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We study the interaction-induced migration of bubbles in shear flow and observe that
bubbles suspended in elastoviscoplastic emulsions organize into chains aligned in the flow
direction, similarly to particles in viscoelastic fluids. To investigate the driving mechanism,
we perform experiments and simulations on bubble pairs, using suspending fluids with
different rheological properties. First, we notice that, for all fluids, the interaction type
depends on the relative position of the bubbles. If they are aligned in the vorticity direction,
then they repel, if not, then they attract each other. The simulations show a similar
behavior in Newtonian fluids as in viscoelastic and elastoviscoplastic fluids, as long as
the capillary number is sufficiently large. This shows that the interaction-related migration
of the bubbles is strongly affected by the bubble deformation. We suggest that the cause of
migration is the interaction between the heterogeneous pressure fields around the deformed
bubbles, due to capillary pressure.

DOI: 10.1103/PhysRevFluids.8.063602

I. INTRODUCTION

An aerated mortar and a mousse au chocolat are just two of many industrial fluids that contain
bubbles. These materials are mixed and transported until they are set in place, i.e., sprayed on a wall
or poured in a pot. During this process, the distribution of the bubbles must remain homogeneous for
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the materials to fulfill their function, respectively, thermal insulation and taste. These two examples
illustrate the necessity to control bubble migration during the processing of industrial fluids. These
fluids often have complex rheological properties. They are called shear-thinning if the dynamic
viscosity decreases when the shear rate increases. In addition, they may display a viscoelastic
behavior. Elasticity is characterized by normal stress differences, i.e., differences between the
diagonal terms of the stress tensor, as well as memory effects. The goal of this paper is to investigate
bubble interactions in a sheared fluid, and focus on the effect of the suspending fluid rheological
properties on the relative migration of the bubbles.

A neutrally buoyant solid spherical particle suspended in Newtonian Stokes flow follows the
streamlines. However, literature shows that the reversibility of the trajectory can be broken, even
at vanishing Reynolds number, as soon as the system is more complex. Three main causes are
relevant to our study: (1) deformability of the suspended object (particle, droplet or bubble),
(2) the rheological properties of the fluid, and (3) the interactions between several suspended objects.
First, a deformable object tends to migrate away from the wall in confined geometries, to regions
of zero or minimum shear. Deformable droplets and soft particles have been observed to migrate
to the geometry centerline in pressure-driven flow [1,2] and in shear flow [3,4]. The equilibrium
position is affected by the shear-rate heterogeneities: a deformable drop migrates closer to the inner
cylinder in a Couette cell [5]. Second, in viscoelastic fluids, nondeformable particles move towards
the centerline of the geometry or the wall depending on their initial position and size [1–4]. Particle
migration in elastoviscoplastic fluids is similar but more intricate: particles can find equilibrium
positions between the centerline and the wall, but they are also able to break the central plug
region and migrate to the centerline [6]. Migration of deformable objects in viscoelastic fluids is
complex, as it results from both the effect of the rheological properties and the deformability [1–5].
The agglomeration of objects suspended in viscoelastic fluids has been studied extensively in the
case of solid particles, for several flow configurations: flow in channels [7,8], sedimenting particles
[9–11], and simple shear flow [12–20]. In all these studies, particles tended to agglomerate into
chains, aligned in the direction of the flow. Michele et al. [12] first observed long particle chains
in viscoelastic fluids in simple shear flow in 1977. They suggested that the chains form due to
the normal stress differences, and proposed a criterion for chain formation based on the elasticity
parameter defined by

S = N1

2τ
, (1)

where τ is the viscous stress and N1 = σ11 − σ22 is the first normal stress difference such that σ11 is
the stress in the flow direction and σ22 the stress in the shear direction.

Later, several studies have investigated particle alignments in shear flow, and although all agree
that elasticity plays a major role in forming chains, they showed that Michele’s criterion is not fully
valid [14,15,19,20]. Studies showed that particle alignment could occur in some fluids when S ∼ 1,
while in Boger fluids, i.e., elastic fluids with constant viscosity, no alignment was observed up to
S ∼ 100 [14,15,19]. An explanation was proposed by Van Loon et al. [19]: For particle chains to
be observed, not only must the particles migrate toward each other but also the formed agglomerate
must be stable. While the first condition is fulfilled in the presence of normal stress differences
[20], the stability requires shear-thinning [19]. In a stable particle chain in shear flow, momentum
balance requires that each individual particle in the chain rotates. If not, then the chain behaves like
a single elongated object, i.e., it tumbles to align in the vorticity direction, eventually leading to the
separation of the particles. Shear-thinning is necessary because it allows for the strong shearing of
the fluid between neighbor rotating particles [19].

Chains of bubbles have not yet been reported in shear flow. Though, it is noteworthy that Michele
et al. [12] mentioned that when they happened to have entrained bubbles in their samples, these
bubbles took part in the particle chains. Bubble interaction have been investigated in the case of
two buoyant bubbles rising in a suspending fluid. Although this configuration is different from
shear flow, which is the focus of the present study, some features are worth mentioning. First,
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FIG. 1. Schematic description of the experimental setup: (a) Couette cell, (b) plate-plate cell. Note that
the drawings are not to scale. (c) Example of a bubble suspension in the Couette cell, taken before shearing
(emulsion Em3, d = 0.4 mm). (d) Example of a bubble pair during shearing in the Couette cell (emulsion Em2,
d = 1 mm, γ̇ = 5 s−1). Here, Ca ∼ 1 and the bubbles elongate in the direction of the flow. (e) Example of a
pair of bubbles in oil V10K in the plate-plate cell. We denote x the flow direction and y the vorticity direction.

attraction between bubbles in a Newtonian fluid has been observed even at vanishing Reynolds
numbers (down to 0.005) [21]. Second, at Reynolds numbers below 10, two types of interactions
have been observed. When the bubbles are aligned vertically, they attract, and if they are aligned
horizontally, they repel [22–26]. Finally, these studies evidence the major role of deformability on
rising bubble interaction in Newtonian fluids at low Reynolds numbers [21,25,26]. Vélez-Cordero
et al. [24] also studied the effect of suspending fluid shear-thinning and noted that it increases the
attraction in the vertically aligned case.

The goal of the present study is to investigate the behavior of bubbles in simple shear flow.
First, we study experimentally bubble suspensions and observe that bubbles form chains similarly
to particles. To understand the mechanisms driving bubble migration, we conduct experiments and
simulations on two bubbles. We observe that a pair of bubbles either attract or repel each other
depending on their relative positions. By comparing the trajectories for Newtonian, viscoelastic and
elastoviscoplastic suspending fluids, we show that the bubble migration is caused mainly by their
deformability.

II. MATERIALS AND METHODS

A. Material and experimental setup

1. Experimental setup

Most of the experiments are carried out in the Couette cell C-LTD 70/PIV provided by Anton
Paar [see Fig. 1(a)]. It comprises a 35-mm-diameter cup and a 32-mm-diameter and 16-mm-high
inner cylinder; the shearing gap is therefore h = 1.5 mm. The external wall of the cell is transparent,
allowing for the visualization of the bubbles with a camera (Nikon D7500) during the whole duration
of the experiment. A light source placed below the Couette cell creates a bright reflection on the
bubble surface, which makes the bubbles appear clearly on the camera pictures [see Figs. 1(c) and
1(d)]. Fluid circulation inside the external wall allows for the regulation of temperature in the cell;
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for all the experiments, the temperature is set to 23◦C. The picture acquisition rate is between two
images per second and one image/4 s, depending on the imposed shear rate γ̇ . Both the inner and
outer wall of the geometry are smooth. We have checked that no major wall slip occurs with the
fluids when γ̇ � 1s−1 by comparing the flow curves obtained with the transparent Couette cell
to those obtained in a rough plate-plate geometry, and by using particle image velocimetry in the
transparent Couette cell [27]. In the Couette cell, the flow direction is horizontal and the vorticity
direction is vertical [Fig. 1(d)].

A few additional experiments have been performed in a plate-plate setup [Fig. 1(b)]. The upper
plate is a 5-cm-diameter smooth steel disk provided by Anton Paar. The bottom plate is a transparent
plexiglas plate, allowing for the visualization of the bubbles with a camera placed below the setup.
The plate-plate setup allows us to choose the shearing gap h, we have taken h = 1.5 mm. In the
plate-plate cell, the vorticity direction is radial [Fig. 1(e)].

Before the experiments, the fluid is placed in the Couette cell or between the plates, and when
necessary, sheared at 50 s−1 for several minutes to remove previously entrained bubbles. When all
the artifact bubbles are removed, we inject bubbles of equal size with a microsyringe. Injected
bubble volume Vb is between 0.025μl and 0.5μl. The equivalent diameter d and radius R are
defined as

d = 2R = 3

√
6Vb

π
. (2)

Therefore, 0.4 mm � d � 1 mm. The confinement ratio is defined as

β = d

h
. (3)

In the Couette cell, the gap size h is constant, we have 0.27 � β � 0.67. In the plate-plate cell,
1 mm diameter bubbles are used and the gap size h is 1.5 mm, giving a confinement ratio 0.67.
Constant shear rate is imposed and pictures of the bubbles are taken. Afterwards, the pictures are
post-processed with Matlab to extract the position of the bubbles.

Two types of tests are carried out. In the bubble suspension tests, we inject between 100 and
250 bubbles in the Couette cell [see Fig. 1(c)] and we perform a statistical analysis of the bubble
positions. First, we observe whether bubbles form chains during shearing. Then, we evaluate the
number of chained bubbles as a function of time. The shear rate is 1 s−1 � γ̇ � 15 s−1, and the
bubble diameter is between 0.4 and 1 mm.

