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Abstract

In today’s connected world, Global Navigation Satellite Systems (GNSS) have
become an indispensable tool for a wide range of modern applications. From enabling
autonomous vehicles, to guiding commercial aircraft to enabling precise location
on smartphones, GNSS play a central role in many activities of our daily lives. As
reliance on satellite navigation continues to grow, it becomes increasingly important
to improve the accuracy and precision of the positioning solution, and to ensure its
integrity for the reliability and safety of the applications relying on such information.
In light of this, the thesis focuses on the positioning unit of the receiver, and
in particular on the use of Bayesian inference to estimate Position, Velocity and
Timing (PVT). Nevertheless, the investigations presented here also extend to other
aspects related to the estimation of location parameters. First, the theoretical
background involved in the estimation process is explored in detail, so as to gain a
solid theoretical base and obtain insights for the development of novel measurement
processing methodologies.

Using the theoretical analysis as a starting point, application-specific improvements of
state-of-the-art filtering algorithms are introduced first by exploiting the structure of
the measurement model to devise a more efficient estimation in terms of computational
load. Then, novel techniques are presented, spanning different topics and different
receiver architectures, from stand-alone GNSS, to cooperative techniques and sensor
integration. Ultimately, the common goal is to increase the precision, accuracy, and
robustness of PVT estimation by exploiting different approaches and with different
degrees of architecture complexity.

One of the main limitations and challenges of stand-alone GNSS is to provide accurate
positioning information in harsh urban environments with complex signal reflection
phenomena, leading to multipath and Non line-of-sight (NLoS) effects. For this
reason, the scenarios addressed include the detection and mitigation of multipath and
NLoS based on the consistency between redundant measurements, with applications
both for real time and for post-processing. Furthermore, one of the solutions that

have been considered to overcome the limitations of GNSS is exploiting additional



information from other sensors or from other users. In particular, the tight integration
of Ultra-Wide Band (UWB) with GNSS has been considered, with a focus on time
synchronization between the two technologies to enable accurate positioning for
autonomous vehicles or drones. To conclude, more practical aspects often neglected
by research effort are considered. Namely, the exchange of cooperative data among
networked receivers is addressed by presenting a dedicated and open protocol for
the exchange of positioning information from both GNSS and other sensors, thus

enabling numerous cooperative applications.
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Chapter 1

Introduction

Global Navigation Satellite System (GNSS) have revolutionized our lives and the
way we interact with the world by providing precise Positioning, Navigation and
Timing (PNT) information, which is critical to a multitude of applications we use
daily. From everyday uses in smartphones and car navigation to complex operations
in numerous domains such as aviation, maritime, agriculture and space, GNSS
technology contributes to a substantial part of modern life. That being said, stand-
alone GNSS still suffers from many limitations, especially in complex scenarios with
reduced satellite visibility such as urban canyons. To overcome its limitations, many
GNSS augmentation have been proposed and studied in recent years, from complex
algorithms implementing advanced signal processing and estimation techniques, to
sensor fusion and Cooperative Positioning (CP). This thesis approaches the topic
of radio navigation by exploring multiple of these solutions, with the common goal
of enhancing GNSS performance by investigating both its theoretical foundations
and practical implementations. The aim is hence to enhance GNSS accuracy, relia-
bility, and integrity, while addressing various challenges such as multipath effects,
sensor synchronization, and computational load. By advancing methodologies and
developing novel algorithms, this research seeks to contribute to the optimization
and resilience of GNSS, ensuring its robust application in an increasingly connected

and dynamic global environment.

1.1 Thesis Outline and Main Contributions

This section briefly provides an outline of the thesis, along with a summary of the

content of each chapter. The original contributions and the paper in which they
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were published are also discussed for each chapter. The remainder of this thesis is

structured as follows:

Chapter 2 introduces the main general concepts and components of GNSS
and provides a baseline description of the space and control segment. The chapter
describes the main steps in the path of a GNSS signal, from its generation on board
of the satellites up to its processing in the receiver, ultimately leading to the con-
struction of observables. All the original contributions included in the later chapters
of this thesis deal with the Position, Velocity and Time (PVT) stage of the receiver.
For this reason, the second chapter serves as an introduction to all the aspects that

lead to the computation of measurements then used in the PVT.

Chapter 3 introduces the main aspects of PVT computation by means of Least
Square (LS) method. The main properties of the estimator are derived along with
some historical background. Then, other modifications of the method are presented
and their advantages and properties are discussed. The second part of the chapter
delves deeper into two important concepts in LS estimation. First, residuals are
analysed and their statistical properties derived by leveraging a graphical represen-
tation. Then, the concept of Geometrical Dilution Of Precision (GDOP) and its
relationship with the estimator is analysed, while also deriving a theoretical lower
bound. Although it does not include any original contribution per se, the analysis
outlined in the chapter helped extending [4] into a work which proposes a modifica-
tion of the LS with improved convergence performance for both pseudorange and
Doppler positioning in the context of Low-Earth Orbit (LEO). This is the subject of

a paper submitted at the end of the PhD and, at the time of writing, still under review.

Chapter 4 first introduces the concept of Bayesian inference, as opposed to batch
estimation performed by LS described in the previous chapter. Then, the two main
filters that will be used in the thesis are introduced, namely the Extended Kalman
Filter (EKF) and the Particle Filter (PF). The second part of the chapter presents
the Multi Weight Particle Filter (MW-PF), an original contribution published in
[1]. The MW-PF algorithm optimizes the sampling of the posterior distribution by
leveraging properties of the particular measurement model of GNSS, thus allowing to
reach a given target accuracy with a decreased number of particles. The validity of
the proposed method is supported both by a theoretical proof and by experimental

assessment of its performance.
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Chapter 5 is divided in two parts. The first part presents a method for the
detection of multipath, and in particular for automatic labelling biased measurements
due to faults in datasets. The method, published in [5], leverages precise models
and corrections to remove other possible error sources and then exploits clustering
of measurements based on DBSCAN to exclude inconsistent measurements. The
second part of the chapter presents an improved weighting strategy for the PF. The
methodology exploits the concept of soft information to build multi-modal proba-
bility distributions used in the measurement model in order to represent different
hypothesis. The proposed statistical modelling thus helps to mitigate the effects of
measurement biases due to multipath and Non-Line-of-Sight (NLoS) phenomena,
especially in case of false alarms. The work was first presented at a conference [6]

and then extended into a journal which has recently been submitted.

Chapter 6 deals with sensor fusion and more specifically with the integration
of Ultra-Wide Band (UWB) measurements with GNSS. The chapter includes two
main novel contributions. First, a comparison of Bayesian filters for the sensor fusion
architecture is presented in the context of vehicular applications. The impact of
unmodelled dynamics on the performance of the filters is first analysed theoretically
and then experimentally validated, leading to a conference paper [7]. The second
contribution, published in [8] and then extended in [9], tackles the problem of syn-
chronization between different sensors by proposing a double-update architecture of
the EKF which displays enhanced performance compared to standard single-update

estimation of the time misalignment between measurements from different sensors.

Chapter 7 deals with the issue of network transmission of measurement to enable
cooperative applications. In particular, an original contribution presented in the
chapter is the development of an open-source, real-time protocol for the transmission
of GNSS data among networked agents in the context of autonomous vehicles. The
protocol, named Cooperative Enhancement Message (CEM), extends the capabilities
of current solutions by transmitting raw measurements that can be processed by the
navigation units of cooperating agents to improve the accuracy, integrity and avail-
ability of positioning solutions. The performance of the protocol from the network
perspective has been assessed through an experimental campaign in terms of network
load, delay and reception ratio, thus proving the viability of many GNSS cooperative

applications. The work was first proposed in [3] and then extended into a jour-
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nal paper [2] which also considers the transmission of measurement from other sensors.

1.2 Publications

The full list of publications is given below:

1.2.1 Journal Papers

Published:

o Raviglione, F., Zocca, S., Minetto, A., Malinverno, M., Casetti, C., Chiasserini,
C.F. and Dovis, F., 2022. From collaborative awareness to collaborative

information enhancement in vehicular networks. Vehicular Communications,
36, p.100497.

e Zocca, S., Guo, Y., Minetto, A. and Dovis, F., 2022. Improved weighting
in particle filters applied to precise state estimation in GNSS. Frontiers in
Robotics and Al, 9, p.950427.

e Guo, Y., Vouch, O., Zocca, S., Minetto, A. and Dovis, F., 2022. Enhanced
EKF-based time calibration for GNSS/UWB tight integration. IEEE Sensors
Journal, 23(1), pp.552-566.

e Guo, Y., Zocca, S., Dabove, P. and Dovis, F., 2024. A Post-Processing
Multipath/NLoS Bias Estimation Method Based on DBSCAN. Sensors, 24(8),
p.2611.

e Vouch, O., Nardin, A., Minetto, A., Zocca, S., Valvano, M. and Dovis, F., 2024.
Aided Kalman Filter Models for GNSS-based Space Navigation. IEEE Journal
of Radio Frequency Identification.

Submitted:

e Guo, Y., Zocca, S. and Dovis, F., 2024. GNSS Fault Detection and Mitiga-
tion Methods Based on Particle Filter. Submitted to IEEE Transactions on

Instrumentation and Measurement.



1.2 Publications

e Morichi, L., Zocca, S., Minetto, A., Nardin, A. and Dovis, F., 2024. Pseudor-
ange and Doppler-based Positioning: Improving convergence of Least Square
Estimator from MEO to LEO. Submitted to NAVIGATION: Journal of the
Institute of Navigation.

1.2.2 Conference Papers

Published:

o Minetto, A., Zocca, S., Raviglione, F., Malinverno, M., Casetti, C.E., Chi-
asserini, C.F. and Dovis, F., 2021, December. Cooperative localization enhance-
ment through GNSS raw data in vehicular networks. In 2021 IEEE Globecom
Workshops (GC Wkshps) (pp. 1-6). IEEE.

e Dovis, F., Minetto, A., Nardin, A., Guzzi, S., Zocca, S., Vouch, O., Impresario,
G., Musmeci, M., Facchinetti, C., D’Amore, G. and Ansalone, L., 2022. The
LuGRE project: a scientific opportunity to study GNSS signals at the Moon.
In International Astronautical Congress: IAC Proceedings (Vol. 2022, pp. 1-6).

International Astronautical Federation, IAF.

e Vouch, O., Guo, Y., Zocca, S., Minetto, A. and Dovis, F., 2022, September. Im-
proved Outdoor Target Tracking via EKF-based GNSS/UWB Tight Integration
with Online Time Synchronisation. In Proceedings of the 35th International
Technical Meeting of the Satellite Division of The Institute of Navigation (ION
GNSS+ 2022) (pp. 2409-2422).

e Guo, Y., Vouch, O., Zocca, S., Minetto, A. and Dovis, F., 2023, September.
A comparison study between the EKF and SIR-PF for GNSS/UWB tight
integration. In 2023 31st European Signal Processing Conference (EUSIPCO)
(pp. 835-839). IEEE.

e Vouch, O., Nardin, A., Minetto, A., Valvano, M., Zocca, S. and Dovis, F.,
2023, September. A Customized EKF model for GNSS-based Navigation in
the Harsh Space Environment. In 2023 IEEE International Conference on
Wireless for Space and Extreme Environments (WiSEE) (pp. 13-18). IEEE.

e Zocca, S., Guo, Y. and Dovis, F., 2024, January. A GNSS Multipath and
NLoS Mitigation Method for Urban Scenarios Based on Particle Filtering. In
Proceedings of the 2024 International Technical Meeting of The Institute of
Navigation (pp. 575-588).
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e Morichi, L., Minetto, A., Nardin, A., Zocca, S. and Dovis, F., 2024, January.
Pseudorange and Doppler-based State Estimation from MEO to LEO: A
Comprehensive Analysis of Maximum Likelihood Estimators. In Proceedings
of the 2024 International Technical Meeting of The Institute of Navigation (pp.
677-691).

To appear:

e Vouch, O., Nardin, A., Minetto, A., Zocca, S., Dovis, F., Konitzer, L., Parker,
J., Bernardi, F., Tedesco, S., Fantinato, S., 2024, July. Bayesian Integra-
tion for Deep-Space Navigation with GNSS Signals. Accepted in: 2024 27th
International Conference on Information Fusion (FUSION). IEEE.



Chapter 2

Overview of Global Navigation

Satellite Systems

GNSS is a technology used to estimate the absolute position of a user using range
measurements obtained thanks to the transmission of radio signals. While the history
of estimating one’s position and using it to navigate spans millennia, the use of
radio signals for this purpose is limited to the last few decades. The first navigators
used the position of stars in the sky to find their bearing. With the improvement
of technology, the stars have been replaced with constellations of satellites orbiting
around the earth and acting as reference points.

While there are many different approaches to positioning that have been exploited
in the past, current GNSSs are based on trilateration, namely to compute a position
based on a set of reference points and the measured distance between them and
the user. In particular, the ranges are computed based on a Time of Arrival (ToA)
paradigm |].

This consists in estimating the amount of time that it takes for the radio signal to
travel from the transmitter to the receiver. This can then be translated into a range
by knowing that the radio signal travels at the speed of light (almost).

Actually, estimating the transit time of a radio signal is not simple. It may seem
that it is enough to take the time at which it leaves and the time at which it arrives.
The problem is that these two steps are made by two different units that work
independently. The time measurement is therefore consistent only if the clocks of
these two units are perfectly synchronized.

Since the distance is then calculated by multiplying by the speed of light, it is

important to point out that even a millisecond error between the two clocks is enough
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to have a huge error on the measured distance, more precisely 300 kilometres.

It might seem that the only solution is to buy sufficiently accurate clocks to obviate
the synchronization problem. Indeed, the clocks aboard satellites are extremely
accurate atomic clocks. Unfortunately, however, due to issues of space and cost, it is
not possible to install one of these clocks on every receiver.

How then to maintain synchronization between the two clocks? The only way is to
let the clocks be non-synchronous, and to treat the time difference between the two
as an unknown. If the two clocks mark two different times, but their difference is
known (with reasonable accuracy), then this can be corrected to obtain an accurate
distance estimate.

Consequently, the purpose of a GNSS receiver is to estimate not only its own position

in space, but also its position in time relative to satellites.

2.1 Space and Ground Segment

The first navigation system to be deployed was Global Positioning System (GPS).
Its system architecture was approved by the Department of Defence of the USA in
1973. The system initially consisted of 24 Medium-Earth Orbit (MEO) satellites,
with orbits designed to guarantee a global coverage of at least 4 satellites in visibility.
Since then, many improvements and advancements have been made. More satellites
have been launched, transmitting more signals over more bands in order to enable
more applications.

In addition, other systems have also been designed with different degrees of interoper-
ability between each other. The main other GNSS systems include Galileo developed
by the European Space Agency (ESA), Globalnaya Navigazionnaya Sputnikovaya
Sistema (GLONASS) by the Soviet Union and BeiDou Navigation Satellite System
(BEIDOU) by China. Other regional systems include the Japanese Quasi-Zenith
Satellite System (QZSS) and Indian Indian Regional Navigation Satellite System
(IRNSS). Furthermore, there are also systems for augmentation and differential
techniques named Satellite-Based Augmentation System (SBAS). Some example
include European Geostationary Navigation Overlay System (EGNOS) and Wide
Area Augmentation System (WAAS).

More information on GNSS constellations can be found in [10-12]. For the most part,
each system is characterized by some differences w.r.t. others in terms of number of

satellites, orbits, signal modulations and so on. Nonetheless, the remainder of this
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chapter will attempt to summarize the main operating concepts that are common to

all systems.

2.1.1 Signal Structure

GPS GLONASS Galileo BeiDou
B2a B2b B3 B1
Eba E5b E6 E1l
L5 G3 L2 G2 L1 G1
T
1166 MHz 1300 MHz 1559 MHz 1606 MHz

Fig. 2.1 Overview of signal bands.

L1 Carrier (1575.42 MHz)

C/A Code (1.023 MHz)

= T L —®)

Navigation Data (50 Hz)

L-band frequency

(10.23 MHz)

\J

P(Y) Code (10.23 MHz)

L2 Carrier (1227.6 MHz)

Fig. 2.2 Example of signal plan for GPS L1 and L2 bands. The time-series of different
components are not in scale.

Each signal transmitted over a specific carrier is referred to as a channel. The
signal is made of the In-Phase (I) and Quadrature (Q) components which make up

the complex signal, which can be modelled as:

Sx(t) = V2 Pp (S;(t) cos(2m f.t) — jSo(t) sin(2m f.t)) (2.1)
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where f,. is the carrier frequency and each I and Q components are real signals with

the structure:
Sro(t) = s(t) cp(t) cs(t) d(t) p(t) (2.2)

where:

o 5(t) is the subcarrier.

e ¢y(t) is the primary code or spreading sequence. A Pseudo-Random Noise
(PRN) sequence.

o ¢4(t) is a secondary code.
 d(t) is the navigation data.
o p(t) is the pilot.

However, not all channel transmit all the components. Let us take a closer look at

each one:

Carrier Carriers are in the L-band (1-2 GHz) in the range of Ultra-High Frequency
(UHF). The signal bands of GPS are: L1 around 1575.42 MHz, 1.2 around 1227.60
MHz and L5 around 1176.45 MHz. Each one is an integer multiple of the main
frequency of fy = 10.23 MHz. A summary of the GNSS bands, including other

constellations, is given in Figure 2.1.

Subcarrier Some channels include a sub-carrier. The effect of the sub-carrier is to
split the main lobe of the spectrum of the signal into two side lobes. This reduces
the cross-interference from systems operating in the same frequency bands and is
thus designed with the intent to support interoperability of different systems. Some
examples of sub-carriers include the Binary Offset Carrier (BOC) and AltBOC used

in Galileo.

Code Sequences The channel access strategy used by GNSS is Code Division
Multiple Access (CDMA), so that each signal is transmitted on the same band at the
same time. Therefore, all ranging codes should be orthogonal to each other, to ensure
that the receiver can correctly and uniquely identify the code sequence belonging to
each satellite. For example GPS L1 C/A employs PRN sequences belonging to the
family of Gold codes, while Galileo uses Memory codes. In some cases, a secondary

code is also transmitted to enhance the performance.

10
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Data Satellites transmit ephemeris data that the user can decode the obtain
information about the satellites. More precisely, their position, velocity, clock bias
which are needed in order to successfully estimate the receiver states. Furthermore,

other information can be used, such as status of the satellite.

Pilot Some signals contain a pilot channel. These channels do not contain any

navigation data and can be used for long time extensions.

An example of the combination of different signal components for the L1 and L2
bands of GPS is given in Figure 2.2. The signal structure and each component are
discussed more in detail in [13-15, 11, 12, 16].

2.2 Receiver Architecture

.- RX Signal [F Signal |)i“iT'll Signal

,,,,,,,,,,,,,,,,,,,,,,,,

I
g % ALD—-[ ADC ]—,%—[Acqmsmon]——[ Tracking | PVT ]—‘

Signal Processing

Front-end

Fig. 2.3 High-level diagram of a receiver architecture.

Once the signal traverses the atmosphere, it reaches the receiving antenna. From
there, the receiver is tasked with obtaining a navigation solution and any other
product required by the specific application. In order to achieve so, the receiver
architecture includes many different stages. A high-level diagram of some of the
most important stages is given in Figure 2.3.

First, the front-end is responsible of down-converting and digitalizing the signal so
that it can be processed by the following stages. Then, acquisition and tracking
are responsible of obtaining estimates of Doppler shift of the received signal and
its misalignment with a local copy of the code. Starting from the output of the
tracking, the PVT block in Figure 2.3 is responsible of constructing the pseudorange
measurements, obtaining the satellites position and velocity and finally computing

an estimate of the receiver states.

11
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2.2.1 Front-End

The first task of the front-end is to amplify the received signal by means of a Low
Noise Amplifier (LNA). Then, the signal is filtered using a band-pass filter to only
work with the band of interest. Then, down-conversion to an Intermediate Frequency
(IF) is performed using local oscillators, whose sinusoidal tone is mixed with the
received signal. The result is a signal made of two component, one which depends
on the sum of the Radio-Frequency (RF) and the oscillator frequency and the other
which depends on their difference. Then, a low-pass filter is applied so that only
the component due to their difference remains. As such, the frequency of the local
oscillator should be adjusted according to the RF of interest and the desired IF.
Finally, the down-converted signal can be converted using an Analog-to-Digital
Converter (ADC), thus obtaining a digital signal at a desired sampling frequency.
Optionally, an Automatic Gain Control (AGC) can be employed to automatically
adjust the amplitude of the signal in order to fit the requirements of the ADC.

2.2.2 Acquisition

Once the signal has been filtered and down-converted, it is now centred around the
intermediate frequency f;r. However, it is also still affected by an unknown Doppler
shift. The purpose of the acquisition stage is to detect which signals are visible to the
receiver and to provide an initial estimate of delay and Doppler shift of each signal
that can be later refined by the tracking stage. Furthermore, this initial estimate
allows to demodulate the data present in the signal.

In order to perform such estimates, the acquisition stage performs a series of cor-
relation between the received signal at intermediate frequency and a local copy of
the PRN code at the same frequency. To find the delay of the incoming signal, the
properties of auto-correlation of Gold codes can be exploited. In fact, a peak of the
autocorrelation should be present only if a given code is present in the received signal
(with sufficient power), and the index of the peak will correspond to the misalignment
between the local copy and the received one, in terms of samples. However, the
incoming signal is also affected by Doppler. This might result in a loss of correlation if
the local copy is not at the same central frequency as the incoming signal. Therefore,
different values of Doppler shift should be tested (around the intermediate frequency)
in order to find a rough estimate of the Doppler of the received signal.

As a result, the receiver should try many different combinations of delay and Doppler,

and test the correlation between the received and local copy of the signal for each one.

12



2.2 Receiver Architecture
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Fig. 2.4 Example of acquisition for GPS signal PRN 30 of a real data acquisition. Correlation
is performed for one copy of the code period sampled at 16 samples per chip.

All these combinations can be seen as a two dimensional grid in the delay-Doppler
domain, where each couple of points in the grid will result in a value of the correlation.
Thus, for each pair of delay and Doppler, the local copy is obtained as the product

of local code and carrier:
spn] = cp[n — 7] ed2n(frr+fp)nTs (2.3)

where 7 is the shift of the local copy in terms of samples, fp is the Doppler frequency

applied to the local carrier. Then, the correlation can be obtained as:
1 L—1

R(7, fp) = Z sir[n] sp[n] (2.4)

where L is the total number of samples considered for the acquisition and s;p is
the input signal centered around the intermediate frequency. Then, the detection is

usually performed on the squared envelope of the Cross-Ambiguity Function (CAF).

13
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This is done in order to avoid being sensitive to the phase of the incoming signal
and the sign of the bits of the data (if it is present).

The acquisition can be either serial or parallel, in the latter case it can be performed
both in the time and frequency domain. In the serial approach, each value of the
grid is computed by means of correlations. In the case of parallel acquisition, the
properties of the Discrete Fourier Transform (DFT) can be exploited in order to
obtain an entire "line" of the grid in one step. This process greatly speeds up the
computation time needed for the acquisition. Let us analyse the values and size of

the grid in each dimension:

e Delay: The number of values tested should be an integer multiple of the
number of samples in one code period. In case the number of integer copies of
the code is more than one, we refer to is as a time extension techniques, which
can be coherent or non-coherent. Extending the time of acquisition generally
leads to greater processing gain in terms of Carrier-to-Noise density (C/NO),
and thus a higher probability of acquiring signals with low power. Nevertheless,
there are some limitations and drawbacks of each time extension technique,

whose discussion can be found in [10, 11].

o Doppler shift: The range of possible values is determined by the orbital
parameters of the satellite. Considering GPS constellation, a reasonable search
range is £5000 Hz for a user on the ground. Practically, it is computationally
impossible to repeat the correlation for every possible value of Doppler shift.
As a results, it is common to choose a Af and test values in the possible range

spaced by such Af. A common rule of thumb for choosing such spacing is

Af =5 T2coh where T, is the coherent integration time, expressed in seconds.
This value of Af guarantees a loss of at most 3 dB w.r.t. the peak that
would be obtained using the correct value of Doppler shift for the correlation.
Such choice thus represents a good trade-off between loss in performance and

computational load (and thus time required) for the acquisition.

An example of the squared envelope of a CAF obtained from the acquisition of a
real GPS signal is given in Figure 2.4.

Then, a proper detection threshold should be designed based on the desired perfor-
mance in terms of probability of false alarm. An in-depth discussion of the statistical
theory for signal acquisition in GNSS can be found in [17]. If the peak of the CAF
exceeds such threshold, then the PRN under consideration can be considered acquired

and the indexes of the peak correspond to the initial estimates of delay and Doppler
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shift.

The time required to perform acquisition plays a vital role in the time needed to
obtain a first fix. As such, it is of interest to speed up the process as much as possible.
In order to do so, the receiver can receive external information which can reduce the
number of operations.

For example, certain PRN can be excluded from the search if they are known to
be not visible from the position of the receiver, or at least a rough estimate of it.
Another possibility is to restrict the search space in the Doppler domain if there is
available information regarding the elevation of the satellite and whether it is rising

on decreasing in elevation w.r.t. the receiver.

2.2.3 Tracking

Code Wipe-off
—)L Acquisition }*{ Local Code }
o T Generator

rp /X\

_....=- Clean Sinusoidal

Carrier Loop Synchronized
(PLL/FLL) Sinusoidal

Code Loop Synchronized
S N —_— ?
: @—) LPF ‘ T (DLL) Code

Carrier Wipe-off T Clean Code

Fig. 2.5 Simple diagram of a generic tracking loop architecture.

Once an initial estimate of delay and Doppler of the received signal has been
obtained, the purpose of the tracking stage is to refine such estimates and maintain
to track their changer in order to maintain a local copy of the signal synchronized to
the incoming one. In order to achieve this, the tracking stage is usually composed of
two loops working together and for each other, the Delay-Lock Loop (DLL) and the
Frequency-Lock Loop (FLL) (or Phase-Lock Loop (PLL)).

Using the estimate of the delay obtained from the acquisition, the local code can
be aligned to that of the received signal in order to remove the effect of the PRN
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sequence. This operation is called code wipe-off and thus leaves the carrier modulated
by the navigation message. This signal is input to the FLL which can now provide
a more accurate estimate of the frequency by wokring on a reduced search space.
Equivalently, using the initial estimate of fp from the acquisition, the local carrier
generator can be employed in order to perform carrier wipe-off and obtain a clean
code, which is then fed to the DLL for a refinement of the delay estimate.

A block diagram of this architecture is provided in Figure 2.5.

These two loops work continuously during the operations of a receiver, with the
goal of tracking changes in both delay and Doppler shift parameters of the incoming
signals due to changes in the relative distance and velocity between the receiver
and the satellite. A more detailed description of tracking loops and commonly used

discriminator functions can be found in [12].

2.2.4 Navigation Message

Once the tracking loops obtain a lock of the incoming signal, the navigation message
can be demodulated. This can be done by decoding the stream of bits which are
obtained from the output of the tracking. An example of messages broadcasted by
the satellites can be found in the GPS Interface Control Document (ICD) or the
Galileo open service document. The bit rate of the navigation message is 50 bits
per second for GPS. A whole message lasts for 12 and a half minutes and contains
25 frames. Therefore, each frame is 30 seconds long and is further divided in 5
subframes of 6 seconds each. Most importantly, the receiver can first seek for the
preamble, a sequence of m bits which precedes the beginning of a subframe. This can
be done by means of correlation with a local copy of the preamble. Then, the receiver
can successfully decode the content of the subframe. Each subframe starts with the
Telemetry (TLM) word and the Handover word (HOW), which are then followed by
all the orbital parameter that are needed to compute position and velocity of the

satellite.

2.3 GNSS Observables

Once the data has been demodulated, the receiver has knowledge about the position
and velocity of satellites. The only other information that the receiver needs to be
able to compute a PV'T solution is to construct its measurements. In particular,

the measurements can be obtained from the outputs of the tracking. While the
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Doppler shift is more straight-forward, the pseudorange can be constructed from
the timing information. In general, the receiver needs to obtain measurements that
bring information about the states that it is interested in estimating. Pseudoranges
bring information about the three-dimensional position and clock bias of the receiver,
and therefore 4 measurements of this king are sufficient to unambiguously estimate
these 4 states. Similarly, 4 Doppler shift measurements are enough to unambiguously
estimate 3-dimensional position and clock drift.

Nonetheless, other kinds of observables can be extracted from the received signals
and used to estimate receiver states or improve the accuracy of other observables
(e.g., carrier phase measurements for carrier smoothing of code pseudoranges). In
this thesis, only code-based pseudoranges and Doppler shift measurements will be

introduced since they form the basis of all the works presented.

2.3.1 Pseudorange

Using the paradigm of common reception time, the receiver sets a common received
time for all channels corresponding to the the reception of the first TLM word. The
satellite from which this first word is received is therefore taken as a reference.
Then, for each channel, the receiver computes the difference between the reception
time of the channel and the reception time of the reference. Using the reference satel-
lite, the HOW is read from the previous subframe, which represents the transmission
time in the GNSS time scale.

The difference between the transmission time in the GNSS time scale and the recep-
tion time in the receiver time scale depends on the geometrical distance between the
two objects (i.e., the travel time of the signal) and a difference between the two time
scales, which is an unknown clock bias. Since the clock bias cannot be determined
at first, a nominal value is set, based on values of travel time that can be expected.
The estimation of the clock bias will then be refined by the PVT. At this point, the
reference pseudorange has been constructed, and all the other ones can be obtained
by summing the differences between the reception times of each channel and the
reference one.

Given a reception time ¢, the pseudorange can be modelled as:

pi=c(T + be(t) — bei(t — 7))
=cT + c(be(t) — bei(t—17))

where:
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« c is the speed of light in vacuum, namely 299 792458 ms~!.

e b.(t) and b.;(t — 7) are the clock biases of receiver and satellite ¢ w.r.t. the
system time evaluated respectively at reception time ¢ and transmission time

t — 7. Both quantities are expressed in seconds.

o 7 is the apparent transit time,.

Hence, the pseudorange in (2.5) is expressed in meters. This means that the
pseudorange measured by the receiver depend on the travel time of the signal plus
the difference between the GNSS time scale and the one of the receiver. Since the
travel time depends on the geometrical distance between transmitter and receiver,

the pseudorange can be written as:

Pi = \/(px,z - pr)Q + (py,i - py)2 + (pz,i - pz)2 + ¢

=|pi—pl+a=r+c

where p = [p, py p. | where the subscript ¢ is used to denote the position of the i-th
satellite and ¢, is the clock bias of the receiver expressed in meters.
Considering also all the disturbances that may affect the transmission of the signal,
then:

pi=ri+o+D+ &+ D+ L +T; + Ry + F +¢ (2.7)

where:

o 1; is the geometrical range (Euclidean distance) between the user and satellite

i
o &; is a shift due to the antenna phase centre.
e D and D; are the instrumental delay of the receiver and satellite respectively.

e [; is the delay due to the effect of the Ionosphere. It is referred to the i-th
satellite since signals travel different sections of the atmosphere based on the

position of the satellite.

o T; is the delay due to the effect of the Troposphere. Similarly to ionosphere, it

is also different for each satellite.

e R; groups all other error contributions that can be corrected by the receiver.

A discussion of such terms can be found in [15] and is also briefly provided in
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2.3 GNSS Observables

Appendix B. For the remainder of this work we assume that these phenomena

are always accounted and corrected for by the receiver.

o Fj is a term that groups all possible contributions due to faults. This can
include faults due to the satellite clock but also due to the environment of the
receiver such as multipath. If there are no faults, then the term is 0. Otherwise
it is unknown and it is usually of interest to estimate it or at least to detect

when it is not 0.

e ¢; is an additional error term. It is a contribution that can be modelled as a

random variable that depends on the receiver noise.

All quantities are expressed in meters.

2.3.2 Doppler shift

The other kind of observables commonly used to estimate the velocity is the pseudo-
range rate or Doppler shift. The latter refers to the shift in received frequency w.r.t.
the transmitted one caused by the Doppler effect. In particular, the pseudorange

rate can be written as:

pi =1+ Cp (2.8)
where ¢, is referred to as the clock drift of the receiver. Using the chain rule of the
derivative: 5 9p &

. Pi P Opi
;= i 2.9
Pi="ar = ot op (2.9)
and thus we obtain that:
b= (v —v) PP (2.10)
Ip: — Pl

which is the projection of the relative velocity on a unitary vector pointing from the
user to the satellite.

Doppler shift and pseudorange rate are related by:

pi = —Afp (2.11)

where \ is the wavelength associated to the carrier frequency of the transmitted
signal. From the physical point of view, the Doppler shift is caused by the source of

a signal and the receiver getting closer or further away. Sideways motion does not
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contribute to the perceived shift of the received frequency.

Once the receiver has determined the position and velocity of satellites by de-
modulating the navigation message and has constructed the measurement, it now

has all the ingredients necessary to determine its PVT.
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Chapter 3

Least Squares and Estimation

Theory

The estimation of user position by means of least squares method is very well known,
nevertheless this chapter is devoted to provide a more in-depth analysis of the method.
First, the method will be derived and its main properties will be presented. Then, an
analysis of the main algorithms to solve least squares problems and their properties
will follow. The theoretical discussion will be accompanied by a visual representation
of the solutions along with a numerical example, in order to gain some intuition on
the most important quantities in linear regression models. The visual interpretation
will be leveraged to investigate the statistical properties of certain regression metrics.
Finally, theoretical limits will be derived which will allow to complete the discussion

with interesting remarks.

3.1 Introduction

First, in its most general case, the purpose of a GNSS receiver is to estimate the

state vector:

T = [pa: Py Pz Cp Uz Uy Uy Cd] (31)
p v

where p is the position of the receiver in 3 dimensional space, v its velocity and ¢,
and ¢4 are its clock bias and drift respectively. The state vector of a given satellite ¢
is denoted with x;. For the sake of simplicity, the state vector without any subscript

refers to the user. For the remainder of this chapter we will be concerned by estimating
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the position and clock bias of the receiver using pseudorange measurements, but
similar ideas and algorithms can be applied to estimate velocity and clock drift of
the user from Doppler shift information.

Before continuing, it is also necessary to introduce other definitions and notation.
Vectors are represented with bold characters and matrices with bold capital letters.

The Ly norm (or Euclidean norm) notation of a vector w is:

[wl]| = Vw-w® (3.2)
that will be used frequently as a squared Ly norm:

lw|* = w-w” (3.3)

which is the sum of the squared elements of the vector.
Given a generic function in 3 variables f(z,y, z), the gradient is the vector containing
the first-order partial derivatives:

of of 0

vy |2 0 01 -

or Oy 0z
And the Hessian is instead a symmetric matrix containing the second-order partial
derivatives:

92 f 92 f 9% f
Oxdxr  Oxdy  Ox0z

= V?f = : ’*f  92f
H v f ’ oyoy  0yoz (35)

o*f

020z

Then, for a vector-valued function or a system of equations, the Jacobian matrix is:

V fi 2% %

J=| = . (3.6)
dfn dfn
an W e

whose rows are the gradients of the functions.

3.2 Least Squares

The idea of least squares is to find a solution to an overdetermined (or at least
not underdetermined) system of linear equations in the form Axz = y such that it

minimizes the squared Euclidean norm of ||y — Az||?, called residuals.
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3.2 Least Squares

The discovery of the least squares method is one of the most famous disputes in
the history of statistics, and perhaps in the whole of mathematics. Although the
method is nowadays often attributed to Gauss, the first publication with a complete
and concise exposition of least squares dates back to 1805 by Legendre, who also
named the method [18]. Nevertheless, mathematicians had been concerned with the
problem of estimating parameters from combinations of observed data since many
decades before. Gauss later published his results and proofs about least squares in
1809, claiming that he first had the idea of the method as early as in 1794 (he was
17 at the time) [19]. This claim by Gauss is indeed supported by evidence regarding
the results he obtained and his private correspondence [20]. An English translation
of Gauss work is given in [21]. Significant work on the combination of observations
can also be attributed to Laplace, from as early as 1783 [19].

Although both Legendre and Gauss developed their work in the context of astronomy,
the method of least squares is also historically significant to the field of geodesy. An
interesting tutorial about least squares and its relevance in the history of geodesy is

given in [22].

3.2.1 Literature on Least Squares

There is a large body of literature concerning with least squares problem, including
books from estimation theory [23], signal processing [24] and linear algebra [25-29],
while [30] is entirely dedicated to solutions of least squares problems. In-depth
analysis of linear regression models is given in [31].

The book by Bjorck [32] goes in-depth into numerical solutions to least squares prob-
lems and their properties, while also offering many proofs and historical background.
Hansen [33] gives a comprehensive discussion of least squares methods and their
application in data fitting problems.

The books [34, 35] focus on methods for optimization, while [36] offers a nice summary
on the main descent algorithms and their properties. [37] explores approximate
Gauss-Newton methods and their convergence properties. In-depth analysis of accu-
racy and stability of numerical methods is provided in [38] and [39], while [40] also
offers examples and MATLAB code.

