with unit and counit given by

η̃X : X → HomI(M,X ⊗RM), x 7→ [m 7→ x⊗R m],
ϵ̃Y : HomI(M,Y ) ⊗RM → Y, f ⊗R m 7→ f(m),

respectively. Thus, by (Rafael) Theorem 1.18, σ̃∗ is separable if, and only if, there is
a natural transformation γ̃ : Id → σ̃∗σ̃∗ such that ϵ̃ ◦ γ̃ = Id. For Y in MI , define
γ̃Y : Y → HomI(M,Y ) ⊗R M, y 7→

∑
i yfi(−) ⊗R mi. It is easy to check it defines a

natural transformation γ̃ : Id → σ̃∗σ̃∗. Moreover, ϵ̃Y γ̃Y (y) = ∑
i yfi(mi) = yz but we

already proved that yz = y, hence ϵ̃ ◦ γ̃ = Id, so σ̃∗ is separable. Let us check that
G ∼= σ̃∗ ◦GI . Note that φ◦εI = IdI and both φ and εI are left S-linear. As a consequence,
I is projective, whence flat, as a left S-module. Thus, by [24, 22.12] applied in case D is
the S-coring S, for every N in MR we have a functorial isomorphism of abelian groups

σ̃∗GI(N) = HomI(M,N ⊗S I) → HomS(M,N) = σ∗(N), f 7→ (N ⊗S εI) ◦ f.

This isomorphism is easily checked to be right R-linear. Thus, it yields σ̃∗ ◦ GI ∼= σ∗ as
desired. Conversely, if σ∗ ∼= σ̃∗ ◦ GI , where GI is a bireflection, whence naturally full by
Corollary 2.64, and σ̃∗ is separable, then σ∗ is semiseparable in view of Lemma 2.6 ii).

3.4.1 Projective and finitely generated bimodules

Given an (R,S)-bimodule M , in order to characterize the semiseparability of the in-
duction functor σ∗ = (−) ⊗R M : MR → MS we need, as in the separable case, the
further assumption that MS is finitely generated and projective, see Proposition 1.57. We
consider the setting of Example 1.72 and the diagram (1.24)

(MS)σ∗σ∗ ∼= MC ⊥
F //MS

Kσ∗σ∗

��

G=(−)⊗SC
oo

σ∗=(−)⊗SM
∗

��
MR

Kσ∗σ∗

^^

σ∗=(−)⊗RM

OO

⊣

⊥
φ∗=(−)⊗RE //ME ∼= (MR)σ∗σ∗ ,

φ∗
oo

where the right adjoint of σ∗ is given by σ∗ = (−) ⊗S M
∗ : MS → MR, and C is the

comatrix S-coring M∗ ⊗RM . In the next result we obtain a further characterization for
the semiseparability of σ∗.
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Proposition 3.39. [4, Proposition 3.26] In the setting of Example 1.72, the following
assertions are equivalent:

(i) S is M -semiseparable over R;

(ii) σ∗ = (−) ⊗S M
∗ : MS → MR is semiseparable;

(iii) the comatrix S-coring C is semicosplit;

(iv) there exists an invariant element z ∈ CS such that for every c ∈ C, c = εC(z)c, where
εC is the counit of the comatrix S-coring C;

(v) φ∗ : ME → MR is separable (that is, E/R is separable) and Kσ∗σ∗ is naturally full.

Proof. (i) ⇔ (ii). It is Theorem 3.31.
(ii) ⇔ (iii). By Remark 1.78 iii), σ∗ is semiseparable if and only if so is V σ∗σ∗ = G.
(iii) ⇔ (iv). It follows by Theorem 3.24.
(ii) ⇔ (v). It follows by Theorem 2.47 ii) applied to the adjunction (σ∗, σ∗).

We now obtain the announced characterization of the semiseparability of σ∗.

Proposition 3.40. [4, Proposition 3.27] In the setting of Example 1.72, the following
assertions are equivalent:

(i) σ∗ = (−) ⊗RM : MR → MS is semiseparable;

(ii) φ∗ = (−) ⊗R E : MR → ME is semiseparable;

(iii) there exists an E ∈ RHomR(E , R) such that φE(1E) = 1E ;

(iv) the forgetful functor F : MC → MS is separable (i.e., C is coseparable) and Kσ∗σ∗

is naturally full.

Proof. (i) ⇔ (ii). By Remark 1.78 iv), σ∗ is semiseparable if and only if so is Vσ∗σ∗ = φ∗.
(ii) ⇔ (iii). It follows by Proposition 3.1.
(i) ⇔ (iv). It follows by Theorem 2.47 ii) applied to the adjunction (σ∗, σ∗).

As a particular case of Example 1.72, given a morphism of rings φ : R → S, the
(R,S)-bimodule M := RSS , with left action induced by φ, is trivially finitely generated
and projective as a right S-module, see Remark 1.59. In this case σ∗ = (−) ⊗R S = φ∗ :
MS → MR is the extension of scalars functor. As a consequence, the right adjoint σ∗
of σ∗ is isomorphic to the restriction of scalars functor φ∗ : MS → MR and since it is
faithful, it follows that S is S-semiseparable over R if, and only if, S is S-separable over
R. Moreover, in this case we have that the comatrix S-coring C is the Sweedler coring
S ⊗R S, E = EndS(M) ∼= M ⊗S M

∗ ∼= S, Kφ∗φ∗ = IdMS
, i.e. φ∗ is strictly monadic,

and Kφ∗φ∗ = (−) ⊗R S : MR → MC . Consider the induction functor G = (−) ⊗S C :
MS → MC and the forgetful functor F : MC → MS . In this setting, as a consequence of
Proposition 3.39 and Proposition 3.40 the following corollaries relate the functors φ∗, φ∗,
F , G and the Sweedler coring C.

Corollary 3.41. [4, Corollary 3.29] In the above setting, the following assertions are
equivalent:

(i) S is S-separable over R;

(ii) φ∗ : MS → MR is separable, i.e. S/R is separable;
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(iii) the Sweedler S-coring S ⊗R S is semicosplit;

(iv) S/R has a separability idempotent.

Corollary 3.42. [4, Corollary 3.30] In the above setting, the following assertions are
equivalent:

(i) φ∗ is semiseparable;

(ii) there exists an E ∈ RHomR(S,R) such that φE(1S) = 1S;

(iii) F is separable (that is, the Sweedler S-coring S ⊗R S is coseparable) and Kφ∗φ∗ is
naturally full.

Remark 3.43. In Corollary 3.41 the equivalence between (i), (ii) and (iv) is Proposition
1.40 i). Since the coring counit εC is the multiplication S ⊗R S → S and we can choose
c = 1S⊗R1S ∈ C, the existence of z ∈ CS such that c = εC(z)c, for every c ∈ C, is equivalent
to the existence of z ∈ CS such that 1S = εC(z), i.e. of a separability idempotent of S/R.
In Corollary 3.42 the equivalence between (i) and (ii) is Proposition 3.1 ii), while the
equivalence between (i) and (iii) is Theorem 2.47 ii) applied to the adjunction (φ∗, φ∗).

3.5 Right Hopf algebras
Let B be a bialgebra over a field k, let M denote the category of vector spaces over k

and let MB
B denote the category of right Hopf modules over B. Consider the coinvariant

functor (−)coB : MB
B → M which is defined, for every object M in MB

B, by setting
M coB := {m ∈ M | ρM (m) = m ⊗ 1B}. It is known that it fits into an adjoint triple
(−)B ⊣ (−) ⊗B ⊣ (−)coB, see e.g. [79, Section 3], where MB = M

MB+ and B+ = ker(εB).
The unit and counit are given by

ηM : M → M
B ⊗B, m 7→

∑
m0 ⊗m1, ϵV : (V ⊗B)B

∼=→ V, v ⊗ b 7→ vεB (b)

νV : V
∼=→ (V ⊗B)coB , v 7→ v ⊗ 1B, θM : M coB ⊗B → M, m⊗ b 7→ mb.

By Proposition 2.41, the functor (−)coB is semiseparable (resp., separable, naturally full)
if and only if so is (−)B. Moreover, by [19, Proposition 3.4.1], the functor (−) ⊗B is fully
faithful so that (−)coB is a coreflection. Thus, by Corollary 2.64 it follows that (−)coB is
semiseparable if, and only if, it is naturally full if, and only if, it is Frobenius.

We now characterize the semiseparability of (−)coB. Note that there is a natural
transformation σ : (−)coB → (−)B defined on components by σM : M coB → M

B
,m 7→

m := m+MB+, see [79, Section 3].

Theorem 3.44. [4, Theorem 3.31] Let B be a bialgebra over a field k and consider the
coinvariant functor (−)coB : MB

B → M. The following assertions are equivalent:

(i) (−)coB is semiseparable;

(ii) B is a right Hopf algebra with anti-multiplicative and anti-comultiplicative right an-
tipode;

(iii) the canonical natural transformation σ : (−)coB → (−)B is invertible;

(iv) the canonical natural transformation σ : (−)coB → (−)B is split-mono.
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Proof. (i) ⇔ (ii). We noticed that (−)coB is semiseparable if and only if it is Frobenius.
Moreover, (−)coB is Frobenius if and only if the natural transformation σ is invertible, c.f.
[79, Lemma 2.3] applied to the adjoint triple (−)B ⊣ (−) ⊗B ⊣ (−)coB.
(ii) ⇔ (iii). The equivalence follows by [79, Theorem 3.7].
(i) ⇔ (iii) ⇔ (iv). It follows from Proposition 2.68.

Remark 3.45. The equivalence (i) ⇔ (ii) in the previous result is an analogue of (1) ⇔ (6)
in [79, Theorem 3.13] for semiseparability.
Remark 3.46. [4, Remark 3.32] The functor (−)coB : MB

B → M fits into an adjoint triple
(−)B ⊣ (−) ⊗B ⊣ (−)coB. Thus, (−)coB is Frobenius if, and only if, (−)coB ⊣ (−) ⊗B if,
and only if, (−)B ∼= (−)coB. Note that there are bialgebras B which are not right Hopf
algebras and hence (−)coB needs not to be a Frobenius functor in general. For instance,
let G be a monoid and consider the monoid algebra B = kG over a field k. If B is a right
Hopf algebra, then it has a right antipode SB : B → B and hence, for every x ∈ G, one
has xSB (x) = ∑

x(1)SB
(
x(2)

)
= εB (x) 1B = 1G. In particular, each element in G is right

invertible and hence G must be a group, which is not always the case. Moreover, see [79,
Example 3.9], there are bialgebras B satisfying the equivalent conditions of Theorem 3.44
that are not Hopf algebras, i.e. such that the coreflection (−)coB is semiseparable but not
separable. Indeed, B is a Hopf algebra if, and only if, (−)coB is an equivalence if, and only
if, it is separable, cf. Remark 2.65.
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Chapter 4

Semifunctors and semifullness

The notion of semifunctor between categories, due to S. Hayashi (1985), is defined
as a functor that does not necessarily preserve identities. In this chapter we present the
results investigated in [21]. We show how several properties of functors, such as fullness,
full faithfulness, (semi)separability, natural fullness, can be formulated for semifunctors.
Since a full semifunctor is actually a functor, we introduce a notion of semifullness (and
then semifull faithfulness and natural semifullness) for semifunctors. We derive these con-
ditions from requirements on the hom-set components associated with a semifunctor, that
we refer to as “semisplitting properties” for seminatural transformations and we investi-
gate the corresponding properties for morphisms whose source or target is the image of a
semifunctor. We characterize these properties for semifunctors that are part of a semiad-
junction in terms of semisplitting conditions for the unit and counit of the semiadjunction.
We provide examples of semifunctors studied with respect to these notions.

4.1 Semifunctors and semiadjunctions

The notion of semifunctor between categories was investigated by S. Hayashi in [46], in
order to develop a categorical semantics for non-extensional typed lambda calculus. This
notion also appeared in [38] under the name of weak functor and in [40, 1.284] under the
name of prefunctor.

In this section we recall mainly from [46] and [52] the notions of semifunctor, seminat-
ural transformation, natural semi-isomorphism and semiadjunction.

Definition 4.1. [46, Definition 1.1] Let C and D be categories. A semifunctor F : C → D
is the datum of an object map Obj(C) → Obj(D), X 7→ F (X), between the classes of
objects of C and D, and of a morphism map FX,Y : HomC(X,Y ) → HomD(F (X), F (Y )),
f 7→ F (f), for every pair of objects X,Y in C, preserving compositions, i.e. F (g ◦ f) =
F (g) ◦ F (f), for every pair of composable morphisms f : X → Y , g : Y → Z in C.

The image of an identity morphism IdX through a semifunctor F : C → D is an
idempotent morphism in D as F (IdX) = F (IdX ◦ IdX) = F (IdX) ◦ F (IdX).
Remark 4.2. The composite of a semifunctor with a functor is a semifunctor.
There is a related notion of morphism between semifunctors. As in the functorial case,
a natural transformation α : F → F ′ between semifunctors F, F ′ : C → D is defined
as a family (αX : FX → F ′X)X∈C of morphisms in D such that αX′ ◦ Ff = F ′f ◦
αX for any morphism f : X → X ′ in C. Given a semifunctor F : C → D, there is a
natural transformation F Id : F → F with components F IdX : FX → FX and a natural
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transformation IdF : F → F with components IdFX : FX → FX. Note that F Id ̸= IdF
in general, unless F is a functor.

Definition 4.3. [52, Definition 2.4] A seminatural transformation α : F → F ′ between
semifunctors F, F ′ : C → D is a natural transformation with the additional property that,
for every X in C, αX ◦ F IdX = αX .

Remark 4.4. Note that, by naturality of α, the condition αX ◦F IdX = αX in Definition 4.3
is equivalent to F ′IdX ◦ αX = αX . If (at least) one of the semifunctors F, F ′ is a functor,
then the notions of natural transformation and seminatural transformation coincide, see
[52, Theorem 2.5].
Remark 4.5. Let F : C → D, G : D → C be semifunctors. We observe that for any
natural transformation α : GF → IdC with codomain the identity functor (it is indeed a
seminatural transformation), we have α◦GIdF = α◦GF Id◦GIdF = α◦G(F Id◦IdF ) = α◦
GF Id = α. Analogously, for any (semi)natural transformation α : IdC → GF with domain
the identity functor, we have GIdF ◦α = GIdF ◦GF Id◦α = G(IdF ◦F Id)◦α = GF Id◦α = α.

Semifunctors F, F ′ : C → D are said to be naturally semi-isomorphic if, and only if,
there are natural transformations α : F → F ′ and β : F ′ → F such that

i) α ◦ F Id = α; ii) β ◦ F ′Id = β; iii) α ◦ β = F ′Id; iv) β ◦ α = F Id.

In this case, α is said to be a natural semi-isomorphism [52, Subsection 2.2] and it is
denoted by F ∼=s F

′. Since its semi-inverse β is uniquely determined by α, it will be
usually written as α−1.

Definition 4.6. [21, Section 1.1] Let α : F → F ′ be a seminatural transformation between
semifunctors F, F ′ : C → D. We call α a
i) natural semisplit-mono if there exists a seminatural transformation β : F ′ → F

such that β ◦ α = F Id;

ii) natural semisplit-epi if there exists a seminatural transformation β : F ′ → F such
that α ◦ β = F ′Id.

Lemma 4.7. [21, Lemma 1.2] A seminatural transformation α : F → F ′ between semi-
functors F, F ′ is a natural semi-isomorphism if, and only if, α is both a natural semisplit-
mono and a natural semisplit-epi.

Proof. If α is a natural semi-isomorphism, then it is trivially both a natural semisplit-
mono and a natural semisplit-epi. Conversely, if α is a natural semisplit-mono and a
natural semisplit-epi, then there exists a seminatural transformation β : F ′ → F such
that β ◦ α = F Id and there is a seminatural transformation β′ : F ′ → F such that
α ◦ β′ = F ′Id. Note that β = β ◦ F ′Id = β ◦ α ◦ β′ = F Id ◦ β′ = β′, thus α is a natural
semi-isomorphism.

Moreover, α is a natural split-mono (resp., natural split-epi), if there exists a seminat-
ural transformation β : F ′ → F such that β ◦ α = IdF (resp., α ◦ β = IdF ′); α is a natural
isomorphism if there exists a seminatural transformation β : F ′ → F such that β◦α = IdF
and α ◦ β = IdF ′ .
Remark 4.8. Let α : F → F ′ be a seminatural transformation between semifunctors
F, F ′ : C → D. If F is a functor, then α is a natural semisplit-mono if, and only if, α
is a natural split-mono; if F ′ is a functor, then α is a natural semisplit-epi if, and only
if, α is a natural split-epi. If both F and F ′ are functors, then α : F → F ′ is a natural
semi-isomorphism if, and only if, α is a natural isomorphism.
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In Section 4.2 we will describe the corresponding “semisplitting properties” for the
component morphisms of a seminatural transformation.

4.1.1 Idempotent completion of a category

In this subsection we remind the idempotent completion construction which provides
a canonical way to turn semifunctors into functors.

An idempotent morphism e : X → X in C splits if there exist two morphisms h : X → Y
and k : Y → X in C such that e = k ◦ h and h ◦ k = IdY ; the category C is said to be
idempotent complete or Cauchy complete if all idempotents split.

Example 4.9. Any category equipped with (co)equalizers is idempotent complete, see
[52, Theorem 2.15], [19, Proposition 6.5.4].

Definition 4.10. The idempotent completion C♮ (also known under the names of Cauchy
completion [58] or Karoubi envelope [56]) of a category C is the category whose objects
are pairs (X, e), where X is an object in C and e : X → X is an idempotent morphism in
C, and a morphism f : (X, e) → (X ′, e′) in C♮ is a morphism f : X → X ′ in C such that
f = e′ ◦ f ◦ e (or equivalently, such that e′ ◦ f = f = f ◦ e).

Remark 4.11. i) Given (X, e) ∈ C♮, Id(X,e) ̸= IdX but Id(X,e) = e : (X, e) → (X, e).
ii) The category C♮ is idempotent complete.

There is a canonical functor

ιC : C → C♮, X 7→ (X, IdX), [f : X → Y ] 7→ [f : (X, IdX) → (Y, IdY )],

which is fully faithful; ιC is an equivalence if, and only if, C is idempotent complete. Any
semifunctor F : C → D induces a functor F ♮ : C♮ → D♮ such that

F ♮ (X, e) = (FX,Fe) , F ♮f = Ff.

In fact, F ♮Id(X,e) = Fe = Id(FX,Fe) = IdF ♮(X,e), as observed in [46, Definition 1.3]. Note
that in general ιD ◦ F ̸= F ♮ ◦ ιC , unless F is a functor. On the other hand, there is a
semifunctor υC : C♮ → C which maps an object (C, c) in C♮ to the underlying object C
and a morphism f : (C, c) → (C ′, c′) to the underlying morphism υCf : C → C ′ such that
c′ ◦υCf ◦ c = υCf . If G : C♮ → D♮ is a functor, then there is a semifunctor F : C → D given
as in the following lemma that will be helpful afterwards.

Lemma 4.12. (Cf. [53, proof of Theorem 1]) Let C and D be categories. Consider the
functor ιC : C → C♮ and the semifunctor υD : D♮ → D as above.

i) For every functor G : C♮ → D♮, then F := υD ◦G ◦ ιC : C → D is a semifunctor such
that F ♮ ∼= G.

ii) Given semifunctors F,G : C → D and a natural transformation α : F ♮ → G♮, then
β := υD ◦ α ◦ ιC : F → G is a seminatural transformation such that β♮ = α.

Lemma 4.13. (Cf. [52, Theorem 7.3]) A (semi)natural transformation α : F → F ′ of
semifunctors F, F ′ : C → D induces the natural transformation α♮ : F ♮ → (F ′)♮ with
components α♮(X,e) := αX ◦ Fe = F ′e ◦ αX .

Proof. For any morphism f : (X, e) → (X ′, e′) in C♮ we have that F ′♮f ◦ α♮(X,e) = F ′f ◦
F ′e ◦ αX = F ′(f ◦ e) ◦ αX = F ′(e′ ◦ f) ◦ αX = F ′e′ ◦ F ′f ◦ αX = F ′e′ ◦ αX′ ◦ Ff =
αX′ ◦ Fe′ ◦ Ff = α♮(X′,e′) ◦ F ♮f .
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We observe the following fact.

Proposition 4.14. Let F, F ′ : C → D be semifunctors.

i) If α : F → F ′ is a natural semisplit-mono, then α♮ is a natural split-mono; on
the other hand, if γ : F ♮ → F ′♮ is a natural split-mono, then there is a natural
semisplit-mono γ′ : F → F ′ such that γ = (γ′)♮.

ii) If α : F → F ′ is a natural semisplit-epi, then α♮ is a natural split-epi; on the other
hand, if γ : F ♮ → F ′♮ is a natural split-epi, then there is a natural semisplit-epi
γ′ : F → F ′ such that γ = (γ′)♮.

Proof. i). Assume that α is a natural semisplit-mono, i.e. there exists a seminatural
transformation β : F ′ → F such that β ◦ α = F Id. By Lemma 4.13 consider the natural
transformations α♮, β♮ given, for every (X, e) ∈ C♮, by α♮(X,e) := αX ◦ Fe = F ′e ◦ αX and
β♮(X,e) := βX ◦ F ′e = Fe ◦ βX , respectively. Then, for every (X, e) ∈ C♮, we have

β♮(X,e) ◦ α♮(X,e) = βX ◦ F ′e ◦ αX ◦ Fe = βX ◦ αX ◦ Fe ◦ Fe = F IdX ◦ Fe = Fe = Id(FX,Fe).

On the other hand, if γ : F ♮ → F ′♮ is a natural split-mono (i.e., there exists a natural
transformation ξ : F ′♮ → F ♮ such that ξ ◦ γ = IdF ♮), then define γ′ : F → F ′ by
γ′
X := γ(X,IdX) : FX → F ′X and ξ′ : F ′ → F by ξ′

X := ξ(X,IdX) : F ′X → FX, for every
X ∈ C. We have that

ξ′
X ◦ γ′

X = ξ(X,IdX) ◦ γ(X,IdX) = Id(FX,F IdX) = F IdX ,

for every X ∈ C, hence ξ′ ◦ γ′ = F Id. Moreover, γ′
X ◦ F IdX = γ(X,IdX) ◦ Id(FX,F IdX) =

γ(X,IdX) = γ′
X and ξ′

X ◦ F ′IdX = ξ(X,IdX) ◦ Id(F ′X,F ′IdX) = ξ(X,IdX) = ξ′
X , for every X ∈ C,

hence γ′, ξ′ are seminatural. Note that γ′ = υDγιC , so by Lemma 4.12 we have γ = (γ′)♮.
ii). It follows dually from i).

Corollary 4.15. [52, Theorem 2.12] Given semifunctors F, F ′ : C → D, F ∼=s F
′ is a

natural semi-isomorphism if, and only if, F ♮ ∼= (F ′)♮ is a natural isomorphism of functors.

Example 4.16. (Cf. [5, Example 3.3]) Let R be a ring and let RM be the category of
left R-modules. Denote by RMf and RMp the full subcategories of RM whose objects
are free left R-modules and projective left R-modules, respectively. Let Ψ : RMf →
RMp be the inclusion functor. By [56, Theorem 6.12, page 30], the functor Ψ induces
an equivalence Ψ′ : (RMf )♮ → RMp, (F, e) 7→ Im(e). This fact is well-known and, in
the finitely generated case, it is written explicitly in [56, Theorem 6.16]. For sake of
completeness we include here a proof. Let Ψ : (RMf )♮ → RMp be the functor defined
by (F, e) 7→ Im(e), where F is a free left R-module and e : F → F is an idempotent,
which splits as e = i ◦ p, where p : F → Im(e) is the canonical projection and the
inclusion map i : Im(e) → F is the induced section, i.e. p ◦ i = IdIm(e); to a given
morphism f : (F, e) → (F ′, e′) in (RMf )♮, Ψ assigns the composite morphism Ψ(f) =
p′ ◦ f ◦ i : Im(e) → Im(e′) of projective left R-modules, where the idempotent arrow
e′ : F ′ → F ′ splits as the canonical projection p′ : F ′ → Im(e′) followed by the inclusion
i′ : Im(e′) → F ′. It results that Ψ is an equivalence of categories. Indeed, given a morphism
h : Im(e) → Im(e′), we set f := i′hp. Then, e′fe = i′p′i′hpip = i′hp = f , so that we get
a morphism f : (F, e) → (F ′, e′) in (RMf )♮. Moreover, h = p′i′hpi = p′fi = Ψ(f), so
that Ψ is full. If f, g : (F, e) → (F ′, e′) are such that Ψ(f) = Ψ(g), then p′fi = p′gi and
hence f = e′fe = i′p′fip = i′p′gip = e′ge = g, thus Ψ is faithful. Given P projective,
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the canonical projection π : R(P ) → P, (rp)p∈P 7→
∑
p∈P rpp splits via some morphism

σ : P → R(P ) as P is projective. Then, Ψ(R(P ), σπ) = Im(σπ) = Im(σ) ∼= P , so that Ψ
is essentially surjective on objects. By [61, Theorem 1, page 93] this proves that Ψ is an
equivalence of categories.

The category Cats with categories as objects, semifunctors as arrows, and seminatural
transformations as 2-cells is a 2-category [52, Theorem 7.2]. Since any functor is in par-
ticular a semifunctor, there is an inclusion of the 2-category Cat of categories, functors
and natural transformations, in Cats. Conversely, the idempotent completion is a canon-
ical way to transform semifunctors into functors. In fact, the Karoubi envelope functor
κ : Cats → Cat, defined by κ(C) = C♮, κ(F ) = F ♮, for any category C and any semifunctor
F : C → D, is the right adjoint of the inclusion functor i : Cat → Cats (see [52, Theorem
2.10]). Moreover, as shown in [52, Theorem 7.3], κ is a 2-functor, sending any seminat-
ural transformation α into α♮, and it defines an equivalence of 2-categories between Cats
and the full 2-subcategory of Cat having idempotent complete categories as objects [53,
Theorem 1]. We recall the following.

Lemma 4.17. (See [50, Lemma 23], [52, Lemma 7.5]) For categories C, D, semifunctors
F,G : C → D, seminatural transformations α, β : F → G, the Karoubi envelope functor
fulfills the following properties:

i) κ(C) = κ(D), then C = D;

ii) κ(F ) = κ(G), then F = G;

iii) κ(α) = κ(β), then α = β.

Many standard properties for functors can be extended to semifunctors, as for instance
the notion of adjunction.

4.1.2 Semiadjunctions

Given the opposite category Cop of a category C and a semifunctor F : C → D, consider
the semifunctor

HomD(F−,−) : Cop × D → Set,

(C,D) 7→ HomD(FC,D), (f : C ′ → C, g : D → D′) 7→ HomD(Ff, g)(−) = g ◦ − ◦ Ff.

Since in general, for any morphism h : FC → D in D, HomD(F IdC , IdD)(h) = IdD ◦ h ◦
F IdC = h ◦ F IdC ̸= h, then HomD(F−,−) is really a semifunctor. Analogously, for a
semifunctor G : D → C one can consider the semifunctor HomC(−, G−) : Cop × D → Set.

Definition 4.18. [52, Definition 3.1] A semiadjunction is a triple (F : C → D, G : D →
C, τ), where F , G are semifunctors and τ : HomD(F−,−) → HomC(−, G−) is a natural
semi-isomorphism.

Equivalently, by [52, Theorem 3.10] a semiadjunction (F,G, η, ϵ) is the datum of semi-
functors F : C → D and G : D → C equipped with natural transformations η : IdC → GF
(unit) and ϵ : FG → IdD (counit) such that the “semitriangle” identities

Gϵ ◦ ηG = GId and ϵF ◦ Fη = F Id (4.1)

hold true, see also [50, Definition 22]. In particular, η and ϵ are indeed seminatural
transformations. We usually denote a semiadjunction (F,G, η, ϵ) by F ⊣s G. As in the
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functorial case, cf. (1.5), the natural semi-isomorphism τ is given, for all C ∈ C, D ∈ D,
by τC,D : HomD(FC,D) → HomC(C,GD),

τC,D(h) = G(h) ◦ ηC , (4.2)

for any morphism h : FC → D in D.
Remark 4.19. The semi-inverse σ : HomC(−, G−) → HomD(F−,−) of τ is given by

σC,D(g) = ϵD ◦ F (g), (4.3)

for any g : C → GD in C. In fact, for any C ∈ C, D ∈ D, we have that (τC,D ◦
HomD(F IdC , IdD))(h) = τC,D(IdD ◦ h ◦ F IdC) = τC,D(h ◦ F IdC) = Gh ◦ GF IdC ◦ ηC =
Gh◦ηC = τC,D(h), for every h : FC → D in D. Similarly, (σC,D ◦ HomC(IdC , GIdD))(g) =
σC,D(GIdD ◦ g ◦ IdC) = ϵD ◦ FGIdD ◦ Fg = ϵD ◦ Fg = σC,D(g), for every g : C → GD
in C. Moreover, for every g : C → GD in C we have that τC,DσC,D(g) = τC,D(ϵD ◦
Fg) = G(ϵD ◦ Fg) ◦ ηC = GϵD ◦ GFg ◦ ηC = GϵD ◦ ηGD ◦ g = GIdD ◦ g = GIdD ◦
g ◦ IdC = HomC(IdC , GIdD)(g), and for every morphism h : FC → D in D we have
that σC,DτC,D(h) = σC,D(Gh ◦ ηC) = ϵD ◦ FGh ◦ FηC = h ◦ ϵFC ◦ FηC = h ◦ F IdC =
IdD ◦ h ◦ F IdC = HomD(F IdC , IdD)(h). It is easy to see that τ and σ are natural.
Remark 4.20. Any adjunction of functors is trivially a semiadjunction, and if (F,G, η, ϵ) is
a semiadjunction, then (F ♮, G♮, η♮, ϵ♮) is an adjunction of functors [46, Theorem 1.9], with
unit and counit given on components respectively by

η♮(C,c) = ηC ◦ c : (C, c) → (GFC,GFc) , ϵ♮(D,d) = d ◦ ϵD : (FGD,FGd) → (D, d) .

More precisely, we state the following result.

Theorem 4.21. [52, Theorem 3.5] Let F : C → D, G : D → C be semifunctors. Then,
F ⊣s G if, and only if, F ♮ ⊣ G♮.

We observe the following fact.

Lemma 4.22. Let F : C → D, K : C → C be semifunctors. If there exists a (semi)natural
transformation α : K → IdC such that Fα is either a split-epi, or a split-mono, then F is
a functor.

Proof. Let α : K → IdC be a (semi)natural transformation such that Fα is split-epi, i.e.
there exists a (semi)natural transformation β : F → FK such that Fα ◦ β = IdF . Then,
for every X ∈ C, we have F IdX = F IdX ◦ IdFX = F IdX ◦FαX ◦ βX = FαX ◦ βX = IdFX ,
hence F is a functor. Similarly, if Fα is a split-mono, i.e. there exists a (semi)natural
transformation β : F → FK such that β ◦ Fα = IdF . Then, for every X ∈ C, we have
F IdX = IdFX ◦F IdX = βX ◦FαX ◦F IdX = βX ◦FαX = IdFX , hence F is a functor.

As a particular case, we have the next corollary, which we will use in Chapter 5.

Corollary 4.23. Let F : C → D, G : D → C be semifunctors.

i) If there exist (semi)natural transformations η : IdC → GF , ϵ : FG → IdD such that
Gϵ ◦ ηG = IdG, then G is a functor.

ii) If there exist (semi)natural transformations η : IdC → GF , ϵ : FG → IdD such that
ϵF ◦ Fη = IdF , then F is a functor.

An analogue of Proposition 1.17 can be shown for semifunctors.
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Proposition 4.24. Let F ⊣s G : D → C be a semiadjunction with unit η and counit ϵ.
Then, we have the following isomorphisms:

Nat(GF, IdC) ∼= Nat(HomD(F−, F−),HomC(−,−)), (4.4)
Nat(IdD, FG) ∼= Nat(HomC(G−, G−),HomD(−,−)). (4.5)

Remark 4.25. The natural transformations as in (4.4), (4.5) are actually seminatural trans-
formations.

Proof. Let ν : GF → IdC be a (semi)natural transformation. Define θ : HomD(F−, F−) →
HomC(−,−) by

θC,C′(g) = νC′ ◦Gg ◦ ηC , (4.6)

for any g : FC → FC ′ in D. The naturality of θ follows as in the functorial case. For
every C ∈ C, we have θGFC,C(ϵFC) = νC ◦ GϵFC ◦ ηGFC = νC ◦ GIdFC = νC , where
the last equality follows from Remark 4.5. Conversely, given a natural transformation
θ : HomD(F−, F−) → HomC(−,−), define ν : GF → IdC by

νC = θGFC,C(ϵFC) : GFC → C, (4.7)

for every C ∈ C. The naturality of ν follows from the naturality of θ. For any C,C ′ in C
and g : FC → FC ′ in D, by naturality of θ, we have

νC′ ◦Gg ◦ ηC = θGFC′,C′(ϵFC′) ◦Gg ◦ ηC = θC,C′(ϵFC′ ◦ FGg ◦ FηC)
= θC,C′(g ◦ ϵFC ◦ FηC) = θC,C′(g ◦ F IdC) = θC,C′(g) ◦ IdC = θC,C′(g),

thus the correspondence between θ and ν is bijective.
The proof of (4.5) follows from (4.4) by duality arguments.

It is known that semiadjoint semifunctors are not unique up to isomorphism, but they
are unique up to natural semi-isomorphism, cf. [52, Theorem 3.6]. We include a proof for
completeness sake. Cf. e.g. [28, Proof of Proposition 9] for the case of functors.

Proposition 4.26. [21, Proposition 1.4]

i) Let F ⊣s G, F ⊣s G
′ be semiadjunctions of semifunctors. Then, G and G′ are

naturally semi-isomorphic.

ii) Let F ⊣s G, F ′ ⊣s G be semiadjunctions of semifunctors. Then, F and F ′ are
naturally semi-isomorphic.

Proof. i). Let F ⊣s G, F ⊣s G
′ be semiadjunctions with units η, η′, and counits ϵ, ϵ′,

respectively. Consider γ := G′ϵ ◦ η′G : G → G′ and γ′ := Gϵ′ ◦ ηG′ : G′ → G. Note that
γ ◦GId = G′ϵ ◦ η′G ◦GId = G′ϵ ◦G′FGId ◦ η′G = G′(ϵ ◦FGId) ◦ η′G = G′ϵ ◦ η′G = γ, and
γ′ ◦G′Id = Gϵ′ ◦ ηG′ ◦G′Id = Gϵ′ ◦GFG′Id ◦ ηG′ = G(ϵ′ ◦ FG′Id) ◦ ηG′ = Gϵ′ ◦ ηG′ = γ′.
Moreover, γ and γ′ are natural as they are composition of natural transformations, so
they are seminatural transformations. From naturality of η it follows that ηG′ ◦ G′ϵ =
GFG′ϵ ◦ ηG′FG and ηG′FG ◦ η′G = GFη′G ◦ ηG, and from naturality of ϵ′ it follows that
Gϵ ◦Gϵ′FG = Gϵ′ ◦GFG′ϵ. Then, we obtain

γ′ ◦ γ = Gϵ′ ◦ ηG′ ◦G′ϵ ◦ η′G = Gϵ′ ◦GFG′ϵ ◦ ηG′FG ◦ η′G

= Gϵ ◦Gϵ′FG ◦GFη′G ◦ ηG = Gϵ ◦GF IdG ◦ ηG = Gϵ ◦ ηG = GId.
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Similarly, from naturality of η′ and ϵ, we have

γ ◦ γ′ = G′ϵ ◦ η′G ◦Gϵ′ ◦ ηG′ = G′ϵ ◦G′FGϵ′ ◦ η′GFG′ ◦ ηG′

= G′ϵ′ ◦G′ϵFG′ ◦G′FηG′ ◦ η′G′ = G′ϵ′ ◦G′F IdG′ ◦ η′G′ = G′ϵ′ ◦ η′G′ = G′Id.

ii). It follows dually from i).

In [52] the terminology of right (resp., left) semiadjoint is used to denote a semifunctor
G (resp., F ) that is part of a semiadjunction F ⊣s G, that is, both semitriangle identities
(4.1) hold true. In the following definition we adopt the same terminology with a weaker
meaning, inspired by [66, Definition 1.3] for functors.

Definition 4.27. [21, Definition 1.5] We say that:

i) a semifunctor G : D → C is a right semiadjoint if there exist a semifunctor F : C → D
and seminatural transformations η : IdC → GF and ϵ : FG → IdD, such that
Gϵ ◦ ηG = GId;

ii) a semifunctor F : C → D is a left semiadjoint if there exist a semifunctor G : D → C
and seminatural transformations η : IdC → GF and ϵ : FG → IdD, such that
ϵF ◦ Fη = F Id.

Remark 4.28. In a semiadjunction F ⊣s G, F is a left semiadjoint and G is a right
semiadjoint.

Now we show that a right (resp., left) semiadjoint is actually part of a semiadjunction.
In particular, we have the following characterization of left and right semiadjoints.

Proposition 4.29. [21, Proposition 1.7]

i) A semifunctor G : D → C is a right semiadjoint if, and only if, there is a semifunctor
F ′ : C → D (unique up to natural semi-isomorphism), such that F ′ ⊣s G is a
semiadjunction.

ii) A semifunctor F : C → D is a left semiadjoint if, and only if, there is a semifunctor
G′ : D → C (unique up to natural semi-isomorphism), such that F ⊣s G′ is a
semiadjunction.

