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The influence of the nonlinear behaviour of connecting bolts on the shear 
stiffness of circular joints in a tunnel segmental lining 
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A B S T R A C T   

The segmental lining is a very common type of lining of tunnels, which is adopted when the TBM (Tunnel Boring 
Machine) is used as an excavation machine. It has a very important static task, because it has to support the loads 
transmitted by the ground or rock around the tunnel. 

This segmental lining has a complex mechanical behaviour, conditioned by the presence of joints (circum
ferential and longitudinal ones) that exist between the different segments. The joints are connected to each other 
through different types of devices: the most used are steel bolts, which can be linear or curved. 

In this paper, the mechanical behaviour of the circumferential joints has been studied in detail, in the presence 
of bolts to ensure the connection between the different rings of the lining. More specifically, the influence of the 
bolts on the shear stiffness of the joints was analysed; it has a fundamental role in the development of the stresses 
and displacements of the segmental lining along the tunnel axis. 

To analyse the behaviour of the connecting bolts of the lining rings, specific numerical FEM models have been 
developed: they are able to evaluate the shear stiffness of the circumferential joint during the relative 
displacement between the rings facing the same circumferential joint. 

Some practical applications referring to real cases have made it possible to detect which are the geometric and 
mechanical parameters of the bolts that have a greater role on the shear behaviour of the circumferential joint. 
The comparison of the results obtained from the developed numerical models with the measurements of the 
laboratory tests allowed to validate the numerical models. 

Thanks to the achieved results, it is therefore now possible to define the characteristics of the connecting bolts 
of the segmental lining rings, also in relation to the possible consequences on the tensional and deformative state 
in the segmental lining and on the risk of damage due to possible high stress values in the concrete or in the steel 
constituting the bolts.   

1. Introduction 

When excavating a tunnel with Tunnel Boring Machines (TBMs), the 
precast concrete segmental lining is regularly inserted to support the 
ground around the tunnel. The lining is composed of segments along the 
circumferential and longitudinal direction, which are connected each 
other by bolts. The bolts can be divided into different types: straight bolt 
(parallel to the tunnel axial direction), curved bolt and inclined bolt 
(Fig. 1). Zhang et al. (2020b) collected the joint parameters of 32 TBM 
tunnels from China, and obtained some interesting results: inclined bolts 
are frequently adopted when the tunnel diameter is larger than 10m; 
otherwise, curved bolts or straight bolts are adopted. Feng et al. (2018) 

listed the joint structure of large diameter TBM tunnels which have been 
recently constructed in China: inclined bolts have been a typical type for 
segmental lining joints. Some cases of larger diameter tunnels (Zhang 
et al., 2020a) adopted the inclined bolt to connect the adjacent 
segmental rings, such as Yangtze River tunnel in Shanghai, China 
(2009), Weisan Road River Crossing Tunnel in Nanjing, China (2010), 
Qian River tunnel in Hangzhou, China (2014), 4th Elbe River Tunnel in 
Hamburg, Germany (2003). In these tunnels, the bolts alone bear the 
shear force on circumferential joints. More commonly, tenons are used 
together with bolts for the same aim. Based on the test and numerical 
results of Guo et al. (2023), the ultimate bearing capacity of the shear 
force for a joint can reduce, with reference to the case of the 
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contemporary presence of tenons and bolts, to the 78.25 % (with only 
tenons and without bolts) and to the 45.92 % (with only bolts and 
without tenons). It means that both bolts and tenons have an important 
function for bearing the shear force on a joint. 

The role of the bolts is even more important when a one component 
material is used to fill the gap between the segmental lining and the 
tunnel wall: in these cases, a large distance of the lined tunnel starting 
from the TBM tail has a fluid material (during its maturation and before 
its setting) surrounding the segment rings and the lining buoyancy 
phenomenon can cause high shear forces, which have to be absorbed by 
the devices mentioned above (bolts and tenons) in order to avoid serious 
damages to the concrete structure inside the tunnel. 

In other fields of geomechanical and structural engineering, bolts are 
frequently adopted to reinforce rock joints and concrete joints (Chen 
et al., 2020; Li et al., 2021; Nie et al., 2020; Oreste and Spagnoli, 2021; 
Oreste and Cravero, 2008). 

Because the stiffness of the circular joint is weaker than the lining 
ring, an important transversal displacement and stress concentration can 
be found around the joint along the tunnel axial direction under the 
application of the grouting pressure, the jack thrust, the ground load, the 
uneven settlement of the ground, etc. (Chen and Mo, 2009; Feng et al., 
2022; Huang et al., 2018; Xu et al., 2019; Yang et al., 2017). The 
characteristics of the bending deformation, the shear deformation and 
the crack development of the circular joint were analysed based on 
laboratory tests (Ding et al., 2021; Feng et al., 2018; Li et al., 2019; Qiu 
et al., 2021; Zuo et al., 2022). Liu et al., (2021a) investigated the 
dislocation between the segmental lining rings, and found that the high 
value of the dislocation leads to a large increasement of the settlement 
along the tunnel axis and also a great shear stress in the circular joints; 
furthermore, the concrete spalling can be observed in the zones with a 
large dislocation between the segmental lining rings (Liu et al., 2020). In 
order to reduce and avoid any damage of the segmental structure, it is 
important to evaluate the segmental lining deformation and the distri
bution of the internal forces and moments along the axial (longitudinal) 
direction of the tunnel, where the stiffness of the circular joints is a 
critical parameter for the correctness of the calculation results. 

When calculating the tunnel deformation along the longitudinal di
rection using the numerical model, the lining structures including the 
segments, tenons and bolts are simulated by a simplified model of the 
real structure (Chaipanna and Jongpradist, 2019; Liu et al., 2021b; Shi 
et al., 2016; Shi et al., 2022). In this way, some details of the joint are 
usually not considered in order to save the memory and improve the 
calculating speed, which reduces the accuracy of the calculation results. 
Liu et al., (2021a) adopted the axial spring and the radial spring to 
represent the tensile stiffness and the shear one when analysing the 
tunnel deformation along the longitudinal direction and showing a good 
agreement with test results. In the theoretical solutions, the bending 
stiffness and the shear stiffnesses are critical parameters (Cheng et al., 
2021; Geng et al., 2019; Liao et al., 2008; Wu et al., 2015). So it is very 
important to be able to determine both the bending stiffness and the 
shear stiffness of the circular joint for calculating the tunnel deformation 
along the longitudinal direction and the stress state inside the segmental 
lining using numerical models and also theoretical solutions. Among the 
stiffnesses of the circular joint, the bending stiffness has been more 

studied (Shiba et al., 1988; Cheng et al., 2021; Geng et al., 2019; Li et al., 
2019; Liao et al., 2008; Shi et al., 2022; Shiba et al., 1988; Wu et al., 
2015). 

The shear stiffness of the joint is included into the model when the 
Timoshenko beam is adopted to analyse the deformation of the 
segmental lining along the tunnel longitudinal direction (Wu et al., 
2015). Wu et al. (2015) proposed the equation of the equivalent shear 
stiffness which combined the shear deformations of the lining ring and 
of the joint, where the joint shear deformation only depends on the 
bolts’ characteristics, and the influences of the tenon and the friction on 
the joint surfaces were neglected. Cheng et al. (2021) considered the 
three phases of the shear deformation with the relative displacement of 
the adjacent segments on the circular joint: an initial friction phase, the 
bolt-hole wall gap closing phase, bolt and tenon bearing phase, where 
the shear stiffness at the friction phases is neglected, while the shear 
stiffness (kGA)s during the gap closing phase, the one of bolt (n • kbGbAb)

and that of the tenon (kgGgAg) are introduced to calculate the equivalent 
shear stiffness of the segmental lining. Han et al., (2023a) developed a 
shear stiffness equation as a ratio between the ultimate shear force of the 
joint, which can be obtained by the bolt shear strength, and the 
maximum relative displacement, which considers the influence of the 
gap between the bolt and the hole wall together with the bolt shear 
deformation. On these developed models, the shear stiffness of the cir
cular joint is calculated based on the shear stiffness of the bolt, and it is 
considered as a constant value or with different constant values for each 
different phase. 

The shear deformation of the bolt and of the tenon on the joint is not 
only influenced by their own deformation, but also by that of the sur
rounding concrete. The shear stiffness of the joint always develops 
following a nonlinear curve as the relative displacement varies; it means 
that the joint shear law follows a nonlinear behaviour. Furthermore, 
Feng et al. (2018) and Zuo et al. (2022) pointed out that the failure of the 
joint is due to the obvious cracks on the concrete. The joint behaviour 
shows an elasto-plastic behaviour due to the yielding of the bolt and the 
development of cracks on the concrete hole wall where the bolt is 
inserted. Considering the influence of the concrete hole wall, Han et al., 
(2023c) simulated the reaction of the hole wall by normal springs which 
are applied along the bolt axis; they developed a calculation procedure 
to determine the shear stiffness of the joint based on a simplified 
cantilever beam theory. However, the influence of the constraints on the 
bolt head by the concrete and the screw nut on the bolt deformation and 
then on the joint shear deformation was not fully considered. 

For the nonlinear behaviour of the joint shear law (shear force vs. 
transversal relative displacement of the lining rings), there are two main 
reasons: structural nonlinearity and material nonlinearity. Regarding 
the structure of the joint, there is a gap between the bolt and the bolt 
hole, and the bolt movement related to the bolt hole will cause the 
closure of the gap and then it leads to a compressive reaction of the 
concrete on the hole wall to the bolt. On the other hand, during the 
compressive deformation of both the bolt and the bolt hole, the steel and 
concrete materials will have initially an elastic behaviour and then a 
plastic one: the stiffness of the joint will decrease when the materials 
tends to yield. At the end of the plastic phase, the limit state for the steel 
and concrete affects the maximum achievable joint deformation. In this 

a) straight bolt                b) curved bolt     c) inclined bolt
Fig. 1. The types of bolts which are generally adopted to connect segments along a circular joint in a tunnel segmental lining (after Han et al. (2023b)).  
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paper only the nonlinear behaviour due to the structure of the joint is 
analysed; this affects the first phase of the joint deformation, when the 
materials have an elastic behaviour. Therefore, an elastic behaviour of 
the joint materials is assumed in the following. 

In order to analyse this nonlinear characteristic in detail, a new 
numerical model was developed based on the Timoshenko beam theory 
and Finite Element Method (FEM) and proposed in this paper. By this 
model, the nonlinear behaviour of the joint can be studied compre
hensively, including the deformation of the bolt and the internal forces 
developed along the axial direction. Furthermore, the shear stiffness of 
the joint can be evaluated as the relative displacement of the segments 
varies. Based on the obtained calculation results the critical character
istics of the constraints type at the bolt head can be found, and some 
simplified analytic solutions can be determined. Therefore, useful 
simplified equations of the joint shear stiffness can be obtained. 

