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Abstract
We establish existence and multiplicity of one-peaked and multi-peaked posit-
ive bound states for nonlinear Schrédinger equations on general compact and
noncompact metric graphs. Precisely, we construct solutions concentrating
at every vertex of odd degree greater than or equal to 3. We show that these
solutions are not minimizers of the associated action and energy functionals.
To the best of our knowledge, this is the first work exhibiting solutions concen-
trating at vertices with degree different than 1. The proof is based on a suitable
Ljapunov—Schmidt reduction.
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1. Introduction

In this paper we are interested in existence and multiplicity of positive solutions of nonlinear
Schrodinger equations

—u" 4 X =t (1.1)

where 1 >0 and A € R, on metric graphs.
The class of graphs we will consider is rather general. In what follows, we assume that
G = (V,E) is a connected metric graph such that

o the set of vertices V and that of edges [E are at most countable;

e the degree deg(v) of a vertex v, i.e. the number of edges incident at it, is finite for every
vev,;

o the length || of the edge e is bounded away from zero uniformly on e € E, that is euel]g le| > 0.

Since the degree of vertices will play an important role all along the paper, we specify that
every self-loop attached to a vertex contributes twice to the computation of its degree. For
instance, a vertex with three outgoing edges and a self-loop has degree 5, whereas a vertex
with three outgoing edges and no self-loop has degree 3.

For the sake of brevity, we will say that G belongs to the class G whenever it satisfies
these conditions. As usual, each bounded edge e € E is identified with an interval [0,£,] with
£, := |e|, whereas each unbounded edge (if any) is identified with (a copy of) the positive half-
line R™. Graphs in G are noncompact as soon as they have at least one unbounded edge or have
infinitely many edges. Figure 1 shows a typical example of metric graph in G. For standard
definitions of functional spaces on graphs we redirect e.g. to [13].

The interest in metric graphs has been growing through the decades to become today an
active research field with an inter-sectoral popularity within the scientific community. In fact,
major contributions to the development of the topic stem from the fact that it attracted attention
both in applied sciences and in more theoretical ones. In a wide variety of applications, indeed,
metric graphs may serve as simplified models for higher dimensional branched or ramified
domains, i.e. structures where the transverse dimensions are negligible with respect to the
longitudinal one. At the same time, in many cases the mathematical analysis of problems on
graphs proves to be of interest per se, exhibiting elements of novelty compared to standard
Euclidean settings.

In the context of differential models on metric graphs, both linear and nonlinear models
have been largely investigated (see e.g. [12, 29, 30, 34] and references therein for some recent
results in the linear setting, and the reviews [2, 32] for comprehensive overviews on nonlin-
ear problems). Within the nonlinear theory, a significant attention has been focused on non-
linear dispersive equations, such as Schrodinger and Dirac equations, also in view of their
possible application in the innovative high-tech research field of atomtronics (see [11] for a
wide introduction to the subject). In particular, many efforts have been devoted to the search
of bound states, i.e. solutions of the associated stationary equation (e.g. (1.1) for the nonlinear
Schrodinger equation) coupled with various vertex conditions, unraveling a deep dependence
of the problem on both topological and metric properties of graphs (see for instance [1, 3, 5,
6, 8-10, 14-19, 22-28, 31, 36, 38, 40, 41] for Schrodinger equations and [20, 21] for Dirac
equations).
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Figure 1. Example of a (noncompact) metric graph in G with 5 unbounded edges and
13 bounded edges, one of which forms a self-loop.

The present paper fits in the investigation of bound states for nonlinear Schrédinger
equations on metric graphs focusing specifically on the problem
{—u”+/\u:u2"+1 on every edge of G (12)

D eyt (V) =0 foreveryve 'V,

that is (1.1) together with homogeneous Kirchhoff conditions at the vertices. Here, u.(v)
denotes the outgoing derivative of u at v along the edge e and e > v means that the sum is
extended to all edges incident at v.

The aim of this work is to prove existence and multiplicity of H' positive bound states
of (1.2) concentrating at given vertices of G as the parameter A goes to +oo.

Before stating our main results, we need to recall what is known about positive solutions
of (1.2) on star graphs. Given any integer N > 1, the N-star graph Sy is the graph made up of a
single vertex, identified with 0, and N half-lines attached to it. Clearly, S; = R* and S, = R.
A function ¥ € H!(Sy) can be seen as an N—tuple (¢/1,...,1y), where ¢; € H' (RT) for every
i and 1);(0) = 1;(0) for every i,j. Note that, by dilation invariance, for every ;>0 and A >0

any solution of (1.2) on Sy is given by )\i\IJ(\f/\x), where U = (¢1,...,1y) solves

—!" +; = [ onRF, Vi=1..,N (13)
i ¥ (0) =0, '

namely (1.2) with A=1.

On the real line (i.e. N =2), it is well-known that the set of H' positive solutions of (1.3) is
the family of solitons

b (x) =@ (x—a), with o (x):=(u+ 1)* sech (ux) . (1.4)

Similarly, on the half-line R (that is N = 1), problem (1.3) has a unique H' positive solution
given by the restriction of ¢ to R, named the half-soliton. For N > 3, the H I solutions to
problem (1.3) have been completely classified e.g. in [4]. Precisely, if N is odd, (1.3) has a

unique positive solution Uy = (¢y,...,%y) given by
¢i(x):¢(x) Vi:la"'7N7 (1.5)
where ¢ € H' (R*) is the half-soliton introduced in (1.4). When N is even, on the contrary, (1.3)
admits infinitely many positive solutions ¥§, = (¢{,...,¢%) (with a € R), described (after a
possible permutation of indices) through ¢, in (1.4) as
ba (x ifi=1,...,N/2
Yi(x) = ® e / (1.6)
¢_q(x) ifi=N/24+1,...,N.
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Let us note incidentally here that, for general metric graphs, a complete description of the set
of solutions of (1.2) is usually out of reach. To the best of our knowledge, besides star graphs
the unique case for which this is available is the 7 -graph (two half-lines and a bounded edge
glued together at the same vertex), that has been discussed in the recent paper [10], whereas
partial results in this direction have been given e.g. for the tadpole graph (a circle attached to
an half-line) and the double-bridge graph (a circle attached to two half-lines at different points)
in [35, 37].

We are now in position to state the main results of our paper, that are given in the next two
theorems.

Theorem 1.1. Let G € G and p > % Let v €V be a vertex of G such that N := deg(v) >3 is
odd. Then there exists g := \o(v) > 0 such that, for every X = Ao, there exists a positive H!
solution uy, of (1.2) with a single peak at v. More precisely, identifying v with 0 along each
edge e = v and setting {y; := min,,_y|e|/2, as A — +o0 there holds

u) (x):)\ix(x)\I/N (\Ex) + o (x), (.7
where x : G — [0, 1] is a smooth function satisfying x = 1 on the neighbourhood of radius ls;

of vin G and x = 0 outside the neighbourhood of radius 2l of vin G, Wy is given in (1.5) and
D satisfies

1, 1
1] = 127 ) F A [Eagy =0 (AH5)).

