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Abstract. Engineering applications have conventionally aimed to avoid phenomena related to
mechanical instabilities or buckling, as they can bring undesired nonlinear effects or even
failure. In recent years however the research in this field has experienced an inversion of
direction making use of such phenomena to improve the performance of solids and structures.
In this context, the adoption of pre-compressed slender beam elements is one of the most
common solutions. A typical application is the development of quasi-zero stiffness (QZS)
vibration isolators, that bring a high static stiffness and an extremely low dynamic stiffness. As
a general rule, the QZS characteristics can be obtained by coupling a negative stiffness effect
with a positive one. When considering beam elements, the application of a compressive axial
force can lead to a mechanical instability and to a negative stiffness region in the force-
displacement characteristics. This paper studies the dynamical behaviour of such elements by
comparing experimental measurements with a mathematical model. To this end, a 3D-printed
V-shaped structure is considered, comprising two pre-compressed beam elements and a
controllable pre-load. The regulation of the pre-load allows the V-structure to undergo tensile
or compressive forces, thus altering its characteristics. In particular, the restoring force of the
system can show regions of negative or quasi-zero stiffness when compressive forces are
applied. The system is excited with an electromagnetic shaker considering different pre-loads,
and the nonlinear dynamic behaviour is estimated from the measured responses. A comparison
between experimental measurements and model predictions is eventually carried out to
strengthen the understanding of the observed dynamical phenomena.

1. Introduction

The use of nonlinear elastic elements in dynamical systems has been widely explored in the past
decades for performance improvements and vibration control. Practically, a nonlinear force-deflection
curve can be obtained with a variety of configurations, such as combination of springs [1] and pre-
stressed beams [2]. The latter case has been widely studied due to its simplicity [3], and can generate
either hardening effects in the case of tensile forces [4,5] or softening effects in the case of
compressive ones [6,7]. This often leads to negative or quasi-zero stiffness (QZS) regions, that can be
exploited to obtain effective vibration isolators [8—11]. The design of devices to obtain a static QZS
force-deflection curve has been studied in [1], while in [7,12] a double-well Duffing oscillator with a
negative stiffness region has been characterized experimentally. Recently, pre-compressed beam
structures obtained via 3D printing have been proposed [2,13] to achieve the negative stiffness
behaviour.
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The presence of a negative stiffness region in the device force-deflection curve has important
consequences in its dynamical behaviour. Not only the dynamical behaviour is geometrically
nonlinear, but periodic oscillations can evolve to period doubling cascades and chaotic motion under
external excitation [14,15] due to the presence of multiple stable and unstable equilibrium positions.

In this work, a 3D-printed pre-compressed beam structure is investigated to study its dynamical
behavior. To this end, a V-shaped structure is considered, comprising two pre-compressed beam
elements and a controllable pre-load. The regulation of the pre-load allows the V-structure to undergo
tensile or compressive forces, thus altering its characteristics. In particular, the restoring force of the
system can show regions of negative or quasi-zero stiffness when compressive forces are applied. A
simplified quasi-static analytical model is proposed and compared with finite element (FE) simulations
and quasi-static experimental tests. Then, the system is excited with an electromagnetic shaker
considering different pre-loads, and the nonlinear dynamic behavior is estimated from the measured
responses. A comparison between experimental measurements and model predictions is eventually
carried out to strengthen the understanding of the observed dynamical phenomena.

2. V-shaped beam structure: design, models and quasi-static characterization

The system under test is a V-shaped beam structure as in Figure 1a. The structure is composed by two
thin beams with thickness t in the form of a “V” with angle a. In the undeformed configuration, the
distance between lower and upper surfaces is hy and the system is symmetric. When a preload
distance d is applied to the lower surface, the structure deforms as in Figure 1b, and the new height is
called hy,. The upper surface is free to slide along the x-axis and its coordinate is called z.

a)w»\ b)

Figure 1. Scheme of the V-shaped structure. a) Undeformed configuration; b)
Deformed configuration; c¢) Render.