Thanks to the developed numerical model for the joint shear defor
mation, the influence of the bolt and the concrete on the joint shear 
stiffness can be quickly evaluated, including the bolt diameter, the bolt 
length, the bolt strength, the diameter of the bolt hole, the strength of 
the concrete on the bolt hole, the pre-tensile force inside the bolt; also, 
the nonlinear behaviour of the joint shear deformation can be obtained. 

The obtained simplified equation of the joint shear stiffness can be then 
used in the modelling of the segmental lining in numerical models in 
order to analyse the tunnel lining deformation and the state of stress in 
the concrete segments and on the circular joints, along the axial 
direction. 

2. Analysis of the behaviour of the bolt under a relative 
transversal movement between lining rings 

2.1. Bolt shear deformation under relative displacements of concrete 
portions 

The typical scheme of the joint with an inclined bolt inserted in two 
different segments is shown on Fig. 2. The inclined angle of the bolt with 
respect to the tangential direction is α. The bolt on the left segment is a 
shank which has a length lbolt,l, and is constrained by the bolt head and 
the washer. The bolt on the right segment with a length lbolt,r includes a 
shank part and a thread part, which have a length lbolt,rs and lthread 

respectively; the thread part is connected to the concrete by a polyamide 
bolt sleeve. The total shank section of bolt is lshank, and the total length of 
bolt is L (L = lshank + lthread). The values of the typical joint parameters 

Fig. 2. The typical structure of an inclined bolt crossing a circular joint.  

Table 1 
Key parameters of segmental joints and inclined bolts in different real cases of China.  

No. De(m) t(mm) Joint type db(mm) α(◦) Left segment Right segment Reference 

dmin,h,l(mm) dmax,h,l(mm) lbolt,l(mm) dmax,h,r(mm) lbolt,rs(mm) lthread(mm) 

1 15 650 Circ M36 34 42 52 465 / 81.2 200 (Zhang et al., 2020a) 
2 15 650 Long M36 35 42 52 465 / 80 200 
3 15.4 650 Circ M36 / 42 52 465 68 80 220 (Zhang et al., 2022) 
4 11.8 500 Circ M30 30 36 46 368 / 60 160 (He et al., 2021) 
5 14.5 600 Circ M36 / 42 / 470 / 80 190 (Guo et al., 2011) 
6 15 650 Circ M30 30 / / 530 / 60 / (Li et al., 2011) 
7 11.6 550 Long M40 30 46 54 403.5 / 70 220 (Geng et al., 2020)  
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for an inclined bolt are listed in Table.1 obtained from different real 
cases from China. 

where De is the external diameter of the tunnel lining, t is the 
thickness of the lining, Joint type is the type of joint which includes the 
circumferential joint (Circ) and the longitudinal one (Long), db is the 
bolt diameter, dmax,h,l is the maximum diameter of the bolt hole on the 
left segment, dmin,h,l is the minimum diameter of the bolt hole on the left 
segment, dmax,h,r is the maximum diameter of the bolt hole on the right 
segment. 

When the segments have a relative displacement, the schematic di
agram of the deformations and of the applied forces on the inclined bolt 
are shown in Fig. 3, and the deformation and the load are not sym
metrical along the bolt. The model of the whole length bolt is adopted 
based on the coordinate system (x − y), where the x-axis is represented 
by the bolt axial direction. On the section OB of the bolt (Fig. 3), a 
perpendicular compressive force can be applied on the bolt when the 
transversal bolt displacement is larger than the gap between the bolt and 
the bolt hole; on the section BC, a perpendicular compressive force and a 
parallel shear force at each node are applied on the bolt when the bolt 
has a relative displacement with the concrete (the shear spring is only 
shown at the last node of Fig. 3). 

For the generic i element of the bolt, a balancing equation can be 
obtained: 

[f ]ex,i + [f ]in,i = [kb]i • [d]i (1)  

where [f ]ex,i is the external load vector on the two nodes of the element i, 
[f ]in,i is the internal load vector on the two nodes of element i, [d]i is the 
displacement vector of the two nodes of element i, [kb]i is the local 
stiffness matrix of element i. Because there are three freedom at each 
node [ xi yi ϕi ], the load vector and the displacement vector include 6 
items, where i is the node number (the element i include the node i and 
node i + 1, with i = 1,2,⋯,n). 

By the Timoshenko beam theory, the local stiffness matrix [kb]i of the 
element i is: 

[kb]i =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

EAb

l
0 0

0
12

1+Φ
•

EI
l3

6
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•
EI
l2
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•
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l2
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•
EI
l

−
EAb

l
0 0

0 −
12
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l3

6
1+Φ

•
EI
l2

0 −
6

1+Φ
•

EI
l2
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−
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EI
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6
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0
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•
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EAb

l
0 0

0
12
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•
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0 −
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⎤

⎥
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⎥
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⎥
⎥
⎥
⎥
⎥
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(2)  

where E is the elastic modulus of the bolt, Ab is the area of the bolt cross 
section, l is the length of the element i, I is the inertia moment of the bolt, 
Φ is the ratio between the bending stiffness (EI) and the shear stiffness 
(kGAb) of the bolt, k is the shear coefficient based on the Timoshenko 
beam theory, and is equal to k = 6(1 + νst)/(7 + 6νst) (Cowper, 1966)), 
G is the shear elastic modulus of the bolt, and is equal to G =

E/(2(1+νst)), νst is the Poisson’s ratio of bolt. 
The stiffness matrix [kb]i can be expressed by 4 submatrices: 

[kb]i =

[
ki,i ki,a
ki,b ki,i+1

]

(3)  

where ki,a is the first 3 × 3 submatrix of the stiffness matrix [kb]i along the 
sub diagonal, and is equal to the transpose of the submatrix ki,b; ki,i is the 
first 3 × 3 submatrix at node i of element i along the major diagonal, and 
is equal to the following equation: 

Springs

Gap

Bolt after deformation

Element

A C

Segment before movement

Segment after 
movement

Bolt before 
deformation

Node

Left segment Right segment

B

Fig. 3. The deformation of the inclined bolt when the adjacent segments have a relative displacement parallel to the joint. Where the vseg is the relative displacement 
of the adjacent segments along the joint, O represents the bolt head and the first node on the bolt, A is the location of the joint, B is the point of intersection between 
the shank section of the bolt and the thread section, and C means the endpoint of the bolt. 
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ki,i =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

EAb

l
0 0

0
12

1 + Φ
•

EI
l3

6
1 + Φ

•
EI
l2

0
6

1 + Φ
•

EI
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4 + Φ
1 + Φ

•
EI
l

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(4)  

ki,i+1 is the last 3 × 3 submatrix at node (i + 1) of element i along the 
major diagonal. 

ki,i+1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

EAb

l
0 0

0
12

1 + Φ
•

EI
l3 −

6
1 + Φ

•
EI
l2

0 −
6

1 + Φ
•

EI
l2

4 + Φ
1 + Φ

•
EI
l

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(5)  

Furthermore, the balancing equation of the whole bolt on the global 
coordinate system can be obtained: 

[F] = [K] • [D] (6)  

where the global matrix [K] can be obtained by adding all the submatrix 
with the same node number along the main diagonal. 

[K] =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k1,1 k1,a 0 0 ⋯ 0 0
k1,b k1,2 + k2,2 k2,a 0 ⋯ 0 0
0 k2,b k2,3 + k3,3 k3,a ⋯ 0 0
0 0 k3,b k3,4 + k4,4 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋱ 0 0
0 0 0 0 ⋯ kn− 1,n + kn,n kn,a
0 0 0 0 ⋯ kn,b kn,n+1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(7)  

The external force vector [F] includes the external load vector on each 
node Fi (i = 1, 2, 3, ⋯, n + 1), [F] = [F1 F2 ⋯ Fn+1 ]

T, Fi =

[ FX,i FY,i FΦ,i ]
T. 

The displacements vector [D] is constituted by the displacement 
vectors at each node Di, [D] = [D1 D2 ⋯ Dn+1 ]

T, Di =

[DX,i DY,i DΦ,i ]
T. 

2.2. The additional terms considering the concrete compressive forces and 
the segments relative transversal displacements 

(1) The normal reaction force of the concrete hole wall. 
When the bolt compresses the concrete hole wall, a reaction force is 

applied on the bolt, and is equal to the normal displacement multiplied 
by the compressive stiffness of the concrete hole wall. The compressive 
stiffness matrix Kr,i as an additional term is added to the global matrix 
[K] along the major diagonal. 

Kr,i =

⎡

⎣
0 0 0
0 Kr,i 0
0 0 0

⎤

⎦ (8)  

where Kr,i is the compressive stiffness of the hole wall on the local co
ordinate system, which can be obtained by the following equation: 

Kr,i = kc • lav,i • db (9)  

where lav,i is the average length of the element around the i th node; kc is 
the concrete foundation compressive modulus; and Soroushian et al., 
(1987b) suggested the following equation to calculate the concrete 
foundation compressive modulus: 

kc =
127 • f 0.5

cc

(db)
2
3

(10)  

where fcc is the uniaxial compressive strength of concrete. 
The concrete foundation compressive modulus represents the entity 

of the reaction force between the bolt and the concrete hole wall, and is 
determined by the materials properties of the bolt and concrete. In 
addition, there is an obvious size effect when the bolt is compressed on 
the concrete due to the small diameter of the bolt. Limited test results are 
available and great differences can be found among them (Poli et al., 
1992; Soroushian et al., 1987a; Yin et al., 2022); for this reason the 
suggested value by Eq.10 is adopted in the following to calculate the 
concrete foundation compressive modulus. 

Before the movement of the bolt in the bolt hole in each point along 
the axial direction, there is a existing gap between the bolt and the hole 
wall, but the value of the gaps dgap,i of each point are different, as shown 
in Fig. 2. When the bolt transversal displacement dy,i is smaller than the 
existing gap dgap,i, the bolt is not at contact with the concrete hole wall, 
and there are not any reaction forces; otherwise, an additional force 
Fr,i = [0 FrY,i 0 ]

T is added to the external force Fi term based on the 

Fig. 4. The fitting analysis of the elastic deformation of the bolt based on the laboratory tests of Geng et al. (2020).  
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compressive stiffness of the concrete hole wall. 

FrY ,i = Kr,i • dgap,i/2 (11)  

(2) The shear reaction force of the concrete hole wall 
Due to the friction force between the thread and the concrete which 

wraps the polyamide bolt sleeve, it applies a shear force on the bolt. The 
thread part of the bolt has a significant influence on the joint 
deformation. 

