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Summary

The goal of this Thesis is to combine results from high-resolution numerical
simulations with novel analysis methodologies to shed light on the characterizing
processes of wall-bounded turbulence and transition. By exploiting large quantities
of data and designing analysis frameworks that are able to leverage such data, new
insights are gained on several aspects of wall-bounded turbulence. Among these
methods, a particular relevance will be occupied by graph-based approaches, which
we use to model certain fluid features as sets of interactions.

The results presented hereafter include mainly contributions from the Lagrangian
viewpoint of fluid dynamics, i.e., the viewpoint where the observer moves with the
fluid. We used this approach to study the dispersion of tracers in channel flow at
varying Reynolds number, which we analysed by means of a discretized representa-
tion of their motion which was in turn translated into a network. By doing so, the
role of near-wall coherent structures and their influence on particle dispersion was
quantified. Moreover, Reynolds scaling properties were measured and a Reynolds
independence was found in the outer flow.

The mixing of inertial particles was also studied in channel flow. In this case,
mixing was quantified by measuring close encounters of particle pairs. In particular,
the relation between the spatially heterogeneous timescales of the flow and the
inertia of particles was explored, showing that clustering phenomena do not appear
at the same locations for different particles, but instead are dependent on the
position inside the channel.

Finally, the deformation of puffs in a transitional channel flow was studied. The
numerical simulation of transition involves a spatially evolving flow, which is lam-
inar with wave-like perturbations at the inlet and turbulent at the outlet. Puff
deformation is measured by computing the principal axes of the particle cloud,
which provides simplified measures regarding their size and elongation. We char-
acterized the interplay between the flow scales and the puff deformation, which are
mainly ruled by the puff size. In particular, we found that small puffs are more
stretched than larger ones, and that this effect is heightened in the transitional re-
gion. By measuring other flow features, we link this behaviour to the intermittency
typical of transition.



From the Eulerian perspective, we employed a network-based approach, the vis-
ibility graph, to study boundary layer transition. We transform fixed-point time-
series into a graph by means of a convexity criterion. Similarly to other studies
in this work, a methodological innovation is used here with the aim of shedding
light on particular aspects of a known fluid problem, namely identification of tur-
bulent regions in transitional flows. The properties of the resulting graph are able
to describe the geometric features of the time-series, which we in turn relate to
the properties of the underlying flow. In particular, we found that the visibility
approach is particularly sensitive to the transition from an intermittent state to
a fully turbulent one. We use this feature to provide a characterization of the
turbulent-non turbulent interface starting from spatially coarse data.

All these approaches are characterized by the necessity of treating very large
quantities of data, which are significantly extensive in time and space. The key
challenges in this case lie in the generation of the data itself, which will be covered
in the following with particular regard to the numerical simulation of channel flows,
and in the interpretation of the results. The analysis frameworks include network-
based approaches, which are powerful tools in fluid dynamics as they enable the
uncovering of several key interactions taking place in turbulent flows.
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Chapter 1
Introduction

The motion of Newtonian fluid flows is the result of the interaction of viscous and
inertia forces. Although in some cases viscous forces prevail, smoothing the velocity
field so that regular, laminar solutions arise, in most engineering applications and
geophysical phenomena the inertial effects are dominant. In the mathematical
description of fluid motion, i.e., the Navier-Stokes equations, the dominant effect
of inertia translates to the presence of nonlinear interactions inside the flow [211].

Following from the nonlinear features of fluid motion, energy, which enters the
flow through an external forcing, is transferred from the largest eddies to smaller
ones and so on. The direct consequence of the energy cascade is that the velocity
field loses its smoothness and is instead characterized by features of several, different
scales. Turbulence is the resulting broadband, seemingly chaotic superimposition
of eddies in a fluid flow. If the inertia prevails over viscous forces, the motion
of fluids departs from the unstable laminar solution and experiences transition to
turbulence, i.e., the breakup of the ordered state into the chaotic one.

Turbulence arises in several settings, of which one of the most relevant is wall-
bounded flows. The presence of a solid boundary in the flow domain causes the
turbulent flow properties to be strongly heterogeneous and anisotropic. Near the
walls, intense velocity gradients and fluctuations enhance momentum transfer, so
that frequently low-speed fluid is ejected into the outer flow and conversely high-
momentum fluid moves closer to the wall. Although the mean flow close to the wall
can be determined statistically (at least at high Reynolds numbers), wall-bounded
flows exhibit complex spatially and temporally coherent features. In particular,
the inner flow is populated by a repetition of vortices and structures that actively
contribute to the cyclic vertical motion of the fluid.

The properties of near-wall turbulence affect the dispersion and mixing of ad-
vected substances, or carried particles. In general turbulence greatly enhances
dispersion, as the velocity fluctuations displace particles across the entire flow do-
main. In the case of wall-bounded flows, the heterogeneity of the flow field along the
wall-normal direction makes so that also dispersion and mixing have a dependence
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Introduction

on the wall distance. Furthermore, the aforementioned near-wall structures en-
train the advected particles, possibly reducing dispersion (even if the local velocity
fluctuations are high). The coherence inherent to particle motion in the near-wall
region cannot be captured by looking at the local velocity statistics alone. Instead,
a stronger understanding may be gained by shifting to a Lagrangian point of view
and following the motion of advected particles, which sample the evolving flow field.

Finally, the transition to turbulence in the presence of walls exhibits two direc-
tion of heterogeneity (the one normal to the wall and the one along which turbulence
develops). Moreover, the shift from a laminar flow to a turbulent one is coupled
to the evolution of near-wall structures, which are the main driver of the transfer
of energy from the mean flow to smaller scales. Indeed, through the analysis of
the evolution of the coherent features of transitional wall-bounded flows, one may
discern information regarding the spatial and temporal scales of turbulence, its
driving factors and the influence on dispersing substances. The overall mechanisms
that lead to turbulence and their interplay with wall-induced phenomena are not
fully understood, and their study may provide deeper insight on the prediction and
control of transition.

The above problems, namely the understanding of wall-bounded flows with par-
ticular regard to particle motion and transition, are the subject of the work con-
tained in this thesis. This work is motivated by the paramount importance in
practical applications of turbulence. A turbulent flow over a wing surface exerts
more drag than a laminar one, causing an aircraft to spend more fuel. Conversely,
turbulence enhances mixing and facilitates chemical reactions. Heat is removed
from surfaces exposed from a flow faster if the flow is turbulent.

With regard to particle motion, we aim to characterize the dispersion of massless
particles in a channel flow. The goal is to provide a detailed view on the dispersion
of tracer particles, which is of course highly dependent on the wall distance at
release. We also aim to correlate the features of dispersion to the local velocity
field, in particular to near-wall structures. We do so at varying Reynolds number,
in order to show the relevance of this parameter in dispersion problems. In the same
channel flow setting, we study the mixing intensity of inertial particles, especially
with respect to the interplay between local flow features and the inertia of particles.

Regarding transitional, wall-bounded flows, we focus on two main cases, namely
flat plate boundary layer and channel flow. In the first case, we focus on the
analysis of time-series with the goal to characterize them and ultimately to provide
a simplified criteria to distinguish the turbulent regions from the non turbulent
ones. In the latter, instead, we study the motion and shape of sets of particles,
aiming to show the correlation between the particle features and the properties of
the flow at varying scale.

Two main distinct efforts are needed in order to perform this kind of work.
First, one needs to obtain data from turbulent and transitional flow fields. In
this regard, both experiments and computer simulations are viable approaches.

12



Introduction

Computer simulations provide unparalleled access to the flow data, as all flow
variables are readily available across the entire domain. Still, care must be ensued
to make sure that the simulations are well-resolved enough that the resulting data
is physically correct. Experiments, instead, are by their own nature physically
correct, although obtaining spatially extensive data from a turbulent flow field may
prove difficult. This thesis fully revolves around data obtained from computer
simulations.

Since the goal is the study of turbulence, no modelling assumption can be em-
ployed to reduce the computational burden. Instead, the entire flow field, including
all the eddies up to the dissipation scales need to be properly resolved. The result-
ing approach is referred to as direct numerical simulation (DNS), as all small-scale
features are directly simulated instead of modelled. The computational cost of this
endeavour scales approximately as Re”* and quickly becomes prohibitive for rele-
vant cases, even with current high performance computing systems. At the same
time, relatively high Reynolds numbers are only achievable in simple geometries,
such as rectangular channels and pipes.

Computational algorithms and computer codes need optimization and refine-
ment in order to meet the demand for simulations at ever-increasing resolution. In
this thesis, the current state of the art concerning the algorithms commonly used
to simulated channel flow at high Reynolds number is presented. Additionally, the
implementation of a new code, specifically designed for massively parallel computer
architectures, is delineated.

The second effort required lies in perspective used to represent flow field data and
its interpretation. Two complementary perspectives are commonly used to study
fluid flows. The Eulerian one involves an observer which is fixed with respect to
the reference frame of the domain. Instead, the Lagrangian perspective entails an
observer which moves with the flow velocity and is thus advected by the fluid. Since
it is somewhat easier to obtain fixed-point data from experiments and simulations
alike, the Eulerian perspective is dominant in the study of turbulence. Nonetheless,
the Lagrangian perspective arises naturally when mixing and dispersion phenomena
are considered and is the most apt framework to study them.

Furthermore, particles advected by transitional and turbulent flows tend to ex-
hibit a coherent organization which impacts on their overall dispersion and is closely
related to the organized structures typical of these flows. In the most of the follow-
ing work, we use the Lagrangian perspective to quantify the dispersion of particles
and the presence of relevant patterns in their motion.

The interpretation is also critical to advance the understanding of turbulence. In
some of the following work we use, as an interpretation framework, the application
of graph theory to turbulent flows. Graphs are mathematical objects representing
sets of interacting units, which provide measures to describe the interactions and
their structure. With some care, it is possible to define graphs starting from flow
data and use these graphs to obtain insight on the data itself. Of course, an
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approach that relies on defining an alternative representation of flow properties
introduces some complexities. Indeed, in order to remedy to the added complexity
of network-based methods, careful understanding of the relation between the flow
data and the network defined over it must be ensured. One of the objectives of
this thesis is to demonstrate that this effort is worthwhile because of the wealth of
information that can be extracted using graph-based approaches.

This thesis is composed as follows. After this Introduction, Chapter 2 reviews

the current understanding of turbulence, especially including the results obtained
from Lagrangian approaches. Chapter 3 deals with the numerical simulation of
turbulent and transitional flows, and in particular outlines the architecture of a
new computer code designed for high Reynolds number channel flow. Chapter 4
introduces graph theory and reviews its application to fluid dynamics.
In Chapter 5, the trajectories of massless particles released in a turbulent channel
flow is used to define a network which accounts for the wall-normal transfer of fluid.
The effects of coherent patterns on particle motion and the influence of the Reynolds
number are studied. Chapter 6 contains the analysis of mixing of inertial particles
in a turbulent channel flow, highlighting the role of the Stokes number and its
relation with the flow timescales. In Chapter 7 a network-based approach is used to
study boundary layer transition, providing a method to locate the interface between
turbulent and non turbulent regions of the low domain. Chapter 8 considers the
shape evolution of clouds of massless tracers in a transitional channel flow. The
deformation of puffs is shown to be strongly scale-dependent and, in particular, is
influenced by the incompleteness of the energy cascade in the transitional regime.
Finally, Chapter 9 concludes this thesis and gives some final remarks on the results
obtained and on future developments.

14



Chapter 2
Turbulence and transition

In this Chapter the problem of turbulence is introduced by a mathematical and
physical standpoint, starting from its governing equations. Furthermore, transition
to turbulence, 7.e. the process which leads an ordered, yet unstable, fluid flow to
an apparently chaotic one, will be examined.

2.1 Turbulence

In an incompressible fluid with constant density p, moving locally at a velocity
v in a three-dimensional, Cartesian domain, both the mass and the momentum
are conserved at any point in space and any time. The conservation laws can be
expressed through the continuity and momentum equations, generally referred to
as the Navier-Stokes equations

V-v=0, (2.1)
a—V+V-VV:—@—I—I/Av+f, (2.2)
ot p
with the appropriate boundary and initial conditions [166]. In equation 2.2, the
pressure p is a scalar field chosen in order to satisfy the continuity equation 2.1, while
v is the kinematic viscosity of the fluid and f is a generic forcing. The solution
of equations 2.1-2.2 is, in general, an extremely complex velocity field. Vortices
of several scales, ranging from the largest permitted by the domain geometry to
very small ones (bounded to the scale at which dissipation is dominant, i.e., the
Kolmogorov scale), evolve in an apparently unpredictable manner. The pseudo-
chaotic behaviour of the velocity field and the absence of a stable, stationary flow
configuration are the defining feature of turbulence.

The momentum equation outlines two competing phenomena, whose combina-
tion is the root for the phenomenological appearance of turbulence. The first is
dissipation, that is the tendency of sharp gradients to become smoother as time
passes. Dissipation is proportional to the Laplacian of the velocity Av and to the
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Turbulence and transition

viscosity v. On the other hand, the convective term v - Vv is tightly linked to the
acceleration of the flow and rules the transfer of energy between vortices of different
scales.

The balance between dissipation and convection is determined by the combi-
nation of the flow speed, the typical length scale of the domain and the viscosity.
Non-dimensional variables can be introduced by selecting the velocity and length
scales U and L, appropriate to the flow under consideration. By defining the
non-dimensional velocity v* = v/U and the non-dimensional length {* = [/L and
omitting volumetric forcing, the Navier-Stokes equations 2.1-2.2 become

V.-v'=0, (2.3)

ov* * * * v *
W-i—v -Vv ——Vp +ﬁAV s (24)

where the pressure p* has been normalized using pU? and all differential operators
are non-dimensional as well. In equation 2.4, UL/v is the Reynolds number Re,
which defines the ratio between inertial and viscous forces. In the following, the *
apex will be dropped when indicating non-dimensional variables.

In the case of very low Reynolds number, the case of creeping flow arises, which
is time-reversible and non-chaotic. At small Reynolds numbers the flow appears
ordered and characterized by the layered motion of fluid particles, which is the case
of laminar motion. Laminar flows are usually characterized by lower momentum
and energy transfer. This thesis instead deals with cases in which the Reynolds
number is generally high, such that inertial forces prevail at almost all scales, or
at least high enough that the flow eventually becomes turbulent. While at large
scales the convective term has a dominant effect and ensues the transfer of energy
between flow scales, at small scales the Laplacian of the velocity becomes large
enough due to small-scale gradients that the term Av*/Re becomes non-negligible,
leading to dissipation.

Because of these phenomena, the scale-dependent nature of turbulent fluid mo-
tion emerges. Energy, coming from external forcing such as gravity or other work
sources, is transferred from the larger scales to the smaller, up to the point where
dissipation is dominant and no further energy transfer takes place. This process is
usually described as the energy cascade and is the fundamental tenet of the cur-
rent understanding of turbulence. As the Reynolds number grows, the separation
between the large, energy-injecting scales and the small dissipating scales grows.

One may assume that at the smallest scales of the flow no influence of the larger
scales is present and, rather, only the rate at which energy is transferred and the
viscosity v are important. This assumption leads to Kolmogorov’s theory [69, 147],
which provides the most important framework currently used for the statistical
study of turbulence. When the separation between the large, forcing scales and the
dissipation scale is large enough, a range of scales appears, in which the effects of
both dissipation and external forcing are not relevant. In this inertial range only
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2.1 — Turbulence

the turbulent kinetic energy dissipation rate €, that is the transfer rate of energy
from large to small scales, is relevant.

The analysis of fluid flows can be performed through a variety of approaches,
which vary in resolution and versatility. Experiments resolve naturally all flow
scales and provide a truthful representation of turbulence, but the possibility of
measuring the entire flow field is limited and care is needed to isolate the phe-
nomena of interests. Computer simulations, instead, allow unparalleled access to
spatiotemporal data. On the other hand, they must be executed with accuracy
in order to represent the complex spatiotemporal behaviour of the flow. In indus-
trial settings methods of simulation based on the statistical stationariety of a flow
(Reynolds Averaged Navier Stokes, RANS) or on the filtering of the small veloc-
ity scales (Large Eddy Simulation, LES) are widely used, due to their simplicity
and the reduced computational burden [229, 161]. Still, due to the need of clo-
sure models for turbulence which are empirical and often of lacking precision in
the most complex flow cases, their use is not possible for the study of turbulence.
Instead, one must resort to the simulation of all scales of motion within a flow,
without the need for closure models, to obtain an accurate depiction of turbulence.
This approach, termed Direct Numerical Simulation (DNS), is limited to moderate
Reynolds numbers (due to the growing separation between scales and, thus, the
need for larger resolutions) and simplified geometries [134]. An important class of
flows that are simulated by means of DNS is that of wall-bounded flows, i.e. flows
in a domain which has at least one solid boundary.

2.1.1 Wall-bounded flows

Whenever a solid boundary S is present at the frontier of the flow domain, a
no-slip boundary condition arises, i.e.

v(x) =0,vx € S. (2.5)

The combination of the zero velocity at the boundary and of the nonzero velocity
away from the boundary gives rise to a junction region, the boundary layer. Notable
examples include pipe (Poiseuille) flow, channel flow and boundary layer (Blasius)
flow [98]. All these cases are characterized by the presence of shear, i.e. a wall-
normal velocity gradient. Its intensity per unit of surface at the wall, the wall shear
stress T, is of great importance. From the wall shear stress, a reference velocity
can be defined as u, = /7, /p, that is, the friction velocity. By using the friction
velocity and a relevant dimension of the flow (the pipe radius R, the channel half-
height 6, or the boundary layer thickness), one can normalize the Navier-Stokes
equations and define a friction Reynolds number Re, = u,0 /v, which is a measure
of the separation between the largest scales of the flow (of size ¢) and the small
near-wall features (of size v/u,). By using the reference scale of the near wall
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Turbulence and transition

features u, and [, = v/u,, an inner normalization can be defined by introducing a
non-dimensional velocity v = v/u, and a non-dimensional length x™ = x/I,,.

The most relevant result in the study of wall-bounded turbulence is that the
mean velocity U' (which is nonzero only in the axial/streamwise direction) is
uniquely determined by the distance from the wall y™, at least for very large
Reynolds numbers Re, and sufficiently close to the wall. In particular, very close
to the wall the velocity grows linearly, 7.e.

Ut(y")=vy", y" <5 (2.6)
while slightly away from the wall a logarithmic law is found
1
Ut(y") = Z logy™ + B, 30<y" <0.26" (2.7)

where k &~ 0.4 is the Von Kédrmén constant, which is universal [124]. Figure 2.1
show the mean velocity profile in a numerically simulated channel flow at Re, =
180, along with the standard deviation of the three velocity components (that are,
instead, dependent also on the Reynolds number).

17.59
15.01
12.59
10.04
7.5
5.0
2,51

0.0 0.0 <E

T T
1072 107t 10°
yI6

(a) Mean velocity (b) Standard deviation

Figure 2.1: Statistical moments of the velocity in channel flow at Re, = 180, DNS
data from [217]

Given that the spatial extension of the logarithmic region is limited by the
Reynolds number, only simulations and experiments conducted at high Reynolds
number exhibit the presence of a log layer which is sufficiently large to allow an
accurate measurement of the Von Karmén constant. Recent numerical results show
the presence of a logarithmic layer up to y™ = 2500 at Re, = 10000 [85].

Coherent patterns in wall turbulence

While turbulence is mostly chaotic, the velocity fields of a turbulent flow do
not appear entirely composed of pseudo-random fluctuations with no organized
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2.1 — Turbulence

pattern. Instead, the birth, growth and disappearance of localized features can be
observed. These features are usually constituted by a portion of the fluid which
moves coherently. Furthermore, such patterns, usually termed coherent structures,
repeat themselves with similar features at different times and positions in the flow.

An important class of coherent structures found in wall-bounded flows is that of
wall structures, that is the set of patterns usually found very close to the wall. In
particular, the region where 37 is less than about 60, which is also characterized by
the most intense velocity fluctuations, is home to quasi-streamwise vortices. These
vortices, which are slightly misaligned with the streamwise direction and are also
pointing upwards, are the fundamental constituents of near-wall turbulence [97].
Their vortical behaviour entraps high-momentum fluid from the outer flow and
brings it closer to the wall, while also ejecting lower speed fluid into the outer flow.
The combined action of these two processes, called sweeps and ejections, deter-
mines the appearance of streamwise streaks with high and low streamwise velocity.
In turn, it is the instability of these streaks that generates the quasi-streamwise
vortices in a self-sustaining process, i.e. the near wall cycle [99]. This process
sustains wall-turbulence, albeit it is interesting to note that numerical evidence
indicates that the sole role of the wall is that of causing shear, which is instead the
main actor behind the energy transfer taking place. Streamwise streaks are shown
in figure 2.2 using data from a numerically simulated channel flow. It can be noted
that their length is comparable or even larger than the channel size § = 1. Other
interesting structures appear near the wall, such as the horseshoe vortices that arise
from the union of two, counter-rotating, streamwise vortices [7]. Common methods
used for the identification of coherent structures rely on the computation of indi-
cator functions obtained from the local strain rate of the flow, such as the Ay and
the Q criteria [232].

Figure 2.2: Streamwise velocity u at a wall-normal coordinate y™ = 10 in a nu-
merically simulated channel flow at Re, = 180. The simulation domain has a size
L, x L, x L, =41§ x 20 x 470/3, where ¢ is the channel half-height.
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Turbulence and transition

2.2 Transition to turbulence

While a sufficiently high Reynolds number is a necessary condition for the onset
and sustainment of turbulence, it is in general not sufficient. Indeed, an unper-
turbed laminar (i.e., ordered) solution of the Navier-Stokes equation could theoret-
ically last indefinitely. In reality, as was first shown by the experiments of Reynolds
for pipe flow, for each flow case there exists a critical Reynolds number above which
the flow is turbulent, while below that number the flow exhibits turbulence in a
temporally and/or spatially localized manner, a behaviour known as intermittency
[168, 56]. In experiments, small, but finite, perturbations are inserted into the flow
by the wall roughness, external vibrations of the experimental apparatus and so
on. These finite perturbations cause the transition to turbulence. Of course, if
the Reynolds number is sufficiently small, the flow remains laminar independently
of the intensity of perturbations. The transition from a laminar state to a tur-
bulent one is in general characterized by the linear growth of perturbation, their
subsequent nonlinear interactions with the base laminar flow and together with
themselves, their breakdown and the final onset of fully developed turbulence.

While the growth of finite perturbations involves nonlinear interactions between
flow modes, whether or not perturbations of infinitesimal amplitude lead to turbu-
lence may be determined by means of linear stability analysis. For the case of plane
channel flow with walls at y = +1 the laminar base flow is U(y) = U.(1—y?) for the
streamwise component and zero for the wall-normal and spanwise ones. Assuming
a two-dimensional perturbation of the wall-normal velocity of the kind

v = @/ei(am—wt)7 (28)
The wall-normal projection of the momentum equation 2.2 reduces to

R R L 5\ PU®)
Wt 20 - i(a — w)Re, [U(y) <dy2 —a’?d' ) — W | 0, (2.9)

which is the Orr-Sommerfeld equation and can be solved as an eigenvalue problem
for w and the associate eigenfunction o [151, 196]. Numerical solution of the
equation 2.9 in the case of plane channel flow shows that an unstable mode (with
Re(w) > 0) arises when the centerline Reynolds number is larger than Re. = 5772
[152].

It is notable to recall that not all flows undergo linear instability. In particular,
pipe flow and plane Couette flow are linearly stable at all Reynolds numbers, i.e.,
there exists a sufficiently small perturbation that does not trigger transition at any
value of the Reynolds number. Indeed, experiments have achieved laminar pipe
flow at Reynolds numbers up to 100000 by thoroughly controlling the experimental
setup [160]. Nonetheless, after a certain point the perturbations must be so small for
the flow to remain laminar that turbulence arises due to the nonlinear amplification
of the disturbances [4, 5.
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In channel flow the wave-like perturbation, which is the most unstable solu-
tion of the Orr-Sommerfeld equation and is generally referred to as the Tollmien-
Schichtling wave, grows at first linearly, after which it starts interacting nonlin-
early with the base flow, giving rise to A-shaped vortices. These vortices quite
rapidly stretch and breakup into smaller structures, initiating the transfer of en-
ergy to smaller scales which is the onset of turbulence. Once this is complete,
fully developed turbulent flow is achieved. This route to turbulence is known as
Klebanoff-type transition [6]. The entire phase spanning from the end of the lin-
ear growth of small-amplitude perturbations up to fully developed turbulence is
characterized by velocity fields with strong velocity fluctuations and, in general,
strong spatio-temporal complexity. The appearance and, also, the disappearance
of localized turbulent spots makes so that the border between non-turbulent and
turbulent flows is of difficult investigation.

The development of finite amplitude flow structures and, subsequently, turbu-
lence during transition can be interpreted as the advancement of the solution of the
Navier-Stokes equations in a state space towards, eventually, some kind of attrac-
tor. While there is no deterministic asymptotic state, the statistical convergence of
turbulent flows has been associated with the notion of a strange attractor [117]. Nu-
merical simulations have shown that intermittent motion in the transitional regime
is often associated with invariant (i.e., traveling wave) solutions of the Navier-
Stokes equations, termed exact coherent states [112]. The transitional flow exhibits
a state-space dynamics that revolves around these coherent states, which act as
attractors for the recurrent behaviour of the flow [103, 156]. Turbulent and inter-
mittent states can eventually decay into laminar flow, with appropriate timescale
depending on the Reynolds number [178]. In channel flow at low Reynolds num-
bers, typical intermittent patterns include bands tilted rather than aligned with
the streamwise direction, which may split into smaller bands or decay entirely to
laminar flow [76].

The growth and subsequent breakup of the structures found in Klebanoff-type
transition, such as the roll up of A-vortices and the formation of hairpin-like struc-
tures, form the prototype of the typical features found in wall-bounded turbulence
(177,167, 125]. In this sense, late stage transition already contains all the essential
features of turbulence and is a setting in which turbulence itself can be studied in
an elementary form.

Klebanoft-type transition is not the only pathway to turbulence in wall-bounded
flows. Another mechanism arises when some factor external to the boundary layer,
such as turbulence in the free stream of the flow around a flat plate, exerts a
vertical forcing on the boundary layer and triggers the transition. This route to
turbulence, which circumvents the usual (and slow) growth of perturbations, is
known as bypass transition [230]. The mechanisms composing bypass transition are
roughly as follows. First, the perturbation in the free stream, which may be even
developed turbulence, generate large-scale perturbations of the streamwise velocity
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(that is, streaks) in the laminar boundary layer. While free stream turbulence has a
broadband nature, because of a process known as shear sheltering in the boundary
layer only low frequency perturbations appear [96]. The boundary layer acts as
a low-pass filter for external perturbation because of the presence of mean shear,
which makes so that the effect of high-frequency perturbations are cancelled out.
Streaks, after their appearance, are lifted towards the edge of the boundary layer
by the action of the high-frequency components of the perturbation in the free
stream [231, 188]. This ultimately causes their secondary instability, the formation
of spots and, ultimately, bypass transition to turbulence.

While in the case of orderly transition the largest influence on the criticality
of the flow is taken by the Reynolds number, in the case of bypass transition the
matter is complicated by the chaotic behaviour and the variety of the free stream
forcing, so that the onset of turbulence may also depend on other factors such as
the turbulent intensity [20]. Several factors appear to influence the onset of bypass
transition, such as the system geometry, the external flow conditions (especially the
pressure gradient, which is stabilizing if aligned with the flow and destabilizing if
adverse) and the wall roughness in experimental setups.

The physical and industrial applications associated with the appearance of tur-
bulence motivates the study of transition to turbulence. The increased momentum
transfer linked to turbulent velocity fluctuations causes a strong increase in wall
friction and, thus, drag. Given the importance of drag reduction, significant ef-
forts have been made with the objective of predicting, controlling and delaying
the onset of turbulence [19, 55, 68, 84]. Another problem tightly linked with the
prediction of transition is that of the determination of the spatial and temporal
location of the turbulent-non-turbulent interface, which mostly relies on the fact
that certain flow quantities have different values in turbulent and laminar regimes
[42; 28]. The problem is further complicated by the complex, almost fractal, shape
of the interface and its time-dependence. Accordingly, the definition of an appro-
priate indicator function and of a threshold should, in theory, suffice to distinguish
laminar and turbulent regions. Several of these indicator functions have been pro-
posed. As vorticity is perhaps the most striking and peculiar feature of turbulence,
its use as an indicator function should be straightforward. Unfortunately, in the
most general cases where turbulence is also present in the free stream and also due
to the vorticity associated with mean shear, the usefulness of the measurement of
the vorticity does not provide clear information on the distinction between laminar
and turbulent regions of the domain. The intense velocity fluctuations associated
with transitional flow lead to the choice of functions of the velocity as indicator.
A common choice in boundary layers is the sum of the wall-normal and spanwise
velocity fluctuations |[v'| + |w'|. With extensive knowledge of the flow field, data
processing techniques can be used to compute an interface location depending on
time. A widely used technique is Otsu’s method, which is an image segmentation
technique that identifies the optimal threshold of a scalar value (in boundary layers,
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|| + Jw'|) [153]. In particular, the method achieves the objective of minimizing
the intra-class variance within the turbulent and the laminar regions, and does so
by maximizing the inter-class variance between the laminar and turbulent regions.
Because of the dependence on y of the wall-normal velocity fluctuations, a global
(y-independent) threshold cannot be provided and Otsu’s procedure has to be ap-
plied to isolated vertical slices of the boundary layer flow [143]. The dependence on
the wall-distance of the segmentation parameters makes the choice of a threshold
problematic and the wide application of the method difficult.

2.3 Lagrangian turbulence

The observation of fluid motion can be carried out according to different paradigms.