Proof. i). If F ′ ⊣s G is a semiadjunction, then by Remark 4.28 the semifunctor G is a right
semiadjoint and F ′ : C → D is a left semiadjoint. Conversely, if G is a right semiadjoint,
then there exist a semifunctor F : C → D and seminatural transformations η : IdC → GF
and ϵ : FG → IdD, such that Gϵ ◦ ηG = GId. Set e := ϵF ◦ Fη : F → F , which is
an idempotent seminatural transformation. Indeed, it is natural as it is composition of
natural transformations; for any X ∈ C we have eX ◦ F IdX = ϵFX ◦ FηX ◦ F IdX = ϵFX ◦
F (ηX ◦IdX) = ϵFX ◦FηX = eX and, cf. e.g. [66, Lemma 1.4(2)], e◦e = ϵF ◦Fη◦ϵF ◦Fη =
ϵF ◦ ϵFGF ◦ FGFη ◦ Fη = ϵF ◦ FGϵF ◦ FηGF ◦ Fη = ϵF ◦ FGIdF ◦ Fη = ϵF ◦ Fη = e.
Then, there is a semifunctor F ′ : C → D given by

F ′(X) = FX, F ′(f) = Ff ◦ eX = eY ◦ Ff,

for every X ∈ C, f : X → Y in C. Indeed, for every f : X → Y , g : Y → Z in C, we have
F ′g ◦F ′f = Fg ◦ eY ◦Ff ◦ eX = Fg ◦Ff ◦ eX ◦ eX = F (g ◦ f) ◦ eX = F ′ (g ◦ f), so that F ′

is a semifunctor. Now we show that (F ′, G, η′, ϵ′) is a semiadjunction where η′
C := ηC and

ϵ′D := ϵD, for every object C ∈ C and D ∈ D. Note that by the assumption Gϵ◦ηG = GId,
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we get ϵD ◦ eGD = ϵD ◦ ϵFGD ◦ FηGD = ϵD ◦ FGϵD ◦ FηGD = ϵD ◦ F (GϵD ◦ ηGD) =
ϵD ◦ FGIdD = ϵD, for every D ∈ D, so

ϵ ◦ eG = ϵ. (4.8)

For every D ∈ D, we have ϵ′D ◦F ′GIdD = ϵD ◦FGIdD ◦eGD
(4.8)= ϵD ◦eGD ◦FGIdD ◦eGD =

ϵD ◦ eGD ◦ eGD ◦ FGIdD = ϵD ◦ eGD ◦ FGIdD
(4.8)= ϵD ◦ FGIdD = ϵD = ϵ′D, and for every

morphism f : D → D′ in D we have ϵ′D′ ◦ F ′Gf = ϵD′ ◦ FGf ◦ eGD = f ◦ ϵD ◦ eGD
(4.8)=

f ◦ϵD = f ◦ϵ′D, so that ϵ′ := (ϵD)D∈D : F ′G → IdD is indeed a seminatural transformation.
For every object C in C, it holds η′

C ◦ IdC (IdC) = η′
C ◦ IdC = η′

C , and for every morphism
f : X → Y in C we have

GF ′f◦η′
X = G (Ff ◦ eX) ◦ ηX = G (eY ◦ Ff) ◦ ηX = GeY ◦GFf ◦ ηX
= G(ϵFY ◦ FηY ) ◦GFf ◦ ηX = GϵFY ◦ (GFηY ◦ ηY ) ◦ f = GϵFY ◦ ηGFY ◦ ηY ◦ f
= GIdFY ◦GFf ◦ ηX = G(IdFY ◦ Ff) ◦ ηX = GFf ◦ ηX = ηY ◦ f = η′

Y ◦ f,

so that η′ := (ηC)C∈C : IdC → GF ′ is indeed a seminatural transformation. Thus, from
Gϵ′D ◦ η′

GD = GϵD ◦ ηGD = GIdD and ϵ′F ′C ◦ F ′η′
C = ϵFC ◦ F ′ηC = ϵFC ◦ FηC ◦ eC =

eC ◦ eC = eC = F IdC ◦ eC = F ′IdC , it follows that (F ′, G, η′, ϵ′) is a semiadjunction. By
Proposition 4.26 ii), F ′ is unique up to natural semi-isomorphism.

ii). It is dual to i).

As a particular case, in the functorial case we retrieve the following [5, Lemma 2.16].

Lemma 4.30. Let F : C → D and G : D → C be functors endowed with natural transfor-
mations η : IdC → GF and ϵ : FG → IdD.

i) If Gϵ ◦ ηG = IdG, then there is a semifunctor F ′ : C → D, that acts as F on objects,
such that (F ′, G) is a semiadjunction.

ii) If ϵF ◦Fη = IdF , then there is a semifunctor G′ : D → C, that acts as G on objects,
such that (F,G′) is a semiadjunction.

We observe that any functor whose completion has an adjoint is part of a semiadjunc-
tion.

Lemma 4.31. [5, Lemma 2.15] The following assertions hold true.

i) Any functor G whose completion has a left adjoint is part of a semiadjunction (F,G).

ii) Any functor F whose completion has a right adjoint is part of a semiadjunction
(F,G).

Proof. i). Let G : D → C be a functor whose completion G♮ : D♮ → C♮ has a left adjoint
L : C♮ → D♮. From Lemma 4.12, there exists a semifunctor F : C → D such that F ♮ ∼= L,
hence F ♮ ⊣ G♮. Thus, by Theorem 4.21 it follows that (F,G) is a semiadjunction.
ii). It is proved similarly.

The notion of right (resp., left) semiadjoint is stable under composition.

Proposition 4.32. [21, Proposition 1.8]

i) Given two right semiadjoints G : D → C and G′ : E → D, then the composite
semifunctor G ◦G′ : E → C is a right semiadjoint.
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ii) Given two left semiadjoints F : C → D and F ′ : D → E, then the composite semi-
functor F ′ ◦ F : C → E is a left semiadjoint.

Proof. i). If G : D → C and G′ : E → D are right semiadjoints, then by definition
there exist a semifunctor F : C → D and seminatural transformations η : IdC → GF and
ϵ : FG → IdD, such that Gϵ ◦ ηG = GId, and there exist a semifunctor F ′ : D → E and
seminatural transformations η′ : IdD → G′F ′ and ϵ′ : F ′G′ → IdE , such that G′ϵ′ ◦ η′G′ =
G′Id, respectively. Set η̄ := Gη′F ◦η and ϵ̄ := ϵ′ ◦F ′ϵG′. We now show that the composite
G ◦ G′ : E → C is a right semiadjoint through the semifunctor F ′ ◦ F : C → E and the
seminatural transformations η̄ : IdC → GG′F ′F and ϵ̄ : F ′FGG′ → IdE . Indeed, we have

GG′ϵ̄ ◦ η̄GG′ = GG′ϵ′ ◦GG′F ′ϵG′ ◦Gη′FGG′ ◦ ηGG′ = G(G′ϵ′ ◦G′F ′ϵG′ ◦ η′FGG′) ◦ ηGG′

= G(G′ϵ′ ◦ η′G′ ◦ ϵG′) ◦ ηGG′ = G(G′Id ◦ ϵG′) ◦ ηGG′ = GG′Id ◦GϵG′ ◦ ηGG′

= GG′Id ◦ (Gϵ ◦ ηG)G′ = GG′Id ◦GIdG′ = G(G′Id ◦ IdG′) = GG′Id.

ii). At the same way, if F : C → D and F ′ : D → E are left semiadjoints, then by definition
there exist a semifunctor G : D → C and seminatural transformations η : IdC → GF and
ϵ : FG → IdD, such that ϵF ◦ Fη = F Id, and there exist a semifunctor G′ : E → D and
seminatural transformations η′ : IdD → G′F ′ and ϵ′ : F ′G′ → IdE , such that ϵ′F ′ ◦ F ′η′ =
F ′Id, respectively. By setting again η̄ := Gη′F ◦ η and ϵ̄ := ϵ′ ◦ F ′ϵG′, it holds that
ϵ̄F ′F ◦ F ′F η̄ = F ′F Id, hence F ′ ◦ F : C → E is a left semiadjoint. In fact, we have that

ϵ̄F ′F◦F ′F η̄ = ϵ′F ′F ◦ F ′ϵG′F ′F ◦ F ′FGη′F ◦ F ′Fη = (ϵ′F ′ ◦ F ′ϵG′F ′ ◦ F ′FGη′)F ◦ F ′Fη

= (ϵ′F ′ ◦ F ′η′ ◦ F ′ϵ)F ◦ F ′Fη = (F ′Id ◦ F ′ϵ)F ◦ F ′Fη = F ′ϵF ◦ F ′Fη = F ′F Id.

Similarly to the case of adjunctions of functors (cf. [61, IV.8, Theorem 1]), as pointed
out in [53, page 4], semiadjunctions remain stable under composition.

Corollary 4.33. [21, Corollary 1.9] Given semiadjunctions (F ⊣s G : D → C, η, ϵ) and
(F ′ ⊣s G

′ : E → D, η′, ϵ′), then also (F ′F ⊣s GG
′ : E → C, Gη′F ◦ η, ϵ′ ◦ F ′ϵG′) is a semi-

adjunction.

Proof. By Remark 4.28 G and G′ are right semiadjoints through F, η, ϵ and F ′, η′, ϵ′,
respectively, and F , F ′ are left semiadjoints through G, η, ϵ and G′, η′, ϵ′, respectively.
Then, by the proof of Proposition 4.32 we know that GG′ϵ̄ ◦ η̄GG′ = GG′Id and ϵ̄F ′F ◦
F ′F η̄ = F ′F Id, where η̄ := Gη′F ◦η : IdC → GG′F ′F and ϵ̄ := ϵ′ ◦F ′ϵG′ : F ′FGG′ → IdE ,
thus F ′F ⊣s GG

′ is a semiadjunction with unit η̄ and counit ϵ̄.

An idempotent (semi)natural transformation on the identity functor on a category
allows to obtain a canonical semiadjunction of semifunctors.

Proposition 4.34. [21, Proposition 1.10] Given a category C, any idempotent (semi)natural
transformation e = (eX)X∈C : IdC → IdC defines an idempotent endosemifunctor Ee : C →
C, which is self-semiadjoint, i.e. Ee ⊣s E

e. Conversely, any semifunctor which is self-
semiadjoint defines an idempotent seminatural transformation.

Proof. Given the idempotent seminatural transformation e : IdC → IdC , consider the
assignment

X 7→ X, [f : X → Y ] 7→ f ◦ eX = eY ◦ f,

for any object X ∈ C and for any morphism f in C. It defines a semifunctor Ee : C → C.
In fact, given morphisms f : X → Y , g : Y → Z in C, we have that Ee(g ◦f) = g ◦f ◦eX =
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g ◦ (f ◦ eX) ◦ eX = g ◦ eY ◦ f ◦ eX = Ee(g) ◦Ee(f) but Ee(IdX) = IdX ◦ eX = eX , which is
not necessarily IdX . Note that Ee is idempotent as for every X ∈ C, f : X → Y in C one
has EeEe(X) = X = Ee(X) and EeEe(f) = Ee(f ◦ eX) = f ◦ eX ◦ eX = f ◦ eX = Ee(f).
We show that Ee ⊣s E

e is a semiadjunction with unit ηe : IdC → EeEe, ηeX = eX , and
counit ϵe : EeEe → IdC , ϵeX = eX , for every X ∈ C. Indeed, we have EeϵeX ◦ ηeEeX =
Ee(eX) ◦ ηeX = eX ◦ eX ◦ eX = eX = EeIdX , and ϵeEeX ◦ EeηeX = eX ◦ ηeX ◦ eX =
eX ◦ eX ◦ eX = eX = EeIdX . Conversely, if E : C → C is a self-semiadjoint semifunctor,
then there exist seminatural transformations η : IdC → EE and ϵ : EE → IdC , such
that Eϵ ◦ ηE = EId and ϵE ◦ Eη = EId. As in the proof of Proposition 4.29, set
e := ϵE ◦ Eη : E → E, which is an idempotent seminatural transformation. Indeed,
it is natural as it is composition of natural transformations; for every X ∈ C, we have
eX ◦ E(IdX) = ϵEX ◦ EηX ◦ E(IdX) = ϵEX ◦ E(ηX ◦ IdX) = ϵEX ◦ EηX = eX and
e ◦ e = EId ◦ EId = EId = e.

Definition 4.35. [21, Definition 1.11] We call the semifunctor Ee given as in Proposition
4.34 the canonical semifunctor attached to an idempotent seminatural transformation
e = (eX)X∈C : IdC → IdC on a category C.

Example 4.36. i) Given a category C, if e = IdIdC : IdC → IdC , then Ee : C → C is
the identity functor on C.

ii) We recall from [75, Section 1.7] that a category C is called a category with zero
morphisms if there is a family {0XY ∈ HomC(X,Y ), for allX,Y ∈ C} such that
f ◦ 0XY = 0XZ and 0Y Z ◦ g = 0XZ , for every f : Y → Z, g : X → Y in C.
In particular, a category with a zero object (i.e., an object which is both initial
and terminal) is a category with zero morphisms. Let C be a category with zero
morphisms. Then, e := (0XX)X∈C , where 0XX is the zero morphism on X, is an
idempotent natural transformation. Indeed, eX is clearly idempotent and for every
f : X → Y in C we have f ◦ eX = f ◦ 0XX = 0XY = 0Y Y ◦ f = eY ◦ f . In this case,
the semifunctor Ee : C → C is given by X 7→ X, f 7→ 0XY , for every X ∈ C and
f : X → Y in C.

As a consequence of Corollary 4.33 and Proposition 4.34, given a (semi)adjunction of
(semi)functors and an idempotent seminatural transformation, we can obtain another
semiadjunction of semifunctors as follows, cf. [21, Corollary 1.13].

Corollary 4.37. Let F ⊣s G : D → C be a semiadjunction with unit η and counit ϵ,
and let e : IdC → IdC, e′ : IdD → IdD be idempotent seminatural transformations on the
categories C, D, respectively.

i) Consider the canonical semifunctor Ee : C → C. Then, F ′ := FEe : C → D and
G′ := EeG : D → C form a semiadjunction F ′ ⊣s G

′.

ii) Consider the canonical semifunctor Ee′ : D → D. Then, F ′′ := Ee
′
F : C → D and

G′′ := GEe
′ : D → C form a semiadjunction F ′′ ⊣s G

′′.

In Subsection 4.7.4 we will consider an instance of a semiadjunction as in the previous
corollary, constructed out of a morphism of rings. Let us make some further observations
about the semifunctor Ee.

Example 4.38. Given a category C and an idempotent natural transformation e : IdC →
IdC , in Subsection 2.1.2 we have seen that there is a canonical functor H : C → Ce into the
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coidentifier category Ce, acting as the identity on objects and as the canonical projection
on morphisms. Consider the semifunctor L : Ce → C defined by

L(X) = X, L(f̄) = eY ◦ f : X → Y,

for every X ∈ Ce, f̄ : X → Y in Ce. Note that it is really a semifunctor as LIdX =
eX ◦ IdX = eX ̸= IdLX = IdX and it is well defined as f̄ = ḡ if, and only if, eY ◦f = eY ◦g.
We observe that Ee = L ◦H. Indeed, LH(X) = X and LH(f) = L(f̄) = f ◦ eX , for every
X ∈ C, f : X → Y in C. In [5, Theorem 3.1] it is shown that L,H form a semiadjunction
L ⊣s H with unit η : IdCe → HL, ηX = IdX : X → HLX = X, for every X ∈ Ce,
and counit ϵ : LH → IdC , ϵY := eY : LHY = Y → Y , for every Y ∈ C. Explicitly, for
every f̄ : X → Y in Ce, we have HLf̄ ◦ ηX = H(eY ◦ f) ◦ IdX = HeY ◦ Hf ◦ HIdX =
IdHY ◦Hf ◦ IdHX = IdY ◦ f̄ = ηY ◦ f̄ , thus η is a seminatural transformation. The same
holds for ϵ, as ϵY ◦LHf = eY ◦Lf̄ = eY ◦ eY ◦ f = eY ◦ f = f ◦ eX = f ◦ ϵX . Moreover, for
every X ∈ C and Y ∈ Ce, we have the identities ϵLX ◦ LηX = eLX ◦ LIdX = eX ◦ LIdX =
eX ◦ eX ◦ IdX = eX ◦ IdX = LIdX and HϵY ◦ ηHY = HeY ◦ IdHY = HeY = IdHY = HIdY .
So L ⊣s H is a semiadjunction with unit η and counit ϵ.

Now we show that H ⊣s L : Ce → C is a semiadjunction as well. In fact, consider
the seminatural transformations η′ : IdC → LH, ϵ′ : HL → IdCe , given by η′

X := eX ,
for every X ∈ C, and ϵ′Y := IdY , for every Y ∈ Ce. For every f̄ : Y → Y ′ in Ce, we
have ϵ′Y ′ ◦ HLf̄ = IdY ′ ◦ H(eY ′ ◦ f) = HIdY ′ ◦ HeY ′ ◦ Hf = HIdY ′ ◦ HIdY ′ ◦ Hf =
Hf = Hf ◦ HIdY = f̄ ◦ IdY , and for every f : X → X ′ in C, LHf ◦ η′

X = Lf̄ ◦ eX =
eX′ ◦ f ◦ eX = eX′ ◦ eX′ ◦ f = eX′ ◦ f = ηX′ ◦ f , hence ϵ′ and η′ are natural. Moreover, for
every X ∈ C and Y ∈ Ce, we have ϵ′HX ◦ Hη′

X = IdHX ◦ HeX = HeX = IdHX = HIdX ,
and Lϵ′Y ◦ η′

LY = LIdY ◦ eLY = eY ◦ IdY ◦ eY = eY = LIdY , hence H ⊣s L : Ce → C is a
semiadjunction with unit η′ and counit ϵ′.

The previous example leads us to define the following notions for semifunctors. We
say that F ⊣s G ⊣s H : C → D is a semiadjoint triple if it is a triple of semifunctors
F,H : C → D and G : D → C such that F ⊣s G and G ⊣s H are semiadjunctions. We call
a semifunctor F : C → D Frobenius if there exists a semifunctor G : D → C such that both
F ⊣s G and G ⊣s F are semiadjunctions. Thus, a Frobenius semifunctor F : C → D fits
into a semiadjoint triple of the form G ⊣s F ⊣s G : D → C. Note that if F is a Frobenius
semifunctor, also G is a Frobenius semifunctor. Thus, L : Ce → C and H : C → Ce in
Example 4.38 are Frobenius semifunctors.
Remark 4.39. Any Frobenius functor is a Frobenius semifunctor. The converse does not
hold in general. For instance, the quotient functor H : C → Ce is a Frobenius semifunctor,
but in general it is not a Frobenius functor (as we will see in Remark 5.15). By Proposition
2.69 it is when e.g. e splits.

4.2 Semisplitting properties for morphisms
In this section we study semisplitting properties for morphisms whose source or target

is the image of a semifunctor. For semifunctors F : C → D, F ′ : C′ → D and objects C ∈ C,
C ′ ∈ C′, we recall from [21, Section 2] the notions of FC-semisplit-mono, FC-semisplit-epi,
(FC , F ′

C′)-semisplit-mono, (FC , F ′
C′)-semisplit-epi, (FC , F ′

C′)-semi-isomorphism.

Definition 4.40. Given a semifunctor F : C → D, we say that

• a morphism f : FC → D in D is an FC-semisplit-mono if there exists a morphism
g : D → FC in D such that g ◦ f = F IdC ;
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• a morphism f : D → FC in D is an FC-semisplit-epi if there exists a morphism
g : FC → D in D such that f ◦ g = F IdC .

Remark 4.41. i) For every object C in C we have that F IdC ◦F IdC = F IdC , so F IdC :
FC → FC is both an FC-semisplit-mono and an FC-semisplit-epi.

ii) If f : FC → D is an FC-semisplit-mono, then the morphism g : D → FC in D such
that g ◦ f = F IdC is an FC-semisplit-epi. On the other hand, if f : D → FC is an
FC-semisplit-epi through g : FC → D, then g is an FC-semisplit-mono. Note that
in case F is a functor, then f : FC → D is an FC-semisplit-mono if, and only if, it is
a split-mono, i.e. there exists a morphism g : D → FC in D such that g ◦ f = IdFC ;
analogously, in case F is a functor, f is an FC-semisplit-epi if, and only if, it is a
split-epi, i.e. there exists a morphism g : FC → D in D such that f ◦ g = IdFC .

Proposition 4.42. [21, Proposition 2.5] Let F : C → D, F ′ : C′ → D be semifunctors.

i) If f : FC → D is an FC-semisplit-mono and f ′ : F ′C ′ → FC is an F ′
C′-semisplit-

mono such that F IdC ◦ f ′ = f ′, then the composite f ◦ f ′ : F ′C ′ → D is an F ′
C′-

semisplit-mono.

ii) Let f : FC → D, g : D → D′ be morphisms in D. If the composite g ◦ f is an
FC-semisplit-mono, then f is an FC-semisplit-mono.

iii) If f : D → FC is an FC-semisplit-epi and f ′ : FC → F ′C ′ is an F ′
C′-semisplit-epi

such that f ′◦F IdC = f ′, then the composite f ′◦f : D → F ′C ′ is an F ′
C′-semisplit-epi.

iv) Let f : D → FC, g : D′ → D be morphisms in D. If the composite f ◦ g is an
FC-semisplit-epi, then f is an FC-semisplit-epi.

Proof. We prove only i) and ii), as iii) and iv) follow similarly.
i). If f : FC → D is an FC-semisplit-mono, then there exists a morphism g : D → FC
in D such that g ◦ f = F IdC . Assume that f ′ : F ′C ′ → FC is an F ′

C′-semisplit-mono,
i.e. there exists a morphism g′ : FC → F ′C ′ in D such that g′ ◦ f ′ = F ′IdC′ , and
assume that F IdC ◦ f ′ = f ′. Consider the composite g′ ◦ g : D → F ′C ′. We have
g′ ◦ g ◦ f ◦ f ′ = g′ ◦ F IdC ◦ f ′ = g′ ◦ f ′ = F ′IdC′ , thus f ◦ f ′ is an F ′

C′-semisplit-mono.
ii). If the composite g ◦ f : FC → D′ is an FC-semisplit-mono, then there exists a
morphism h : D′ → FC in D such that h ◦ g ◦ f = F IdC , thus f is an FC-semisplit-mono.

A stronger notion of semisplit-mono (resp., semisplit-epi) can be defined as follows.

Definition 4.43. [21, Definition 2.6] Given semifunctors F : C → D, F ′ : C′ → D, we say
that a morphism f : FC → F ′C ′ in D is an

• (FC , F ′
C′)-semisplit-mono if f ◦F IdC = f and there exists a morphism g : F ′C ′ →

FC in D such that
g ◦ f = F IdC and g ◦ F ′IdC′ = g;

• (FC , F ′
C′)-semisplit-epi if F ′IdC′ ◦ f = f and there exists a morphism g : F ′C ′ →

FC in D such that
f ◦ g = F ′IdC′ and F IdC ◦ g = g.

Remark 4.44. It is clear that:
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i) Any (FC , F ′
C′)-semisplit-mono is an FC-semisplit-mono and any (FC , F ′

C′)-semisplit-
epi is an F ′

C′-semisplit-epi.

ii) Given a seminatural transformation α : F → F ′ of semifunctors, if α is a natural
semisplit-mono (resp., natural semisplit-epi), then every component morphism αC :
FC → F ′C is an (FC , F ′

C)-semisplit-mono (resp., (FC , F ′
C)-semisplit-epi).

The following properties hold true.

Proposition 4.45. [21, Proposition 2.8] Let F : C → D, F ′ : C′ → D, F ′′ : C′′ → D be
semifunctors.

i) For every object C in C, the morphism F IdC : FC → FC is both an (FC , FC)-
semisplit-mono and an (FC , FC)-semisplit-epi.

ii) Given an (FC , F ′
C′)-semisplit-mono f : FC → F ′C ′ and an (F ′

C′ , F ′′
C′′)-semisplit-

mono f ′ : F ′C ′ → F ′′C ′′, then the composite f ′ ◦ f : FC → F ′′C ′′ is an (FC , F ′′
C′′)-

semisplit-mono.

iii) Given an (FC , F ′
C′)-semisplit-epi f : FC → F ′C ′ and an (F ′

C′ , F ′′
C′′)-semisplit-epi

f ′ : F ′C ′ → F ′′C ′′, then the composite f ′ ◦ f : FC → F ′′C ′′ is an (FC , F ′′
C′′)-

semisplit-epi.

Proof. i). It is clear.
ii). If f : FC → F ′C ′ is an (FC , F ′

C′)-semisplit-mono, then f ◦ F IdC = f and there
exists a morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and g ◦ F ′IdC′ = g. If
f ′ : F ′C ′ → F ′′C ′′ is an (F ′

C′ , F ′′
C′′)-semisplit-mono, then f ′ ◦F ′IdC′ = f ′ and there exists a

morphism g′ : F ′′C ′′ → F ′C ′ in D such that g′ ◦f ′ = F ′IdC′ and g′ ◦F ′′IdC′′ = g′. Consider
the composite g ◦ g′ : F ′′C ′′ → FC. We have g ◦ g′ ◦ f ′ ◦ f = g ◦F ′IdC′ ◦ f = g ◦ f = F IdC .
Moreover, f ′ ◦ f ◦ F IdC = f ′ ◦ f and g ◦ g′ ◦ F ′′IdC′′ = g ◦ g′, thus f ′ ◦ f is an (FC , F ′′

C′′)-
semisplit-mono.
iii). It is dual to ii).

As in [21, Definition 2.1] one can define the notions of FC-semi-monomorphism and
FC-semi-epimorphism. We refer to [21] for further results involving these notions. We now
define an (FC , F ′

C)-semi-isomorphism in D, see [21, Definition 2.9].

Definition 4.46. [21, Definition 2.9] Given semifunctors F : C → D, F ′ : C′ → D, we say
that a morphism f : FC → F ′C ′ in D is an (FC , F ′

C′)-semi-isomorphism if f ◦F IdC = f
and there exists a morphism g : F ′C ′ → FC in D such that

i) g ◦ f = F IdC ;

ii) f ◦ g = F ′IdC′ .

We call a morphism g : F ′C ′ → FC in D which satisfies i) and ii) the (FC , F ′
C′)-semi-

inverse of f if F IdC ◦ g = g holds true in addition.

In case both F and F ′ are functors, then f : FC → F ′C ′ is an (FC , F ′
C′)-semi-

isomorphism if, and only if, it is an isomorphism in D.
We have the following properties.

Lemma 4.47. [21, Lemma 2.10] Let F : C → D, F ′ : C′ → D be semifunctors and let
f : FC → F ′C ′ be an (FC , F ′

C′)-semi-isomorphism in D. Then, f = f ◦F IdC is equivalent
to F ′IdC′ ◦ f = f . Moreover, if a morphism g : F ′C ′ → FC in D satisfies i) and ii) as in
Definition 4.46, then F IdC ◦ g = g is equivalent to g ◦ F ′IdC′ = g.
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Proof. Let f : FC → F ′C ′ be an (FC , F ′
C′)-semi-isomorphism. Then, f ◦F IdC = f ◦g◦f =

F ′IdC′ ◦ f , so f = f ◦F IdC is equivalent to f = F ′IdC′ ◦ f . Analogously, by interchanging
the roles of f and g, F IdC ◦ g = g is equivalent to g ◦ F ′IdC′ = g.

Lemma 4.48. [21, Lemma 2.11] Let F : C → D, F ′ : C′ → D be semifunctors and
let f : FC → F ′C ′ be an (FC , F ′

C′)-semi-isomorphism in D. Then, f admits a unique
(FC , F ′

C′)-semi-inverse.

Proof. If f : FC → F ′C ′ is an (FC , F ′
C′)-semi-isomorphism, then f ◦ F IdC = f (which is

equivalent to F ′IdC′ ◦ f = f by Lemma 4.47) and there exists a morphism g : F ′C ′ →
FC in D such that g ◦ f = F IdC and f ◦ g = F ′IdC′ . Consider the composite g′ :=
g ◦ f ◦ g : F ′C ′ → FC. Then, g′ ◦ f = g ◦ f ◦ g ◦ f = F IdC ◦ F IdC = F IdC and
f ◦ g′ = f ◦ g ◦ f ◦ g = F ′IdC′ ◦ F ′IdC′ = F ′IdC′ . Moreover, we have that F IdC ◦ g′ =
F IdC ◦ g ◦ f ◦ g = g ◦ f ◦ g ◦ f ◦ g = g ◦F ′IdC′ ◦ f ◦ g = g ◦ f ◦ g = g′, so g′ is an (FC , F ′

C′)-
semi-inverse of f . Assume that there exists another (FC , F ′

C′)-semi-inverse h : F ′C ′ → FC
in D that satisfies conditions i), ii) in Definition 4.46 and such that h = F IdC ◦ h. Then,
we have h = F IdC ◦ h = g′ ◦ f ◦ h = g′ ◦ F ′IdC′ = g′, thus the (FC , F ′

C′)-semi-inverse of f
is unique.

We show the following characterization for a natural semi-isomorphism.

Lemma 4.49. Let F, F ′ be semifunctors. Then, α is a natural semi-isomorphism if,
and only if, α : F → F ′ is a natural transformation between semifunctors and αC is an
(FC , F ′

C)-semi-isomorphism for every C ∈ C.

Proof. If α : F → F ′ is a natural semi-isomorphism, then every component morphism
αC : FC → F ′C is an (FC , F ′

C)-semi-isomorphism in D. On the other hand, if αC is a
(FC , F ′

C)-semi-isomorphism for every C ∈ C, then by Lemma 4.48 αC admits a unique
(FC , F ′

C)-semi-inverse βC . Thus, F IdC ◦ βC = βC , βC ◦ αC = F IdC and αC ◦ βC = F ′IdC .
By naturality of α, for every f : C → C ′ in C we have Ff ◦ βC = F IdC′ ◦ Ff ◦ βC =
βC′ ◦ αC′ ◦ Ff ◦ βC = βC′ ◦ F ′f ◦ αC ◦ βC = βC′ ◦ F ′f ◦ F ′IdC = βC′ ◦ F ′f , hence (βC)C∈C
is a seminatural transformation and it is the semi-inverse of α.

Proposition 4.50. [21, Proposition 2.12] Let F : C → D, F ′ : C′ → D be semifunctors.
A morphism f : FC → F ′C ′ in D is an (FC , F ′

C′)-semi-isomorphism if, and only if, f is
both an (FC , F ′

C′)-semisplit-mono and an (FC , F ′
C′)-semisplit-epi.

Proof. If f : FC → F ′C ′ is an (FC , F ′
C′)-semi-isomorphism in D with (FC , F ′

C′)-semi-
inverse g′, then it is trivially an (FC , F ′

C′)-semisplit-mono and an (FC , F ′
C′)-semisplit-epi.

On the other hand, if f is an (FC , F ′
C′)-semisplit-mono, then f ◦F IdC = f and there exists

a morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and g ◦ F ′IdC′ = g. If f is an
(FC , F ′

C′)-semisplit-epi, then F ′IdC′ ◦ f = f and there exists a morphism g′ : F ′C ′ → FC
in D such that f ◦ g′ = F ′IdC′ and F IdC ◦ g′ = g′. Since g = g ◦ F ′IdC′ = g ◦ f ◦ g′ =
F IdC ◦g′ = g′, we have that f is an (FC , F ′

C′)-semi-isomorphism in D with (FC , F ′
C′)-semi-

inverse g = g′.

Remark 4.51. From Proposition 4.45 i) and Proposition 4.50 it is clear that F IdC : FC →
FC is an (FC , FC)-semi-isomorphism, for every object C in C.

Lemma 4.52. Let F : C → D, F ′ : C′ → D be semifunctors.

i) If f : FC → F ′C ′ is a monomorphism and f ◦ F IdC = f , then F IdC = IdFC .

ii) If f : FC → F ′C ′ is an epimorphism and F ′IdC′ ◦ f = f , then F ′IdC′ = IdF ′C′.
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Proof. i). If f is a monomorphism, from f ◦ F IdC = f = f ◦ IdFC we have that F IdC =
IdFC .
ii). If f is an epimorphism, from F ′IdC′ ◦ f = f = IdF ′C′ ◦ f we have that F ′IdC′ =
IdF ′C′ .

Corollary 4.53. Let F : C → D, F ′ : C′ → D be semifunctors.

i) If f : FC → F ′C ′ is both a (FC , F ′
C′)-semisplit-mono and a monomorphism, then f

is a split-mono.

ii) If f : FC → F ′C ′ is both a (FC , F ′
C′)-semisplit-epi and an epimorphism, then f is a

split-epi.

iii) If f : FC → F ′C ′ is a (FC , F ′
C′)-semi-isomorphism and both a monomorphism and

an epimorphism, then f is an isomorphism.

Proof. i). If f : FC → F ′C ′ is a (FC , F ′
C′)-semisplit-mono, then f ◦ F IdC = f and there

exists a morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and g ◦ F ′IdC′ = g; if f is
a monomorphism, then by Lemma 4.52 i) we have g ◦ f = F IdC = IdFC .
ii). If f : FC → F ′C ′ is a (FC , F ′

C′)-semisplit-epi, then F ′IdC′ ◦ f = f and there exists
a morphism g : F ′C ′ → FC in D such that f ◦ g = F ′IdC′ and F IdC ◦ g = g; if f is an
epimorphism by Lemma 4.52 ii) we have f ◦ g = F ′IdC′ = IdF ′C′ .
iii). It follows from Proposition 4.50 and i) + ii).

Proposition 4.54. (Cf. [21, Proposition 2.13 (3),(4)]) Let F : C → D, F ′ : C′ → D be
semifunctors.

i) If f : FC → F ′C ′ is both an (FC , F ′
C′)-semisplit-epi and a monomorphism in D,

then f is an (FC , F ′
C′)-semi-isomorphism.

ii) If f : FC → F ′C ′ is both an (FC , F ′
C′)-semisplit-mono and an epimorphism in D,

then f is an (FC , F ′
C′)-semi-isomorphism.

Proof. i). If f : FC → F ′C ′ is an (FC , F ′
C′)-semisplit-epi, then F ′IdC′ ◦ f = f and there

exists a morphism g : F ′C ′ → FC in D such that f ◦ g = F ′IdC′ and F IdC ◦ g = g. Thus,
we have f ◦ g ◦ f = F ′IdC′ ◦ f = f . If f is a monomorphism, we get g ◦ f = IdFC , hence
g ◦ f = F IdC ◦ g ◦ f = F IdC ◦ IdFC = F IdC , so f is an (FC , F ′

C′)-semi-isomorphism.
ii). If f : FC → F ′C ′ is an (FC , F ′

C′)-semisplit-mono, then f ◦ F IdC = f and there exists
a morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and g ◦ F ′IdC′ = g. Thus,
we have f ◦ g ◦ f = f ◦ F IdC = f . If f is an epimorphism, we get f ◦ g = IdF ′C′ , hence
f ◦g = f ◦g◦F ′IdC′ = IdF ′C′ ◦F ′IdC′ = F ′IdC′ , so f is an (FC , F ′

C′)-semi-isomorphism.

Moreover, we have the following.

Lemma 4.55. [21, Lemma 2.14] Let F : C → D, F ′ : C′ → D be semifunctors. Any
semifunctor H : D → E preserves (FC , F ′

C′)-semisplit-monos, (FC , F ′
C′)-semisplit-epis,

(FC , F ′
C′)-semi-isomorphisms.

Proof. Let f : FC → F ′C ′ be an (FC , F ′
C′)-semisplit-mono in D. Then, f ◦F IdC = f and

there exists a morphism g : F ′C ′ → FC in D such that g ◦ f = F IdC and g ◦ F ′IdC′ = g.
We have that Hf ◦ HF IdC = H(f ◦ F IdC) = Hf , Hg ◦ Hf = H(g ◦ f) = HF IdC and
Hg ◦ HF ′IdC′ = H(g ◦ F ′IdC′) = Hg, thus Hf is an (HFC , HF ′

C′)-semisplit-mono. If
f : FC → F ′C ′ is an (FC , F ′

C′)-semisplit-epi in D, then F ′IdC′ ◦ f = f and there exists a
morphism g : F ′C ′ → FC in D such that f ◦ g = F ′IdC′ and F IdC ◦ g = g. We have that
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HF ′IdC′ ◦Hf = Hf , Hf ◦Hg = H(f ◦ g) = HF ′IdC′ and HF IdC ◦Hg = Hg, thus Hf
is an (HFC , HF ′

C′)-semisplit-epi. If f : FC → F ′C ′ is an (FC , F ′
C′)-semi-isomorphism in

D, then as in the previous cases Hf is an (HFC , HF ′
C′)-semi-isomorphism.

Example 4.56. [21, Example 2.16] (See also [52, Section 2.4]) Let F : C → Set be a
semifunctor and let FX = {x ∈ F (X)|F (IdX)(x) = x} denote the subset of FX of
fixpoints of F (IdX). For any morphism f : X → Y in C, if x ∈ FX, then F (f)(x) ∈ FY ,
hence the function F (f) : FX → FY restricts to a function F (f) : FX → FY . In fact,
F (IdY )(F (f)(x)) = F (IdY ◦ f)(x) = F (f)(x), for every x ∈ X. Thus, we have a functor
F : C → Set, X 7→ FX, f 7→ F (f), which is naturally semi-isomorphic to F . Indeed, let
α : F → F , α = (αX : FX → FX)X∈C , be given by αX(p) = F (IdX)(p), for every p ∈ FX.
Note that F (IdX)(p) ∈ FX as F (IdX)(F (IdX)(p)) = F (IdX ◦ IdX)(p) = F (IdX)(p). We
have that, for any morphism f : X → Y in C and any p ∈ FX, (αY ◦ Ff)(p) = (F IdY ◦
Ff)(p) = Ff(p) = (Ff ◦ F IdX)(p) = (Ff ◦ αX)(p), thus α is a natural transformation.
Since F is a functor, we have that α is seminatural. Let β : F → F , (βX : FX → FX)X∈C ,
be given by the canonical inclusion βX(q) = q, for every q ∈ FX = FX. We have that, for
any f : X → Y in C, (Ff ◦ βX)(q) = Ff(q) = (βY ◦ Ff)(q) for every q ∈ FX and, since
F is a functor, β ◦F Id = β holds true. Finally, α ◦ β = F Id and β ◦α = F Id, as for every
X ∈ C, p ∈ FX and q ∈ FX, we have αXβX(q) = αX(q) = F (IdX)(q) = q = F IdX(q) and
βXαX(p) = βX(F (IdX)(p)) = F IdX(p), respectively. Hence any component morphism αX
is an (FX , FX)-semi-isomorphism in Set, and any βX is an (FX , FX)-semi-isomorphism in
Set.

When the semifunctors F : C → D, F ′ : C′ → D are clear from the context, we will often
write C-semisplit-mono (resp., (C,C ′)-semisplit-mono, C-semisplit-epi, (C,C ′)-semisplit-
epi, (C,C ′)-semi-isomorphism) instead of FC-semisplit-mono (resp., (FC , F ′

C′)-semisplit-
mono, FC-semisplit-epi, (FC , F ′

C′)-semisplit-epi, (FC , F ′
C′)-semi-isomorphism).

4.3 The notion of semifull semifunctor

Let F : C → D be a semifunctor and consider the associated natural transformation

F : HomC(−,−) → HomD(F−, F−), (4.9)

given by FX,Y : HomC(X,Y ) → HomD(FX,FY ), FX,Y (f) = F (f), for any morphism
f : X → Y in C. Note that the codomain HomD(F−, F−) is a semifunctor as, given
h : FX → FY in D, HomD(F IdX , F IdY )(h) = F IdY ◦ h ◦ F IdX ̸= h in general, while the
domain HomC(−,−) is a functor, so F is actually a seminatural transformation. When
needed we will denote F by FF to make explicit the semifunctor F we are considering.