For more specific discussion, many papers concern with rank-deficient or ill-conditioned
problems and other aspects such as optimal numerical solutions and properties re-

garding perturbation theory and convergence. The interested reader can refer to
works from Golub [41], Stewart [42, 43] and Bjorck [44, 45].
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The remainder of this discussion is based on these references and is intended to

summarize important results which can be relevant to the field of GNSS.

3.2.2 Linearization of a System

Let us start by recalling the GNSS pseudorange equation in (2.6) which is a non
linear function, so it needs to be linearized before applying any method from linear
algebra.
Thanks to truncation of the Taylor expansion of the partial derivatives of f; at a
given linearization point, the system can be linearized as:

ofi

/ Ap, + —pry + 8{5 Ap, + a—CbAcb. (3.7)

Ops Opy

fi(x+ Ax) =

Then, the system can be represented in a linear form by building the Jacobian matrix,

which in the case of GNSS pseudorange measurements becomes:

Ay 1 ay,l a1 1
A= : : Do (3.8)

ax,m ay,l az,l 1

where the a coefficients contain the negative partial derivatives of the Euclidean

distance w.r.t. each position state:

o px,i — Pz
Qg g

= (3.9)
”Pi —PH

and the coefficients of each row of A form what is usually referred to as the steering
vector associated to a satellite. The reason why negative derivatives are taken will
be more clear later when Newton’s method is introduced. These coefficient represent
what is obtained from a Direction Cosine Matrix (DCM), which gives the direction of
each satellite from the approximation point. DCM are commonly used when dealing
with rotations. In fact, a conversion between reference frames is done by computing
the Jacobian of the coordinates of the target reference frame w.r.t. the original one.

A useful property of the partial derivatives of Euclidean distance is:
(a0)” + (ay,)* + (az4)* = 1 (3.10)

which means that steering vectors are unit vectors pointing from the user (or its

estimated position to be precise) to each satellite.
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3.2 Least Squares

While this discussion is limited to considering the estimation of the position and
clock bias from pseudoranges, the same can be done for the estimation of velocity
and clock drift from the range rate equations. As a matter of fact, the A matrix
from the latter case is the same as the one obtained for pseudorange measurements.

Consider the range rate equation (2.10), we are interested in the partial derivatives:

v Ov | op

+ c‘b] . (3.11)

Since the range rate depends linearly on the velocity of the receiver, the derivative is
the coefficient multiplying it, which is the negative derivative of the pseudorange

w.r.t. the position. Therefore:
9pi o _api
v Op’

The opposite sign between the two partial derivatives is because if the receiver moves

(3.12)

toward the satellite, the pseudorange decreases while the Doppler shift increases.
The partial derivatives w.r.t. clock drift are also equal to 1 as for pseudorange and
clock drift.

Now that the system of equations has been linearized, it can be expressed as:
Ax =y (3.13)

where A is an M by N matrix (Jacobian),  is an N by 1 vector of states (parameters)
and y is an M by 1 vector of measurement (observations).

In particular, the true states are denoted with a bar & and its corresponding
noiseless measurements y. Then, the estimated states are represented by & and the
corresponding nominal measurement by ¢. The nominal measurements represent
what noiseless measurements would be obtained if the true state corresponds to the

estimated solution. Therefore, true values follow the relationship:
Ax =19y (3.14)
However, measurements are usually affected by noise e:
Yy=y-+e (3.15)

so that gy specifically refers to noisy measurements. Noise is assumed to have

zero conditional mean Ele | A] = 0 (strict exogeneity) and a covariance matrix
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Covle | A] = C which is symmetric and positive definite.

The system with noisy measurements can be solved using:
—1
&= (ATA) A"y (3.16)

which is known as the Ordinary Least Square (OLS), and will be demonstrated later.
Note that if A is square and full rank, then the same solution can be obtained by
simply inverting A instead.

Then, nominal measurements are then obtained as:
gy = AZ. (3.17)

In case the system is obtained from the linearization of non linear functions, as in
the case we are addressing, nominal measurements can be obtained as § = f(&),
although a non linear transformation can affect their statistical properties.

It is important to note that in general ¢ # ¢, and we will see in Section 3.7 why and
in which cases they are instead equal. As a matter of fact, the differences between

the two quantities are called residuals, whose squared norm is defined as:

Ir[* =1l — 91 (3.18)

the squared norm of a vector r containing each residual, which is the difference
between the input measurement and the nominal one. Equation (3.18) is sometimes
also referred to as Sum of Squared Residuals (SSR).

The squared norm of the estimation error is defined as:

111" = | — 2| (3.19)

Finally, to complete the notation and definition of quantities of interest, the

squared norm of the fit error is defined as:
lel* = llg — 9l = |A(z - 2)|* (3.20)

which is the representation of the estimation error in the measurement domain.
Having this definition of the error will be useful in Section 3.7 to infer its relationship

to residuals and compare their statistical properties.
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3.2 Least Squares

3.2.3 Mahalanobis Distance

Now that a formula for the solution of OLS is available, first we prove that using
it in (3.16) does indeed minimize residuals. In order to do so, it is necessary to
introduce the Mahalanobis distance. This metric evaluates the statistical distance of
a point to a distribution. In our case, we are interested in the distance of the nominal
measurements ¢ to a distribution with mean y and covariance matrix C. The
solution which minimizes residuals is the one which produces nominal measurement
whose distance with the distribution is minimized. The Mahalanobis distance is
defined as:

d(9,9) =@ -9 C (g 9) (3.21)

An example of Mahalanobis distance is provided in Figure 3.1. To visualize this idea,

dv (P2) > dy (P1)

Fig. 3.1 Example of Mahalanobis distance. The light blue ellipse represents the covariance
matrix C of a distribution with mean pu.

vectors can be thought of as sets of coordinates in a Cartesian space. Points P1 and
P2 are both at the same distance r from the mean of the distribution ;. However,
the Mahalanobis distance of P1 is smaller, since the variance of the distribution in
its direction is larger. Another way to interpret this metric is that P1 is statistically
closer because it is more likely to be a random sample drawn from the distribution
w.r.t. P2.

We would like to find the estimate & whose nominal measurement 4 are statistically
the closest to the true measurements. This implies that the realization of the error
€ = y — y needed to produce the input measurements was the smallest, and therefore
the most likely.

By assuming that noise follows a Gaussian distribution, the Maximum Likelihood
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(ML) estimate is obtained with:

& = argmin ®(z) = (y — Az)" C™' (g — Ax) (3.22)

xr

which can be developed into:
argmin ¢(x) = (gTC—lg) + (chAchlAw) — <2a:TATC*1'g) (3.23)

Since the aim is to find the minimum, the derivative of ®(x) w.r.t. & can be taken
and set to 0. The first term of (3.23) does not depend on the variable so it will

disappear, then the equation becomes:

2ATC'Ax —2ATC g =0
(3.24)
ATC Az = ATC 'y
and the estimate is the value at which the derivative of ®(x) w.r.t. @ is equal to 0,

SO:
2= (ATCTA)  ATCg (3.25)

which is often referred to as the Generalized Least Square (GLS). In the case in

which all measurements have the same variance C = oy I, (3.25) simplifies to:
2= (ATA) " A"y (3.26)

so the OLS is Maximum Likelihood Estimate (MLE) under the assumption of Gaus-
sian distributed errors.

Actually, so far we have only proven that (3.25) is a stationary point by taking the
first derivative. The proof is be completed by taking the Hessian at the solution
and showing that it is positive definite, and therefore the solution is a minimum.
The Hessian at the solution can be obtained by differentiating again (3.24) w.r.t.
&, which yields ATC~!A. If the columns of A are linearly independent, then the
Hessian ATC~!A is positive definite. Furthermore, if the cost function is convex,

then the minimum is also a global minimum.
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3.2.4 Gauss-Markov Theorem

The properties of the estimator derived in (3.26) are given in the Gauss-Markov
theorem, which states that among the class of linear and unbiased estimators, the
OLS is the one with minimum variance [32], meaning that it is the Best Linear
Unbiased Estimator (BLUE). In particular, the theorem was derived under the

following assumptions on the errors:

1. Normal distributed. This requirement is actually optional, but for many years
it was believed to be a necessary condition [46]. Indeed, in his later work of
1819, Gauss made some advancements in the study of LS by removing the

normality assumption [19]. This was later proven again by Markov [47].

2. Zero mean. The conditional expectation of errors w.r.t. to parameters is zero.

Or in other words, the observations should be unbiased.

3. Uncorrelated and identically distributed. Which can be summarized as having
spherical errors (since the covariance matrix collapses into a sphere). This
requirement is relaxed by the GLS derived by Aitken [48] in 1935. In fact, using
the GLS is equivalent to performing a linear transformation on the measure-
ments based on C~! with the purpose of normalizing and de-correlating errors.
After the transformation, the errors are Independent Identically Distributed
(IID) and Gauss-Markov theorem holds, so the OLS can then be applied.

So the GLS is also BLUE under the condition that C' is known. This is often not the
case in real applications, for which only an estimate of C' is available. In particular,
it is often assumed that the errors are uncorrelated and hence C' is diagonal, in
which case (3.25) is referred to as Weighted Least Square (WLS). The framework of
estimation using weighted measurements was already considered by Gauss. Aitken
later investigated the more general case for any C' symmetric positive definite.

The fact that both OLS and GLS are linear is straightforward. A proof that they

are unbiased is:

El#] =2+ (ATC'A)  ATE[¢ (3.27)

so if the error is unbiased E [€] = 0 then so is the estimate F [£] = &.

The covariance of the estimator is given by:

Cov[d] = (ATCA) (3.28)
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and we will prove later in Section 3.5 that this is the Cramér-Rao Lower Bound
(CRLB) for the problem. Therefore, the OLS has the minimum variance among the
class of linear and unbiased estimators. It is possible to find estimators with lower
variance if the unbiased property is dropped, as we will show in Section 3.3.1.

To be precise, it should be added that while the CRLB gives a limit for both linear
and non-linear estimators, it is valid only in the case of normally distributed errors,
which is why this requirement is often included in formulation of LS.

Note that if the additional assumption of normally distributed errors is kept, the
OLS is also the MLE, as we have seen in Section 3.2.3. However, this assumption is
not necessary to prove the Gauss-Markov theorem. On the contrary, if the noise is
not Gaussian distributed, than OLS converges to the so-called misspecified CRLB
and is no longer the MLE. In fact, if the noise distribution is not Gaussian, ML
will likely yield a non-linear estimator instead. To summarize, under the assump-
tions of a full-rank linear model and zero mean uncorrelated identically distributed
errors, the OLS is always BLUE, but is only MLE if the noise distribution is Gaussian.

One last remark is that, although both Legendre and Gauss were working with
minimizing the squared residuals as in (3.22), this is not the only choice for the
cost function which can be used to solve overdetermined systems of equations. As
an example, Laplace was working on minimizing the L; norm of residuals instead
(Least Absolute Deviations (LAD)), whose solution has different properties w.r.t.
least squares. For example, if the errors have a Laplace distribution, then solving
the LAD yields the MLE. Furthermore, since LAD works with residuals rather then
their squares, the solution is less sensitive to large outliers in the data. However, the
solution might not be unique and it is less stable compared to least squares. The
advantage of working with the squared distance is that it is a strictly convex function
with a continuous derivative. On the other hand, the distance is non-smooth (think
of the absolute value function, which is non-differentiable near 0) and convex (but
not strictly convex). It is easier to solve optimization problems using the squared
distance as a cost function, because it can be differentiated to find a minimum.
Furthermore, squaring is a monotonic function, which means that minimizing the

squared distance is equivalent to minimizing the distance.

3.2.5 Newton’s Method

If the system of equations described by A is linear, then a unique LS solution can

be found directly by solving the system, provided that A is full rank. Otherwise,
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as in the case of GNSS, it can be solved iteratively by exploiting Newton’s method.
The process consists in starting with an approximation point &, (an initial guess of
the parameters), which is updated at each iteration. The idea behind this iterative
process is that at each step, the new & is closer to &, leading to a smaller linearization
error and hence a progressively more accurate estimate.

In particular, Newton’s method is an iterative process that allows to find a root of a
real-valued function. It does so by using the value of the function at a given point

(the current guess) and its derivative. In the scalar case, the correction term is equal

to:
Az = ﬁ—fj - f/@ (3.29)
(@)
which is then used to update the guess:
CIATk_H = JA/’]C — Ax. (330)

Newton’s method requires calculating the derivatives of the function whose root you
want to find. In our case, we are interested in residuals, which are the difference
between input measurements ¢ (a constant) and the nominal measurements §. The
latter are a function of the current guess, and more specifically the pseudorange
function. Therefore, the derivative of residuals is the negative derivative of pseudor-
anges. This is why the negative derivatives where taken when calculating the a, ;
coefficients in (3.9).

For systems of equations with multiple variables, the derivative in (3.29) is the
Jacobian matrix of the system, for which the inverse needs to be found. If the
Jacobian A is square, it can be inverted directly to obtain Az = A~!Ay. Otherwise,
the matrix is not invertible and a more general formula in (3.16) is needed.

The pseudoinverse A ' should satisfy the Moore-Penrose conditions:

o Both AA! and A;'A are Hermitian matrices (equal to their conjugate
transpose). In our case, this is equivalent to being symmetric since A is a real

matrix.
o AA'A = A, which means that AJ'A maps columns of A to themselves.

o A'AAl =AY
What is important is the meaning of these conditions, which can be summarized as:

o A_'A is the projection on the support of A.
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o AA_!is the projection on the image of A.

which is useful because it gives a geometrical interpretation to the role of the
pseudoinverse. If the Jacobian is real and its columns are linearly independent, the

pseudoinverse can be found as the left inverse:
A= (ATA) A7 (3.31)

which mean the OLS in (3.16) can also be applied in an iterative fashion and that
the pseudoinverse is optimal in the LS sense.

The requirement of linearly independent columns can be restated as not having
perfect multicollinearity, otherwise AT A is not invertible. When the method of LS,
as derived by Gauss, is applied iteratively using Newton’s method, it is referred to
as Gauss-Newton algorithm.

Given the meaning the of the Moore-Penrose equations, the projection matriz can
be defined as:
-1
P=AA'=A(A"A) A" (3.32)

and consequently the residual maker matriz can be introduced as:
M=1-P (3.33)

since recalling (3.18) we have that r =g —g=9—- Az =9y — A (ATA)_1 Alg =
(I — P)y. An important remark is that both P and M are idempotent matrices,
which implies that P? = P and equivalently M? = M [49].

Giving a definition of the projection matrix allows us to make a graphical interpre-
tation of the solution to the system, which is depicted in Figure 3.2. The noiseless
true measurement y (in blue) are affected by a disturbance €, thus forming the
input measurements g. The solution to the system g (or &, the two things are the
same thing represented in two different domains connected by the linear map A), is
obtained as the closest point to g which belongs to the column space C'(A) formed
by the coefficients of the linear equations. Considering that the system can only
output solutions which are linear combinations of the basis vectors, the set of possible
solutions is limited by the columns of A. If the columns are linearly independent,
they form a column space of N dimensions. On the other hand, the vector of M
measurements exists in M dimensions with M > N. When the inequality holds, the
dimensions of the column space are not sufficient to represent all possible realizations
of the measurement vector. The remainder part that cannot be represented by the

basis is what causes the residuals.
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Fig. 3.2 The solution to an overdetermined system of equations can be interpreted as the
projection of the input data over the column space formed by the matrix containing the
coefficients of the linear equations.

A block diagram of the iterative LS framework is provided in Figure 3.3. In practical

True States o
N N S AR Noise

v _
T Yy Yoo Input Measurements

Initial Guess Hidden variables Residuals

@ﬂ—){ ] "]
f

~

<
P>
<

af A Pseudo (ATA)1AT
ox . . Ax
w=d inverse

Fig. 3.3 Block Diagram of the iterative solution to least squares problem.

terms, the solution is obtained by setting an initial point &, and forming the vector
Ay accordingly. The solution to the iteration is then Az, which is the projection of
Ay onto the column space. The iterative process based on Newton’s method can be
thought of as a descent algorithm over a cost function, where at each iteration the
residuals are (hopefully) smaller.

From a modern perspective, least squares can be thought of as a data fitting problem

[33] or an optimization problem. There is a model (i.e., the equations governing
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the system) and noisy data generated by the model is available. The task is finding
which parameters of the model are most likely to have generated the data. In
order to do so, a cost function is defined, namely the residuals, which quantifies the
difference between the data that is observed and the one that the current guess of
the parameters would generate. The objective is to minimize this cost function, and
therefore provide an estimate of the parameters that would generate data that is as
close as possible to the observed one.

In some cases, the exact equations that have generated the data are not known, and
a model should be proposed so that it can be fit to the data. This is not a case we

are going to consider, as in the context GNSS the equations are known in advance.

3.3 Non Linear Solutions to Least Squares

The previous formulation of least squares was linear, based on the truncation of the
Taylor expansion at the first-order derivatives. Actually, (3.22) can be written in a

general non-linear form:
. L7
argmin ®(x) = iAy Ay. (3.34)

where Ay = (g — ¢) and g is a non linear function of the states. The factor of one
half is considered for the sake of convenience. In fact, it is straightforward to see
that minimizing the squared residuals yields the same result as minimizing half of
the squared residuals. For the sake of simplicity, consider for now the covariance
matrix of the error C' = I. Once again, take the derivative of ® and set it to zero.

By exploiting the chain rule of the derivative:

0D(#) 00(&) 0AY
08 oAy om " (3:35)

which yields:
(&) =Ay AT =0 (3.36)

and now the minimization problem has been turned into a root-finding problem, so
Newton’s method can be used to find the solution of (3.35), hence the state estimate

at each iteration is updated by:

(3.37)
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We can notice from (3.36) that @’ is a product of the terms. Hence, we can find the

second derivative by exploiting the following property:

0v'(#) _ O(f(#)g(2)) of(®)  99(2)

= = g(Z T 3.38
0% 0% 9@ =55 * oz 1@ (3:38)
with f(£) = Ay and g(£) = AT, which allows us to obtain:
?"(2) = ATA+ H;Ay (3.39)
where Hy = agaf). It should be noted that size of the second term written in matrix

form does not match with the first. What is important to notice for now is that
there is an additional term that depends on the Hessian matrices of the functions.

Therefore, Newton’s method gives:

Az = (ATA+ HiAy)  ATAy. (3.40)

First, let us properly develop the formula in (3.39) for the Hessian of the mini-

mization problem:

’Q(#)  (ONi(B)0fi(B) | < 0*fi(2)
B

l( A
— . A1
o0, 2 on oy, 2T ® ez (3.41)

where the subscript [ refers to the function [-th residual.

One interpretation of Gauss-Newton algorithm is that it approximates the Hessian
of the cost function Hg as only the first term Hg ~ AT A of (3.39), thus assuming
the second term to be zero or at least negligible. The advantage of Gauss-Newton is
that it can obtain a good approximation of the second derivative without actually
having to compute the second derivatives, which can be computationally expensive or
hard to derive analytically. The downside is that, if the second term in (3.41) is not
negligible, the linear approximation is not good. In fact, the approximated Hessian
can become ill-conditioned and the correction term A is no longer guaranteed to

point in a descent direction of the cost function. In general, it is good to have:

02 f(&)
01,07,

‘3fz(53) 0fi(2) (3.42)

0% 0%

> ‘f;(:ﬁ)

so the algorithm is expected to converge under the following conditions:
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o Residuals f(&) = Ay are small. This happens if the initial guess is reasonably

close to the solution and the residuals are small at the solution.

o Functions are almost linear. So the second-order derivatives are small.

In other words, Gauss-Newton neglects the curvature of the cost function. If the
curvature is non-negligible w.r.t. how far is the approximation point from the solution,

then the linear approximation may not adequate.

Differently from (3.41), other descent algorithms such as gradient descent com-

pletely neglect the Hessian and only use the Jacobian:
Az =~ AT Ay (3.43)

where v is the learning rate. While the negative gradient is the steepest descent
direction locally, its global behaviour is not guaranteed. Furthermore, it may be
slow to converge close to the solution and requires careful tuning of the learning
rate. There exist a similar approach to adjust the step size for the Gauss-Newton

algorithm, sometimes referred to as damped least squares:

Az=a (ATA)  ATAy (3.44)

3.3.1 Levemberg-Marquardt Algorithm

To find a compromise between Gauss-Newton and gradient descent, the Levemberg-

Marquardt algorithm was developed [50]:
Az = (ATA+ M) A"Ay (3.45)

where A is a positive scalar (or a vector of positive scalars). If A = 0, (3.45) reduces
to the Gauss-Newton algorithm. On the other hand, if A grows larger, the correction
term is more in the direction of steepest descent (with A\ ~ y~1) but the step size
becomes smaller since A is at the denominator. There are many strategies to set and
update A at each iteration, some directly proposed by Marquardt [50].

A key idea from the Levemberg-Marquardt algorithm is to exploit Tikhonov reqular-
ization, thus allowing (ATA + A ) to be invertible even when (ATA) is not. It is
clear to see that even if det (ATA> = 0, then by adding positive scalars along the

main diagonal the determinant is no longer zero.
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Considering the Singular Value Decomposition (SVD), the regularized matrix has

singular values:

-1 oi(A)
((ATA+ NI AT> =—r 3.46
7 <( * ) ogi(A)2+ A (3.46)
We also need to introduce the condition number of a given matrix B:
Umaz(B) -1
B)=—F=|B||B || >1 A4
(B) = 2 BB > (347

which is defined as the ratio between the largest and smallest of its singular values, or
alternatively as the product between the matrix norms of the matrix and its inverse.
The minimum value of the condition number is 1, namely when all singular values
are equal (and therefore the eigenvalues). Conversely, its maximum value is positive
infinite, namely when B is not full rank and the minimum singular value would be
zero. In such case the problem is said to be ill-posed.

The condition number is a good measure of the sensitivity of the inverse to small
changes in the original matrix. A large condition number is a consequence of ap-
proximate multicollinearity (i.e., poor geometry) and implies that even if a matrix is
invertible, an algorithm may be unable to compute an inverse or it may be numeri-
cally inaccurate.

An important result of regularization is that it decreases the condition number. Since
a positive scalar is summed to all singular values, then their ratio decreases. The
condition number is an important concept because it is used in numerical analysis to
assess the numerical stability and accuracy of algorithms.

The condition number is also tightly related to the concept of GDOP. The difference
is that while the GDOP depends both on how well-conditioned the problem is
(good geometry) and the number of measurements (visible satellites), the condition
number is invariant on the number of measurements. In general, by fixing the
number of measurements, a lower condition number implies a lower GDOP. The

concept of GDOP and its meaning will be analysed more in detail later in Section 3.8.

Lagrange Multipliers

Coming back to Levemberg-Marquardt algorithm, there are other meaningful inter-

pretation that can be given to the use of the term A. In particular, consider the

37



Least Squares and Estimation Theory

constrained optimization problem:
. . : 2 2
argmin ||y — Az|| subject to ||Az|* < « (3.48)

which can be transformed into an unconstrained problem with a new cost function

thanks to the method of Lagrange multipliers, thus obtaining:
argmin ||§ — A#|| + A (| Az|” - o?) . (3.49)

By taking the derivative and setting it to zero as done previously, Levemberg-
Marquardt algorithm is obtained, which is the solution minimizing the new cost
function.

The effect of the term AT is to constrain the correction A« inside a trust region,
possibly where the linear assumption can be considered to be valid. Furthermore,
if A is rank deficient, than the least squares solution is not unique. In such case,
proper setting of the initial guess and tuning of A allows the algorithm to converge
to a particular desired solution (minimum norm solution).

Furthermore, from the point of view of Bayesian statistics (discussed more in detail
in Chapter 4), the term AI acts like a prior distribution. As a matter of fact, one
of the possible applications of Bayesian inference is to include regularization terms
(or prior information) into the statistical models of ML estimation [51]. Differently
from filtering solutions, which include prior information by combining the previous
(unbiased) estimate of the filter and the dynamical model of the system, the regular-
ization term introduced by the Levemberg-Marquardt algorithm is subjective and
therefore biased. The tuning of X is effectively a trade-off between the bias and the

variance of the estimator.

3.4 Convergence and Numerical Solutions

To recap, the family of algorithms for solving least squares problem can be thought
of as descent methods over a cost function. To reach convergence, it is necessary
to ensure that the correction term Awx is in a descent direction, and that the step
size is appropriate. If A points in the direction of the global minimum but the
step is too large, the iteration might lead further away from the minimum w.r.t. the
starting point.

A possible strategy is to check the norm of residuals at the new guess before applying

the correction term. If they are larger than at the current guess, then the step size
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should be reduced until a lower norm is found.

Regarding the selection of which algorithm to use, the choice should depend on how
linear are the functions governing the system. Problems with larger non linearities
require better approximations of the Hessian.

In GNSS, although the linear formulation of the least squares problem is typically
adequate to converge to a solution for MEO constellation and terrestrial use, the
algorithms presented in this section can be of use in scenarios where the equations
have stronger non linearities or the problem is ill-conditioned.

In the context of Doppler positioning with LEO constellations, thus with stronger
non linearities, early studies on the performance of GLS have shown that the algo-
rithm cannot converge from a cold start condition (i.e., initial guess at the centre
of the earth) [52, 53]. To ensure convergence, the algorithm requires some external
assistance to properly initialize the filter from an initial guess within a few hundred
kilometres from the user’s location (depending on the orbital radius of the constella-
tion). Furthermore, other ill-conditioned problems may arise in the use of GNSS for

space applications due to the poor geometry.

A few more words should be spent to addressed the topic of numerical solutions
to obtain the PVT. The OLS was presented in (3.26) by explicitly writing the
correction term Ax. However, it is usually a good practice to not invert matrices.
It is both faster and more numerically accurate to solve the linear system instead
AT ANz = AT Ay called normal equations, especially if the problem is ill-conditioned.
This is due to properties of algorithms regarding numerical stability, and how the
condition number affects backward errors (a concept related to estimation errors).
The suggested way to solve linear systems is by means of LU factorization, QR
factorization or other efficient methods. A more in-depth discussion on numerical
stability and about efficient and accurate numerical solutions of linear systems of
equations is beyond the scope of this chapter. The interested reader can refer to
[32, 39, 42, 38] for discussions on the algorithms to solve least squares problems and

their properties.

3.5 Fisher Information and Cramér-Rao Bound

It is now of our interest to analyse the performance in terms of estimation accuracy of

the algorithms presented so far. In order to do so, the multivariate Fisher information
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matrix is introduced, defined as:

dlog(F)T dlog(F)
ox Ox

I(x) = E (3.50)

where E[-] is the expected value and F' is the multivariate likelihood.
The CRLB is the minimum variance of an unbiased estimator and can be found as

the inverse of the Fisher information:

Cov[&] > ]I(lcc) (3.51)

Under the assumption that the noise is normal distributed with zero mean, the joint

measurement Probability Density Function (PDF) is:
F(y) = (21)" 2 det(C) 2 ¢ 2w 9"C (v-9) (3.52)

with covariance C' and centred around the mean value y which is the vector of true

measurements, given by the functions:

g = f(®) = |pi —pl + (3.53)
Therefore, the log-likelihood can be computed as:

_ Mlog(2m)  log(det(C))

log(F(y)) = —~2 U e VR B CEY)

where M is the number of dimensions of the likelihood. Then by taking the derivatives

the entries of the Fisher information matrix can be computed according to [24]:

1 L, o0C , ,0C oy | 1| 0y
Lnn(x) = 2T7’ {C 8me 3xn} - L?xm] C 9 | (3.55)

A complete proof of this formula can be found in [54]. Under the assumption that
the covariance C' is not a function of the states (and hence the partial derivatives

are zero), the entries can be simplified to:

Lpn(T) = BZ] c! Bﬂ : (3.56)

Although it may not be true that the covariance is independent of the states, it

is reasonable to assume that the derivatives % are very small and anyway they
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are hard to compute analytically. Nonetheless, this assumption if often not stated
explicitly when the BLUE is derived.

It can be noticed that the partial derivatives in (3.56) have already been computed
when deriving the Jacobian. Actually, these are the positive derivatives of pseudo-
range rather than the negative, but (—A)” (—A) = ATA. Therefore, the Fisher

information matrix can be written as:
I(x) = ATC'A (3.57)

and the CRLB is:
-1
Covld] > (A"C™' A) (3.58)

but since the GLS is BLUE it becomes an equality. Then the Root Mean Squared
Error (RMSE) can be found by taking the square root of the trace of (3.58).

A derivation of the covariance of the estimator is also given in [11, 14, 12, 15],
without directly highlighting its connection to the Fisher information, which instead

is presented in [13] but without its complete proof.

An important remark is that the observed Fisher information is defined as the
Hessian of the optimization problem in a neighbourhood of the ML solution, for the

non linear LS it is:
Lps(x) = Hy = ATC'A+ H;C 'Ay. (3.59)

Then, since the errors are zero mean, the residuals Ay at the ML solution are
approximately zero and therefore both Gauss-Newton and the non linear least
squares have the same information and hence the same covariance.

As a matter of fact, the solution found by any descent algorithm depends only on its
cost function, which is the same for both algorithms, namely the squared residuals.
Different algorithms will have different performances in terms of convergence speed
and radius depending on their formulation (linear or not) and whether they use
step-adjustment strategies, but they will all find the same solution provided that
they converge.

On the other hand, Levemberg-Marquardt solves a different cost function obtained
from the constrained problem. By taking the Hessian of the cost function (3.48) the
Fisher information is:

I(x) = ATC'A + \I. (3.60)
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This highlights the role played by A. By proper choice of the initial guess and
constraining the norm of the correction term, prior information is added and the
variance of the estimator is lower. It should be pointed out that in practical
applications, values of A tend to be very small and one should be careful in how the

parameter is initialized and tuned.

3.5.1 Correlated Measurements

It can be of interest to investigate the impact of correlated measurements on the
Fisher information and consequently on the variance of the estimation. Take the
simple case of a single parameter ¢ to be estimated and two available measurements.
The variance of the estimation of the parameter is given by the First-Order Second-
Moment (FOSM) method [55]:

9\ ag \ dq Jdq
A 2 —_— 2 2 — — . .61
%q (8?/1) Tt (0342) T2 * dy1 Oys Tunva (3:61)

which contains the partial derivatives of parameters w.r.t. measurements rather than
the other way around. Therefore, it is written in the matrix form BT C B rather
than (A7C'A) .

What is important to point out is that the contribution of the third term in (3.61)
can be both positive and negative, differently from the other two terms that are
always positive. This implies that, depending on whether the two measurements
are positively or negatively correlated and the sign of their partial derivatives, the
correlation can both increase or decrease the variance of the estimated parameter.
This result can be explained as follows: take the case in which both partial derivatives
are positive. This means that when the value of any of the two measurements increases,
the value of the estimated parameter also increases. Then, if the two measurements
are negatively correlated, a positive error on one measurement is usually accompanied
with a negative error on the other. This means that both measurements have the
same effect on the parameter but when one tends to increase the other tends to the
decrease. In other words, errors tend to compensate each other and the estimation
of the parameter is more robust. As a matter of fact, for the example just described,
the third term of (3.61) would be negative, thus resulting in a lower variance of the
estimated parameter.

Although the impact of correlation on the estimation accuracy can be both positive

and negative, a major drawback is that it is often hard to estimate and more
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importantly it cannot be controlled. Instead, it is often a result of the specific

conditions of an experiment.

3.6 Graphical Representation of Linear Systems

This section is dedicated to provide a different point of view on how linear systems
are solved. In order to do so, a simple numerical example with reduced dimensions
will be presented and solved both numerically and graphically. The purpose of
representing systems in a visual fashion is to provide an intuitive understanding
of some quantities and properties of OLS that will be useful in Section 3.7. Other
visual linear algebra examples can be found in [56].

Let’s introduce the simple example system:

U1 1 0
T
11

X2

The measurement vector y can be thought of as a set of coordinates in space. In

Fig. 3.4 Example of plotting a vector as a set of coordinates in space.

this case, it is a 3-dimensional space which is referred to as ambient space. An
example of this concept is given in Figure 3.4. For now we will consider a covariance
matrix C~! = I which is an identity matrix to focus on the graphical representation

of solving the system, and then consider the more general case at the end of the
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discussion. Given (3.26), then the relationship between states and measurements
can be rewritten as:
2= (ATA) " A"g
= Az

where the interest is in finding and plotting all the sets of input measurement ¢ which
yield an exact solution (zero residuals. This means they satisfy the condition § = g.
These vectors can be called consistent, in the sense that there are no inconsistencies
in the input measurements which cause residuals. Another way to see it is that
consistent sets of measurements are those for which there exist a solution that
produces exactly those nominal measurements. On the other hand, inconsistent sets
are only possible by the presence of random noise or other disturbances. Fortunately,
the consistent sets do not need to be found by hand by trying all the combinations
of g (which are infinite) and checking if the condition is satisfied. Instead, they can
be represented graphically by a geometrical object whose basis is made from the

columns of the matrix A. Let’s introduce the notation:

aj
A=lv - v, vi=]1i]. (3.62)

Then, Az is a column space C(A) and (vq,--- ,v,) is a set of basis of C(A). Since
the A matrix of the example is 3 by 2, the column space is a set of two vectors which

form a plane in 3 dimensional space. Given this definition, the example system (3.6)

Fig. 3.5 Example plot of a column space.
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can be represented visually as can be seen in Figure 3.5. The column space serves
two purposes, the first is to depict graphically all the sets of consistent measurements
(blue plane). The second is to act as a map between the measurement domain and
the state domain.

The meaning is the following: take any point that belongs to the plane C'(A), the
coordinates of the points in the basis of C'(A) represent the value of states, while
the coordinates of that same point in the ambient space represent the corresponding
nominal measurements obtained from those states. This means that any & and its
corresponding ¢ = A& are visually plotted in the same location. To obtain the value
of one or the other it is simply necessary to consider its coordinates in one reference
frame or the other (the ambient space for § or the column space C(A) for &).
Now that the visual representation of systems has been introduced, let us continue
with then numerical example in order to show how the OLS obtains a solution. Set

T
a value of true state and the corresponding noiseless measurements: & = [1 1} and

T
y=Ax = [1 1 2} . Consider input noise vector and therefore input measurements:

0.3 1.3
e= |04 G=g+e= |14
—0.5 15

The OLS finds the solution & which minimizes residuals ||§ — A&||, which corresponds
to finding the point on the plane C'(A) which is the closest to §. Since the system
is linear, it can be solved directly, but we will perform two iterations in order to
highlight some properties.

T
Set an initial guess of the states & = {O O} and compute the corresponding predicted

measurements § = A% = {0 0 O}T. Then, build a vector of residuals:

Ay=9—-9=

- ==
TR W

and obtain the estimate by applying the OLS:

Az =(ATA) ATAy =

0.9
L

Since the problem is linear, the first iteration is enough to find the solution which

minimizes residuals. In any case, let’s perform another iteration to find out what

45



Least Squares and Estimation Theory

Fig. 3.6 Plot of the solution of the example. The estimated state (and therefore the
predicted measurements) are the point on the column space that is the closest to the set of
input measurements.

happens. First update the initial guess as the solution owe just obtained, therefore:
T T
T = Ax = [0.9 1} and § = Az = [0.9 1 1.9] . As a consequence, now the

residuals are:

It is possible to verify that now:

-1 0
Ax = (ATA) ATAy = .

() as - ]
The correction term Ax represents how the estimate & should change to reduce the
residuals. Since we already found the closest solution and set it as our initial guess,
it is expected that Az is now zero. The reason this happens is because the residuals
Ay are now part of the kernel (or null space). Indeed, it is possible to check that Ay

is now orthogonal to any of the columns of A. On the other hand, the fit error is:

0.1
g-9=0
0.1
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which is a linear combination of the columns of A. In particular, y — 4§ = 0.1 v1 +0 v,

is true and these coefficients correspond exactly to the estimation error:

o [0.1]
Xr—xr = .
0

The numerical example has been solved by making the assumption C~! = I. Let’s
now briefly discuss the more general case. It can occur in any linear system that
different input measurements have different accuracies, meaning they are affected by
noise with different variances. In such cases, the GLS is concerned with minimizing
the Mahalanobis distance instead as we have seen. To translate this in graphical
terms, this equates to applying a transformation to the ambient space. If C is
diagonal, then every basis of C'(A) is scaled by the corresponding diagonal term of
C'. In other words, every axis of the space will be stretched or squeezed according to
the elements of C.

3.7 Noise, Errors and Residuals

From the discussion in Section 3.6, we obtained that after finding the solution to the
system, residuals are orthogonal to the columns of A, while the fit error is a linear
combination of those.

This implies the following: if the noise vector affecting the measurement lies on
the hyper-plane C(A), then the measurement error will be affected ||e||* = ||€]| but
not the residuals ||r|| = 0. On the other hand, if the noise vector is orthogonal to
the C'(A), then the opposite is true |le]|* = 0 and ||7|| = ||€||. In general, the fit
error is the component of noise parallel to C(A), while residuals are the orthogonal
component.

