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We present a numerical analysis of the rheology of a suspension of red blood cells (RBCs) for different volume fractions

in a wall-bounded, effectively inertialess, small amplitude oscillatory shear (SAOS) flow for a wide range of applied

frequencies. The RBCs are modeled as biconcave capsules, whose membrane is an isotropic and hyperelastic material

following the Skalak constitutive law. The frequency-dependent viscoelasticity in the bulk suspension is quantified

by the complex viscosity, defined by the amplitude of the particle shear stress and the phase difference between the

stress and shear. SAOS flow basically impedes the deformation of individual RBCs as well as the magnitude of fluid-

membrane interactions, resulting in a lower specific viscosity and first and second normal stress differences than in

steady shear flow. Although it is known that the RBC deformation alone is sufficient to give rise to shear-thinning, our

results show that the complex viscosity weakly depends on the frequency-modulated deformations or orientations of

individual RBCs, but rather depends on combinations of the frequency-dependent amplitude and phase difference. The

effect of the viscosity ratio between the cytoplasm and plasma and of the capillary number are also assessed.

I. INTRODUCTION

Human blood is a dense suspension consisting of 55%

plasma (which is typically assumed Newtonian fluid), and

45% blood cells, with over 98% of the cells being red blood

cells (RBCs), which are non-spherical deformable particles.

The study of the hydrodynamic interactions between indi-

vidual RBCs and their consequent deformation is of funda-

mental importance for the bulk rheology of human blood,

because these are responsible for the non-Newtonian behav-

ior of the suspension, the well-known shear-thinning behav-

ior1–4. The RBC deformability highly complicates the sus-

pension rheology, being key to determining the haemorheol-

ogy. Indeed, the shear-thinning character of the blood disap-

pears when RBCs are hardened1,2, with the blood suspension

exhibiting an almost Newtonian behavior and higher viscos-

ity compared to a suspension of normal RBCs. Several re-

searchers have attempted to relate the rheological nature of the

blood to the dynamics of RBCs, starting from experimental

observations of the individual cell behaviors under controlled

flows, usually simple steady shear flows, e.g., in Refs. 5–8.

More recently, numerical simulations have been also adopted

to investigate the motion of RBCs at different steady shear

rates; in particular, it was found that RBCs experience tran-

sitions from rolling/tumbling motions to kayaking (or oscil-

a)Authors to whom correspondence should be addressed: ntakeishi@kit.ac.jp

lating/swinging) and swinging, following tank-treading mo-

tions as the shear rate increases for a wide range of ratios

between the internal and external fluid viscosity (λ = 0.1–

10)8–11. Lanotte et al.8 further showed that tank-treading

does occur for low viscosity contrasts (λ ≈ 0.25), but is sup-

pressed at high viscosity contrasts, when rotating multilobar

shapes appear instead. The behavior of cells in flow, includ-

ing vesicles, which are also enveloped by lipid bilayers, from

individual dynamics to rheology was outlined in Ref. 12. In

our recent numerical analysis, we have related the aforemen-

tioned single-cell behavior to the bulk suspension rheology,

and successfully demonstrated the shear-thinning character

of blood flow examining the cellular-scale dynamics under

steady shear11.

In real human blood, RBCs are constantly under mechan-

ical stimulation from the plasma flow due to the heart beat

(≈ 1 Hz) and from the vessel walls in various organs. It is

also known that RBCs travel in the body as an oxygen carrier,

and easily alter their shapes to pass through 3-to-4 µm cap-

illaries13, where the upper limit of shear stress in the human

circulatory system has been estimated to be 15 Pa14. How-

ever, when they travel through artificial blood pumps, the cells

may experience much higher shear stresses, up to 1000 Pa15.

From a physiological viewpoint, the relationship between the

deformation, as a mechanical response to oscillatory loading,

and the oxygen transport, as a biological function, is there-

fore of great interest, and several studies have shed some light

on this16–18. The rheological description of blood under os-

cillatory flow is thus of fundamental importance not only for

http://arxiv.org/abs/2207.09073v6
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a physiological understanding but also in the design of novel

artificial blood pumps that minimize mechanical stimuli that

may cause the rupture of RBCs, the so-called hemolysis. Us-

ing a capsule model consisting of a Newtonian fluid enclosed

by a thin elastic membrane, Matsunaga et al. 19 demonstrated

that frequency-dependent deformations of a single spherical

capsule become evident for high shear rates and large values

of the viscosity contrast between the internal and external flu-

ids. However, it is still unknown whether this knowledge can

be used for suspensions of RBCs. The first question in this

study is, therefore, whether the cell deformation is reduced

or enhanced by varying the oscillatory frequency. Although

the recovery of RBCs under oscillatory flow has been in-

vestigated in the past via experimental observations20–22, and

model analysis23–26, much is still unknown, especially in re-

lation to the bulk suspension rheology and to the dynamical

viscoelasticity of suspensions of RBCs under oscillatory shear

flow. Hence, our second question is how the viscoelastic char-

acter of the suspension of RBCs differs in an oscillatory shear

flow with respect to the steady case.

The linear mechanical response of soft materials to weak

oscillatory shear strain γ(t) is generally frequency depen-

dent and viscoelastic, so that the oscillatory stress τ can be

expressed with the help of a complex shear modulus G∗:

τ(t) = G∗γ(t)27,28. The complex modulus G∗ can be decom-

posed into its two components, G∗ = G′+ iG′′, where the real

part G′ is the storage modulus representing the elastic compo-

nent of the stress, and the imaginary part G′′ is the loss mod-

ulus representing the viscous dissipative part27,28. Traditional

(macroscopic) rheometers enable direct mechanical measure-

ments of the frequency dependent G∗. To cite few relevant

examples, Mason and Weitz29 extracted the rheological prop-

erties from the thermal motion of colloidal probes embedded

within the material, whereas Wagner30 and Lionberger and

Russel31 calculated G′ at high frequency in hard-sphere dis-

persions from theory, and compared the results to the exper-

iments by Shikata and Pearson32. Although numerical simu-

lations allow us to quantify the dynamical viscoelasticity by

calculating the complex moduli, the analysis of deformable

particle suspensions is still a challenge because the hydrody-

namic coupling among the particles, their deformation and the

solvent motion must all be taken into account30,31.

As regards the role of deformability, Frohlich and Sack33

were the first to investigate a suspension of Hookean elas-

tic spheres and reported a linearized Oldroyd-type constitu-

tive equation derived to relate the macroscopic extensional

stress and the strain rate. Oldroyd34 reported that a suspen-

sion of Newtonian droplets in another Newtonian liquid ex-

hibits viscoelastic behavior with an Oldroyd-type constitutive

relation. The rheological behavior of such suspensions is sim-

ilar to that of a suspension of elastic particles in a Newtonian

fluid. Based on the coupled solutions for the flow field around

the particle and the deformation of the particle, both analyt-

ical and numerical approaches have been applied to investi-

gate the dilute suspension rheology, especially under steady

shear flow35–38. Among others, Goddard and Miller36 derived

constitutive equations for the rheological behavior of a sus-

pension of slightly deformed viscoelastic spheres in the dilute

limit. Misbah37 derived equations which describe the vesicle

orientation in the flow and its shape evolution, and outlined

a rheological law for a dilute vesicle suspension. Along with

these analytical and numerical studies, recent computer sim-

ulation approaches have successfully been used to investigate

rheological properties of a dilute and semi-dilute suspension

of deformable particles in steady shear flow, e.g., elastic ini-

tially spherical particles39–41 and capsule42. Numerical analy-

ses of semi-dilute and jammed particle suspensions under os-

cillatory shear flow have been reported recently, e.g., rigid

spherical particles at finite inertia43, soft particle glasses44,

viscoelastic particles45, bubbles46, vesicles47, and spherical

capsule in dilute condition48. The recent theoretical work

by Armstrong et al.49 compared viscoelastic moduli obtained

with several viscoelastic(-thixotropic) models and laboratory

measurements under oscillatory shear flow. Matsunaga and

Imai 48 systematically investigated the effect of viscosity ratio

on the viscoelastic character of capsule suspension for a wide

range of oscillatory shear rate frequencies. By employing con-

tinuum modeling, in particular the Oldroyd 8-constant frame-

work, Saengow et al.50 assessed the non-Newtonian character

of human blood under uni-directional large-amplitude oscil-

latory shear (LAOS) flow, which is generated by superpos-

ing LAOS onto a steady shear flow. Clarifying the cellular-

scale dynamics under oscillatory flow allows us to build pre-

cise continuum models of suspensions51–53, and may lead us

to novel biomedical applications54, such as phenotype cell

screening, and circulating tumor cell isolation in a chip55.