As in the functorial case, if FX,Y is injective, surjective, bijective for every pair of
objects X,Y ∈ C, then F is a faithful, full, fully faithful semifunctor, respectively. As we
will show in Proposition 4.58, a full (and hence a fully faithful) semifunctor is actually a
functor. Motivated by the following example, we investigate a weaker notion of fullness
for semifunctors that we call semifullness.

Example 4.57. See [52, Example 2.1], [21, Example 3.1]. Let Set be the category of
sets and functions, and consider the semifunctor F : Set → Set, defined on objects A by
F (A) = A × A, where A × A is the cartesian product of A by itself, and on morphisms
f : A → B by F (f) : A×A → B ×B, F (f)((a, a′)) = (f(a), f(a)), for every a, a′ ∈ A. In
particular, if a, a′ ∈ A and a ̸= a′, then F (IdA)((a, a′)) = (a, a), whereas IdFA((a, a′)) =
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(a, a′), hence F is really a semifunctor. Note that F is faithful as if F (f) = F (f ′) for
morphisms f, f ′ : A → B in Set, then for every a ∈ A we get (f(a), f(a)) = F (f)((a, a′)) =
F (f ′)((a, a′)) = (f ′(a), f ′(a)), thus f(a) = f ′(a) for every a ∈ A, hence f = f ′. Moreover,
F is not full, as there is no f : A → A in Set such that F (f) = IdFA. Indeed, if
such f exists, then for all a, a′ ∈ A we have F (f)((a, a′)) = IdFA((a, a′)) = (a, a′), but
this cannot happen if a ̸= a′, as F (f)((a, a′)) = (f(a), f(a)) ̸= (a, a′). A deeper look
at the semifunctor F allows to highlight the following property. Let ψB : B × B → B
be the canonical projection on the first factor of the cartesian product B × B, and let
∆A : A → A × A be the diagonal arrow of A, given by ∆A(a) = (a, a), for every a ∈ A.
For any morphism f = ⟨f1, f2⟩ : A×A → B×B in Set, where f1, f2 : A×A → B, consider
the morphism

g := ψB ◦ f ◦ ∆A = f1 ◦ ∆A : A → B

in Set. We note that F (g) = F IdB ◦ f ◦ F IdA. Indeed, for all a, a′ ∈ A, we have
F (g) ((a, a′)) = (g(a), g(a)) = (f1((a, a)), f1((a, a))) = F IdB(f((a, a))) = (F IdB ◦ f ◦
F IdA)((a, a′)).

We say that a semifunctor F : C → D is semifull if, for every morphism f : FX → FY
in D, there exists a morphism g : X → Y in C such that

F (g) = F IdY ◦ f ◦ F IdX .

Thus, the semifunctor F considered in Example 4.57 is semifull. The following result
shows how semifullness is related to the traditional notion of full functor.

Proposition 4.58. [21, Proposition 3.3] Let F : C → D be a semifunctor. Then, F is full
if, and only if, it is semifull and IdF = F Id.

Proof. Assume F is full. Then, since for any f : FX → FY in D there exists a morphism
g : X → Y in C such that f = F (g), we have that F (g) = F (IdY ◦ g ◦ IdX) = F IdY ◦
F (g) ◦ F IdX = F IdY ◦ f ◦ F IdX , thus F is semifull. In particular, for every X ∈ C,
IdFX = F (h) for some h : X → X in C, hence IdFX = F (IdX ◦ h) = F IdX ◦ F (h) =
F IdX ◦ IdFX = F IdX . On the other hand, assume that IdF = F Id. If F is semifull,
then for any morphism f : FX → FY in D there exists g : X → Y in C such that
F (g) = F IdY ◦ f ◦ F IdX = IdFY ◦ f ◦ IdFX = f , thus F is full.

Remark 4.59. From IdF = F Id it follows that a full semifunctor is actually a functor.
We show that semifull semifunctors are stable under composition.

Proposition 4.60. [21, Proposition 3.5] Let F : C → D and G : D → E be semifunctors.

i) If F and G are semifull, then the semifunctor G ◦ F is semifull.

ii) If G ◦ F is semifull and G is faithful, then F is semifull.

Proof. i). Let F and G be semifull semifunctors. Then, for any morphism f : GFX →
GFY in E , since G is semifull, there exists a morphism g : FX → FY in D such that
G(g) = GIdFY ◦f ◦GIdFX . Now, since F is semifull, there exists a morphism h : X → Y in
C such that F (h) = F IdY ◦g◦F IdX . Then, we have that GF (h) = GF IdY ◦G(g)◦GF IdX =
GF IdY ◦GIdFY ◦ f ◦GIdFX ◦GF IdX = GF IdY ◦ f ◦GF IdX , so G ◦ F is semifull.
ii). Assume that G ◦ F is semifull. Then, for any morphism f : FX → FY in D, there
exists a morphism h : X → Y in C such that GF (h) = GF IdY ◦ G(f) ◦ GF IdX , so
G(F (h)) = G(F IdY ◦ f ◦ F IdX). If G is faithful, we have that F (h) = F IdY ◦ f ◦ F IdX ,
hence F is semifull.
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We say that a semifunctor F : C → D is semifully faithful if F is a faithful and
semifull semifunctor.
Remark 4.61. A fully faithful semifunctor, which is actually a functor by Remark 4.59, is
in particular semifully faithful. From Proposition 4.58 it follows that a semifunctor F is
fully faithful if, and only if, it is semifully faithful and IdF = F Id.

Example 4.62. The semifunctor F in Example 4.57 is faithful and semifull, hence semi-
fully faithful, but clearly not fully faithful.

Now we see how the semifull and semifully faithful conditions can be derived from
requirements on the hom-set components associated with a semifunctor. In the second
item of the next result we improve [21, Proposition 3.6 (ii)] showing that also the “if part”
holds true.

Proposition 4.63. Let F : C → D be a semifunctor and consider the associated natural
transformation F : HomC(−,−) → HomD(F−, F−).

i) If, for every X,Y ∈ C, FX,Y is a HomD(F−, F−)(X,Y )-semisplit-epi (or (X,Y )-
semisplit-epi for short), then F is semifull.

ii) F is a natural semi-isomorphism if, and only if, F is semifully faithful.

Proof. i). If FX,Y is an (X,Y )-semisplit-epi for every X,Y ∈ C, then there exists a map
GX,Y : HomD(FX,FY ) → HomC(X,Y ) such that FX,Y ◦ GX,Y = HomD(F IdX , F IdY ), i.e.
for any morphism g : FX → FY in D, (FX,Y ◦ GX,Y )(g) = F IdY ◦ g ◦ F IdX . Thus, for
any morphism g : FX → FY in D, we have that F (GX,Y (g)) = F IdY ◦ g ◦ F IdX , where
GX,Y (g) : X → Y is a morphism in C, hence F is semifull.
ii). If FX,Y is an ((X,Y ), (X,Y ))-semi-isomorphism for every X,Y ∈ C, then there exists
a map GX,Y : HomD(FX,FY ) → HomC(X,Y ) such that GX,Y ◦ FX,Y = HomC(IdX , IdY )
and FX,Y ◦ GX,Y = HomD(F IdX , F IdY ). By i) F is semifull. Moreover, for any morphism
h, k : X → Y in C such that F (h) = F (k), we have that GX,Y (F (h)) = GX,Y (F (k)),
hence from GX,Y ◦ FX,Y = HomC(IdX , IdY ) it follows that h = k. Thus, F is semifully
faithful. On the other hand, assume that F is semifully faithful. Then, we can define
the map GX,Y : HomD(FX,FY ) → HomC(X,Y ) which assigns to every h : FX → FY
in D the unique g : X → Y in C such that F (g) = F IdY ◦ h ◦ F IdX . We have that
GX,Y FX,Y (f) = GX,Y (Ff) = f = HomC(IdX , IdY )(f) and FX,Y GX,Y (h) = FX,Y (g) =
F (g) = F IdY ◦ h ◦F IdX = HomD(F IdX , F IdY )(h). Since F is natural, by Lemma 4.49 F
is a natural semi-isomorphism.

It is known that fully faithful functors reflect isomorphisms, i.e. they are conservative.
In the next result we show a similar behavior for semifully faithful semifunctors.

Proposition 4.64. [21, Proposition 3.8] Let F : C → D, F ′ : C′ → D be semifunctors and
let H : D → E be a semifully faithful semifunctor. Then, H reflects (FC , F ′

C′)-semisplit-
monos, (FC , F ′

C′)-semisplit-epis, (FC , F ′
C′)-semi-isomorphisms.

Proof. Let f : FC → F ′C ′ be a morphism in D and assume that H(f) : HFC → HF ′C ′

is a (HFC , HF ′
C′)-semisplit-mono in E . Then, H(f) ◦ HF IdC = H(f) and there exists a

morphism h : HF ′C ′ → HFC in E such that h ◦ H(f) = HF IdC and h ◦ HF ′IdC′ = h.
From H(f ◦ F IdC) = H(f) we obtain f ◦ F IdC = f , as H is faithful. Since H is semifull,
there is a morphism g : F ′C ′ → FC in D such that H(g) = HIdFC ◦ h ◦ HIdF ′C′ . Thus,
from h◦H(f) = HF IdC we have H(g ◦f) = H(g) ◦H(f) = HIdFC ◦h◦HIdF ′C′ ◦H(f) =
HIdFC ◦ h ◦ H(f) = HIdFC ◦ HF IdC = HF IdC , and then, since H is faithful, we get
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g ◦ f = F IdC . Moreover, we have H(g ◦ F ′IdC′) = H(g) ◦ HF ′IdC′ = HIdFC ◦ h ◦
HIdF ′C′ ◦ HF ′IdC′ = HIdFC ◦ h ◦ HF ′IdC′ ◦ HIdF ′C′ = HIdFC ◦ h ◦ HIdF ′C′ = H(g),
hence g ◦ F ′IdC′ = g as H is faithful. Then, f is an (FC , F ′

C′)-semisplit-mono in D. For
(FC , F ′

C′)-semisplit-epis and (FC , F ′
C′)-semi-isomorphisms the proof is similar.

Inspired by [7, Proposition 2.5], we provide a characterization of faithfulness and semi-
fullness for semifunctors that are part of a semiadjunction.

Proposition 4.65. [21, Proposition 3.9] Let F ⊣s G : D → C be a semiadjunction with
unit η and counit ϵ. Then,

i) F is faithful if, and only if, ηC is a monomorphism in C, for every C ∈ C;

ii) F is semifull if, and only if, ηC is a GFC-semisplit-epi in C, for every C ∈ C;

iii) G is faithful if, and only if, ϵD is an epimorphism in D, for every D ∈ D;

iv) G is semifull if, and only if, ϵD is a FGD-semisplit-mono in D, for every D ∈ D.

Proof. We prove only i) and ii), as iii) and iv) follow by duality. For any C,C ′ in C,
consider the composition

τC,FC′ ◦ FF
C,C′ : HomC(C,C ′) → HomC(C,GFC ′)

where τ is defined on components as in (4.2), thus τC,FC′(Ff) = GFf ◦ ηC = ηC′ ◦ f , for
any morphism f : C → C ′ in C.
i). Assume that F is faithful. Let f, f ′ : C → C ′ be morphisms in C such that ηC′ ◦ f =
ηC′ ◦f ′, i.e. τC,FC′(Ff) = τC,FC′(Ff ′). Then, by composing the latter equality with σC,FC′

defined as in (4.3), we get σC,FC′τC,FC′(Ff) = σC,FC′τC,FC′(Ff ′), i.e. Ff ◦F IdC = Ff ′ ◦
F IdC , so that Ff = Ff ′. Since F is faithful we have f = f ′, thus ηC′ is a monomorphism.
Conversely, suppose that ηC is a monomorphism for every C ∈ C. Let f, f ′ : C → C ′ be
morphisms in C such that Ff = Ff ′. Then, ηC′ ◦ f = GFf ◦ ηC = GFf ′ ◦ ηC = ηC′ ◦ f ′,
thus f = f ′ as ηC′ is a monomorphism. Hence F is faithful.
ii). Assume that F is semifull. Then, for any f : FC → FC ′ in D there exists g : C → C ′

in C such that F (g) = F IdC′ ◦ f ◦ F IdC . In particular, for ϵFC : FGFC → FC, there
exists νC : GFC → C such that F (νC) = F IdC ◦ ϵFC ◦ F IdGFC . Then, for every C ∈ C,
we have ηC ◦ νC = GFνC ◦ ηGFC = τGFC,FC(FνC) = τGFC,FC(F IdC ◦ ϵFC ◦ F IdGFC) =
GF IdC ◦GϵFC ◦GF IdGFC ◦ ηGFC = GF IdC ◦GϵFC ◦ ηGFC = GF IdC ◦GIdFC = GF IdC ,
thus ηC is a GFC-semisplit-epi, for every C in C. Conversely, suppose that for every
C ∈ C ηC is a GFC-semisplit-epi in C, i.e. there exists a morphism νC : GFC → C in
C such that ηC ◦ νC = GF IdC . Let f : FC → FC ′ be a morphism in D. Consider the
composite morphism νC′ ◦ Gf ◦ ηC : C → C ′ in C. Then, we have F (νC′ ◦ Gf ◦ ηC) =
F (IdC′ ◦ νC′ ◦Gf ◦ ηC) = F IdC′ ◦FνC′ ◦FGf ◦FηC = ϵFC′ ◦ (FηC′ ◦FνC′) ◦FGf ◦FηC =
ϵFC′ ◦ FGF IdC′ ◦ FGf ◦ FηC = ϵFC′ ◦ FG(F IdC′ ◦ f) ◦ FηC = F IdC′ ◦ f ◦ ϵFC ◦ FηC =
F IdC′ ◦ f ◦ F IdC , thus F is semifull.

Remark 4.66. Let F : C → D, G : D → C be semifunctors. We observe that for any
natural transformation α : IdC → GF with domain the identity functor, which is indeed
a seminatural transformation, any component morphism αX : X → GFX in C is an
X-semisplit-epi if, and only if, it is an (X,X)-semisplit-epi. Indeed, by Remark 4.44 i)
any (X,X)-semisplit-epi is an X-semisplit-epi. If αX is an X-semisplit-epi, then there
is βX : GFX → X in C such that αX ◦ βX = GF IdX . Moreover, IdX ◦ βX = βX and
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from seminaturality of α it follows that GF IdX ◦ αX = αX . Analogously, for any semi-
natural transformation α : GF → IdC with codomain the identity functor, any component
morphism αX : GFX → X is an X-semisplit-mono if, and only if, it is an (X,X)-semisplit-
mono. Thus, in the statement ii) of Proposition 4.65 ηC is actually a (C,C)-semisplit-epi,
and in the statement iv) ϵD is a (D,D)-semisplit-mono.

From Proposition 4.65 it follows the next characterization of semifull faithfulness, which
is a semifunctorial analogue of [19, Proposition 3.4.1].

Corollary 4.67. [21, Corollary 3.11] Let F ⊣s G : D → C be a semiadjunction with unit
η and counit ϵ. Then,

i) F is semifully faithful if, and only if, η is a natural semi-isomorphism;

ii) G is semifully faithful if, and only if, ϵ is a natural semi-isomorphism.

Proof. We show only i) as ii) follows dually. If F is semifully faithful, then by Proposition
4.65 ηC is a monomorphism and a (C,C)-semisplit-epi in C (see Remark 4.66) for every
C ∈ C. Thus, by Proposition 4.54 i) ηC is a (C,C)-semi-isomorphism. Since η is natural,
by Lemma 4.49 η is a natural semi-isomorphism.

Conversely, if η is a natural semi-isomorphism, then by Lemma 4.49 ηC is a (C,C)-semi-
isomorphism in C for every C ∈ C, so by Proposition 4.50 ηC is a (IdCC , GFC)-semisplit-epi
(hence a GFC-semisplit-epi) and a (IdCC , GFC)-semiplit-mono (hence a split-mono, and
then a monomorphism) for every C in C, thus again by Proposition 4.65 F is semifull and
faithful.

4.4 The notion of natural semifullness

Let F : C → D be a semifunctor and consider its associated natural transformation F .
We say that F is a naturally semifull semifunctor if there is a natural transformation
P : HomD(F−, F−) → HomC(−,−) such that for every object X, Y in C,

FX,Y ◦ PX,Y = HomD(F IdX , F IdY ) (4.10)

i.e., for any morphism f : FX → FY in D, one has (FX,Y ◦ PX,Y )(f) = F IdY ◦ f ◦ F IdX .

When needed we denote P, which is actually a seminatural transformation, by PF .
Remark 4.68. If F : C → D is a functor, then we recover the definition of naturally full
functor. Moreover, since a full semifunctor is actually a functor, if we require the natural
fullness condition as in Section 1.2 (which implies fullness) on the natural transformation
F associated with a semifunctor, that we then call naturally full, we retrieve the notion of
naturally full functor.

Lemma 4.69. [21, Lemma 5.2] Let F : C → D be a semifunctor. If F is naturally semifull,
then it is semifull.

Proof. If F is naturally semifull, then for any morphism f : FX → FY in D there exists
a morphism PX,Y (f) : X → Y in C such that F (PX,Y (f)) = F IdY ◦ f ◦ F IdX , hence F is
semifull.

Similarly to Proposition 4.58, the next result shows how the notions of naturally semi-
full semifunctor and naturally full functor are related.
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Proposition 4.70. [21, Proposition 5.3] Let F : C → D be a semifunctor. Then, F is
naturally full if, and only if, F is naturally semifull and IdF = F Id.

Proof. If F is naturally full, then it is trivially full and by Proposition 4.58 it holds
IdF = F Id. Since F IdY ◦ f ◦ F IdX = IdFY ◦ f ◦ IdFX = f = FX,Y PX,Y (f), F is also
naturally semifull. Conversely, if F is naturally semifull, then it is semifull by Lemma
4.69. Thus, if IdF = F Id, by Proposition 4.58 F is full, so for any f : FX → FY in D
there exists a morphism g : X → Y in C such that f = F (g). Since F is naturally semifull,
we have FX,Y (PX,Y (f)) = F IdY ◦ f ◦ F IdX = F IdY ◦ Fg ◦ F IdX = Fg = f , hence F is
naturally full.

Example 4.71. (Cf. [21, Example 4.2, Example 5.4]) Let F : Set → Set be the semifunc-
tor considered in Example 4.57. We define

PA,B : HomSet(FA,FB) = HomSet(A×A,B ×B) → HomSet(A,B)
PA,B(g) := ψB ◦ g ◦ ∆A,

(4.11)

for every map g : A×A → B ×B, where ψB : B ×B → B is the canonical projection on
the first factor of the cartesian product B×B, and ∆A : A → A×A, ∆A(a) = (a, a), is the
diagonal arrow of A. For any map h : A → B, g : B ×B → C × C, g(x) = ⟨g1(x), g2(x)⟩,
with g1, g2 : B ×B → C, and k : C → D, by definition of PA,D, we have:

(PA,D(Fk◦g ◦ Fh))(a) = (ψD ◦ (Fk ◦ g ◦ Fh) ◦ ∆A)(a) = (ψD ◦ Fk ◦ g ◦ Fh)((a, a))
= (ψD ◦ Fk ◦ g)((h(a), h(a))) = (ψD ◦ Fk)((g1((h(a), h(a))), g2((h(a), h(a)))))
= ψD((k(g1((h(a), h(a)))), k(g1((h(a), h(a)))))) = k(g1((h(a), h(a))))
= k(ψC((g1((h(a), h(a))), g2((h(a), h(a)))))) = (k ◦ ψC ◦ g)((h(a), h(a)))
= (k ◦ ψC ◦ g ◦ ∆B ◦ h)(a) = (k ◦ PB,C(g) ◦ h)(a),

for every a ∈ A, thus P : HomSet(F−, F−) → HomSet(−,−) is a natural transformation.
Note that for any map f = ⟨f1, f2⟩ : A × A → B × B, with f1, f2 : A × A → B, and for
every (a, a′) ∈ A×A, we have

(FA,B(PA,B(f)))((a, a′)) = F (PA,B(f))((a, a′)) = F (ψB ◦ f ◦ ∆A)((a, a′))
= (F (ψB) ◦ F (f) ◦ F (∆A))((a, a′)) = F (ψB)(F (f)((a, a), (a, a)))
= F (ψB)(f((a, a)), f((a, a))) = (ψBf((a, a)), ψBf((a, a)))
= (f1((a, a)), f1((a, a))) = F (IdB)((f1((a, a)), f2((a, a))))
= F (IdB)(f((a, a))) = (F IdB ◦ f)((a, a)) = (F IdB ◦ f ◦ F IdA)((a, a′)),

hence F is naturally semifull with respect to such P.

In the next proposition we describe the behavior of naturally semifull semifunctors
with respect to composition, cf. Proposition 1.28 for the naturally full functor case.

Proposition 4.72. [21, Proposition 5.5] Let F : C → D and G : D → E be semifunctors.

i) If F and G are naturally semifull, then the semifunctor G ◦ F is naturally semifull.

ii) If G ◦ F is naturally semifull and G is faithful, then F is naturally semifull.
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Proof. i). Let F and G be naturally semifull semifunctors with respect to PF and PG,
respectively. Then, G ◦ F is naturally semifull with respect to PGF

X,Y := PF
X,Y ◦ PG

FX,FY .
Indeed, for any g : GFX → GFY in E , we have

(FGF
X,Y ◦ PGF

X,Y )(g) = (FG
FX,FY ◦ FF

X,Y ◦ PF
X,Y ◦ PG

FX,FY )(g)
= FG

FX,FY (FF
X,Y (PF

X,Y (PG
FX,FY (g))))

= FG
FX,FY (F IdY ◦ PG

FX,FY (g) ◦ F IdX)
= GF IdY ◦GPG

FX,FY (g) ◦GF IdX
= GF IdY ◦ (GIdFY ◦ g ◦GIdFX) ◦GF IdX
= G(F IdY ◦ IdFY ) ◦ g ◦G(IdFX ◦ F IdX) = GF IdY ◦ g ◦GF IdX .

ii). Assume that G◦F is naturally semifull with respect to PGF . Then, for any f : FX →
FY in D, we have FG

FX,FY (FF
X,Y (PGF

X,Y (FG
FX,FY (f)))) = GFPGF

X,Y (Gf) = GF IdY ◦ Gf ◦
GF IdX = G(F IdY ◦ f ◦F IdX) = FG

FX,FY (F IdY ◦ f ◦F IdX), and if G is faithful, it follows
that (FF

X,Y ◦ PGF
X,Y ◦ FG

FX,FY )(f) = F IdY ◦ f ◦ F IdX , thus F is naturally semifull with
respect to PF := PGF ◦ FG.

Remark 4.73. If F : C → D is a full functor which is not naturally full (see e.g. [7, Example
3.3]) and G : D → E is a semifully faithful semifunctor, then the composite G◦F : C → E is
a semifull semifunctor which is not naturally semifull. In fact, by Proposition 4.60 i) G◦F
is semifull. If G ◦ F were naturally semifull, then by Proposition 4.72 ii) it would follow
that F is a naturally semifull functor, i.e. a naturally full functor, and this contradicts
our assumption.

4.4.1 Naturally semifull semiadjoints

The next result is a Rafael-type Theorem for naturally semifull semifunctors. A char-
acterization of natural semifullness similar to Theorem 1.29 can be given for semifunctors
that are part of a semiadjunction in terms of semisplitting properties for the unit and the
counit.

Theorem 4.74. [21, Theorem 5.9] Let F ⊣s G : D → C be a semiadjunction with unit η
and counit ϵ. Then,
i) F is naturally semifull if, and only if, η is a natural semisplit-epi, i.e. there exists a

seminatural transformation ν : GF → IdC such that η ◦ ν = GF Id;

ii) G is naturally semifull if, and only if, ϵ is a natural semisplit-mono, i.e. there exists
a seminatural transformation γ : IdD → FG such that γ ◦ ϵ = FGId.

Proof. We prove only i) as ii) follows by duality. Assume that F is a naturally semi-
full semifunctor and let P : HomD(F−, F−) → HomC(−,−) be the associated natural
transformation such that for any f : FX → FY in D,

(FX,Y ◦ PX,Y )(f) = F IdY ◦ f ◦ F IdX .
By Proposition 4.24 we define a seminatural transformation ν : GF → IdC given for any
object X in C by νX := PGFX,X(ϵFX) : GFX → X. Then, for every X ∈ C, by naturality
of η, we get
ηX ◦ νX = GFνX ◦ ηGFX = GFPGFX,X(ϵFX) ◦ ηGFX = G(F IdX ◦ ϵFX ◦ F IdGFX) ◦ ηGFX

= GF IdX ◦GϵFX ◦GF IdGFX ◦ ηGFX = GF IdX ◦GϵFX ◦ ηGFX
= GF IdX ◦GIdFX = G(F IdX ◦ IdFX) = GF IdX ,
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hence η ◦ ν = GF Id. Conversely, suppose that there exists a seminatural transforma-
tion ν : GF → IdC such that η ◦ ν = GF Id. By Proposition 4.24 define, for any
f ∈ HomD(FX,FY ), PX,Y (f) := νY ◦Gf ◦ ηX . For any f ∈ HomD(FX,FY ), we have

(FX,Y ◦ PX,Y )(f) = F (PX,Y (f)) = F (νY ◦Gf ◦ ηX) = F (IdY ◦ νY ◦Gf ◦ ηX)
= F IdY ◦ FνY ◦ FGf ◦ FηX = ϵFY ◦ (FηY ◦ FνY ) ◦ FGf ◦ FηX
= ϵFY ◦ FGF IdY ◦ FGf ◦ FηX = ϵFY ◦ FG(F IdY ◦ f) ◦ FηX
= F IdY ◦ f ◦ ϵFX ◦ FηX = F IdY ◦ f ◦ F IdX ,

so F is a naturally semifull semifunctor.

4.5 Separable semifunctors

In this section we study the property of separability for semifunctors, see [21, Section 4].
We define a semifunctor F : C → D to be separable by requiring the same condition as in
Definition 1.1 on the associated natural transformation F . We discuss general properties,
such as a Maschke-type Theorem and a Rafael-type Theorem for separable semifunctors.

We say that a semifunctor F : C → D is separable if there is a natural transformation
P : HomD(F−, F−) → HomC(−,−) such that

P ◦ F = IdHomC(−,−), (4.12)

i.e., for any morphism f : X → Y in C, one has (PX,Y ◦ FX,Y )(f) = f .
Remark 4.75. i) A separable functor is a separable semifunctor.
ii) A separable semifunctor is faithful.

Example 4.76. We come back to Example 4.71. We know that the semifunctor F : Set →
Set, A 7→ F (A) = A×A, [f : A → B] 7→ F (f) : A×A → B×B, F (f)((a, a′)) = (f(a), f(a))
is naturally semifull with respect to PA,B : HomSet(FA,FB) = HomSet(A×A,B ×B) →
HomSet(A,B), PA,B(g) = ψB ◦ g ◦ ∆A. For any morphism f : A → B in Set and for
every a ∈ A, we have (PA,B(FA,B(f)))(a) = (PA,B(Ff))(a) = (ψB ◦ Ff ◦ ∆A)(a) =
(ψB ◦ Ff)((a, a)) = ψB((f(a), f(a))) = f(a), hence F results to be also a separable
semifunctor.

The behavior of separable semifunctors with respect to composition is the same as in
the functorial case, cf. Lemma 1.4.

Lemma 4.77. [21, Lemma 4.3] Let F : C → D and G : D → E be semifunctors.

i) If F and G are separable, then so is the composite G ◦ F : C → E.

ii) If G ◦ F : C → E is separable, then so is F .

Proof. For i) define PGF
X,Y (g) = PF

X,Y PG
FX,FY (g), for any morphism g in HomE(GFX,GFY ).

For ii) define PF
X,Y (f) = PGF

X,Y (Gf), for every f ∈ HomD(FX,FY ).

Since separable functors satisfy a functorial version of Maschke Theorem, see Proposi-
tion 1.7, we show that a similar behavior holds for separable semifunctors.

Theorem 4.78. [21, Theorem 4.5] (Maschke-type Theorem) Let F : C → D be a separable
semifunctor. For any morphism f : C → C ′ in C, consider the morphism F (f) : FC →
FC ′ in D.
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i) If F (f) is a C-semisplit-mono, then f is a split-mono;

ii) if F (f) is a C ′-semisplit-epi, then f is a split-epi;

iii) if F (f) is a (C,C ′)-semi-isomorphism, then f is an isomorphism.

Proof. We show only i), as ii) is analogous and iii) follows from i)+ii). Assume that F (f)
is a C-semisplit-mono, i.e. there exists a morphism g : FC ′ → FC such that g ◦ F (f) =
F IdC , and that F is separable through a natural transformation P. Then, by naturality
of P, we get that PC′,C(g) ◦ f = PC,C(g ◦ F (f)) = PC,C(F IdC) = PC,CFC,C(IdC) = IdC ,
hence f is a split-mono.

It is known that a functor is fully faithful if, and only if, it is separable and naturally
full, see Remark 1.27 ii). A similar characterization in terms of separable and naturally
semifull semifunctors holds for semifully faithful semifunctors.

Proposition 4.79. [21, Proposition 5.8] Let F : C → D be a semifunctor. Then, F is
semifully faithful if, and only if, it is separable and naturally semifull.

Proof. If F is separable and naturally semifull, then it is trivially semifully faithful by
Remark 4.75 ii) and Lemma 4.69. Conversely, assume that F is semifully faithful. Since
F is semifull, for any morphism f : FX → FY in D there exists a morphism g : X → Y in
C such that F (g) = F IdY ◦f ◦F IdX , and by faithfulness of F , g is unique. This assignment
defines a mapping

P : HomD(F−, F−) → HomC(−,−)

such that for any f : FX → FY in D, with X, Y in C, PX,Y (f) = g, where g : X → Y
in C is such that F (g) = F IdY ◦ f ◦ F IdX . We show that such P is actually a natural
transformation. For any h : X → Y in C, k : FY → FZ in D, l : Z → T in C, we have that
there is a morphism g : X → T in C such that F (g) = F IdT ◦Fl◦k◦Fh◦F IdX = Fl◦k◦Fh
and PX,T (Fl ◦ k ◦Fh) = g. Then, we get FX,T (PX,T (Fl ◦ k ◦Fh)) = F (g) = Fl ◦ k ◦Fh =
Fl ◦ (F IdZ ◦ k ◦ F IdY ) ◦ Fh = Fl ◦ F (PY,Z(k)) ◦ Fh = FX,T (l ◦ PY,Z(k) ◦ h), hence since
F is faithful it follows that PX,T (Fl ◦ k ◦ Fh) = l ◦ PY,Z(k) ◦ h and so P is a natural
transformation. Since for any f : FX → FY in D there is a morphism g : X → Y in C
such that F (g) = F IdY ◦ f ◦ F IdX , we have that F (PX,Y (f)) = F (g) = F IdY ◦ f ◦ F IdX ,
thus F is naturally semifull. Moreover, for any f : X → Y in C, PX,Y (F (f)) = h, for some
h : X → Y in C such that F (h) = F IdY ◦ F (f) ◦ F IdX = F (f), but since F is faithful we
achieve h = f , and hence F is separable as PX,Y (F (f)) = f .

4.5.1 Separable semiadjoints

We obtain a characterization of separability for semifunctors that are part of a semi-
adjunction, extending (Rafael) Theorem 1.18 to semifunctors.

Theorem 4.80. [21, Theorem 4.7] (Rafael-type Theorem for separable semifunctors) Let
F ⊣s G : D → C be a semiadjunction, with unit η and counit ϵ. Then,

i) F is separable if, and only if, η is a natural split-mono, i.e. there exists a seminatural
transformation ν : GF → IdC such that ν ◦ η = IdIdC ;

ii) G is separable if, and only if, ϵ is a natural split-epi, i.e. there exists a seminatural
transformation γ : IdD → FG such that ϵ ◦ γ = IdIdD .
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Proof. We prove only i) as ii) follows by duality. Assume that F is a separable semifunctor
and let P be the associated natural transformation such that P ◦ F = IdHomC(−,−). By
Proposition 4.24 we define a seminatural transformation ν : GF → IdC given for any object
X in C by

νX := PGFX,X(ϵFX) : GFX → X.

We have

νX ◦ ηX = PGFX,X(ϵFX) ◦ ηX = PX,X(ϵFX ◦ FηX)
= PX,X(F IdX) = PX,XFX,X(IdX) = IdX ,

where the last equality follows from the separability of F . Conversely, suppose that there
exists a seminatural transformation ν : GF → IdC such that ν ◦ η = IdIdC . By Proposition
4.24 define, for every g : FX → FY in D,

PX,Y (g) := νY ◦Gg ◦ ηX .

For every f ∈ HomC(X,Y ) it holds

(PX,Y ◦ FX,Y )(f) = PX,Y (F (f)) = νY ◦GF (f) ◦ ηX = νY ◦ ηY ◦ f = IdY ◦ f = f,

hence F is separable.

Given an idempotent (semi)natural transformation e = (eX)X∈C : IdC → IdC on a
category C, consider the canonical semifunctor Ee : C → C. As a consequence of Theorem
4.80 we have the following.

Proposition 4.81. [21, Proposition 4.8] Let e = (eX)X∈C : IdC → IdC be an idempotent
(semi)natural transformation. Then, the canonical semifunctor Ee : C → C is separable if,
and only if, eX = IdX , for every X ∈ C.

Proof. From the proof of Proposition 4.34 Ee is self-semiadjoint with unit and counit
given on components by eX : X → X, for any X ∈ C. By Theorem 4.80 Ee is separable
if, and only if, there exists a seminatural transformation ν = (νX : X → X)X∈C such that
νX ◦ eX = IdX for any X ∈ C. Then, eX = IdX ◦ eX = νX ◦ eX ◦ eX = νX ◦ eX = IdX .

Remark 4.82. By Corollary 4.37 i) we know that, given a semiadjunction F ⊣s G : D → C
and the canonical semifunctor Ee : C → C, then F ′ := FEe : C → D and G′ := EeG :
D → C form a semiadjunction F ′ ⊣s G

′. If F ′ is separable, then by Lemma 4.77 ii) Ee is
separable, hence by Proposition 4.81 F ′ = F , so F is separable. If G′ is separable, then
so is G again by Lemma 4.77 ii).

4.6 Semiseparable semifunctors

In this section we present the notion of semiseparability for semifunctors, see [21,
Section 6]. We say that a semifunctor F : C → D is semiseparable if there exists a
natural transformation P : HomD(F−, F−) → HomC(−,−) such that

F ◦ P ◦ F = F . (4.13)

In the following proposition we characterize separable and naturally semifull semifunctors
in terms of faithful and semifull semifunctors, respectively. In the functor case we retrieve
Proposition 2.5.
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Proposition 4.83. [21, Proposition 6.1] Let F : C → D be a semifunctor. Then,

i) F is separable if, and only if, F is semiseparable and faithful;

ii) F is naturally semifull if, and only if, F is semiseparable and semifull.

Proof. i). The proof is analogous to that for Proposition 2.5 i).
ii). If F is naturally semifull, then for any f : X → Y in C, we have that (FX,Y ◦ PX,Y ◦
FX,Y )(f) = FX,Y (PX,Y (Ff)) = F IdY ◦ Ff ◦ F IdX = F (IdY ◦ f ◦ IdX) = Ff = FX,Y (f),
hence F is semiseparable. Moreover, a naturally semifull semifunctor is semifull by Lemma
4.69. Conversely, assume that F is semiseparable. Then, there is a natural transformation
P : HomD(F−, F−) → HomC(−,−) such that F ◦P ◦F = F . If F is semifull, then for any
f : FX → FY in D there exists h : X → Y in C such that F (h) = F IdY ◦f ◦F IdX : FX →
FY , so by naturality of PX,Y we get that FX,Y (PX,Y (f)) = F (IdY ◦ PX,Y (f) ◦ IdX) =
FPX,Y (F IdY ◦f ◦F IdX) = FPX,Y (F (h)) = F (h) = F IdY ◦f ◦F IdX , hence F is a naturally
semifull semifunctor.

Semiseparable semifunctors satisfy the following properties with respect to composi-
tion, as in the functor case, cf. Lemma 2.6 and Lemma 2.8.

Lemma 4.84. [21, Lemma 6.3] Let F : C → D and G : D → E be semifunctors and
consider the composite semifunctor G ◦ F : C → E.

i) If F is semiseparable and G is separable, then G ◦ F is semiseparable.

ii) If F is naturally semifull and G is semiseparable, then G ◦ F is semiseparable.

iii) If G ◦ F is semiseparable and G is faithful, then F is semiseparable.

Proof. i). If F is semiseparable with respect to PF and G is separable with respect to
PG, then G ◦ F is semiseparable with respect to PGF

X,Y := PF
X,Y PG

FX,FY , for every X,Y in
C, and the proof is the same of that for functors.
ii). If F is naturally semifull with respect to PF and G is semiseparable with respect to
PG, then for every f : X → Y in C we have

FGF
X,Y PF

X,Y PG
FX,FY FGF

X,Y (f) = FG
FX,FY (FF

X,Y PF
X,Y (PG

FX,FY (GFf)))
= FG

FX,FY (F IdY ◦ PG
FX,FY (GFf) ◦ F IdX) = GF IdY ◦GPG

FX,FY (GFf) ◦GF IdX
= GF IdY ◦GFf ◦GF IdX = GF (IdY ◦ f ◦ IdX) = GFf = FGF

X,Y (f),

hence G ◦ F is semiseparable with respect to PGF
X,Y := PF

X,Y PG
FX,FY .

iii). If G ◦ F is semiseparable through PGF , then FGF
X,Y ◦ PGF

X,Y ◦ FGF
X,Y = FGF

X,Y , i.e.
FG
FX,FY ◦ FF

X,Y ◦ PGF
X,Y ◦ FG

FX,FY ◦ FF
X,Y = FG

FX,FY ◦ FF
X,Y , for every X,Y ∈ C. Since G is

faithful, we have that FF
X,Y ◦ PGF

X,Y ◦ FG
FX,FY ◦ FF

X,Y = FF
X,Y , for every X,Y in C, so F is

semiseparable through PF
X,Y := PGF

X,Y ◦ FG
FX,FY .

Remark 4.85. If F : C → D is a semiseparable functor which is neither separable, nor
naturally full (see e.g. Example 3.3) and G : D → E is a separable semifunctor, then the
composite G ◦ F : C → E is a semiseparable semifunctor by Lemma 4.84 i), which is not
separable, neither naturally semifull. In fact, if G◦F were separable, then by Lemma 4.77
ii) F would be separable, and if G ◦ F were naturally semifull, then by Proposition 4.72
ii) F would be a naturally semifull functor, i.e. a naturally full functor, contradicting our
assumptions.



106 4. Semifunctors and semifullness

We now show that the properties considered so far are stable under natural semi-
isomorphisms. Cf. [21, Proposition 6.2], [21, Proposition 4.4], [21, Proposition 5.7] for the
semiseparable, separable, naturally semifull case, respectively.