Experiments with two bubbles are carried out at γ̇ = 5 s−1 and d = 1 mm. Most of the tests
are performed in the Couette cell. In a few additional experiments, we investigate the effect of the
curvature of the geometry by using the plate-plate cell [see example of pictures on Figs. 1(d) and
1(e)]. For these experiments, we measure the evolution of the bubble separation distance dy in the
vorticity direction with time.

2. Emulsions

To assess the effect of emulsion rheology on particle chaining, we prepare three different oil-
in-water emulsions, labeled as Em1, Em2, and Em3. They contain the same continuous phase (3%
by weight of TTAB surfactant in a 53% by weight glycerol solution) and dispersed phase (silicone
oil V350 from VWR); the continuous and dispersed phase have the same optical index so that the
emulsions are transparent. The emulsions differ by the droplet size, which depends on the mixing
velocity [28], and by the amount of continuous phase. Oil droplets are obtained by mixing 83.5%
by volume of silicone oil into the continuous phase with a Silverson emulsifier. Em1 is mixed for
100 min at 600 rpm and used without being diluted. To obtain Em2 and Em3, rotation velocity of the
mixer is increased from 600 to 2400 rpm by steps of 600 rpm, until total mixing time is 130 min. The
obtained mother emulsion is then diluted with continuous phase until the droplet volume fraction is
76.6% (Em2) and 70.7% (Em3).
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FIG. 2. Rheological properties of the fluids used in the experiments. (a) Viscous shear stress τ measured by
a shear rate ramp. (b) First normal stress difference. In the emulsions (Em1, Em2, Em3), N1 has been measured
in a shear rate ramp. In the silicone oils (V10K, V100K), it has been deduced from oscillation tests at angular
frequency ω using the empirical rule N1(γ̇ ) � 2G′(ω) [29]. (c) Elastic (G′) and viscous (G′’) moduli of the
emulsions measured by strain amplitude sweep with oscillation at angular frequency 6.3 rad/s.

The emulsions are yield stress fluids, i.e., they flow only if the applied stress is above a critical
value. This property makes the initialization of the experiments very convenient: the bubbles do
not rise as long as the emulsion is at rest, which allows us to inject one by one all the bubbles
without them migrating. As soon as the emulsions are set in motion, bubbles rise due to buoyancy.
In the Couette cell, we can observe the formation of alignments for a few minutes, until most of the
bubbles rise out of the cell. Another advantage of using emulsions is that they contain surfactant,
reducing bubble coalescence.

The rheological properties are given for all three emulsions in Fig. 2. The viscous stress τ has
been measured by applying a shear rate ramp in both a rough plate-plate tool and a smooth cone-tool,
which allowed us to check that no wall slip occurs in the cone-plate as soon as γ̇ � 1 s−1. The
emulsions are strongly shear thinning. The first normal stress difference N1 is deduced from the
normal force measured with the cone-plate tool at γ̇ � 1 s−1.

By the interpolation of the experimental rheological data, we obtain τ (γ̇ ) and N1(γ̇ ) for all the
values of the shear rate. The shear stress is well fitted by a Herschel-Bulkley model: τ = τy + k · γ̇ n,
where τy is the yield stress of the emulsion, k is the consistency index and n is the flow index. The
values of the yield stresses vary from 9 (Em3) to 31 Pa (Em2), while n = 0.5 for all three emulsions.
For all emulsions, N1 remains in the same order of magnitude, N1 ∼ 100 Pa with a slight increase in
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the shear-rate range of interest, i.e., 1 s−1 � γ̇ � 15 s−1. We have also performed amplitude sweep
oscillation measurements at angular frequency 6.3 rad/s, where we obtain plateau values of the
elastic modulus G′ between strain amplitudes 0.01% and 1%, respectively, 325 Pa for Em1, 550 Pa
for Em2, and 320 Pa for Em3 [see Fig. 2(c)].

With the measured values of τ and N1, we obtain that the elastic parameter in the emulsions is
1.2 � S � 7.6. Due to the high dynamic viscosity μ1(γ̇ ) of the emulsions, the Reynolds number

Re = R2γ̇ ρ1

μ1(γ̇ )
(4)

is small, between 10−5 and 10−2. ρ1 is the suspending fluid density. The rheological properties of
the emulsion also affect the deformability of the bubbles: the larger the shear stress, the more likely
the bubbles are to deform. Deformability is quantified by the capillary number Ca:

Ca = τR

	
= μ1(γ̇ )γ̇ R

	
, (5)

where 	 is the fluid-air surface tension coefficient. In emulsions, the aqueous continuous phase
contains TTAB surfactant above its critical micelle concentration, so 	 = 35 mN/m [30] and 0.1 �
Ca � 1.

3. Silicone oils

We use two different Rotational viscosity standard silicone oils provided by VWR. In the
following, V10K will refer to the silicone oil with viscosity 9970 mPa s at 25◦C and V100K will
refer to the oil of viscosity 100 075 mPa s. Their rheological properties are shown in Fig. 2. V100K
is slightly shear thinning above γ̇ > 10 s−1. V10K has a constant viscosity from γ̇ = 0.1 s−1 to
γ̇ = 100 s−1. The first normal stress differences are very low and could not be deduced from the
normal force during the shear-rate ramp experiment. Indeed, the accuracy of the normal force
given by the rheometer is a few hundredths of a Newton, corresponding to N1 ∼ 10 Pa. This order
of magnitude is exceeded in V10K only when γ̇ � 100 s−1 and in V100K when γ̇ � 10 s−1. To
evaluate N1 for the shear rate values of interest, we have performed oscillation tests with increasing
oscillation angular frequency ω, at strain amplitude 1%. For polymer melts, an empirical relation
between the storage modulus G′, measured with oscillations of angular frequency ω, and the first
normal stress difference states N1(γ̇ ) � 2G′(ω) when γ̇ = ω [29]. G′ being a shear property, it
can be measured with a better accuracy than the normal stress. Using the larger shear rates when
N1 � 10 Pa, we have checked that the rule is valid for the silicone oils. N1 down to ∼1 Pa can
therefore be measured with the oscillation tests. The N1 values for the silicone oils are shown in
Fig. 2(b). We observe that N1 = ψ1γ

2, where the first normal stress coefficient ψ is nearly constant
for each silicone oil, ψ1 ∼ 0.01 Pa s2 for V10K and ψ ∼ 1 Pa s2 for V100K.

Silicone oil V10K was selected because its viscosity is close to the one for the emulsion for our
experimental conditions. The surface tension coefficient is 	 = 21 mN/m. Reynolds and capillary
numbers are therefore in the same range as for the emulsions: Re ∼ 10−3 and Ca ∼ 1. In V100K, the
viscosity is one order of magnitude larger, and Re ∼ 10−4 and Ca ∼ 10. Due to very small elastic
stresses in the silicone oils, the elastic parameter S is small: 0.1 in V10K and 0.01 in V100K. The
rheological properties of the five fluids used in this paper are gathered in Table I, and a summary of
the test parameters is given in Table II.

In silicone oil, no surfactant is present, and the bubbles coalesce as soon as they touch. For this
reason, silicone oils have been used only in the bubble-pair experiments to observe bubble relative
trajectories.

B. Numerical methods

The interaction of bubble pairs migrating under shear flow is also investigated by three-
dimensional direct numerical simulations, using the in-house solver and method for elastovis-
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TABLE I. Summary or the rheological properties of the emulsions and the silicone oils. The viscous stress
τ is fitted for all five fluids by an Herschel-Bulkley model: τ = τy + k · γ̇ n, where for the Newtonian silicone
oils, τy = 0 and n = 1, and the consistency k is equal to the viscosity.

Emulsions Silicone oils

Em1 Em2 Em3 V10K V100K

τy (Pa) 27 31 9 0 0
k (Pa s−n) 12 11 7 8.3 95
n 0.5 0.5 0.5 1 1

N1 (Pa) �200 �350 �200 0.01γ̇ 2 1γ̇ 2

G′ (Pa) 325 550 320 Not measured

coplastic fluid simulations presented in Ref. [31]. Regarding related works of the direct numerical
simulation of two fluid-phase systems where one phase is elastoviscoplastic, only a single rising
bubble [32] and a single droplet in shear flow [33] have been considered so far. Here, the level set
method with reinitialization and the continuum surface formulation [34] is used to track the interface
between the two immiscible fluid phases (bubble and suspending phase).

Figure 3 illustrates the computational setup, along with the coordinate axes and the direction of
the wall velocities; the flow and vorticity directions are also shown. A computational domain of size
Lx × Ly × Lz = 16R × 12R × 4R is used for the results in Figs. 11 and 14, and 16R × 16R × 4R
otherwise. A uniform grid spacing of �x = �y = �z = R/16 is used. The top wall in Fig. 3 moves
with a velocity of Uwall ex and the bottom wall moves with a velocity of −Uwall ex where Uwall is
the magnitude of the wall velocity and ex is the basis vector in the x-direction. Periodic boundary
conditions are imposed on the streamwise and spanwise boundaries.

The definition of the dimensionless numbers and the reference scales used, the range of di-
mensionless numbers studied in the numerical simulations—for both emulsion and oil suspending

TABLE II. Summary of the parameters for (a) the bubble suspension tests and (b) the bubble pair
experiments.