Theorem 1.2. Let G € G and 11 > % Assume that G has M > 2 vertices vy,...,vy €V such
that N; := deg(v;) = 3 is odd foreveryi = 1,...,M. Then there exists Ao := \o(V1,...,Vyu) such
that, for every \ > X, there exists a positive H' solution uy of (1.2) with a single peak at
every vertex vy, ...,vy. More precisely, identifying v; with 0 along each edge e > v; and setting
by :=min, v |e|/4 for everyi =1,...,M, as A — +00 there holds

M
Uy (x):)\ﬁ in(x)\IlNi <\Ax) +o(x), (1.8)

where x; : G — [0, 1] is a smooth function satisfying x; = 1 on the neighbourhood of radius by,
of Vi in G and x; = 0 outside the neighbourhood of radius 2l of v; in G, Wy, is given in (1.5)
and P satisfies

@l =0 (AF5).

The above results prove, for sufficiently large ), existence of one-peaked (theorem 1.1) and
multi-peaked (theorem 1.2) positive bound states concentrating at vertices with odd degree
and being negligible (as A — +00) on the rest of the graph. The proof of both theorems is
based on a Ljapunov—Schmidt procedure using as model function the solution ¥y of (1.2) on
the star graph Sy. Note that the notation in theorem 1.2 is consistent with the fact that one can
simultaneously identify all the v;’s with the origin along all edges incident at each of them.
This is obvious if such vertices have no common edge, whereas if two of them share one edge
this can still be done by considering an additional vertex of degree 2 at the middle point of the
shared edge. Also the slightly different definition of /5; with respect to theorem 1.1 is meant
to allow the presence of shared edges between the v;’s.

4
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Note that theorems 1.1 and 1.2 do not apply when p < % or the vertices have even degree.
The limitation on p is technical and unavoidable with our argument, since we need to compute a
second order expansion of the function f(s) = s>**1 at s = ¥y. However, our theorems cover
the cubic case p =1, which is usually considered the most relevant one in many physical
applications. Conversely, it is not clear to us whether one can recover the results of theorems
1.1-1.2 concentrating at vertices with even degree. Heuristically, one may expect that this
should be true, even though the approach could be completely different. Let us focus on the
simplest case of a graph with one edge and two vertices (i.e. an interval). It is clear that there
exists a solution to (1.2) which concentrates at each vertex (i.e. boundary point) whose main
profile is the function ¥;. On the other hand it is also well known that there exists a solution
to (1.2) which concentrates at a special point inside the edge (i.e. the midpoint of the interval)
whose main profile is the function ¥{ (1.6) for a special value of the parameter a (see for
example [39, section 2.2] and the references therein). Now, we observe that each point inside
the edge can be seen as a vertex of degree 2 and the previous result shows that only one of them
is a peak of a concentrating solution. It would be extremely interesting to prove that a similar
result holds true for a more general graph with a vertex of even degree. We believe that the
difference between the odd and the even case arises in the choice of the ansatz: this is merely a
cut-off of Wy around the vertex itself in the odd case, while in the even case it should possibly
be a global refinement of W4, in order to fit the Kirchhoff conditions on the whole graph (see
[39, remark 2.16]). However, at present the case of even degree is completely open.

The interest in peaked solutions of (1.2) on metric graphs is not new. In [6], positive bound
states with a maximum in the interior of a given edge are identified as solutions of a doubly con-
strained minimization problem, for every p € (0,2) and for sufficiently large masses (i.e. the
L? norm of the function). In [ 14, 33] a Dirichlet-to-Neumann map argument is developed in the
cubic case =1 to construct, again for large masses, solutions with maximum points either
at vertices of degree 1 or in the interior of any edge. The results of these three papers apply
both to compact graphs and to noncompact graphs with finitely many edges. Remarkably, both
approaches are able to handle the mass constrained setting. Conversely, in [26] a Ljapunov—
Schmidt procedure similar to the one discussed here is used to find solutions concentrating
at vertices of degree 1 on compact graphs, for every >0 and A — +oo. Actually, theorems
1.2—1.3 of [26] are the analogues of theorems 1.1 and 1.2 here in the case of vertices of degree
1 and the strategy of the proof is the same. However, we stress that our results here apply
to any graph in G and not only to compact ones. Furthermore, from the technical point of
view, the Ljapunov—Schmidt argument for vertices with degree greater than 1 is rather dif-
ferent and technically demanding. This is readily seen observing that linearizing (1.2) around
Wy gives a linear problem that has only the trivial solution when N = 1, whereas it has non-
trivial solutions as soon as N > 2 (see lemma 2.1 below). We note that the approach developed
here clearly adapts to vertices of degree 1 too. On the one hand, this generalizes the results of
[26] to noncompact graphs in G. On the other hand, this generalization holds true only in the
regime (1 > %

With respect to the available literature on bound states of (1.2), the main novelty of
Theorems 1.1 and 1.2 is that these are the first results exhibiting solutions with maximum
points at vertices of degree greater than or equal to 3. To better understand why this is worth
noting, we recall that almost all the existence results on general metric graphs derived so far are
based on minimization arguments. In particular, major attention has been devoted to minimum
problems both for the action functional J) : H'(G) — R

1 242

1 A
I (u) = EHMIHIZ_Z(Q) + §||”||z2(g) - m\lullng)

5
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constrained to the associated Nehari manifold
N (G) :=={ueH" (G) : I, (w)u=0},
and for the energy functional E: H'(G) — R

-l
2p+2 M)

1
E(u) = EHMIHiz(g)
constrained to the space of functions with prescribed mass
H(G):= {u eH' (G) : Jul} g = y} .

Thorough investigations have been developed for ground states, i.e. global minimizers of both
problems (see e.g. [24, 38] for the action and [5, 7-9, 27, 28] and references therein for the
energy), but local minimizers have been investigated too (see e.g. [6, 41]). However, none of
these solutions coincides with those in theorems 1.1 and 1.2.

Corollary 1.3. Let uy be as in theorems 1.1 and 1.2. Then uy, is neither a ground state of J in
N (G) nor a ground state of E in H.,(G) (where v = ||u>\|\i2(g)).

The proof of corollary 1.3, which is given for the sake of completeness in section 7, is
actually a straightforward consequence of the fact that, by (1.7) and (1.8), one can compute
explicitly the action, the energy and the mass of u), and a direct comparison with the asymp-
totic behaviour of the ground state levels shows that u), is always a solution with action/energy
strictly larger than that of ground states.

Hence, theorems 1.1 and 1.2 provide genuinely new existence and multiplicity results. As
for the mass of these solutions, observe that, if uy is as in (1.7), then

1_1 (N
sl =35 (10l +o1). (19)

whereas if u) is as (1.8)

M
1_1 Nl'
e 72(gy = A* 2<Zzll¢ %z(Rwo(l))- (1.10)

i=1

In particular, these are bound states with diverging masses in the L?-subcritical regime j < 2,
with masses strictly greater than ||¢||1%2(R) at the L?-critical power y =2, and with vanishing

masses in the L?-supercritical regime . > 2. This is of particular interest both for 11 = 2, since in
the critical regime it is usually difficult to find solutions with masses larger than ||¢||%, (®) (see

e.g. [7, 41]), and for ;1 > 2, as very few results are available at present in the L2-supercritical
case.

To conclude, we further observe that the results of this paper apply to graphs with countably
many edges. As so, theorem 1.2 has evident consequences on the set of bound states of (1.2) on
graphs of this type, such as infinite periodic graphs (figure 2(A)) and infinite trees (figure 2(B)).
In particular, graphs like these admit at least countably many H' positive solutions of (1.2),
each one with an arbitrary number of peaks located at any given subset of vertices with odd
degree. Furthermore, in view of (1.10), considering a sufficiently large number of vertices one
obtains bound states with arbitrarily large mass, and this is remarkably true independently
of u > %
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(a)

Figure 2. Examples of infinite periodic graphs (A) and infinite trees (B) with vertices
of odd degree greater than 1.