However, this can be achieved only after fully grasping the

effect of the particle deformations induced by the oscillations

of the bulk suspension.

Therefore, the objective of this study is to clarify the rela-

tionship between the behavior of individual RBCs especially

under SAOS flows and the viscoelastic character of dense

suspension of RBCs. The contribution of the individual de-

formed RBC to the bulk suspension rheology is quantified

by the stresslet tensor56. Here, the RBC is modeled as a bi-

concave capsule, whose membrane follows the Skalak con-

stitutive law57. The internal and external fluid of the RBCs

are modeled as Newtonian fluids and solved by the lattice-

Boltzmann method (LBM), while the membrane mechanics

with a finite-element method. The fluid and structure are fully

coupled by an immersed boundary method58. We resort to

graphics processing unit (GPU) computing to speed-up the

above-mentioned numerical procedure. The same tools have

been successfully applied to the analysis of the bulk suspen-

sion rheology of RBCs under steady shear flow in Takeishi et

al.11.

II. PROBLEM STATEMENTS

A. Flow and cell models

We consider a cellular flow consisting of plasma and RBCs

with radius a0 in a rectangular box of size 16a0 × 10a0 ×
16a0 along the span-wise x, wall-normal y, and stream-wise

z directions, with a resolution of 16 fluid lattices per radius
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FIG. 1. Computational domain: a rectangular box of size 16a0 ×
10a0 × 16a0 along the span-wise x, wall-normal y, and stream-wise

z directions. Periodic boundary conditions are imposed on the two

homogeneous directions (x and z directions). The oscillatory shear

flow is generated by moving the top and bottom walls located at y =
±H/2, where H (= 10a0) is the domain height. The snapshot depicts

a dense suspension of RBCs (φ = 0.41) with viscosity ratio λ = 5 and

capillary number Ca0 = 0.05.

of RBC. The size of the domain and the numerical resolution

have been justified in our previous works11,59. Here, we fur-

ther verified the effect of the wall-to-wall distance H as well

as the cell-depleted peripheral layer (CDPL), see table I and

Fig. 12 in appendix §A. Periodic boundary conditions are im-

posed on the two homogeneous directions (x and z directions).

Each RBC is modeled as a biconcave capsule, i.e., a Newto-

nian fluid enclosed by a thin elastic membrane, with a major

diameter of 8 µm (= 2a0), and maximum thickness of 2 µm

(= a0/2). The initial shape of the RBC is set to be the classi-

cal biconcave shape. A sketch of the computational domain,

with the coordinate system used, is shown in Fig. 1 with an

instantaneous visualisation of one of the dense cases, volume

fraction φ = 0.41 (the so-called discharge hematocrit, HctD).

The oscillatory shear flow is generated by moving the top

and bottom walls located at y = ±H/2 with velocity Uwall =
±γ̇(t)H/2, where H (= 10a0) is the domain height and γ̇(t)
the shear rate, defined as

γ̇(t) = γ̇0 exp(i2πft). (1)

Here, γ̇0 is the shear-rate amplitude and f its frequency. The

oscillatory strain γ(t) is therefore defined as

γ(t) =

∫

γ̇(t)dt =
γ̇0

i2πf
exp(i2πft) = γ0 exp(i2πft −π/2),

(2)

where γ0(= γ̇0/(2πf)) is the strain amplitude. For the follow-

ing analysis, we define the non-dimensional input frequency

as fin = f/γ̇0.

The membrane is modeled as an isotropic and hyperelastic

material. The surface deformation gradient tensor Fs is given

by

dxm = Fs·dXm, (3)

where Xm and xm are the membrane material points of the

reference and deformed states, respectively. The local de-

formation of the membrane can be measured by the Green–

Lagrange strain tensor

E =
1

2
(C− Is) , (4)

where Is is the tangential projection operator. The two invari-

ants of the in-plane strain tensor E can be given by

I1 = λ 2
1 +λ 2

2 − 2, I2 = λ 2
1 λ 2

2 − 1 = J2
s − 1, (5)

where λ1 and λ2 are the principal extension ratios. The Ja-

cobian Js = λ1λ2 indicates the ratio of the deformed to the

reference surface areas. The elastic stresses in an infinitely

thin membrane are replaced by elastic tensions. The Cauchy

tension T can be related to an elastic strain energy per unit

area, ws (I1, I2):

T =
1

Js

Fs ·
∂ws (I1, I2)

∂E
·FT

s , (6)

where the strain energy function ws satisfies the Skalak (SK)

constitutive law57

ws

Gs

=
1

4

(

I2
1 + 2I1− 2I2 +CI2

2

)

. (7)

In the expression above, Gs is the surface shear elastic modu-

lus, and C a coefficient representing the area incompressibil-

ity. Substituting equation (7) into equation (6), we obtain the

principal tensions in the membrane T1 and T2 with T1 ≥ T2:

Ti

Gs

=
λi

λ j

[

λ 2
i − 1+C

(

λ 2
i λ 2

j − 1
)]

, for (i, j)= (1,2) or (2,1).

(8)

In this study, we set C = 10260. Bending resistance is also

considered61, with a bending modulus kb = 5.0 × 10−19 J62;

these values have been shown to successfully reproduce the

deformation of RBCs in shear flow and the thickness of the

CDPL59. Note that the nodal forces on discrete elements, pro-

duced by bending energy, preserve the force- and torque-free

principle. The reader is referred to Pozrikidis 63 for a precise

description of bending resistance.

The internal (cytoplasm) and external (plasma) fluids are

treated as Newtonian viscous fluids, which obey the incom-

pressible Navier–Stokes equations. Although the large stan-

dard deviation of the values of the geometric and mechanical

properties of healthy RBCs were presented depending on the

use of different techniques, cytoplasmic viscosity of RBCs

was summarized as 6.07± 3.8 mPa·s in Tomaiuolo 64 . The

normal plasma viscosity, on the other hand, is µ0 = 1.1–1.3 cP

(1.1–1.3 mPa·s) at 37 ◦C65. Hence, physiologically relevant

values of the viscosity ratio lie in the range λ (= µ1/µ0) =

1.89–8.23 if the plasma viscosity is set to be µ0 = 1.2 cP. The

viscosity ratio λ = 5 is adopted for most of the results pre-

sented in this study, except when specifically investigating the

role of λ on the suspension rheology. In this case, the range λ
= 0.1–10 is investigated.

In the inertialess limit, the problem is characterised by the

capillary number,

Ca0 =
µ0γ̇0a0

Gs

, (9)
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in addition to the non-dimensional input frequency fin = f/γ̇0

and the viscosity ratio λ introduced above. The capillary num-

ber quantifies the relative importance of elastic and viscous

forces, with highly deformable cells characterised by large

values of Ca0. To limit the computational cost and yet obtain

results not affected by inertial effects, we set the Reynolds

number Re = ργ̇0a2
0/µ0 = 0.2, where ρ is the plasma den-

sity. This value well reproduces the capsule dynamics in

unbounded shear flows obtained with the boundary integral

method in Stokes flow (see also Figures 12 and 13 in Takeishi

et al. 11). We further investigate the effect of Re on the Stokes

boundary layer in appendix §B and confirmed that the layer

remained the same even at lower Re(= 0.05) as shown in

Fig. 13.

B. Numerical method

The finite-element method (FEM) is used to solve the weak

form of the equations governing the inertialess membrane dy-

namics and obtain the load q acting on the membrane:

∫

S
û·qdS =

∫

S
ε̂ : TdS, (10)

where û and ε̂ = (∇sû+∇sû
T )
/

2 are the virtual displace-

ment and virtual strain, respectively. The in-plane elastic ten-

sion T is obtained from the Skalak constitutive law, see equa-

tion (7).