Therefore, the input error lies in the ambient space with the same dimension of y,
while residuals are in the kernel of A and the fit error maps to the image of A and
the estimation error is its image. This result is a consequence of the rank-nullity
theorem.

A visual representation of this concept can be seen in Figure 3.7. The estimation
& is the closest point of the column space to the input measurements §. As such,
residuals are orthogonal to the column space, while the fit error lies on it. In this
example, C'(A) is one dimensional and the ambient space is two dimensional, so the
kernel is also one dimensional (the one orthogonal to C'(A)).

There is one more interesting observation that can be made from this analysis. When
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Fig. 3.7 2D representation of the concept of noise, errors and residuals.

the number of input measurements is equal to the number of states to be estimated
M = N and A is full rank, then the column space C(A) has the same span as the
ambient space. This implies that any ¢ belongs to C'(A), so the GLS can find an &
for which g = ¢ and the residuals are thus always 0. As a matter of fact, the kernel
of a full rank square matrix only contains the zero vector.

In the example of Section 3.6, the column space is a 2D plane existing in a 3D
ambient space. Since that system is overdetermined, there exist points that belong to
the ambient space, but not to the plane. As a consequence, the GLS cannot always
find solutions which have 0 residuals.

To give a simpler example, we can think of two polynomials of first degree in the
form y = ax + b in 2D space. Additive noise has an effect equivalent to changing the
coefficient b, and thus shifting the line drawn from the corresponding equation. As
long as the two lines are linearly independent (i.e., not parallel), they will still meet
in exactly one point, regardless which or how much noise is added. This implies that
there is always a solution with 0 residuals (the point where the lines meet). On the
other hand, the same cannot be said about the intersection of 3 lines in 2D space.
Depending on the specific noise added, the lines are not longer guaranteed to meet in
exactly one point. In this second case, the system is overdetermined and the linear
combination of the two coefficients a and b is not sufficient to represent all possible
realizations of the noise vector (which contains 3 elements). The set of realizations of
noise which cannot be represented by the linear combination of the parameters are
all the points which lie outside of the column space in our visual example of Section
3.6.

Figure 3.7 also highlights what the OLS is attempting to do. It is easy to see that ¢
is the set of nominal measurements which produces the smallest residuals. If & was

indeed the real solution to the system, then the input noise needed to produce y
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is the smallest it can be, and therefore this solution is more likely than any other.
A solution with large residuals would not explain the measurement very well, as it
could only possible with a large realization of the noise, which is less likely. The
OLS is thus trying to minimize the portion of noise that cannot be explained by the
linear system.

Given the right-triangle in Figure 3.7, the relationship between noise €, fit error e

and residuals r can be described by the Pythagorean theorem:
lell* = llell* + llr|I*. (3.63)

where ||€||? is referred in ANalysis Of VAriance (ANOVA) as the total sum of squares,
while ||e||* is the explained sum of squares and ||r||? is the residual sum of squares,
as we have already anticipated.

The coefficient of determination is then defined as:

el Il
lel2 = Jiel?

R? (3.64)

R? represents the amount of variance in the estimated parameters that can be
explained by the variance in the observations. If the residuals ||7||? are zero, then the
model perfectly explains the observed data and R* = 1. On the other hand, if the
model can perfectly guess the true values 4, then the fit error is zero and R? = 0.

The fraction on the right side of (3.64) is also referred to as fraction of variance

unezplained.

3.7.1 Impact of Disturbances

It is of interested to study the impact on the solution of different kinds of input
disturbances. Start from the relationship AZ = ¢ and consider that noise will shift

the solution by an unknown quantity Az, then:
A(x+ Azx)=(y+e€) (3.65)
and since the system is linear:

AZ + AAz = § + €. (3.66)
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We can use the fact that Ax = y to simplify on both sides to obtain AAx = € and
finally apply BLUE:
-1
Az = (ATC'A) ATe (3.67)

which means the noise and its impact on the solution can be isolated. We can
therefore neglect the measurement and work with increments to focus on the impact

of noise instead.

Gaussian Noise

First, let’s analyse the impact of Gaussian Noise. Contrary to the results obtained
from Gauss-Markov theorem, the results that follow need the assumption of normality
of the noise. In particular, consider noise with zero mean and variance €y ~ N (0, o)
so the covariance matrix is a diagonal matrix C = oy I.

Given the definitions of projection matrix in (3.32) and of residuals maker matrix in

(3.33), the covariance of residuals can be written as:
Covlr]= M'CM = (I-P)'C(I-P) (3.68)

Under the assumption of IID, the squared norm of the input noise vector is distributed
as oy X437 The fit error is an M-elements vector obtained from the projection of
noise over the column space C'(A), which spans N dimensions, so its squared norm
is distributed as x%. Residuals are the remainder so they are distributed as x%,_y
[13]. Where x? is a chi-squared distribution with L degrees of freedom.

Fit errors and residuals are M by 1 vectors with the same mean norm as a vector of
IID noise € ~ N (0,0p) with N and (M — N) elements respectively.

When the number of measurements M increases, the model does not have enough
basis functions (columns of C'(A)) to fit the realization of noise. On the other hand,
the estimate is less sensitive to a particular element of the noise. As a result, the fit
error of each measurement approaches zero variance, while residuals approach the
same variance of input measurements.

It should be mentioned that if the errors are not zero mean, the distributions become
non-central chi-squared and the analysis becomes more complex. Such case is briefly
discussed in [57].

Otherwise, the following relationship can be written:

Mo?= (M — N)o (3.69)
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where o2 is the variance of residuals. Based on the definition of the central chi-square

of degree M as a sum of M squared normal distributions, we can write:
|r|* = Mo? (3.70)
and substitute it to the left side of (3.69), which leads to:
||| = (M — N) o} (3.71)
Equation (3.71) can be inverted to find an estimate of the standard deviation:

N

M- N

(3.72)

which is a result also known in GNSS [13] and used in Receiver Autonomous Integrity
Monitoring (RAIM) applications [58]. The estimation of variance from residuals in
the context of least squares is also discussed in [31].

This allows us to make some observations about the use of residuals:

e The number of measurements should be taken in consideration since it affects
the distribution of residuals. If the system is highly overdetermined, then there
is a large number of degrees of freedom and the variance of residuals approaches

that of input measurements.

o [t a time series is available, using the mean norm or residuals over a long series

of data can provide more accurate results.

o The statistical distribution of residuals and fit error is independent of satellite
geometry. The only thing affected by geometry is how the norm of fit error

translates into estimation error.

« If the observations are free from biases and other disturbances, then o can
be estimated from residuals. However, the estimator in (3.72) is unbiased but
does not attain the CRLB [59].

c

If oy is already estimated in some other way (e.g. from £ or time series of

pseudoranges), the quantity in (3.72) can be normalized to be written as:

2 _ og’llr|?

=N (3.73)
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which is known as the reduced chi-squared statistic. In the case of GLS, the numerator
in (3.73) should be computed as 77 C~'r.

The metric x2 is a chi square per degree of freedom. A value of x2 around 1 indicates
that the observed variance of residuals is in accordance with the estimated or known
variance of the error on the observations. A value below 1 means that the variance of
residuals is small compared to that of observation, suggesting that the latter could
have been overestimated. In cases where the exact model is not known a priori,
X% < 1 can indicate that the model is fitting the noise rather than the parameters
of the model, namely that it is overfitting. On the other hand, a value above 1 can
indicate that the fit has not fully captured the observation, that the variance of
measurements has been underestimated, or that input measurements are affected by
biases.

The reduced chi-squared statistic may also be used to refine the estimation of the
variance a posteriori 67 = o3 x3.

An overview of residuals and of the various metrics used in ANOVA can be found
in [59-61]. Although the discussion is often limited to the regression of only one or
two parameters, the references offer plenty of examples and insights on the use and
meaning of these metrics.

A numerical example is given in Appendix A to verify and elaborate further on the

results presented in this section.

Given the above discussion on the distribution of the norm of residuals, there is
one last remark that can be made about each residual. Let us consider the covariance
matrix of residuals from (3.68). Recall that the matrix M = (I — P) is a square
matrix, and that more importantly it is an idempotent matrix and thus M? = M.

If we assume that C = oy I, then (3.68) can be rewritten as:
Covlr] =0} (I — P). (3.74)

Then, if we are interested in the standard deviation of the i-th residual, it is given
by:

Op, = 0UV 1-— Dii (375)
where p;; is the i-th diagonal element of P and is called leverage in statistics. Note
that, because of the properties of idempotent matrices, 0 < p; < 1. Measurements

which correspond to high values of leverage are called influential observations. This

result has the important implication that, even when all input measurements have
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the same variance, not all residuals have the same variance, purely due to a factor
which depends on the geometry of the problem. When doing any kind of hypothesis
test to identify possible outliers, it is fundamental to consider the role played by
leverage since it affects the distribution of residuals. Remember that y = Py, so

each predicted measurement is given by:

Ui = Duli (3.76)

which means that gzl = pi. S0, the leverage can be thought of as the degree to

which the i-th measurement influences the predicted value.

Equation (3.75) is important because it allows us to obtain a studentized residual as:

T T
N . — .
or,  ouvV1—pi (3.77)

where we use (3.72) as an estimate for the standard deviation of input measurement.

In particular, if the i-th measurement is a potential outlier to be tested, it can be
safer to estimate the standard deviation excluding the corresponding residual. Then
(3.72) can be rewritten as:

1 Mo,
bue)= |71 = " (3.78)

J=Ly#

where 6y, (;) represent the estimation of the standard deviation when excluding the
i-th measurement.

If (3.78) is used in (3.77), then the corresponding t; is called externally studentized
residual, as opposed to an internally studentized residual t; which is obtained when
using (3.72) instead.

Internally studentized residuals follow a Tau distribution, which is not very commonly
used. On the other hand, externally studentized residuals are useful because they
follow a Student’s t-distribution with M — N — 1 degrees of freedom [49]. By central
limit theorem, when the number of measurements M is large, then t; ~ N(0,1)
which makes hypothesis testing more simple and intuitive.

Obtaining a rigorous statistical framework for the analysis of residuals and the impact
of geometry is important because it allows to develop more advanced techniques for
the detection of outliers and influential observations in linear regression model, as
investigated in [62, 63].
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Fig. 3.8 (a) Orthogonal and parallel components of ionosphere delay error w.r.t. the column
space. (b) Impact of ionosphere delay on estimation error of each component.

Deterministic Errors

After analysing the impact of random noise on the solution, it is interesting to
perform a similar analysis on a deterministic source of error. In particular, it can
be of interest for GNSS applications to consider the error due to Ionosphere delay
€7, since it is one of the largest sources of error. The analysis is performed using a
matrix A and a vector €; obtained from correction models, both from a real dataset.
From Figure 3.8 (a) it can be seen that the norm of the component of €; parallel
to C(A) is much larger than the component orthogonal to it. This suggests that
the ionosphere error mostly affects the estimation error rather than the residuals.
This makes sense considering that the residuals are due to inconsistencies in the
observations. On the contrary, the ionosphere delay is deterministic and affects all
measurements by a certain amount, with only differences depending on which section
of the ionosphere is crossed by the signal. Since all signals cross at least a minimum
length section of ionosphere, they are all delayed by a minimum amount.

Furthermore, the impact on the estimation error for each state can be computed.
Results are shown in Figure 3.8 (b). As it can be seen, ionosphere error mostly affects
the estimation of clock bias and up direction (in East-North-Up (ENU) reference
frame). In order to interpret this results, we have to go back to the graphical
representation of the system in Section 3.6. Remember that the column space C'(A)
is a basis made from the columns of the matrix A. In particular, the last column

corresponding to the clock bias is made of all ones. As we discussed, the delay caused
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by the ionosphere is similar between satellites, so we have:

er=les], i=1,-- M
1= lers] (3.79)

€1,i ~ €15 VZ,]

which means the angle between the vector €; and the last column of A is generally
small. Depending on the geometry, the angle between €; and the third column of A
(for the up direction) can also be small. This phenomenon is stronger if satellites are
close to the zenith, or in other words there are no visible satellites at low elevations.
In such scenario, the coefficients of the partial derivatives w.r.t. p, will all be similar.
In conclusion, the ionosphere delay (if not corrected), will mostly affect the error on

the clock bias and vertical coordinate as highlighted by Figure 3.8.

3.8 Geometric Dilution Of Precision

The purpose of this section is to first discuss the meaning of GDOP and why it is
used in GNSS. A nice introduction to the concept of GDOP and its meaning can be
found in [64]. Then, a lower bound of the GDOP as a function of visible satellite
will be derived. The steps used to obtain the bound will allow us to extract some
remarks on the requirements needed to obtain it such minimum value, both from
the point of view of estimation theory and also of satellite geometry. This will be
useful to gain a deeper understanding of the positioning problem.

It is important to mention that the notation that will be used is:
G=H"'=(ATA)™" (3.80)

And consequently the GDOP is obtained as:
GDOP = /Tr(G). (3.81)

3.8.1 Introduction to GDOP

Let’s begin this discussion from the BLUE (3.25), as mentioned previously, the

variance of the estimator is given by [11]:

1

Cov[#] = (A"C™'A)" (3.82)
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then, under the assumption that all input measurement are uncorrelated and have

the same variance C' = oy I, (3.82) becomes:

1

0z = (ATA) ov. (3.83)

which eventually leads to:
RMSE = GDOP:- oy (3.84)

where GDOP is the square root of the trace of G. Equation (3.84) allows us to split
the estimation error in terms of RMSE as two contributions: one due to the geometry
and one due to measurement noise. In case the assumption of equal variances does
not hold, it is reasonable to take oy as the average of the measurement variances.

For now, consider the simple case C = I, then using (3.13) we can write:
. T AN ' AT (=
T = (A A) A" (y+e) (3.85)

-1

where § = g + € can be substituted to get & = (ATA) AT (AZ + €), and the first
—1

term on the right side simplifies to £ = & + (ATA) ATe, which finally can be

rearranged into:

2-z=GA"e (3.86)

Notice that ||& — &|| = || — || which is the estimation error. The term A”e lumps
the input noise on each state, which means G is an amplification factor of the error.
Given the definition of H in (3.80) as:

H=ATA=[v, - vy|" [v1 - vy] (3.87)

where v; is the i-th column of A. Then:

vivg o vRU o1
H = : : = (3.88)
vivy - vloy [onl

and it is important to notice that the diagonal of H contains the norm of the columns
of A, while the off-diagonal terms contain the dot products between different columns.
Given this, it is easy to notice that H, and therefore also G, are symmetric and
positive definite matrices.

A useful way to understand the problem is to think of H as representing information

about the system, and conversely G representing uncertainty. This notion is consistent
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3.8 Geometric Dilution Of Precision

to the results obtained in Section 3.5 when discussing the Fisher information and
CRLB for the least squares problem.

One direct consequence is that if any measurement (a row of A) is added, the norm
of the column is necessarily greater or equal than before, which means that more

information about the parameters is available.

3.8.2 Lower Bound of GDOP

T2

T Pfl

Fig. 3.9 Graphical representation of the diagonalization of a matrix.

Now, we shift the focus on deriving a lower bound for the GDOP as a function of
the number of measurements. We will consider the simple case of using GNSS to
estimate the user position and clock bias. We set N = 3 as the number of spatial

dimensions. Start from the spectral theorem:
G =PDP! (3.89)

which allows to diagonalize G' under the condition that it is a normal matrix. In
this case, G is symmetric and positive definite which implies it is also normal. As a
consequence, the spectral theorem states that G and D are similar matrices. There
are a lot of shared properties between similar matrices, but the one we are interested

about is that they have the same trace:
Tr(G) =Tr(D). (3.90)

On the other hand, P is a unitary matrix which acts as a change of basis operator,
which can also be viewed as a rotation.
Furthermore, it is possible to notice that (3.89) is also the eigendecomposition of G,
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where the columns of P contain the eigenvectors of G and D is a diagonal matrix

with the corresponding eigenvalues A® on the main diagonal. Therefore:
Tr(D) =Y A¢ (3.91)

and thanks to (3.90) we can write:

N
GDOP = |38 (3.92)

so GDOP is the square root of the sum of the eigenvalues of G. Given a covariance
matrix, eigenvalues represent the variability of data in an orthogonal basis spanned
by the eigenvectors.

A graphical representation of (3.89) is given in Figure 3.9. The meaning of the
eigendecomposition is that G and D represent the same uncertainty in two different
reference frames. P and P! represent the change of basis from one reference frame
to the other and vice-versa. (3.89) is called an endomorphism of G (a linear map to
itself).

But (3.89) can also be applied to H, since it is also a positive definite matrix, so:
H=PFP! (3.93)

Furthermore, an important property is that diagonalization allows to easily compute
any power of H as:
H" = PFFp™ (3.94)

which means that G can be also computed as:
G=H'=PF'P! (3.95)

where F~! = D obtained in (3.89). And (3.91) can also be applied to write the
trace of H as the sum of its eigenvalues.

Expressing the matrices H and G as similar to F' and F~! allows to more directly
compute the inverse. Since F' is diagonal, it can be inverted by simply taking the

inverse of each diagonal element, combining this with (3.90) and (3.91) we can finally

GDOP = \/Tr(G) = \/Tr(F) =, f: ;, (3.96)
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so GDOP can also be written as a function of the eigenvalues of H.
From the characteristic polynomial det(H — AI) = 0 we know that the determinant

can be written as the product of the eigenvalues:
N
det(H) = det(F) = [ A". (3.97)

Finally, from the definition given in (3.88), the trace of H is the sum of the norms
of the columns of A. Exploiting the shape of the A matrix used in GNSS in (3.8)
and the property of the steering vector in (3.10), it follows directly that the sum of
the column norms is always the same. Depending on the satellite geometry, some
coefficients will be larger than other, but the total sum of a coefficients remains

invariant. In particular, the following relationship holds:
N
Tr(H)=> M =2M (3.98)

where M is the number of rows of the A matrix (i.e., the number of visible satellites).
The purpose of the above steps was to obtain (3.96), (3.97) and (3.98) all as functions
of the eigenvalues of H.
Now we have all the ingredients needed to derive a lower bound on GDOP. From
(3.98) we have a set of real positive eigenvalues with a fixed sum, and we are interested
in minimizing (3.96), which is the sum of their reciprocals.
It is possible to show, using the inequality of arithmetic and geometric means, that
given a set of real and positive values with a fixed sum, minimizing the sum of
reciprocals has the same solution as maximizing their product. Both problems are
solved when the eigenvalues AH all have the same value.
Hence, the requirement to minimize the GDOP is that the eigenvalues of H are
repeated. Since H is symmetric positive definite, it is guaranteed to have complete,
real and positive eigenvalues. Complete means that the eigenvectors associated to
each eigenvalue are all orthogonal. But we are interested in these eigenvalues to also
be repeated, which occurs only when H is scalar matrix.
Therefore (3.93) becomes:

H=IFI (3.99)

where the change of basis is an identity matrix and as a consequence H = F'. This
results becomes intuitive by taking as an example a covariance matrix: its eigenvalues
are proportional to the length of the semi-axis of the ellipse drawn from the matrix.

If the eigenvalues are equal, then the ellipse collapses into a circle, which is the
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representation of a scalar matrix.

In conclusion, the GDOP is minimum when H is diagonal with equal entries. It
should be noticed that when those conditions are satisfies, the singular values of H
are all equal and therefore the condition number (3.47) is also minimum.

Let up briefly recap the steps taken so far:

1. Write both GDOP and det(H) as functions of the eigenvalues of H

2. Show that minimizing the GDOP and maximizing det(H) have the same
solution.

3. Show that such solution is obtained when H has repeated eigenvalues.

4. Show that this occurs when H is diagonal with equal entries.
The only task left is to determine how much is this value on the diagonal, as a

function of the number of rows of A.

Start from (3.8) and (3.10), then the sum of all a coefficients can be written as:
N M
o> () =M (3.100)
g
and the coefficients can be grouped by columns to obtain:
N
ol = M (3.101)
J

which from (3.88) we know are the diagonal elements of H. Since there are N =3
position coordinates and their columns always sum to M, then H should be in the

form:

0
0

3.102
. (3102)

o o oz
o oz o
ozz o o

M

where the last element is always M since the last column of A is always made of
all ones regardless of the position of satellites. The value of this element cannot be
controlled, so the requirement of having the same value on the diagonal can only
be applied to the first three elements. Since (3.102) is diagonal, it can be inverted
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directly to obtain:

(3.103)

o o oz
o ozlzo
oz o o

0
0
0
1
M

from which we can take the trace:

NN N2 +1
DOP =Y —+ — = 104
GDO M+M i (3.104)

and since we are considering the positioning problem with N = 3 spatial dimensions,

1
GDOP > ,/]\3 (3.105)

which can also be found in [65], along with a different proof. An earlier analysis on
the bounds of GDOP can be found in [66].

Let’s analyse the conditions needed to obtain such an H matrix:

then the lower bound is:

L. ||vil| = ||lvj|| Vi,7. All columns of A have the same norm. This tells us that
given a total amount of information about the states we want to estimate,
the minimum overall uncertainty will be reached if the information is equally

spread on each state.

2. vv;,=0 Ifi#j i,5=1[1,---,NJ]. The first three columns are orthogonal
to each other. This means it is "easier' to estimate variables when the vectors
of their partial derivatives are orthogonal to each other. From the point of
view of satellite geometry, it means that satellites should be as spread out as

possible.

3. va a;; = 0. The first three columns should sum to zero. This ensures they are
orthogonal to the fourth column of all ones. This requirements is connected
to the previous one, but it allows to make one further consideration. The
first requirement only refers to the total amount of information on each axis.
Having for example two satellites east of the receiver at horizon level, or one
east and one west, would have the total amount of information on the east-west
axis. This last requirement tells us that the latter case is preferable, since it

allows for better estimate of the clock bias.

The second and third requirement can be grouped so the overall meaning is the

following: GDOP is minimum when the first three columns of A have the same
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norm and all columns are orthogonal to each other. Note that these requirements
are independent on the reference system used, any rotation of A will not cause any
change.

Considering the example provided in Section 3.6, the GDOP is minimized when each
basis of the column space C'(A) is orthogonal and with the same norm. Therefore,
the accuracy performance is best when vectors of partial derivatives are orthogonal
to each other and contain the same amount of information. In that way, each
variable can be "recognized" more easily from the others and it is "easier" to tune the

parameters so that they match the observations.

3.8.3 Discussion

It now becomes natural to ask, which satellites configuration achieves the best
GDOP? The problem is only trivial in 2 dimensions, where the solution is given by
regular polygons. The solution is much harder in 3 dimensions. It can be shown
that is an approximate inverse relationship between GDOP and the volume of a
polyhedron whose vertices are the position of satellites [13] (and even that is an
unsolved problem in mathematics for large M).

A similar result regarding the shape of matrix A is derived in the domain of least
squares spectral analysis. In that case, the objective is to represent a vector of data
B as a weighted sum of sinusoidal basis functions. In matrix form, this is 8 = Ax.
When the basis function A has the same properties derived from the minimum
GDOP (orthogonal columns with same power), the representation is equivalent to a
DFT. It corresponds to sinusoids equally spaced in frequency and sampled at equally

spaced times.

One last comment regards the generalization of this result. So far in deriving a
lower bound on GDOP, we did not constrain the position of satellites in any way.
However, for real scenarios with a receiver on the surface of the earth, the elevation
of visible satellites is strictly greater than zero. When adding this constraint, the
coefficients in the third column (consider an ENU reference frame) are not free any
more and can no longer sum to zero. As a consequence, the third and fourth column
are no longer orthogonal, Vertical Dilution Of Precision (VDOP) and Time Dilution
Of Precision (TDOP) are larger and the minimum GDOP can not be obtained. For

this scenario, a more realistic bound is GDOP = /122 as found in [67].
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The results from this analysis can prove useful in some scenarios such as satellite
selection algorithms (for which the bound was originally derived) or the deployment

of additional ranging measurements to be integrated with a GNSS solution.

3.8.4 Extra-State Theorem

Given the results obtained so far, there is one more consequence that can be discussed.
Let’s start by looking at an example. Take as a reference an optimal geometry with
four satellites M = 4, namely 1 satellite at the zenith and 3 equally spaced at an

elevation of § = —19.47°, thus forming a tetrahedron. Then the A matrix is:

0 0.9428 —0.3333 1
0.8165 —0.4714 —-0.3333 1
1

1

—-0.8165 —0.4714 —0.3333
0 0 1

and the requirements derived in Section 3.8.2 are satisfied: the first three columns
have the same norm, are orthogonal to each other and sum to zero. As a matter of

fact, the H matrix for this configuration is:

1.333 0 0 0 0.750 0 0 0
G_ 0 1333 0 0 _ 0 0750 0 0
0 0 1333 0 0 0 0750 0

0 0 0 4 0 0 0 0.250

As discussed, this geometry is not realistic for a receiver on the earth surface, so let’s
consider the scenario where all satellites are above the horizon and change 6 = 19.47°.

Now, A becomes:

0 0.9428 0.3333 1

A 0.8165 —0.4714 0.3333 1
—0.8165 —0.4714 0.3333 1

0 0 1 1
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and it can be seen how the third column no longer sums to 0. As a matter of fact,

now:
1333 0 0 0 0.750 0 0 0
c_| 0 133 0 0 _ 0 070 0 0
1o 0 1333 2| | 0 0 3 —1.500
0 0 2 4 0 0 —1.500 1

its off-diagonal terms are no longer zero and the diagonal elements corresponding to
VDOP and TDOP are larger.

The meaning is that in such case, when OLS is trying to minimize the residuals, it is
harder to "tell" which parameter should be adjusted. Are the residuals large because
the estimate of the vertical position is wrong? Or because the estimate of the clock
bias is wrong? The smaller the angle between the two vectors of partial derivatives,
the harder it is to know which parameter should be adjusted to reduce the residuals,
and that is why the Dilution Of Precision (DOP)s are larger.

It is worthy to note that on the other hand, the first diagonal terms associated
to Horizontal Dilution Of Precision (HDOP) have not changed. This observation
has an interesting implication. Remember that a key requirement in obtaining the
minimum GDOP is that columns of A should be orthogonal. The results of the
example implies that more states can be added to the estimation problem, as long as
the additional columns associated to these new states are orthogonal to the others.
If this is satisfied, then the DOP of the other states will not increase [68].

This means that from the point of view of estimation, it is theoretically possible to
add as many parameters as there are available measurements without loss of accuracy
on the other parameters. Whether it is possible to find additional states in GNSS

(or any other problem) that can satisfy this condition is a different matter.
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Chapter 4

Bayesian Inference

In Chapter 3, the estimation of the user position for a single epoch was considered.
However, users are typically concerned with a continuos estimation of their location
across many epochs. Furthermore, receivers used in most applications are not static,
or at most only for brief periods of time, so their position changes over time. In such
cases, estimation by LS is still applicable but may not be optimal any more.

As a matter of fact, since the motion of the receiver is not random, but rather
follows specific dynamics guided by physical laws, its behaviour can be modelled
mathematically. In such scenarios, the knowledge about the dynamics of the receiver
can be combined with GNSS measurements to augment the performance of LS.
Given the behaviour of states over time and their relationship with measurements, the
estimation problem can be modelled by means of a Hidden Markov Model (HMM).
In particular, a continuous estimate of states can be obtained by leveraging Bayes
theorem, thus implementing what is usually referred to as Bayesian inference. This
process involves forming predictions about the evolution of states in the future, and
updating such predictions once new observations are available. Since predictions are
formed depending on the way states evolve over time and on the current knowledge
of states, they depend on past observations. The process of estimating the state of
the receiver based on all observations up to and including the current time (but not
the future) is known as filtering. This chapter introduces the filtering framework
as well as the two Bayesian filters most commonly used in GNSS, namely the EKF
and the PF. Finally, Section 4.4 is dedicated to introducing an original contribution
regarding a novel PF architecture, published in [1], that allows to obtain any target
accuracy for a lower computational load by exploiting the specific structure of the

measurement models in GNSS.
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4.1 Hidden Markov Model

When modelling the time-varying system, the behaviour of states over time and their

relationship to the measurements may be summarized by the state space system:

= f(xp_1) + qr1 (4.1)

yr = h(xi) + €

where:

» x; is a vector of states at epoch k (as considered in (3.1)).
e Y is a vector of input measurements at epoch k.

o f() is a set of state-transition functions modelling the behaviour of states over

time.
e h(:) is a set of measurement functions.

e qr—1~ P (0,Qr_1) is a vector of process noise at epoch k — 1, drawn from a

multivariate probability distribution with zero mean and covariance matrix

Q-1

o € ~ P(0,C}) is a vector of measurement noise at epoch k, drawn from a

multivariate probability distribution with zero mean and covariance matrix

Ci..

In particular, the first equation in (4.1) models the evolution of states over time. On

the other hand, the second relationship of (4.1), which links measurements to states,

has already been analysed in Chapter 3. For now, no assumption on the distribution

of noise is made.

In reality, the hidden states change continuously with time. However, the sets of

input measurements are usually available only at certain time instants (typically

regularly spaced by At). Therefore, (4.1) is a suitable discrete time representation

of the system.

Functions f(-) and h(-) can be combined with the distribution of disturbances gx_;

and €, to build a statistical framework for the estimation of the hidden states.

In particular, it is possible to exploit Bayes formula to obtain the joint distribution

[51]:

P(Y1k|To.x) p(To.r)
p(Y1:x)

p(@ok|Yrr) = (4.2)
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where:

o p(Y1.x|Tox) is the likelihood distribution of measurements.
o p(xoy) is the prior distribution.

e p(y1.x) is the marginal distribution, which acts as normalization factor and

depends on the measurements.

However, computing the whole posterior distribution every time a new set of mea-
surements become available may become inconvenient as the number of epochs grow
large. In such case, the computational complexity needed to compute (4.2) increases,
and it eventually becomes intractable. Fortunately, it is not needed to compute the
full posterior at every time step. Since the system is assumed to be a Markov process,
both current state and measurements are conditionally independent to the earlier

states given the previous ones:

p(wk|w1:k71) = P(af‘k\wkq)

(4.3)
P(YklT1k) = p(Yr|Tk)

or in other words, the past can be sufficiently summarised by the previous states.
In such case, we can work with marginal distributions, which are much lighter to

compute. The state space model (4.1) can be written in a statistical formulation as:

Lo ~ p(wo)
Yi ~ D(Yk|T).

Since we are dealing with a filtering problem, the marginal posterior distribution
of interest is the probability of the current state given the sequence of current and
previous measurements, so (4.2) can be rewritten as:

o p(ye|zr) p(xr|Yra—1)

Pl@fyie) = P(Ye|yrr—1) (4:5)

and the prior distribution is obtained as:

p(Tk|Y1k-1) = /P(fck\wkfl)P($k71|y1;k71) dxy_q (4.6)

where p(@,_1|y1.k—1) is the marginal posterior at the previous epoch. So the prior

is given by the combination of the posterior at the previous epoch and the state
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transition function. The normalization factor is instead defined as:

Pyelyre-) = [ plyle) p@ilyrir) da (47)

which ensures that the posterior probability has an integral equal to 1.

This means that each marginal posterior can be computed sequentially from the

Hidden
states

Observable
measurements

Estimated To be estimated Observed

Fig. 4.1 Block scheme of a Hidden Markov Model.

previous one. The state space model of the system may be represented by means of a
HMM, as illustrated in Figure 4.1. At each epoch, the current hidden parameters xy
can be estimated using the following ingredients: the current observed measurements
Ui, the previously estimated parameters @y, (which summarize the entire sequence of
measurements up to that point) and the state transition and measurement functions.
The formulation given in (4.5) tells us that the posterior is the product between the
likelihood and the prior, normalized by the marginal likelihood.

On the other hand, the LS formulation analysed in Chapter 3 considered each set
of states and measurements one at a time, as if the horizontal arrows in Figure
4.1 were not connected in the graph. In fact, the estimation of x; was obtained
simply by inverting its relationship to the measurements h(-). As briefly mentioned
in Chapter 3, the introduction of prior information into the ML framework of LS
becomes a Maximum A Posteriori (MAP) estimation. Conversely, ML can be seen
as a special case of MAP when the prior distribution is a uniform distribution. If
there is no previous knowledge about the hidden variables, all its possible values can
be considered to be equally likely.

It should be noticed from (4.4), that a filtering algorithm needs an initial distribution
xo. In many cases, the LS method can be employed to obtain a solution at the first
epoch to have an initial estimate of the hidden parameters and therefore initialize

the filtering process.
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Now that the Bayesian filtering framework for state estimation has been introduced,

we can discuss different filtering algorithms implementing such framework.

4.2 Extended Kalman Filter

The Kalman Filter (KF), first proposed in 1960 by Kalman [69], is an optimal
Bayesian filter (in the RMSE sense). Despite being a very popular tool to perform
filtering, is has some limitations. In particular, its optimality ic constrained to the

following assumptions:

« f(-) and h(-) are linear functions.

e q and € are Normally distributed, independent and with known covariances Q

and C respectively.

As we have seen, the measurement functions h(-) are not linear in GNSS. Furthermore,
the motion of the user may also be non linear. In such case, the functions may still
be linearized to work with the Jacobians, similarly to how it is done to solve the
least squares problem. The resulting filter is known as the EKF, which works on a
prediction-update two step process. An introduction to the EKF is given in [70] and
[71].

Prediction and Linearization

First, the predicted state x; can be computed using the non linear state transition
function:

zt = £(&)_1) (4.8)

Then the system may be linearized at the predicted point, to obtain a matrix form:

of
F.=— 4.9
= el (4.9)
"k
Jh
H, = —— 4.10
= el (4.10)
et

where Hj, is essentially the equivalent of the A matrix considered for the least

squares problem. Then, the estimate covariance can be obtained using the linearized
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functions as:
P =F,P,_ Fl + Q.. (4.11)

These steps effectively implement the computation of the prior needed in Bayes
formula (4.2).

Update
First off, the EKF builds the innovation vector:
zr =y — h(x)) (4.12)

which contains the differences between the input measurements and the nominal
measurements at the predicted position. The innovations are similar to residuals,
with the difference that the former are computed using the predicted position and
the latter using the final estimated position. The related innovation covariance can
be computed as:

S = H,P; H! + C,. (4.13)

Then, the Kalman gain can be computed as:
K, =P;H] S; . (4.14)

These steps incorporate information coming from the measurements to build a

likelihood. Finally, the state estimate can be update according to:
= + Ki 2 (4.15)
and the covariance estimate is also updated:
P, = (I -K,H,) P} (4.16)

So the final posterior is obtained as a combination of the prior and the likelihood.

70



4.2 Extended Kalman Filter

4.2.1 GNSS model

For many terrestrial applications, the dynamics of the user can be modelled as a

constant-speed motion. So, the linearized state-transition matrix can be written as:

Is, 5 03,1 AtlIses 03
0 1 0 At
O3x3 O3x1  I3xz O3y

O1x3 O1x1 Oix3 1

where 0,5, is an n by n matrix of zeros. How well this model describes the dynamics
of the receiver depends on the specific application. If the user dynamics change
rapidly w.r.t. the rate At at which PVT is performed, the linear model might not be
a sufficiently accurate characterization of the receiver dynamics and a more complete
model should be used instead.

The process noise covariance matrix should also be tuned according to specific the
dynamics of the user and the receiver. In general, it can be computed according to
the model:

[ AL At? ]
SvTI3><3 03><1 Sv7I3><3 03><1

At3 At?

01><3 StAt + Sfi 01><3 Sfi

Qk - At2 3 2 (418)
Sv713x3 031 SyAtIs.s 0344
At?
O1x3 SfT O1x3 SyAt

where S, depends on the velocity of the receiver on the three axial directions, while
Sy and Sy depends on the clock of the receiver. On the other hand, the linearized

observation matrix is obtained as:

H ., O,
1 P (4.19)
On><4 Hn><4

where H”, , and H”, are the Jacobian matrices of the pseudorange and pseudorange
rate measurements respectively. If the measurements are obtained from the same set
of satellites, than the two matrices are equal to each other. Furthermore, if GNSS is
being integrated with additional sensors, matrix H; can be augmented by adding
other rows containing the partial derivatives of the measurement equation of said

sensors w.r.t. to the states to be estimated.
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4.2.2 Performance
The Fisher information for the KF is given by [72]:
T -1 -1\T
I = H Gy Hy + (Fy ') T Fy (4.20)

where the first term of (4.20) depends on the geometry and the covariance of
measurements, exactly as computed in (3.50) for the GLS. On the other hand, the
second term depends instead on the Fisher information at the previous epoch and
the state transition matrix.

It should be noticed that if the problem is linear, then the EKF is the same as the
KF'. In that case, both EKF and KF are optimal estimator. If any of the functions
involved in the system is not linear, then the filters are no longer optimal and their
performance may degrade according to the extent of the non linearities. However,
the EKF shall perform better than the KF as it exploits the non linear form of the
equations when possible, such as in the prediction step (4.8) and the computation of
the innovation (4.12).