The remainder of the paper is organized as follows. Section 2 collects some preliminaries.
Sections 3-5 provide the proof of theorem 1.1, with the reduction to a finite dimensional prob-
lem (section 3), its formulation in term of a reduced energy (section 4) and the analysis of the
critical points of such energy (section 5). Finally, section 6 discusses the proof of theorem 1.2
and section 7 that of corollary 1.3.

Notation. In the following we will write f < g or f = O(g) in place of |f| < C|g| for some
positive constant C independent of A and f~ g in place of f = g + 0(g), whenever possible.
Furthermore, except for section 6, we will always write ¥ in place of Wy.

2. Preliminaries

We begin by introducing the basic idea to construct the solutions to (1.2) we are looking for
and by collecting some related preliminary results.

Given a vertex v of G with odd degree greater than or equal to 3, our aim is to find, for
suitable values of the parameter A, solutions u) to (1.2) in the form

uy:=Wy+9o, 2.1

where W concentrates at v and ® is a smaller order term as A — +o00. To do this, we first
identify a good candidate for the principal part W and then derive the correction term ® with
a Ljapunov—Schmidt procedure.

To define W, we start with the unique symmetric solution ¥ € H'(Sy) to (1.3) on the
N-star graph Sy, i.e. ¥ = (¢,...,$), where ¢ € H'(R*) is the half-soliton on R*, and we
characterize the set of solutions of the linearization of (1.3) at .

Lemma 2.1. For every N > 2, the set of solutions to

{_ZN +Z=Q2u+1)V*Z, Z=(z1,...,2x) € H (Sy) 2.2)
: .

Y2l (0) =
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is given by the (N — 1)~dimensional space
K::span{ZU) = (Zgj),...,Z,(\',i)> j=1,...,N— 1} ,

where, for everyj =1,....N—1,

Zl(j) (x) =o' (x)e’ VxeRT,i=1,...,N, (2.3)
and
e
e . . ,
=11 withe) +...+ey=0 Yj and e - =0ifj#k (2.4

Proof. Since U = (¢,..., ), we plainly see that on each half-line of Sy, the function ¢’ solves
the differential equation in (2.2). Hence, by the standard theory of linear ordinary differential
equations, the general solution of the first line of (2.2) on the ith half-line is of the form

2i(x) = ¢ (v) <c,»+d,- / %a)

with ¢;,d; € R. Since ¢’ decays exponentially as x — 400, it follows that z; € L*(R*) if and
only if d; =0, in which case

zi (x) =cid’ (x).

As a consequence, the function Z= (c;¢’,...,cy¢’) belongs to H'(Sy), as every component
is in H'(R™) and continuity at the vertex is guaranteed for every values of the ¢;’s because
¢'(0) = 0. Therefore Z solves problem (2.2) if and only if the homogeneous Kirchhoff condi-
tion is satisfied, namely if and only if

N

N
0=> "2 (0)=> cit"(0).
i=1 i=1

As ¢’ (0) # 0, this yields ¢ + ... 4+ ¢y = 0. Since the equation ¢1 + - - - 4+ ¢y = 0 identifies an
(N — 1)-dimensional subspace of R" a basis of which is given e.g. by vectors ¢ as in (2.4),
this concludes the proof. O

For the sake of convenience, in the following we will choose the vectorse/,j = 1,...,N— 1,
satisfying (2.4) to be

1
—1

=10 &8 = —2 s, = 1 . 2.5)
0 0 —(N—-1)
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We are now in position to define W . Here we denote by B(a,r) the ball of radius r in G
centered at the point a. Set N := deg(v), £ := min,, v |e|/2 and let x : G — [0, 1] be a smooth
cut-off function such that x = 1 on B(v,£) and x = 0 on G \ B(v,2{). We then define W) : G —
R as

Wa () i=x () (00 () +b1aZ) (1) o b1 20 ()
where

Uy (x):= A% T (\f)\x)
with ¥ the unique symmetric solution to (1.3) as above,

Zg\j) (x):= A2 ZU) (\f/\x)

with ZU) the functions in lemma 2.1, and the real numbers b;  given by

b;

bj x

for suitably chosen b; € R and o > 0. Here, even though in principle b; may still depend on A,
we decide not to denote explicitly such dependence since, as will be clear in the next sections,
the actual value of the b;’s we will consider remains always uniformly bounded in A.

With this definition, to prove theorem 1.1 we need to find ® and b;,j = 1,...,N — 1, so that
uy as in (2.1) solves (1.2). Note that, setting f(u) := (u™)?**! for every u € H'(G), it is clear
that positive solutions of (1.2) coincide with solutions of

{—u”+)\u:f(u) on G 27

Yoyt (v)=0 foreveryveV.

Since we will consider the limit A — +o0, with no loss of generality we can assume from the
beginning A > —\g, where

R
©veH(G) ||v|\%2(g)

denotes the bottom of the spectrum of —d> /dx? (coupled with homogeneous Kirchhoff condi-

tions) on G. Hence, for every such \ we equip the space H' (G) with the following equivalent
scalar product

<u,v>>\:/gu’(x)v'(x)dx—i—)\/gu(x)v(x)dx

and denote by || - ||» the corresponding norm. Note that, considering the immersion

ix: (Hl (g)a<7 >)\> - (Lz(g)v<a >L2)

and defining as usual its adjoint map

B (L2(9), (5 ) = (HY(G). (L))
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so that

(@)= (g WeH (9),gcl*(9),
we obtain that

—v"+Xv=g ongG

v=ii(g) <— vsolves{ Ze>VV€f(V):O foreveryve V.

Therefore, problem (2.7) can be rewritten as
u=1i5(f(u), ueH(G) 2.8)
and to find uy as in (2.1) solving (1.2) amounts to find ®, b;, j =1,...,N— 1, such that u)

satisfies (2.8). Actually, we will further rewrite (2.8) as follows. For every A, we introduce the
linear operator . : H'(G) — H'(G)

L) i=v—i5 (f (Wa)v), 2.9)
the nonlinear operator .4 : H'(G) — H'(G)

N (V) =05 (F(Wa+v) —f(Wa) = f (W) v), (2.10)
and the error term

& =15 (f(Wy)) — Wa. (2.11)
Accordingly, (2.8) is equivalent to

ZL(D)=E+ N (D), (2.12)

where of course one still needs to identify both ® and the coefficients b;’s.

Remark 2.2. Note that, if G is a noncompact graph, i3 is not compact. However, since by defin-
ition W, is compactly supported in a fixed ball centered at v, the operator from (L*(G), (, );2)
to (H'(G),(,)x) given by vi— i3 (f'(Wx)v) is compact for every given . As a consequence,
the operator . in (2.9) is a compact perturbation of the identity for every A.

Remark 2.3. Since we will need them in the following, we conclude this section collecting
here the following elementary inequalities

la+b7—al’| Sa”b|+ b Vg>1, (2.13)
||a—|—b\p —a’ —pap71|b|| < ap*z|b|2 +|bP, Vp > 2 (2.14)

and
1
la+b"—a" —ra""|b| — (= Da 20| <ad b+ b7 Vr>3. (2.15)

10
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3. The finite—-dimensional reduction

In this and in the next two sections we solve problem (2.12). Here we start by showing that,
once the value of the b;’s is fixed, it is possible to find a unique @ fulfilling a slightly modified
version of (2.12). This will reduce the problem to identify the b;’s to solve (2.12), a task that
will be accomplished in the following two sections.