The Navier–Stokes equations for the internal and exter-

nal fluids are discretised by the LBM based on the D3Q19

model66,67. In the LBM, the macroscopic flow is obtained

by collision and streaming of hypothetical particles described

by the lattice-Boltzmann-Gross-Krook (LBGK) equation68,

which is given as

fi

(

x f +ci∆t, t +∆t
)

− f
(

x f , t
)

=−1

τ

[

fi

(

x f , t
)

− f
eq
i

(

x f , t
)]

+Fi∆t, (11)

where fi is the particle distribution function for particles with

velocity ci (i = 0–18) at the fluid node x f , ∆t is the time step

size, f
eq
i is the equilibrium distribution function, τ is the non-

dimensional relaxation time, and Fi is the external force ap-

plied from the membrane material points, obtained with the

immersed boundary method (IBM)58. The membrane force at

the membrane node xm is distributed to the neighboring fluid

nodes x f using a smoothed delta function approximating the

Dirac delta function as

D(x) =











1

64
(

∆x f

)3 ∏3
k=1

(

1+ cos
πxk

2∆x f

)

if |xk| ≤ 2∆x f ,

0 otherwise,

(12)

where k ∈ [1,3] and x1 = x, x2 = y, x3 = z. Similarly, the ve-

locity at the membrane node v (xm) is obtained by interpolat-

ing the velocities at the fluid nodes. The membrane node xm

is updated by Lagrangian tracking with the no-slip condition,

i.e.

dxm

dt
= v (xm) . (13)

The explicit fourth-order Runge–Kutta method is used for

time-integration.

In our coupling of method of LBM and IBM, the hy-

drodynamic interaction between individual RBCs is solved

without modeling a non-hydrodynamic inter-membrane repul-

sive force in the case of vanishing inertia, as also shown in

Figure 13 in Takeishi et al. 11 . The volume-of-fluid (VOF)

method69 and front-tracking method70 are employed to up-

date the viscosity in the fluid lattices. A volume constraint is

implemented to counteract the accumulation of small errors,

leading to changes in the volume of the individual cells71: in

our simulation, the volume error is always maintained lower

than 10−3%. All numerical procedures are fully implemented

on GPU to accelerate the numerical simulation. For further

details of the methods we refer to our previous works11,72. The

mesh size of the LBM for the fluid solution is set to be 250 nm,

and that of the finite elements describing the membrane is also

approximately 250 nm (an unstructured mesh with 5,120 ele-

ments is used for each cell). This resolution has been shown to

successfully represent single- and multi-cellular dynamics59;

we have verified that the results of multi-cellular dynamics

are not changing with twice the resolution for both the fluid

and membrane59. We have further investigated the distance

between neighboring membrane nodes. The result of time-

averaged distance of neighboring membrane nodes 〈∆node〉 for

different volume fractions φ is discussed in appendix §C.

C. Analysis of capsule suspensions

For the following analysis, the behavior of RBCs subjected

to oscillatory shear flow is quantified by the length of the

semi-major axis amax and orientation angle θ between the ma-

jor axis of the deformed RBC and the shear direction. The

length of the semi-major axis amax of the deformed RBC is

obtained from the eigenvalues of the inertia tensor of an equiv-

alent ellipsoid approximating the deformed RBC73. The ori-

entation angle θ of a single deformable spherical capsule con-

verges to π /4 in shear flow as Ca → 035,74.

The suspension rheology of RBCs, or the contribution of

the suspended RBCs to the bulk viscosity, is quantified by the

particle stress Σ
(p)56. Specifically, for a deformable capsule

and any viscosity ratio, Pozrikidis75 analytically derived an

expression for the corresponding stresslet, so that the particle

contribution to the total stress can be written as:

Σ
(p) =

1

V

N

∑
i=1

Si, (14)

=
1

V

N

∑
i=1

∫

Ai

[

1

2
(rq̂+ q̂r)− µ0 (1−λ )(vn+nv)

]

dAi,

(15)
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where V is the volume of the domain, Si the stresslet of the

i-th RBC (or capsule), r is the membrane position relative to

the centre of the RBC, q̂ the load acting on the membrane

including the contribution from the bending rigidity, µ0 the

outer fluid (plasma) viscosity, v the interfacial velocity of the

membrane, and Ai the membrane surface area of the i-th RBC.

Here, the suspension shear viscosity µall(= µ0 + δ µ) is rep-

resented by the viscosity µ0 of the carrier fluid (plasma) and a

perturbation δ µ . This leads to the introduction of the relative

viscosity µre and of the specific viscosity µsp defined as:

µre =
µall

µ0

= 1+ µsp, (16)

µsp =
δ µ

µ0

=
Σ
(p)
12

µ0γ̇0

, (17)

where the subscript 1 represents the streamwise direction (i.e.,

the z-direction in this study) and the subscript 2 the wall-

normal direction (i.e., the y-direction in this study). Using the

diagonal components of the particle stress Σ
(p)
ii , the first and

second normal stress differences, typically used to quantify

the suspension viscoelastic behavior, can be defined as:

N1

µ0γ̇0

=
Σ
(p)
11 −Σ

(p)
22

µ0γ̇0

, (18)

N2

µ0γ̇0

=
Σ
(p)
22 −Σ

(p)
33

µ0γ̇0

. (19)

In the case of small oscillations, the particle stress Σ
(p)
12 (t)

is also an oscillatory function, defined by the amplitude

|Σ(p)
12 |amp and the phase difference δ (−π /2 ≤ δ ≤ 0) between

Σ
(p)
12 (t) and the input shear rate γ̇(t):

Σ
(p)
12 (t) = |Σ(p)

12 |amp exp{i(2πft + δ )}. (20)

Following classical rheological analyses, the frequency-

dependent rheology of particle suspensions is expressed in

terms of a complex modulus G∗ and a complex viscosity η∗.

Using the fluid strain γ(t), G∗ is given by:

G∗ =
Σ
(p)
12 (t)

γ(t)
=

i|Σ(p)
12 |amp

γ0

exp(iδ ) = G′+ iG′′, (21)

where G′ is the storage modulus and G′′ is the loss modulus

defined as:


















G′ =−2πf|Σ(p)
12 |amp

γ̇0

sinδ ,

G′′ =
2πf|Σ(p)

12 |amp

γ̇0

cosδ .

(22)

Using the applied shear γ̇(t), instead, one can introduce a

complex viscosity η∗, given by:

η∗ =
Σ
(p)
12 (t)

γ̇(t)
=

|Σ(p)
12 |amp

γ̇0

exp(iδ ) = η ′− iη ′′, (23)

where η ′ and η ′′ are the viscous and elastic component of η∗,

respectively76, and are defined as:



















η ′ =
|Σ(p)

12 |amp

γ̇0

cosδ =
G′′

2πf
,

η ′′ =−|Σ(p)
12 |amp

γ̇0

sinδ =
G′

2πf
.

(24)

In the following analysis, η ′ and η ′′ are normalized by µ0,

and hence, the moduli are rewritten as:















η ′

µ0

= |µsp|amp cosδ ,

η ′′

µ0

=−|µsp|amp sinδ ,
(25)

where |µsp|amp(= |Σ(p)
12 |amp/(µ0γ̇0)) is the magnitude of the

specific viscosity.

The oscillations are examined after the fully-developed

regime has been reached. At least after non-dimensional time

γ̇0t ≥ 40, the influence of the initial conditions on the spe-

cific viscosity was negligible11. In this study, therefore, the

oscillations will be applied after this time, which is redefined

as γ̇0t = 0 for simplicity. The dominant frequency for the in-

put γ̇(t) and output µsp(t) are obtained with a discrete Fourier

transform (DFT), using the Fastest Fourier Transform in the

West (FFTW ) library77. The frequency peak of the output

signal corresponds to the frequency of the applied shear for

all cases considered here. The details of the DFT analysis

adopted in this study are reported in the appendix §D. To re-

duce the influence of the initial conditions, the DFT analysis

and the spatial-temporal average denoted as 〈·〉 start once the

amplitude of µsp becomes basically constant; as an example,

for fin = 0.1, the analyses start from the non-dimensional time

γ̇0t = 800, and continues for 12 periods (see Fig. 2c). For all

the cases, one output wave is resolved by at least 100 discrete

times, and over 10 wave periods are considered in the DFT

analysis. The effect of the number of periods on the calculated

values are discussed in the appendix §E. When presenting the

results, we will initially focus on the analysis of suspensions

in physiological conditions, with volume fraction φ = 0.41, λ
= 5, and Ca0 = 0.05, and later consider variations of the vis-

cosity ratio λ , volume fraction φ and capillary number Ca0.

