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We investigate the asymptotic behavior of nonlinear Schro-
dinger ground states on d-dimensional periodic metric grids
in the limit for the length of the edges going to zero. We prove
that suitable piecewise—affine extensions of such states con-
verge strongly in H'(R?) to the corresponding ground states
on R?. As an application of such convergence results, quali-
tative properties of ground states and multiplicity results for
fixed mass critical points of the energy on grids are derived.
Moreover, we compare optimal constants in d-dimensional
Gagliardo—Nirenberg inequalities on R¢ and on grids. For L2-
critical and supercritical powers, we show that the value of
such constants on grids is strictly related to that on R but,
contrary to R%, constants on grids are not attained. The proofs
of these results combine purely variational arguments with
new Gagliardo—Nirenberg inequalities on grids.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

A d-dimensional periodic metric grid is a noncompact metric graph obtained by gluing

together in a Z%-periodic pattern infinitely many copies of a given compact graph (see

e.g. Fig. 1). The peculiarity of such structures is the combination of a one-dimensional
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microscale, common to every metric graph, with a higher dimensional macroscale. Heuris-
tically, this suggests that, in the limit for the length of the edges going to zero, periodic
grids may give a locally-one dimensional approximation of R, and one may imagine to
exploit this fact to design one-dimensional models capable to mimic the dynamics of
systems in higher dimension. Suppose we are interested in a model defined on R? and
we are able to construct another model on grids whose behavior, when the edges of the
graph are sufficiently small, is close to that of the original one. The graph approximation
can then provide a low dimensional tool for the analysis of a d-dimensional phenomenon.
This can be seen as an analogue of the classical approximation with point grids, with
the possible advantage of a microscale finer than the distance between the vertices of the
lattice. Though currently out of reach, in this sense one may even envisage tackling open
problems in higher dimensions relying on the potential gain of a locally one-dimensional
framework. Conversely, assume we are interested in a model on grids for which we can
identify a counterpart in R? somehow close to the original model when the edgelength of
the grid is small enough. One can then interpret the d-dimensional model as an effective
description of that on grids. When the behavior in R? is well-understood, this may be
helpful to derive qualitative information on the dynamics on the network, whose direct
investigation is often hindered by the complexity of the structure.

Such a prospect raises the following question: given a model in R? and a corresponding
one on metric grids with vanishing edgelength, is it possible to prove that solutions of
the latter converge in some sense to those of the former?

Of course, whether this can be done turns out to depend on the specific problem under
exam. The present paper aims at initiating the investigations in this direction. Here we
focus on a class of nonlinear PDEs that, also due to their prominent role in a variety of
applications, have been widely studied by now both on metric graphs and on domains
of R%: nonlinear Schrédinger equations.

In R?, it is well-known (see e.g. [18]) that, for every p € (2,2*), where 2* = co if d = 2
and 2* = d2—j2 if d > 3, the stationary NonLinear Schrédinger (NLS) equation

Au A+ |uP~%u = wu (1)

admits, for every w > 0, a unique (up to translation) positive solution u decaying at
infinity. From a variational point of view, this solution can be characterized in at least
two ways. For every p € (2,2%), u is an action ground state at frequency w, i.e. a global
minimizer of the action

1 w 1
Toga W) 1= 519wy + 5 Nllasy = - [l
restricted to the associated Nehari manifold
Nyga = {u € H'(RY) : J., ga(u)u = 0}

= {u € Hl([Rd) : HVU||2L2(W) +WHU||%2([R<1) = ||U\|§p(ued)}'
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(a) (b)

Fig. 1. The two-dimensional metric square grid (a) and the three-dimensional metric cubic grid (b).

Moreover, for every p € (2, 24 %), u is also an energy ground state with mass p, i.e. a
global minimizer of the energy

1 1
Ega(u) = 5| Vull L) — ]—DIIUH’LE(W)
in the mass constrained space
HA(RY) = {u e H'RY) : ||u)3spe) = 1} -

In this case w plays the role of a Lagrange multiplier and is in one-to-one correspondence
with the mass pu.

Recently, nonlinear Schrédinger equations have been considered extensively also on
metric graphs. The literature on the subject is constantly growing, so that here we limit
to redirect e.g. to [1,7-15,19,21,24,25,28-33] and references therein for some of the most
recent developments, and to [2,6,29] for more comprehensive discussions. In particular,
the existence of action and energy NLS ground states has been addressed on periodic
grids in [3,5,20]. When G is a d-dimensional periodic grid, it has been shown that the
action

1 9 A 9 1
Irg(u) = §IIU’HL2(g) + S llullze(g) — EIIUHZD(Q)
restricted to the Nehari manifold

Mg :={ue HYG) : J} gu)u =0}

={ue H'(G) : |W/)3g) + MulZag) = lull}ng) }
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admits a ground state for every A > 0 if p > 2, whereas the energy

1 1
Eg(u) := 5llv[72() — EIIU\I’EP g
constrained to the space of functions with fixed mass
HA(G) = {ue H'G) : [ullfag) = 1}

admits a ground state for every u > 0if p € (2, 24 %) (see [20] for action ground states,
[3,5] for energy ground states with d = 2 and d = 3 respectively). Both ground states
are (up to a change of sign) positive solutions of the NLS equation with homogeneous
Kirchhoff conditions at the vertices

{u” + |ulP7%u = Au  on every edge of G

ey (v)=0 for every vertex Vv of G.

Here, e > v means that the edge e is incident at the vertex v, whereas ddT“(V) denotes

the outward derivative of u at v along e.

Comparing the above results for ground states on R? and on grids unravels a strong
analogy and triggers the question: do NLS ground states on grids somehow approximate
those in R? when the length of the edges is sufficiently small?

Another element of the similarity between grids and higher dimensional spaces,
strictly related to the energy ground state problem described above, is the validity on
d-dimensional grids of the Sobolev inequality

Jull, 12, ) < Sollwlne)  Vu e WHI(G), @)

which is the analogue of the well-known inequality in R?

1,1/pd
Ld d—1 (Rd) < S[Rdeu”Ll R%) Yu e W (|R ) (3)

[l

(see [3,5] for a proof in the cases d = 2,3). Inequalities (2)—(3) yield the following d-
dimensional Gagliardo—Nirenberg inequalities

d+(2—-d) 4
lulltoig) < Kogllulira P13 )" vue HY(G) "
d+(2—d) & (2-1)d
s gy < Kqmallullfiae  IVullE ol vu e B (R

for every ¢ > 2 if d = 2 and every ¢q € (2,2*) if d > 3, that play a crucial role in giving
lower boundedness of the energy functional in the mass constrained space and determin-
ing the threshold 2 4+ 4 on the nonlinearity power (for a wider discussion see e.g. [23]).
Analogous questions as for NLS ground states can then be raised for these functional
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inequalities on grids and RY: is there any relation between their optimal constants? As
the length of the edges goes to zero, do optimizers of these inequalities on grids, if they
exist, converge to those in R%?

2. Setting and main results

To present our main results, we develop our discussion on d-dimensional cubic grids.
For every d > 2 and € > 0, let gg C R? be the d-dimensional cubic grid with edgelength
e in R? (see Fig. 1 for d = 2,3), i.e. the metric graph G¢ = (\/gg, [Egg) given by

ng:E‘Zd, [Egg:{(vl,VQ)G\/ggX\/gg : |V17V2|:€}.

To compare functions defined on G¢ with those defined on the whole R¢, we consider the
following piecewise-affine extension procedure. For every k = (ki,...,kq) € Z%, let

Cy = [eky,e(kr +1)] x --- X [ekq,e(kq + 1)]

be the d-dimensional cube of edgelength ¢ with edges on G¢ and ek as vertex with
smallest coordinates, and write C} as

Cr = U Sk,o

o€Sy

where the union runs over all the permutations ¢ in the symmetric group S; of the set
{1,...,d} and Si_, is the d-simplex given by

Sko ={(@1,...,2a) € Ck : To(1) — €ko(1) < To(2) — €kp2) < -+ < To(a) — Eko(a) } -
(5)
By construction, each Sy , is the convex envelope of d 4 1 vertices of Cy, (see Fig. 2 for
d =2,3). Given u : G¢ — R, we then define its piecewise-affine extension Au : R — R
as

Au(x) := Ay ou(x) if x € Sy, for some k € Z¢ and o € Sy, (6)

where Ay ,u : S, — R is the affine interpolation of the values of u at the vertices of
Sk.o- Note that Au is well-defined on the whole R¢, because any non-empty intersection
of two simplexes Sk, Sk’ o is itself a simplex (of dimension smaller than d) contained
in the boundary of Sy » and Sy o/, so that Ay ;u = A/ oru on Sk o NSk .

We can now state our main results, starting with the NLS ground state problems. Let
us begin with action ground states. For every p € (2,2*) and every A > 0, we introduce
the action functional j/\,gg : HYGY) — R

~ 1 A 1
J/\,gg(u) = §||u/||%2(gg) + ﬁ”u\@(gg) - d_pHu”Z[),rz(gg) (7)
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(a)

Fig. 2. The simplexes defined in (5) for a two-dimensional square (A) and a three-dimensional cube (B). The
edges of the boundary of the simplexes that do not coincide with edges of the square or the cube are denoted
by bold dotted lines. The boundary of one of the simplexes is highlighted in green. (For interpretation of
the colors in the figure(s), the reader is referred to the web version of this article.)

and the associated Nehari manifold
N)\’gg D= {u € HY(GY) : j/'\gg(u)u = 0}
= {ue HYG) + i/ + MulZage) = lulpg } -
Letting

Jga(N) i= inf  Jy ga(v)

’UG./\/’A gd
'TeEe

be the corresponding minimum problem, u € j\N/,\,gg is called a ground state of jA,gg if
jA,gg (u) = jgg(/\). Since the existence results of [20] do not depend on the coefficients in
the functional (provided the LP term is negative and the other ones positive), it follows
that there always exist ground states of jx,gg in J\~f>\,gg for every A > 0, ¢ > 0 and
p € (2,2*). Ground states are constant sign solutions of the NLS equation

u + §|u|p*2u = 3u on every edge of G2
ZeM, dd;t (V)=0 for every vertex v of Qad.

The next theorem answers in the affirmative to the question whether action ground states
on d-dimensional cubic grids with vanishing edgelength approximate ground states in the
whole R?. In what follows, for every w > 0 we make use of the shorthand notation

Jri(w) := inf J, ga(v).

’UGNW,Rd

Theorem 2.1. Let d > 2, p € (2,2*) and w > 0 be fized.
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(1) Ifd=2andp>2, ord>3andp € (2, 27 + 1] , then there exists Cqp > 0 such
that

‘Ed—ljgg (w) = Tra (w)’ < Cype ase— 0,

whereas if d > 3 and p € (27 +1, 2*), then for every v > 0 there exists Cqp > 0
such that

‘Ed_ljgg(w) - jﬂ?d(w)‘ < Cd,p,yg%@*_p)_’y ase —0;
(it) for every positive ground state u. of j%gg in /\N/w,gg there exists x. € R such that

Auc(- = z) =% o, in HY(RY),

where gy, € N, ga is the unique positive ground state of J,, ga attaining its L™ norm
at the origin.

An analogous result holds true for fixed mass ground states of the energy. For every
pE (2, 24+ %), we introduce the energy functional Ega : HY(GY =R

_ 1 1
Egg (u) = 5”71’”%2(9;1) - d—pHUHiP(gg) (8)
and denote by
Eoalw) = jnl;, Fo:(v)

the corresponding ground state problem at mass p > 0. As usual, u € H ;(gg) is called
a ground state of Egg at mass p if Egg (u) = ggg (). If u is a ground state of E’gg, then

{u// + Lup2y = Lga(u)u on every edge of Gd

Doy j—;‘e(v) =0 for every vertex v of G4,

where

llullf o gay = 11172 g
Lgu(u) 1= 11D L>(94)

9)

Tl g

Adapting the analysis of [5] ensures that there always exist ground states of Egg at mass
uforevery e >0, u > 0and p € (2, 2+ %). For such ground states we have the following
convergence result, where we also use the notation

Era(p) == uegﬁﬁw) Ega(v).
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Theorem 2.2. Let p € (2, 24 %) and p > 0 be fized.