Nevertheless, under some circumstances, the linearization performed by the EKF
may not be enough to properly model the system. In such scenarios, the performance
of the EKF may be poor and it may even diverge. In particular, when GNSS is
augmented by other sensors whose measurement functions are highly non linear, such

as UWRB, other filters may be required to reach near-optimal estimation accuracy.

4.3 Particle Filter

While the KF poses further assumptions on the system w.r.t. to the HMM, it is able
to sequentially compute the target posterior in a relatively light matrix form, at least
by modern computing standards. After all, when the system is governed by non
linear functions and the probability densities of errors are non Gaussian, computing
the posterior analytically is very hard. On the other hand, the PF has a more brute
force approach to the estimation problem. Instead of placing further constraints on
the shape of the distributions and the linearity of the equations, it approximates
distributions in a discrete fashion, using samples called particles. In particular, PF
belongs to the family of Sequential Monte Carlo (SMC) methods.

The prediction-update steps of the KF and EKF are substituted by the concepts
of sampling, weighting and (possibly) resampling. There are many algorithms in

the family of SMC that can be used for the estimation of parameters in non linear
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dynamic systems. The formulation presented here is known in the literature as
Sequential Importance Resampling (SIR) PF, which is a popular solution for the
tracking of targets. An overview of SMC methods in given in [73]. A complete
overview of PF is instead presented in [74].

Other nice tutorials are given in [75-77], and in particular for positioning and tracking
problems in [78-80]. Some of which include examples and interesting discussions
about practical implementations of SMC methods, which are out of the scope of this
chapter.

The first sampling algorithms for SMC were developed in the control theory com-
munity in the late 1960s [81]. More complete formulations were developed decades
later as in [82], thanks to large advancements in available computing power. Over
the course of the last decades, PF have proven to be a successful tool for estimation
in many fields including robotics [83-85] and machine learning [86, 87]. As a matter
of fact, SMC methods are often taught in Aritficial Intelligence (AI) books for their
use in learning algorithms [81, 88, 89].

4.3.1 Initialization
The PF needs to be initialized by taking N samples an initial prior distribution:

) ~ p(wo)

. (4.21)
wi=1/N j=1,..,N

where j is the index of the particle (sample). To each particle is associated a weight
w?, which are initially all equal to each other, since the position of samples is already
probabilistic depending on the prior distribution.

The PDF representation using weighted samples can be interpreted as follows: each
particle represents a possible solution, to which is associated a likelihood of being the
correct solution (the weights). SMC algorithms such as PF allow to recursively track

the posterior of dynamical systems as new sets of measurements become available.

4.3.2 Sequential Estimation

The following steps are repeated at each iteration (i.e. when new measurements
become available). First, the particles are propagated using the state transition
model:

i} ~ p(@] | 2} ,) (4.22)
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which in terms of practical implementation means that each particle from the previous
posterior is propagated forward using the state transition function f(z] ) and then
adding noise sampled from Q;_;. Now that an empirical prior distribution has
been obtained, the likelihood can be can be incorporated by updating the weights
according to: ‘ ' '
ply | @)p(a) | ) )
q(@y [ T, ys)

wl o< wl_, (4.23)
where wi_l are the weights at the previous epoch and q(azi/, | mi_l, yi) is called the
importance density (or sometimes proposal density). The importance density is the
PDF from which the samples were drawn. Ideally, one would draw them directly
from the posterior, but we don’t know it yet. It can be shown that the correct way is
to assign weights such that they are proportional to the ratio between the posterior
and the importance density.
In this case, the samples were drawn according to the state transition model (4.22),
so (4.23) simplifies to:

wj, oc wi_y plyx | ) (4.24)

Although it is natural to chose the state transition model as proposal density, any
other density can be used and the weights can sill be computed using (4.23) instead.
The proportionality is considered because then the weights need to be normalized to
sum to 1, thus implementing the denominator of (4.5).

Unlike the KF, the distribution p(yy, | 2}) is not restricted to be a Normal distribution.
Instead, it can be any distribution, possibly even multimodal. To most natural
implementation is to use the covariance of measurement error C' to build p(yy | ).
Furthermore, if the measurements are assumed to be independent, the joint likelihood

can be computed as the product of the marginals.:

M

p(yr | 2}) = Hlp(yi,k | =) (4.25)
i

where ¢ is the index of measurements.

In practical implementations, weights can be computed for each particle as follows:

first, the nominal measurement can be computed using the measurement equations

yl = h(z}), then the innovation 2 is calculated as in (4.12). Finally, the likelihood

is obtained by multiplying the chosen probability densities of the error evaluated at

the innovations p(y;x | 1) = p(zix) = p(yir — hy(x])) for each measurement.

Now the posterior distribution is represented by a set of weighted samples. There

can be many strategies to obtain the state estimates. A common approach is to
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compute them as the weighted sum:
N . .
&, = > wi (4.26)
j=1

but for example the sample with the largest weight could also be considered. A
common issue of PF is that, after a few epochs, particle weights tend to collapse.
That is, a few samples have large weights while most other samples have weights
equal to zero. This phenomenon is known as degeneracy. In order to detect whether

degeneracy is occurring, the effective number of particles is computed:

N = (2 (w;')z) (4.27)

and monitored by comparing to a threshold Ny,. If the value falls below the threshold,
the set of particles is resampled. Common values for the threshold are Ny, = %N or
Ny, = %N .
The idea of resampling, introduced in [90], is to obtain a new set of N particles, by
drawing NN times from the old set of particles according to the weights. A review
of resampling algorithms regarding their implementation and computational load is
provided in [91-93].
As a result, particle with weights close to 0 will not be drawn in the new set, while
particles with large weights will be drawn possibly multiple times. Ideally, the poste-
rior should be sampled at different NV different spots. Resampling got rid of samples
that did not provide any information on the posterior, but now has many copies of
the same samples. This problem is known as sample impoverishment. Fortunately,
this problem is compensated by the fact that multiple copies of the same samples will
be added different realizations of process noise during the next prediction steps, thus
ensuring that all samples will be again at different values of the posterior. Tuning
process noise and resampling is a tough balancing act. If not set properly, the PF
may quickly diverge from the solution.

A graphical representation of the main steps of PF is given in Figure 4.2.

4.3.3 Performance and Limitations

The PF has the advantage w.r.t. KF that is does not impose any restriction on the

model of the system. As a matter of fact, it can handle any function for the state
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Fig. 4.2 Scheme of Particle Filter routine [1].

transition and the measurement model, as well as any distribution of the error on
the measurement.

Furthermore, due to the SMC approach used by PF, the performance in terms of
estimation accuracy depends on the number of particles used in relation to the
number of hidden parameters. As a consequence, there is no compact formula to
estimate the covariance of the estimation as done for the EKF. On one side, the
linearization error and other limitations of the EKF when the assumptions do not
hold are not present in the PF. Indeed, the PF can optimally estimate the posterior
regardless of its shape, given that an infinite amount of particles is used. This is
of course not feasible, so there is an estimation error introduced due to numerical
inaccuracy of the sampling. The more particles are used, the lower is the estimation
error. While this feature may be considered both an advantage or a disadvantage,
one take away is that the PF has one degree of freedom in its design compared to
KF-based methods. The design of the filter can be adjusted according to specific
requirements on the accuracy or depending on the computational resources available.
As a result, there are some criticalities with the implementation of PF. The main
issue is what is usually referred to as the curse of dimensionality. The number
of particles needed to reach a target accuracy on the posterior distribution grows
exponentially with the dimensionality of the problem (i.e. the number of parameters
to be estimated). In some cases, if the number of samples is not sufficient, the filter
may diverge. For this reason, computationally efficient implementations and variants
of the PF have been thoroughly investigated as in [94].

A popular strategy to reduce the computational complexity is to exploit linear sub-

structures of the system, thus implementing what is known as Rao-Blackwellized PF
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(or sometimes marginalized PF), as developed in [95-97]. Other strategies include
distributing the estimation over multiple filters when dealing with high-dimensional
systems, as investigated by [98-101], although the architecture of the filter may
become more complex to implement. Furthermore, other authors have proposed
local PF [102, 103] to maintain an approximation error that does not increase with
the dimension, as well as Unscented [104] or Auxiliary [105] variants. Some solutions
even exploit an adaptive number of particles [106] to reduce the computational load.
Despite many variants of the PF have been proposed to deal with its limitations,
there is a lack of optimal formulations that are GNSS-specific. This reason motivates
the design of the MW-PF.

4.4 Multiple Weighting Particle Filter

Many modifications of the PF have been proposed in the literature to improve its
performance in terms of accuracy. For example, Mixture PF samples from a mixture
of distributions, as proposed first in robotics [107], and than also applied to GNSS
sensor fusion [108].

When applying legacy PF to the estimation of the hidden parameters, the entire set
of input measurements is used to compute a single weight for each particle (4.24).
However in some applications, not all input measurements are related to all the
states through the measurement model. In particular, it can be that different kinds
of measurements are related only to non-overlapping subsets of the state space. The
PF mixes all the available information into a single weight, which gives an overall
likelihood of the particle across the whole state space. Conversely, a more clever
use of resources is possible by leveraging the knowledge of the state-observables
relationship. In such cases, similar measurements (e.g., from the same sensor) can
be grouped into I subsets of the observables y;)), from which multiple weights w;
are derived to estimate the corresponding sub-spaces of the state vector x(;. Subset
indexes are noted using round brackets.

In order to characterize the information diversity from dissimilar measurements,

multiple observables-state functions can be defined:

Y = h(i)(w(i))v(@') where Yu) Cy. (4.28)
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By leveraging the aforementioned simplification thanks to the resampling strategy

considered, (4.24) can be rewritten for the (7)-th independent weight is computed as

wgi),k X wgi),kq p<y(i),k—1‘m€¢),k71)~ (4.29)

Equivalently, the state estimate from (4.26) is also modified as:
N . .
Z)p = legi),kw%i),k (4.30)
j=

and each partition of the state space is therefore estimated separately each using the
corresponding weight. It should be noticed that, on the other hand, the prediction
step is performed jointly, as the two partitions are performed depending on the
measurements model, while the state transition functions have not changed. While
the sampling of the two subsets is performed independently, position and velocity
are still tied in the dynamic model and used jointly in the prediction step, as one is
the derivative of the other.Hence, the two quantities cannot be fully decoupled.
An alternative solution could be to distribute the estimation over multiple filters
instead, with each one devoted to the estimation of a subset of states, as done in
the multiple PF. This solution would still require the filters to share information as
different subsets of states can still be related in the system model (e.g. prediction
of position at next epoch depends on the velocity), and hence comes at the cost
of a more complex architecture w.r.t. the solution presented here. Eventually,
the estimated subsets obtained according to (4.30) are merged together, as well as
the subsets of each particle with the matching index j. Since we are interested in
approximating a discrete probability density, the indexing of the particles does not
influence the output estimate. The outcome of (4.30) only depends on values and
weights of particles. In this architecture, the resampling stage can be performed fully
independently on the different subsets using the corresponding weights to draw the
resampled subsets.
A related problem was discussed in [109], when integrating asynchronous measure-
ments from dissimilar sensors, and was solved by proper modifications of the resam-
pling stage. In our case, measurements are dissimilar but collected synchronously.
When measurement information is merged into a single weight, the likelihood of each
subset of states is lost and only an overall likelihood of each particle is retained in
the standard PF approach. For this reason, the problem has to be addressed before
the resampling stage and the mentioned approach cannot be applied to this scenario.

Local PF could be exploited in order to maintain a dimension-free approximation
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error. This approach is possible in state space models where block of observations
are conditionally independent given the hidden state and only depend on separate
components of the hidden state. Furthermore, the proposed solution differs from
classic Rao-Blackwellized PF as all subsets of the state space are estimated through
PF, thus preserving the fundamental properties of SMC methods. A variant of this
work where each state is sampled separately has later been proposed in [110] with

remarkable results.

4.4.1 Theoretical Proof
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Fig. 4.3 One dimensional example of sampling a PDF to generate a Probability Mass
Function (PMF). Each PMF using a different number of particles N is shown with a
different colour [1].

In the state estimation problem, the original posterior distribution of the states is
a continuous form PDF. SMC methods leverage a set of particles to form a discrete
empirical distribution which approximates the original continuous distribution. The
normalization step is then taken to ensure the summation of the PMF is always equal
to 1 as in (4.5). Therefore, if a different number of particles is used to represent the
same continuous distribution, the PMFs will be different, as can be seen in Figure
4.3.
Start by considering the following:
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o The state vector contains two independent states & = [z1 z2].

o A set of N particles, and focus more specifically on two particles with given

values ' = [a ¢] and * = [b d].

+ Define the subsets as &) = [#1] and (9 = [22]

For now, consider the estimation of the first state z;. Given a fixed number of
particles, the scope is to determine which discrete marginal distribution is more
accurate between those obtained with PF or MW-PF.

First, let’s see what happens when employing MW-PF. The corresponding inde-
pendent weights are computed using (4.29). For the two particles considered, we

want: .
Wiy fag (a)

w(21) B fw(1) (b)

where fz,,(a) is the marginal distribution evaluated in a. If this condition is met,

(4.31)

then the continuous posterior distribution can be represented correctly using a
discrete distribution [111]. This is possible in any PMF because w(ll) and w(zl) are
always normalized by the same denominator, so their ratio is constant.

In subset x(;), weights are determined by:
Wiy ~ fau, Vi€ (1,N) (4.32)

regardless of how many particles are used in the filter. It follows that a single particle
with value (1) = a is sufficient to sample directly the exact value of the marginal
posterior distribution f;,(a). Therefore, (4.31) holds and we guarantee that the
marginal is represented correctly.

Instead, in the PF case, weights are drawn from a joint distribution fz = fz )
of the entire set of states. Due to their independence, the joint distribution can be

represented as the product of every marginal distribution [111], and we obtain:

w! = Wiy Wigy ~ Jag) o = fagyae- (4.33)

For this reason, if we want to derive an estimation of the marginal distribution of
x(1) from the joint distribution, the influence from x () needs to be eliminated. In
order to do that, define a set of particles j, = 1, ..., M, that respect the condition of
x(1) = a. We want to obtain the marginal weight, denoted by the hat, by sampling
at that value w*™=* for the first subset x(;) from the total space set . This means

that we need to average the weight of all particles which belong to the set j,. This
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can be written as:

DO = Z w’e. (4.34)

a]a 1

Because of the left side of (4.33), it can be rewritten as:

WEO= =

Z w (4.35)

[1 ,]a—l

Since all particles follow m%l) = a, then the first weight is the same for particles in
the set, and it can be taken out of the summation:
1 Mo

WEDH= — m“)_“ Z w (4.36)

@ ja=1

We know from (4.31) that w?()l):a is sampled directly from fy (a). Hence, the
approximation @w*®=* in (4.36) equals to the true value W ()) times a scaling factor.
The latter is influenced by the particular values of w(Z), which in turn depends on
the values of x(2) of the particles in the set j,.

Notice that this scaling value does not necessarily have to be equal to 1, as all weights
are then normalized by a common factor. Instead, we want the average of wfg), to
be equal to the average of the entire set w€2). Otherwise, approximations at different
values of the marginal distribution of ;) are multiplied by different scaling factors,
leading to a distortion in the representation of the posterior. Clearly, this effect is
mitigated as N increases since the averaging is performed on larger sets of samples
and converges to the correct value.

Using the same inference for the other particle &2, define the set j, = 1, ..., M, which

satisfies x(;) = b. Then, the marginal weight can be obtained as:

1 My

DO = (xl()” = Zw@)' (4.37)
b j,=1
Therefore,
HEW=a _ w%lz)a i Z]a lw(2
wm(l):b — wl b 1 My (438)
(1) My e 1w(2)

Because the states x; and x5 are independent, for any given j, the particle weights

w{Q) follow the same distribution with mean p and variance 2. Applying the central

My,

limit theorem, the distribution containing M%, w(g) approaches a normal distri-

bution with mean p and variance ]‘\’71 Therefore, only with a large number of total
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particles IV, which also implies large M, and ]i/[b’ both M%l j-\f“ wgg) and M%, j\f b wzg)
will converge to p. Then, it follows that “’zi)):b will converge to J;’”l((z)) and the PDF
w z1

can be represented without distortion.

In summary, given that two independent states, if we want to represent the marginal
distribution of x; using a set of particles without distortion, the conventional PF
needs more particles than the proposed MW-PF because it needs to eliminate the

impact from xs.

4.4.2 Numerical Example
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Fig. 4.4 Comparison of a state-estimation using (a) conventional and (b) the proposed
MW-PF approaches for a simple two-dimensional scenario with N = 3 particles [1].

| States | PF | MW-PF

[z | w | wey we

x| 4 6 ]0.538]0.606 0274
x? | 7 4 ]0.288(0.197 0.452
2| 1 2 (0175 0.197 0.274

Table 4.1 Summary of values and weights of particles.

A simple numerical example is provided in order to illustrate the results obtained
in the proof of the MW-PF strategy. In particular, we will show the appearance of

an error in the estimation given by the inaccurate approximation of the marginal
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posterior distribution when the number of particles is low and the legacy weighting
strategy is employed. In order to do so, a small numerical example is set up.

We consider a single epoch simulation in which the

o The state space vector is © = [x; x| with true values & = [4 4].
o The input to the estimation problem is a set of two measurements y = [y ¥ .

o The measurement function h(-) that describes the relationship between mea-
surements and states in this case is y; = 7; + v; Vi € {1,2} such that each

measurement is a direct noisy observation of the corresponding state.

e The noise terms v; are modelled as zero mean Gaussian distributions with

standard deviation o = 2. This corresponds to p ~ N (0, 2).

o However, it is assumed that the realization on noise available at the targeted
epoch are equal to zero, so that v; = 0 Vi € {1,2}. This is done in order
to show that, even when the realization of the noise is zero, there is still a

numerical error in the estimate due to inaccurate sampling of the posterior.

o We assume to have N = 3 particles with given values ' = [4 6], *> = [7 4],
=[1 2].

o Weights are all initialized to % = z.

PF First, the state estimate is computed through a legacy PF. Start by computing,
for each measurement and each particle, the difference between the input value and
the nominal one, which yields the innovations 2! = [0 — 2], 22 = [-3 0] and
2% = [32]. These vectors are fed into p(2?) to obtain the weights, which are then
normalized. A summary of the weights is reported in the third column of Table 4.1.

The final estimate is obtained using a weighted sum:

:Z i gl
= (0.538-[4 6]) + (0.288 - [7 4]) + (0.175 - [1 2])
=[4

340 4.726].

As it can be seen, despite the realization of the error being zero, the final estimation
has an error w.r.t. the true values. The result ai also graphically shown in Figure 4.4

(a). Since a low number of particles is being used for the estimation, the estimation of
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each state is influenced by the specific values at which the posterior is being samples,

as proved in Section 4.4.1.

MW-PF When performing the estimation according to the proposed MW-PF,
the subsets &1y = [21] and @) = [22] are considered. In this case, only the
first measurement contributes to z{l), which is used to obtain the first Weight w{l).
The same procedure can be followed to obtain the weights w ) from z( 5. After
normalisation, the weights take the values reported in the last two columns of Table
4.1. The final estimate is:

(0.606 - 4) + (0.197 - 7) + (0.197 - 1) = 4

(0.274-6) 4 (0.452 - 4) 4 (0.274 - 2) = 4

i

and so there is no error on the estimate, as depicted in Figure 4.4 (b).

In conclusion, because of the independence between , the marginal posterior
density of the first state is described by a Gaussian distribution fz,, ~ N(u, o)

which is symmetric around the mean p = 4. Therefore:

f$(1) (,LL + 6)

Foli—d) 1 (4.39)

is always true for any given value €. Due to our assumptions, notice that particle
states 2 = 7 and z} = 1 are indeed symmetric around p = 4. So we compute the
ratio of their weights for MW-PF and PF cases:

why  0.197 .
o
wd)  0.197
w?  0.288
= 0 —1.648
w  0.175

and notice that it is not equal to 1 for the latter. Since in this example N is not
large, the influence of the second state x5 is not averaged out, and the PF is not able
to accurately represent the marginal posterior density, leading to an error on the

estimation.

84



4.4 Multiple Weighting Particle Filter

4.4.3 Application to GNSS

i-th predicted ' f P i ; i ; )
particle 7] o)}

Input
measurements y

Mg = 4

w; X P(Zf) w1

s ,
ll,[:l:] W«

Fig. 4.5 Example of computation of weights for MW-PF with M = 4 visible satellites.

This section is dedicated to the discussion and implementation of the proposed
MW-PF to state estimation in GNSS receivers. In this scenario, there are two types
of measurements that GNSS receivers can obtain. Namely, pseudoranges and range
rates (are related to Doppler shifts). As we have seen, the complete measurement
matrix in (4.19) is composed as follows:

o The top left sub-matrix contains the partial derivatives of pseudoranges w.r.t

the position.

o The bottom right sub-matrix contains the partial derivatives of range rates

w.r.t the velocity, which we have seen to be the same.

o The bottom left should contain the partial derivatives of pseudoranges w.r.t
velocity. It is easy to see from 2.6 that is has no dependence on the velocity, so

these should be zero.

o The top right should contain the partial derivatives of range rates w.r.t the
position. Differently from the previous term, 2.10 does have a dependency
on the position (on its derivative to be precise). Therefore, these partial
derivatives should contain the second derivatives of pseudoranges w.r.t. the
position. In practice, these derivatives are very small (in the order of 107 for
MEO satellites), so they can be neglected.
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So far when introducing the MW-PF, we have talked about the independence
between subsets of states which only depend on disjoint subsets of measurements.
Let’s formalize this assumption in light of the above analysis. The MW-PF assumes
that the problem can be formulated such that the measurement matrix is block
diagonal, or that the off-diagonal terms are negligible. In that case, the partition of
states and measurement is performed accordingly.

The assumption introduced has the following meaning: the difference in position
between the two particles has a negligible contribution to the computation of the
nominal range rate. In other words, we assume that if particles all had the same
velocity, they would measure the same range rate. Since the distance between
satellites and particle is much greater than the distance between any two particles,
all the steering pointing from the particles to the satellite can be considered parallel
to each other. Equation (2.10) computes the normalized projection of the relative
velocity on the steering vector. Since the latter contribution is approximated to be
the same for all particles, then the range rate measurement depends only on the
velocity and clock drift of the particle.

Under this assumption, the partition of states for GNSS becomes:

T=[Dpy Py Pz Cb Uz Uy Uy Cp] (4.40)

(1) T(2)

and for measurements:

(4.41)

so pseudoranges are used to compute the first weights, then used the estimate the
position and clock bias. Conversely, range rates are used to compute the second
weights and hence estimate velocity and clock drift parameters. An examples of how
the weights can be computed for this architecture is shown in the block diagram in
Figure 4.5.

In this study, we employ zero-mean Gaussian distribution as probability densities of
measurement errors. Even tough this choice could be sub-optimal in some scenarios,
the scope of this section is to investigate this impact of a possible mismodelling.
Both filter architectures can be expected to be equally penalized by this choice so

that any comparison remains fair.
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4.4.4 Experiment and Results

The experiment data was collected using the Navigation Constellation Simulator
(NCS) simulator, a GNSS signal simulation and generation system. The ephemeris
and observation data, including pseudoranges and Doppler shifts was stored in
Receiver Independent Exchange Format (RINEX) format. All the observations are of
the GPS constellation with the L1 C/A signal. To simulate noise, we add noise via
ionosphere noise model with the standard deviation of 2m and 1 m for pseudoranges
in the static and dynamic scenarios, respectively, and 1 Hz for Doppler shifts in both
scenarios. Input measurements are collected at a rate of 10 Hz. To validate our

proposed algorithm, both static and dynamic scenarios were built.

Static Scenario

T 0.15
6 [ 0 1 +
5hF 0.05 - +
4 o
|
| 1 |
3 -0.05 0 0.05-°0.1
= 2
=
.2
s o1
o
S 0F
Z.
—1F
PF
—2 MW-PF
o Ground Truth
=3| — 3.0 (PF)
+ u (PF)
—4| — 3-0 (MW-PF)
+ 1 (MW-PF)
_5 | | | | | | | I I |

—4 -3 -2 -1 0 1 2 3 4 ) 6
E direction [m]

Fig. 4.6 Comparison of PF and MW-PF solutions with N = 2000 particles (in east-north
reference frame) for a static GNSS receiver. Mean value of the estimate and 3-0 uncertainty
in the form of error ellipses are also depicted. The ground truth is located in (0,0).

Although Bayesian estimation is primarily exploited for kinematic state estimation,

accurate static state estimation is still of interest as it can temporarily occur in
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Fig. 4.7 (a) Root Squared Error (RSE) on position [m] (b) RSE on velocity [m/s] (c¢) Clock
bias error [m] (d) Clock drift error [m/s].

State PF MW-PF Improvement

3D Position 2.084 1.613 22.6%
3D Velocity 0.371 0.304 18.1%
Clock Bias 1.089 0.766 29.7%
Clock Drift 0.217 0.173 20.3%

Table 4.2 Comparison between MW-PF and PF (both at N = 4000) in terms of RMSE for
the static scenario.

any real trajectory. Moreover, it can be an interesting baseline assessment for the
performance of any positioning algorithm. Therefore, an experiment involving a
static position estimation is performed first.

Figure 4.6 plots all the positioning solutions obtained with the PF and MW-PF for
all epochs of the simulations. The plot represents the East-North plane of a local
ENU reference system, with the ground truth in its center. To better visually display
the difference in performance between the two implementations of the PF, we chose
for this plot the solutions when a low number of particles is used (N = 2000), and
the improvement given by our proposed method is more stark.

The errors on all the state variables over time is instead displayed in Figure 4.7 for
N = 4000. As it can be seen, the MW-PF is more accurate in the estimation of all

the state variables.
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Fig. 4.8 Comparison between PF and MW-PF in terms of Cumulative Distribution Function
(CDF)s of positioning error of a static receiver.

State PF MW-PF Improvement

3D Position 0.724 0.418 42.3%
3D Velocity 0.224 0.219 2.2%
Clock Bias 0.391 0.240 38.6%
Clock Drift 0.120 0.116 3.3%

Table 4.3 Comparison between MW-PF and PF (both at N = 4000) in terms of RMSE for
the dynamic scenario.

Eventually, Figure 4.8 shows the CDF of the positioning error for both algorithms,
tested for some selected number of particles. In reality, more values were tested
but were in the end omitted for the sake of clarity of the plot. In particular for the
MW-PF, going beyond N = 4000, the performance did not improve any further. For
the PF instead, as it can be inferred from the plot, for values lower than N = 8000
the performance degraded very quickly. Instead, values above N = 12000 were not
tested as the simulations became increasingly time consuming. More details on
the computational complexities will be given later, but for now it is interesting to
notice how the performance of PF for N = 12000 is very close to that of MW-PF for
N = 2000. The important take-away from this observation is that MW-PF can reach

the same target accuracy with a significant reduction of the computational load. On

89



Bayesian Inference

the other hand, for a fixed available (and reasonable, meaning N is not too large)
computational effort, the MW-PF can outperform the PF in terms of accuracy of

the positioning solution.

Dynamic Scenario
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Fig. 4.9 Comparison of PF and MW-PF solutions (in east-north reference frame) applied
to position estimation of a dynamic GNSS receiver.

For a second assessment, an artificial dynamic trace is used with the shape of a
Bernoulli lemniscate, as can be seen in Figure 4.9, which also displays the positioning
solutions for both algorithms (/N = 8000). The moving target performs roughly one
loop of the track during the simulations. By comparing the positioning solutions of
Figure 4.9 it can be seen how, especially in some parts of the trajectory, the MW-PF
solution is consistently closer to the ground truth.

As done for the static case, the error on the state variables of interest is shown
in Figure 4.10. Once again, a deliberate choice of plotting the errors of the two
algorithms for a lower number of particles was made in order to emphasize the
difference in their performance. In particular, it is interesting to notice from subplots
(a) and (c) how in this scenario the improvement in accuracy given by MW-PF
is larger for the estimation of position and clock bias. This difference was not as

stark when comparing the same errors of the static scenario. This phenomenon
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Fig. 4.10 (a) RSE on Horizontal position [m] (b) RSE on Horizontal velocity [m/s] (c)
Clock bias error [m] (d) Clock drift error [m/s].

can be quantified by looking at Tables 4.2 and 4.3 which provide a summary of the
two tests. The improvement column refers to the percentage decrease in RMSE
when employing MW-PF instead of PF. We remind that position and clock bias are
the variables chosen to form the first sub-vector, since pseudorange measurements
provide information about those state. This results suggests that, when the target
is in a dynamic state, splitting the estimation of position and clock bias with their
respective derivatives, the gain in estimation accuracy is larger for the former.

The CDF of the positioning solution of both algorithms is shown in Figure 4.11. We
selected the results for some specific number of particles in order to not overcrowd
the plot. The take-away from this results is similar to what observed for the static
scenario, which is that MW-PF can reach the same accuracy of PF with a reduced
number of particles.

Finally, 4.12 shows the error at the 90th percentile of the CDF for both algorithms
and different values of particles. We wanted to investigate whether by further increas-
ing N for PF, its performance would eventually reach or even surpass that of MW-PF.
The last value we tested was N = 60000 since simulations eventually became too
long to continue. This last test yielded a 90th percentile error of 0.650 against one of
0.607 for MW-PF at N = 20000. The conclusion is that even when N is extremely
large, the performance of PF doe not fully converge to that of MW-PF, suggesting

that some small residual additional errors remain due to the sub-optimal sampling
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Fig. 4.11 Comparison of the CDF of the positioning error of a dynamic receiver using PF

and MW-PF solutions with different numbers of particles.

of the algorithm. Given the results from Figure 4.12 for MW-PF, we identify values
of N between 4000 and 12000 as possible good working points in terms of trade-off

between computational load and accuracy.

Computational Complexity

N PF MW-PF

1000  6.26 6.40
2000 7.98 8.05
4000 11.15 11.30
8000 15.00 15.58

Table 4.4 Comparison between PF and MW-PF of the simulation run times in seconds to
solve 300 seconds of PVT.

Since the two algorithms presented in these results present some differences in
their code and implementation, a summary of their execution times is given in order
to give a fair comparison between the two. The results are reported in Table 4.4

for some values of N. By fixing any N, the run time of MW-PF is slightly longer
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Fig. 4.12 Comparison of 90th percentile error of PF and MW-PF solutions with different
numbers of particles.

than PF as expected, since some computations and checks are performed twice.
Overall, this increase is not large and is mostly offset by the fact that the MW-PF
implementation can reach the same accuracy with fewer particles.

It is important to stress that the times reported here are given simply in order to
provide a comparison between the two algorithms, rather than to give a thorough
investigation of the computational complexities of PF. In fact, no parallel optimization
has been implemented (although we anticipate to do so in the future), despite some
heavy computations of PF could be implemented this way, leading to a reduction in

simulation times.

4.4.5 Discussion

The MW-PF has been introduced, with the scope to exploit information diversity of
input measurements to achieve a more accurate sampling of the posterior distribution
with fewer particles. Despite being applied to GNSS here, the technique can be
generalized to be exploited in other types of state estimation problems with minimum
modifications of the PF routine. While in the investigated application the state
vector was split in two subsets, any number of such subsets is possible in principle,

according to the relationship between measurements and states in the system of
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interest.

Indeed, when sampling using multiple weights, each particle retains information
about the likelihood of each subset of states, rather than an overall likelihood across
all states. In fact, the proposed MW-PF is able to mitigate the main drawback
of SMC methods w.r.t. to KF. On one hand, the multiple weighting can reduce
the inaccuracies due to the empirical discrete approximation of the posterior. On
the other hand, it may introduce additional errors if the assumptions are not fully
respected. Namely, if the measurement matrix is not block diagonal. Results show
that indeed, for stand-alone GNSS with MEO constellation, the improved weighting
strategy far outweighs the neglected terms in the measurement matrix. Nonetheless,
the applicability of the MW-PF in other scenarios remains to be investigated.
Simulation campaign show that, for both static and dynamic cases, MW-PF provides
better performance in terms of accuracy, especially when a low number of particles is
used. In other terms, the same accuracy obtained through PF can be reached with
MW-PF with as low as one fifth of the particles. Conversely, for the same N = 12000
in the dynamic scenario, MW-PF can provide an improvement of over 40% in terms

of positioning error.
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Chapter 5

Multipath Detection and
Mitigation

The scope of this chapter is to develop novel methods for the detection and mit-
igation of multipath effects, by exploiting ideas inspired by some of the analysis
made in Chapter 3 regarding residuals and Chapter 4 regarding Bayesian filtering.
In particular, our goal is to combine the theoretical insights with novel ideas such
as soft information [112] to develop robust estimation in the presence of faulty
measurements.

The main reason to tackle multipath and NLoS phenomena is that despite the global
coverage of GNSS, these faults are one of the main limitations in obtaining accurate
positioning performance in challenging environments. As a matter of fact, reflection
phenomena remains the primary limitation to the use of emerging applications such
as autonomous vehicles and smart wearables. Therefore, it is of large interest to
guarantee GNSS integrity in urban environments [113].

As a consequence, large research effort has been devoted to the detection of mea-
surement faults and to mitigate their effect on the positioning solution. However,
the problem remains extremely challenging and is still one of the main limitations of
GNSS stand-alone positioning, thus motivating further research on the topic.

The remainder of this chapter is structured as follows: first a background on mul-
tipath and NLoS is given, along with a summary of the main techniques for the
detection and mitigation of such phenomena. Then, two main sections will be
presented, describing two original contributions for the mitigation of bias due to
multipath and NLoS phenomena. The first method, published in [5], is developed to

automatically label datasets in post-processing by leveraging a clustering algorithm
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which helps identifying outliers. On the other hand, the second method can be
applied in real-time to mitigate faulty measurements by exploiting the concept of soft
information to construct multimodal probability distributions in the measurement
model of the PF. This latter work was first presented in [6] and then extended into a
recently submitted journal paper.

Nonetheless, both presented methods attempt to estimate and compensate for the
bias in order to still exploit positioning information from the faulty measurements,
as opposed to performing Fault Detection and Exclusion (FDE). The reason for this
choice is that in harsh environment, with limited satellite visibility, position-related
measurements are a scarce resource and excluding faulty measurements might have

a severe impact on the GDOP.

5.1 Background

s & @’WSZ % Ss

—— LoS
—— NLoS
——— Multipath

Fig. 5.1 Example of direct and reflected signal reception in urban canyon.

Given the different definition of multipath and NLoS that can be found in the

literature, we wish to clarify the terminology that will be used here [114]:

o Multipath: Reception of a signal through a direct path and one or more

reflected path, or multiple reflected paths only.

o NLoS: Reception of a signal through a reflected path only, since the direct
path is obstructed.
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In both cases, the reception of reflected signals may cause biases in the estimated
travel time of the signal, and therefore on the pseudoranges. However, NLoS is purely
a delay of the original signal which causes an increase in the estimated travel time of
the signal, while multipath may cause distortions of the received signals which may
have more complex affects on the different stages of a receiver.

The techniques that have been developed to detect and mitigate reflection phenomena

can be classified in three main groups:

e Antenna-based: Multipath and NLoS faults are caused by the reflected
signals, which have different polarization and reception angles w.r.t. direct
signals. Exploiting this knowledge, some of the most popular solutions include

utilizing choke rings [115], antenna polarization [116, 117], and array antennas
[118].

» Receiver-based: In the signal processing stage, reflected signals may cause
distortion of the auto-correlation in the DLL. Therefore, more sophisticated
tracking loop designs can be exploited to detect and separate the reflected
signals. Techniques can be further divided into non-estimating ones, which aim
at reducing the effect of multipath without directly estimating its parameters.
These include narrow correlator [119], early-late slope [120], strobe correlator
[121], high resolution correlator [122], pulse aperture correlator [123] and vision
correlator [124]. On the other hand, estimating techniques try to mitigate
multipath by estimating parameters of the bias induced by reflection. Among
these, there are multipath estimating DLL [125, 126], space-altering generalized
expectation-maximization [127], multipath mitigation technique [128], fast
iterative ML algorithm [129] and other solutions based on coupled amplitude
DLL [130, 131] and LS-based iterative super resolution technique [132]. Among
more recent developments in multipath mitigation, it is worth mentioning
double-delta correlators [133], combination of multipath estimating DLL with
strobe correlators [134] and vector tracking [135].

o Navigation-unit-based: GNSS faults can result in inconsistent measurements,
including pseudorange, carrier phase, pseudorange rate, and signal strength.
Consequently, the fault exclusion can be done by exploiting redundancy of
measurements to detect outliers, as done by integrity methods such as RAIM
[57, 136, 58] and Advanced RAIM (ARAIM) [137, 138]. Some research also
exploit the different C/NO of reflected signals [139, 140], vector angle grouping

with solution separation [141] or sparse estimation [142, 143].
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A more comprehensive summary of detection and mitigation techniques is given in
[114]. However, it is worth mentioning a few other recent techniques that have been
developed. These include the use of cameras [144, 145] and also the application of
machine learning algorithms. For example, classification of measurements exploiting
3D maps [146, 147], similarity in azimuth and elevations [148, 149], or correlators
[150]. Nevertheless, it is difficult to assess the reliability of these methods due
to the complexity of reflection phenomena and of the surrounding environment.
Furthermore, they also require additional information or equipment which may not
be cheap or viable for mass-market devices.