Proposition 4.86. A semifunctor naturally semi-isomorphic to a semifull (resp., faith-
ful, semifully faithful, semiseparable, separable, naturally semifull) semifunctor is semifull
(resp., faithful, semifully faithful, semiseparable, separable, naturally semifull).

Proof. Consider a natural semi-isomorphism α : F → G of semifunctors, and define ς :
HomD(F−, F−) → HomD(G−, G−) by ςX,Y (f) = αY ◦ f ◦ α−1

X , for every f : FX →
FY in D. It is a natural semi-isomorphism with semi-inverse ς−1 : HomD(G−, G−) →
HomD(F−, F−) given by ς−1

X,Y (g) = α−1
Y ◦ g ◦ αX , for every g : GX → GY in D. Indeed,

from naturality of α and α−1, for every h : X ′ → X, k : Y → Y ′ in C and f : FX → FY in
D, we have that (HomD(Gh,Gk)◦ ςX,Y )(f) = Gk ◦ (αY ◦f ◦α−1

X )◦Gh = αY ′ ◦Fk ◦f ◦Fh◦
α−1
X′ = αY ′ ◦ HomD(Fh, Fk)(f) ◦ α−1

X′ = (ςX′,Y ′ ◦ HomD(Fh, Fk))(f), hence ς is natural.
It is also seminatural as (ςX,Y ◦ HomD(F IdX , F IdY ))(f) = ςX,Y ◦ (F IdY ◦ f ◦ F IdX) =
αY ◦ F IdY ◦ f ◦ F IdX ◦ α−1

X = αY ◦ f ◦ α−1
X = ςX,Y (f). Similarly, for ς−1 we have

(HomD(Fh, Fk) ◦ ς−1
X,Y )(f) = Fk ◦ (α−1

Y ◦ f ◦ αX) ◦ Fh = α−1
Y ′ ◦ Gk ◦ f ◦ Gh ◦ αX′ =

α−1
Y ′ ◦ HomD(Gh,Gk)(f) ◦ αX′ = (ς−1

X′,Y ′ ◦ HomD(Gh,Gk))(f), hence ς−1 is natural, and
(ς−1
X,Y ◦ HomD(GIdX , GIdY ))(g) = ς−1

X,Y ◦ (GIdY ◦ g ◦ GIdX) = α−1
Y ◦ GIdY ◦ g ◦ GIdX ◦

αX = α−1
Y ◦ g ◦ αX = ς−1

X,Y (g). Furthermore, ς−1
X,Y (ςX,Y (f)) = α−1

Y ◦ ςX,Y (f) ◦ αX =
α−1
Y ◦αY ◦ f ◦α−1

X ◦αX = F IdY ◦ f ◦F IdX = HomD(F IdX , F IdY )(f) and ςX,Y (ς−1
X,Y (g)) =

αY ◦ ς−1
X,Y (g) ◦α−1

X = αY ◦α−1
Y ◦ g ◦αX ◦α−1

X = GIdY ◦ g ◦GIdX = HomD(GIdX , GIdY )(g).
Note that

FF
X,Y = ς−1

X,Y ◦ FG
X,Y and FG

X,Y = ςX,Y ◦ FF
X,Y .

In fact, FF
X,Y (f) = Ff = F IdY ◦ Ff = α−1

Y ◦ αY ◦ Ff = α−1
Y ◦ Gf ◦ αX = ς−1

X,Y (Gf) =
(ς−1
X,Y ◦ FG

X,Y )(f) and FG
X,Y (f) = Gf = Gf ◦ GIdX = Gf ◦ αX ◦ α−1

X = αY ◦ Ff ◦ α−1
X =

ςX,Y (Ff) = (ςX,Y ◦ FF
X,Y )(f), for every f : X → Y in C.

Moreover, by naturality of ς, for every X,Y ∈ C we have

ς−1
X,Y ◦ HomD(GIdX , GIdY ) ◦ ςX,Y = ς−1

X,Y ◦ ςX,Y ◦ HomD(F IdX , F IdY )
= ς−1

X,Y ◦ ςX,Y = HomD(F IdX , F IdY ),

Assume that G : C → D is semifull and consider f : FX → FY in D. Thus, there exists
h : X → Y in C such that G(h) = GIdY ◦ ςX,Y (f) ◦GIdX . Then, from FF

X,Y = ς−1
X,Y ◦ FG

X,Y

we have

HomD(F IdX , F IdY )(f) =(ς−1
X,Y ◦ HomD(GIdX , GIdY ))(ςX,Y (f)) = ς−1

X,Y (G(h)) = F (h),

so F is semifull.
Assume now that G : C → D is faithful. If Fh = Fk, for h, k : X → Y in C, then
ςX,Y (Fh) = ςX,Y (Fk), that is Gh = Gk. Since by assumption G is faithful, we have h = k,
hence F is faithful as well. The semifully faithful case follow from the previous two cases
by Proposition 4.79.
Assume that G : C → D is a semiseparable (resp., separable, naturally semifull) semifunc-
tor with respect to PG. We show that F results to be semiseparable (resp., separable,
naturally semifull) with respect to PF

X,Y := PG
X,Y ◦ ςX,Y , for every X,Y ∈ C.



4.6. Semiseparable semifunctors 107

Indeed, in the semiseparable case, for every X,Y ∈ C, we have

FF
X,Y ◦ PF

X,Y ◦ FF
X,Y = ς−1

X,Y ◦ FG
X,Y ◦ PG

X,Y ◦ ςX,Y ◦ FF
X,Y

= ς−1
X,Y ◦ FG

X,Y ◦ PG
X,Y ◦ FG

X,Y = ς−1
X,Y ◦ FG

X,Y = FF
X,Y .

In the separable case, for every X,Y ∈ C, we have

PF
X,Y ◦ FF

X,Y = PG
X,Y ◦ ςX,Y ◦ FF

X,Y = PG
X,Y ◦ FG

X,Y = IdHomC(X,Y ).

Finally, we consider the naturally semifull case. For every X,Y ∈ C, we have

FF
X,Y ◦ PF

X,Y = FF
X,Y ◦ (PG

X,Y ◦ ςX,Y ) = ς−1
X,Y ◦ FG

X,Y ◦ PG
X,Y ◦ ςX,Y =

ς−1
X,Y ◦ HomD(GIdX , GIdY ) ◦ ςX,Y

(∗)= ς−1
X,Y ◦ ςX,Y = HomD(F IdX , F IdY )

where (∗) follows since ς−1 is seminatural, as shown above. Alternatively, the separable
and naturally semifull cases follow from Proposition 4.83 by combining the semiseparable
with the faithful and semifull cases, respectively.

Similarly to Proposition 2.11, we can attach to any semiseparable semifunctor a canoni-
cal idempotent (semi)natural transformation, that we call the associated idempotent, which
controls when the semifunctor is separable.

Proposition 4.87. [21, Proposition 6.5] Let F : C → D be a semiseparable semifunctor.
Then, there is a unique idempotent (semi)natural transformation e : IdC → IdC such that
Fe = F Id with the following universal property: if f, g : X → Y are morphisms in C, then
Ff = Fg if, and only if, eY ◦ f = eY ◦ g. Moreover, e = Id : IdC → IdC if, and only if, F
is separable.

Proof. Since F is semiseparable, there is a natural transformation P such that F ◦ P ◦
F = F . Set eX := PX,X (F IdX), for every X ∈ C. Note that for all X ∈ C, FeX =
FPX,X (F IdX) = FX,XPX,XFX,X (IdX) = FX,X (IdX) = F IdX . Then, by naturality
of P, we have eX ◦ eX = PX,X (F IdX) ◦ eX = PX,X (F IdX ◦ FeX) = PX,X (FeX) =
PX,X (F IdX) = eX and hence eX is idempotent. Moreover, for every morphism f : X → Y
in C we have f ◦ eX = f ◦ PX,X (F IdX) = PX,Y (Ff ◦ F IdX) = PX,Y (F IdY ◦ Ff) =
PY,Y (F IdY ) ◦ f = eY ◦ f , so that f ◦ eX = eY ◦ f . Thus, e = (eX)X∈C : IdC → IdC is an
idempotent (semi)natural transformation such that Fe = F Id. Now, consider morphisms
f, g : X → Y in C. If Ff = Fg, then PX,Y (Ff) = PX,Y (Fg), i.e. PY,Y (F IdY ) ◦ f =
PY,Y (F IdY ◦ Ff) = PY,Y (F IdY ◦ Fg) = PY,Y (F IdY ) ◦ g, i.e. eY ◦ f = eY ◦ g. Conversely,
from eY ◦ f = eY ◦ g we get FeY ◦ Ff = FeY ◦ Fg and hence Ff = Fg as FeY = F IdY .
Finally, let e′ : IdC → IdC be an idempotent (semi)natural transformation such that, if
f, g : X → Y are morphisms in C, then Ff = Fg if, and only if, e′

Y ◦ f = e′
Y ◦ g. From

e′
X ◦e′

X = e′
X ◦IdX we get Fe′

X = F IdX , hence Fe′ = F Id. From the property of e we have
eX ◦ e′

X = eX ◦ IdX , i.e. eX ◦ e′
X = eX . By interchanging the roles of e and e′, similarly

we get e′
X ◦ eX = e′

X , and by naturality we have eX ◦ e′
X = e′

X ◦ eX , hence eX = e′
X , i.e.

e = e′.
Now, if F is separable then there is a natural transformation P such that P ◦ F = Id

and hence eX = PX,X(F IdX) = PX,XFX,X(IdX) = IdX for all X ∈ C. Conversely, let
F : C → D be a semiseparable semifunctor through P and suppose e = Id is the associated
idempotent. Then, for every f : X → Y in C, we have PX,Y (Ff) = PX,Y (Ff ◦ F IdX) =
f ◦ PX,X(F IdX) = f ◦ eX = f ◦ IdX = f so that P ◦ F = Id, hence F is separable.



108 4. Semifunctors and semifullness

Corollary 4.88. Let F be a semiseparable semifunctor with associated idempotent natural
transformation e. Then, F = FEe, where Ee is the canonical semifunctor attached to e.

Proof. Consider the composite F = FEe. Then, for every X ∈ C, f : X → Y in C,
we have FEeX = FX and FEe(f) = F (f ◦ eX) = Ff ◦ FeX = Ff ◦ IdFX = Ff , as
FeX = IdFX .

Corollary 4.89. Let F ⊣s G be a semiadjunction.

i) If F is semiseparable with associated idempotent e : IdC → IdC, then G ∼=s E
eG.

ii) If G is semiseparable with associated idempotent e : IdD → IdD, then F ∼=s E
eF .

Proof. i). By Corollary 4.88 we have that FEe ⊣s G. By Corollary 4.37 i) we know that
FEe ⊣s E

eG is a semiadjunction. Thus, by Proposition 4.26 G ∼=s E
eG.

ii). It follows similarly from Corollary 4.37 ii).

Example 4.90. Cf. [21, Example 7.3]. We come back to Example 4.38. Let C be a
category and consider an idempotent natural transformation e : IdC → IdC . Since for
every object X ∈ Ce, HL(X) = X, and for every morphism f̄ in Ce, HLf̄ = H(eY ◦ f) =
HeY ◦ Hf = IdHY ◦ f̄ = f̄ , we have HL = IdCe , hence η = IdIdCe

. Thus, there exists
a seminatural transformation ν = IdIdCe

: HL → IdCe such that ν ◦ η = IdIdCe
and

η ◦ ν = IdIdCe
= HLId. Then, by Theorem 4.80 and Theorem 4.74, L is a separable and

naturally semifull semifunctor, whence semifully faithful.
Recall that Ee = LH. We know that L is semifully faithful and H is naturally

full by Lemma 2.28, hence in particular they are naturally semifull semifunctors. Thus,
by Proposition 4.72 the semifunctor Ee is naturally semifull, whence semiseparable. By
Proposition 4.87 its associated idempotent α : IdC → IdC such that Eeα = EeId is given
for any X in C by αX = PX,X(EeIdX) = PX,X(eX) : X → X, and then we have that
αX = PX,X(eX) = PX,X(EeeX ◦eX) = eX ◦PX,X(eX) = eX ◦αX = EeαX = EeIdX = eX .
Moreover, from Proposition 4.83 Ee results to be separable if, and only if, it is faithful.
By Proposition 4.81 we know that Ee is separable if, and only if, e = Id. Thus, Ee is
(semifully) faithful if, and only if, it is the identity functor on C.

4.6.1 Semiseparable semiadjoints

The following Rafael-type Theorem characterizes semiseparability for semifunctors that
are part of a semiadjunction.

Theorem 4.91. [21, Theorem 6.6] Let F ⊣s G : D → C be a semiadjunction, with unit η
and counit ϵ. Then,

i) F is semiseparable if, and only if, there exists a natural transformation ν : GF → IdC
which satisfies one of the following equivalent conditions:

(1) η ◦ ν ◦ η = η;
(2) Fν ◦ Fη = F Id.

ii) G is semiseparable if, and only if, there exists a natural transformation γ : IdD → FG
which satisfies one of the following equivalent conditions:

(1) ϵ ◦ γ ◦ ϵ = ϵ;
(2) Gϵ ◦Gγ = GId.
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Proof. We just prove i) as ii) follows by duality. Assume that F is semiseparable and let
P be the associated natural transformation such that F ◦ P ◦ F = F . By Proposition 4.24
we define ν : GF → IdC by νX := PGFX,X(ϵFX) : GFX → X. For every X ∈ C, we have

ηX ◦ νX ◦ ηX = ηX ◦ PGFX,X(ϵFX) ◦ ηX = ηX ◦ PX,X(ϵFX ◦ FηX) = ηX ◦ PX,X(F IdX)
= GFPX,X(F IdX) ◦ ηX = G((FX,X ◦ PX,X ◦ FX,X)(IdX)) ◦ ηX
(4.13)= GFX,X(IdX) ◦ ηX = GF (IdX) ◦ ηX = ηX ,

hence condition (1) is satisfied. Conversely, assume that there exists a natural transfor-
mation ν : GF → IdC such that η ◦ ν ◦ η = η, and for any f ∈ HomD(FX,FY ) define
PX,Y (f) := νY ◦Gf ◦ ηX as in Proposition 4.24. For every f ∈ HomC(X,Y ), we have

(FX,Y ◦ PX,Y ◦ FX,Y )(f) = F (PX,Y (F (f))) = F (νY ◦GF (f) ◦ ηX) = F (νY ◦ ηY ◦ f)
= F (IdY ◦ νY ◦ ηY ◦ f) = F IdY ◦ F (νY ◦ ηY ◦ f) = ϵFY ◦ FηY ◦ F (νY ◦ ηY ◦ f)
= ϵFY ◦ F (ηY ◦ νY ◦ ηY ◦ f) = ϵFY ◦ F (ηY ◦ f) = ϵFY ◦ FηY ◦ Ff
= F IdY ◦ Ff = Ff = FX,Y (f),

so F is semiseparable. Finally, we prove that (1) and (2) are equivalent.
(1) ⇒ (2). We have Fν ◦ Fη = F (Id ◦ ν ◦ η) = F Id ◦ Fν ◦ Fη = ϵF ◦ Fη ◦ Fν ◦ Fη (i)=
ϵF ◦ Fη = F Id.
(2) ⇒ (1). By naturality of η, we have η◦ν◦η = η◦(ν◦η) = GF (ν◦η)◦η = G(Fν◦Fη)◦η =
GF Id ◦ η = η.

4.6.2 Idempotent completion and semiadjoint triples

The notions considered so far for a semifunctor F are related to the corresponding
functorial notions for its completion F ♮. The following result is a semifunctorial version
of [5, Proposition 2.1 and Corollary 2.2].

Proposition 4.92. [21, Proposition 6.7] Let F : C → D be a semifunctor. Then,

i) F is faithful if, and only if, F ♮ is a faithful functor;

ii) F is semifull if, and only if, F ♮ is a full functor;

iii) F is semiseparable if, and only if, F ♮ is a semiseparable functor.

Proof. i). It follows from the fact that F ♮f = Ff , for any morphism f : (C, c) → (C ′, c′)
in C♮, i.e. for any morphism f : C → C ′ in C such that f = c′ ◦ f ◦ c.
ii). Assume that F is semifull. Let f : F ♮ (C, c) → F ♮ (C ′, c′) be a morphism in D♮, i.e. a
morphism f : FC → FC ′ in D such that f = Fc′ ◦ f ◦Fc. Since F is semifull, there exists
a morphism g : C → C ′ in C such that F (g) = F IdC′ ◦f ◦F IdC . Set g′ := c′ ◦g◦c : C → C ′.
Note that c′g′c = c′(c′gc)c = c′gc = g′, hence g′ : (C, c) → (C ′, c′) is a morphism in C♮.
Then, F ♮(g′) = F (g′) = F (c′gc) = F (c′) ◦ F (g) ◦ F (c) = Fc′ ◦ F IdC′ ◦ f ◦ F IdC ◦ Fc =
Fc′ ◦ f ◦ Fc = f . Thus, F ♮ is full. Conversely, assume that F ♮ is full. Let f : FC → FC ′

be a morphism in D. Consider the morphism f ′ : (FC,F IdC) → (FC ′, F IdC′) in D♮ given
by f ′ = F IdC′ ◦ f ◦ F IdC . Then, there is a morphism g : (C, IdC) → (C ′, IdC′) in C♮ (i.e.
a morphism g : C → C ′ in C) such that F ♮g = f ′. Thus, we have F (g) = F ♮(g) = f ′ =
F IdC′ ◦ f ◦ F IdC , hence F is semifull.
iii). If F is semiseparable, then the proof of the fact that F ♮ is semiseparable is the same as
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in [5, Corollary 2.2] for the functorial case. Conversely, assume that F ♮ is semiseparable.
Then, there is a natural transformation PF ♮ : HomD♮(F ♮−, F ♮−) → HomC♮(−,−) such
that FF ♮PF ♮FF ♮ = FF ♮ . Define PF : HomD(F−, F−) → HomC(−,−) by PF

C,C′(g) =
PF ♮

C,C′(g), for every g : FC → FC ′ in D, i.e. for every g : (FC, IdFC) → (FC ′, IdFC′) in
D♮. Thus, PF

C,C′(g) is a morphism in C and, by naturality of PF ♮ , also PF is a natural
transformation. Moreover, for any f : C → C ′ in C, we have FF

C,C′PF
C,C′FF

C,C′(f) =
FF ♮

C,C′PF ♮

C,C′FF ♮

C,C′(f) = FF ♮

C,C′(f) = FF
C,C′(f).

Corollary 4.93. [21, Corollary 6.8] Let F : C → D be a semifunctor. Then,

i) F is separable if, and only if, F ♮ is a separable functor;

ii) F is naturally semifull if, and only if, F ♮ is a naturally full functor;

iii) F is semifully faithful if, and only if, F ♮ is a fully faithful functor.

Proof. It follows from Proposition 4.92 and Proposition 4.83.

Remark 4.94. Proposition 4.79 can be seen as a consequence of Corollary 4.93. In fact, by
[7, Remark 2.2 (3)] a functor is fully faithful if, and only if, it is separable and naturally
full, so by Corollary 4.93 a semifunctor is semifully faithful if, and only if, it is separable
and naturally semifull.

As a consequence, in the following corollary we retrieve [5, Proposition 2.1 and Corol-
lary 2.2] which follow straightforwardly from Proposition 4.92 and Corollary 4.93 in case
F : C → D is a functor.

Corollary 4.95. Let F : C → D be a functor. Then,

i) F is faithful if, and only if, so is F ♮;

ii) F is full if, and only if, so is F ♮;

iii) F is fully faithful if, and only if, so is F ♮;

iv) F is semiseparable if, and only if, so is F ♮;

v) F is separable if, and only if, so is F ♮;

vi) F is naturally full if, and only if, so is F ♮.

Proof. i). It follows from Proposition 4.92 i).
ii). It follows from Proposition 4.58 and Proposition 4.92 ii).
iii). It follows from Corollary 4.93 iii) as a fully faithful functor is a semifully faithful
semifunctor such that F Id = IdF .
iv). It follows from Proposition 4.92 iii).
v). It follows from Corollary 4.93 i).
vi). It follows from Corollary 4.93 ii) and Proposition 4.70.

Corollary 4.96. Let F : C → D be a separable functor. Then, F ♮ is Maschke, dual
Maschke and conservative.

Proof. If F is separable then F ♮ is separable by Corollary 4.95, so by Corollary 2.18 F ♮ is
Maschke, dual Maschke and conservative.
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The following is a semifunctorial analogue of Proposition 2.41. In particular the semi-
fully faithful case is a semifunctorial analogue of [19, Proposition 3.4.2].

Proposition 4.97. [21, Proposition 6.10] Let F ⊣s G ⊣s H : C → D be a semiadjoint triple
of semifunctors. Then, F is semiseparable (resp., separable, naturally semifull, semifully
faithful) if, and only if, so is H.

Proof. Given a semiadjoint triple F ⊣s G ⊣s H : C → D, by Theorem 4.21 we obtain an
adjoint triple F ♮ ⊣ G♮ ⊣ H♮ : C♮ → D♮ of functors. By Proposition 2.41 we know that
F ♮ is semiseparable (resp., separable, naturally full) if, and only if, so is H♮. Thus, by
Proposition 4.92 and Corollary 4.93 we have that the semifunctor F is semiseparable (resp.,
separable, naturally semifull) if, and only if, so is H. As a consequence of Proposition 4.79,
by combining the previous separable and naturally semifull cases, we get that F is semifully
faithful if, and only if, so is H.

4.6.3 (Co)separable semi(co)monads

In this subsection we show a semifunctorial version of Lemma 2.43. We recall from
[52] the notions of semimonad and semicomonad. The theory of semi(co)monads finds
applications e.g. in the categorical description of non-stable models of linear logic [51].

A semimonad (⊤,m : ⊤⊤ → ⊤, η : IdC → ⊤) on a category C is the datum of a
semifunctor ⊤ : C → C, a seminatural transformation m : ⊤⊤ → ⊤, and a natural
transformation η : IdC → ⊤, satisfying the following conditions for every C ∈ C:

i) mC ◦ ⊤(ηC) = mC ◦ η⊤C = ⊤(IdC),

ii) mC ◦ ⊤(mC) = mC ◦m⊤C .

A monad (⊤,m, η) on C is then a semimonad where ⊤ is a functor. Note that η is
also a seminatural transformation. A semimonad morphism (F, µ) between semimonads
(⊤,m : ⊤⊤ → ⊤, η : IdC → ⊤) and (⊤′,m′ : ⊤′⊤′ → ⊤′, η′ : IdD → ⊤′) consists of a
semifunctor F : C → D and a seminatural transformation µ : ⊤′F → F⊤ such that, for
every C ∈ C, one has

i) µC ◦ η′
FC = F⊤(IdC) ◦ FηC ,

ii) µC ◦m′
FC = FmC ◦ µ⊤C ◦ ⊤′µC .

The notions of semicomonad and semicomonad morphism are defined dually. As shown
in [52, Theorem 6.9] any semiadjunction F ⊣s G : D → C, with unit η and counit ϵ, gives
rise to a semicomonad (⊥ : D → D,∆, ϵ) on D defined by ⊥ = FG, ∆ = FηG ◦ FGId,
and dually to a semimonad (⊤ : C → C,m, η) on C given by ⊤ = GF , m = GF Id ◦GϵF .

Given a category C, we say that (⊤,m : ⊤⊤ → ⊤, η : IdC → ⊤) is a separable
semimonad on C if there exists a natural transformation σ : ⊤ → ⊤⊤ such that m ◦ σ =
⊤Id and ⊤m ◦ σ⊤ = σ ◦ m = m⊤ ◦ ⊤σ. Dually, (⊥,∆ : ⊥ → ⊥⊥, ϵ : ⊥ → IdC) is
a coseparable semicomonad on a category C if there exists a natural transformation
τ : ⊥⊥ → ⊥ satisfying τ ◦ ∆ = ⊥Id and ⊥τ ◦ ∆⊥ = ∆ ◦ τ = τ⊥ ◦ ⊥∆.

Then, we can prove the announced result that extends Lemma 2.43 to semiseparable
semifunctors that are part of a semiadjunction.

Lemma 4.98. Let F ⊣s G : D → C be a semiadjunction with unit η and counit ϵ.
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i) If G is semiseparable, then (GF,GF Id ◦GϵF, η) is a separable semimonad.

ii) If F is semiseparable, then (FG,FηG ◦ FGId, ϵ) is a coseparable semicomonad.

Proof. i). Assume G is a semiseparable semifunctor. Then, by Theorem 4.91 there is a
natural transformation γ : IdD → FG such that Gϵ ◦Gγ = GId. Set

σ := GγF ◦GF Id : GF → GFGF.

It follows that GF Id◦GϵF ◦σ = GF Id◦GϵF ◦GγF ◦GF Id = GF Id◦(Gϵ◦Gγ)F ◦GF Id =
GF Id ◦GIdF ◦GF Id = GF Id. From the naturality of ϵ and γ, we have γ ◦ ϵ = ϵFG ◦FGγ
and γ ◦ ϵ = FGϵ ◦ γFG, respectively, hence

GF (GF Id ◦GϵF ) ◦ σGF = GF (GF Id ◦GϵF ) ◦ (GγF ◦GF Id)GF
= GFGF Id ◦GFGϵF ◦GγFGF ◦GF IdGF = GFGF Id ◦GγF ◦GϵF ◦GF IdGF

= GFGF Id ◦GϵFGF ◦GFGγF ◦GF IdGF = GFGF Id ◦GϵFGF ◦GFGγF
= GFGF Id ◦GγF ◦GϵF = GF IdGF ◦GFGF Id ◦GγF ◦GϵF

= GF IdGF ◦GγF ◦GF Id ◦GϵF = GF IdGF ◦GγF ◦GϵF ◦GFGF Id
= GF IdGF ◦GϵFGF ◦GFGγF ◦GFGF Id = (GF Id ◦GϵF )GF ◦GF (GγF ◦GF Id)

= (GF Id ◦GϵF )GF ◦GFσ.

Thus, GF (GF Id ◦ GϵF ) ◦ σGF = (GF Id ◦ GϵF )GF ◦ GFσ. Moreover, we have (GF Id ◦
GϵF )GF ◦GFσ = (GF Id ◦GϵF )GF ◦GF (GγF ◦GF Id) = GF IdGF ◦GϵFGF ◦GFGγF ◦
GFGF Id = GF IdGF ◦GγF ◦GϵF ◦GFGF Id = GF IdGF ◦GγF ◦GF Id◦GϵF = GF IdGF ◦
GFGF Id◦GγF ◦GϵF = GFGF Id◦GγF ◦GϵF = GγF ◦GF Id◦GF Id◦GϵF = σ ◦GF Id◦
GϵF . Then,

GF (GF Id ◦GϵF ) ◦ σGF = (GF Id ◦GϵF )GF ◦GFσ = σ ◦GF Id ◦GϵF,

so the semimonad (GF,GF Id ◦GϵF, η) is separable.
ii). It follows dually.

4.7 Examples

In this section we provide examples of semifull, naturally semifull, (semi)separable and
semifully faithful semifunctors, see [21, Section 7].

4.7.1 The forgetful semifunctor

See [21, Example 7.1], [5, Example 2.13]. Let C be a category with idempotent com-
pletion C♮. Recall from Subsection 4.1.1 that the canonical functor ιC : C → C♮ is given
by X 7→ (X, IdX), [f : X → X ′] 7→ [f : (X, IdX) → (X ′, IdX′)] and the forgetful semi-
functor υC : C♮ → C maps an object (X, e) ∈ C♮ to the underlying object X and a
morphism f : (X, e) → (X ′, e′) to the underlying morphism υCf : X → X ′ in C such that
e′ ◦ υCf ◦ e = υCf . It is indeed a semifunctor as υC(Id(X,e)) = e ̸= IdX in general.

By [52, Theorem 2.10] the Karoubi envelope functor κ : Cats → Cat, defined by κ(C) =
C♮, κ(F ) = F ♮, for any category C and any semifunctor F : C → D, is the right adjoint
of the inclusion functor i : Cat → Cats. Then, ιC and υC result to be the C-components
of the unit and of the counit for the adjunction i ⊣ κ, respectively. Moreover, υC ⊣s ιC
and ιC ⊣s υC are semiadjunctions, cf. [50, Example 6], thus υC and ιC are Frobenius
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semifunctors. The component (ηC)(C,c) : (C, c) → ιCυC (C, c) = (C, IdC) of the unit ηC
of υC ⊣s ιC is defined by setting υC((ηC)(C,c)) := c : C → C while the counit is ϵC :=
IdIdC : υCιC = IdC → IdC . The unit of ιC ⊣s υC is ϵC := IdIdC : IdC → IdC = υCιC
while the component (νC)(C,c) : ιCυC (C, c) = (C, IdC) → (C, c) of the counit is given by
υC((νC)(C,c)) := c : C → C. Note that

υC
(
(νC)(C,c) ◦ (ηC)(C,c)

)
= υC((νC)(C,c)) ◦ υC((ηC)(C,c)) = c ◦ c = c = υC(Id(C,c)),

hence νC ◦ ηC = IdIdC♮
, thus by Theorem 4.80 it follows that υC is a separable semifunctor.

Moreover,

υC
(
(ηC)(C,c) ◦ (νC)(C,c)

)
= υC((ηC)(C,c)) ◦ υC((νC)(C,c)) = c ◦ c = c = υCιCυCId(C,c),

so (ηC)(C,c) ◦ (νC)(C,c) = ιCυCId(C,c) and hence it holds ηC ◦ νC = ιCυCId. By Theorem
4.74 it follows that υC is also a naturally semifull semifunctor, hence semifully faithful by
Proposition 4.79.

4.7.2 Semi-product semifunctor

See [21, Example 7.2]. Recall from [52, Definition 4.3] that a binary semi-product of
objects A,B in a category C consists of an object A×B in C, an arrow πA : A×B → A,
an arrow πB : A× B → B, an arrow ⟨f, g⟩ : C → A× B, for each f : C → A, g : C → B
in C, such that

i) πA ◦ ⟨f, g⟩ = f ,

ii) πB ◦ ⟨f, g⟩ = g,

iii) ⟨f ◦ h, g ◦ h⟩ = ⟨f, g⟩ ◦ h, for any morphism h : D → C in C.

A binary semi-product is a binary product if, and only if, ⟨πA, πB⟩ = IdA×B. If C is
a category with semi-products for all pairs of objects A,B, let ×C : C × C → C be the
semifunctor given by

(A,B) 7→ A×B and (f, g) 7→ f × g := ⟨f ◦ πA, g ◦ πB⟩.

It is indeed a semifunctor as IdA × IdB = ⟨πA, πB⟩. Moreover, it is a right semiadjoint of
the functor ∆C : C → C × C, A 7→ (A,A), f 7→ (f, f), for any morphism f : A → A′ in C.
They actually form a semiadjunction ∆C ⊣s ×C with unit the seminatural transformation
η : IdC → ×C∆C , given on components by ηC = ⟨IdC , IdC⟩ : C → C × C, so that
πC ◦ ⟨IdC , IdC⟩ = IdC , for every C in C, and counit the seminatural transformation ϵ :
∆C×C → IdC×C , given on components by ϵ(A,B) = (πA, πB) : (A×B,A×B) → (A,B). We
now study the properties of the semifunctor ×C . Note that in general ×C is not faithful by
Proposition 4.65 as the components ϵ(A,B) = (πA, πB) of the counit are not epimorphisms
for every (A,B) in C × C. For instance, in Set consider a nonempty set B and the binary
product ∅ ×B, which is in particular a binary semi-product. Then, the map πB : ∅ ×B =
∅ → B is the empty function from the emptyset into B, but it is not an epimorphism, cf.
[19, page 40]. As a consequence, ×C is not separable in general. By Proposition 4.65 we
know that ×C is semifull if, and only if, the component ϵ(A,B) = (πA, πB) is an (A,B)-
semisplit-mono for every (A,B) in C × C, i.e. if, and only if, for every (A,B) in C × C
there exists a morphism γ(A,B) = (γ1, γ2) : (A,B) → (A × B,A × B) in C × C such that
γ(A,B) ◦ ϵ(A,B) = ∆C ×C Id(A,B), i.e. such that (γ1πA, γ2πB) = (⟨πA, πB⟩, ⟨πA, πB⟩). The
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latter condition is not satisfied in general. For instance, in Set consider again the binary
product ∅ × B = ∅ of the emptyset by a nonempty set B. Since ∅ is the initial object in
Set we have π∅ = Id∅. Moreover, we have that ⟨π∅, πB⟩ = Id∅×B = Id∅, so if ×Set were
semifull, then there would exist a morphism γ(∅,B) = (γ1, γ2) : (∅, B) → (∅, ∅) in Set × Set
such that (γ1Id∅, γ2πB) = (Id∅, Id∅) : ∅ → ∅, but such γ2 does not exist as there can be no
map from a nonempty set to ∅.

4.7.3 The constant semifunctor

See [21, Example 7.2], [52, Subsection 2.3]. Let 1 be the category with only one
object 1 and an identity morphism Id1. Any semifunctor F : 1 → C determines an
arrow F (Id1) : F (1) → F (1) which is idempotent. Conversely, any idempotent arrow
e : X → X in C defines a semifunctor F e : 1 → C, given by F e(1) = X, F e(Id1) = e.
In particular we have the functor F IdX : 1 → C given by F IdX (1) = X, F IdX (Id1) =
IdX . Hence F e = Ee ◦ F IdX , where Ee : C → C is the canonical semifunctor. Now,
we show that F e : 1 → C is a separable semifunctor that is not naturally semifull in
general. Note that Hom1(1, 1) = {Id1}. Consider the associated natural transformation
FF e

1,1 : Hom1(1, 1) → HomC(F e(1), F e(1)), FF e

1,1 (Id1) = F e(Id1) = e, and the map PF e

1,1 :
HomC(F e(1), F e(1)) → Hom1(1, 1), given by PF e

1,1(f) = Id1, for any f : F e(1) → F e(1)
in C. We have that PF e

1,1 is a natural transformation as for any f : F e(1) → F e(1) in
C, PF e

1,1(F eId1 ◦ f ◦ F eId1) = PF e

1,1(e ◦ f ◦ e) = Id1 = Id1 ◦ PF e

1,1(f) ◦ Id1. Moreover,
(PF e

1,1 ◦ FF e

1,1 )(Id1) = PF e

1,1(e) = Id1, hence F e is separable, and in particular semiseparable.
Thus, F e is naturally semifull if, and only if, it is semifull. If F e were semifull, then it
would follow that e = e ◦ f ◦ e for any f : F e(1) → F e(1) in C, and this does not happen
in general (see e.g. Subsection 4.7.5). More generally, given two categories C and D
and a fixed idempotent arrow eD : D → D in D we can consider the constant semifunctor
K : C → D given byK(C) = D, K(f) = eD, for every object C ∈ C and for every morphism
f : C → C ′ in C. It is clearly not faithful and not even semifull. In fact, for any morphism
g : K(C) = D → K(C ′) = D in D we have that KIdC′ ◦ g ◦KIdC = eD ◦ g ◦ eD. If K were
semifull then there would exist a morphism f : C → C ′ such that eD = K(f) = eD ◦g◦eD,
which is not true in general.

4.7.4 Semifunctors associated with a morphism of rings

See [21, Example 7.6]. Let R,S be unital rings and let RM, SM be the categories of
left R-modules and left S-modules, respectively. Consider a morphism of rings φ : R → S,
that induces the restriction of scalars functor φ∗ : SM → RM and the extension of scalars
functor φ∗ := S⊗R (−) : RM → SM. As recalled in Subsection 1.4.1, these functors form
an adjunction φ∗ ⊣ φ∗, with unit η and counit ϵ given by

ηM = φ⊗RM : M → S ⊗RM, m 7→ 1S ⊗R m and ϵN : S ⊗R N → N, s⊗R n 7→ sn,

for every M ∈ RM and N ∈ SM, respectively. Given an idempotent (semi)natural
transformation e = (eX)X∈RM : Id

RM → Id
RM, by composing φ∗ with the canonical

semifunctor Ee : RM → RM, we get the semifunctor

φ∗
e := φ∗ ◦ Ee : RM → SM, M 7→ S ⊗RM, f 7→ S ⊗R feM

for any f : M → M ′ in RM. Consider the semifunctor

φe∗ := Ee ◦ φ∗ : SM → RM, N 7→ φ∗(N), g 7→ eφ∗(N ′) ◦ φ∗(g),
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for any g : N → N ′ in SM. By Corollary 4.37 i) we know that φ∗
e and φe∗ form a

semiadjunction φ∗
e ⊣s φ

e
∗ : SM → RM, with unit ηe := EeηEe ◦e and counit ϵe := ϵ◦φ∗eφ∗ .

By Theorem 4.80, φe∗ is separable if, and only if, ϵe is a natural split-epi, i.e. there exists
a seminatural transformation γ : Id

SM → φ∗
eφ

e
∗ such that ϵe ◦ γ = IdId

SM , while φ∗
e

is separable if, and only if, ηe is a natural split-mono, i.e. there exists a seminatural
transformation ν : φe∗φ∗

e → Id
RM such that ν ◦ ηe = IdId

RM . In particular, if φe∗ is
separable, then by Lemma 4.77 ii) φ∗ is separable. If φ∗

e is separable, then by Remark
4.82 it results to be φ∗

e = φ∗.
In Proposition 4.100 we study the natural semifullness of φe∗ and φ∗

e, for which the
following lemma will be useful.

Lemma 4.99. [21, Lemma 7.7] Let φ : R → S be a morphism of rings and let e =
(eX)X∈RM : Id

RM → Id
RM be an idempotent (semi)natural transformation. Consider the

semifunctors φ∗
e, φe∗ as above. Then,

i) 1S = eφ∗(S)(φ(eR(1R))) holds true if, and only if, φ(r) = eφ∗(S)(φ(eR(r))) holds true
for every r ∈ R if, and only if,

r−1
S ◦ φ = φe∗φ

∗
eIdR ◦ r−1

S ◦ φ (4.14)

holds true, where rS : S ⊗R R → S is the canonical isomorphism s⊗R r 7→ sφ(r).

ii) eφ∗(S) is a left S-module morphism if, and only if, eφ∗(N) is a left S-module morphism
for every N ∈ SM. The latter condition means that there is an idempotent natural
transformation α : Id

SM → Id
SM such that φ∗α = eφ∗. In this case, let Eα :

SM → SM be the canonical semifunctor attached to α. Then, Eα ◦ φ∗ = φ∗ ◦ Ee
and φ∗ ◦ Eα = Ee ◦ φ∗.