III. RESULTS

A. Dense suspension of RBCs under oscillatory flow

First, we investigate the oscillatory behavior of dense sus-

pension of RBCs under SAOS flow at Ca0 = 0.05. A snapshot

of the numerical results for the lowest input shear frequency

investigated in this study fin= 0.01 is shown in Fig. 2(a), while

the time history of the specific viscosity µsp(t) and shear-rate

γ̇(t) are displayed in Fig. 2(b), where the value of µsp obtained

under steady shear flow is also displayed with dashed line for

comparison. As expected, the magnitude of µsp at the low-

est shear frequency fin is similar to that obtained under steady
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shear flow, and the output wave, µsp, responds to the imposed

shear, γ̇ , without significant delay. When the shear frequency

fin increases, the resultant amplitude |µsp|amp is reduced, as

shown in Figs. 2(c) and 2(d). Furthermore, there is a clear

phase delay between the µsp and γ̇ oscillations, with the phase

difference increasing as fin increases. The rate of decrease

in the amplitude of the specific viscosity |µsp|amp shown in

Fig. 2(c) is only 0.00781 over a non-dimensional time of γ̇0t =

100, starting from γ̇0t = 800. Thus, the results that we discuss

later, e.g., in Fig. 4 can be considered to be fully converged.

We display the time history of the orientation angle θ , of

the specific viscosity µsp and of the normal stress difference

Ni (with i = 1, 2) in Fig. 3; the instantaneous values are av-

eraged over the different RBCs, normalized by their ampli-

tude χamp, and shifted by their mean value χm. The period is

also normalized by the inverse frequency 1/ fin of each case.

The plots show that θ is slightly delayed from the imposed

shear (Fig. 3a), and this delay becomes greater for larger fre-

quencies. Thus, the time signal of the oscillatory rheology

µsp adapts to the change in the imposed shear faster than the

RBCs orientation θ . Despite this delay, θ has the same pe-

riod as µsp, independently of the applied frequency. The nor-

mal stress differences Ni, on the other hand, exhibit a period

which is almost half that of the imposed shear (µsp and θ ),

and it increases with the oscillation frequency. The first nor-

mal stress difference N1 tends to synchronise with the imposed

shear (µsp and θ ), while the second normal stress difference

N2 is basically in opposite phase. These results remain the

same in dilute conditions (φ = 0.11).

The frequency-dependent deformation and orientation of

individual RBCs are investigated to understand their link to

the flow rheology. The deformation is characterised by the

maximal radius amax, with the ratio amax/a0 chosen as a de-

formation index. The spatial-temporal averages of these two

observables are shown in Figs. 4(a) and 4(b) versus the oscil-

lation frequency fin. The value of 〈amax〉/a0 is slightly non-

monotonic, first growing till fin ≈ 1 and then decreasing. Es-

pecially for the middle range of fin (0.05≤ fin ≤ 1), 〈amax〉/a0

is greater than in steady shear flow. However, the frequency-

induced mean deformation differs by only 0.8% from that in

steady shear flow even for the maximum 〈amax〉/a0 at fin = 0.5

(Fig. 4a). The amplitude of the fluctuations around the mean

keeps instead reducing as fin grows. The orientation angles

θ/π fluctuate around zero for all fin, and thus, the values are

lower than those obtained under steady shear flow, with no

significant frequency dependence, as shown in Fig. 4(b).

The first and second normal stress differences 〈Ni〉/µ0γ̇0,

the resultant amplitude |µsp|amp and phase difference δ are

shown in Figs. 4(c), 4(d) and 4(e) for the different frequen-

cies under consideration. The magnitude of |〈Ni〉|/µ0γ̇0 de-

creases monotonically from that in the steady shear flow as

fin increases, reaching nearly zero for the highest value of

fin. The first normal stress difference 〈N1〉 is positive, while

〈N2〉 is negative (Fig. 4c). It is known that the ratio N2/N1 =
−0.5 can be typically observed in liquid crystals consisting

of rod-like polymer solutions78. Although our numerical re-

sults do no follow this, the order of magnitude of the ratio is

O(−〈N2〉/〈N1〉) ≈ 10−1, and almost independent of φ . The

error bars for 〈Ni〉/µ0γ̇0 are displayed only on one side of the

mean value for major clarity. The specific viscosity |µsp|amp

also decreases from the value in steady shear flow as fin in-

creases above the lowest value (Fig. 4d). The specific viscos-

ity |µsp|amp only weakly changes in the intermediate range of

fin (0.05 ≤ fin ≤ 0.5), before decreasing again at higher fin.

The phase delay δ is also found to be a function of the shear

frequency, as documented in Fig. 4(e), where we observe that

δ decreases from almost zero at the lowest fin (= 0.01) until

fin = 1, and then increases for fin > 1.

The frequency-dependent |µsp|amp and δ define the com-

plex viscosity, with real and imaginary part η ′ and η ′′, which

are reported in Fig. 4(f). The variations of η ′ with fin well

follow |µsp|amp, whereas η ′′ first increases, reaches a max-

imum at fin ≈ 1, and then decreases again for larger fre-

quencies. While η ′′ almost coincides with η ′ at large fin,

the increase of η ′′ at low fin can be well approximated by

a power law: η ′′ ∝ f 0.47
in . This result indicate that dense sus-

pensions of RBCs cannot be fully modelled as Maxwell flu-

ids, where the complex shear moduli η ′′(= G′/(2πf))≈ f and

η ′(= G′′/(2πf))≈ const for low f; on the other hand, the re-

sults of η ′′ are qualitatively similar to those obtained with the

Oldroyd-B fluids78,79. However, since an Oldroyd-B fluid is

characterised by zero N2
78,79, RBCs (or SK capsule) suspen-

sion differ from the aforementioned non-Newtonian models.

At the microstructure level, the RBCs fully orient towards

the shear directions at the low frequency ( fin = 0.05) except

for the lowest one ( fin = 0.01), while their orientations vary

for high frequencies ( fin ≥ 0.1) because individual RBCs are

forced to reorient before reaching a stable condition. Con-

sequently, the standard deviations of the orientation angle θ
are greater at low frequency and smaller at high frequencies

(Fig. 4b). The results are consistent with those described later

in Figs. 6(b), 9(d) and 9(e). Although it is known that the RBC

deformation alone is sufficient to give rise to shear-thinning42,

the resulting complex viscosity shown in the Fig. 4(f) weakly

depends on the frequency-modulated deformations or orienta-

tions of individual RBCs (Figs. 4a and 4b, respectively), but

rather depends on combinations of the frequency-dependent

amplitude |µsp|amp and phase difference δ (Figs. 4d and 4e,

respectively).

To conclude, we present the Lissajous-Bowditch plots80,81

of µsp versus γ̇/γ̇0, following the classical way to analyse non-

linear oscillations. We recall that an elastic solid would corre-

spond to a straight line, a Newtonian fluid to a perfect circle,

and viscoelastic materials under SAOS to an ellipsoid. Non-

linear responses can generally lead to a more complex shape,

which itself is a characterization of the nonlinear viscoelastic-

ity of the suspension80, as usually observed under LAOS. The

diagrams for our RBC suspensions are shown in Fig. 5, where

the Lissajous plots reveal deviation from the ellipsoidal to the

sigmoidal shape as fin decreases.

B. Effect of the viscosity ratio

Next, we investigate the effect of the viscosity ratio λ (=

0.1, 1, 5 and 10) on the system viscoelasticity for relatively
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FIG. 2. (a) Snapshot of a dense suspension of RBCs (φ = 0.41) zooming on the central part of the rectangular computational box for the lowest

shear frequency fin = 0.01 under consideration. (b) Time history of the specific viscosity µsp and input shear rate γ̇/γ̇0 under fin = 0.01, where

γ̇ is normalized by the amplitude γ̇0. The result of µsp obtained under steady shear flow is also displayed as red dashed line. (c and d) Time

history of µsp and γ̇ for shear frequencies fin = (c) 0.1 and (d) 1. The results are obtained with φ = 0.41, λ = 5, and Ca0 = 0.05.

low and high frequencies fin (= 0.05 and 0.5). The behav-

ior of 〈amax〉/a0 and 〈θ 〉/π as a function of λ is reported

in Figs. 6(a) and 6(b). The mean deformation of individ-

ual RBCs progressively increases with λ , with only a slight

increase at low fin (= 0.05), and a more significant one for

fin= 0.5, when comparing with the case of steady shear flow

(Fig. 6a).

The average cell orientation 〈θ 〉/π decreases under oscil-

latory shear flow, with no significant differences in the mean

values for the different λ considered (Fig. 6b). When the shear

frequency is small ( fin = 0.05), the RBCs are able to attain a

similar orientation (i.e., small standard deviations of 〈θ 〉/π),

while when the shear frequency is large ( fin = 0.5), the or-

dered orientation is disrupted, as shown by the large value

of standard deviations in Fig. 6(b). This is consistent with

the observations from the data for λ = 5 discussed above, cf.

Fig. 4(b).

As also noted before from the data in Figs. 4(c) and 4(d),

|〈Ni〉|/µ0γ̇0 and |µsp|amp decrease under oscillatory shear

flow, and this behavior is consistently observed also for the

different values of λ under consideration (Figs. 6c and 6d).