On the thread part of the bolt, the shear force from the concrete can 
be obtained considering the existing shear stiffness and the developed 
relative displacement parallel to the bolt axis. The shear stiffness matrix 
Ks,i is an additional term in the global matrix [K] along the major diag
onal, and it can be obtained by the following equation: 

Ks,i =

⎡

⎣
Ks,i 0 0
0 0 0
0 0 0

⎤

⎦ (12)  

where Ks,i represents the applied shear force on each element of the bolt 
from the concrete hole wall, when the bolt has a unit length of relative 
displacement with the concrete hole wall; it is the shear stiffness and it 
can be obtained by the following equation: 

Ks,i = βc • π • db • le (13)  

where βc represent the shear stress when the bolt has an unitary relative 
displacement; it can be called concrete foundation shear modulus equal 
to βc = τ/v, where τ is the shear stress, and v is the relative displacement 
parallel to the bolt axis. 

The value of βc can be evaluated by the tensile test of a bolt installed 
in a concrete hole: 

βc =
ρ2 • E • db

4
(14)  

where ρ is a parameter that can be obtained by the tensile stiffness Ks,t : 

Ks,t =
N0

v0
=

E • Ab
coth(ρ•lthread)

ρ + lshank
(15)  

where N0 is the applied tensile axial force, v0 is the measured axial 
displacement of the bolt head. The detailed derivation of Eq.14 and 
Eq.15 are added to the Appendix. A. 

Geng et al. (2020) analysed the stresses and the deformations of an 
inclined test bolt along the bolt axial direction (the parameters of the 
used bolts can be found in Table.1, No.7). The tensile displacement as 
the tensile force varies is shown in Fig. 4, which includes two different 
situations: the installed length of the thread part of the bolt is equal to 
70 % of the total length of the thread part (case 1), and to 100 percent of 
the total length (case 2). For case 1, the length parameter lthread is equal 
to 70 % of the true length on the thread section of bolt, and the length 
parameter lshank is equal to the 30 % of the true value of the thread 
section plus the length of the shank section. 

In Fig. 4, two different phases of the curves of the two cases can be 
seen. At the first phase, the tensile displacement linearly increases with 
the tensile force (the elastic phase); then, the increasement of the tensile 
displacement becomes larger with the increase of the tensile force. It 
means that the constraint force applied from the concrete hole to the 
bolt weakens with the increase of the tensile force. For the elastic stage, 
linear lines are used to fit the test results (Fig. 4). The parameter ρ and 

the concrete foundation shear modulus βc can be calculated by using 
Eq.14 and Eq.15 based on the slope of the fitting lines, and the results are 
listed in Table.2. 

Based on its definition, the concrete foundation shear modulus βc is 
not influenced by the diameter of the bolt, but by the structure of the 
thread, the strength of the concrete hole wall, the polyamide bolt sleeve 
and the bolt itself. Adopting the same tensile test as the one of Geng et al. 
(2020), Eq.14 and Eq.15 can be used to calculate the concrete founda
tion shear modulus of the bolt hole for the elastic stage. 

(3) The compressed force at the endpoint of the bolt. 
Due to the constraints of the washer and the nut on the bolt head, 

there are tensile forces on the bolt when the segments have a relative 
displacement along the joint plane; these tensile forces can be calculated 
by knowing the concrete foundation compressive modulus and the type 
of constraint at the bolt head. The compressed stiffness of the concrete 
surface under the washer at the bolt head Kx,o can be obtained by the 
following equation: 

Kx,o = kc •
π
4
•
(
d2

washer − d2
h

)
(16)  

where dwasher is the diameter of the washer, dh is the diameter of the bolt 
hole. 

The following equation KX,o need to be added to the matrix k1,1 of the 
global matrix [K] in Eq.7. 

KX,o =

⎡

⎣
Kx,o 0 0

0 0 0
0 0 0

⎤

⎦ (17)  

Furthermore, the pre-tensile force Fp,x on the endpoint O can be inserted 
in the system when a compressive reaction force is applied to the con
crete segments over a joint. 

2.3. The shear stiffness of the joint 

Because the length of the zone of bolt-hole wall contact is not con
stant as the relative displacement increases, the shear stiffness of the 
joint varies and shows a nonlinear behaviour with the relative 
displacement. Generally, the average shear stiffness of the joint can be 
represented by the ratio between the shear force of the joint and the 
relative displacement together with the length of the joint element, 
which can be considered as the projection length of bolt Lbp: 

(k • G • A)eq =
Vtotal

vseg
• Lbp (18)  

where Vtotal is the shear force when the adjacent segments have a relative 
displacement vseg, and can be obtained by the following equation: 

Vtotal = Vfric + Vbolt + Vtenon (19)  

where the Vtenon is the component of the shear force on the joint due to 
the shear deformation of tenon, and the component Vfric from the friction 
depends on the compressed force and the friction angle: 

Vfric = N • tan
(
φjoint

)
(20)  

where φjoint is the friction angle of the joint, N is the normal force applied 
on the joint. 

The component of the shear force due to the bolt Vbolt can be obtained 

Table 2 
The parameters calculation based on the slope of the fitting lines and by using Eq.14 and Eq.15 for the 2 studied cases.  

No. Length of bolt on the concrete hole (lthread: m) Length of bolt out of the hole (lshank: m) Slop of the test results 
(Ks,t : MN/m) 

Parameter 
(ρ: 1/m) 

Concrete foundation shear modulus 
(βc: MN/m3) 

1  0.154  0.546  134.125  2.207  10034.21 
2  0.22  0.48  175.108  2.215  10110.49  
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based on the shear and the normal forces on the joint: 

Vbolt = QA • cos(α) + NA • sin(α) (21)  

where QA is the shear force in the bolt on the joint A, and the NA is the 
normal force in the bolt on the joint A. 

The shear force on the joint due to the bolt deformation is analysed in 
the detail in this paper. 

The ratio between the increasement of the shear force and the one of 
the relative displacement of the segments can be defined as an equiva
lent stiffness, which is a instantaneous joint shear stiffness without 
considering the length of the joint element Keq: 

Keq =
ΔVtotal

Δvseg
(22)  

When only considering the influence of the bolt deformation, the 
equivalent stiffness can be rewritten as the following equation based on 
Eq.21. 

Keq = Keq,Q • cos2(α)+Keq,N • sin2(α) (23)  

where Keq,Q is the shear stiffness of the bolt, which reprensents the 
instantaneous joint shear stiffness with straigth bolt (Fig. 1), and Keq,N is 
the tensile stiffness of the bolt, which reprensents the instantaneous joint 
tensile stiffness with straigth bolt. The two stiffnesses can be calculated 
by the following equations: 

Keq,Q =
ΔQA

Δvs,y
(24)  

Keq,N =
ΔNA

Δvs,x
(25)  

where Δvs,y is a component of the relative displacement of the segmental 
lining on the joint along y-axis on Fig. 3, Δvs,y = Δvseg • cos(α), and Δvs,x 

is a component along x-axis, Δvs,x = Δvseg • sin(α). 
Keq,Q and Keq,N represent, respectively, the shear and tensile defor

mation performance of the joint when the joint is perpendicular to the 
bolt axial direction. 

3. The inclined bolt behaviour 

(1) The influence of the types of constraint of the bolt head on the 
bolt deformation 

The changeability of the constraint on the bolt leads to a nonlinear 
behaviour of the joint. For the bolt body, the constraint from the hole 
wall is applied on the bolt as a compressed force and a shear force, which 
can be obtained based on the Part (1) and (2) of Sect.2.2. No constraint is 
present on the ending point C. The nut and the washer on the bolt head 
(point O) restrict the rotation and the transversal displacement to a 
certain degree in that point. In addition, the concrete will produce a 

reaction compressive force on the washer when the bolt is stretched due 
to the bolt deformation and/or the axial pretension. The concrete re
action force can be obtained by the Part (3) of Sect.2.2. Therefore, the 
combination of the constraints on the bolt head (Table.3) is discussed 
based on different conditions for the transversal displacement and the 
rotation: free or prevented; furthermore, the constraint in the axial di
rection refers to a pretension force present or absent. 

In order to investigate the influence of the constraints on the bolt 
head, the gap between the bolt and the hole wall was considered con
stant; the key parameters which are adopted to analysis the bolt defor
mation in this section are listed in Table 4. In addition, the elastic 
modulus and the Passion’s ratio of the bolt steel are 20600 MPa and 0.3, 
respectively; the ones of concrete are 34500 MPa and 0.167, respec
tively. The adopted value of the concrete foundation compressive 
modulus is 66.3 MPa/mm obtained by the Eq.10; the concrete founda
tion shear modulus on the thread part of the bolt is equal to 10.1 MPa/ 
mm based on the test results of Geng et al. (2020). 

In order to be able to analyse the influence of the constraint types on 
the bolt head, the relative displacement of segments of 5 mm and 10 mm 
are considered on the joint: the displacement components along the y- 
axis are 4.33 mm and 8.66 mm, and the one along the x-axis are 2.5 mm 
and 5 mm, due to the inclination of the bolt with respect to the joint. 
Based on the model of Fig. 3, the vertical displacement, the shear force, 
the rotation, the moment, the axial displacement and the axial force are 
calculated and shown in Fig. 5 to Fig. 10, where (C1-5) means that the 
case C1 is calculated for a 5 mm relative displacement of segments along 
the joint. 

When the adjacent segments have a relative displacement along the 
joint, the bolt which is installed on the segments has an accompanying 
displacement. The transversal displacements of the bolt show an 
increasing trend from the endpoint O to the endpoint C, and the 
increasements of the transversal displacements near the joint A are 
larger than the ones near the endpoints. From Fig. 5, the constraints on 
the endpoint O has a great influence on the bolt deformation of the OA 
section and a weak influence on the AC section; the constraint along the 
axial direction does not affect the transversal displacement. When the 
segments have a small relative displacement (5 mm), the transversal 
displacement near the endpoint O is positive when the transversal 
displacement is free and the rotation is prevented; the transversal dis
placements are negative when the rotation is free. However, the trans
versal displacements are negative when there is a great relative 
displacement (10 mm for cases C3 and C4). 

On Fig. 6, the maximum positive shear forces can be found on the 
thread section (BC), and the negative ones reach the maximum value at 
the joint A. When there is a small relative displacement, the bolt hole on 
the left segment near the joint is compressed; this leads to an increase of 
the shear force in the bolt. With the increase of the relative displace
ment, the bolt contacts with the hole wall, but the compressed zone of 
the hole wall on the left segment near the joint has a small increase. It is 
worth noting that the shear force tends to 0 near the point B, where the 

Table 3 
The constraint types considered on the endpoint O of the bolt (bolt head).  

Case No. Axial direction Transversal direction Rotation Pre-tensile force Sign 

1 0 0 0 0 x = 0, y = 0, r = 0 (C1) 
2 Kx,o 0 0 0/Fp x = K, y = 0, r = 0 (C2) 
3 Kx,o Free 0 0/Fp x = K, y free, r = 0 (C3) 
4 Kx,o Free Free 0/Fp x = K, y & r free (C4)  

Table 4 
The key parameters adopted to evaluate the inclined bolt shear deformation.  

db(mm) α(◦) Left segment Right segment 

dmin,h,l(mm) dmax,h,l(mm) lbolt,l(mm) dmax,h,r(mm) lbolt,rs(mm) lthread(mm) 

M36 30 42 42 465 42 80 200  
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thread part of the bolt on the right segment starts. From Fig. 6 it is 
possible to note that the constraints on the endpoint O have a slight 
influence on the shear force of the bolt on the section OB. 