To deal with the problem for ®, we introduce for every A the following spaces

N—1

Ky:={veH(G):v() zx(x)chZ&’) (x) forsome ¢;eR,j=1,....N—1
j=l1

K= {veHl ) : (v,xZP)x =0, V)= 1,...,N—1}

and the corresponding projections IT , : H'(G) — K, Iy : H'(G) — K.
We can then state the main result of this section.

Proposition 3.1. For every compact subset C in RVN™1, there exists Ao > 0 (depending on C)
such that, for every (by,...,by_1) € C and every A > X, there exist unique ® € K* and coef-
ficients cy,...,cn—1 € R (depending on ®) for which

N—1
L@)=E+N (@) +x D az). 3.1)
i=1

Moreover,
@] S ATF 2 3.2)

where « is the exponent introduced in (2.6).
To prove proposition 3.1, we need the following preliminary lemma.

Lemma 3.2. For every compact subset C of RVN™!, there exists Ao > 0 (depending on C) such
that, for every (by,...,by_1) € C and every A > X, the linear operator 11y : Ky — Ky is
invertible with continuous inverse.

Proof. Note first that to prove the claim it is enough to show that there exist ¢ >0 and Ay > 0
such that, for every A > o and every v € Ky, there holds

T2 (v) [ = c||v]]a- 3.3)
Indeed, as v € K5-,
I3 . (v) = v — x5 (f (Wa)v)

which is a compact perturbation of the identity as pointed out in remark 2.2.
To prove (3.3), we argue similarly to [26, lemma 3.1]. Suppose for contradiction that (3.3)
is false, namely that there exist sequences \, — 400 and v, € Kfn such that, as n — oo,

1
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[valla, =1, Hx, &L () [|n, = O- (3.4)
We then write
i, (f’ (W,\n)vn) =v, — L (vy) =vy, —II\,.L (v) — H/J\‘”Z(vn) =:v, +k, — h,,

with k, € K, and |4, ||, — O by assumption. By definition of i , on every edge of G this
reads

- (vn + kn - hn)” + )\n (Vn + kn - hn) :fl (W)\,,) Vi, (35)

together with homogeneous Kirchhoff conditions at every vertex of G. The rest of the proof is
divided in two steps.

N—1
9 ek, A=A 20 (Va).
i=1

For fixedj =1,...,N— 1, we multiply (3.5) by XZE\J) and, recalling that v, — h, € Kﬁn, we
obtain

a= [ Py 2 = S e, [0 (A (AL () as =,

i=1
(3.6)

Now, as ZE\Jn ) and ZE\’? are pointwise orthogonal by (2.3) and (2.4),

. / . . /! . .
B [ o WP (AD) TP 2 (D) A 4 PIAL o
GnB(V,2¢)
3.7

As n — 00, a direct computation shows that

[
_Aﬁléng(v,zz) X P(Z0) (Vo) [ax
x (x/v/2) Pl (# ) () [ dx~ ani ™ (3.8)

A
SvnB(0,2¢v/A,)

for some constant a > 0. Note that in the previous computation we tacitly interpreted the term
% (Z(j))/ as defined both on a compact subset of G and on a compact subset of Sy. This is
clearly unambiguous, since the support of the cut-off function y is a finite symmetric star graph
with N edges centered at v (recall that here N = deg(v)). The identification of such subsets of
G and Sy will be frequently used also in the rest of the proof.

12
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Arguing as in (3.8) one easily sees that the second term in (3.7) has the same asymptotic

. . it
behavior, while the last two terms are o ()\n“ : > . Therefore,

1.1
By ~aci,\e® asn— +oo. (3.9)

Let us now focus on A,,. Since each Z() solves (2.2), the functions ZE\/) solve
R 17 . R
—(20) a2 =f () 2]

on every edge of Sy, coupled with homogenous Kirchhoft conditions at the vertex. Multiplying
by x v,;, thinking of the resulting equation as defined on G (due to the cut-off y) and integrating
on G yields

R R ! .
/f’(%n)zgfjxvndx:/ (z&fj) (0vn) + MZ v, dx
g g
_ M\ ) (DY )
= XZy' ) Vot MZy Xvadx+ [ X Z)) ) va—v,Zy | dx.
g g
Notice that the first integral in the right hand side vanishes since v, € Kf , while
. ! .
/x’((Z(Xf) Vn—vr’zZ&’n)) dXI
g
1
< 220 Pae ) + 1y 12|70
< vallzz gy g|X| 1(Z)) | +lvallzg) g\X| 2%
1

Y N TN v :
<>\’§M+4 / |¢H|2dx +)\12H 3 / ‘¢/|2dx ,
- on e

where ¢ is the soliton on R as in (1.4). Since ¢’ and ¢’ decay exponentially as x — +o0, there
exists 3 > 0 such that as n — +oc0

1
3
2dx)

M;f'(%”)zgffxvndx‘ Se
Hence, recalling the definition of A, and (3.4),
An:/g(f/(W/\,,)_f/(\I]A,,))VHXZ&]de_F/Q;f/(\IJA”)Zg‘J;’)Xvndx
= [ (W) ) i e 0 ()
GnB(V,20)

<7 W) = () 1 2

n

—BvVu
12(gnB(V,2¢)) +0 (e ) ’ (3.10)
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Neglecting for a while the last term and recalling that f{s) = (s*)?**! we see that

/gmg(v,u) ‘(f,(W)‘n)_f,(‘l/)\“))ngj;’))zdx</

’WZ“ w2
QﬂB V 2[

‘Z(J)‘ dx

2+L
— ot /
SyNB(0,2¢)

" 2
qu (x) <\IJ( )\nx) —l—[fbi,)\nZ(i) ( A,,x))z —p (\/)Tnx)
o (o)

2

3 1
341
2
,S )\ﬂ " /
Sy

Since Z() € L (Sy) by lemma 2.1, b; 5, = A~%b; by (2.6), and (b, ...,by_;) € C which is
compact by assumption, the mean value theorem yields the existence of 8, : Sy — [0, 1] so that
asn — 400

N—1 2p
<\Il () + Zbi,AnZ(i) (x)> — W (x
i=1

[z (x)‘zdx. 3.11)

20 2
2
/ (\IH—Zb,,\Z) _ e ’zm‘ dx
N—1

2(2u—1)
s >0z
Sy

S R RIS o v

i=1

N—1

U460,y birzZ"

e
i=1

the last inequality using also p > % Coupling with (3.10) and (3.11) entails

1 1
,+77a
A, S ™ asn — 400

and combining with (3.6) and (3.9) we obtain

Finally, with the same argument used to compute B,

—1
Il —Zc,n/| Z0) A2 VN 2 a0
i=1

as n — +o0 since a > 0.
Step 2. We now go back to equation (3.5) and we multiply it by v,, obtaining as n — 400

L= [vall3, = — ko) + v + /g £ (Wa ) v2dr = /g £ (Wa ) 2dr+o(1),

since (k,,v,)», = 0 because k, € K, v, € Ki- and (h,,v,), — 0 by (3.4). In view of this, if
we prove that

/fl(W)\n>Vidx_>0 (3.13)
g
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a contradiction arises and the proof is completed. To this aim, we set
B (x) = AV, (x/\/ ) = A/, (x/\/ ) Ky (x) = AV, (x/\/ )

Note that f),,,izn, I~<,, are defined on the scaled graph G, := v/, G and direct computations show
that