〈N1〉 only slightly increases with λ at low fin, while it exhibits

an opposite tendency at high fin; furthermore, there are no sig-

nificant variations in 〈N2〉 between high and low fin. In partic-

ular, |µsp|amp increases with λ , similarly to what observed for

steady shear flow. For low viscosity ratios, |µsp|amp progres-

sively reduces with fin, while for large viscosity ratios, it does

not vary significantly with the frequency of the imposed shear

fin. The phase difference 〈δ 〉/π instead does not vary signifi-

cantly with the viscosity ratio for small values of fin, while it

does change significantly (i.e., the magnitude of δ decreases

as λ increases) for the largest value of fin (see Fig. 6e). In

other words, large values of the viscosity ratios help to reduce

the time-lag between the input and output signal at high shear

frequency as compared to steady shear.

The complex viscosity is displayed in Fig. 6(f) as a function

of λ for the two values of fin under investigation. For all the

values of the viscosity ratio, η ′ well follows |µsp|amp, while

η ′′ is only weakly dependent on λ . At the large fin (= 0.5),

η ′ overcomes η ′′ between λ = 1 and 5, while such crossover

is not found at low fin (= 0.05). The viscous component η ′ is

higher at the low fin than at the large one, while η ′′ follows

an opposite trend, i.e., its value is higher at the large fin than

at the low frequencies.

Overall, the rheological behavior of the RBC suspension in

oscillating shear flows appears to be only weakly dependent
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FIG. 3. Time history of the orientation angle θ and rheological pa-

rameters [the specific viscosity µsp and the normal stress differences

Ni (i = 1, 2)], during a specific period T ∗ at statistical steady state af-

ter the initial transient, for different frequencies fin = (a) 0.01, (b) 0.1

and (c) 1, where the period is normalized by the inverse frequency

1/ fin. The values are averaged between individual RBCs, normal-

ized by each amplitude χamp and shifted so that each baseline is the

mean value χm. The results are obtained with φ = 0.41, λ = 5, and

Ca0 = 0.05.

of the viscosity ratio, except for the lower phase lag observed

at high λ .

C. Effect of the volume fraction

We performed simulations in a dilute condition (φ= 0.11) to

investigate the behavior at low volume fractions, characterised

by fewer cell-cell interactions. The results for different oscil-

lation frequencies at φ = 0.11 are compared to those at φ=

0.41 in Fig. 7, following the same order as in Figs. 4 and 6.

In dilute conditions, the deformation index, 〈amax〉/a0, re-

mains almost the same as in dense conditions, but with smaller

fluctuations than at larger volume fractions, as indicated by the

error bar (Fig. 7a). Although frequency-induced deformations

are found in the intermediate range of fin (0.0333 ≤ fin ≤ 1),

all the variations with respect to the case of steady shear flow

are always less than 1%. The mean orientation 〈θ 〉/π and

its fluctuations also remain similar to those in the dense sus-

pension, as shown in Fig. 7(b), with 〈θ 〉/π fluctuating around

zero for all fin, resulting in a lower average 〈θ 〉/π than under

steady shear flow.

The spatio-temporal average of the first and second normal

stress differences 〈Ni〉, the specific viscosity |µsp|amp and of

the phase shift δ are shown as a function of fin in Figs. 7(c),

7(d) and 7(e). As for the flow of dense suspensions, 〈Ni〉/µ0γ̇0

and |µsp|amp decrease from the steady-shear flow value as fin

increases. The values of 〈Ni〉 decrease by one order of magni-

tude from φ = 0.41 to φ = 0.11. The specific viscosity |µsp|amp

basically decreases with fin. The trend is similar to that ob-

served in dense conditions, although |µsp|amp is clearly lower

at low volume fraction. For both volume fractions under in-

vestigation, a first plateau with lower |µsp|amp amplitude oc-

curs at fin ≈ 0.05 before the final decay for high frequencies.

The behavior of δ/π in dilute conditions, on the other hand,

is different from that in the dense suspension: in this case,

δ/π monotonically decreases as fin increases, see panel (e) of

Fig. 7. Because of this, at relatively high forcing frequencies,

fin ≥ 1, the magnitude of δ/π becomes greater in the dilute

condition than in the dense case (cf. Fig. 7e).

Figure 7(f) reports the complex viscosity. The real part, η ′,
again well follows the trend discussed for |µsp|amp, whereas

η ′′ attains its maximum value around fin = 0.5 and then

crosses over η ′ for larger frequencies. At low frequencies, we

estimate η ′′ to increase with fin following a power law with

exponent 0.53, i.e., η ′′ ∝ f 0.53
in .

Overall, the volume fraction clearly affects the mean spe-

cific viscosity µsp in SAOS flows; however the differences

due to volume fraction reduce at higher oscillations frequen-

cies. The other observables appear instead to be almost in-

dependent of the volume fraction. High frequency or dilute

conditions decrease the rate of hydrodynamic interaction be-

tween RBCs, resulting in a reduced contribution of the RBCs

to the suspension bulk properties, as observed for the normal

stress differences 〈Ni〉.
A frequency sweep data typically reveals the characteris-

tic microstructural relaxation time scales in the system, often

identified as the intersection of the two complex moduli. In

our case, η ′ and η ′′ show change in behavior for fin ≥ 1 for

both φ = 0.11 and 0.41, (Fig. 7f). Also, the normal stress dif-

ferences 〈Ni〉 vanish above this value of fin, and δ changes

behavior (Fig. 7e). Intriguingly, this frequency corresponds
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FIG. 4. (a) Spatial-temporal average of the deformation index 〈amax〉/a0, (b) orientation angle 〈θ 〉/π between the major axis of the deformed

RBC and the shear direction, (c) the first and second normal stress differences 〈Ni〉/µ0γ̇0 (i = 1 and 2), (d) amplitude of the specific viscosity

µsp, (e) phase difference δ , and (f) complex viscosity η ′/µ0 and η ′′/µ0 as a function of the input frequency fin. The results obtained under

steady shear flow are also displayed in (a)–(d) as dashed (or dash-dot) lines. The error bars in (a)–(c) represent standard deviations. The error

bars in panel (c) are displayed only on one side of the mean value for major clarity. The results are obtained with φ = 0.41, λ = 5 and Ca0 =

0.05.

to the rotation time scale γ̇−1
0 , which is equal to the tumbling

time scale of rigid particles suspended in a simple shear flow.

D. Effect of the capillary number

In this section, we consider the relatively large capillary

number Ca0 = 0.8, and quantify its effect on the complex

viscosity for different values of the volume fraction φ (=

0.11–0.41). Even in such large Ca0 condition, the Lissajous-

Bowditch plots shown in Fig. 8 exhibit an elliptical shape,

which is the characteristic response in SAOS, independently

of the value of fin. Snapshots of the suspension of RBCs sub-

ject to low and large capillary number, Ca0 = 0.05 and 0.8,

at fin = 0.5 and for different volume fractions φ are shown in

Fig. 9(a). Also, the spatio-temporal average of the deforma-

tion 〈amax〉/a0 and of the orientation angle 〈θ 〉/π are shown

in Figs. 9(b)–9(e) for both low Ca0 (= 0.05) and high Ca0 (=
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FIG. 5. Lissajous-Bowditch plots of µsp versus γ̇/γ̇0 for different fin.

The results are obtained with φ = 0.41, λ = 5 and Ca0 = 0.05.

0.8).

Starting from Fig. 9(b), we note that the deformation

〈amax〉/a0 remains almost the same for low Ca0 (= 0.05), in-

dependently of fin (= 0.05 and 0.5) and φ ; the values are close

to those obtained for steady shear flow (see the black dashed

line in the figure). On the other hand, for the large Ca0 (= 0.8)

condition, we observe a difference between the low and high

fin; in particular, 〈amax〉/a0 is larger at fin = 0.05 than at fin

= 0.5, also with larger variations around the mean (see error

bars in Fig. 9c). We therefore observe that the deformation

is impeded by oscillatory flows. For the lowest value consid-

ered, φ = 0.11, we do not observe relatively large variations of

the average deformation at fin = 0.5, suggesting that the de-

crease of deformation with frequency is due to hydrodynamic

interactions among the different cells.