On Fig. 7, the rotations of the bolt show an increasing trend on the 
OA section and a decreasing trend on the AC section; the maximum 
value is reached at the joint A. Furthermore, the constraints on the 
endpoint O have a significant influence on the bolt rotation on the OA 
section; the axial force on the endpoint O (pre-tension force) does not 
influence the rotation of the bolt. When the relative displacement is 
small (5 mm), the rotation on the OA section keeps as a constant or a 
convex line, and the rotation is only influenced by the constraints on the 
bolt head. When the relative displacement is large (10 mm), the rotation 
on the OA section show a concave line, and the moments show an 
increasing trend following a quick decreasing process (Fig. 8). 

From Fig. 8 we can see how the negative moment reaches the 
maximum value near the joint A, and rapidly reduce to 0. In addition, 
the positive moments have the maximum value at the point B or near it: 
the maximum positive moment is larger than the negative one consid
ered as absolute value. 

From Fig. 9 is possible to note how the axial deformation on the 
endpoint O has a significant influence on the bolt deformation along the 

axial direction of the bolt: the axial displacement on the endpoint C for 
Case 1 is about 2.1 mm, and the one for Cases 2, 3 and 4 are 3.4 mm for a 
segments relative displacement of 10 mm. However, the constraints on 
the rotation and on the transversal displacement does not affect the axial 
displacement and the normal force along the bolt (Fig. 9 and Fig. 10). On 
Fig. 10, the normal force keeps as a constant on the OB section, and then 
tend to 0 on the endpoint C. It is obvious that the normal force when the 
endpoint is fixed in the axial direction (0.69 MN) is larger than the one 
(0.37 MN) when the bolt head is free to move in the axial direction. 

Based on the analyses from Fig. 5 to Fig. 10, the maximum shear 
force is reached on the joint A and in the thread part (BC section), and 
the maximum moment near the joint A and the point B. Because the 
normal forces keep as a constant on the OB section, the critical points A 
and B are the high-risk locations of the bolt. From the results of the in
clined bolt shear tests by He et al. (2021), the bolt produce a plastic 
hinge at the joint (Point A) and at the interface (Point B) between the 
thread and shank part of the bolt. 

The constraints on the bolt head regarding the transversal displace
ment and the rotation, have a significant influence on the distribution of 
the shear force and the moment along the bolt on the OA section, but 
does not affect the axial displacement and the normal force. When a 

Fig. 5. Calculated transversal displacements along the bolt.  

Fig. 6. Calculated shear forces along the bolt.  
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constraint prevents rotations and transversal displacements on the bolt 
head, the bolt has a larger value of the maximum shear force and 
moment. The axial displacement is mainly influenced by the axial con
straints on the bolt head. An interesting aspect is that the contact be
tween the bolt and the hole wall after a certain relative displacement of 
the segments on the joint not only leads to an increase of the value of the 
maximum shear force and moment in the bolt, but also affects the dis
tribution of shear forces and moments along the bolt. 

(2) The influence of the pre-tension and of the inclination angle on 
the developed bolt forces. 

In order to control the shear deformation of the segmental lining on 
the circular joints, a pre-tension force is applied on the bolt head during 
the tunnel construction. Based on the developed analyses it became clear 
how the axial constraint at the bolt head has not any influence on the 
transversal displacements and rotations; an influence can be seen on the 
axial deformation and on the normal forces. When the bolt has a specific 
inclination angle with the joint, the relative displacements of the seg
ments induce different axial and transversal deformations of the bolt and 
the induced forces in the bolt are also affected by this angle. 

The calculated results are shown on Figs. 11 and 12 for different pre- 

tension forces on the bolt head (the pre-tension force varies from 0 to 
100 MPa, keeping the inclination angle equal to 0◦) and inclination 
angles of the bolt (the inclination angle varies from 0◦ to 50◦, keeping 
the pre-tension force equal to 0), when the segments have a relative 
displacement of 10mm along the joint. 

From Fig. 11 we can see how the pre-tension force in the bolt does 
not influence the shear force on the joint (it keeps as a constant), while 
leads to an increase of the normal force. Due to the fixed constraints on 
the endpoint O for Case 1, the normal force also keeps as a constant 
value. Finally, the increase of the pretension force leads to a slight in
crease of the applied force on the joint. 

In Fig. 12 is possible to see how the inclination angle of the bolt has a 
significant effect on the shear and normal forces in the bolt on the joint. 
With the increase of the inclination angle the normal force has an 
obvious increase and the shear force a decrease. Under the compre
hensive influence of both of them, the applied force on the joint shows 
an increase trend with the inclination angle. The inclination angle can 
therefore be optimized in order to synchronously reach the limit con
dition for both the shear force and the normal force of the bolt. 

Fig. 7. Calculated rotation angles along the bolt.  

Fig. 8. Calculated moments along the bolt.  
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4. Main influential parameters on the joint shear stiffness 

4.1. The influence of the gap distribution on the joint shear stiffness 

On Sect.3, the influence of the constraints on the bolt head, the pre- 
tension force and the angle of inclination on the bolt deformation and 
the internal force distribution were discussed. Furthermore, the gap 
between the bolt and bolt hole is not uniform along the bolt axial di
rection based on Table.1; three key diameters determine the gap dis
tributions: dmin,h,l, dmax,h,l and dmax,h,r, which are called first diameter, 
second diameter and third diameter (d1st, d2nd, d3rd). Based on the real 
case No.3 of Table.1, the following parameters are adopted to analyse 
the deformation of an inclined bolt during relative shear displacements 
along the circumferential joint (Table 5). 

Based on Eq.23, the shear stiffness of the circular joint Keq can be 
obtained by the bolt deformation, considering each increasement of the 
relative displacement of the segments equal to 0.2 mm. The values of the 
calculated shear stiffnesses of the joint are shown in Fig. 13. 

From Fig. 13, it is possible to see how the shear stiffness values are 

located in the range from the minimum value 34.96MN/m to the 
maximum one 67.80MN/m. When the gaps are equal to 0 mm (the di
ameters of bolt holes are 36 mm), the shear stiffness reaches the 
maximum value. When the gaps are larger than 0 mm, the shear stiffness 
starts from the minimum value where there is a small initial relative 
displacement, and then the shear stiffness increases and reaches the 
maximum value finally. Evaluating the effect of the diameters of the bolt 
hole, the second diameter (dmax,h,l) determines the starting point of the 
increase of the shear stiffness, and the third diameter (dmax,h,r) influences 
the slop of the increasing line. The increasing of the second diameter will 
lead to the elongation of the zone of minimum shear stiffness, and the 
increasing of the third diameter will lead to the decrease of the incli
nation of the slope of the shear stiffness trend with the relative 
displacement. 

On the basis of Eq.23, the shear stiffness of the joint is influenced by 
the bolt shear and tensile stiffnesses and the angle of inclination of the 
bolt. For the studied case, the angle of inclination of the bolt is constant: 
it means that a straight bolt is considered. The tensile stiffness of the bolt 
Keq,N depends on the bolt tensile deformation and also on the compres

Fig. 9. Calculated axial displacements along the bolt.  

Fig. 10. Calculated axial forces along the bolt.  
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sive deformation of the concrete surface below the steel plate at the bolt 
head (the detailed derivation of Eq.26 is shown on Appendix. A): 

Keq,N =
1

coth(ρ•lthread)
E•Ab•ρ + lshank

E•Ab
+ 1

Kx,o

(26)  

where parameter ρ can be determined by Eq. A11 based on Eq.A6, Kx,o is 

the compressive stiffness and can be obtained by Eq.16. 
When the deformation of concrete surface below the steel plate is 

ignored, the last term on Eq.26 can be deleted. 

Fig. 11. The shear, normal and applied force on the joint as the pretension force varies. The shear force of the C2-10 case is equal to the C1-10 one and is not shown 
in the figure; the normal forces of the C3-10 and C4-10 cases are equal to the C2-10 one and is not shown in the figure). 

Fig. 12. The shear, normal and applied force on the joint as the inclination angle of the bolt varies. The shear force of the C2-10 case is equal to the C1-10 one and is 
not shown in the figure; the normal forces of the C3-10 and C4-10 cases are equal to the C2-10 one and is not shown in the figure). 

Table 5 
Key parameters adopted to calculate the inclined bolt shear deformation during relative shear displacements along the circumferential joint.  

db(mm) α(◦) Left segment Right segment d1st, d2nd, d3rd 

dmin,h,l(mm) dmax,h,l(mm) lbolt,l(mm) dmax,h,r(mm) lbolt,rs(mm) lthread(mm) 

M36 30 36 36 465 36 80 200 36,36,36 
M36 30 42 42 465 42 80 200 42,42,42 
M36 30 42 52 465 42 80 200 42,52,42 
M36 30 42 52 465 52 80 200 42,52,52 
M36 30 42 52 465 68 80 200 42,52,68 
M36 30 52 52 465 52 80 200 52,52,52  
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4.2. The shear deformation and the shear stiffness of the straight bolt with 
zero angle of inclination 

Focusing on the shear stiffness of the bolt Keq,Q, this value is not a 
constant due the changeable of the constraint from the hole wall (Fig. 5 
to Fig. 8); it can be calculated on the basis of Eq.24, and results are 
shown in Fig. 14. 

Comparing Fig. 14 with Fig. 13, the trend of the shear stiffness is 
similar: it means that the nonlinear behaviour of the joint shear defor
mation is due to the bolt shear deformation in the bolt hole. From 
Fig. 14, when the diameter of the bolt hole is equal to the diameter of the 
bolt, the shear stiffness of the bolt reach the maximum value: it is also 
the limit maximum value for the other conditions when the gaps are 
larger than 0. The shear stiffness of the bolt can be divided into four 
phases based on the development of the relative displacement (Fig. 14, 
with reference to the case of hole diameters 42,52,52). When the 
diameter of the bolt hole is larger than the bolt, the shear stiffness of the 

bolt is initially low for relative displacements of the segments small 
(Fig. 14). At this phase, the bolt deforms under the constraint of the 
thread part and there are no constraints from the hole wall on the shank 
section (Fig. 15a): the deformation is obtained by the calculated results 
of the developed FEM model. With the increase of the relative 
displacement of the segments, the bolt contacts with the bolt hole near 
the joint on the left segment (Fig. 15b), and the shear stiffness starts to 
increase (Fig. 14). Furthermore, the bolt in the section AB starts to 
contact with the concrete on the bolt hole near the point B (Fig. 15c). 
From Fig. 14, the phase B is very short, and the shear stiffness has a quick 
increase. When all the bolt in the section AB contacts with the hole wall 
(Fig. 15d), the shear stiffness of the bolt reaches a value that is close to 
the maximum one. Therefore, the transversal displacement of the bolt 
near the joint on the left segment determines the contact between the 
bolt and the hole wall, and when the value of the transversal displace
ment is equal to the gap the starting point of the increase of the shear 
stiffness (Fig. 13 and Fig. 14) is reached. On the other hand, when the 

Fig. 13. The shear stiffness of the circular joint for different gap values varying the relative displacements between the segment rings (constraint case C1: x = 0, y =
0, r = 0). 