In contrast with the Eulerian perspective, which relies on an observer fixed with
respect to some reference frame, the Lagrangian approach relies on an observer that
is carried by the fluid and moves at its velocity at any point and time. The balance
of forces acting on an infinitesimal fluid particle carried by the flow is

Dv Vp

— =—"4VvAv+f 2.10
which is the Navier-Stokes momentum equation in Lagrangian form. Equation 2.10
is a straightforward rewriting of Newton’s second law. The equivalence with the
Eulerian form 2.2 is evident by the definition of the material derivative D/Dt

Df _of

Dt = Bt +v-Vf, (2.11)
which combines the temporal and convective terms; the latter in particular repre-
sents the change of f experienced by the Lagrangian observer when moving through
a non-homogeneous field advected by the velocity v.

The Lagrangian perspective arises naturally in the study of mixing and disper-
sion of quantities advected by the fluid, which are strongly enhanced by turbulence
[226, 199, 142]. The most elementary form in which dispersion can be studied is
through the analysis of trajectories X(xq,t) of massless particles, i.e. tracers, that
are equivalent to the infinitesimal fluid particles. Diffusing species can be modeled
by tracers given that they are passive, i.e., their motion and concentration do not
exert feedback on the carrier flow, their response time is infinitesimal with respect
to the typical timescale of the flow, and their own molecular diffusion is negligible
with respect to turbulent dispersion.

The prime setting for Lagrangian studies of turbulence is that of computer simu-
lations. Indeed, numerical simulations allow the integration of trajectories of truly
massless particles, while in experiments one needs to seed the flow with tracer-like
particles which will inevitably have some sampling issues due to finite inertia [213].
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Of course, simulations are limited by the available computational power. The very
first studies of Lagrangian tracers were concerned with the analysis of single par-
ticle statistics in homogeneous isotropic turbulence, while only later two-particle
analyses were conducted [225, 184, 22]. In general, the particle trajectories are
obtained by integrating the Eulerian velocity field along the path of particles and
starting from the release location xg, i.e.,

9X (%0, 1)
ot

which indicates how the velocity at the position of particles is used to compute
their own (Lagrangian) velocity.

= v(X(xo,t), t) (2.12)

2.3.1 Single-particle statistics

Several relevant problems emerge regarding the Lagrangian properties of turbu-
lence. While direct numerical simulations allow the exact computation of particle
trajectories, lower order methods of flow simulation, due to the missing small scales,
need stochastic models to accurately represent particle dispersion [165, 222, 111].
The prime example of such models is the Langevin equation, which models the
acceleration as a Markov process [34, 33]. These models rely especially on the cor-
relations of the velocity and acceleration correlations of Lagrangian tracers, whose
knowledge is extensively needed for accuracy especially in complex flows. More-
over, distributions of Lagrangian accelerations exhibit strong intermittency in the
form of long tails due to extreme events. The Lagrangian velocity autocorrelation

is defined as ) )
(vi(to, X0)v}(to, Xo))
v (to, o)) (V7 (to + 7, %0))

where (-) is an ensemble mean over particles with the same release location x¢, 7
is the delay over which the autocorrelation is computed and v} is the i-th compo-
nent of the velocity fluctuation. Significant information can be extracted from the
correlation function p;;(7,x¢) in the form of its integral

(2.13)

pij (T, X0) = <

+o0
T1i5(%0) = /0 pij (T, X0)dT, (2.14)

which is the Lagrangian integral timescale. The integral timescale provides a mea-
sure of the typical times of particle motion. At times much shorter than 77, the
behaviour of particles is almost entirely ruled by their initial velocity, because the
velocity shortly after ¢y is strongly correlated to v(tp). In this ballistic regime,
the variance of particle position grows as fast as 2. For very long times, Taylor’s
prediction of dispersion linear in time is instead recovered [210].

Numerical studies of Lagrangian correlations have been carried out in homo-
geneous isotropic turbulence, where the release coordinate and the direction are
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irrelevant and cross-correlations are zero [228, 227, 198]. In more complex setting,
the cross-correlations cannot be ignored and their value must be considered when
formulating models. Given the industrial importance of wall-bounded flows, direct
simulations of Lagrangian tracers in such settings are needed to correctly inform
modeling. Several basic results can be achieved through dimensional considerations
akin to Kolmogorov’s scaling laws [148, 63]. Lagrangian studies of tracers have been
carried out in channel and shear flows at low Reynolds number, investigating veloc-
ity and acceleration correlations and statistics [219, 133, 44, 149, 47, 208]. Other
setups of particular interest for geophysical flows have been investigated as well by
means of direct numerical simulation, albeit more scarcely [36, 127]. Simulations
at larger Reynolds numbers have been carried out; [111] reached Re, = 950, while
later Re, = 1440 was achieved [200, 94]. Still, these values reach only moderate
levels of scale separation and lag behind both the typical industrial cases and the
Reynolds numbers reached in channel flow simulations for Eulerian measurements

[85].

2.3.2 Multiparticle statistics

Other than the characterization of the properties of single particles, the most
relevant aspects of Lagrangian turbulence is the study of the behaviour of groups of
particles. This problem emerges in a straightforward manner from several industrial
and geophysical applications, such as the dispersion of pollutant from a plume in
the atmosphere or industrial mixing problems. In its simplest form, the problem
of multiparticle dispersion reduces to the study of the mutual distance of a pair of
particles, whose initial distance is ry, with respect to the time from release [183,
176].

Richardson was the first to recognize the role of a continuum of flow scales,
i.e., the turbulent eddies, in determining pair dispersion and the distribution of
distances in a particle cloud from its center of mass [169]. The application of
Kolmogorov’s similarity theory to pair dispersion led to the development of the
fundamental framework of Batchelor [15, 12, 13, 14]. At very short times, the pair
separation is ruled by the velocity differences, that is the Eulerian velocity structure
function. In homogeneous and isotropic turbulence, Batchelor obtained that the
mean square separation of a pair of particles r(t) (which is scalar because direction
is not relevant due to isotropy), follows the ballistic regime

(r’(t)) — g ~ [Dpr(ro) + 2Dy (r0)] 12, (2.15)

where Dy and Dyy are the longitudinal and transverse structure functions, re-
spectively. The most important results are achieved when rq is in the inertial range,
where Kolmogorov’s theory yields an exact prediction for the structure functions
and equation 2.15 reduces to

11
(r*(t)) —rg ~ 30 (ero)?? 12, (2.16)
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with C' and € being a universal constant and the local turbulent dissipation rate,
respectively. After this short time, the initial separation and the time are in the
inertial range Eulerian velocity differences are not relevant anymore. From dimen-
sional considerations it is obtained that mean square separation of particles grows
superdiffusively as

(r}(t)) —rg ~ get®, (2.17)

where g is the universal, Richardson constant. The crossover between the ballistic

regime and Richardson scaling takes place at a time of order {/r3/e.

Although Richardson scaling has been observed in two-dimensional flows, its
appearance in full, three-dimensional, homogeneous and isotropic simulations has
proven elusive [101, 35, 206]. Indeed, equation 2.17 is based on the assumption that
only eddies at the scale r contribute to dispersion. Recent studies have challenged
the validity of this assumption, providing evidence that dispersion is influenced by
the whole continuum of flow scales up to r and that the presence of coherent flow
features cannot be ignored [58].

The analysis of features of pair separation provides an insight on both dispersion
processes and the underlying turbulence. As an example, pair dispersion exhibits
temporal asymmetry, i.e. particle pairs disperse faster backward in time than
forward. This behaviour has been linked to the irreversibility of the energy cascade
in turbulent flows [100, 30].

The study of multiparticle structures has focused mainly on tetrahedra, but
also on more complex puffs. In all cases, the shape evolution has been studied by
means of invariant measures of multiparticle sets, such as the eigenvalues of the
position covariance matrix [23, 21, 79, 131]. Finally, the study of the deformation
of material structures in turbulence leads naturally to the finding that certain sets
of fluid particles exhibit coherence in time. These sets, which widely influence the
overall flow dynamics, are termed Lagrangian coherent structures [81]. Notable
approaches to this regard include the study of finite time Lyapunov exponents,
which maps itself nicely with pair and multiparticle dispersion, and the search of
invariant sets.

In wall-bounded flows, the matter is further complicated by the relevance of the
initial alignment of pairs of particles or multiparticle structures with respect to
the flow reference system. Most notably, the relative dispersion of pairs that are
aligned transversely to the mean shear direction is greatly increased. Few studies
have focused on multiparticle statistics in the context of non-uniform flows, also
because the large amount of parameters that need to be considered for a thorough
analysis [162, 163]

2.3.3 Inertial particles

Tracer particles are a representation of the Lagrangian fluid particle, i.e. an
inertialess object that is perfectly carried from the flow. Real particles instead
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have finite inertia and do not react instantly to velocity changes of the carrier flow.
In particular, the characteristic response time of particles meeting two conditions,
namely a very low Reynolds number
dy||lu, — v
Re, = M (2.18)
v

where d, and u, are the particle diameter and velocity, and small size with respect
to the smallest flow scales, can be computed with the Stokesian assumption

o djszp
P18y’

(2.19)

with p, being the particle density. The ratio between the particle characteristic
time and the smallest local timescale 7k (that is, the Kolmogorov time) is the
Stokes number -
Sty = - (2.20)
TK
and defines the regime of motion of the inertial particle. At low Stokes numbers
(much smaller than unity) particles are akin to tracers, so that they follow quite
closely the flow velocity. At very large Stokes numbers instead, particles behave
ballistically (i.e., their behaviour is mostly determined by their initial velocity) and
react weakly to the local velocity fluctuations.

Most interestingly, when the particle timescale matches that of the flow (i.e.,
Stx = O(1), the synchronization between the motion of eddies and that of parti-
cles leads to highly intermittent particle concentration and thus the appearance of
clusters that are located away from vortex cores. The so-called inertial clustering
is therefore one of the most remarkable phenomena concerning inertial particles,
owing also to the difficulty incurred when trying to predict the spatial and tempo-
ral features of clusters and the causes and whereabouts of their formation [136, 31,
154, 181, 17, 60, 175].

Proposed mechanisms for the formation of clusters take into account, among
others, the local fluid acceleration and the strain rate [77, 43]. Notably, while peak
clustering is in general achieved when the particle timescale matches that of the
smallest scales of the flow, in high Reynolds number turbulence also larger clusters
are formed by the matching of the particle timescale with the typical times of the
inertial scale [150, 29]. Cluster have sizes similar to those of the flow scales that
contribute to their formation and are similarly short-lived, continuously dissolving
and recombining in an endless process [121].

The appearance of segregation and clustering phenomena has a significant de-
pendence on both particle properties and flow conditions. Important parameters
to this regard include the density of particles, that may be denser or lighter than
the carrier fluid, the presence or less of gravity and the concentration of particles
[16, 157, 64, 18, 216, 37]. Especially regarding concentration, while when particles
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are dilute their back-force on the fluid (due to Newton’s third law) has a negligible
effect on the overall turbulence statistics, at larger concentrations a two-way cou-
pling regime arises, where the presence of particles has a non-negligible effect on
the carrier flow [218]. If the volumetric concentration is even larger, also collisions
between particles become relevant (the so-called four-way coupling) [65].

The analysis of clusters itself is complicated by the need of accurately character-
izing particle distributions. The acceleration statistics of inertial particles highlight
the impact of inertia on the dampening of velocity fluctuations [126]. Radial distri-
bution functions exhibit self-similarity in presence of inertial clustering and reveal
information about the overall organization of clusters, but neglect most of their
spatial complexity [109, 82]. Other methods include box-counting, Voronoi tessel-
lations and wavelet filters [171, 11, 135]. Overall, the quantitative identification of
clusters rely on the choice of thresholds, which may be prone to arbitrariness, al-
though it is possible to define methods that are insensitive to the choice of threshold
in a certain range.

While the properties of inertial particles are already subject to a range of com-
plexities in homogeneous turbulence, their behaviour in wall-bounded flows presents
further complications [78]. Inertial particles tend to migrate away from regions
where turbulence is the most intense. Accordingly, they accumulate at the walls
(even in the absence of gravity) experiencing a phenomenon called turbophoresis
[132, 108, 110, 32, 179, 137]. The resulting high concentration of particles at the
wall makes the simulation of particle-laden flows for long times challenging, as
even in the case of low overall concentrations one cannot escape accounting for the
back reaction of particles on the near-wall flow and mutual collisions in order to
accurately integrate trajectories.

The typical features of near-wall turbulence, in particular sweeps and ejections,
move particles towards the wall and back into the outer flow, but the inertia of
particles coupled with their low velocity at the wall makes so that only ejecting
motions with sufficient spatial coherence are effective in lifting particles away from
the wall [128, 66]. Particles instead become concentrated into very elongated (longer
than ) streamwise-aligned streaks associated with negative velocity fluctuations.
Moreover, flow scales are dependent on the distance from the wall, which causes
clusters to form at different values of particle inertia across the wall. Indeed, a new
Stokes number can be defined using the timescale derived from the friction velocity,
i.e., StT =1} =St KT, , which is constant for particles with fixed diameter and
density. The Stokes number Sty , instead, is not constant and is proportional to
T;r , which takes a small value at the wall and grows monotonically away from it.

2.4 Open questions

Let us briefly review the open problems in the current understanding of fluid
physics that will be tackled in this thesis. Single particles statistics and simple
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multiparticle structures (such as pairs) have been extensively studies (although,
in general, a characterization at higher Reynolds number would be beneficial).
Instead, the collective behaviour of large numbers of dispersing particles has not
been studied in depth, especially in wall-bounded geometries. We refer in particular
to mixing of particles which are initially orderly distributed and transition to a fully
mixed state. Although some general predictions can be made about their motion
both shortly after release and after long times, the intermediate regime is of difficult
characterization and is also the most interesting, due to it being the time at which
the effects of local turbulence are the most relevant. The work concerning the
dispersion of particles in turbulent channel flow is found in chapter 5.

Another area of interest regarding dispersion and mixing in turbulent flows is
that of non-tracer particles. Mixing of heavy particles in non-homogeneous geom-
etry is influenced by inertial clustering, although a quantification is made difficult
in channel flows due to the presence of different phenomena depending on wall
distance (turbophoresis close to the walls, isotropic clustering at the center of the
channel). Accordingly, we introduce a measure of mixing and apply it to a large
set of inertial particles, reporting the results in chapter 6.

Of the many issues currently affecting the current understanding of transitional
flows, the ones that will be the subject of parts of this thesis are the identifica-
tion of the turbulent-non turbulent interface and the behaviour of particle puffs
advected by non fully developed flows. The former problem is deeply related to the
classification of flow field data and was chosen to showcase the properties and the
effectiveness of a data analysis technique based on graphs. Indeed, the identifica-
tion of turbulence based on simple thresholds remains difficult. The latter, instead,
represents a continuation of the work on multiparticle structures, which is even
rarer in the setting of transitional flows. Multiple questions are addressed in this
work. Of course, the behaviour of such structures in a flow that is evolving from
an orderly state to a chaotic one is described in depth. Moreover, multiparticle
structures are known to behave according to their scale, but a full characterization
of this dependence is lacking. Accordingly, we aim to study puffs of different sizes
at release. The benefit of doing so in a transitional flow is that, being the energy
distributed differently across scales in intermittent and fully developed flow, also
the deformation of puffs will be different. The study of puffs can then be related
to the incompleteness of the energy cascade and to the amount of intermittency
present. These two problems are tackled in chapters 7 and 8
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Chapter 3

Direct numerical simulation
of channel flow and particle
tracking

In this Chapter, the methods used for performing a direct numerical simulation of
a turbulent channel flow will be outlined. First, the treatment of the Navier-Stokes
equations, the spatial and temporal discretization and the initial and boundary
conditions will be described. After that, details on the implementation of a parallel
computer code will be given. Finally, the tracking of Lagrangian particles in a
numerically simulated flow will be briefly discussed.

3.1 Equations and discretization

3.1.1 Problem formulation

Channel flow is the most basic wall-bounded flow configuration. The idealized
setup comprises of two infinite, parallel walls put at a distance of 20 from each
other, in the midst of which a fluid with density p and viscosity v flows. The fluid
motion is driven by a mean pressure gradient or, equivalently, a homogeneous bulk
volume force, which is oriented along the streamwise direction x. Accordingly, a
mean flow appears, with the only nonzero component being U. In the wall-normal
y and spanwise z directions, the mean flow is zero, i.e., V = W = 0. Instead of
solving for an infinite domain, one transforms the domain into a torus by setting
periodic boundary conditions along x and z and defining a streamwise and spanwise
length, [, and [,, of the domain. This configuration is shown in figure 3.1.

The problem is thus to obtain a solution of the Navier-Stokes equations made
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N

Figure 3.1: Schematic of the channel flow domain

non-dimensional using the friction velocity w.,, the viscosity v and the channel half-
height 9, that is
V-v=0, (3.1)

ov VP 1

[ R T
Equations 3.1-3.2 are the rotation form of equations 2.1-2.2, obtained through vec-
tor identities. w = V x v is the vorticity vector. P = p + pv - v/2 is the total
pressure and f is the constant bulk force driving streamwise mean motion. The
boundary conditions are periodic along the streamwise and spanwise directions,
while the no-slip condition v = 0 is imposed on the two walls.

In order to avoid solving for the pressure in order to satisfy continuity, one would
want to formulate equation 3.2 in order to both eliminate the pressure and auto-
matically satisfy continuity. This is done first by applying the divergence operator
the the momentum equation, obtaining

Av +f. (3.2)

AP = —pV - (w xu), (3.3)

given that the divergence operator commutes with both the temporal derivative
and the Laplacian, and that f being constant has zero divergence. Subsequently,
we denote for simplicity the nonlinear term of each component of the momentum
equation as h; = (f —w x u) - é;. By applying the Laplacian to the wall-normal
projection of the momentum equation, and using continuity and equation 3.3, we
obtain

LA, (3.4)

Cr

OAv = —0,V -h+ Ahy —

With a similar procedure, an equation for the wall-normal vorticity n = d,u — dyw
can be obtained:

1
Ro. An. (3.5)

The solution of equation 3.4 is split into two separate equations to avoid computing
the fourth derivative of v, by defining ¢ = Av. By grouping the nonlinear terms
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equations 3.4-3.5 become
Ohp = hy— gAY
Av =¢ (3.6)
am = h77 — %ﬁAn

with the appropriate boundary conditions

v(y = £9) =0
oyv(y==494) =0 (3.7)
n(y =+0) =0

After solving equations 3.6-3.7, the u and w components of the velocity can be
recovered by using continuity and the definition of the wall-normal vorticity.

3.1.2 Discretization
Fourier polynomials

Along the x and z directions, where the boundary conditions are periodic, the
natural choice for the discretization is to use Fourier polynomials. A periodic field
can be approximated by a finite sum of orthogonal, wavelike polynomials of the

kind
Ny /2 N./2

vix,t) = > > Vi i, (y, )2 ha/laatha/l22) (3.8)
ko=—Ng/2  kam—N./2

The approximation error decays exponentially with the number of modes, although
this is true only if all the relevant features of the approximated function have
been portrayed by the approximation. The application of the approximation 3.8 to
equations 3.6 yields a system of equations for each (k,, k,) wavemode pair. Since
the 0y and 0, derivatives are local in wave space, such system is uncoupled:

8t<?>kwkz = I:L¢>,kzkz - R%T (—a® = % + Oyy) (%kxkz
(—a® = B2 + Oyy) Onoh. = Py (3.9)
Ok, = Mopkeas — p%ef (—a® — % 4 Oyy) Mg,

where o« = 27k, /l, and § = 27k,/l,. The nonlinear term in wavespace ﬁ¢ and
Bn could be computed starting from the values of the vorticity and the velocity in
wavespace with a convolution product, but the computational cost is quadratic with
the number of modes and becomes prohibitive quickly. Instead, one can compute
the nonlinear terms in real space after computing the transform of the velocity v and
the vorticity w. While the computation of discrete Fourier transforms is in general
quadratic with the number of modes, the use of Fast Fourier Transform (FFT)
algorithms enables its execution in O(N log N) time, given that the collocation
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points are equispaced. In order to avoid aliasing of higher frequencies, the 2/3 rule
is applied, by computing the nonlinear terms onto a denser grid [158].

Starting from the definition of the wall-normal vorticity n and from continuity,
the streamwise and spanwise velocity can be recovered using

i _ —ialyyVpyk, +i67

helke T ~02—pr (3.10)
N _ —iBOyy Dk K, —iam .
Whyk, = v

where the spectral representation of derivatives has been used. We note that equa-
tion 3.10 is undefined for the (0,0) mode (where a = 8 = 0). To recover o and
Do0 the Navier-Stokes equation is used instead

R ~ ef R (3.11)
Oy oo = hs00 + RiayywOO

Cr

~ 7 1 ~
{atUOO = h1,00 + 5= Oyyloo

Compact finite differences

Due to non-periodicity, the discretization along the wall-normal direction cannot
be done by means of Fourier polynomials. A common choice in this regard is to
employ Chebyshev polynomials [38], i.e., a set of orthonormal polynomials of the
form

Ty (y) = cos (karccosy), vy € [—1,1], (3.12)

While the choice of Chebyshev polynomials gives arguably the best properties
with regards to convergence and also enables the solution of relatively simple linear
systems to advance the solution in time, there are also some drawbacks. The choice
of the wall-normal grid, which is forced to the Gauss-Lobatto quadrature points,
becomes restrictive at high Reynolds numbers. In particular, the quadratic growth
of the number of points near the wall quickly leads to a very small grid spacing,
which is unnecessary to fully resolve the flow field and most importantly leads to
the use of very short time-steps At, as one still needs to satisfy the CFL condition

ulAzxr vAy wAz
max{ AL A }< 1 (3.13)

to have a stable scheme.

A different choice, granting more flexibility in the selection of the wall-normal
grid, is that of an hybrid spatial discretization. In particular, finite difference
schemes of high order are a common choice [85, 123, 2]. While the grid can be
arbitrarily set and the imposition of boundary conditions is straightforward, the
accuracy of ordinary finite differences schemes (in which the derivative at one point
is a linear combination of the values of the function at some neighbouring points)
is lacking compared to spectral methods, especially for multiscale problems such
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as turbulence. Indeed, in the previously introduced spectral method, the value (in
real space) of the wall-normal derivative at one point is a function of all Chebyshev
modes.

A way to mimic the behaviour of spectral derivatives while maintaining the
basic idea of finite differences is the use of a compact finite differences scheme [172,
119]. Instead of depending only on the values of the function at neighbouring
points, the derivative is a linear combination of both neighbouring function values
and neighbouring values of the derivative. A scheme of this kind for the second
derivative f” := O,y f, comprising of 4 points for the derivative stencil and 7 points
for the function stencil, is as follows:

Bicafilo + Bica fily + Bifi + Biva fivs + Bifl =
ai_sfiis+icafica i1 fior +oufi + i firn + qigofivo + s firs. (3.14)

The 3; and «; coefficients are computed by matching the Taylor expansion of f”;
and f; for all j up to the tenth order, with the assumption that 5; = 1. The
resulting linear system, which accounts also for uneven grid spacing, can be solved
for all grid points ¢ = 0...N. We note that the resulting linear system may be
badly conditioned. Particular care needs to be taken when formulating a stencil for
the grid points close to the boundaries, where not all stencil points from equation
3.14 are available. No ghost points are used and the stencils are shortened. As an
example, the stencil for the second derivative at ¢ = 0 is

o+ BLfl 4 Bafy = aofo+ arfi + asfo + asfs. (3.15)

Assembling the 3; and «; coefficients computed for each grid point leads to the
definition of two banded matrices B,, and A, for each derivative of n-th order,
which can be used to compute the derivative according to

0 Jo
B, + | =A.| (3.16)
N fn

Notably, equation 3.16 makes so that the derivative at one point is dependent
on the values of the function at all points, mimicking the global dependence of the
derivative in spectral space. A scheme of this kind is nominally fourth order, mostly
because it is limited by the shorter stencils near the wall.

3.1.3 Time advancement

Following the discretization of the derivatives, a time stepping scheme is needed
to advance the solution in time. While a fully implicit scheme would be beneficial
in order to relax constraints on the time step, especially for the integration of the
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linear term which is stiff, the cost associated with the numerical inversion of the
nonlinear term makes its use too expensive. The solution in this case is to use a
third-order hybrid scheme, which combines a three stage Runge-Kutta scheme for
the nonlinear terms and an implicit Crank-Nicholson scheme for the linear operator
[197]. Indicating with L(f) = vAf the linear operator and with N(f) the nonlinear
term, a substep of the scheme is

= P At {on L(fi) + BrL(frsr) + N (fe) + GN (fr1)] . k=123 (3.17)

with the coefficients

29 37 38 0
96 160 15
= _3 = | 5 = | 5 = | _17 1
a 40 6 24 v 12 C 60 (3' 8)
1 1 3 _ 5
6 6 4 12

In equation 3.17 fy is the state at the previous full step, while f3 is the next full
step.

With the introduction of a time-stepping scheme, it is possible to discuss how the
boundary condition are imposed to the solution of equations 3.6-3.7. In particular,
while the Dirichlet conditions on ¢ and 7 can be readily imposed when integrating
these two quantities, the imposition of the Neumann condition on the wall-normal
velocity is not straightforward, as one would need to determine the (nonzero) value
of ¢ at the boundaries that yields a null derivative of v. To do so, we first define

LYY = 74 ALBL(f*) (3.19)

and
R(f*) = f* + At [ L(f*) + N (fi) + GN (fe1)] - (3.20)

The solution is split into three separate problems. The first is the particular
solution containing the full right hand side of the time-stepping scheme R and
homogeneous boundary conditions for ¢

L(¢y™) = R(d})

L(U;;H) _ (bl;ﬂ

¢’;+1(y _t5)=0 (3.21)

vkt (y = £0) = 0

The other two problems solve the homogeneous problem without the right hand
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side R and with a one-sided unitary Dirichlet condition at the boundary
(@5 =0
Ltk = g4
GEHi(y = 5) = 1 (3.22)
Pt (y=—-0)=0
vty =40) =0
L) =0
L) = g
yly=06)=0 (3.23)

My =-0)=1

vy = £6) =0

The full solution is recovered by summing the solution of the particular problem
and those of the two homogeneous problems

¢k+1 _ ¢l;+1 +A¢§+1 +B¢§+1 (3.24)

oM = ol 4 Apit 4 Byt (3.25)

The coefficients A and B are determined in order to yield 9,v*"! (+£4) = 0 by
solving a 2x2 linear system:

waity anica|(6)=-lanih) o

The homogeneous problems 3.22-3.23 and the inversion of the linear system 3.26 do
not depend on time and thus do not need to be solved at any iteration. Instead, the
homogeneous solutions v, ¢q/ can be computed once (at least, if the time-step
does not change) and stored.

3.2 Implementation

In this section, the implementation of a novel channel flow code will be described.
The code employs a pseudospectral method, with Fourier-Galerkin discretization
along the streamwise z and spanwise z directions. Compact finite differences are
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used to compute y (wall-normal) derivatives. Given the computational cost in-
volved with the solution of the Navier-Stokes equations at reasonable values of the
Reynolds number Re,, the code has been designed to run on parallel machines,
leveraging a large amount of computer cores. The code has been written using the
C++ language, is compiled on Linux machines using g++ and uses OpenMPI v4
for the parallelization.

Modern supercomputer architectures are composed by a large number of com-
pute nodes, each one containing O(100) of single CPU cores. The total number
of CPU cores in today’s systems reaches the hundreds of thousands [195]. The
standard for the creation of parallel application on HPC (High Performance Com-
puting) architectures is the Message Passing Interface (MPI), which allows the user
to assign different data and different instructions to several parallel processes and
provide means of exchanging data between processes [46]. DNS codes are usually
parallelized by assigning a subset of the wavenumbers to each process. Given that
most of the computation, including especially the time-advancement, is local to the
wavenumber, each process can advance the data related to its wavenumber sub-
set. Still, since the pseudospectral code requires a transform of the spectral fields
into physical space, the program needs to exchange data between cores in order to
compute the discrete Fourier transforms necessary to obtain real data.

In the case of channel flow codes, a common parallelization strategy is to di-
vide either the spanwise k, or streamwise k, wavenumber between different MPI
processes, which is commonly termed as a slab architecture. In this case, only one
communication pass is needed to compute a transform into real space. Still, the
main drawback is that the total number of usable MPI processes (and thus of CPU
cores) is limited by the number of spanwise N, or streamwise N, wavenumbers;
because of this, the large number of CPU cores available in an HPC system may
not be fully leveraged. A common workaround is to assign multiple CPU cores to
each MPI process by employing a shared memory paradigm such as OpenMP [39,
111, 123]. Unfortunately, the overhead associated with spawning multiple shared
memory threads and the poor scaling of the performance makes so that also in this
way the number of total CPU cores used cannot be increased indefinitely.

Another method, which enables the use of a larger number of cores, is to split
both the k, and k, wavenumbers across MPI processes, yielding a pencil (two-
dimensional) parallelization. The number of MPI processes becomes then roughly
bounded by N, N, which for large values of Re, approaches O(10°). The drawback
in this case is that two communication passes are needed to transform the data into
real space, instead of one as was for the slab parallelization. Given the large latency
of communications compared to compute and memory operations, especially when
the network interconnection is involved, some remediation to the penalty imposed
by the double communication is needed.

The code described in the following employs a pencil parallelization and adopts
a topology-aware implementation of the communications to reduce the associated
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cost.

Data structure

The spectral coefficients }kwkz(y,t) € € of the generic field f(x,t) € R with
N, x N, polynomials are

Ng/2-1  N./2

fty = > > fr(yt)eents) (3.27)

ky=—Nyz/2k,=—N./2

which satisfy the Hermitian symmetry property, i.e. }"kzk,z = ftkm_kz, where the *
indicates complex conjugation. Because of this, only around half of the Fourier
coefficients need to be stored. In particular, we discard coefficients with negative k.,
so that the total number of stored coefficients is N, /2+1 x N,. These wavenumbers
need to be split across MPI processes. All the grid points along y for each single
wavenumbers are stored on the same process, as they are needed together during
the time advancement of the solution. We define a number of processes along which
the k, wavenumbers are split, that is /Ny, and a number of processes along which
the k, wavenumbers are split, i.e. N.. The total number of processes is thus N./NV;.