1Vall () = [IValla, =1
/f/(WA”)vidx:/ v (x/m)‘f/< *Zb W20 ) 2 (x) dx (3.14)
g G

and

Bl g,y = 1knlltg,) =
as n — +oo by (3.4) and (3.12). Since, by construction, one can identify G, N B(v,2¢y/\,)
with the compact subset of Sy given by Sy N B(0,2¢+/),), combining (3.5) with the previous
formulas shows that, for every compactly supported ¢ € H'(Sy), there exists n large enough
so that

/S 51 ()" () T (¥) 9 () — f (x (x/v/A) (w (x) +1§b,»,Anz<"> (x))) B () (1) dr
=/ (=) @) 0" () + (i — ) () 0 () dr = 0 (1)

Sn

where with a slight abuse of notation we are thinking of fzn,izn, I~cn as functions on SyN
B(0,2¢+/),). Hence, ¥, converges weakly in H' and strongly in L9, for every g > 2, on compact
subsets of Sy to a function vy. Arguing as in [26, lemma 3.1], it is easy to see that vo € H ! (Sw)
and, letting n — 400 in the previous formula, that

[ v o1 (@ =0, o € (Sw),
Sy
namely that vy € K, where K is as in lemma 2.1. However, since arguing as above and recalling

that v, € K5 one also has

1

<V0 Z(1)>H1(S)— lim A\, -

1
T Dy .

n—-+oo 3 <v”’XZ)\J,, >)\rz_0 VJ_17~.~7N_17
i.e. vo € K+, it follows that vy = 0 on Sy. As a consequence, when n — 400

N—1

g bl Z() dx _ 07
/g,,mB(v,zem)f< +Z A )V - f( )V

i=l
which together with the second line of (3.14) implies (3.13) and concludes the proof. O

15
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Proof of proposition 3.1. We prove the claim with a suitable fixed point argument. The proof
is divided in two steps.
Step 1: estimates on &. We begin by showing that as A\ — 400

€] S A2, (3.15)
Indeed, by (2.11) and the definition of W and i3 ( f'(W,\)) , it follows

N—1 N—1 !
—&" A =X" (foA + Zb,-,g&) +2x/ (% + Zb,ﬂ&)

i=l i=I

N—1
+(Wy) —x (f(%) +f <WA>Zbi,Az§'>> = Ei +E (3.16)
i=1
where
N—1 ' N-1 R
Ep:=x" <\P)\ +Zbi,AZE\l)> +2x’ (‘IIA Jrzbi,AZE\l))
i=1 i=1
N—1 2ptl
+ (3 —x) (% +Zbi,AZ&’)> (3.17)
i=1
and

E2 =X

N—1 N—1
f(% +Zb,-,xz&”> —f(0) ~f (%)Zbi,Az&”] . (3.18)

i=1 i=1

Multiplying (3.16) by &, integrating over G and using the Holder inequality we have

1613 < (1Ell2) + B2l 26 1€ 1120
<A (1| g) + IE2llg)) 16115

that is
1€1Ix S A2 (IE 26y + B2l g)) - (3.19)
Now, adapting the argument in the proof of [26, proposition 3.2] one easily sees that
IEill2g) SAT V7 > 0. (3.20)

As for E;, by (2.14) one has

2
+

241

N—1 '
Dbz

i=1

N—1
|Ea| < [x| | w3 > biazy
i=1
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so that by (2.6)

2(2u+1)

N—1 4 N—1 )
[ Bas < Sl [ P |20 ae S0 [0 as
g i=1 g i=1 g

N—1 N—1
341 — 341
SATEY bl [ 0Pl e AT E Y PO [P as
i=1 R i=1 R

341 341 341
AituThe 3R 2@ Da < s A g9\ o 400,

A

since (by,...,by_1) € C which is compact by assumption and u > % Coupling with (3.19)
and (3.20) yields (3.15).
Step 2: the contraction mapping argument. We consider the operator

T:Kf Kb, T()=(IH2)" (& +T1E4 (v)
which is well-defined by lemma 3.2, and the set
By := {v €Ky : |vlla < c/\%Jri*za}

for a suitable constant ¢ > 0 to be chosen later. Note that, if we prove that 7 has a unique fixed
point ® in B), then & satisfies (3.2) and

Lo =117 (D) + 1y £ (D) =112 (D) + [Ty & + Ty A (D)
=E+ N (P)+1\ (L (P)— AN (D) &),
namely (3.1) with ¢; := (I, (L (®) — A (®) — &), x Z\)r, foreveryi = 1,...,N— 1, and the
proof is completed.

To this aim, we chose ¢ so that, for A large enough, T is a contraction on B). Observe first
that, by lemma 3.2 there exists ¢; > 0 such that

IT () [Ix < erl [T & + Iy A7 (v) |1
IT(vi) = T(v2) lIx < exl[TIX A" (v1) = Ty oA (v2) |15 (3.21)

for every v,vy, v, € B). Recalling (2.10), we have
A (1) = A () 1%
= [ CFOVa 0 s 02) = (W) 0 =32 (A (00) = (1)
so that by Holder inequality
A (1) = A (2) []x S ATV (WA +v1) —f(Wa+v2) —=F (Wa) (i =)l 2y - (322)

Now, recalling that f(s) = (s7)?**! and y > %, the mean value theorem guarantees the exist-
ence of functions 0,6 : G — [0, 1] such that
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/g (W +v1) = F(Wx +v2) —f (Wy) (v —va) | dx

=Qu+1)>° (ZM)Z/ | W +0 (v + (1 —0v2)) |2(2“_1)|9v1 +(1- 9)vz‘2|v1 - vzlzdx.
g

Since by definition ||Wy]|oo S A%, whereas by the L>°-Gagliardo-Nirenberg inequality of G
(see e.g. [9, section 2]) and v; € By, i = 1,2,

_ 1_ .
2@ ilz AR <SanT i=1,2,

1villZoe gy < IIvil

plugging into the previous formula yields

/g [F(Wx +v1) —F(Wx +v2) —f (Wa) (v —va) | dx

SENT v =gy < AT v =3
which coupled with (3.22) gives
A" (1) = A (v2) [[x S A2 vr = w2l

Combining with the second line of (3.21) shows that there exists a constant ¢, > 0 such that
for every ) large enough it holds

1T (vi) =T (v2)|Ix < czc/\_zo‘Hvl —alx Vvi,v2 € By,

i.e. T is a contraction on B}, since « > 0 by assumption. Furthermore, by (3.15) and (3.21) and
the previous estimate with v; = v, v, =0 we obtain

IT(V) ]I < e (C3/\%+ﬁ_2“ + czc/\72°‘||v\|)\) <cp (3 +c? A7) Aitz—2e

for a suitable constant c3. Hence, for sufficiently large A it is enough to choose e.g. ¢ = 2¢c3
to obtain that 7" maps B, into itself, thus concluding the proof. O

4. The finite-dimensional problem

In view of proposition 3.1, to complete the proof of theorem 1.3 it is enough to solve the
finite-dimensional problem in the coefficients b;, j = 1,...,N— 1. This is done by finding
by,...,by_1 such that the numbers ¢;’s in (3.1) are zero and so the function W) 4 & is a genu-
ine solution of problem (2.12). In this section we start doing this by proving a result that relates
the b;’s we are looking for with the critical points of a suitable function on RV ~1. To this end,
we introduce G : R¥~! — R defined by

N—1 3
G(bl,...,le)::Z< bkejlf> y (41)
j=1 \k=1

where the vectors e’ are defined in (2.5). This function, which one usually refers to as the
reduced energy, plays a crucial role in our discussion, as highlighted by the next result.