Proof. i). Assume that 1S = eφ∗(S)(φ(eR(1R))). Then, since eR, eφ∗(S) are left R-module
morphisms, we have that eφ∗(S)(φ(eR(r))) = eφ∗(S)(φ(reR(1R))) = eφ∗(S)(φ(r)φ(eR(1R))) =
φ(r)eφ∗(S)(φ(eR(1R))) = φ(r)1S = φ(r), for every r ∈ R. The converse implication is triv-
ially satisfied. Now we show that the latter condition is also equivalent to (4.14). Indeed,
we have that rSφe∗φ∗

eIdRr−1
S φ(r) = rSφ

e
∗(S ⊗R eR)(φ(r) ⊗R 1R) = rSeφ∗(S⊗RR)φ∗(S ⊗R

eR)(1S ⊗R r) = eφ∗(S)rS(1S ⊗R eR(r)) = eφ∗(S)(φ(eR(r))), for every r ∈ R.
ii). If eφ∗(N) is a left S-module morphism for every N ∈ SM, then clearly eφ∗(S) is a left
S-module morphism. On the other hand, assume that eφ∗(S) is a left S-module morphism.
Consider a left S-module N and the left S-module morphism fn : S → N , s 7→ sn, for
n ∈ N . By naturality of e, we have that eφ∗(N)(sn) = (eφ∗(N) ◦ φ∗(fn))(s) = (φ∗(fn) ◦
eφ∗(S))(s) = eφ∗(S)(s)n. Since eφ∗(S) is left S-linear, we get eφ∗(S)(s)n = seφ∗(S)(1S)n =
seφ∗(N)(n), so eφ∗(N) is a left S-module morphism for every N ∈ SM, which means that
there is αN : N → N in SM such that φ∗(αN ) = eφ∗(N). For any left S-module morphism
f : N → N ′ we have that φ∗(αN ′ ◦f) = φ∗(αN ′)◦φ∗(f) = eφ∗(N ′)◦φ∗(f) = φ∗(f)◦eφ∗(N) =
φ∗(f) ◦ φ∗(αN ) = φ∗(f ◦ αN ), hence αN ′ ◦ f = f ◦ αN as φ∗ is faithful. Moreover, for any
N ∈ SM, φ∗(αN ◦ αN ) = φ∗(αN ) ◦ φ∗(αN ) = eφ∗(N) ◦ eφ∗(N) = eφ∗(N) = φ∗(αN ), thus
α2
N = αN , so we obtain an idempotent natural transformation α : Id

SM → Id
SM. Consider

the canonical semifunctor Eα : SM → SM attached to α. We show that Eα◦φ∗ = φ∗ ◦Ee
and φ∗ ◦Eα = Ee ◦φ∗. In fact, the semifunctor Eα ◦φ∗ : RM → SM maps M 7→ S⊗RM ,
[f : M → M ′] 7→ αS⊗RM ′ ◦ (S⊗R f) = (S⊗R f) ◦αS⊗RM . By naturality of e, we have that
eφ∗(S⊗RM)(1S ⊗R m) = 1S ⊗R eM (m). Since eφ∗(S⊗RM) is a left S-module morphism, we
get that eφ∗(S⊗RM)(s⊗Rm) = seφ∗(S⊗RM)(1S ⊗Rm) = s(1S ⊗R eM (m)) = s⊗R eM (m) =
φ∗(S ⊗R eM )(s ⊗R m), so eφ∗(S⊗RM) = φ∗(S ⊗R eM ), i.e. φ∗(αS⊗RM ) = φ∗(S ⊗R eM ),
i.e. αS⊗RM = S ⊗R eM as φ∗ is faithful. Thus, Eα ◦ φ∗ = φ∗ ◦ Ee. The semifunctor
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φ∗ ◦ Eα : SM → RM maps N 7→ φ∗(N), [f : N → N ′] 7→ φ∗(f ◦ αN ) = φ∗(f) ◦ φ∗(αN ).
Note that φ∗(f) ◦φ∗(αN ) = φ∗(f) ◦ eφ∗(N) = eφ∗(N ′) ◦φ∗(f), hence φ∗ ◦Eα = Ee ◦φ∗.

Proposition 4.100. [21, Proposition 7.8] Let φ : R → S be a morphism of rings and let
e = (eX)X∈RM : Id

RM → Id
RM be an idempotent (semi)natural transformation.

i) If the semifunctor φe∗ is semifull and eφ∗(S) is a left S-module morphism, then φe∗ is
naturally semifull.

ii) If the semifunctor φ∗
e is naturally semifull, then there is ψ in RHomR(S,R) such

that

φ ◦ ψ = rS ◦ φe∗φ∗
eIdR ◦ r−1

S , (4.15)

i.e. such that r−1
S ◦φ ◦ψ ◦ rS = φe∗φ

∗
eIdR, so r−1

S ◦φ : R → φe∗φ
∗
eR is an R-semisplit-

epi (cf. Section 4.2) as an R-bimodule map; if in addition (4.14) holds true, then
r−1
S ◦ φ is an (R,R)-semisplit-epi.

On the other hand, assume that eφ∗(S) is a left S-module morphism. If there is ψ
in RHomR(S,R) such that (4.15) holds true and 1S = eφ∗(S)(φ(eR(1R))) is satisfied,
i.e. r−1

S ◦φ is an (R,R)-semisplit-epi as an R-bimodule map through ψ ◦ rS, then φ∗
e

is naturally semifull.

Proof. i). Assume that φe∗ is semifull and eφ∗(S) is a morphism of left S-modules, i.e eφ∗(N)
is a morphism of left S-modules for any N ∈ SM by Lemma 4.99 ii). By Proposition
4.65, for every N ∈ SM, ϵeN is an N -semisplit-mono, i.e. there exists γeN : N → φ∗

eφ
e
∗N =

S⊗Rφ∗(N) in SM such that γeN ◦ϵeN = φ∗
eφ

e
∗IdN . Then, γeN ◦ϵN ◦(S⊗Reφ∗(N)) = γeN ◦ϵeN =

φ∗
eφ

e
∗IdN = S ⊗R (eφ∗(N) ◦ eφ∗(N) ◦ φ∗(IdN )) = S ⊗R eφ∗(N). Thus, for every n ∈ N , we

have that γeN (eφ∗(N)(n)) = (γeN ◦ ϵN )(1S ⊗R eφ∗(N)(n)) = (S ⊗R eφ∗(N))(1S ⊗R n) =
1S ⊗R eφ∗(N)(n), so γeN (eφ∗(N)(n)) = 1S ⊗R eφ∗(N)(n), for every n ∈ N . By Lemma 4.99
ii) there is an idempotent natural transformation α : Id

SM → Id
SM such that φ∗α = eφ∗.

So, we have that γeN (αN (n)) = γeN (φ∗(αN )(n)) = γeN (eφ∗(N)(n)) = 1S ⊗R eφ∗(N)(n) =
1S⊗Rφ∗(αN )(n) = 1S⊗RαN (n), for every n ∈ N . Now, although γeN is not natural a priori,
still we can show that γe : Id

SM → φ∗
eφ

e
∗, defined for every N ∈ SM by γeN := γeNαN :

N → φ∗
eφ

e
∗N , n 7→ 1S⊗RαN (n), is a natural transformation. In fact, for any left S-module

morphism f : N → N ′ we have that (γeN ′ ◦ f)(n) = 1S ⊗R αN ′(f(n)) = 1S ⊗R f(αN (n)) =
(S ⊗R φ∗(f)φ∗(αN ))(1S ⊗R αN (n)) = (1S ⊗R φ∗(f)eφ∗(N))(1S ⊗R αN (n)) = (φ∗

eφ
e
∗(f) ◦

γeN )(n), for every n ∈ N . Moreover, (γeN ◦ ϵeN )(s⊗R n) = (γeN ◦αN ◦ ϵN )(s⊗R eφ∗(N)(n)) =
(γeN ◦ αN ◦ ϵN )(s ⊗R φ∗(αN )(n)) = γeN (αN (sαN (n))) = sγeN (αN (n)) = s ⊗R αN (n) =
s⊗R eφ∗(N)(n) = φ∗

eφ
e
∗IdN (s⊗R n), for every s ∈ S, n ∈ N , so φe∗ is naturally semifull by

Theorem 4.74 ii).
ii). Assume that φ∗

e is naturally semifull. Then, by Theorem 4.74 i), there exists a
seminatural transformation νe : φe∗φ∗

e → Id
RM such that ηe ◦ νe = φe∗φ

∗
eId. Consider the

map ψ in RHomR(S,R) given by ψ(s) = (eR ◦ νeR ◦ r−1
S )(s) = (eR ◦ νeR)(s ⊗R 1R), where

rS : S ⊗R R → S is the canonical isomorphism s ⊗R r 7→ sφ(r). The right R-linearity
of ψ follows from the naturality of νe and e. Indeed, consider the left R-module map
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fr : R → R, r′ 7→ r′r. For any s ∈ S, r ∈ R, we have that

ψ(s)r = eR(νeR(s⊗R 1R))r = fr(eR(νeR(s⊗R 1R))) = eR(fr(νeR(s⊗R 1R)))
= (eRνeRφe∗φ∗

e(fr))(s⊗R 1R) = (eRνeReφ∗(S⊗RR)φ∗(S ⊗R freR))(s⊗R 1R)
= (eRνeReφ∗(S⊗RR)φ∗(S ⊗R eRfr))(s⊗R 1R)
= (eRνeReφ∗(S⊗RR)φ∗(S ⊗R eR)φ∗(S ⊗R fr))(s⊗R 1R)
= (eRνeRφe∗φ∗

e(eR)φ∗(S ⊗R fr))(s⊗R 1R) = (eReRνeRφ∗(S ⊗R fr))(s⊗R 1R)
= (eRνeRφ∗(S ⊗R fr))(s⊗R 1R) = eR(νeR(s⊗R r)) = eR(νeR(sr ⊗R 1R)) = ψ(sr).

Then, for every s ∈ S, we have that

(φ ◦ ψ)(s) = (rS ◦ ηR ◦ eR ◦ νeR)(s⊗R 1R) = (rS ◦ ηeR ◦ νeR)(s⊗R 1R)
= (rS ◦ φe∗φ∗

eIdR)(s⊗R 1R) = (rS ◦ φe∗φ∗
eIdR ◦ r−1

S )(s),

thus r−1
S ◦ φ ◦ ψ ◦ rS = φe∗φ

∗
eIdR, so r−1

S ◦ φ is an R-semisplit-epi. Moreover, if (4.14) is
satisfied, then r−1

S ◦ φ is an (R,R)-semisplit-epi.
Conversely, assume that 1S = eφ∗(S)(φ(eR(1R))) (which is equivalent to (4.14) by

Lemma 4.99 i)) and that there is ψ in RHomR(S,R) such that φ ◦ψ = rS ◦φe∗φ∗
eIdR ◦ r−1

S ,
i.e. r−1

S ◦ φ is an (R,R)-semisplit-epi as an R-bimodule map through ψ ◦ rS . Define for
every M in RM, νeM : φe∗φ∗

eM = φ∗(S ⊗R M) → M by νeM (s ⊗R m) = ψ(s)eM (m), for
any m ∈ M and s ∈ S. Note that for any M ∈ RM, νeM is a morphism of left R-modules
as so is ψ. We get a natural transformation νe : φe∗φ∗

e → Id
RM as for any morphism

f : M → M ′ in RM we have that

(f ◦ νeM )(s⊗R m) = f(ψ(s)eM (m)) = ψ(s)f(eM (m)) = ψ(s)f(eM (eM (m)))
= ψ(s)eM ′(f(eM (m))) = ψ(s)eM ′(eM ′(f(eM (m))))
= eM ′(ψ(s)eM ′(f(eM (m)))) = eM ′(νeM ′(s⊗R f(eM (m))))
= (νeM ′ ◦ eφ∗(S⊗RM ′) ◦ (S ⊗R feM ))(s⊗R m)
= (νeM ′ ◦ φe∗φ∗

ef)(s⊗R m),

for every m ∈ M , s ∈ S. Note that φψ(s) = rSφ
e
∗φ

∗
eIdR(s ⊗R 1R) = rSeφ∗(S⊗RR)(s ⊗R

eR(1R)) = eφ∗(S)rS(s ⊗R eR(1R)) = eφ∗(S)(sφ(eR(1R))). If eφ∗(S) is a left S-module mor-
phism, we have that φψ(s) = seφ∗(S)(φ(eR(1R))) = s1S = s, so φ ◦ ψ = IdS in this case.
Then,

ηeMν
e
M (s⊗R m) = ηeM (ψ(s)eM (m)) = ψ(s)ηeM (eM (m)) = ψ(s)ηM (eM (eM (m)))

= ψ(s)eφ∗(S⊗RM)(ηM (eM (m))) = ψ(s)eφ∗(S⊗RM)(1S ⊗R eM (m))
= eφ∗(S⊗RM)(ψ(s)1S ⊗R eM (m)) = eφ∗(S⊗RM)(φψ(s) ⊗R eM (m))
= eφ∗(S⊗RM)(s⊗R eM (m)) = φe∗φ

∗
eIdM (s⊗R m),

for every m ∈ M , s ∈ S, so φ∗
e is naturally semifull. Alternatively, we observe that, since

φ ◦ ψ = IdS , by Proposition 1.42 ii), φ∗ is naturally full, so since Ee is naturally semifull
(cf. Example 4.90), φ∗

e results to be naturally semifull also by Proposition 4.72 i).

4.7.5 Semifunctor on a monoid

See [21, Example 7.9]. Let (M, ·M ) be a monoid. It can be viewed as a category with a
single object, denoted by ∗ (see [19, Example 1.2.6.d]). Arrows a : ∗ → ∗ are the elements
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of the monoid, which are closed under composition and the identity element 1M is the
identity arrow 1M : ∗ → ∗. A monoid homomorphism f : M → N is a functor, as it
preserves compositions of arrows and the identity arrow; it sends the unique object ∗ of
M into the unique object ⋆ of N . A natural transformation α = (α∗) : f → g between
functors f, g : M → N is an arrow α∗ : f(∗) → g(∗) in the category N (i.e. an element
of the monoid N) such that, for all elements a of M , g(a) ·N α∗ = α∗ ·N f(a), where
·N is the composition law of N . Any semigroup homomorphism between monoids which
is not a monoid homomorphism is an example of semifunctor. For instance, let (N, ·, 1)
be the monoid of natural numbers seen as a category with a single object. Consider the
map f : (N, ·) → (N, ·), n 7→ 0, which is a semigroup homomorphism but not a monoid
homomorphism as f(1) = 0 ̸= 1. Thus, f is a semifunctor which is not faithful. Consider
the natural transformation Pf

∗,∗ = Ff
∗,∗ : HomN(∗, ∗) → HomN(∗, ∗), Pf

∗,∗(m) = 0, for every
m ∈ N. For every m ∈ N, one has (Ff

∗,∗ ◦ Pf
∗,∗)(m) = Ff

∗,∗(0) = 0 = f(1) ·m · f(1), hence f
is naturally semifull. We observe that f is indeed the canonical semifunctor E0 associated
with the idempotent seminatural transformation 0 = (0∗)∗∈N : IdN → IdN.

As another example, consider the direct product M × M of M by itself with com-
ponentwise multiplication (a, b) ·M×M (a′, b′) = (a ·M a′, b ·M b′), which we also denote
by (a, b)(a′, b′) = (aa′, bb′) for shortness. Let e ̸= 1M be an idempotent element of M .
Consider the map

fe = (e,−) : M → M ×M, fe(b) = (e, b),

which is a semigroup homomorphism. Indeed, for any b, c ∈ M , fe(bc) = (e, bc) =
(ee, bc) = (e, b)(e, c) = fe(b)fe(c), but it does not preserve the unit, as fe(1M ) = (e, 1M ) ̸=
(1M , 1M ) = 1M×M . Moreover, if we view M × M as the product category with a single
object ⋆ and morphisms given by the pairs (m,n) : ⋆ → ⋆, where m,n : ∗ → ∗ are el-
ements of M , and whose composition is that induced by the multiplication of M × M ,
then fe : M → M × M , fe(∗) = ⋆, fe(b) = (e, b) results to be a semifunctor as it pre-
serves compositions, but not the identity arrow 1M : ∗ → ∗. Consider the associated
natural transformation Ffe

∗,∗ : HomM (∗, ∗) → HomM×M (⋆, ⋆), Ffe
∗,∗(m) = fe(m) = (e,m),

and the map Pfe
∗,∗ : HomM×M (⋆, ⋆) → HomM (∗, ∗), Pfe

∗,∗((m,n)) = n, which is a nat-
ural transformation as for any m,n, b, c ∈ M , Pfe

∗,∗(fe(b) ·M×M (m,n) ·M×M fe(c)) =
Pfe

∗,∗((e, b)(m,n)(e, c)) = Pfe
∗,∗((eme, bnc)) = bnc = b ·M Pfe

∗,∗((m,n)) ·M c. Then, for any
m ∈ M , we have (Pfe

∗,∗ ◦ Ffe
∗,∗)(m) = Pfe

∗,∗((e,m)) = m, hence fe is separable. Now, we
show that the semifunctor fe is not in general semifull, and hence not even naturally
semifull. If fe were semifull, then for any (m,n) in M ×M there would exist an element
a ∈ M such that (e, a) = (e, 1M )(m,n)(e, 1M ) = (eme, n). But in general it is not true
that (e, a) = (eme, n). For instance, consider the commutative monoid {x, 1, e} with the
following multiplication · laws

x · x = e, x · 1 = x, x · e = x, 1 · 1 = 1, 1 · e = e, e · e = e.

Fix the idempotent element e. Then e · x · e = e · (x · e) = e · x = x does not result to be
equal to e. Thus, fe is not semifull.

4.7.6 Semifunctor on a ring

See [21, Example 7.10]. Let A be a unital ring. Then, A is a preadditive category
with a single object ∗ and HomA(∗, ∗) = A. The composition of morphisms in A is
the multiplication of elements of A. The group structure of HomA(∗, ∗) is that of the
underlying additive group A. Given unital rings R, S, any homomorphism R → S of rings
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which possibly does not preserve the unit is a semifunctor which sends the single object of
R into the single object of S. For instance, consider a morphism of rings g : R → S and let
z ̸= 1S ∈ S be an idempotent such that z ∈ SR = {u ∈ S | ug(r) = g(r)u for every r ∈ R}.
Then, any morphism f : R → S given by f(r) = g(r)z is a semifunctor.

As particular cases, we have the following.

• If g = IdR, where R is a ring with unit 1R, consider an idempotent element z ̸=
0R, 1R in the center Z(R) = {r′ ∈ R | r′r = rr′ for every r ∈ R} of R. Then,
let f : R → R be the map given by f(x) = xz, for x ∈ R. It is a non-unital
endomorphism of rings, thus f defines a semifunctor f : R → R which is not faithful
as f(z) = z = f(1R), but z ̸= 1R; for any x ∈ R we have that f(1R)xf(1R) =
zxz = xzz = xz = f(x), hence f is semifull. Further, let ∗ be the single object
of R and let Ff

∗,∗ : HomR(∗, ∗) → HomR(∗, ∗), Ff
∗,∗(x) = f(x) = xz, for x ∈ R,

be the natural transformation associated with f . Consider the map Pf
∗,∗ = Ff

∗,∗ :
HomR(∗, ∗) → HomR(∗, ∗), Pf

∗,∗(x) = xz, for every x in R. For every x ∈ R, we
have (Ff

∗,∗ ◦ Pf
∗,∗)(x) = Ff

∗,∗(xz) = xzz = zxz = f(1R)xf(1R), hence f is naturally
semifull. As an instance, consider as ring the product R×S of unital rings R,S and
the idempotent element z = (0R, 1S) ∈ Z(R×S). Then, f : R×S → R×S, (x, y) 7→
(x, y)z = (0R, y) is a semifunctor which is naturally semifull but not faithful.

• Let R be a ring with unit 1R and consider the ring Mn(R) of square matrices of
order n ∈ N with coefficients in R. Consider the canonical inclusion g : R → Mn(R),
r 7→ rIn, where In is the identity matrix in Mn(R). Let f : R → Mn(R) be the map
given, for any m ∈ R, by

m 7→ mEii,

where Eii = (δiaδib)ab is the matrix unit in which the entry ii, with i ∈ {1, . . . , n},
is the unique nonzero entry. It is a homomorphism of rings which does not preserve
the unit, since f(1R) = Eii ̸= 1Mn(R) = In. It defines a semifully faithful semifunctor
f : R → Mn(R). Indeed, it is clear that f is faithful, and it is semifull as, given a
matrix A = (aij) in Mn(R), we have that

f(1R)Af(1R) = EiiAEii = aiiEii = f(aii).

Thus, f is semifully faithful.
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Chapter 5

Conditions up to retracts

In this chapter we present the notions of (co)reflections up to retracts, i.e. functors
whose idempotent completion admits a fully faithful right (left) adjoint, and bireflections
up to retracts, introduced and investigated in [5]. These notions naturally arise whenever
one deals with semiseparable functors that are part of an adjunction. We indeed prove
that a right (left) adjoint functor is semiseparable if, and only if, the associated (co)monad
is separable and the (co)comparison functor is a bireflection up to retracts, extending
a characterization obtained by X.-W. Chen in the separable case [31]. The notions of
semifunctor and semiadjunctions are helpful tools in this setting. Given an adjunction, the
semiseparability of the right adjoint provides an equivalence after idempotent completion
between the Kleisli category of free modules over the associated monad and the Eilenberg-
Moore category of modules over that monad. We describe an application of these results
in the context of pre-triangulated categories. We provide conditions for the Eilenberg-
Moore categories of (co)modules to inherit the pre-triangulation from the base category,
obtaining a semi-analogue of a result shown by P. Balmer for separable functors [12]. We
show a similar result also for the Kleisli category. Most of the results we revise in this
chapter have been investigated in [5].

5.1 (Co)reflections and bireflections up to retracts

Recall that an object X in a category C is a retract of an object Y in C if there are
morphisms i : X → Y and p : Y → X in C such that p ◦ i = IdX . A functor F : C → D
is said to be surjective up to retracts if every object D in D is a retract of FC for some
object C in C, see [14, Definition 2.5]. In [31, page 47] a functor F : C → D is said to be
an equivalence up to retracts if its completion F ♮ : C♮ → D♮ is an equivalence.

Example 5.1. The canonical functor ιC : C → C♮ is an equivalence up to retracts, see e.g.
[55, Theorem A.6].

In the spirit of the latter property, we define the following notions.

Definition 5.2. [5, Definition 2.3] Consider a functor F : C → D and its completion
F ♮ : C♮ → D♮. Then, F is a reflection up to retracts if F ♮ is a reflection; F is a
coreflection up to retracts if F ♮ is a coreflection; F is a bireflection up to retracts
if F ♮ is a bireflection.

We freely refer to these notions as conditions up to retracts. The next lemma relates
these conditions up to retracts to the notions of (co)reflection and bireflection, considered
in Chapter 2.

121
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Lemma 5.3. [5, Lemma 2.4] The following assertions hold true.

i) Any equivalence is an equivalence up to retracts.

ii) Any (co)reflection is a (co)reflection up to retracts.

iii) A functor is a bireflection up to retracts if, and only if, it is a semiseparable (co)reflection
up to retracts if, and only if, it is a naturally full (co)reflection up to retracts.

iv) Any bireflection is a bireflection up to retracts.

v) A functor is an equivalence up to retracts if, and only if, it is fully faithful and
surjective up to retracts if, and only if, it is a fully faithful bireflection up to retracts.

vi) An equivalence up to retracts is both a reflection up to retracts and a coreflection up
to retracts.

Proof. From Remark 4.20 we know that an adjunction (F,G, η, ϵ) induces an adjunction(
F ♮, G♮, η♮, ϵ♮

)
.

i). If F is an equivalence with quasi-inverse G, then in view of [19, Proposition 3.4.3] and
Corollary 4.95 iii), (F ♮, G♮) is an equivalence, hence F is an equivalence up to retracts.
ii). If G is a coreflection, it has a fully faithful left adjoint F . Hence, F ♮ ⊣ G♮ and F ♮ is
fully faithful by Corollary 4.95 iii). Thus, G♮ is a coreflection, i.e. G is a coreflection up
to retracts. The proof for reflections is similar.
iii). Assume F is a semiseparable (resp., naturally full) (co)reflection up to retracts. By
Corollary 4.95 iv) (resp., vi)), F ♮ is a semiseparable (resp., naturally full) (co)reflection.
Thus, by Corollary 2.64, F ♮ is a bireflection, i.e. F is a bireflection up to retracts. Con-
versely, from Corollary 2.64 and Corollary 4.95, in a similar way one gets that a bireflection
up to retracts is a semiseparable (resp., naturally full) (co)reflection up to retracts.
iv). A bireflection F is in particular a semiseparable (co)reflection by Corollary 2.64. As
a consequence of ii) and iii), we get that F is a bireflection up to retracts.
v). It is known that F is an equivalence up to retracts if, and only if, it is fully faithful
and surjective up to retracts, see e.g. [31, Lemma 3.4 (2)]. By Remark 2.62 it is also
equivalent to F being a fully faithful bireflection up to retracts in view of Corollary 4.95
iii) and Corollary 2.64.
vi). If F is an equivalence up to retracts, its completion F ♮ is an equivalence, hence in
particular F ♮ is a (co)reflection. This means that F is a (co)reflection up to retracts.

Remark 5.4. From Remark 2.56 and Lemma 5.3, it follows that also (co)reflections up to
retracts and bireflections up to retracts are closed under composition.

Example 5.5. Let R be a ring and RMf , RMp be the full subcategories of RM whose
objects are free left R-modules and projective left R-modules, respectively. Then, the
inclusion functor Ψ : RMf → RMp considered in Example 4.16 is an equivalence up to
retracts by Lemma 5.3 v) as it is fully faithful and any projective module is a retract of a
free module.

The following result provides conditions under which the viceversa of i), ii), iv) in
Lemma 5.3 holds true: namely, in case a (co)reflection up to retracts has a right (resp.,
left) adjoint, then it is a (co)reflection.

Proposition 5.6. [5, Proposition 2.9] The following assertions hold true.

i) If a coreflection up to retracts has a left adjoint, then it is a coreflection.
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ii) If a coreflection up to retracts has a right adjoint, then it is a reflection.

iii) If a reflection up to retracts has a right adjoint, then it is a reflection.

iv) If a reflection up to retracts has a left adjoint, then it is a coreflection.

v) If a bireflection up to retracts has an adjoint, then it is a bireflection.

vi) If an equivalence up to retracts has an adjoint, then it is an equivalence.

Proof. i). If G has a left adjoint F , then F ♮ ⊣ G♮. If G is a coreflection up to retracts,
then G♮ is a coreflection. Thus, F ♮ is fully faithful, and hence so is F by Corollary 4.95
iii), i.e. G is a coreflection.
ii). If F has a right adjoint G, then F ♮ ⊣ G♮. If F is a coreflection up to retracts, then F ♮
is a coreflection. Thus, it has a fully faithful left adjoint. Then, also the right adjoint G♮
is fully faithful by [19, Proposition 3.4.2]. By Corollary 4.95 iii) G is fully faithful, i.e. F
is a reflection.
iii). It is dual to i).
iv). It is dual to ii).
v). If F is a bireflection up to retracts, then by Lemma 5.3 F is a naturally full (co)reflection
up to retracts. If F has a left adjoint, by i) it is a naturally full coreflection while if F has
a right adjoint, by iii), it is a naturally full reflection. In both cases, by Corollary 2.64, F
is a bireflection.
vi). By Lemma 5.3 an equivalence up to retracts is a fully faithful bireflection up to re-
tracts. If it has an adjoint, by v), it is a fully faithful bireflection, i.e. an equivalence by
Lemma 5.3.

Remark 5.7. From Proposition 5.6 and Lemma 5.3, it follows that any coreflection up to
retracts with a right adjoint is a reflection up to retracts and any reflection up to retracts
with a left adjoint is a coreflection up to retracts.

Lemma 5.8. [5, Lemma 2.11] Let D be an idempotent complete category. A functor
G : D → C has a left (resp., right) adjoint if, and only if, so does G♮.

Proof. If F ⊣ G, from Remark 4.20 we know that F ♮ ⊣ G♮. Conversely, assume that G♮ has
a left adjoint L : C♮ → D♮. Since D is idempotent complete, the functor ιD : D → D♮ is an
equivalence of categories and hence it has a left adjoint VD : D♮ → D. From VD ⊣ ιD and
L ⊣ G♮, we get VDL ⊣ G♮ιD and hence VDL ⊣ ιCG. Since ιC is fully faithful, this implies
VDLιC ⊣ G. Indeed, given an object C in C and an object D in D, we have a chain of
natural isomorphisms HomD (VDLιCC,D) ∼= HomC♮ (ιCC, ιCGD) ∼= HomC (C,GD) where
the latter follows from the full faithfulness of ιC . The case in which G has a right adjoint
is proved similarly.

Proposition 5.9. [5, Proposition 2.12] Let D be an idempotent complete category. A
functor G : D → C is a coreflection up to retracts (resp., reflection up to retracts, bireflec-
tion up to retracts, equivalence up to retracts) if, and only if, it is a coreflection (resp.,
reflection, bireflection, equivalence).

Proof. If G is a coreflection up to retracts (resp., reflection up to retracts), then G♮ has
a left (resp., right) adjoint so that, by Lemma 5.8, so does G. By Proposition 5.6 G is
a coreflection (resp., reflection). The other implication is always true by Lemma 5.3.
Similarly, one deals with the case of bireflection and equivalence.
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We now revise some results from [5] concerning a characterization of (co)reflections
up to retracts as part of a semiadjunction, by means of properties of semifunctors seen in
Chapter 4, such as semifull faithfulness.

Proposition 5.10. (Cf. [5, Proposition 2.17]) Let (F,G, η, ϵ) be a semiadjunction.

i) If G is a functor, then it is a coreflection up to retracts if, and only if, η is a natural
semi-isomorphism if, and only if, F is semifully faithful.

ii) If F is a functor, then it is a reflection up to retracts if, and only if, ϵ is a natural
semi-isomorphism if, and only if, G is semifully faithful.

Proof. i). Assume η is a natural semi-isomorphism, i.e. there is ν : GF → IdC such that
η ◦ ν = GF Id and ν ◦ η = IdIdC . Recall from Remark 4.20 that η♮(C,c) = ηC ◦ c. Let us
prove that η♮ is an isomorphism with inverse ν♮ defined by ν♮(C,c) := c ◦ νC , so that F ♮
is fully faithful, i.e. G is a coreflection up to retracts. Note that c ◦ (c ◦ νC) ◦ GFc =
c ◦ c ◦ νC ◦GFc = c ◦ c ◦ c ◦ νC = c ◦ νC , hence ν♮(C,c) : (GFC,GFc) → (C, c) is a morphism
in C♮. We compute ν♮(C,c) ◦ η♮(C,c) = c ◦ νC ◦ ηC ◦ c = c ◦ IdC ◦ c = c ◦ c = c = Id(C,c), and

η♮(C,c) ◦ ν♮(C,c) = ηC ◦ c ◦ c ◦ νC = ηC ◦ c ◦ νC = GFc ◦ ηC ◦ νC
= GFc ◦GF Id = GFc = Id(GFC,GFc),

so that η♮(C,c) is an isomorphism in C♮. Conversely, assume that G is a coreflection up to
retracts. Then, G♮ has a left adjoint L ∼= F ♮ which is fully faithful, so the unit η♮ : IdC♮ →
G♮F ♮ of the adjunction (F ♮, G♮, η♮, ϵ♮) is an isomorphism. By Lemma 4.12, there exists a
seminatural transformation ν : GF → IdC such that ν♮ = (η♮)−1. Thus, we have

(η ◦ ν)♮ = η♮ ◦ ν♮ = IdG♮F ♮ = (GF Id)♮

and
(ν ◦ η)♮ = ν♮ ◦ η♮ = IdIdC♮

= (IdIdC )♮,

hence by Lemma 4.17 it follows that η ◦ ν = GF Id and ν ◦ η = IdIdC , respectively, so η is a
natural semi-isomorphism. By Corollary 4.67 the latter holds if, and only if, F is semifully
faithful.
ii). The proof follows by similar arguments.

Motivated by the previous result, we can extend the definition of (co)reflection up to
retracts to an arbitrary semifunctor, that is not necessarily part of a semiadjunction. We
say that a semifunctor F : C → D is a coreflection up to retracts (resp., reflection up to
retracts, bireflection up to retracts, equivalence up to retracts) if F ♮ is a coreflection (resp.,
reflection, bireflection, equivalence). In the functor case we recover Definition 5.2.

Proposition 5.11. Let G : D → C be a semifunctor. Then,

i) G is a coreflection up to retracts if, and only if, G is part of a semiadjunction F ⊣s G,
where F : C → D is a semifully faithful semifunctor;

ii) G is a reflection up to retracts if, and only if, G is part of a semiadjunction G ⊣s F ,
where F : C → D is a semifully faithful semifunctor.



5.2. Quotient and (co)comparison functor 125

Proof. i). If G : D → C is a coreflection up to retracts, i.e. G♮ is a coreflection, then there
is a fully faithful functor L : C♮ → D♮ such that L ⊣ G♮. By Lemma 4.12 F := υD ◦L ◦ ιC :
C → D is a semifunctor such that F ♮ ∼= L ⊣ G♮, hence F ♮ is fully faithful and by Theorem
4.21 F ⊣s G. By Corollary 4.93 iii) F is semifully faithful. On the other hand, if G is
part of a semiadjunction F ⊣s G where F is semifully faithful, then F ♮ is fully faithful by
Corollary 4.93 iii) and, by Theorem 4.21, F ♮ ⊣ G♮. Thus, G♮ is a coreflection, i.e. G is a
coreflection up to retracts.
ii). It follows by similar arguments.

As a consequence of Proposition 5.11, we retrieve the characterization of (co)reflection
up to retracts given in [5, Corollary 2.18] for the functor case.
Remark 5.12. We point out that any semifunctor required to satisfy the assumptions in
Proposition 5.6 (e.g. to be a coreflection up to retracts with a left adjoint) results to be
actually a functor in view of Corollary 4.23.

The following result follows from Proposition 5.11.

Corollary 5.13. (Cf. [5, Corollary 2.19]) Any semifunctor which is a (co)reflection up
to retracts is surjective up to retracts. Moreover, any fully faithful (co)reflection up to
retracts is an equivalence up to retracts.

Proof. Let G : D → C be a coreflection up to retracts. By Proposition 5.11 i), G is part
of a semiadjunction (F,G, η, ϵ) where F is semifully faithful, then there is ν : GF → IdC
such that ν ◦ η = IdIdC . Given an object C in C we get νC ◦ ηC = IdC and hence C
is a retract of GFC, i.e. G is surjective up to retracts. Similarly, any reflection up to
retracts is surjective up to retracts. As a consequence, if a (co)reflection up to retracts is
fully faithful (which is actually a functor by Remark 4.59), then by Lemma 5.3 v) it is an
equivalence up to retracts.

5.2 Quotient and (co)comparison functor

In this section we exhibit two examples of (co)reflection up to retracts. We show
that the quotient functor H : C → Ce onto the coidentifier category defined in Sub-
section 2.1.2 is a (co)reflection up to retracts, and through Proposition 5.17 we prove
that the (co)comparison functor attached to an adjunction whose associated (co)monad
is (co)separable results to be a coreflection (reflection) up to retracts. As a consequence,
we characterize a semiseparable right (left) adjoint in terms of (co)separability of the
associated (co)monad and of bireflectivity up to retracts of the (co)comparison functor.

5.2.1 The quotient functor

Recall from Subsection 2.1.2 that, given a category C and an idempotent natural trans-
formation e : IdC → IdC , we have the quotient functor

H : C → Ce, X 7→ X, f 7→ f.

In the next result we prove that H is a (co)reflection up to retracts and that it reveals
to be indeed a bireflection up to retracts. We revise the proof shown in [5] in view of
Proposition 5.10.
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Theorem 5.14. (Cf. [5, Theorem 3.1]) Let C be a category, let e : IdC → IdC be an idem-
potent natural transformation. Then, the quotient functor H : C → Ce is a (co)reflection
up to retracts, whence a bireflection up to retracts.

Proof. In Example 4.90 we have shown that the semifunctor L : Ce → C defined as the
identity on objects and by [f̄ : X → Y ] 7→ [eY ◦ f : X → Y ] on morphisms is semifully
faithful and (L,H, η, ϵ) is a semiadjunction. Thus, by Proposition 5.10 H results to be
a coreflection up to retracts. Moreover, as seen in Example 4.38 H is also part of the
semiadjunction H ⊣s L, hence H is a reflection up to retracts. Since by Lemma 2.28 i) H
is also naturally full, then by Lemma 5.3 iii) H is indeed a bireflection up to retracts.

Remark 5.15. By Proposition 2.69 the functor H : C → Ce is a bireflection if, and only if,
the idempotent natural transformation e : IdC → IdC splits. Thus, H is a bireflection up
to retracts but not a bireflection in general. Morever, it is not even a Frobenius functor
as otherwise it would have an adjoint and by Proposition 5.6 v) it would be a bireflection.

The next example provides an instance that shows that the functor H : C → Ce is a
bireflection up to retracts but not a bireflection in general.

Example 5.16. [5, Example 3.3] We come back again to Example 4.16. Denote C := RMf

the category of free left modules over a ring R. Given a central idempotent element z ∈ R,
with z ̸= 0, 1, define the idempotent natural transformation e : IdC → IdC by setting
eM : M → M,m 7→ zm, for every free left R-module M . If e splitted, then eR : R → R
would split in C and thus zR = Im(eR) would be a free R-module. Since 0 ̸= z ∈ zR,
we have zR ̸= 0 and it is known that a nonzero free module is faithful, i.e. it has trivial
annihilator. Hence 1 − z ∈ AnnR(zR) = 0 and so z = 1, a contradiction. Therefore, e
does not split, hence H : C → Ce is a bireflection up to retracts but not a bireflection in
view of Remark 5.15. For example, take R = R × R and z = (1, 0).

5.2.2 The (co)comparison functor

In this subsection we look at the (co)comparison functor attached to an adjunction.
Recall that in Theorem 2.47 we have shown that in case the left (resp., right) adjoint
functor is semiseparable, then the (co)comparison functor is naturally full. We now prove
that the (co)comparison functor is a coreflection up to retracts (resp., reflection up to
retracts), whenever the (co)monad associated to the adjunction is separable. First, we
need the next result which provides sufficient conditions for a functor to be a (co)reflection
up to retracts.

Proposition 5.17. [5, Proposition 2.20] Let F : C → D and G : D → C be functors
endowed with natural transformations η : IdC → GF and ϵ : FG → IdD.

i) If there is a natural transformation ν : GF → IdC such that ν ◦η = Id and νG = Gϵ,
then G is a coreflection up to retracts.

ii) If there is a natural transformation γ : IdD → FG such that ϵ◦γ = Id and γF = Fη,
then F is a reflection up to retracts.