Furthermore, it should be mentioned that important work on the analysis of the
distribution of multipath-affected measurement has been done in [151-153].

The proposed methods presented here both fall in the class navigation-unit-based.
The motivation for this choice is that, regardless of the source of the fault, the effect
is a bias on the measurements obtained by the receivers. By working in the domain
of measurements, the navigation unit has the possibility to detect biases from any
source. As a consequence, the proposed methods have the flexibility to be applied
more in general for the mitigation of any phenomena which causes biases in the

measurements.

5.1.1 Consistency Checking
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(a) Space domain. (b) Time domain.

Fig. 5.2 Examples of inconsistency.

A widespread principle for detecting faults is exploiting redundancy to identify

measurements that are inconsistent with other available information. The concept of
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redundancy can be applied to two domains: the space domain and the time domain.
The first refers to inconsistency between measurements from different satellites at
a single epoch, and thus checking whether all measurements match a positioning
solution under a certain error bound. One example of this is snapshot RAIM, which
constructs the chi-squared statistical values from residuals [136]. On the other hand,
time domain refers the concept of consistency between consecutive epochs. Filtering
based approaches can monitor time consistency using innovations of the filter [154].
Since states should change smoothly according to the motion model of the user, it
is possible to check whether current input measurements are consistent with the
predicted states, which are based on previous epochs. Figure 5.2 gives a graphical
illustration of these two concepts.

In general, integrity methods exploiting consistency in the space domain are very
reliable due to their rigorous probability models. However, these methods cannot
always be applied directly to all GNSS fault conditions. The background of integrity
methods are the precision approaches used in the aviation domain. As a consequence,
a key assumption of integrity methods is the availability of a large number of
measurements. However, this is often not achievable in urban scenarios due to
signal blockage, which leads to limited satellite visibility [113]. Numerous existing
solutions are designed for the aviation domain, in which reflection phenomena is not
as common and complex as in urban scenarios. Therefore, it may be hard for these
methods to identify the correct hypotheses covering a specific fault condition, and
the number of hypotheses to be tested would also increase considerably, leading to
concerns about computational load.

One advantage of utilizing filtering methods is that they can exploit information from
the time domain to compensate for limited redundancy in the space domain, thus
partially overcoming the problem of limited satellite visibility in urban scenarios, as
done in [154]. Furthermore, the prediction step of filtering methods can be used as a
baseline to perform consistency checks, thus eliminating the need to form a large
number of hypotheses. In particular, some solutions attempt to increase redundancy
by integrating additional sensors like Inertial Navigation System (INS), to compare
their consistency with GNSS observables [155]. However, the work presented here
aims at designing methods intended for GNSS stand-alone navigation units, since

they are the most vulnerable to multipath and NLoS phenomena.
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Term ‘ Description ‘ Source
Di Satellite position IGS final precise orbit product
p Receiver position RTK positioning solution
¢ Antenna phase centre | Absolute IGS correction (igsl4.atx)
I; Ionosphere delay Final IGS combined Global ITonospheric
Maps (GIM)
T; Troposphere delay Saastamoinen model
D; Timing Group Delay|Navigation message
(TGD)
Ci Satellite clock bias Navigation message
As; Sagnac effect Equation (B.1)
Ah; Shapiro effect Equation (B.2)
Ar; Relativistic effect Equation (B.3)

Table 5.1 Corrections and models for pseudorange measurements.

5.2 Post-Processing Mitigation based on Cluster-

ing

This section describes a post-processing method for the detection and estimation
of biases induced by faults such as multipath or NLoS. One of the main limitations
of many multipath methods is the difficulty in properly assessing the effectiveness
of the method. In principle, it is hard to obtain a ground truth containing which
measurement are affected by a bias and what is the value of the bias. As a consequence,
it can be hard to evaluate the performance of new methods in terms of missed
detections, false alarms and accuracy of the estimated biases.

The proposed method aims at filling this gap. The idea is to establish a post-
processing algorithm with the goal to estimate measurement biases as accurately as
possible, using all the available information such as Real Time Kinematic (RTK) and
International GNSS Service (IGS) products. Then, the method can be applied on
datasets in order to label data, thus creating new datasets with known multipath and
NLoS phenomena with as high of an accuracy as possible. Then, the new labelled
datasets can be used to evaluate the performances of new methods meant to work
in real-time. Furthermore, the labelled datasets can also be used to train machine

learning models for the detection of biases.
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5.2.1 Modelling of the Fault term

First, we recall the pseudorange equation (2.7) which considers all the error sources.
Thanks to the availability of products from IGS, some terms on the right hand-side
can be corrected with relatively high accuracy. Furthermore, predicted or estimated
terms can be subtracted using a precise position from RTK solution. Then, from the

1-th measurement, a leftover term can be obtained:
v, =Ac + An + ¢ + F; (5.1)

where Ac is a term which lumps contributions due to the receiver clock and instru-
mental delay while An lumps all the errors due to inaccuracies in the corrections. A
summary of the quantities used for the correction is provided in Table 5.1.

Most importantly, Ac depends only the receiver so it is a common term for every
measurement at a given time instant. Furthermore, we assume that An is zero mean
and should be very small in general.

Therefore, differences in v; are mainly driven by the term Fj, which is introduced
in order to model biases due to faults, and the receiver noise ¢;. However, for
geodetic-quality receivers, ¢; should be within 1 m of absolute value. On the other
hand, ranging bias due to multipath can be as large as 70 m for GPS L1 C/A signals
using one chip early-to-late spacing [156], and even larger for NLoS.

This means that measurement from satellites whose fault term F; is zero should all
have leftover terms v; similar to each other. As a consequence, the leftover term
for measurements affected by large values of biases should emerge from the noise
¢;. Indeed, such faults are also the most important to detect since they affect the
estimated position the most.

By modelling ¢; as a random variable following a normal distribution with variance

0?2, then the leftover term is distributed as:

N (Ac, o?) Not Faulty
N (Ac + F;, 0%) Faulty

The aim is to compute v; for all visible satellites and then apply a clustering algorithm
to group values that are close to each other. An assumption of this work is that the
largest cluster will be produced by the measurements whose fault term is equal to
zero or very small.

In principle, it is possible to have a very large number of measurements which are

affected by a bias due to a fault. However, it is extremely unlikely that all those
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measurements are affect by the same mount of bias, thus forming a large cluster. As
a consequence, the assumption of taking the largest cluster is reasonable.

Once the largest cluster has been determined, the common term Ac can be estimated
by taking the average value of v; from the satellites in the main cluster, which are
labelled as healthy. On the other hand, measurements not belonging to the main
cluster are labelled as faulty, and the fault term F; is estimated as the difference

between the leftover term and the estimated common term Fz = — Ac

5.2.2 Clustering based on DBSCAN

Section 5.2.1 has motivated the use of clustering algorithms to detect measurements
affected by bias. This sections instead gives an overview of the chosen clustering
algorithm, namely DBSCAN [157]. DBSCAN is a minimum density level estimation
that clusters data based on the density. The input to the algorithm are the following

parameters:

e ¢, the range from a point used to determine whether other points are its

neighbours.
o minPts, the minimum number of neighbouring points in order to form a cluster.

e dist, is a function which computes the distance between two data points.
Different vector norms can be specified by the user. In our case, the leftover
term is a one-dimensional value so dist computes the absolute value of the

difference between two points.

Based on these parameters, every data point will be classified into one of the three

following types:

1. Core points, data points that have more than minPts neighbours within a

range € and thus belong to a cluster.

2. Non-core points (border points), data points who have at least one neigh-

bour but not as many as minPts.

3. Outliers, data points with no neighbours.

First, DBSCAN starts from a point and identifies all its neighbours. If the point

is a core points, then all its neighbours are assigned to the same cluster and the
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operation is repeated for each of them, thus including also their neighbours which
were not neighbours of the original point. DBSCAN then continues with other points
until each point in the data has been assigned to a category.

A condition that we set is that the largest cluster contains at least two measurements,
so minPts = 2. This is done in order to avoid extreme cases in which only a limited
number of satellites is in view and therefore it is hard to determine which are affected
by bias.

On the other hand, the range ¢ should be set according to the variance of the receiver
noise. It should be noted that, if a high-quality receiver is used which has low noise,
then a low value of € can be set, thus improving the detection probability even for
small biases.

Although DBSCAN uses three groups to label points, we are interested only in two
groups. Satellites that are labelled as healthy are associated to core points that

belong to the largest cluster, while all other satellites are labelled as faulty.

5.2.3 Results

Ideally, the proposed method should be evaluated on a dataset containing a ground
truth for measurements biases. However, as we mentioned in the introduction of
the chapter, it is hard to obtain such a dataset and that is indeed the scope of the
work itself. Since it is not possible to test the estimated biases directly, what we can
do is to remove those biases from the available measurements and test whether the
positioning solution obtained from the corrected measurements is improved w.r.t. to
initial dataset when comparing to a ground truth of the position. In our case, the
position ground truth is the one obtained from RTK. It should be highlighted that
nonetheless, the scope of the work is to provide a method to obtain measurement
biases ground truth rather than improving the position estimation performance for

real-time application.

Experiment Set-up

To demonstrate the proposed method, a real-world experiment is carried out in a
urban environment where multipath phenomena can be expected to occur. The data
collection is performed in the city of Turin (Italy), as shown in Figure 5.3. A Leica
GS18 receiver with its internal antenna collects raw GNSS measurements of GPS L1
C/A signals with a frequency of 10 Hz. The antenna is fixed in the same location for

the entire duration of the data collection, which is around 40 minutes. The precise
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(a) Surrounding buildings of data collection sce-(b) Overhead location of the GNSS antenna (or-
nario. ange icon).

Fig. 5.3 Mutlipath/NLoS scenario of data collection.

location of the antenna is obtained by a fixed RTK solution, thus providing the
ground truth of the positioning point for the computation of the leftover term in
(5.1). The length of the experiment was chosen to have a meaningful change in the
position of satellites in the sky across the duration, in order to observe some changes
in the reflection phenomena. The skyplot and associated C/N, for each satellite
are shown in Figure 5.4. The receiver is deployed close to the buildings on the east
side of the road. Therefore, signals coming from that direction could be in NLoS
condition and thus reflect on the buildings on the west side.

All corrections and models are computed using the manual and program library
provided by RTKLIB [158].

Regarding DBSCAN, the parameter ¢ should represent the maximum distance
between two points within the same cluster. In our specific context, values of v;

2 is associated with the

belong to the distribution N (Ac, 0?) where the variance o
receiver noise. Prior to the experiment, the receiver was deployed in an open sky
scenario in order to estimate the variance of measurements in ideal conditions. Based
on such data, the variance of receiver noise is observed to be around 1 m. Therefore,
considering the difference of noise between two independent measurements, the

maximum distance between points in the same cluster € was set to be 2m.

Static experiment

Figure 5.5a depicts all the v;, marked in different colours to distinguish the cor-
responding satellite. It can be seen that most v; exhibit a common trends, thus

indicating their dependency on a common term, namely Ac. Conversely, a few
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Fig. 5.4 Sky-plot and corresponding C'/Ny.

values deviate from this trend, suggesting an additional impact due to a time-varying
bias. As a consequence, these deviations can indicate the influence of faults such
as multipath or NLoS. In any case, regardless of the source, our goal is to estimate
such bias. In particular, it is interesting to observe the behaviour of PRN 18, which
produced a leftover term wv; significantly different compared to other measurements.
Based on the sky-plot in Figure 5.4 and the surroundings of the receiver in Figure
5.3, it can be hypothesized that the bias could be due to a reflection of the signal
from the building on the west side of the road.

Then, Figure 5.5b shows all the v; in the largest cluster identified by using DBSCAN.
As a result, the mean of these values is computed as the estimated Ac and plotted
as the dashed black line. Given this estimate Z\c, it can now be subtracted from v;
of measurements not in the largest cluster, effectively isolating the fault terms F;.
Then, Figure 5.6 presents the estimated biases computed by removing the common
term due to the clock. It can be seen that positive values of F; are observed more
frequently than negative values. This is consistent with the theoretical background
on the effect of multipath and NLoS as described in [114]. Multipath can introduce
both positive and negative biases to pseudorange depending on the distortion of the
discriminator function, while NLoS tends to produce only positive biases since only

one delayed ray is received. Therefore, positive-value biases tend to occur slightly
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Fig. 5.5 Clustering of fault free measurements and estimation of common clock term.

more often.

It is now of interest to assess the validity of the estimated biases. To this aim, a
new dataset is generated which contains compensated measurements obtained by
subtracting the estimated fault terms F}; from the original measurements. Conse-
quently, new positioning results can be computed using these compensated values
and compared to the performance of positioning solutions when no detection or
mitigation strategies are employed. Both datasets with and without compensated
measurements are run using an OLS estimator, and the former is referred to as
C-OLS. Figure 5.7 compares position scatters in the horizontal plane of a ENU
reference frame for both datasets, along with the mean and one o covariance ellipse
and the ground truth. It can be seen that removing the estimated fault terms greatly
reduces the spread of positioning solution. On the other hand, the mean for the
compensated dataset is slightly further from the ground truth, since some solutions
affected by bias where skewing the mean of the original dataset. In any case, the
large majority of points is now significantly closer to the ground truth.

Similarly, Figure 5.8 shows the positioning error time series in ENU directions for the
two cases. From this plot it can be observed that the positioning errors are smaller
in magnitude than the estimated fault terms F;, for the original dataset. This occurs
because the solutions are computed based on the entire set of available pseudorange
measurements, out of which only a minority is affected by a bias. Nonetheless, the
solutions using the compensated measurements greatly reduces the error in all three
axial directions, especially preventing large deviations which were present in the
original dataset. Finally, Figure 5.9 shows the CDF of positioning errors, serving

a crucial role in assessing the enhanced positioning accuracy after compensation
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Fig. 5.6 Estimated fault terms £} from measurements outside the main cluster.

of the bias. Significant reductions in positioning errors can be observed, providing
substantial validation for the effectiveness of the proposed method.

Results show that the proposed method is a promising tool for an automated detection
and estimation of measurement biases due to faults. This approach can be leveraged
to obtain ground truths that can then be used by other real-time methods to assess
their performance. Nonetheless, some improvements can be made in the future in
order to further validate the method and to improve its accuracy. More on-field
test can be performed to assess the validity in a wide range of conditions and with
different receivers. Other clustering algorithms can be tested and a more rigorous
derivation of the parameters can be performed in given certain target probabilities

of detection or false alarms.

5.3 Real-Time Mitigation based on Soft Informa-

tion

The previous section introduced a solution which requires the knowledge of a precise
position from RTK and precise products in order to detect faulty measurements and
estimate their bias. Therefore, it is not suitable for real-time applications. As a
consequence, the definition and statistical modelling of the leftover term used in (5.1)

needs to be adjusted accordingly. Simpler correction models can be used in place of
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Fig. 5.7 Scatter plot in the horizontal plane of ENU reference frame. Comparison of
positions computed with compensation (C-OLS) and without (OLS) of fault terms Fj,
along with mean and standard deviation.

precise products from IGS, which are only available for post processing. On the other
hand, (5.1) was effective in detecting fault thanks to the availability of a ground
truth provided by the use of RTK. For real-time applications, the alternative is to
use the concept of innovation as described in (4.12). This opens up the possibility of
employing either the EKF or the PF, both introduced in Chapter 4. A comparison
between their properties will provided in Section 5.3.2, specifically with the goal of

analysing their robustness to biases in the input measurements.

5.3.1 Process Noise for Land Vehicles

In order to compare Bayesian filter, first we need to discuss more in-depth the role
of the process noise in the estimation process, especially regarding the update step
of filtering algorithms. In filtering approaches, the process noise is tuned based on
the motion of the user, how accurate the dynamic model is and the rate of solutions

provided by the navigation unit. A discrete-time dynamic model with high-order
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Fig. 5.8 Time series of position axis errors in ENU reference frame. Comparison between
compensation (C-OLS) and without (OLS) of fault terms F;.

terms at time k£ can be written as:

1
Dk = Pr—1 + vp1 AL+ §ak_1At2 + ..
(5.3)

1
Chk = Cpk—1 + éb,k_lAt + §éb’k_1At2 + ...

To make this model computation feasible, (5.3) is usually truncated before the terms
regarding the acceleration a;_; and receiver clock drift rate ¢, ;—;. Furthermore, an
estimation of high-order terms is usually not available, especially if there is no use
of other sensors such as INS. As a result, the magnitude of all the neglected terms

containing At and high order derivatives should be taken into account when tuning
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Fig. 5.9 CDFs of positioning errors using compensation (C-OLS) and without (OLS) of
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the process noise. The meaning of this operation is the following: the real motion of
the receiver depends on its velocity and other high-order derivatives. Since the latter
are not known or cannot be estimated reliably, they are modelled statistically by
considering them as an uncertainty. This is the role of the process noise.

Usually, the typical measurement frequency of GNSS for land vehicles is equal to
or higher than 1Hz (At < 1s). Therefore, high-order terms tend to be negligible
because higher powers of At become increasingly smaller. As a consequence, the
value of process noise should mainly be tuned based on the acceleration a;_; and
the receiver clock drift rate ¢, 1. In particular, their maximum values should be
obtained according to the specific use case and receiver, and then the process noise
can be tuned to account for the truncated terms in (5.3). Based on the three-sigma
rule of the normal distribution, the standard deviation of states is set as 1/3 of
the maximum unmodelled terms containing a1 and ¢ ,—; in the dynamic model.

Therefore, the diagonal covariance matrix is written as:

(4anaar)’
(%am,wAtY
(348 mart?)”
| (Bénmanht)” |

Qi1 = diag (5.4)
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Given an example in vehicular scenarios, the maximum acceleration is typically in
the order of a4, = 3m/s? for each direction under a ENU frame. A typical value
of the measurement interval At can be 0.1s. Therefore, deviation between the real
motion due to acceleration and a linearized model is %amaxAtQ = 0.015m, which is
fairly small. The specific values related to the dataset used to test this work are
provided in Appendix C.

Properly tuning the process noise to reduce the range of possible values of states
has another benefit. Monte Carlo methods such as PF suffer from the curse of
dimensionality, meaning that the amount of samples needed to represent a probability
distribution given a target accuracy increases exponentially with the number of states
to be estimated (i.e., the number of dimensions of the distribution). Since these
methods aim to approximate probability distributions with a set of samples, the
number of samples needed to reach a target accuracy also depends on the range
of possible values of the hidden variables. Properly tuning the process noise can
help reduce the span of possible values and thus the number of samples needed to

accurately sample the target distribution.

5.3.2 Robustness of Bayesian Filters

This subsection will discuss more in detail the advantages of using the PF, to provide
a theoretical basis for the motivation of using this filter in the targeted application.
The EKF is used as a reference to be compared with the PF. For simplicity, the
illustration and discussion in this section are based on pseudorange measurements.
Nonetheless, the advantages of the proposed method can also be applied to the
pseudorange rate measurement model.

In certain scenarios, measurement biases caused by faults may be small, and their
impact on the innovation can be overwhelmed by factors such as the dynamic model
of the user, atmospheric model errors, and other terms. Consequently, small valued
errors may lead to missed detections. While these faults may go unnoticed, they still
contribute to the degradation of the accuracy of navigation solutions. Considering the
update step of the EKF, the presence of faults affecting a set of input measurements

yr. at time k can be collected in a vector Fy, then (4.15) can be expanded as:

where K}, is the Kalman gain from (4.14) and 4 are the input measurements without

the fault term. Hence, the additional error on the estimate A&, due to the faults
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can be written as:

A&, = K. F, . (5.6)

which means the error can grow indefinitely as faults get larger. As a consequence,
the accuracy of EKF can suffer severely in case of large undetected biases in the
measurements.

On the other hand, recall that the PF derives its estimated states through a weighted
average of particles as computed in (4.26). As a results, the final estimate is
constrained by where the distribution has been sampled, or in other words where the
particles are. In turn, the mean value of particles depend on the previous estimate
and the motion model, while their spread depends heavily on the process noise, which
is not large for vehicular applications. As a consequence, the estimate of a PF over a
single epoch cannot deviate considerably from the predicted value, even in presence

of large biases in the input measurements.

5.3.3 Soft Information

In complex urban environments environments, it can occur that multiple measure-
ments are affected by biases at the same time. As a results, it can become hard
to detect which ones are faulty based on the principle of consistency. Popular in-
tegrity techniques detect faulty measurements by exploiting residuals, which are
computed based on the estimated position. However, when many measurements are
faulty, the estimated position is affected and hence residuals are not very reliable. A
similar reasoning can be applied to innovations, which also become less reliable if
the predicted position is far from the truth. In such scenarios, it would be wise to
be cautious of large innovations. However, most fault detection techniques follow
the principle of single-value estimates. In other words, most methods perform hard
decisions in labelling measurement either healthy or faulty. This can lead to many
missed detections and false alarms, which may further hinder the performance of
navigation units.

This approach of hard decisions was also used in Section 5.2 to determine which mea-
surements are faulty. However, that was applied to a post-processing scenarios which
relied on accurate corrections and ground truth. Hence, the leftover term tends to
be more reliable w.r.t what can be computed in real-time applications. In such cases,
we can exploit the concept of soft information, as proposed by [112] in the context
of localization. The idea is to represent knowledge about a variable in a statistical

way, rather than assigning a single-value (possibly associated with an uncertainty).
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Soft information allows to obtain a statistically model to the notion that maybe a
measurement is faulty, but we are not so sure of it and it may also be healthy. Such
characterization thus imply that measurement errors can be represented with any
arbitrary probability distribution, possibly even multimodal. This characterization
can only be implemented on the PF, since the EKF assumes errors to be normal
distributed random variables. This feature thus provides further motivation for
implementing the proposed method using the PF, on top of the analysis made in
Section 5.3.2.

It should be pointed out that the concept of soft information is very flexible and
can be applied in order to integrate into navigation filters any kind of available
information (e.g., maps) and not simply measurements. However, the scope of this

work is mainly to give an initial implementation and assessment of the potential of

exploiting soft information.

5.3.4 Proposed PF Measurement Model
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Fig. 5.10 Example of updated measurement likelihood for a single measurement. Each
curve represents the probability distribution of input measurement from i-th satellite y;
given the position of j-th particle / (thus representing the innovation v]) under different
assumptions about the estimated fault term F,.
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First, we start by deriving the pseudorange innovation v; from satellite i for the
PF:

v = pi — p;

5.7
:ATi+ACb—AC(,J—FAL’—FAE—FARi—FFi—FQ ( )

where:

o Ar; = r; —r} is the difference between the true and predicted geometrical

ranges.
e Agy is an error in the prediction of the receiver clock bias.
« Acy; is a residual error from satellite clock bias correction.

o AI;, AT;, AR; are residual error due to imperfections in the corrections of

ionosphere delay, troposphere delay and relativistic effects, respectively.
e Fj;is an additional bias due to faults such as multipath.

e ¢; is noise due to receiver.

When there is no fault, F; = 0 and according to (5.7), the pseudorange innovation
value depends on all the terms except F;. That is to say, the accuracy of corrections,
dynamic model and filter accuracy of the previous epoch determine the value of the
innovation, except for the fault term.

Consequently, if there are no faults and the filter does not diverge, the innovation
should be bounded, as will be verified in the experiment part. However, the innova-
tion might grow large when a fault happens, since it can introduce large errors to
pseudorange.

The proposed method is to compute the innovation according to the top part of (5.7)
and then to set a threshold vy, based on the expected accuracy of all the non-fault
terms. As such, we do not need to explicitly compute all the terms in the bottom
part of (5.7) (which would not be possible to do since some terms cannot be known),
but rather only need an estimate of their variances. Then, if the innovation is larger
than the defined threshold, the corresponding measurement is labelled as potentially
faulty. The threshold can be computed based on the expected accuracy that can be
achieved for all the terms in (5.7). A more in-depth discussion of these terms and
how they are computed is given in Appendix C.

Finally, it is important to point out that, for each satellite, the corresponding pseu-

dorange innovation contains information from both the previous epoch (predicted
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measurements) and the current epoch (observed measurements), so it can be used
to check for consistency in the time domain. On the other hand, consistency in the
space domain can be examined by looking at multiple innovations from different

satellites at the same epoch.

When the innovation is larger than the threshold, it is assumed that its value

is mostly driven by the fault term, so F} is estimated as the value of the innovation:

v;  for v; > vy
F; .= (5.8)
0 for v; < vy,

>

.

By substituting F} into (2.6), a modified measurement model for the PF is obtained,
which accounts for possible biases. This design is graphically shown at the top of
Figure 5.10, which compares the original likelihood function and the updated one
which accounts for estimated bias due to multipath or NLoS.

The unnormalised particle weights at epoch k obtained from the original likelihood

function can be represented as:

M
wy, = wi_y p(Y | T, Fre = 0) = wy,_, H W k- (5.9)
i=1
While the unnormalised particle weights obtained from the updated likelihood

function can be computed as:

M
W = wi_y p(yy | @, Fy, = F}) = w]_, 11 lka (5.10)
i=1
Clearly, if a measurement is not labelled as faulty, then wfk and 'Lbfk are the same
since F; =0 according to (5.8). As a consequence, the weighting strategy remains
unchanged from the legacy PF.
Conversely for faulty measurements, the concept of soft information can be leveraged
by combining the original likelihood function and the updated one. By integrating
these two sources of information, the method can effectively take into account the
possibility of false alarms and improve the overall fault mitigation performance. In
particular, we propose an adaptive strategy to combine these two likelihoods together
to obtain a new multimodal likelihood function used to determine the weight of each
particle. The bottom half of Figure 5.10 depicts this adaptive combination design.
The motivation for employing an adaptive weighting strategy between the two PDFs
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is motivated by the following reasoning: using the innovation to detect multipath
and NLoS and estimate the associated bias is more reliable when only one or two
satellites are affected. In such cases, correcting the measurements can prove to be
the most effective strategy. Conversely, when multiple measurements are impacted
by biases at the same epoch, the reliability of the innovation decreases. Therefore,
the confidence in the likelihood p(yy | 1, F}, = E}) should be decreased. As a result,

we can use both hypothesis to build new unnormalised particle weights w;, , which
combine the two likelihoods adaptively:
Wl = ho - W], + hy W], (5.11)

where the weights hy and hy associated to the two fault hypothesis can be computed

according to the proposed adaptive strategy:

b # detected faulty measurements
0 =

# of measurements (5.12)

hi=1—hg

The idea behind the proposed strategy is the following: as more measurements are
labelled as faulty, the innovation is less reliable and we give less priority to the
updated likelihood. On the contrary, if only a small fraction of innovations exceeds
the threshold, we can have more trust that those measurements are indeed faulty
and hence hg is lower and hy is larger. As we have established, w], and @] are the
same for healthy satellite so the weighting strategy remains unchanged regardless of

the values of hy and h.

5.3.5 Divergence protection

The effectiveness of the proposed method relies on the assumption that the navigation
solution from the previous epoch maintains acceptable accuracy. If the filter produces
a solution with large deviation fro the truth, it becomes challenging to estimate
reliable innovation values. Consequently, it can be useful in some instances to re-
initialise the filter to avoid this problem. A GLS estimator with classical RAIM-FDE
is employed to monitor the divergence of filtering solutions. The navigation solution

is considered not reliable if one the following two conditions is true:

o The distance between positions obtained by the filter and GLS is larger than

50m while the visible satellite number is larger than 12.
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Fig. 5.11 Experimental scenarios.

o The receiver has lost lock on all satellites for more than a second.

When this scenario occurs, the filter is re-initialized using the solution from GLS.
Clearly, this is only possible if enough measurements are available to obtain a solution
using GLS.

The number of epochs in which a filter does not provide a valid solution is used to

calculate the availability metric that will be tested in the results section.

5.3.6 Experiment and Results

The goal of this section is to validate the performance of the proposed PF-based
method, which is named PF-ADP in the following discussion. In order to provide a
benchmark performance, we also implemented two classical methods as references.
The first is based on RAIM-FDE, as described in [113]. In this method, the fault
exclusion assumes that at most one satellite is faulty. If the chi-squared test cannot
be satisfied after testing all fault subsets, the navigation solution is marked as invalid.
The second method is an EKF-FDE, which follows the approach proposed in [154].
This methods was applied using the same parameter as the PF-ADP in terms of

covariance of measurements and process noise.
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Experimental settings

The test is performed using real data from the UrbanNav dataset [159] provided by
Hong Kong Polytechnic University. The dataset was collected in Shinjuku, Tokyo, in
harsh GNSS scenario with numerous tall buildings and narrow roads, as depicted in
Figure 5.11a. The sky plot with C/NO is shown in Figure 5.4. As can be seen, many
satellites have low C/NO or large fluctuations of its value.

Errors on state estimates are computed w.r.t. a reference trajectory obtained with
an RTK/INS integration system.

The rate of available measurements for PVT is of 10 Hz. Measurements are computed
using signals from four constellations, including GPS L1 C/A,; GLONASS G1 C/A,
Galileo E1, and BeiDou B1I.

The particle number of the PF is fixed as 1000 and the resampling threshold
is set to 0.1. The value of the threshold on the pseudorange innovation vy, is
based on the accuracy of filter solution and corrections as discussed in Appendix
C and further tuned based on empirical attempts. The final value chosen for the
experiment is vy, = bm. First we will discuss and analyse the results regarding the
detection of faulty measurements and the estimation of their bias, and then the
positioning performance of the proposed PF-based mitigation method compared to

some benchmarks methods from the literature.

Detection Results

First of all, Figure 5.12 shows the absolute value of innovation |v;| estimated at all
epochs compared to the threshold vy, for some selected satellites of different constel-
lations. The letters associated to the PRNs follow the RINEX naming convention.
As can be seen, some parts of the trajectory are particularly challenging in terms
of visibility, and many satellites display large innovations at the same time. In
particular, GPS PRN 32 displays large innovations of up to 100 m or more, which do
not occur for satellites belonging to other constellations. We can also see from the
skyplot in Figure 5.11b that PRN G32 has a low elevation, which could explain this
behaviour. On the other hand, PRNs like E9 and R8 have very high elevation, and
as expected tend to produce small innovation for most of the experiment.

Figure 5.13 shows, for each visible PRN, the percentage of epochs in which measure-
ments are labelled as faulty. This percentage is computed as the ratio of epochs in
which an innovation exceeds the threshold over the total number of epochs in which
the PRN is visible. For this reason, some PRN with low elevation like G31 tend to
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Fig. 5.12 Timeseries of absolute value of the innovation compared to the threshold for some
selected satellites.

have high percentages, since they are only visible for a few epochs and are more
likely to suffer from reflection phenomena. The results from the histogram in Figure
5.13 show that pseudorange measurements from GPS satellites tend to be affected
more often, at least for this dataset.

Now that the performance in terms of fault detection has been discussed, we can
analyse the positioning performance of the proposed method based on soft informa-
tion to mitigate the effect of biases. If the detection of faults is reliable and so is the
estimation of the bias, then the performance of the filter should benefit and provide

lower errors

Positioning Results

First, let us look at the behaviour of the 3D position error compared to the number

of measurements labelled as faulty in Figure 5.14. As can be seen, the error tends to
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Fig. 5.13 Histogram of the percentage of pseudoranges labelled as faulty for each visible
satellite.

be larger for all estimators in parts of the experiment when many measurements are
faulty. However, there are some behaviours that should be analysed more in detail.
Around epoch 8000 in the dataset, a large number of measurements are faulty at
the same time for a considerable span of time. During such event, the solution of
RAIM-FDE is unavailable, as can be seen from the missing solutions in the pot
subplot of Figure 5.14. On the other hand, filtering solutions maintain a surprisingly
low error during this time. This could be because the motion of the user matches
the dynamic model of the filter and thus the propagation of previous solutions is a
good prediction of the position.

Conversely, in the part of the trajectory between epoch 14000 and 17000, all estimators
seem to suffer from degradation of the performance. As a matter of fact, during this
section, the number of faulty measurements tend to be fairly high and also changes
rapidly. As a consequence, it can be hard to obtain reliable values of the innovations
and thus correctly identify which measurements are faulty or not. In any case, the
proposed PF-ADP shows better performance in terms of error, and is especially
effective in avoiding large errors w.r.t. other methods.

The 3D RMSE and mean error for each filter are given in Table 5.2, along with the
percentage of epoch in which a PVT solution is considered valid. The table also

120



5.3 Real-Time Mitigation based on Soft Information

Method RMSE [m]  Mean error [m]  Availability
RAIM-FDE [113] 15682 6.935 70.00%
EKF-FDE [154] 11.311 5.578 99.02%

141] N.A. 6.15 N.A.

PF-ADP 7.691 4.065 99.02%

Table 5.2 Comparison of 3D RMSE and mean error for different mitigation methods.

Percentile errors [m]
25 50 75 90 95 98

RAIM-FDE 1.482 2.769 2.737 14.730 31.198 51.126
EKF-FDE 1.395 2.489 5.923 11.774 17.269 38.953
PF-ADP 1.204 2.029 4.269 8.648 13.659 20.192

Table 5.3 Comparison of percentile errors for different mitigation methods.

Method

includes the result from another work using the same dataset [141], for which only
the mean error is available.

A zoom in of two challenging sections of the trajectory can be seen in 5.15. In
particular, it is interesting to notice how the proposed method can provide very
stable solutions with relatively smaller fluctuations w.r.t. the other methods. On
top of that, the PF-ADP also does not deviate too much from the ground truth in
any point and does not display any systematic bias w.r.t. the reference trajectory.
Figure 5.16 shows the CDF of horizontal and vertical error of each estimator in
ENU reference frame. Both plots in the figure are shown with log x-axis to better
visualize the results. With linear scale, it would be difficult to adjust the limits to
show the performance for both low and high percentiles, since errors grow quite
large and the axis would need to be squeezed. Furthermore, the limits of the plot
have been adjusted between 0.2m and 100 m to display the parts where differences
between the tested methods are more meaningful. However, the maximum error of
both RAIM-FDE and EKF-FDE far exceeds 100 m for both horizontal and vertical
directions.

Since it can be hard to give a comprehensive view of the performance with a single
plot, Figure 5.16 is complemented with Table 5.3, which reports the performance of
the tested methods for some key values of percentiles of the 3D position error.

The results of the PF-ADP in terms of RMSE, mean error and CDF have been

averaged across 20 runs in order to mitigate small fluctuations due to randomness in
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Fig. 5.14 Time-series of the 3D position error compared to the number of measurements
labelled as faulty.

the solutions and thus provide a more fair comparison.
Results show that the proposed strategy is effective in mitigating the effect of biases

due to multipath and NLoS w.r.t. other strategies from the literature.

Discussion and Future developments

In conclusion, the proposed PF architecture based on the concept of soft information
has shown promising results on real data compared to other state-of-the-art solutions.
Despite being an initial implementation of soft information ideas in the context of
GNSS, the experiments have validated the effectiveness of such approach in order
to mitigate not only the measurement biases, but also errors due to false alarms.
The results thus motivate further investigations and implementation of such ideas in
other applications or other stages of the receiver in the context of GNSS.

In particular, future works will focus firstly on improving the proposed method to fur-
ther enhance the positioning capabilities of stand-alone GNSS in harsh environment.

This includes, but is not limited to:
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Fig. 5.15 Comparison between positioning methods for two selected sectors of the trajectory.

» Devising and testing other adaptive strategies to combine different likelihoods

adaptively. The goal is to find a strategy which most closely resembles the

probabilistic knowledge on the likelihood distribution of faults.

o Improving the algorithm in order to adjust the threshold adaptively at each

epoch.

o Refine the estimation of the variance of PF. Although this task is not directly

related to the implementation of soft information, it is indeed crucial for its

correct implementation.

o Testing the proposed method for other kinds of measurements (e.g., Doppler

shifts).
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Chapter 6

GNSS and UWB Tight Integration

6.1 Introduction

Autonomous vehicles and mobile robots highly rely on accurate and robust positioning
solutions for the navigation and control loop [160]. In this framework, GNSS is
essential due to its capability of providing positioning information in absolute reference
frames [161]. However, autonomous applications are often employed in urban areas
with very harsh environments, such as urban canyons and forests. Therefore, the
performance of stand-alone GNSS may be severely degraded due to multipath and
signal blockages. As a consequence, multi-sensor integration becomes a popular
solution [162], to compensate for the drawbacks of each sensor under different
scenarios.

UWRB is a carrier-free telecommunication technology. Benefiting from narrow pulse
and wide frequency band, UWB has centimetre-level ranging accuracy and strong
penetration capabilities [163]. As a results, it is an ideal candidate to integrate
with GNSS. The main limitation of UWB is the reduced range of transmission [164].
To overcome this, UWB transmitters can be deployed in some areas where GNSS
signals deteriorate significantly [165]. Meanwhile, GNSS and UWB both receive radio
signals, which enables the prospect of sharing the same antenna, thus simplifying
the structure of the whole navigation system and overcome the spatial misalignment
of measurements from different sensors.