In the results presented so far, 〈θ 〉/π is found to fluctuate

around zero, resulting in a lower value of 〈θ 〉/π than that for

steady shear flow. This is observed also when fin, φ , and Ca0

change as shown in Figs. 9(d) and 9(e). The fluctuations of

〈θ 〉/π are larger for high-frequency oscillatory shear, which

is similar to the results for different viscosity ratios λ pre-

sented in Fig. 6(b). As mentioned above or in appendix §C,

high frequency or dilute conditions decrease the rate of hy-

drodynamic interaction between RBCs, resulting in a reduced

contribution of the RBCs to the suspension bulk properties.

Thus, large fluctuations of 〈θ 〉/π at high frequency come from

various orientations of the individual RBCs due to weak hy-

drodynamic interactions, independently of φ and Ca0.

The spatio-temporal average of the specific viscosity

|µsp|amp and of the phase delay δ/π are compared for low Ca0

(= 0.05) and high Ca0 (= 0.8) in panels (a)–(d) of Fig. 10. As

expected, the specific viscosity increases with the RBC vol-

ume fraction: |µsp|amp is maximum for steady shear flow and

decreases under oscillatory shear flow. For the smallest Ca0

(= 0.05), |µsp|amp is almost independent of the frequency of

the imposed shear fin, at least for the range considered in this

study, deemed relevant for physiological flows. For the large

Ca0 (= 0.8) flow, |µsp|amp appears to decrease with fin. For

both low and high Ca0, the frequency-dependent decrease of

|µsp|amp becomes more evident as φ increases. We can also

note in the figure that |µsp|amp is lower for the largest value of

the capillary number investigated at steady shear rate. As high

Ca0 corresponds to large deformability in the limit fin → 0,

this result confirms the shear-thinning behavior with deforma-

bility in the case of suspensions of deformable objects40,41,82.

As discussed when examining the results in Fig. 6(e), the

magnitude of δ/π increases at high fin for every volume frac-

tion φ , independently of Ca0 as shown in Figs. 10(c) and

10(d). Furthermore, the magnitude of δ/π also depends on

φ : at low fin (= 0.05), |δ |/π slightly increases as φ increases

for low Ca0 (Fig. 10c). On the other hand, at high fin (= 0.5),

|δ/π | decrease as φ increases, especially for large Ca0 con-

ditions. Overall, the phase difference |δ/π | is largest for the

lowest φ (= 0.11), high fin (= 0.5), and high Ca0 (= 0.8).

The complex viscosity is reported in Figs. 10(e) and 10(f)

versus the volume fraction φ for the two values of Ca0 under

consideration. Consistently with the results described so far,

η ′ follows the trend displayed by |µsp|amp for both high and

low Ca0; in particular, η ′ is higher for low Ca0 than for high

Ca0, confirming once more the shear thinning with deforma-

bility of elastic objects. Furthermore, η ′ at low fin (= 0.05) is

always higher than at high fin (= 0.5) for each φ , while this

trend is opposite in η ′′, which always higher at high fin than

those at low fin. Overall, conditions of small Ca0 and high fin

are those to lead to the largest η ′′.
Thurston 76 adopted the metrics of viscoelasticity discussed

in this work, i.e., η∗ = η ′− iη ′′ (23), and measured the value

of η∗ of normal human blood (i.e., suspension of RBCs in the

plasma) for varying amplitude of the shear rates (or velocity

gradient) at a temperature of 25 ◦C and with concentrations

ranging from 0 to 100%. The measurements were carried out

at a frequency of 10 Hz, corresponding to fin ≈ 0.25 in this

study. The experimental results showed that for volume frac-

tions above 20% (φ ≥ 0.2) and shear rates less than 2 s−1,

corresponding to Ca0 ≈ 2.4 × 10−3 in our study (a0 = 4 µm

and Gs = 4 µN/m are assumed here), the elastic component

η ′′ increased with φ approximately cubically (i.e., η ′′ ∝ φ3)

while the viscous component η ′ increases exponentially. Such

dramatical increases in both metrics (η ′ and η ′′) are seen for

low shear rates, which potentially causes the shear-thinning

character of the blood2. In our study, the minimum shear rate

condition is ≈ 42 s−1 (Ca0 = 0.05), which is still over 20 times

greater than the experimental condition of Thurston 76 , and the

increase of η ′ and η ′′ as a function of φ (see Figs. 10e and 10f)

are more moderate than in the experiment. For precise com-

parison with experimental data, modeling of aggregation and

disaggregation of RBCs would also be important.

E. Membrane tension under oscillatory shear flow

Finally, we also investigate the maximal in-plane principal

tension T1 (≥ T2) and the isotropic tension Tiso(= T1+T2)/2 in

the deformed RBC, and display the results in Fig. 11. We indi-

cate the spatial-temporal average of those tensions as 〈T1〉 and

〈Tiso〉, which are computed using equation (8). It is known that

these tensions monotonically increase with Ca, as observed in

narrow rectangular microchannels83. Similarly to the normal
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FIG. 6. (a) Spatial-temporal average of the deformation index 〈amax〉/a0, (b) orientation angle 〈θ 〉/π , (c) the first and second normal stress

differences 〈Ni〉/µ0γ̇0 (i = 1 and 2), (d) amplitude |µsp|amp, (e) phase difference δ/π , and (f) complex viscosity η ′/µ0 and η ′′/µ0 as a function

of viscosity ratio λ (= 0.1, 1, 5 and 10). The results obtained under steady shear flow at each λ are also displayed in (a)–(d) as black dash-dot

lines. The results are obtained with φ = 0.41 and Ca0 = 0.05 for relatively low and high shear frequencies, fin = 0.05 and fin = 0.5.

stress differences 〈Ni〉, the values of 〈Ti〉 also decrease with

fin, independently of φ (Figs. 11a and 11b), clearly indicating

the decrease of the RBC deformation and a reduction in their

hydrodynamic interactions. Indeed, the magnitude of |〈Ti〉|
decreases for all fin, compared to those in a steady shear flow,

with the maximum principal tension 〈T1〉 being much lower

especially in the dilute condition (φ = 0.11). A frequency-

dependent decrease of the membrane tensions is also found

for all φ both for Ca0 = 0.05 and Ca0 = 0.8 (Figs. 11c and

11d, respectively).

The state of membrane tension is further investigated for

different viscosity ratios λ , the results shown in Fig. 11(e).

Compared with the previous results of single RBC in Refs. 83

and 84, the similarities or discrepancies in the values of 〈Ti〉
for different λ arise here from the different input frequen-

cies fin. The observations above about the reduction in mem-

brane tension with the oscillations are valid also for the dif-

ferent values of λ examined. Considering these results shown

in Fig.11, SAOS flow basically impedes the deformation of

individual RBCs as well as the magnitude of fluid-membrane
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FIG. 7. (a) Spatial-temporal average of the deformation index 〈amax〉/a0, (b) orientation angle 〈θ 〉/π , (c) the first and second normal stress

differences 〈Ni〉/µ0γ̇0 (i = 1 and 2), (d) amplitude |µsp|amp, (e) phase difference δ/π , and (f) complex viscosity η ′/µ0 and η ′′/µ0 as a function

of fin for dilute (φ = 0.11) and dense (φ = 0.41) suspensions. The results obtained under steady shear flow are displayed in panels (a)–(d) with

dashed lines. The results are obtained with Ca0 = 0.05, and λ = 5.

interactions, resulting in a lower specific viscosity and first

and second normal stress differences than in steady shear flow

(Figs. 7c and 7d).

Overall, the input frequency results to be the main param-

eter affecting the tension of the RBC membrane. Although

we could not observe any particular frequency-induced vari-

ation of the deformation of the RBCs in terms of the index

〈amax〉/a0, the membrane tension is strongly affected by the

input frequency. Therefore, the full viscoelastic behavior of

RBC suspensions cannot be simply estimated by the geomet-

rical properties of individual deformed RBCs, but it should in-

clude the state of the membrane tension, which appears to be

strongly related to the normal-stress differences (see Figs. 11a

and 11b).

IV. CONCLUSIONS

We have performed numerical simulations of dense suspen-

sion of RBCs under SAOS for a wide rage of shear frequen-
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FIG. 8. Lissajous-Bowditch plots of µsp versus γ̇/γ̇0 at Ca0 = 0.8 for

different φ at (a) fin=0.05 and (b) fin = 0.5. The results are obtained

with viscosity ratio λ = 5.

cies fin, and quantified the viscoelastic character of the bulk

suspension by its complex viscosity; this is defined in terms

of the amplitude of the particle stress and the phase difference

between the output particle stress and the sinusoidal applied

shear (see Eq. 25). The flow is assumed to be inertialess, with

the fluids inside and outside the RBCs modeled as Newto-

nian. The role of the viscosity ratio λ , the volume fraction of

the RBCs φ , and the Ca0 on the complex viscosity have been

evaluated and discussed.