Proof. We just prove i). Given ν as in the statement, note that Gϵ ◦ ηG = νG ◦ ηG =
(ν ◦ η)G = IdG, so we are in the setting of Lemma 4.30. Thus, there is a semifunctor
F ′ : C → D such that (F ′, G, η′, ϵ′) is a semiadjunction, where η′

C := ηC and ϵ′D := ϵD.
Recall that F ′ acts as F on objects and sends a morphism f : X → Y in C to Ff ◦ eX . Set
e := ϵF ◦ Fη and observe that GF ′IdX = GF IdX ◦GeX = GeX , for every X ∈ C. Define
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ν ′
X := νX ◦GeX , for every X ∈ C. Then ν ′

X ◦GF ′ (IdX) = νX ◦GeX ◦GeX = νX ◦GeX = ν ′
X

and, for every morphism f : X → Y in C, we have ν ′
Y ◦GF ′f = νY ◦GeY ◦GFf ◦GeX =

νY ◦ GFf ◦ GeX ◦ GeX = f ◦ νX ◦ GeX = f ◦ ν ′
X , so that we can define the seminatural

transformation ν ′ := (ν ′
X)X∈C : GF ′ → IdC . Note that, for every X ∈ C, GeX ◦ ηX =

GϵFX ◦ GFηX ◦ ηX = GϵFX ◦ ηGFX ◦ ηX = (Gϵ ◦ ηG)FX ◦ ηX = IdGFX ◦ ηX = ηX , thus
Ge ◦ η = η, and then

ν ′
X ◦ η′

X = νX ◦GeX ◦ ηX = νX ◦ ηX = IdX .

From naturality of ν and the assumption νG = Gϵ it follows that, for every X ∈ C,

η′
X ◦ ν ′

X = ηX ◦ νX ◦GeX = νGFX ◦GFηX ◦GeX = GϵFX ◦GFηX ◦GeX
= GeX ◦GeX = GF ′IdX ◦GF ′IdX = GF ′IdX ,

hence we conclude by Proposition 5.10.

Theorem 5.18. [5, Theorem 3.4] Let F ⊣ G : D → C be an adjunction with unit η and
counit ϵ.

i) If the monad (GF,GϵF, η) is separable, then the comparison functor KGF : D → CGF
is a coreflection up to retracts.

ii) If the comonad (FG,FηG, ϵ) is coseparable, then the cocomparison functor KFG :
C → DFG is a reflection up to retracts.

Proof. We just check i) as ii) follows by dual arguments. Set K := KGF : D → CGF , U :=
UGF : CGF → C, V := VGF : C → CGF and consider Λ := FU : CGF → D. Let us construct
three natural transformations η1 : IdCGF

→ KΛ, ϵ1 : ΛK → IdD and ν1 : KΛ → IdCGF

that fulfill the requirements of Proposition 5.17, i.e. such that ν1 ◦η1 = Id and ν1K = Kϵ1.
Since ΛK = FUK = FG we define ϵ1 := ϵ as the counit of the adjunction (F,G). Since
KΛ = KFU = V U we can set ν1 := β as the counit of the adjunction (V,U) which is
defined by Uβ(C,µ) = µ for every object (C, µ) in CGF . Since the monad (GF,GϵF, η) is
separable, then the functor U is separable and hence, by Theorem 1.18 there is a natural
transformation η1 : IdCGF

→ V U such that β ◦ η1 = Id, i.e. ν1 ◦ η1 = Id. Moreover,
UβKD = Uβ(GD,GϵD) = GϵD = UKϵ1D, so that βK = Kϵ1, i.e. ν1K = Kϵ1.

Theorem 5.18 allows to obtain the following characterization improving Theorem 2.47.

Theorem 5.19. [5, Theorem 3.5] Let F ⊣ G : D → C be an adjunction with unit η and
counit ϵ.

i) G is semiseparable if, and only if, the monad (GF,GϵF, η) is separable and the
comparison functor KGF : D → CGF is a bireflection up to retracts.

ii) F is semiseparable if, and only if, the comonad (FG,FηG, ϵ) is coseparable and the
cocomparison functor KFG : C → DFG is a bireflection up to retracts.

Proof. We just prove i) as ii) follows by dual arguments. By Theorem 2.47 i), G is
semiseparable if, and only if, the monad (GF,GϵF, η) is separable and KGF is a naturally
full. When (GF,GϵF, η) is separable, by Theorem 5.18 KGF is a coreflection up to retracts,
and hence it is naturally full if, and only if, it is a naturally full coreflection up to retracts
if, and only if, it is a bireflection up to retracts by Lemma 5.3 iii).

By Theorem 5.19 we recover the following known characterizations for separable adjoint
functors, see [31], [84].
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Corollary 5.20. [5, Corollary 3.6] Let F ⊣ G : D → C be an adjunction with unit η and
counit ϵ.

i) [31, Proposition 3.5] G is separable if, and only if, the monad (GF,GϵF, η) is sepa-
rable and the comparison functor KGF : D → CGF is an equivalence up to retracts.

ii) [84, Proposition 2.3] F is separable if, and only if, the comonad (FG,FηG, ϵ) is
coseparable and the cocomparison functor KFG : C → DFG is an equivalence up to
retracts.

Proof. We just prove i) as ii) follows by dual arguments. By Theorem 5.19 i), G is
semiseparable if, and only if, the monad (GF,GϵF, η) is separable and KGF is a bireflection
up to retracts. Moreover, by Corollary 2.48 G is separable if, and only if, the monad
(GF,GϵF, η) is separable and the comparison functor KGF is fully faithful. Thus, G is
separable if, and only if, (GF,GϵF, η) is separable and KGF is a fully faithful bireflection
up to retracts. By Lemma 5.3 v), the latter requirements on KGF mean that it is an
equivalence up to retracts.

Remark 5.21. Given an adjunction F ⊣ G : D → C with unit η and counit ϵ, in view of
Theorem 5.19 and Corollary 5.20, the following assertions hold true.

i) If G is faithful and the monad (GF,GϵF, η) is separable, then the comparison functor
KGF : D → CGF is an equivalence up to retracts if, and only if, it is a bireflection
up to retracts.

ii) If F is faithful and the comonad (FG,FηG, ϵ) is coseparable, then the cocomparison
functor KFG : C → DFG is an equivalence up to retracts if, and only if, it is a
bireflection up to retracts.

We observe that Theorem 5.19 and Corollary 5.20 apply even if the relevant categories
are not idempotent complete. The following is an instance.

Example 5.22. We return to the example discussed in Subsection 3.1.1. Given a mor-
phism of rings φ : R → S, with S ̸= 0 a free left R-module (i.e., S ∼= R(J)), we know that
the free induction functor φ∗

f = S ⊗R (−) : RMf → SMf is semiseparable if, and only if,
it is separable if, and only if, φ is a split-mono as an R-bimodule map; the free restriction
of scalars functor φ∗f : SMf → RMf is separable if, and only if, S/R is separable.

By Corollary 5.20, φ∗f is separable if, and only if, the monad φ∗fφ
∗
f = S ⊗R (−) :

RMf → RMf is separable and the comparison functor

Kφ∗fφ
∗
f

: SMf → (RMf )φ∗fφ
∗
f
,

N ∼= S(A) 7→ (φ∗f (N), φ∗f (ϵf )N ) ∼= (R(A×J), φ∗f (ϵf )S(A)),

is an equivalence up to retracts; the free induction functor φ∗
f is separable if, and only if, the

comonad φ∗
fφ∗f = S⊗RR(−) : SMf → SMf is coseparable and the cocomparison functor

Kφ∗
fφ∗f : RMf → (SMf )φ

∗
fφ∗f , M ∼= R(B) 7→ (φ∗

f (M), φ∗
f (ηf )M ) ∼= (S(B), φ∗

f (ηf )S(B)),
is an equivalence up to retracts. In view of Remark 5.21, in case the monad φ∗fφ

∗
f is

separable, then the comparison functor Kφ∗fφ
∗
f

is an equivalence up to retracts if, and
only if, it is a bireflection up to retracts; since φ∗

f is semiseparable if, and only if, it
is separable, in case the comonad φ∗

fφ∗f is coseparable, then the cocomparison functor
Kφ∗

fφ∗f is an equivalence up to retracts if, and only if, it is a bireflection up to retracts.
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As a consequence of the properties proved so far we have the following result.

Corollary 5.23. [5, Corollary 3.7] Let F ⊣ G : D → C be an adjunction with comparison
functor KGF : D → CGF and cocomparison functor KFG : C → DFG.

i) Assume G is semiseparable. If KGF has a left adjoint, then KGF is a bireflection.

ii) Assume F is semiseparable. If KFG has a right adjoint, then KFG is a bireflection.

iii) (Cf. [74, Proposition, page 93] and [8, Proposition 2.16 (3)]) Assume G is separable.
If KGF has a left adjoint, then KGF is an equivalence (i.e., G is monadic)

iv) (Cf. [64, Proposition 3.16]) Assume F is separable. If KFG has a right adjoint, then
KFG is an equivalence (i.e., F is comonadic).

In case D (resp., C) is idempotent complete, if G (resp., F ) is (semi)separable, then KGF

(resp., KFG) has a left (resp., right) adjoint, so the previous assertions apply.

Proof. We just prove i) and iii), as ii) and iv) follow by dual arguments. If G is semisep-
arable (resp., separable), by Theorem 5.19 (resp., Corollary 5.20) we know that KGF is a
bireflection up to retracts (resp., equivalence up to retracts). Then, if KGF has a left ad-
joint, by Proposition 5.6 KGF is a bireflection (resp., equivalence). By Proposition 5.9, if
D is idempotent complete, then KGF has a left adjoint as it is a bireflection up to retracts
(resp., equivalence up to retracts).

The next is an example of a coreflection (up to retracts) which is not an equivalence
(up to retracts) and not even a bireflection (up to retracts).

Example 5.24. [5, Example 3.8] (See also [61, page 144]) Consider the forgetful functor
G : Top → Set and its left adjoint F : Set → Top which assigns to each setX the topological
space X equipped with the discrete topology (all subsets of X are open). This adjunction
defines on Set the identity monad I = (IdSet, Id, Id). The Eilenberg-Moore category of
modules over I is then Set, thus the comparison functor KGF : Top → SetI = Set is the
given forgetful functor G. Since the identity monad I is separable, by Theorem 5.18 KGF

is a coreflection up to retracts and then a coreflection either by Proposition 5.9, as Top
has equalizers and then it is an idempotent complete category (cf. Example 4.9), or by
Proposition 5.6, as KGF = G has a left adjoint. Since KGF is not an equivalence, again by
Proposition 5.9 it follows that KGF is not even an equivalence up to retracts. By Corollary
5.20 we have that G is not separable and, since G is faithful, G is not semiseparable by
Proposition 2.5. Then, by Theorem 5.19 KGF is not even a bireflection up to retracts, and
hence not a bireflection by Proposition 5.9.

5.3 Canonical factorizations of a semiseparable adjoint

In this section we compare the two canonical factorizations attached to a semiseparable
right adjoint G : D → C, namely the one through the coidentifier category and the one
through the Eilenberg-Moore category, showing they are connected by an equivalence up
to retracts.

Let F ⊣ G : D → C be an adjunction. We have seen that if the right adjoint G is
semiseparable, then it admits two canonical factorizations as a bireflection up to retracts
followed by a separable functor, namely G = Ge ◦ H (cf. Theorem 2.33 and Theorem
5.14) and G = UGF ◦KGF (cf. Theorems 2.47 and 5.19). Similar factorizations have been
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obtained also for the left adjoint F in case it is semiseparable, as the following diagrams
show.

D
KGF

&&
G

��

H

yy
De

Ge %%

CGF

UGFxxC

C
KF G

&&
F

��

H

zz
Ce

Fe $$

DFG

UF GxxD

We now compare these factorizations. We say that a functor F : C → D lifts idempo-
tents whenever each idempotent morphism in D is of the form F (q) for some idempotent
morphism q in C.

Lemma 5.25. Let F : C → D be a functor that lifts idempotents. If C is idempotent
complete, then so is D.

Proof. Let F : C → D be a functor that lifts idempotents morphisms and assume that
C is idempotent complete. If d : D → D is an idempotent morphism in D, then there
is an idempotent morphism q : X → X in C such that d = F (q). Since C is idempotent
complete we have that q = i◦p, for some morphisms p : X → X ′ and i : X ′ → X such that
p◦i = IdX′ . Then, d = F (q) = F (i◦p) = Fi◦Fp and Fp◦Fi = F (p◦i) = F (IdX′) = IdFX′ ,
so that the idempotent d in D splits. Thus, D is idempotent complete.

Remark 5.26. Any fully faithful functor F : C → D lifts idempotents of the form d : FX →
FX. In fact, if d : FX → FX is an idempotent morphism in D, then it is of the form
F (q) for some morphism q : X → X in C, since F is full. We have F (q) = d = d ◦ d =
F (q) ◦ F (q) = F (q ◦ q), hence q = q ◦ q as F is faithful.

Lemma 5.27. [5, Lemma 3.13] Let C be a category and let e : IdC → IdC be an idempotent
natural transformation. Then, the quotient functor H : C → Ce lifts idempotents. As a
consequence, if C is idempotent complete so is the coidentifier category Ce.

Proof. Let h : C → C be an idempotent morphism in Ce. Then h ◦ h = h, i.e. h ◦ h = h
and hence eC ◦ h ◦ h = eC ◦ h. Set q := eC ◦ h : C → C. Then, q ◦ q = eC ◦ h ◦ eC ◦ h =
eC ◦eC ◦h◦h = eC ◦h◦h = eC ◦h = q, hence q is an idempotent morphism in C. Moreover,
Hq = q = eC ◦ h = h. The last statement follows from Lemma 5.25.

Lemma 5.28. [5, Lemma 3.14] Let G : D → C and U : C → C′ be functors.

i) If G is a (co)reflection and U is conservative, then U is an equivalence if, and only
if, U ◦G is a (co)reflection.

ii) If G is a (co)reflection up to retracts and U is separable, then U is an equivalence
up to retracts if, and only if, U ◦G is a (co)reflection up to retracts.

Proof. Set G′ := U ◦G.
i). Since U is conservative, if G′ is a coreflection, by [9, Corollary 4.9], which is a

consequence of [16, Lemma 1.2], we get that U is an equivalence. Conversely, if U is
an equivalence then it is in particular a coreflection and hence, by Remark 2.56, G′ is a
coreflection as a composition of coreflections. The statement in case G is a reflection is
proved dually.

ii). If U is separable, then by Corollary 4.96 U ♮ is conservative, thus we have that
(G′)♮ = U ♮ ◦ G♮, where G♮ is a (co)reflection and U ♮ is conservative. By i), we get that
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U ♮ is an equivalence (i.e., U is an equivalence up to retracts) if, and only if, (G′)♮ is a
(co)reflection (i.e., G′ is a (co)reflection up to retracts).

Proposition 5.29. [5, Proposition 3.15] Let F : C → D be a bireflection up to retracts
and let e : IdC → IdC be its associated idempotent natural transformation. Consider the
corresponding factorization F = Fe ◦ H, where H : C → Ce is the quotient functor onto
the coidentifier category. Then, the unique functor Fe : Ce → D is an equivalence up to
retracts. If C is idempotent complete, then Fe is an equivalence.

Proof. If F is a bireflection up to retracts, it is a semiseparable (co)reflection up to re-
tracts by Lemma 5.3 iii). In particular, F admits the associated idempotent natural
transformation e : IdC → IdC by Proposition 2.11. By Theorem 2.33, there is a factor-
ization F = Fe ◦ H for a unique functor Fe : Ce → D which is separable. Since H is a
(co)reflection up to retracts by Theorem 5.14 and Fe is separable, then by Lemma 5.28 we
get that Fe is an equivalence up to retracts.

If C is idempotent complete so is Ce by Lemma 5.27. Then Fe is an equivalence in view
of Proposition 5.9.

Example 5.30. [5, Example 3.16] Let F : C → D be a bireflection up to retracts. Thus,
F ♮ : C♮ → D♮ is a bireflection. In particular, by Lemma 5.3 it is a bireflection up to retracts
whose source category C♮ is idempotent complete. By Proposition 5.29, (F ♮)α : (C♮)α →
D♮ is an equivalence where α : IdC♮ → IdC♮ is the idempotent natural transformation
associated with F ♮. By definition and from the proof of Proposition 4.92, we get that

α(C,c) = PF ♮

(C,c),(C,c)(IdF ♮(C,c)) = PF ♮

(C,c),(C,c)(Id(FC,Fc)) = PF
C,C(Fc) = PF

C,C(IdFC)◦c = eC◦c

so that α = e♮, where e : IdC → IdC is the idempotent natural transformation associated
with F . This shows that (F ♮)e♮ : (C♮)e♮ → D♮ is an equivalence and hence D♮ ∼= (C♮)e♮ .

In particular, in Theorem 5.14 we proved thatH : C → Ce is a bireflection up to retracts.
By the foregoing, (H♮)e♮ : (C♮)e♮ → (Ce)♮ is an equivalence and hence (Ce)♮ ∼= (C♮)e♮ .

We are now able to compare the two relevant factorizations.

Proposition 5.31. (Cf. [5, Proposition 3.17], [4, Remark 2.10]) Consider an adjunction
F ⊣ G : D → C.

i) If G is semiseparable and e : IdD → IdD is the associated idempotent natural
transformation, then there is a unique functor (KGF )e : De → CGF such that
(KGF )e ◦H = KGF and UGF ◦ (KGF )e = Ge, i.e. the diagram

D H //

KGF

��

De

(KGF )e

}}
Ge

��
CGF

UGF

// C

(5.1)

commutes, where H : D → De is the quotient functor onto the coidentifier category.
Moreover, the functor (KGF )e is an equivalence up to retracts. If D is idempotent
complete, then (KGF )e is an equivalence of categories.
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ii) If F is semiseparable and e : IdC → IdC is the associated idempotent natural transfor-
mation, then there is a unique functor (KFG)e : Ce → DFG such that (KFG)e ◦H =
KFG and UFG ◦ (KFG)e = Fe, i.e. the diagram

C H //

KF G

��

Ce

(KF G)e

}}
Fe

��
DFG

UF G
// D

(5.2)

commutes, where H : C → Ce is the quotient functor onto the coidentifier category.
Moreover, the functor (KFG)e is an equivalence up to retracts. If C is idempotent
complete, then (KFG)e is an equivalence of categories.

Proof. We just prove i) as ii) follows by dual arguments. Assume G is semiseparable with
associated idempotent natural transformation e : IdD → IdD. Then, by Theorem 2.33
there is a unique functor Ge : De → C (necessarily separable) such that G = Ge ◦ H,
where H : D → De is the quotient functor onto the coidentifier category De, which in
turn is naturally full. By Theorem 2.47 i) G also factors as UGF ◦ KGF , where UGF is
separable and KGF is naturally full. These two factorizations of G as a naturally full
functor followed by a separable one are related, in view of Theorem 2.33, by a unique
functor (KGF )e : De → CGF (necessarily fully faithful) such that (KGF )e ◦H = KGF and
UGF ◦ (KGF )e = Ge. Furthermore, by Theorem 2.33 G and KGF have the same associated
idempotent natural transformation e. Thus, the factorization KGF = (KGF )e ◦ H is
necessarily the one of Proposition 5.29, once observed that KGF is a bireflection up to
retracts by Theorem 5.19. As a consequence (KGF )e is an equivalence up to retracts (an
equivalence in case D is idempotent complete).

We observe that it is possible to give a different proof of Theorem 5.19, by first show-
ing that (KGF )e and (KFG)e are equivalences up to retracts. To this aim we need the
following lemma.

Lemma 5.32. [5, Lemma 3.18, Lemma 3.19]

i) Given a category D and an idempotent natural transformation e : IdD → IdD,
consider the quotient functor H : D → De. Let Ge : De → C be a functor.
If G := Ge ◦ H : D → C has a left adjoint F with unit η and counit ϵ, then
Le := H ◦ F : C → De is a left adjoint of Ge with unit ηe and counit ϵe uniquely
defined by the identities ηe = η and ϵeH = Hϵ. Moreover, the adjunctions (Le, Ge)
and (F,G) have the same associated monad (whence CGeLe = CGF ) and the respective
comparison functors are related by the equality KGeLe ◦H = KGF .

D

KGF ))

H //

G

��

De

KGeLeuu
Ge

��

CGF = CGeLe

UGF

uu

UGeLe

))C Id //

F

OO

⊣

C

Le

OO

⊣

ii) Given a category C and an idempotent natural transformation e : IdC → IdC, consider
the quotient functor H : C → Ce. Let Fe : Ce → D be a functor. If F := Fe ◦ H :
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C → D has a right adjoint G with unit η and counit ϵ, then Re := H ◦ G : D → Ce
is a right adjoint of Fe with unit ηe and counit ϵe uniquely defined by the identities
ηeH = Hη and ϵe = ϵ. Moreover, the adjunctions (Fe, Re) and (F,G) have the
same associated comonad (whence DFeRe = DFG) and the respective cocomparison
functors are related by the equality KFeRe ◦H = KFG.

D Id //

G

��

D

Re

��

DFG = DFeRe

UF G

ii

UFeRe

55

C H //

KF G
55F

OO

⊣

Ce

KFeRe
ii Fe

OO

⊣

Proof. We just prove i) as ii) follows by dual arguments. Given ϵ : FG → IdD we have
Hϵ : HFG → H. By the universal property of the coidentifier, since (LeGe) ◦H = HFG
and IdDe ◦H = H, we have (HFG)e = LeGe and He = IdDe and hence there is a unique
natural transformation ϵe : LeGe → IdDe such that ϵeH = Hϵ (see Lemma 2.30). Since
Ge ◦ Le = Ge ◦H ◦ F = G ◦ F, we define ηe := η. Then, we have

GeϵeH ◦ ηeGeH = GeHϵ ◦ ηeGeH = Gϵ ◦ ηG = IdG = IdGeH .

Since H is the identity on objects, we deduce that Geϵe ◦ ηeGe = IdGe . Moreover

ϵeLe ◦ Leηe = ϵeHF ◦HFηe = HϵF ◦HFη = HIdF = IdHF = IdLe .

Since GeLe = GF, GeϵeLe = GeϵeHF = GeHϵF = GϵF and ηe = η we have that the
adjunctions (Le, Ge) and (F,G) have the same associated monad. Thus CGeLe = CGF .
Note that

KGeLeHX = (GeHX,GeϵeHX) = (GeHX,GeHϵX) = (GX,GϵX) = KGFX,

KGeLeHf = GeHf = Gf = KGF f,

so that KGeLe ◦H = KGF .

Proposition 5.33. Let F ⊣ G : D → C be an adjunction.

i) If G is semiseparable with associated idempotent natural transformation e : IdD →
IdD, then the functor (KGF )e given as in Proposition 5.31 i) is an equivalence up to
retracts. As a consequence, KGF is a bireflection up to retracts.

ii) If F is semiseparable with associated idempotent natural transformation e : IdC →
IdC, then the functor (KFG)e given as in Proposition 5.31 ii) is an equivalence up
to retracts. As a consequence, KFG is a bireflection up to retracts.

Proof. We prove only i) as ii) follows by dual arguments. If G is semiseparable, then by
Theorem 2.33 there is a unique functor Ge : De → C (necessarily separable) such that
G = Ge ◦H, where H : D → De is the quotient functor onto the coidentifier category De.
By Lemma 5.32 the adjunctions (Le := H ◦ F,Ge) and (F,G) have the same associated
monad (whence CGeLe = CGF ) and the respective comparison functors are related by the
equality KGeLe ◦ H = KGF . The functor (KGF )e : De → CGF of Proposition 5.31 is
uniquely determined by the equality (KGF )e ◦ H = KGF , so we get (KGF )e = KGeLe .
Since Ge is separable, by Corollary 5.20 i) the functor KGeLe is an equivalence up to
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retracts and then so is (KGF )e. Since by Theorem 5.14 the functor H is a coreflection up
to retracts, then from the equality (KGF )e ◦ H = KGF by Lemma 5.28 we conclude that
KGF is a coreflection up to retracts, whence a bireflection up to retracts, as by Theorem
2.47 i) KGF is naturally full.

As a consequence of Lemma 5.32, we have the following description of the separable
functor Ge (resp., Fe) involved in the factorization G = GeH (resp., F = FeH) of Theorem
2.33 for a semiseparable right (resp., left) adjoint functor G (resp., F ).

Corollary 5.34. Let F ⊣ G : D → C be an adjunction.

i) Assume G is semiseparable with associated idempotent natural transformation e :
IdD → IdD and consider the factorization G = Ge ◦ H. Then, Ge ∼=s GL, where
L : D → De is the semifunctor of Example 4.38.

ii) Assume F is semiseparable with associated idempotent natural transformation e :
IdC → IdC and consider the factorization F = Fe ◦ H. Then, Fe ∼=s FL, where
L : C → Ce is the semifunctor of Example 4.38.

Proof. From Example 4.38 we know that L ⊣s H ⊣s L : De → D is a semiadjoint triple.
i). Assume G is semiseparable with associated idempotent natural transformation e :
IdD → IdD. By Corollary 4.33 from F ⊣ G andH ⊣s L we get a semiadjunctionHF ⊣s GL.
By Lemma 5.32 i) we know that HF ⊣ Ge, where Ge is the separable functor in the
factorization G = Ge ◦H. By Proposition 4.26, we have Ge ∼=s GL.
ii). It follows by dual arguments.

5.4 Completion of Kleisli and Eilenberg-Moore categories
As an application of the results concerning conditions up to retracts, we now consider

the Kleisli construction for a monad (⊤,m : ⊤⊤ → ⊤, η : IdC → ⊤) on a category C recalled
in Subsection 1.5.3. We prove that, given an adjunction, the semiseparability of the right
adjoint provides an equivalence after idempotent completion between the associated Kleisli
category ⊤-FreeC and Eilenberg-Moore category C⊤. As a consequence, these categories
are also equivalent up to retracts to the coidentifier category attached to the semiseparable
right adjoint.

Recall that the canonical functor

J⊤ : ⊤-FreeC → C⊤, C 7→ (⊤C,mC), [f : C ↛ D] 7→ mD ◦ ⊤(f),

is fully faithful. The following result shows that, in case the monad ⊤ is separable, the
functor J⊤ is indeed an equivalence up to retracts.

Proposition 5.35. [5, Proposition 3.20] Let (⊤,m, η) be a separable monad on a category
C. Then, the canonical functor J⊤ : ⊤-FreeC → C⊤ is an equivalence up to retracts. In
particular, ⊤-Free♮C ∼= C♮⊤.

Proof. By Lemma 1.75 the separability of the monad (⊤,m, η) is equivalent to the separa-
bility of the forgetful functor U⊤ : C⊤ → C, hence, by Theorem 1.18 this is also equivalent
to the fact that the counit β : V⊤U⊤ → IdC⊤ of the adjunction (V⊤, U⊤) is a split natural
epimorphism. Thus, we get that V⊤ is surjective up to retracts, and hence so is J⊤ in
view of the equality V⊤ = J⊤ ◦ V ′

⊤. Since J⊤ is also fully faithful, we have that it is an
equivalence up to retracts by Lemma 5.3 v).
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The previous result applies to the particular case of a monad defined by an adjunction.

Proposition 5.36. [5, Proposition 3.21] Let F ⊣ G : D → C be an adjunction. Assume G
is a semiseparable functor with associated idempotent natural transformation e. Consider
the diagram

C

VGF **

V ′
GF

tt F ��
GF -FreeC

U ′
GF

44

LGF

// D

H ##

G

OO

KGF

// CGF

UGF

jj

De
(KGF )e

99 (5.3)

where H is the quotient functor into the coidentifier category. Then, the composite functor
KGF ◦ LGF : GF -FreeC → CGF is an equivalence up to retracts. Moreover, also the
composite H ◦ LGF : GF -FreeC → De is an equivalence up to retracts, hence

GF -Free♮C ∼= D♮
e

∼= C♮GF .

Proof. Since G is semiseparable, by Lemma 2.43 i) the associated monad (GF,GϵF, η) is
separable. By Proposition 5.35 we get that the composite functor KGF ◦ LGF = JGF :
GF -FreeC → CGF is an equivalence up to retracts.

Moreover, by Proposition 5.31 there is a unique functor (KGF )e : De → CGF such that
(KGF )e ◦H = KGF and UGF ◦ (KGF )e = Ge, and in particular (KGF )e is an equivalence
up to retracts, so the fact that H ◦ LGF is an equivalence up to retracts follows from the
equality (KGF )♮e ◦ (H ◦ LGF )♮ = (KGF ◦ LGF )♮.

As a consequence of Proposition 5.36, we recover [13, Lemma 2.10], see also [12, Theo-
rem 5.17 (d)] in the setting of idempotent complete suspended categories, and [33, Theorem
1.6] in the setting of idempotent complete triangulated categories.

Corollary 5.37. (Cf. [13, Lemma 2.10]) Let F ⊣ G : D → C be an adjunction with
G separable. Then, the functors LGF : GF -FreeC → D and KGF : D → CGF are both
equivalences up to retracts. Moreover, if D is idempotent complete, then G is monadic,
i.e. KGF : D → CGF is an equivalence.

Proof. Since G is a separable functor, then, by Corollary 2.12, the associated idempotent
natural transformation e : IdD → IdD is the identity IdIdD , and hence the quotient functor
H : D → DId is an equivalence (cf. Remark 2.29). Thus, by Proposition 5.36, LGF :
GF -FreeC → D results to be an equivalence up to retracts. Concerning KGF , it is an
equivalence up to retracts, in view of Corollary 5.20. Furthermore, by Corollary 5.23 it is
an equivalence if D is idempotent complete.

5.5 Pre-triangulated categories and semiseparability

In this section we extend to semiseparable functors a result shown by P. Balmer in [12]
for separable functors in the context of pre-triangulated categories.

We recall from [12, Section 1] the following definitions. A suspended category (C,Σ) is
an additive category C endowed with an autoequivalence Σ : C → C, called the suspension.
For simplicity we consider Σ as an isomorphism, i.e. Σ−1 ◦ Σ = IdC = Σ ◦ Σ−1.

Given a suspended category (C,Σ), a (candidate) triangle in C (with respect to Σ) is a
diagram of the form

X
u // Y

v // Z
w // ΣX.
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where u, v, w are morphisms in C. The morphism u : X → Y is called the base of the
triangle. A morphism (f, g, h) of triangles in C is a commutative diagram of the form

X
u //

f

��

Y

g

��

v // Z

h
��

w // ΣX
Σf
��

X ′ u′
// Y ′ v′

// Z ′ w′
// ΣX ′,

where each row is a triangle in C. If the morphisms f, g and h are isomorphisms in C, then
the morphism (f, g, h) of triangles in C is called an isomorphism of triangles.

Definition 5.38. (See [73, Definition 1.1.2], [12, Definition 1.3]) A pre-triangulated cat-
egory C is a suspended category (C,Σ) together with a class of triangles (with respect to
Σ), called distinguished triangles, satisfying the following axioms:

T0) Any triangle which is isomorphic to a distinguished triangle is a distinguished trian-
gle. The triangle

X
IdX // X // 0 // ΣX

is distinguished.

T1) For any morphism f : X → Y in C, there exists a distinguished triangle of the form

X
f // Y // Z // ΣX,

i.e., every morphism in C is the base of some distinguished triangle.

T2) Given two triangles
X

u // Y
v // Z

w // ΣX

and
Y

−v // Z
−w // ΣX −Σu // ΣY,

if one is a distinguished triangle, then so is the other.

T3) For any commutative diagram of the form

X
u //

f

��

Y

g

��

v // Z
w // ΣX

X ′ u′
// Y ′ v′

// Z ′ w′
// ΣX ′,

where the rows are distinguished triangles, there is a morphism h : Z → Z ′ in C, not
necessarily unique, which makes the diagram

X
u //

f
��

Y

g

��

v // Z

h
��

w // ΣX
Σf
��

X ′ u′
// Y ′ v′

// Z ′ w′
// ΣX ′

commutative.

Remark 5.39. The suspension Σ : C → C is not required to be additive as Σ is part of an
adjunction with C additive and, whenever F ⊣ G : D → C is an adjunction with C and D
additive, then both F and G are additive, see e.g. [76, Corollary 1.3, page 68].
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Remark 5.40. Given a distinguished triangle X
u // Y

v // Z
w // ΣX , then v◦u = 0,

w ◦ v = 0 and Σu ◦ w = 0, see [73, Remark 1.1.3].
In Example 1.10 we have recalled the notion of semisimple category. By [49, Theorem

5.3] a category which is pre-triangulated and abelian results to be semisimple.
A functor between pre-triangulated categories is called exact if it commutes with the

suspension and preserves distinguished triangles. It is known that an exact functor of
pre-triangulated categories is additive, see e.g. [80, Lemma 05QY].

We recall some results concerning the coidentifier category.

Lemma 5.41. [5, Lemma 3.24] Let C be a category and let e : IdC → IdC be an idempotent
natural transformation.

i) If C is pointed (i.e., it has a zero object), so is the coidentifier Ce.
ii) If C is (pre)additive, so is the coidentifier Ce and the functor H : C → Ce is an

additive functor.

Proof. Recall from Subsection 2.1.2 that Ce is the quotient category C/∼ where ∼ is the
congruence relation given, for all f, g : X → Y in C by f∼g if, and only if, eY ◦f = eY ◦ g.

i). If 1 is a terminal object in C, then the set HomC(C, 1) is a singleton, for every object
C ∈ C. Since HomCe(C, 1) = HomC(C, 1)/ ∼, we have that HomCe(C, 1) is a singleton.
Thus, 1 is terminal also in Ce. Similarly, an initial object in C is initial also in Ce. A zero
object is both a terminal and an initial object, thus a zero object in C is also a zero object
in Ce.

ii). If C is (pre)additive, for any X,Y ∈ C the set HomC(X,Y ) is an abelian group
via a binary operation + and the composition of morphisms is bilinear. Note that ∼ is
an additive congruence relation. In fact, for all f, g, f ′, g′ : X → Y in C, if f ∼ f ′ and
g∼g′, then eY ◦ f = eY ◦ f ′ and eY ◦ g = eY ◦ g′ so that eY ◦ (f + g) = eY ◦ f + eY ◦ g =
eY ◦ f ′ + eY ◦ g′ = eY ◦ (f ′ + g′) and hence (f + g) ∼ (f ′ + g′). It is known that the
quotient category of a (pre)additive category modulo an additive congruence relation is
also (pre)additive and the quotient functor H is an additive functor.

Lemma 5.42. [5, Lemma 3.25] Let C be a category and let e : IdC → IdC be an idempotent
natural transformation. If C has an endofunctor Σ such that Σe = eΣ, then the coidentifier
Ce has an endofunctor Σe such that H ◦ Σ = Σe ◦ H, where H : C → Ce is the quotient
functor. Moreover, if C is a (pre)additive category, then Σe is an additive functor whenever
Σ is.

Proof. We have HΣe = HeΣ = IdH ◦ Σ = IdHΣ so that, by Lemma 2.30, there is a unique
functor Σe : Ce → Ce such that H ◦Σ = Σe ◦H. Since H acts as the identity on objects, we
get that Σe acts as Σ on objects. Moreover, Σef = ΣeHf = HΣf = Σf. Assume that C
is a (pre)additive category and Σ is an additive functor. Since Σe

(
f + g

)
= Σe

(
f + g

)
=

Σ (f + g) = Σf + Σg = Σf + Σg = Σef + Σeg, we get that Σe is additive.

Corollary 5.43. Let C be a suspended category and let e : IdC → IdC be an idempotent
natural transformation which commutes with the suspension, i.e., Σe = eΣ. Then, the
coidentifier category Ce is suspended.

Proof. Assume that C is suspended, through an autoequivalence Σ such that Σe = eΣ.
Then, by Lemma 5.41 the coidentifier Ce is additive, and the quotient functor H : C → Ce
is additive. By Lemma 5.42 the coidentifier Ce has an endofunctor Σe such that H ◦ Σ =
Σe◦H, and Σe is an additive functor as so is Σ. From Σe = eΣ we deduce eΣ−1 = Σ−1e, so
by Lemma 5.42 we also have an endofunctor Σ−1

e such that H◦Σ−1 = Σ−1
e ◦H. We compute

https://stacks.math.columbia.edu/tag/05QY
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Σe ◦ Σ−1
e ◦H = Σe ◦H ◦ Σ−1 = H ◦ Σ ◦ Σ−1 = H = IdCe ◦H and hence Σe ◦ Σ−1

e = IdCe in
view of Lemma 2.30. Similarly, Σ−1

e ◦ Σe ◦H = Σ−1
e ◦H ◦ Σ = H ◦ Σ−1 ◦ Σ = H = IdCe ◦H,

so that Σ−1
e ◦ Σe = IdCe , thus Σe is an isomorphism.

5.5.1 Stably semiseparable functors and stable (co)monads

Following [12, Section 2], if C and D are suspended categories, we say that F ⊣ G : D →
C is an adjunction of functors commuting with the suspension when both F and G commute
with the suspension and we tacitly assume that the unit η and counit ϵ commute with
the suspension as well. In this case, the monad (GF,GϵF, η) is stable, meaning that the
functor GF : C → C, the multiplication GϵF and the unit η commute with the suspension.
More generally, a monad (⊤,m, η) on a category C is stable when the functor ⊤ : C → C,
the multiplication m and the unit η commute with the suspension. Similarly, one can
define a stable comonad on a category.

We adapt the notion of stably separable functor [12, Definition 3.7] to the semiseparable
case. Let (C,Σ) and (C′,Σ′) be suspended categories. If a functor G : C′ → C commutes
with the suspension, i.e. G ◦ Σ′ = Σ ◦ G, we say that G is stably semiseparable if it
is semiseparable through some PG

X,Y : HomC (GX,GY ) → HomC′ (X,Y ) that commutes
with the suspension, i.e. such that the diagram

HomC(GX,GY )
FΣ

GX,GY
��

PG
X,Y // HomC′(X,Y )

FΣ′
X,Y
��

HomC(ΣGX,ΣGY ) HomC(GΣ′X,GΣ′Y )
PG

Σ′X,Σ′Y// HomC′(Σ′X,Σ′Y )

(5.4)

is commutative, that is, PG
Σ′X,Σ′Y FΣ

GX,GY = FΣ′
X,Y PG

X,Y , for every X,Y ∈ C′. Analogously,
one can define the notions of stably naturally full and stably fully faithful functor. We
observe the following facts.

Remark 5.44. Any fully faithful functor G : C′ → C which commutes with the suspension is
stably fully faithful. Indeed, for every f : GX → GY in C, we have (FG

Σ′X,Σ′Y ◦ PG
Σ′X,Σ′Y ◦

FΣ
GX,GY )(f) = FΣ

GX,GY (f) = Σf = ΣFG
X,Y (PG

X,Y (f)) = ΣGPG
X,Y (f) = GΣ′PG

X,Y (f) =
(FG

Σ′X,Σ′Y ◦ FΣ′
X,Y ◦ PG

X,Y )(f), hence, since FG is bijective, we get PG
Σ′X,Σ′Y ◦ FΣ

GX,GY =
FΣ′
X,Y ◦ PG

X,Y , so that G is stably fully faithful.