(a) Bubble suspensions
Emulsions

Em1 Em2 Em3

Re 10−5 → 10−2

Ca 0.1 → 1
β 0.27 → 0.67
S 1.2 → 1.7 1.9 → 3.2 2.6 → 7.6

(b) Bubble pairs

Emulsions Silicone oils

Em1 Em2 Em3 V10K V100K

Re ∼10−3 ∼10−3 ∼10−4

Ca ∼1 ∼1 ∼10
β 0.67 0.67 0.67
S 1.4 2.7 4.3 ∼0.01 ∼0.1

063602-7



FENEUIL et al.

FIG. 3. Sketch of the computational domain and the coordinate axes. The flow and the vorticity directions
are also shown.

phases—are presented in Table III. For the viscosity of the suspending phase, the subscript s
denotes the solvent viscosity, e denotes the extra viscosity from the non-Newtonian contribution,
and μ1 = μs,1 + μe,1. Regarding the Weissenberg number Wi and the elasticity parameter S, here
we use the same definitions and notation as in Ref. [20]. In general, the experimental and numerical
parameters were made as close as possible. In cases where it was not feasible numerically, a com-
promise between selecting parameters that represent the correct physics and numerical tractability
was employed. In particular, the viscosity ratio is significantly lower than that in the experiments.
Preliminary tests have however shown that this affects the bubble migration velocity but not the
phenomenological observations. Two different methods were used to set the simulation parameters
for the emulsion (specifically, the Weissenberg number), for which both set of results are included
in Sec. III C. In the first method, the Weissenberg number was set to match the experimentally
measured elasticity parameter, S. In the second method, it was set to match the low strain amplitude
G′ from oscillatory shear experiments that were conducted for the emulsions (as in Refs. [32,35],
for example).

Bubbles are modelled as a Newtonian fluid (of viscosity μ2 and density ρ2). We study bubbles in
Newtonian, viscoelastic (VE), and elastoviscoplastic (EVP) suspending phases. The non-Newtonian
behavior of the suspending phase is modeled using a constitutive equation for the VE or EVP stress
tensor τe. For the oils, the VE Oldroyd-B model [36] is used:

Wi
�
τe + τe = 2μ̃e,1D, (6)

TABLE III. Definition of dimensionless numbers and range of values investigated in the numerical simu-
lations. The subscripts 1 and 2 denote the suspending and bubble phase respectively.

Parameter Definition Silicone oil Emulsion

Re ρ1R2γ̇ /μ1 0.05 0.05
Ca μ1Rγ̇ /	 0.5 0.2 → 0.5
Wi λγ̇ 0.02 → 0.1 0.066 → 9
S N1/2τ 0.018 → 0.089 0.12 → 6.69
Bn τy/(μ1γ̇ ) 0 0 → 0.5
αs μs,1/μ1 1/9 1/9
kρ ρ1/ρ2 10 10
kμ μ1/μ2 10 10
n – – 0.5
β d/h 0.5 0.5
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where τe is the extra stress tensor due to the non-Newtonian material, and D ≡ (∇u + ∇uT)/2. ˜(•)

denotes material properties normalized with those of the suspending phase.
�

(•) here denotes the
upper-convected derivative,

�
τe ≡ ∂τe

∂t
+ u · ∇τe − (∇u) τe − τe(∇uT). (7)

To model the emulsion as a shear-thinning, EVP material, the Saramito-Herschel-Bulkley con-
stitutive equation [37] is used:

Wi
�
τe + Fτe = 2μ̃e,1D, (8)

where F = max(0,
|τe

d |−Bn
(2μ̃e,1 )1−n|τe

d |n )1/n, Wi is the Weissenberg number, Bn is the Bingham number, n is

the flow index such that 0 < n < 1 corresponds to shear-thinning behavior, and |τe
d | ≡ √

τe
d : τe

d/2
where τe

d = τe − (tr τe/tr I) I is the extra stress deviator tensor (here, I is the identity tensor). F is
introduced by Saramito in Eq. (8) to model the yielding behavior of the material such that when
F = 0, the material deforms as a Kelvin-Voigt solid, and when F > 0, the material flows as an
elastoviscoplastic extension of the Herschel-Bulkley model [37]. To simulate the high Weissenberg
numbers at which the emulsions were experimentally studied, we used the log conformation
formulation [38] to alleviate the well-known high Weissenberg number problem. In this formulation,
an evolution equation for the logarithm of the conformation tensor � = log C (where C is the
conformation tensor) is solved. The velocity gradient ∇u is decomposed into two anti-symmetric
tensors � and N, and a symmetric tensor B which commutes the conformation tensor. The Saramito-
Herschel-Bulkley constitutive equation in the log conformation tensor formulation reads

∂�

∂t
+ u · ∇� − (�� − ��) − 2B = F

Wi
[exp (−�) − I]. (9)

The flow inside both the bubbles and in the suspending phase is governed by the incompressible
Navier-Stokes equations:

∇ · u = 0, (10)

ρ̃Re

[
∂u
∂t

+ (u · ∇)u
]

= −∇p + ∇ · τ + 1

Ca
κδ(φ) n. (11)

Here, u denotes the velocity vector, p the pressure, ρ̃ the normalized density, and Re the Reynolds
number (see Table III). Furthermore, Ca−1κδ(φ)n is the surface tension represented as a body force
[34], where κ is the interface curvature, n is the unit normal vector to the interface, and δ(φ) is
a regularized delta function of the level set function φ. τ = 2μ̃N D + τe denotes the sum of the
purely viscous component of either phase (i.e., the viscous stress tensor of the bubble phase and the
solvent contribution in the suspending phase), and the extra stress tensor τe from the VE/EVP phase.
Note that the effect of buoyancy is neglected in the numerical simulations; we have simulated some
cases with the same buoyancy as in the experiment (i.e., same Galilei number) and found there is
negligible difference in the relative trajectories of the bubbles when buoyancy’s effect is included.

Finally, the level set function φ is advected by the flow by solving:

∂φ

∂t
+ u · ∇φ = 0. (12)

The signed distance function φ is defined such that φ > 0 in the suspending phase, φ < 0 in the
bubble phase, and φ = 0 at the interface. Reinitialization of φ is employed, but for brevity we do
not include the details of the numerics here. Finally, we note that in this numerical study, each bubble
was required to be individually identified to track their centers of mass to analyze their trajectories,
thus two level set functions φ1 and φ2 were used to track each interface for the bubble-pair.
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FIG. 4. Pictures of the final configurations observed after shearing bubble suspensions in emulsions:
(a) chains and (b) distant alignments. (c) Observed final configurations for all tests as a function of the elasticity
parameter S and the capillary number Ca.

Equations (6), (9), (10), and (11) are numerically discretized by a second-order finite difference
scheme to compute the spatial derivatives. The only exception is the advective term of Eqs. (6) and
(9), for which a fifth-order weighted essentially nonoscillatory (WENO) scheme is used. For the
advective term of Eq. (12), a fifth-order high-order upstream-central scheme is used. A second-order,
two-step Adams-Bashforth method is used for the time integration of Eqs. (6), (9), and (11), and
a total-variation-diminishing, third-order Runge-Kutta scheme for Eq. (12). The method in Dodd
and Ferrante [39] is used to obtain a constant-coefficient Poisson equation for the pressure, which
is then solved directly with an FFT-based solver. An extensively validated in-house code is used to
perform the simulations, and the interested reader is referred to Refs. [31,40] for further details of
the numerics, and a large number of validation cases.

III. RESULTS

A. Experiments on bubble suspension

1. Final configurations

We start by looking at experiments on bubbles suspended in emulsions. After shearing the
suspension for several minutes, we observe in all the tests that the bubbles align in the direction
of the flow. We distinguish two final configurations, as illustrated in Fig. 4. In most tests, chainlike
structures are formed, where the bubbles come very close to each other. On the pictures, the bubbles
appear in contact. One-millimeter-diameter bubbles in Em1, after coming in contact, tended to
coalesce in spite of the high amount of surfactant in the emulsion. In Em2 and Em3, much less
coalescence was observed. For the smaller bubbles, the chains sometimes agglomerated into 2D
crystal-like structures. The 2D structures always formed after the chains by the agglomeration
of several chains. Therefore, we have chosen to include the 2D agglomerates within the “chain”
configuration.

In a few tests, the final distance between the bubbles in the alignments was several times the
bubble diameter. These distant alignments were observed mostly with the smaller bubbles (d �
0.6 mm) in emulsion Em3, and with the smaller shear rates. Em3 has a lower viscosity μ than
the other two, i.e., the viscous stress τ is smaller. Distant alignment has been observed before for
particles [14,15]. As the duration of our experiments is limited to a few minutes due to bubble rise
in the Couette cell, it could be argued that the distant alignments are just a temporary state before
chaining. However, the constant interbubble distance in these alignments seems to show that the
alignments have reached an equilibrium. In the case of particles, Won et al. [14] have checked in
their experiments that close-particle chains can be separated into distant alignments by decreasing
the shear rate, and concluded that the distant alignments are a dynamic equilibrium state.
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FIG. 5. (a) Proportion of bubbles in chains as a function of time (Em2, γ̇ = 1 s−1). (b) Strain γ30%, reached
when 30% of the bubbles are in chains, as a function of the confinement β. The error bars indicate the lower
and the larger value obtained for the three different shear rates. Inset: Chaining time τ30% as a function of the
bubble diameter d .

In Fig. 4(c), we show the capillary number and the elastic parameter for all the experiments.
Chaining is obtained for S = 1 → 4 and distant alignments, for S = 1 → 8. This shows that,
similarly to particles, no chaining criterion can be defined as a critical value of S [14,15,19,20].
We observe that the distant alignments occur for the smaller capillary numbers, Ca < 0.4, which
suggests that bubble deformability enhances chaining. However, in the range 0.2 < Ca < 0.4,
we observe distant alignments for some tests and chaining for others. This shows that bubble
deformability does not alone govern the final configuration. Other parameters main play a role such
as the fluid shear-thinning behavior and the confinement [17,19].