Fig. 14. The shear stiffness Keq,Q for different gap values varying the relative displacements between the segment rings (case of constraint type C1: x = 0, y = 0, r 
= 0). 
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bolt contacts the bolt hole in the section AB, the point where the shear 
stiffness of the bolt is close to its maximum value is reached. 

Due to the same constraints of the transversal displacements and of 
the rotations on the bolt head for the Case 1 and 2, the shear stiffness of 
the bolt also is the same as those two cases. In order to know the in
fluence of the other constraints on the bolt head, the shear stiffness of the 
bolt for Case 3 and Case 4 are shown in Fig. 16 and Fig. 17. 

From Fig. 14, Fig. 16 and Fig. 17, it is possible to see how the shear 
stiffnesses of the bolt have a similar trend for different constraint types 
on the bolt head. The maximum and the minimum values of the shear 
stiffnesses are resumed in Table.6: the constraint types on the bolt head 
have a very small effect on the maximum value of the shear stiffness. 

When the constraints of the transversal displacements on the bolt head is 
free, the minimum shear stiffness of the bolt is equal to 0, and has a 
slightly increasement at the starting range. The constraints on the bolt 
head affect the development of the shear stiffnesses with the relative 
displacements on the circular joint (Fig. 18). 

The development of the shear stiffness of the bolt can be divided into 
three parts with an increase of the relative displacements between seg
ments: part I, part II and part III of Fig. 18. In the part I, the shear 
stiffness of the bolt has the minimum value (close to 0). In the part II, the 
shear stiffness of the bolt increases from the minimum value to the 
maximum one, and the increase of the shear stiffness is nonlinear. In 
order to improve the practicality in the shear stiffness evaluation, the 

Fig. 15. The constraints on the bolt from the hole wall with the increase of the relative displacement of the segments on the circular joints (case of type of constraint 
C(1): x = 0, y = 0, r = 0). Key: (a) phase A: no constraints from the hole wall; (b) phase B: the bolt in the section OA starts to contact with the hole wall; (c) phase C: 
the bolt in the section AB starts to contact with the hole wall; (d) phase D: the whole length of the bolt in section AB contacts with the hole wall. (ub,y represents the 
bolt transversal deformation along the bolt on the local coordinate x-y, vs,y represents the y-component of the relative displacement of the right segment lining 
corresponding to the left one). 

Fig. 16. The shear stiffness Keq,Q  for different gap values varying the relative displacements between the segment rings(type of constraint C(3): x = K, y free, r = 0).  
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shear stiffness in the part II can be considered as a linear line (Fig. 18). In 
the part III, the shear stiffness of the bolt is close to the maximum value, 
which is referred to a gap value of 0. By this approach, the shear stiffness 
of the bolt can be simplified by a multiple polyline (as the red dashed 
lines of Fig. 18). Therefore, the complex trend of the shear stiffness of the 
bolt varying the relative displacements between segments is simplified 
by determining three key parameters: the displacement at the starting 
point and at the final point and the maximum value of the stiffness. 

4.3. The determination of key parameters of the simplified approach for 
the bolt shear simulation 

Based on the analysis of the bolt deformation of the last section, the 
shear stiffness of bolt change remarkably when a constraint from the 
concrete hole wall appears. The three key parameters can be obtained by 
the following three models (Figs. 19, 20 and 21). 

(1) The determination of the relative displacement at the starting 
point. 

In the part I of Fig. 18 the bolt does not contact with the hole wall. At 
the end of part I, the bolt near the joint A begins to contact the hole wall. 
On the thread section BC, the bolt is restricted by the polyamide bolt 
sleeve, and the constraints on the point B can be simplified as a fixed 
constraint (Fig. 19). For the bolt head (point O), there are two types 
constraints based on whether bolt is stretched. 

When the bolt is stretched and the concrete surface below the steel 
plate is compressed, the bolt head together with the washer will restrict 
the rotation and the transversal displacement of the bolt head. There
fore, the constraint on the bolt head (point O) can be simplified as a fixed 

Fig. 17. The shear stiffness Keq,Q  for different gap values varying the relative displacements between the segment rings C(4): x = K, y & r free).  

Table 6 
The comparison of the maximum and minimum shear stiffnesses of a straight 
bolt (zero angle of inclination) for different constraint types on the bolt head.   

Maximum shear stiffness 
(MN/m) 

Minimum shear stiffness 
(MN/m) 

C1: x = 0, y = 0, r = 0  44.6730 0.8840 
C2: x = K, y = 0, r = 0  44.6730 0.8840 
C3: x = K, y free, r = 0  44.6727 0 
C4: x = K, y & r free  44.6727 0  

Fig. 18. The influence of the constraint type on the shear stiffness Keq,Q of the bolt and the simplified trends represented by the straight lines (the considered values of 
the bolt hole diameters are 42,52,52 mm as for Fig. 2). 
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one as shown in Fig. 19. 
Based on the schematic diagram (Fig. 19), the transversal displace

ment along the bolt can be obtained by the following equation: 

ub,y(x) =
F

12 • EI
• x2 • (3 • lshank − 2 • x) (27)  

where F is the applied force on the segment at the circular joint. 
When the segments have a relative transversal displacement along 

the joint vs,y, the ratio between the shear force and the relative 
displacement can be derived as: 

F
vs,y

=
12 • EI

l3
shank

(28)  

Substituting Eq.28 into Eq.27, the relationship between the relative 
displacement vs,y of the segments in the point B and the transversal 
displacement ub,y

(
lbolt,l

)
of the joint A can be calculated by the following 

equation: 

Fig. 19. The bolt deformation with the assumption of a fixed constraints on the 
bolt head. 

Fig. 20. The bolt deformation with fixed constraints on the bolt head.  

Fig. 21. The external actions and constraints on the three separated sections of the bolt. Key: (a) forces and constraints of the OA section; (b) AB section; (c) 
BC section. 
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ub,y
(
lbolt,l

)
= vs,y •

l2
bolt,l

l3
shank

•
(
3 • lshank − 2 • lbolt,l

)
(29)  

When the vertical displacement ub,y
(
lbolt,l

)
on the joint A is equal to the 

half of the gap 
(
dmax,h,l − db

)/
2, the shear stiffness of the bolt starts to 

increase quickly, and the relative displacement can be obtained: 

Lstart = vs,y =
dmax,h,l − db

2
•

l3
shank

l2
bolt,l •

(
3 • lshank − 2 • lbolt,l

) •
1

cos(α) (30)  

where Lstart represent the length of the part I and the value of the starting 
point on x-axis in Fig. 18. 

On the other hand, there is no compressed force on the concrete 
surface below the steel plate and no constraints from the bolt head (point 
O) when the bolt is not stretched. The whole bolt has the same vertical 
displacement which is equal to the value on the point B, and the bolt 
reach to the concrete hole wall after a vertical displacement (a half of the 
gap). The relative vertical displacement of the segments can be derived: 

Lstart = vs,y =
dmax,h,l − db

2
•

1
cos(α) (31)  

(2) The determination of the maximum shear stiffness 
From Sect.4.1, the maximum shear stiffness can be evaluated when 

the gap is equal to 0 (Appendix B). In addition, the constraints at the bolt 
head have a small influence on the value of the maximum shear stiffness 
(Table.6). When the bolt is fixed at the bolt head, the constraints along 
the bolt are shown in Fig. 20. 

The shear force on the joint can be obtained by the following equa
tion. 

TA = vs,y • 2 • E • I • β3 • η (32)  

where β is an intermediate parameter which depends on the concrete 
foundation compressive modulus and the elastic modulus of the bolt: 

β =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Es

4 • E • I
4

√

(33)  

where Es is equal to Es = kc • db • 1000; kc can be obtained by Eq.10; η is 
another parameter obtained by the length of bolt and the β parameter:  

where a1 – a8 parameters can be obtained as shown in Appendix.B. 
Furthermore, the shear stiffness can then be obtained by Eq.24: 

Keq,Q =
TA

vs,y
= 2 • E • I • β3 • |η| (35)  

(3) The determination of the final point of the relative displacement 
In the part III of the trend of the shear stiffness (Fig. 18), the bolt on 

the AB section contacts with the concrete. The bolt in the OA section can 
be separated from the joint A, and the shear force from the bolt on the 
right side Fs and the compression reaction forces from the concrete hole 
wall Fc are applied to the bolt (Fig. 21a). For the point B, the moment 
reaches to the maximum value (Fig. 8), and the shear force tends to 
0 (Fig. 6). Because the bolt in the joint A begins to contact with the 
concrete and the gap near the point B is equal to 0, the compressive 
reaction force of the concrete is assumed with a triangle distribution (the 
maximum value is σm) along the bolt axial direction (Fig. 21b). 
Furthermore, the external action on the BC section from the AB one in 

the point B is a moment (MB). The bolt deformation on the BC section is 
influenced by the concrete hole wall presence (Fig. 21c). 

With reference to Fig. 21b, the transversal displacement of the point 
A can be obtained by: 

vper,1 =
Fs • l3

bolt,rs

3 • EI
−

(

σm •
l4
bolt,rs

30 • EI

)

(36)  

where vper,1 is a partial transversal displacement of bolt on point A based 
on the cantilever beam on Fig. 21b; in addition, another part of the 
transversal displacement is influenced by the rotation of bolt on point B, 
as Fig. 21c. 