%
G

N,
Memory contiguous data

<

4

+/2Ng +1

=

Figure 3.2: Array structure in spectral space; the blue arrow indicates column-
major storage

On each process, variables in spectral space are stored in an array of complex
numbers in double precision, with size N, x N, /2N, +1 x N,/N,, as is depicted
in figure 3.2. The +1 frequency along x is unused on all processes except the last,
where it is used to store the Nyquist frequency. The object used to store the data
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is an Eigen::TensorFixedSize<std: :complex<double>> object from the Eigen
library, which provides indexed access to the data and vectorized array operations
[57]. The data is stored into memory in column-major order, i.e. when traversing
the array sequentially into memory the fastest changing index is the first. Column-
major storage is indicated by the blue arrow in the figure. The first dimension of
the array has been chosen to be y so that all the data from a single wavenumber
is stored in a contiguous memory location and can be copied using fast, vectorized
operations.

Communications and transforms to real space

To obtain the data in real space, two communications and two one-dimensional
transforms of the data need to be performed. The first communication makes so
that all k, wavenumbers are gathered on the same processes, while splitting the y
grid points along the N, processes. After this, the 1D, complex-to-complex trans-
form along z can be performed. Subsequently, the second communication gathers
all k, wavenumbers on the same processes, while splitting the now-transformed z
spatial points along the N, processes. Finally, the 1D complex-to-real transform is
performed, yielding the full real data.

In order to optimize the double communication, we implement a strategy that
relies on the knowledge of the hardware topology. The two communications take
place along an abstract structure defined by the MPI standard, that is the com-
municator. An MPI application usually defines a global communicator, containing
all processes. In our code, we also define a set of N, subcommunicators containing
each N, processes for the communication along z, and a set of N, subcommunica-
tors containing each Ny processes for the communication along x. We then impose
that all processes in the z-subcommunicators are located on the same physical
processor, so that at least one of the two communications does not need to hap-
pen over the network and thus has better performance. Recent processors used in
HPC systems have a large number of CPU cores (64 or even 96). Also, the inter-
connection speed between cores on the same processors is much faster than that
taking place over the network. The OpenMPI implementation provides a func-
tion (MPI_Comm_split_type) that allows the creation of split subcommunicators
according to hardware topology. The z-communicator instead comprises processes
spanning different sockets, that is different physical processors. We note that each
machine generally contains at least one socket, with two being the most common.

The procedure used to perform the transform is the following:

o Using a call to the MPI_Alltoallw function along the intra-node communica-
tor, the k, wavenumbers are gathered onto the same process according to the
schematic shown in figure 3.3. By setting the datatype and displacement pa-
rameters in the function call it is possible to transfer the data from the spectral
array to a buffer of size N,/N. x N,/2N;+ 1 x 3N, /2 in a single pass. Also,
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Figure 3.3: Schematic of the first communication. Solid blocks indicate arrays of
data stored on the same process. The purple region is the message transferred
between two processes.

by setting an offset to the displacement of the data sent by the second half
of the processes, it is possible to automatically introduce the padding of the
array according to the 2/3 rule. We recall that, in order to avoid aliasing, the
nonlinear terms are to be calculated on a grid with a larger number of points
than the number of polynomials, specifically 50% more points. To do so, before
performing the discrete Fourier transform, the array of the spectral coefficients
is padded with zero, so that the FFT algorithm performs the transform onto a
larger grid. We also note that the coefficients are stored in the order provided
by the output of the FFT routine, i.e. first all the positive coefficients, than
the negative coefficients in inverse order: k, = 0,1,2... — 3, —2, —1. Because
of this, the padding is added in the middle of the buffer.

e« A 1D, complex-to-complex transform is performed along z, using the FFT
algorithm. The FFTW library is used, which allows to perform multiple 1D
transforms at once improving computation time. We note that the FFTW
library requires a planning phase, which is executed once before the main
computation occurs.
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o The data is now a function of the real coordinate z the z-axis of the arrays.
The k, wavenumbers are gathered onto the same process using another call
to MPI_Alltoallw. From each process, except the last, the k, = N, /2N, + 1
frequency is discarded. The Nyquist frequency is distributed from the process
with rank equal to N, using MPI_Scatterv. Again, padding is introduced by
transferring the data into a larger array, so that zeros are at the end of the
array (noting that only the positive wavenumbers are stored). The receiving
buffer has size N, /N, x3N,/4+1x3N,/2N, and this transform is schematized
in figure 3.4.

o A 1D, complex-to-real transform is performed along x, using the specific FFT
algorithm that exploits the Hermitian symmetry. The final array, holding fully
real data, has size N,/N. x 3N, /2 x 3N,/2N, and is again split across cores
and sockets, albeit in a different fashion.

Using a similar, but inverse procedure, the data can be transformed from real space
to its spectral coefficients.

The transform operation, including the communication passes, is in general the
most computationally expensive operation in the simulation process, accounting for
up to 80% of the total runtime. Because of this, any optimization yields great ben-
efit. The performance improvement given by the topology aware implementation
depends on the size of the message transferred during the z-communication, which
is 16N, N, (Nxz /2N, +1)/N2? bytes. This dependence is caused by the fact that the
transferred message needs to fit into the processor cache to be actually able to be
transferred between cores. During preliminary testing we found that the mean and
median speedup with respect to a topology-unaware solution was the largest when
the message size is around 100 kB.

Code description

The computer code executes the following steps:

1. the global, intra-node and inter-node communicator are initialized taking into
account the available computational resources

2. the FFTW planning phase is executed according to the array sizes set by the
user

3. the matrices used to compute the wall-normal derivatives are obtained using
a compact finite differencing scheme as the one previously described in this
Chapter

4. the homogeneous solutions v, and ¢/, are computed

42



3.2 — Implementation

N,
=z \%
S
g
Z@
N, /2N, + 1 I%
3 .
Z~ [ ]
sl
\q) . /7
. ‘b$’b / ////
=z ; "
L | L
N, /2N 1 N, /4

Figure 3.4: Schematic of the second communication. Solid blocks indicate arrays

3N, /4 +1

of data stored on the same process.

5. an initial condition is set, either from a stored file or as a superposition of a
parabolic profile with large amplitude waves that trigger rapid transition to a

fully developed turbulent state

6. the time-stepping starts:

« at the beginning of each substep of the Runge-Kutta scheme, the velocity
data in spectral space is used to compute the vorticity in spectral space,
according to

Wy = Oyw — Oy,

o the three velocity and vorticity components are transformed from spectral
space to real space using the previously described routines. Using the data

wy = O,u — Oxw, w, = Oxv — Oyu
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in real, the nonlinear term is computed:
hy = fo —wwy + vw,, ho = Ww, — uw,, hs = uw, — vw,, (3.29)

where f, = 1 is the mean pressure gradient, or equivalently the constant
bulk force. After the three nonlinear terms are computed, they are trans-
formed back into spectral space and the nonlinear terms h, and hy are
obtained from 3.5-3.4.

the equation that advances the wall-normal vorticity 7 in time can now
be solved. Equation 3.17, applied to the vorticity, reads

(1 — BpAtL) ™ = (1 4+ ap AtL) % + At (v Ny, + G Ni—1) . (3.30)

By introducing the spectral representation of the derivatives into the linear

operator L and by indicating the right hand side with Ry, equation 3.30

becomes )

a? — B2 + Oy
Re,

which is valid for each wavenumber pair (k,, k.). Multiplying by the com-
pact finite differences second order matrix By, and substituting the differ-
encing relation 3.16, we finally obtain

(1 — BrAt— ) =R, (3.31)

—a? — j3? At

[(1 — 6kAtM> By — i AQ] " = ByRy, (3.32)
Re, ret

which is an heptadiagonal linear system. We solve this linear system using

the Lapack solver for banded matrices zgbsv, which is more suitable than

a general full matrix solver.

the same procedure is performed for the advancement of ¢

the equation AvFt! = ¢**1 is solved in order to obtain the wall-normal

velocity. The derivatives at the wall of the particular solution are com-
puted, so that the coefficients A and B of the homogeneous solutions can
be determined. The full solution is thus assembled.

following [123], if the time step does not change the value of the linear
operator L(¢*™) and L(n**!) is computed and stored using
k+1 _ R
Ly =& R 3.33
(@) = (33
which does not involve the computation of the derivatives and thus im-
proves accuracy.

the streamwise and spanwise velocity are computed starting from v and 7
using equations 3.10, except for the 0-0 mode for which the Navier-Stokes
equation 3.11 is solved in a similar fashion to the equations for  and ¢.
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7. at the end of each step, if necessary, the Courant number is computed. The
simulation can be run with constant Courant number instead of constant At.
Since the change of the time step At causes the need to recompute the ho-
mogeneous solutions and the linear operators, an hybrid approach is more
advisable, i.e. the time step can be adjusted every few (= 50) steps.

8. statistical quantities such as the bulk velocity and the wall friction are com-
puted. Velocity fields can be stored to disk.

3.3 Simulation of transitional flows

The simulation of transitional flows can be achieved in several ways. If spatial
transition is concerned, the matter is complicated by the need to impose a boundary
condition that accounts for the evolution of the flow from laminar to turbulent.
Conversely, one would prefer to employ a pseudospectral method, due to its benefits,
also along the direction along which the flow evolves, even if the approximation with
Fourier polynomials imposes the use of a periodic boundary condition.

Physical domain

1
1
| Fringe
1

x=0 X = Xstart x =l

Figure 3.5: Domain division into physical and fringe regions.

The solution that will be discussed in this section and that has been implemented
for some of the work that will be discussed later (see chapter 7) is that of the fringe
region technique [187, 146]. The numerical solver is identical to the fully developed
case, but a localized forcing term is added in the Navier-Stokes equation:

1
W vvv= — VDAY M) ), (3:34)

where A\(z) is the shape function of the forcing and ¥ is the desired inflow solution.
The shape function is nonzero only in a confined portion of the domain, i.e., the
fringe region as shown in figure 3.5, and has equation

T — Tstart T — Tend
) = A (T ) g () 535
( ) Arise Afaull ( )
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where S(y) is a smooth step function

0 if y <0
Sty) =11/ [1 peFTH)| o<y <1 (3.36)
1 ify>1

and Apax is positive and of the order of At~!.

Inside the fringe region, which is usually set at the end of the physical domain
(although this is not necessary due to periodicity), the flow is forced towards the
imposed solution v. The imposed solution acts as a distributed boundary condition;
indeed, at the end of the fringe region the flow evolves again according to the
physically-sound Navier-Stokes equations. In the following, we will set ¥ to be a
superposition of the laminar profile and of two solutions of the Orr-Sommerfeld
equations, i.e. a two-dimensional and a three-dimensional Tollmien-Schlichting
wave. By doing so, the flow at the beginning of the domain is laminar with some
perturbations, after which it evolves naturally into turbulence. When the fringe
region is reached, the flow is forced back to the laminar perturbed state, so that
periodicity is satisfied. The computational domain needs to be sufficiently elongated
to enable transition to fully occur.

1.0
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(a) Streamwise component (b) Wall-normal component (c) Spanwise component

Figure 3.6: Three-dimensional eigenfunctions of the spatially evolving Orr-
Sommerfeld equation for agp = 0.788 + 0.21067, § = 2 and w = 0.3.

As the perturbations are spatially evolving, the Orr-Sommerfeld equation needs
to be formulated for spatially evolving waves:

3:2—2 (a* + 82 jj;+(a2 + ) b—iaRe. (1) Byg = (*+ %) f’] ~Zolted =

— iwRe, |20 (o +8%) 0|, (3.37)
C dy2 Y *

where Re. = 3Rey,/2 is the centerline Reynolds number of the parabolic streamwise
velocity profile, o and 3 are the streamwise and spanwise wavenumbers of the

46



3.4 — Particle tracking

perturbation and w is the temporal wavenumber of the perturbation (which is real
because the T'S waves evolve only in space). Equation 3.37 is a nonlinear eigenvalue
problem which can be solved, after proper space discretization, with the companion
matrix method. An example of the solution is given in figure 3.6.

After solving the Orr-Sommerfeld equation, the other components of the velocity
may be obtained by using continuity in the two-dimensional case or by solving
Squire’s equation in the three dimensional one. Taking efa as the wall-normal
vorticity, Squire’s equation is

—5 = (0?+ 8%) i = Re. Jiar (1 = ¢?) — iw] i) = —2iByb. (3.38)

yl6
Hqa O -

0 1 b 2‘0 3b 4‘0 5‘0 66 7‘0 80

x/6
Figure 3.7: Flow field of a spatially evolving transitional flow obtained using the
fringe region technique. On the bottom, the evolution of the friction Reynolds

number Re; is plotted against the streamwise coordinate x. The fringe region is
omitted from the plots

3.4 Particle tracking

In order to perform Lagrangian simulations, a method to integrate trajectories
of particles inside a turbulent velocity field is needed. To do so, two necessities
arise: the definition of an integration scheme and the choice of an interpolation
method of the discrete simulation data (as particles are not located, in general, in
the grid points during their motion).

While the choice of the former is usually simple, as one uses the same explicit
integration which is employed to integrate the nonlinear terms in the Eulerian
simulation, the choice of the latter is more difficult. Different approaches may
be used, ranging from the direct transformation of the spectral coefficients of the
velocity at the particle location (which usually has prohibitive computational cost)
to trilinear interpolation. In this case the velocity is obtained using the values of the
immediately neighbouring grid points in real space. To obtain a denser grid onto
which compute the interpolation, usually the real field obtained after dealiasing is
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used. In this way, the number of grid points is increased by a factor of 3/2 along
the periodic directions.

The use of the linear scheme may lead to the introduction of large errors, es-
pecially in the computation of the acceleration of particles [83]. Still, the spatial
positions of particles obtained through trilinear interpolation are statistically accu-
rate if a large enough sample of tracers is considered [111].

After the velocity of the flow field v at the particle position X is obtained, one
may integrate it to obtain the trajectory of the particle using

dX

which is advanced in time using a time-stepping scheme of choice.

In the case of inertial particles, the velocity of the particle v, differs from that
of the fluid at the same point (assuming point particles). In this case, also the
velocity of particles needs to be integrated according to

dv,  v(X) = vp(X)

= 3.40
dt Tp ’ ( )

with 7, being the particle relaxation time. Furthermore, a correction can be defined
for particles with non-negligible Reynolds number, that is
dv, v(X)

_ - Vp(X) 0.687
= - (14 0.15Re) %), (3.41)

where Re, = d,||v — v,||/v is the particle Reynolds number [130].

If the back reaction of inertial particles is to be accounted for, then the force
acting from the fluid on particles needs to be computed and added back as a forcing
in the momentum equation by distributing it onto the nearby grid points. Addi-
tionally, if four-way coupling, (i.e., collisions) is to be included in the simulation,
one needs to compute the mutual distance of all particle pairs to see if they come
closer than their diameter.

48



Chapter 4

Complex networks and fluid
Hows

In this Chapter the theory of networks and its application to the study of fluid
flows are introduced. Since its emergence from the work of Euler, graph theory has
provided a way to transform physical problems into geometrical ones and algebraic
methods to treat this geometrical interpretation of reality [25, 67, 61, 1]. The
study of networks has found its use in a large amount of problems, spanning from
the coloring of maps to path planning and protein folding [212, 223, 95]. The
definition of networks encompasses a large class of mathematical objects that are
particularly suitable to represent the non-trivial interactions between objects in
a complex system. The mathematical foundation of network theory, along with
the relevant metrics and strategies to compute them, are given in Section 4.1.
Furthermore, a brief review of recent application to fluid dynamics is delineated in
Section 4.2.

4.1 Networks

4.1.1 Definition

A network, or graph, G is a mathematical object consisting of two sets, one of
vertices, or nodes, V = {v;} and one of edges, or links, & = e;; = (v;,v;) [9]. The
order of a graph, that is the number of vertices, is N = |V|, while its size K = |&|
is the number of edges it contains. If two nodes are connected, they are said to be
adjacent.

Each edge e;; connects two nodes v; and v;, so that it can be represented as the
unordered (ordered) pair of vertices it connects. In the case of unordered pairs, the
graph is undirected, i.e. each edge does not contain a directional information and
eij € &€ <= ej € £ On the other hand, graphs that account for a directional
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Figure 4.1: Example of a graph. The vertexes {v;} are connected by a set of edges.

information contained in edges are called directed graphs, and the existence of a
directed edge from node v; to v; does not imply the existence of the edge from
vj to v; (e;; € € # ej; € £). Given that in general e; ¢ £ (a graph does not
contain self-loops, i.e., edges that start and end on the same vertex), the maximum
size of an undirected graph of order N is N (N — 1) /2, while the maximum size
of the equivalent directed graph is N (N — 1). A graph is said to be complete if it
contains all possible edges. A subset of nodes induces a subgraph, which is a graph
comprising of the subset of nodes and the subset of edges that are incident to these
nodes [26].

If a scalar value W;; is associated with each edge, the graph is said to be weighted.
Weighted networks are useful to model systems where pairwise interactions are not
only binary, but also have a measurable property [54]. Networks that model the
transport of a physical quantity, as an example, have edges that are weighted
according to the amount of transport taking place between two connected nodes.

From the definition of links one can introduce a straightforward representation
of a graph in algebraic form, i.e., the adjacency matriz A € RY*Y . Each element

of A is defined as
1, if e;;
ay =it el (4.1)
O, if €ij ¢ E.

From its definition, some properties of A follow. It is a square matrix of the
same size of the graph, which is symmetric for undirected graphs (a;; = a;;) and
asymmetric for directed ones (a;; # aj;). Analogously, a matrix W containing for
each ¢, 7 pair the value of the weight corresponding to the link between v; and v,
that is, the weight matriz, can be defined. In the case of the simple graph shown
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in figure 4.1, the adjacency matrix is

011100
101011
110110
A=11 0101 0 (42)
011101
0100 1 0

The adjacency matrix is not only a convenient way to store a graph, but it also
enables the computation of its properties. Most notably, the algebraic properties of
A map into the most important properties of the graph, fulfilling the transformation
of a complex sets of objects and their interplay into an algebraic form. In the
following paragraphs, the most important properties of graphs and the way they
are obtained from its matrix representation are detailed.

4.1.2 Centrality measures

An important class of network metrics is that of centrality measures. Centrality
refers to the importance of a node in the network, especially with respect to the
role of each node in the dynamical phenomena that is taking place on the network.
A common example is that of the aerial transportation network, where airports
acts as node and their centrality, measured using different metrics, characterizes
the importance of each airport in the network.

Degree centrality The most straightforward centrality measure is the degree k,
which is the number of connections incident to each node. In the case of an undi-
rected network, it is the row-wise sum (or the column-wise one, which is equivalent
due to symmetry) of the adjacency matrix

k= Ay (4.3)

Jjev

In the case of directed graphs instead, two variants of the degree are computed.
The ingoing degree k! refers to the number of edges that ends in the i-th node,
while the outgoing degree kP is the number of edges that starts in said node. Both
are again computed from the adjacency matrix as the column- and row-wise sums,
respectively:

ki =Y j€VAj, (4.4)

kP =3 j € VA, (4.5)

Furthermore, in the case of weighted networks, the equivalent sums of the weight
matrix W yield the value of the strength s (both for the directed and undirected
variants) of each node.
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The statistical distribution of the degree P(k) provides an insightful characteri-
zation of network properties. The statistical moments of the degree give information
on the average number of connections (which is obtained from the mean degree) and
on the statistical differences between nodes. Random graphs models, in particular,
are fully characterized by their degree distribution, as long as N is large. Original
random models accounted for equiprobable edge formation (thus yielding binomial
degree distributions) [59]. With the incipient application of graph theory to the
data derived from large, real-world systems (such as social networks), it was noted
that common network organizations were not adequately represented by models
that considered edge formation equally probable independently of each other. In-
stead, it was found that edges where more likely to be incident to high-degree nodes.
Such networks have a degree distribution that follow a power law

P(k) = Ck™, (4.6)

and are usually termed scale-free networks [220]. Scale-free networks indeed follow
a fractal degree distribution, which most notably makes so that their features are
similar independently of the scale considered (at least, for very large graphs). Scale-
free networks exhibit an organization which is typical of many common systems, i.e.,
one composed of hubs, which are the few nodes with large amounts of connection,
or high degree centrality, and a multitude of poorly connected nodes.

Paths and betweenness centrality Two nodes may be directly connected, or
they may be connected through a path, that is an ordered set of edges, comprising
of more than one edge. Among all paths connecting two nodes ¢ and j, there is
one which is the shortest path of length d;;, which is composed by the minimum
number of edges. The search of shortest paths between edges is a problem of great
importance in graph theory, as it is strongly related to the real-world problems
which are mapped into networks. From the algorithmic standpoint, the calculation
of shortest paths has in general quadratic complexity with the number of nodes,
which makes optimization strategies important especially for very large graphs.
The most notable algorithm devised to search for shortest paths in a network is
that of Dijkstra [49]. The definition of shortest path can be extended to weighted
networks by using the weight as a cost measure or, conversely, an efficiency measure
and penalize/prioritize specific paths accordingly.

The importance of nodes can be quantified starting from the notion of shortest
paths. Intuitively, the importance of a node may be measured by the number
of shortest paths that include it, which is in general unrelated to the number of
connections (the degree). As an example, in a communication network nodes that
are traversed by a large number of shortest paths are bottlenecks, where large
amounts of data flow and that, in the event of failures, have a major impact on
the network dynamic as a whole [10]. The (normalized) number of shortest paths
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passing through a node is the betweenness centrality, defined as

B= Y (i) (4.7)

stEV sHtdi st

where ng is the number of shortest paths connecting vertices s and ¢ and ng(7)
the number of those paths that pass through the i-th node. Equation 4.7 can be
extended to measure the number of shortest paths running through each edge

Bz‘j _ Z nst(zj) 7 (48)

s,teV, st st

where ng(ij) is the number of shortest paths passing through the e;; edge. Fur-
thermore, an average (or characteristic) path length can be defined as the average
length of the shortest paths connecting all pair of nodes

1
L= NV -1 > dy, (4.9)

1,4, 1]

which measures the typical distance between nodes in a graph and is useful to
characterize the efficiency of a network in transferring information between nodes.
If disconnected components are present in the graph, i.e., if there are some pairs of
nodes for which there is no possible path, the characteristic path length diverges.

Eigenvector centrality Another quantification of centrality arises from the con-
sideration of an intertwined metric, one in which the centrality of a node is deter-
mined by the centrality of the nodes it is connected to. By setting the centrality
measure e; as the sum of the eigenvector centralities of adjacent nodes multiplied
by a factor 1/\, one obtains
1
ei =5 > A, (4.10)
jev

which is the eigenvector problem associated to the adjacency matrix
Ae = Je. (4.11)

Accordingly, the centrality measure e; is termed the eigenvector centrality [140, 27).
As a non-negative centrality measure is sought after, the eigenvector associated to
the largest eigenvalue is to be chosen, according to the Perron-Frobenius theorem.
The eigenvector centrality is a popularity measure, whose notable applications in-
clude the ranking of webpages in internet search engines.
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4.1.3 Structure measures

Other than node-related measures, a graph can also be characterized using prop-
erties that capture its structure, most notably the local and global organization of
links, the presence of communities and so on. While most of these features have
effects on centrality measures, so that one may use, e.g., the degree statistics to
gain information onto the structure of a graph, more frequently a deeper insight is
obtained through a rigorous characterization of structure properties, at the expense
of added complexity and heavier computational burden.

Clustering coefficient The clustering coefficient ¢; quantifies the local density
of links around a given node. It does so by computing the probability that any two
neighbours of the i-th node are themselves connected and, thus, that a connected
triple of nodes is also a triangle (that is, the induced subgraph is complete) [220,
62]. It can be computed using

_ Zj,m AZ]A]mAmZ

kalhi — 1) (4.12)

C;

Assortativity In many real-world phenomena it is observed that connected enti-
ties share some properties and, in turn, that entities that share properties are more
likely to be connected. In the framework of networks, the likelihood of similar
(with respect to a certain property) nodes to be connected is termed assortativity.
In its most basic form, the assortativity coefficient r is measured as the Pearson
correlation coefficient of the degree of connected node pairs. Accordingly, it is a
measure that describes the network as a whole, providing a single value r € [—1,1].
In particular, a graph can be assortative if similar nodes are usually connected
(r > 0) or disassortative if instead edges appear more frequently between dissimilar

nodes (r < 0) [144].

Communities and modularity In the context of network science, communi-
ties are subsets of vertices that can be grouped together, especially because they
present a relatively large amount of edges between themselves and a relatively small
amount of edges connecting them with the rest of the network. The appearance
and structure of communities have a pivotal role in networks, mostly because they
bound the interaction between nodes to a subset of the whole network [74]. The
key metric used for the measurement of the goodness of a given graph partition-
ing is the modularity (), which quantifies the fraction of edges that lie inside of a
community with respect to the same number if edges were disposed at random. Its
value is

1 ki,
Q=% lAij - 2[5] Oe(i)e(i) € [0,1], (4.13)
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where k;k; /2K is the expected number of links if a random distribution is expected
and d.(;)c(;) is equal to one if vertices i and j belong to the same community and
zero otherwise. We note that the modularity definition can be extended to weighted
and directed networks, using

i°]
Wy — =L
m

1 sTs9
[ Oe(i),c(j)» (4.14)

with m = >2,; W;; being the sum of all network weights [118]. We finally remark
that the modularity of a whole graph can be split into the contribution of each k-th
community, i.e. Q = > qx, With gx obtained from equation 4.13 restricting the
sum to nodes belonging only to the k-th community.

While the modularity provides a way to evaluate the goodness of any partitioning
imposed to a network, it does not provide a way to find the optimal partitioning.
To do so, one must find a way to systematically create partitions and evaluate
their modularity, then choosing the one with the largest modularity. Evaluating
all possible ways to partition a network is impossible for even small graph sizes.
Instead, a common approach relies on progressively eliminating key edges in or-
der to create disconnected components that are treated as communities [141, 138,
139]. In particular, the betweenness of edges emerges as an useful metric in this
context. Indeed, one aims to eliminate the edges that connect nodes belonging to
different communities, in order to create disconnected components, which may be
identified analytically [209]. If a network has a modular structure (that is, a com-
munity structure is clearly identifiable), such edges host a large number of shortest
paths since they are the only way of communication between distinct communities.
Accordingly, their removal isolate communities. The algorithm is as follows:

1. the betweenness centrality of all edges is computed.
2. the edge with the largest value of B;; is removed

3. disconnected components, if present, are identified and taken as partitions of
the graph

4. the modularity @ of the complete network (with no edge removed) is computed
using the partitioning from the previous step

5. the betweenness centrality is recomputed and steps 2-5 are repeated until no
edge remains

6. the partitioning that maximizes the modularity is chosen

We note that the recomputation of the edge betweenness at each step, while costly,
is necessary to ensure that the optimal partitioning is found. A similar procedure
can be adapted to weighted and directed networks, especially if network weights
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indicate the importance of a connection (and not, conversely, a cost measure).
When identifying connected components in directed networks, moreover, one may
distinguish between weakly connected components, i.e., components in which a path
exists between any two edges disregarding its direction, and strongly connected
components in which a bidirectional path exists between all node pairs.

Another method of community identification stems from the definition of the
combinatorial Laplacian matriz A, which is

ki if 1 = j,
Nj=q-1ifi#£5 A eij € E (4.15)
0 otherwise

The definition of the Laplacian matrix can also be extended to directed graphs with

kf 4+ k9 if i = j,

—lifi#jAe;€E

Aj={—-1ifi#jAes €€ (4.16)
—2ifiFjNe; €& Nej €€

0 otherwise.

In any case, the Laplacian matrix is symmetric and semi-definite positive [26]. The
community properties of the graph are closely related to the spectral properties of
A. Let A\ < ...\, € R be the eigenvalues of A. If a graph is connected (or strongly
connected for directed graphs), then only A\; = 0, while Ay,... A, > 0. The first
non-trivial eigenvalue is instead closely related to the possibility of partitioning
the graph. Indeed, its magnitude is an indication of how hard it is to distinguish
separate communities. Furthermore, the associated eigenvector vy will provide
information regarding which nodes can be grouped together [51]. Indeed, if one
is able to find a criterion to group the components of vy, then this will lead to a
grouping of nodes into communities, as each i-th component of the leading non-
trivial eigenvector of A corresponds to vertex v; of the graph.

Motifs Large networks appear, in general, complex due to their size and the
non-triviality of the relationships between nodes. Still, when looking in detail
at the behaviour of small subsets of nodes, one may find that certain patterns
appear repeated. Motifs are simple interactions entertained by subsets of nodes
that appear with statistically significant frequency and are relevant, through their
individual contribution, to the processes described by the network as a whole [3,
192]. More specifically, motifs are subgraphs that appear more frequently than in
the appropriate null model of the examined graph. Search algorithms for motifs are
in general computationally expensive and involve a depth-first search that examines
all subgraphs of fixed size contained in a network [221]. Furthermore, the definition

56



4.2 — Applications to fluid dynamics

of an appropriate null model is not always straightforward, so that the relative
frequency of motifs must be used instead of their relevance with respect to a random
graph.

4.2 Applications to fluid dynamics

Networks appear suitable to represent, analyse and model the interactions taking
place in complex dynamical systems. The application to fluid flows arises naturally,
as one may think of a turbulent flow as the result of the space- and time-dependent
interaction of a multitude of simple units, be it points in the flow domain or advected
particles [86, 203]. Moreover, the insightful methods of analysis provided by graph
theory allow the exploitation of the wealth of data produced by simulation and
experiments with ever-growing resolution and detail to an extent which goes beyond
usual approaches, such as statistical analysis.