18
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Proposition 4.1. Let (El, by 1) € RN~ be an isolated critical point of G with non-zero
local degree. Then there exists \g > 0 (depending on (by,...,by_1)) such that, for every \ >
N, there exists (b7,...,b5_,) € RN=1 approaching (by,...,by_1) as X\ — oo, such that the
corresponding real numbers Cl,.-.,CN—1 in (3.1) vanish.

Proof. Foreveryj =1,...,N— 1, multiplying (3.1) by XZ(Aj) we have

N—1
(L(@) &~ N (@) X2 = el 2 2, —cj(a/\i+%+o</\i+%)> 4.2)

i=1

for every A large enough and for a suitable constant a > 0, since by the same computations
in (3.7) and (3.8)

D oA\ ipis DIF _ i+t il
(XZ) , xZY' )\ =0 ifi#] and XZ3, R alitu Lo (N2Tw

as A — 4-00. Hence, system (4.2) is diagonal in the ¢;’s and, to prove that it admits only the
trivial solution ¢; = 0 for every j, it is enough to find suitable values of A and of the b;’s for
which the left hand side of (4.2) is equal to zero.

To this end, we show that, for sufficiently large ), there exist b}, ..., b3 _, as in the statement
of the proposition and making the left hand side of (4.2) vanish by proving that

aG(btha' <y bN—l)

(Z(2) =6 = N (@) xZ)y = AV AT
J

(1+o(1)), (4.3)

where

_ k(2p+1) 2113
A*“??‘ié+¢” (¢) dx.

Observe that this is enough to conclude, since for large A we can interpret the right hand side

of (4.3) as —ANTTE 72 times the Jjth derivative of a small perturbation of G. Since by assump-
tion G admits a critical point (by,...,by_) with non-zero local degree, such a perturbation
admits a critical point too, say (b3,...,b3_,), converging to (by,...,by_1) as A — +oo0.

We are thus left to prove (4.3). First, we estimate the term

<gaXZ§\j)>>\:/Elng\j)dx+/E2XZ&i)dx, (4.4)
g g

where E}, E, as in (3.17) and (3.18) (the previous identity follows by (3.16)). We have
. N1 ) N—1 N
[enda|=| [ (s Tondd) 420 (wa+ X0y
g g i=1 i=1

N-1 \ 2u+1 A
+OH = x) (‘I’A + meZ&l)) } XZg\j)dx‘

i=1
sk [
B(V,20)\B(V,£)

VWA + 3 binZO(VAY

i=1

‘Z(j)(ﬁx)‘ dx
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’Z(j)(\f/\x)’ dx

T'(VAx)+ ibM (z9)'(VAx)

2u+1

‘Z(-i)(\&x)‘ dx.

st [
B(V,20)\B(V,¢)

! /
B(V,20)\B(V,¢)

Since b; x = A~ *b; with b;’s in a bounded neighbourhood of (51, . ,EN_I) and Z(i), (Z(i)) ! S
L>(8Sy), if A is large enough the previous estimate becomes

207/ 1 20/ . 20/ X
/ B16]"dx+ A+ / |6/ Pt AR / 6P+ dx,
/X Y24\ JAVAN

N—1
T(VAx) + Z biAZV (VAx)

=

/EIZE\j)dx‘ S AR
g

where ¢ is the soliton in (1.4), and since both ¢, ¢’ decay exponentially as x — oo this implies
that

/ EZ) dx‘ <e VA as A 400 4.5)
g

for some o > 0. As for the second integral on the right hand side of (4.4), by (3.18) we write

N—1 2

. 1 ; 4
/ EyxZ{dx= = / ) (S binzl | ZPder o) (4.6)
g 2Jg =

with
N—1 ] N—1 )

o) := / % f<%+zbm2§')> —f(TN) 1 (U2) 3 iaZ)

g i=1 i=1

2
N—1
1 . .
,if”(\ll)\) <§ :biAZ&’)> Z0dx.
i=1

Since f(s) = (s*)?*1, by (2.15) and the definition of b; we obtain

N-1 3 N-1 2ptl
oIS [ v ezl |40 e+ [ S| |00
N i=l1 N |i=1
N—1 3
<t S [ e (V) 20 (Vi) |25
i=175n

2p+1

N—1
+A‘+i—<2#+‘>a2/ ‘Z(i) (\f/\x)‘
i=1" SN

5 /\§+i—3a/ ¢2y72|¢/|4 dx+/\%+i—(2u+l)a/ |¢’\2“+ldx
R+ R+

20 (Vi)

=0 ()\%Jrﬁ_zo‘) as A — +o0,

20
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where the finiteness of the integrals appearing in the last line is guaranteed by the properties
of ¢ and the last equality makes use of 2 + 1 > 2. Combining with (4.6) then yields

/szzgf)dx
g
2
/Xf// (Zb’ )\Z()> Z(J)dx+0()\%+i72a)
i=1

=u(2u+l)ﬁ+‘l‘/ v 1<Zb ZU) Al dx+o(A%+i‘2‘”)
N—1 /N—1 2 A
:u(ZuH)A%*ﬁ‘z“/ P mZ( by el ) I((f>+0<ﬁ+:7—za)7
1

R+ i=1
_ 1 96(by,., by_1)
-3 Bbj
which coupled with (4.4) and (4.5) entails
i .o bye
<g,XZ§\J)>/\ _ _)\i+i—2aAaG(bla ,by_1) (1+0(1)) “@.7

b

for every ) large enough.
As for the term (4 (®),xZ{”), by (2.10) and (2.14), the fact that b; , = A=*b; — 0 as
A — 400, and the standard L>° Gagliardo—Nirenberg inequality on G [9, section 2] we have

| (@)xZD)]

/g(f(W,\ + @) —fF(Wy) f/(W/\)CI)))(Zg\j)dx'

§/QX(|W)\ZHI|@|2+|(I)|ZH+1) ‘Z&j)

1 —
dx S (A + AT IR g ) 1913 )

< Loy 2u=l 2 <y i+lda 11
< (1425 (A 4||<I>||A) [2IR SA =0 ( 54 ~20 4.8)

since o > 0, the last inequality making use of (3.2).
Finally, since ® € K3-, by (2.9) we have

(Z(®),xZ) /f Wy) ®x 2\ dx
=—/g(f’(WA)—f’(X\I’A))‘I’XZY)dx

_/f/ (X‘I’,\)(I)Xzy)dxzo ()\%Jﬁ*z”‘) . (4.9)
g

21



Nonlinearity 37 (2024) 075022 H Chen et al

Indeed, by (2.13), the definition of b; », (3.2) and v >0

m .
: ()
O 07 ax

N—1 2u
(ZbiAZ&O) z) 121|226
i—1

L2(Sy)
S (Airae +A%+2‘T2W) @2y S (A3 4 AT 2) g
o

L2(Sy)

Moreover, since ® € K+,

- / £ 0By 2 d
g

N/ . )
:/gcb’(ng”) +A¢XZ(J)dx—/gf’(X\PA)¢>XZE\’)dx

=0

[ (H#) 20 s T w0 () 0

— e
e~V

+/g(f/(\IfA)—f’(X\IzA))@ngﬂdx—/g(X”Z(A”Jrzx’(zgf‘))’) ddx.