Bayesian filters can estimate states for a time-varying system using a probability
model with noisy measurements from different sensors [51]. Therefore, they can
be leveraged for a sensor fusion strategy [166]. Nevertheless, non-linear GNSS and

UWB measurement functions occur in the state-space model, especially for the latter.
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To solve the problem of non-linear measurement functions, one common strategy is
linearization, which consist in approximation of the non-linear function as a linear
function at a particular point, as done in the EKF [71]. The other mainstream
strategy is to formulate the propagation of non-Gaussian state distributions via non-
linear systems using Monte Carlo methods, as done by the PF [79]. However, both
filters have their own advantages and disadvantages. Given a specific application, the
filter selection should be determined based on whether the accuracy gain is worth
the extra computational load cost.

In the first section of this chapter, an original contribution published in [7] is presented
In particular, a theoretical analysis is carried out to measure the error caused by
the linearization in the EKF. Then, all the error sources in the EKF process of
GNSS/UWB tight integration are analysed using the Taylor expansion. A comparison
between the EKF and PF for the GNSS/UWB tight integration was implemented to
verify the theoretical analysis. The experiment results give a reference for choosing
filtering techniques under different positioning requirements and scenarios.

The second part of the chapter also includes an original contribution first presented in
[8] and then extended in [9], which consists in a novel method for time synchronization
in GNSS/UWB tight integration, based on a double-step update of the EKF. The
method aims at tackling the issue of time offset between different sensors and leverages
an enhanced state-transition model in order to minimize the error due to mismodelled

dynamics of the receiver.

6.1.1 Literature Review

A lot of studies have been conducted to focus on the integration of GNSS and UWB.
In particular, according to the deployment method of UWB anchors, studies can be
categorized into two types.

The first group of approaches places the UWB anchors in fixed locations that can
be located precisely [167-169]. Thus, these approaches can largely realize UWB’s
potential in high-accuracy ranging but in a designated area.

The second group of approaches put UWB anchors on a moving target, which is also
known as one of the solutions in cooperative positioning [170-172]. Consequently,
these methods greatly overcome the shortcoming of short-range transmission of UWB
and sufficiently extend the flexibility of the integration system. However, determining
accurate locations of UWB anchors becomes a challenge, which might induce extra

errors in positioning results.
Another way to classify GNSS/UWB studies is based on the role UWB plays in the
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integration. Some studies explored the potential of leveraging UWB to aid GNSS. In
particular, [173] proposed a tight integration scheme to accelerate the convergence of
Precise Point Position (PPP) using ranging information from UWB. [174] and [175]
assisted RTK with UWB to enhance positioning accuracy. Meanwhile, other studies
put UWB and GNSS on an equal footing to implement integration. [176] proposed an
Adaptive Robust Extended Kalman filter (AREKF) to integrate all the information
from RTK, UWB, INS, and map systems. [172] developed a robust cooperative
positioning method based on GPS/UWB. [167] employs inequality constraints and
innovation testing to mitigate the effects of unmodelled errors in GPS/UWB tight
integration. [177] presents a novel Iterated Extended Set Membership Filter (IESMF')
to implement relative localization. [178] proposed a low-cost INS/UWB sensor
fusion architecture for pedestrian tracking, while, [179] introduced pedestrian motion
characteristics to improve the consistency of positioning accuracy in GNSS/UWB
tight integration systems.

Another main stream of studies focuses on solving engineering problems when
implementing GNSS/UWB integration. [180] proposed a gross error elimination
approach for UWB based on the variance of the squared Mahalanobis distance. [181]
conducted some experiments to perform a statistical analysis of UWB measurements,
which can be used to enhance the accuracy of their integration. [182] utilized a field

calibration method to help obtain more accurate ranging data from UWB.

6.1.2 UWB Measurement Model

The ToA ranging equation of UWB is given as:

Pu = \/(px,u - pac)Q + (py,u - py)z + (pyﬂ — py)2 + €,

Pu = ”pu_pH + €y =Ty + €.

where:

e p, is the range measurement between the receiver and the UWB anchor w.

* Dy = [Dsu Pyu D-u) is the vector of position coordinates of the UWB anchor
w in Earth Centered Earth Fixed (ECEF) reference frame.

e ¢, is the sum of all errors in the range measurement for UWB anchor .

127



GNSS and UWB Tight Integration

6.2 Comparison Study of Bayesian Filters

In the context of tight integration between GNSS and UWB, the most common filters
used are the EKF and PF. On one hand, the EKF is a popular choice because when
its assumptions hold, it provides the optimal solution. However, in some scenarios
these assumptions do not hold and the performance is degraded. On the other hand,
the PF can relax some of the constraints posed by the EKF, but comes at the cost of
increased computational load. The purpose of this section is to perform a comparison
between the theoretical performance of the two filters in terms of error introduced
by the linearization exploited by the EKF. In order to make the comparison fair,
a standard tight integration architecture is implemented for both filters, without
any modifications other than tuning of parameters. In fact, one of the goals of
this study is to use the results and analysis in order to guide future work aimed
at improving the implementations of the filter to address current limitations of the
standard implementation.

After a theoretical analysis of their performance, both algorithms are tested to
validate the analysis in an experimental settings, considering different scenarios in
which the linearization error can be more or less relevant, depending on the dynamics
of the receiver. The results will also include the execution times, so that a more
comprehensive comparison between the two filters can be performed. The results
thus provide sufficient information on the trade-off between estimation error and
computation time between the filters in different conditions, which can help in the
selection of which filter is more suitable depending on the target scenario and the

available resources as well as guiding future research.

6.2.1 Analysis of Linear Approximation Errors

In the context of GNSS/UWB tight integration filtering problem, it is necessary to
solve a system of non-linear equations where the non-linearities are more especially
more pronounced for UWB measurements due to its limited range.

The EKF uses Taylor expansion to obtain a linear approximation of a non-linear
function around a specific point. Therefore, the GLS is relatively high in computa-
tion efficiency but sacrifices some accuracy due to the approximation of non-linear
components. On the other hand, PF utilizes the Monte Carlo approach to obtain a
discrete approximation of the non-linear function, which can potentially improve the
estimation accuracy but results in a higher computational load.

In the tight integration framework, the choice of using either one or the other filter
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consists in determining a trade-off between the positioning performance and the
computational load. That is to say, given a specific condition, the user can select the
appropriate filter to satisfy its requirements in terms of accuracy and computational
power.

To make an appropriate decision, it is worth investigating the factors impacting the
accuracy of EKF and the specific degree of deterioration in different scenarios. Then,
the scope of the study is to provide an evaluation of the performance gap between
EKF and PF in terms of accuracy, under a set of different condition.

As just discussed, one of the most important reasons causing the accuracy deteriora-
tion in EKF is the approximation error due to linearization. Consequently, we can
convert our analysis target from positioning accuracy to linearization accuracy. To

this end, the Taylor expansion, is shown as:

1
yr = h(xy) + Jp(xr — ) + i(w’“ —x;) Hy (), — x;) 62)

+ O((zr — xy)) + €
where:

e J; is the Jacobian matrix of the measurement function hA w.r.t. the vector of

states xy;

e H, is the Hessian matrix of the measurement function h w.r.t. the vector of

states xg;

e O((xy — x})) contains all the items in the Taylor expansions whose orders are

higher than two.

e ¢ is the vector of measurement noise at time k.

To approximate non-linear functions in linear form, EKF truncates the Taylor
expansion after the first term. This means the linearization error is the sum of all
the terms whose order is higher than one. Due to the presence of the factorial part,
high-order terms are increasingly smaller in quantity w.r.t. the second-order term.
Thus, to simplify the analysis, high-order terms can be neglected to instead focus
our attention on the second-order term.

Hence, an analysis of the second-order term can be performed to reveal the error

sources:

o x; — xj is the difference between the true state and the predicted value, which

can be called prediction error;
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o H, is the Hessian matrix, which depends on the second order partial derivatives

of the measurement functions at the linearization point.

The prediction error ) —xj depends on two factors, which are the dynamic motion of
the user and the time interval of measurements. Higher dynamic motion (i.e., higher
rate of change for velocity and position), means lower accuracy in the prediction step
due to the unmodelled terms. Similarly, the longer the time interval of measurements,
the lower the prediction accuracy will be since more time elapsed from the most
recent fix. The second component is the Hessian matrix. For GNSS/UWB tight
integration, there are two types of non-linear measurement functions. The first type
is the pseudorange function, which is a sphere function since it is based on Euclidean
distance. The second type is the UWB ranging function which is also a sphere
function.

Applying a Taylor expansion at the linearization point and considering the first-order
term, the linear approximated function is a plane tangent to the sphere at expansion
point. Considering a neighbourhood of the linearization points, the smaller the
radius of the sphere, the greater is the curvature of the sphere, and the greater the
error in the linear approximation. In other words, as a sphere becomes smaller,
approximating its surface with a plane becomes less and less accurate. This means
that the elements in the Hessian that are being neglected become larger as the range
grows smaller.

In the framework of GNSS/UWB integration, we can infer that the linearization of
the GNSS pseudorange contains minor approximation errors due to the long distance
from satellites to the receiver. On the other hand, considering UWB measurement
functions, the approximation error is relatively large due to the short distance between

UWB anchors and the receiver.

6.2.2 Experiments

In order to assess the impact of linearization and error due to unmodelled terms in
the dynamic model of the receiver, a set of experiments is set up. The goal is to test
different vehicle velocities and collect the performance of both EKF and PF in terms

of accuracy of the position solution when performing GNSS/UWB tight integration.
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Fig. 6.1 Bernoulli lemniscate trajectory along with starting position, placement of UWB
anchor and EKF prediction error at each epoch.

Parameter ~ Value Physical meaning

SuesSu,,Su,  1m?/s>  PSD of Velocity noise
Sy 36s PSD of Clock bias noise
St 0.01s* PSD of Clock drift noise

Table 6.1 Parameter settings for process noise Q. of 4.18.

Simulation Set-up

The GNSS measurements used for the experiments are simulated using a Radio
Frequency GNSS simulator — IFEN Network Constellation Simulator (NCS) Titan.
The corresponding ephemeris of satellites is also logged by the simulator. All the
GNSS measurements (pseudorange and Doppler-shift) are from GPS L1 C/A signals
and generated with a rate of 10 Hz.

Ionospheric disturbance models are used to simulate noise in the signals. In addi-
tion, the simulator provides the ground truth to compute the positioning error in
the following analysis. Such ground truth of the trajectory follows a Bernoullian
Lemniscate shape, which is shown in Figure 6.1. One UWB anchor is deployed. It is
placed 20m away from the centre of the trajectory, at a height of 5m. Following an
empirical model proposed in [183], the UWB dataset is generated using the ground
truth and the position of the UWB anchor. UWB measurements are generated with
a rate equal to that of GNSS measurements, namely 10 Hz.

The parameter setting of the process noise covariance matrix Qj of 4.18 is given in
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Fig. 6.2 Plot of first and second order terms of the Taylor expansion of the GNSS pseudor-
ange measurement function across the trajectory.

Table 6.1. The measurement noise covariance matrix CY, is estimated at every epoch.
The corresponding computation methods are taken from [12] for GNSS measurements
and from [183] for UWB. Both filters are initialized using the state estimate and
corresponding covariance matrix computed from an OLS solutions stand-alone GNSS.
For the PF, the number of particles is set to 10000 while the threshold for resampling
Ny, is set to %N.

Results

First, we perform an experimental analysis of the first and second order terms of
the Taylor expansion in (6.2). Figure 6.2 shows a time-series plot of the two terms
for two different satellites. The first thing to notice is that the second order term
depending on the Hessian is almost zero, since the radius of GNSS pseudorange is
very large and therefore can be approximated reasonably well by linearization. The
second interesting point is that the trend of the first-order term is very similar for

the two measurement. This can be expected since the term is mainly driven by the
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Fig. 6.3 Plot of first and second order terms of the Taylor expansion of the UWB measure-
ment function across the trajectory.

prediction error, which is common for all satellites since is depends on the filter.

On the other hand, Figure 6.3 shows the same plot for the UWB measurement w.r.t.
the anchor. It is straightforward to notice that in this case, the second-order term
is not negligible w.r.t. the first-order one. As a consequence, linearizing the UWB
measurement function, and therefore truncating the second-order term, will result
in approximation errors. The closer is the receiver to the anchor and the larger is
its acceleration, the larger will be the approximation error in the EKF. Figure 6.4
puts together the main quantities of interest in the analysis. The top two plots show
the time-series of the error in horizontal and vertical directions (in ENU reference
frame), respectively. The third plot shows the prediction error due to linearization of
the motion model, while the bottom plot show the real acceleration of the receiver.
From this comparison it can be noticed how larger accelerations in parts of the
trajectory lead to large prediction errors. In turn, a prediction error causes the UWB
measurement function to be linearized at an incorrect point in the EKF, thus further
increasing the position error. After an initial analysis of the linearization errors, we
can now focus our attention more closely to the performance comparison of EKF
and PF under different receiver dynamics. Given the above simulation conditions,

two trajectories are simulated at different receiver velocities of 2m/s and 10m/s,
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RMSE [m]

Velocity  Filter Horizontal Vertical

1 EKF 0.6881 0.8384
PF 0.5498 0.5030
EKF 1.0248 2.6060
PF 0.7531 0.7848

Table 6.2 Comparison of position RMSE of EKF and PF under different vehicle velocities.

2ms~

10ms™!

respectively.

The top two subplots of Figure 6.5 show, for both filter, the time-series of errors
in the position in horizontal and vertical directions, respectively, when the receiver
has a velocity of 2ms~!. In such case, the performance of the filter is similar since
the acceleration is relatively small during the curves of the trajectory and thus the
prediction error is also small. On the other hand, the bottom two subplots Figure
6.5 show the same results in the case where the velocity is increased to 10ms™!.
In this scenario, the EKF is affected by errors in the linear approximation and the
performance degrades considerably.

In order to quantify the loss in performance of both filters, and ECDF of 3D position
errors is collected for both cases with the two velocities. The results are reported in
Figure 6.6. As can be seen, when the velocity and thus the acceleration are larger,
the performance of the EKF is largely affected in terms of accuracy. On the other
hand, while the performance of PF is also affected, the impact due to the unmodelled
term of the dynamic are not further amplified by linearization errors and thus the
performance degrades by a lesser extent. The results in terms of RMSE for all the
combinations of filter and receiver velocities are reported in Table 6.2.

To complete the analysis, the execution time of the two filters is provided in Table

Filter Execution time [s]

EKF 1.6907
PF 7.4827

Table 6.3 Execution time for the EKF and PF considering 1600 epochs and 10000 particles.

6.3. As can be seen, the PF takes considerably longer to run as expected, although the
number of particles used is relatively large and could be reduced without significant
loss of performance. However, it should be pointed out that even the PF is able to
compute more than one second of PVT solutions in less than one second of execution

time, meaning that it is suitable for real-time applications.
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In conclusion, experimental results demonstrate that EKF produces large position
errors in high-dynamic scenarios and when the user is closer to the UWB anchors. On
the contrary, the PF performs much better under the above conditions since it is not
affected by linearization errors. Therefore, the results of this paper provide a reference
to select a suitable integration scheme for GNSS/UWB integration depending on the

scenario of interest.
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Fig. 6.4 Time series plot of a portion of the trajectory. In order from the top, horizontal
and vertical position error for both filters (with velocity of 10ms~1), prediction error of

dynamic model and the real acceleration of the receiver.
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Fig. 6.5 Time series plot showing a comparison between EKF and PF of horizontal and
vertical errors for different vehicles velocities.
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and PF for different receiver velocities.
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6.3 EKF-based Time Calibration

An implicit assumption that was made in the previous section was to assume accu-
rately timestamped and synchronised measurements from GNSS and UWB. However,
in the framework of low-cost tight integration, commercial UWB transceivers and
mass-market GNSS chipsets operate using independent and asynchronous clocks.
As a consequence, GNSS and UWB measurements are timestamped w.r.t. different
time-scales, and timing disturbances such as latency jitters or spurious clock drifts
can affect the timestamping precision w.r.t. the true sampling instant.

Moreover, there is a lag between the timestamp of measurements and the time instant
at which the navigation filter processes those measurements. In particular, this lag
is different for GNSS and UWB measurements since sampling rates are different and
clocks are independent. Consequently, an unknown time offset exists between the
timestamps of GNSS observables and UWB measurements. This time offset models
the relative misalignment between the two time-scales as well as the shift of these
scales w.r.t. the navigation filter time-scale [184]. If neglected, the time offset can
inject a bias into the navigation algorithm, which may jeopardise the accuracy of
the state estimation [185, 186].

As a consequence, this section introduces a novel time calibration method to guar-
antee a consistent GNSS/UWB tight integration, thus fully exploiting the benefits
introduced by UWB, namely superior ranging accuracy over short distances.

In the literature regarding multi-sensor systems, different methodologies have been
explored to handle synchronisation among self-contained sensor units. On one hand,
hardware-level synchronisation is especially popular in the framework of GNSS-aided
strap-down INS systems [187, 188]. Hardware-level synchronization typically exploits
the Pulse Per Second (PPS) signal from the GNSS receiver as a triggering reference,
and it cross-references the timing signals from the coupled sensors in order to establish
a shared event base in the navigation unit [189, 190].

However, Commercial Off-The-Shelf (COTS) sensors typically feature limited access
to the hardware, so software-based strategies can be the preferred choice. In particu-
lar, software-based solutions operate a time calibration process involving accurate
time-offset estimation in the filter architecture by leveraging the measurement models
of sensors [191, 192]. Consequently, such solutions can vary significantly depending
on the sensors which are considered and the associated integration models.

In the existing literature, most of the proposed techniques address time calibration as
a registration task, where time offsets are estimated through an offline, pre-processing

step. For example, [193-195] propose a continuous-time batch formulation of the
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time calibration problem, fitting with the framework of MLE. Moreover, works like
[196, 197] perform visual-inertial time calibration by temporally aligning orientation
curves sensed by the independent sensors. Joint optimisation-based calibration
strategies for multi-sensors systems are instead explored in [198, 199]. As opposed
to offline techniques, online temporal calibration via filtering-based methods is a
promising alternative [200, 201]; this strategy models and recursively estimates the
time offset as an additional unknown under the filter state-space formulation [202].
Following this approach, an EKF-based filtering model supporting time offset cali-
bration is established here for GNSS/UWB tight integration. Nonetheless, the naive
EKF-based time calibration model suffers pitfalls that can compromise integration
performance under certain kinematic conditions [201]. In fact, the local identifiability
[203] of the time offset (i.e., the capacity of accurately observing and estimating
the unknown time offset between input measurements) can be undermined by the
relative geometry between the mobile receiver and the UWB anchors, thus leading
to an ineffective time calibration.

Therefore, a novel, double-update EKF architecture with an optimized weighting
of UWB covariance statistics is presented, in order to mitigate the impact of the
relative geometry of UWB anchors on accurate time offset estimation. In addition,
the effectiveness of the proposed time calibration methodology for GNSS/UWB tight
integration is validated with a real-world assessment for a vehicular trajectory in a

suburban area.

6.3.1 Tight Integration Architecture

According to the analysis provided in 6.2, we have seen how unmodelled components
of the receiver dynamics can cause prediction errors in the EKF, which in turn cause
approximation errors due to linearization of the UWB measurement function.

In order to limit the impact of unmodelled dynamics, the state vector is augmented
by adding the acceleration of the receiver. This will allow creating a more complete
state-transition functions which accounts for higher-order terms of the dynamics

equations. The new state vector at a generic epoch k can be defined:

wk:[pk Cok Vg Cdk ak] (6-3)

where ay, = [ayk, Gy, G k] i the receiver acceleration vector expressed in Cartesian

coordinates. As a consequence, the state transition matrix from (4.17) can be

140



6.3 EKF-based Time Calibration

updated accordingly to account for the extra states as:

(I35 031 IsusAt O3y 0.5I5,3A17]
O3 1 O1x3 At 013

Fi = (0343 0341 Isxs O3y I3usAt | . (6.4)
01><3 0 01><3 1 Ol><3
_03><3 03><1 03><3 03><1 I3><3

The joint measurement vector for GNSS/UWB tight integration embeds raw GNSS
pseudorange and Doppler-shift observables as well as UWB auxiliary ranging infor-

mation. At epoch k, it can be written as:

Yr = [Pk Pk pu,k}T (6.5)

where pg is the vector of n pseudoranges, gy that of Doppler shift or range rates
and p,r a vector of m auxiliary UWB range measurements as described in (6.1).

Equivalently, the linear observation matrix from (4.19) can also be updated as:

Hn><4 On><4 0n><3

Hk = | Opxa Hn><4 0n><3 (66)
Hygle 0m><4 0m><3

where H,,,, is the GNSS measurement matrix as obtained in (3.8), while HY , is
the Jacobian matrix obtained from linearizing the UWB measurement functions in
(6.1). The fourth column of HY, , is made of all zeros since the UWB measurement
does not depend on the clock bias ¢y.

The last three columns of (6.6) are made of zeros, since none of the measurements
depends on the acceleration, for which a rough estimation can instead be obtained

as the time derivative of the velocity estimate.

6.3.2 Time Offset

After establishing a mathematical formulation for GNSS/UWB time-offset, this
section focuses on a theoretical analysis to investigate its impact on EKF-based state
estimation. Given independent rates and time-scales between the GNSS receiver
clock and the UWB transceiver clock, an unknown time offset exists between the
timestamps of raw GNSS observables and the timestamps of auxiliary UWB ranging

measurements. At a generic epoch k, the tight integration filter combines GNSS and
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Fig. 6.7 Diagram of the time-offset between GNSS and UWB measurements involved in a
tight integration scheme. For readability, GNSS and UWB time axis are assumed aligned
to the integration time axis (bottom).

UWB measurements in the observation model at a time instant ¢, which is tagged

to the integration time-scale. Then, two quantities are identified:

o 6t¢ which expresses the lag between t;, and the most recent available set of

GNSS measurements.

o 6tY which expresses the lag between t; and the most recent available set of

auxiliary UWDB measurements.
Then, the GNSS/UWB time-offset is defined as:
tap = Oty — 6% (6.7)

which expresses the misalignment of the timestamp associated to the set of auxiliary
UWB measurements w.r.t. the GNSS time-scale. The time offset ¢, includes the
shift between the timestamping times of GNSS and UWB measurements, and it can
can be either a positive or a negative quantity at any epoch, depending on when the
filter processes the measurements.

As a matter of fact, ¢, accounts for two time-varying effects:

o The relative misalignment between the GNSS and UWB measurements because

of the different sampling rates and clocks of the independent sensors.

o The lag of GNSS and UWB time-scales w.r.t. the time-scale of the centralized

processing unit running the tight integration algorithm.
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While the first effect embeds non-idealities of individual sensor clocks (e.g., clock drift
and latency jitters), the second effect is contributed by multiple sources such as data-
transfer latencies, hardware-level processing and software overhead in the centralised
processing unit. Furthermore, under the assumption of high UWB sampling rate and
small drift of sensor clocks, ¢4 can be modelled as a constant between consecutive
estimation epochs. Hence, the a-posteriori estimate of the time offset at a given
epoch can be used as the prediction of the offset at the next epoch. A graphical
interpretation of the described framework is provided in Figure 6.7. The three
axes refer to a common time-scale (i.e., the integration time-scale). The top and
middle axes show the instants at which GNSS and UWB measurements are dumped,
respectively. The bottom axis shows when the integration filter is processing such
measurements. In case the measurements were provided at high rate from at least
one of the sensors, and the integration took place at a time t; at which the low-rate
measurements are available, this time-offset would be negligible. However, in this
work, the aim is to directly estimate ¢4, as part of the system state, hence proposing
a low-complexity strategy which relaxes constraints on measurements rates or related

assumptions.

6.3.3 Mathematical Analysis

In light of the analysis of the time offset, it can be seen how the joint GNSS/UWB
measurement vector (6.5) collects observables which are not temporally consistent
with each other. In fact, at time ¢;, the set of available GNSS ranging observables
carry information about the position of the receiver p© at a time instant which lags
tr by 6t$. Conversely, the available set of auxiliary UWB ranges bring information
about the position p¥ at a time instant which lags ¢, by dt{. Therefore, the two
sets of measurements are not aligned in time and bring information about the same
quantities at different time instants. Focusing out attention on the auxiliary range
from the u-th UWB anchor, (6.1) can be reframed as:

pu =/ Puz — DY) + (Pugy — PY)? + (Puz — PY)? (6.8)

For ease of analysis, the residual error term, ¢,, is neglected hereafter. Time indexes
on the state variables are also dropped for the next steps for the sake of readability.

Then, at a time t;, leveraging a continuous-time motion model for state dynamics,
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pY can be related to p© as follows:

tp+Oty —t
pg pS + ft:—‘rét;}f v, (t) dt pY €z
G tp+0ty k—tq, . i G
P = [p5| = p§ + [t o) dt| = |pY | + || = + ¥ (6.9)
teHOty p—t
zG pg + ft:+5tUU,’: "o, (t) dt 7 €z

where e”¢ identifies the displacement vector along the trajectory of the receiver

UG represents the space travelled

induced by the time offset 4. In other words,
by the receiver between the time instants in which GNSS and UWB measurements
are taken. In particular, it can be obtained as the integral, between these two time
instants, of the continuous time velocity v(t) of the receiver.

Given (6.9), the UWB range w.r.t. the u-th anchor can be time-aligned to the

available GNSS ranging observables by substituting p¥ in (6.8) with pV + e¥¢:

Pu =\ Puz — O + 7)) + Dy — 0F + )2 + (puz — WY +59))2 (6.10)
Hence, it is possible to quantify a UWDB ranging error term caused by #4:

(5)” = (pu)’

Z 6.11)
Pu + Pu (

€ = Pu— Pu=
which is the difference between the time-aligned measurement and the original one.
Then, p, and p, at the numerator can be substituted using (6.10) and (6.8), thus
obtaining:
e _ €79 =2 (pu — p) - €77

= - (6.12)
Pu+ Pu

u

which shows that, except for a positive scaling factor at the denominator, V"¢

depends on two terms:

o The squared length of the position displacement (i.e., the squared norm of
e¥%) induced by t4;

« A term proportional to the length of the projection of e”“ onto the Line-of-
Sight (LoS) vector from the receiver position p¥ to the u-th UWB anchor
position p,.

By manipulating (6.11), €/¢ of each of the m UWB anchors can be seen as an
additive term to the set of auxiliary UWB range measurements.

Now we can go back to consider what happens at a given epoch k, it is possible to
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rewrite (6.5) as:

T
Pk On><1
U= | Or | — |Oni| =ur — € (6.13)
UG
Pu,k €L

where y;. collects time-aligned GNSS and UWB ranging observables.

This above analysis showed how t4; introduces an additive error factor eg’G in
the GNSS/UWB observation model. This ranging error then propagates on the
a-posteriori state estimation error obtained by the tight integration filter, which we
can quantify. First, recall the EKF innovation vector from (4.12). By using (6.13),

the EKF updated state at epoch k is obtained as:

@p=ai+ Ky, | ye — e —h (&) | . (6.14)
N———

Yk

where the term within round brackets is the innovation. Because of linearity, the

a-posteriori state estimation error due to the time offset ¢4 can be obtained as:
Gz =x, — x, = K}, Gg’G (615)

where ¢ and &, are the a-posteriori state-estimates obtained using y, and yy, re-
spectively. By looking closely at (6.15), it can be noticed that both the Kalman gain
K, and the ranging error term ekU’G contribute to introduce errors in the navigation
solution. In particular, K} amplifies the UWB ranging error propagation on the
a-posteriori state estimation. In fact, when Kj converges to an all-zeros matrix (i.e.,
a condition signalling that the EKF is trusting the state-prediction more than the
observations) the impact of e,g’G is largely mitigated.

On the contrary, the state estimation performance degradation due to ¢4y, is consid-
erable when the integration filter puts very high confidence on the set of observables,
as can be expected. Moreover, according to (6.12), the components of ekU’G depend

upon E:,?’G

, which in turn are functions of the velocity v(t) as established by (6.9).
Therefore, when the components of v(t) take small values, the state estimation error
contributed by ¢4 reduces accordingly. On the contrary, €} is expected to grow in

conditions of high dynamics.
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Fig. 6.8 Example of a scenario characterised by small inner product between the receiver
velocity v and the steering vector h,, to the j-th UWB anchor.

6.3.4 Improved Model for Time Offset Estimation

From the analysis just presented, it is shown how ¢4 can affect the state-estimation
performance as the tight integration filter processes observables which are not time-
consistent. Hence, the baseline GNSS/UWB tight integration model needs to be
improved in order to enable time calibration via EKF architecture. This section
provides an updated model which accounts for the time offset between measurements.
This forms the basis for a naive calibration which will also be part of the comparisons
of the results section. For the sake of simplicity, the time index is dropped for the

remainder of this discussion. An extended state-vector is defined:
T = {p b Vg a td} (6.16)

where, compared to (6.3), the time-offset ¢4 is introduced as an additional parameter to

be estimate. Based on (6.16), the state-transition matrix can be modified accordingly

as:
(53 031 I3aAt O3y 0.5I5,3A8% 0y
O1x3 1 01,3 At O1x3 0
o 03x3 O3x1  I3xz  O3x1 I3u3At  0O3x (6.17)
Oi1x3 O 01x3 1 01x3 0
03><3 03><1 03><3 03><1 I3><3 03><1
_01><3 01><3 01><3 0 0 1 |

The new state transition matrix in (6.17) can be used to obtain a discrete approxi-

mation of the integral involved in the computation of €”“ based on (6.9).
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Then, (6.8) can be rewritten as:

Pu :\/(pu,x - (pg — Uptg — 0.5a, tz))Q
+(Puy — (0¥ — vy tg — 0.5a,3))2 (6.18)
+(pu,z - (sz — Uy td —0.5 a., t?i))2

which is an improved UWB measurement model embedding the time offset 4. FEx-
amining (6.18), the information regarding the receiver position brought by auxiliary
UWRB ranges (i.e., p) gets compensated for the displacement induced by t4 in order
to geometrically match it with the receiver position corresponding to the raw GNSS
observables (i.e., p%).

Moreover, the proposed modelling takes p© as the unknown receiver position in
the GNSS/UWRB state-space formulation. Therefore, p© matches with p in (6.16).
Furthermore, based on (6.18), modifications are required in the Jacobian matrix for
UWB ranging HY ., assuming U UWB anchors [163].

mx3

Double-Update Filtering
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UWB Covariance Measurement
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Covariance
Estimation

Fig. 6.9 Processing stages of the double-update EKF architecture with adaptive weighting
of UWB covariance statistics for the enhanced calibration of ¢4 ;. The input measurement
vector ¥y is highlighted.

Comparing (6.18) to (6.8), the receiver position used for p, is moved along the
dynamic model using a specific value of t;, which needs to be estimated.
Hence, the integration filter can exploit the discrete-time characterisation to first
detect the unknown ¢, at time ¢; based on the difference between p, and p,, namely
el as in (6.11).

u
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Thus, the model needs to be improved further in order to properly estimate the
time offset. For the u-th UWB anchor, a function of the unknown state t; can be

introduced:
fu(ta) = P — i = (Pu — pu) (Pu + pu) (6.19)

which, by definition, is proportional to the difference between p, and p,, other than
a positive amplifying factor p, + p,. After a rough calibration of UWB transceiver
clock [204], it can be assumed that ¢, takes values of few tens of milliseconds. Then,
(6.19) can be expanded by substitution of (6.18) and (6.10) allowing a first-order

approximation:

fu (ta) = 2ta (pu — p°) - v (6.20)

Most importantly, f, (t4) is a function that can approximate the quality of time
offset estimation. In fact, the sharper is the envelope of f, (t4), the more accurately
and uniquely t; can be inferred from the set of available measurements. Conversely,
in case the first-order derivative of f, (¢4) approached a null value for some interval
in the support, then the estimation of the time offset would be degraded.

By differentiating (6.20), we can obtain:

Ofulta) (pu — p©) v (6.21)
atd N——r

hy

which highlights the following: the smaller is the inner product between the velocity
of the receiver v and the steering vector h, pointing to the location of the u-th UWB
anchor, the weaker is the identifiability of ¢;. This means that if the receiver moves
perpendicularly w.r.t. the steering vector, then the difference between p, and p,
is zero and it is not possible to infer ¢; from that measurement. An analogy with
Doppler effect can be made. If a source is travelling sideways w.r.t. to the receiver,
the observed Doppler is always zero, regardless of the speed of the source. In such
case it is not possible to infer the velocity of the source from the observed Doppler
shift. To generalize this concept, the more the receiver moves in a direction parallel
to the steering vector w.r.t. the UWB anchor, the easier it is to accurately identify
the time offset. An example of this geometrical relationship is given in Figure 6.8.

To cope with the aforementioned phenomenon, the covariance statistics of auxiliary
UWB ranging measurements are adaptively weighted in the observation model.
This is done in order to give less priority to UWDB measurements with a poor
geometry for the estimation of the time offset. Formally, accounting for the EKF
measurement noise covariance matrix C' [205], the estimated variance of the auxiliary
UWRB range associated to the u-th UWB anchor is amplified through the following
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epoch-dependent coefficient:

A—1+J1—<h“'”>2 (6.22)
b [l vl ) '

Focusing on the ranging contribution from u-th UWB anchor, (6.22) aims at weighting

the degree of trust the integration filter should put on p, to correct the a-priori
prediction of ;. The value of the coefficient is chosen according to the identifiability
conditions due to the geometry behaviour of (6.21). In particular, the smaller the
sine of the angle between h, and v (i.e., the stronger the local identifiability of
tq), the smaller the value of the weighting coefficient A,. Hence, the corresponding
covariance term modelling the error of p, would be smaller, in order to enhance the
contribution of such auxiliary range to the update of ¢;. Conversely, the larger the
sine of the angle between h, and v, the larger the value of A,. In such a case, p, is
poorly informative to perform the update of t; and its variance should be increased.
Nevertheless, according to time calibration model, the adaptive weighting of UWB
covariance statistics is expected to affect the a-posteriori correction of all state
variables in (6.16), not just t4. It follows that the discussed weighting strategy must
not affect the a-posteriori estimation of these states given that (6.22) always operates
an amplification of the variance of UWB ranging observables.

In light of the foregoing, a double-update EKF architecture is developed which
marginalises the adaptive weighting on UWB covariance statistics to the a-posteriori
update of ¢;. For the remainder states in (6.16), instead, C' statistics are estimated
by leveraging the available measurements [206]. The simplified block scheme in
Figure 6.9 illustrates the main stages of the proposed double-update model with

embedded optimisations.

6.3.5 Real-world Experiment

To validate the performance of the proposed filtering-based calibration methodology
for GNSS/UWRB tight integration, a real-world experiment has been carried out. The
proposed double-update EKF model is experimentally assessed to demonstrate the
improved positioning accuracy against both plain EKF integration (i.e., without any
time offset calibration) and EKF integration with naive time offset calibration.

The receiver is mounted on a car which rides in a suburban area of the Metropolitan
city of Turin (Italy). The maximum achieved vehicle speed is about 10m/s. Figure

6.10 provides a snapshot of the considered scenario. Although the chosen experimental
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Fig. 6.10 Snapshot of the experimental scenario for the real-world test campaign. The
deployed network of static UWB anchors is shown. Moreover, the UWB tag and the GNSS
antenna on the road vehicle’s roof are highlighted.

environment is not expected to severely degrade the quality of GNSS observables,
the results of the following analysis are still valuable. In fact, the primary goal of
this section is not just validating GNSS/UWB tight integration per se, but rather to
emphasize the accuracy improvements GNSS/UWRB tight integration can benefit from
when embedding the proposed time calibration strategy. In this context, good GNSS
conditions could be considered a worst case scenario for GNSS/UWB tight integration
because auxiliary UWB measurements would not bring remarkable accuracy gains.
A u-blox ZED-FIP high-precision module has been used, which integrates multi-band
GNSS and RTK technology [207]. Such positioning module is commonly used in
the industrial navigation and robotics markets. In addition, a high-gain, multi-band
Sino GNSS AT340 geodetic antenna has been deployed [208].

GNSS noisy pseudorange and Doppler-shift measurements have been logged through
the u-blox module for the GPS constellation at a rate of 10 Hz. In parallel, the
multi-band RTK solution from the high-precision GNSS module has been logged
in order to have a ground truth (i.e., reference trajectory) used to calculate error
statistics of the navigation solutions.

On the UWB side, consumer EVB1000 boards from Qorvo Inc. have been employed
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Fig. 6.11 Map view of the ground reference for the real-world dataset used in the validation
of the proposed online time calibration method for GNSS/UWB tight integration.

[209]. In particular, three UWB modules have been installed on tripods as static
anchors. Their positions have been estimated at sub-decimetre level accuracy using
the fixed solution from RTK.