Because of this, several aspect of turbulent and transitional flows have been
analysed through the application of network theory. The general approach is the
following: one first needs to find a suitable mapping of fluid data into a sets of
nodes and their mutual interactions. After that, network metrics are correlated to
known fluid properties and further insight is extracted.

Flow data can be mapped into networks starting from different forms. The most
important kinds of flow data in this regard are Lagrangian trajectories, time-series
and spatial data. In the following, a brief review of all three approaches will be
given.

4.2.1 Lagrangian trajectories

A first possibility when transposing Lagrangian trajectories into a network-like
sets of interactions is to use a proximity-based criteria to detect a relationship
between particles. In this case, a node in the network corresponds to single advected
particles or sets of them, and a link is established when one or more particles from
different nodes come at a distance lower than a certain threshold. Furthermore, if
nodes are comprised of more than one particle, a weight can be assigned to each link,
corresponding to the number of particles in close proximity. This approach has been
applied to geophysical, two-dimensional flows, and to fully developed wall-bounded
turbulence [155, 174, 173, 92, 8]. This method yields a reduced-order representation
of particle motion and is a natural framework to study mixing, especially in complex
flows where other measures may fail. Still, care must be ensued when selecting the
threshold, as a small threshold value limits the number of particle pairs that come
sufficiently close to each other and thus the resolution of the method. On the other
hand, features of particle motion at scales smaller than the threshold are neglected
by the network representation and their removal must be taken into account.
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Proximity-based criteria have been extended to include time-averaged measures
of distance between tracers [80]. The resulting networks allow to identify coherent
sets, through the identification of communities based on spectral clustering using
the graph Laplacian A or other clustering means [214, 215, 190, 191]. Addition-
ally, one may consider the similarity of trajectories without regard for their actual
distance [189]

Another possibility stems from the definition of the Lagrangian flow map. The
trajectories described in equation 2.12 can be equivalently represented as orbits of
a dynamical system defined on a flow domain §2

(I)Zo (Xo) = X(Xo,to + T) OxRT — Q, (417)

which maps the starting position of particles at ¢y into that after a time 7. If the
domain 2 is divided into a set of partitions

then the flow map can be discretized. In particular, if one defines a measure for the
amount of fluid contained in each partition m(L;), a discrete state {s; = m(L;)} of
the system can be computed at any time. The transition from the discrete state at
t = to to the state at t = tg + 7 is measured as

(L0 ()
m(L;)

Each entry 7,7 of P is the probability that fluid contained in L; at t = t; will
be found in L; at ¢t = ¢y + 7 [70]. If the underlying flow respects continuity,
the transition matrix is row-stochastic (the sum of all rows is one) and is thus
assimilable to a Markov chain.

In practice, the transition matrix can be built from discrete trajectory data
rather than from the flow map by defining m(L;) as the number of Lagrangian
particles found in L; at any time, and by counting the number of Lagrangian
particles that move from partition L; to partition L; in the considered time frame.

Finally, one may take the transition matrix P as a network weight matrix and
thus define a graph where the nodes represent fixed domain partitions and the edges
are the fluid exchanges between these partitions, with weights corresponding to the
intensity of the latter.

This approach has been extensively applied to the analysis of geophysical flows,
especially with respect to oceanic currents where Lagrangian tracers are either
numerically integrated from velocity fields or are obtained from buoy data [72, 71,
48, 193, 170]. In particular, the spectral properties of the transition matrix have
been used to identify invariant sets, i.e., regions of space that exchange low amounts
of fluid with the rest of the domain. In this sense, networks based on the transition
probability matrix appear suitable to identify coherent structures, although a lot
depends on the resolution employed to discretize the flow domain.

58

Py(to, ) = (4.19)



4.2 — Applications to fluid dynamics

4.2.2 Time-series analysis

In the context of fluid flows, time-series represent the evolution of certain flow
variables, e.g. the local Eulerian velocity. Starting from a time-series, one of the
approaches that can be used to obtain a network representation is to employ the
notion of recurrence [53, 233, 52]. In general, recurrence is a property of the state
of dynamical systems, which occurs when the trajectories of the system come in
close proximity (with respect to a certain metric) to previous states, a concept that
is closely correlated to that of a Poincaré map [180].

The state space described by a single time-series is trivial and does not usu-
ally lead to significant insight on the underlying phenomena. [89] used the three-
dimensional time-series of the position of tracers to compute recurrence properties
starting from sparse Lagrangian data, revealing and quantifying dominant flow
scales. Another approach involves state space reconstruction via embedding [122].

The most prominent embedding method is time-delay embedding, which allows
state space reconstruction by combining k subsequent steps of the time series (with
or without delay between them) into a state space vector. Takens’s theorem guar-
antees that if the embedding dimension £ is at least twice the dimension of the at-
tracting set in the considered system, then the attractor itself may be reconstructed
using only the observation obtained through the time-series [205]. Nonetheless, the
dimensional complexity of the turbulent attractor makes somewhat difficult to for-
mulate a clear choice of the embedding dimension.

Another important choice in the definition of recurrent networks is the choice of a
threshold. It is indeed possible to assign a fixed number of neighbours to each node
of the network, thus creating a k-nearest neighbour recurrence network, although
this may include distant connections if the local state space has a low density and,
conversely, may exclude some relevant connection. The natural choice in the context
of physical system is therefore to assign a fixed threshold e (which accordingly
defines an e-recurrence network), possibly after analysing the distribution of state
space distances [106]. Applications to fluid dynamics include the study of the
instability in combustion phenomena, the identification of coherent sets of tracers
and transition phenomena in stratified flows [102, 75, 201, 207, 89, 73].

Another approach, which has gained widespread adoption in the analysis of fluid
flows, is that of the wisibility graph [114]. The visibility graph approach defines a
graph assigning each individual time-step to a node and setting a link between
nodes according to a visibility criterion. More specifically, the edge e;; between
nodes corresponding to time-steps ¢; and ¢; are connected if and only if

ly — t;
t

u(ty) < (ulty) — u(t;)) Vk=1i,....] (4.20)

where ¢ < 7 without loss of generality. The procedure according to which links are
formed is shown schematically in figure 4.2.
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Figure 4.2: Construction of a simple visibility graph starting from a time-series.
Red lines indicate active links.

Edges in the visibility graph are created if an uninterrupted straight line can be
traced between the corresponding data points, which follows from the local convex-
ity of the data. A possible variation is that of an horizontal visibility graph, which
is based on a slightly simplified criterion [113]. The visibility graph approach does
not require, differently from other methods, the definition of a priori parameters.
It is also invariant to affine transformation of the time-series, so that time-series
with similar geometrical structure but different mean and standard deviation will
map into the same network. Most notably, the visibility graph descends purely
from the geometrical appearance of the time-series and is not directly related to
the processes underlying to it. As such, while its application may provide insight on
the structure of the time-series, the inference of results on the underlying processes
requires further interpretation.

The visibility graph has been applied to several fluid dynamics cases. Notably,
distinguishing between forward- and backward-in-time contributions allow for the
quantification of temporal irreversibility, which was linked to the presence of large-
scale coherent motions in turbulent flows [115, 93]. The application to experimental
data allowed to classify time-series feature and provide an identification of inter-
mittent phenomena [45, 87]. Also, the modulation applied from large to small flow
scales in wall-bounded flows has been studied [90, 88]. More complex settings, such
as magnetohydrodynamics flows and heated jets, have been subject to visibility
graph analysis [40, 41, 145]. Finally, the visibility graph can be computed from
a time-series with fast algorithms (in O(Nlog N) time, N being the number of
nodes), which makes it suitable for use in large datasets [116].

4.2.3 Spatial data

Finally, the definition of a graph may come from assigning different points in
the flow domain to network nodes and defining links between them following the
presence of a statistical correlation or another kind of relation between them. Ac-
cordingly, one defines a spatial network in which nodes have also a position and
therefore mutual distances.

Networks based on climate data usually belong to this category, as one can
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exploit the correlations between data, even at long spatial distances, to show the
global interdependence of weather phenomena [186, 50]. Correlations between flow
variables have also been used in the study of turbulence, both isotropic and wall-
bounded, revealing non-local relationships between flow features [185, 91].

Other than statistical correlations, also link definitions based on the vortical
properties of the flow and the resulting induced velocities have been explored [204].
This approach has been applied to two-dimensional isotropic turbulence, showing
that there are preferential zones in which flow control can be exerted, with the
particular goal of modulating and controlling turbulence [224].
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Chapter 5

Transport network analysis
of channel low mixing

Some of the contents presented in this Chapter have been previously published.
Below are provided the references:

D. Perrone, J.G.M Kuerten, L. Ridolfi, S. Scarsoglio, "Wall-induced anisotropy
effects on turbulent mixing in channel flow: A network-based analysis", in Phys.
Rev. E 102, 043109 (2020)

D. Perrone, J.G.M Kuerten, L. Ridolfi, S. Scarsoglio, "Network analysis
of Reynolds number scaling in wall-bounded Lagrangian mixing", in Phys. Reuv.
Fluids 6, 124501 (2021)

5.1 Rationale

In this chapter, the application of the transition matrix approach, i.e., the trans-
port network, first introduced in section 4.2.1 to tracer data from direct numerical
simulations of channel flow will be treated.

The goal of this work is twofold: from the methodological standpoint, we aim to
define a new approach to study mixing problems in complex settings (in this case
the complexity arises from the chaotic nature of turbulence). The necessity for this
arises from the ever-growing availability of high-resolution data from simulation
and experiments, which in turn makes important to exploit analysis techniques
that are able to provide in-depth insight into the processes underlying to the data
itself. From the physical standpoints, instead, we aim to obtain a quantification
of mixing in channel flow, with particular regard to coherent structures of particle
motion and their influence on the overall mixing.

To achieve these goals we first perform direct numerical simulations (DNS) of
channel flow at varying Reynolds numbers Re, ranging from 180 to 950. Then, we
split the channel domain into wall-normal levels which we take as the partitions of

63



Transport network analysis of channel flow mixing

the transition matrix approach. We measure the exchange of fluid between these
partitions by integrating the trajectories of Lagrangian tracers, therefore obtaining
a time-dependent transition matrix. In this way, the main focus is on wall-normal
mixing. We repeat this process with several uncorrelated batches of particles, in
order to obtain a statistically significant representation of mixing in the channel.

Starting from the network representation of particle motion, we obtain results on
the Reynolds number scaling of dispersion, which is tightly correlated to the degree
of nodes. We also are able to identify sections of the channel domain in which
particles remain trapped and the underlying coherent motions that contribute to
the trapping.

In the following, section 5.2 contains an overview of the methods employed,
section 5.3 shows the results obtained and section 5.4 provides a discussion and an
interpretation of the results.

5.2 Methods

The Lagrangian data were obtained through the numerical integration of trajec-
tories of tracer particles using the Eulerian velocity field from a direct numerical
simulation of turbulent channel flow. The Navier-Stokes equations were solved
with the pseudospectral method introduced in Chapter 3, making use of Fourier
discretization along the periodic directions = and z and the Chebyshev-7 approach
along the wall-normal direction y. The simulations were performed at five different
Reynolds numbers Re, = du, /v = 180, 265, 395, 590, 950. The parameters used
for the five simulations, including the box size L, x L, x L., the number of poly-
nomials employed in the discretization N, x N, x N, and the time-step in outer
units At are given in table 5.1.

Table 5.1: Main parameters for the direct numerical simulations at five Reynolds
numbers Re;: domain size L, x L, x L., number of polynomials used for the
simulation N, x N, x N, and time step At

Re, Ly, xL,xL, Ny x Ny, x N, At
950 279 X 26 X 768 x 385 x 768 1-1074
590 2 x 26 X 76 768 x 385 x 768 1.25-107*
395 27 x 26 X 76 512 x 257 x 512 1.5-1074
265 2 x 26 X 76 512 x 257 x 512 2107
180 476 X 20 X 475 /3 384 x 193 x 192 25-1074

In order to obtain the partitions needed for the transport network, we divide the
channel into N; = 100 equal levels along the y direction, each with thickness equal
to 20/N;. Particles are therefore released in an N; x 100 grid located at x = 0, so
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that 100 particles are located in each level. The grid has a spacing of Ay = 20/,
along y direction and L, /100 along the spanwise direction. Accordingly, IV, = 10000
particles are released. All trajectories are integrated for a duration of 7' = 10 in
outer units, so that the entire transient phase of the mixing process (before the
asymptotic Taylor regime) is considered.

In order to construct the network, we take into account the previously defined
levels and map the set of trajectories x(xg,t) into a sequence of traversed levels.
Accordingly, we transform the continuous evolution of particle positions into a
set of discrete states s € RM, with each entry s, equal to the the number of
particles contained in the i-th level. The transition matrix P(ty, 7) is built following
the procedure indicated in 4.2.1. Each entry F;; of the matrix is defined as the
probability that a particle, located in level i at t = ¢, is situated in level j at
t = to + 7. Instead of computing the flow map ® directly, we approximate each
entry by the fraction of the particles released in level ¢ at time ty that is in level j
at the subsequent time ¢y + 7. The formula used is

Ni;(to, 7)

P(t()aT)ij = N(to) ,

(5.1)

where N;_,;(to, 7) is the number of particles that after a delay 7 have moved from
level i to j, while N; is the number of particles originally located in level ¢ (which
is always 100). Because of continuity and the fact that particles cannot leave
the domain, the sum of all rows of the transition matrix is one (meaning that all
particles released from each level can be tracked into another level). Instead, the
sum of columns of P is not one and is instead the number of particles contained in
the i-th level at time to + 7 (normalized by N;(ty) = 100).

Formally, P (%o, 7) is the transition process from the state s, of the system at the
release time to the state s, ;. after a delay 7. In particular, for all delays 7 it holds
that s;, ., = PT(to,7)ss,, where the superscript T denotes matrix transposition.
Starting from the definition of the transition probability matrix, one can define a
network by assigning each level to a node and creating weighted links between the
generic ¢ and 7 nodes according to the entries P;j. In this way, a network with a
weight matrix W equal to P(to, 7) is created for each delay 7. We keep track of
the diagonal terms (the self-loops of the network, i.e., particles that after a delay
7 are still in the original level or have returned back to it), although they are not
used in the formal network definition.

The adjacency matrix of the network, constructed starting from its definition in
equation 4.1, gives information regarding the material connection between levels.
In particular, each entry A;; is nonzero if at least one tracer has moved from level
¢ to j. The construction of the network and its adjacency matrix is depicted in
figure 5.1, showing how individual tracers are binned into levels and the resulting
adjacency matrix.

Since with the previously defined layout particles are initially confined to a single
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Figure 5.1: Construction of the transport network, with a schematic depiction of
the motion of tracers between levels and of the corresponding network adjacency
matrices. Particles are identified through a color-coding according to their release
level and their trajectories are integrated. For each time step after release, a network
can be obtained, of which the adjacency matrix A is shown below (with nonzero
entries in yellow).

location along the streamwise direction z, they are subject to an instantaneous
turbulent velocity field. Accordingly, to evaluate the influence of the instantaneous
velocity field on the initial dispersion of particles and on the behaviour of the
transport network, we release N, = 61 subsequent sets of particles, all comprising
of the same grid of tracers, for each Reynolds number. The release of batches is
separate by an amount of type which depends on the Reynolds number, that is,
a time larger than the Lagrangian integral timescale at the center of the channel
(where it is the largest). In this way, we guarantee that separate batches are
uncorrelated.

Whenever each batch b of particles is inserted into the channel and the trajecto-
ries of its particles are integrated, we build a transport network for each delay 7 by
defining its weight matrix W (b, 7) (in the following we will omit the argument ¢, as
it is fixed to zero in all cases). We therefore obtain a succession of weight matrices
covering the entire evolution of tracer dispersion in the channel. Repeating this
procedure for all realizations yields IV, succession of matrices, each pertaining to a
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different batch of particles with its own peculiar features due to the different initial
conditions.

Different realization of the transport network evolution are uncorrelated, as they
stem from uncorrelated sets of particle trajectories. An ensemble analysis of net-
work properties can be carried out by averaging the properties of different realiza-
tions. As we deal mostly with node-related quantities (which depend on the node
index i, on the delay 7 and on the realization b), it is useful to introduce a nota-
tion for the averaging across realizations, and a separate notation for the averaging
and other statistical properties along the wall-normal direction ¢. Starting from
the generic quantity ¢;(b,7), we define the y-average ¢ (b,7) = s qi(b,T)/N,
and an ensemble-average (¢;(b, 7)) = X5, ¢i(b, 7)/Ny. The y-average o and the
ensemble average (e) are illustrated in figure 5.2.

(@i (7))

Figure 5.2: Schematic of the two kinds of averaging used in the following. A generic
quantity ¢;(b, 7), associated to the i-th level and b-th batch, can be averaged along
y or across realizations.

5.3 Results

5.3.1 Transport network evolution

First, let us analyse the qualitative evolution of the transport network obtained
from a single realization at Re, = 950, in order to gain understanding of its main
features. Shortly after release, particles have only travelled a short distance along
the wall-normal direction, as dispersion is dominated by streamwise advection. As
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the delay 7 increases, tracers drift away from their release location driven by the
diffusive action of turbulence and new links are formed with growing range. We note
that, since trajectories are well-resolved in time and due to the coarse dimension of
the levels inside the channel, it is not possible for a tracer to cross a level without
its position being recorded in at least one state. After very long times, tracers lose
memory of their starting position and become thoroughly mixed across the channel.

The evolution of the network weight matrix provides a full description of the
vertical motion of tracers, albeit in a discrete setting. Figure 5.3(a) shows W
graphically, together with the instantaneous distribution of tracers (which are color-
coded to show their starting level). At 77 = 100 (first row of the figure) there is
no evidence of short mixing, and indeed only links between close levels are active.
Accordingly, only the entries of the network weight matrix close to the diagonal
are different from zero. New connections appear as time passes and the mixing of
particles goes on. At intermediate times (77 = 500 and 77 = 3990, second and
third row of the figure) the activation of links further away from the diagonal took
place, although the strongest connections are still found between nearby nodes. In
particular, even at quite long times, the links between levels that are both located
close to the solid boundary have larger weight, indicating that particles released
close to the channel walls employ more time to diffuse towards the central region.
Finally, at 7" = 15200 (last row of the figure) all particles are thoroughly mixed
and connections appear to be randomly distributed. The random appearance of
connections follows the loss of memory by particles regarding their release location,
which in turn arises from being at a time much longer the the integral timescale.
If the normalization factor N; in equation 5.1 is neglected, then weights are integer
and can be modelled by a Poisson distribution with mean A = N,/(N?) = 1 (the
number of particles divided by the number of possible links)

)\Wij e—/\

The agreement between the weight distribution at 7+ = 15200 and the Poisson
distribution 5.2 is shown in figure 5.3(b) and was also tested using the Kolmogorov-

Smirnov test.

5.3.2 Degree centrality

During the ballistic regime, i.e., when the time is much shorter than the La-
grangian integral timescale T}, defined in equation 2.14, all particles released from
the same (wall-normal) location are still confined in the neighbourhood of that lo-
cation and also their velocity is strongly correlated to that at release. Indeed, they
are in the ballistic regime, during which their motion is solely determined by their
initial velocity. In particular, the variance as(yo, 7) of their wall-normal position is

U;(y()?T) = 7—20-12)(21070)7 (53)
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Figure 5.3: (a) Evolution of the network weight matrix for a single realization at
Re; = 950 and corresponding position of tracers, with their starting location color-
coded. b) The distribution of the weights W;; at 7+ = 1.52 - 10 compared to the

Poisson distribution A = 1

with 02(yo,0) = 7,7, (y0,0) being the wall-normal velocity variance (shown for all
Reynolds numbers in figure 5.4(c)). Confirmation of the ballistic regime defined in
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5.3 is shown in figure 5.4(a)

In the discrete approach afforded by the transport network, the dispersion of sets
of particles is quantifiable by measuring the number of other levels which become
connected by the motion of these particles as a function of 7. Conversely, mixing
into the i-th level can be quantified by measuring the number of release levels whose
particles are present in level ¢ at any time 7, which is a measure of backward-in-time
dispersion. This quantification is done by measuring the number of outgoing, or
ingoing, connections out and in of each node, that is, the outgoing degree kP or
the ingoing degree k.

(a)1.5

§ I I I I I ) I I I )
0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2

Re, = 180

0 0.2 0.4 0.6 0.8 1
y/d

Figure 5.4: (a) Variance of the position of particles released from each node, divided
by 72, versus the velocity variance at the release location, Re, = 950. (b) Squared
outgoing degree (k9)2, ensemble-averaged and divided by 72, versus the velocity
variance. (c¢) Wall-normal velocity variance profiles at all Reynolds numbers

The degree centrality for 7 < T}, is determined uniquely by the local velocity
field, in analogy to the behaviour of the position variance. Figure 5.4(b) shows
how the squared outgoing degree is proportional, at different times, to the local
wall-normal velocity variance. Differently to the y position variance, instead, pro-
portionality to 72 is not achieved. The cause of this different behaviour is to be
traced in the different sampling of the wall-normal amplitude of particle clouds.
The position variance varies continuously, while the degree increases only in dis-
crete steps. Furthermore, the difference between the two sampling approaches is
wider for short times, when the distribution is narrower.

As the error between the two measures appears to decrease at longer times,
we expect the two measures to be in good agreement for delays 7 past the bal-
listic regime. Accordingly, we use the degree centrality to quantify the extent of
dispersion and mixing between different levels of the channel at once.
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We now aim to analyse the behaviour of the degree at longer times, in order to
characterize dispersion. The inset of figure 5.5(a) shows the growth of the y- and
ensemble-averaged degree (k™ (1), which grows monotonically with 7. The growth
of the mean degree is caused by the transition of the state of the channel from an
ordered state, in which all particles are located close to their origin levels, to a fully
mixed one. After some time, the rate of entrance and exit of tracers in each level
reaches a balance, allowing the mean degree to achieve a stationary value. Recalling
that at the fully mixed stage weights are Poisson distributed, also the value of the
mean degree asymptote can be analytically determined as the expected number of
nonzero weights from equation 5.2, that is,

lim (K™) =1 —1/e = 0.63. (5.4)
We also note that the mean outgoing and ingoing degree must be equal, since the
total (and, thus, the average) number of connections leaving a node must enter
other nodes, as tracers cannot escape the domain.

The degree centrality is also able to quantify the extent and spatial inhomogene-
ity of mixing across different levels of the channel and as a function of time. In
particular, in figure 5.5(a), we show the fluctuation of the outgoing degree around
its y-average, k;(b,7) = k;(b,7) — k™ (b, T), ensemble-averaged at Re, = 950. By
filtering out the average growth of the degree, we highlight the different properties
of dispersion depending on y. Near the walls, the fluctuation of the degree is less
than zero, indicating that in that region tracers disperse more slowly than in other
parts of the channel. Furthermore, the area with negative fluctuation expands over
time proportionally to /7 for 7 < 1, after which it occupies around one quarter of
the channel height (for each wall) until the end of the transient phase (not shown
in the plot, where fluctuations become negligible). The regions in which the fluc-
tuation of the outgoing degree is positive indicate faster than average dispersion.
Initially, two peaks of the fluctuation are present very close to the walls, which join
in the middle of the channel at 7 = 0.5.

The dependency of the degree on the wall-normal coordinate also varies with
time. As an example, we follow the ensemble averaged fluctuation of the degree
(k;(7)) of a level located at y = 6/4 (marked in red in figure 5.5(a)). Its value is
initially larger than zero, then decreases and becomes negative at around 7 = 0.4.
After that, it remains negative until the transient phase ends. At that location the
variance of the wall-normal component of the velocity is the highest of the entire
channel, and yet the intensity of mixing shifts over time, also becoming less intense
than in the rest of the channel.

After some time, particles that have moved towards the wall now diffuse more
slowly than the average, thus causing a decrease of (k;(7)) for the level considered.
At the contrary, particles that are released around the center of the domain after
some time reach regions of the channel with more intense wall-normal velocity
fluctuations (which are, ultimately, the main driver for dispersion), so that the
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fluctuation of the degree for the levels close to the center grows with time.
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Figure 5.5: (a) Fluctuation of the outgoing degree around its y-average, ensemble-
averaged at Re, = 950; the black contour shows (k) = 0. The inset shows the mean
degree (across all nodes and realizations) at all five Reynolds numbers. Panels (b)
and (c) show the ensemble-averaged standard deviation (o) of the outgoing and
ingoing degree, respectively. The insets show the standard deviation across different
realizations of oy, i.e. (02)"? = (o}, — (o%))?)'/%.

To effectively compare the behaviour of the degree fluctuations at different
Reynolds number, we calculate their root mean square

ox(b,7) = J v 3 (Kbn), (5.5)

li=1

which quantifies the spatial inhomogeneity of mixing inside the channel. Figures
5.5(b)-(c) show the ensemble averaged values of the root mean square of the de-
gree, i.e. (o,0(7)) and (oy1(7)), for the outgoing and ingoing degree at varying Re;.
Independently of the Reynolds number, a common trend is found. The standard
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deviations of the ingoing and outgoing degree grow rapidly, reach a peak at approx-
imately 7 = 1 and then slowly decrease towards an asymptotic value, reflecting the
appearance and merging of the peaks of the degree fluctuation previously shown.

The standard deviations of the degree for Re, > 395 are almost independent
of the Reynolds number. A collapse of the spatial inhomogeneity of the degree is
observed if outer units are used to normalize time. On the other hand, (o (7)) at
Re; = 180 and Re, = 265 are significantly higher during the entire transient phase
for both the ingoing and outgoing degree, indicating higher inhomogeneity inside
the channel. We confirmed the independence between realizations at Re, = 180
and 265 and those at higher Reynolds numbers by applying the Kruskal-Wallis
test, while at the same time we confirmed that realizations at Re, > 395 are not
independent [107]. The main cause for the increased inhomogeneity of the degree
at Re, = 180 is to be found in the near wall region, where the fluctuations of the
degree are larger (in absolute value) than at the higher Reynolds numbers.

While the ingoing and outgoing degree mostly show a similar qualitative be-
haviour, the spatial standard deviation of the ingoing degree has in general higher
values than that of the outgoing degree. The larger standard deviation of the in-
going degree with respect to the outgoing degree is caused by the fact that the
ingoing degree is higher than the outgoing degree near the center of the channel,
while it is lower towards the boundaries.

As the ingoing and outgoing degree centralities are connected to dispersion of
particles backward and forward in time, the difference between (o;r) and (o0)
indicates a temporal asymmetry in the dispersion process. The presence of tem-
poral asymmetries in particle dispersion is linked to the irreversibility of turbu-
lence and to the dissipative flux of energy from large to small flow scales. A re-
lation for the difference between the backward and forward in time variance of
particle positions, which, as was demonstrated in the beginning of this section,
shares some similarities with the ingoing and outgoing degree, can be obtained for
short times 7. In particular, retaining terms of order O(73) in equation 5.3 yields
o2 (Yo, T) = 7207 (Y0,0) + U,y (y0,0)7° + O(7*), where v, and a, are the wall-normal
components of particle velocity and acceleration. The difference between backward
and forward dispersion (negative and positive delay 7) is

Oﬁ(yOJ _T> - U;(yOJ T) - _2m(y070>7—3 + 0(7-5)7 (56)

which quantifies the temporal asymmetry of the dispersion of a cloud of tracers
released at a wall-normal coordinate 3y when tracked forward and backward in
time [164].

We computed the value of —27,a,(y,0) from simulation data and found that it
is larger than zero near the center of the channel and negative at distances from
the wall lesser than /2 (except for the near-wall region, where particles moving
towards the wall have to decelerate and thus —2v,a,(yo,0) > 0); this agrees with
the difference between the ingoing and outgoing degree, which at short times is
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negative at wall distances y < §/2 and positive elsewhere. We expect a similar
correlation to hold also after the end of the ballistic regime.
Finally, the insets of figures 5.5(b) and 5.5(c) show the standard deviation across

realizations of oy, defined as y/(0;2) = y/{(ox — (ok))?), both for the outgoing
and ingoing degree. This quantity represents the variability due to the differences
between different realizations of the spatial inhomogeneity of the diffusion process,
as reported by the degree centrality. The Reynolds number does not seem to play
a significant role here, meaning that the intra-Reynolds variability is independent
of Re, and rather reflects solely on the variance observed on the initial condition
of the flow and its subsequent, unique, evolution.

5.3.3 Eigenvector centrality

Figure 5.6: (a) Eigenvector centrality e;(7) for four different realizations of the
transport network evolution at Re, = 950. (b) Temporal behavior of the standard
deviation of the node eigencentrality, averaged over realizations at the five Reynolds
numbers considered. (c) Distance between the node with the highest eigenvector
centrality and the nearest wall, averaged over realizations at the five Reynolds
numbers.

To evaluate the cumulative effects of the flow field, we analyse the eigenvector
e; associated to the leading eigenvalue A; of WT(7). The eigenvector e; obtained
from the transport network weight matrix represents the concentration along y
that particles would attain if left indefinitely under the influence of the flow as
represented by the network W(7) at a single time 7. In particular, the eigenvector
e; is the state of the system (i.e. the concentration of tracers) attained after
infinite applications of the same process W(7) at a fixed time 7, which is unique
and independent of the initial state. This measure is the eigenvector centrality of
the transport network.
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This can be shown by considering some properties of the transition probability
matrix and, therefore, of the network here studied. Since in general the transport
network is strongly connected, the network weight matrix W(7,b) is irreducible
(in our case, having a reducible weight matrix would mean having the motion of
particles confined to some subset of the domain, which is not the case). Also,
since the weight matrix is row-stochastic (the sum of each row is one), Gershgorin’s
circle theorem prescribes that its leading eigenvalue is Ay = 1, while |Az| < 1 for
k > 1. Considering that any initial state s(Zy) can be expressed in the eigenvector
basis {ey}, n repeated application of the transition process yield a new state of the
system, which can be expressed as

(WT)n S(to) = (WT)n Z Crer — Z ck.)\gek = cie; + @ (/\g') s (57)
k k

which, for infinite applications, is

. n
7711_)11(;10 (WT) S(to) = (1€, (58)
i.e., the limit state, which is defined up to a constant anyway.