Since the shear force in point B tends to 0, the compressed reaction 
force can be derived by the equilibrium condition: 

Fs =
σm

2
• lbolt,rs (37)  

The reaction moment in point B can then be obtained: 

MB = Fs • lbolt,rs −
σm

2
•

l2
bolt,rs

3
(38)  

Furthermore, the transversal displacement and the rotation of the point 
B in the BC section is obtained under the application of the moment MB 
(Appendix C). 

yB = MB • δ (39)  

θB = MB • φ (40)  

where parameters δ and φ depend on the length of the BC section, the 
bolt characteristics, and the parameter β which can be calculated by 
Eq.33: 

δ =
1

2E • I • β2 •
1 + h2 − 2h • cos(2β • lthread)

1 − 4h + h2 + 2h • cos(2β • lthread)
(41)  

φ = −
1

E • I • β
•

− 1 + h2 + 2h • sin(2β • lthread)

1 − 4h + h2 + 2h • cos(2β • lthread)
(42)  

h = e2βlthread (43)  

Considering the influence of the bolt rotation on point B based on 
Fig. 21c, the total displacement of the joint A can be obtained by the 
following equation, which considers the rotation of bolt on point B: 

vper =
Fs • l3

bolt,rs

3 • EI
−

(

σm •
l4
bolt,rs

30 • EI

)

+MB • δ − MB • φ • lbolt,rs (44)  

Substituting Eq.37 and Eq.38 into Eq.44, it is possible to obtain: 

vper = Fs •

(
4

15 • EI
• l3

bolt,rs +
2
3
• lbolt,rs • δ −

2
3
• l2

bolt,rs • φ
)

(45)  

When the vertical displacement in the point A is equal to the half of the 
gap near the joint A on the right segment 

(
dmax,h,r − db

)/
2, the shear force 

on the joint can be determined: 

η = −
a1 + a2 • cos

(
2β • lbolt,l

)
+ a3 • cos

(
2β • lbolt,r

)
+ a4 • sin

(
2β • lbolt,l

)
+ a5 • sin

(
2β • lbolt,r

)
+ a6 • sin

[
2β •

(
lbolt,l + lbolt,r

) ]

a7 + a8 • cos
[
2β •

(
lbolt,l + lbolt,r

) ] (34)   
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Fs =
15 • EI

(
4 • l3

bolt,rs + 10 • EI • δ • lbolt,rs − 10 • EI • φ • l2
bolt,rs

) •

(
dmax,h,r − db

)

2

(46)  

Based on the simplification of the shear stiffness trend as a linear line in 
part II of Fig. 18, the shear force at the final point can be obtained by the 
maximum shear force and the relative displacements of part II. 

Fs =
1
2
• Keq,Q • LpartII (47)  

Substituting Eq.46 into Eq.47, the length of the part II can be derived: 

LpartII =
2

Keq,Q
•

15 • EI
4 • l3

bolt,rs + 10 • EI • δ • lbolt,rs − 10 • EI • φ • l2
bolt,rs

•
dmax,h,r − db

2
(48)  

where Keq,Q is obtained by Eq.35. 
Furthermore, the location on x-axis of the final point on Fig. 18 can 

be obtained by the following equation: 

Lfinal = Lstart +LpartII •
1

cos(α) (49)  

(4) The comparison between the results of the developed FEM model and 
the simplified methods 

On the basis of the parameters of Table 4 and Table 5, and the 
constraints types at the bolt head of Table 3, the results using the 
developed FEM model and the simplified method (maximum shear 
stiffness, relative displacements at the starting and final points) are 
calculated and listed in Table 7, Table 8 and Table 9. Since the con
straints on the bolt head have a small impact on the maximum shear 
stiffness based of Table 6, the approximate value of the maximum shear 
stiffness (44.67MN/m) is adopted to compare the calculated results with 
the simplified method in Table 7. For the comparison of the relative 
displacements at the starting and final points, the influences of the 
constraints are considered. 

How it is possible to see in Table 7, the percentage difference of the 
results of the simplified method compared with the proposed FEM 
model, is only 2.5 %. Furthermore, considering that the difference of the 
maximum shear stiffness for the different assumed constraints at the bolt 
head is small (Table 6), Eq.35 can be useful to quickly calculate the 
maximum shear stiffness of a bolt. 

From Table 8 is possible to see how the constraint type n.4 has the 
minimum value of the starting point of relative displacement, and the 
type n.1 has the maximum one. Regarding the simplified methods, the 
results from Eq.30 are closer to the ones of the proposed FEM model for 
constraint types 1, 2 and 3, while Eq.31 is better for the constraint type 
n.4. 

Table 7 
Comparison between simplified method and proposed FEM model value of the 
maximum shear stiffness.   

FEM 
model 

Simplified 
method 

Percentage 
difference 

Maximum shear stiffness 
(MN/m)  

44.67  43.57  2.5 %  

Table 8 
Comparison of the starting point of relative displacement for different constraint 
types and bolt hole diameters using the proposed FEM model and the values that 
can be obtained by using simplified methods.   

Starting point of relative displacement by FEM model 
(mm) 

Simplified 
methods 

x = 0, y =
0, r =
0 (C1) 

x = K, y =
0, r =
0 (C2) 

x = K, y 
free, r =
0 (C3) 

x = K, y 
& r free 
(C4) 

Eq.30 Eq.31 

42,42,42 4 4  3.4  3.4  3.68  3.46 
42,52,42 10.8 10.8  10.2  8.8  9.81  9.24 
42,52,52 10.8 10.8  10.2  8.8  9.81  9.24 
42,52,68 10.8 10.8  10.2  8.8  9.81  9.24  

Table 9 
Comparison of the final point of relative displacement between the results of the 
FEM model and the simplified methods.  

Diameters of the bolt 
hole 

FEM model 
(mm) 

Simplified 
methods 
(mm) 

Percentage 
difference 

42,42,42 9  8.24  8.9 % 
42,52,42 14.6  14.37  1.6 % 
42,52,52 23.4  21.96  6.2 % 
42,52,68 37.4  34.11  8.8 %  

Fig. 22. Comparison of the shear force of the bolt, varying the relative displacement, calculated by the developed FEM model and the simplified methods. Key: 
simple-start point means that the first point on the horizontal axis is located on the starting point; simple-half means that the first point is located in the middle point 
of part I; simple-0 means that the first point of the trend line is located in the origin. 
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The final point of relative displacements have a very small difference 
varying the type of constraint (Fig. 18); the comparison of the final point 
of relative displacement between the results of the FEM model and the 
simplified methods is shown in Table.9. The maximum percentage dif
ference is about 8.9 %. 

With reference to the three assumed trend lines of Fig. 18 in the part I 
and II of the graph, the shear forces are calculated by considering the 
presence of the tensile force and without the tensile force in the bolt 
(Fig. 22). When considering the tensile force presence, the bolt defor
mation is calculated on the basis of the constraints type n.2 (Table 3); the 
calculation is based on the constraints type n.4 when the tensile force in 
the bolt is disregarded. 

From Fig. 22, we can see how the distribution of the shear stiffness in 
part II (Fig. 18) affects the development of the shear force varying the 
relative displacement on the circular joint. The FEM results have a good 
consistency with the ones of “simple-half” at the beginning zone of the 
graph (low relative displacements) which is very important in the 
analysis of the bolt deformation. However also the trend line of the shear 
stiffness which starts in the origin (“simple-0”; the blue line in Fig. 18) 
can be suggested to correctly evaluate the shear stiffness of the bolt in 
the circular joint. 

5. Some examples of calculations of the shear stiffness of the 
circular joint 

5.1. The validation of the shear simulation of the bolt 

In order to validate the developed FEM model, the results from a 
laboratory test (He et al., (2021) are compared with the calculation 
results. The parameters of the case are listed in Table 10. The material 
parameters of the bolt and concrete are the same of Sect. 3. Since the 
inclined bolt is not perpendicular to the plane of the joint, the bolt head 
will compress the concrete when the angle between the relative 
displacement direction and the bolt axial direction is smaller than 90◦, 
and the bolt is stretched along the axial direction. When the bolt is 
compressed, the constraints on the bolt head don’t exist (non-tensile 
condition). On the basis of the test measurements (He et al., 2021) 
(Fig. 23), the comparison with the calculated results by the developed 
FEM model is shown in Fig. 24 for the tensile and the non-tensile con
ditions and two bolts in the joint. Since a friction shear force of about 
300kN is present during the test, an initial shear force of 300kN is added 
into the FEM model. 

For the tensile condition, the trend of the FEM results shows a good 
consistency with the test measurements. There are also some differences 
between the test results and the calculated ones. In Fig. 24, the shear 
force reduces suddenly at 526kN, and the main reason is the yielding of 
the materials. The joint shows a nonlinear behaviour during the test. As 
stated before, the developed FEM model only considers a structural 
nonlinear behaviour; no any sudden damage of the joint can be found in 

Table 10 
Key parameters of the joint based on the studied case of He et al. (2021).  

db(mm) α(◦) Left segment Right segment Diameter of washer (mm) 

dmin,h,l(mm) dmax,h,l(mm) lbolt,l(mm) dmax,h,r(mm) lbolt,rs(mm) lthread(mm) 

M30 30 36 46 368 60 60 160 70  

Confinement force
Vertical load

350
2700

350
1600

500

Support

Bolt

Fig. 23. Scheme of the tested structure and of the applied loads in the labo
ratory test by He et al. (2021). Lengths in mm. 

Fig. 24. Comparison between the test measurements of He et al., 2021 and the calculated values by the developed FEM model.  

Table 11 
The shear stiffness of the bolt based on simplified methods.  

Tensile 
stiffness 
(MN/m) 

Maximum 
shear stiffness 
(MN/m) 

Relative displacement 
at the starting point 
(mm) 

Relative displacement 
at the final point 
(mm)  

68.56  34.69  9.76  38.52  
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the figures due to the materials yielding and the same for the adopted 
simplified model. Although the shear force can continually increase with 
the segment relative displacement, all the curves are calculated until the 
shear force reaches 600kN. 

For the non-tensile condition, the value of the initial gap is difficult 
to determine for the developed model when the lab test is simulated. 
Based on its design, there is about 10 mm gap between the bolt and bolt 
hole. However, during the lab test, it is very difficult to insert the bolt 
centering it in the hole. When the bolt is not in the center of the hole, the 
initial gap values can vary and influence the trend of the experimental 
curve, moving it of some different millimetres along the x axis. From 
Fig. 24 it is possible to see how the line referred to the FEM results with a 
gap of 5 mm has a good agreement with the test results. By the com
parison between the test measurements and the calculated results using 
the developed FEM model, it is possible to see how this last one can 
effectively describe the joint shear deformation law of an inclined bolt. 

Since the developed models are mainly focused on the nonlinear 
behaviour of the structure and on the elastic behaviour of the materials, 
they are able to analyse the joint shear deformation in the elastic phase. 
When the yielding of the materials is considered, some modifications 
need to be carried out in the models: they will be studied in a future 
research work. 

On the other hand, the test results show that there are great differ
ences between the tensile and non-tensile conditions. For the tensile 
condition, the bolt behaviour is mainly influenced by the tensile stiffness 
when the segments have a relative displacement (Eq.26 and Eq.23). For 
the non-tensile condition, there is no tensile deformation of the bolt, and 
the bolt behaviour is mainly affected by the its shear deformation in the 
bolt hole. This difference needs to be considered in the tunnel lining 
design. 

Based on the simplified method of Sect.4.3, the tensile stiffness, the 
maximum shear stiffness, the starting point and the final point relative 
displacement can be obtained (Table 11). Furthermore, the shear forces 
with the relative displacements are calculated (Fig. 24). In Fig. 24 is 
possible to see how the shear force obtained from the simplified method 
has an effectiveness when the tensile condition of the bolt is adopted. 
When the bolt is not stretched, the simplified methods are close to the 
FEM model at the beginning section of the part II. The results show again 
that the trend line passing through the origin of the graph (Fig. 18) is 
adequate to correctly estimate the shear stiffness of the bolt. 