The render of the device is shown in Figure 1c and the characteristic dimensions are listed in
Table 1. A modular design has been chosen for the assembly, so that different V-shaped elements can
be easily switched. The preload distance can be regulated continuously, while rolling bearings are used
on the upper surface to guide the z motion.

Table 1. Dimensions and material properties.

Undeformed height h 97 mm

Thickness t 1 mm

Angle a 35°

Filament material PolyLactic Acid (PLA)
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2.1. Simplified quasi-static model

Based on the V-shaped negative stiffness structure object of this study, a novel fully-analytical quasi-
static simplified model is proposed. The model is based on a m-dof approximation of the continuum
system to explain eulerian instability (i.e., buckling) in essential terms. The two beams of length L, are
considered to be composed by N rigid bar-elements of size AL = Ly/N while the elasticity is
concentrated at the elemental connections. Rotational springs of given torsional stiffnesses k; (with
i=1-+ N+ 1) are placed at the boundary of each element, whose orientation is ruled by its tilt angle
0; measured starting from the initial angle a/2. Given the free body reported in Figure 2, this lumped
stiffness model implies N rotational equilibrium equations of the kind:

a a
Kier(Bies — 0)) + ky(6; — 6:1) +V AL sin (6, + E) — F AL cos (6; + E) =0 (1)

Figure 2. Simplified analytical model.

As a quasi-static solution is sought, the mass and inertia of the rigid elements can be neglected,
leading to N unknowns 6; plus two unknown forces F (along x) and V (along y), common to all the
elements. These N + 2 unknowns can be derived as a function of the input displacement along x and y
axes. Hence, a solution for the left beam can only be found by adding two geometrical constrains to
the set of non-linear equations:

ZALCOS @ + —d, ZALsm (6: + ) )

An analogous solution can be found for the right beam, so that the final forces F (along x) and V
(along y) are derived for the whole V-shaped structure.

2.2. FE model

A finite element model is built in Ansys [16] for the V-shaped element. Figure 3 shows the static
simulation when a compressive load (Figure 3a) and an imposed displacement along x (Figure 3b) are
applied.

The x-direction and y-direction restoring forces F and V can eventually be extracted from the FE
simulation and compared with the analytical predictions and the experimental observations. This paper
will only focus on the x-direction restoring force F in the following.
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Figure 3. FE model. a) V-shaped structure under compression load; b) V-shaped
structure under compression load and imposed displacement.

2.3. Device realization with 3D-printing technology

The use of 3D-printed parts allows for a rapid prototyping of the device at fairly low cost. The
Ultimaker 3 Extended 3D-printer is used with generic PolyLactic Acid (PLA) filament. The printing
parameters such as printing speed, in-fill values and wall thickness have been customized to
accomplish the desired results in terms of accuracy. The sliding setup process for the V-shaped
elements is shown in Figure 4a, while some printed samples are shown in Figure 4b.

a)

Figure 4. Sliding setup process of the V-shaped element in (a); printed samples in (b).

2.4. Quasi-static characterization

The device is first tested on an electromechanical tensile test bench (MTS QTEST Elite) to evaluate its
quasi-static force-deflection curve. Tests are conducted with a strain rate of 15 mm/min and gravity is
not accounted for. A photo of the experimental setup is depicted in Figure 5a and the experimental
force-deflection curve F(z) is shown in Figure 5b as dashed-dotted lines. In particular, the blue
colour refers to the preload distance d = 5 mm and the red color refers to the preload distance d =
10 mm. In both cases, fluctuations are clearly visible in the negative stiffness region, that are likely to
be related to sliding friction between the moving surface and the bearings. The experimental data is
interpolated with a 9™ order polynomial for the two preload distances and the results are plotted in
Figure 5b as continuous lines with the same colour scheme. A negative slope is observed in both cases
around the zero-position. The potential of the system U(z) can be computed as the integral of the
restoring force F(z) and it is depicted in Figure Sc. As expected, it exhibits a double-well behavior
with two local minima corresponding to the two stable equilibrium positions z* and z}, and a local
maximum z, corresponding to the central unstable equilibrium. The oscillations of the system are
therefore said to be in-well when bounded around one equilibrium position, and cross-well when
encompassing multiple equilibria.