Analysing e; allows us to isolate the effects of the flow in the time interval
[to, to + 7] and capture the trend of particle motion during that interval. The
nodes in the transport network where the local value of the state e; ; is higher tend
to attract tracers, even if the concentration given by e; cannot be achieved, due to
the time dependency of the weight matrix W (7). The analysis of the eigenvector
e; of networks W(7) as a function of time yields information about the presence
or absence of specific levels in the channel that act as attractors for particles at
different times 7.

The instantaneous flow field in which particles are released determines their
initial velocity v(xo,0) and, thus, the initial evolution of their trajectories, at least
for times shorter than the Lagrangian integral timescale. Since the initial velocity
fields into which tracers are inserted are uncorrelated, also the resulting trajectories
evolve differently in their initial phase, exhibiting a strong dependence on the initial
velocity. Consequently, also the different realizations of the transport network W ()
are highly diverse, even at the same Reynolds number.

Figure 5.6(a) shows the eigenvector centrality e;(7) of the nodes for four differ-
ent realizations of the network at Re, = 950, as representative of the eigenvector
centrality temporal behaviour: a clear peak, with a variable location depending
on the realization, occurs at a time 7 comparable with the integral timescale. A
similar behaviour is found in all realizations. The attracting features of node with a
high eigenvector centrality are therefore particularly relevant for times comparable
with the Lagrangian velocity timescale, possibly because an attracting behaviour
can arise after the correlation to the initial velocity field vanishes.

As time grows, the eigenvector centrality become more uniform across all nodes,
as the effects of the inhomogeneities are smoothed out by the dispersion of tracers.
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In the end, the eigenvector centrality becomes uniform across the channel height;
indeed, the concentration of tracers becomes uniform in the wall-normal direction
in the long run due to continuity and the well-mixed condition, and so does the
limit state [182].

Figure 5.6(b) shows the spatial standard deviation of the eigenvector centrality,
which was ensemble-averaged across realizations at the same Re,. In this way, we
aim to represent its spatial structure concisely.

The high initial values are due to the presence of peaks, which then disappear
as the non-uniform attraction of tracers vanes. Higher values of the standard de-
viation, as those found for the channel flow at Re, = 180, indicate a stronger
imbalance the attracting strength of channel levels. In turn, this shows that at
lower Reynolds number there are less attracting levels that attract more tracers,
increasing the heterogeneity.

Additionally, we show in figure 5.6(c) the ensemble-averaged distance of the
eigenvector centrality peak from the nearest wall of the channel, i.e. the spatial
location of the highly attracting nodes. The eigenvector centrality peaks of different
realizations at Re, = 590 and Re,; = 950 do not have a preferential distribution over
the interval [0, ] (albeit slightly skewed towards the walls), thus their ensemble-
averaged distance from the wall is approximately 0/2; the same happens, after a
short transient, at lower Reynolds number Re,. Instead, at Re, = 180, the average
position of peaks is closer to the solid boundary. Thus, near wall levels of the
channel act as sinks for tracers at Re, = 180, at least for some short time (the
eigenvector centrality becomes almost uniformly distributed after 7 ~ 2). This is
also the cause for the increased standard deviation found in figure 5.6(b).

5.3.4 Temporal properties of links
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Figure 5.7: (a) Mean link duration for each pair of nodes (i, j), averaged over
realizations at Re, = 950 (in the labels, the y coordinate of nodes is shown).
(b) The same quantity shown in detail for links starting from the centreline level,
averaged over realizations at all Reynolds numbers.
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The peculiar effect of the walls on turbulent mixing is also evident from the
analysis of the duration of links, i.e. the time that a particle moving from level ¢
to level j of the channel (and thus activating a link (i, j)) spends in level j and
maintains the link active. The temporal duration of links can be measured as
the time a given link (i, j) is continuously active in the evolving network W(7),
not regarding changes of the value of its weight as long as it remains nonzero. In
particular, we focus on the mean duration of links 7}, which we compute for each
pair (i, j) of nodes as the average temporal duration of the links connecting these
two levels. T; is shown in figure 5.7(a) for the channel flow at Re, = 950, where
each entry (i, j) of the plotted matrix displays the value of the mean duration of
the corresponding link. The results were ensemble-averaged over realizations at
Re, = 950.

It can be noticed that the mean duration of links depends more strongly on the
spatial location of the ending node j than on that of the starting node. Indeed,
links ending in the levels closest to the wall originate from particles with the largest
permanence time in the same level (even an order of magnitude larger than in other
regions of the channel). This behaviour is caused by particles becoming trapped in
low-speed regions of the flow, which are more frequently located close to the walls
(especially in the lowest level, of height equal to 26/N;). Typical values of T} in this
region range from 7; ~ 0.1 at Re, = 950 up to 7; ~ 1 at Re, = 180.

The mean duration of links is also slightly larger than the minimum values of T;
for links ending near the centreline and for links originating between levels close in
space; indeed, values of T; larger than those obtained for other couples of connected
levels are found near the diagonal of figure 5.7(a). As an example, links starting and
ending near the center of the channel have a mean duration 7; ~ 0.1, independently
of the Reynolds number. During this time a tracer moving with a velocity equal to
that of the bulk flow moves a distance Ax ~ 2.20 downstream at Re, = 950. The
increased duration of links between nearby levels, which are the first to activate
and are thus linked to the initial ballistic regime, highlights a dependence on both
the ending and the starting level (although it is of lesser intensity than that on the
ending level shown before). Indeed, since the link duration is increased if a tracer
comes from a nearby level, indicating the possible presence of a memory effect.

Figure 5.7(b) shows the mean duration of links starting from the level located at
the centreline y = d, with respect to the ending node j of the link, for all Reynolds
numbers. The plots of figure 5.7(b) correspond to a single row of the matrix shown
in figure 5.7(a). The duration 7; of links ending in levels near the center of the
channel does not depend on Re,, indicating outer units scaling. Instead, the du-
ration of links ending in the near-wall levels is higher for lower Reynolds number.
Using wall-unit normalization, the link duration 7;" = Tyu? /v for the level nearest
to the wall is nearly constant at the three higher Reynolds numbers, while it is
almost three times larger at Re, = 180. Inner unit scaling in the near-wall region
is present only at high enough Reynolds number.
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5.3.5 Mean link length
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Figure 5.8: Weighted link length Dgi /Dg, averaged for each node and correspond-
ing to outgoing links.

Since the transport network is embedded in physical space, also the spatial
position and relative Euclidean distances of nodes carry relevant information. In
particular, the link connecting two nodes not only has a weight W;;, but is also
associated to a physical distance l;; = |i — j|20/N;. The product between these
two quantities [;;I¥;; can be used to jointly represent the intensity and distance
of a connection and highlight long distance connections that are generated by a
significant number of tracers. To sum up weighted physical length information
incident to a single node, we define the mean weighted link length D, of the i-th
node as

I 1 o) 1
Dui = 77 2, &iWiis - Dy = 15 > digWiy, (5.9)
1 jEV 1 jEV
which is the average of all weighted link lengths incident to a node ¢, taken over
ingoing and outgoing links separately.

We apply this measure to the transport network since we hypothesize that,
while the majority of tracer exchanges happens locally, some infrequent events are
present, in which a large number of particles moves between spatially distant levels.
The use of D} ; is suitable to highlight this kind of extreme behaviour.

Figure 5.8 shows the outgoing and weighted link length Dgﬂ; of all the levels
inside the channel from particle release to the start of the Taylor regime, computed
for a single realization at Re, = 950. We did not perform ensemble averaging in
this case since it would make impossible to detect extreme events. We normalized

78



5.3 — Results

the value of the link length of each level with a factor D, dependent on the y™
value of that level and equal to
(y")*

1 26
Do(y") = 55 | s —y*lds =5 —y* + 2

By doing so we divide the value of ngi by the average physical distance between
the i-th level and the rest of the channel; by doing so, we can account for the fact
that near-wall levels have higher Dg}i due to their position (since they are able to
form longer distance links). Figure 5.8(a) shows that DS /Dy rises faster in the
core region and exhibits a distinction between the near-wall and the external region.
The central region is found to be more active in the mixing process, similarly to
what was found using the degree centrality, with the added finding that longer
distance links are also formed there.

As time grows, it can be noted that some nodes have a larger D ,/Dy than
their closest neighbours and that this behaviour is quite persistent in time. This
determines the presence of streaks in figure 5.8(a), especially for large times, whose
duration is of the order of unity in outer units (1000v/u? at Re, = 950). Trapped
tracers that contribute to the formation of long duration links are therefore also
highlighted by the mean link length.

(5.10)

5.3.6 Communities

The degree centrality and the weighted link length hint at the presence of sep-
arate regions inside the channel, with different mixing properties. We exploit the
capabilities of complex networks to partition the turbulent channel into regions
which exchange a reduced number of tracers between themselves. To do so, we
use the algorithm introduced by Girvan and Newman [74], which was described in
chapter 4.

This algorithm, applied to networks built at different times 7 for a single batch of
particles at Re, = 950, identifies two long lasting communities located near each of
the channel walls; also, some smaller communities are found at the centreline, which
rapidly break up and disappear. Figure 5.9(a) shows the modularity of the network
at different delays, decomposed into the contribution given by the two partitions
located attached to the solid boundary and all the other communities. Recalling
that the modularity can be thought of as the sum of the individual contributions
of single community, we note that in the case of the transport network the largest
contributions comes from the two near wall communities until 7 &~ 4000 (around
7 = 4 in outer units). After this time these partitions dissolve and no modular
structure can be identified any more, which is when also the degree becomes more
homogeneous across the channel height as the transient phase of mixing ends and
Taylor’s regime begins.

The spatial organization of the communities during different phases is shown in
figure 5.9(b). The central communities are small and possibly related to the local,
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Figure 5.9: (a) Modularity of the network is shown at different delays 7 and de-
composed into the contributions given by the near-wall (top and bottom) and all
the central communities together; (b) Community organization for three different
times is shown: for very short times, two near-wall regions are present, while in the
channel core there is a large number of small communities, which we all indistinctly
show in gray; for intermediate times, only the near-wall communities remain (the
center region presents no community structure and is shown in white); in the end,
all communities dissolve and no modular structure can be identified (only small
communities are present, shown in gray; still, their contribution to the modularity
is negligible).

small-scale features of turbulent motion near the centreline. Instead, the top and
bottom communities are coherent in time and space and indicate the presence of
two secluded regions, that is regions at y coordinates lower than about 6/2, which
exchange a reduced number of particles with the central region of the channel. The
communities located in the core region are small (we show all of them indistinctly
in grey in figure 5.9(b)) and quickly dissolve.

We also aim to provide a brief characterization of the structure of communities
in the network through the spectral properties of the Laplacian matrix, as was de-
fined in chapter 4. This is an alternative approach to network partitioning, which
has been employed in geophysical problems. By doing this, we provide a com-
parison with the modularity approach in the specific case of channel flow particle
dispersion. Since the flow network is weighted other than directed, the definition
of the Laplacian matrix will be extended [202]. First, the directed incidence matrix
B € RV*K is defined as

1 if v; is the starting vertex of [;
B;j = ¢ —1 if v; is the ending vertex of [; (5.11)

0 otherwise
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Subsequently, a diagonal weight matrix W¢ € RX*X is introduced, defined as
Wi =W (L) (5.12)

where W (-) is the weight of the i-th and the edges [; are ordered in the same way
as the directed incidence matrix B. The weighted Laplacian is then defined as

AY = BWIBT (5.13)

Figure 5.10: Eigenvector plot, non cumulative flow network at 7+ = 712. The
colouring identifies the origin zones; red: 0 < y < §/2, blue: /2 < y < ¢, yellow:
d <y <30/2, green: 30/2 <y < 2§

Figure 5.10 shows the distribution of the components of the first three non trivial
eigenvectors of A", whose mutual position in euclidean space is a proxy for their
community organization. Some grouping takes place, especially between the levels
of the upper wall region (green dots). The eigenvector entries corresponding to
levels close in space appear grouped together in eigenvector space. We note that
the number of eigenvectors showing nontrivial information is rather small and that
grouping levels based on their distance in eigenvector space is more difficult due to
the need of defining a grouping strategy. Accordingly, the approach based on mod-
ularity optimization appears more robust, as it is able to clearly identify separate
communities without having to resort to grouping the eigenvector components.
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(b)
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Figure 5.11: (a)-(b) Concentration of cycles’ centroids in the transport networks
W(r =0.5) and W(7 = 4), ensemble averaged at five different Reynolds numbers.
(c) Distance of the peaks of the concentration of cycles from the wall, as a function
of time. (d)-e) Prevalence of cycles in the same networks as the previous panels,
computed as the ratio between the number of cycles and the number of all subgraphs
with three nodes. (f) Mean radius of cycles (solid lines) and of subgraphs that are
not cycles (dashed lines), as a function of time; the vertical lines show the two time
instants of figures 5.11(a) and (b).

5.3.7 Cycles

The dispersion of tracers is also influenced by the organized motions present in
wall-bounded flows at a large range of scales, which are present at all Reynolds
numbers. The flow structures associated with the near-wall cycle determine the
presence of intense wall-normal motions that eject low speed fluid (and the tracer
particles contained therein) into the outer flow and the vice versa [194].

The motion of tracers, which sample the underlying velocity field, is reflected
into the network properties. The spreading of particle clouds influences the scale
of the flow structures with which they interact.

Small subsets of tracers that are close in space may become entrained in coher-
ent structures, and in turn inherit their common and recognizable features. This
translates, in the spatially coarse perspective employed in this work, into recogniz-
able patterns of fluid exchange between levels of the channel. Tracers trapped in
a wall-normal cyclic motion will move between a subset of the levels of the chan-
nel in a loop, at least for the time in which the underlying flow structure remains
coherent.

As an example, a looping pattern involving three nodes i, 7 and k inside the
transport network (formally, a cyclic subgraph of W(7)), is generated when some
tracers released from level i reach level j at time 7, while at the same time tracers
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leaving j and k reach levels k£ and 7, respectively. In the transport network frame-
work, the analysis of cyclic subgraphs has been used to uncover periodic trajectories
in steady or periodic flows and cyclic motions in unsteady flows [170]. We extend
this kind of pattern analysis to search for motifs, that is statistically significant
patterns of node interconnection, which were introduced in chapter 4.

We identified motifs using a depth-first search at different values of Re, and for
all realizations of the network. In particular, we searched the network for cyclic
subgraphs with three nodes, i.e. a subset of three nodes of the network that are
connected in a directed loop.

To determine whether the cyclic subgraphs found with the aforementioned pro-
cedure are indeed motifs, i.e. they contribute significantly to the behaviour of the
network, we analysed their statistical relevance using as a null model a random net-
work. Since standard random graph models do not apply to the transport network
we randomly generated a network in which nodes have the same number of connec-
tions of the nodes of the real transport network W(7). Afterwards, we computed
cycles of three nodes in this random network, using the same depth-first search
algorithm.

We found that in the real transport network cycles occur more frequently and
are also distributed differently across the height of the channel. Specifically, cycles
in the random network are more frequent near the center of the channel than near
the walls, while this is not the case for the real network.

Figures 5.11(a) and 5.11(b) show the spatial distribution of the centroids of
cyclic subgraphs in W (7 = 0.5) and W (7 = 4), respectively. Ensemble averaging
between realizations at the same Re, was performed. We computed the centroid
coordinate y. by averaging the spatial coordinates y; of the three network levels
involved in each cyclic subgraphs. The concentration of cycles has a peak near
y = /2 and decreases to zero close to the wall, because of the finite size of cycles.
With increasing time, the peaks of the distribution move towards y = ¢, eventually
joining abruptly in the middle of the channel at about 7 = 4. The shift of the peak
location in time occurs almost independently of the Reynolds number, although at
Re, = 180 and 265 peaks are somewhat closer to the center of the channel and
they join in the center slightly earlier. The distance of the peaks from the wall
dicqr, @s a function of time 7 is shown in figure 5.11(c). Shortly after release, cyclic
interconnection patterns between nodes are more likely to be found near the wall,
where the local vortical motions are more likely to impress swirling patterns on the
collective motion of tracers.

Because of the way the transport network is built, one needs only temporally
sparse position data of particles to explore the existence and effects of swirling
motions of tracers, thus easing the computational requirements and the need for
additional data (i.e. particle velocities and accelerations or vorticity fields).

Figures 5.11(d) and 5.11(e) show the ratio between the number of cyclic sub-
graphs and the number of all subgraphs with three nodes, across the height of the
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channel and at the same times 7 as used for figures 5.11(a) and 5.11(b). Close to
the walls, cyclic subgraphs form the largest contribution to three-node patterns,
while their relative concentration diminishes away from the walls. Thus, cyclic mo-
tions of particles are dominant near the walls of the channel. This happens at all
Reynolds numbers, even though at the lowest one (Re, = 180) the prevalence of
cycles is not as high as in the other cases.

In figure 5.11(f) we show the mean radius of cycles 7., computed as the average
distance between each node involved in the cycle and its centroid r. = £ 320 ly;—y.|.
The mean radius of cycles (solid lines) grows more slowly than the mean radius
of subgraphs with three nodes that are not cycles (dashed lines). This happens
independently of the Reynolds number, even at the lower Reynolds numbers. The
slower growth of the size of cycles implies that the diffusion of clouds of particles
entrained in cyclic motions is impeded, since their size in average grows more slowly
than that of clouds of tracers that do not take part in cyclic motions. While
the effectiveness of single cycles in retaining tracers is unchanged across different
Reynolds numbers, the stronger prevalence of cycles at the higher Reynolds numbers

indicates a stronger inhibition of dispersion caused by vortical flow structures.

5.3.8 Sensitivity of the network to resolution

(@)os

(d)os

Re, = 950

Re, =950, N; = 100
- === Re. =950, N; =200 05

y/é

Figure 5.12: (a) Mean degree at Re, = 950, simulations with /V; = 100, N,, = 10000
and N; = 200, N, = 40000. (b) outgoing and (c) ingoing degree standard deviation,
normalized by (/1/N;, same flow cases as in (a). (d) ensemble averaged outgoing
degree versus the y coordinate and at different times (solid lines: Re, = 950, N; =
100, N, = 10000; dashed lines: Re, = 950, N; = 200, N, = 40000). (e) outgoing
and ingoing degree standard deviation (top and bottom panels, respectively); left
panels show all Reynolds numbers with /V; = 100 and N, = 10000, while right
panels show all Reynolds numbers with /V; = 200 and N,, = 10 000.
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Finally, in order to characterize the influence of the wall-normal partitioning of
the channel on the results, the sensitivity of the network representation of dispersion
with respect to the number of network levels /N, is analysed. By doing so, we
explore the influence of the spatial scale used to build the network (recall that fluid
features smaller than the level size are not explicitly accounted for in the network
representation). To investigate the effects of the number of levels, and thus the
spatial size of the discretisation employed to build the network, we released another
set of N, = 60 batches of particles in the channel flow at Re, = 950. Differently
from the simulations employed before, we used a release grid composed of N; = 200
levels, each one with 200 particles, for a total of N, = 40000 particles. Keeping
the ratio N,/N} unitary allows us to have the same asymptotic value of the mean
degree normalized by Nj, i.e. 1 — 1/e, found for the N; = 100 case. This property
was derived from the assumption that for long times 7 network weights are Poisson
distributed. Accordingly, the degree is binomially distributed with a success (link
existence) probability of 1 — 1/e and a number of trials equal to N;. The mean
degree (k™) is shown in figure 5.12(a); the two cases with different N; exhibit
perfect collapse (note that in each case the degree is normalized with the number
of levels N, which is also the number of nodes).

Figures 5.12(b) and 5.12(c) show the values of (03) normalized by /1/N;. In-
deed, the asymptotic value of the degree, which is binomially distributed, has a
standard deviation proportional to //N;; since we normalize the degree by N,

similarly we divide the degree standard deviations by 4/1/N;. Figures 5.12(b)-(c)
show that, before the asymptote, the ingoing and outgoing degree in the case with
N; = 200 are more heterogeneous, resulting in larger values of the standard devia-
tions. The increased heterogeneity of the degree is a result of the inclusion of finer
scales of motion in the network dynamics. Still, the main features are retained, such
as the presence and time of a peak and the imbalance between ingoing and outgoing
degree. Furthermore, the spatial structure of the degree is left mostly unchanged,
as can be seen in figure 5.12(d), where the ensemble averaged outgoing degree (k9)
is plotted against the channel y coordinate for several times. Differently from figure
5.5(a), the mean degree (k™) was not subtracted to enhance readability.

To further explore the relationship between the discretization and the Reynolds
number scaling, we reused the particle trajectory data used before, comprising of
several batches of N, = 10000. We defined a larger (/V; = 200 and above) number
of levels. We used as initial time for the simulation a time after the actual release
of particles. Indeed, at ¢ = 0 particles are orderly distributed and would not fill
all N; > 100 levels. Instead, in this way, all levels are filled (although by a non
constant number of tracers). Since in this case N,/N? # 1, the asymptotic values
of the degree statistics are not conserved. Furthermore, the degree (especially
the outgoing one) appears to be more inhomogeneous due to the uneven initial
distribution of particles.
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However, since in any case the degree of each node is normalized with its maxi-
mum attainable value, it is possible to compare the evolution of the degree standard
deviation at different Reynolds numbers in the cases with increased N;. Figure
5.12(e) shows the ensemble-averaged standard deviations of the outgoing (top pan-
els) and ingoing (bottom panels) degree centralities. In the left panels, the original
configuration with /NV; = 100 computed with the aforementioned procedure is shown.
These left panels demonstrate that, similarly to the network generated from the
regular grid of particles, curves at Re, greater than 395 collapse exhibiting Reynolds
number independence when scaled with outer units. Increasing the number of levels
to N; = 200 (right panels) leads to the appearance of a slight separation between
the degree standard deviation at Re, = 395 and those at higher Reynolds numbers,
which in turn remain collapsed. We found that increasing the number of levels even
further (up to N; = 500, not shown here) a similar structure is retained, with the
standard deviations at Re, = 590 and 950 collapsed and that at Re, = 395 slightly
separated.

The spatial resolution increase of the network introduces the effects of smaller
scales of motion, which are particularly important in the near wall region and con-
tribute to the differentiation of the network evolution at lower Reynolds numbers.
Still, we found that the scaling at the two higher Reynolds numbers employed in
this work is rather insensitive to the increase of the number of spatial levels. Only
the point at which the Reynolds independent behaviour starts is slightly modified
by the increase of resolution. The sensitivity analysis shows that, even increasing
the spatial resolution of the discretisation, the main features of dispersion are un-
changed. The increase of resolution allows the network representation to account
for smaller scales of fluid motion. While this effect is somewhat important at the
lower Reynolds numbers, it is negligible at the higher Re, employed here, indicat-
ing that outer flow structures are most important in determining the evolution of
dispersion.

5.4 Discussion

Using the different network features analysed in the previous sections, we are
able to provide a multifaceted perspective on the dispersion process. While some
features of dispersion appear in the network at all Reynolds numbers, we found
that some properties are exclusive to higher or lower Reynolds number flows. Most
notably, while dispersion of tracers near the walls is reduced in any case, differ-
ent mechanisms come into play depending on the Reynolds number. Moreover,
through the network we found that above Re, = 395 many network properties
exhibit Reynolds number independence if scaled with outer units (with the spatial
resolution NV; = 100).

The number of connections established by a node via particle motion, i.e. its de-
gree centrality, is a concise measure of the local dispersion of particles in that node.
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Owing to the non-homogeneous nature of channel flow, we found the growth of the
degree to be highly dependent on both the spatial location of nodes and the time 7
from the release of particles. At very short times 7 < T}, the degree centrality of
each node grows proportionally to the wall-normal velocity variance in that node.
Indeed, when groups of particles are still confined to a small spatial region, their
dispersion is solely dominated by the local velocity fluctuations. As such, the initial
evolution of the degree (figure 5.5(a)) shows how initially dispersion grows faster
in the near-wall region, coherently with the y location of the wall-normal velocity
fluctuations peak. Differently, for times comparable or longer than the Lagrangian
integral timescales of the flow, the wall-normal velocity variance cannot alone ex-
plain the observed dispersion of particles. We observe that the dispersion becomes
stronger near the centreline of the channel and weaker near the walls; therefore
it appears that phenomena other than the wall-normal velocity fluctuations come
into play, resulting in an inhibition of near-wall dispersion. Moreover, at short
(but comparable with 77) times, the high values of the eigenvector centrality in
a few close nodes of the network shows the presence of a localized attractor, i.e.
a zone in the channel that transiently attracts tracers. This attractor influences
the dynamics of the entire set of particles, even those that are distant from the
high eigenvector centrality nodes. Therefore, the attractor characterizes the shift
from a regime in which only local velocity fluctuations determine the evolution of
dispersion to a stage when the entire range of scales of motion in the channel flow
affects the dispersion of groups of particles.

The shift of peak dispersion from the near-wall region of the channel to the
centreline is also associated with the time at which the spatial non-homogeneity of
dispersion is the highest, as is shown by the peak at 7 ~ 1.5 of the degree standard
deviation 0. Only after a rather long (compared to the integral timescale) tran-
sient, the inhomogeneities of the degree are smoothed out, as wall-normal mixing is
complete and dispersion has entered an asymptotic phase similar to Taylor’s regime
in homogeneous flows.

The network analysis enables us to pinpoint the causes for the inhibition of near-
wall dispersion: the very low intensity of near wall velocity fluctuations and the
presence of cyclic motions of particles, each one with its varying relative importance
at different Reynolds numbers. First, wall-normal velocity fluctuations near the wall
have a reduced intensity with respect to the rest of the channel, so that particles
that move towards the wall are less prone to being vertically displaced by turbulent
velocity fluctuations. This is also evident, in the network perspective, from the
increased duration of links ending near the wall, which is linked to the residence
time of particles in those levels. The second mechanism, highlighted by the analysis
of motifs, is linked to the presence of cyclic patterns of motion of particles between
channel levels. We have shown with the analysis of communities present in the
network, that there is a clear partitioning of tracer motion, which confines (at
least for short and intermediate times) near-wall located particles to the immediate
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whereabouts of their release position.

Tracers that move persistently in cyclic paths are effectively prevented from
reaching other levels since, even if there is an exchange of tracers as in the other
regions of the channel, this happens between nodes interconnected in loop-like
paths that do not promote the diffusion of tracers towards other nodes. Thus,
the significant increase in the concentration of cycles found towards the wall is an
obstacle to particle dispersion. Cyclic motion, which results from the action of
vortical flow structures hosted in the near wall region, is highly important near the
walls; additionally, the slower growth of the radius . of cyclic motifs than other non-
cyclic structures indicates that the embedding of particles in such motion patterns
contributes to the inhibition of their dispersion for an extended period of time.

While at the higher Reynolds numbers analysed in this work (Re, = 395, 590,
and 950) cyclic motifs are highly prevalent near the walls and constitute nearly the
entirety of the network structure, we found the cycles at lower Reynolds numbers
to be less frequent, both absolutely and with respect to the totality of link patterns.
Even if cycles have a role in slowing down dispersion, the reduction of the preva-
lence of cycles is not associated to an increase of dispersion at the lower Reynolds
numbers, where instead dispersion is even more inhibited. The slower near-wall
dispersion results in an increased heterogeneity of the degree at Re, = 180 and
265 and greatly increases the temporal duration of links ending in the near-wall
region, indicating prolonged residence of tracers in those regions. Also, attractors
in the channel at lower Reynolds numbers are predominantly located near the walls
(see figure 5.6), indicating that the near wall levels greatly influence the overall
dynamics inside the channel and that particles entering these levels tend to remain
there for prolonged times.

At lower Re, the main cause for the inhibited dispersion seems to be the reduced
wall-normal velocity fluctuations near the walls, which result in longer link dura-
tions and increased presence of attractors in that region. Cyclic paths, instead, are
less prevalent and their peak concentration is located farther from the wall. As the
Reynolds number grows larger, the near-wall effects become confined to a smaller
portion of the channel and cyclic structures acquire a dominant role in slowing
down dispersion of tracers. It is also possible that a larger prevalence of near-wall
vortices such as that found at higher Reynolds numbers, while being detrimental
to dispersion across long timescales, is beneficial in lifting particles away from the
near wall region.

At the higher Reynolds numbers (Re, = 395, 590, and 950) we found that many
network properties are independent of the Reynolds number, if outer flow variables
are used to normalize the time 7. The reason is that the mixing process involves ever
growing scales of motion inside the flow, as the clouds of tracers released inside each
level grow larger. Additionally, the discretisation employed to create the network
divides the channel into levels whose height is independent of Re, when scaled in
outer units (since it is always equal to 20/NV;). The discretisation effectively filters
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out from the network representation scales smaller than 20/N;. The importance
of the filtered scales was analysed section 5.3.8. Accordingly, the network evolves
independently of the Reynolds number as outer flow scales are dominant in the
overall mixing process and in its network representation.

The outer-scale collapse happens to both global properties of the network, such
as the degree y-average and standard deviation, and to local properties like the
spatial concentration of cyclic motifs, with the notable exception of the temporal
duration of links which scales with inner variables in the near-wall region. Indeed,
local properties of network nodes, even those located inside the near wall region,
are influenced by the links entertained by these nodes. For short times these links
only connect nodes which are very close in space, and thus node properties reflect
the local flow features (i.e. the velocity fluctuations as shown in figure 5.4). For
longer times instead links connect more distant nodes, so that no network property
is truly local. On the contrary, as was shown in figure 5.7(a), the temporal duration
of links depends almost exclusively on the end level, so that near the wall the inner
scaling appears.