(i) If d € {2,3,4} and p € (2,2+2), ord > 5 and p € (2, Z+ 1), then there exists
Cqp > 0 such that

= d
6d715gg (Ed—1'“> — ng(ﬂ)‘ < Cype ase — 0,

whereas ifd > 5 and p € (27 +1,2+ %), then for every v > 0 there exists Cqp > 0
such that

—2

_ d .
e Ega ( - ) - E[Rd(u)‘ < Cd,p,VEdT(Q P ase —0;

(it) for every positive ground state u. of Egd in H' , #(gg) there exists x. € R? such
€ d—1
that

=

Aug(- —z2) =% ¢, in HY(RY),

where ¢, € H}L([Rd) is the unique positive ground state of Ega at mass p attaining
its L morm at the origin. Furthermore,

lim Lga(u.) = % : (10)

e—0

where w,, is the value of the parameter w for which ¢, solves (1).

Theorems 2.1-2.2 show that one has to consider slightly modified action and energy
functionals on grids to recover ground states in R? solving (1). This is no surprise. The

scale factor 21

multiplying the ground state levels on grids is due to the different local
dimensions of grids and R?, as one can see e.g. by comparing, for small ¢, the volume
of a ball of radius ¢ in R? (which is proportional to £%) with that of its restriction to
G¢ (which goes like €). Conversely, the coefficients 1/d and d appearing in front of the
norms in both problems are determined by the specific shape of the periodicity cell of
G? (see also Section 8 below). Note that Theorems 2.1(ii)-2.2(ii) do not require to pass
to subsequences of ground states as ¢ — 0 by the uniqueness, up to symmetries, of the
limit solution.

The proof of Theorems 2.1-2.2 combines purely variational arguments, based only on
the minimality of ground states, with a deep analysis of the interaction between scales
of different dimensions in the grid. This latter element is crucial to pass to the limit on
the nonlinear term in the whole range (2,2*) for the nonlinearity power. Roughly, when
p< %4—1, to prove the above convergence results it is enough to rely on the d-dimensional
Gagliardo-Nirenberg inequalities (4) on G¢. On the contrary, for larger values of p we
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need to derive new Gagliardo—Nirenberg estimates on Q’g (see Proposition 3.2 below)
interpolating between purely d-dimensional inequalities and purely two-dimensional ones.
Such inequalities, that may perhaps be of some independent interest, suggest that G¢
shares a rich structure with features peculiar of any dimension between 1 and d. As so,
these estimates have no analogue in R?.

The use of different estimates to deal with the cases p € (2, 27 + 1] and p €

(% + 1,2*) is also the reason for the rates of convergence on the ground state lev-
els reported in Theorems 2.1(i)-2.2(i). In the case of the energy, this difference becomes
relevant only in dimension greater than or equal to 5, since 2 + % < 27 + 1 whenever
d = 2,3,4. We do not know whether the rates we obtain here are sharp. In particular,
our method does not even allow us to understand whether the rate o (s%@*’p)’”), for

every v > 0, can be improved at least to O (s%@*’p)).

Remark 2.3. Since Theorems 2.1-2.2 prove convergence of minimizers, one may wonder
whether it is possible to recover the same result in the framework of I'-convergence,
a rather natural question also in view of the large literature available on discrete-to-
continuum problems (see e.g. [16, Chapter 11] and references therein for a comprehensive
overview on the subject). For instance, in the case of fixed mass ground states of the
energy (the discussion in the action setting is analogous), given p > 0, we could consider
the functionals F. : H'(G%) — R

Fufu) = 8d_1Egg(U) if u € Hld‘il M(gg)
e = €
+00 otherwise

and try to understand whether T' — lim. o F. = F, with F': H}(R?) — R given by

Flu) = {E[Rd(u) if u € H}(R?)
400 otherwise
and the convergence of functions on gg to those on R? as in Theorem 2.2, i.e. strong
convergence in H'(R?) of piecewise-affine extensions as in (6). Recall that, to obtain
convergence of minimizers of F; to those of F', such a I'-convergence result would not be
enough and should be coupled with the equicoercivity of the sublevel sets of F; (see e.g.
[16, Theorem 2.9]). However, it is easy to see that in our setting here such equicoercivity
does not hold (see Remark 6.2 below).

As already pointed out, one can look at Theorems 2.1-2.2 in two ways: using ground
states on grids as one-dimensional approximations of those on R?, or using the model in
R? to effectively describe that on grids.

From the point of view of NLS equations in R?, the above theorems rigorously justify
the approximation of d-dimensional ground states with their analogue on grids and open
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the way to numerical implementations in this spirit (see [9,10] for recent results on
numerical schemes for ground states on graphs). Note that, since what we did here
works for the action when p € (2,2*) and for the energy when p € (2,2 + %), up to
now we can only handle regimes of nonlinearities where the ground state problems on
R? are well-known. It would be interesting to investigate whether one can perform an
analogous limit procedure in cases where the limit problem is not well-seated. Just to
give an example, one can think for instance at equation (1) with Sobolev critical power
p = 2* on bounded domains of R?, where even existence of positive solutions is often an
open question (whereas [20] showed that action ground states always exist on grids for
every p > 2). Let us stress, however, that at the time being it is not clear to us whether
our method can be extended to deal with p = 2*. We plan to further investigate this
point in future works.

Theorems 2.1-2.2 also say that ground states in R? provide an effective description of
suitable ground states on grids with small edgelength. Since, by simple scaling arguments
(see Remark 5.3 below), such ground states on G¢ are in one-to-one correspondence with
action ground states at small w and energy ground states at small masses on the grid G¢
with edges of length 1, this allows one to exploit ground states on R? to derive qualitative
properties of ground states on G{. We briefly discuss here two explicit instances of this
approach.

First, observe that action and energy ground states are positive solutions of the NLS
equation that, in general, can be different from each other (for recent discussions on
this point in full generality see e.g. [22,27]). However, since (1) in R? admits a unique
positive solution decaying at infinity, these two notions on ground states do coincide in
R?, in the sense that there is a one-to-one correspondence between w > 0 and x> 0 such
that the action ground state ¢, and the energy ground state ¢, are actually the same
function. Furthermore, such solutions are always radially symmetric and decreasing in
R%. On the contrary, on the grid nothing is known neither about the relation between
action and energy ground states nor about their symmetry. With respect to this, even
though we are still not able to tackle these problems at any fixed w and u, when p €
(2, 2+ %) Theorems 2.1-2.2 provide a first indication that these properties are recovered
asymptotically in the limits for w — 0 and p — 0 (as both ground states, suitably scaled
and extended to R? through A, converge to the same symmetric function).

Second, as a by-product of the argument developed to prove Theorem 2.1, we obtain
the following multiplicity result for mass constrained critical points of the energy at large
masses on G{.

Proposition 2.4. Let d € {2,3} andp € (2+ 5,6) ord>4 andp € (2+ %, 2*) be fized.
Then there exists (pn)n C R, with p, — +o00 as n — +o0, such that Egii has at least
two different critical points in Hﬁn (G) for every n.

The two critical points in Proposition 2.4 are an energy and an action ground state.
Note that existence of large mass energy ground states on G¢ can be proved for every p €
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[2 + %, 6) arguing as in [5]. That the two solutions are actually different is a consequence
of the fact that, when the mass is large enough, energy ground states share a large
Lagrange multiplier, whereas Theorem 2.1 guarantees that large mass action ground
states correspond to w close to 0. Observe that, since Theorem 2.1 applies only when
€ (2,2*), when d > 4 the above multiplicity result does not cover the whole range
p € (2+ %,6) where energy ground states at large masses do exist.
We now turn our attention to the comparison for Sobolev (2)—(3) and Gagliardo—

Nirenberg (4) inequalities. In R?, the sharp constant in Sobolev inequality (3) is well-
known (see [34])

1

u d))d

Sga 1= sup ” Hdel(Rd) = (F (1+ 5))d
u€WL.1(RY) IVul[L1(ga) dy/m 7

where I' is the gamma function, and it is not attained. On the d-dimensional grid of
edgelength 1, by [26] it follows that

ritigy 1

[Jull
Sga = sup =
B wewiigy Wlngy — (2d)

and it is easily seen that it is not attained too. Since elementary computations show that

L+’
(2d) AT

this essentially exhausts the discussion on Sobolev inequalities.

vd > 2,

The situation seems to be more involved for Gagliardo—Nirenberg inequalities. Letting

el g o
q,gii(u = d+(2 d)2 o (E-1)d’ uve H (gl)v
ull V% | .
HU”Lq R
Qqri(v) = a3 ) L ve HY(RY),
ol D% ) B )
and denoting by
Ky ga:= sup Qg ga(u), K ga:= sup Q,ra(v) (12)
ueHY(GY) vEH(RY)

the best constants in (4), we have the next partial result.

Theorem 2.5. For every d > 2 and q € (2,2%), there holds

(d=2)(g=2)

Kq,gfl > d 4 Kq’[Rd . (13)
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Furthermore, if q € [2 + 37 2*) then

(d—2)(g—2)

Kq,g;i =d 4 Kq7Rd (14)
and K ga is not attained for every ¢ > 2+ %.

When ¢ € [2 + %, 2*), on one side Theorem 2.5 establishes a strong analogy between
cubic grids and R?, with optimal constants being the same up to a factor depending only
on the dimension. Interestingly, when d = 2, the two constants are exactly the same. On
the other side, it marks a difference, since such a constant is not attained by any function
in H*(G{) for ¢ € (2+ %,2*), whereas existence of optimizers is well-known in R? for
every q € (2,2*). As the proof of Theorem 2.5 reveals, non-existence of optimizers on G{
is a consequence of the validity, for every ¢ > 2, of the Gagliardo—Nirenberg inequality
(see e.g. [5, Theorem 2.1] in the two-dimensional setting)

V< Cullull g 1 2y VuE HY(GY), (15)

lu L2(gH 1 L2 (gg)

a
La(g¢

where C; > 0 depends only on g. Since (15) is based in the one-dimensional microscale
of the graph, this is a peculiar feature of metric grids, that has no counterpart both in
R? and in the discrete setting Z¢, where the one-dimensional local structure is absent
[35].

Conversely, for g € (2, 24 %) we are not able at the moment to improve the upper
bound (13). It remains an open problem to understand whether in this regime it is
possible that K, g be attained and, this being the case, whether one can recover a
convergence result for optimizers of (4) similar to those in Theorems 2.1-2.2. Our best
result in this direction at present is the following existence criterion.

Proposition 2.6. Let ¢ € (2,2+ 3]. If there exists u € H'(G{) such that Qqgalu) >

(d—2)(g=2)

d——4 K, Ra, then Kq’gii is attained.

To conclude this section, let us stress that the method developed here is by no means
limited to the specific case of cubic grids. It is in fact fairly easy to generalize our approach
to grids with periodicity cell of different shape. For the sake of completeness, the final
section of the paper briefly overviews how this can be done on two specific examples of
non-square grids in the plane: the regular triangular grid (Fig. 3(A)) and the regular
hexagonal one (Fig. 3(B)).

The remainder of the paper is organized as follows. Section 3 establishes some results
on Gagliardo—Nirenberg inequalities on grids. Section 4 provides general estimates in-
volving restrictions of functions from R? to grids and extensions of functions from grids
to R? that will be widely used throughout the discussion. Section 5 is devoted to an a
priori analysis of the ground state problems on grids with edges of fixed length, whereas
the proof of Theorems 2.1-2.2 and of Proposition 2.4 is given in Section 6. Section 7
reports the proof of Theorem 2.5 and Proposition 2.6.
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(a) (B)
Fig. 3. Two-dimensional regular triangular (A) and hexagonal (B) grids.
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Notation: In what follows, we will often use the symbols <, p.c, Zap.c to indicate that

~

the corresponding estimates hold up to a multiplicative constant depending only on the
parameters a, b, c.

3. Gagliardo—Nirenberg inequalities on gg

Given their importance throughout all the paper, we start with some results about
Gagliardo—Nirenberg inequalities on d-dimensional cubic grids that will be used in the
following.