2. Kinetics of chain formation

Next, we investigate the chain formation process in closer detail. By image analysis, we count
the number of bubbles which have a close neighbor. Examples of the obtained curves are given in
Fig. 5(a). The proportion of bubbles in chains increases just after the start of shearing, then reaches
a plateau. The value of the plateau could not be evaluated in Em1 because of the coalescence of the
bubbles in the chains. The results obtained with Em2 seem to show that the plateau value depends
on the bubble size at γ̇ = 1 s−1. When d = 0.36 mm, about 30% of the bubbles remain isolated,
whereas in the case of the larger bubbles (d = 0.98 mm), very few isolated bubbles are left. Besides,
our results do not show any notable effect of the shear rate on final chaining level of the bubbles
(curves not shown here).

From the chaining curves as in Fig. 5(a), we identify a characteristic chaining time: τ30% is
defined as the time for 30% of the bubbles to get at least one close neighbor. τ30% can be also
measured in Em1 because coalescence of chained bubbles begins later. The initial number of bubbles
in each experiment is between 100 and 250. For experimental reasons, the total number of bubbles
tended to increase with the size of the bubbles. In Fig. 5(a), the fastest chaining and the higher
chaining plateau are obtained for the largest bubbles even if it is the case where less bubbles are
present, which supports the observation that chaining is promoted when the bubble size increases.
One test (Em1, γ̇ = 15 s−1, d = 0.36 mm) has been performed with two different bubble contents
(156 and 250), to check if the results where affected by the volume concentration of bubbles. We
did not measure any difference in the chaining time and the plateau value within the accuracy of the
experiments. Raw chaining times are given in the inset of Fig. 5(b) as a function of the bubble size.
For each given bubble size and emulsion, three values of the shear rate are investigated, from 1 to
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15 s−1 and the obtained values for the chaining times range over two orders of magnitude, from 10
to 1000 s. After shearing for time τ30%, the accumulated strain in the fluid is γ30% = γ̇ τ30%. This
strain is plotted for all three emulsions in Fig. 5(b): for a given fluid and bubble size, γ30% does not
depend on the shear rate. The chaining dynamics depends therefore on the strain, independently on
the velocity. This is similar to observations on particles [15]. This result is not surprising, as the
strain indicates the average travel distance of the particles or bubbles in the fluid: the number of
bubble-bubble opportunities to interact is dictated by the strain.

In addition, in each emulsion, γ30% decreases with the bubble size. This can result from two
effects: the deformability and the confinement. The larger bubbles are more deformable, and as
discussed in the previous paragraph, and the deformability is seen to promote bubbles chaining.
Second, increasing the confinement ratio increases the probability for the bubbles to meet. Literature
on particle chains shows that chaining is promoted by confinement [15,17,41]. Small nondeformable
particles in shear flow tend to migrate to the walls in a non-Newtonian fluid [4,42], leading to an
increase of the particle concentration near the walls, and to an increased probability for particles to
meet and interact [19,41]. In contrast to particles, the bubbles migrate toward the center of the gap,
as we have observed with a camera located below the Couette cell. However, we expect, similarly
to particles, that the chaining velocity is enhanced by the increasing probability for bubbles to
interact.

The last observation from Fig. 5(b) concerns the rheological properties of the emulsion. Surpris-
ingly, the longest chaining times are obtained in Em3, where the viscous stress is low and S � 2.6.
The elasticity parameter S can therefore not account for the increased chaining time.

To summarize, the behavior of bubble suspensions in emulsions has many similarities with
studies on particles in viscoelastic fluids. Two configurations have been observed: chaining with
bubbles in contact, and alignment with a larger interbubble distance. The chaining kinetics scale with
the strain and are enhanced by the confinement. However, the deformability of the bubbles also plays
a major role in the interaction, by governing the final configurations and affecting the dynamics. To
investigate the mechanisms leading to bubble interaction, we focus in the next section on bubble
pairs, first experimentally, then numerically.

B. Bubble-pair experiments

All the experiments presented in this section are performed at constant shear rate (γ̇ = 5 s−1)
and constant bubble size (d = 1 mm).

1. Reference tests on isolated bubbles

First, the trajectory of an isolated bubble is observed in each fluid in the Couette cell, where
isolated bubbles rise due to buoyancy. Each test is repeated four times to check that the experimental
conditions were reproducible. Examples of trajectories of isolated bubbles are indicated by black
lines in Figs. 6 and 7. The bubble rising velocity does not depend on the initial position of the bubble
in the gap, i.e., whether it is closer to the rotating cylinder or to the external wall. This ensures
that when two bubbles are placed in the cell, a change of their vertical separation distance dy is a
consequence of the interaction between the bubbles. Note that, however, change of the longitudinal
distance dx may result from the different bubble position in the gap. Therefore, we choose to analyze
only the distance in the vorticity direction dy, to understand the interaction between the bubbles.

2. Types of bubble-pair interaction

When two bubbles are placed in the Couette cell, the rising velocity of each of them differs from
the rising velocity of one single bubble. Figure 6(a) shows an example of the relative displacement
of two bubbles with time. The upper bubble rises slower, and the lower bubble rises faster than an
isolated bubble. For this test, the bubbles are initially not aligned vertically (see picture A), but one
bubble is behind the other in the direction of the flow. After one rotation in the cell, the bubbles have

063602-12



EXPERIMENTAL AND NUMERICAL INVESTIGATION OF …

FIG. 6. (a) Two bubbles in EM2 interacting in shear flow, where the position of the center of mass of
each bubble is tracked in time. The black lines indicate the trajectories of the bubbles if they did not interact.
(b) Pictures of the bubbles at three different times indicated by the arrows are shown to illustrate the chaining
process.

come closer (picture B) and after the second rotation (picture C), they form a stable chain aligned
with the flow.

Attraction between bubbles has been observed in all three emulsions and for both oils. Even if dy
is initially three times the bubble diameter, it decreases until the bubbles are chained in the direction
of the flow. Distant alignments are never observed in these cases, which, for the bubble size studied
here, is in agreement with the results in Sec. III A. In oils, the bubbles coalesce as soon as they
touch. In Em1, bubbles tended to coalesce after several seconds in contact. In Em2 and Em3, the
doublets were stable for several minutes.

In the test presented in Fig. 7, bubbles also initially attract and their vertical distance decreases.
Though, in position B, when the bubbles become aligned vertically, the interaction between them

FIG. 7. (a) Repulsion between two bubbles in Em2 in shear flow, where we track their center of mass with
time. The black lines indicate the trajectories of the bubbles if they did not interact. Initially, the bubbles are
not aligned in the vorticity direction and attract each other (arrow A). As soon as they become aligned in the
vorticity direction (arrow B), they repel each other. (b) A–C show three images at different times as the bubble
repel each other.

063602-13



FENEUIL et al.

becomes repulsive. Repulsion has been observed in multiple experiments in each of the different
fluids. When it happens, the bubbles never chain. They can either remain aligned in the vorticity
direction, with dy/d � 4, or fully separate. It is worth mentioning that even if repulsion prevents
the chaining of bubbles in these experiments, where only two bubbles are involved, it probably
enhances chaining in bubble suspensions. Indeed, repulsion of two vertically aligned bubbles in the
Couette cell modifies their trajectory and increases the probability for each of them to interact with
other bubbles.

3. Migration velocity

In Fig. 7, the bubbles start repelling each other when they are aligned vertically in the Couette
cell, i.e., they are aligned in the vorticity direction. We have checked the consistency of this
observation in all the fluids by measuring the direction and the magnitude of the cross-streamline
migration velocity of the bubbles. The relative position can be determined at each rotation of the
cell, when bubbles are in the field of view of the lateral camera. We determine for each rotation the
average relative position:

dxav = dx1 + dx2

2
and dyav = dy1 + dy2

2
, (13)

where (dx1, dy1) is the relative position of the bubbles before rotation, and (dx2, dy2) is the relative
position of the bubbles after one rotation. The relative velocity vy in the direction of the vorticity is

vy = dy2 − dy1

�t
, (14)

with �t the duration of one rotation. vy > 0 indicates that the bubbles repel each other, and vy < 0,
that the bubbles attract each other. To facilitate further analysis and discussion on the data, we
interpolate the experimental points to create a velocity map. Interpolation is carried out as follows:
for each point A of coordinates (dxav/d , dyav/d), we calculate the distances to the experimental
points Ai of coordinates (dxav,i/d , dyav,i/d) and velocity vy,i:

|A − Ai| =
√(

dxav

d
− dxav,i

d

)2

+
(

dyav

d
− dyav,i

d

)2

. (15)

The interpolated velocity at point A is the weighted average of the experimental velocities in the
neighborhood of A:

vy(A) =
∑

|A−Ai|�1 vy,i|A − Ai|−1∑
|A−Ai|�1 |A − Ai|−1

. (16)

The example for Em2 is given in Fig. 8. From the velocity map, we extract two types of
information: the limit vy = 0 between the attraction and the repulsion region [Fig. 8(a)], and the
velocity graphs at dyav = constant [Fig. 8(b)]. The same procedure has been performed for all the
emulsions and oils, and the five fluids can be compared in Fig. 9.