Instead, at lower Reynolds numbers (Re, = 180, 265 and, to a lesser extent, 395)
the scaling by outer variables observed at higher Reynolds numbers does not hold.
While the asymptotic phase of dispersion (approximately 7 > 6) is the same at
all Reynolds numbers (since asymptotic network properties reflect a fully random
state), during the transient stage dispersion at low Reynolds numbers appears to be
more spatially inhomogeneous and linked to a different underlying mechanism than
those bound to the action of outer scales at higher Re,. While wall-normal velocity
fluctuations continue to grow in the Reynolds number interval considered in this
work, transport network features, and thus global dispersion properties, achieve
Reynolds independence above a certain threshold, which is approximately between
Re, = 395 and 590. We hypothesize that above this threshold the effects induced
by the wall, especially the presence of a region with very low wall-normal velocity
variance that traps particles and hence inhibits dispersion, become confined to a
portion of the channel half-height § that is negligible. Therefore, the contribution
of the outer flow in determining the evolution of dispersion becomes dominant,
the interaction between cyclic structures and local velocity fluctuations becomes
Reynolds-independent, and outer flow scaling is achieved.
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Chapter 6

Inertial particle mixing in
turbulent channel low

Some of the contents presented in this Chapter have been previously published.
Below are provided the references:

D. Perrone, J.G.M Kuerten, L. Ridolfi, S. Scarsoglio, "Investigating the
magnitude and temporal localization of inertial particle mixing in turbulent
channel flows", in Int. J. Multiph. Flow. 165, 104489 (2023)

6.1 Rationale

In this chapter, the mixing of inertial particles coming from pair of sources in
a turbulent channel flow is analysed by means of particle tracking numerical simu-
lations. The interactions between particles released from distinct sources depends,
first and foremost, on the position of the sources, both with respect to the channel
and to each other. Indeed, while in homogeneous and isotropic turbulence only the
mutual distance may be of relevance, in a channel flow the properties of turbulence
vary strongly depending on the distance from the wall. Also, as there is a mean
shear, the alignment of sources makes so that some source pairs may experience
greatly varied mixing properties.

Other than source position, the other relevant factor is the inertia of parti-
cles. Indeed, as non-tracer particles experience inertial clustering, their mixing is
expected to be influenced by their organization into an intermittent spatial distri-
bution, which may in some cases hinder and in some cases enhance mixing.

To quantify mixing of inertial particles, we perform a direct numerical simulation
of channel flow at Re, = 950. We release inertial particles with different diameters,
resulting in four distinct Stokes numbers St* = 7+ = StgT, =02, 1,5, 25. We
note how the Stokes number based on the Kolmogorov units is not constant across
the channel height as 7, depends on wall distance. By varying the position of the
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two sources, we provide a description of the effect of the position with respect to
the channel walls and of the influence of mutual distance and alignment.

In the following, section 6.2 contains an overview of the methods employed,
section 6.3 shows the results obtained and section 6.5 provides a discussion and an
interpretation of the results.

6.2 Methods

Similarly as in the previous chapter, the Lagrangian data were obtained through
the numerical integration of trajectories of tracer particles. The same pseudospec-
tral method was employed, performing a simulation at Re, = 950. To provide ad-
ditional results regarding Reynolds number scaling, also simulations at Re, = 590
were performed. The parameters used for the two simulations, that is, the box size
L, xL,x L, the number of polynomials employed in the discretization N, x N, x IV,
and the time-step in outer units At are given in table 6.1.

Table 6.1: Main parameters for the direct numerical simulations at Re, = 950:
domain size L, x L, x L., number of polynomials used for the simulation N, x N, x IV,
and time step of the trajectories At™

Re, L,xL,xL, Ny x N, x N, AtT
950 216 X 20 X wo 768 x 385 x 768 0.095
590 210 X 20 X o 768 x 385 x 768 0.07375

We integrated the trajectories using the finite-Reynolds correction introduced
in chapter 3. The density ratio p,/p between the particles and the carrier fluid
is 769.23; the Stokes number is varied by changing the diameter of particles, thus
resulting in diameters ranging from d = 0.068 at St* = 0.2 to d} = 0.764 at
Stt = 25. Collisions with the wall are treated elastically. Gravity effects were not
included in order to focus only on turbulence-induced features of particles dynamics,
which are easily overwhelmed by settling effects if gravity is included. Particles are
released in a puff at once only to accelerate the computation of statistics, as we are
not interested in the proximity of particles coming from the same release location.
We do not consider the mutual interaction between particles nor their back-reaction
on the carrier flow, as we aim to consider dilute flows.

The main goal of this work is to quantify the mixing of clouds of tracers released
from different sources and the rate at which they encounter. To do so, we introduce
inertial particles from spherical sources whose size is finite and of the order of the
smallest flow features. The radius of spherical sources is equal to unity in wall
units, which is of the same of order of magnitude of the Kolmogorov length scale
(which, instead, is not constant and depends on y). Each source releases N, = 256
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Figure 6.1: a) Channel geometry and coordinate system; two pairs of sources are
represented, one aligned along the streamwise direction, the other along the wall-
normal one. b) Schematic depiction of how encounters are determined starting from
particle trajectories.

particles at once. In this way, the evolution of trajectories reflects the properties of
a local region while avoiding that particle velocities remain correlated for very long
times, as would instead happen if all particles were released in the same point.

We introduce an ad-hoc quantity, the encounter probability E, to measure mixing
between two distinct sources. In particular, we compute the number of particle pairs
coming from the two plumes that are closer than a threshold distance R, as shown
in figure 6.1(b). This value, normalized by its largest possible value N, is the
encounter probability. As an example, E' = 1 would be obtained only after perfect
mixing of particles coming from two sources, that is, if all particles released from
both sources become located in a small (of the order of the threshold R) region of
space.

For two plumes released from two distinct locations x; and xs, the encounter
probability, which is a function of time, can be computed as

{lIxi(t) =% (D] < B :%:(0) = %1 A %5(0) = X |
NZ '

EX17X2 (t) - (61)

x;/;(t) is the trajectory of the i/j-th particle of the plume starting from x;/, and
||-|| is the Euclidean norm. From the definition it follows that Fx, x,(t) = Ex, x, (t).

The choice of the threshold distance R is non-trivial. Large values would lead
to inaccuracy in the description of clusters, as grouping of particles that are not
relevant to the flow physics would be captured. Instead, if the effects of turbulence
and particle inertia are to be accounted for, the threshold distance R should be
shorter than the typical scales at which this phenomena take place. Since inertial
clustering takes place on typical length scales of the order of tens of wall units (as
it is in turn a result of the action of small-scale flow features), we chose a threshold
size R = 2. An analysis of the sensitivity of our results with respect to the value
of R is reported in the following.
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As the position of the two sources has the greatest influence on the evolution
of the encounter probability, we thoroughly vary x; and x, across the channel.
We report the absolute position of one of the two sources, e.g. x;, and the mutual
distance between the two sources d = x5—x;. As channel properties are statistically
homogeneous along the x and z directions, only the wall-normal component of the
position y; = x;-&, is relevant and will be considered hereafter. Instead, considering
all three components of d is necessary, since channel flow is anisotropic and mixing
properties depend on the relative orientation of the two sources. Meaningful values
of the distance modulus d = ||d|| are bounded by the constraint that at least some
particles interact and contribute to the encounter rate. Accordingly, the admissible
values of d are bound to that of R, since if d > R the encounter probability
becomes negligible. In the following, we analyse mixing with a distance between
sources comprised between d* = 4 and d™ = 32 (at which the encounter probability
is already vanishing independently of time).

Finally, as particles are released into fully developed turbulent flow, their initial
velocities have different properties depending on the local instantaneous flow field,
and accordingly also encounter properties show the same dependence. In order
to achieve statistical significance, for each set of parameters (y;, d, St) we analyse
multiple pairs of sources, positioned at different x and z coordinates and at different
times, choosing appropriate spatial and temporal spacing so that their evolution is
uncorrelated. Subsequently, we average the results to obtain a final value of the
encounter properties, since channel properties are statistically homogeneous along
the streamwise and spanwise directions and are statistically steady through time.
For each set of parameters we analyse IV, = 384 independent pair of sources.

6.3 Results

6.3.1 Evolution of the encounter rate

After release, a transient growth of the encounter probability is observed due to
turbulent diffusion and, for y-aligned pairs, the action of local shear. Both these
phenomena have the effect of increasing (on average), the size of puffs over time.
The encounter probability rises because large puffs coming from distinct sources
eventually collide with each other and because, locally and on short timescales,
distant groups of particles are brought together by the local action of turbulence.
After E reaches a peak, turbulent diffusion takes over and particles do not come any
more in close proximity to each other, resulting in a vanishing encounter probability
at long times.

Figure 6.2 shows the typical evolution of the encounter probability for some
pairs of sources, that are releasing particles whose Stokes number is 0.2 (panels
(a) and (b)) and at varying Stokes number (panel (c)). In particular, we chose
source pairs at two different wall-normal coordinates y” = 20 and y{ = 950 in
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Figure 6.2: a) Evolution of the encounter probability for pairs of sources at two dif-
ferent wall-normal locations, fixed d* = 4 and St = 0.2 (solid lines indicate mixing
of streamwise-aligned sources, dashed lines indicate mixing of sources aligned along
y); b) E(t) for source pairs at two different distances, y;” = 100, StT = 0.2 (solid
lines indicate mixing of streamwise-aligned sources, dashed lines indicate mixing of
sources aligned along y); ¢) E(t) for pairs of sources at fixed d = dé,, d* = 4 and
varying Stokes number (solid lines are for source pairs at y; = 20, dashed lines at
y7 = 950.

order to highlight the different properties of mixing found near the wall and at the
center of the channel. Figure 6.2(a) shows the encounter probability for two cases.
In the first case we set the distance between sources to be d = dé,, i.e. sources
are streamwise-aligned, while in the second case the distance is d = dé, and, so,
sources are y-aligned; in both cases the modulus of the distance between sources
is d¥ = 4. The figure shows how the encounter probability along the streamwise
direction achieves higher values near the wall, while it is weaker away from it.
Mixing of sources aligned along the wall-normal direction (d = dé,) is negligible
near the wall (where intense mean shear is present, which drives particle clouds
apart) and increases towards the center.

Owing to the quasi-homogeneity of turbulent properties near the center of the
channel, the encounter probabilities away from the wall become less and less de-
pendent on direction €. On the other hand, the effect of shear towards the walls
causes strong mixing of streamwise-aligned sources. Indeed, as these sources have
finite size, their shape is sheared and its particles come close to those of the other
x-aligned sources.

In order to isolate the influence of mean shear from those of turbulent fluc-
tuations, we also integrated the trajectories using a flow field deputated from all
velocity fluctuations and containing only the mean streamwise component U (y), ef-
fectively computing encounter properties that are only due to mean shear. Trivially,
the encounter probability for y-aligned never becomes nonzero (as particles travel
along straight parallel lines). Instead, in the case of streamwise-aligned sources, a
peak encounter value approximately equal to Epeqr = 0.2 (with d* = 4, as is for
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figure 6.2(a)) is found independently of the y coordinate of release. This is valid
across the entire channel height, except the centreline where shear is absent. We
note how the time at which the peak is reached depends instead on y. In particular,
the larger the shear, the faster the peak is reached. Turbulent velocity fluctuations
are the root cause for particle dispersion, thus overall reducing the encounter rate,
although this behaviour is also a function of the intensity of mean shear and the
size of sources. We note how the effect of mean shear is present at short times
because of the finiteness of sources. Its effect would be present at longer times for
smaller sources, as they would become enlarged only later by the diffusive action
of turbulence.

Figure 6.2(b) shows the effect of the value of d on the encounter probability, at a
single y; value. Both in the case of streamwise and wall-normal mixing, the larger
the distance between sources the smaller is the encounter probability on average.
Figure 6.2(c) shows instead the streamwise (d = dé,, d* = 4) encounter proba-
bility at different Stokes numbers. While near the wall the encounter probability
evolves almost independently of the Stokes number (solid lines), near the center of
the channel (dotted lines) the effects of particle inertia affect strongly the mixing
of particles. Near the wall the short typical timescale of encounters is so short that
inertial clustering bears no effect on mixing and, accordingly, no influence of the
Stokes number is highlighted. Moreover, particles released near the wall tend to or-
ganize in elongated, streamwise-aligned streaks, that exert a predominant influence
on mixing.

On the other hand, near the center of the channel (dotted lines) the encounter
probability appears to be stronger at St™ = 25 and lower at St* = 1, with St* = 0.2
and St* = 5 having an intermediate behaviour. A different trend is found in the
case of y-aligned sources (not shown in the figure), where the encounter probability
at StT = 5 reaches a lower peak than those at the other Stokes numbers. Inertial
particles organize into small clusters also near the center of the channel, albeit not
in elongated streaks.

The presence of competing phenomena, which initially reduce the mutual dis-
tance between particles and later disperse them across wider regions of the domain,
results in the encounter probability behaviour. At short time and length scales, the
flow features sampled by particle clouds may result in trends opposite to the general
one, which is dispersive. Indeed, the short-term action of turbulence makes so that
the range between particles shorten, which in turn determines an increase of the
encounter probability E. Converging motions inside the flow that drive particles
together are only effective locally in reducing overall dispersion, which remains the
prevailing mechanism. The peak achieved by the encounter probability during its
time evolution is the point when these competing phenomena are in balance, for
each pair of sources. Higher peak values E).q; indicate that the local action of the
flow is able to overcome, at least for a finite amount of time, the long time effects
of dispersion which ultimately brings the encounter probability to zero. Similarly,
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the time ?,.,, at which the peak happens is tightly linked to typical timescales of
mixing and dispersion.
6.3.2 Spatial properties of encounters

Owing to the importance of spatial heterogeneity in channel flow, the following
section will be devoted to the analysis of spatial properties of encounters.
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Figure 6.3: Peak encounter probability for streamwise (a) and wall-normal (b)
aligned sources as a function of yi” and d* at St* = 0.2; the red lines mark the end
of the viscous sublayer at y* = 5 and of the buffer layer at ¢+ = 30. Peak time for
streamwise (c) and wall-normal (d) aligned sources as a function of y;” and d* at
Stt =0.2.

The encounter probability rate (and in turn the peak time) are dependent to
both the wall distance of sources y;” and the mutual distance of sources d*. In
figures 6.3(a)-(b) we show the y{ dependence of the streamwise and wall-normal
peak encounter probabilities, which we define as the encounter probabilities of
sources aligned along €, and &, respectively. Mixing of streamwise-aligned sources
is stronger near the wall, while mixing of sources aligned along y increases away
from it.

Inside the viscous sublayer, where the dispersing action of turbulence is reduced
and the mean shear is at a maximum, the streamwise peak encounter is the highest,
reaching values of the order of 0.2 for nearby sources. Instead, the wall-normal
encounter probability is weaker (the highest peak values are of the order of 0.02),
but the region experiencing stronger mixing occupies a large portion of the channel,
from the upper limit of the logarithmic region (y/d = 0.1) up to the centreline.
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The mixing of sources aligned along z is hindered only by turbulent diffusion,
especially at short times. Instead, for source pairs aligned along &, also mean shear
is present, thus lowering the overall values achieved by FE.

Particles released from near wall sources which are aligned along &, have strongly
different mean velocity and are rapidly driven apart, resulting in almost non-
existent peak encounter probability. The flatness of the turbulent velocity profile
has the effect that outside of the logarithmic region this factor is of reduced impor-
tance. Furthermore, £, is negatively influenced by the distance between sources,
which poses an obstacle to particle mixing. Indeed, even if turbulence enables the
initial growth of the encounter probability (as particles are dispersed and a fraction
of them is driven close together), velocity fluctuations also disperse particles in
all directions, thus the distance between sources tends on average to decrease the
encounter probability (although it is still possible that some distant particles come
in close proximity due to the local features of the velocity field).

The time t,..r at which the encounter probability reaches a maximum is shown
in figures 6.3(c) and 6.3(d), for streamwise and wall-normal aligned sources, re-
spectively. In the case of sources aligned along x and especially for nearby sources
(short d), the stronger intensity of mixing achieved in the near-wall region also
corresponds to short peak times. The high intensity mixing taking place near the
wall is achieved rapidly by particles that become entrained together in the elon-
gated structures typical of the near-wall region. As the distance between sources
increases, longer peak times are observed for pairs of sources located in the buffer
layer, although results may be skewed by the small number of encounters taking
place.

In the case of y-aligned sources, the peak time is higher near the center of the
channel, where also the highest values of E,.,; are found. Nonetheless, peak times
for pairs of sources near the wall are not negligible (especially at higher Stokes
numbers as will be detailed in the following). The Lagrangian integral timescale is
in general higher at the channel centreline, which in turn influences the encounter
peak times The typical timescales of particle motion are higher near the center of the
channel, thus resulting in increased peak times for the mixing of both streamwise
and wall-normal aligned sources. In general, high values of the peak encounter
probability can only be achieved at short times, as otherwise the dispersing action
of turbulence would inevitably drive particle apart and avoid the occurrence of
short range encounters.

6.3.3 Stokes number effects

Among the main features of turbulence that in our flow case drive particle to-
gether (at least locally in space and time) there are the clustering effects linked to
particle inertia.

Particle inertia has an effect on the encounter probability, as was shown before
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Figure 6.4: Peak streamwise (a) and wall-normal (b) encounter probability E,cq
with d™ = 4 at different Stokes numbers. The inset in the left panel shows the value
of Kolmogorov time 7'; across the channel height, while the inset of the right panel
shows a zoom of the data in figure 6.4(b) with logarithmic vertical axis. Peak time
of the streamwise (c¢) and wall-normal (d) encounter probability ¢pe.x with d™ =

at different Stokes numbers.

in figure 6.2(c), since it affects clustering properties which determine the rate at
which subsets of particles become confined to a smaller region of the fluid domain.
Figure 6.4 shows a comparison of the peak encounter probability ., and of its
time ¢peqr for different Stokes numbers (at a fixed distance d™ = 4, which is also
typical for the behaviour at higher values of d).

The peak encounter rate of source pairs located inside the viscous sublayer is
independent of the Stokes number in the streamwise alignment case. On the other
hand, farther away from the wall, streamwise-aligned sources (figure 6.4(a)) have
slightly stronger peaks at higher Stokes numbers. A noticeable increase of E,cqp
can be identified for particles with St* = 5 near y* = 100, while near the center of
the channel the same is noticeable for particles with St* = 25. This behaviour was
identified considering the average of several, uncorrelated particle simulations and
is therefore not the result of the initial condition imposed on particle velocities.

The encounter probability of sources aligned along y (figure 6.4(b)) depends
weakly on the Stokes number at low y;~ values, where particles with higher Stokes
numbers Stt also have higher peak encounter rates. The near wall behaviour is
shown in the inset of figure 6.4(b) using logarithmic scaling because of the very
small values of E attained by y-aligned sources. Higher values of E,.,; are in-
stead achieved towards the center of the channel for particles with St* = 0.2 and
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Stt = 25. Particles at St* = 5 show instead higher than normal peak encounter
probability at a lower wall-normal coordinate (again y* = 100).

We recall that particles with values of Stx of the order of unity tend to expe-
rience stronger clustering phenomena, and that the values of the Stokes number
in Kolmogorov units is related to that in wall units by means of the Kolmogorov
timescale expressed in wall units 7,7. The inset of figure 6.4(a) shows the value
of 7'77+ across the channel height. It is significant to note that values of the Kol-
mogorov timescale range from 7,7 ~ 5 at around y* = 100 to 7,7 ~ 25 at around
yT = 900. We can therefore compute the Stokes number scaled with Kolmogorov
units, obtaining Stx = St* /77 ~ 1 for particles with St* = 5 located at around
y" = 100. At the centreline again Stx = St* /7.7 ~ 1, but this time for particles
with StT = 25. It is thus very likely that the two slight increases of E,,;, found at
yT = 100 for particles with St* = 5 and at y* = 900 for particles with St* = 25
can be attributed to inertial clustering (see figures 6.4(a)-(b)). This is only true
away from the wall, whereas close to it the organization of particles into elongated
structures aligned with the mean flow is the predominant effect leading to encoun-
ters (or the absence thereof). Indeed, no effect of particle inertia on the encounter
properties is found for source pairs located close to the wall.

Enhanced encounter rates are also present near the center of the channel for
particles with St* = 0.2, even if in this case particles are more akin to tracers given
their very low inertia (Stx &~ 1072) and should not experience inertial clustering.
After performing additional simulation where the same behaviour was found, we
can confirm that the observed increased clustering of low-inertia particles is not due
to small sample size. The exact mechanism behind the increased peak encounter
probability of particles with St™ = 0.2 at the center of the channel is therefore not
associated with inertial clustering and neither with mean shear (which is absent at
the centreline).

In order to better represent the relation between the Lagrangian integral timescale
of particles and the typical peak times of the encounter probability we show the
peak time f,.q; of the encounter rate for z- and y-aligned sources in figures 6.4(c)
and 6.4(d), respectively. The timescale 77, was computed from the streamwise ve-
locity in the case of x-aligned sources and from the wall-normal velocity in the case
of y-aligned sources, using

_ _ ul 3/0 uz(y, )>
Tyi(y) = /0 oy, 7)dr = / T - ))dT, (6.2)

where the ensemble average (-) is taken over particles released from the same y
coordinate, the i-th component of the velocity fluctuation u; is used and the integral
is performed up to the first zero-crossing of the autocorrelation function p because
of the finiteness of the data.

The very short typical timescale of encounters between streamwise-aligned sources
explains the reduced dependence of the encounter peak value E,.,; on the Stokes
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number. Indeed, the timescale of encounters is so short that clustering phenomena
are yet to gain importance in this case, while a stronger influence is exerted by
the initial condition, as particle trajectories are still well into the ballistic regime
(i.e., their velocity is strongly correlated with that at release) at the time of peak
encounter. The organization of clusters into elongated streaks also plays a role, as
the strong trapping of particles into these structures makes so that other forms of
clustering become less relevant with respect to the overall mixing process.

The peak time becomes longer than the Lagrangian timescale in the log layer,
possibly due to the weaker mean shear which causes slower mixing of streamwise-
aligned sources. Towards the center of the channel instead, peak encounters happen
on a timescale shorter than the Lagrangian one, even if shear is at a minimum there;
accordingly, a more important role in this case is played by turbulent velocity fluc-
tuations and inertial clustering effects. In the case of y-aligned sources instead,
mixing near the wall happens on a timescale which is up to two orders of magni-
tude longer than for x-aligned sources. Indeed, here mean shear strongly inhibits
encounters and only turbulent fluctuations may drive particles together (in very
small quantities, as shown by the low values of E,.. in figure 6.4(b)). The peak
time diminishes monotonically towards the center of the channel following the re-
duction of mean shear. Overall, mixing happens on short timescales whenever the
initial velocity of particles already facilitates mixing (as is the case for finite-size,
z-aligned sources).

6.3.4 Reynolds number dependence

We now aim to analyse the dependence of the results on the Reynolds number.
In order to do so, we performed the same analysis at Re, = 590. To do so, we
performed a direct numerical simulation of the same channel flow geometry, in-
tegrating the trajectories of particles at different Stokes numbers using the same
release configuration as before. The simulation details were given in table 6.1.

Figure 6.5 shows the effects of the lower Reynolds number on main features
of particle encounters analysed previously, namely the peak encounter probability
Epeqr and the time at which it happens t,.,,. We normalize the wall-normal coordi-
nate using the value of § (the channel half-height). By doing so both configurations
are compared in outer units. The almost negligible influence on the value of E,..
of the Reynolds number Re, can be seen in figures 6.5(a) and 6.5(b), that show the
streamwise and wall-normal peak encounter probability, respectively

On the other hand, the peak (see figures 6.5(c) and 6.5(d)) occurs at an earlier
time (in wall units) at the lower Reynolds number, both in the case of streamwise
mixing for sources located away from the wall and everywhere in the channel in the
case of wall-normal mixing. If outer units are used for time (i.e. t = t*u,/v), no
Reynolds independence is observed either, and ¢,.,; occurs at a later time instead
at Re, = 590. Therefore there is no clear scaling of peak times with respect to the
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Reynolds number in the range here considered.
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Figure 6.5: Streamwise (a) and wall-normal (b) peak encounter probability at Re, =
950 (solid lines) and Re, = 590 (dotted lines). d* = 4 in all cases. Peak time of
the streamwise (c¢) and wall-normal (d) encounter probability at Re, = 950 (solid
lines) and Re, = 590 (dotted lines).

6.4 Effects of the threshold distance R
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Figure 6.6: Streamwise (a) and wall-normal (b) peak encounter probability at vary-
ing Stokes number and d* = 20. In all panels, solid lines indicate Rt = 2, dotted
lines Rt = 1, and dash-dotted lines Rt = 8 (a logarithmic scale is used on the
vertical axis).

The value of the threshold is the key sensitivity parameter of the method used
in this Chapter to study mixing of inertial particles in channel flow. Accordingly,
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its value, especially in relation to the length scales typical of inertial clustering of
particles with St > 0, is instrumental in describing the key interactions between
particles.

Therefore, we evaluated the influence of the value of the threshold R by analysing
the encounter probability computed using R = 1 and RT = 8, together with the
previous results at R = 2. Figures 6.6(a) and 6.6(b) show the peak encounter
probability normalized by (R+)3. In all cases, d* has been chosen equal to 20 in
order to avoid that sources have a nonzero encounter probability at the time of
release. Indeed, it can a priori be assumed that the encounter rate is proportional
to the volume of the sphere of influence surrounding each particle. The larger the
volume of the sphere, the larger the number of interactions that will be experienced
by each particle.

In reality, the scaling of the peak encounter value with respect to the volume of
fluid encompassed by the threshold value is independent of R only in some cases.
In the case of streamwise mixing, the scaling is achieved weakly in the center of
the channel (where differences between mixing at different St are minimal and
appear amplified by the logarithmic scale). Instead, near the wall up to y™ = 200
the encounter probability is not proportional to the cube of R and instead grows
more slowly. On the other hand, the collapse of the peak encounter probabilities
with different values of the threshold distance is stronger in the case of wall-normal
mixing and is attained for source pairs at a lower y* coordinate. Furthermore, the
peak encounter probability grows faster than R® when R is increased, in contrast
to what happens for streamwise mixing.

The intense anisotropy of turbulence in the near-wall region and the presence
of the wall highly skew mixing processes in certain directions. This may cause in
turn a non-homogeneous growth of the encounter probability with respect to the
threshold distance R, which grows faster than expected along &, and slower along
é..

Finally, we recall that, when first defining the threshold distance, we chose a
value smaller than the typical features of particle motion we aimed to investigate,
most importantly the clusters of inertial particles. Retrospectively we can confirm
this choice by noticing that at R™ = 8 the differences between peak encounter
probabilities at different Stokes numbers are vanishing, which is a sign that the
threshold is larger than the length scales typical of inertial clustering and thus
differences due to inertia are not resolved any more. Indeed, this indicates that
mixing processes involving particles with larger inertia are not always influenced by
inertial clustering, only those happening at sufficiently small length scales. Overall,
similar trends are observed across this range of threshold values, although the
sensitivity to inertial clustering decreases with increasing values of R.
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6.5 Discussion

Through the analysis of short range interactions between inertial particles, car-
ried out by defining an encounter probability, we have shown how mixing is a result
of the competing interaction of processes that bring particles together and disperse
them, acting on a range of flow scales. The highly anisotropic properties of tur-
bulence near the channel walls reflect onto those of particles. Indeed, mixing of
streamwise-aligned sources is far larger than that of wall-normal aligned ones. We
correlated this behaviour to the tendency of particles released very close to the wall
to organize themselves into elongated streaks aligned with the direction of the mean
flow. This kind of organization, which remains coherent for long times, favours the
directional imbalance of mixing.

Away from the wall, the encounter probabilities tend to become independent,
at least at the lower Stokes numbers, of the direction of alignment of sources, as
channel properties also tend to recover isotropy. This is not fully the case for larger
inertia particles, where mixing of sources aligned along €, remains hindered We
also computed encounter properties for pairs of sources aligned along the spanwise
direction, obtaining results that are quite similar to those obtained from y-aligned
sources (although encounter rates near the wall are higher due to the absence of
mean shear).

Particle mixing properties do not exhibit a monotonic dependence on inertia, but
rather are strongly influenced by the matching between the particle timescale 7, and
the local Kolmogorov timescale. For particles with fixed diameter and density, this
matching is achieved on a local basis, as the Kolmogorov timescale is y-dependent.
The value of 7,, ranges from values of around T;r = 2 near the wall to around 30 at
the center of the channel. As the effects of inertial clustering are the most intense
when Stx = St*/7F is of order unity, particles experience clustering not only
depending on their inertia, but also on their position inside the channel. Indeed,
a particle experiencing strong inertial clustering near the center of the channel
could move towards the wall and start reacting weakly to turbulent fluctuations
as its (local) Stokes number Sty increases. Furthermore, the effects of inertia are
different when considering streamwise and y-aligned source pairs. The encounter
rate and the medium- to long-term evolution of the mixing appear to be affected
by the formation of small-scale clusters, which happens on a short timescale [121].

Near the wall, peak encounter rates of streamwise-aligned sources are achieved
in such short times (compared to the integral velocity timescale of particles) that
no differences due to the Stokes number arise. On the other hand, for wall-normal-
aligned sources, values of E,.,, are slightly higher at higher Stokes numbers, albeit
still very small. Moving farther away from the wall, particles with St* = 5 first
and StT = 25 afterwards experience the effects of inertial clustering as their typical
timescale matches locally that of the flow, possibly resulting in the increases of the
peak encounter rate seen near y* = 100 at StT =5 and y* = 900 at St = 25.
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Accordingly, two different processes emerge as the cause of the observed trends of
the encounter rate. The highly anisotropic features of near-wall turbulence, which
result in elongated and highly persistent streaks of particles, determine strong mix-
ing of streamwise-aligned sources (and weak mixing of wall-normal-aligned sources)
on timescales so short that inertial effects caused by the matching between the par-
ticle response time, 7, and the smallest timescales of the flow are negligible. Here
it is possible that the relevant timescale of the encounter rate evolution is linked to
the Lagrangian integral timescale, highlighting the importance of the initial condi-
tion that determines the very-short term evolution of particle motion. On the other
hand, away from the wall the properties of the encounter rate are clearly influenced
by inertial clustering, with encounter rates increasing where the particle timescale
locally matches that of the flow. Therefore, both the Kolmogorov timescale of the
flow and the Lagrangian integral timescale of particles influence the encounter rate
and, by consequence, mixing.