As anticipated in the Introduction, the analysis developed in dimensions two and
three in [3,5] can be easily adapted to show that, for every d > 2, ¢ € (2,2*] and
€ > 0, there exists K, ga > 0, depending only on d and g, such that the d-dimensional

Gagliardo—Nirenberg inequality
d+(2—d)¢ )d

S Kt],gd||u||L2(gd || /HLZ(gd

el g (16)

holds true for every u € H'(GZ). The first result of this section is a simple remark that
relates the sharp constant in this inequality with the edgelength of the grid.
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Lemma 3.1. Let K ga be the sharp constant in (16). Then Kyga = 5(%_1)(d_1)Kq,gii'

Proof. Given u € H(GY), let v : G¢ — R be such that u(x) = v(x/¢) for every x € G4.
Then v € HY(G¢) and

sy = lollprgry ¥r=1 I13a@n = 210 e
so that, by (16) on G,
d+@2-d)2  1(4=1)d
ull gy = ell0l% o) <K gy lollet e B
_d_(g_q)q4(92_1)q d+(2—d)% 2-1)d
S«&'l —@2-d)§+(§-3) Kq,g;i” HL2(gd 2” HL? gd)

d+(2—d) 4 )d

e
=BV, ool b I B gy

This shows that K, gs < g(3-1)(d- UKq’gf, and arguing analogously inverting the role
of u and v proves the reverse inequality. O

Being peculiar of dimension d, (16) is not available when ¢ > 2*. However, on grids
it is possible to exploit the coexistence of scales of different dimensions to obtain new
families of Gagliardo—Nirenberg inequalities for powers larger than the d-dimensional
Sobolev critical exponent. In particular, the next proposition, which to the best of our
knowledge is new and can be of some independent interest, provides a result in this spirit
interpolating between purely two-dimensional and d-dimensional inequalities.

Proposition 3.2. Let d > 3. For every e > 0, ¢ > 2* and a € (0, 2], there exists C > 0,
depending only on d, q and «, such that

ol gy < CEH "l Gaig 02y u € HY(GE). (17)

Proof. Observe first that it is enough to prove (17) when ¢ = 1. Indeed, for every ¢ # 1
and u € H'(G?), letting v € H(G{) satisfy u(z) = v(z/e) for every x € G2, it follows

||u||%q(gg) = EHU”Lq(gd) Sdga EllVNT2 gd)HU HLz @8 = =egftl- “ullze gd)”“ HL2 (Gd) -

The proof of (17) on G{ is divided in two cases.

Case 1: a = 2. Note that, when o = 2, (17) is the standard two-dimensional
Gagliardo—Nirenberg inequality

lull? o gy St lulBnpy 15220, V€ H(GH). (18)

As is well-known (see e.g. [5, Theorem 2.3]), (18) can be easily deduced by the two-
dimensional Sobolev inequality
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lullp2ggy Sa lw'llpigyy — Yue WHHGH). (19)

To prove (19), it is enough to think of G{ as

g- U U @nr

ije{l,....d} kezd—2
i<j

where, for every i, =1,...,d and k € 7972,
k d
Pij = {(xla“-amd) e R : (1‘1,---,mi—1,$i+1,~-~7Ij—1,3€j+1,---,l’d) = k}~

Clearly, P 1s a plane parallel to the coordinate planes of R?, G¢ ﬂPilj- is a two-dimensional
grid contamed in PZ-’; and each edge of G{ belongs to d — 1 of such two-dimensional grids.

If w € WH1(G{), its restriction Uigdnpk, to G¢ N Pj; is in Wh1(G¢ n Pj;), so that by
[5, Theorem 2.2] it follows

H ||L2(gank) S _” ”Ll(gan’“)

and, summing over i,j € {1,...,d},i < j and k € 7972,

1
2 _ 2
”UHLz(gii) *m Z Z ” ||L2 gdﬁP’“)

JE{Ld) hEZ-2
1<j

1
§4(d— 1) Z Z “il Qdek)

i,j€{1,...,d} kezda-2
1<j

2

1 d—1 2
SId-D > 2 I ls(aznes) | = 1 W lerap)

i,j€{1,....d} kezd-2
1<J

that is (19).
Case 2: a € (0,2). Given ¢ > 2*, we prove (17) with € = 1 by interpolation between
(18) and the d-dimensional Gagliardo—Nirenberg inequality (16) at power 2*

JllZi gy < Ko golli Zogey  Vue HY(GD). (20)
Set r := %q + 2* (1 — %), so that, since « € (0,2), we have 2* < ¢ < r and

o (1—a a
ull o gy < Nl g el g

which coupled with (20) and (18) for the L" norm entails
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1_,

2)
[ull T goy S.a.a v [ Gy Hu||L2(g1)Hu ||L27" = lullza g 10172 gy

and completes the proof. O
4. General restriction and extension estimates

This section collects results frequently used in the following to compare norms of
functions on R? with those on grids. We start by recalling a straightforward relation
between the norms of a given function in R? and the ones of its restriction to grids with
vanishing edgelength.

Lemma 4.1. Let u € CY(R?) N H?(RY) N L>(RY). For every e > 0, let u. : G — R be the
restriction of u to G¢. Then there exists C > 0, depending on u but not on €, such that,
as € — 0, it holds

5dfl

el gy = el | < C=0 Va2, (21)

<Ce. (22)

[ 22 gy — IVl oy

Proof. Here it is convenient to think of G¢ as

d
U Uxi

i€zd-1j=1
where, for every i € Z% ! and j = 1,...,d,
X7, ={(ein, ... eij-1,8,€ij,...,€ig-1) : s €R}.

Let us split the proof in two parts.

Part 1: proof of (21). For every fixed j € {1,...,d}, consider the partition of R? given
by the sets, for every i € 7971,

AL = [ein, e(in+1)) % x[eij1, (ijo1+1)) xR [, €(ij+1)) X X [giq_1, (ia—1+1))
and define w, ; : R? — R as
We (1, ..., 2q) == u(eir, €lj_1,25,€05,...,6lg—1) V(x1,...,2q) € Ag ;» forsomeieZ.

By definition, for every q > 2,
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we |70 ey = Ly /|u €i1,€0_1,Tj,€05,...,ig—1)|? dx;
iezd—1
d—1 q
=€ NN 23
e HLq(UiEZH x2) (23)
Moreover, since u € H(RY), if € is small enough we have
e(i1+1) e(ig—1+1)
|| we,j| L2(R4) < Z / / /\u(ml,...,md)
EZd t E‘ Eid71 R
—U(Eil, Eij_l, Zj, €ij, ce ,€id_1)|2 dl‘jdl‘d ce d$j+1d$j_1 AN d:I,‘l
g2 Z / |Vul(x1,...,24)doy ... deg = 52||Vu\|%2(kd) ,
lEZd 1 j
which coupled with (23) yields
122 gy — Ed_lu%”é(uiezm X;i)‘ < 2¢lju]| L2 rey |Vl L2 (ray + €2 VUl 22 (gay -
Summing over j = 1,...,d proves (21) with ¢ = 2.
If ¢ > 2, arguing similarly we obtain for every j
‘HUH%q(Rd) - Hwe,jH%q([Rd) SE/ IV([ulD)(z1,...,2zq)dzy ... d2g
d
5qe/|u|q*|vu|(:c1,...,xd)dx1...dxd (24)

R
-1
5q5||““qu<q—1>(Rd)HVUHL?(W) )
so that, summing over j and recalling (23),

&_d—l

”uHLq (R4) — ”us”Lq (G Sq

ellull 21 gy Vet L2ty 5

which implies (21) since u € H'(R?) N L*°(R?) by assumption.
Part 2: proof of (22). For every j =1,...,d, let v.; : R? - R be

vg,j(xl, AN ,.Td) = awju(€i1, 67;3'_1,.%]‘,52.]', e ,8id_1)

V(z1,...,xq) € AL, for some i€ Z,

€,1?

where AZZ are as in Part 1 above. Then
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||v5,j||2L2([Rd = g1 Z/|8$Ju Ei1,€15_1,T),€05, .. €lq_1)|* dz;
’LGZd[R

_gd—1||ua||L2(U czd— 1X )

and, since u € C*(R%) N H?(R?), arguing as before

||awju||L2([Rd) [[ve.s |L2([Rd)

<=y /|v (00,0221, .. 20) da . .. dg

i€zd—1 ey
el Vull pzgay |1 D*ull 2 ra) ,
so that summing over j gives (22). O
We then turn our attention to the relation between a given function u € H'(GY),
its piecewise-affine extension Au as defined in (6) and the restriction of Au to G2, that
from now on will be denoted by #. By definition, on each edge of G¢ @ is the linear
interpolation of the values of uw at the corresponding vertices. Hence, identifying any

edge e € Ega, e = (V1,V2), with [0, €], and denoting by 1. the restriction of u to e, we
have

Ue(x) = Mw +u(vy), Vzel0,e]. (25)

It is readily seen that, if u € H'(G%), then @ € H*(G?) too and, by Jensen inequality,
10| 2 (gay < lu'[|22(gay - (26)

We now want to estimate the distance between the L2 norms of v and @. The next lemma
does the job in the case ¢ = 2.

Lemma 4.2. For every u € H(G?) it holds, as € — 0,
ull2 gy — N2 | < 3elulZ s (27)

Proof. Throughout the proof, we use the following convention: for every edge e € Ega

identified by an interval of length ¢ in the j-th coordinate direction of R?, we let v be

its vertex with smallest j-th coordinate and vy be the one with largest j-th coordinate.
Note first that, for every edge e of G, we have both

[l o = elu(vi)? = / (u2(2) ~ (V) d = / / ) dyd < 2efulo ' 2o

and
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@2y —elulvi)]? = /(172(90) — (V1)) dz < 2e[a]| 2o 17| L2 e)
e

since by definition u(v1) = u(vy) for every vi € Vga. Summing over e € Egs and making
use of Cauchy—Schwarz inequality and (26) then gives

<|lul2agay & 37 uO)P|+ |[l22gay & 3 lulvi)l?

eE[Egg eEIEgg

Hu||2Lz(gg) - Ha“zm(gg)

<e Z ||UH%2(@) + HUIHiz(e) + Hﬂlliz(e) + |WH2L2(6)
€€|Egg

<e (Ilullfz(gs) + I3z s + 2 g ) - (28)

Furthermore, recalling (25), for every e € Egs we obtain

[ u(va) — u(v1) :
~ u(Vg) —ulv
\|u||2LZ(e)=/ %x-ﬁ-u(vﬂ da
0
2 3
Vo) —ulVv Vo) —ulv
- (M) e+ agey R 2,
€ 3 €
so that summing over all edges of G¢ yields
il o) — = 3 fu(vi)P?
EEEgg
3 2
< .2 u(va) —u(vy)| & u(Vz) —u(vi) \"
<22 30 Ju(vy)| | S 5 () (29)
EE[Egg eElEgg

By Cauchy—Schwarz inequality, for any fixed § € (0,1/2)

U — U 1/ |u 2 u —u 2
(V2) <V1) S 5 <| 6(1\112)6| + | (V2)€1+25(V1)| > 9

€

(V1)

whereas by Jensen inequality

2

u(va) —u(vi) > 1 / , 1, 9
—_— = - d < - 2 .
( [ uwdr] < E||u [72(e)

S
e

Plugging into (29) and making use of Jensen inequality again leads to
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@z —& D lu(vi)l?

EEEgg
€1+26 ) 52 9
’
<S> vl + Sl S 74
eengg ee[Egg ee[Egg
E1+25 ) 62—25 5 62 9
/ ’
< Y P e Y W+ 5 X Wl
ee[Egg ee[Egg eETEgg
1426 1-26
1S g e
= Z u(vi)[? + el|u']| 72 gay <T+§) . (30)
ee[Egg

Since, arguing as in (28), one has

3 Z ‘U V1 |2 1 —|—€)Hu||L2 (Gd) +€||’LL HL2 (Gd)» (31)
ee[E

combining with (30) yields, for sufficiently small ¢,

2 9 826 o 51_26 e
@172 gay <& Y Ju(vi)? {1+ - ) Tellwlizzge ( —5—+3

Ee[gg
<2 (Il gy + =l (g0
and plugging into (28) gives (27). O

When d > 3 and 2 < ¢ < 2%, an estimate analogous to that of the previous lemma
is harder to obtain and exploits the interpolating Gagliardo—Nirenberg inequalities of
Proposition 3.2.