By lemma 2.1, the definition of Zg\j ) and the properties of x, one has

. 1 .
/S<—<Z§”) +AZY —f (W) Z (f)>X<I>dx 0
N

and

Z@()(XZO)) Z(I) (Z(J)) (¥) =0,

e~V e~V

whereas arguing as above one easily see that as A\ — 400

L,(f'(%) —f (x¥y) 2y 2 dx — /( 170 Loy (2 ( ()) )@dx’%_vf

for some -y > 0 (note that both integrals on the left hand side are nonzero only on B(v,2¢) \
B(¥,£)). Coupling all together proves (4.9), which combined with (4.7) and (4.8) yields (4.3)
and completes the proof. O

22
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5. The reduced energy and the end of the proof of theorem 1.1

This section characterizes the critical points of the reduced energy G introduced in (4.1). We
observe that the whole analysis developed so far is insensitive of the degree N of the vertex
v, which for the results of sections 3 and 4 to hold needs to be just greater than or equal to 2.
Conversely, the result of this section is the only point in our work where we need to impose N
odd, as the next lemma clearly shows.

Lemma 5.1. For every odd N > 3, the unique critical point of G is 0 and its local degree
satisfies

deg(VG,0) = (~1)'T (%Zi)-

2
Proof. We first note, for future reference, that from the definition 2.5 of the vectors ¢’ we have

N—1 ip s
. . Jo if i <N-2
el.:—el = 5.1
j;f N {N—l if i =N—1. oD

In view of this, we can write G as

<§i4m>-+<§i4m> :__(_e%J»—«N—lﬂwlf.

j=1 i=1 i=1

G(bl,...7bN71) =

Now we take the matrix A := (e;)_ii, withj,i =1,...,N— 1 and we change variables by setting
x := Ab, namely

N—1
xi= eb,  j=1..N-1.
i=1
Notice (from the definition of the vectors ¢') that the matrix A satisfies detA # 0, and that,

by (5.1),

N—1 N—1N—-1 N—1 N—1 N—1

Zze;bizzbi ¢ :*Zejvbi:(N* 1)by_1.

j=1 j=1i=1 i=1 j=l1 i=1

Defining G : R¥~! — R by G(x) = G(A~'x), so that G(x) = G(b) whenever x = Ab, there res-
ults

3
N—1 N—1
G(xl,...,xN_]): xj— Xj 5
j=1 j=1

and since A is invertile, the locaLdegree of 0 is the same for VG and VG.
To find the critical points of G we observe that

— N—1
G
g—(xl,...,xN_l):O if and only if 7 = E X Vk=1,....N—1. (5.2)
Xk ‘
i=l1
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Since the right hand sides do not depend on , this entails that x? = xi for every i, k, so that all
critical points have the form

(x1,...yxv—1) = (O18,...,0n_11), with o;€{+1,—-1} forevery j=1,...,N—1,

for some r € R. Now, if n denotes the number of negative 0;’s in (o1t,...,0n—11), then by (5.2)

2

2= ij = ((N—l—n)t—nl))zz(N—l—Zn)ztz,

or

((N—1—2n)2— 1);2:0. (5.3)

As N is odd, the coefficient of /> never vanishes, so that Vé(x) =0 if and only if x=0, and
the same holds of course for VG. However, x = 0 is degenerate, since the Hessian matrix of G
at 0 is the null matrix. To compute the local degree of 0 we therefore perturb G by defining,
for fixed small € > 0,

N—1
GE (xl,...,xN_l) za(xl,...,xN_l) —szzxj.
j=1

Now, as above, we see that if x is a critical point for G., then
N—1
g=> x| +& Vk=1,...,N-1. (5.4)
j=1
Since, again, the right hand sides do not depend on &, we find once more that if x is critical for
G., then

(x1,.0 s xn—1) = (018,...,0n-11), with  oj € {+1,—-1} forevery j=1,....N—1,

for some t € R. Denoting again by n the number of negative ¢;’s, we see from (5.4) that

2

N—1
P=|Y x| +@=(N-1-nt—n)) +=(N-1-20)F +,
j=1

namely
((N— 1—2n)> — 1) P=_c

Now it is immediate to check that the coefficient of 7 is negative if and only if n = Y1, in

2
which case the preceding equation reduces to £ = &2, yielding t = +e.
Therefore the critical points of G. are of the form

x=(o1€,...,0N-1€)
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. . . N-1
where NT’l of the ;s are negative and NT’I positive. For this reason, there are exactly ( N1 )
2

such critical points.
Finally, to compute the degree, we notice that the entries 4;;(x) of the Hessian matrix HG, (x)
have the form

N—1 N—1
hi(x) =6x; =6 x5, hy(x)=—6) x; ifi#j.
j=1 =1

But at a critical point x we have

N-1 N—1

N—-1 N-1
ij:ZUjsz €— e=0,
= = 2 2

and therefore
HG. (x) = diag{601¢,...,60y_1},
from which we obtain
— Nt N—1
detHG. (x) = (—1) 2 (6¢)
for every critical point of G.. Thus, if € < 1,

deg(VG,0) = deg (VG,B,,0) = deg (VG.,B,0)

N—1

— Z sgndetHG, (x) = (—1) = (2>

x€G. ' (0)

N—-T1\ .. .
as there are exactly ( N—1 ) critical points. O
2

Remark 5.2. If N is even, by (5.3) one can easily characterize the critical points of G. To this
end, consider the sets

I:= {Ic{l,...7N—1} : #I:g or #1=§—1}

and, forevery [ € Z,
21::{0:(01,...,01\/_1)E{fl,l}Nfl:0,':71 <— iGI}.

Then the set of all critical points of G is given by

U U {ot:teR},

IeELoeY,

2
G has no isolated critical point and proposition 4.1 does not apply anymore.

N-1
namely the union of 2 ( N > straight lines passing through the origin in R¥~!, In particular,

Proof of theorem 1.1. Its is a direct consequence of propositions 3.1 and 4.1 and lemma 5.1.
O
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6. Proof of theorem 1.2

This section is devoted to our main result about multi peaked solutions of (1.2) concentrating

at finitely many vertices with odd degree. Since the argument of the proof is analogous to that

developed so far for theorem 1.1, here we limit to sketch it highlighting the main differences.
Let M > 2 be a fixed natural number and vy,...,Vy € V be distinct vertices of G such that

N; :=deg(v;) > 3is odd for every i. As pointed out in the Introduction, with no loss of general-

ity we identify each ¥; with 0 along every edge e > v;. Furthermore, we set (5; := min, 3, |e|/4.
To prove theorem 1.2, for every A large enough we set

M Ni—1
Wy = in \I/N[7)\ + Z b,:]',,\Zg\]) (6.1)
i=1 i=1

where, forevery i = 1,...,M, we take

e X;:G — [0,1] to be a smooth cut-off function such that x; = 1 on B(¥;,{5;) and x; =0 on
Q\B(V[,Zﬁvi);

o Wy, 5 := A% Uy, (VAx) for every x € Sy, with Uy, as in (1.5);

° Z&i) (x) := Az ZU) (\f)\x) forevery x € Sy, andj =1,...,N; — 1, with ZU) as in lemma 2.1;

® bjj x = A" b;;, with o> 0 and b; € R to de determined, for every j =1,...,N;— 1.