In order to test the sensitivity of results on the Reynolds number, we simulated
mixing at Re, = 590. We observed that the measures presented previously have a
reduced sensitivity on the Reynolds number (at least in the range of Re, consid-
ered), except the fact that the evolution of the encounter probability takes place
on a slightly longer timescale. Furthermore, we tested our choice of the threshold
value R showing that it is appropriate to capture the organization of particles into
clusters due to their inertia. Indeed, at larger values of R most of the differences
between particles at different Stokes numbers disappear. Conversely, the variation
of the threshold value is a simple way to investigate the typical scale at which
inertial clustering effects are relevant for mixing processes.
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Chapter 7

Visibility analysis of
boundary layer transition

Some of the contents presented in this Chapter have been previously published.
Below are provided the references:

D. Perrone, L. Ridolfi, S. Scarsoglio, "Visibility analysis of boundary
layer transition", in Physics of Fluids 34, 104104 (2022)

7.1 Rationale

The aim of this Chapter is to outline a method to systematically investigate the
properties of time-series extracted from complex flow fields and obtain, through
a parametrization comprising of a few key features, the relevant features of such
time-series. We study bypass transition to turbulence in a numerically simulated
flat plate, zero pressure gradient boundary layer. The numerical data was made
available on a publicly accessible online database [120, 159].

Differently from the other studies contained in this thesis, this work does not
rely on the Lagrangian viewpoint of fluid dynamics and is instead concerned with
fixed point data. Instead, it is linked from a methodological standpoint to the other
works which use graph theory as an interpretation framework. In this regard, the
aim of this work is to extend the network-based tools developed in this thesis to
a wholly different subject and showcase their properties. In a broader sense, the
intermittent features of transitional flow that will be the subject of analysis in this
chapter will emerge again in the next one, where their influence on particle motion
will be addressed.

Several key problems lie in the study of boundary layer transition, some of
which we aim to address in this study. The complexity of free-stream transition
follows from the large number of flow features that influence the onset of turbulence.
A closely related problem to that of predicting transition is that of identifying
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accurately the separation between the turbulent and the laminar regions, i.e. the
turbulent-non turbulent interface (TNTI). Although we outlined some approaches
to the identification of the TNTI in Chapter 2, we aim for a method which does
not require the imposition of a priori threshold values dependent on the distance
from the wall.

We do so by using the visibility graph approach introduced in Chapter 4, which
we use to transform the time-series into a graph which, through its key properties,
reflects their geometrical features. Because the visibility graph is a tool to investi-
gate the geometry of the time-series, rather than the underlying physical processes,
it is of paramount importance to relate the visibility graph properties to the physi-
cal nature of the underlying flow, which is done in the context of transitional, highly
intermittent flows.

7.2 Methods

7.2.1 Transitional boundary layer flow
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Figure 7.1: Sketch of the fluid domain. The region bounded by the dashed line
indicates the stored portion of the domain.

We apply the visibility graph analysis to velocity time-series extracted from a
numerically simulated transitional boundary layer. The velocity fields have been
made available through the John Hopkins Turbulence Database. The data is ob-
tained via a direct numerical simulation of the flow over a flat plate of thickness
2L with an elliptical leading edge and a zero mean pressure gradient across the
streamwise x direction. The origin (z = 0) of the domain is located at the leading
edge of the plate; this location is excluded from the stored dataset, which instead
starts at approximately x = 30L. A sketch of the simulation domain is shown in
figure 7.1. The Reynolds number Re; based on the half-thickness of the plate, the
free-stream velocity U,, and the fluid viscosity v is Re;, = UyxL/v = 800. The
flow at the inlet, outside of the boundary layer, is fully turbulent and is generated
from a distinct simulation of homogeneous turbulence. The turbulence intensity
at the inlet is about 3%, which is enough to trigger bypass transition. At the
lower boundary, which is a solid wall, the no-slip condition is imposed, while along
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the spanwise direction periodicity is used. At the top of the domain the bound-
ary condition is actively controlled to satisfy continuity and keep the zero pres-
sure gradient. The size of the domain, with respect to the plate half-thickness is
L, x L, x L, = (969.8465 x 26.4844 x 240) L, with y and z being the wall-normal
and spanwise directions, respectively. The number of grid points in physical space
at which the solution is stored is N, x N, x N, = 3320 x 224 x 2048. Each time
series is composed of N; = 4701 time-steps for a total time stored T'= 1175L/U,;
the resulting time step is At = 0.25L/U,,. A snapshot of the streamwise velocity
field at y = 0.43 is shown in figure 7.2. The main features of bypass transition are
clearly identifiable, namely the streamwise-aligned streaks, the formation of tur-
bulent spots and the general onset to turbulence, whose location varies with time.
Further details on the numerical procedure employed can be found elsewhere [230,

120, 159].

100 200 300 400 500 600

Figure 7.2: Top view of the boundary layer at y = 0.48, t = 0, streamwise velocity.

7.2.2 Visibility analysis of time-series

The application of the visibility graph formalism to time-series is known to
preserve their geometrical structure, in the sense that a relation between time-
series properties and those of the visibility graph can be found. As an example,
periodic time-series result in regular visibility graphs, random series in random
graphs, and fractal series result in graphs where scale-free features are present.
The main rationale behind the application of the visibility graph to fluid dynamics
stems from the need to provide a treatable insight on turbulent or transitional
time-series, which are highly complex and need a very fine temporal resolution to
be adequately represented (especially at high Reynolds numbers). By construction,
the visibility graph is invariant under horizontal and vertical rescaling of the time-
series; as such, the overall amplitude of the time-series has no effect on the derived
network measures. On the contrary, the visibility analysis is highly sensitive to
the interplay of different scales inside the time-series. As will be detailed in the
following, the network measures applied to the visibility graph have the ability to
convey the entity of this interplay.

Aiming to understand the influence of time-series features onto the visibility
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Figure 7.3: Visibility parameters of the synthetic time-series: a) average degree K
with respect to the amplitude of the lowest frequency component of the time-series
Alow; b) clustering coefficient C' with respect to the amplitude of noise Apgise; €)
assortativity r with respect to the intermittency I; d) average path length L with
respect to the amplitude Ay, of localized bursts (I = 0.33). Relevant time-series
are plotted as insets.

graph, we generated a synthetic time-series which resembles the ones obtained
from the transitional flow data. The benefit in this case is the ability to arbitrarily
modify the parameters of the synthetic time-series and evaluate their influence
on the graph separately. The synthetic time-series is generated by superimposing
three out of phase sinusoidal components with frequency f; and amplitude ¢; (i =
low, mid, high), a small-scale Gaussian noise and a larger amplitude Gaussian noise
that has a discontinuous support (i.e., that is not defined at all time instants but
only on a subset of them). The synthetic time-series is

U(t) = Z Al sin (flt + ¢1) + Anoisewl (t) + Abursth <t>, (71)

i=low,mid,high

where w; and wy are white Gaussian noises and ws is nonzero only on a fraction I of
the duration of the time-series, which corresponds to the intermittency of the signal.
The support for the intermittent regions of the synthetic time-series is chosen at
random, with some degree of spatial coherence.

In a visibility graph, the nodes situated in large, convex portion of the time-
series have a direct line of sight with a larger number of other nodes, thus having
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large degree. Overall, the mean degree

1 X 1

of the visibility graph is tightly connected to the amplitude A, of the lowest
frequency components in the time-series, i.e., those with the largest scale. All the
panels in figure 7.3 show some of the synthetic time-series used to compute the
visibility graph measures. Figure 7.3(a) shows how the degree grows as the low-
frequency component becomes more important. Indeed, the prominence of peaks
spaced far apart increases the overall number of links and thus the mean degree;
also, we found that the mean degree is inversely proportional to the frequency fiow.

The clustering coefficient also depends strongly on the local convexity of the
time-series around a given node. Differently from the degree centrality, the amount
of connected triples and triangles is mostly determined by the time-steps immedi-
ately adjacent to the one considered, as it is far more frequent to find connections
in triples of temporally close nodes. As such, the global average

1 N
C = ¥ ;c €0, 1] (7.3)

of the clustering coefficient quantifies the importance of the small-scale components
of the time-series [90]. In particular, we observe that the clustering coefficient
increases as the amplitude of the small-scale Gaussian noise A, in the synthetic
time-series increases (see figure 7.3(b)).

The visibility graph is also suited towards the analysis of the vertical separation,
i.e., the presence of components whose amplitude is markedly different in adjacent
regions of the time-series. Iacobello et al. [87] gave an extended discussion regarding
the ability of the assortativity coefficient r to discern between time-series whose
amplitude is homogeneous over time and those that are not. In particular, when
the amplitude of the time-series is homogeneous and there are no outliers, it is more
probable that similar nodes are connected, leading to highly assortative networks.
This behaviour is of outstanding importance in the study of transitional time-series,
which are strongly characterized by their intermittent behaviour in the region where
turbulence is not fully developed.

Varying the intermittency in the synthetic time-series (that is the fraction of
time in which large-amplitude Gaussian noise is present) allowed us to study the
behaviour of the assortativity, as is shown in figure 7.3(c). The simulated turbulent
component is highly fluctuating, but is still somewhat homogeneous with respect to
the underlying laminar component. Accordingly, the assortativity is high. As the
intermittency grows the network becomes increasingly assortative until the inter-
mittency reaches unity (the series becomes fully turbulent), where the assortativity
drops significantly. As already stated, the visibility graph is highly sensitive to
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the interplay of the different scales rather than to their actual amplitude. When
the intermittency reaches unity, the laminar component disappears from the time-
series and the heterogeneity of the turbulent component leads to a decrease of the
assortativity.

Finally, the average path length is a measure of the topological distance between
nodes; it follows easily from this consideration that the presence of localized peaks
determines a decrease of the value of L, as long-distance nodes are more easily
connected. As shown in figure 7.3(d), the average path length decreases when the
amplitude of the temporally localized Gaussian noise in the synthetic time-series
increases.

7.3 Results

7.3.1 Network measures

We computed the visibility graph from time-series of the streamwise velocity u
from a set of points in the flow domain. In particular, for each (z, y) coordinate, we
considered time-series from N, = 120 equally spaced points across the homogeneous
z direction of the domain. For each visibility graph, we computed the relevant
network measures; in the following, we will provide results averaged along z in
order to achieve statistical accuracy.

The four visibility graph measures (K, C', r and L) are shown over a grid of points
that comprises the regions of the boundary layer experiencing bypass transition, in
figures 7.4(a)-(d). We can use these values, together with their physical significance,
to provide insight on the boundary layer time-series properties.

The turbulent fluctuations in the free stream outside of the boundary layer
induce low-frequency, high-amplitude fluctuations of the streamwise velocity in the
near wall region. The degree centrality (figure 7.4(a)), which is sensitive to these
low-frequency components, has a marked peak near (z, y) = (200, 0.2)L. This
is the region where the low-frequency amplification induced by shear-sheltering
appears to be at a maximum. Downstream, the clustering coefficient (shown in
figure 7.4(b)) increases. As the low frequency streaks undergo secondary instability
and therefore initiate the energy cascade towards smaller flow scales, the time-
series exhibits more and more small-scale features, which in turn are captured by
the clustering coefficient. We locate the start of the streak breakdown process
at around x = 300L in the innermost portion of the boundary layer, while at
higher y values the high-frequency components of the time-series acquire stronger
importance further downstream. Indeed, the first occurrences of turbulence appear
to be located in the innermost portion of the boundary layer.

We also note that, in the region where streaks are generated, the clustering
coefficient is at a minimum, as the high-frequency components of the freestream
turbulence are filtered out and do not exert forcing on the boundary layer flow.
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Figure 7.4: Visibility graph measures in the transitional boundary layer: a) Average
degree, b) clustering coefficient, c) assortativity and d) average path length. The
boundary layer height dg9 is shown in black, while the average position of the
TNTI Zrnri(y) is shown in red. Panel e) shows three time-series sampled at the
corresponding, color-coded points of the domain; the spanwise coordinate is z =
13.95 for all time-series. Below each time-series, the corresponding visibility graph
is drawn by a force-directed algorithm.

Additionally, the clustering coefficient in the turbulent region of the boundary layer
is slightly higher than in the free-stream, indicating some difference in the structure
of turbulence (regardless of the amplitude, which is neglected by the visibility

graph).
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We now use the assortativity and the average path length to characterize the
intermittent behaviour which is typical of the region immediately preceding the
full onset of turbulence. We show both these measures in figures 7.4(c)-(d). The
fixed points at which time-series are taken are traversed by turbulent spots. Also,
the frequency at which turbulence appears at a fixed-point in space depends on the
streamwise coordinate and increases downstream. The ability of the assortativity to
distinguish between intermittent time-series (even with high intermittency values)
and fully turbulent ones allows us to identify a region, located prior to the fully
developed turbulent boundary layer, where intermittency is at a maximum (but
still not unity, which would correspond to turbulence). This region with high
assortativity appears, from the spatial point of view, as an almost vertical front
located at around x = 380L, which is followed by a region where the assortativity
decreases rapidly. We hypothesize that the region of maximum assortativity is the
region which hosts the turbulent-non turbulent interface.

The average path length has a maximum in the streaky region, where the low-
frequency fluctuations of the streamwise velocity present no clear, localized peak.
Instead, there is a minimum at around z = 300L and very low y values. The
minimum indicates that time-series in this region present localized peaks and a
somewhat reduced intermittency (the assortativity is also very low in the same
region, indicating a strongly heterogeneous time-series). It is interesting to note
that at slightly higher x coordinates the strong increase of the clustering coefficient
takes place; indeed, it is the expansion and coalescence of localized spots that
generates complete transition to turbulence.

Figure 7.4(e) shows three time-series extracted from the corresponding, color-
coded, points indicated in figures 7.4(a)-(d) and at z = 13.95 and, below, the
corresponding visibility graph plotted with a force-directed algorithm [129]. The
leftmost time-series is taken from the region of the domain in which turbulent spots
are present. The low values of L are linked with the presence of peaks, which are
evident in the graph plot as single nodes connected with large, separate clusters
(which are the time steps to the left and to the right of each peak). The presence of
the laminar regions determines instead the high values of the mean degree. Aiming
to quantify the community organization inside the network with respect to the
phases of transition, we applied the Louvain partitioning algorithm and computed
the average size of communities [24]. In the case of the leftmost time-series, the
average cluster comprises of 522 nodes.

In the central time-series and in its corresponding graph plot, taken near the
turbulent-non turbulent interface where the assortativity r is at a maximum, the
hub-spoke organization typical of the spotty time-series is less evident, but clusters
still appear visibly larger than in the fully turbulent case due to the contribution
of persistent low frequency components (the average cluster size is 204). Owing to
the remaining contribution of some low-frequency component, the average degree
centrality is also larger than in the fully turbulent case.
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Finally, in the rightmost time-series, taken from a region where turbulence is
fully developed, the size of clusters is much smaller (on average, they comprise
130 nodes). Conversely, here the clustering coefficient is at a maximum as the
high-frequency components are predominant.

To further complement our results, we added to the plots in figure 7.4 the bound-
ary layer height dog (black curves), which is the y coordinate at which the streamwise
average velocity is 99% the freestream velocity, and an approximate location of the
TNTI (red curves). To find the location of the turbulent-non turbulent interface
across the wall-normal coordinate y we used the procedure described in Chapter
2, involving the application of Otsu’s method to the sum of the wall-normal and
spanwise velocity fluctuations |v'| 4+ |w'| at each wall-normal height [143].

After we obtained the spatial profile of the TNTI as a surface xrnT1(Y, 2,t) at
different times we averaged the results along time and along z to obtain an expected
average profile of the TNTIL, Zoxri(y).

First, we note that the variation of the network measures takes place inside the
boundary layer, at y coordinates lower than dg9, while in the free-stream the mea-
sures remain mostly stationary. Moreover, the expected position of the turbulent-
non turbulent interface using Otsu’s thresholding is clearly superimposable to the
regions where network measures signal the transition to fully developed turbu-
lence. In particular, the region of maximum assortativity and the TNTI intersect
in a wide range of y coordinates, indicating that the assortativity measures, as was
hypothesized before, incipient transition. It is also worth noting that the spike of
the clustering coefficient in the innermost region of the boundary layer is located
slightly before the expected location of the interface, possibly indicating that to
some extent the transfer of energy to smaller scales precedes full transition. The
benefit in this case is that the visibility graph approach is the same for all y coor-
dinates, differently from the application of Otsu’s method.

7.3.2 Sensitivity analysis

The visibility graph was proved to be an insightful tool for the analysis of time-
series. Still, in the previous section it was applied to data obtained from high
resolution numerical simulation, which is fully resolved and contains complete in-
formation regarding all flow scales. To evaluate the ability of the visibility graph to
analyse under-resolved data, we will provide results that are averaged along a re-
duced number of points along z and results obtained using subsampled time-series.
In particular, the analysis of subsampled time-series is relevant because directly
applies to many contexts where fully-resolved data may not be available, as are
experiments or large eddy simulations.

Panels from figure 7.5(a) show the network measures averaged using only 10
points along z (instead of N, = 120 used precedently); we also plotted the location
of the TNTI computed using Otsu’s method and its standard deviation along z
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Figure 7.5: a) Degree, clustering coefficient, assortativity and average path length of
the visibility graph at a fixed spanwise coordinate (z = 13.95); black lines indicate
the values of dg9, while the red lines the average position of the TNTI and the
dashed red lines its standard deviation along z. b) Measures for networks obtained
from subsampled time-series with A = 5 (results are now averaged along N, = 120
points in the spanwise direction). c¢) Network measures from the subsampled time-
series at y = 0.98 with different values of the subsampling parameter A (again,
results are averaged along N, = 120 points)

(dashed lines). The overall trends of the measures across the domain are preserved.
In particular, a peak of the assortativity is still present near the transition region,
making this measure suitable for a local determination of the TNTI. The network
representation shows good statistical accuracy even when a lesser number of sample
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points is used.

Figures 7.5(b)-(c) show the network measures obtained from subsampled time-
series. Starting from the full time-series, comprising of N; time-steps, we con-
structed the subsampled time-series by taking one out of A points, so that u® = un;.
A is the subsampling parameter. We thus obtained subsampled time-series which
are effectively deprived of the highest frequency components. Concerning the vis-
ibility graph itself, the effect of the subsampling is a consequence of both the
elimination of a fraction of the original data and of the reduction in the number of
nodes, which is in general not predictable a priori.

In figure 7.5(b), the four network measures (K, C, r and L) obtained from a
subsampled time-series with A = 5 are shown. The degree centrality has been
normalized with the correct number of nodes, which is N;/A. Even if 80% of the
original information contained in the time-series is lost, the visibility measures of
the subsampled time-series are tightly related to those of the full ones. All the pre-
viously identified spatial patterns correctly reported by the visibility graph after the
subsampling. The degree centrality is left mostly unchanged, as the subsampling
procedure affects only slightly the larger timescale in the time-series (which are the
ones that influence the degree centrality); moreover, the decrease of the number
of nodes can be fully accounted for by normalization. The clustering coefficient,
while retaining the previously found spatial trends (most notably, the presence of a
minimum around = = 200), increases everywhere in the domain. While the removal
of the high-frequency components triggers a decrease of the clustering coefficient at
a fixed number of time-steps (see figure 7.3(b)), this seems to not be the case when
the number of time-steps is decreased. Moreover, it appears that the increase of
the clustering coefficient has the same magnitude in regions of the domain where
the time-series are dominated by either low- or high-frequency components, indi-
cating that the reduction of the number of nodes has the most prominent effect
on the visibility graph structure. Indeed, as the visibility graph is scale invariant,
the removal of high-frequency components by itself is not sufficient to significantly
alter its properties, as the components that where not removed now appear as
high-frequency themselves in the perspective of the visibility graph.

The assortativity appears to be slightly reduced everywhere, although not by
much. Moreover, the spatial location of its maximum, which we correlated to the
location of the TNTI, appears to be located at slightly lower x coordinates. It is
possible that this is due to the loss of information occurring because of the sub-
sampling, which makes it impossible to distinguish a time-series with a high value
of the intermittency I from a fully turbulent one. Finally, the average path length
L diminishes everywhere as the lesser number of nodes is correlated to a reduction
of the shortest path lengths. Around z = 200 the average path length of the full
time-series presents a peak, which is progressively smoothed as the subsampling
parameter A increases. In that region of the domain the dynamics of the flow is
dominated by low-frequency streaks and turbulent spots are mostly yet to appear,
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which, in the fully sampled case, leads to high values of L. It appears that fine-
structure changes like those induced by the subsampling considerably affect the
structure of the visibility graph obtained from time-series of streaky flow.

The panels of figure 7.5(c) show the network measures at a fixed wall-normal co-
ordinate (y = 0.98) and two different subsampling parameters, A = 2 and 5. With
A = 2, even if half the information of the original time-series is lost, the network
properties behave in a similar manner to the fully sampled ones. In particular, we
note that the assortativity r is mostly unchanged and the peak is located at the
same x-location as in the fully sampled case. Moreover, a peak of L in the streaky
region is still present, indicating that the effects of the subsampling with A = 2 are
mostly due to the halving of the number of nodes.

We performed the same analysis at higher values of A (up to A = 20, not shown
here) obtaining a progressive loss of quality in the network measures. This is indeed
expected, as the loss of information due to the subsampling inevitably reflects on
the quality of the visibility graph analysis. Nonetheless, if the sampling guarantees
that all the relevant scales of the flow are retained, the qualitative behavior of the
results obtained through the visibility graph is independent from the exact value
of the sampling rate.

7.4 Discussion

The results delineated in this Chapter contribute to assess the properties of
the visibility graph and of its application to time-series obtained from flow data.
The visibility graph methodology appears suited toward the analysis of flows with
abrupt changes in their dynamics, as it is able to capture the transition from the
laminar state to the turbulent one, with particular precision regarding the highly
intermittent states in between. We have found a connection between the visibility
graph properties and those of the underlying time-series, noting in particular that
intemittent behaviour in the flow data corresponds to assortative networks, that is,
networks in which links appear more frequently between nodes with similar degrees.

It is of particular importance that the visibility graph is able to provide a mea-
sure of the approximate position of the TNTI which, differently from traditional
methods, is defined independently of the distance from the wall and is resilient to
under-resolved input data. Furthermore, as the assortativity coefficient is bounded
in the interval [—1, 1], its analysis can be readily extended to other flow cases
without much reassessment of its properties. More complex flow settings should
not pose significant problems to the application of the visibility approach, nor the
undersampling of the data (which is possible in experiments) affects significantly
the results.

All four network parameters considered in this chapter were able to describe
separate features of the time-series, effectively condensing the information contained
in V; = 4701 data points into a reduced set of scalar measures. While it holds true
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that the visibility graph is a tool geared towards the analysis of the geometrical
appearance of time-series, we note that it is particularly suited to analyse the
geometrical features spurring from the interaction of multiscale components, which
is a fundamental features of turbulent flows. Because of this, it was possible to
infer the relation between network metrics and time-series properties and quantify
the arising of irreversibility due to transition to turbulence.
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Chapter 8

Shape evolution of particle
puffs in transitional channel
How

Some of the contents presented in this Chapter have been previously published.
Below are provided the references:

D. Perrone, J.G.M. Kuerten, L. Ridolfi, S. Scarsoglio, "Spatio-temporal
evolution of particle puffs in transitional channel flow", in Physics of Fluids 35,
124110 (2023)

8.1 Rationale

In this Chapter the deformation of particle puffs released in a transitional channel
flow will be studied. When considering multiparticle dispersion, the simplest case
is that of particle pairs, whose relative motion is solely determined by the flow
features at the scale of their mutual distance. Instead, puffs comprising of a large
number of particles are subject to a multitude of flow scales up to the size of the
puff. Works concerning the analysis of puffs through integration of the trajectories
of their particles are scarce and focus on homogeneous turbulence. In this case, the
effect of the flow on the shape evolution of puffs does not depend on position and,
on average, puffs do not orient themselves along a preferential direction. Still, due
to small scale stretching phenomena (which are linked to continuity), the initial
deformation of individual puffs is highly anisotropic [21]. Puffs take an elongated
shape at short times (comparable to the Kolmogorov timescale) and only after
return to anisotropy due to larger scale dispersion.

The focus of this chapter is instead on the motion of puffs in a transitional chan-
nel flow. The flow in a channel undergoing transition is non homogeneous both
along the wall-normal direction (because of the no-slip boundary, which originates
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the presence of mean shear), and along the streamwise direction, where the flow
evolves from laminar to turbulent. Because of this flow case, puffs become also sub-
ject to mean shear of varying intensity (depending on wall distance), to the typical
flow structures of wall-bounded flows, and to the different features of perturbed
laminar flow, transitional flow and fully developed turbulence.

We study the motion of puffs released at several locations inside the channel,
investigating their behaviour with respect to the point they are released at (both
along the wall-normal and the streamwise directions). Furthermore, because the
shape evolution of puffs is heavily conditioned by their overall size, we analyse puffs
of different initial sizes r¢, so that the multiscale nature of transition and turbulence
is properly accounted for.

To study the shape of puffs we compute the principal axes of the approximating
ellipsoid of each particle cloud and define simplified measures of their size and
elongation. We describe these methods and the numerical simulation details in
section 8.2. Subsequently, we present the results in section 8.3 and give a discussion
in section 8.4.

8.2 Methods

8.2.1 Numerical simulation of transitional channel flow

We run a simulation of transitional channel flow using a pseudospectral direct
numerical simulation code in conjunction with a method to set the boundary con-
ditions that allow spatially developing flow. For the simulation, we use the same
code that was used in chapters 5-6, which employs Fourier polynomials along the
x (streamwise) and z (spanwise) directions. The main parameters are shown in
table 8.1. We chose the Reynolds number so that, after the transitional phase, the
channel achieves stable turbulence.

Table 8.1: Main parameters for the direct numerical simulations of transitional
channel flow: domain size L, x L, x L., number of polynomials used for the simu-
lation N, x N, x N, and time step of the simulation At

Rey Ly, xL,x L, Ny x Ny x N, At
3333 32w X 20 X o 6144 x 192 x 192 0.00025

Concerning the boundary conditions along the streamwise direction, we em-
ploy the fringe forcing method already introduced in chapter 3, which consists of
imposing a distributed forcing at the end of the domain in order to achieve the
desired inflow condition at the periodic inlet. As a distributed boundary condition,
we impose a superimposition of the laminar profile and of two-dimensional and
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three-dimensional, spatially evolving solutions of the Orr-Sommerfeld and Squire
equations, obtained by solving 3.37-3.38 with § = 0 and § = 2, respectively. The
initial amplitude of the two- and three-dimensional perturbations is set to 6% and
0.2% of the centerline velocity U.. While these values are higher than what is
found in similar simulations of temporally evolving channel flow, these values allow
transition to happen in a shorter length, thus reducing the computational cost.

With reference to equation 3.35, the main parameters of the forcing method
are provided in table 8.2. The bulk Reynolds number Re;, is kept constant by the
fringe forcing. Figure 3.7 shows one instantaneous velocity field obtained from this
simulation, along with the evolution of the friction Reynolds number Re,. Figure
8.1 shows instead the mean streamwise velocity extracted at different locations in
the domain, showing the evolution from the laminar profile to the turbulent one.

Finally, particle trajectories are integrated with the same trilinear scheme that
was used in the previous chapters. After particles exit the physical portion of the
domain and enter the fringe region, their behaviour is no longer physical.

Table 8.2: Parameters used for the fringe forcing method (see equation 3.35

/\max Lstart Lstart Arise Afall

8000 0.8L, L, 0.12L, 0.04L,

101 100 101 102

+

y

Figure 8.1: Mean longitudinal velocity profiles at different streamwise locations;
dotted lines: linear velocity profile at low y*.
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8.2.2 Measuring particle puff deformation

We release puffs of particles, composed of N, = 1024 tracers disposed uniformly
at random on a spherical surface of radius ry. Since we compute the trajectory of
each tracer using the time-dependent velocity field of the simulation, we are able
to obtain the shape of puffs at all times after release. Puffs are disposed on an
equispaced grid comprising of 48 different locations along both x and y, resulting
in 2304 distinct release locations covering the complete domain. For each location,
we released several (N = 128) pulffs at different times in order to obtain statistically
significant results, making sure that the spacing between realizations was enough
to avoid correlation issues.

To measure the deformation of each puff we compute the gyration tensor, that
is the covariance matrix of particle positions. The gyration tensor G(t) is defined
as

Gi(t) = 7 2 (ri'(t) = () (1} () = {r3)), (8.1)

where 7;,(t) is the i-th component of the position of the n-th particle of the puff
1 Np

at time ¢, and (r;) = N Lnm rin(t) is the coordinate of the center of mass. The
eigenvalues \; of the gyration tensor G(t) are non-negative and can be used to obtain
information regarding the shape of the puff. The trace of the gyration tensor (which
is equal to the sum of its eigenvalues) is equal to the squared radius of gyration
R%(t), which measures puff size. A similar value is obtained when computing the
mean distance of particles from the center of mass of the puff.
The asphericity )
3 (Ai(t) — At
Ay = 3= O A0O) 52)
i=1 6 (t)

where A(t) is the average of the three eigenvalues, measures how spherical the puff
is. If A ~ 0, all eigenvalues have similar values and the shape of the puff is spherical,
while if A =1 one eigenvalue dominates the others and the puff has the shape of a
rod.