Lemma 4.3. For every u € H'(GY) we have that, as ¢ — 0,
(i) if d=2 and ¢ > 2, ord>3andq< "~ 41, then
[ FA
<c ( e A T e Ml ] o e I T gd)) (32)

for a constant C' > 0 depending on q and d only;
(ii) ifd >3 and g > % + 1, then for every v € (0,1]

<C (52+1—v||u||L2 Ga) ]9 gd) edHmg |y 9. gd))
(33)

[l gy = 110 gy
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for a constant C' > 0 depending on q,d and v only.

Proof. We adopt the same convention of the previous proof for the vertices vy, vy of
each edge e € Ega. By Holder inequality, we have

gy —¢ S fu(v)l?

eElEgg
< Y [l - preiars Y| fuywaa 6
ee[l-igde ee[[gde 2
—1
e 2 [ )l ) dy < aelal 12 gy 0 2o
ee[EQge

Now, if d =2 and ¢ > 2 or d > 3 and ¢ < 2~ ~ + 1, that is 2(¢ — 1) < 2*, by (16) and
Lemma 3.1 it follows

—2) (4 +(2-d)(g=1) 2)y
||U||L2<q 1 (gd) §d7q @y ||u||L2(gd) [/ HLz(gd
that coupled with (34) gives
(q (d— M d+1
[l gy =& 3 (V)% Saq Dl gt IR (35)

EEEEgg

Analogously, since by construction u(v) = u(v) for every v € Vga, arguing as above and
combining with Jensen inequality, Lemma 4.2 we obtain, provided ¢ is small enough,

@l gay =€ D Tulvi)l?

CEEgg

= @l uigay =2 D la(va)

eclE
N (36)
< 1+(q 2)(d 1) % >d+1
~dyg € ||U||L2 gd) [’ HLz(gd)
14922 (g1 2 2 B 2 d+1
- !
Saq 70D (ulZa g + el 2o ol g

(a—2) d+(2-d)(¢=1) 2 g+1 344=2
Saa (Pl gl W+ T gy )
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where the last inequality makes use of the subadditivity on RT of the map s
s% which is guaranteed for every ¢ > 2 when d = 2 and every g € (2 + 1]
when d > 3. Couphng (35) and (36) gives (32).

Ifd >3 and ¢ > % +1,ie 2(¢—1) > 2%, we combine (34) with Proposition 3.2 to

get, for every a € (0, 2],
HuH%q(gg) —€ Z lu(v)|? sd,q,a +1||“HL2(gd [/ ||L2(_gd) (37)
eE[Egd

Arguing as above on u we have also

[l 0 goy =& D [u(V)I7| Sagae”® T Fago T 1 e,
€€|Egg

'||L2(gd) —|—€2+1 T ||u/||L2 gd)) 7

Sd.g.e (5
which together with (37) yields (33) with v = /2. O

We conclude this section with some elementary estimates involving the extension
operator A.

Lemma 4.4. For every u € H(G?) it holds, as ¢ — 0,
A2 gy < 2+ D () + <l 13 g (38)
IV AUl 2 (gay < M2 g2y (39)

Furthermore, if d > 3 and q > 2*, then for every v € (0,1]

A gy < O (llhaggy + 2 Ml 1920 )  (40)
for a constant C' > 0 depending only on d,p and .

Proof. For every k € 7%, recall that we denote by Cj, the d-dimensional cube of edge-
length ¢ with edges on G¢ and vertex with smallest coordinates at ck. For every o € Sy,
on the simplex Sk, given in (5) by definition Au is a convex combination of the values
of u at the d + 1 vertices of C}, contained in Sy ,. Hence, by Jensen inequality, for every
q=>2

d+ 1)1
Al s, ., < S S gy,
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so that summing over o € Sy

q (d+ 1)t
Ml < 3 T e
o€Sy VE\/ggﬂSkwg
(d+1)71 B
< 3wy et =@yt Y vy
V'G\/ggﬁck €Sy V’G\/ggﬁck

Since each vertex of G¢ belongs to 2¢ such cubes, this entails

[Awl 0 gy = Y [Mullfoey <@+ Y Y u(v)?

kezd kezd VeV anCy

2Md+ 1) 3 fu(v)|7.

\/E\/gg

When ¢ = 2, coupling with (31) gives (38), whereas for ¢ > 2* combining with (37)
yields (40).

To prove (39), observe first that, for every k € Z¢, there is a one-to-one correspondence
between the simplexes Sy, as in (5) contained in Cj and the shortest paths in GZ
going from the vertex with smallest coordinates of C} to that with largest coordinates,
since both sets are in one-to-one correspondence with the symmetric group Sy. This
immediately tells that each simplex contains exactly d + 1 edges of G¢. Moreover, given
any edge e € Ega, to find the total number N(e) of simplexes Sy, that contain e it is
enough to count the number of times e belongs to a shortest path connecting the vertices
of C}, with smallest and largest coordinates, for some k € Z%. With no loss of generality,
let e = (v1,Va), where vi, vy € Vgg are such that the j-th coordinate of vy is smaller
than that of vy, while all the other coordinates are the same. Then e belongs to Cj, if
and only if the j-th coordinate of Vi — ek is equal to 0 and, among the remaining d — 1
coordinates, 7 of them are equal to € and the other d — i — 1 are equal to 0, for some
i=0,...,d— 1. For fixed i, the number of such k € Z¢ is (dzl). Moreover, since ¢k is
the vertex with smallest coordinates in C), and it has i coordinates smaller than those
of vy, there are i!(d — 1 — 7)! shortest paths in C}, starting at ek, passing through e and
ending at the vertex with largest coordinates of C. Therefore, the total number of such
paths e belongs to is

d—1

d—1
(e) Z( Z_ )ud 1—i)=d
i=0
Since a direct computation shows that, if e,lw,, ey egtl are the d + 1 edges of G4 that

belong to S 4,
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d 1 d+1
19 A5, = =g LI
we obtain
dtl cd—1
||V“4“||%2<W>: i Z 2D M@ ey ) =5 2 NEIEIZa
kezZd 0€S, i=1 eE[Egg
= 5d_1||ﬂ/||2L2(gg) :

Combining with (26), we conclude. O
5. A priori estimates on ground states of jw’gg and ggg

Throughout this section we establish a priori estimates for ground states of j%gg and
Egg as in (7)—(8). The argument being analogous, we develop the discussion of both
problems in parallel.

Since will be needed in the following, let us recall here some well-known facts about
the action and energy ground state problems. As for the action, it is readily seen that,
ifue K/w,gg7 then

~ 1 1
Jw,gg( ) ||u||Lp gd) ) K= 5 - 57 (41)
so that
Jga(w)="5 inf  olf;
gg(w) - E UGIB ) HU”Lp(gg) .
w,6d

Moreover, there is a natural projection of H'(G%) on Nw’gg, since, setting

_1
%w(u) = <d||U/| L2(G¢) +w||U||L2 = )p_2 )

HuHLp(gg)

it holds 7, (u)u € J\Nf%gg for every u € H'(G?).
Analogous properties hold true for the action problem on R?, as for every u € N, Rra
it holds

Toga(w) = £ull?, g

and setting, for every u € H'(R?),



S. Dovetta / Advances in Mathematics 444 (2024) 109633 25

_1
oo (1) = <||vu|%2w) +WHuII%z@R”) o

Hu”ip(uad)

then 7, (u)u € N, ga.
Recall also that, by standard scaling arguments, for every p € (2,2*) and w > 0,

2p—d(p—2)

Tga(w) = Tra(Dw 2@=2, Jra(1) >0, (42)
whereas for every p € (2, 2+ %) and pu >0

2p—d(p—2)

Era(p) = Ega(L)p +=10=27, Era(1) <0. (43)
We now state the main results of this section in the following two theorems.

Theorem 5.1. For every p € (2,2*) and w > 0, there exists € > 0 and C > 0, depending
only on p, w and d, such that, for every ¢ € (0,), if u € ngg is a ground state of

Ju,ga, then

<& ' |2gay < C
< YullFagey < C

<egdt ||u||1£z>(gg) <C.

Ql~ Ql~ Q-

Theorem 5.2. For every p € (2,2—1— %) and p > 0, there exists € > 0 and C > 0,
depending only on p, u and d, such that, for every e € (0,2), if u € Hiu(gg) s a
a—1

ground state of Egg at mass E;L_l,u, then

Remark 5.3. To prove Theorems 5.1-5.2 we exploit the relation between the action and
energy ground state problems on grids with different edgelength. Recall that, given a
metric graph G and a function u € H'(G), setting for every ¢t > 0

@) = tu(t®s),  a= -2, p=P2 (44)

we have 1 € H(t7°G),
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/ |a/\2dx=t2ﬁ+l/|u’|2dx, / |a\de=t2ﬁ+1/|u|de,
g

t=8G t=PG

/ |[a)? x—t/|u|2d1:

t=A¢g
Hence, taking e > 0, G = G4 and t = 5%, it follows that u € H'(GY) if and only if
u € H'(G}) and
@32 gg) = &% lullfga)
@120 gy =5 013202y
||u||Lp(gd) s ||u||Lp(gg) :
As for the action problem, this shows that u € ./\7w7gg if and only if u € ./\752%(‘;{1, and

oy ga (@) = 275 T, ga(u). (45)

As for the energy problem, we obtain that u € H! (gd) if and only if w €
d
H;sﬂ“du(gl)’ and

Ega(@) = €% Ega (u) . (46)
Note that
4 1 4
c(2,2+2 — —4l-d=———d>0,
< +d> 5 p—2
sothateﬁﬂfd—>Oass—>0forevery2<p<2—|—%.

In view of Remark 5.3, Theorems 5.1-5.2 are a direct consequence of the next two

propositions.

Proposition 5.4. For every p € (2,2%), there exists w > 0 and C > 0, depending only on
p and d, such that, for every w € (0,), if u € Nw7gii is a ground state of J,, ga, then

1 d(p— )

2p—d(p—2) 2p—d(p—2)
aw Eoo < o’ ||L2(gd < Cw 262 (47)

1 4-de-2) 4—d(p=2)
v o) < \|U||i2(gg) < Cw 20— (48)

1 d(p— 2p—d(p—2)

— T <l g < Cw S (49)
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Proposition 5.5. For every p € (2, 24 %), there exists i > 0 and C' > 0, depending only
on p and d, such that, for every m € (0,m), if u € HL (G#) is a ground state of Ega at
mass m, then

1 4 d( 2 4 dd(p 22)
6m = <’ ||L2 (%) < Cm a2 (50)
1 2p—de—2) 2p—d(p—2)
Cm4 a(r—2) <||“||Lﬂ(gf) < Cm -2 | (51)

The proof of Propositions 5.4-5.5 makes use of the following preliminary estimates.

Lemma 5.6. For every p € (2,2*) and w > 0, there exists C' > 0, depending only on p, w
and d, such that

5d*1.7gg (w) < Jre(w) + Ce ase—0.

Furthermore, for every p € (2, 2+ %) and p > 0, there exists C' > 0, depending only on
p, u and d, such that

€d_lggg (%u) < Era(p) +C'e ase—0.

Proof. It is a direct consequence of Lemma 4.1 applied to the ground states of .J, g« and
Eg,.