We then look for positive solutions of (1.2) in the form u) = W) + ®, with W, asin (6.1) and
® a smaller order term to be find. According to section 2, to solve this problem we look for
®eH (G)and by €R,j=1,....N;—1,i =1,...,M, such that

L(D)=E+.N (D)

with £, A4, & as in (2.9), (2.10) and (2.11) respectively.
To this end, we introduce the sets

M —1
Ky, » = {VGHI(Q) : V:inZci]Z&j} forsomec,-jG]R,jz17...7N,-—1,i:1,“.,M}

i=1 =l
Kiiy = {veH1 ©) : v xiZ)y =0, W=1,.. ,N—1,i= 1,...,M}

and the corresponding projections Iy, » : H'(G) — Kux, 1137 5 : H'(G) — Kj; 5. Analogously
to section 3, we have the following.

Proposition 6.1. For every compact subset C in RN =X xWNu=1) " there exists g >0
(depending on C) such that, for every (b;)1<j<n—1 € C and every X > X, there exist unique

i=1,...,

M
de KAJ;M and coefficients (c;j)i<jcni—1 € RV =X W=D (depending on ®) for which it

i=l,...,
holds
M Ni—1 )
L@)=E+ N ( @)+ i Y eZy). (6.2)
i=1  j=I

Moreover,
1B S AT T2
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Proof. The argument is the same as that in the proof of proposition 3.1.

We first need to show that, for sufficiently large )\, the operator Hf.,? is invertible with
continuous inverse on Kj; ,. Since when W is as in (6.1) the operator i* (f'(W»)) is compact,
this can be done with a simple adaptation of the proof of lemma 3.2: we assume the existence of
An — 400, v, € Ky 5 such that ||v,[|5, = 1 forevery nand ||[IT3; , 2 (v,)||x, = Oasn — 400
and we seek a contradiction. Step 1 of the proof of lemma 3.2 works exactly the same here,

simply with X,-ZE\? in place of XZ&’) To recover Step 2 we proceed as follows. On the one
hand, we have again

/f'(W)\n)vﬁdle—&—o(l) asn — +0o.
g

On the other hand, we define again v, := )\nivn (x/ \/)Tn) on the scaled graph G, := v/A,G.
Then, for every i =1...,M, we denote by v, ; the restriction of v, to B(V,-,Mvi m) in G,.
Arguing as in Step 2 of the proof of lemma 3.2 it is easy to show that v; , converges weakly in
H' and strongly in L9 on compact subsets of Sy, to 0 as n — -+oc for every i, thus yielding

/ £ (Wy,) 72 dx
g

>

i—1 7 B(Vi2tg. VA)

N—i—1

X?# (x/\/rn)f/ Uy (x) + Z blp\”Z(j) (x) f»ﬁyidx:()(l)
j=1

and providing the desired contradiction.

To conclude, we then need to recover the estimates of the error term & and the contraction
mapping argument. As for &, the computations are the same as in Step 1 of the proof of
proposition 3.1 with the terms E, E, that now read

!

M Ni—1 M Ni—1
Evi=Y " [ O+ D 0ynZd | 423 /[ Tnr+ D byazy)
i=l j=1 i=1 j=1
M Ni—1 A 2t
+> (Xiz“+1 - Xi) Uy + D bz
i=1 j=1

and

Ni—1 Ni—1

M
E;:= in Sl YN+ Z binZd | = F(Txn) —f (Tn,0) Z byZ§)

i=1 j=l1 j=1

As for the contraction mapping argument, it is enough to repeat verbatim Step 2 of the proof
of proposition 3.1.

O

Theorem 1.2 is then a direct consequence of proposition 6.1 and of the next one.

Proposition 6.2. There exists Ao > 0 such that, for every A > X\, there exists (b;)lg,-gviq €
i=1,...M

RMN=1Dx X (Nu=1) gy b{J\. —0as X — ocoforeveryj=1,....Ni—1,i =1,...,M, such that
the corresponding real numbers (cij)1<j<N,—1 in proposition 6.1 vanish.

i=l,...,
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Proof. For every i,j, multiplying (6.2) by XiZE\j ) we obtain

(L (@) =& =N (@), 62 )x = et 2
which with the same computations of the proof of proposition 4.1 can be rewritten as

0G; (bi1,...,bin—1)
a6,

cij (a)\%‘*‘ﬁ—ko()\%“'ﬁ)) = —Artu—2ey (I+o(1))

where, forevery i = 1,...,M,

Ni—1 /N;—1
Gi(bilv"wbi}N,‘*l) = Z ( bike?)

j=1 \k=1

3

Since N; is odd for every i, by lemma 5.1 the origin in RV ! is a critical point of G; with

non-zero local degree. Hence, the small perturbation of G; appearing in the above equations
for c;,j =1,...,N; — 1, admits a critical point (b7}, ..., b}y ;) = (0,...,0) as X — +o00, and
we conclude. O

7. Proof of corollary 1.3

We end the paper with the proof of corollary 1.3, which in fact requires no more than combining
a few simple estimates. On the one hand, if u, is a one-peaked solution as in theorem 1.1, then
by (1.7) direct computations yield formula (1.9) for |[u, |7 (g) and

o=
=

Iy (uy) = A (ng(qﬁ)—l—o(l)), E(uy)=Au" (gE(¢)+o(1)>,

whereas if u) is a multi-peaked solution of theorem 1.2, by (1.8) we have (1.10) and

M

INUSEPYas (Z %’J <¢>+o<1>>, E(uy) = At (Z ’Z"E<¢>+o<1>> .

i=1 i=1

Here, as usual ¢ is the soliton (1.4) and J, (¢), E(¢) are its action and energy on R, respectively.

Conversely, for every w > 0 set ¢,,(x) := W o(y/wx), so that ¢, € NV, (R) is the unique
solution of (1.2) on R with w = A. Since, for every ) large enough, there exists vy € N (R)
with compact support on an interval of length Z and such that J5(vy) —Jx(¢x) = o(1) as
A — 400, thinking of v as a function supported on any given edge of G yields

I (0) <3 () = a (62) + (1) = AT (@) +o (1),

In particular, since J;(¢) > 0 and N, N; > 3 by assumption, comparing with the previous for-
mula implies

J > inf J
A (112) UENK(G) A (@)

for every uy as in Theorems 1.1 and 1.2. Hence, u,, is not a ground state of the action in Ny, (G).
As for the energy, let us distinguish the cases <2, p=2, > 2.
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If 11 > 2 there is nothing to prove, since it is well-known that inf E(u) = —oc for every

u€H! (G)
GgeGandrv >0 (seee.g. [9]).

If =2, the discussion in [7] shows that irllf(g)E(u) = —oo for every G € G and v >
ucH,,

||¢Hi2(R). Since N,N; > 3 by assumption, (1.9) and (1.10) yield [|ux||;2(gy > [|¢ll 2 (=) for every
uy in theorems 1.1 and 1.2, thus proving again that it cannot be a ground state of the energy in
the mass-constrained space.

If 1+ < 2, note that for every v > 0 one has

2‘—“;1
14
1 pollZ2 ey = v — w=\m :
16117 gy

Hence, considering as above suitable compactly supported functions, it follows that

inf_E(u) <E s o= —2—)  E@)+o0

L2(R)

as v — +o0. In particular,

N . NN+ 1.1
=N ol =t £ < (5) T A EG) <o)

u€HL(G) 2
24u
L NG < AR
= \r 2 — = inf E(u) < = AT E 1).
v =\ ;2\|¢||LZ(R) it E) ;2 "TRE(¢) +o(1)

Since E(¢) < 0and N,N; > 3, by (1.9) and (1.10), comparing with the explicit formulas above
for E(uy) proves again that u) is not a ground state of the energy among the functions with
the same mass and concludes the proof of corollary 1.3.
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