The ground-truth path for the tested trajectory is shown in Figure 6.11 along with
the position of the UWB anchors. In addition, a fourth UWB module has been
installed on the roof of the vehicle to be operated as a tag. The deployment of both
the GNSS antenna and the UWB tag on the vehicle is shown in Figure 6.10.

As an additional remark, efforts have been made to minimise the lever arm between
the phase centres of the GNSS and the UWB antennas. UWB measurements from
the set of static anchors have been logged through the EVB1000 tag module at 5 Hz
rate. When the UWB tag forwards a new measurement to the laptop via the serial
port, the Universal Time Coordinated (UTC) time from the laptop is recorded and
used as the timestamp of the corresponding UWB measurement.

Besides, an additional time offset of 100 ms is intentionally added to each measurement
sample in the UWB dataset, thus increasing the magnitude of GNSS/UWB time
offset, in order to test the proposed algorithm under a critical scenario. Nonetheless,
since the offset is being added to all the UWB measurement samples by the same
amount, it does not undermine the methodology assessment.

Furthermore, due to the inaccuracies and non-idealities of the laptop’s clock as well
as the transmission delays affecting UWB measurements, it has not been possible to
retrieve the ground truth for the GNSS/UWB time offset. Anyhow, the proposed
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time-calibration techniques can still be validated by assessing positioning error

statistics w.r.t. to the ground truth of the receiver position.

Results
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Fig. 6.12 Horizontal (top) and vertical (bottom) position error trend in ENU-coordinates
for the real-world dataset. Comparison between EKF plain, EKF with naive t4 calibration
and double-update EKF.

Filter RMSE [m)]
EKF 0.8043
EKF with t4-calibration 0.4947
Double-update EKF 0.3412

Table 6.4 Horizontal position RMSE [m)] for different ¢, calibration architectures in the
real-world test.

Figure 6.12 shows the time series of positioning error on both the horizontal and
vertical components of a local ENU frame. The associated RMSE are also shown as
dashed horizontal lines. As can be noticed, vertical error statistics are penalised by
the geometry of the deployed network of UWB anchors. In addition, it should be
pointed out that the vertical component of the vehicle speed is close to zero for most
of the trajectory.

More importantly, it can be seen how the proposed architecture can reliably deliver
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Fig. 6.13 Box plot of the horizontal positioning error statistics in ENU-coordinates for the
real-world dataset. Comparison between EKF plain, EKF with naive ¢4 calibration and
double-update EKF.

a lower horizontal error for most of the trajectory w.r.t the other filters. Focusing on
the horizontal component, Table 6.4 summarises the positioning RMSEs in units of
meters. The proposed double-update EKF achieves horizontal RMSE improvements
of 31.03% and 57.58 % compared to the EKF with naive t4 calibration and the
uncalibrated tight integration via plain EKF, respectively.

Eventually, horizontal errors statistics are highlighted in Figure 6.13 in terms of
error mean, spread and skewness characterising the positioning estimates delivered
by the analysed filters. Considering the 75-th percentile, the double-update EKF
achieves horizontal gains of 38.54 % over the EKF with naive ¢, calibration and of
63.67 % over the plain EKF. As such, a globally exhaustive evidence of the superior
performance of the proposed double-update EKF algorithm for online GNSS/UWB
time-calibration is given. It is worth noticing that the conditions of the experimental
environment (i.e., few UWB anchors while generous open sky visibility of GNSS
satellites) do not limit the validity of the test. The scenario is suboptimal in terms
of maximum achievable accuracy of a tight GNSS/UWB architecture, but it shows

the benefits introduced by the proposed time calibration technique.

Conclusions

Time calibration is of great concern in GNSS/UWB tight integration leveraging
centralised EKF hybridisation. This work has explored the impact of uncalibrated
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GNSS/UWB time-offset on state estimation accuracy, both theoretically and experi-
mentally.

Based on these premises, an EKF-based framework has been proposed to address
time offset calibration. First, an improved GNSS/UWB tight integration model has
been presented to enable the modelling of the unknown time offset as part of the EKF
state-space formulation. Then, after pointing out criticalities in time offset estimation
caused by reduced identifiability, an enhanced, double-update EKF architecture has
been put forward which adaptively weights UWB covariance statistics.

Moreover, results obtained with a real-world kinematic dataset further assess the
superior double-update EKF performance by highlighting horizontal gains of 57.58 %
compared to the uncalibrated tight integration via plain EKF and of 31.03 % over

the EKF with naive time-offset calibration.
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Chapter 7

Cooperative Positioning

7.1 Introduction

Accurate position information is paramount for the successful functioning of some
emerging applications such as autonomous vehicles. As a matter of fact, it plays a
pivotal role in ensuring their safety, efficiency, and overall reliability. Autonomous
vehicles heavily rely on precise location data to navigate through complex and dy-
namic environments, make real-time decisions, and avoid potential hazards [210]. As
we have discussed in the previous chapters, the performance of stand-alone GNSS
may not be sufficient to satisfy the safety requirements of some of these applications.
In order to overcome the limitations of GNSS, its integration with other sensors and
other positioning technologies allows vehicles to create a comprehensive understand-
ing of their surroundings, enabling them to follow predetermined routes, respond to
traffic conditions, execute manoeuvrers with precision and in general to adhere to
vehicle safety practices [211].

Any deviation in position accuracy can lead to significant consequences, including col-
lisions, misjudged distances, or incorrect route planning. Therefore, the importance
of reliable position information cannot be overstated, as it forms the foundation
for the seamless operation and trustworthiness of autonomous vehicles, ultimately
contributing to the widespread acceptance and successful integration of this transfor-
mative technology.

Among the multitude possible sources of additional position information, the idea of
CP has been proposed to exploit the combined information from multiple devices to
enhance accuracy and reliability. In the context of autonomous vehicles, CP involves

the exchange of position-related data among networked vehicles (Vehicle-to-Vehicle
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(V2V)), infrastructure (Vehicle-to-Infrastructure (V2I)), or other devices (Vehicle-to-
Everything (V2X)) to improve the overall performance of their individual position
estimates [212].

The cooperative process can involve various sensors, such as GNSS receivers, INS,
UWB, Cameras and Light Detection and Ranging (LiDAR). By combining data
from multiple sources, vehicles can compensate for limitations or inaccuracies in
individual sensors, especially in challenging environments like urban canyons where
the performance of stand-alone GNSS is poor.

Some solutions have investigated the integration of GNSS with INS [213] or camera
sensors [214, 215| for land vehicles. A more complete survey of navigation technolo-
gies for vehicles is presented in [216], while a summary of cooperative strategies and
their applications can be found in [217].

However, many studies often give for granted the availability of cooperative data
at the receiving node without considering the impact on the underlying network
infrastructure in terms of delay, maximum throughput and packet losses. As a matter
of fact, a dedicated protocol for the exchange of positioning information does not
exist, and the impact on the network of raw position-related measurements has not
been investigated, thus providing motivation for this work.

On the other hand, work in the context of vehicular networks often does not account
for realistic position-related data and neglects the requirements of CP applications
in terms of transmission rate and delay.

Therefore, the goal of this investigation is to close the gap between the two fields, by
analysing the current state of the art on CP and then designing a network protocol
able to satisfy the requirements needed by CP applications. Finally, it is also of
interest to investigate the impact on the network of such protocol, to assess its feasi-
bility and study its performance as a function of the density of nodes participating
in the cooperation.

The work presented in this chapter is an original contribution first developed in [3] to
enable the exchange of GNSS measurements and then extended in [2] to include also
the exchange of measurements from other sensors. In particular, it is the results of a
collaboration with a vehicular communication research group within our university.
The expertise on GNSS and in particular CP were leveraged for the definition of a
protocol which guarantees sufficient requirements to enable the largest possible set
of CP applications while minimizing the impact on the network. This was possible
thanks to careful review of the state of the art and previously acquired expertise in
CP and sensor fusion domains which allowed to set clear goals in terms of necessary

measurements, rates, timestamping, number of cooperating agents and so on. The
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code used for the definition of the protocol and its assessment is stored in an open

repository [218].

7.2 Cooperative Positioning in GNSS Applica-

tions

The concept of fusing location information from external sources enables a multitude
of CP applications in the context of GNSS. Cooperative strategies have been pioneered
for robot localizations [219] and later exploited also in vehicular networks [220].

Previous studies have investigated the correlation between GNSS-based cooperative
ranges [221], and further work has analysed the profitability of such information [222].
Some works have instead addressed the problem of tight integration of asynchronous,
non-independent, non-stationary, inter-agent distances [223, 224] in navigation filters.
The remainder of this Section is dedicated to overview the main applications of CP

that can be enabled thanks to the exchange of measurements among networked peers.

GNSS-based ranging. These techniques combine GNSS observables from two
nodes to estimate their inter-node distance, even in NLoS conditions. As an example,
differential techniques (e.g., Double Differences (DD)), are able to provide relative
ranging with a low computational effort and minimum delay [225, 226]. The use
of raw GNSS measurements in high-end receivers has recently pushed receiver
manufacturers to their disclosure in mass-market devices [227], leading to solutions
which estimate inter-node ranges exploiting android smartphone [228]. A proof of

concept for cooperative positioning with smart phones has also been proposed [229].

Multi-agent cooperative positioning and navigation. Machine learning solu-
tions have also been explored to integrate relative ranging information, such as in
[230]. Other approaches have also been applied to the integration of measurements
based on other sensors such as UWB [231], INS [232] or network-based ranges [233].
Recent approaches that use sensitive information related to geographical trajectories
and geospatial data for improving performance [234] can also benefit from a dedicated

protocol.

Cooperative integrity. The integrity of positioning and navigation data measures

the level of trust that can be associated with the information provided by the
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navigation system. To complement or extend the monitoring of stand-alone local
data, RAIM and more recent variants (e.g., ARAIM, RRAIM, ERAIM) have been
proposed. Among new collaborative solutions, Cooperative Enhanced Receiver
Integrity Monitoring (CERIM) exploits GNSS raw data shared among networked
receivers, in order to perform FDE [235]. A cooperative integrity monitoring based
on KF can significantly improve detection sensitivity of faulty GNSS measurements,
while also detecting faulty inter-nodes measurements. However, few recently proposed
FDE techniques allow for full, multi-sensor integrity [236, 237].

Time synchronization. Relying on an accurate estimation of their on-board
clock bias, GNSS receivers can provide accurate timing reference. The availability of
in-orbit accurate clocks comes as a distributed timing source that can be exploited
by many applications in Intelligent Transportation Systems (ITS). Network inter-
operability and coordination, scheduling of channels, road safety, network security,
and time-to-collision monitoring are only a few among a wide range of possibilities
that may be not reached through conventional approaches, such as Network Time
Protocol (NTP) and Precision Time Protocol (PTP). Given the high accuracy and
the lower complexity of its timing estimation, GNSS-based timing is of large interest.
Modern receivers can reach up to 30 ns accuracy of time synchronization between two
receivers, as demonstrated in urban environments [238]. An additional advantage
is that GNSS time synchronization is characterized by almost 99.98% availability,
while positioning solutions only by roughly 80%.

Authentication. The current usage of message authentication in vehicular net-
works [239, 240] can be further enhanced through the introduction in modern GNSS
receivers of the Galileo Navigation Message Authentication (NMA) and GPS CHIp-
MEssage Robust Authentication (CHIMERA). GNSS message and signals authen-
tications allow discriminating legitimate transmissions from illegitimate ones, thus
introducing an independent and time-related source of authentication for network

messages and communications at a large extent.

CP and navigation can be also supported by machine learning algorithms to enable
specific applications in I'TS that can be further complemented by the proposed proto-
col [241, 242]. The possibility to exchange lower-level information about localization
sensors not only enables the aforementioned applications but also modern approaches

such as soft information paradigms [112].

158



7.3 Existing Protocols

In order to enable CP approaches, peer-to-peer exchange of GNSS raw data is
required. Such exchange can be pursued through general-purpose (e.g., 5G) or dedi-
cated connectivity (either Institute of Electrical and Electronics Engineers (IEEE)
802.11 Direct Short Range Communication (DSRC) or Cellular-V2X). Given the
multiplicity of applications addressed by the CP algorithms reviewed in this section,

an application-layer performance analysis falls outside the scope of this work.

7.3 Existing Protocols

This section is dedicated to a review of existing protocol and solutions for the
exchange of measured data, both in the context of vehicular networks and GNSS.
As we will see, no existing protocol has all the features required to enable the CP
approached described in Section 7.2, thus motivating the development of a new

protocol designed ad-hoc.

7.3.1 Vehicular Networks

ETSI EN 302 665 Corresponding
Classification 1SO/0SI Stack Layer
Safety and non-safety applications A S
Appl
_ETSI TS 101 539-# pplications Application
Facilities Layer — CA and DEN Basic - . .
Services — ETS| EN 302 637-# Facilities Presentation — Session
Transport Layer —BTP | Transport Layer — YT
—ETSI EN 302 636-# TCP/UDP P
- Networking
ETSI TS 103 175 Network Layer — _ and Transport
ETSI TS 102 797-# GeoNetworking — ETSI Network Layer Network
ETSI TS 102 723-# EN 302 636-# IPv6
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IEEE 802.11e MAC - Access
IEEE 802.11p 3GPP TS 36.321
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Fig. 7.1 Standardized network stack for a connected vehicle, as foreseen by ETSI. Each
layer corresponds to a given ISO/OSI layer, and all the relevant standards (by either ETSI,
IEEE or 3GPP) are reported below each protocol.
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The cooperation and data exchange between vehicles includes also the trans-
mission and reception of raw GNSS data. As detailed later, this enables several
approaches which would not be possible without vehicular networks. TEEE, 3rd
Generation Partnership Project (3GPP) and European Telecommunication Stan-
dards Institute (ETSI) have standardized different layers of the network stack for
vehicular communications. In particular, ETSI foresees the connected vehicle network
architecture depicted in Figure 7.1. As can be seen, ETSI mainly defines all the
layers from Networking and Transport to Applications, as part of the ITS-G5 set of
standards, with a special focus on the so-called Facilities Layer. Its main aim is to
provide support to I'TS applications and V2X services working at the Application
Layer, including several crucial features to manage the transmission and reception of
standardized vehicular messages [243].

These messages include, among the most important ones:

o Cooperative Awareness Message (CAM), periodic messages transmitted with a
frequency between 1 Hz and 10 Hz and storing kinematic and dynamic data
such as vehicle position, heading, speed, acceleration, alongside additional

information such as steering wheel angle and turn indicator status [244];

o Decentralized Environmental Notification Message (DENM), event-based mes-
sages leveraged to notify vehicles and infrastructure nodes about hazards and
other events on the road [245];

o Infrastructure-to-Vehicle (I2V) information messages to carry road signage

information;

o Other less commonly used messages, such as RT'CM Extended Message (RTCMEM)
[246] and Services Announcement Essential Messages (SAEM) [247].

Below the Facilities layer and alongside the IPv6 stack, ETSI defines the so-called
ITS-G5 Transport and Networking layers. These layers include, respectively, Basic
Transport Protocol (BTP) [248] and GeoNetworking [249]. The first is a lightweight
connection-less transport protocol, comparable to User Datagram Protocol (UDP)
and containing port numbers which are used to determine the destination service
(e.g., the one managing CAM) when I'TS messages are received by vehicles. According
to ETSI, two types of BTP headers are foreseen: BTP-A for interactive sessions,
in which the recipient is expected to provide a reply, or BTP-B, which is used for
non-interactive message dissemination. GeoNetworking is instead a network layer

protocol which defines several ways of performing geographical routing of messages,
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and describes different types of addressing schemes.

These European standards are flexible enough to be encapsulated into either IEEE
802.11p, a dedicated V2X Wi-Fi amendment based on IEEE 802.11a [250], or 3GPP
C-V2X, which represents the application of cellular technologies to vehicular networks
[251]. The latter supports an infrastructure-less communication mode, called Mode 4
[252], which can be used as an alternative, or in conjunction with, IEEE 802.11p.
The use of next generation network technologies such as 5G new radio for V2X and
CP has also been investigated in [253, 254].

Starting from the vehicular stack architecture presented earlier, several projects
have been funded and are currently ongoing, with the aim of creating smart vehicle
infrastructures supporting testing and deployment of V2X applications. Among

them, it is worth mentioning;:

e 5G-CARMEN !, a project aimed at creating a smart and connected corridor
between the cities of Modena in Italy and Munich in Germany. These smart
vehicle infrastructures include both equipped vehicles and Road Side Unit
(RSU), which can support V2V and V2I communications thanks to ETSI
ITS-G5.

o Other projects such as the Aveiro Open Lab 2 also leverage IEEE 802.11p

communication [255].

« In parallel, the HANSEL project, an ESA funded activity (ESA ITT number
AO/1-9494/18 /NL/CRS), has included Differential GNSS (DGNSS) CP among
the innovative approaches for navigation in smart cities. The proof-of-concept
relied on 4G/LTE physical layers for the exchange of raw GNSS data among

smart devices [256].

7.3.2 GNSS

The concept of transmitting or broadcasting GNSS raw data between receivers
and reference stations is not new. Currently, there are three main formats that
support the transmission of GNSS position-related data among connected nodes,
each with different kinds of limitations that do not allow the full applicability of the

aforementioned CP paradigms. More in detail:

thttps://bgcarmen.eu/
Zhttps://aveiro-living-lab.it.pt/
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o National Marine Electronics Association (NMEA) 0183 is an American Stan-
dard Code for Information Interchange (ASCII) based serial communication
protocol. It supports the so-called GGA strings that provide Time, Position and
fix related data for a GPS receiver. However, NMEA standard is proprietary
and does not support raw GNSS data.

o Radio Technical Commission for Maritime Services (RTCM) 10403 is a propri-
etary standard series that describes messages and techniques for supporting
GPS and GLONASS operation with one reference station, or a network of
reference stations. The Network Transport of RT'CM via Internet Protocol
(NTRIP) protocol can be used to transmit RTCM messages for differential cor-
rections in RTK schemes. RTCM natively supports real-time-oriented exchange

of raw GNSS measurements.

e RINEX is a data interchange file format for raw GNSS data popular in geodesy.
RINEX files can contain observation data (i.e. raw measurements), navigation
message data and atmospheric condition models as well. Despite the use
of some compression schemes (i.e., Hatanaka file compression), RINEX files
are not suitable for near real-time applications, and they are used mostly for

post-processing and off-line investigation.

mlm Proprietary No Raw GNSS el T e

Observables
—

R'!:N M Proprietary gg&r%;\{)?(ess Real-Time
EN-N-EN Raw GNSS :
Pe— Open Observables No Real-Time

Raw GNSS :
Open Observables Real-Time

Fig. 7.2 Summary of GNSS data protocols [2].

Figure 7.2 highlights the main differences between the existing protocols and the
goals of the proposed CEM protocol.
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7.3.3 Limitations of Current Protocols for Cooperative Po-

sitioning

Considering the various limitations of these formats and protocols, an open protocol
for the exchange of raw navigation data between vehicles is still missing, as well as a
simulation and emulation framework for the experimental assessment of the impact
of the transmission of GNSS data on the network performance. Therefore, the aim
is to extend the capability of the CAM [257] and Collective Perception Messages
(CPM), whose performance has been analysed in [258-260]. Furthermore, the current
performance of CAM-based safety applications has been investigated in [261].

The position-related information present in CAMs is only able to support passive
awareness of the surrounding environment. Received information can be exploited
locally in Advanced Driver-Assistance Systems (ADAS) and enables a large portion of
V2X use cases, but it does not actively contribute to enhancing absolute and relative
localization capabilities. In particular, the transmission rate of CAMs can variate
between 1Hz and 10 Hz, depending on the vehicle dynamics [244], and messages
comprise minimal information about positioning and navigation states. As a matter
of fact, these messages are used to broadcast final output data of navigation filters,
such as position, speed and heading values, which are not suitable to implement
most of the CP applications.

To overcome these limitations, ETSI has recently proposed the so-called Cooperative
Positioning Service (CPS) [262]. Such service, exploiting the CPMs, has the goal of
improving the awareness of I'TS nodes by exchanging measurement about the sur-
rounding environment. The perception of objects around the nodes can be obtained
thanks to on-board sensors. Therefore, CPSs provide an enhanced awareness of
the surroundings, but they still do not allow any positioning accuracy improvement
based on exchanged information.

It is also worth mentioning that ETSI has specified the RTCMEM in order to encap-
sulate RTCM data, along with its transmission from infrastructure nodes to vehicles,
as part of a GNSS positioning correction service [246].

Nonetheless, the proposed CEM has some significant differences from such messages.
In particular: ¢) the main purpose of RTCMEM is to enable a V2I differential
positioning scheme, rather than to directly enable peer-to-peer CP approaches, i)
RTCM data, as just mentioned, is encoded using a proprietary and closed-source pro-

tocol, i) no optimization approach is employed to reduce usage of network resources.
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7.4 Cooperative Enhancement Message
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Fig. 7.3 Diagram of a CEM [ frame. Field size (bit) is indicated in the bottom right corner.
D frames contain an additional sequence identifier in their header [2].

Given the limitations of current protocols for the exchange of cooperative posi-
tioning data, we introduce the CEM protocol, a dedicated solution for the exchange
of raw positioning data in vehicular networks. Furthermore, the CEM messages used
to encode and transmit data among the network nodes are also described. Although
CEMs are meant to complement the information provided by CAMs, the proposed
protocol can also be easily adapted to be employed as a stand-alone solution.

It is indeed worth highlighting how CEMs can be used both in stand-alone fashion
as well as in parallel with other kinds of messages such as CAM, if needed by the
overlying V2X applications. Furthermore, even if the main purpose of CEMs is to
be exchanged between vehicles, they can also be exchanged between other moving

nodes or network infrastructure.

7.4.1 CEM packets

Figure 7.3 depicts the general structure of a CEM message. As can be seen, each
message includes an ITS Packet Data Unit (PDU) Header, exactly as in CAM [244]
and DENM [245]. This header is composed by a mandatory station ID, namely an
identifier of the transmitting vehicle, the protocol version, which should be currently

set to 1 (future versions of the CEM protocol will foresee increasing numbers as
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protocol versions), and the message ID, which corresponds to 200 for CEMs (while
it should be set equal to 2 for CAMs).

After the ITS PDU header, each CEM message consists of a dedicated CEM header
and a sequence of satellite containers (in principle one for each received GNSS
signal). The header of each CEM includes a single timestamp, associated to the
measurements included in the message. It can be used to synchronize measurements
from different nodes, which in principle all work independently from one another and
take measurements at different time instants (and possibly different rates as well).
It should be emphasized that the synchronization step is fundamental in order to
enable most cooperative applications.

A TR ID can optionally be included in the header, with a value ranging from 0 to
255 (thus using 8 bits). This identifier can be used to define any ad-hoc strategy
for the identification of the nodes involved in a CP approach. If not specified, the
CEM protocol will use the standard ETSI station ID. The usage of identifiers (either
ad-hoc or based on the station ID) is needed when including sensor containers from
other ranging sensors, as described later in Section 7.4.4.

Future developments of the protocol foresee the possibility of including other
application-specific flags and general purpose information in the header. It should
be pointed out that in any case, the inclusion of such fields in the header should
not contribute to a large increase in terms of packets size, and therefore should not
heavily influence the network performance. All other fields are encapsulated into
the satellite containers. Every container can include one value of the measurement
uncertainty, namely o, for each of the three types of GNSS observables present in
the message. In order to limit the maximum size of messages, the protocol specifies
that no more than 10 containers should be included by a transmitting agent inside a
CEM message. In case the GNSS receiver has visibility of more than 10 satellites
at any one time, it has the freedom to choose which ones to include in the packet
(e.g., the ones with highest N%) Finally, it is worth mentioning how CEMs can
be potentially encapsulated into any transport and network layer, such as UDP
over Internet Protocol (IP), or the ETSI ITS-G5 transport and networking layers
[248, 249], depending on the user needs. The latter normally represents the stack
of choice for the dissemination of vehicular messages in Europe, and CEM are thus
designed to fully support their encapsulation inside BTP and GeoNetworking. In
particular, CEM should use the BTP-B header when being encapsulated inside BTP,
as this kind of header is normally used for broadcast messages. The standard also
defines a BTP port number for each vehicular message type (e.g. 2001 for CAM,
2002 for DENM) [263]. We thus define a new port number for the CEM protocol,
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which is set to 2200, since it is a value currently not used by ETSI.

Furthermore, among the GeoNetworking addressing schemes, CAM rely on a Single
Hop topologically-scoped Broadcast (SHB), since they are broadcasted only to the
nearest first hop. In a similar way, CEM are designed to be broadcasted as SHB
messages [249].

7.4.2 Encoding

| frame (i)

D frame (i;1)

Same CBID + PRN
D frame (i;])

D frame (i;J)

| frame (i+ 1)

Fig. 7.4 Example of a stream of CEM packets. Agent sends J differential messages within
two Intra-messages. Each message contains information related to k satellite signals [3].

To reduce the load on the communication network, CEMs are designed to em-
ploy a low-complexity differential encoding. Furthermore, it exploits the fact that
different kinds of data needs to be updated more or less frequently, and that not
all information is strictly necessary in order to employ CP approaches. Thus, the

protocol encompasses two types of CEMs:

1. An Intra-message (1), which contains the full value of measurements, including
both data that needs to be updated at high and low frequency;

2. A Differential message (D), which contains differential values. More precisely,
it consists in the difference between the current measurements and the ones

transmitted in the most recent I. Only high frequency data is included.
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Is are transmitted at a fixed interval of 1s. Spaced out between I are instead the
Ds, with a basic interval of 100 ms, so that at most 9 can fit between two consecutive
Is. Tt is up to the transmitting node to adjust its rate of Ds depending, for example,
on which target application needs to be enabled or on the congestion of the network.
The specific strategies for the adjustment of the transmission rate are outside the
scope of this work, and will be considered for future developments of the protocol.
Figure 7.4 provides an example of the flow of CEMs within two successive Is. The
choice of such time intervals between frames was motivated by considering common
vehicle dynamics in urban environment and common rate of solution of GNSS receivers.
These values are also in line with the rate intervals specified by CAM. It is worth
mentioning that higher rates might facilitate time synchronization between received
and local measurements. However, recent studies on time calibration between GNSS
and UWB measurements show that time misalignment between multi-sensor range
measurements can be compensated through measurement integration algorithms
[264, 9]. Thus, higher rate would bring little benefit while significantly increasing the
load of wireless channels. The header of Is contains a unique sequence identifier (SQ
ID). The mandatory data in a satellite container of a I frame consists of both CB 1D
and PRN identifiers, along with the pseudorange measurements. As a consequence,
all the other fields are optional. It should be added that if the transmitter decides
to include optional data, it is not forced to send all of it, but can instead choose
whatever sub-set of fields to include, depending on what is available or needed by
the application.

Regarding instead the Ds, two sequence identifiers need to be included. The first is
its own unique message identifier and the second is the one of last Is. The addition
of these identifiers allows an easy sequence reconstruction by the receiver, if needed.
Within every Ds satellite container, only the GNSS observables are sent, and only
differential pseudorange is mandatory. Other data that does not need to be updated
often, such as the variances and N% is therefore not included in Ds. Furthermore,
also CB ID and PRN are not included in Ds as they can be easily inferred since
measurements from different signals appear in the same order as in the last I frame.
To avoid redundancy, fields that are already present in CAMs have been omitted in
the current implementation of CEMs, but it is foreseen to add an optional container
encapsulating such fields which can be used in scenarios in which CAMs are not

present and CEM works in stand-alone fashion.
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Measurement ‘ Symbol H Min. Value ‘ Max. Value ‘ Prec. ‘ Units ‘ Bits
Code pseudorange p 1.9- 1010 2.4-101° | 1072 m 30
Carrier phase o 0.7-108 1.6-108 1073 | Cycles | 40
Doppler shift Af —5.0-103 5.0-103 1073 Hz 24
C/NO C /Ny 20 70 025 | dBHz ' | 8

Table 7.1 GNSS observables - CEM Intraframe (I)

7.4.3 GNSS measurements

More in detail, CEMs can include the following network and GNSS data and
observables:

1. 7: accurate timestamp of when the observables where measured;
2. TR ID: identifier of the transmitting node;
3. CB ID: identifier of the constellation and signal frequency;

4. PRN: identifier of the satellite from which observables are measured. Receiver

can infer the satellite since each one transmits a unique pseudo-random code;

5. Pseudorange p: a value in meters of the distance between satellite and receiver

(it also accounts for the time difference between transmitter and receiver clocks);

6. Carrier-phase ¢: also a value of distance expressed between satellite and
receiver, but instead expressed in terms of number of phase cycles of the carrier
frequency;

7. Doppler Af: shift in received frequency caused by the relative velocity between
satellite and receiver;

8. Variance o: a value of the measurements uncertainty that can be estimated by

receivers (one value is associated with each observable p, ¢, and Af);

9. & C/NO.

Ranges of values

The ranges of values that GNSS observables can take for the two kinds of messages

described above are summarized in Table 7.1 and Table 7.2 respectively. The last
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Measurement ‘ Symbol H Min. Value ‘ Max. Value ‘ Prec. ‘ Units ‘ Bits
Code pseudorange ) —1.0-10? 1.0-10? 1072 m 18
Carrier phase ¢ —5.5-10° 5.5-10° 1073 | Cycles | 24
C/NO Af -3.0- 10! 3.0 - 10! 1073 Hz 16

Table 7.2 GNSS observables - CEM differential frame (D)

Constellation H SB #1 ‘ SB #2 ‘ SB#3 ‘ SB #4 ‘ SB #5

GPS L1(1) | L2(2) | L5(3) ] ]
GLONASS | G1(6) | G2 (7) | G3(8) ; -
Galileo E1 (11) | E2 (12) | E5a (13) | E5b (14) | E6 (15)
BeiDou B1 (18) | B2 (19) | B3 (20) - -
Table 7.3 Constellations and Signal Bands (identifiers in round brackets are compliant with
RINEX standard)

column shows an approximate amount of bits that is needed to represent the ranges
with the corresponding accuracy in order to provide a rough idea of the amount of
data needed. These ranges have been defined considering the minimum and maximum
values obtained from real GNSS datasets. In the case of Ds, these ranges are defined
based on the largest possible variation of observables over a time span of 0.9 s, which
is the maximum distance in time between a D and the latest I. All the uncertainties,
as well as the N%,
roughly 8 bits). The protocol does not specify any specific combinations of ranges

are represented with a value from 0 to 200 (corresponding to

and precision, so that any implementation has the flexibility to map these values as

preferred. Since information regarding the quality of signals is mainly exploited to

obtain weighted estimates, its accuracy is not as crucial as for the measurements,
and can be represented with only a few bits.

The timestamp is defined as the number of nanoseconds from 2004-01-01T00:00:00.000Z
(i.e., January 1st 2004, at midnight Coordinated Universal Time), represented over

64 bits. The format is compliant with the ETSI standards, as it is the same format of

timestamps stored inside CAMs [265]. Given the number of signals and constellations

currently enabled by the protocol, the CBID is represented over 5 bits (32 values).
The PRN for the satellites are also represented over 5 bits.

Table 7.3 provides a summary of the constellations and signal bands currently in-
cluded and defined in the CEM protocol. The CB ID field is defined for a range

of 32 values (equivalent to 5 bits). The ID numbers which are not currently used

can be reserved for a possible future addition of either new signals from the already
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included constellations or for other constellations (e.g. SBAS, QZSS, IRNSS).

For every field, there is an additional value always reserved to communicate the case
in which the information is outside the defined bounds or not available at all. This
could for example occur if a satellite is no longer visible, or if the receiver is unable
to compute a certain data. In the first case, the container for that satellite will
still be included (with unavailable data) in the following Ds until the next I. The
value reserved for unavailable data is always defined as the maximum value plus one
time the corresponding precision, and it is therefore set to 201 for the uncertainties
and N% As CEM is designed to be fully ETSI-compliant, the description language
ASN.1 was used to define the content of each I and D frame. Indeed, ASN.1 is the
same kind of language used by ETSI to define the content of all vehicular messages
[244]. Tmportantly, it is possible to leverage ASN.1 files to automatically generate
the source code of encoding and decoding functions, thanks to tools like asnic [266].
After defining the content of a message with ASN.1, several encoding rules are then
made available to the user, which define how the message will be encoded and provide
different advantages and disadvantages in terms of processing speed and message
compactness (which in turn translates into a reduced load on the wireless channel)
[267]. When defining a new type of vehicular message it is thus crucial to agree on
a proper encoding option. All ETSI standard-compliant messages, such as CAM,
make use of Unaligned Packed Encoding Rules (UPER), guaranteeing small message
sizes [244]. We have therefore designed our CEMs to be encoded with the same rule.

7.4.4 Other sensors

Measurement ‘ Symbol H Min. Value ‘ Max. Value ‘ Precision ‘ Units ‘ Bits

Range r 0 300 1072 m 15
Angle o 0 360 1072 Deg | 15
Diff. time Ts 0 100 107t ms 10

Table 7.4 Sensor data - CEM Intraframe.

Considering harsh scenarios such as urban canyons, the visibility of GNSS satellites
can be reduced and the quality of the received signal is degraded. In such cases,
agents might want to rely on other measurements from on-board sensors to improve
their positioning capabilities.

In order to enable agents to share such measurements between each other, we now

discuss the addition of a dedicated sensor container for the transmission of range
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data from other sensors. In addition to the GNSS data, the CEM protocol also
enables the exchange of range data obtained from other on-board sensors such as
radar, LIDAR, cameras, or UWB interfaces.

Although this study was conducted mainly based on the characteristics of such
sensors, the additional sensor container has been designed so that it can contain
ranging data from any other type of sensor that could be used to obtain range
measurements between agents. In this way, the CEM protocol is flexible enough to
be tailored, with small modifications, according to the specific implementation of
cooperation among vehicles, or to the use of new types of sensors in the future.
The addition of this container for ranging data beyond GNSS enables a wide range
of implementations of the applications that combine both GNSS data and other
ranging measurements to further enhance the positioning performance.

The containers for GNSS data shown in Figure 7.3 can be therefore replaced with
the newly designed container. Indeed, for each container slot in the CEM packet, it
is up to the transmitter to choose whether to send container data for GNSS signals
or for other sensors.

The container for the additional cooperative information from other sensors has been

defined in order to include the following data:

1. 74 accurate time difference between GNSS and sensor measurements;

2. Target ID (TG ID): identifier of target vehicles w.r.t. which the measurements

are taken;

3. Sensor ID (SR ID): identifier of the type of sensor or signal used to obtain the

measurement;

4. Range r: a measurement in meters of the distance between the transmitting

(ego) vehicle and the target one;
5. Angle a:: angle of the target vehicle with respect to a common reference frame;

6. Variance o: an estimate of the measurements uncertainty (associated to r and

a).

As mentioned earlier, an ID of the transmitting vehicle is included in the CEM
header when one or more cooperative satellite or sensor containers are present in the
CEM packet. Thanks to the presence of this identifier, each of the sensor containers
can include a T'G ID (of 8 bits) to uniquely identify the target vehicle with respect to

which the measurements are taken. In this way, transmitting and receiving vehicles
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can all unambiguously identify each other, and properly associate and collect all
measurement regarding each vehicle.

The SR ID is included so that any agent can integrate the received cooperative
measurement using an error model based on the type of sensor from which the
measurement was obtained. The protocol can define up to 16 different types of
ranging sensors. An additional scalar value, 7, is included in the sensor container
to represent the difference between the header timestamp and the time at which
the measurements are obtained from the sensor. Indeed, other sensors may work
asynchronously with respect to the GNSS on-board unit, and collect measurements
with different rates. To reduce as much as possible the amount of data transmitted,
this quantity is expressed as a differential scalar value 75, which is the time difference
between the most recent measurement obtained from the sensor and the timestamp
7 provided in the message header. The field hosts values in the range [0, 100] ms
with a granularity of 0.1 ms, leading to 1,001 values, which can be represented using
10 bits.

Sensors measurements are expected to be always less fresher than GNSS data carried
by CEM. Note that the minimum time resolution has been set based on current
studies and investigations on GNSS and asynchronous sensors integration.

Finally, it is worth mentioning how sensor containers are designed to be inserted in
CEMs after all available satellite containers. This, thanks to the UPER encoding
rules, enables an easy message decoding at the receiver side, without the need for

including a dedicated field carrying the type of each container.

Management of Vehicle IDs

Each CEM may contain an optional TR ID, when not relying on the ETSI station
ID as vehicle identifier. The latter can indeed be fixed on a per-vehicle basis, or
anonymized with different strategies [268], and its management according to the
ETSI standards may not be suitable for all the CP approaches.