8.3 Results

In the following, we analyse puff shape evolution at different stages. In partic-
ular, we focus first on the ballistic regime of their motion, and later on the phase
in which the velocities of tracers are uncorrelated to those at release. Finally, we
study the long term dispersion of puffs, which takes place at times much larger than
the integral timescale (i.e., the integral up to infinity of the Lagrangian velocity
autocorrelation).
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8.3.1 Short term deformation of puffs

In this section, the first stage of puff motion is analysed, in which puffs are
still small compared to the size of the channel § and the velocities of particles are
strongly correlated to the initial ones.

0 20 40 60 80 100 120 0 20 40 60 80 100 120
t t*

Figure 8.2: a) Shape evolution of two puffs of different radii, released at the same
location (z/0 = 46, y/6 = 0), at times tT = 1.25, tT = 20 and ¢tT = 50; the radius
of the smaller puff is ry = 1.5, that of the larger is 7§ = 6. In the inset, the
probability density function of the distance of particles from the center of mass of
the puff is shown, while dots indicate the average, i.e. the radius R (the distance
is normalized by rq of the puff). b) Time evolution of the radius of the puffs shown
above (the larger one in orange color, the smaller in blue); dots indicate the time
at which the puffs in panel a) are shown. ¢) Time evolution of the asphericity of
puffs shown above, with the same color-coding.

The shape of a puff with initial radius r§ = 1.5 released inside the transitional
region (x/d ~ 46, y/d = 0) is depicted in figure 8.2(a) in blue color, as an example
of puff shape evolution. The shape of the puff is shown in the three panels at
three different times: ¢t* = 1.25 (immediately after release, when the puff is still
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spherical), t* = 20 and ¢+ = 50. The puff remains inside the transitional region in
all three panels, as it has travelled a distance z/§ ~ 5 downstream from its release
location at t* = 50. In the insets, the distribution of the distance of particles from
the center of mass of the puff is shown, at the same time as the one used to depict
the puffs. While for the first inset the distribution is narrow due to particles being
located close to their origin, the distribution widens as time passes and puffs are
deformed. While most particles are driven apart from each other, some are closer
to the center of mass (and also to each other).

Both mean shear and velocity fluctuations contribute to the modification of the
shape of puffs. Most importantly, the different local features of the flow field have
different effects on puff deformation. In the laminar region only mean shear is
present (the Tollmien-Schlichting waves have no significant effect on puff shape
as their behaviour is periodic) and puffs stretch along the streamwise direction
(except those released on the centreline). On the other hand, further downstream
the effects of the transitional and turbulent flow regimes reflect onto puffs, which
deform chaotically.

In order to systematically analyse the shape of puffs, we computed the quan-
tities defined in section 8.2. Figure 8.2(b)-(c) show the temporal evolution of the
normalized radius of gyration, R/ry, and the asphericity, A, for the puffs shown
above (blue lines). Due to small-scale stretching mechanisms, the radius and the
asphericity of puffs rapidly increase after release. Subsequently, we observe that
the asphericity decreases, while the rate of increase of the radius grows, but the
radius remains small compared to ¢. Indeed, as particles sample a larger region of
the domain, they are dispersed along all directions by the velocity fluctuations at
larger scales, which no longer cause unidirectional stretching. Instead, larger-scale
dispersion causes a return to isotropy (reducing the asphericity) and is also more
effective (leading to faster radius growth).

The cause of the end of the upward transient of the asphericity is to be found
in the increase of spatial scale of the puff and its relation with the flow scales.
Conversely, the size of puffs at times later than release depends on the initial scale,
which is the main factor that determines the point at which puffs are large enough
to be subject to the flow scales that decrease the asphericity. To assess the influence
of the initial size rq and, consequently, the scale-dependent behaviour of puffs at
later times, for each release point in the channel, we placed concentric puffs with
different radii rq, ranging from r§ = 0.375 to r§ = 6 (the set of concentric puffs
closest to the wall is placed with its center at y+ = 6).

Figure 8.2 shows, in orange color, the shape and properties of a puff released at
the same location as the aforementioned one, but with a radius rj = 6. Already
after a short time, of the order of tens of viscous units, the shape of the two puffs
evolve differently. After t* ~ 30, the normalized radius R/rq of the smaller puff
grows faster than that of the larger one. It is also notable that the asphericity of
the smaller puff is larger.
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To further delve on the role of ry, we show in figure 8.3(a) the ratio A‘r§=1.5/A‘r0+:6

between the asphericity of the puffs with r§ = 1.5 and the puffs with rj = 6. The
ratio between the two values of the asphericity is shown here at time ¢t* = 50.

Using the sets of concentric puffs released at several locations in the channel, we
were able to study their different shape evolution depending on the initial position.
Similarly to what was shown in figure 8.2(c), the imbalance between the asphericity
of small and large puffs is present everywhere in the transitional and turbulent
regions. Instead, the asphericity of puffs of different sizes in the laminar region
always has similar values (resulting in a ratio equal or very close to one).

Interestingly, the ratio between the asphericity of small and large puffs is larger
in the transitional region than in the turbulent region. Figures 8.3(b)-(c) show
the normalized radius and the asphericity with respect to the radius ro at three
different times (the same as in Figure 8.2), for puffs located in the transitional
region (/0 = 46) and at a wall-normal coordinate y/0 = 0 (the center of the
channel). Shortly after release, the shape of puffs evolves independently of ry.
Only after t* & 10 the imbalance arises. From figure 8.3(d) we also notice how the
imbalance of the asphericity is stronger in the transitional region (solid lines) than
in the turbulent one (dotted lines).

Furthermore, at a later time (shown in red in the figure), the asphericity of
puffs in the turbulent region is still increasing, while that of puffs released in the
transitional portion of the flow is decreasing (especially for larger puffs). While
all puffs follow the general trend shown in figure 8.2(c), the moment at which the
asphericity stops its growth depends on the release location and on the initial size.
Because of this, the imbalance is able to appear, as puffs released at the same
location may evolve differently depending on ry. In both the transitional and the
turbulent region, the imbalance is increasing with time (at least for times that are
not much greater than the integral timescale of particles).

Finally, the imbalance is mostly independent of the wall-normal coordinate, as
is visible from figure 8.3(a). The effect of shear appears to be the same on puffs
of different sizes. Accordingly, the asphericity is scale-independent in the laminar
region (where only mean shear is present), while its scale dependence does not
depend on y in the transitional and turbulent regions.

In general, puff shape evolution in the transitional and turbulent regions is char-
acterized by two distinct regimes, whose balance depends on the release location
and the initial radius. Both regimes take place when puffs are still smaller than
the integral scale of the flow § and for times shorter than the Lagrangian integral
timescale. While still happening at relatively short times, the associated behaviours
are quite different. The first regime is tightly linked with the initial velocities of
particles, due to the very short timescales involved which are well within the bal-
listic regime. Accordingly, we will show how little shape imbalance can be found
during this initial phase. The imbalance regime instead is scale-dependent and
linked to the Lagrangian evolution of trajectories beyond the ballistic regime. In
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the following both regimes will be analysed.

Alro* =1.5
(@) Alg -6

t* =50

1.95
1.80
1.65
1.50
1.35
1.20
1.05
0.90
0.75

yl6

(c) x/6 (d)
1.0
—— XI6=45.7,t* = 50
05 -« xI6=61.9,t* = 50
0.8 1 —— XI6=45.7,t* = 70
-« xI6=61.9,t* =70
0.6 S I \ N
< < | e
0.4 064 0 NU R, el
s N T
44 0.2 0.5
5
0.0 :
2 4 6 2 4 6 2 4 6

re e e

Figure 8.3: a) Ratio between the asphericity for puffs with r§ = 1.5 and puffs with
r¢ = 6 at tT = 50; black contour lines indicate a ratio of one. b) Radius of puffs
(normalized by the radius at release) as a function of ry, shown at subsequent times
(puffs released at x/d§ ~ 46, y/d = 0). c¢) Asphericity of puffs as a function of 7,
shown at subsequent times, same puffs as in (b). d) Asphericity of puffs shown at
two different x locations (/0 ~ 46 in the transitional region and x/J ~ 62 in the
region where turbulence is fully developed), y/é = 0, and at two different times.

Ballistic regime

In the ballistic regime of particle motion, only the initial velocity of tracers plays
a relevant role, as all subsequent values of the velocity are still strongly correlated
with it. Accordingly, also puff shapes evolve ballistically, in the sense that their
deformation is solely determined by the initial velocity field at the location of the
puff.

In this regime, the most important role is played by the initial velocity differ-
ences, i.e. the local Eulerian structure functions

Dyy(r) = {(vi(x + r&;) — wi(x)?). (8.3)
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The initial stretching and straining of a puff can be related to the set of velocity
differences at its scale, i.e., 2ry (the puff diameter). This is a reasonable approx-
imation, even if the actual deformation reflects the relative motion of Ng particle
pairs, whose initial separation may be smaller than or equal to the diameter.

We computed the Eulerian velocity structure function everywhere in the channel
domain and at scales 7 up to the initial size of the largest puffs (that is, twice the
value 7"3“7 max = 6). In homogeneous and isotropic flows, the longitudinal Eulerian
structure function (i = j in equation 8.3) follows a power law of the kind D;;(r) o
r®. The transverse structure functions, instead, follow

Dij(r) = Di; + 1/2r0, Dy, (8.4)

which is still a power law with the same exponent a as the longitudinal struc-
ture function. Accordingly, the ratio between transverse and longitudinal structure
functions is independent of the scale r. This independence holds also in our data,
even if not from homogeneous and isotropic turbulence. Since the ratio between
transverse and longitudinal structure functions is scale-independent, then also its
effects on puff shape could not be a function of r.

To further investigate whether the effect of the initial velocities is responsible for
the appearance of the imbalance, we computed the asphericity of puffs of different
sizes ro deformed by the effects of velocity differences at the scale of the puff.
To do so, we stretched and sheared puffs using the displacements exerted by the
structure functions computed from the simulated velocity field. The coordinates of
the synthetically deformed puffs were obtained using

3 /D, .
yag D) )
To

The asphericity of these puffs was found to be independent of ry for short values of ¢,
consistent with the typical times in which no differences between the asphericity of
puffs appeared. This value is of the order of ¢t* = 10 inside the transitional region
(see figures 8.2(b)-(c)). Therefore, the effect of the initial velocity differences is
consistent with the observed initial behaviour of puffs, whose shape evolves for
very short times independently of ry. Accordingly, the cause of the appearance of
the shape imbalance is not to be found in initial velocity differences, but rather in
their later behaviour.

Imbalance regime

Puff behaviour becomes determined by the entire velocity field along their path
after the end of the ballistic regime. The imbalance observed previously (recall
figure 8.3) is not due to the initial velocity field and is instead linked to the second
phase of puff shape evolution, i.e. when particles are spread along three dimen-
sions by the velocity fluctuations at intermediate scales. In this new regime the

129



Shape evolution of particle puffs in transitional channel flow

asphericity of larger puffs is, in general, smaller than those of smaller ones, which
are more elongated and have rod-like shapes.

We recall that puffs, after being released in the flow, are stretched into elongated
shapes with high asphericity, as is shown in figure 8.2. After that, the dispersion
of particles by velocity fluctuations at scales larger than that at release results in a
decrease of the asphericity. The shift from one behaviour (of growing asphericity)
to another (leading to more spherical puffs) is linked to the different features of
flow scales at different sizes and, accordingly, strongly depends on the scale of the
puff. Initially larger puffs are the first to return to an isotropic shape and reduce
their asphericity, because the larger ry makes so that they undergo the action of
the dispersing flow scales earlier. Although the smaller puffs grow faster than the
larger ones, as shown in figure 8.3(b), the non-normalized radius R of the puffs
with lower rg always remains smaller than that of larger puffs.

We observe the absence of imbalance in the laminar region, indicating that the
shape of puffs with different ry evolves equally. Furthermore, the magnitude of the
imbalance is the same independently of the y coordinate both in the transitional
and turbulent region. From this observation, it follows that the effect of the y-
dependent mean shear does not contribute to the imbalance. In particular, while
it deforms puffs, it does so irrespective of their scale.

The last notable feature regarding the imbalance is the fact that it is larger
in the transitional region. In figures 8.4(a)-(b) we report the mean and standard
deviation of the three components of the acceleration of particles with respect to the
wall-normal coordinate y at two streamwise locations; one is located well inside the
transitional region (dotted lines), while the other is in fully developed turbulence
(solid lines). We found larger values of the mean and standard deviation of particle
acceleration for puffs inside the transitional region. Particles close to the wall have
larger mean acceleration, where flow features are also far from isotropy. The intense
accelerations to which particles located in the transitional region are subject lead
to larger puff deformations.

Additionally, we show the Lagrangian velocity structure function

Dri(r) = {(vilt +7) — ui(t))"), (8.6)

which we computed starting from the velocity of particles, at the same two loca-
tions as the previous panels, in figure 8.4(c). Again, Lagrangian velocity differences,
which are correlated to the acceleration, have far larger magnitude in the transi-
tional region, as a direct result of the more intense velocity fluctuations.

The increased shape imbalance observed in the transitional region is caused by
the peculiar features of transitional flow and of the trajectories within. Intermit-
tency, which is linked and induced by transition and is particularly present at the
smaller flow scales, determines stronger scale-dependence of puff properties. We
have also measured the acceleration of particles belonging to separate puffs, finding
that larger puffs have larger acceleration variance (which is due to the larger flow
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Figure 8.4: (a) Mean of the acceleration of particles depending on the y coordinate.
Puffs were released at x/d = 47 (dashed lines) and =/ = 70 (solid lines); (b) Stan-
dard deviation of the acceleration of particles depending on the y coordinate (same
locations as panel (a)); (c¢) Lagrangian structure functions at the same locations of
panel (a), with blue, yellow and green indicating the streamwise, wall-normal and
spanwise velocity components, respectively

field they sample), but also that the difference between the acceleration variance
of small and large puffs is the largest in the transitional region.

The main features of puff shape evolution can be summarised as follows. The
asphericity follows a non-monotonic trend, owing to the interplay between small
scales that stretch puffs and larger scales that make their shape spherical again.
Because the effects of the flow field are determined by puff size, the shape of puffs
with different ry evolves differently. An imbalance originates, which is tightly linked
to the presence of multiple flow scales. Finally, the small-scale intermittency and
the larger intensity of velocity fluctuations in the laminar region make so that the
imbalance peaks in the transitional region.
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8.3.2 Long term behaviour

During the imbalance regime the action of intermediate flow scales causes the
return to isotropy shown in the previous sections. As puffs grow larger they instead
start to undergo the action of the largest, integral scales of the flow. These scales are
anisotropic because of the geometry of the domain, which forces puffs to become
elongated along the streamwise direction and instead bounded along y. This is
different from what was observed by Bianchi et al. [21] in a homogeneous and
isotropic setting, where the long term behaviour was that of a return to spherical
puff shapes.

Figures 8.5(a) and (b) show the radius and the asphericity of puffs with respect
to their streamwise x position. Puffs were released at x/d = 30 (just before the
transitional region in the channel domain) and y/0 = —0.5; two different values of
ro are shown. The increase of R (figure 8.5(a)) slows down as puff size increases.
Particle dispersion is now characterized by Taylor’s dispersion regime, as the time
from release is much larger than the Lagrangian integral timescale.

When the radius of puffs becomes of the order of the size of the channel 4,
the main action exerted on puffs is that of mean shear, which advects particles at
different velocities depending on their wall distance and thus displaces them into
an elongated shape. Furthermore, the channel flow is bounded in the y direction.
Both these effects contribute to the final increase of the asphericity after a local
minimum is reached. As was the case for the maximum of the asphericity, the
minimum is the outcome of the competing actions of the intermediate, isotropic
scales and of the largest scales present in the channel that are anisotropic. At long
times particles lose all memory of the initial condition, so that puff size rq and, to
some extent, the release location, are irrelevant to their evolution. This is in stark
contrast with the imbalance regime. Accordingly, puffs that have been advected
for a long time, such as those shown in figure 8.5, have values of the radius R and
the asphericity A that are independent of 7.
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Figure 8.5: (a) Radius of puffs released at z/0 = 30, y/0 = —0.5, with two different
values of rg; (b) Asphericity of the puffs shown in panel (a)
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8.3.3 Sensitivity to the number of particles

The measures introduced in section 8.2 were derived from the covariance matrix
of particle position which, up to statistical accuracy, is not influenced by the number
of particles. Because of this, the method employed in this work is affected only
slightly by the number of particles present in each puff. In figure 8.6, we show
the same results as in figure 8.3(b)-(c), with the addition of data computed with
puffs composed of N, = 625 particles (dotted lines); the results obtained in this
way are very similar to those with N, = 1024. We also note how the trends and
the presence of the imbalance are unchanged. As long as particles are distributed
uniformly in the puff at the time of release, no significant difference in the shape
evolution emerges. Of course, the larger NV, the more accurate the tracking of the
puff shape at long times.

(a)

o
o

Figure 8.6: a) Radius of puffs (normalized by the radius at release) as a function
of rg, shown at subsequent times (puffs released at x/0 ~ 46, y/6 = 0); here and in
the panel on the right, the dotted lines indicate the same results computed with 625
particles, while the solid lines report the results with N, = 1024. b) Asphericity of
puffs as a function of ry, shown at subsequent times (same puffs as in (a)).

8.4 Discussion

Results shown in the previous section show that the overall behaviour of puffs
depends on their release location and size, and after release is mostly conditioned by
their instantaneous size (which is related to the flow scales exerting a deformation
on them).

Shortly after release, puffs are subject to the stretching action of the smallest
flow scales found in the transitional and turbulent regions. Due to this action, they
become elongated and their asphericity increases. The stretching is related to small-
scale Eulerian velocity differences, whose action has scale-independent features.
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Accordingly, no imbalance between puffs of different initial sizes appears. Following
this scale-independent size increase and elongation, puffs sample larger regions of
space, whose flow scales have a dispersive effect of particles. Since this dispersion
takes place along all three dimensions, puffs return towards isotropic shapes, causing
a reduction of their asphericity.

We analysed the effect of the initial radius of puffs ry in order to discern its
importance in the later shape evolution. After a short ballistic phase in which
motion of puffs is regulated by the Eulerian velocity differences, the shape of puffs
evolves differently depending on ry in the transitional and turbulent regions of the
flow. Smaller puffs are more elongated than their larger counterparts, so that the
ratio between the asphericity of small and large puffs (the imbalance) is generally
larger than one. This is not due to mean shear. Indeed, no imbalance appears in
the laminar region (where mean shear is the dominant cause of puff deformation).
Furthermore the imbalance shows no dependence on y, indicating that the effect of
mean shear on the asphericity is not dependent on the scale of puffs.

Aftere the ballistic regime, puffs with larger initial size are the first to undergo
the action of the intermediate flow scales that cause the return to isotropic shapes.
In particular, while at smaller scales puffs still evolve according to the local stretch-
ing and therefore assume elongated, highly anisotropic shapes, at larger scales par-
ticles are instead dispersed along all directions (thus reaching near isotropic shapes)
by the intermediate flow scales. These phenomena do not have a clear distinction
and are instead competing. The tipping point between the two phenomena (i.e.,
the maximum value of the asphericity with respect to time) depends on the re-
lease location of puffs and on their initial size ry. Furthermore, these two actions
are present together, as puffs can still be locally stretched while larger flow scales
reduce their asphericity. Indeed, given the high number of particles and the wide
distribution of their pairwise distances, a multitude of flow scales is acting on the
shape evolution of the puff at any time. The balance between the two actions is
ruled by the (average) size of the puff R; when the size is small, the local stretching
effects prevail, otherwise the isotropic dispersion dominates. Because of this, the
imbalance of the asphericity appears to be caused by the different scales sampled
at the same time by puffs with different rg.

Most importantly, we found that the imbalance of the asphericity, at any (short)
time, is maximum in the transitional region. We have shown how Lagrangian
velocity fluctuations and accelerations are stronger and with larger variance in the
transitional region, with respect to the rest of the flow and how these fluctuations
have different spatial coherence due to small-scale intermittency.

In the transitional region, the asphericity of puffs initially increases for all values
of rg, similarly to what is found in the turbulent regions. Indeed, stretching motions
due to velocity differences are linked to continuity at a small length scale and
are therefore still present. The higher imbalance of the asphericity found in the
transitional region emerges only later, when puffs grow larger. In this region, the
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balance between local stretching and intermediate-scale dispersion shifts in favour of
dispersion (which has isotropic features) only for the larger puffs. This is so because
of the less intense velocity fluctuations at small scales (which are nonetheless larger
than those responsible for the initial stretching). The root cause is the reduced
presence of the dispersing features of the flow (with respect to fully developed
turbulence) caused by intermittency and the incompleteness of the energy cascade.

Finally, for very long times, all memory of the initial condition is lost and puffs
become very large to the point that their deformation is mostly due to the largest
scales of the flow, which because of geometrical constraints and the presence of
mean flow cause puffs to become elongated along the streamwise direction. As
particle trajectories at this stage have been integrated over times much longer than
the integral Lagrangian timescale, the initial condition is no longer relevant to the
evolution of puffs; most notably, because of this puffs behave independently of 7.
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Chapter 9
Conclusions

The contributions presented in this thesis are the result of the combination of
large quantities of data from high resolution fluid motion simulations and newly
developed interpretative approaches.

The association of these aspects is the foundation of the majority of recent
advances in fluid dynamics. Computer simulations allow researchers to access un-
paralleled amounts of data by simulating practically any flow configuration and
resolving the entire turbulent flow field. Furthermore, advances in computer sys-
tems will inevitably enhance the ability to simulate fluid flows and increase the
range of achievable Reynolds numbers.

At the same time, the richness of information obtained through large simulations
carries with itself the burden of developing interpretative approaches that are able
to investigate the constitutive nature of fluid flows and elaborate large quantities of
data into a synthetic representation. This task is made difficult by the complexity
inherent to turbulence, but also by the vastness of the data itself.

Accordingly, it is clear that both aspects, i.e., the extension of simulation capa-
bilities and the development of interpretative frameworks, should go hand in hand.
Indeed, producing large amounts of fluid flow data is unfruitful if their subsequent
analysis is overlooked, also because the quantity of data becomes easily untreatable
from a purely computational standpoint. Conversely, methods of analysis should
be deeply rooted in the fundamentals of fluid physics, otherwise their results may
prove sterile.

This thesis contains contributions both regarding the extension of simulation
capabilities and the development of interpretative frameworks, with the ultimate
goal of advancing the understanding of wall-bounded turbulence. An existing com-
puter code for the simulation of turbulent channel flow was adapted to include
non-periodic boundary conditions, allowing the simulation of transition. The ar-
chitecture of a new code employing a compact finite differencing scheme and geared
for higher Reynolds numbers Re, was also delineated.

At the same time, a strong focus in this work was given to explore new ways
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of systematically studying the data obtained from simulations. The analysis of
Lagrangian trajectories provides a viewpoint which is complementary to Eulerian,
fixed-point data. Mixing phenomena (as those studied in Chapters 5 and 6) and
the deformation of material structures (Chapter 8) are the natural applications of
the Lagrangian framework. Its application was shown in this work to be able to
describe the features of wall-bounded turbulence, with particular regard to near-
wall structures and the intermittency in transitional flows. The application of
graph-based approaches as an interpretative framework for fluid flows was widely
explored in this thesis. The results obtained show that additional insight on flow
physics can be gained by the application of network measures, at the expense of an
additional effort regarding the interpretation of results.

We will now briefly summarise the main findings reported in this thesis. In
Chapter 5, the wall-normal mixing of tracers was studied in channel flow at vary-
ing Reynolds number Re, by means of a discrete, network-based representation.
The network is built starting from the transition probability of the discretized po-
sition of particles, similarly to a Markovian process. Because of this, the network
is just the discrete mapping of the wall-normal motion of particles, and network
features readily report of the properties of tracer dispersion. The network approach
computes the intensity of mixing and highlights the presence of secluded zones that
exchange reduced amounts of fluid with the surrounding regions of the channel.
Furthermore, the analysis of spectral properties of the network weight matrix high-
lights the presence of short term attractors of particles, whose existence is limited
in time. Furthermore, cyclic motions close to the walls are linked again to reduced
dispersion and constitute a dominant pattern of particle motion. Reynolds number
scaling was also explored, showing that the overall mixing scales with the outer
flow, although closer to the wall this is not always the case. The discretization used
to compute the network plays a role in determining the minimum Reynolds number
at which Reynolds-independence is achieved.

Mixing of inertial particles at different Stokes numbers in channel flow was anal-
ysed in Chapter 6, by counting the particle pairs that come in close proximity.
The dependence of mixing properties on the position of particle sources was anal-
ysed, highlighting the role of anisotropy in the near wall region. Inertial clustering
was shown to be highly dependent on the interplay between the particle timescale
(which is ruled by St) and the local flow timescale, which depends on the wall-
normal coordinate y. Accordingly, particles with different inertia experience peak
clustering at different y locations.

In Chapter 7 we strayed away from the Lagrangian viewpoint to study time-
series in a transitional boundary layer using the visibility graph. This methodology
consists in transforming the geometry of a fixed-point time-series into a network
through a convexity criterion. Network properties were used to measure the inter-
mittency of the time-series and therefore provide an identification of the location
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of the turbulent-non turbulent interface from fixed-point data. Indeed, the visibil-
ity graph was successful in classifying the different flow regions according to the
network features.

Finally, in Chapter 8 the deformation of puffs released in transitional channel
flow was studied by means of approximate measures of their size and elongation.
The deformation of puffs was shown to be highly sensitive on their size, due to
the interplay with the flow scales. Notably, small puffs deform into more elongated
shapes than larger ones. The interplay between flow scales and puff sizes originates
another key feature of puff shape deformation in transitional flow, 7.e. the increased
shape imbalance in the transitional region. Correlating puff properties with flow
statistics, we have shown how the increased imbalance is related to intermittency
in the transitional flow and to the different distribution of energy across flow scales
with respect to turbulence.

Overall, some key aspects emerge from the aforementioned results. Tracers and
particles advected in wall-bounded turbulent flows follow (more or less precisely
depending on their inertia) the underlying flow field, which is pseudo-chaotic as a
direct consequence of the presence of turbulence. While single particle trajecto-
ries appear similarly chaotic, when one starts considering sets of them, coherence
appears. This is particularly true at short and intermediate timescales, whereas
for long times from a certain initial condition the effect of turbulent dispersion is
to produce a fully mixed state where no coherent particle distributions may arise.
Examples regarding the appearance of coherent patterns include the formation of
cyclic motions of particles in the near-wall region of a turbulent channel flow, the
formation of clusters depending on particle inertia and the peculiar evolution of puff
shapes in transitional channel flow. We have shown that these coherent patterns are
not only frequent, but also that they influence and are coupled to the evolution of
Lagrangian turbulence. It is impossible to fully understand Lagrangian trajectories
without devising methods that are able to account for coherent motions.

The interplay between the coherent features of particle motion and the peculiar
aspects of wall turbulence was also considered. Particles sample a field which
is statistically non homogeneous and therefore encounter, during their trajectory,
regions of the flow with strongly diverse properties. Accordingly, their dispersion
is ruled not only by the initial condition and the overall properties of the turbulent
flow, but also by the succession of sampled locations along the path of particles
(at least before a regime of asymptotic dispersion is achieved). Particles are also
subject to the wealth of phenomena that populate the near-wall region, whose flow
fields exhibit strong anisotropy which is in turn impressed onto particles. The near-
wall features of turbulence are one of the most relevant causes of coherent particle
motions in wall-bounded turbulence.

Network-based methods proved apt to tackle both the need to highlight coherent
patterns of particle motion and adequately represent the effect of a statistically
heterogeneous flow field. This ability is partly due to the fact that interconnections
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Conclusions

between sets of element emerge somewhat naturally in turbulent flows and can
therefore be easily mapped into networks. Nonetheless, care must be ensued to
make sure that the graph representation is directly linked to the underlying flow
physics. In this way, the network results are unequivocally linked to the flow
features and the interpretation of network measures is easier.

The usage of physically-sound network approaches may be extended to more flow
cases, including industrial applications and geophysics. The ability of networks to
analyse complex flows may indeed shine in this situations. Other network-based
approaches can still provide useful results as they can be used as data analysis and
classification techniques (as is the case for the visibility graph). Nonetheless, the
lack of a clear connection between the graph definition and the flow physics makes
the generalization of these techniques difficult and the extraction of information
highly dependent on the user. Network approaches have also proven to be resilient
when applied to under-resolved data (simply obtained by under-sampling the fully
resolved time-series). As such, their application to experimental data and/or to
simulations that do not fully resolve the flow field may be fruitful.

High-resolution simulations were key elements in the production of the aforemen-
tioned results. Future developments in this sense include the performance tuning
of numerical codes in order to make them suitable for larger computer architec-
tures. Furthermore, new numerical algorithms, such as the compact finite differ-
ence schemes shown in Chapter 3 can be used to push the boundaries of channel
flow simulation with respect to the achievable Reynolds numbers.

The study of coherent particle motions and of the interactions between the
Lagrangian features of turbulence and the specific features of wall-bounded flows
deserve further investigation. The analysis of Lagrangian trajectories, owing to
the strong coupling with the underlying flow field, may be leveraged to deepen the
understanding of the basics elements of turbulent flows. Moreover, the complexity
of dispersing phenomena can be further analysed, with particular regard to the
relationship between the (supposed) appearance of superdiffusive scalings at inter-
mediate timescales and the coherent features of particle motion. Finally, the effect
of near-wall structures on the spatial organization of Lagrangian trajectories are
dependent on a range of factors (among which are particle inertia, flow Reynolds
number and many others) and a full characterization is lacking. This effort may be
tackled by conducting particle studies at higher Reynolds number, so that a signif-
icant separation of scales is present and therefore a clear identification of inner and
outer flow features is achievable.
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