5.2. The flow chart of the joint shear stiffness estimation using simplified 
methods 

After the analysis developed in Sect.4, we can consider the tensile 
stiffness of the bolt as a constant value (the green line of Fig. 25); the 
shear stiffness of the bolt can be represented by the blue line of Fig. 25: 
three parts can be obtained varying the relative displacements. The 
shear stiffness of part I is equal to 0; the shear stiffness of the part II is 
represented by an inclined line which pass through the origin and reach 
the final point; the shear stiffness in part III keeps constant (the 
maximum shear stiffness of the bolt). In addition, the blue dotted line 
represents the suddenly decrease of the shear stiffness when the bolt or 
concrete reaches the material yielding condition. Since the yielding of 
the material is not considered in this paper, no limit values of the rela
tive transversal displacements are suggested. The flow chart of the steps 
necessary to calculate the equivalent shear stiffness of a circular joint is 
represented in Fig. 26, using simplified methods. 

In the Flow Chart of Fig. 26 there are two fundamental parameters: 
the concrete foundation compressive modulus and the concrete foun
dation shear modulus. In this paper, the evaluation method for the 
concrete foundation shear modulus is suggested in Appendix A. The 
concrete foundation compressive modulus was discussed in different 
scientific papers available in literature (Maekawa and Qureshi, 1997; 
Soroushian et al., 1987b; Vintzēleou and Tassios, 1986). However, since 
these two parameters depend on the material characteristic of the con
crete and the bolt, laboratory tests can be performed in order to obtain 
their values with a satisfactory accuracy. 

In addition, only an elastic behaviour of the concrete and of the bolt 
were considered in this paper. When the bolt yielding is considered, the 
shear stiffness of the bolt tends to 0. 

5.3. The evaluation of the shear stiffness of the circular joint considering 
the presence of all the bolts around the ring 

On the cross section of the circular joint, the inclined bolts point in 
different directions along the circle (Fig. 27); three points are taken as 
specific cases for analysing the bolt deformation when the adjacent 
segments have a relative transversal displacement along the joint. In 
Fig. 27, the green rectangle represents the earlier installed segmental 
lining ring (old one); the white one is the late installed ring (new one); 
the blue arrow means the advancement direction; the green arrows 
represent the vertical direction in the vertical section; the purple arrows 
is the horizontal direction in the horizontal section. 

Fig. 25. The tensile stiffness and the shear stiffness of the bolt varying the relative displacements on the circular joint.  
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Therefore, the bolts have different deformation characteristics when 
the segments have a relative displacement. For example, the bolt is 
compressed in point 1, while the bolt is stretched in point 3, for the same 
upward displacement of the segments on the circular joint. On the basis 
of the analysis of Sect.5.1, the bolt in point 1 has the minimum shear 
stiffness and the bolt in point 3 has the maximum shear stiffness. 
Focusing on the bolt deformation in point 2, the displacement direction 
is perpendicular to the bolt axial direction, and the bolt is mainly 
affected by the shear deformation, where the deformation along the bolt 
axial direction can be ignored since there is no any displacement 
component along the axial direction. Therefore, the equivalent incli
nation angle of the bolt in point 2 can be considered as 0. The evaluation 
of the bolt equivalent inclination angle is important to calculate the joint 
shear stiffness. 

For a general point 4, the tangent can be obtained on the joint cross 
section of Fig. 27 (the yellow line), and a radial line (red dotted line) 
represents the initial location. The schematic diagram of the bolt rota
tion from the initial line (red dotted line) to the real location (red line) 
with the tangent line is shown in Fig. 28, where R represents the length 
of the bolt. 

The equivalent inclination angle γ between the bolt and the hori
zontal plane is: 

γ = arcsin(sinω • cosϑ) (50)  

where ω is the inclination angle of the bolt on the plane which is along 
the radial direction of the lining ring; ϑ is the location of the calculated 
bolt (ϑ ∈ [0, π]); γ is the equivalent inclination angle of the bolt 
(γ ∈ [ − α,α]). When γ > 0, the bolt is compressed, and the axial force can 
be ignored; otherwise, the shear stiffness of the joint is influenced also 
by the bolt tensile deformation. 

Therefore, the shear stiffness can be calculated for each bolt along 
the circular joint. Furthermore, the total shear stiffness of the cross 
section of the circular joint can be obtained by summing up the shear 
stiffness of each bolt. 

Usually, the joints in the segmental lining include the circumferential 
joints and the longitudinal ones; the bolts in the two types of joints have 
similar characteristics. Therefore, when an individual bolt deformation 
in the bolt hole is considered, the developed model for the bolt (as Fig. 4) 
can be adopted for any inclined bolt: the direction of the relative 
movements of the adjacent segments need to be determined based on 

Fig. 26. The flow chart defined for the shear stiffness evaluation of the joint on the basis of simplified methods.  

X. Han et al.                                                                                                                                                                                                                                     



Tunnelling and Underground Space Technology incorporating Trenchless Technology Research 146 (2024) 105619

21

Figs. 27 and 28. When the shear stiffness of joint is evaluated, the effect 
of all the bolts needs to be analysed based on its location in the joint. Due 
to a different distribution of the bolts in the two types of joints, the shear 
stiffness values have an obvious difference. In this paper only the role of 
the bolt for the joint shear stiffness was discussed; the contributions of 

tenons and of the friction forces between two adjacent segment faces 
were not considered. These two last effects need to be considered when 
the joint shear stiffness of a joint is determined. 

6. Conclusions 

During the deformation of the segmental lining along the longitu
dinal direction, the joint between the segmental rings has a weaker 
bending stiffness and shear stiffness than the ring. The evaluation of the 
shear stiffness for the joint is fundamental for the analysis of the lining 

Horizontal 
section

Vertical 
section

Advance
Segment 
displacement1

2

4

3

tangent
Bolt before rotation

Fig. 27. The bolt deformation characteristic on the cross section of the circular joint. Legend: the green rectangle represents the earlier installed segmental lining ring 
(old one), and the white one is the late installed ring (new one); the blue arrows mean the advancement direction; the green arrows represent the vertical direction in 
the vertical section; the purple arrow is the horizontal direction in the horizontal section. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 

Fig. 28. 3D scheme for the calculation of the equivalent inclination angle γ on 
the circular joint. 

Fig. A1. The deformation of the bolt under a tensile force applied at the bolt head.  

Fig. A2. The joint tensile deformation when there is a relative displacement of 
segments along the axial direction of the bolt. 
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deformation and the damage risk. However, the shear stiffness and the 
shear deformation show a nonlinear behaviour. The main factors that 
result in the nonlinear behaviour are the friction, the bolt and the tenon 
presence. The nonlinear behaviour of the joint in the elastic phase is 
influenced by the bolt and is discussed in this paper. 

Due to the existence of the gap between the bolt and the bolt hole and 
the uneven distribution of the gap, the range and the magnitude of the 
compressive forces on the bolt are changeable with the bolt deforma
tion. A specific FEM model is proposed in this paper in order to calculate 
the bolt shear and tensile deformation with the relative displacement of 
adjacent segments; the relative equations are derived and illustrated. 
Based on the developed model, the transversal displacements, the shear 
forces, the rotations, the moments, the axial deformations and the ten
sile forces are evaluated considering four types of the constraints at the 
bolt head. The maximum shear forces are reached at the joint and the 

thread section, and the maximum moments are near the joint and the 
junction point between the thread and the shank of the bolt. These two 
locations (the joint and the junction point) have a high risk of yielding, 
which is also confirmed by the test results. Furthermore, the influences 
of the bolt pre-tension and the inclination angle are also analysed. 

Based on the results of the shear force and the tensile forces along the 
bolt, the shear stiffness of the joint is obtained. It shows a nonlinear 
trend with the relative displacement of segments. Furthermore, the 
shear stiffness of the joint depends on the tensile stiffness and the shear 
stiffness of the bolt. For considering the nonlinear trend of the shear 
stiffness varying the relative displacement of segments, a simplified 
approach is developed and illustrated in the paper. 

Finally, the shear deformation of the joint is validated by the com
parison between some test results and the one from the developed FEM 
method: the results from the developed FEM method have a good con
sistency with the laboratory results of the tensile test; for the non-tensile 
test, the initial gap between the bolt and the bolt hole affects the test 
results, which have a good agreement with FEM model when some ad
justments of the calculated results are made to consider some specific 
problems that can occur during the test. Furthermore, a flow chart for 
the calculation of the shear stiffness of the joint based on a simplified 
suggested method is proposed. 

Based on the results obtained for the shear stiffness of the joint, a 
nonlinear law of the joint can be determined; the shear stiffness in
creases from an initial small value to a high value varying the relative 
transversal displacement. When the segmental lining deformation along 
the longitudinal direction is analysed, it is important to consider the 
influence of the small initial stiffness of a circular joint; in fact it may 
cause a significant increase of the joint dislocation and also of the sur
face subsidence. 
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Fig. B1. The deformation of the bolt after a transversal relative displacement between the segments.  

Table B1 
The main imposed boundary conditions on the bolt (x and y constitute the co
ordinate system).  

No. Boundary conditions No. Boundary conditions 

1 ya(xa = 0) + yb(xb = 0) = − vs,y 5 ya
(
xa = lbolt,l

)
= 0 

2 θa(xa = 0) = θb(xb = 0) 6 θa
(
xa = lbolt,l

)
= 0 

3 Ma(xa = 0) = − Mb(xb = 0) 7 Mb
(
xb = lbolt,r

)
= 0 

4 Ta(xa = 0) = Tb(xb = 0) 8 Tb
(
xb = lbolt,r

)
= 0  

Fig. C1. The deformation of the bolt under a tensile force.  

Table C1 
The main boundary conditions of the bolt (x and y constitute the coordinate 
system).  

No. Boundary conditions (x = 0) No. Boundary conditions (x = lthread)

1 M(x = 0) = MB 3 M(x = lthread) = 0 
2 T(x = 0) = 0 4 T(x = lthread) = 0  
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Appendix A 

In order to determine the concrete foundation shear modulus βc on the thread part, the longitudinal tensile test can be used. The bolt deformation 
along the longitudinal direction is shown on Fig. A1a under the applied force N0 at the bolt head. 

Focusing on the bolt with a length of dx, the forces acting on the micro unit can be defined (Fig. A1b). Therefore, the following equation can be 
obtained: 

dN = π • db • dx • τ (A1)  

where τ is the shear stress between the bolt and the bolt sleeve, and can be obtained by the concrete foundation shear modulus βc and the relative 
displacement v. 