The shape of the velocity maps is the same for all fluids [Fig. 9(a)]. Note that we do not observe an
effect the fluid rheological properties on the location of the repulsion and attraction regions, within
the accuracy of the experiments. When the bubbles are almost vertically aligned, i.e., at lower values
of dxav, they repel each other. For all the fluids, the contour vy = 0 is located between dxav/d = 1
and dxav/d = 2. It seems that the repulsion region widens when the vertical distance between the
bubbles increases, in other words, the vy = 0 contour seems to make an angle θ � 60◦ with the flow
direction. These velocity maps recall the hydrodynamic interaction between two rising bubbles in
Newtonian fluid [24] where the trail bubble is attracted by the leading bubble if the angle to the
flow direction (vertical) is less than 50◦, and is repelled otherwise. The experimental and theoretical
studies have shown that side-by-side bubble repulsion can occur even at Reynolds numbers down to
0.02 [23], and inline attraction has been observed at Re ∼ 0.1 [24].
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FIG. 8. Relative velocity of the bubbles in the vorticity direction vy, measured in Em2 in the Couette cell.
A positive velocity means that bubbles are repelling each other, and a negative velocity that they are attracting
each other. (a) Velocity map after interpolation as a function of the relative position of the bubbles. The scale
bar on the side gives vy in mm/s. The white line indicates the contour vy = 0 and the white circles indicate the
experimental points which have been interpolated to obtain the velocity map. (b) Velocity for three different
distances dyav.

In the example of Em2 in Fig. 8(b), we see that at a given height difference dyav, the velocity
profiles show a transition between the repulsion region (vy > 0) and the attraction region (vy < 0).
The transition is sharp at dyav/d = 1 and becomes more smooth when dyav increases. For 2 �
dxav/d � 4, the velocity curves exhibit a quasiplateau for dyav/d = 1 and 2. Let us now compare
the velocities measured in the different fluids. We observe in Fig. 9(b) that the plateau value in
the attraction region is similar in all three emulsions and in V10K, even if the elastic parameter S
is one order of magnitude lower in V10K than in emulsions. This shows that the elastic stresses
N1 do not affect the migration velocity. However, the absolute values of the velocity vy are one
order of magnitude smaller in V100K than in the other fluids. At the studied shear rate (γ̇ = 5 s−1),
the viscosity of V100K is one order of magnitude larger than in the other fluids. The viscosity is
therefore the major rheological property governing the cross-stream migration velocity, whereas we
cannot observe any effect of the elasticity.

FIG. 9. (a) Comparison of the location of the contour vy = 0, between the repulsion and attraction regions,
for all fluids. The contours make roughly and angle θ � 60◦ with the flow direction. (b) vy plots for all the
fluids at dyav = 2d .
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FIG. 10. Relative velocity in the direction of the vorticity in V10K, in the Couette cell and in the plate-plate
geometry (h = 1.5 mm), at dyav/d = 3.

4. Effect of geometry

Last, we have investigated how robust our observations are to the geometry of the flow. Shear
flow in a Couette cell is often used in rheometry experiments as a quasiperfect uniform shear flow.
However, the shear stress depends on the position in the gap. If r is the distance to the rotation axis,
angular momentum balance gives τCouette = T/(2πrL), with T the applied torque and L the length
of the rotating cylinder [43]. With the Couette geometry dimensions that we are using, the stress
at the inner wall is 9% larger than at the external wall. The curvature of the Couette cell is known
to affect the migration of suspended objects [3,5]. In practice, for bubbles, which are deformable
objects, we expect that the equilibrium position inside the gap is closer to the external wall than to
the rotating cylinder [3,4].

To check whether this affects the bubble-pair interaction, we have performed experiments with
silicone oil V10K in a plate-plate geometry. Contrarily to the Couette cell, the shear rate is constant
across the gap at a given location r. In addition, the plate-plate cell avoids buoyant bubble rising.
However, between the plates, the shear rate depends on the distance to the rotation axis r: γ̇Plates =
�r/h, where � is the rotational velocity of the upper plate. Therefore, bubbles located at different
distances from the center experience different shear rates.

In Fig. 10, we can first compare the velocity profiles obtained with both geometries for the same
gap size, h = 1.5 mm. Between the plates like in the Couette cell, the bubbles repel each other when
they are aligned in the vorticity direction and attract each other otherwise. The measured velocities
are similar in both geometries in the attraction region. The geometry-dependent gradients of the
shear rate do not therefore affect noticeably the bubble-pair interaction, and the observations are
robust on the geometry of the flow.

C. Bubble-pair simulations

In this section, the results of bubble-pair simulations are presented, to further explain exper-
imental observations. Simulations have been conducted with the bubble pairs in various initial
configurations, some where the bubbles are aligned in the vorticity direction, and some where
they are not (i.e., dx �= 0). Simulations have been conducted for emulsion and silicone oil cases;
see Table III for the dimensionless numbers used in the simulations. Below, we first discuss the
simulation results.
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(a) (b)

FIG. 11. Motion of bubble-pair suspended in a weakly VE silicone oil when they are initially not aligned
in the vorticity direction. (a) Visualization of the evolution of the bubble-oil interface at four snapshots in time,
as well as the N1 contours and streamlines on the central XY plane. (b) COM positions in the vorticity direction
of the bubbles as a function of time. Bubble 1 corresponds to the right bubble in each snapshot, and Bubble 2
the left. Re = 0.05, Ca = 0.5, Wi = 0.1, initial separation distance of the COM of the bubbles: dx0 = 2.5d ,
dy0 = 1.25d .

1. Attractive cases

For the simulations corresponding to case of silicone oils, when dx0 = 2.5d bubble alignment
under shear flow of the bubbles is observed, i.e., the bubble pair attracts in the vorticity direction.
In Fig. 11, the bubble shapes are visualized at four different instances in time. It can be seen that
when dx is sufficiently high, alignment under shear flow is observed, which successfully captures
the phenomenology of the experimental observation. Furthermore, the trajectories of the centers of
mass (COM) in the vorticity direction, yG, of the two bubbles are shown in Fig. 11(b); the bubbles
are indexed according to Fig. 11(a), i.e., Bubble 1 corresponds to the right bubble, and Bubble 2 to
the left. The time evolution of yG in Fig. 11(b) shows that the bubbles approach each other in the
vorticity direction and are almost aligned after the simulation has run for ≈250 time units.

Emulsions have been simulated with the Saramito-Herschel-Bulkley EVP model. Two parameter
fitting methods were used for setting Wi for the numerical simulations of the emulsion cases. In the
first method, Wi was set so that the simulations produce the experimentally measured S. Setting Wi
like this produces a range of Wi of 3 � Wi � 9 for the three emulsions. Bingham numbers up to 0.5
were studied. In these simulations, in the configurations where attraction is experimentally observed
(i.e., dx0 = 2.5d), very little bubble migration is observed. As shown in Fig. 12, the distance dy
reaches a plateau value after 20 time units 5% above its initial value. We will discuss in Sec. IV the
possible reasons for the absence of migration in the simulated emulsions in this case.

A second method for fitting the model parameters and setting Wi was also used for the sim-
ulations. As before, k, n, and τy are set according to the experimental fitting of the viscoplastic
Herschel-Bulkley model. The elastic modulus, G, however, is set as the low strain amplitude G′
which was measured in oscillatory shear tests of the emulsions, following [32,35]. This elastic
modulus G is then used to get a characteristic relaxation time, λ, for the flow to set Wi, giving
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(a) (b)

FIG. 12. Average relative position in the vorticity direction as a function of time for two dx0 in Emulsion
Em3, simulated with the EVP model with Re = 0.05, Ca = 0.5, Wi = 7.023, αs = 1./9, Bn = 0.422, n = 0.5,
dy0 = 1.25d .

Wi = 0.066 for emulsion Em3. The relative bubble-pair trajectory in emulsion Em3 is plotted as a
function of time in Fig. 13. Here, it can be seen that the relative bubble-pair trajectory shows much
better agreement with the phenomenological observations of the experiments: when the bubble-pair
is aligned in the vorticity direction (dx0 = 0), they repel each other and dy increases with time;
when the bubble-pair becomes sufficiently separated in the streamwise direction (dx0 = 2.5d), they
attract each other and dy decreases with time. The difference in the simulation results for the two
parameter fittings are discussed in Sec. IV.

2. Repulsive cases

In all bubble-pair experiments, both in emulsions and silicone oils, repulsion was observed when
the bubble pair was initially almost aligned in the vorticity direction. We present the corresponding
simulations of a bubble pair in a silicone oil suspending phase in Fig. 14(a), where the evolution
of the bubble-oil interface is visualized at four different instants, together with the contours of the
first normal-stress difference N1 and the streamlines on the central XY plane. Indeed, when the
bubble pair is initially aligned in the vorticity direction, repulsion is observed in the simulation. As

FIG. 13. Average relative position in the vorticity direction as a function of time for two dx0 in Emulsion
Em3 with the EVP model. Re = 0.05, Ca = 0.34, Wi = 0.066, αs = 1./9, Bn = 0.422, n = 0.5.
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(a) (b)

FIG. 14. Motion of bubble-pair suspended in a weakly VE silicone oil when they are initially aligned in
the vorticity direction. (a) Visualization of the evolution of the bubble-oil interface at four snapshots in time, as
well as the N1 contours and streamlines on the central XY plane. (b) COM positions of bubbles 1 and 2 in the
vorticity direction as a function of time. Bubble 1 corresponds to the right bubble in each snapshot, and Bubble
2 the left. Re = 0.05, Ca = 0.5, Wi = 0.1, initial separation distance of the COM of the bubbles: dx0 = 0,
dy0 = 1.25d .

in Sec. III C 1, the coordinate yG of each bubble is shown as a function of time in Fig. 14(b); it can
be seen that yG evolves such that bubbles 1 and 2 repel each other in the vorticity direction; after the
simulation has run for ≈250 time units, yG reaches a steady state. This is because the two bubbles
get sufficiently far apart that the repulsive force between them diminishes, and they experience the
periodic boundary effects.