If uw € N ga is a ground state of J, ga, which is well-known to be in C'(R?) N
H2(RY) N L= (R?), letting u. € H'(GY) be its restriction to G¢ and v, := 7, (uc)ue, we
have v, € /\wa,gg and, by Lemma 4.1,

d—1 d—1

1= 1 1S 3 ~
e 1jgg (w) <et 1Jw,ga (ve) = KTHUEHIZ,p(gg) = ”TWEJ(US)HUEHZ[),p(gg)

o (Il el + NS
=" (e ( ullzp ray 6)

<k(1+ C’s)HuH’zp(Rd) + Ce = Jra(w) + Ce

for suitable C' > 0 (not relabeled) and every € small enough.
Analogously, if u € Hj(R?) is a ground state of Ega at mass y, letting u. € H'(GY)

be its restriction to gg and v, := /Wﬂ u., we obtain v, € H1 (gd) and
“lrL2(gd)

sd_lggg (%u) < Ed_lﬁgg(vg) < Ega(u) + Ce = Ega(p) + Ce

for sufficiently small e. O
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Proof of Proposition 5.4. Note first that, by (45) and Lemma 5.6, for every w > 0 small

enough
wi(d_zs—g)jgld (@) =@ ga_(1) < Tra(1) +0(1),
so that
jgd( w) Sdp W %(d 3_7) = wzp;(z%—)m .

Ifue /\wa’giz is a ground state of j%giz, this immediately proves the upper bound in (49)
by (41), and by definition of -/vw,gf

dHU/IHiQ d HU’”2 ||u||p — —
(G%) w LQ(Qd) Lp(gd) 2p d(f) 2)
Ju ||L2(g;l) < - d L= 7 L <gpw 209
” I” 2(gd ||UH d 4—d(p—2)
2 L2(67) _ Lr(G¢) 4-d(p=—2)
”uHL?(gf) < ||u||L2(gd) Sapw 26D

i.e. the upper bounds in (47) and (48).

To prove the lower bounds, let us distinguish the cases p € (2,2—1— %) and p €
[2 + %, 2*). Ifpe (2, 2+ %), by u € J\/’wygf and the d-dimensional Gagliardo—Nirenberg
inequality (16)

el .
(G6¢) d+(2—d)2 2_1)d
122 gy € 22 S lulaopy * I | gy (52)
that is
__1 d 2)d2 2p—d(p—2)
e S Sap i 7 (53)

Coupling (53) again with the definition of Nehari manifold and (16) then yields

d+(2—-d)§ (5-1)d dt+(2—d) B4 ;B2 2p=d(p=2)
llullFaqggy < s gy Sa Nuliign I gy S Nulpiggey — 7 ©

that is the lower bound in (48). As a consequence,

2p—d(p—2)
HuHip(gld) 2 w”u‘liz(gf) 2 w 2(p—2)

and thus, together with (16) and the upper bound in (48),

d(p—
w 2(? 2)

d+(2 d) (2-1)d @D 4—ap- 2_1)d
Saw Nl Bl Gl Sapw— 7 2o B,

completing the proof of the lower bounds in (49) and (47) respectively.
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If pe [2+ %,2*), then (2 — 1) d > 2, so that (52) and the upper bound in (47) imply

d+(2—-d)2 2-(2_1)d (P _1)q) 22=dp=2)
H ||L2 (G4 2 Nd,p HUIHL2((Q2¥)) zd,p w(2 (B-1)d) -2

which is once again the lower bound in (48). Arguing as above provides the lower bounds
in (47) and (49) and concludes the proof. O

Proof of Proposition 5.5. By (46) and Lemma 5.6,

B(d—3)—1 ~

1 1
MmO Ega(m) = m(* s ggiff/ow(l ) <m(dT Wiw) = e (3> o)

for sufficiently small m > 0, so that (recall § is as in (44))

2p—d(p—2)
5gd( m) Sap —m -9

If u € HL (G{) is a ground state of ng at mass m, this means

dp 2p—d(p—2)

1ull}0 gy = =5 11 Z2(gg) = dpEgy(m) Zap m ===,

i.e. the lower bound in (51), and coupling with the d-dimensional Gagliardo—Nirenberg
inequality (16) leads to

2p—d(p—2) (2—d)®

m 4—d(»p—2) <d m2+ 1)d

% ),
that is the lower bound in (50). Moreover, the negativity of Egii (u) and (16) imply

2 d —_de £-1)d
122 gg) < ) Sap mi+E O ) )

and rearranging terms yields the upper bound in (50), that combined with (16) again
gives also the upper bound in (51). O

Proof of Theorems 5.1-5.2. The desired estimates follow immediately by the combi-
nation of those in Propositions 5.4-5.5 and the scaling argument described in Re-
mark 5.3. O

6. Convergence of ground states: proof of Theorems 2.1-2.2 and Proposition 2.4

Prior to prove our convergence results for ground states, we need the following lemma.
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Lemma 6.1. Let d > 2 and p € (2,2*) be fized and, for every ¢ > 0, let u. € H(G?) be
such that

d— - d—
< e uel Gz gay, € UL 2(gay, €T el (gay < € (54)

Ql~

for a suitable C' > 0 independent of €. Then as e — 0

(i) there exists C' > 0, independent of €, such that

Ed_l

THUsH%z(gg) — [ Au |22 (ray | < C'e; (55)

(ii) fd=2andp > 2, ord >3 and p € (2, 27 + 1] , there exists C" > 0, depending

only on d and p, such that

Ed—l

T||u€||1£p(gg) - ||Au5||1£p([Rd) <C'; (56)

(iii) ifd >3 and p € 27 +1,2%), then for every v > 0 there exists C"" > 0, depending
only on d, p and v, such that

€d71

d=2 g% v
T||u8||§p(gg) - ||.Au6||1£p([Rd) <O @ -p) (57)

Proof. Recall that, as in Section 4, we always denote by 1. the restriction of Au. to G9.
By (54) and Lemma 4.2 we obtain immediately

Edfl E_:clfl

T\|Ue||2L2(gg) - T||ﬂe||%2(gg) Se (58)

for sufficiently small €. Moreover, by (54) and Lemma 4.4 it follows that (Au.)_ is
uniformly bounded in H'(R?), so that arguing as in Part 1 of the proof of Lemma 4.1
yields

Edfl

d ||ﬂe||2L2(gg) - ||Au6||2L2(Rd) Se

~

as € — 0. Coupling with (58) proves (55).
Observe that, applying to Au. the argument in Part 1 of the proof of Lemma 4.1 up
to (24), we have

Ed_l

T‘|a€||12p(gg) - HAue‘HZ[),p(Rd) Szp 5||~Au6Hig(lpfn(ued)HVAUEHL?([Rd) . (59)
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Ifd=2andp>2,ord>3andpe€ (2, Z+ 1}, the boundedness in H*(R?) of (Au.)_

ensures also the boundedness in L2~ (R%), so that the previous estimate becomes

€d_1

THaEHZ[),p(gg) - HAUEHZZ,p(Rd) Sp€ ase— 0.

Moreover, Lemma 4.3(i) and (54) imply

€d 1 €d_1

||u5||Lp(gd) - THTLE”ZZ,p(gg) Sdp €

provided ¢ is small enough, which together with the previous estimates gives (56).
Ifd>3andpe (% +1, 2*), combining (54) with Lemma 4.3(ii) entails

5d 1 Ed_l

~ d=2 (g% __y__
el goy = =5 Nl gy | Saper ™™ @707 (60)

for every v € (0, 1] and ¢ sufficiently small. Furthermore, by Lemma 4.4, Proposition 3.2
(with ¢ =2(p—1) and a = ) and (54), we get

1 — 2(p—1 — 1
HA 6||L2p(p 1)) (Rd) Sd,p,'y €d ! (”us”L(zZZpﬂ))(gg) +eP 7||’Ua€HZ2(gd ” EHL2p(gd)) ’Y)

2(p—1)—~

Sapy e fuc|[ 2, gd)H e||L2(gg) Sapy P~ @ DE=2)=7

and, plugging into (59),

Ed_l

. p—(d=1)(p—2)—~ d—=2 o% _\_
T”%”]Zp(gg) ||AUEHLP (RY) 1+ 2 =g 2 (2*—p)—13 .

Sdpy € =

Coupling with (60) implies (57) and completes the proof of the lemma. O
We are now in position to prove Theorems 2.1-2.2.

Proof of Theorem 2.1. Fix p € (2,2*) and w > 0. For every € > 0, let u. € Nw7gg be a
positive ground state of jw)gg satisfying

sup [|ue | L2(q;) = lluellL2(qo) ; (61)
JEN

where (Q;)jen C R? is an e-independent, countable family of open, unitary d-dimensional
cubes in R? such that Q; N Q; = 0 for every i # j, Ujen @5 = R? and Qq is centered
at the origin. It is clear that (61) does not imply any loss of generality, since for every
u. there always exists x. € R? for which u.(- — x.) satisfies (61). Note also that, by
Theorem 5.1, Lemma 6.1 applies to u. as € — 0.
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Set v := 7, (Auc)Auc. It then follows that v, € N, ge and, by Lemmas 4.4-6.1, if
d=2andp>2ord>3andpe (2,%+1} it holds

Jw,[Rd(”s) = k7, (Au)? ”Aus”Lp Rd) = E d” 1||Us||Lp (Gd) +Ce

= 5d*1.7gg (w)+ Ce ase — 0, (62)

for a suitable constant C' > 0 depending only on d, p and w, whereas if d > 3 and
p e (% + 1,2*) we get for every v > 0

Joga(ve) < €41 Tga(w) + C'e T P77 as e 0, (63)

for ¢’ > 0 depending only on d,p,v and w. Since Jga(w) < J,, ga(ve) by definition,
coupling (62)— (6 ) with Lemma 5.6 proves Theorem 2.1(i) (noting also that 452 (2*—p) <
1 for every p > 7 +1). Furthermore, (v.). C N, ga is a minimizing sequence for Jra(w)
and, since arguing as in the proof of Lemma 6.1 it is readily seen that

' , cd—1 ,
glg% ||UEHL2(Q) - T”UaHLz(Q) =0
for every given measurable Q C R?, by (61) it satisfies
: 2 2 _
Iy = 500 ol = 0- (64)

Since [Jve — Auc| g1 (rey = o(1) as € — 0, we are left to show that v, converges strongly
in H*(R?) to the ground state ¢, of J,, ga in NV, ga attaining its L> norm at the origin.
That such a convergence holds is a classic result, but for the sake of completeness we
report here the details of the proof.

As (ve). is bounded in H'(R?), there exists v € H'(R?) such that, up to subsequences,
ve = v in HY(RY) for ¢ — 0. Let m := ||v||%2(md), so that by semicontinuity m <
liminf. g ||v5||%2(md). Observe that, if m = lim._,g ||/U8H%2([Rd)7 then the convergence of
v. to v is strong in L?(RY) and thus, by Gagliardo-Nirenberg inequalities (4), strong in
LP(R?). In particular, by semicontinuity again and v, € Nw7|Rd,

IVOlZegay + @lvlTagey  IVVelTaga) + wlivellZoga)
(V) = < lim inf =
HUHLP([Rd) €0

||Us||Lp([Rd)
so that
Tea() < T (mo(0)0) < AP 0] gy < A [, 0y = lim T, (o)

= de (w),



S. Dovetta / Advances in Mathematics 444 (2024) 109633 33

that is m,(v) =1, i.e. v € NV, ga and it is a ground state of J,, ga. By (64) and the fact
that Qg is centered at the origin, v is thus the unique ground state ¢, attaining its L>°
norm at the origin, the convergence of v, is not up to subsequences (by uniqueness of
the limit) and it is strong in H'(R%).

To complete the proof it is then enough to rule out the possibility that m <
lim inf._,q ||v5||2LQ([Rd). To this end, let us distinguish the cases m > 0 and m = 0.

If 0 < m < liminf,_ ”UE”ZL?([Rd)’ then liminf. ¢ ||ve — U”%?([Rd) > 0. Let 0,0, € R be
such that v € Ny e, v- —v € Ny_ga for every e. By the weak convergence of v, to v in
H'(R?), Brezis-Lieb Lemma [17] and v. € N, ga, it follows

[|ve — U”Izp(uqd) —[|[Vve — VU||2L2([Rd)

c [|lve — UH%} (R4)

el oy = 101 gty = 90 By + [0y + o)

[[ve _UHLz([Rd)

wlve||? —0||v +0(1) ||
= el ey = Ol + o1 :w—i——” [z (w—=0)+o0(1) ase—0,
llve — U”LZ([Rd) |ve — U”Lz (Rd)

which implies that either § > w or liminf. ,o0. > w or # = lim._,¢ 0. = w. However,
since by Brezis-Lieb Lemma [17] we also have

Tuo ) = 510 ([0, gy = 1 [[oe = 012,y + 10l g > 1 T (02) + Tra (0),

this provides a contradiction, as Jga is nonnegative on R and strictly increasing on R™
by (42).