A comparison with the predicted behavior obtained using the analytical (Section 2.1) and FE
(Section 2.2) models is depicted in Figure 6a for d = 5 mm and in Figure 6b for d = 10 mm. It can
be observed how the general trend is preserved, although the negative stiffness slope predicted by the
models is higher than the experimental one. The reason is twofold: i) the material properties of the
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PLA filaments are deeply affected by the printing process and must be updated in the models; ii) the
assumptions on the boundary conditions of the models may differ from the real case due to
uncertainties and tolerances. Furthermore, a distinctive asymmetry can be noted in the experimental
characteristics that is not present in the modelled setup, suggesting that a certain discrepancy exists
between the two beams of the V-shaped element.

b)

2 L
z
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Figure 5. Quasi-static characterization. a) Photo of the experimental setup; b)

Restoring force for d=5mm (in blue) and d=10mm (in red); c) Potential for d=5mm
(in blue) and d=10mm (in red).

a) 3 : b) 3 .'
I

2 2 :

I

1t 1

= 0 = 0 a
N & .
1t 1 -

I

1

2t ) Nl

g

-3 L 3 . 1
-20 0 20 -20 0 20

z (mm) z (mm)

Figure 6. Quasi-static characterization. Black line: experimental characteristics; dashed dark-grey
line: analytical model; dashed-dotted light-grey line: FE characteristics. a) d=5mm; b) d=10mm.
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3. Experimental dynamic behaviour

The device is attached to an electromagnetic shaking table so that a displacement b(t) can be imposed
to the structure. The sliding mass is instrumented with an accelerometer to measure its absolute
vertical acceleration ¥(t), and the base acceleration b(t) is measured with a second accelerometer.
The system is excited with different excitation inputs and signals are sampled with a sampling
frequency of 2048 Hz. A picture of the experimental setup in the zero-position is shown in Figure 7.

/ Sliding mass

~ /.L\ ccelerometer
\
-0

E
e

AT B> ot
Figure 7. Experimental setup.

The two red dots visible in Figure 7 correspond to two markers used together with a camera
system to extract their displacement from the video using digital image correlation with a rate of 960
fps and a HD resolution [17].

First, the system is driven through two levels of random excitation around the equilibrium position
z* and with d = 10 mun. Gaussian white noise is generated within the frequency range [5 100] Hz
and the signals are recorded for 200 seconds. The RMS values of the base acceleration for the two
excitation levels are 24 ms™ (low-level) and 48 ms? (high-level). The transmissibility between the
relative acceleration Z = ¥ — b and the base acceleration b can be computed using the H1-estimator
and it is depicted in Figure 8 in terms of its modulus |T|.

4 T T T T T T T T T

T
\]
T
N
f

I

10 20 30 40 50 60 70 80 90 100
Frequency (Hz)

Figure 8. Transmissibility of the system, in-well oscillations around z*.
Continuous black line: low-level, 24 ms? RMS; dashed-dotted grey line: high-
level, 48 ms? RMS.
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An in-well resonance peak can be spotted between 15 and 20 Hz, and it can be seen how it shifts
towards lower values when increasing the excitation level. This is symptomatic of a softening effect
and it is coherent with the bi-stable nature of the device, as demonstrated by previous studies [7,15].
To investigate the dynamic behavior around the in-well resonance, a second set of tests is performed
by driving the system with a linear sine-sweep excitation. The sweep starts at 14 Hz and ends at 24 Hz
with a rate of 0.05 Hz/s. Two levels of excitation are considered and the in-well responses are
measured around the negative (Figure 9a) and positive (Figure 9b) equilibrium positions. A clear
jump-up phenomenon is observed, whose frequency depends on the excitation level. In particular, the
jump frequency decreases for increasing excitation level, coherently with the previous findings.

a) 10 . . . ;
ENRR
)
w 2D
_5 1 1 1 1
14 16 18 20 22 24
Instantaneous frequency (Hz)
b) 5 T T
74
2
o DT
_10 1 1 1 1
14 16 18 20 22 24

Instantaneous frequency (Hz)

Figure 9. Sine-sweep excitation. Black line: low-level; grey line: high-level. a) In-
well oscillations around z*; b) In-well oscillations around z3 .