For simulated emulsions, in the repulsive configuration—like in the attractive configuration—
very little bubble migration is observed in the case Wi = 7 where the Weissenberg number is
deduced from the experimental elastic number S. An example of the trajectory is shown in Fig. 12
with dx0 = 0. With the second fitting method giving Wi = 0.066, repulsion is observed in the
simulated trajectories (see Fig. 13). These observations will be addressed in the results discussion
in Sec. IV B.

3. Migration velocities

It was observed experimentally for both oils and emulsions, and numerically for the case of oils,
that two different migration patterns occur depending on the distance between the bubbles in the flow
direction. As for the experimental data in Fig. 9, a plot of the bubble migration velocity as a function
of initial distance between their COM in the flow direction is presented in Fig. 15 for the simulations
modeling the dynamics in oil. A similar transition from repulsion (positive vy) to attraction (negative
vy) with increasing dx is observed in the numerical data—vy is calculated to be the same order of
magnitude as in experiments, although the migration velocities are somewhat over-predicted by
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FIG. 15. Migration velocity of the bubble-pair in Newtonian suspending phase and weakly VE silicone oil
suspending phase as a function of the bubble separation distance in the flow direction. Re = 0.05, Ca = 0.5,
dy/d = 2.

the Oldroyd-B model. Preliminary results have shown that vy decreases with increasing kμ, so the
over-prediction in vy may be due to the lower value of kμ used in the simulations compared to the
experiments. A summary of the different types of bubble-pair interactions observed experimentally
and by numerical simulation, in both oils and emulsions, is presented in Fig. 16.

IV. DISCUSSION

A. The role of bubble deformability

It is well-known that a rigid sphere under creeping flow conditions in a Newtonian continuous
phase does not show any lateral migration with respect to the primary flow direction (as this would
violate the reversibility of the system). The object deformability, however, breaks the reversibility
as it adds nonlinearity to the system and lateral migration of a particle, droplet or bubble in the
continuous phase can take place, as found in numerous works, e.g., a neo-Hookean particle in a
Newtonian continuous phase under confined simple shear flow migrates to the channel center [4,44];
a viscous drop in a Newtonian continuous phase placed near a wall migrates away from it under
simple shear [45,46].

FIG. 16. Summary of the type of interactions observed in the experiments and simulations, in oils and
emulsions.
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(a) (b)

FIG. 17. Trajectory of the COM position in the vorticity direction for a bubble-pair initially aligned in the
vorticity direction in a Newtonian suspending phase for Re = 0.05 and (a) Ca = 0.5, (b) Ca = 0.05. The initial
configuration of the bubbles, and their indexing (i.e., Bubbles 1 and 2), are as in Fig. 14.

In Secs. III B and III C, we have presented results on interactions between bubble pairs and
the lateral migration in the vorticity direction that was observed in both simulations and exper-
iments. We have numerically studied bubble pairs under the same conditions as in Sec. III C
with a Newtonian suspending phase and have observed the same lateral migration patterns in the
vorticity direction, i.e., repulsion when initially aligned in the vorticity direction, a decrease in
vy with increasing separation in the flow direction, and a repulsion-to-attraction transition when
they are separated sufficiently far in the flow direction. This is shown in Fig. 15 where the same
repulsion-attraction transition is seen for a Newtonian case as well as for a weakly VE (Wi = 0.02)
case. These simulation results, alongside the same experimental observation in the weakly VE
V10K oil (S ∼ 0.01), lead us to hypothesise that bubble deformability also plays a role in these
lateral migration patterns that were observed. Furthermore, we have simulated a case with stiffer
bubbles at a much lower Capillary number (Ca = 0.05) for comparison with the Ca = 0.5 case,
presented in Fig. 17. It can be seen in the yG trajectory that while in the Ca = 0.5 case, the bubbles
repel each other, in the Ca = 0.05 case, the bubbles only repel each other initially (possibly due
to some deformation effects still present), after which they do not migrate. Similarly, no migration
is observed in an attraction case if Ca = 0.05. Thus, we conclude that bubble deformability in a
Newtonian suspending phase can cause this same observed repulsive-attractive lateral migration in
the vorticity direction for bubble pairs. As such, the bubble deformability may play a similar role in
a VE/EVP suspending phase, in addition to the elastic effects which then become introduced.

To explain how the deformability of the bubble-pair affects the flow dynamics to cause the
migration, we have analyzed the pressure field around the bubble-pair to identify the mechanism
that is responsible for the migration. In Fig. 18, we display the pressure contours on the XY plane of
the bubble-pair in VE silicone oil for different dx0, at the same dimensionless time. It can clearly be
seen that there is a large pressure imbalance on the bubbles in the vorticity direction. Figure 18(a)
shows that the region of fluid confined between the two bubbles has a higher pressure than the region
on the “outer” side of the bubble. Examining the behavior of a single deformable bubble, we see that
the pressure field around it changes such that large pressure regions form in the suspending fluid at
the middle of the elongated side, and low pressure regions form near the tips of the bubble owing
to the balance of pressure and surface tension at the fluid interface [47]. The interaction of these
pressure fields leads to an unbalanced pressure distribution around each bubble. When the bubbles
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FIG. 18. Pressure fields on the XY plane for bubble-pairs at different initial positions: (a) dx0 = 0,
(b) dx0 = 0.5d , (c) dx0 = d , (d) dx0 = 1.5d , (e) dx0 = 2d , (f) dx0 = 2.5d . The bubbles are suspended in
the viscoelastic silicone oil, i.e., Re = 0.05, Ca = 0.5, Wi = 0.02, αs = 1/9. The cases are all visualized at the
same dimensionless time, t γ̇ ≈ 9.72 time units.

are initially aligned in the vorticity direction, a higher pressure region forms in the fluid region
between the two bubbles, creating a thrust which causes them to repel each other. As dx0 increases,
the interaction between the low pressure region near the tip and high pressure near the equator
causes a pressure distribution such that the pressure is greater on the “outer” side of the bubble,
leading to an attractive migration force and the bubbles align to minimise this pressure imbalance.
This heterogeneous pressure distribution which forms around each bubble due to the capillarity and
the interactions of the pressure fields of the bubble-pair is responsible for the migration.

Experiments on bubble pairs have been performed for Capillary numbers Ca � 1, i.e., for
deformable bubble, and interaction has been obtained in all the cases. Experiments on bubbles
suspensions in emulsions, however, involve Capillary numbers down to 0.2. At the smallest values
investigated, the final configuration appeared to be distant alignments, with interbubble distance
being several times larger than their diameter. It is highly possible that this results from a reduced
attraction for the less deformable bubbles, which supports our hypothesis that the deformation plays
the main role in the bubble interaction studied here. Though, the presence of distant alignments
indicate that the rheological properties of the emulsion, elasticity and shear thinning, also affect the
bubble migration in the experiments.

B. Differences between experiments and simulations

We have observed a phenomenological agreement between experiments and simulations in the
case of bubble pairs in a weakly elastic oil (VE model): attraction in the vorticity direction is
observed when the bubble pair is not aligned in the vorticity direction, and a transition to repulsive
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FIG. 19. Migration velocity (squares) and Taylor deformation parameter (triangles) of bubble-pair sus-
pended in a VE fluid as a function of Wi. Re = 0.05, Ca = 0.5. Bubbles are initially aligned in the vorticity
direction and vy is computed at dy = 1.25d .

migration occurs when the initial distance in the flow direction, dx, decreases. Experimentally, this
behavior is very robust: it has been observed in oils of two different viscosities (i.e., two different
values of the Reynolds and the capillary number) and in emulsions, and in two different shear
geometries (Couette and plate-plate).

Simulations with the EVP model are expected to be representative of the experiments in
emulsions. However, compared to the silicone oils, the emulsions are much more complex—shear-
thinning behavior, strong elasticity (S = 1–8) and plasticity—all of which may cause the different
observation in the simulation. We can therefore wonder how well the numerical models capture
the complexity of the fluids. The EVP model with the Saramito-Herschel-Bulkley equation has
been selected because it includes viscous effects (quantified by the viscosities μs,1 and μe,1),
plasticity (quantified by the yield stress τy), elasticity (characterized by the relaxation time λ), and
shear-thinning (characterized by the flow index n). These parameters have a physical relevance when
they are applied to polymer suspensions: the viscosities correspond to the suspending phase and the
polymers, and λ refers to the relaxation of the polymer chains. The emulsions have a different
microscopic structure than polymers: they contained highly packed oil droplets in a continuous
aqueous phase. The model parameters have been chosen to fit the experimental rheological prop-
erties from Fig. 2, but do not have a straightforward physical meaning. Furthermore, the model
does not allow to fit all the experimental parameter simultaneously, i.e., the viscosity curve, the first
normal stress difference (or Elastic number S) and the elastic modulus, and we need to define which
parameters must be prioritized. Two fitting methods have been investigated and compared, the first
one prioritizes the first normal stress difference N1 measured from the steady state curve, and the
second one targets the elastic modulus G′ obtained from the oscillatory shear measurements in the
linear viscoelastic regime. Simulations using the latter fitting yielded much better phenomenological
agreement with the experiments, as seen in Fig. 13, and seems therefore the most appropriate method
for the configuration studied in this paper. However, it should be emphasised here that with this
method gives very low values of N1 and S compared to the experiments. The fitting methods give
significantly Weissenberg numbers: the first method (targetting S) gives Wi = 7 for Em3 in the
experimental conditions investigated, while the second methods leads to Wi = 0.066.