The first important question we focused on is whether the

cell deformation might be enhanced by varying the oscilla-

tory frequency. Although frequency-induced deformation can

be found both in dense and dilute conditions, especially for

the intermediate range of frequencies, 0.05 ≤ fin ≤ 1 corre-

sponding to 2.1 Hz ≤ f ≤ 42 Hz for Ca0 = 0.05 (≈ 42 s−1

assuming the reference radius of a0 = 4 µm and the surface

shear elastic modulus of Gs = 4 µN/m), the differences with

the deformations in steady shear flow are always less than

1%. Thus, enhancement of cell deformation under oscilla-

tory shear is unlikely to occur for RBCs. Previous numeri-

cal analysis of a single spherical capsule, whose membrane

follows the neo-Hookean (NH) constitutive law (i.e., strain-

softening property), demonstrated that frequency-dependent

deformations become evident for high Ca and large values

of λ 19, specifically Ca = 2.0 and λ = 10, with a 26% de-

formation increase observed at fin = 0.01. Our results, how-

ever, show that even for relatively large Ca0 (= 0.8), the cell

deformation by oscillatory shear flow is very limited for bi-

concave capsules, which is possibly due to the SK law (i.e.,

strain-hardening membrane property). Focusing on biologi-

cal systems, the oxygen-dependent regulation of RBC prop-

erties should be taken into considerations16. For instance, it

is known that the elongation of RBCs in response to shear

stresses increases as oxygen tension is decreased17. Thus,

it will be interesting to study whether deformation of RBCs

under pulsatile flows results in passive regulation for oxygen

transport. Differently from what observed for the cell defor-

mation, the tension of the membrane decreases significantly

with the input frequency, also resulting in a decrease of the

normal stress differences. This result suggests that the vis-

coelastic character of RBC suspensions can be fully under-

stood only by accounting for the state of the membrane ten-

sion.

Our next question is how the bulk suspension rheology is al-

tered in oscillatory flows when compared to the case of steady

shear flow, where most experimental measures are taken. As

fin increases, η ′ gradually decreases, while η ′′ attains its max-

imum value at frequency fin = 0.5 corresponding to f = 21 Hz

(Fig. 7f). A similar trend was reported for a single spher-

ical capsule with NH law in Matsunaga and Imai 48 , where

η ′′ was shown to reach its maximum at fin = 0.2. Interest-

ingly, the local maximum f max
in (= 0.5) remains the same in di-

lute condition (φ = 0.11) for the RBC suspensions considered

here (Fig. 7f); therefore, the discrepancy in the frequency of

the maximum η ′′ with the previous numerical study by Mat-

sunaga and Imai 48 might be due to the different membrane

constitutive law or the capsule shape rather than an effect of

the volume fraction. Furthermore, the curves obtained here for

η ′′ are qualitatively similar to those in Oldroyd-B fluids78,79,

whose N2 is however null. While the ratio −N2/N1 is not ex-

actly equal to 0.5 as typically observed in liquid crystals con-

sisting of rod-like polymer solution78, it has the same order of

magnitude O(−〈N2〉/〈N1〉) = 10−1, and it is almost indepen-

dent of the volume fraction φ . Overall, SAOS flow basically

impedes the deformation of individual RBCs as well as the

magnitude of fluid-membrane interactions (Fig.11), resulting

in a lower specific viscosity and first and second normal stress

differences than in steady shear flow (Figs. 7c and 7d).

This study provides the first conclusive evidence of oscil-

latory rheology of suspension of RBCs in SAOS. Although

it is known that the RBC deformation alone is sufficient to

give rise to shear-thinning42, the resulting complex viscos-

ity shown in the Fig. 7(f) weakly depends on the frequency-

modulated deformations or orientations of individual RBCs

(Figs. 7a and 7b, respectively), but rather depends on com-

binations of the frequency-dependent amplitude |µsp|amp and

phase difference δ (Figs. 7d and 7e, respectively). Effects of

particle deformability, inertia, and LAOS on the viscoelastic

character in suspensions of RBCs will be reported in a future

study. A physiological interpretation for the local maximum

of the η ′′ viscosity at a frequency of ≈ 21 Hz is still miss-

ing. Since this is 20 times higher than the physiological heart

beat (≈ 1 Hz), such high frequency hydrodynamic interactions
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FIG. 9. (a) Snapshots from our numerical results of suspensions with different φ=0.11 and 0.41 at imposed shear frequency fin = 0.5. The

top raw shows the data at the lowest Ca0 = 0.05 and the bottom raw those at the highest Ca0= 0.8. (b and c) Spatial-temporal average of the

deformation index 〈amax〉/a0, and (d and e) orientation angle 〈θ 〉/π as function of φ for two values of fin (0.05 and 0.5). The left column

(panels b, and d) displays the results for Ca0 = 0.05, and the right column (c, and e) those for Ca0 = 0.8. The results are obtained for viscosity

ratio λ = 5.

may only occur in local vascular areas, e.g., aneurisms, or in

an artificial blood pumps. Thus, in the future, it will be inter-

esting to also study whether such high-frequency oscillations

can induce or delay blood clots.

The values of the dimensional frequency studied in this

work f(= fin γ̇0 = finCa0 {Gs/(µ0a0)}) are estimated using Gs

= 4 µN/m (see also Figure 12 in Takeishi et al. 11), which is

determined by fitting the lengths of stretched RBCs by optical

tweezers at steady state85. Thus, the exact values of the fre-

quency depend on the estimation of Gs, which varies with the

membrane constitutive laws and is also sensitive to different

experimental methodologies, e.g., atomic force microscopy,

micropipette aspiration and etc86. Direct comparison with ex-

periments is therefore not trivial and left as a future study.

Existing works on oscillatory rheology focus on build-

ing macroscale models for dilute suspensions: soft particle
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FIG. 10. (a and b) Spatial-temporal average of the amplitude of the specific viscosity |µsp|amp, (c and d) phase difference between applied

shear and corresponding stress δ/π , and (e and f) complex viscosity η ′/µ0 and η ′′/µ0 as function of the volume fraction φ and the oscillatory

frequency fin (= 0.05 and 0.5). The left column (panels a, c, and e) displays the results for Ca0 = 0.05, and the right column (b, d, and f) those

for Ca0 = 0.8. The results are obtained for viscosity ratio λ = 5.

glasses44, viscoelastic particles45, bubbles46, vesicles47, and

NH capsule48. Although a suspension of particles can be de-

scribed as a continuum at length scales large compared to the

size of the constituent particles, none of these works success-

fully derived constitutive equations for the oscillatory rheol-

ogy of dense suspensions. Misbah37 derived an equation to

describe the suspension viscosity µe f f in the tank-treading

regime under the assumption of small deformations of vesicles

in steady shear flow: (µe f f − µ0)/(φ µ0) = 2.5−A (23λ +
32)/(16π), where A is the excess area. The next challenge

will therefore be extending the applicability of such models

to cover a wide range of volume fractions and large deforma-

tions of RBCs. Our numerical results and quantitative model

analysis of the viscoelastic property of dense suspensions of

RBCs will be also helpful to build more sophisticated non-

Newtonian constitutive laws that consider multi-scale dynam-

ics, and to gain insights not only into the passive cellular

flow in physiological systems1–4, but also into the design of

novel artificial blood pumps15. We hope that our numerical

results will stimulate further numerical and experimental stud-
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FIG. 11. (a and b) Spatial-temporal average of the first and isotropic tensions (T1 and Tiso, respectively) as a function of fin for (a) dense (φ =

0.41) and (b) dilute (φ = 0.11) conditions. The results are obtained for SAOS (Ca0 = 0.05). In (c) and (d), the membrane tensions are shown

as function of φ and fin (= 0.05 and 0.5) for (c) Ca0 = 0.05 and (d) Ca0 = 0.8. The results shown in (a)–(d) are obtained for λ = 5. (e) The

membrane tensions as function of the viscosity ratio λ and fin (= 0.05 and 0.5) for dense condition (φ = 0.41). The result in (e) is obtained for

SAOS (Ca0 = 0.05).

ies, able to shed light on the complex interplay between cellu-

lar dynamics and oxygen transport in the microcirculation.
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Appendix A: Effect of the domain size

The presence of walls bounding the suspension causes a fi-

nite CDPL. We quantify the thickness of the CDPL as done in

a previous work59. The result is shown in Fig. 12(a), where

the thicknesses of the CDPL at φ = 0.21 and fin = 1 are

investigated for different domain heights H (= 7.5a0, 10a0,

and 12.5a0). We observe that the change in CDPL between

the present height (H = 10a0) and a larger one (H = 12.5a0)

|CDPLH=10a0
/CDPLH=12.5a0

− 1| is less than 3%, so we can

conclude that the thickness of CDPL remains almost the same

for H ≥ 10a0 .