Lemma 5.45. Let (C,Σ), (C′,Σ′) and (C′′,Σ′′) be suspended categories. Consider functors
F : C′′ → C′ and G : C′ → C commuting with the suspension.

i) If F is stably semiseparable and G is stably separable, then GF is stably semisepa-
rable.

ii) If F is stably naturally full and G is stably semiseparable, then GF is stably semisep-
arable.

Proof. In both items by Lemma 2.6 we know that G◦F is semiseparable through PGF
X,Y :=

PF
X,Y PG

FX,FY . Consider the diagram (5.4) for the composite functor G◦F : C′′ → C. Then,
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in both cases the following diagram

HomC(GFX,GFY )
FΣ

GF X,GF Y ��

PG
F X,F Y // HomC′(FX,FY )

FΣ′
F X,F Y

��

PF
X,Y // HomC′′(X,Y )

FΣ′′
X,Y

��

HomC(ΣGFX,ΣGFY )

HomC(GΣ′FX,GΣ′FY )
PG

Σ′F X,Σ′F Y// HomC′(Σ′FX,Σ′FY )

HomC(GFΣ′′X,GFΣ′′Y )
PG

F Σ′′X,F Σ′′Y// HomC′(FΣ′′X,FΣ′′Y )
PF

Σ′′X,Σ′′Y// HomC′′(Σ′′X,Σ′′Y )

commutes, as the inner rectangles are commutative, hence GF is stably semiseparable.

Unless otherwise specified, hereafter we denote all suspensions by the same letter Σ.

Lemma 5.46. [5, Lemma 3.26] Let F : C → D be a stably semiseparable functor. Then,
the associated idempotent natural transformation commutes with the suspension.

Proof. By definition, F is semiseparable through some PF such that PF
ΣX,ΣY ◦ FΣ

FX,FY =
FΣ
X,Y ◦ PF

X,Y . Consider the associated idempotent natural transformation e : IdC →
IdC which is defined by setting eX := PF

X,X (IdFX) for every X in C. Then ΣeX =
FΣ
X,XPF

X,X (IdFX) = PF
ΣX,ΣXFΣ

FX,FY (IdFX) = PF
ΣX,ΣXΣ (IdFX) = PF

ΣX,ΣX (IdΣFX) =
PF

ΣX,ΣX (IdFΣX) = eΣX and hence Σe = eΣ, i.e. e commutes with the suspension.

Moreover, given a suspended category C, a stable separable monad (⊤,m, η) on C,
through a section σ, is said to be stably separable [12, Definition 3.5] if σ commutes with
the suspension. Dually, a stable coseparable comonad (⊥,∆, ϵ) on C, through a retraction
τ , is said to be stably coseparable if τ commutes with the suspension.

Lemma 5.47. Let F ⊣ G : D → C be an adjunction of functors between suspended
categories commuting with the suspension.

i) If G a is stably semiseparable functor, then the monad (GF,GϵF, η) is stably sepa-
rable.

ii) If F a is stably semiseparable functor, then the comonad (FG,FηG, ϵ) is stably
coseparable.

Proof. We only show i) as ii) follows by dual arguments. By Lemma 2.43, (GF,GϵF, η)
is a separable monad through the section σ := GγF : GF → GFGF where γ : Id → FG
is defined by γX := PX,FGX(ηGX). Moreover, GF is a stable monad. Thus,

σΣX = GγFΣX = GPFΣX,FGFΣX(ηGFΣX) = GPΣFX,ΣFGFX(ηΣGFX)
= GPΣFX,ΣFGFX(ΣηGFX) = GΣPFX,FGFX(ηGFX) = GΣγFX = ΣGγFX = ΣσX ,

and hence σ commutes with the suspension, obtaining that it is a stably separable monad.

We now recall Balmer’s [12, Theorem 4.1] and we prove the announced analogue for
semiseparable functors.
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Theorem 5.48. [12, Theorem 4.1] Let C be a pre-triangulated category and let D be an
idempotent complete suspended category. Let F ⊣ G : D → C be an adjunction of functors
commuting with the suspension. Assume that the stable monad GF : C → C is an exact
functor and that G is stably separable. Then, D is pre-triangulated with distinguished
triangles being exactly the ones whose image through the functor G is distinguished in C.
Moreover, with this pre-triangulation both functors F and G become exact.

Theorem 5.49. [5, Theorem 3.27] Let C be a pre-triangulated category and let D be an
idempotent complete suspended category. Let F ⊣ G : D → C be an adjunction of functors
commuting with the suspension. Suppose that the stable monad GF : C → C is an exact
functor and that G is a stably semiseparable functor with associated idempotent natural
transformation e : IdD → IdD. Then, the coidentifier De is idempotent complete and pre-
triangulated with distinguished triangles being exactly the ones whose image through the
functor Ge : De → C (determined by the factorization G = Ge ◦ H) is distinguished in C.
Moreover, with respect to this pre-triangulation, both functors Ge : De → C and its left
adjoint Le : C → De become exact.

Proof. Since G is stably semiseparable, by Lemma 5.46 the associated idempotent natural
transformation e : IdD → IdD commutes with the suspension, i.e., eΣ = Σe. Then, by
Corollary 5.43 the coidentifier category De is suspended through Σe such that H ◦ Σ =
Σe ◦ H, where H : D → De is the quotient functor, and by Lemma 5.27 it is idempotent
complete.

Since G is semiseparable, by Theorem 2.33 it factorizes as G = Ge ◦ H for a unique
separable functor Ge : De → C. Moreover, Ge is separable via PGe defined by PGe

HX,HY :=
FH
X,Y ◦PG

X,Y for all X,Y in D. Since G commutes with the suspension, we have Ge◦Σe◦H =
Ge◦H ◦Σ = G◦Σ = Σ◦G = Σ◦Ge◦H and hence, in view of Lemma 2.30, Ge◦Σe = Σ◦Ge,
i.e. Ge commutes with the suspension as well. Now consider the composite functor Le =
H◦F : C → De, which is the left adjoint of Ge with unit ηe and counit ϵe given as in Lemma
5.32. Then, Σe ◦Le = Σe ◦H ◦F = H ◦ Σ ◦F = H ◦F ◦ Σ = Le ◦ Σ, so that Le commutes
with the suspension as well. Note that ϵeΣeH = ϵeHΣ = HϵΣ = HΣϵ = ΣeHϵ = ΣeϵeH,
so that ϵeΣe = Σeϵe. Moreover, ηeΣ = ηΣ = Ση = Σηe. Thus, also the unit and counit of
the adjunction (Le, Ge) commute with the suspensions. Hence Le ⊣ Ge is an adjunction of
functors commuting with the suspension. By Remark 5.39 both Ge and Le are additive.
By Lemma 5.32, the adjunctions (Le, Ge) and (F,G) have the same associated monad.
As a consequence, we get that GeLe = GF is a stable monad and an exact functor as by
assumption so is GF . We have FΣe

HX,HY PGe
HX,HY = FΣe

HX,HY FH
X,Y PG

X,Y = FΣeH
X,Y PG

X,Y =
FHΣ
X,Y PG

X,Y = FH
ΣX,ΣY FΣ

X,Y PG
X,Y = FH

ΣX,ΣY PG
ΣX,ΣY FΣ

GX,GY = PGe
HΣX,HΣY FΣ

GeHX,GeHY
=

PGe
ΣeHX,ΣeHY

FΣ
GeHX,GeHY

, for all X,Y in D. Since H is surjective on objects, this means
that FΣe

X,Y PGe
X,Y = PGe

ΣeX,ΣeY
FΣ
GeX,GeY

for all X,Y in De, i.e., Ge is a stably separable
functor. Then, we can apply Theorem 5.48 to the adjunction Le ⊣ Ge : De → C. As a
consequence, the coidentifier De is pre-triangulated with distinguished triangles ∆ being
exactly the ones whose image Ge(∆) through the functor Ge : De → C is distinguished
in C. Moreover, with respect to this pre-triangulation, both functors Ge : De → C and
Le : C → De become exact.

Pre-triangulation on the Eilenberg-Moore categories

In [12, Definition 2.4], it is claimed that, when C is a suspended category with the
suspension Σ, and ⊤ is an additive stable monad on it, then the Eilenberg-Moore category
C⊤ of ⊤-modules inherits a structure of suspended category such that V⊤ ⊣ U⊤ : C⊤ → C
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is an adjunction of additive functors commuting with the suspension. Explicitly, the
suspension Σ⊤ : C⊤ → C⊤ is defined by

Σ⊤ (C, µ) := (ΣC,Σµ : Σ⊤C = ⊤ΣC → ΣC) ,
Σ⊤(f) := Σf : (ΣC,Σµ) →

(
ΣC ′,Σµ′) , (5.5)

for every object (C, µ) and every morphism f : (C, µ) → (C ′, µ′) in C⊤.
Given a monad ⊤ on a triangulated category C, in [33] the authors investigate whether

the Eilenberg-Moore category C⊤ inherits the structure of triangulated category from C:
this seems to rarely occur, and they quote [12] as a particular occurrence.

In the following result, as a consequence of Theorem 5.49, we show that CGF inherits
the structure of pre-triangulated category from C.

Corollary 5.50. [5, Corollary 3.29] Let C be a pre-triangulated category and let D be an
idempotent complete suspended category. Let F ⊣ G : D → C be an adjunction of functors
commuting with the suspension. Suppose that the stable monad GF : C → C is an exact
functor and that G is a stably semiseparable functor with associated idempotent natural
transformation e : IdD → IdD. Then, the Eilenberg-Moore category CGF is idempotent
complete and pre-triangulated with distinguished triangles being exactly the ones whose
image through the forgetful functor UGF : CGF → C is distinguished in C. Moreover, with
respect to this pre-triangulation, both the functor UGF : CGF → C and its left adjoint VGF :
C → CGF become exact. Furthermore, there is a unique exact equivalence of categories
(KGF )e : De → CGF such that (KGF )e ◦H = KGF and UGF ◦ (KGF )e = Ge.

Proof. Assume that G is stably semiseparable with associated idempotent natural trans-
formation e : IdD → IdD. By Proposition 5.31 i), there is a unique functor (KGF )e :
De → CGF such that (KGF )e ◦ H = KGF and UGF ◦ (KGF )e = Ge. Moreover, since
D is idempotent complete, then the functor (KGF )e is an equivalence of categories. By
Lemma 5.27 De is idempotent complete, hence also CGF becomes idempotent complete.
Since C is pre-triangulated, it is suspended, and the monad (GF,GϵF, η) is stable as
F ⊣ G : D → C is an adjunction of functors commuting with the suspension. More-
over, the functor GF : C → C is additive being an exact functor between pre-triangulated
categories. Thus, the Eilenberg-Moore category CGF inherits a structure of suspended
category through the suspension ΣGF (see (5.5)) such that VGF ⊣ UGF : CGF → C is
an adjunction of additive functors commuting with the suspension. Also the comparison
functor KGF : D → CGF commutes with the suspension. Indeed,

(ΣGF ◦KGF ) (D) = ΣGF (GD,GϵD) = (ΣGD,ΣGϵD) = (GΣD,GΣϵD)
= (GΣD,GϵΣD) = (KGF ◦ Σ) (D),

and (ΣGF ◦KGF ) (f) = ΣGF (Gf) = ΣGf = GΣf = (KGF ◦ Σ) (f). Note that the monad
(GF,GϵF, η) is stably separable in view of Lemma 5.47 i). By [12, Proposition 3.11], this
means that UGF : CGF → C is a stably separable functor.

Then, Theorem 5.48 applied to the adjunction VGF ⊣ UGF yields a pre-triangulation
on CGF , with distinguished triangles ∆ being exactly the ones such that UGF (∆) is distin-
guished in C. Moreover, with respect to this pre-triangulation, both functors UGF and VGF
become exact. Note that ΣGF ◦ (KGF )e ◦H = ΣGF ◦KGF = KGF ◦ Σ = (KGF )e ◦H ◦ Σ =
(KGF )e ◦ Σe ◦ H and hence ΣGF ◦ (KGF )e = (KGF )e ◦ Σe, i.e. the equivalence (KGF )e
commutes with the suspension.

To check that (KGF )e is exact (hence additive), it remains to prove that it preserves
distinguished triangles. Let ∆ be a distinguished triangle in De. Then, by Theorem 5.49,
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Ge (∆) is distinguished in C. Since UGF ◦ (KGF )e = Ge, we get that UGF ((KGF )e (∆)) is
distinguished in C. By definition of pre-triangulation on CGF we obtain that (KGF )e (∆)
is distinguished in CGF . Thus, (KGF )e is exact.

As pointed out in [12, Remark 5.19], one can obtain similar results for the Eilenberg-
Moore category of ⊥-comodules over a comonad ⊥, and we can also obtain the dual of
Theorem 5.49 and Corollary 5.50. We include the proofs for the reader’s sake. We first
need the following dual of Theorem 5.48, whose proof follows by similar arguments.

Theorem 5.51. (Dual of [12, Theorem 4.1]) Let D be a pre-triangulated category and let
C be an idempotent complete suspended category. Let F ⊣ G : D → C be an adjunction
of functors commuting with the suspension. Assume that the stable comonad FG : D →
D is exact and that F is a stably separable functor. Then, C is pre-triangulated with
distinguished triangles being exactly the ones whose image through F is distinguished in
D. Moreover, with this pre-triangulation both functors F and G become exact.

Proof. Let us verify axioms T0)-T3) of Definition 5.38. We recall that by Remark 5.39
the functor F is additive.

T0). Let ∆ := ( X f // Y
g // Z

h // ΣX ) be a triangle in C isomorphic to a distinguished

triangle ∆′ := ( X ′ f ′
// Y ′ g′

// Z ′ h′
// ΣX ′ ) in C (i.e., the triangle F (∆′) is distinguished in

D). Since F (∆) ∼= F (∆′) and D is pre-triangulated, then F (∆) is distinguished in D, so
∆ is distinguished in C. Moreover, the triangle X

IdX // X // 0 // ΣX is distinguished in

C, as so is the triangle FX
IdF X// FX // F0 = 0 // FΣX = ΣFX in D.

T1). Let f : X → Y be a morphism in C and consider a distinguished triangle ∆̃ in
the pre-triangulated category D with base Ff :

∆̃ = ( FX
Ff
// FY

g̃
// Z̃

h̃

// ΣFX ).

By naturality of ν : GF → IdC , η : IdC → GF , and by ν ◦ η = IdIdC , we have the diagram

X
f //

ηX

��

Y

ηY

��

// •

��

// ΣX
ΣηX

��
G(∆̃) : GFX

νX

��

GFf // GFY

νY

��

Gg̃ // GZ̃

��

Gh̃ // GΣFX = ΣGFX
ΣνX

��
X

f // Y // • // ΣX,

where the morphism f : X → Y is a direct summand of the morphism GFf in C. Since
FG is exact, then FG(∆̃) is distinguished in D, so G(∆̃) is distinguished in C. By [12,
Lemma 1.6 (d)] there is an idempotent e = (ηXνX , ηY νY , r) = e2 in C of the distinguished
triangle G(∆̃):

GFX

ηXνX

��

GFf // GFY

ηY νY

��

Gg̃ // GZ̃

∃ r=r2

��

Gh̃ // ΣGFX
ΣηXνX

��
GFX

GFf // GFY
Gg̃ // GZ̃

Gh̃ // ΣGFX.
Since C is idempotent complete, [12, Proposition 1.10] gives a decomposition G(∆̃) =
∆ ⊕ ∆′, for triangles ∆ and ∆′ corresponding to the idempotents e and Id − e, re-
spectively. By construction, the summand ∆ corresponding to e has the form ∆ =
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( X f // Y
g // Im(r) h // ΣX ), where g = rG(g̃)ηY and h = ΣνXG(h̃)r. Since FG is

exact, the triangle FG(∆̃) is distinguished in D. Since FG(∆̃) = F (∆)⊕F (∆′) and by [73,
Proposition 1.2.3] a direct summand of a distinguished triangle in the pre-triangulated cat-
egory D is distinguished, we get that F (∆) is distinguished in D and so ∆ is distinguished
in C.

T2). Let ∆ := ( X u // Y
v // Z

w // ΣX ) and ∆′ := ( Y −v // Z
−w// ΣX−Σu// ΣY ) be two

triangles in C. If ∆ is a distinguished triangle in C, then so is F (∆) in D. Since D is
pre-triangulated, also the triangle

F (∆′) = ( FY
−Fv=F (−v)

// FZ
−Fw=F (−w)

// FΣX
−ΣFu=F (−Σu)

// FΣY = ΣFY )

is distinguished in D. Hence ∆′ is distinguished in C. Similarly, if ∆′ is distinguished in
C, then F (∆′) is distinguished in D, so is F (∆). Hence ∆ is distinguished in C.

T3). Consider the commutative diagram

X
u //

f

��

Y

g

��

v // Z
w // ΣX

X ′ u′
// Y ′ v′

// Z ′ w′
// ΣX ′,

where the rows are distinguished triangles. By applying the functor F we get a similar
diagram in D, so from axiom T3) in D we get a fill-in map γ̃ : FZ → FZ ′. Then, we have
PZ,Z′(γ̃)◦v = PY,Z′(γ̃◦Fv) = PY,Z′(Fv′◦Fg) = PY,Z′(F (v◦g)) = v◦g, and w′◦PZ,Z′(γ̃) =
PZ,ΣX′(Fw′◦γ̃) = PZ,ΣX′(ΣFf ◦Fw) = PZ,ΣX′(FΣf ◦Fw) = PZ,ΣX′(F (Σf ◦w)) = Σf ◦w,
so the diagram

X
u //

f
��

Y

g

��

v // Z

PZ,Z′ (γ̃)
��

w // ΣX
Σf
��

X ′ u′
// Y ′ v′

// Z ′ w′
// ΣX ′

is commutative.
With this pre-triangulation both functors F and G become exact.

We now show the dual of Theorem 5.49.

Theorem 5.52. Let D be a pre-triangulated category and let C be an idempotent complete
suspended category. Let F ⊣ G : D → C be an adjunction of functors commuting with
the suspension. Suppose that the stable comonad FG : D → D is an exact functor and
that F is a stably semiseparable functor with associated idempotent natural transformation
e : IdC → IdC. Then, the coidentifier Ce is idempotent complete and pre-triangulated with
distinguished triangles being exactly the ones whose image through the functor Fe : Ce → D
(determined by the factorization F = Fe ◦H) is distinguished in D. Moreover, with respect
to this pre-triangulation, both functors Fe : Ce → D and its right adjoint Re : D → Ce
become exact.

Proof. Since F is stably semiseparable, by Lemma 5.46 the associated idempotent natural
transformation e : IdC → IdC commutes with the suspension, i.e. eΣ = Σe. Then, by
Corollary 5.43 the coidentifier category Ce is suspended through Σe such that H ◦Σ = Σe ◦
H, whereH : C → Ce is the quotient functor, and by Lemma 5.27 it is idempotent complete.
Since F is semiseparable, by Theorem 2.33 it factorizes as F = Fe◦H for a unique separable
functor Fe : Ce → D. Moreover, Fe is separable via PFe defined by PFe

HX,HY := FH
X,Y ◦PF

X,Y
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for all X,Y in D. Since F commutes with the suspension, we have Fe◦Σe◦H = Fe◦H◦Σ =
F◦Σ = Σ◦F = Σ◦Fe◦H and hence Fe◦Σe = Σ◦Fe, i.e. Fe commutes with the suspension as
well. Now consider the composite functor Re = H ◦G : D → Ce, which is the right adjoint
of Fe with unit ηe and counit ϵe given as in Lemma 5.32 ii). Then, Σe ◦Re = Σe ◦H ◦G =
H ◦ Σ ◦G = H ◦G ◦ Σ = Re ◦ Σ so that Re commutes with the suspension as well. Note
that ϵeΣeH = ϵeHΣ = HϵΣ = HΣϵ = ΣeHϵ = ΣeϵeH so that ϵeΣe = Σeϵe. Moreover,
ηeΣ = ηΣ = Ση = Σηe. Thus, also the unit and counit of the adjunction (Fe, Re) commute
with the suspensions. Hence Fe ⊣ Re is an adjunction of functors commuting with the
suspension. By Lemma 5.32, the adjunctions (Fe, Re) and (F,G) have the same associated
comonad. As a consequence, we get that FeRe = FG is a stable comonad and an exact
functor by assumption. We have FΣe

HX,HY PFe
HX,HY = FΣe

HX,HY FH
X,Y PF

X,Y = FΣeH
X,Y PF

X,Y =
FHΣ
X,Y PF

X,Y = FH
ΣX,ΣY FΣ

X,Y PF
X,Y = FH

ΣX,ΣY PF
ΣX,ΣY FΣ

FX,FY = PFe
HΣX,HΣY FΣ

FeHX,FeHY
=

PFe
ΣeHX,ΣeHY

FΣ
FeHX,FeHY

, for all X,Y in C. Since H is surjective on objects, this means
FΣe
X,Y PFe

X,Y = PFe
ΣeX,ΣeY

FΣ
FeX,FeY

for all X,Y in Ce, i.e. Fe is a stably separable functor.
Then, we can apply Theorem 5.51 to the adjunction Fe ⊣ Re : D → Ce. As a conse-

quence, the coidentifier Ce is pre-triangulated with distinguished triangles ∆ being exactly
the ones whose image Fe(∆) through the functor Fe : Ce → D is distinguished in D. More-
over, with respect to this pre-triangulation, both functors Fe : Ce → D and Re : D → Ce
become exact.

Before proving the dual of Corollary 5.50, we observe that when D is a suspended
category with suspension Σ, and ⊥ is an additive stable comonad on it, then the Eilenberg-
Moore category D⊥ of ⊥-comodules inherits a structure of suspended category such that
U⊥ ⊣ V ⊥ : D → D⊥ is an adjunction of additive functors commuting with the suspension.
Explicitly, the suspension Σ⊥ : D⊥ → D⊥ is defined by

Σ⊥ (D, ρD) := (ΣD,ΣρD : ΣD → Σ⊥D = ⊥ΣD) ,
Σ⊥(f) := Σf : (ΣD,ΣρD) →

(
ΣD′,ΣρD′

)
,

(5.6)

for every object (D, ρD) and every morphism f : (D, ρD) → (D′, ρD′) in D⊥.

Corollary 5.53. Let D be a pre-triangulated category and let C be an idempotent complete
suspended category. Let F ⊣ G : D → C be an adjunction of functors commuting with the
suspension. Suppose that the stable comonad FG : D → D is an exact functor and that F is
a stably semiseparable functor with associated idempotent natural transformation e : IdC →
IdC. Then, the Eilenberg-Moore category DFG is idempotent complete and pre-triangulated
with distinguished triangles being exactly the ones whose image through the forgetful functor
UFG : DFG → D is distinguished in D. Moreover, with respect to this pre-triangulation,
both the functor UFG : DFG → D and its right adjoint V FG : D → DFG become exact.
Furthermore, there is a unique exact equivalence of categories (KFG)e : Ce → DFG such
that (KFG)e ◦H = KFG and UFG ◦ (KFG)e = Fe.

Proof. Assume that F is stably semiseparable. By Proposition 5.31 ii), there is a unique
functor (KFG)e : Ce → DFG such that (KFG)e ◦H = KFG and UFG ◦ (KFG)e = Fe. Since
C is idempotent complete, then the functor (KFG)e is an equivalence of categories. By
Lemma 5.27 Ce is idempotent complete, so that also DFG becomes idempotent complete.
Note that D is suspended as it is pre-triangulated. Since F ⊣ G : D → C is an adjunction of
functors commuting with the suspension, the comonad (FG,FηG, ϵ) is stable. Moreover
the functor FG : D → D is additive being an exact functor between pre-triangulated
categories. Thus, the Eilenberg-Moore category DFG inherits a structure of suspended
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category through the suspension ΣFG (given as in (5.6)) such that UFG ⊣ V FG : D → DFG

is an adjunction of additive functors commuting with the suspension. The cocomparison
functor KFG : C → DFG commutes with the suspension as well. Indeed,(

ΣFG ◦KFG
)

(C) = ΣFG (FC,FηC) = (ΣFC,ΣFηC) = (FΣC,FΣηC)

= (FΣC,FηΣC) =
(
KFG ◦ Σ

)
(C)

and
(
ΣFG ◦KFG

)
(f) = ΣFG (Ff) = ΣFf = FΣf =

(
KFG ◦ Σ

)
(f). By Lemma 5.47 ii)

the comonad (FG,FηG, ϵ) is stably separable and, by the dual of [12, Proposition 3.11],
this means that UFG : DFG → D is a stably separable functor.

Then, Theorem 5.51, applied to the adjunction UFG ⊣ V FG, yields a pre-triangulation
on DFG with distinguished triangles ∆ being exactly the ones such that UFG (∆) is dis-
tinguished in D. Moreover, with respect to this pre-triangulation, both functors UFG
and V FG become exact. Note that ΣFG ◦ (KFG)e ◦ H = ΣFG ◦ KFG = KFG ◦ Σ =
(KFG)e ◦ H ◦ Σ = (KFG)e ◦ Σe ◦ H and hence ΣFG ◦ (KFG)e = (KFG)e ◦ Σe, i.e. the
equivalence (KFG)e commutes with the suspension.

We check that (KFG)e preserves distinguished triangles. Let ∆ be a distinguished
triangle in De. Then, by Theorem 5.52, Fe (∆) is distinguished in D. Since UFG◦(KFG)e =
Fe, we get that UFG

(
(KFG)e (∆)

)
is distinguished in D. By definition of pre-triangulation

on DFG we obtain that (KFG)e (∆) is distinguished in DFG. Thus, (KFG)e is exact.

Pre-triangulation on the Kleisli category

Let C be a suspended category with suspension Σ, and let ⊤ be an additive stable
monad on it. The Kleisli category ⊤-FreeC inherits a structure of suspended category (cf.
[12, Definition 2.4]).

Lemma 5.54. Let C be a suspended category with the suspension Σ, and let ⊤ be an
additive stable monad on it. Then, the Kleisli category ⊤-FreeC is a suspended category and
the adjunction V ′

⊤ ⊣ U ′
⊤ : ⊤-FreeC → C is an adjunction of additive functors commuting

with the suspension. The suspension Σ′
⊤ on ⊤-FreeC is given by

Σ′
⊤(C) := ΣC, Σ′

⊤(f) := Σf. (5.7)

Proof. The object ΣC belongs to ⊤-FreeC , and for every f : C ↛ D, one has Σf : ΣC →
Σ⊤D = ⊤ΣD, i.e. Σf : ΣC ↛ ΣD is a morphism in ⊤-FreeC ; Σ′

⊤(ηC) = ΣηC = ηΣC =
ηΣ′

⊤C
for every C ∈ C, and for every f : C ↛ D, g : D ↛ E, one has Σ′

⊤(g ◦′ f) =
Σ(mE ◦ ⊤g ◦ f) = ΣmE ◦ Σ⊤g ◦ Σf = mΣE ◦ ⊤Σg ◦ Σf = Σg ◦′ Σf = Σ′

⊤(g) ◦′ Σ′
⊤(f).

Similarly, one defines (Σ′
⊤)−1 : ⊤-FreeC → ⊤-FreeC , C 7→ Σ−1(C), f 7→ Σ−1(f) so that

Σ′
⊤(Σ′

⊤)−1 = Id⊤-FreeC = (Σ′
⊤)−1Σ′

⊤. We check that U ′
⊤ : ⊤-FreeC → C and V ′

⊤ : C →
⊤-FreeC commute with the suspension. In fact, we have

U ′
⊤Σ′

⊤ (C) = U ′
⊤ (ΣC) = ⊤ΣC = Σ⊤C = ΣU ′

⊤ (C) ,

U ′
⊤Σ′

⊤

(
C

f↛ D

)
= U ′

⊤

(
ΣC Σf↛ ΣD

)
=
(

⊤ΣC mΣD◦⊤Σf→ ⊤ΣD
)

=
(

Σ⊤C ΣmD◦Σ⊤f→ Σ⊤D
)

= Σ
(

⊤C mD◦⊤f→ ⊤D
)

= ΣU ′
⊤

(
C

f↛ D

)
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so that U ′
⊤Σ′

⊤ = ΣU ′
⊤, and

Σ′
⊤V

′
⊤C = Σ′

⊤ (C) = Σ(C) = V ′
⊤(ΣC),

Σ′
⊤V

′
⊤

(
C

f→ D

)
= Σ′

⊤

(
C

ηD◦f→ ⊤D
)

=
(

ΣC ΣηD◦Σf→ Σ⊤D
)

=
(

ΣC ηΣD◦Σf→ ⊤ΣD
)

= V ′
⊤

(
ΣC Σf→ ΣD

)
= V ′

⊤Σ
(
C

f→ D

)
so that Σ′

⊤V
′

⊤ = V ′
⊤Σ. The unit of (V ′

⊤, U
′
⊤) is η which commutes with the suspension.

The counit β′ : V ′
⊤U

′
⊤ → Id is given by β′

Y = IdTY : ⊤Y ↛ Y , for every Y ∈ ⊤-FreeC , and
it commutes with the suspension. Indeed, since the monad is stable, we have Σ⊤ = ⊤Σ,
so Σ′

⊤βY = Σ(Id⊤Y ) = IdΣ⊤Y = Id⊤ΣY = Id⊤Σ′
⊤Y

= βΣ′
⊤Y

, for every Y ∈ ⊤-FreeC , thus
Σ′

⊤β = βΣ′
⊤. Hence, V ′

⊤ ⊣ U ′
⊤ : ⊤-FreeC → C is an adjunction of functors commuting with

the suspension.

As a consequence of Theorem 5.48 and Corollary 5.50, the pre-triangulation of C can
be transferred also to the Kleisli category GF -FreeC .

Corollary 5.55. Let C be a pre-triangulated category and let D be an idempotent complete
suspended category. Let F ⊣ G : D → C be an adjunction of functors commuting with
the suspension. Suppose that the stable monad GF : C → C is an exact functor and
that G is a stably semiseparable functor. Then, the Kleisli category GF -FreeC is pre-
triangulated with distinguished triangles being exactly the ones whose image through the
forgetful functor U ′

GF : GF -FreeC → C is distinguished in C. Moreover, with respect to this
pre-triangulation, both the functor U ′

GF : GF -FreeC → C and its left adjoint V ′
GF : C →

GF -FreeC become exact.

Proof. Assume that G is stably semiseparable. From the proof of Corollary 5.50 we recall
that C is suspended through Σ since it is pre-triangulated and, since F ⊣ G : D → C
is an adjunction of functors commuting with the suspension, the monad (GF,GϵF, η) is
stable. Moreover, the functor GF : C → C is additive being an exact functor between
pre-triangulated categories. Thus, by Lemma 5.54 the Kleisli category GF -FreeC inherits
a structure of suspended category through the suspension Σ′

GF , given by Σ′
GF (C) = ΣC,

Σ′
GF (f) = Σf , such that V ′

GF ⊣ U ′
GF : GF -FreeC → C is an adjunction of additive

functors commuting with the suspension. Here we denote by Σ both the suspension of
C and the one of D, and by Σ′ the suspension of GF -FreeC . The Kleisli comparison
functor LGF : GF -FreeC → D commutes with the suspension as well. Indeed, for every
C ∈ GF -FreeC , we have(

LGF ◦ Σ′) (C) = LGF (ΣC) = FΣC = ΣFC = (Σ ◦ LGF )(C),

and, for every f : C ↛ D in GF -FreeC , (LGF ◦ Σ′)(f) = LGF (Σf) = ϵFΣD ◦ FΣf =
ΣϵFD ◦ ΣFf = Σ(ϵFD ◦ Ff) = (Σ ◦LGF )(f). Furthermore, since LGF is fully faithful (see
Remark 1.74), then by Remark 5.44 LGF is stably fully faithful.

As a consequence, by Lemma 5.45 ii) the functor U ′
GF : GF -FreeC → C is stably

separable since U ′
GF = G ◦ LGF , where G is stably semiseparable. Thus, by applying

Theorem 5.48 to the adjunction V ′
GF ⊣ U ′

GF , we get a pre-triangulation on GF -FreeC with
distinguished triangles ∆ being exactly the ones such that U ′

GF (∆) is distinguished in
C. Moreover, with respect to this pre-triangulation, both functors U ′

GF and V ′
GF become

exact.
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Remark 5.56. From the proof of Corollary 5.50 we know that the comparison functor KGF

commutes with the suspension, and so does also the functor JGF = KGF ◦ LGF . Indeed,
JGFΣ′

GF = KGFLGFΣ′
GF = KGFΣLGF = ΣGFKGFLGF = ΣGFJGF . Moreover, by Re-

mark 5.44 JGF is stably fully faithful. Thus, the stably separability of U ′
GF in Corollary

5.55 follows also from the equality U ′
GF = UGF ◦ JGF since UGF is stably separable, as

shown in Corollary 5.50.
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Chapter 6

Further results on semiseparable
functors

Related to the study of separable functors, several variations of the notion of separable
functor have appeared in the literature. For instance, in [3] the separability of a functor U :
D → B, relative to functors F : C → D and G : E → D, has been defined, and the standard
results concerning separable functors have been extended to these functors. When both
F and G are identity functors, one recovers the classical definition of separable functor.
Since relative notions can be also formulated for faithfulness and (natural) fullness (see
[3, Definition 2.4]), we here investigate a relative semiseparability, obtaining a “relative”
version of Proposition 2.5.

As another instance, motivated by an example related to the tensor algebra, a stronger
notion of separability has been recently introduced in [11] under the name of heavily
separable functor. Explicitly, an heavily separable functor is a separable functor through
a natural transformation P which is multiplicative. So, it is natural to wonder if the
multiplicativity of the natural transformation associated to a semiseparable functor gives
rise to a stronger notion of semiseparability. In Subsection 6.2.2 we will see that some of
the examples considered in Chapter 3 are actually heavily semiseparable functors.

The aim of this chapter is to undertake the study of such variations of semisepara-
ble functors, namely relative semiseparable functors and heavily semiseparable functors,
planning to continue investigating them in future works.

6.1 Relative semiseparable functors
Consider functors F : C → D, G : E → D, U : D → B, that give rise to the functors

HomD(F−, G−) : Cop × E → Set, HomB(UF−, UG−) : Cop × E → Set,

and to a natural transformation(
FU
F,G

)
−,−

: HomD(F−, G−) → HomB(UF−, UG−),
(
FU
F,G

)
X,Y

(f) := U(f),

for every X ∈ C and Y ∈ D. On components we have
(
FU
F,G

)
X,Y

= FU
FX,GY , where FU is

the natural transformation (1.1) associated with U .
Then, see [3, Definition 2.4], the functor U is said to be

• (F,G)-faithful if
(
FU
F,G

)
X,Y

is injective for every X ∈ C, Y ∈ E ;

149
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• (F,G)-full if
(
FU
F,G

)
X,Y

is surjective for every X ∈ C, Y ∈ E ;

• (F,G)-fully faithful if
(
FU
F,G

)
X,Y

is bijective for every X ∈ C, Y ∈ E ;

• (F,G)-separable if FU
F,G is a split natural monomorphism;

• (F,G)-naturally full if FU
F,G is a split natural epimorphism.

Remark 6.1. A functor U is (F,G)-fully faithful if, and only if, it is (F,G)-separable and
(F,G)-naturally full. When both F and G are the identity functors, we recover the classical
definitions of faithful, full, fully faithful, separable, naturally full functors.

Definition 6.2. We say that U is (F,G)-semiseparable if FU
F,G is a regular natural trans-

formation, i.e. there exists a natural transformation

PU
F,G : HomB(UF−, UG−) → HomD(F−, G−)

such that FU
F,GPU

F,GFU
F,G = FU

F,G.

When both F and G are the identity functors, we recover Defintion 2.2.
The following is a relative version of Proposition 2.5.

Proposition 6.3. Let F : C → D, G : E → D, U : D → B be functors. Then,

i) U is (F,G)-separable if, and only if, U is (F,G)-semiseparable and (F,G)-faithful;

ii) U is (F,G)-naturally full if, and only if, U is (F,G)-semiseparable and (F,G)-full.

Proof. It is similar to the proof of Proposition 2.5.

As an application of the previous characterization, the next follows from [3, Proposition
3.6].

Example 6.4. Let C be an A-coring over an algebra A with a grouplike element g. Denote
by B := AcoC = {b ∈ A | gb = bg} the coinvariants of A with respect to g. Consider the
adjunction (− ⊗B A, (−)coC) and the canonical map can : A ⊗B A → C, a ⊗B a

′ 7→ aga′.
Then,

i) (−)coC is (− ⊗A C, Id)-separable if, and only if, (−)coC is (− ⊗A C, Id)-semiseparable
and can is an epimorphism;

ii) (−)coC is (−⊗AC, Id)-naturally full if, and only if, (−)coC is (−⊗AC, Id)-semiseparable
and can is a split monomorphism.

We show the following properties.

Lemma 6.5. (Cf. [3, Theorem 2.7]) Consider the diagram of functors

B

C′ F ′
// C F // D

U

OO

EGoo D′.
G′
oo

If U is (F,G)-semiseparable, then U is (FF ′, GG′)-semiseparable.
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Proof. If U is (F,G)-semiseparable, then there exists a natural transformation PU
F,G :

HomB(UF−, UG−) → HomD(F−, G−) such that FU
F,GPU

F,GFU
F,G = FU

F,G. In particular,
for any objects X ′ ∈ C′, Y ′ ∈ D′, the maps PU

FF ′X′,GG′Y ′ such that

FU
FF ′X′,GG′Y ′PU

FF ′X′,GG′Y ′FU
FF ′X′,GG′Y ′ = FU

FF ′X′,GG′Y ′ ,

define a natural transformation PU
FF ′,GG′ such that FU

FF ′,GG′PU
FF ′,GG′FU

FF ′,GG′ = FU
FF ′,GG′ ,

hence U is (FF ′, GG′)-semiseparable.

Corollary 6.6. Let U : D → B be a functor.

i) Let G : E → D be a functor. Then, U is (IdD, G)-semiseparable if, and only if, U is
(F,G)-semiseparable, for every functor F : C → D;

ii) Let F : C → D be a functor. Then, U is (F, IdD)-semiseparable if, and only if, U is
(F,G)-semiseparable, for every functor G : E → D.

Proof. i). If U is (F,G)-semiseparable for every F : C → D, then in particular it is so for
F = IdD. The “only if” part follows from Lemma 6.5.
ii). It follows by the same arguments.