To understand further the difference between both fitting methods, we have focused on the effect
of elasticity, quantified by the Weissenberg number, on the bubble migration velocity. In Fig. 19, the
migration velocity as a function of the Weissenberg number is presented for a repulsive case (the
bubbles are aligned exactly in the vorticity direction, i.e., dx = 0). This shows that the migration
velocity vy decreases with increasing Wi, until not migration occurs at all when Wi = 1. The same
trend has been observed for both repulsive and attractive configurations. This means that elasticity
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does not promote the migration. Thus, it is likely the effect of the Weissenberg number being
much higher for the emulsions (Wi = 3 → 9) which leads to the absence of bubble migration in
simulated emulsions with the parameter fitting method based on the elastic number S. This result
can be compared with literature studies on droplet migration in viscoelastic fluids. A viscous drop
placed near a wall in a Newtonian continuous phase migrates away from the wall [45]. Mukherjee
and Sarkar [46] numerically studied the effect of continuous phase viscoelasticity on this migration
and found that it has a hindering effect. This arises from the difference in the curvature of the
streamlines on either side of the drop: they are more curved on the side away from the wall than
the side which is confined by the wall, resulting in a force on the drop towards the wall from
hoop tensile elastic stresses from the continuous phase, analogous to the Weissenberg effect. A
similar effect may play a role here in hindering the lateral bubble pair migration in emulsion
simulations using the EVP model at higher Wi—the interactions between the bubbles distort the
streamlines differently in the region of fluid between the bubbles compared to the region of fluid on
the “outer” of either bubble, as shown in Fig. 14(a). The large dependence of the migration velocity
on Wi may also explain why even in the simulations of the silicone oils, the velocities obtained
experimentally [Fig. 9(b)] and numerically (Fig. 15) are the same order of magnitude but not equal.
Additionally, we have quantified the bubble deformation as a function of Wi in Fig. 19 with the
Taylor deformation parameter, D = (L − B)/(L + B), where L and B are the major and minor axes
of the equivalent ellipsoid in the bubble’s middle plane in the y direction, respectively. It can be seen
that the relationship is nonmonotonic, but at Wi � 0.4, D decreases with increasing Wi, hence the
altered bubble deformation with increasing elasticity may have an additional effect on the decreased
migration which was observed for the higher Wi emulsion cases.

Besides, the elongational viscosity is a critical parameter for the characterization of a viscoelastic
material [48], particularly in the presence of elongational flows, e.g., as occurs near the droplet tips
[49], and thus we may wonder if insufficient characterization of elongational flow parameters may
have led to a discrepancy in the physics modelled. Indeed, the Saramito-Herschel-Bulkley shows
some distinct properties in extension: for n � 0.5 where it shows regimes of extension-rate thinning
followed by constant extensional viscosity or extensional rate-thickening, which the microstructure
of the emulsions cannot support. Simulations with n = 0.4 were performed in which the Saramito-
Herschel-Bulkley model shows monotone extension-rate thinning; however, this did not change any
of the results qualitatively.

V. CONCLUSION

Bubbles suspended in emulsions tend to align in the direction of the flow under simple shear. The
formed patterns look at first sight similar to the particle chains that form in viscoelastic fluids. Two
final configurations are obtained: chains of bubbles in contact and alignments of interbubble distance
larger than the diameter. In the case of chaining, the amount of bubbles in chains depends essentially
on the shear strain, while it is also affected by the bubble size and the rheological properties of the
emulsion.

Our experimental and numerical investigations of bubble pairs highlight some bubble-specific
observations. First, experiments reveal that the interaction between the bubbles is not always
attractive: repulsion occurs when the bubbles are aligned in the vorticity direction. In addition,
we observe the same interaction pattern in elastoviscoplastic emulsions as in sightly elastic silicone
oils. The migration velocities seem to depend on the effective viscosity of the fluid rather than on
the elastic stresses.

The simulations successfully reproduce the experimental observations, where bubbles repel when
they are aligned in the vorticity direction and attract otherwise. In addition they show that bubble
interaction is mainly driven by their deformability, as evidenced by simulations with a Newtonian
suspending fluid. In fact, the relative-position-dependent migration occurs only when the capillary
number is large enough (Ca > 0.2), so deformation is not negligible. By analyzing the pressure
fields from the simulations, we note that the capillarity creates a heterogeneous pressure field around

063602-24



EXPERIMENTAL AND NUMERICAL INVESTIGATION OF …

each deformed bubble. We show that the cause of bubble migration is the pressure imbalance around
each bubble due to the interaction of both heterogeneous pressure fields. Moreover, increasing
the Weissenberg number with the Oldroyd-B and Saramito-Herschel-Bulkley constitutive models
hinders bubble migration: the migration velocity decreases when Wi increases from 0 to 1, and
larger values of the Weissenberg number (Wi = 1 → 9) quench the interactions.

Our results show that no alignment criterion can be defined for bubbles based only on the
rheological properties of the fluid. Bubble chaining depends mainly on their deformability, and
is affected by the fluid viscoelastic properties.

ACKNOWLEDGMENTS

B.F., A.J., and A.C. acknowledge financial support from the Research Council of Norway, within
the PIRE project “Multiscale, Multiphase Phenomena in Complex Fluids for the Energy Industries,”
Award No. 1743794. O.T. and T.I. received funding from the European Research Council (ERC)
under the European Union’s Horizon 2020 research and innovation programme (Starting Grant StG
MUCUS, No. 852529), and from the Swedish Research Council Grant No. VR2017-0489. Comput-
ing time was provided by the Swedish National Infrastructure for Computing (SNIC), specifically
the PDC Center for High Performance Computing at KTH, the National Supercomputer Centre
(NSC) at Linköping University, and the High Performance Computing Center North (HPC2N) at
Umeå University.

[1] M. M. Villone, F. Greco, M. A. Hulsen, and P. L. Maffettone, Numerical simulations of deformable
particle lateral migration in tube flow of Newtonian and viscoelastic media, J. Non-Newtonian Fluid
Mech. 234, 105 (2016).

[2] M. M. Villone, Lateral migration of deformable particles in microfluidic channel flow of Newtonian and
viscoelastic media: A computational study, Microfluid. Nanofluid. 23, 47 (2019).

[3] P. C.-H. Chan and L. G. Leal, The motion of a deformable drop in a second-order fluid, J. Fluid Mech.
92, 131 (1979).

[4] M. M. Villone, F. Greco, M. A. Hulsen, and P. L. Maffettone, Simulations of an elastic particle in
Newtonian and viscoelastic fluids subjected to confined shear flow, J. Non-Newtonian Fluid Mech. 210,
47 (2014).

[5] P. C.-H. Chan and L. G. Leal, An experimental study of drop migration in shear flow between concentric
cylinders, Int. J. Multiphase Flow 7, 83 (1981).

[6] E. Chaparian, M. N. Ardekani, L. Brandt, and O. Tammisola, Particle migration in channel flow of an
elastoviscoplastic fluid, J. Non-Newtonian Fluid Mech. 284, 104376 (2020).

[7] F. D. Giudice, G. D’Avino, F. Greco, P. L. Maffettone, and A. Q. Chen, Fluid Viscoelasticity Drives
Self-Assembly of Particle Trains in a Straight Microfluidic Channel, Phys. Rev. Appl. 10, 064058
(2018).

[8] G. D’Avino and P. L. Maffettone, Numerical simulations on the dynamics of trains of particles in a
viscoelastic fluid flowing in a microchannel, Meccanica 55, 317 (2020).

[9] S. Daugan, L. Talini, B. Herzhaft, and C. Allain, Aggregation of particles settling in shear-thinning
fluids—Part 2: Three-particle aggregation, Eur. Phys. J. E 9, 55 (2002).

[10] P. Jie and Z. Ke-Qin, Drag force of interacting coaxial spheres in viscoplastic fluids, J. Non-Newtonian
Fluid Mech. 135, 83 (2006).

[11] E. Chaparian, A. Wachs, and I. A. Frigaard, Inline motion and hydrodynamic interaction of 2D particles
in a viscoplastic fluid, Phys. Fluids 30, 033101 (2018).

[12] J. Michele, R. Pgitzold, and R. Donis, Alignment and aggregation effects in suspensions of spheres in
non-Newtonian media, Rheol. Acta 16, 317 (1977).

063602-25

https://doi.org/10.1016/j.jnnfm.2016.05.006
https://doi.org/10.1007/s10404-019-2212-3
https://doi.org/10.1017/S0022112079000562
https://doi.org/10.1016/j.jnnfm.2014.05.003
https://doi.org/10.1016/0301-9322(81)90016-1
https://doi.org/10.1016/j.jnnfm.2020.104376
https://doi.org/10.1103/PhysRevApplied.10.064058
https://doi.org/10.1007/s11012-019-00985-6
https://doi.org/10.1140/epje/i2002-10054-8
https://doi.org/10.1016/j.jnnfm.2006.01.006
https://doi.org/10.1063/1.5022109
https://doi.org/10.1007/BF01523742


FENEUIL et al.

[13] M. K. Lyon, D. W. Mead, R. E. Elliott, and L. G. Leal, Structure formation in moderately concentrated
viscoelastic suspensions in simple shear flow, J. Rheol. 45, 881 (2001).

[14] D. Won and C. Kim, Alignment and aggregation of spherical particles in viscoelastic fluid under shear
flow, J. Non-Newtonian Fluid Mech. 117, 141 (2004).