τ = βc • v (A2)  

Substituting the Eq.A2 into Eq.A1, the following differential equation can be derived: 

dN
dx

= π • db • βc • v (A3)  

Based on the constitutive equation of the bolt, the strain of the bolt is equal to the normal force over the elastic modulus and the area of the bolt cross 
section. 

dv
dx

=
N

E • Ab
(A4)  

Therefore, the second order differential equation can be derived: 

d2v
dx2 −

βc • π • db

E • Ab
• v = 0 (A5)  

where a parameter ρ is used to represent the constant coefficient. 

ρ2 =
βc • π • db

E • Ab
(A6)  

The general solution Eq.A7 of the differential equation Eq.A5 and boundary condition Eq.A8 can be derived. 

v = H1 • eρ•x +H2 • e− ρ•x (A7)  
{

N = 0 x = 0
N = N0 x = lthread

(A8)  

Furthermore, the bolt deformation along the longitudinal direction can be obtained. 

v =
N0

E • Ab • ρ •
eρ•x + e− ρ•x

eρ•lthread − e− ρ•lthread
(A9)  

Therefore, the bolt deformation at the bolt head can be derived as: 

v0 =
N0

E • Ab • ρ •
eρ•lthread + e− ρ•lthread

eρ•lthread − e− ρ•lthread
+

N0

E • Ab
• lshank (A10)  

The tensile stiffness of the composite structure is equal to the tensile force over the displacement of the bolt head: 

Ks,t =
N0

v0
=

E • Ab
coth(ρ•lthread)

ρ + lshank
(A11)  
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The concrete foundation shear modulus βc can be derived by Eq.A6. 
Based on the bolt deformation under the application of the tensile force, the bolt tensile deformation can be derived when there is a relative 

displacement of segments (Fig. A2). The relative displacement of segments can be calculated by the following equation: 

vs,x = v0 + vcom (A12)  

where v0 is the deformation of the bolt head and can be obtained based on Eq.A10; vcom is compressed deformation of the concrete surface blow the 
steel plate under the application of the bolt head, and is equal to the ratio between the compresses force and the compressed stiffness of the concrete 
Kx,o; Kx,o can be calculated by Eq.16. 

vcom =
N0

Kx,o
(A13)  

Therefore, the relative normal displacement of the segments can be derived from the following equation: 

vs,x =
N0

E • Ab • ρ •
eρ•lthread + e− ρ•lthread

eρ•lthread − e− ρ•lthread
+

N0

E • Ab
• lshank +

N0

Kx,o
(A14)  

While, the tensile stiffness of the joint can be obtained: 

Keq,N =
N0

vs,x
=

1
coth(ρ•lthread)

E•Ab•ρ + lshank
E•Ab

+ 1
Kx,o

(A15)  

Appendix B 

When the gap between the bolt and the bolt hole is equal to 0, the compressed normal forces are applied on the bolt along its whole length. The bolt 
deformation with the relative transversal displacement of the segments can be considered as an elastic beam on the Winkler elastic foundation 
(Fig. B1). 

Based on the theory of the Euler-Bernoulli beam on the Winkler elastic foundation, the differential equation of the beam for the coordinate system 
can be written by the following equation when the constraint on the bolt is due to compressive forces from the concrete hole wall. 

E • I •
d4y
dx4 +Es • y = 0 (B1)  

where Es is compressive stiffness of the concrete hole wall. 
The general solution of the Eq.B1 is as follows: 

y = eβx • (B1 • cosβx+B2 • sinβx) + e− βx • (B3 • cosβx+B4 • sinβx) (B2)  

where β is a parameter that can be calculated by the Eq.B3; B1, B2, B3 and B4 are parameters that can be obtained by imposing the boundary conditions. 

β =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Es

4 • E • I
4

√

(B3)  

where Es is equal to Es = kc • db • 1000. 
Therefore, the first derivative, the second derivative and the third derivative can be obtained based on the general solution. 

y′ = β • eβx • [B1 • (cosβx − sinβx) +B2 • (sinβx + cosβx) ] + β • e− βx • [B3 • ( − cosβx − sinβx)+B4 • ( − sinβx + cosβx) ] (B4)  

y″ = 2 • β2 • eβx • ( − B1 • sinβx+B2 • cosβx) + 2 • β2 • e− βx • (B3 • sinβx − B4 • cosβx) (B5)  

y″′ = 2 • β3 • eβx • [B1 • ( − sinβx − cosβx)+B2 • (cosβx − sinβx) ]+ 2 • β3 • e− βx • [B3 • ( − sinβx + cosβx) +B4 • (cosβx + sinβx) ] (B6)  

Furthermore, the moment and the shear force of the bolt can be obtained by the derivative equation. 
⎧
⎨

⎩

θ(x) = y′

M(x) = E • I • y″

T(x) = E • I • y″′
(B7) 

Based on the boundary conditions of Table.B1, the parameters B1b, B2b, B3b and B4b can be derived: 

B1b =vs,y •

(
− 1 − m − 2•m•n − m2 •n

)
− m•n•cos

(
2β•lbolt,l

)
− m•n•cos

(
2β•lbolt,r

)
+m•(1 − n)•sin

(
2β• lbolt,l

)
+(1+m)•m•n•sin

(
2β•lbolt,r

)

− m•n•cos
[
2β•

(
lbolt,l+ lbolt,r

)]

2+8•m•n+2•m2 •n2+4•m•n•cos
[
2β•

(
lbolt,l+ lbolt,r

)] (B8)  
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B2b = − vs,y • m

•
( − 1 − m • n) + ( − 1 + n) • cos

(
2β • lbolt,l

)
+ n • (1 + m) • cos

(
2β • lbolt,r

)
− n • sin

(
2β • lbolt,l

)
+ n • sin

(
2β • lbolt,r

)
+ n • sin

[
2β •

(
lbolt,l + lbolt,r

) ]

2 + 8 • m • n + 2 • m2 • n2 + 4 • m • n • cos
[
2β •

(
lbolt,l + lbolt,r

) ]

(B9)  

B3b = − vs,y • n •

(
1 + 2 • m + m • n + m2 • n

)
+ m • cos

(
2β • lbolt,l

)
+ m • cos

(
2β • lbolt,r

)
+ m • ( − 1 + n) • sin

(
2β • lbolt,l

)
+ (1 + m) • sin

(
2β • lbolt,r

)

+m • cos
[
2β •

(
lbolt,l + lbolt,r

) ]

2 + 8 • m • n + 2 • m2 • n2 + 4 • m • n • cos
[
2β •

(
lbolt,l + lbolt,r

) ]

(B10)  

B4b = vs,y • n

•
( − 1 − m • n) − m • ( − 1 + n) • cos

(
2β • lbolt,l

)
+ (1 + m) • cos

(
2β • lbolt,r

)
+ m • sin

(
2β • lbolt,l

)
− m • sin

(
2β • lbolt,r

)
− m • sin

[
2β •

(
lbolt,l + lbolt,r

) ]

2 + 8 • m • n + 2 • m2 • n2 + 4 • m • n • cos
[
2β •

(
lbolt,l + lbolt,r

) ]

(B11)  

and then, also: 

B1a =
(
− B3b − vs,y/2

)
(B12)  

B2a = B4b (B13)  

B3a =
(
− B1b − vs,y/2

)
(B14)  

B4a = B2b (B15)  

where m and n can be calculated by the β parameter and the lengths lbolt,l and lbolt,r. 

m = e2βlbolt,l (B16)  

n = e2βlbolt,r (B17)  

Furthermore, the shear force of the bolt at the joint can be obtained based on Eq.B7: 

T(0) = E • I • y″′
b(xb = 0) (B18)  

Therefore, the shear force T(0) can be calculated: 

T(0) = 2 • E • I • β3 • ( − B1b +B2b +B3b +B4b) (B19)  

T(0) = 2 • E • I • β3 • vs,y • η (B20)  

where η can be obtained by the following equations based on the parameters m and n: 

η = −
a1 + a2 • cos

(
2β • lbolt,l

)
+ a3 • cos

(
2β • lbolt,r

)
+ a4 • sin

(
2β • lbolt,l

)
+ a5 • sin

(
2β • lbolt,r

)
+ a6 • sin

[
2β •

(
lbolt,l + lbolt,r

) ]

a7 + a8 • cos
[
2β •

(
lbolt,l + lbolt,r

) ] (B21)  

a1 = (1+m • n) • ( − 1 − 2m+ 2n+m • n) (B22)  

a2 = m •
(
− 1+ n2) (B23)  

a3 = n •
(
− 1+m2) (B24)  

a4 = m •
(
1 − 4n+ n2) (B25)  

a5 = n •
(
1+ 4m+m2) (B26)  

a6 = 2m • n (B27)  

a7 = 2+ 8m • n+ 2m2 • n2 (B28)  

a8 = 4m • n (B29)  

Appendix C 

Focusing on the bolt deformation on the thread section BC (Fig. C1), the bolt rotation and the displacement on the point B can be obtained under 

X. Han et al.                                                                                                                                                                                                                                     



Tunnelling and Underground Space Technology incorporating Trenchless Technology Research 146 (2024) 105619

26

the application of the moment MB, based on the same equations of the Appendix.B (Eq.B1-B6). The constraints in the point B and C are listed in Table. 
C1. 

Based on the boundary conditions of Table.C1, the parameters B1, B2, B3 and B4 can be derived: 

B1 = −
MB

2E • I • β2 •
− 1 + h • cos(2β • lthread) + h • sin(2β • lthread)

1 − 4h + h2 + 2h • cos(2β • lthread)
(C1)  

B2 =
MB

2E • I • β2 •
(1 − 2h) + h • cos(2β • lthread) − h • sin(2β • lthread)

1 − 4h + h2 + 2h • cos(2β • lthread)
(C2)  

B3 =
MB

2E • I • β2 •
h2 − h • cos(2β • lthread) + h • sin(2β • lthread)

1 − 4h + h2 + 2h • cos(2β • lthread)
(C3)  

B4 = −
MB

2E • I • β2 •

(
− 2h + h2

)
+ h • cos(2β • lthread) + h • sin(2β • lthread)

1 − 4h + h2 + 2h • cos(2β • lthread)
(C4)  

where h can be calculated by the parameter β and the length lthread. 

h = e2β•lthread (C5)  

Furthermore, the displacement on the point B can be obtained based on Eq.B7: 

yB = y(x = 0) (C6)  

Therefore, the displacement of the point B can be determined: 

yB = B1 +B3 (C7)  

yB =
MB

2E • I • β2 •
1 + h2 − 2h • cos(2β • lthread)

1 − 4h + h2 + 2h • cos(2β • lthread)
(C8)  

The rotation on the point B can be obtained as follows: 

θB = y′(x = 0) (C9)  

θB = β • (B1 +B2 − B3 +B4) (C10)  

θB = −
MB

E • I • β
•

− 1 + h2 + 2h • sin(2β • lthread)

1 − 4h + h2 + 2h • cos(2β • lthread)
(C11)  
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