Corollary 6.7. Let U : D → B be a functor. If U is semiseparable, then U is (F,G)-
semiseparable for all functors F : C → D, G : E → D.

Proof. If U is semiseparable, then it is (IdD, IdD)-semiseparable. By Lemma 6.5, it is
(F,G)-semiseparable for all functors F : C → D, G : E → D.

Now, we look at the composition of relative semiseparable functors, extending Lemma
2.6 and Lemma 2.8 to this setting.

Lemma 6.8. Let F : C → D, G : E → D, U : D → B, U ′ : B → B′ be functors. Consider
the composite U ′ ◦ U : D → B′.

i) If U is (F,G)-semiseparable and U ′ is (UF,UG)-separable, then U ′U is (F,G)-
semiseparable.

ii) If U is (F,G)-naturally full and U ′ is (UF,UG)-semiseparable, then U ′U is (F,G)-
semiseparable.

iii) If U ′U is (F,G)-semiseparable and U ′ is (UF,UG)-faithful, then U is (F,G)-semiseparable.

iv) If U ′U is (F,G)-semiseparable and U is (F,G)-full, then U ′ is (UF,UG)-semiseparable.

Proof. i) and ii) follow as in Lemma 2.6 by defining PU ′U
FX,GY := PU

FX,GY ◦ PU ′
UFX,UGY .

iii). It follows as in Lemma 2.8 by defining PU
FX,GY := PU ′U

FX,GY ◦ FU ′
UFX,UGY .

iv). If U ′U is (F,G)-semiseparable through PU ′U
F,G , then, for every X ∈ C, Y ∈ E , FU ′U

FX,GY ◦
PU ′U
FX,GY ◦ FU ′U

FX,GY = FU ′U
FX,GY , i.e.,

FU ′
UFX,UGY ◦ FU

FX,GY ◦ PU ′U
FX,GY ◦ FU ′

UFX,UGY ◦ FU
FX,GY = FU ′

UFX,UGY ◦ FU
FX,GY .

Since
(
FU
F,G

)
X,Y

is surjective for every X ∈ C, Y ∈ E , we have that FU ′
UFX,UGY ◦ FU

FX,GY ◦

PU ′U
FX,GY ◦FU ′

UFX,UGY = FU ′
UFX,UGY , so U ′ is (UF,UG)-semiseparable through PU ′

UFX,UGY :=
FU
FX,GY ◦ PU ′U

FX,GY .



152 6. Further results on semiseparable functors

We show an analogue of Proposition 2.11 for relative semiseparable functors.

Proposition 6.9. Let F : C → D, G : E → D, U : D → B be functors.

i) If U is (IdD, G)-semiseparable, then there is a unique natural transformation e : G →
G such that PU

IdD,G
◦ FU

IdD,G
= HomD(Id, e). Moreover, Ue = IdUG, e is idempotent

and e fulfills the following property: if f, g : GX → GY are morphisms in D, then

Uf = Ug if, and only if, eY ◦ f = eY ◦ g, (6.1)

which uniquely determines e in case G is full.

ii) If U is (F, IdD)-semiseparable, then there is a unique natural transformation e : F →
F such that PU

F,IdD
◦ FU

F,IdD
= HomD(e, Id). Moreover, Ue = IdUF , e is idempotent

and e fulfills the following property: if f, g : FX → FY are morphisms in D,

Uf = Ug if, and only if, eY ◦ f = eY ◦ g, (6.2)

which uniquely determines e in case F is full.

Proof. i). Since U is (IdD, G)-semiseparable, there is a natural transformation

PU
IdD,G : HomB(U−, UG−) → HomD(−, G−)

such that FU
IdD,G

PU
IdD,G

FU
IdD,G

= FU
IdD,G

. By Yoneda Lemma (see e.g. [61, page 61]), a
natural transformation

PU
−,GX ◦ FU

−,GX : HomD(−, GX) → HomB(U−, UGX) → HomD(−, GX)

has the form HomD(−, eX) for a unique arrow eX : GX → GX in D. Set eX :=
PU
GX,GX (IdUGX), for everyX ∈ E . For every f : D → GX in D, we have PU

D,GXFU
D,GX(f) =

PU
D,GX(Uf) = PU

GX,GX(IdUGX) ◦ f = eX ◦ f = HomD(IdD, eX)(f). Moreover, for every
morphism f : X → Y in E , one has

Gf ◦ eX = Gf ◦ PU
GX,GX (IdUGX) = PU

GX,GY (UGf ◦ IdUGX)
= PU

GX,GY (IdUGY ◦ UGf) = PU
GY,GY (IdUGY ) ◦Gf = eY ◦Gf

so that Gf ◦ eX = eY ◦ Gf , i.e. e = (eX)X∈E : G → G is a natural transformation. Note
that

UeX = UPU
GX,GX (IdUGX) = FU

GX,GXPU
GX,GXFU

GX,GX (IdGX) = FU
GX,GX (IdGX) = IdUGX ,

and then

eX ◦ eX = PU
GX,GX (IdUGX) ◦ eX = PU

GX,GX (IdUGX ◦ UeX)
= PU

GX,GX (IdUGX ◦ IdUGX) = PU
GX,GX (IdUGX) = eX ,

for every X ∈ E , hence e is an idempotent natural transformation such that Ue = IdUG.
Now, consider morphisms f, g : GX → GY in D. If Uf = Ug, then PU

GX,GY (Uf) =
PU
GX,GY (Ug), i.e. PU

GY,GY (IdUGY )◦f = PU
GY,GY (IdUGY )◦g, i.e. eY ◦f = eY ◦g. Conversely,

from eY ◦ f = eY ◦ g we get UeY ◦ Uf = UeY ◦ Ug, and hence Uf = Ug as Ue = IdUG.
Thus e fulfills (6.1). Finally, let e′ : G → G be an idempotent natural transformation
which fulfills (6.1), i.e. such that, if f, g : X → Y are morphisms in E , then Uf = Ug if,
and only if, e′

Y ◦ f = e′
Y ◦ g. From e′

X ◦ e′
X = e′

X ◦ IdGX we get Ue′
X = U IdGX for every
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X ∈ E , hence Ue′ = IdUG. From the property (6.1) of e we get eX ◦ e′
X = eX ◦ IdGX , i.e.

eX ◦e′
X = eX . If we interchange the roles of e and e′, in a similar way we get e′

X ◦eX = e′
X .

If we assume that G is full, then e′
X = Gh, for some h : X → X in E . By naturality of

e, we have eX = eX ◦ e′
X = eX ◦ Gh = Gh ◦ eX = e′

X ◦ eX = e′
X , for every X ∈ E , hence

e = e′.
ii). It follows similarly.

As a particular case we have the following result, similar to Corollary 2.12.

Corollary 6.10. Let F : C → D, G : E → D, U : D → B be functors. Then,

i) U is (IdD, G)-separable if, and only if, the associated idempotent natural transfor-
mation e coincides with IdG;

ii) U is (F, IdD)-separable if, and only if, the associated idempotent natural transforma-
tion e coincides with IdF .

Proof. We just prove i) as ii) follows similarly. If U is (IdD, G)-separable, then PU
IdD,G

◦
FU

IdD,G
= Id and hence eX = PU

GX,GX(IdUGX) = PU
GX,GXFU

GX,GX(IdGX) = IdGX , for
every X ∈ E . Conversely, suppose e = IdG. For every f : D → GY in D, we have
PU
D,GY (Uf) = PU

D,GY (IdUGY ◦Uf) = PU
GY,GY (IdUGY ) ◦ f = eY ◦ f = IdGY ◦ f = f , so that

PU
IdD,G

◦ FU
IdD,G

= Id and U is (IdD, G)-separable.

Proposition 6.11. Let F : C → D, G : E → D, U : D → B. Then,

i) U is (IdD, G)-separable if, and only if, U is (IdD, G)-semiseparable and reflects split-
monos f : GX → D;

ii) U is (F, IdD)-separable if, and only if, U is (F, IdD)-semiseparable and reflects split-
epis f : D → GX.

Proof. i). If U is (IdD, G)-separable, then by Proposition 6.3 i) it is (IdD, G)-semiseparable
and by [3, Theorem 2.8] it reflects split-monos f : GX → D. On the other hand, if U is
(IdD, G)-semiseparable we can consider its associated idempotent natural transformation
e such that UeX = IdUGX , for every object X ∈ E . Thus, UeX is a split-mono, hence
eX = IdGX , so that by Corollary 6.10 U is (IdD, G)-separable.
ii). It follows similarly.

Furthermore, we show the following.

Theorem 6.12. Consider the following functors

A V // D U // B.

Assume that V is full. If U : D → B is (V, V )-semiseparable, then there is a unique natural
transformation e : V → V such that PU

V,V ◦ FU
V,V = HomD(e, Id). Moreover, Ue = IdUV ,

e is idempotent and it fulfills the following universal property: if f, g : V X → V Y are
morphisms in D, then

Uf = Ug if, and only if, eY ◦ f = eY ◦ g. (6.3)
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Proof. If U is (V, V )-semiseparable, then there is a natural transformation

PU
V,V : HomB(UV−, UV−) → HomD(V−, V−)

such that FU
V,V PU

V,V FU
V,V = FU

V,V . We show that

PU
V X,V ◦ FU

V X,V : HomD(V X, V−) → HomD(V X, V−)

has the form HomD(eX , Id), for a unique arrow eX : V X → V X in D. Set eX :=
PU
V X,V X (IdUV X), for every X ∈ A. Since V is full, for every f : V X → V Y in D we have

f = V (g) for some g : X → Y in A. Then, PU
V X,V Y FU

V X,V Y (f) = PU
V X,V Y (UV g) = V g ◦

PU
V X,V X(IdUV X) = f ◦ eX = HomD(eX , IdV Y )(f), so PU

V X,V Y FU
V X,V Y = HomD(eX , IdV Y ).

Assume that there exists e′
X : V X → V X in D such that PU

V X,V Y FU
V X,V Y = HomD(e′

X , IdV Y ),
for every X,Y ∈ A. Then,

e′
X = IdV X ◦ e′

X = HomD(e′
X , IdV X)(IdV X) = PU

V X,V XFU
V X,V X(IdV X)

= PU
V X,V X(U IdV X) = PU

V X,V X(IdUV X) = eX .

Moreover, for every morphism f : X → Y in A, we have V f◦eX = V f◦PU
V X,V X (IdUV X) =

PU
V X,V Y (UV f ◦ IdUV X) = PU

V X,V Y (IdUV Y ◦ UV f) = PU
V Y,V Y (IdUV Y ) ◦ V f = eY ◦ V f , so

that V f ◦eX = eY ◦V f . Hence e = (eX)X∈A : V → V is the unique natural transformation
such that PU

V,V ◦ FU
V,V = HomD(e, Id).

Note that

UeX = UPU
V X,V X (IdUV X) = FU

V X,V XPU
V X,V XFU

V X,V X (IdV X) = FU
V X,V X (IdV X) = IdUV X ,

for every X ∈ A. Since V is full, then eX = V (h), for some h : X → X in A. We have
that

eX ◦ eX = PU
V X,V X (IdUV X) ◦ V h = PU

V X,V X (IdUV X ◦ UV h) = PU
V X,V X (UV h)

= PU
V X,V X (UeX) = PU

V X,V X (IdUV X) = eX ,

hence eX is idempotent, for every X ∈ A. Thus, e is an idempotent natural transformation
such that Ue = IdUV .

Now, let f, g : V X → V Y be morphisms in D. Since V is full, there exist h, k : X → Y
in A such that f = V (h) and g = V (k). If Uf = Ug, then PU

V X,V Y (Uf) = PU
V X,V Y (Ug),

i.e. PU
V X,V Y (UV h) = PU

V X,V Y (UV k), i.e. PU
V Y,V Y (IdUV Y ) ◦ V h = PU

V Y,V Y (IdUV Y ) ◦ V k,
i.e. eY ◦ f = eY ◦ g. Conversely, from eY ◦ f = eY ◦ g we get UeY ◦ Uf = UeY ◦ Ug, and
hence Uf = Ug as Ue = IdUV . Thus, e fulfills (6.3).

Let e′ : V → V be an idempotent natural transformation which fulfills (6.3), i.e.
such that, if f, g : V X → V Y are morphisms in D, then Uf = Ug if, and only if,
e′
Y ◦ f = e′

Y ◦ g. From e′
X ◦ e′

X = e′
X ◦ IdV X we get Ue′

X = IdUV X for every X ∈ A,
so Ue′ = IdUV . Thus, from the property (6.3) of e we have eX ◦ e′

X = eX . If we
interchange the roles of e and e′, in a similar way we get e′

X ◦ eX = e′
X . Since V is full,

then e′
X = V k for some k : X → X in A. By naturality of e, for every X ∈ A, we have

eX = eX ◦ e′
X = eX ◦ V k = V k ◦ eX = e′

X ◦ eX = e′
X , hence e = e′.

Remark 6.13. Let V : A → D be a functor and assume that U : D → B is (V, IdD)-
semiseparable. Then, by Corollary 6.6 U is (V, V )-semiseparable. In case V is full, by
Theorem 6.12 we recover Proposition 6.9 ii).
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6.1.1 Relative semiseparable functors and adjunctions

Let L ⊣ R : D′ → D be an adjunction with unit η : Id → RL and counit ϵ : LR → Id.
Consider the following diagram of functors:

E G // D
L //
⊥ D′

R
oo C.Foo

We now provide a Rafael-type Theorem for relative semiseparable functors.

Theorem 6.14. Let L ⊣ R : D′ → D be an adjunction with unit η : IdD → RL and counit
ϵ : LR → IdD′. Consider functors G : E → D, F : C → D′. Then,

i) L is (IdD, G)-semiseparable if, and only if, ηG is a regular natural tranformation;

ii) R is (F, IdD)-semiseparable if, and only if, ϵF is a regular natural tranformation.

Proof. We show only i) as ii) follows similarly. Assume that L is (IdD, G)-semiseparable
through a natural transformation PL

IdD,G
: HomD′(L−, LG−) → HomD(−, G−) such that

FL
IdD,G

PL
IdD,G

FL
IdD,G

= FL
IdD,G

. We define ν : RLG → G on components by setting

νX := PL
RLGX,GX(ϵLGX) : RLGX → GX,

for any object X in E . The naturality of ν follows from the one of P. Indeed, for every
g : X → Y in E , we have

Gg ◦ νX = Gg ◦ PL
RLGX,GX(ϵLGX) = PL

RLGX,GY (LGg ◦ ϵLGX)
= PL

RLGX,GY (ϵLGY ◦ LRLGg) = PL
RLGY,GY (ϵLGY ) ◦RLGg = νY ◦RLGg.

Moreover, by naturality of PL, for any X,Y in E and g : LGX → LGY in D′, we have

νY ◦Rg ◦ ηGX = PL
RLGY,GY (ϵLGY ) ◦Rg ◦ ηGX = PL

GX,GY (ϵLGY ◦ LRg ◦ LηGX)
= PL

GX,GY (g ◦ ϵLGX ◦ LηGX) = PL
GX,GY (g ◦ IdLGX) = PL

GX,GY (g).
(6.4)

By Proposition 6.9 i), the idempotent natural transformation e : G → G associated
with L is defined by eX := PL

GX,GX(IdLGX), for every X ∈ E , hence by (6.4) eX =
νX ◦ RIdLGX ◦ ηGX = νX ◦ ηGX , so that e = ν ◦ ηG. We compute ηG ◦ ν ◦ ηG = ηG ◦ e =
RLe ◦ ηG = RIdLG ◦ ηG = ηG, as Le = IdLG. Thus, ηG is regular.

Conversely, assume ηG is regular, i.e. there exists a natural transformation ν : RLG →
G such that ηG◦ν◦ηG = ηG. For any f : LD → LGY in D′, define PL

D,GY (f) := νY ◦Rf◦ηD.
By naturality of ηG and ν, for any h : X → Y in D, l : Z → T in E , and k : LY → LGZ

in D′, we have PL
X,GT (LGl ◦ k ◦ Lh) = νT ◦ R(LGl ◦ k ◦ Lh) ◦ ηX = (νT ◦ RLGl) ◦ Rk ◦

(RLh ◦ ηX) = Gl ◦ νZ ◦Rk ◦ ηY ◦h = Gl ◦ PL
Y,GZ(k) ◦h, thus PL

−,G− : HomD′(L−, LG−) →
HomD(−, G−) is a natural transformation. Note that PL

RLGX,GX(ϵLGX) = νX ◦ RϵLGX ◦
ηRLGX = νX ◦ IdRLGX = νX , for every X ∈ E , hence the correspondence between PL and
ν is bijective. For every f : D → GY in D, we have that

(FL
D,GY ◦ PL

D,GY ◦ FL
D,GY )(f) = L(PD,GY (L(f))) = L(νY ◦RL(f) ◦ ηD) = L(νY ◦ ηGY ◦ f)

= IdLY ◦ LνY ◦ LηGY ◦ Lf = ϵLY ◦ LηGY ◦ LνY ◦ LηGY ◦ Lf
= ϵLGY ◦ LηGY ◦ Lf = IdLGY ◦ Lf = Lf = FL

D,GY (f),

hence L is (IdD, G)-semiseparable.
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Remark 6.15. As in the separable and naturally full cases (see [3, Theorem 2.12, Theorem
2.13]), an alternative proof of Theorem 6.14 i) follows by observing that L is (IdD, G)-
semiseparable if, and only if, the natural transformation

Ω : HomD(−, G−) → HomD(−, RLG−),
Ω(f) = RLf ◦ ηX = ηGY ◦ f, (6.5)

is regular. Note that Ω is the image of ηG under the fully faithful functor α given as in [3,
Lemma 2.11].

6.2 Heavily semiseparable functors

In [11] a stronger notion of separable functor was introduced. This notion was mo-
tivated by the properties of the adjunction (T,P), where P : Bialgk → M is the functor
that assigns to a k-bialgebra B the k-vector space of its primitive elements and acts on
morphisms as the restriction on primitive elements, and T : M → Bialgk is the functor
assigning to a vector space V the tensor algebra TV endowed with its canonical bialgebra
structure such that the elements in V become primitive. Indeed, the unit η of the adjunc-
tion admits a natural retraction (i.e., ν ◦ η = IdIdC ) which satisfies the extra condition
νν = ν ◦ PϵT. The latter condition corresponds to a stronger notion of separability that
can be formulated in terms of multiplicativity of the natural transformation P associated
to a separable functor. Here we investigate the same extra condition on a semiseparable
functor.

We recall that a heavily separable functor (h-separable for short, see [11, Definition
1.1]), is defined as a separable functor, through a natural transformation P, such that the
diagram

HomD(FX,FY ) × HomD(FY, FZ)

◦
��

PX,Y ×PY,Z // HomC(X,Y ) × HomC(Y,Z)

◦
��

HomD(FX,FZ)
PX,Z

// HomC(X,Z)

(6.6)

is commutative for every X,Y, Z in C, where the vertical arrows are the obvious compo-
sitions. On elements the above diagram means that PX,Z(g ◦ f) = PY,Z(g) ◦ PX,Y (f), for
every f : FX → FY , g : FY → FZ in D.
Remark 6.16. We observe that in case F : C → D is a naturally full functor through a
natural transformation P, then the diagram (6.6) commutes. In fact, from F ◦ P = Id
it follows that PX,Z(g ◦ f) = PX,Z(FY,ZPY,Z(g) ◦ f) = PY,Z(g) ◦ PX,Y (f), for every f :
FX → FY , g : FY → FZ in D. Thus, any naturally full functor is “heavily naturally
full”, so such a property does not add further information on a naturally full functor.

As we will see in Example 6.30 and in Example 6.33, there are semiseparable functors
that are not separable and whose associated natural transformation P is multiplicative.
We propose here the notion of “heavily semiseparable” functor.

Definition 6.17. We say that a functor F : C → D is heavily semiseparable (h-
semiseparable for short) if it is semiseparable through a natural transformation P, such
that the diagram 6.6 is commutative for every X,Y, Z in C.

Lemma 6.18. Let F : C → D be a functor. Then, F is h-separable if, and only if, F is
h-semiseparable and faithful.
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Proof. By Proposition 2.5, we have that F is h-separable if, and only if, F is semiseparable,
faithful and the diagram (6.6) commutes, i.e. if, and only if, F is h-semiseparable and
faithful.

Remark 6.19. We observe that a semiseparable functor is not necessarily heavily semisep-
arable. In fact, for instance in [11, Example 3.13] it is shown that the extension C/R
is separable but not h-separable. As a consequence, the restriction of scalars functor
φ∗ : MC → MR is semiseparable but not h-semiseparable, otherwise, since it is faithful,
by Lemma 6.18 it would be h-separable.

The next result describes the behavior of heavily semiseparable functors with respect
to composition.

Lemma 6.20. Let F : C → D and G : D → E be functors and consider the composite
G ◦ F : C → E.

i) If F is h-semiseparable and G is h-separable, then G ◦ F is h-semiseparable.

ii) If F is naturally full and G is h-semiseparable, then G ◦ F is h-semiseparable.

iii) If G ◦ F is h-semiseparable and G is faithful, then F is h-semiseparable.

Proof. i). By Lemma 2.6 i), we know that G ◦F is semiseparable with respect to PGF
X,Y :=

PF
X,Y ◦ PG

FX,FY . Since F is h-semiseparable and G is h-separable, then the diagram

HomE (GF X, GF Y ) × HomE (GF Y, GF Z)

◦

��

PG
F X,F Y

×PG
F Y,F Z// HomD(F X, F Y ) × HomD(F Y, F Z)

◦

��

PF
X,Y

×PF
Y,Z// HomC(X, Y ) × HomC(Y, Z)

◦

��
HomE (GF X, GF Z)

PG
F X,F Z

// HomD(F X, F Z)
PF

X,Z

// HomC(X, Z)

commutes for every X,Y, Z in C, so that G ◦ F is h-semiseparable.
ii). It follows similarly to i) by Lemma 2.6 ii) and Remark 6.16.
iii). By Lemma 2.8 we know that F is semiseparable through PF

X,Y := PGF
X,Y ◦ FG

FX,FY .
Since G is a functor and G ◦ F is h-semiseparable, then the diagram

HomD(F X, F Y ) × HomD(F Y, F Z)

◦

��

FG
F X,F Y

×FG
F Y,F Z// HomE (GF X, GF Y ) × HomE (GF Y, GF Z)

◦

��

PGF
X,Y

×PGF
Y,Z// HomC(X, Y ) × HomC(Y, Z)

◦

��
HomD(F X, F Z)

FG
F X,F Z

// HomE (GF X, GF Z)
PGF

X,Z

// HomC(X, Z)

commutes for every X,Y, Z in C, so that F is h-semiseparable.

Lemma 6.21. A functor naturally isomorphic to a h-semiseparable functor is h-semiseparable.

Proof. Cf. [11, Lemma 1.7] for the h-separable case. Let α : F → G be a natural
isomorphism of functors, where G : C → D is h-semiseparable with respect to PG. From
the proof of Proposition 2.9 we know that F is semiseparable with respect to PF

X,Y :=
PG
X,Y ◦ ςX,Y , where ςX,Y : HomD(FX,FY ) → HomD(GX,GY ) is defined by ςX,Y (f) =

αY ◦f ◦α−1
X . Since G is h-semiseparable we have that PF

X,Z(g ◦f) = (PG
X,Z ◦ ςX,Z)(g ◦f) =

PG
X,Z(αZ ◦g ◦f ◦α−1

X ) = PG
X,Z(αZ ◦g ◦α−1

Y ◦αY ◦f ◦α−1
X ) = PG

Y,Z(αZ ◦g ◦α−1
Y )◦PG

X,Y (αY ◦
f ◦α−1

X ) = (PG
Y,Z ◦ςY,Z)(g)◦(PG

X,Y ◦ςX,Y )(f) = PF
Y,Z(g)◦PF

X,Y (f), for every f : FX → FY ,
g : FY → FZ in D, thus F is h-semiseparable.
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It is known that a separable functor is both Maschke and dual Maschke, hence con-
servative, see Remark 1.12. Thus, we have the following characterization for h-separable
functors in terms of Maschke and dual Maschke functors.

Proposition 6.22. The following assertions are equivalent for a functor F : C → D.

(i) F is h-separable;

(ii) F is h-semiseparable and Maschke;

(iii) F is h-semiseparable and dual Maschke;

(iv) F is h-semiseparable and conservative.

Proof. It follows from Corollary 2.18 and Lemma 6.18.

6.2.1 Heavily semiseparable adjoint functors

In this section we investigate the notion of h-semiseparability for functors which are
part of an adjunction.

Theorem 6.23. (Rafael-type Theorem for h-semiseparability) Let F ⊣ G : D → C be an
adjunction, with unit η and counit ϵ. Then,

i) F is h-semiseparable if, and only if, there exists a natural transformation ν : GF →
IdC such that η ◦ ν ◦ η = η (i.e., η is regular) and νν = ν ◦GϵF ;

ii) G is h-semiseparable if, and only if, there exists a natural transformation γ : IdD →
FG such that ϵ ◦ γ ◦ ϵ = ϵ (i.e., ϵ is regular) and γγ = FηG ◦ γ.

Proof. We only prove i) as ii) follows by duality. By Theorem 2.36 we know that F
is semiseparable if, and only if, η is regular, i.e. there exists a natural transformation
ν : GF → IdC such that η ◦ ν ◦ η = η. Explicitly, if F is semiseparable through P,
then one defines νX := PGFX,X(ϵFX), for every X ∈ C. On the other hand, given ν, one
defines PX,Y := νY ◦ Gf ◦ ηX , for every X,Y ∈ C. By Proposition 1.17 we know that
P : HomD(F−, F−) → HomC(−,−) is a natural transformation and the correspondence
between P and ν is bijective. Assume that νν = ν ◦GϵF , i.e. ν ◦ νGF = ν ◦GϵF holds.
Then, for every f : FX → FY , g : FY → FZ in D, we have that

PX,Z(g ◦ f) = νZ ◦G(g ◦ f) ◦ ηX = νZ ◦Gg ◦Gf ◦ ηX = νZ ◦Gg ◦GϵFY ◦GFηY ◦Gf ◦ ηX
= νZ ◦GϵFZ ◦GFGg ◦GFηY ◦Gf ◦ ηX = νZ ◦ νGFZ ◦GFGg ◦GFηY ◦Gf ◦ ηX

= νZ ◦Gg ◦ ηY ◦ νY ◦Gf ◦ ηX = PY,Z(g) ◦ PX,Y (f).

On the other hand, if PX,Z(g ◦ f) = PY,Z(g) ◦ PX,Y (f) holds true for every f : FX → FY ,
g : FY → FZ in D, then

ννX = νX ◦ νGFX = PGFX,X(ϵFX) ◦ PGFGFX,GFX(ϵFGFX) = PGFGFX,X(ϵFX ◦ ϵFGFX)
= νX ◦G(ϵFX ◦ ϵFGFX) ◦ ηGFGFX = νX ◦GϵFX ◦GϵFGFX ◦ ηGFGFX = νX ◦GϵFX .

Remark 6.24. In the h-separable case, Theorem 6.23 recovers [11, Theorem 2.1].

In [11, Corollary 2.7] a characterization of h-separability of a right (resp., left) adjoint
functor has been given in terms of the existence of a grouplike morphism (resp., an aug-
mentation) of the associated comonad (resp., monad). Let us recall that the notion of a
grouplike element in an R-coring C, see Example 1.48, has been generalized in [65] to the
notion of a grouplike natural transformation as follows.
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Definition 6.25. [65, Definition 3.1] Let C := (⊥,∆, ε) be a comonad on a category D. A
natural transformation γ : IdD → ⊥ is called a grouplike morphism provided ε◦γ = Id and
γγ = ∆ ◦ γ. Dually, see e.g. [59, Section 4], an augmentation of a monad T = (⊤,m, η)
on a category D, is a natural transformation ν : ⊤ → IdD such that ν ◦ η = IdD and
νν = ν ◦m.

In order to extend [11, Corollary 2.7] in the context of heavy semiseparability, we first
introduce the following definitions.

Definition 6.26. Given a comonad C = (⊥,∆, ε) on a category D, we say that a natural
transformation γ : IdD → ⊥ is a semi-grouplike morphism if γγ = ∆ ◦γ. Dually, given
a monad T = (⊤,m, η) on a category D, we say that a natural transformation ν : ⊤ → IdD
is a semi-augmentation if νν = ν ◦m.

Thus, as a consequence of Theorem 6.23 we get the next characterization.

Proposition 6.27. Let F ⊣ G : D → C be an adjunction with unit η and counit ϵ. Then,

i) G is h-semiseparable if, and only if, the comonad (FG,FηG, ϵ) has a semi-grouplike
morphism γ : IdD → FG such that G(ϵ ◦ γ) = IdG;

ii) F is h-semiseparable if, and only if, the monad (GF,GϵF, η) has a semi-augmentation
ν : GF → IdC such that F (ν ◦ η) = IdF .

Proof. We only prove i) as ii) follows dually. By Theorem 6.23 ii) G is h-semiseparable if,
and only if, there exists a natural transformation γ : IdD → FG such that ϵ◦γ ◦ ϵ = ϵ (i.e.,
ϵ is regular) and γγ = FηG ◦ γ, i.e. if, and only if, there exists a natural transformation
γ : IdD → FG such that G(ϵ ◦ γ) = IdG holds true (by Lemma 2.38) and γ is a semi-
grouplike morphism.

By adding the faithfulness assumption on the right (resp., left) adjoint functor, which
implies ϵ ◦ γ = Id (resp., ν ◦ η = Id), we retrieve the announced result for the h-separable
case.

Corollary 6.28. [11, Corollary 2.7] Let F ⊣ G : D → C be an adjunction with unit η and
counit ϵ. Then,

i) G is h-separable if, and only if, the comonad (FG,FηG, ϵ) has a grouplike morphism;

ii) F is h-separable if, and only if, the monad (GF,GϵF, η) has an augmentation.

6.2.2 Examples

In this section we provide some examples of heavily semiseparable functors.

Corings

As an application of the previous results we look at functors associated to an R-coring
(C,∆C , εC), cf. Section 3.3. Since the forgetful functor F : MC → MR is faithful, then
it is h-semiseparable if, and only if, the coring C is h-coseparable (i.e., F is h-separable),
i.e. by [11, Theorem 4.3] if, and only if, there exists an R-bimodule map γ : C ⊗R C → R,
such that γ ◦ ∆C = εC and ∑x1γ(x2 ⊗R y) = ∑

γ(x⊗R y1)y2, ∑ γ(x⊗R y1)γ(y2 ⊗R z) =
γ(xεC(y) ⊗R z) for all x, y, z in C. In [11, Theorem 4.5] it is shown that the right adjoint
G = (−)⊗R C : MR → MC of F is h-separable if, and only if, C has an invariant grouplike
element. Here we prove a heavy semiseparable version of this result.
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Theorem 6.29. Given an R-coring (C,∆C , εC), the induction functor G = (−) ⊗R C :
MR → MC is h-semiseparable if, and only if, the coring C has an invariant semi-grouplike
element z ∈ C such that εC(z)c = c, for every c ∈ C.

Proof. By Proposition 6.27 G is h-semiseparable if, and only if, the comonad FG = (−)⊗R

C : MR → MR (cf. Example 1.63) has a semi-grouplike morphism γ : IdD → FG such
that G(ϵ ◦ γ) = IdG. The latter condition is equivalent by Theorem 3.24 to the existence
of an invariant z ∈ CR = {c ∈ C | rc = cr, for all r ∈ R} such that εC(z)c = c, for every
c ∈ C; moreover, from the proof of Theorem 3.24 we known that z = lCγR(1R), where
l− : R ⊗R − → − is the canonical functorial isomorphism. Since γ is a semi-grouplike
morphism, we have (R⊗R∆C)◦γR = γR⊗RC ◦γR, hence by applying lC⊗RC on both sides of
the previous equality we get ∆C(z) = z⊗Rz, so z is a semi-grouplike element for the coring
C. Indeed, by naturality of γ we have that γClCγR = (lCγR ⊗R C)γR, as lCγR is in MR,
so ∆C(z) = ∆ClCγR(1R) = lC⊗RC(R ⊗R ∆C)γR(1R) = lC⊗RCγR⊗RCγR(1R) = γClCγR(1R) =
(lCγR⊗RC)γR(1R) = (lCγR⊗RC)l−1

C lCγR(1R) = (lCγR⊗RC)l−1
C (z) = (lCγR⊗RC)(1R⊗Rz) =

z ⊗R z. On the other hand, given a semi-grouplike element z ∈ CR, define the natural
transformation γ : IdD → FG given, for every N ∈ MR, by γN : N → N⊗RC, n 7→ n⊗R z
(cf. the proof of iii) ⇒ i) of Theorem 3.24). Then, since ∆C(z) = z ⊗R z, we get
γγN = (N ⊗R∆C) ◦γN for every N ∈ MR, as γγN (n) = (γN⊗RC ◦γN )(n) = n⊗R z⊗R z =
((N ⊗R ∆C) ◦ γN )(n), for all n ∈ N , so γ is a semi-grouplike morphism for the comonad
FG = (−) ⊗R C : MR → MR.

Example 6.30. We recall from Example 3.26 that, given a morphism of rings φ : R → S
such that the induction functor φ∗ = S ⊗R (−) is naturally full, then (S,∆, ε) is an R-
coring, where ∆(s) = s ⊗R 1S = 1S ⊗R s, for every s ∈ S, and ε ∈ RHomR(S,R) is such
that φ ◦ ε = IdS . We have seen that z := 1S ∈ SR fulfills the conditions of Theorem 3.24
guaranteeing that the functor G = (−) ⊗R S : MR → MS is semiseparable and hence S
is a semicosplit R-coring, but not cosplit in general (see Example 3.26 2)). We observe
that ∆(z) = ∆(1S) = 1S ⊗R 1S = z ⊗R z, hence z is semi-grouplike and G is heavily
semiseparable, but not heavily separable in general.

Extension of scalars functor

In Proposition 3.1 we have seen that φ∗ is semiseparable if, and only if, φ is a regular
morphism of R-bimodules. Here we provide a characterization for the h-semiseparability
of φ∗; cf. [11, Proposition 3.1] for the h-separable case.

Proposition 6.31. Let φ : R → S be a morphism of rings. Then, the extension of
scalars functor φ∗ = S ⊗R (−) : RM → SM is h-semiseparable if, and only if, there is a
morphism E : S → R of R-bimodules which is multiplicative and such that φ ◦ E ◦ φ = φ
(i.e., φE(1S) = 1S).

Proof. By Proposition 3.1 we know that φ∗ is semiseparable if, and only if, φ is a regular
morphism of R-bimodules, i.e. there is E ∈ RHomR(S,R) such that φ ◦ E ◦ φ = φ, i.e.,
such that φE(1S) = 1S . Given ν for φ∗ as in Theorem 6.23, we define E(s) = νR(s⊗R 1R).
Conversely, given E : S → R, we define νM = S ⊗RM → M , s⊗Rm 7→ E(s)m, for every
M ∈ RM and it satisfies η ◦ ν ◦ η = η, where the unit η is given by ηM : M → S ⊗RM ,
m 7→ 1S ⊗R m. Moreover, the condition ν ◦ νφ∗φ

∗ = ν ◦ φ∗ϵφ
∗ rewrites as E(x)E(y)m =

E(xy)m, for every x, y ∈ S and m ∈ M , for every M ∈ RM. Indeed, we have that

E(x)E(y)m = E(x)νM (y ⊗R m) = νM (E(x)(y ⊗R m)) = (νM ◦ νφ∗(φ∗(M)))(x⊗R (y ⊗R m))
= (νM ◦ φ∗ϵφ∗(M))(x⊗R (y ⊗R m)) = νM (xy ⊗R m) = E(xy)m,
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for every x, y ∈ S, m ∈ M . Thus, ν ◦ νφ∗φ
∗ = ν ◦ φ∗ϵφ

∗ is equivalent to ask that E is
multiplicative, so by Theorem 6.23 φ∗ is h-semiseparable if, and only if, there is a morphism
E : S → R of R-bimodules which is multiplicative and such that φ ◦ E ◦ φ = φ.

As a consequence, we can restate [11, Proposition 3.1] as follows.

Corollary 6.32. Let φ : R → S be a morphism of rings. Then, the extension of
scalars functor φ∗ = S ⊗R (−) : RM → SM is h-separable if, and only if, φ∗ is h-
semiseparable through a morphism E : S → R of R-bimodules as in Proposition 6.31 such
that E(1S) = 1R holds true in addition, i.e. through a morphism of R-bimodules which is
a ring homomorphism.

The following is an example of a h-semiseparable functor, that is not h-separable.

Example 6.33. In Example 3.3 it is observed that, given morphisms of rings φ : R → S
and ψ : Q → R whose induction functors φ∗ and ψ∗ are separable and naturally full,
respectively, then the composition φ∗ ◦ ψ∗ ∼= (φ ◦ ψ)∗ is semiseparable through D ◦ E ∈
QHomQ(S,Q), where E ∈ RHomR(S,R) is such that E ◦φ = Id (hence φ is injective) and
D ∈ QHomQ(R,Q) is such that ψ ◦D = Id. In case φ ◦ ψ is not injective, then (φ ◦ ψ)∗ is
not separable.

For instance, consider the canonical injection φ : Q → Q[X] of the field of rational
numbers into the polynomial ring over it and let ψ : Q×Q → Q be given by the projection
ψ((q, q′)) = q on the first component. Then, by defining D : Q → Q × Q as D(q) = (q, 0)
and E : Q[X] → Q to be the evaluation at 0 of the given polynomial, we know that
(φ◦ψ)∗ is semiseparable through D ◦E. Indeed, D ◦E : Q[X] → Q×Q, p(X) 7→ (p(0), 0),
is a morphism of (Q × Q)-bimodules as, for every (u, v), (a, b) ∈ Q × Q and p(X) ∈
Q[X], we have that (D ◦E)((u, v) · p(X) · (a, b)) = D(E(φ(ψ((u, v)))p(X)φ(ψ((a, b))))) =
D(E(up(X)a)) = D(up(0)a) = (up(0)a, 0) = (u, v)(p(0), 0)(a, b) = (u, v)D(p(0))(a, b) =
(u, v)D(E(p(X)))(a, b). Moreover, it holds φ ◦ψ ◦D ◦E ◦φ ◦ψ = φ ◦ IdQ ◦ IdQ ◦ψ = φ ◦ψ.
Since D ◦ E is multiplicative, as (D ◦ E)(p(X)q(X)) = (p(0)q(0), 0) = (p(0), 0)(q(0), 0) =
(D ◦ E)(p(X))(D ◦ E)(q(X)), then by Proposition 6.31 (φ ◦ ψ)∗ is h-semiseparable. Note
that (φ ◦ψ)∗ is not separable as φ ◦ψ : Q×Q → Q[X], (q, q′) 7→ q, is not injective. Thus,
it is not even h-separable.
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