Eventually, a third set of tests is conducted by measuring the in-well response around z* to a
harmonic excitation at v = 20 Hz and for two excitation levels. The excitation level is referred to as
the amplitude of the base motion by, equal to 0.5 mm in the first case (Figure 10a, b, ¢) and to 1.05
mm in the second case (Figure 10d, e, f). Super-harmonics of the exciting frequency (i.e. 2v, 3v, ...)
can be seen in the power spectral density (PSD) for the lowest excitation level case (Figure 10b). The
phase diagram (Figure 10c) shows in this case a period-1 solution. The highest excitation level causes
the system to respond with a period-2 solution instead, meaning that the output is periodic with twice
the period of the input. This is visible in the sub-harmonics of the PSD (Figure 10e) and in the nested
orbits of phase diagram (Figure 10f). The period-doubling phenomenon is characteristic of several
classes of nonlinear systems. In case of systems with a double-well potential, it is generally the
principle of a period doubling cascade that can lead to a cross-well motion [14,15].
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Figure 10. Harmonic tests at 20 Hz: one-second time plot, power spectral density
and phase plane. Base amplitude of 0.5 mm in (a), (b), (c); base amplitude of 1.05
mm in (d), (e), ().

Assuming that the equivalent inertia of the moving parts can be concentrated on the sliding mass,
the dynamic equation of motion of the relative motion z(t) = y(t) — b(t) can be written treating the
system as a single-degree-of-freedom system:

mz + R(z,z) = —mb, (3)

where R(z,2) is the restoring surface. This is the sum of the restoring force F(z) and of the
dissipative force D(z, ) that can generally be written as a function of both displacement and velocity.
It is not the purpose of this paper to properly estimate the dissipative force and the reader can refer to
[7,12] for the experimental estimation of D in a bi-stable system with a similar restoring force. It can
be stated, however, that the main source of dissipation comes from friction between the sliding
surfaces.

An estimation of the restoring force F(z) can be obtained from the dynamic tests by applying the
Restoring Force Surface (RFS) method [18,19]. This is done by slicing the experimental restoring
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surface around the zero-velocity region, where the damping force is assumed to be negligible with
respect to the restoring force. The application of the RFS method to the high-level sine-sweep tests of
Figure 9 gives the points depicted in red in Figure 11. A good overlapping between the red points and
the quasi-static experimental measurement can be observed, confirming the previous findings.

4 T T T T T

30

z (mm)

Figure 11. Estimation of the restoring force from the dynamic tests. Red dots: RFS
method. Black line: quasi-static experimental characterization.

4. Conclusions

This paper studied the dynamical behavior of a 3D-printed pre-compressed beam structure. To this
end, a 3D-printed V-shaped structure has been considered, comprising two pre-compressed beam
elements and a controllable pre-load. The regulation of the pre-load allows the V-structure to undergo
tensile or compressive forces, thus altering its characteristics. In particular, the restoring force of the
system can show regions of negative or quasi-zero stiffness when compressive forces are applied. A
simplified quasi-static analytical model has been proposed and compared with finite element
simulations and quasi-static experimental tests. Then, a series of dynamic tests has been performed
with different pre-loads and excitation types, with the observation of period doubling phenomena. A
comparison between experimental measurements and model predictions is eventually carried out to
strengthen the understanding of the observed phenomena. Future work may include dynamic tests
involving cross-well motion and a dedicated study about the estimation of the damping force.
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