Assume then by contradiction that m = 0, i.e. v = 0 on R?. Since the convergence of
v: to v is locally strong in L?, this implies that [Jvc | z2(q,) — 0 as e — 0, so that by (64)

;13%325 [vell 2@,y = O (65)
Recall now that, by standard Gagliardo—Nirenberg inequalities on bounded subsets of

R?, we have for every j € N

244
el 2.

g, S CllvallL2(Q IV2ellZ2 (g,

for a suitable C' > 0 independent of j and €. Summing over j we obtain

2+2 2+14
el 2y oy = S el?y < OD ellfao 92
JEN jEN

Ve 122 ray

4
< C'sup ||lve||®
B jeE” E”L“%(Qj)
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and, combining with (65),

=0. (66)

;E}% ”’UE”L2+§ (R)
Since (v.). is uniformly bounded both in L?*(R?) and in L?" (R?), it then follows that
v. — 0 strongly in LP(R?) when £ — 0. As this provides again a contradiction, given
that v, € N, ge and thus HUEHLP([Rd) Zp Jra(w) > 0 for every e, we conclude. O

Proof of Theorem 2.2. Let p € (2 2+ 3 ) and p > 0 be fixed. For every € > 0, let
Ue € H1 (gd) be a ground state of Fga with mass d — 1 satisfying (61). Set then

Ve 1= /W Au,, so that by definition v, € Hﬂb(le) for every e. Since Lemma 6.1

L2(R%)
applies to u. by Theorem 5.2, arguing as in the proof of Theorem 2.1 it is readily seen

that, if d € {2,3,4}, or if d > 5 and p € (2, 27 + 1} (which is strictly contained in
(2,2+ %)), then

Era (i) < Er,(ve) < Ed_lﬁgg(us) +Ce=el"tg (Edd_l '“> tCe  ase—0

for a suitable C' > 0 depending only on d, p and u, whereas if d > 5 and p € (27 + 1, 2*),
then for every v > 0 there exists C > 0, depending only on d, p,~ and pu, such that

Era(p) < Er,(ve) Sfd_lg<€d ) +CeT ase —0.

Since %(2* —p) < 1 for every p € (% + 1,2*), combining with Lemma 5.6 proves
Theorem 2.2(i). Moreover, (vz). C Hj(R?) is a minimizing sequence for Egs which is
bounded in H'(R?) and satisfies (64). Hence, up to subsequences v, — v in H'(R?), for
some v € HY(R?). To conclude the proof of Theorem 2.2, it is enough to prove that v is
the unique ground state ¢, of Eg« at mass u attaining its L°° norm at the origin. To
this end, it is sufficient to prove that ||U||i2([Rd) = 11, because this implies that v, tends to
v strongly in L(RY) for every q € [2, 2+ %], so that v € H}L([Rd) and by semicontinuity

Era(p) < Ega(v) < lim Ega(ve) = Era (),
E—r
i.e. v is a ground state of Era« at mass pu. That it attains its L° norm at the origin is

then a consequence of (64). Moreover, the convergence of v, is strong in H'(R?) and
does not depend on the subsequence (by uniqueness of the limit) and, since

2\ luelliogay  Ega (s
> L(gg) _2 gg(sd 1/.1/)7 (67)

Lga(uz) = (1 -

ulBegry  TuelZegs
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(10) follows by Theorem 2.2(i), the strong convergence of v, to ¢, in LP(R?), the fact
that [Jve — Auc| g1 (rey = 0(1) as € — 0 and Lemma 6.1.

The argument showing that m := |jv[|3, gay = K I8 again classic. Assume first by
contradiction that m € (0, 1), so that liminf. ¢ ||v. — v||2LQ([Rd) > 0. Then, by v. — v in
H(R?), it follows

lve = vllZ2(ay = lvellZz(ray = [0l 72ray +0(1) = = m +o(1)

IVve = Voll72(gay = IVVell72ray = IVOIZ2ga) + (1)
and, by Brezis—Lieb Lemma [17],
[|ve — U”ip(uad) = ||U5||Z£p(Rd) - ”U”ip(ugd) +o(1)
for every e small enough, so that
ERra(ve) = Ega(ve —v) + Ega(v) + 0(1) ase — 0. (68)

Since p > 2 and m < p,

2
7 [ 5 % [
) < B (12 0) = LT ey = () Polls ey < LB,

in turn yielding
m
Era(v) > ;é'ugd (). (69)

Moreover, since m > 0

I
[|ve — U||2L2([Rd)

I

Era(p) < Ega 3
[|ve — Uuiz(w)

(ve —w) | < Ega(ve —v)

so that

w—m

lim inf Ega(ve —v) > Era(p) . (70)
e—0

Combining (68), (69), (70) gives

Era(p) = lim Ega(ve) > lim inf Ega (ve—v)+Ega(v) > B g (N)"‘%gﬂ?d(ﬂ) = Era (1),

i.e. a contradiction. Hence, either m = 0 or m = pu.
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Suppose then that m = 0, i.e. v = 0 on R?. Arguing as in the proof of Theorem 2.1,
it then follows that (v.). satisfies (66), which together with the boundedness in L?(R?)
implies that v. — 0 strongly in LP(R?) as ¢ — 0. By semicontinuity, this leads to

. o] 2
Era(p) = ggx(l) Era(ve) > llggf §||VUE||L2([R(1) >0,
which is again a contradiction in view of (43). Therefore, m = p and we conclude. O

Remark 6.2. Theorem 2.2 can be used, inter alia, to show that the sublevel sets of the
functionals F. defined in Remark 2.3 are not equicoercive with respect to the strong
convergence in H'(R?) of piecewise-affine extensions through the operator .A. To this
end, consider for instance the following construction. Fix p, 1,42 > 0 so that u =

w1 + pe and, for every e > 0, let u.; € H' (G, ues € H1 (gd) be compactly
P

%1#1
supported functions on G? satisfying Egg (Ue1) < ggg (ad—l ,u1) + ¢ and Egg(ug,g) <
5~g5 ( 4 ,ug) + ¢ respectively. Exploiting the periodicity of G¢, we can then define the
function v, € H 1d H(gd) as the disjoint union of (translated copies of) u. 1 and u. 2,
in such a way that the L* norm of u.; is always attained inside the neighborhood
of radius € of the origin. Roughly, as € — 0, v. splits into a copy of u.; centered
at the origin and a copy of u.» running away at infinity on GZ. Clearly, E’gg (ve) =
Egg (u571)+Egg (Ue2) = 5gg (Ed%ul) +5~gg (Ed%uz)JrQe, so that by Theorem 2.2 one has
F.(ve) < Era(pr) + Era(pz) +o(1) as € is small enough. Nevertheless, since Theorem 2.2
implies that Au.; — ¢, in H'(RY) for i = 1,2, it is not possible to extract from v. any
subsequence whose corresponding extension Av. converges strongly in H!(R?).

Ending this section, we give the proof of Proposition 2.4.

Proof of Proposition 2.4. For every d > 2, p € [2 + 3 4 2*) and p sufficiently large (de-
pending on d and p), existence of ground states of ng in H ;(gf) can be proved adapting
the argument developed when d = 2 in the proof of [5, Theorem 1.2]. Moreover, when
1 is large enough, there exists w € H ;([R), compactly supported in [0, 1] and such that
Eg (w) < —% u?P+L (it is enough to consider compactly supported approximations of
the ground state of Eg at mass 1). Since we can think of w as a function in H;(g{l)
supported on a single edge, this implies

~ ~ C

Ega(p) < Ega(w) < _71””254-1
for every p large enough. Recalling (67), it follows that, if u € H}L(Qf) is a ground state
of ng, then

2€,
lim Lgg(u) > lim —M:—i—oo. (71)

n—-+oo H—r+00 /,L



S. Dovetta / Advances in Mathematics 444 (2024) 109633 37

Conversely, if p € (2 + 4 2*) and v € /\wa’giz is a ground state of jw’gi" Proposition 5.4
4-—d(p—2) .
shows that [|v]|%, G9) Zapw 22 — 400 as w — 0. Therefore, there exist sequences

(Hn)ns (wn)n C RY and (vn), C H'(G¢) such that Hn = +00 and w, = 0F as n — +o0
and, for every n, v, € N ..g4 1s a ground state of J G- Since vy, is thus a critical point
of Egg in H;"(gf) with

ng(vn)—7—>0 as n — 400,
comparing with (71) shows that v, is not the energy ground state of Egiz at mass p,, thus
showing the existence of two distinct critical points of the energy in H ;n(gf), provided
n is large enough. 0O

7. Sharp constants in Gagliardo—Nirenberg inequalities: proof of Theorem 2.5 and
Proposition 2.6

Let us focus here on the relation between d-dimensional Gagliardo—Nirenberg inequal-
ities on R? and on the grid G¢ with edgelength 1.

Remark 7.1. Exploiting the homogeneities of @, ga, it is readily seen that K, ga is at-
tained for every q € (2,2*), and standard regularity arguments show that optimizers are
in CY(R?) N H2(RY) N L>®(RY).

As a preliminary step towards Theorem 2.5, we have the following lemma.
Lemma 7.2. For every q € (2 + %, 2*), Kq7gfz s not attained.

Proof. We argue by contradiction. Let ¢ € (24 %,2*) be fixed and assume that there
exists u € H'(G{) such that Qq,ga(u) = K ga. By homogeneity, this yields @, ga(cu) =
K, g for every ¢ € R. Let then v := cu and note that, by definition,

> v

||U/||2Lz(gg) HLq (G4

provided ¢ > 0 is sufficiently small. Coupling with @, ga(v) = K, ga entails

d+(2—d)1 (4-1)d
||’U/H%2(g1 >Kq,gd|| ||L2(gd 2” ||L2(gd)a
that is
2d+(2—d)q
I 1—(q—2)d
1/ lzacgt) Zaa ol o - (72)

Viceversa, by the one-dimensional Gagliardo—Nirenberg inequality (15) and Qq.ga (v) =

quf we obtain
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d+(2—d) ¢ (¢—1)d

241 ——1
L2(gd || HLz(gd < C ||/U||2

Kq G¢ HU” L2(G¢) ||U ||L2 (64>

so that

101l L2 (gg) Sa.a 0]l 229 -
Combining with (72) thus yields

2(2—q)
—4 (q—2)d
HU”Lz éd) Rdg 1,
providing the contradiction we seek as soon as ¢ — 0T, since ¢ > 2+ % and, by construc-
tion, [|v]|p2(gg) = cllullp2(gy). O

Proof of Theorem 2.5. That K, ,gg 1s not attained whenever q € (2 + 4 2*) is the con-
tent of Lemma 7.2. We are thus left to show (13) and (14). We split the proof in two
parts.

Part 1: proof of (13). Fix ¢ € (2,2*) and, according to Remark 7.1, let u € C*(R%) N
H?(RY) N L>(R?) be such that Q, ga(u) = K, ga. Denoting by u. the restriction of u to
G2 for every £ > 0, Lemmas 3.1-4.1 entail

”quLq (G9)

K, go = D@D gup
q,91 d+(2-d)3 e
veH' (G¢) |jv HL?(g'i) * v IHLQ(G"2
> e~(3-1)(-1) el
= d+(2—d)% ’ d
|| HL2(gd || HL2 (62)

2, e, + (1)

——(F-1)@-1
1—d ||y, [|2 Te=dE 9 (3-1g
(de = ul2 gy + o(l)) (1= V Ul gy + (1))
=d T Qupe(w) +o(1) =d T Ky g +o(1),
provided ¢ is small enough, and passing to the limit for ¢ — 0 gives (13).