[15] R. Scirocco, J. Vermant, and J. Mewis, Effect of the viscoelasticity of the suspending fluid on structure
formation in suspensions, J. Non-Newtonian Fluid Mech. 117, 183 (2004).

[16] R. Pasquino, F. Snijkers, N. Grizzuti, and J. Vermant, Directed self-assembly of spheres into a two-
dimensional colloidal crystal by viscoelastic stresses, Langmuir 26, 3016 (2010).

[17] R. Pasquino, F. Snijkers, N. Grizzuti, and J. Vermant, The effect of particle size and migration on the
formation of flow-induced structures in viscoelastic suspensions, Rheol. Acta 49, 993 (2010).

[18] I. S. Santos de Oliveira, A. van den Noort, J. T. Padding, W. K. den Otter, and W. J. Briels, Alignment of
particles in sheared viscoelastic fluids, J. Chem. Phys. 135, 104902 (2011).

[19] S. Van Loon, J. Fransaer, C. Clasen, and J. Vermant, String formation in sheared suspensions in rheologi-
cally complex media: The essential role of shear thinning, J. Rheol. 58, 237 (2014).

[20] N. O. Jaensson, M. A. Hulsen, and P. D. Anderson, Direct numerical simulation of particle alignment in
viscoelastic fluids, J. Non-Newtonian Fluid Mech. 235, 125 (2016).

[21] M. Manga and H. A. Stone, Interactions between bubbles in magmas and lavas: Effects of bubble
deformation, J. Volcanol. Geotherm. Res. 63, 267 (1994).

[22] J. Katz and C. Meneveau, Wake-induced relative motion of bubbles rising in line, Int. J. Multiphase Flow
22, 239 (1996).

[23] D. Legendre, J. Magnaudet, and G. Mougin, Hydrodynamic interactions between two spherical bubbles
rising side by side in a viscous fluid, J. Fluid Mech. 497, 133 (2003).

[24] J. R. Vélez-Cordero, D. Sámano, P. Yue, J. J. Feng, and R. Zenit, Hydrodynamic interaction between
a pair of bubbles ascending in shear-thinning inelastic fluids, J. Non-Newtonian Fluid Mech. 166, 118
(2011).

[25] M. Gumulya, R. P. Utikar, G. M. Evans, J. B. Joshi, and V. Pareek, Interaction of bubbles rising inline in
quiescent liquid, Chem. Eng. Sci. 166, 1 (2017).

[26] G. Kong, H. Mirsandi, K. A. Buist, E. A. J. F. Peters, M. W. Baltussen, and J. A. M. Kuipers, Hydrody-
namic interaction of bubbles rising side-by-side in viscous liquids, Exp. Fluids 60, 155 (2019).

[27] B. Feneuil, A. Carlson, and A. Jensen, Experimental setup to study particle migration in a couette cell
with an optical method, Ann. Trans. Nordic Rheol. Soc. 28, 125 (2020).

[28] X. Zhang, E. Lorenceau, T. Bourouina, P. Basset, T. Oerther, M. Ferrari, F. Rouyer, J. Goyon, and P.
Coussot, Wall slip mechanisms in direct and inverse emulsions, J. Rheol. 62, 1495 (2018).

[29] H. M. Laun, Prediction of elastic strains of polymer melts in shear and elongation, J. Rheol. 30, 459
(1986).

[30] L. Ducloué, Comportement rhéologique des fluides à seuil aérés, PhD. thesis, Université Paris Est, 2014.
[31] D. Izbassarov, M. E. Rosti, M. N. Ardekani, M. Sarabian, S. Hormozi, L. Brandt, and O. Tammisola,

Computational modeling of multiphase viscoelastic and elastoviscoplastic flows, Int. J. Numer. Methods
Fluids 88, 521 (2018).

[32] P. Moschopoulos, A. Spyridakis, S. Varchanis, Y. Dimakopoulos, and J. Tsamopoulos, The concept of
elasto-visco-plasticity and its application to a bubble rising in yield stress fluids, J. Non-Newtonian Fluid
Mech. 297, 104670 (2021).

[33] D. Izbassarov and O. Tammisola, Dynamics of an elastoviscoplastic droplet in a Newtonian medium under
shear flow, Phys. Rev. Fluids 5, 113301 (2020).

[34] J. U. Brackbill, D. B. Kothe, and C. Zemach, A continuum method for modeling surface tension,
J. Comput. Phys. 100, 335 (1992).

[35] A. S. Yoshimura and R. K. Prud’homme, Response of an elastic Bingham fluid to oscillatory shear, Rheol.
Acta 26, 428 (1987).

[36] J. G. Oldroyd, The motion of an elastico-viscous liquid contained between coaxial cylinders. I, Q. J.
Mech. Appl. Math. 4, 271 (1951).

[37] P. Saramito, A new elastoviscoplastic model based on the Herschel–Bulkley viscoplastic model, J. Non-
Newtonian Fluid Mech. 158, 154 (2009).

063602-26

https://doi.org/10.1122/1.1381008
https://doi.org/10.1016/j.jnnfm.2004.01.005
https://doi.org/10.1016/j.jnnfm.2004.01.010
https://doi.org/10.1021/la904775c
https://doi.org/10.1007/s00397-010-0466-5
https://doi.org/10.1063/1.3633701
https://doi.org/10.1122/1.4853455
https://doi.org/10.1016/j.jnnfm.2016.07.008
https://doi.org/10.1016/0377-0273(94)90079-5
https://doi.org/10.1016/0301-9322(95)00081-X
https://doi.org/10.1017/S0022112003006463
https://doi.org/10.1016/j.jnnfm.2010.11.003
https://doi.org/10.1016/j.ces.2017.03.013
https://doi.org/10.1007/s00348-019-2798-y
https://doi.org/10.1122/1.5046893
https://doi.org/10.1122/1.549855
https://doi.org/10.1002/fld.4678
https://doi.org/10.1016/j.jnnfm.2021.104670
https://doi.org/10.1103/PhysRevFluids.5.113301
https://doi.org/10.1016/0021-9991(92)90240-Y
https://doi.org/10.1007/BF01333843
https://doi.org/10.1093/qjmam/4.3.271
https://doi.org/10.1016/j.jnnfm.2008.12.001


EXPERIMENTAL AND NUMERICAL INVESTIGATION OF …

[38] R. Fattal and R. Kupferman, Constitutive laws for the matrix-logarithm of the conformation tensor,
J. Non-Newtonian Fluid Mech. 123, 281 (2004).

[39] M. S. Dodd and A. Ferrante, A fast pressure-correction method for incompressible two-fluid flows,
J. Comput. Phys. 273, 416 (2014).

[40] Z. Ge, J.-C. Loiseau, O. Tammisola, and L. Brandt, An efficient mass-preserving interface-correction level
set/ghost fluid method for droplet suspensions under depletion forces, J. Comput. Phys. 353, 435 (2018).

[41] R. Pasquino, D. Panariello, and N. Grizzuti, Migration and alignment of spherical particles in sheared
viscoelastic suspensions: A quantitative determination of the flow-induced self-assembly kinetics,
J. Colloid Interface Sci. 394, 49 (2013).

[42] R. Pasquino, G. D’Avino, P. L. Maffettone, F. Greco, and N. Grizzuti, Migration and chaining of non-
colloidal spheres suspended in a sheared viscoelastic medium: Experiments and numerical simulations,
J. Non-Newtonian Fluid Mech. 203, 1 (2014).

[43] G. Ovarlez, S. Rodts, A. Ragouilliaux, P. Coussot, J. Goyon, and A. Colin, Wide-gap Couette flows of
dense emulsions: Local concentration measurements, and comparison between macroscopic and local
constitutive law measurements through magnetic resonance imaging, Phys. Rev. E 78, 036307 (2008).

[44] D. Alghalibi, M. E. Rosti, and L. Brandt, Inertial migration of a deformable particle in pipe flow, Phys.
Rev. Fluids 4, 104201 (2019).

[45] H. L. Goldsmith and S. G. Mason, The flow of suspensions through tubes. II. Single large bubbles,
J. Colloid Sci. 18, 237 (1963).

[46] S. Mukherjee and K. Sarkar, Effects of matrix viscoelasticity on the lateral migration of a deformable
drop in a wall-bounded shear, J. Fluid Mech. 727, 318 (2013).

[47] P. Yue, J. J. Feng, C. Liu, and J. Shen, Viscoelastic effects on drop deformation in steady shear, J. Fluid
Mech. 540, 427 (2005).

[48] D. V. Boger, Viscoelastic fluid mechanics: Interaction between prediction and experiment, Exp. Therm
Fluid Sci. 12, 234 (1996).

[49] N. Aggarwal and K. Sarkar, Effects of matrix viscoelasticity on viscous and viscoelastic drop deformation
in a shear flow, J. Fluid Mech. 601, 63 (2008).

063602-27

https://doi.org/10.1016/j.jnnfm.2004.08.008
https://doi.org/10.1016/j.jcp.2014.05.024
https://doi.org/10.1016/j.jcp.2017.10.046
https://doi.org/10.1016/j.jcis.2012.11.035
https://doi.org/10.1016/j.jnnfm.2013.10.006
https://doi.org/10.1103/PhysRevE.78.036307
https://doi.org/10.1103/PhysRevFluids.4.104201
https://doi.org/10.1016/0095-8522(63)90015-1
https://doi.org/10.1017/jfm.2013.251
https://doi.org/10.1017/S0022112005006166
https://doi.org/10.1016/0894-1777(95)00088-7
https://doi.org/10.1017/S0022112008000451