Thus, two possible scenarios for an ad-hoc assignment of TR IDs are considered:

1. In case of a platoon of vehicles that move together, IDs can be fixed and

assigned a-priori;

2. Otherwise, if vehicles are continuously moving in and out of range of each
other, a dynamic allocation of IDs is needed, such that two vehicles in range
of each other cannot have the same ID. In any of the two cases, the specific

strategies for the assignment of IDs is beyond the scope of our work. Another
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issue that arises in the transmission of the cooperative measurements is the
data association problem. When the ego vehicle is measuring a distance with
respect to a target vehicle using on-board sensors, it needs to know which
vehicle it is, so that the corresponding ID can be associated to the measurement
and included in the sensor container of the CEM. This task is also out of the
scope of this work, but we would like to highlight its importance. A proper
management of the IDs is anyway crucial for the correct utilization of the

cooperative measurements.

Range of values

The selection of ranges of value is based on review of the types of sensors commonly
integrated with GNSS [269], common vehicles dynamics in urban environments, and
the broadcasting range of communication technologies.

The maximum value for the inter-vehicle range r is set to 300 m. This field is also the
only mandatory measurement for this container, while every other field is optional.
For angle measurements instead, all values « are possible, as in general vehicles
could be anywhere around each other. For both these quantities, variances are also
included, as done for the GNSS data, to enable weighted estimation techniques.
These uncertainties are represented with a value from 0 to 200, exactly as for the
GNSS container.

Given the usual rate at which sensors obtain measurements and the basic rate of the
CEM protocol, the maximum value of 7, has been set to 100 ms. A summary of all
the considered ranges is provided in Table 7.4, with a rough amount of bits needed
to represent the given range and corresponding precision.

As for the differential values in D, given the possibility of fast changing vehicles
dynamics in an urban environment, all differential values of the angle o are still
possible at any time, especially when the cooperating vehicles are in proximity of
each other. Therefore, the full value of « is transmitted again at every D. On the
other hand, considering realistic vehicle speeds, the maximum value of the differential
range has been set to 80 m.

To provide an extreme case as a reference, considering that a D can be generated at
most 0.9s after the original I, if two vehicles were to travel at a speed of 120 km s™*
in opposite directions, then their distance would change of at most 60 m in that time

span.
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7.5 Experiments

In this section, we first introduce the dataset we use to perform our analysis. For
our study, we build a novel, open dataset named Synthetic Accurate Multi-Agent
RealistiC Assisted-gNss DatAset (SAMARCANDA). It consists of a collection of
accurate GNSS PVT estimates and RINEX files obtained from 19 distinct vehicular
tracks collected through a multi-band, multi-constellation GNSS/INS/RTK high-
accuracy receiver mounted on a car.

The dataset emulates a fleet of vehicles travelling across a urban area of approx-
imately 50.34 km?. This provides a realistic source of data that is typically hard
to be synthetically generated with simulation frameworks such as Simulation of
Urban MObility (SUMO). The trajectories acquired asynchronously are reproduced
according to a synchronous scheduling in the simulation framework, namely ms-van3t.
It is worth stressing that, thanks to such dataset, ms-van3t can account for real
positioning errors, unlike conventional traffic simulators such as SUMO.
Subsequently, we describe more in detail the new simulation tool that has been

developed, starting from the existing ms-van3t simulator [270].

7.5.1 Simulation Framework

ms-van3dt is an open source framework for the evaluation and simulation of ETSI-
compliant V2X applications, which includes several state-of-the-art models, enabling
the simulation of different access technologies. These include IEEE 802.11p [250],
C-V2X Mode 4 [252] and LTE.

It already provides several sample applications, which can be used as a base to
build and simulate more complex scenarios, both with V2V and V2I communications
[271]. It includes a complete ETSI ITS-G5 stack. With the aim of extensively
evaluating the CEM protocol, while at the same time leveraging an open source
tool, we have developed a dedicated version of ms-van3t. This version, named
ms-van3t-CAM2CEM, comes with several enhancements with respect to the original
framework.

Specifically, the ms-van3t framework has been enhanced as follows:

o We have generated the encoding and decoding functions for the CEM messages,
thanks to the asnlc tool [266]. asnlc enables the automatic generation of

C/C++ message handling functions starting from any ASN.1 data structure.
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In particular, the tool was fed with the latest version of the CEM specifications,

and the resulting code was integrated into ms-van3t.

o We have implemented and integrated a novel Cooperative Enhancement (CE)
basic service managing the CEM protocol. This includes management of the
differential enconding scheme and optional containers and fields, the trans-
mission of CEM messages at the proper frequency, and the reception of CEM
messages along with the extraction of the relevant data, which is then made
available to the V2X applications; this service provides an easy-to-use interface

to the ms-van3t user thanks to callbacks;

o We have developed a set of dedicated examples, which can be used as a starting
point to simulate the exchange of CEM in urban scenarios, leveraging different

access technologies;

o We have integrated the SAMARCANDA dataset, thanks to a full-fledged
Comma Separated Values (CSV) version which includes pre-processed vehicle
dynamic data, including geographical positions, speed, acceleration and heading
of the different vehicles. ms-van3t can leverage the real dataset thanks to the
gps-tc module, which can be used as mobility simulator instead of relying on
the SUMO tool (the default mobility manager in ms-van3t);

» We have implemented and integrated a special module, called gps-raw-tc,
which is able to read raw GNSS traces (i.e., files containing raw observables
from pre-recorded vehicular traces) and provide them as input to the CE basic
service for the generation of CEMs. The newly created module can work
in conjunction with SUMO, when sample raw GNSS traces are assigned to
simulated vehicles (i.e. traces with exactly the same data types and ranges as
real traces, but without application-layer informative content) for the evaluation
of network-related parameters. It can also work with gps-tc, to simulate a
real scenario, where vehicles are generating CEMs with actual application-layer

content, for the evaluation of full-fledged CP approaches;

o Finally, we integrated a sample raw GNSS trace from the SAMARCANDA
dataset, with the aim of simulating the transmission and reception of observables
and evaluate the network performance when CEMs are being transmitted

besides other standard-compliant messages, mainly CAM.

ms-van3t-CAM2CEM is specifically designed for the evaluation of CP approaches.

We have made it available on GitHub with an open source license [218]. Our enhanced
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Fig. 7.5 The simulated urban scenario of choice for the CEM evaluation from a network
standpoint. It is composed of several intersections regulated by traffic lights, with two
central intersections and an outer ring with one lane per direction of travel. The scheme
also depicts the different modules which are deployed on each simulated vehicle.

framework also includes a module, called PRR supervisor, which is able to report
latency and Packet Reception Ratio (PRR) in an automatic and transparent way
with respect to the underlying access technology. In particular, the PRR provides a
quantitative measurement on the network reliability, showing how many packets are
lost under different scenarios and access technology settings. A PRR of 100% means
that no packets are lost, and represents an ideal condition, while a theoretical PRR
of 0% would mean that no communication is possible. This module has been used to
gather the results presented in the next section, which validate the CEM approach

from a networking point of view.

7.5.2 Results

This section presents the most relevant results coming from an extensive simulation
campaign, performed to validate the CEM protocol, when vehicles exchange both
CAMs and CEMs in a realistic urban scenario.

After an initial set of tests performed using the SAMARCANDA dataset, we present
a detailed scalability analysis, in order to assess the network behaviour when the
number of connected vehicles grows large.

To do so, a dedicated simulation scenario has been set up on the described framework.

In particular, since the main goal is to thoroughly evaluate the network performance
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Fig. 7.6 Total transmission rate, representing the amount of bytes transmitted per second as
a function of the vehicle density, when both CAMs and CEMs are being actively transmitted
by vehicles [3].

when CEM is transmitted, SUMO is used to simulate the vehicles trajectories,
instead of directly relying on the SAMARCANDA dataset. This choice is led by the
possibility of arbitrarily increasing the number of vehicles without any hard limit
(other than the one imposed by the hardware). This enables the analysis of the
network behaviour with a higher number of vehicles than what would be available in
SAMARCANDA.

Following this approach, each vehicle is assigned a sample raw GNSS trace from the
SAMARCANDA dataset, as SUMO cannot provide such information. Even if the
traces are sample data, not directly related to the simulated positions in SUMO, this
methodology allows us to simulate the exact range of values, data types, and data
size that we would expect in real-world applications. The urban scenario considered
for this evaluation campaign is depicted in Figure 7.5. As can be seen, each vehicle

is equipped with:

A CA Basic Service for the exchange of CAM;

A CE Basic Service for the exchange of CEM;

A sample CP application receiving data from both Basic Services and storing
it locally;

An ETSI ITS-G5 stack with the GeoNetworking and BTP layers;
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Fig. 7.7 Average one-way latency with respect to vehicle density. (a) IEEE 802.11p at
23dBm (b) IEEE 802.11p at 33dBm (c¢) C-V2X at 23dBm (d) C-V2X at 33dBm.
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Fig. 7.8 Packet Reception Ratio, in percentage as a function of vehicle density, for three
different values of baseline distance, i.e., 100m, 150 m and 200 m. (a) IEEE 802.11p at
23dBm (b) IEEE 802.11p at 33dBm (c¢) C-V2X at 23dBm (d) C-V2X at 33dBm.
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Fig. 7.9 Analysis of the C-V2X Mode 4 PRR behaviour. Reference of a traffic pattern in
urban scenario, a transmission power of 23 dBm and a baseline of 200m. (a) Mean vehicle
cluster size (b) PRR, for each transmitted packet, as a function of the fraction of vehicles
within 120 m, w.r.t. the total amount within the 200 m baseline; the straight lines show a
linear interpolation of the values.

» A radio interface (including the MAC and physical layers) either based on
IEEE 802.11p or on C-V2X Mode 4.

All the CAMs and CEMs are broadcasted after being encapsulated into the BTP
and GeoNetworking layers, following the rules defined in Section 7.4.

Indeed, to evaluate our proposed protocol in different operational conditions, we
consider two access technologies for V2X communications: ¢) IEEE 802.11p, based
on Wi-Fi and well-established for V2I and V2V communications, and i) C-V2X|
which has emerged in recent years as a promising cellular-based alternative. The two
protocols are different in all layers of the communication stack, and their pros and
cons have long been under discussion in the scientific community [272-274]. Both
technologies are fully supported by ms-van3t-CAM2CEM, through state-of-the-art
models.

Further, C-V2X supports two main modes of operation: Mode 3, with infrastructure
support, and Mode 4, for direct communication without infrastructure support. In
our analysis, we focus on the latter, as it is supported in ms-van3t and allows us to
obtain a direct comparison against IEEE 802.11p while exchanging CEM in V2V
scenarios.

The performance metrics of interest are:
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o The total transmission rate, expressed as the number of bytes per second

transmitted in the wireless medium by vehicles as their density grows larger;

o The average one-way latency between a transmitting vehicle and all the vehicles
receiving the message (we recall that both CAMs and CEMs are normally
broadcasted);

o The Packet Delivery Ratio (PDR), also called PRR by 3GPP (PRR will be
used to refer to such metric). The value has been computed according to 3GPP
TR 36.885 specifications [275], which reports a way to compute the overall
PRR, when packets are broadcasted.

Specifically, two transmission power levels are considered: 23 dB m, as it represents a
typical value for the exchange of vehicular messages [276], and 33 dB m. The results
are obtained for an increasing number of vehicles, from 3.4 veh/km up to a density
of about 33 veh/km.

Total Transmission Rate The first set of results is related to the total trans-
mission rate as the vehicle density increases. These results do not depend upon the
actual access technology and show how much the wireless medium is potentially used
when transmitting both CAM and CEM in a urban scenario.

The obtained values are depicted in Figure 7.6, in which the y axis represents the
total transmission rate, in Mbit/s, computed over all vehicles in the considered
scenario.

The first important outcome is that the relationship between the total transmission
rate and the vehicle density is linear, which shows how the communication complexity
of the proposed protocol is relatively low. This is due to CEM being mainly designed
to be broadcasted by vehicles.

A second relevant outcome is represented by the maximum transmission rate, namely
4.1 Mbit/s, that is achieved under very high vehicle density. As this is a fairly low
value, this result confirms that the proposed solution can work well even when the

network is congested and the available throughput is limited.

Latency The latency results are instead depicted in Figure 7.7. It should be
noticed that these results do not depend on the value of baseline distance, which is
therefore use only for the computation of the PRR.

As can be seen, IEEE 802.11p can provide an overall average latency which is

significantly lower than the one provided by C-V2X| even for a relatively large vehicle
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density. In particular, the IEEE-based access technology can provide a latency
of around 0.4ms when only CAMs are transmitted. On the other hand, when
both CAMs and CEMs are used, the latency increases to, on average, 1.3 ms-2.5 ms
(depending on the vehicle density). This is due to the larger packet size of CEM,
compared to standard CAM. Indeed, in our simulation, the size of the CEMs can
range from 496 B (smallest D frames) to 860 B (largest I frames), while CAMs reach
up to a maximum of 121 B. However, despite the increased latency, the delays remain
reasonably low and compatible with all the safety-critical applications which may
require, according to ETSI, a maximum end-to-end latency between 50 ms and 300 ms
(depending on the specific application) [277-279].

The latency observed under C-V2X is instead higher, with values around 16 ms for
the transmission of CAM only, and 32ms in the case of concurrent transmission of
CAMs and CEMs. Such increase in latency is again due to the larger size of the
CEM messages. As the amount of data required to exchange raw GNSS information
is higher than what is normally transmitted within CAMs, a latency increase also
shows the importance of adopting a differential encoding to reduce the impact of
GNSS raw data on the underlying network as much as possible. These results are
also in accordance with past simulation studies comparing the performance of C-V2X
and IEEE 802.11p [273]. It is also worth noticing that increasing the transmission
power does not impact the latency significantly, but it leads to a faster increase
as the vehicle density grows for IEEE 802.11p, due to higher interference levels.
This effect is not observed in the case of C-V2X, which suffers less severely from
highly congested network conditions. Thus, when transmitting CEMs over C-V2X,
the latency remains almost constant, regardless of the selected transmission power
level. This suggests that a higher transmission power would be desirable, as it has a

minimal impact on latency, while guaranteeing a higher PRR, as described below.

Packet Reception Ratio The PRR represents a measure of network reliability,
as it accounts for the number of packets that are lost due to channel collisions,
interference, or harsh propagation conditions.

Given a baseline distance, which varies from 100 m to 200 m, the PRR is calculated
as the ratio between the number of vehicles X within the baseline that successfully
receive the message, and the total number of vehicles Y within the same distance.

Then, the per-message PRR is averaged over all the transmissions (n;) to compute
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the average PRR, given a certain value of baseline distance:

PRR; = 20 i1, ny (7.1)
Y;

For each access technology and scenario, results are averaged over 10 different
experiments, each corresponding to a randomly selected traffic pattern. Each plot
also reports the 95% confidence intervals.
In Figure 7.8, each plot depicts the average PRR as the vehicle density grows. The
lines corresponding to the transmission of CAMs only are marked by triangles, while
those corresponding to the concurrent transmission of both protocols are marked by
circles. Each color corresponds to a different baseline value (i.e., 100 m, 100 m and
100m).
The first interesting result comes from the trend of the PRR as the vehicle density
grows larger, since different access technologies exhibit different behaviours for highly
congested scenarios. Indeed, for IEEE 802.11p the PRR decreases monotonically
with the vehicle density, which is especially evident when transmitting both protocols.
This is due to the contention-based channel access, which suffers from increased
collisions and back off times when a large number of vehicles try to access the same
shared wireless medium.
Interestingly, when C-V2X Mode 4 is used with a transmission power of 23 dBm,
there is a slight reduction until 16.67 vehicle/km, followed by a sudden increase
for higher densities. Considering the baseline of 200 m as a reference, the CAMs +
CEMs PRR increases from 46.86% with 16.67 veh/km to 63.58% with 20 veh/km.
Such effect is less evident for higher transmitted power.
The observed trend is mainly due to the resilience of C-V2X when there is a large
number of communicating nodes. Simulating the same scenarios using a very high
transmission power (i.e., 42dBm not shown here as it is an unrealistically high
value) led to PRR values always around 100% for both scenarios. The behaviour of
PRR when the vehicle density increases is thus mainly due to the selected level of
transmission power, which may not be sufficient to reach all the vehicles within the
desired baseline. This also explains why this effect is much less noticeable with high
transmission power levels (i.e., 33dBm), or, equivalently, smaller baseline values
(i.e., 100m).
With these considerations in mind, it is possible to observe how vehicles tend to form
clusters in urban scenarios. This occurs especially in correspondence of regulated
intersections. Figure 7.9a depicts the mean cluster size as a function of the vehicle

density, taking as reference one of the ten traffic patterns used to gather the PRR
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results. A cluster is defined here as a group of vehicles with a reciprocal distance
lower than 20m. As can be seen, the mean cluster size almost doubles between
densities of 3 veh/km and 33 veh/km. As a consequence, the number of vehicles
within the baseline that can be reached by C-V2X Mode 4 grows larger.

Instead, Figure 7.9b shows the relationship between the PRR values and the ratio
between the number of vehicles within 120 m and the total number within a 200 m
baseline. As a reference, a transmission power of 23 dB m is considered, as the C-V2X
PRR increase is more evident for low transmission power levels. The dependence
between the PRR and the fraction of vehicles is significantly less when high density
scenarios are considered, with higher values of PRR becoming more likely even when
the fraction of vehicles is relatively low.

Next, we look at the comparison between the PRR values obtained with the two
different transmission powers. As expected, a transmission power higher than 23 dBm
is always desirable, as it provides higher values of PRR in all cases and under any
of the selected technologies. Indeed, 23dBm is not always sufficient to reach a
transmission range greater than 100 m, thus leading to low PRR for larger baseline
values. Even though a range of 100m may be enough for enabling several CP
approaches, it can be important to take this into account, especially when targeting
use cases which may require larger single-hop ranges.

It can also be observed that the C-V2X technology provides, better PRR results
overall compared to IEEE 802.11p, especially when the vehicle density grows. Indeed,
C-V2X with 33 dB m can provide a PRR always higher than 77% for vehicle densities
up to 16.67 veh/km (which represents a quite congested scenario for most CP
approaches). Furthermore, such transmission power can guarantee an average PRR
higher than 66%, even for a density of 33.4 veh/km and a large baseline of 200 m.
Comparing the performance when only CAM is used and when both protocols are
transmitted, it can be noticed that the use of CEM slightly reduces the overall
PRR, due to the larger size of messages and of their more frequent transmission.
However, this reduction is limited, especially in the presence of mid-to-low vehicle
densities, and does not significantly impact the CP use cases enabled by the proposed
protocol. In particular, a range of 100 m with a PRR higher than 90% can enable
the development and testing of different cooperative approaches for high-precision
localisation.

Furthermore, focusing on the highest level of transmission power level and the
exchange of both protocols, IEEE 802.11p showcases a PRR much lower compared
to C-V2X, especially when the number of vehicles increases. Once again, this is due

to the contention-based nature of the IEEE 802.11p access technology.
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7.6 Conclusions and Future Works

The analysis of results regarding the PRR also provides useful insights on how the
CEM protocol specifications can be improved in the near future. In particular, an

updated version of the protocol should include:

o The possibility of transmitting the I and D frames at varying periods, depending
on the actual target CP application, as mentioned in Section 7.4.2. This may
help to improve the overall PRR, as less D frames would be transmitted if the
vehicles are implementing CP applications which do not require high frequency
of data; this would also help to reduce the likelihood of concurrent CAM and /or

CEM transmission from different vehicles;

e The possibility of dynamically reducing the number of D frames in case of

detected channel congestion;

o A Decentralized Congestion Control (DCC) mechanism to automatically adjust
the transmission power depending on the real-time PRR performance and on
the channel congestion. The same mechanism could be realized in an agnostic
way with respect to the underlying access technology, which would just need to
tune the maximum transmission power depending on the inputs from a CEM

module.

To conclude, our results highlight how the CEM protocol is an effective way of
exchanging raw GNSS data between connected vehicles, using a fully open protocol.
Further, the proposed protocol proved to be well-suited to work with both the
IEEE 802.11p and C-V2X technologies, depending on the latency and reliability
requirements of the underlying applications. Results have also demonstrated that,
in order to reach all vehicles within a range of at least 100 m with a reliable PRR,
a transmission power of 23dB m may not be sufficient. On the contrary, 23dBm
can guarantee a PRR higher than 90% at a 100 m distance for up to 16.67 veh/km,
which represents a reasonably high density for most CP approaches. We have also
provided an insight on how IEEE 802.11p yields a better latency when it is used
to transmit CEMs to nearby vehicles, while C-V2X showed to be more resilient to
channel congestion. Finally, the obtained results highlighted which enhancements
would be utmost beneficial to further improve the performance of a protocol for
GNSS raw data transfer.

The work on CEM aims at contributing to ongoing standardization efforts in ETSI
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ITS-G5, where the exchange of raw GNSS data could be leveraged as a fundamental
enabler for next-generation CP applications.

In conclusion, future work should also focus on investigating techniques for the
assignment and management of vehicles IDs, as they play a crucial role in the

implementation of numerous CP algorithms.
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Chapter 8

Conclusions and Future Work

In conclusion, this thesis has addressed various aspects of GNSS with the intent to
tackle different challenges faced by radio navigation. After giving a brief introduction
of the main concepts of GNSS, Chapter 3 provided an in-depth analysis of the PVT
estimation by means of LS, as well as examining some theoretical aspects involved
in the estimation such as residuals and GDOP. The insights gained from such study
also helped guiding the work presented in following Chapters. In particular, Chapter
4 introduced a novel weighting strategy in the PF devised exploiting the specific
structure of the measurement model of GNSS. The technique, called MW-PF, helps
reaching any target accuracy using a lower amount of particles w.r.t. standard
implementations of the filter. Heavy computational complexity and the so-called
curse of dimensionality have been one of the main limitations for the use Monte Carlo
methods in real scenarios. Hopefully, optimizations such as MW-PF can help to
make Monte Carlo methods a more viable filtering alternative in the future, possibly
coupled with the increase in computational capacity of modern hardware.
Subsequently, the problem of measurement biases due to reflection of signals was
considered in Chapter 5. Two main contributions were presented, the first is a
post-processing methodology to automatically label biased measurements affected by
faults in datasets, and the second aimed at mitigating the effect of such biases for
real-time applications by exploiting the concept of soft information in the PF.
Despite numerous effort to mitigate the effect of multipath and NLoS, they remain
one of the main limitations preventing the use of stand-alone GNSS for applications
with strict requirements in terms of accuracy and integrity. One of the main solutions
to these limitation is to couple GNSS with other sensors to combine the strengths of

each individual instrument and mitigate their respective weaknesses. For this reason,
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Chapter 6 tackled the tight integration between GNSS and UWB, and more in
particular one of the main challenges of this architecture which is the synchronization
of measurements from the two sensors. A novel technique based on a double-update
step of the EKF was presented, showing promising results in terms of accuracy.

An alternative solution to improve the performance of stand-alone GNSS is the
concept of CP, namely to integrate additional location information exchanged among
a network of peers. This can include ranges computed with other sensors like
UWRB, but can also be obtained by combining GNSS observables from different
receivers using difference techniques. While the advantages of cooperation in terms
of estimation performance have been thoroughly investigated in the literature, its
feasibility from the network perspective has often been neglected. As a matter of
fact, many works simply assume that cooperative information is always available,
while disregarding possible limitations and disruptions such as network delays and
packet losses. To address this point, the final novel contribution presented in the
thesis was the development and experimental testing of an open-source protocol for
the real-time exchange of raw observables between cooperating agents, thus proving

the viability of CP in real-world environment.

8.1 Future Work

Because of their ability to handle non-linearities without loss of performance, Monte
Carlo methods such as PF have proven to be able to provide greater accuracy w.r.t.
to other Bayesian filters such as EKF in a wide range of scenarios, at the cost of
increased computational load. As a consequence, future studies should continue
to focus on computational optimizations to make PF more viable for real-world
applications. Furthermore, other novel techniques can be devised to exploit one of
its main advantage, which is the capability of working with any arbitrary probability
distribution as measurement model. In fact, while some work has already been
presented in this thesis to mitigate the effect of outliers due to multipath and
NLoS, there are still improvements that can be done in mitigating the effect of
biased measurements and outliers in general, regardless of their source. Therefore,
improvements of the proposed technique and investigation of other methodologies to
build multi-modal densities will continue in the future, as also detailed in Section
5.3.6.

Another promising approach is to apply the concept of soft information to other

decision stages of the receiver. The work presented in the thesis embraced this
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idea by building multi-modal probability densities to be used in the measurement
model of the PF, thus representing knowledge about the measurements in a soft
way rather than committing on a single value. However, the decision on whether
to employ such multi-modal densities still depended on a hard threshold set on
the innovation computed by the PF. To generalize this idea, a GNSS receiver is
made of multiple stages which, starting from a continuous radio signal, attempt to
estimate some parameters from such signal. During each of these stages, whenever a
decision is takes, certain amounts of information are discarded (e.g., only the peak
of the correlation is considered during acquisition). The idea is therefore to apply
the concept of soft information to other stages as well, thus retaining more of the
information carried by the original signal.

Another line of research that deserves further investigation is that of GNSS/UWB
tight integration for applications such as drones and fleets of vehicle. Results
have shown that UWB is a suitable companion to GNSS in the sense that it can
mitigate some of its weaknesses. Following studies could focus on investigating the
placement of anchors in order to optimize the geometrical improvement given by the
additional UWB range and minimize the impact of unmodelled dynamics on time
synchronization.

Besides continuing research on topics presented in this thesis, future work will also
focus on newer or emerging applications such positioning with MEO constellations
and the use of GNSS in space.

Regarding the former, early studies have shown promising performance of Doppler-
based positioning, but have also highlighted challenges related to the convergence
of standard LS methods due to higher non-linearities. Recent work has been done
to investigate these aspects by leveraging the analysis provided in Chapter 3, but
research efforts will continue in the future to study and characterize the positioning
capabilities of MEO.

Due to increased interest in space exploration, the exploitation of GNSS-based
navigation technologies for future missions has been considered. First and foremost,
future missions will be a great scientific opportunity to assess the impact of phenomena
such as relativistic effects on radio navigation, as well as investigate the possible
differences between earth-surface and space of other effects such as ionospheric delay.
Secondly, future attention should focus on methodologies to overcome the limitations
of GNSS in space, namely low received signal power and poor geometry. To this aim,
a promising approach is to use trajectories known in advance to be integrated in

the PVT with the scope of aiding the performance of on-board filters. Such work
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is ongoing and has already been partially investigated but will also continue to be

improved in the future.
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Appendix A

Example of Statistical Distribution

of Residuals and Errors

This appendix presents a brief numerical example of the effect of White Gaussian
Noise (WGN) on the variance of residuals and other useful metrics in the context of
GNSS.

Given an error vector, we can check the orthogonal and parallel components to C'(A)
to understand its impact on residuals and fit error respectively.

This can be done by solving the system using (3.67) and computing residuals as

r =g — AZ, and the fit error by subtraction e = € — r.

A.1 Residuals

Let’s consider a numerical example. Start form an A matrix from GNSS with M = 4,
generate random noise distributed as ey ~ N (0,1) for some epochs K, then plot

the norm of both parallel and orthogonal components to C'(A).

M | Parallel Orthogonal

4 4 0
6 | 4.0107 2.0008
8 | 3.9993 4.0036

Table A.1 Mean (K = 1e) norm of parallel (fit error) and orthogonal (residuals) components
w.r.t. the column space for different number of measurements M.
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A.1 Residuals

WGN (M = 4) WGN (M = 6)
18 T T T T T T 25 T T T T T T
— Parallel (Fit Error) — Parallel (Fit Error)
16} —— Orthogonal (Residuals) || —— Orthogonal (Residuals)

20 y

15 a

Norm [m]
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(a) M = 4 measurements. (b) M = 6 measurements.

Fig. A.1 Norm of parallel (fit error) and orthogonal (residuals) components w.r.t. the
column space for K = 500 different realization of the measurement noise.

GDOP‘ oy Parallel Orthogonal

1.1181 | 0.9997  3.9932 3.9977
1.5431 | 1.0007  3.9980 4.0059

Table A.2 GDOP, estimated oy and mean (K = 1e®) norm of parallel (fit error) and
orthogonal (residuals) components w.r.t. the column space for different geometries with
M = 8 measurements.
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Example of Statistical Distribution of Residuals and Errors

WGN (M = 8)
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Fig. A.2 (a) (c) Satellite geometry for two different cases. (b) (d) Norm of parallel (fit
error) and orthogonal (residuals) components w.r.t. the column space for K = 500 different
realization of the measurement noise for two different cases.
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A.2 Estimation Error

Variable‘ gii  Error Var.

pe | 075 0.7508
p, | 075 0.7480
D, 3 3.0060
e 1 1.0036

Table A.3 Diagonal term g;; and variance of the error on each state (K = 1e°).

The result is shown in Figure A.1 for two different numbers of measurements M = 4
and M = 6. As was discussed in Section 3.7, when the number of measurements is
the same as the one of estimated parameters M = N = 4, residuals are 0. Table A.1
summarizes the mean norm of parallel and orthogonal components to C'(A). The
results are in agreement with the definitions provided that fit error is distributed as
X% and residuals as x%_,;, since the mean of the chi-squared distribution is equal
to the number of degrees of freedom.

This allows to make some observations:

e From M = 6 to M = 8, the norm of residuals doubles. Which means the

elements of the vector are getting larger as M increases.

e The norm of fit error is constant with M. Since it is always a vector of M
elements, it means each element is getting smaller as M increases. This is
because as more measurements are added, the estimate is progressively more

accurate and the individual errors on each measurement become smaller.

Afterwards, we perform an analysis where the number of measurement does not
change, but the geometry does (and therefore the GDOP). Subfigures ?? and A.2c
show the two satellite configuration as points on a unit sphere centred around the
user. The second geometry considers satellites in the upper hemisphere. As can be
seen from Table A.2, the distributions of fit error and residuals are not affected by
the geometry. The table also offers an estimate of the measurement error based on
(3.72). As it can be seen, by averaging the value across many epochs, the estimate is

fairly reliable.
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Example of Statistical Distribution of Residuals and Errors

WGN (M = 4)
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Fig. A.3 Time series of the estimation error on each parameter.
A.2 Estimation Error

Similarly, the impact of noise on each state can also be analysed. First, let’s build

an example A matrix and define G as:

0.7 0 0 0
0 0 3 —1.5

0 0 —-15 1

then the error on each state is given by taking the elements of T — & = (ATA) ! ATe,
the result can be seen from Figure A.3.

As can be seen from Table A.3, the variance of the error on each state matches
the diagonal term of the G' matrix corresponding to that state DOP = ,/g;; (since
oy =1).

The results thus prove that the geometry does not affect the distribution of fit errors,

but rather how these are amplified into estimation errors on each state based on the

218



A.2 Estimation Error

corresponding GDOP term.

A more detailed discussion on the role of GDOP is given in Section 3.8.
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Appendix B

Correction of Other Known Effects

This Appendix is dedicated to introducing formulas for the correction of additional
error terms on the pseudorange, lumped together as R; in (2.7).

In particular, this term includes error sources due to relativistic effects. Special
relativity has to be accounted for since either the source or the receiver of the signal
is moving in a given reference frame. General relativity also needs to be accounted for
since source and receiver experience different gravitational potentials. The equations
presented here to correct these effects are taken from [11], [12] and [280].

One well-known effect is due to the rotation of the earth (and hence the ECEF
reference frame) during the propagation of the signal, which is also known as the

Sagnac effect. As a linear approximation, it can be corrected for by applying:

As; = i(pZ —p) - (wxp;) (B.1)

where p; is the satellite position at transmission time and p the position of the

receiver at reception time. w is a vector for the earth’s rotation.

The earth’s gravitational field causes the Shapiro effect, which results in a time
delay for GNSS signals. This is due to the fact that gravitational fields cause a
curvature of space-time which affects the propagation of the signal. The correction

for the Shapiro effect can be compensated by:

2 A A
Ah, — 75 In <||pz|| + |Ip|l + n) (B.2)
c o + |lpll — 74
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where pu is the gravitational constant of Earth. p; and p are the position of the

satellite and receiver respectively, and r; is the distance between them.

The relativity affects the satellite clock through both the satellite motion and the
unsteady gravitation field. Although the oscillator frequency of the satellite clock
has been intentionally offset to compensate for the relativistic effect, the elliptical
satellite orbits cause deviations from the known offset. In particular, when a satellite
is at the perigee (closest to the earth), its velocity is higher and its gravitational
potential is lower. Both these things cause the clock on board to run slower. The
opposite happens when the satellite is at apogee. The compensation due to the orbit

eccentricity can be calculated from:
2 .
Ar; = —aVvane sin & (B.3)

where a is the orbit semimajor axis, u is the gravitational coefficient of the earth, e

is the orbit eccentricity and F is the eccentric anomaly of the satellite.

221



Appendix C

Real-time Corrections

This Appendix has the scope to discuss more in details the specific implementation
of the work presented in Section 5.3. This includes correction models and their
accuracy, an estimator for the variance of the PF and the values of process noise and

measurement variances used in the experimental part.

C.1 Corrections

In order to set a threshold on innovation to detect biases, we can analyse the accuracy
of the corrections applied to the pseudorange and hence establish a reasonable bound

on each component of (5.7) except the fault term.

Ar; =r; —r!? depends on three components. The first one is the estimation error
of position and velocity states for the previous epoch. This error can be estimated
by employing the PF variance estimator described in (C.2) The second one is the
dynamic model error due to the unmodelled acceleration. The upper bound of the
dynamic error can be determined based on the maximum acceleration of a particular
user and the measurement frequency. Considering the dataset used for testing, the
values of maximum accelerations are provided in Table C.1. Such values are also
used to tune the process noise of the filter.

The last component is the ephemeris error.

AC, reflects the error on the prediction of the receiver clock bias. The clock bias

and the position states utilize the same linear model to discretize the dynamics,
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C.1 Corrections

as shown in (4.17). Therefore, the Ac, can also be estimated by considering the
PF variance estimator of (C.2) and the unmodelled higher-order derivatives of the
receiver clock. The maximum value of the unmodelled clock drift rate depends on
the receiver used, while the measurement interval At is known. Then, these values
are sufficient to compute a value for the maximum innovation produced by receiver

clock bias prediction error.

ACy,; s the error of the estimated satellite clock bias w.r.t. the real value. Satellite
clock bias is usually obtained from the navigation message transmitted by the satellite
or some precise clock products provided by GNSS service centres. The contribution

of the satellite clock bias to the innovation has been evaluated in [281].

AlI; is the error in the correction of the ionosphere delay. Many different models
have been proposed to estimate the ionospheric delay as accurately as possible. This
work leverages the one-day ahead predicted GIM from Center for Orbit Determination
in Europe (CODE). According to [282], this GIM has a bias and standard deviation
of 0.39 and 5.55 Total Electron Content Units (TECU), respectively.

Recall that the pseudorange ranging delay resulting from the TECU depends on the
carrier frequency of the signal:

I = 40.28;‘; (C.1)
where e, is the electron density (1 TECU = 10'® Electrons/m?) and f is the carrier
frequency of the signal. Therefore, 1 TECU translates to roughly a 0.16 m delay for
the GPS L1 signal.

AT; is the error in the correction of the tropospheric delay. The correction of this
quantity usually involves two steps. The first is to estimate the Zenith Total Delay
(ZTD) according to the troposphere model. The second step is projecting the ZTD to
a certain elevation angle using the mapping function. In this work, the Saastamoinen
model estimates the ZTD, and the Chao mapping function projects it to a certain
elevation angle. The statistical errors of estimating the tropospheric delay through
these models is reported in [283].

AR; is an error in the computation of the relativistic term, whose calculation is

described in Appendix B.
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Real-time Corrections

€ is the receiver noise. We define the receiver noise as the sum of all the noises
produced by the GNSS signal processing stage. It includes thermal noise from
antennas, amplifiers, and other electronic components and the error from signal
quantization, carrier and code tracking, inter-system interference, etc. The receiver

noise is an inherent characteristic of the different types of receivers.

C.2 PF Variance Estimator

As discussed, it is essential to have an estimate of the accuracy of the state estimated
by the filter at each iteration to set a reasonable innovation threshold to detect faults.
This work utilizes a fixed-lag variance estimator for the PF from [284]. The estimator

is written as: )

62=NY | 3 wi(¥-2) (C.2)
where:

e G2 is the vector of estimated variances for the state vector x.
e \is the lag.

. Ef\ is the index of the ancestor of particle j at A epochs in the past.

C.3 Modelling

C.3.1 Process Noise

Qmaz, X Amaz)Y Qmaz,Z Ca,max
25m/s* 2.5m/s* 25m/s* 0.4m/s?

Table C.1 Process noise parameters.

The values of maximum acceleration used to define the covariance in (5.4) are

derived from the datasets. Such values are reported in Table C.1.
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C.3 Modelling

C.3.2 Measurement Model

It is assumed that the measurement errors are Gaussian, with zero means and known
covariances. These covariances are computed based on an elevation-based model
from [285]:
b2
.2
g; = CL2 + L (Cv?))

P sin 491

where a,, b, are model parameters, which should be determined for every specific
type of the GNSS module, 6; is the elevation angle for satellite 7. In particular, the

coefficients used are a, = 0.5m and b, = 0.3m
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