Part 2: proof of (14) Note first that it is enough to prove (14) for every ¢ € (2 —|— , 2% )
as the case ¢ =2+ 3 4 will then follow by continuity of the map g — Qq,gf< u), for every
given u € H(GY).

Let now ¢ € (24 4,2%) be fixed and (un), C H{(G{) be such that Qqga(un) =
K .68 — % for every n. Moreover, without loss of generality let u,, attain its L°° norm
on the neighborhood of radius 1 of the origin in G¢, for every n. We first show that

lunll2ggy — 0  asn— 4oo. (73)

Indeed, Qq’gf (up) = K, 0,04 — % and the one-dimensional Gagliardo—Nirenberg inequality
(15) give, as in the proof of Lemma 7.2,
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lunlliziggy Sda lunllpzgey =1 n,

so that (uy,), is bounded in H'(G¢) and therefore, up to subsequences, u,, — u in
HY(G{) as n — +oo, for some u € H!(G{). Assume then by contradiction that
liminf,, 4 oo [[up [l 2(gey > 0. This implies that u # 0 on H'(G$). Indeed, if it were
u =0 on G¢, then since u,, always attains its L> on the same compact subset of G{ by

assumption and u,, — u in L2 (G{), the boundedness in L2(G{) would yield

loc

-2
||uanLq(gf) < ||un||(ioo(gii)”un||2L2(gii) —0 as n — +00,
so that
lunllage
0.6¢ (Un Lg()i—ﬂ) as n — +00,
|| HL2(gd)

. .. . . o 1
which is impossible since Qg ga (up) = Kqga— -

Let then m := ||u||2LQ(gd so that m € (0, 1]. Note that, if m = 1, then the convergence

i)’
of u, to u is strong in L?(G{) and, by Gagliardo-Nirenberg inequalities (4), strong in

L(G), so that the lower semicontinuity yields

Kgg¢ = lim Qq, G¢ (un) < Q, G¢ (u) < Kqgq

n—-+oo

Since this is impossible by Lemma 7.2, it must be m € (0, 1) Possibly passing to a
w112
further subsequence (not relabeled), set now A := lim, | o ”,HL& Then, by weak
L2(g$)
convergence of u,, to u,

n—+00
2 2
i o = gy e ||u||L2gd)_1_A
B - )
n—too lu |2, 1) n—4oo ||u'/n’HL2(g‘1i)

so that, by Brezis-Lieb Lemma [17] and u,, — u,u € H(G{),

lun = wllagry  ullioggy

- — 1 @9 Lq(g

Kq’gii o ngg-loo Qq,gd(un) - nglfoo H / ||(§_1)d ” ” d
niL2(gy) LQ(G‘i)

(3-1)a
) stg (it =z |
1m Hun UHLZ(gd Qq7g{l (Un — U)

n—+oo ||U§I||L2(gf)

gy 252 /gy \ 2
+254 .
+ ||U||Lz(g?)qu,gf(U) lim <—1>

n—+oo \ ||ur, || p2(ge
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dy2-d a_1)d dy2-d a_1)4d
SKq,g;i ((]__m)z 1 q(]__)\)(z )8 +m2T"14 q)\(z )g <Kq,gf’

since (m, A) € (0,1)% and the function f(z,y) := 22T 7 0y(E-1% 4 (1 — 2)s+%7%(1 —
y)(E=1% is strictly smaller than 1 on (0,1)2 for every ¢ > 2. This gives again a contra-
diction and proves (73).

Now, for every n, set &, := [luy,[|12(gay and wy(2) := up(z/c,) for every x € g .
Hence, w, € H'(GZ ) and

2 g,

||wn||L2(ggn) = Ta ||'wn| 27v(ggn) = 5n||un|\2,(gf) Vr > 1, (74)
so that
HwanLq (G4.) _ (%-1)(d-1) ($-1)(d-1) X 1 -
re-F  (3-nd " Qq,g¢(n) = en aot =5 )+ (10
HwnHLz (gd) ” nHLz(ggn)

Let Aw, be the piecewise-affine extension of w,, to R? as in (6) and w,, be the restriction
of Aw, to G as in Section 4. By Lemma 4.2, (74), the definition of €, and (73), we
have

||@n||2L2 giy < ”wnH%? Gd +35n||wn||2H1 Gd
G2 Ge,) Gd,)

w172 e )
= 1_’_3871_’_35”””771 ||’LUnHL2(ggn)
Wn || 72(gd
L2(Gd ) (76)
3 Il || 2
=143+ —7—5—% ||wn||L2(gd ) = (L +6en)llwallzzga
En H n”Lz gd) -

as n — +o0o.

Furthermore, since w, is the restriction of Aw, to Q ., arguing as in the proof of
Lemma 4.1 and recalling that, by construction, HVAwnHLQ([Rd) =¢gd-1 ||1E;||2L2(ggn) gives

d 1
Awn 3 ey <=2 =l @nlTega )+ enllAwnl Lz gay + (en + )V AwR| 72 ga)
) (G¢.) )

Ed_l

<[ WalF2(ga ) + EnllAwnl|T2(gay + (€n + €2)en @ 17264 s
d @4, (Re) @)

that is

d—1
ey
(1 *€n)||Awn||2L2([Rd) > ||wnHL2(gd )y T (en + &b n)En " 1||wnHL2(gd )

Coupling with (76) and using Jensen inequality, (74) and (73), as n — 400 we obtain
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Edfl
| Awn 72 gey < == (1 o(D)llwnlFagy ) +en (1 + o(D)llwn72gy

cd—1
= ||wn||L2(gd) L+

d—1

dH ||L2 gd
— L 0(1)> (77)

’ﬂ” n”Lz(gld)

(1+ 0(1))\\wn||2L2(ggn) :

Letnowd=2and ¢ >2ord>3and q€ (27 % + 1] By Lemma 4.3 and Q ga(un) =
qugfz — % we have
dt(2-d)(a—1) =2q41

2
9=2(q—1)+1 Hwn”Lz(ggn) ||wn||L2(gd )
ZHU’anLq(ggn) 1—-Cen® (@-1)

[[wn]|7

3(252449) ”w%”(iwsn))
b (s52009) [0 B2y, )

E
Hwn”qu(gg )
[N i A e
mn Lz(gd) n Lz(g )
= [l —c
nllzaga ) lnllZ g

(78)

LD g5 ”“WL?(G;I))
n

||Un|\qu(gg)
1 ||U;LHL2(gd)
= [lwn |4, 1_C<K g __>41
La(g2 ) P70 ) unll 2
d—%32¢

d
1 ad=2)_d—1 Hun”L2
-C (K%gl n) En 7;2)‘1
Hun”LQ(g?)

:(1—0(1))||wn||qu(ggn) as n — 400,

since @ d Lid— 2 24 > 0. Moreover, applying (24) to Aw,, and @,,, making use of
the d—dimensmnal Gagliardo-Nirenberg inequality (4) in L?@~V(R9) (which is possible
because 2(¢ — 1) < 2* whenever d =2 or d > 3 and q € (2 + 1}) and exploiting (77),

(78) and (39),

d—1 A Awn 7, IV Aw, || 2 (e
€n n L2<q 1) (R4) nllL?(RY)
[ Awn |74 gay = == llwnl|7 1—ey”
La(R4) d La(Ge ) ||wn||Lq(gd )
Lases) 1) 2d+1
gd-1 [ wnan |Rd ||vAwnHL2([Rd)

d—
>n 1—-C 2—d
2 = 0nllLes ) = [@n 70 (ga
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dH@-dia-1) =244
Ez ! 5= (d 1)+1 Hw"||L2(ggn) ||wnHL2(gd )
2 d Hwn”Lq gd ) ]- - C n ||w Hq
n Lq(ggn)
Ed_l
—o(1)) as n — 400, (79)

_nTHwn”qu(ggn)(l

where the constant C' > 0 is not relabeled line by line and it already takes into account
2-dg 1 3 > 0.

the inessential o(1).
Let then d > 3 and ¢ € (27 + 1,2*) and take v € (0,1) such that d + 2
Then, again by Lemma 4.3 and @ ga (un) = K, g L

[|w n||L2 (ge, )”w |%2(’Ygdt)

~ o1
wnll7 > [Jwp || 1 Cezt™
Il zagg, ) 2 lwnllzogy, ) " ||wn||Lq<gsn)
A
*CE»,%lei% Hwnnjz(ggn)
Hwn”Lq(gd )
/ ' na
f”w Hq 1_ HunH 2(gd)||u ||L2 69 +€_%||un||ﬂ
= ||wp, . -
La(Gg ) ||’u,nHLq(gl11) Hu"”ilz(gtli)
s a3ty
= [|wall%, (- lun |l gd) —C&‘;%Hun”LQ(gd)
Lq ge7l
Hun”Lz gg)q v Hu"”L’z(gf)q

—_a—_z2.,_ 7
=l g ) (1 =200 T ) = (1= o) Jwnlldy g, a5 n—> o0

Combining with (24) on Awy,, 2(¢—1) > 2*, Lemma 4.4, Proposition 3.2 and (77) yields

27dd||./4wn||%;(1q 1)([Rd)||VAwn||L2([Rd)
—e2
||wnHLq G2 )

-1

gd=1
HAwn”%q(Rd) > T”wn”%q(ggn) <1
lnll Faiga Il 72 G, (80)

d—1
3 g41-2
> w4 1—Ce
d n L‘J(gd ) n ||U/nH%q(ggn)
Ed 1
_&n ~ ||wn||Lq(gd )(1—0(1)) asn — +00.

Since (Awy,), C HY(R?), by (77), (79), (80), Lemma 4.4, and recalling (12) and (75), it

follows then
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K, e >limsup Q, ga (Awy)

n——+0o0o
| = llwnllfage
> lim sup 1 2d - (3-1)%
n—s+too [ d—1 ||w H2 ot 1 4 d*1||w || 2 3
= llwnlfaga i)
q
—d~ T limsupe, 87 )(d-1) ”wnHLq(gd ) )d
ns-oo el $lwsl g
=22
=d 4 a,6¢ >

which coupled with (13) concludes the proof of (14). O

Proof of Proposition 2.6. If qugfl = K ga, the result is trivially true. Assume then q €
(2,2+ %), K, ga > Kgre and let (up)n C Hi(G$) be such that Qq.ga(un) = Kgga — 5
for every n. Moreover, with no loss of generality we can take u,, to attain its L°° norm
inside the neighborhood of radius 1 of the origin, for every n. Arguing as in the proofs of
Lemma 7.2 and Theorem 2.5, the one-dimensional Gagliardo—Nirenberg inequality (15)
ensures that (u,), is bounded in H'(G{). Hence, up to subsequences, u,, — u in H*(G¢)
as n — +oo, for some u € H(G{) that, by semicontinuity, satisfies m := Hu||2L?(g;i) €
[0,1]. On the one hand, if we assume m € (0,1), setting (possibly passing to a further

Il HLz dy
g¢

subsequence) A := lim;,, 4 oo m
L=(g{

to a contradiction. On the other hand, if m = 0, then up to subsequences u, — 0
in H'(G{) and u,, — 0 in L{°.(G{) as n — +oo. Since, by assumption, u,, attains its

and arguing as in the proof of Theorem 2.5 leads

L norm inside a fixed compact subset of G{ for every n, this entails that wu, — 0 in
L>(G$), which itself implies u,, — 0 in LI(G¢), as [unllp2(gey = 1 for every n. Recalling
that Qg ga(un) = Ky ga — 1> 0, this gives

lupllp2ggy — 0  asn— 4oo.

Hence, setting e, = |luy,[|12(gay, wn(®) = un(x/en) for every x € G2 | and arguing
exactly as in the last part of the proof of Theorem 2.5, we obtain

(| Aw, |7 e
K ga > limsup el = B hr_,I_1 Qq gd(un)
fr ,
norhee H-Awn”p(ued Hv“étwn”m [Rd) e
—d (d*2)4(<1*2) q,gij7

which is again a contradiction. Therefore, it must be m = 1, in turn implying that the
convergence of u,, to u is strong in L?(G{) and, by (15) again, strong in L9(G{). By lower

semicontinuity, this is enough to see that @, ga (u) = K, g_14, concluding the proof. O
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8. Generalizations

This section discusses the generalization of the method developed so far to non-cubic
periodic grids. In general, to recover the results of Theorems 2.1-2.2-2.5 and Proposi-
tion 2.6, it is enough to modify the definition (6) of the extension operator A according
to the periodicity cell of the grid under exam. As a matter of fact, this will not change the
scale factor €471 in front of the functionals, but will affect the e-independent coefficients
in front of the various terms. Hence, once a suitable definition of A is given, we just
need to compute these new coefficients and then repeat the arguments of the previous
sections with no significant modifications.