Effective volume fraction profiles along the domain height

φy are also shown at the minimum and maximum fin (= 0.01

and 5) for φ = 0.41 in Fig. 12(b). The data show that φy is

slightly greater than φ (or HctD), i.e., φy > φ , near the wall

regions, with no big differences observed for the two fin. We

also evaluate the value of several observables (the phase dif-

ference δ , the amplitude of the specific viscosity |µsp|amp,

and the moduli of the complex viscosity η ′/µ0 and η ′′/µ0)

for different values of the wall-to-wall distance H, whose re-

sults with the corresponding relative errors are listed in table I.

Since the difference between the case with the largest height

(H = 12.5a0) and our reference case are less than 2% for all

φ

φ

φ

FIG. 12. (a) Thickness of the CDPL for different domain height

H/a0 (= 7.5, 10, and 12.5) at φ = 0.21, Ca0 = 0.4, and fin = 1.

The error bars represent the standard deviation over time. (b) The

effective volume fraction profile φy along the domain height y at the

minimum and maximum frequency fin (= 0.01 and 5, respectively)

for a channel height H = 10a0, where the dashed line denotes the

volume fraction (or HctD) φ = 0.41 (dashed line). The results are

obtained on the fully developed flow and pertain the simulations with

λ = 5.

the quantities, the results presented in this study are all ob-

tained with the domain height H = 10a0, as also done in our

previous numerical analysis11.

Appendix B: Stokes boundary layer

In the laminar regime, a boundary layer generated by the

harmonic oscillations is denoted by a viscous length δS or

Stokes boundary layer (SBL)87. A conventional viscous

length δS is defined using the kinematic viscosity ν of the

(external) fluid; δS =
√

2ν/ω. Therefore, a non-dimensional

length can be defined as δ ∗
S = δS/a0 = 1/

√
πRe fin. We quan-

tify the distance δymax at Re = 0.2 along the wall-normal cor-

rdinate y where the effective volume fraction profile φy is max-

imum, and compare with δ . The result is shown in Fig. 13.

All numerical results of δymax are smaller than or compara-

ble to the estimated SBL. Furthermore, the result of δymax at

Re = 0.2 is consistent with that obtained with smaller Re (=

0.05). The distance δymax is independent of fin, indicating
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TABLE I. Effect of the domain height H on the phase difference

δ , amplitude of the specific viscosity |µsp|amp, and moduli of the

complex viscosity (η ′/µ0 and η ′′/µ0). The error parameter ε(χ) is

calculated based on H = 10a0. The simulations are performed at φ
= 0.21, Ca0 = 0.4, λ = 5, and fin = 1.

Height H 7.5a0 10a0 (reference) 12.5a0

Number of RBCs 258 344 442

δ/π -0.19032 -0.19069 -0.18874

ε(δ/π) 0.00189 - 0.01021

|µsp|amp 0.59599 0.53463 0.54107

ε(|µsp|amp) 0.11477 - 0.01205

η ′/µ0 0.49259 0.44153 0.44871

ε(η ′/µ0) 0.11563 - 0.01626

η ′′/µ0 0.33550 0.30146 0.30235

ε(η ′′/µ0) 0.11292 - 0.00297

δ

δ
δ

FIG. 13. Time average of the distance δymax at Re = 0.2 along the

domain height y when the effective volume fraction profile φy is max-

imized, where the dashed line denotes the SBL layer thickness δS at

Re = 0.2. The result of δymax at Re = 0.05 and fin = 1 is also su-

perposed. The results are obtained on the fully developed flow and

pertain the simulations with λ = 5.

that the CDPL is irrelevant to the SBL.

Appendix C: Distance between neighboring membrane nodes

We further investigated the distance between neighboring

membrane nodes. The result of time-averaged distance of

neighboring membrane nodes 〈∆node〉 for different volume

fractions φ is shown in Fig. 14. The result is obtained with

Ca = 0.05, viscosity ratio λ = 5, and frequency fin = 0.5.

Even at the highest volume fraction φ = 0.41, the average dis-

tance still maintains over two fluid lattices. Thus, at least for

φ ≤ 0.41, our coupling of LBM and IBM successfully resolve

the distance between neighboring membrane nodes.

φ

〈∆
〉∆

FIG. 14. The time-averaged distance of neighboring membrane

nodes 〈∆node〉/∆xLBM as a function of φ , where ∆xLBM is the mesh

size of the LBM. The results are obtained with Ca = 0.05, viscosity

ratio λ = 5, and frequency fin = 0.5.

Appendix D: Discrete Fourier transform

The peak frequency and amplitude of the output signal, the

specific viscosity µsp, and of the imposed shear rate γ̇ are cal-

culated by the discrete Fourier transform (DFT), defined as:

X( fk) =
n−1

∑
j=0

x(t j)exp(−i2π jk/n), (D1)

where X( fk) is the Fourier coefficient of the variable x for

the k-th mode, and n is the number of data points. Consid-

ering only the signal dominant component of frequency fp,

the one of the imposed shear as shown below, we can write

the input and output signals as γ̇(t)≈ γ̇0 cos(2π fpt +Θγ̇) and

µsp(t) ≈ |µsp|amp cos(2π fpt +Θµsp), with the phase differ-

ence δ (−π /2 ≤ δ ≤ 0) expressed as δ = Θµsp −Θγ̇ . The

phases Θ (= Θγ̇ or Θµsp) can be defined as the angle between

the real and imaginary parts of the Fourier coefficient X( fp)
at the peak frequency fp of γ̇(t) or µsp(t):

Θ = atan2(Im(X( fp)),Re(X( fp))). (D2)

Indeed, the calculated peak frequencies of γ̇ and µsp coin-

cide with the input strain frequency fin(= f/γ̇0) as shown in

Fig. 15.

Appendix E: Effect of wave periods on the solutions by DFT
analysis

The accuracy of the analysis is important especially for

small values of δ because the complex modulus is propor-

tional to sin δ ≈ δ for δ ≪ 1. We have therefore checked

the effect of the number of wave periods used for the input

and output signals in the DFT analysis: δ/π , |µsp|amp, η ′,
η ′′. Specifically, we have computed these values for a num-

ber of periods ranging from 5 to 30, where each output wave

is resolved by a sufficiently large number of discrete points
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TABLE II. Effect of the number of wave periods used in the DFT analysis on the phase difference δ , amplitude of the specific viscosity

|µsp|amp, and moduli of the complex viscosity (η ′/µ0 and η ′′/µ0). The error parameter ε(χ) is defined as ε(χ) = |χ/χre f − 1|, where the

subscript re f indicates the reference values. The simulations are performed at φ = 0.41, Ca = 0.05, λ = 5, and fin = 0.05.

Number of wave periods 5 10 15 20 25 30 (ref)

δ/π -0.07956 -0.08127 -0.08117 -0.08080 -0.08045 -0.08014

ε(δ/π) 0.00730 0.01400 0.01283 0.00818 0.00382 -

|µsp|amp 2.76387 2.43931 2.46789 2.49496 2.51260 2.52682

ε(|µsp|amp) 0.09381 0.03463 0.02332 0.01261 0.00563 -

η ′/µ0 2.67798 2.36025 2.38808 2.41501 2.43278 2.44715

ε(η ′/µ0) 0.09433 0.03551 0.02414 0.01313 0.00587 -

η ′′/µ0 0.68364 0.61603 0.62254 0.62654 0.62830 0.62950

ε(η ′′/µ0) 0.08600 0.02141 0.01107 0.00470 0.00191 -

γ
µ

•

FIG. 15. The peak frequency fp of the input shear rate γ̇(t) versus the

peak frequency of the output specific viscosity µsp(t) calculated by

the DFT analysis as a function of shear rate frequency fin (= f/γ̇0).

The results pertain the simulations with φ = 0.41, λ = 5, and Ca0 =

0.05.

(≥ 100). The values and errors obtained with respect to the

data from the longest signal (30 periods) are summarised in

table II. All errors decrease as the number of wave periods in-

creases. For a reasonable analysis, we deem necessary to use

at least 10 periods, which gives a difference lower than 4%

with respect to using the full 30 wave periods.
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