Of course, the identification of the extension operator has to be performed case by case.
Giving up on any vain ambition to treat every grid in one shot, here we limit to consider
two explicit examples of non-square two-dimensional grids: the regular triangular grid
and the regular hexagonal one. For the sake of brevity, when speaking of ground states,
in what follows we describe explicitly only the extension to these grids of our results on
energy ground states, that for those of the action being identical.

8.1. The regular triangular grid

If G. is the two-dimensional regular triangular grid in R?> with edgelength ¢ as in
Fig. 3(A), with one vertex at the origin, we can write

G. = U o1 5,

i,jEZ

where the couples of indices (i,5) € Z? are in one-to-one correspondence with the trian-
gles T ;; with edges of length € in which G, divides the plane, and 977 ;; denotes their
boundary in R?. Given u : G. — R, we define Au : R2 = R as

Au(z,y) = A ju(z, y) if (z,y) € T ;;, for some i,j € Z, (81)

with A. ;ju : T;;; — R being the affine interpolation on T ;; of the values of u at the
vertices of T ;;. Moreover, we define Eg_ : H'(G.) — R as

~ 1 1
Eg. (u) == 2—\/§||U'H%2(ga) - mnuﬂﬂ(gs) (82)

and

1 P 112
§||UHLP G.) w72 G.
L. (u) = (Ge) @) | (83)

||U‘|%2(ga)

Since the analysis of [5] generalizes to two-dimensional regular triangular grids, existence

of ground states of Eg_ is guaranteed for every p € (2,4) and p > 0, and they are one-
signed solutions of
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{u” + |ulP~?u = Lg_(u)u on every edge of G, (84)

Yoesy jT“(V) =0 for every vertex v of G, .

We then have the next theorem, that is the analogue of Theorem 2.2 for regular two-
dimensional triangular grids.

Theorem 8.1. Let p € (2,4) and u > 0 be fized. For every € > 0, let G- be the two-
dimensional regular triangular grid with edgelength € and Eg_ be as in (82). Then

(7) there exists C), > 0, depending only on p, such that

=

~ 2
e€ (@)—&Rz(u)‘gcpa ase —0;

(it) for every positive ground state u. of Ege in HY - (G:) there exists x. € R* such

2v3u
that

€

e—0

Au (- —z.) — ¢ in HY(R?),

where the extension operator A is as in (81) and ¢, is the unique positive ground
state of Egz2 at mass p attaining its L> norm at the origin. Furthermore,

. Wy
i%ﬁgg(ug) = 2\/3 )
where Lg, (ue) is defined as in (83) and w,, is the value of w for which ¢, solves (1).

As for sharp constants in two-dimensional Gagliardo—Nirenberg inequalities, we have
the following.

Theorem 8.2. Let G be the two-dimensional regular triangular grid with edgelength 1. For
every q > 2, let K, g, be the sharp constant in the two-dimensional Gagliardo—Nirenberg
inequality (4) on Gy. Then
Ky, >3 7 Koo Vg>2.
If ¢ > 4, then
2—gq
Kqg =37 Kqr2
and Kqg, is not attained for every g > 4. Furthemore, if ¢ € (2,4) and there exists

u € H'Y(G1) such that Qqg, (u) > 32%4411((1,932 (where Qq.g, s defined as in (11)), then
Kq.g, is attained.
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As anticipated, the unique difference between Theorems 2.2—2.5, Proposition 2.6 and
Theorems 8.1-8.2 is in the numerology. The above results follow repeating the same
argument as for the square grid, coupled whenever needed with the next two lemmas.

Lemma 8.3. Let u € C1(R?) N H?(R?). For every ¢ > 0, let u. : G. — R be the restric-
tion of u to the regular triangular grid G. with edgelength €. Then there exists C' > 0,
depending on u but not on €, such that, as € — 0, it holds

<Ce, Vg>2 (85)

g
s el — el

< Ce. (86)

€
—SHU'EHQB(QE) - ||VUH%2([R2)

Proof. The argument being analogous to that in Lemma 4.1, we just sketch the proof
of (85) with ¢ = 2 and of (86). In the following, we will always denote by C a suitable
positive constant possibly depending only on p and u, without renaming it even when
varying line by line.

Here it is convenient to think of G, as

ge = U (He,i U Ls,i U Rs,i) )
1€EZ

where

o= et +1)) < { i)

jez
L., := {(ac, V3(z —€i) sz € IR}
R.; = {(x, 3z —ci) :xe [R} .

To prove (85) with ¢ = 2, consider first the function w. : R* — R given by

we(w,y) == u (x, ?51) V(z,y) € R x {% €i, \g_ (i + 1)) , for some i € Z.

Arguing as in Part 1 of the proof of Lemma 4.1, it follows that ’ |lwe ||2L2([R2) — ||u||%2([R2) <

Ce, and a direct computation shows that ||w€HL2(R2) = @z—:”ugﬂiz(U _H.,) SO that
i€ e,

’ V3

elluelZaq,  He) — [lull7(gey| < Ce. (87)

Define then v, : R2 — R as
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ve(,y) = ue (2, V3(x — &i)) Y(z,y) € Acq, for some i € Z,

where A.; == {(z,y) €R? : V3(z —ei) <y < V3(z—e(i+1))}. Again, |||UE||:£2([R2) _
[u]l72(gey| < Ce. Furthermore,

V3(z—e(i+1))

oo =30 [ [ et VBl - i) dydo
€L R V3(xz—ei)
5(3+1)

_\/_622 / luc(z, V3(z — i) [2dx = EZHUEHLZ(LH)’

i€l jeZ £ i€z
57

so that

lluellZzq,, .. — lulizge)| < Ce. (83)

‘ V3

Since an analogous computation yields

/3
‘ elluellzz, ., reo = lullzae) | < Ce,

summing with (87) and (88) gives (85) with ¢ = 2.
Let us now focus on (86). Arguing as in Part 2 of the proof of Lemma 4.1, we imme-
diately obtain that

‘ V3

5||Ue||L2(U A [0u]|72(gey| < Ce. (89)

Let g. : R? = R be the function
ge(@,) = Ve, V3@ — £0) - (1L,V3)  ¥(z,9) € Acy, for some i € Z,
where A, ; is as above. Then ’”9&“%2([}?2) — ||0zu + \/anuuiz(w) < Ce and

V3(z—e(i+1)
el ey =3 / / Vulz, VB(x — i) - (1,v/3)? dydz

IR Ba—ei)
£G+1) )
1 V3
:4 — el . _ —
VEY Y / ’vu(m,\/g(x i) (2, 2) iz
i€Z jEZ £j

=2V3e Y ulllFer..y s

i€z
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so that

2VBelull e, 1. = 0+ V3Ol

< Ce. (90)
Similarly,

2VBellul 2y, e — 190 = VB0l Eaqeay

< Cs,
which summing with (90) gives

< Ce.

VBl e, ooy = 10l E2ee) = 310l (e
Coupling with (89) leads to (86). O

Lemma 8.4. Let G. be the reqular triangular grid with edgelength €. For everyu € H(G.),
it holds

€ |~
HVAu”zL?([R’?) = ﬁ”ulﬂiqga)a

where Au is as in (81) and @ denotes the restriction of Au to G..
Proof. It is a straightforward consequence of the fact that, by definition of Au and w,

IV A2, ) = v(i,j) € 7%,

\/—H ||L2(8T€’73j)a

and that each edge of G. belongs to the boundary of two of the triangles 7% ;;. O
8.2. The regular hexagonal grid

If G. is the two-dimensional regular hexagonal grid with edgelength ¢ as in Fig. 3(B),
with one vertex at the origin, we can write

= |J 0H.;,

i,j€EZ

where the couples of indices (i,j) € Z% are in one-to-one correspondence with the
hexagons H. ;; with edges of length € in which G, divides the plane, and 0H, ;; denotes
their boundary in R?. For each i, j, we then consider H. ;; = T}, UT2, UT3, UT2

£,1] £,1] £,1] £,15°

where T} -.i; is the triangle given by the three leftmost vertices of H.

given by the bottom—left vertex and the two top vertices of H.

Jijs T2 is the triangle

T3.. is the triangle

iy Lejig

given by the two bottom vertices and the top-right vertex of H, ;; and T ,; is the tri-

szg

angle given by the three rightmost vertices of H, ;; (Fig. 4). Given u : G, — R, we then
define Au: R?> = R as
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Fig. 4. The splitting of an hexagonal cell in the definition of the extension operator (91) on two-dimensional
regular hexagonal grid.

Au(z,y) == A’;iju if (z,y) € TF,., for some i,5 € Z, k € {1,2,3,4}, (91)

197

with A%, .u: TF,; — R being the affine interpolation of the values of u at the vertices of

TF,;. Moreover, we define Eg : HY(G.) - R as

~ V3 V3
Eg, (u) == THUIH%P(QE) - %”uuip(ge) (92)

and Lg_(u) as in (83). Existence of energy ground states for every p € (2,4) and p > 0
on hexagonal grids can be found in [4] and computing the associated Euler-Lagrange

equations show that they are constant sign solutions to (84) on G..

Theorem 8.5. Let p € (2,4) and p > 0 be fized. For every e > 0, let G. be the two-
dimensional regular hexagonal grid with edgelength € and Eg_ be as in (92). Then

(1) there exists C, > 0, depending only on p, such that

Egga (%) S[Rz(u)‘ < Cpe ase —0;

(ii) for every positive ground state ue of Egg in HY,, (G.) there exists z. € R? such that
Vs

3e
Aug (- — ) £29, ¢, in Hl([RQ),

where the extension operator A is as in (91) and ¢, is the unique positive ground
state of Egz at mass pu attaining its L>° norm at the origin. Furthemore,

V3w,

i%ﬁgg(ug): 5 ase — 0,

where Lg_(uc) is defined as in (83) and w, is the value of w for which ¢, solves (1).
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Theorem 8.6. Let Gy be the two-dimensional reqular hexagonal grid with edgelength 1. For
every g > 2, let K, g, be the sharp constant in the two-dimensional Gagliardo—Nirenberg
inequality (4) on Gi. Then

Kyg >3 Kype Vg >2.
If ¢ > 4, then
a2
Kq7g1 =31 Kq,[RZ

and Kgqg, is not attained for every g > 4. Furthemore, if ¢ € (2,4) and there exists
u € HY(G1) such that Qqg, (u) > 3%2}{%[@ (where Qq.g, is defined as in (11)), then
K, is attained.

As in the previous case, the proof of these results combines the discussion performed
for square grids with the next two lemmas.

Lemma 8.7. Let u € C*(R?) N H?(R?). For every e > 0, let u. : G- — R be the restric-
tion of u to the regular hexagonal grid G. with edgelength €. Then there exists C' > 0,
depending on u but not on €, such that, as € — 0, it holds
V3
el ~ lulfuen| < Ce0 Va2,

‘\/&HUIEHQLZ(QE) - ||VU||%2([R2) < Ce.

Proof. It is evident from the fact that the regular hexagonal grid is the subset of the
regular triangular one given by the removal of one edge over three on each H. ;, L. ; and
R, foreveryie Z. O

Lemma 8.8. Let G. be the regular hexagonal grid with edgelength €. For everyu € H(G.),
it holds

||VAUH%2(R2) = \/§5||ﬂ/||2L2(g5) )
where Au is as in (91) and @ denotes the restriction of Au to G..

Proof. It is again a direct consequence of the definition of Awu and the fact that each
edge of G. belongs to exactly two of the hexagons in which the grid divides the plane. O
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